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Tipe,l(JlaraeMoe yqe6Hoe noco6He no.l(rOTOBneHo K H3.l(aHHIO Kacpe.l(poil: 

:meKTpOHHKH cpH3HqecKHx ycTaHOBOK MocKOBCKoro rocy.l(apcTBeHHoro HHCTHryTa 

pa.l(HOTeXHHKH, :meKTpOHHKH H aBTOMamKH (MHP3A), opraHH30BaHHOil: B r. ,[{y6He 

npH Yqe6HO-HayqHOM IJ;eH1pe 06oe.l(HHeHHOrO HHCTHryTa H,l(epHI.IX HCCJie.l(OBaHHil:, H 

npe.l(Ha3HaqeHO .l(JUI CTy,l(eHTOB QqHQH cpOpMhl o6yqeHHH, cneU:HaJibHOCTb 200600 

"3neKTpOHHKa cpH3HqecKHx ycTaHOBOK". 

lloco6He OpHeHTHpOBaHO Ha npenO,l(aBaeMI.IH B TeqeHHe nHTH CeM~CTpOB Kypc 

cpH3HKH. TaKoil: Kypc cpH3HKH npe.l(llonaraeT 6onee yrny6neHHoe, H,e:>KenH B 

CTaH.l(apTHI.IX Kypcax .l(JUI HH:>KeHepHI.IX cneu:HaJII.HOCTeil:, HJyqeHHe npe):{MeTa. BMecTe 

C TeM MaTepHan H ypoBeHI. ero H3JIO:>KeHHH He Tpe6yroT cneU:HaJibHOil: MaTeMaTHqeCKOH 

nO,l(roTOBKH, n03TOMy noc06He MO:>KeT 6I.ITh peKOMeH.l(OBaHO CTy.l(eHTaM .l(pyrHX 

HH:>KeHepHbiX cneU:HaJibHOCTeil: H acnHpaHTaM. 

MaTepHan, npe.l(CTaaneHHI.Iil: B noco6HH, HMeeT pa3HYJO CTeneHI. cno:>KHOCTH. 

lJaCTI. naparpacpoB, OTMeqeHHI.IX CmdBOJIOM "*", MO:>KeT 6biTb onymeHa npH nepBOM 

~eHHH 6e3 noTepH n;enocTHOCTH aocnpHHTHH. TpMHU:HOHHo .l(JIH aampoB 

3HaqHTeJII.HM qaCTb MaTepHana npe.l(CTaBJieHa B BH.l(e 3a,l(aq, KOTOphle, XOTH If 

cHa6:>KeHhl pemeHIDI:MH, npe.l(nonarruoT 6onee yrny6neHHhlil:, He:>KeJIH npH qTeHHH 

OCHOBHOrO TeKCTa, nO.l(XO,l( qifTaTeJUI K ero OCBOeHHIO. 

ABmpi.I noni.3YJOTCH B93MO:>KHOCTI.IO . BI.IpaJHTh cBoiO , rny6oKyro 

6naro.l(apHocTI. A.)];. CyxaHoay, B.H. JlyiUHKoBy, A.51. CHneHKO, A.C. CopHHy, 

A.B. liH:>Koay H E.JI. 5{.l(poBcKoMy Ja u:eHHhle 3aMeqaHHH H peKoMeH.l(au:HH no 

.l(opa6oTKe noco6IDI:. 

ABmphl 6naro.l(apHhl T.A. CTenaHoaoil: Ja Heou:eHHMYJO noMOIUI. H 6oni.moil: 

Tpy.l( no nowoTOBKe p}'KonHCH K H3.l(aHHIO. 
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BBE~HHE 

rJIABA 1. <I>H3J~qECKHE ..HBJIEHIDI, CTHMYJIHPOBABillHE 

B03HIIKHOBEHHE KBAHTOBOH MEXAHHKH 

KBaHTOBM MeXaHHKa, po~HBmrurcH B TpeTheii ~eKll,Lle XX a., HBHnacJ> 

peBOJIIOUHOHHOH lPH3H'IeCKOH TeOpHeii, T.K. ·nocrynHpOBaHHhie If pa3BHThie B Hefi: 

3aKOHhl npHpO~bi He )'KJI~IBaJIHCb B "npHBbl'IHhie" ~ TOrO BpeMeHH lPH3H'IeCKHe 

npe~CTaBneHHH, OCHOBaHHhie Ha npaKTII'leCKOM OnhiTe. If, KOHe'IHO, TOn'IKOM K 

B03HHKHOBeHHIO KBaHTOBbiX npe~c~aBneHHH nOCJI)')KHnll HOBble 3KCnepHMeHTaJibHhie 

OTKphiTHH (T.e. onorr!), c~enaHHJ>H! B KOHUe XIX- Ha'Iane XX CToneTHii. 

CaMo HaJmiHHe · "KBaHTOBrur MexaHHKa" CBH3aHo c 3aKOHO¥ H3n)'lfeHHH IlnaHKa 

(§ 1.4) II npOHCXO~HT OT naT. quantum - CKOnhKO. 

§ 1.1. OTI>:pLITHe 3JieKTpoua 

B ·1897 r. ,[()1(. ,[()1(. ToMcoH (Joseph John Thomson), H3YlfaH OTKJIOHeHHe 

KaTOMbiX ny'Ieii B CKpeiUeHHbiX 3neKTpH'IeCKOM If MarHHTHOM noJIHX (pH C. 1.1 ), 

npHmen K BbiBO~y, 'ITO 3TH nY1:J:H COCTOHT 113 nerKHX OTpHQaTenbHO 3apH)I(eHHbiX 

'IaCTHQ. 0H Ha3BaJI HX 3neKTpOHaMH, HCnOnh3YH TepMIIH, BBe~eHHhiH erue B 1891 r. 

,[()1(. CTOHH (G. Stoney) ~JIH o6o3Ha'IeHHH 3apMa OTpHUaTenJ>HhiX OMOBaJieHTHhiX 

IIOHOB. fo~OM n03)1(e ,[()1(. ,[()1(. TOMCOH ll3MepHn OTHOilleHHe 3apMa K Macce ~nH 

3neKTpoHa (3a.z:la'Ia 1.1) 11 Hamen ero a 1836 pa3 MeHJ>me Toro )l(e omomeHHH ~ HoHa 

Bo~opo~a (npoTOHa). 
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PRe. I. I. CxeMa onLirn ~- ,[{lK. ToMcoHa 

I - KaTOJJ. (pacKarreHHall HHTh) c npHKaTO)l.HLIM 

:lJ!eKTpO)l.OM, 2 - 3HO)l., 3 - liCTO'IHiiK 

YCKOpliiOUlefO H3nplllKeHiill, 4 - llli3CTiiHLI 

BepTHKaJihHOfO 3neKTpHqeCKOfO OOJIJI, 5 -
BliTKii KaryiiiKii, C03)l.310utel\ ropli30HTaJihHOe 

M3fHiiTHOe none, 6 - niOMHHecueHTHLIH 3Kp3H 

J 

~ 

3a)l.3'13 1.1. Hal!TH CKOpOCTh 3neKTpOHa, He OTKJIOHiiBIIIefOCll B CKpeuteHHhiX 3JieKTpHqeCKOM li 

MafHiiTHOM nollliX, ecnH EJ. = 10 KB/cM, Bu = 30 MTn. 

B rayccoooll CHCTeMe 

EJ. 10
4
/300 =£..,3,3·109 eM/c. 

v=c· Bu =c· 300. 9 

B CHCTeMe CH 

v = .5..... _ to• .Joo 
Bu- 30·!0-' "'3,3·10

7 
M/c. 

. 
3HaH CKOpOCTh 3neKTpOHOB II H3MepHH CMeiUeHHe Llx1. 3neKTpOHOB Ha 3KpaHe 

npH BhiKJIIO'IeHHOM MarHHTHOM none B .u, 113 coomomeHHH 

e (.e)2 

Llx1. =-El. · ~ 
2m v 

HaxO~M !..:_ , £ - ~HHa o6naCTII CO CKperueHHbiMII nomiMH. 
m 

Iionee TO'IHhlH MeTO~ H3MepeHHH efm OCHOBaH Ha lPOKYCHpOBKe n)'lfKa 

3neKTpOHOB B npo~OnhHOM MarHHTHOM none (3ll,Lla'Ia 1.2). 

33113'13 1.2. 3neKTpOHHbiH ny'IOK li3 3neKTpOHHOH nyiiiKii liMeeT YfliOBOH paCTBOp e << I. 3neKTpOHhl 

llBiilKYTCJI B O)l.Hopo,lU!oM MarnHTHoM none, napaJIJienhHOM HX cpe)l.Hell cKopocTH (v), H nocryninoT Ha 

JIIOMHHecueHTHbiH 3Kp3H. Ilpii K3KOM 3Ha'leHiili M3rHiiTHOfO nOJIJI Ha 3Kp3He 6yJJ.eT Ha61110)l.3ThCll 

CBeTlluteeCll nliTHO MliHiiMaJihHOfO pa3Mepa («<.>OKYCiipOBKa)? 3Heprlill 3neKTpOHOB JQ K38, paCCTOJIHiie 

OT 3HO)l.a nymKii )l.O 3KpaHa f. = 30 CM. YKU3aHue: liCOOnb30B3Th rayccOBLI li aTOMHhie e)l.liHiiUbl. 

B llliOCKOCTH, nepneHJJ.HKYllllpHoll no1110, TpaeKToplill 3neKTpOHOB - OKpYlKHOCTh p311eycoM 

(rayccoBI>Ie)l.HHiilUd) 

epc 
p=-. 

eB 

Bee 3neKTpOHhl co6epyYCll B "TO'IKY", C)l.enao nonHLIH o6opOT 33 BpeMll 

T = 27tp = 21t ymc 
v eB' 

y= __ I_ v 
~l-Jl2, ll=;· 

TaKHM o6pa3oM, «<.>oKYCHpOBKa nyqKa Ha 3KpaHe 6y11eT Ha6111011aThCJI npn 
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nT=!:_ IIJIII B=21tnpc. 
v el 

Ilp11 &kin= 10 108 cKopoCTb 3JieKTpOHa B e)l.IIHIII.IllX CH pasHa 

<p=~""002 2 , , 
me 

p "' .J2cP "' 0,2, y=1+<p.,1,0. 

0rciOA3 

02·051·10
6 

B=21t·n ' ' ""71,2·n fc=7,12·n MTJI. 
300·30 

Tiepsoe np~Moe IBMepeHne 3ap~.n:a :meKTpOHa 61>mo npmBse.n:eHo 

aMepnKaHcKm.i cpn3HKOM P. MHrrrrHKeHOM (R. Millikan) B cepHH 3KcnepHMeHTOB 

191 0-1914 rr. B 3THX 3KcnepHMeHTax Ha6mo.n:arrocb na.n:eHHe KanerreK )l(HJJ:KOCTH 

(Macrra) B aTMOCcpepe Me)l(JJ:y nrraCTHHaMH KOHJJ:eHCaTOpa (pHC. 1.2}, K KOTOpOMY 

npHJIO)l(eHo Hanp~)J(eHHe U nop~.n:Ka HeCKOJibKHX KHJIOBOJILT. KanerrbKH o6JI)"laJIHCb 

peHTreHOBCKHM HJIH raMMa-H3JI)"leHHeM H 3ap~)J(aJIHCb. Hanp~)J(eHHe U no.n:6Hparrocb 

TaK, 'IT06bi CKOpOCTb na.n:eHH~ 6bma IIOCTO~HHOH, 'ITO COOTBeTCTBYeT paBeHCTBY HYJIIO 

CYMMbl CHIT; .D:eHCTByiOinHX Ha 3ap~)J(eHHYIQ KaiiJIIO: 

QE- mg-Fmp = 0, (1.1) 

r.n:e Fmp = Kv - cHrra TpeHH~ KanrrH o B03.D:yx (cHrra CToKca, eM. [1], § 9.6). MeH~~ 

. 3ap~ KallHH U H3Mep~~ H3MeHeHHe CKOpOCTH, MO)J(HO HCKJIIQqlfTb CHJIY Beca: 

!:J.Q = K · !:..v/ E. (1.2) 

0Ka3aJIOCb, 'ITO B 60JiblliOM qlfCJie H3MepeHHH BeJIHqHHa !:J.Q Kparna HeKOTOpOH 

llOCTO~HHOH e: 

!:J.Q = ne, n- uerroe. 

3HaqeHHe e, HaHJJ:eHHOe MHJIJIHKeHOM, 

(e )Millikan = 1,59.10-19 K, 

6bmo oqeHb 6JIH3KO K COBpeMeHHOH BeJIHqHHe 3ap~a 3!IeKTIJOHa e = 1,60. 10-19 K. 
{l 

Cepbe:moii 3KcrrepHMeHTaJibHOH rrpo6rreMoii 61>mo He3aBHCHMoe orrpe.n:erreHHe 

K03cpcpHUHeHTa K B cHrre CToKca, c qeM MHJIJIHKeH ycnemHo crrpasHrrc~. 

10 

3a.z.a'la 1.3. 8 OIIbiTe MIIJIJII!KeHa IICIIOJib3)'10TCll KaiieJibKII Macna p3JUIYCOM a= 3 MKM. O~eHIITb 

TO'IHOCTb, C KOTOpOfi HYJKHO 113Mepl!Tb CKOpOCTb Jia)l.eHIIll K3IIJIII, 'IT05bi 33MeTIITb 113MeHeHHe 33pl!A3 

K3IIJIII Ha OAIIH 3JieKTpoH, ecn11 E=3KB/cM, K=61tT(a, T(=1,8·10_. r/cM·c - Bli3KOCTb B03Ayxa, 

IL'IOTHOCTb M3CJI3 0,9 r/cM3. 

1 

C8J2 
c===~oc•======.-----~~ ~ot 4 ~ PeHmZeHoBc~ueJIJ"'U g E ~T3 

2 

lli <j>opMYJibl (1.2) H3XO)l.IIM 

P11c. 1.2. CxeMa OllbiTa MIIJIJII!KeHa. 

1 - reHeparop KarreneK MaCJia, 

2 - 05KJI3)l.KII KOH)l.eHC3TOpa, 

3 - IICTO'IHIIK BblCOKOro H3IIplllKeHIIll, 

4 - 3pHTeJibHaB Tpy5a 

(
A ) . =~ 4,8·10-

10 
·3·10

3
/300 =47 I 

LlV mm 4 4 MKM C. 
61tT( a 61t ·1,8 ·10- · 3 ·10-

Macca K31IJIII COCTaBJilleT rrpHMepHO 1 • w-lO r, T.e. CIIJI3 seca II0pl!AK3 w-JO H. CIIJia, AeficrnyiOin3ll Ha 

K3IIJIIO CO CTOpOIILI 3JieKTpl!'leCKOro IIOJill IIpll 33pl!Ae Q = Ne, COCT3BJilleT IIpHMepHO 5 ·1 0-14 H, T.e. 

QE«mg. 

Il03TOMY YCTaHOBIIBIIIeeCl! 3H3'1eHHe CKOpOCTII orrpe)l.eJilleTCll, B OCHOBHOM, 5anaHCOM Beca II TpeHIIll: 

mg 10-10 ·981 v---- 4 4 ""0,1 eM/c. 
61tT(a 61t ·1,8·10- ·3 .w-

TaKHM o5p330M, He05XO)l.IIM3 TO'IHOCTb 113MepeHIIll CKOpOCTII II3)l.eHIIll K31IJIII 

Av -5·10-2. 
v 

§ 1.2. On:pbiTHe pa,ll;HOaKTHBHOCTH 

B 1896 r. A. EeKKeperrb (A. Becquerel) o6Hapy)l(HJI, 'ITO corrH ypaHa HciiycKaiOT 

HeH3BeCTHoe H3JI)"leHHe, Bbi3biBaiOmee noqepHeHHe cpoTonrracTHHKH. TiponycTHB 3TO 

H3JI)"leHHe qepe3 nonepeqHoe MarHHTHoe norre, Tibep n Mapn~ KIOpn (P. et M Curie) 

n, He3aBHCHMO, 3pHecT Pe3epcpop.n: (E. Rutherford) noKaJann, 'ITO 3TO H3JI)"leHite 

COJJ:ep)J(HT TpH KOMllOHeHThl: llOJIO)l(HTeJibHO ("a-JiyqH11
) H OTpHUaTeJibHO ("(3-JiyqH") 

3ap~eHHble qaCTHUbi, OTKJIO~BlliHeC~ B MarHHTHOM llOJie B npOTHBOllOJIO)J(Hhle 

cmpoHLI, H Heiirparri>Hoe ("y-JiyqH") H3JI)"leHne, He oTKJio~meec~ B norre. TI03)J(e 
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61>mo nowrro, 'ITO a-JI)"'II - :no H,Upa aTOMOB remrn, 13-JI)"'II - 3JieKTpOHJ>I, a y-JI)"'II -

)l{eCTI<:Oe 3JieKTpOMarHIITHOe II3JI)"'eHIIe, DO CBOIIM CBOHCTBaM He OTJIIIqruomeecg OT 

peHITeHOBCKHX JI)"'eH (OHII OTJIIIqaiOTCH TOJII>KO IICTOqHIIKaMII: . pacmut H,Uep IIJI~ 

cy6'bH,UepH:biX qacTHU ,WUI y-II3JI)"'eHIIH II TOpM03HOe II3JI)"'eHIIe 6b1CTPI>IX 3JieKTpOHOB 

,WUI peHITeHOBCKOrO II3JI)"'eHUH). 

OTI<p!>ITHH 3JieKTpoHa II pa,zu~oaKTIIBHOCTII YKa.Jl>IBaJIII Ha cymecTBoBrume B 

npnpo):le cy6~moMHblX 'lacmull n, cJie):loBaTeJIJ>HO, Ha CJIO)I{HOe CTPOeHne aToMa. Ho, 

DO)I{aJiyH; eme 6onee Ba)I(HO, 'ITO PMIIOaKTIIBH:biH pacna.r~ YKa.JaJI Ha cymeCTBOBimue 

6epoRmHOCmHblX (He):leTepMIIHIIpOBliHHI>IX) npOl/eCC06 Ha MIIKpOypOBHe. 

§ 1.3. OnhiT Pe3ep4JopJJ;a u nJianeTapuau MOJJ:CJih aToMa 

Cpa.Jy )l{e nocne OTKp!>ITHH 3JieKTpoHa, B 1898 r • .n;)l{ • .n;)l{. ToMCOH npeJ:~JIO)KIIJI 

II MO):IeJIJ> CTPOeHUH aTOMa, KOTOpaH IIOJI)"'IIJia o6pa3HOe Ha3BaHIIe 
11
111Ipora C 

II3IOMOM". TecTOM B 3TOM "11npore" CJIY)KIIJIO caMo BHYTPHaTOMHOe llpOCTPaHCTBO, 

KOTOpoe,. COrJiaCHO MO):IeJIII, llpe):ICTaBJIHJIO co6oif O):IHOpO):IH:biH IIOJIO)KIITeJII>HO 

3apa)KeHH:biH map. 3JieKTpOHaM OTBO):IIIJiaCJ> pOJI:b 
11
1I3IOMIIH

11
, paBHOMepHO 

pacllpe):leJieHHI>IX 110 06'beMy aTOMa. Kor):la aTOM He B036y)K):IeH, 3JieKTpOHJ>i IIOKOHTCH 

B IIOJIO)KeHIIII paBHOBeCHH. fapMOHuqeCKIIe KOJie6aHIIH 3JieKTpOHOB, BJ>IBe):leHHI>IX II3 

COCTOHHIIH paBHOBeCIIH, 11p1IBO):IHT K II3JI)"'eHIIIO MOHOXpOMaTnqeCKIIX BOJIH, 

COOTBeTcTByromnx pa3Hl>IM JIIIHIIHM B ClleKTPe aTOMa. .ll:JIH aTOMa BO):IOpO):Ia TaKaH 

MO):IeJIJ> llpaBIIJII>HO 11pe):ICKa3l>IBaJia qacTOTY O):IHOH II3 JIIIHIIH B CDeKTPe II3JI)"'eHIIH. 

0):1HaKO ,WUI aTOMOB C HeCKOllhKIIMII 3JieKTpOHaMII 3Ta MO):IeJIJ> CTaJIKIIBaJiaCJ> C 

Hellpeo):IOJIIIMOii TPYJ:~HOCTJ>IO: Ha MOMeHT ee nJo6peTeHHH J)Ke 6Mrra ):IOKa.JaHa 

reopeMa 11pH~oy, YTBep)K):Iruomax, 'ITO rrro6ax cncTeMa noKoxmnxcx 3apH,UoB B 

CTarnqe~KIIx IIOJIHX HBJIHeTCH HeycTOHqHBOH. qT06l>I o6oiirn 3TY TPY):IHOCTJ>, B .1904 r. 

ToMc(>H MO):IHqmuupoBan M?J:~eJIJ>, llpe):IIIOJIO)KIIB, 'ITO 3JieKTpOH:bl .oT):IeJIJ>HJ>IMII 

rpyrrllaMII MOrJT BpamaTJ>ca BHYTPII aToMa. MoJ:~eJIJ> aToMa ToMcoHa ocT~anacJ> 

o6mellp1I3HaHHoii · BIIJIOTJ> J:~O 1911 r., KOr):la 3. Pe3eptlJopJ:~ ocymecTBnrr cBoii 

12 

3HaMeHnThlli OIIJ>IT 110 paccemuro a-qacrnu II3 pa;:uiOaKTHBHoro IICTOqHIIKa Ha 

JorroToii <iJorr~>re (puc. 1.3). 

XapaKTep 3aBIICIIMOCTH qHCJia paccemHJ>IX qaCTIIU OT yrna pacceHHUH 

YKa.JJ>IBan Ha HaJIIIqHe B aToMax MaccnBHJ>IX TOqeqHJ>IX paccenBruomux ueHTPOB ([1 ], 

§ 5.3), pa3J:~erreHHJ>IX nycThiM npoCTPaHCTBOM. PeJyrrJ>TaTJ>I OIIJ>ITa Pe3eptlJopJ:~a 

IIOJIHOCThiO llpornBopeqaT MO):IeJin ToMCOHa: 3JieKTpOH:bl He MOrJT paccenBaTJ> anJ>tlJa

qacrnu~>I Ha 60JI:billlle yrrrl>I BBII):Iy MaJIOH MaCC:bl. .ll:a)Ke llpe):IIIOJIO)KeHne 0 TOM, 'ITO 

IIOJIO)KIITeJIJ>Hblif 3apH):I aTOMa CBH3aH C paBHOMepHO paCIIpe):leJieHH:biMII 110 ero 06'beMy 

-IIOJIO)KIITeJIJ>HO 3apa)KeHHJ>IMII qacTIIUaMII, He c11acaeT MO):IeJIJ> ToMCOHa (3a.z:~aqa 1.4). 

OcHOBl>IBaHCJ> Ha pe3yJIJ>TaTax Olll>ITa, 3. Pe3eptlJopJ:~ llpe):IJIO)KHJI IIJiaHeTapHyro MO):IeJIJ> 

aTOMa - Toqe~oe IIOJIO)KIITeJIJ>HO 3apa)KeHHOe TH)KeJIOe H):lpO, OKpJ)KeHHOe o6JiaKOM 

JierKIIX 3JieKTpOHOB. 

PHc. 1.3. CxeMa OIThJTB Pe3epljlop,lla 

pacceHBaTeJIL 

K BaxyyMHOMY nacocy 

33,!13'13 1.4. B OIThJre Pe3epljlop,lla a-'laCTHULI c 3.Hepmeli OKOJJO 5 ,M3B pacceHBaJJHCb Ha aToMax 30JJOTa 

197 Au. qro YBH.lleJJ 6bJ Pe3epljlop.ll, ecnH 6bl aTOM 6bJJJ ycYp~eH a cooTBeTCTBHH c MO.lleJJbiO 

~- ~- ToMCOHa (3JJeKYpOHbi H nporoHhi paBHOMepHo pacnpeAeneHbi no o6'beMy aToMa)? 

llpelK.lle acero 3aMeTHM, 'ITO ,IUJJI pacceJIHHJI Ha 6oJJhWHe yrnhi a-qacTHULI .liOJJlKHbi c6JJHlKaThCll 

C ll.llpOM Ha paCCTOJIHHe 

10-10 
zazA.e2- 2·79·4,8· "'4,5·10-12 CM, 

r--E- 5·106/300 

'ITO cywecTBeHHO MeHbWe paCCTOJIHHJI MelK,lly 'laCTHL{3MH B aTOMe no MO,lleJJH J);lK. ~- TOMCOHa: 

(
41tR3 )"

3 

Ar = -- - 3 ·I o-9 CM, R- I o-• CM - PMHYC aroMa, A = 179 - aTOMHbiH Bee. no3TOMY 
3A . · 
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a-lJ'aCTIUUd B3a!IMO).ICHCTBYJOT .. C OT).IenbHb!MH npOTOHaMH- napHble CTOnKHOBCHHJI. A B JTOM CJI)"'ae 

mi!naJI a-qacmua HC MOlKeT paCCCliTbCll Ha npOTOHe Ha yron - .1t/2 (OH B'leTBepo nef"'e), T.e. 

·xapanep paccel!HHJI cymerneHHo "Hepe3epclJop.noscKiiii"! 

sine = mp =-=- a "'15' 
max m~ 4 ' max • 

Pe3ep4Jop~ DOHHMaJI OCHOBH)'IO Tpy~OCTh npe,WIO)I(eHHOH MO~erm, H B 

npe~HCi:IOBHH K CBOeH CTaThe B JIOH~OHCKOM "<l>HJIOCO!lJCKOM mypHane" OH 
. . . 

. npe~pe~aeT: "Bonpoc 06 ycroifqHBOCTH TaKOrO aTOMa Ha 3TOH CTMHH He CJie~eT 

no~epraTD. paccMoTpeHHIO.:· YcToifqnsocTb oKameTcH, oqesif~Ho, 3aBHcHmeii oT 

TOH~ ~eTaneii C'fPYKTYPbl, aTOMa H COCTaBJIHIOmHX ero 3apg)l(eHHbiX qacTeii". 

MMeHHO H3-3a npo6neMbi ycToifqnsoCTH ~BH)I(eHHH ~JieKTpOHOB BOKpyr · Mpa 

DJiaHeTapHaH MO~eJIJ, aTOMa DOJiyqHJia npH3HaHHe JIHllib B 191 ~ r. ( CM. rJI. 2). 

§ 1.4. AToMapubie cneKTpbi 

OOTHqecKaH cneKTpOCKODHH, nonyqHsmaH pa3BHTHe s. KOHI~e XIX B., HaKonnrra 

6oraTDie 3KCDepHMeHTaJibHble ~aHHbie 0 cneKTpax H3JiyqeHHH aTOMOB. J1 Ba)I(HeHlliH~ 
liJaKToM 6bmo HaJIHqife TaK Ha3biBaeMbiX Jluneii'lamblX • cneKmpoe H3JiyqeHHH H 

· nomorueHHH BeruecTBa. 3To 03Haqano, ~o inoMbi semecTsa cnoco6Hbl ncnycKaTh. H 

nomoruaTD KBa3HMOHoxpoMamqecKoe H3rryqeHHe. 

KpHTHqecKaH CHTYaUHH CJIO)I(HJiacb ·B liJH3HKe npH · nonbiTKe TeopeTHqecKoro 

Ofi'bHCHeHHH 3KCDepHMeHTaJibHO H~eHHOrO 3aKOHa CDeKTpaJibHOrO pacnpe~eJieHHH 

pasHoBecHoro H3JiyqeHHH. <l>opMyrra P3rreg-~)I(HHca, norryqeHHaH K TOMY BpeMeHH, 

comacosbmanacb c 3KcnepHMeHTaJibHhlMH ~aHHbiMH TOJibKO B o6micm MaJibiX qacToT. 

KpoMe TOro, H3 Hee CJie~OBaJI a6cyp~biH BbmO~ 0 TOM, ~0 DpH JII060H TeMnepaTYPe 
{;: . . 

· 3HepremqeCKaH . CBeTHMOCTh . a6COJIIOTHO qepHOrO Terra H · 06'beMHaH DJIOTHOCTb 

. 3HeprnH paBHOBeCHOrO H3JiyqeHHH 6eCKOHeqno BeJIHKH. 3TOT pe3yJibTaT H3BeCTeH 

ceifqac no]l o6pa3HbiM Ha3BaHHeM "yrrhTpaliJHoJieTOBaH KamcTpo!lJa". Tipo6rreMa 6b1Jla 

pemeHa .B 1900 r.; i<or~a MaKe TirranK (M Planck) c!lJopMynHposan csoii 3aKon 

14 

U3llJ'!eHWI, DOJIO)I(HB, ~0 BemecTBO npe~CTaBJIHeT co6oif COBOKynHOCTh pe30HaTOpOB, 

H3JiyqaiOmHX Ha "CBOHX
11 

qacTOTax CBeT B B~e DOpUHH - K6aHm06, HMeiOruHX 

3HeprniO 

Equant= hv, r~e h = 6,626 075 5(40)·10-34 ~)I(· c 

- DOCTOHHHaH, BBe~eHHaH TirraHKOM H DOJiyqHBlliaH ero HMH•>. B KBaHTOBOH !lJH3HKe 

y~o6HO DOJib30BaTbCH TaK)I(e "nepeqepKHYTOH DOCTOHHHOH TirraHKa" (HJIH, KaK ee 

KOpOTKO Ha3bffiaiOT, "am nepeqepKHYTOe"- OT HeM. h-am): 

li=~;::;6,58·10-16 
3B·c. 

2rt 

3HaqeHHe 3TOH DOCTOHHHOH npHBe~eHO 3~eCb B aTOMHhiX e~HHHUax, ~0 3HaqHTeJihHO 

y~o6Hee npn qHcrreHHbiX oueHKax, qeM e~HHHUbi CH. 

Cero~HH MO)I(HO YKa3aTb eme O~H 3!lJ!lJeKT, ~eMOHCTpHp)'IOmHii KBaHTOBhiH 

xapaKTep H3JiyqeHHH. 3m cseT 3Be3~. EcrrH 6hi HHTeHCHBHOCTb H3rryqeHHH 3Be3~I 

DMaJia C paCCTOHHHeM B COOTBeTCTBHH C KJiaCcHqecKHM 3aKOHOM l/r
2
, yposeHh 

H3JiyqeHHH MHOrHX 3BC3~ fihm 6hi HH)I(e nopora qyBCTBHTeJibHOCTH rJia3 3eMJIHH, H Mhl 

BH~eJIH 6hl COBCeM HH)'IO KapTHHY He6a. ToT liJaKT, ~0 B ~eHCTBHTeJibHOCTH Mhl B~HM 

oqeHh ~aneKHe 3BC3~hl, CBH~eTeJihCTByeT 0 "nopUHOHHOM" (KBaHTOBOM!) xapaKTepe 

H3JiyqeHHH: B HamH rJia3a !lJOTOHbl DODMaiOT "UeJIHKOM
11

, XOTH H C HeKOTOpOH, 

DMaiOrueif KaK l/r
2
, BepOHTHOCThlO! 

YMeCTHO 3aMCTHTb, 'ITO MCXaHH3M 3peHHJI '!enOBeKa TaKlKe !IMeeT KBaHTOBbiH xapaKTep: no 

IDMepeHHliM, npose.nilHHhiM C.H. BasnnoBbiM, npe.nenbHaJI 'IYBCTBHTenhHOCTh rna3a cooTBeTCTByeT 

nornomeHJno s ceT'IaTKe scero nnlllh oKo~o 10 KBaHTOs cseTa. llpn JTOM s 3pa'IOK .nonlKHO nonacTb 

oKono 100 KBaHTOB (T.e. 3clJclJeKTHBHOCTh perncTPaunn cseTa qenoseqecK!IM rna30M nopll.liKa 10 %). 

') llOCTOliHHYJO lliaHKa Ha3b1Ba!OT eme KBaHTOM ,neHCTBHJI, T.K. 3TO "MHHIIMMbHall nopuHll" 
MexaHJI'IecKoro .nei!CTBHJI M = p ·lix, nMeJOmero pa3MepHOCTb npoiDse,neHHJI JHeprnn Ha speMll. 
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rJIABA 2. KBAHTOBbiE llOCTYJIAThl liOPA. ATOM liOPA 

§ 2.1. llocryJiaTLI liopa 

Ha6op 3Kcnep1IMeHTaJibHbiX .ZJ;aHHbiX, oniiCaHHbiX Bblllle, Harnen csoe 

o6'MICHeHIIe B 3HaMeHIIThiX nocrynamx Eopa (Niels Bohr), ccpopM)'nJIPOBaHHbiX liMB 

1913 r. 

]-ii nocmyRam: B aTOMe cymeCTByiDT CT~IIOHapHhle op61IThl 3neKTpOHOB, HaxO,Z:(llCb Ha 

KOTOpbiX 3neKTpOH He U3Jlyttaem. 3TOT nocrynaT CHHMaJI rnaBHYIO Tpy.ZJ;HOCTb 

llllaHeTapHOll MO.n;enii aTOMa Pe3epcpop,na - B COOTBeTCTBIIII C KnaCCU'leCKOll 

::meKTpO.ZJ;IIHaMIIKOll 3neKTpOH, .ZJ;BII)l()'miiHC.SI no KpHBOniiHeil:HOji TpaeKTOpiiH, .ZJ;On'lKeH 

IICnycKaTb 3neKTpOMarHIITHOe II3ny'leHIIe, a 3Ha'IIIT - Tep.SITb 3HeprniO II 

·"cnanHBaTLC.SI". Ha .11.n;po (3a speM.SI nop.S~.ZJ;Ka 10-11 c). 1-il: nocTynaT Eopa CHIIMaJI 3T)' 

TpY.ZJ;HOCTb, . HO He 06'b.SICH.Sill, KOHe'IHO, npHpO.ZJ;bl CTa61InbHOCTII op61IT aTOMapHbiX 

3neKTpOHOB. 3To o6»HCHeHIIe 61>mo ,naHo no3'lKe, B paMKax "Honoil:", Hnii sonHosoil:, 

MexaHm(H, KOTopyro Mbl paccMOTpiiM .nan~>rne (rn. 6): TaM 'lKe Mbi YBH.ZJ;IIM, 'ITO II CaMH 

op61IThl 3lleKTpOHOB - KllaCCII'IeCKOe . np1I6nH'lKeHHe, peaJibHO B aTOMax OHII He 

cymecrnyroT. 

2-ii nocmyRam: nepexo.ZJ;bi 3neKTpOHa c o,ZJ;Hoil: cTan;IIOHapHoil: op61ITbi Ha .npyryro 

COnpOBO'lK.ZJ;aiOTC.SI HCnycKaHIIeM rjJom01106 - K6G11m06 U3JlytteHWI, 3Hepr1I.SI KOTOpbiX 

paBHa pa3HOCTII 3Ha'leHIIll 3Hepm1I 3neKTpOHa Ha op61ITaX i H k: 

E1 -Ek =hv1k =1iro1k, (2.1) 

r.ne ro;, k = 27tv1• k- (Kpyrosa.~~) 'lacmm II3nY'J:eHH.SI. TeM CaMhlM nonY'J:ana o6»HcHeHIIe 

np1Ipo.na niiHeil:'laTbiX cneKTpoB II "pe3oHaTopon" IInaHKa. 

3aMernM, 'ITO 2-il: nocrynaT npOTIIBope'IIIT I -My: cornacHo eMy 3neKTpoH Ha 

CTl:U:HOHapHbiX op61ITax nornmn;aeT IInii IICnycKaeT KBaHTbl II3ny'leHII.SI. IJ03TOMY n 
npaBHllbHee B 1-M nocrynaTe roBOpiiTb 06 II3ny'leHIIII B KJIQCCU'leCKOM nOHIIMaHIIH. 

I6 

~ 
~ 

S: 
~ 

§ 2.2. Mo.z.eJIL aToMa liopa 

0Ha MO'lKeT 6biTb OnHCaHa C nOMOin;biO TOfO 'lKe KBa31IKllaCCII'IeCKOrO no,nxo,na. 

YpaBHeHHe .ZJ;BH'lKeHHH 3neKTpoHa B none ».npa 3anmneM B non»pHbiX Koop.n;HHaTax (r, 

a): 

2 
mr -m!:_ =- Ze

2 

r 7' 
a 3aKOH COXpaHeHIIH HMnynLCa 3neKTpOHa B 3TOM (n;eHTpaJlbHOM!) none B cpOpMe 

mvr =nli. 

(2.2) 

(2.3) 

3m eCTb 3HaMeHHToe npaeURo Eopa K6aHmoeaHWI op6um: MOMeHT IIMnyn~>ca 

3neKTpoHa Ha cmn;IIOHapHbiX op6HTax KpaTeH 1i. 3.necb e, m - 3ap.SI.ZJ; II Macca 

3neKTpoHa, Ze - 3ap.SI.ZJ; .S~.ZJ;pa. IIo.n;cTaBIIB CKopoCTb v H3 (2.3) B (2.2), Hail:.n;eM pa.n;Hyc 

CTaiJ;HOHapHOll op6HTbl ( r = 0 ): 

n2 1i2 . 2 
rn =-- =n Z me2 --zRaohr• 

Raohr = 1i

2 

2 = \ = 0,529 I 77249(24). 10-8 CM. 
me a 

(2.4) 

(2.5) 

(CTporo rosopH, 'IHcneHHoe 3Ha'leHIIe Rsohr .n;aHo .nn» aToMa Bo,nopo.na c Y'J:eToM 

npu6eOi!H110U MQCCbl 3neKTpOHa - CM. § J3.I HH'lKe). QHcppbi B CK06Kax ,ZJ;aiOT 

3Kcnep1IMeHTaJibHYIO onm6Ky .n;Byx nocne.n;HHX 3Ha'lain;HX n;Hcpp BenH'IHHbi Rsohr· 

HanOMHIIM, 'ITO 10-8 
CM = 1 A (anrcTpeM) - onTH'IeCKa.SI H aTOMHa.SI e,ZJ;IIHHIJ;a MHHbl, 

BBe,neHHaH rnBe,nCKIIM cp1I31IKOM A." AnrcTpeMoM (A .I Angstrom, I 868 r. ). 3.necb 

HCIIOnb30BaHbl TaK'lKe MHpOBble KOHCTaHTbl (yHHBepCaJibHbie nOCTOHHHbie): 

KllaccuttecKuii paouyc 3JleKmpoHa 

2 

re =~=2,8I794092(38)·I0-13 CM 
me 

H nocmoflHHaR mOHKOU cmpyKmypbl ypOBHeil: aTOMa 

a=~,.,_I_ (a-1 =I37,0359895(8I)). 
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YpoBHU 3Hepzuu amoMa. 11nor,na BCTpe'!aeTca CTapoe · Ha3BaHne ypoBneii 

:meprnn- cneKTpam.Hbie TepMbi, nnn npoCTO TepMbl (oT rpe'!. therme- renno, JKap). 

3To Ha3BaHHe B03HHKJIO B cneKTpOcKonnn, ,no noaBrreHIDI Teopnn Eopa. 

.51CHO, 'ITO KaJK,nOll CTaQHOHapHOll opfinTe r n COOTBeTCTBYeT CBOii ypoBeHb 

:meprnn &,. 3naa pa,nrryc op6nTbl :meKTpoHa, neTpy.nno Bbi'IHCJIHTh ero norrnyro 

3Heprmo: 

mv2 Ze2 1 Ze2 Ze2 1 Ze2 
e =--n --=----=---. 

n 2 rn 2 rn rn 2 rn 
(2.6) 

3,necb n - HOMep op6HThi. KaK Mhl Bl!,lll!M, 3HepriDI OTpHQaTeJibHa l! 3Ha'!eHne MO,llyliH 

3Heprnn y6I>maeT c HOMepoM n KaK n 2
: 

r.ne 

e - el z2 

n-2=--·e n n2 O• 

2 
eo=- _e = e·4,8·10-Io 

2RBohr 2 · 0,53 .lQ-R . 300 = 13,6056981(40) 3B. 

(2.7) 

(2.8) 

TaKnM o6pa3oM, BBe.neno nonHTne ypoBHR 3Hepzuu. co - a6corrroTHoe 3Ha'!enne 

3Heprnn OCHOBHOrO ypOBHH (COCTOHHIDI) aTOMa BO,nopo,na, y,no6HM l! BaJKHM aTOMHM 

KOHCTaHTa. B aTOMHOll cneKTpOCKOlll!ll l!CDOllh3YJOT eme O.llHY KOHCTaHTY -

nocmoRHHY10 Puo6epza (J.R. Rydberg, 1890 r.): 

4 
Ry= me 

3 
=10973731,534(13)M-1• 

41tcn 

CMbiCJI 3Toii nocToannoii rrerKo nonaTb, 3aMeTHB, 'ITO 

mc2 
e0 =Ry·21t1ic=--·a

2 

2 

(2.9) 

11nor.na 3TY KOHCTaHTY Ha3biBaiOT 3Hepzueu Puo6epza. Berrn'Il!Ha, o6paTHaa 

UOCTOHHHOH PH,nfiepra, paBHa 

A. _ 21tc 
~-

(J)I 

21tnc 

e0 Ry 

TaKHM o6pa30M, nocTomnaa PH,n6epra 'Il!CJieHHO pasHa o6paTHoii BeJil!'Il!He ,nJIHHbi 

BOJIHhl lf>OTOHa, 3HepriDI KOTOpOro pasHa :meprnn nepBOro ypOBHH. 3aMeTHM, 'ITO B 

18 
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cneKTpOCKOlll!ll '!aCTO Dpl!HHTO l!3MepHTh 3HeprniO ypOBHeii B "ofipaTHbiX ,nJIHHax 

BOJIH11 ((M-1
]). 

113 (2.7) CJie.nyeT BaJKHOe CBOHCTBO CTpJKTypbi ypOBHeii aTOMa BO,llOpo,na -

pacCToanne MeJK.ny coce,nHHMH ypoBHHMH 6hlCTpO YMeHI>WaeTCa c HOMepoM ypoBna: 

. 2n+1 ·leI 
.1en,n+l=en+l n n2(n+1 -e = )2 1 

n»l 2el 
3 • 

n 
(2.10) 

TpnYMif>OM Teopnn Eopa, l!Jill, KaK ee Ha3hlBaiOT, "cmapou" KBaHmOBOU 

MeXaHUKU fihlJIO, 6e3yCJIOBHO, Ofil>HCHeHl!e OCHOBHbiX 3aKOHOMepHOCTell aTOMHbiX 

CUeKTpOB (ODTH'!eCKl!X ll peHTreHOBCKHX) l! Ofil>HCHeHne npnpo,nbl nepRO,lll!'!eCKOll 

TafiJIHQbl 3JieMeHTOB (KOTOpYJO ,ZJ;.I1. MeH,nerreeB llOCTpOl!JI B 1869 r., OCHOBbiBMCb Ha 

XHMH'IecKnx cBoiicTBax ::irreMeHTOB). BMeCTe c TeM Teopna Eopa, HMeBmaa 

Ka'!eCTBeHHblll ("nOJIYKOJil!'!eCTBeHHblll") xapaKTep, ,llOBOJibHO fibiCTpO miTOJIKHyJiaCb 

Ha Tpy,nHOCTl! npn llOUhlTKe Ofil>HCHeHHH CTpJKTypbl CJIOJKHhiX aTOMOB H npOCTeHWHX 

MorreKyrr, ,naJKe TaKHX, KaK aTOM He n MoneKyrra H 2• 

Crre,nyeT YKa3aTb eme Ha O,llHO npOTHBOpe'Il!e 3TOii Teopnn (KOTOpoe, KOHe'!HO, 

co3Hasarr caM Eop ). 113 coxpaHeHM MOMenTa '!aCTHQbl B none QeHTpaJibHbiX . cnrr 

HeMe,nJieHHO CJie,nyeT, 'ITO ee opfiHTa DJIOCKM, l! llOJIOJKeHHe DJIOCKOCTH opfil!Tbl B 

npocTpaHCTBe coxpaHHeTCH. O,nnaKo H3 3KcnepnMeHTa H3BecTHO, 'ITO aTOM -

TpeXMepnoe o6pa3oBaHHe ("mapnK")! Ilo3TOMY nocTyrraT (23) npoTnBope'Il!T 

3KCDepHMeHTaJibHbiM ,llaHHhiM. 

IlepBoe 3KCnepnMeHTaJibHOe no,nTBepJK.neHne Teopnn Eopa .narrn onbiTbl 

<l>paHKa l! rep~a (J. Franck, • G. Hertz - 1913 r.), npo,neMOHCTpl!pOBaBmne 

.nncKpeTHOCTh aTOMHbiX ypoBneii: npoxo)K,nenne DY'JKa 3JieKTpOHOB '!epe3 napbi PTYTH 

COllpOBO)K,naJIOCb, DpH l!3MeHeHl!H 3Heprnl! 3JieKTpOHOB, CKa'!KaMl! TOKa DY'JKa, 

,llOCTHraBmero KOJIJieKTopa, KOr,na 3HepriDI 3JieKTpOHOB COOTBeTCTBOBaJia 3Ha'!eHIDIM 

llOTeH~HaJIOB B036YJK.neHM (pnc. 2.1 ). 
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CemKa KoMeKmop 

lKamoo: 

~
±==---------~ : ---------5)? _L 

< -= 

6) a) I(U) 

lui 

P11c. 2.1. CxeMa onhiTa ll>paHKa-fepua: 

a) :meKTpOIIhi 113 HaKaJIIIBaeMoro KaTO.D.a ycKopJIIOTCll .IIO :mepm11 eU 11 npoxo.IlliT qepe3 napbi PTYTII B 

npOCTPaHCTBe CeTKa-KOJineKTop; 6) 3KCnep11MeHTaJibHall 3aBIICIIMOCTb /( U) IIMeeT BII.Il KpiiBOit C 

HeCKOnhKIIMII MIIHIIMyMaMII, COOTBeTCTBYIOIIIIIMII pa3HOCTII 3Hepr11lt ypOBHeit aTOMOB PTYTII 

Ja.D.aqa 2.1. QueHHTb 3HaqeHIIe JneKTPnqecKoro nonll, B KOTOpOM 3TOM BO.IIOPO.Il3, HaxO.Illl!llllitCJI B n-M 

B03fiyJKieHHOM COCTOJIHIIII, IIOHII3yeTCJI. 

3Hepmll JneKTPOHa, HaXO.Illl!llerocll Ha op611Te pa.D.eycoM r B aToMe Eopa, noMemeHHOM B 

JneKTpnqecKoe none E, ecn (eM. (2.7)) 

lh ycnoullll IIOHJf33UIIII & > 0 cne.D.yeT 

e2 
t:(r},.--+e·E·r. 

2r 

e e 
=-----2' £ionization 2r 2 2rn 

r.D.e rn :- pa.D.nyc n-it 6opoocKoil op611n1. C yqeToM (2.4) Hail.D.eM 

e 3 ·109 

£ionization ....... 
2

R2 4 R: --.- B/CM • 
Bohr ·n n 

TaKaJI CIIJibHall 3aBIICIIMOCTb OT n ll03BOnlleT IIOHII30BaTb aTOMhl, HaXO.Illl!lllleCll B B03fiylK.IleHI!biX 

cocTOliHIIliX: yiKe np11 n = 15 .IIOCTaTOqHo C03.D.aTh JneKTpnqecKoe none nopli.D.Ka 60 KB/cM, qTo nerKo 

BbinOnHlleTCJI B, BaKyyMHbiX YCTPOHCTBax. 3TOT nplleM IICnOnh3yeTCJI B aTOMHOH lj>II311Ke .llJill aHaJIII3a 

COCTOJIHIIH aTOMOB. 

\'.' 
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(2.11) 

liACTb I. OCHOBbl KBAHTOBOH MEXAHHKH 

r~ABA3.~A~H3M liACTH~B llPHPO~ 

Hnnhc Eop, KOHe'IHO JKe, IIOHHMan orpaHH'IeHHOCTh npe.nnoJKeHHOH HM MO,ll;enu 

aTOMa ll, B 'IaCTHOCTH, e,ll;Ba llll C'IHTan, 'ITO op6HThi :meKTPOHOB - peanhHO 

cym;ecTByromue TpaeKTopuu qacTHI(. OH O,ll;HHM H3 nepBhiX ocoJHan, 'ITO MHKpOMHp 

11JKHBeT" ITO CBOHM, ,ll;alleKHM OT KnaCCH'IeCKHX, 3aKOHaM. If Ha :ITO )'Ka3hiBallll 

3KCIIepHMeHTallhHhie 4JaKThi, IIOJIBHBIIIHeCJI IIpHMepHO B TO JKe BpeMJI. 0HH ll 

IIOCnyJKHllll TOll'IKOM K C03,ll;aHHIO 
11
BOJIHOBOH" ("HOBOH") KBaHTOBOH MeXaHHKll. 

§ 3.1. KsauToBaH TeopnH l(loTo3l(ll(leKTa 

IlepBhiM ll3 34J4JeKTOB, IIOCJIYJKHBIIIHX TOJI'IKOM K C03,ll;aHHIO KBaHTOBOH 

MeXaHHKH, HeCOMHeHHO, cne,ll;yeT C'IHTaTh 4Jom34J4JeKT, OTKphiThiH eme B 1887 r. 

r. fepueM (G. Hertz), KOTOphiH o6HapYJKHll, 'ITO ,ll;llHHa llCKphi 3JieKTPH'IeCKoro 

pa3p51,ll;a MeJK,!l;y ,ll;BYMJI 3JieKTpO,ll;aMll B03paCTaeT IIpll IIOIIa,ll;aHHll CBeTa Ha 3JieKTPO,ll;, 

HaxO,ll;JimHHCJI IIO,ll; OTplll(aTellhHhlM IIOTeHI(llallOM. 3TO, J!BlleHHe 6hlJIO IIO,ll;p06HO 

uccne,ll;OBaHo A.f. CToneTOBhiM (1888 r.), <l>. JleHap,ll;OM (Ph. Lenard) ll 

~JK. ~JK. TOMCOHOM (1889 r.), KOTOphie IIOKa3allll, 'ITO CBeT Bhi6HBaeT 3JieKTPOHhl ll3 

MeTanna. 06bHCHeHHe 4JoTo34J4JeKTa 6hiJIO ,ll;aHo A. 3iiHIIITeil:HOM (A. Einstein, 1905 r.) 

Ha ocHoBe KBaHTOBhiX rrpe,ll;CTaBJieHnii o rrpupo,ll;e CBeTa. H 3TO 6hiJIO nepBoe YKaJaHHe 

Ha TO, 'ITO CBeT Be,ll;eT ce6JI KaK Ha6op 'IaCTlll( - 4JoTOHOB, KOTOphle CIIOC06Hhl 

rrepe,ll;aBaTh 3HeprHIO 3lleKTPOHaM BemecTBa B COOTBeTCTBllll C 3aKOHaMll MeXaHHKH, 

KaK 3TO IIpOHCXO,ll;llT, HaiipHMep, IIpH COy,ll;apeHHll IIIapOB. <l>OTOH 3,ll;eCh Be,ll;eT ce6JI KaK 

qacmua, Bhl6HBM 3lleKTPOHhi H3 BemecTBa, ecnn ero 3HeprHH 1iro rrpeBhiiiiaeT 3HeprniO 

CBJI3ll 3JieKTPOHa B BemecTBe. 
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§ 3.2. 3lf»lf»eKT KoMnToua 

fuytirui pacce.siHHe peHITeHOBCKIIX nyqeii B rrapa4JHHe, A. KOMIITOH 

(A. Compton, 1922 r.) o6Hapy)Jom, 'ITO WIHHa sonHbl pacce.siHHoro H3JI)"'eHH.si 

B03paCTaeT B 3aBHCHMOCTH OT yrna pacce.siHH.si 9 (pH C. 3 .} ) Ha BeJIJ!'IHHY 

c!JomoH A.> A.o 

c!JomoH A.o AmoM~ 
~0 cp 

e-

~'A='Ac{l-cose), r.ne 

P11c. 3 .1. CxeMa J$$eKTa KoMmoHa 

Ac =.!:_,.2,43·10-IO CM 
me 

(3.1) 

- TaK HaJhmaeMrui KOMnmoH06CKaH OJIUHa 60JI11bZ. 3TOT pe3ynhTaT He Tpy.nHo 

IIOJI)"'HTh, paCCMOTpeB CTOllKHOBeHHe ,nsyx yrrpyrHX "wapoB" - qaCTHU - tPOTOHa H 

IIOKO.siJUeroc.si :meKTpOHa (3a,naqa 3.1). 8 TaKOH MO,nenH tPOTOH Be,neT ce6.si KaK' 

'lacmutta c 3Heprneii liro H HMrrynhCOM liro /c. 

TaKHM o6pa30M, o6a 3KcrrepHMeHTanhHhiX tPaKTa }'KaJbiBaiOT Ha 

KopnyCK)I!IRpHbZe c6oucm6a tjJomo11a (oT naT. corpuscu/um- qacmua). 

38~8'18 3.1. llOJIY'II!Th cpopM)'ny (3.1) .lUIJI lflMeHeHIIll .MIIIIbl. BOJIHhi cpoTOHa, paccel!owerocll Ha 

JJieKTpoHe. 

lh ycnoollll coxpaHeHIIJI CYMM8pHhiX JHepnm IIHMnyJILca '18CTII!l3anllweM (p11c. 3.1) 

limo+ mc
2 

=lim+ ~p2c2 + (mc2 r' 
lim0 = pc·coscp+lim·cose, 

0 = pc· sincp -lim· sine. 

3.1{eCL mo II m - '18CT0Ta 113JIY'IeHIIll .1{0 II nOCJie coy .l{apeHIIll, p - HMnyJILC 3JieKTpOH8 OT.I{8'111. 06p8TIIM 

BHIIM8HIIe Ha TO, 'ITO B nepBOM ypaBHeHIIII 11CnOJIL30B8HO BLiplllKeHHe .lUIJI nOJIHOfi (B peJiliTHBIICTCKOM 
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CMLICJie) 3Hepnm 3JieKTpOHa. 3.1{eCL 3TO np11HilllnllaJILHO, T.K. BTOpOll "Y'J8CTHIIK" npO!leCCa 

coy.l{apeHIIJI- $OTOH- BCef.l{a YJILlpapeJlliTIIBIICTCKal! '18CTII!l8 (ABIIJK)'ll1al!Cll CO CKOpOCTLIO CBeTa c). 

HcKJIIO'IIIM 3aTeM cp 113 BToporo lllpeTLero ypaoHeHIIll. Hall.l{eM 

p 2c2 =li 2 [m~ +ro
2 

-2mm0 ·cos6] 

II nOACTaBIIM B nepooe ypaBHeHIIe. llepeHeCll IIJ'II 3TOM lim B JieBYIQ '18CTL II B03Be.l{ll o6e '18CTII 

paaeHCTB8 B KBa.l{paT, nOJIY'IIIM: 

ilOACTaBIIB CIO.I{a 

li 
m0 -m = --

2 
·mm 0 (1-cos6). 

me 

2nc 
mo=~, 2.nc M = Ao -A.' m=--, 

A. 

npHAeM K pe3yJILTaTY (3.1). 

0TMeTHM, 'ITO MaKCHManhHOe H3MeHeHHe WIHHbl BOllHbl tPOTOHa HMeeT _ MeCTO IIpH 

9 = 1t (OTpiDKeHHe tPOTOHa Ha3a,n): 

~Amax =2Ac. 

IlpH 3TOM 3Heprn.si OTpiDKeHHOrO tPOTO!ia MHHHManbHa: 

t:{9=1t)=liro{e=1t)=li~ 
Ao +~Amax 

liro0 
21iroo 

1+ --2 
me 

EcnH 3HeprH.si rra.naromero 4JoToHa senHKa, TaK, qTo liro0 >> mc2, OTpa)J(eHHblii 4JoTOH 

HMeeT 3Heprnm 

t:{e = 7t)"" mc
2 

. 2 ' 

a 3neKTpoH rrpHo6peTaeT 3HeprniO 

t:. =~{p{9=7t)·cY +(mc2J = 
mc2 mc2 ' )2 

( liro0 + T + mc
2 ""liro0 + -

2
-. 

38.1{8'18 3.2. 0!leHIITL , M8KCI!MaJILHOe 3Ha'leHHe .ltJIIIHLI BOJIHLI $OTOH8, np11 KOTOpOM 38MeTHO 

npoliBJieHIIe J$$eKTa KoMnroHa. 

HJ OnHCaHIIll J$$eKTa liCHo, 'ITO clJoTOH .I{OJilKeH nepeAaTL JJieKTpoey 'laCTL caoell JHepnm, 

npeBLIWaiOIIzy!O 3Hepr1110 IIOHlfl8iliiH 8TOM8, T.e. (CM. (2.8)) 
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t.e- 13,6 3B. 

MllllliMaJii>HaJI :mepfiDI HaJieTaromero cjloToHa t~OJIJKHa 6b1Tb 

e .... >>M, 

qTO t~ai!T 

A. max = 2n1ic >> 27t. 6,58. w-••. 3 ·10
10 

"'900 A. e.... 13,6 

TaKHM o6pa3oM, 3cjlcjleKT KoMrnoHa npoliBJIJieTCJI YJKe o t~aJieKoM yn~>TpacjlHoJieTOBOM H MllrKOM 

peHITeHOBCKOM li3JI)"'eHHH. 

§ 3.3. ,lJ;u«J>paKQHH :lJieicrpOHa Ha KpHCT3JIJIHIJeCKOH pemeTKe: ODhiT 

,lJ;3BHCCOHa-~epMepa 

3TOT 3KcrrepiiMeHT 6bm rrocmnneH aMepiiKaHCKIIMII $II3IIKaMII K. ,ll;3BIICCOHOM 

II n • .n;)KepMepoM (C. Davisson, L. Germer) B 1927 r., Kor.n:a llyn .n:e Epoiinb yx<e 

clflopMyniipoBan CBOIO riiiiOTe3y 0 BOllHOBbiX CBOHCTBax qacmu (rn. 4). Il03TOMY 

lflaKTIIqecKII uenbiO 3KcrrepiiMeHTa 6bma nponepKa 3Toii mnoTe3bi. B 3KcnepiiMeHTe 

II3MepiDiaCb 3aBIICIIMOCTb TOKa 3lleKTpOHOB, OTpa)KeHHbiX KpiiCTannoM, OT yrnoB 8, q> 

{piiC. 3.2). bbillO IIOKa3aHO, ~0 3Ta 3aBIICIIMOCTb no8mOpRem 3aTWH .ZJ:IIIf!paKUIIII, 

3lleKTpOMarJIIITIIOH BOllHbl {peHITeHOBCKIIX nyqeii) Ha KpiiCTanne 

Bynblf!a-Ep3rra: CIIrHan ranbBaHoMeTpa .n:ocmraeT MaKCIIMYMa rrpii 

n-e . 
q> =-- II 2dsmcp=nA., n=1, 2, ... 

2 

3aKOH 

3TO 03HaqaeT, ~0 'laCmU!fa B .ZJ:aHHOM 3KCIIep1IMeHTe Be.ZJ:eT ce6g KaK 80J/Ha. 0TMeTJIM, 

~0 KapmHa, COBepweHHO aHanOriiqHag IIOKa3aHHOH Ha piiC. 3.2, 6, 6bma rronyqeHa 

·B. <l>pJI.ZJ:piiXOM (W: Fridrich) II II. KHIIIIIIIIHroM (P. Knipping) eiUe B 1912 r. rrpii 

Ha6niO.n:eHIIII .ZJ:1IIf!paKUIIII peHITeHOBCKIIX nyqeii, IIpOXO.ZJ:j{IUJIX CKB03b 

KpiiCTanniiqecKYIO rrneHKy. IloCTaHOBKY 3Kcrrep1IMeHTa rrpe.n:no)KJin M. nap .. 
(i:J. Laue), II c Tex rrop KapmHa .ZJ:II$paKUIIII peHTreHOBCKIIX nyqeii, 

3aperiiC1p1IpOBaHHM ITO 3TOMY MeTO.n:y Ha lflomrrnaCTJIHKe, Ha3bffiaeTcg llay3ZpaMMOU. 

B OIIbiTe ,ll;3BIICCOHa-,ll;)KepMepa 3neKTpOHbi IIMenii 3HepmiO 50-150 3B (eM. 

3a.n:aqy 4J HII)Ke). 
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3Kcrrep1IMeHni, paccMOTpeHHble · B :noli rnane, YKa3bffiaiOT Ha oco6eHHOCTb 

MIIKpOqaCTJIU, KOTOpYJO Ha3bffiaiOT .n:yan1I3M (OT naT. dua/is - .ZJ:BOHCTBeHHblli) -

crroco6HoCTb qaCTJiu, B 3aBIICIIMOCTJI oT ycnoniiii (xapaKTepiiCTJIK lf!II31IqecKoro 

rrpouecca, B KOTOpOM OHII yqaCTBYJOT), IIpOgBllj{Tb CBoeo6pa3Hbie BOnHOBble CBOHCTBa. 

KonJiqeCTBeHHbiH Kp1ITep1IH BOllHOBbiX nii60 KOprrycKyAApHbiX CBOHCTB qaCTIIUbl 

II03BOniina clflopMYniipOBaTb riiiiOTe3a n . .n:e EpoiiAA. 

a) 

~ e ,...-"r/ ~ 
/ 

6) . 

Puc. 3.2. a) CxeMa OllbiTa ,ll3BHccoHa-}:{l!<epMepa: I - 3JieKTpoHHaJI nymKa, 2- KpHCTaJIJI, , 

3 - npHeMHHK (KOJIJieKTOP,) 3JieKTpOHOB, 4- raJILBaHOMeTp; 

6) J~HcjlpaK!lHOHHaJI KapTHHa, UOJiyqeHHaJI npH npOXOJKJ(eHHH nyqKa 3JieKTpOHOB 

(E = 75 KB, A.= 0,05 A) CKB03b MOHOKpHCTaJIJIJiqeCKYJO nneHKY ZnSe c opHeHTa!lHeil (III) 

r JIABA 4. rHIIOTE3A ,n:E liPOHJUI 

B 1924 r. lflpaHUYJCKHH $1I31IK llyn .n:e Epoiinb (Louis de Broglie) Bbi.ZJ:BIIHyn 

mrroTe3y, cornacHo Kompoii qaCTJiua (3neKTpoH, rrpoToH, g.n:po aToMa, aToM) o6na.n:aeT 

BOllHOBbiMII CBOHCTBaMII, T.e. Be.ZJ:t!T ce6g TaK )Ke, KaK 3lleKTpOMarHJITHM BOllHa, T.e. 

crroco6Ha .ZJ:II$pampoBaTh, om6ag rrperrmcTBIIj{ II rrpoxo.n:g qepe3 oTnepcTIIj{. IlepBbJe 

_ 3KCIIepJIMeHTanbHbie IIO.ZJ:TBep)I{.ZJ:eHIIg 3TOH riiiiOTe3bl IIOj{BIIllJICb, KaK Mbl BJI.ZJ:enii B 

§ 3.3, II03.ZJ:Hee. Ha JI.ZJ:eiO "qacmua-nonHa" .n:e EpoiiAA HaTOnKHyna JI3BecTHM orrmKo

MexaHnqecKM aHanomg: ypanHeHJij{ reoMeTpiiqecKoii OIITJIKJI (nyqa) aHanomqHbi 

ypanHeHIIj{M MeXaHIIKJI (TpaeKTOpiiii qaCTJIUbi). 
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(l 

§ 4.1. CymecTBO rnnoTelhi Ae EpoiiJIH 

KaK Mbl 3HaeM, napaMerpbi qacTHUhi :meKTpoMarHHTHOro H3rryqeHH.K - <l>oToHa 

CB.K3aHbl MeJK,lly C060H COOTHOIIIeHH.KMH 

- - 1-1 2rt (I) E=liro, p=lik, k =-=-. 
A. c 

(4.1) 

3.necb E- :mepm.K, p- HMllYJihC, (I) - qacTOTa, k- BOJIHOBOH BeKTOp, A - JJ:JIHHa 

BOJIHbl. TaKHM o6pa30M, y <t>oTOHa JJ:JIHHa BOJIHbl H HMllYJibCa CB.K3llHbl paBeHCTBOM 

A. = 2rt = 2rtli . 
k p 

Mo)KHO npe.nnorro:imTh, ~o .zuur qacTHUhi IIMeeT MeCTO aHarrorHqHoe paBeHcTBo: 

2rtli 
/..particle = Pparticle 

3zy BeJIHqHHY npiiH.KTO Ha3biBaTb OJIUHOU 60JIHbl oe EpoiillR ,ZUUI qacTHUbl c 

HMllYJibCOM p: 

A.v=!!.... 
p 

(4.2) 

06paTHM BHIIMaHIIe, qTO 3JJ:eCb CTOIIT h := 2rt/i . .ll:JI.K cpOTOHa AD eCTb npOCTO era JJ:JI,HHa 

BOJIHbl. 

3aJJ.a'la 4.1. 8hi'IHCJIHTL JJ.JIHII)' sonHLI JJ.e Epoi!JIJI JI.Jill :meKTJlOHa c 3Hepmeli E = 100 38 (oiiLIT 

}:(3BHCCOHa-,[(lKepMepa). 

3JJ.eCL 3JieKTpOHLI HepeJiliTHBHCTCKHe. Il03TOM/) B 3TOMHbiX eJI,HHHU<lX H~liJJ.eM 

p=~ =~2·0,5:106 ·102 =10
4 

38/c, 

fJ),e C- CKOpOCTL CBeTa. IlOJJ.CTaBHB B (4.2), HMeeM 

A= 211 ·6•6 : 10_,. ·3 ·1010 "'1,2·10-· CM = 1,2 A. 

') Y CJIOBHMCJI 0603H3'13Tb qepe3 E KHHeTH'!eCKYIO 3HeprHIO '!3CTHUbl, T.e. E101a1 = E + mC
2 

• 
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TiapaMerp A.v HBJI.KeTC.K MaciiiTa6oM, onpe.n;e.IDilOJUIIM rpaHHUY MeJK.Uy 

BOJIHOBbiM 11 KopnyceyrrxpHbiM xapaKTepoM noBe.neHIIH qacTIIUhi. Tenepb HCHO, ~o 

pa3Mep 06'beKTa, C KOTOpbiM B3aiiMO.ZJ;eHCTBYeT qaCTHUa, CJie.ZJ;yeT CpaBHHBaTh HMeHHO C 

.n;e-6poifJieBCKOH JJ:JIIIHOH BOJIHbi: 

A. 0 < £- qaCTHua, 

AD > f- BOJIHa. 
(4.3) 

TaK, B onhrre .l1:3BIICCOHa-,n:)KepMepa BOJIHOBhie cBoiiCTBa 3JieKTpoHa (JJ:ll<l>PaKUHH) 

npoHB.IDilOTCH noTm.iy, ~o BerrllqiiHa A.v nop.K.D;Ka nepHo.n;a KpllcTarrrrllqecKoii pernenrn 

(~ 1 A). H Hao6opoT, <PoToH 3aBe.n;oMo !le.ni.!T ce6x KaK qacTHua, ecrrH JJ:JIIIHa BOJIHhi 

113rryqeHIIH .n;ocTaToqno Marra. TaK, 34>4>eKT KoMllTOHa np11 A. ~ RBohr ( Ephoto~ ~ 10 K3B) 

llpO.KBJI.KeTC.K COBepiiieHHO O~i.!TJIIIBO (CM. OUeHKll B 3a,naqe 3.2). 

§ 4.2. BoJIHOBaH c~JyuK._HH 

B KJiaccHqecKoii 3JieKTpOJJ:IIHaMIIKe BeKTop-noTeHUIIaJI 11 none nrrocKoii BOJIHhi 

3JieKTpOMarHIITHOrO 113JiyqeHIIH OlliiCbiBaiOTC.K 113BeCTHblMII Bbipa)KeHIIHMII 

A= Au ·e;(Ir-(J)t), 

ii = [f, £) 

A l:= .H 
E ~ 

- _ 1 aA 
E---·-

c ar '. 

Pnc .. 4.1. 8eKTop-noTeHIU!aJI, none n 
BOJIHOBOli seKTOp llJIOCKOli. 3JieKTpO

MarHHTHOli BOJIHLI 

Mbi Bli.ZJ;IIM, ~o KaJK,llaH H3 BeJIIIqHH A, E,H IIMeeT BII.ZJ; BeKTopHoii <l>YliKUIIII: 

flO.ZJ;CTaBIIB CIOJJ:a 113 (4.1) 

W(r, t)= 'Yo ·e;(Ir-(J)t). 

k=E_ 
li' 
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E 
ro=-, 

li 

(4.4) 



HMeeM ,wui cpOTOHa 

iji(r, t) = 'iio. ei(Jif-£1)/h 
' (4.5) 

r.n;e \j!O - KOHCTa.HTa. ,[{e Epoiinh HCnOJib30Ban TaKOe )Ke Bbipa)KeHHe ,wui onHCaHHJI 

)J;BH)KeHHJI qaCTHIU>I-BOllHhl. Bae.n;eHH)'IO HM cpyHia:uno Ha3hffiaiOT 60/lHOU oe EpoiillR. 

§ 4.3. BoJiuosoii naKeT. WaloBaH u rpynnoBaH cKopocru 

<lla:J~ aonHhi (4.5) ecTb cp=kr -rot. Orcro.n;a Haxo.n;uM pruoGyJO cKopocmb (T.e. 

CKOpOCTb nOCTOHHHOH cpa3bi): 

cp=(k, v'~')-ro=O, 

a noCKOllbKy BOllHa pacnpOCTpaHHeTCH B)l;Ollb HanpaaneHHH BeKTopa k, TO v<j> II k, 

cne.u;oaaTenhHO · 

(J) k 
v'~'=k·k. (4.6) 

B cnyqae cynepno3HUHH HeCKOllhKHX aonH- naKeTa aonH c .n;ucnepcueii (pa36pocoM) 

qacTOT k( ro ), MO)KHO BBeCTH zpynnoGyJO CKopocmb naKem: 

_ dro k 
v =-·-. 

g dk k (4.7) 

Bee 3TH noHHTHa H3BeCTHhi H3 3lleKTpo.n;HHaMHKH. ,[{na qacTHIIhi no auanornu Haii.n;eM 

(eM. npHMeqauue a 3a.u;aqe 4.1): 

I 2 2 ro Etotal li Etotal ymc c v =-=--=--=--=->c 
'I' k pfli p ymv v - ' 

cpa30BaH CKOpOCTb: 

2pc2 
dro detotal _ -=~===;=~ 

rpynnOBaH CKOpOCTb: V g = dk = $- 2~ (pc r + (mc2 J 
ymv·c2 

ymc2 =v. 

(4.8) 

(4.9) 

3ru.teTHM, ~o Toquo mKoii )Ke pe3ynhTaT .wm vg nonyqaeTCH .wm HepenHTHBHCTCKoii 

qaCTHIIhi: 

v = de total =!!__(It_+ mc2) =E._ = v. 
g dp dp2m m 
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f 
TaKHM o6pa3oM, qacmue MO)KHO conocTaaHTh naKeT BOnH .n;e Epoiina c pa3HbiMH 

cpa30BbiMH CKOpOCTHMH, a B Bblpa)KeHHH ,wui BOllHbl .n;e npOHllH (4.5) B KaqeCTBe E 

HCnOllb30BaTb KHHeTHqecKyiO :meprnro. K 3TOM}' BOnpocy Mhl BepHeMCH B § 6.1. 

§ 4.4. ,[J;eJILTa-«Jlyu·KU:HH ,[J;upaKa* 

ECTecTBeHHO 3a.u;aTh aonpoc, ~o )Ke TaKoe aonHa .n;e Epoiina 'Jf(r, t)? BonHa 

nnoTHOCTH BeiiieCTBa? HanpHMep, npHH»Th,. ~o l'l'(r, t t = p(r, t) eCTb nnoTHOCTh 

aeiiieCTBa qacTHIIhi. Ho TOr.n;a .wm cao6o.n;Hoii qacmiibi aonHa 'Jfoei{i;r-&t)/h .n;aeT 

nnOTHOCTh, He 3aBHCHIIIYIO OT F : p(r, I)= \jl~, T.eo qacTHIIa "pa3Ma3aHa" no BCeMy 

npOCTpaHCTBy. MO)KHO nOnbiTaTbCH 060HTH :ny Tp}')l;HOCTb, BBe.n;H MO)J;}'llHIIHIO 

cp}'HKIIHH nnOTHOCTH, HanpHMep, B BH.n;e cp}'HKIIHH faycca: 

'Jf(r, t) =A 0 e_,2fu,.2 0 e;(J>r-&t)/h. (4010) 

BH.n;HMO B nOHCKax OnHCaHHJI qacTHIIbi-BOllHbl ,[{HpaK BBell CBOIO 3HaMeHHT}'IO 

oe!lbma-pyHKlJUIO (P.A.M Dirac, 1926 ro)o 3TO npeKpacHhlli npuMep Toro, KaK 

He06XO.n;HMOCTb pemeHHJI cpH3uqecKOH npo6neMbl npHBO.n;HT K pa3BHTHIO 

MaTeMaTuqecKoro annapamo 

o(x) 

] 
Omax 

/). 

_j) 1 \___ X - --==~ 

Pnco 4020 Ilpn6JIHJKeHHoe HJo6paJKeHne 
1>-c~Jyi!Kl~HH: /)max ofl = 1 

,[{enbTa-cp}'HKIIHIO ,[{upaK onpe.n;enun KaK "6ecKoHequocTb B TOqKe" (puc. 402): 

{
0, 

o(x-xo)= co, 
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X;t:Xo, 

X=Xoo 
( 4.11) 



Ho npn :noM 6ecKoHe'lllOCTb B orrpe,D;eneHHOM CMhlcne orprumtJeHa: HHTerpan oT 

b-<l>YHimllll IIO HHTepsany, CO,D;ep:lKruqeMy TO'JKY Xo, KOHe'JeH H paseH e,ZJ;HHHQe: 

xf~( ) dx {0, {x1 ,x2 }~x0 , 
Ju x-x0 • = 1, {x1,x2 }ex0 • x, 

(4.12) 

B 3TOM cnyqae rosopHT, 'ITO <l>YHimllil "HopMHpOBaHa Ha e,ZJ;HHHUY"· HeTpy,ZJ;Ho 

,ZJ;Ora,ZJ;aThC.II, 'ITO 3TO MO,ZJ;eJib TO'Je'IHOH 'JaCTHUhi C KOHe'lllhiMH 3ap.II,D;aMH H MaCCOH. B 

3TOM cnyqae qepe3 B-<t>yu-Kumo Bbipa:lKaJOTC.II (nHHeiiHhle) imoTHoCTH 3THX BellH'IHH: 

Pe(x )= e ·B(x- x0 ), p(x)= m· B(x- x0 } 

11MeHHO TaK H paccY:JK,D;an ~HpaK. Bse,ZJ;eHHM HM B-<l>YHKUH.II nocnY:JKHlla TOll'IKOM K 

pa3BHTHIO B MaTeMaTHKe TeOpHH o6o6IQeHHhiX <i>YHKUHH. 

1) 

06paTHM BHHMaHHe Ha pa3MepHocn. B(x) - 3TO o6paTH3J! ,ZJ;nHHa. 

Tenepb c<t>opMynnpyeM Ba:JKHeiimne csoiiCTBa B-<l>yu~mnn: 

{ 
0 {x1 ,x2 }~xo, 

]!(x)·B(x-xo)dx = f(:ot {x
1

, x
2
}e Xo. 

x, 
(4.13) 

3To cso:HCTBo cne,ZJ;yeT H3 (4.12}, ecnH npnMeHHTb K (4.13) TeopeMy o cpe,D;HeM 

(eM. plrc. 4.2). 

2) "( )- 1 1. sina.x oX--· Im---
1t a~"' X • 

(4.14) 

1JT06bl y6e,ZJ;HTbC.II B cnpaBe,ZJ;nHBOCTH 3TOrO pe3yllbTaTa, ,ZJ;OCTaTO'lllO 3aMeTHTh, 'ITO 

<l>YHimllil f(x) = sin a.x / x (pnc. 4.3) HMeeT nepno,ZJ; 

21t a~ 0, T =-
x a. 

II ee MaKCHMYM ecn. J( 0) = ~ . 0TCIO,ZJ;a 
X 

"' 1 21t J J(x)dx~-·J(0)·-=1t. 
--«> 2 a. 
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3 

2 

-1 

sin ax 
X 

Pnc. 4.3. rpacpHK cjlyHKUHH 

f(x)= sin ax, a= 3 
X 

3) «Pypbe-o6pa3 B-<l>YHKUllH nonyq11M, Bbl'IllCll<llB HHTerpan 

B(k)=-1 jo(x)·e-ikxdx. 
21t 

-<X) 

0TCIO,ZJ;a Bll,ZJ;HO, 'ITO <l>YHimll.ll B(k) - 6e3pa3MepHM. Bocnonb30BaBmllCb csoiicTBOM 

B-<l>YHKUllll (4.13}, mlii:,ZJ;eM 

B(k)=-1 ·e;kxi 
21t x=O 21t 

(4.15) 

OTcro,ZJ;a, B qacTHOCTll, cne,ZJ;yeT npe,D;CTasneHlle B-<l>YHimHll B Bn,ZJ;e HHTerpana «Pypbe: 

B(x)= jo(k)· e;kxdk = -1 }e;kxdk. 
21t 

-<X) --«> 

B ,ZJ;eiicTBnTenbHOii <t>opMe 3TO npe,D;cTasneHue nMeeT Bll,ZJ; 

1"' 
B(x)=- fcoskx·dk. 

1to 

HeTpy,ZJ;Ho oT o,ZJ;HOMepHoii B-<l>YHKUllll riepeiiTll K TpexMepHoii: 

B(r- ro) = B(x- Xo )· o(y-Yo)· B(z- Zo ). 

§ 4.5. PacnJibiBauue ooJiuo8oro naKeTa* 

(4.16) 

(4.17) 

0Ka3bffiaeTC.II, 'ITO MO,ZJ;YAAUIDI <i>YHfmllll 'JI(r, t) He cnacaeT Boney-'IaCTHUY OT 

"pa3Ma3bffiaHllil11 
- renepb 3TO npOllCXO,D;llT CO BpeMeHeM, BOllHOBOH llaKeT 
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paCIUThiDaeTCJI. fiOKIDKeM 3TO Ha npHMepe O,li;HOMepHOll MO,li;YJIHpOBaHHOll BOJIHbl, He 

YTO'IHIDI TIOKa ee npnpo.u;y: 

w(x, t )= f(x,t) ·ei(kox-IDot)' (4.18) 

r_rie cl>yHimHJI.f{x,t) Bbi6paHa TaKHM o6pa30M, 'ITO B HaqaJibHblli MOMeHT BpeMeHH BOJIHa 

orpaHnqeHa B npoCTPaHCTBe (puc. 4.4): 

\jl(x,O) = Ae-x2 tui eikox. 

3.n;ecb A - HeKOTOpaH aMDJIHry.n;a BOJIHbl, 3HaqeHHe KOTOpOii Hall)]; eM TI03)J;Hee ( CM. 

3a.u;aqy 6.2). ToqHo TaK JKe, KaK 3TO .n;enaeTCJI B KJiaccnqecKoii 3JieKTpO,li;HHaMHKe, 

npe,li;CTaBHM DaKeT (4.18) B BH)J;e CyMMbl (HHTerpana <f>ypbe) MOHOXpOMamqeCKHX 

("MoHOHMnyJibCHbiX" B cnyqae BOJIHbi .n;e EpoiinJI) BOJIH: 

"' w(x,t)= fwk(k)·ei(kx-IDt)dk. (4.19) 
-<X) 

Rew(x, 0) 

:::4\/111111111\:--- X P11c. 4.4. BonHosoii naKeT np11 t=O 

,[(rui HaxOIK,ll;eHIIJI aMTIJIHTY,li;HOll «l>YHK[(HH '1'k(k)3aTIHIIIeM (4.19) B MOMeHT 1=0: 

w(x,O)=A·e-x2fu,2 ·eikox = }wk(k)·e;b:dk (4.20) 
-<X) 

11 npoH3Be.n;eM o6paTHoe cl>ypbe-npeo6pa30BaHHe: 

b 
1 "' "' 'l'k(k)= 

2
7t fw(x,O)·e-;kxdx=: Je-~/2A2 

·ei(ko-k)xdx. 
-oo 1t-oo 

BbmeceM H3-TIO,ll; 3HaKa HHTerpana qJieHbl, He 3aBHCJIIIUie OT X, )J;JIJI 3TOro ,li;OTIOJIHHM 

DOKa3aTeJib 3KCTIOHeHTbl )1;0 TIOJIHOrO KBa.u;paTa 
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II3aDliiDeM 

- __£__ + i(k0 - pk )x = _ _!_(~- i(k0 - k )8)2 

282 2 8 

{k0 -k'f ·82 

2 

\j1 k(k )= ~.,fi8 -e-(ko-kYA
2

/2 ""Je-f.2 ~ 21t . ...,, 
-oo 

s=-1 (x ·(k ) ,fi 8 -I 0 -k)8 . 

BbyqnCJIIIM IIHTerpan, BXOMIIIHii B 3TO BbipiDKeHne 

I= }e-l;,2 dt,, 
-oo 

B03Be)J;JI ero B KBa.u;paT II npeo6pa3yJI o6pa3yiOIIIHllCJI ,li;BOllHOll IIHTerpan K TIOJIJIPHbiM 

KOOp,li;HHaTaM: 

<X) "' ( )' <X)21t 

/2 = Je-x2 dx· Je-i dy = Jfe-x2+i dxdy = J Je_,2 dcprdr = 7t. 

-oo -oo -oo 0 0 

0Tcro.n;a 

<X) 

Je-~;2 dt, = ..[;.. (4.21) 
-<>0 

CooTBeTCTBeHHO, aMnnury.n;HaJI cl>YHK[(HJI IIMeeT BH)J; 

'I' k(k )= _ ~. 8 ·e-<ko-kYA
2/2 

:V21t . 
(4.22) 

J.h 3Toro BbipiDKeHIIJI cne.n;yeT BaJKHhlii BbiBo.n;: wupuna aMI'IJlumyonou p)'HKIJUU ecTh 

. 1 ' 
M =±!k• -k0 ! ~± 

8
, (4.23) 

r.n;e k* - 3HaqeHHe BOJIHOBOrO qifCJia, DpH KOTOpOM TIOKa3aTeJib 3KCDOHeHThl B (4.22) 

paBeH e,li;HHH[(e. TaKHM o6pa30M, BOJIHOBOii TiaKeT (4.18), orpaHnqeHHbiii B 

npocTPaHCTBe (ero xapaKTepHaH mnpnHa ±8), o6JI3aTeJibHO HMeeT n pa36poc no 

_BOJIHOBbiM qncJiaM. Allanoruqnblli pe3yJibTaT MOIKHO TIOJiyqnTh )J;JIJI BOJIHOBOro DaKeTa, 

OrpaHuqeHHOrO BO BpeMeHII: TaKOll TiaKeT o6JI3aTeJibHO HMeeT CTieKTP qacTOT II 

IIIllpHHa nom cneKTPa o6paTHo nponopunoHaJibHa xapaKTepHoii MHTeJibHOCTH 
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HMny.Jlbca. no ornomeHHIO K BOnHe ~e Epoiiml 3TOT $aKT jJ:BllileTCj{ 4iYH~a.MeHTa.JlbHbiM 

KBaHTOBO-MeXaHH'IeCKHM 3aKOHOM, <!JopM)'JIIIpOBI<y KOTOporo OTJIOJKIIM ~0 rJI. 5. 

flo~CTaBIIB \jlk{k) (4.22) B (4.19), llOJI)"'IIM Bbipa)J(eHIIe ~ BOJIHOBOrO llaKeTa B 

BMe IIHTerpana MOHOXpOMaTH"leCKIIX BOllH: 

A "" (k-kof·d 2 

w(x,t)= ~·D.· fe 2 ·ei(kx--<t~)dk. 
-y21t -<X> 

(4.24) 

3TO eCTh He "'TO IIHOe, KaK <!Jypbe-pa3JIO)J(eHIIe BOJIHOBOrO naKeTa ( 4.18) no 

MOHOXpOMaTH"leCKIIM BOJIHa.M. floBe~eHIIe BOJIHOBOrO naKeTa onpe~eiDieTCj{ BII.l(OM 

~cnepCIIOHHOH 3aBIICHMOCTII II 6y~eT pa3JIII"'HbiM ~ pa3HbiX BMOB BOllH. 

HanpiiMep, ~ <lJOTOHa B BaKYYMe CBjJ:3b Me~ "laCTOTOH II BOJIHOBbiM "'HCJIOM 

Ja,n:ae-rcg BLipa)J(eHIIeM 

ro=kc, 

~ CB060~HOH HepeiDITHBIICTCKOH "!aCTH~hl 

P2 k2n 
E=---+m=--, 

2m 2m 

~ CB060~HOH peiDITIIBIICTCKOH "!aCTII~bl 

E2 = p2C2 + (mc2 J --+ ffi2 = k2c2 + ( m:2 r' 
II noBe~eHIIe COOTBeTCTBYJOmHX BOJIH 6y~eT pa3JIII"'HbiM. Q~aKO pacnJibiBaHIIe 

BOllHOBOrO naKeTa MO)J(eT 6b1Tb IICCJie~OBaHO II B o6meM CJIYlJae, ~ "!ero "!aCTOTY 

BOJIHhl pa3JIO)J(HM B PM Teiinopa B oKpecrnocrn k = ko 

dro ( ) 1 d
2

ro ( )2 ro=ro0 +- k-k0 +---2 k-k0 + ... 
dk 2 dk 

(4.25) 

Tenepb npocne~IIM 3a cy~L6oii BOJIHOBoro naKeTa (4.24), ~ "lero Bbi"'IICJIIIM. 

IIHTerpan, no~CTaBIIB B Hero nOJIY"leHHOe Bbipa)J(eHIIe ~IDI "laCTOTbl II y"'Tg, "'TO , 

:dro/ dk = vg. 

llpeo6pa3yeM CYMMapHhlH noKa3aTeJIL 3KcnoHeHThi: 
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( )2 2 ( 1 d
2

ro (. )2 ) · k-k; !1. +i kX-ro0t-vg(k-ko)t-2 dk2 k-ko t = 

(k- ko)
2 

( 62 + i d
2

ro t) + i(k- koXx- v gt )+ i(k0x- mot). 
2 dk2 

BBo~ o6o3Ha"!eHIIe 

t.{t)= D. 2+. d2ro z-t 
dk 2 

' 
(4.26) 

~a nepBbiX "'JJeHa MO)J(HO ~OnOJIHIITb ~0 nOJIHOro KBa,n:paTa, B pe3yJILTaTe nOJIYlJIIM 

[ ]
2 ( )2 1 x-vg~ 1 x-vg~ 

-- (k-k0 )t.(t)-i-- -- -- +i(k0x-ro0t). 
2 t.(t) 2 t.(t) 

ilO~CTaBIIB 3TO, ~OBOJibHO rpOM03~KOe, Bbipa)J(eHIIe B nOKa3aTeJib 3KCnOHeHTbl no~ 

IIHTerpaJIOM B (4.24) II npOI13Be~ 3a.MeHy nepeMeHHbiX 

s= ~[(k-ko)·t.(t)-ix-vg~] 
-v2 t.(t) ' 

JannmeM 

)(X-V /)2 
w(x,t)=~·~·e-2 d(~ +i(kox-root) <X> 2 

.,Jn t.(t) . fe~tfS. 
-«> 

If, OKOH"laTeJibHO, YlJIITbiBM 3Ha"!eHIIe IIHTerpana (4.21), HaH~eM 

D. · 1 x-vg~ . 
{ ( )

2 } 
w(x,t)=A·t.(t)"exp -2· t.(t) +z(kox-root) . (4.27) 

3TO II eCTb BOJIHOBOH naKeT (4.18) B MOMeHT BpeMeHII t>O. MaKCIIM)'M <!JyHK~IIII 

\!'(X, t) HaxO~HTCj{ B TO"!Ke x(t) = Vg t, KOTOpM CMemae-rcg C rpynnOBOH CKOpOCTbiO 

BOJIHhl, a miipiiHa naKeTa B03pacTaeT co BpeMeHeM: 

D.--+ t.(t). 

ilpaB~a, C!.(t) - KOMnJieKCHM $)'Hmiig, II H~O ee npe~CTaBIITb B BII~e 

t.{t) = it.{t )I· e;a(t)/2, 

'"• IAVli+'+(~~Jr 
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d2ro t 
tga(t)= dk2 t;i· 

(4.28) 



Ta.KHM o6pa30M, BOJIHOBOH naxeT pacnnhmae-rcx Tax, 'ITO ero III11p11Ha ~(t) 

y](BaHBaeTCX 3a xapaKTepHoe apeMX 

~2 
't - 4 . --;;----;;

d2ro/dk2 · 
(4.29) 

KpoMe TOro, llOXBMeTCX nepeMeHHbiH BO BpeMeHII <lJa30Bblii MHOJKJITeJib eia/2 
• 

Cnyqaii CT!IUIIOHapHOH BO BpeMeHII III11p11Hbl BOJIHOBOrO llaKeTa COOTBeTCTByeT 

YCJIOBIIIO 

d2ro 
dk2 = 0, 

IIJIH. 0) = C 1k + C2, r](e C1 II C2 - HeKOTOpbie KOHCTaHTbl. C ](pyrOH CTOpOHbi, 113 

<lJII3HtieCKHX coo6piDKeHIIH MOJKJIO YTBep)K](aTb, 'ITO llaKeT •He paCITJibffiaeTCX, KOr](a 

<lJa30Bax CKOpOCTb MOHOXpOMaTIIqecKIIX BOJIH COBlla](aeT C rpynnOBOH CKOpOCThiO 

naxe-ra: 

ro dro 
k= dk' 

OTKy](a CJie](yeT, 'ITO c2 = 0 II (j) = Clk. Taxoii Bll]( ](IICnepCIIOHHax 3aBIICIIMOCTb IIMeeT 

](AA peJIXTIIBIICTCKOH qaCTIIUbi C HyJieBOH MaCCOH llOKOX (B qacTHOM CJiyqae ~ 

<lJOTOHa) II C1 = C. ,[{AA peJIHTIIBIICTCKOH qaCTIIUbi C MaCCOH, OTJIIIqHOH OT HyAA, 

rpynnOBax CKOpOCTb naKeTa COBlla](aeT CO CKOpOCThiO qaCTIIUbi (<J!opMyJia (4.9)), a 

BpeMX paCITJibiBaHIIX naKeTa MOiKeT 6hiTb onpe](eJieHO 113 Bll](a ](IICllepCIIOHHOH 

3aBIICIIMOCTH 

b 

d2ro 

dk2 

ro = .lk2c2 +( m~2 J' 

+'<'+( ~)']-k',• 
[k'c'+( mnr 
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dro 

dk 

kc2 

k'c'+( m:' r . 

lic2(e2
- p 2c2

)- lic2(mc2 r - li 
3 - ( \1 --3' 

& mc2y} my 

COOTBeTCTBeHHO 

my3~2 
'trer-4·-- (4.30) 

li 

k 21i d 2ro li 
,[{AA HepeAATHBIICTCKOii qacTHUhi ro = --, OTKY](a nonyqaeM --

2 
=- 11 ](AA 

2m· dk m 

apeMeHII paCITJibffiaHHX llaKeTa IIMeeM 

't- 4 · m~
2 

(4.31) 
li 

3m iKe BhipiDKeHIIe MOiKeT 6biTb nonyqeHo •113 (4.30) np11 npe](eJibHOM nepexo](e 

y~l. 

33,1.13'13 4.2. O~eHJITL speMll p3CIUibiB3HHll ).le-6pol!.rrescKoro n3Kern AJIJI npoTOH3 (p33Mep npoToHa 

11.- 10-13 CM). 

T- 4 mpC
2 ·(~)2 - 4 . 938·10

6 
38 ·( 10-IJ CM )

2 

_ 10_22 C • 

n C 6,6·10-1
: 38 ·C 3 ·101° CM/c 

3a T3KOe speMll CBeT npOXO,l.lliT nyTL, npiiMepHO paBHbll\ Ypli,1.1~3Tii p33MepaM npOTOHa. 

Ta.KHM o6pa30M, rpynna BOJIH w(r' t) ](BIIiKeTCX co CKOpOCTbiO qacTHUbi, a 

BOJIHOBOH naxe-r pacnnLmaeTCH 3a qpe3BbNaHHO KopoTKoe apeMx. Pe3yJILTaT, 

nonyqeHHhiH 3](ecb np11 paccMOTPeHIIII ](BIIiKeHIIX "rayccoaoro" naKeTa (4.18); 

XBJIXeTCX ](OCTaTOqHo 06IUHM (eM. [1], C. 248-250): llaKeT CMemaeTCX CO CKOpOCTbiO 

qacTIIUbl II paCIIJibmaeTCH B npOCTPaHCTBe no Mepe npO](BIIiKeHHX. B 3TOM II COCTOIIT 

rnaaHax TPY](HOCTb ](e-6poiiJieacKoro no](Xo](a: TPY](HO o6nXCHIITh, 'ITO iKe TaKoe 3Ta 

BOJIHa, 
11
0lliiCbffiaiOIUax" ](BIIiKeHIIe qaCTHUbl. Y ClleiiiHOe 06"bXCHeHIIe BOJIHOBbiX 

caoiicTB qacTHUhi conpoBo)K](aeTcx Henpeo](OJIIIMbiMII TPY](HOCTHMII np11 nonLITKe 

OlliiCaTb ](BIIiKeHIIe qaCTHUbl B llpOCTPaHCTBe, ](IDKe CB060](HOM OT "npellHTCTBIIH
11

• 
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rJIABA 5. coomomEHIIE HEODPE,ll;EJIEHHOCTEH 

rEH3EHliEPr A 

§ 5.1. Heonpe)l.eJieuuocTL 3Haqeuuii KoopJJ.HHaTbl 

u HMDYJILCa qacruu,LI 

flepBI.rii 11HaMeK" Ha He06bl'UIOe IIOBe,ll;eHHe 'laCTIIUbl IIpH IIOIIhlTKe H3MepHTh 

O,li;HOBpeMeHHO 3Ha'leHWI ee KOOp,ll;HHaTbl H HMIIYJibCa Mbl IIOnyqHJIH IIpH aHaJIH3e 

pacnpOCTPaHeHHH O,ll;HOMepHOrO BOJIHOBOro IIaKeTa (4.18): orpaHH'IeHHe BOJIHOBOH 

<i>YHKUHH B IIpOCTPaHCTBe (Ax -/l B (4.18)) IIpHBeJIO HeMe,li;JleHHO K OrpaHH'IeHHIO 

JHa'leHHii HMnynoca (4.24): 

1i An>-. 
'-"1-'- llx 

(5.1) 

K TaKOMY pe3yJII>TaTy npmnen B. feil:JeH6epr, aHaJIH3HpyH MDICJieHHbiH 3KcnepHMeHT 

IIO H3MepeHHIO KOOp,li;HHaThi 'laCTIIUbl C IIOM011lbl0 "raMMa-MHKpOCKOIIa", T.e. IIO 

pacceHHHIO <t>oTOHOB ua qacTHue (W: Heisenberg, 1927 r.). C Tex nop 

HepaBeHCTBO ( 5.1) HOCHT Ha3BaHHe COOTHOllleHHH HeOnpe,ll;eJieHHOCTeH f eil:3eH6epra. 

3TO HepaBeHCTBO BCKOpe 6b1JIO CTPOrO ,ll;OKa3aHO Ha OCHOBe KBaiiTOBO

MeXaHH'IeCKOrO IIO,li;XO,ll;a H pa3BHTOrO K TOMY BpeMeHH annapaTa onepaTOpOB B 

xrnaxrroBoii MexaHHKe (HP. Robertson, 1929 r.). 

Pe3yJIDTaT (5.1) CTaHOBHTCH IIOHHTHbiM, KaK TOJibKO MDI BCIIOMHHM 0 BOJIHOBJill( 

CBOHCTBax 'laCTHUbl. ,lJ;eil:CTBHTeJibHO, ,ll;JIH. mo6oil: BOJIHbl cymecTByeT· COOTHOllleHHe 

Me)l(,ll;y ee.IIpOTH:lKeHHOCThlO (ruHpHHOH <i>YHKUHH B npOCTPaHCTBe) H lllHpHHOH CIIeKTPa 

BOJIHOBbiX 'IHCeJI 

Ilk ·llx - n, k = 2n A. , 
(5.2) 

\1,13BeCTHOe H3 aKYCTHKH H 3JieKTPO,li;HHaMHKH eme ,!1;0 B03HHKHOBeHWI KBaHTOBOH 

MeXaHHKH. 3-foT pe3yJIDTaT CJie,ll;yeT HeMe,li;JleHHO H3 CIIeKTPaJibHOrO (<l>ypoe-) aHaJIH3a 

CHrHaJIOB, B '!eM Mbl, C06CTBeHHO, H y6e,li;HJIHCb B § 4.5. llO,ll;CTaBJIAA B (5.2) 

A.v = 2nli, 
p 
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HaH,ll;eM 

Ill.. llp 
Ilk= -2n~ = -, mm llp ·llx -7th. 

Av 1i 

CTPomil: pe3yJII>TaT, 3aiiHCaHHDiii B TPa.IUIUHOHHOil: <t>opMe, HMeeT BH,ll; 

/lp·Ax?-li. (5.3) 

.5Icno, 'ITO B TPeXMepnoM cnyqae HMeiOT MecTo TPH auanom'IHbiX uepaBeHcTBa ,li;J1H 

Bcex TPex CTeneueil: cBo6o,ll;bi. 

§ 5.2. CooTuomeuue ueonpeJJ.eJieuuocreii :mepruu u opeMeuu 

Mcnoni>JyH, auanom'IHO (5.2), yTBep)l(,ll;eHHe o6 orpaHH'IeHHOCTH cneKTPa 

BOJIHOBOrO CHrnaJia KOHe'IHOH ,li;JIHTeJibHOCTH 

llm·M-n, 

HeMe,ll;JieHHO npHXO,ll;HM K COOTHOllleHHIO Me)l(,ll;y Heonpe,ll;eJieHHOCTHMH 3Ha'leHHH 

3HepmH 'laCTHUbi-BOJIHbl E = lim H ,li;JIHTeJibHOCTH H3MepeHHH 3TOH 3HeprHH: 

lle · 'llt - nli , 

KOTOpoe IIpHHHTO 3aiiHCbffiaTh B <t>opMe, aHaJIOrH'IHOH (5.3): 

lle·M"?.Ii. 

§ 5.3. llpHHU,Hll )I.OllOJIHHTCJibHOCTH 

(5.4) 

CoornorueHHH ueonpe,ll;eJieHHOCTeii HMeiOT <l>YH,ll;aMeHTaJibHblli xapaKTep. no 

CY11leCTBy, 3TO MaTeMaTH'IeCKaH <t>opMyJIHpOBKa npUHlJUna oonOJIHUmellbHOCmU Eopa 

(N. Bohr, 1927 r.). CaM npHHUHII B pa3Hoe BpeMH TPaKTOBaJICH uecKOJibKO no-paJHoMy. 

B O,li;HOM H3 BapHaHTOB H3MepHTeJibHblli IIpH6op H 06'beKT paccMaTPHBaJIHCb KaK 

e,ll;HHaH KBaHTOBO-MeXaHH'IeCKaH CHCTeMa, BCJie,ll;CTBHe qero JII060e H3MepHTeJIDHOe 

YCTPOHCTBO BC>J,ll;eil:cTByeT ua Hccne,~J;yeMI>Iii o6neKT, HJMeHAA ero cocTOHHHe. 

CoBpeMeHHaH TPaKTOBKa 6onee KaTeropH'Ina: B cooTBeTCTBHH c 

COOTHOllleHHHMH Heonpe,ll;eJieHHOCTH IIOJiyqeHHe HH<i>OpMauHH (H3MepeHHe) 06 O,ll;HHX 

IIapaM~ax KBaHTOBOrO 06'beKTa HeH36e:lKHO COIIpOBO)l(,ll;aeTCH 'laCTH'IHOH IIOTepefi 
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, nu!flopMaulm o .n:pymx napaMerpax ( CBH:laHHLIX c nepBLIMH napaMerpaMH 

cooTHomeHWIMH ueonpe.n:eneHHOCTeii:). Tru<oBa "nnaTa" B np11po.n:e 3a non)"'eHHe 

HH!flopMauHH. 

3~aqa 5.1. 0UeHHTb KBaHTOBO-MexaHI!'IeCKHH npe,nen TO'IHOCTH H3MepeHHll HMnynbca JneKTpOHa no 

pa,nii)'CY KPHBH3Hbi ero TPaeKTopHH B MamHTHOM none. qHcneHHMe oueHKH npo,nenaTb ,nJill JneKTpOHOB 

B · 6on~>moM JneKTpOH-n03HTPOHHOM Konnaii,nepe (Large Electron-Positron Collider - LEP), npHHliB 

3Heprmo JneKTpoHoB npHMepHo pasHoii 100 fJB H pa,nii)'C KPHBH3IIbl TPaeKTopHH 2,8 KM. 

HMnynbc qacTHUbl H p~nyc KPHBH3IIbl ee TPaeKTOpHH B MarHHTHOM none CBll3aHbl 

COOTHOIDeHHeM, KOTOpoe cne,nyeT 113 paBeHCTBa 

mv2 e 
yR=~vB, 

OTKY,na 

pc = eBR, r,ne p = ymv. (5.5) 

EcnH R H3MeplleTCll c oruH6Koii M, TO, o'!eBH,nHO, TO'IHOCTb H3MepeHHll HMnynJ.ca (C'IHTall, 'ITO none 

H3BeCTHO C a6comoTHOH TO'IHOCTb!O) eCTb 

eB ·I:!.R 
tJ.p=-.-. 

c 

C ,npyroli CTOpOHbl, cornaCHO (5.3) tJ.p <! n/ I:!.R. JiCKn!O'IHB H3 060HX COOTHOilleHl!H I:!.R, C nOMOillblO 

(5.5) 11 B Haii,neM 

!:ip <! fhP vR"· (5.6) 

CooTBeTCTBeHHO, 3Ha'leHl!e R MOJKHO, He qyscTByll KBaHTOBbiX orpaHI!'IeHllli, H3Mepl1Tb c TO'IHOCTb!O 

I:!.R- ff. (5.7) 

TI!l,nCTaHOBKa 3Ha'!eHHii p H R ,naeT 

• • 
1
6,6·10-16 JB·c·1011 3B·3·10

10 
cM/c 27 B 

uE""up·c<!, 5 "" , 3 , 
2,8·10 CM 

5 • 
6,6·10-

16 
3B·c·2,8·10 CM ·3·1010 cM/C "'445A. 

I:!.R- .I 1011 3B 

TaKHe TO'IHOCTH He,nocrynllbi (noKa) cospeMeHHoii TeXHHKe ycKopmenen 3aplllKeHIIbJX '!aCTHU, noJTOMY 

B ,naHHOM cnyqae KBaHTOBO-MeXaHI!'IeCKHe OrpaHI!'IeHHll He CKa3bJBa!OTCll 3aMeTHO Ha B03MOlKHOCTliX 

llOCTaHOBKll 3KCnepHMeHTa. 
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B 2000 r. LEP 3aKOH'IHn CBOIO pa6my H eMy Ha CMeH)' B TOM JKe. TYHHene COOpyJKaeTCll 

6onbmoii a,npoHIIbJli Konnaii,nep (Large Hadron Collider- LHC), B KOTOpoM npOTOIIbJ 6y,nyT ycKOpliThCll 

,no 38eprHH 7 T3B. ,Arlll 3TOH 3HepmH OUeHKH (5.6), (5.7) ,n~, COOTBeTCTBeHHO, !:ip • C"" 22,5 38 H 

M""53A. 

3a,na'la 5.2. OueHHTb pa3Mep aTOMa so,nopo,na, nonb3yllcb cooTHollleHHliMH Heonpe,neneHHOCTeii, T.e. 

eqirralJ, 'ITO JneKTpOH B OCHOBHOM COCTOliHHH "pa3Ma3aH" no e«l>epl!'leCKOMY eno10, KOHUeHTPI!'IeeKOMY 

c g,npoM H HMeiDmeMy TOnJUHH)' tJ.r- Rarom (eM. no,npo6Hee 13.3). 

fu ycnoBHll CTaUHOHapHOCTH op6HTbl JneKTpOH!} B aTOMe Eopa (eM. (2.2), r = 0) 

mv2 Ze2 

-r-=7 

HaxO,nHM 

p 2r=me2
• 

· n n 
TIO/ICTaBHB e10,na p = tJ.p =---- H r ""R,.om• nonyqHM 

/).r R.tom 

ttl 
R.tom ...... --2 5 Raobr · 

'!'e 

3a)IB'IB 5.3. OueHHTb IDHpHH)' ypOBHll MeTaCTa6HnbHOro COCTOliHHll 28112 aTOMa BO,D;Opo,na, BpeMll 

lKH3HH KOTOpOro 1/7 C (eM.§ 17.1). 

tJ.E-~""4·10-15 38. 
T 

3~aqa 5.4. TiepeHOe'IHKOM eHnbHOro B3aHMo,neHCTBHll H)'KnOHOB B ll,npe liBnli!OTCll nH-Me30Hbl,. Macea 

KOTOpbJX 139,57 MJB/~. OueHHTb xapaKTepllblli p~nyc ,neitCTBHllll,nepllbiX eHn. 

MoJKHO npe,neTaBHTb ee6e npocreiilliYIO Mo,nenb B3aHMo,neiiCTBHll ,nsyx ayKnoHOB, 

"nepe6paebiBa!OJUHXell" nH-Me3i:>HaMH. TaKHe, nl!-Me30IIbl MOryT B03HHKaTb "BllpTYanbHO" Ha BpeMll tJ.t, 

He HapylllaiOJUee COOTHOilleHHe Heonpe,neneHHOCTeli (5.4): 

n 
M<--2, 

m,c 

a CKOpOCTb nepe,na'll! B3aHMO,neliCTBHll ("nepe6poc") He ,nonJKHa npeBOCXO,D;HTb CKOpOCTb CBeTa. 0TCIO,D;a 

pa,neyc ,neliCTBHllll,nepllbiX cHn 
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A.ooc~ ~ c·lit ~ ~ 
m,c 

(5.8) 

TIO.U.CTaBHB CIO,U.a Macey nlf·Me30Ha, HaA,lJ.!!M 

10-16 -13 
6,58· ·3·1010 ,.,1,4·10 CM. 

A.nucl ~ 139,57 ·10. 

TipHMepHo TaK paccy)l(,ll;a.rr .liDOHCKHii fllH3HK X. IOKaBa (H. Yukawa), 

npe.l{CKa3aBIIIHH B 1935 r. cymecTBOBaHHe '!aCTHQ - nepeHOC'IHKOB .ll.l{epHOrO 

B3aliMO.l{eiicTBH.ll. 

K TOMY npeMeHH 3KcnepHMeHTaJILHa.ll MepHM $H3HKa, ocHonononoJKHHKOM 

KOTopoii no npaBy C'IHTaeTC.ll 3. Pe3epfllop.l{ (§ 1.3), c.l{ena.rra 6onLIIIHe ycnexH. B 

1932 r. B AHrnHH Ha O.l{HOM H3 nepBLIX 3neKTpocmmqecKHX ycKopHTeneii ,l(:lK. qe.l{BHK 

(J. Chadwick) OTKpLm HeHTpOH, H BCKOpe B. feii3eH6epr H ,]:(. J1BaHeHKO He3aBHCHMO 

cfllopMYnHpOBaJIH rHllOTe3Y 0 COCTaBe aTOMHOrO .ll.l{pa H3 npOTOHOB H HeHTpOHOB. 

Pa3Mep Mpa B TO BpeM.ll 6Lm Y:lKe XOpomo H3BeCTeH. TI03TOMy, 3aDHCaB BLipa:lKeHHe, 

H3BeCTHoe TenepL no,!( Ha3BaHHeM "noTeH[(Ha.rr IOKaBLI", 

( ) C -r/~ cpr =-·e , 
r 

r,l(e C - KOHCTaHTa, X.IOKaBa H3 COOTHOilleHH.ll (5.8) Hamen Macey '!aCTH[(LI 

nepeHOC'IHKa .ll.l{epHoro B3aHMO.l{eiicTBH.ll. fo.l{ cnycT.ll K. AH.l{epceH H C. HeMepMeep 

o6Hapy:lKHJIH B KOCMH'leCKHX nyqax qacmey c Maccoii oKono 1 OS M3B, 'ITO 6Lmo 

nocnpHH.l!To KaK TpHYMflla.rrLHoe nomnep)l(,ll;eHHe mnoTe3LI IOKaBLI. BcKope, npaB.l{a, 

BLI.liCHHnOCL, 'ITO 3Ta '!aCTH[(a ("Me30TpOH
11

, KaK ee TOr,l(a Ha3LIBaJIH) CnHIIIKOM nerKO 

npOHHKaeT CKB03L Bel[(eCTBO. TpHYMfll npHmnOCL OTnO:lKHTL eme Ha 11 neT, KOr,l(a 

C. Tiay3nn (S. Powell) C COTpy.l{HHKaMH OTKpLmH, TaK:lKe B KOCMH'leCKHX nyqax, 

"qaCTHuy IOKaBLI" - nH-Me3oH. Cero.l{H.ll Mhl 3HaeM, 'ITO nH-Me30HLI- CHnLHo (MepHo) 

~ B3aUMO,l(eHCTByroi[(He '!aCTH[(hl, COCTO.lli[(He H3 U· H d-KBapKOB, a 11Me30TpOH11 
-

II 
OTHOCHTC.ll K neiiTOHaM - 3TO T.ll:lKenLiii 3neKTpOH, T.e. TO'le'!Ha.ll MaCCHBHa.ll 'laCTH[(a C 

3ap.ll.l{OM 3neKTpOHa. Ee COBpeMeHHOe Ha3BaHHe MTOOH. 
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r JIABA 6. BOJIHOBMI MEXAHHKA. 

YPABHEHIIE illPEMHrEPA 

§ 6.1. BoJiuoaoe ypaaueuue u ypaaueuue illpeJJ.HHrepa 

11TaK, cornacHo mnoTe3e ,l(e Iipoiin.ll, .l{BH:lKeHmo mo6oro MaTepHa.rrLHoro 

o6'LeKTa MO:lKeT 6LITh COllOCTaBneH HeKOTOphlii BOnHOBOH npouecc. ,l(n.li '!aCTH[(hl B 

CB060.l{HOM npOCTpaHCTBe 3TOT BOnHOBOH npouecc OllHCLmaeTC.ll BOnHOH ,l(e 

IipOHll.ll (4.5). qT06bi OllHCaTb ,l(BH:lKeHHe M~KpO'laCTH[(hl B none HeKOTOpoii BHemHeii 

cHilLI, Heo6xo.l{HMO 3HaTb 3aKOH .l{BH:lKeHH.ll nonHLI, aHa.rrom'IHLiii 3aKOHaM HLIOTOHa B 

KnaccHqecKoii MeXaHHKe. MaTeMaTH'leCKa.ll 3anHCL 3Toro 3aKOHa .l{OnJKHa 

ycTaHaBnHBaTL CB.ll3L Me)K,l(y nonHonoii fllYHKUHeii qacTH[(LI H xapaKTepHCTHKaMH 

BHemHero CHnOBOrO llOll.ll. MOJKHO llOllhlTaTLC.ll 
11
CKOHCTpYHPOBaTL

11 
HCKOMhlH aHa.rror 

ypaBHeHH.ll .l{BH:lKeHH.ll ,l(ll.li Hepell.l!THBHCTCKoii qacmuLI, npe.l{nonarM, 'ITO ,l(ll.li 

KBaHTOBO-MeXaHH'leCKHX 06'LeKTOB TaK :lKe, KaK H ,l(ll.ll KnaCCH'!eCKHX, , ,l(OnJKHhl 

BLillOJIH.liTbC.ll OCHOBHhle 3aKOHhl C?XpaHeHH.ll, cne.l{yiOI[(He H3 O,l(HOpO.l{HOCTH 

npOCTpaHCTBa-BpeMeHH. 

B KnaccH'lecKoii 3neKTpO.l{HHaMHKe ypaBHeHHe ,l(ll.li neKTopa-noTeH[(Ha.rra A(t) 

CB060.l{HOH 3neKTpOMarHHTHOH BOnHhl HMeeT BH.l{ 

r.l{e 

- 1 82-
M--· A c2 at2 =0, 

a2 a2 a2 
8=-+-+

ax2 8y2 8z2 

- oneparop Jiannaca, HnH Jla11JlacuaH. PemeHHe 3Toro ypaBHeHH.ll ecTb 

A = Aoe;(ir--(l)t)' 

(6.1) 

~6:2) 

r,l(e Ao- KOHCTaHTa. TIO.l{CTaBHM B 3TO ypaBHeHH.ll BMeCTO A BOnHOByro fllyHK[(HIO 

(4.5) 

'V(r, t) = Ae;(i>r-tt)/h, A= const. (6.3) 
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Y 'ITeM, 'ITO 

8\jl = i_!_. a(jir). 'I'= i Pa . 'JI, a= 1, 2, 3, 
axa n axa n 

2 ~.. 2 
a 'I' =iPa ·-v'~'-=-p~ ·'JI. 
ax2 n axa n a 

Orcro.D;a 

~ 2 1 2 I 2 llw=-L,Pa·2·'1'=-p 'I' n · 
a=l n 

AHanorwrno 

8\jl iE a2 'JI E
2 

-=--·w -=--·w at n ' at2 n 2 • 

Tor.D;a 113 yprumeHHH (6.1) ,WIH 'I' HMeeM 

2 E2 
p =-r· 

c 

(6.4) 

(6.5) 

(6.6) 

IJ0.1I)"'HJJH, 'ITO Ha3biBaeTCH, 
11
HH TO HH ce". ~IDI peiDITHBHCTCKOH 'IaCTH~bl .D;OmKHO 

6hlJIO nOJJ)"'llThCH 

22 24_ 2 
p c +m c -Etotal• (6.7) 

.D;ID1 HepeiDITHBHCTCKOH 

2 
p 2- 2 

E101a1 =-+me =E+mc . 
2m 

(6.8) 

KoHe~o. (6.6) coana.D;aer c (6.7) npH m=O, T.e • .D;ID1 ifloToHa. Ho MLI m~eM ypaBHeHI1e 

Ollll Hepellllmu6ucmcKoii 'lacmU!fbl HeHyneaoii MaccLI. E.D;11HCTBeiiHLIH cnoco6 

non~TL 113 (6.1) :meprnro B nepaoii cTeneHI1- noHI1311Th nopH.D;oK np0113BO.D;Hoil: no 

" 
BpeMeHI1. KpoMe TOro, BBe.D;eM HeKHH, Hei13BeCTHbiH noKa, K03iflifl11~11eHT a, 

n03BOIDIIOmHH nonyqi1Tb npaBI1llbHOe COOTHOIIIeHI1e .D;IDI 3HeprnH-HMnynLCa 113 

ypaaHeHHH .D;IDI 'I' (r, t). 3anl1111eM 

IJO.D;CTaBI1B CIO.D;a (6.3), Haif.D;eM 

ll'JI -a . mv = 0 at · 
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p 2 
iE 

--+a·-=0. n2 n 
p2 

l!T06LI noJJ)"'llTh E = - , cne.D;yer nonO:lKHTh 
2m 

a =-i21JI 
n ' 

T.e. ypaaHeHI1e H)')KHO 3ani1CaTb B BH.D;e 

A .2m mv 0 u'JI+l-·-= . n at (6.9) 

Ho MO)J(HO npO.D;BHHyThCH .D;aJibllle, 11CnOllb3YH COOTHOIIIeHI1H. (6.4), (6.5). 

~eHCTBI1TellbHO, Mbl nOJiyq11lll1 B (6.4) 

Pa"' =-in mv ' 11lll1 P'l' = -inVw, 
ax a 

r.D;e V- onepaTOp rpa.D;11eHTa, a TaiOKe 

E =in 8\jl at· 

(6.10) 

(6.11) 

Il03TOMy ypaBHeHI1e (6.9) 11ll0~011 
nepeni1CaTb B 6onee OCMbiCJieHHOH lf!H311'IeCKI1 

iflopMe: 

mv n2 
in-=--·llw. at . 2m (6.12) 

3TO ypaaHeHHe .D;aeT np11 nO.D;CTaHOBKe B Hero 'JI(r, t) CB060.D;HOH qacTH~bi-BOJIHbi 

(6.3) npaBI1llbHOe paaeHCTBO E = p 2 /2m. 

HeTpy.D;Ho Tenepb ".D;OMLICni1TL", 'ITO cne.D;yer C.D;eJiaTh .D;IDI on11caH11H .D;BI1)J(eHHH 

'IaCTI1~ B none HeKoTopoii CHnbi 

F{r)=-VU(r). (6.13) 

IlOCKOllbKy B TaKOM nomeH!fUWlbHOM nolle COXpaHHeTCH C}'MMa KI1HeTH'IeCKOH 11 

noreH~an~>Hoil: 3Heprnii qacTI1~LI 

2 

e=L+u(r), 
2m 

TO,UO.ZJ;CTaBI1B CIO.D;a (6.10) II (6.11), nOJJ)"'llM 
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2 

iii 0\ft = -~. d'JI + u(r, t )· w. at 2m 
(6.15) 

3TO TaK Ha3LIBaeMoe;pa6HeHue llipeouHzepa (E. Schrodinger, 1926 r.). 

OfMeTHM HeCKOJThKO MOMeHTOB, YCKOnb3alOID;HX npH HeBHHMaTellbHOM 

paccMo-rpeHHH H3no)l(eHHoro 3.n;ecL "BLIBo.n;a" ypaBHeHIDI. llpe)l()l;e Bcero, :no oTmo.n;L 

·He BLIBO.z:t: B c-rporo MaTeMarnqecKoM cMLicne, a, cKopee, uenoqKa nornqecmx 

paCC~eHHH, n03BOIDUOID;HX oozaoambCJl, KaK .z:t:On)l(HO BbiriDI.n;eTb "npaBHJThHOe" 

ypaBHeHHe. 11 rllaBHOe 3)l;eCb - HeKM nOrlfqeCKH onpaB)l;aHHM 4JopMa 3aTIHCH, 

npHBO.lVJIIJ;IUI K paBeHCTBY (6.14) .n;IDl :meprnH. 

~anee. Mbl Haqanlf C nOTeHI(HaJThHOro norur (6.13), a B OKOHqaTenLHOM 

ypaBHeHHH 3aTIHCallH noTeHI(Hall, 3aBHC.liiD;HH OT BpeMeHH, - U(r, t) , B none KOTOporo 

3Hepiwl e MO)l(eT H3MeH.liThc.ll. 3m 3aMeHa - TaK)l(e cBoero po.n;a nocrynaT, KaK H Bee 

ypaBHeHHe- ".n;ora.n;Ka". 

Cne.n;yrom;Hii MOMeHT - 3Heprn.ll e B ypaBHeHHH Illpe.n;HHrepa. KaK ~e 

CKa3aHO, 3TO cy.M.Ma KHHeTUqecKOH H noTeHI(HallbHOH 3Heprnii qacTHI(bl, HHOr.n;a ee 

TaK)l(e. Ha3LIBaJOT no!IHoii, KaK H perurrnBHCTCKYJO nonHyro 3Heprnro (6.7). B~ 

H36e)l(aHHe nyTaHHI(bi 6y.n;eM B COOTBeTCTBYJOID;HX MeCTax cnel(HallbHO OroBapHBaTh, C 
'' 

KaKoii 3Heprneii Mhl HMeeM .n;eno. 

11 nocne.n;Hee. YpaBHeHHe (6.15) onHcLmaei noBe.n;eHne w-4>YHKUHH B none 

u(r' t). Ho ~0 03HaqaeT 3Ta $yHKI(IDI (qm 3TO 3a 11BOnHa"?), Mhl noKa He 3HaeM. He 
'. . . .' 

3Hall 06 3TOM H CaM IIJpe.z:t:HHrep Ha MOMeHT ny6nHKal(HH CBOero ypaBHeHH.ll. (0H 

CKllOH.llllC.ll K HHTepnpeTal(HH 'JI-4JYHKI(HH KaK BOnHhl nnOTHOCTH Bem;ecTBa, O)l;HaKO, 

KaK nOKa3aHO B rn. 4, OCHOBHM Tpy.n;HOCTh TaKOrO no.n;xo.n;a - 3TO pacnnLIBaHHe 

BOnHOBOrO naKeTa.) floqeMy )l(e TOr.n;a 4JopMynupOBKa 3TOro ypaBHeHIDI .liBHnaCL 

peBOlliOI(HOHHbiM npopbiBOM B nOHHMaHHH npol(eCCOB, npOHCXO.lVJIIJ;HX B MHKpOMHpe? 

,~eno.B TOM, ~0, He3aBHCHMO OT $H3HqecKoii npHpO.D:bl BOnHOBOH 4JYHKI(HH, 4Jopwt' 
{l \-,·· 

ypaBHeHH.ll Illpe.n;HHrepa, 3anHCaHHoro B c4JepHqecKHX Koop.n;HHaTax, .n;onycKaer 

pa3.n;eneHue nepeMeHHhlX H aBTOMaTuqecKH Be.z:t:eT K 3aKOHY KBaHTOBaHIDI MOMeHTa 

HMnymca qacrnuhl B ueH-rpanLHOM none (.z:t:eTaJThHO 3TO onHcaHo B rn. 1 0). IIpaBuno 
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KBaHTOBaHH.ll op6HT (2.3), nocrynHpOBaHHoe EopoM, o6peno B ypaBHeHHH 

Illpe.n;HHrepa qeTKyro MaTeMarnqecKyro 4JopMynHpoBey. 

§ 6.2. BoJiuooaH cj>yHI~U:HH- "ooJIHa oepoHTHOCTH" 

IJepBbiM OTBeT Ha BOnpoc 11~0 03HaqaeT BOnHOBM 4JYHKUIDI (HllH · ncu

pJHK1JUR, KaK ee em;e npHH.liTO Ha:JLIBaTL)?" .n;an MaKe EopH (M Born, 1926 r.), 

npe.n;no)l(HBillHH ee GepoRmHocmHyJO uHmepnpemaquJO. 

Bepo.liTHOCTL o6Hap~HTL qacrnuy, onHcLmaeMyro BonHoBoii il>YHKUHeii 

'JI(r, t), B TO~e r B MOMeHT t eCTb 

dP(r, t) = lw(r, t )12 
• dV. dt. (6.16) 

HopMHpy.ll, KaK npHH.liTO, BepO.liTHOCTL Ha e.n;HHHey, 3aTIHmeMycllo6ue HOpMupo6KU: 

Jlw(r, t )1
2

• dV = 1. 
v . 

(6.17) 

<l>H3MeCKHH CMbiCn 3TOrO · paBeHCTBa ,oqeBH.n;eH: ecnH qaCTHI(a "r.n;e-TO eCTb11
, TO 

BepO.liTHOCTb ee o6Hapy)l(HTL BHyTpH BCero 06neMa, B .KOTOpOM OHa npHCYTCTByeT, 

paBHa e.n;HHHI(e. 

IIepBLIM "HaMeKoM" Ha Bepo.liTHOCTHLiii xapaKTep BOnHLI .n;e Epoiimr .liBJUleTC.ll 

OnbiT ~3BHCCOHa-~)l(epMepa: .z:t:H$paKI(HOHHM KaprnHa eCTb pacnpe.n;eneHHe 

HHTeHCHBHOCTH BOnHLI, T.e. lw(r)l
2

, a Tor.n;a 3TY KaPTlfHY MO)l(HO HHTepnpeTHpOBaTb 
. ' - '·' 

KaK pacnpe.n;eneHHe BepO.liTHOCTH nO!fa.D:aHIDI 3neKTpOHa B . TY HnH HHyro TOqKy 

npOCTpaHCTBa. 

B 3TOM onLITe noToK 3neKTpOHOB 6Lm HHTeHCHB?LIM, TaK ~o . B 

".z:t:H$paKI(HOHHLie OTBepCTIDI11 (T.e •. B Me)l(llnOCKOCTHOe npOCTpaHCTBO KpHCTanmt) 

nona.n;ano O.n;HOBpeMeHHO HeCKOJThKO 3neKTpOHOB, qTQ .n;onycKanO HeO)l;H03HaqffOe 

TOllKOBaHHe pe3ynLTaTa. B 6onee no3.n;HeM onLITe JI.M. EH6epMaHa, H.r. CymmHa u 

·B.A. <l>a6pnKaHTa (1949 r.) 3neKTpOHhl npoxo)l;Hllll CKB03L .n;n$paKI(HOHHoe 

yc-rpoiiCTBo no o.n;HIIO~e. · Ilo3TOMY in16mo.n;aBmrurc.ll B 3Tm.f' oriLrre .n;n$paKI(UOHHM 

· KaPTUHa no.n;TBep)l()l;aeT Bepo.liTHocrnblii xapaKTep paccemiDI 3neKTpoHa Ha KpHcTanne. 
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3~3'13 6.1. ToniiUUia KJlHCTanna, Ha KompoM pacceHBaiOTCll :meKTpoHLI, pasHa I MM. OueHHTL, npH 

K3KOM TOKe :meKTpOHHOro ny'IK3 pacceliHHe 3lleKTpOHOB npOHCXOJUIT "nOOAJ!HO'IKe", ecnH HX 3HeprHll 

100 3B. 

~ J 2·1003B o-
CKopOCTb 3neKTpOHOB v= ·c= 6 ·3·101 CM/c=6·108 eM/c. PaCCTOliHHe 

0,5·10 3B 

MeJKJI)' 3lleKTpOHaMII JlOlllKHO fib!Th 60nbWe J MM, 3H3'111T lll!HeiiHall WIOTHOCTh 3lleKTpOHOB B ny'IKe 

dN/dS S 10 CM-1
• TaKI!M o6pa30M, 

dN I -I• 6 8 10 I =env·S = ev· dS <1,6· 0 • ·10 • "'I HA. 

BeJIH'IHHY 

dP 
dV = lw(r, t )1

2 
(6.18) 

HaJbiBaiOT ITJIOTHOCTI>IO BepmiTHOCTH. Ee <l>H3JilieCKHH CMI>ICJI TOT JKe, 'ITO ll <l>YHI<QllH 

'pacnpe,!l;eJieHHH B CTaTHCTH'IeCKOH <l>IDnKe. 

J-h YCJIOBWI HOpMHpOBKH (6.17) BH,!UIO, 'ITO \j/-<l>YHK~llH onpe,!l;eJieHa 3,!1;eCb C 

,TOlJHOCThiO ; ,!1;0 · npOll3BOJibHOrO <l>aJOBOro MHOJKHTeJIH ei<p , r,!l;e <p - JII06M 

,!l;eHCTBHTeJibHM BeJIJiliHHa (B 3TOM CJI}"'ae lei<p' = 1 ). 

B COOTBeTCTBllll C 3TllM UOJ(XO,!I;OM MeHHeTCH ll CMI>ICJI BOJIHbl ,!l;e lipOHJIH - ,ll;JIH 

O,ll;llHOlJHoii qacrn~bl 3TO "eo;ma eepo11mnocmu". Tor,!l;a n BOJIHOBOH naKeT, 

'paCCMOTpeHHI>IH B § 4.5, HBJIHeTCH TaKOH BOJIHOH BepOHTHOCTll. Ero "pacnJII>IBaHlle'' 

llpH ,ll;BllJKeHllll tJaCTll~bl B CB060,ll;HOM UpOCTpaHCTBe 03HatJaeT, 'ITO BepOHTHOCTh 

HaHTH ee B TOtJKe Xo = Vot Bcer,!l;a MaKCllMaJII>Ha, HO y61>1BaeT CO BpeMeHeM, - 'IaCTH~a 

. MOJKeT 6b1Th 06HapYJKeHa, C KOHelJHOH BepOHTHOCTI>IO, ll B ,!l;pyrHX TOtJKax 

npoCTpauCTBa. B 3TOM - oco6euuoCTh qacrn~bl KaK KBaHToao-<l>n3ntJecKoro o6neKTa. 

·{:: 
33Jla'la 6.2. Haiirn 3Ha'leHne aMWIInyJU>I A aonHoaoro naKern ( 4.18). 

fu YCllOBHll HOpMHpOBKH (6.17) C Y'JeTOM 3H3'1eHHlll!HTerpana (4.21) HMeeM 

I=IAI2· je-•'/A'cix=I4·L\2·~. 
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0TcJOJl3· 

A= I L\1/2 . 7tl/• • eia' (6.19) 

rJte a - cpa3a, npomaonLHoe JteiiCTBnrenLHoe qncno. 

OTMeTIIM, 'ITO npHBneKarenLHall, Ha nepBbil! B3rnl1Jt, nollbiTKa 3aMeHHTL rayccoao 

pacnpe.z~eneHI!e B BOllHOBOM naKere (4.17) Ha 0-cpyHKUHJO ("TO'Ie'IHall '13CTHU3") BCTpe'laeT, K 

coJKaneHHJO, HenpeOJlOlll!Mble TpYJlHOCTII npH HOpMHpOBKe. }J;el!CTBHTenbHO, Bbi6pas lji-.PYHKUHJO B 

ai!Jle 

'l'(x, t)= A ·o(x)·e;{p,x-..,)1• 
' 

Mbl nonyqliM H3 (6.17) 

I= 1'1'(x,tWcix=l4 · j(li{x)Ycix=jA2j·o(o} 

I 
IAI= .J6(0J' 

'ITO pasHlleTCJI cpopManLHo I/ .f; . Hcnonb3oBaTb TaKYJO aenwmey, not~pa3YMeBall KaJKJU>Iii pa3 KaKHe

TO npeJtenLHLie nepexo,llbl, O'leHb Hey.z~o6Ho. 

3~3'13 6.3. qaCT!fna JlBHJKeTCJI MelKJlY CTeHKaMH JIIUlfKa. C'IIITall OTpalKeHHll OT CTeHOK a6CORIOTHO 

ynpyrl!Mll, H3HTH BepOliTHOCTb OfiHapYJKIITb '13CTIIII,)' B TO'IKe X B MOMeHT I ( Orp3HH'IIITbCJI cnyqaeM 

OAHOMepHoro JlBHJKeHHll). 

3TO cnyqali TaK Ha3b!BaeMol! 6eCKOHe'IHO BbiCOKOii OOTeHIU!BnbHOii liMb! 

loo, xSO, 
U(x)= 0, O<x<a, 

oo,, x~a, 

r.z~e a- WHpHHa liMbi. B 3TOM cnyqae ypaaHeHHe lllpl!t~HHrepa (6.15) l!Meer BHJI 

. ciljl tz2 82\jl 
In-=--·--. 

dt 2m 8x2 

Ero pemeHI!e 6y.z~eM HCK3Tb B cpopMe BOllHbl Jte Epolinll (4.5). nocne OO.liCTaHOBKH OOllyqliM JlOCTBTO'IHO 

O'leBlf.liHbil! pe3ynLTar. 

p2 r.::--
&=-, p=±v2me =±p0 , 

2m 

& 
5 

&o- H3BeCTHall HaM 3Heprl!JI '13CTIIW>I. 3m 03H3'13eT, 'ITO peweHHe CO,llepJKIIT JIBe BOnHLI 

'I'(X, t) = Ae;(p,x-oJ)/A + Be-;(p,x+<~)/A, 
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nepBall 113 KOTOpLIX pacnpOCTp3Hl!eTCll B nOJJOlKl!TeJJLHOM HanpasrreHHH OCR X (X= &0 / Po ), BTOpall - B 

o6paTHOM (x = -&0 / Po). 

Ilo1pe6ooas, '!T06LI pemenne y.l{OBJJeTBOpliJJO rpaH!I'IHLIM yCJJOBHl!M (eM. no.rq>o6nee § 7.1, 

«!>OPMYJJLI (7 .15)) 

Haii.l{eM 

Orc10,na 

IJI(O, t) = IJI(a, t)= 0, 

A+B=O, 

Ae'PrP/A + Be-IPfPIA = 0. 

A=-B, sin Poa =0. 
n 

COOTBeTCTBeHHO, BOJJHOBall «!>YHKIUfll npHHHMaeT BH,l{ 

IJI(x, t) = 2iA sin PoX • e-"' • n , 
a 3Ha'!eHHl! w.myJJLCa .l{OillKHLI y,nOBJJeTBOpl!TL paseHCTBy 

p 0a = mr!i, n- uerroe, n ~ 0. 

AMnrrmy.ny A nal!.l{eM 113 yCJJOBHll nopMHpOBKH (6.17) c yqeroM (6.21): 

1 = 4JAJ2 
• Jsin 

2 PoX • dx = 2 ·JAJ2 
• a . 

o n 
0KOII'I3TCJJLHO Haii,neM 

IJI(x, t)= fi -sin rmx ·e-•(.,+a)/A 
v~ a ' 

(6.20) 

(6.21) 

_(6.22) 

(6.23) 

r,ne a - Heonpe.l{eJJeHHLiii $330BLJit MHOJKHTeJJL. 0TCIO.l{3 CJJe.nyeT, 'ITO BepOl!THOCTL o6HapYJKHTL 

'!aCTHuy B Hl!Tepsarre (x, dx) pasHa 

dP(x)= (1-cos27tn·~} ~. (6.24) 

IJorryqeHHLJH pe3yJJLTaT y.l{HBl!TeJJeH C TO'IKH 3peHHl! KJJaCCII'IeCKOii MexaHHKH, me '13CTHU3, 

"60JJTaiOWal!Cll" MeJK.ny CTCHKaMH liWHKa CO CKOpOCTLIO v0, MOlKeT 6LJTL 06HapYJKeHa B JJI06oll TO'!Ke 

CBOeii TpaeKTOpHH C pasHOH Bepol!THOCTLIO, eCJJH npHBli3Ka ee KOOp.l{HHaTLJ no BpeMeHH 3apaHee, He 

113BeCTHa: B Hl!TepBarre (X, dx) '13CTHUa npe6LJBaeT B Te'leHHe O.l{HOfO H TOfO JKe MOMe!JTa BpeMeHH 

' dt = dxjv0 • B KB3HTOBOli MeXaHHKe 3TOT Hl!TepBarr 3asHCHT OT X COrJJaCHO (6.24): 
ll 

~: = dP(x). 
T12 

CorrraCHO npHHUHny COOTBeTCTBHl! npH n ~ 0 MLI ,l{OillKHLI 113 (6.24) nOJJyqHTL KJJaCCII'IeCKHli 

' pe3yJJLTaT (TO'!Hee, TOT JKe pe3yJJLTaT, 'ITO crre.nyeT 113 KJJacc!l'lecKofi MexaHHKH). ,[(efiCTBnreJJLHO, ,!{Jill 
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3a,naHHLIXPo n a nepexo.l{ t; ~ 0 03Ha'laeT, corrracno (6.22), 'ITO n~ oo, T.e. nepno.l{ KOCHHYCa B (6.24) 

CraHOBHTCll O'leHL KOpOTKHM: 

Bx=~~o. 
n 

llo3TOMY oepol!THOCTL (6.24) o6napYJKHTL 'laCTnuy BHYTpH HHrepsarra dx>>Bx 8 cpeomw no 

HHTepBarry pasHa dx/ a , B nOJJHOM COOTBCTCTBHH C 0lKH.l{3HHl!MH KJJ3CCH'!eCKOH MexaHHKH: 

-dr ( X )dr dx · &c-+0 . dx dP = 1-cos27t- --~-. 
& a a 

AHarror!I'IHO o6cTOHT .l{erro c ,nHCKpeTHOCTLIO 3Ha'!eHHH HMnyrrLca ( 6.22). 3TO ycnosne 

o3Ha'laeT, 'ITO B liiUHK mnpHHofi a "one3aeT" uerroe 'IHCJJO nonyoonH .ne Epofinll: 

a=n 7th =n'J-..D. 
Po 2 

IIpn n ~ 0 ( J...D ~ 0) HMeeM n ~ 00' H ycnosne .l{HCKpeTHOCTH "p33MLIB3eTCll": .l{]Jll JJI06LJX Po H a 

Hal!.l{eTCl! TaKoe n>> 1, 'ITO ycnosne (6.22) 6y,neT YIIOBJJeTBopeHo. 

§ 6.3, fipHHU:HD cynepii03HU:HH COCTOHHHH 

B 3JieKTpO.IllfHa.MIIKe H3BecTeH npHHIJ;IIn cynepno3HIJ;Iflf 3JieKTpOMarHHTHbiX 

llOJieH 3apH,nOB If TOKOB - 3TO 3KCnepUMeHmaJlbHblU paKm, CJie,nCTBifeM KOTOporo 

.liBJUieTCH mmeHHOCTh ypaBHeHHH MaKCBeJIJia: BXO,nHIIJ;Ife B HHX KOMllOHeHTbl 

3JieKTpoMamHrnoro noJUI E, D, B, H, nnornoCTH 3apH,na p II TOKa j npHcyrcTBYJOT B 

nepBoii creneHH. 

AHanorn'IHhlii npHHIJ;Hn cynepno3HIJ;HII ,neiicTByeT 11 B KBaHTOBOH MeXaHHKe. 11 
I 

llOCKOJibKY "p0Jlb
11 

llOJUI . (BeKTopa-noTeHIJ;HaJia B BOJIHOBOM ypaBHeHHH), KaK. Mbl 

BH,neJIH, HrpaeT BOJIHOBaH iflyHKIJ;HH. \jf (r, t), TO MOJKHO ciflopMyJIHpOBaTb npHHIJ;Hll 

cynepno3HIJ;HH. 

IJyCTb KBaHTOBaH CHCTeMa (qaCTHn;a, COBOKynHOCTb qaCTHIJ;) MOJKeT HaxO,nHThC.li 

B N · Pa3JIIf'lllbiX COCTOHHII.liX, . KaJK,nOe 113 · KOTOpbiX OlllfCbiBaeTCH CBOeii BOJIHOBOH 

iflYHKJmeii \jf n· Tor,na 3Ta CHCTeMa MOJKeT 6hlTh 06HapYJKeHa II B COCTOHHHH, KOTOpoe 

0UIICb1BaeTC.li iflYHKIJ;IIeii \jf, npe,nCTaBJUIIOIIJ;eii co6ofi JllfHeiiHyro KOM6HHan;HIO 

BOJIHOBbiX iflYHKIJ;IfH \jf n: 
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N 

\II(F;, t)= }:Cn\lfn(F;, t), (6.25) 
n=l 

r~e F;- pa,znryc-BeKTop i-ii 'laCTHQhi, BXO.lVIlQeii B CIICTeMy II3 Nparticle 'laCTHQ, 

i = 1, 2, ... , Nparticle· Ko3tfJqmQIIeHThi Cn, B006IQe roBOpH, KOMIIJieKCHLie 'liiCJia. Hx 

Ha3LIBaiOT aMnJIIITy~aMII coCTOHHIIii 'l'n· CooTBeTCTBeHHO, BepoHTHOCTL o6Hap)')KIITL 

CIICTeMy B O~OM II3 N COCTOHHIIH B MOMeHT t eCTL 

dPn = ~Cn\lfl ·dV, (6.26) 

r~e dV- 3JieMeHT 06neMa B OKpeCTHOCTJIX TO'leK rn , O~IIH II TOT iKe no BeJIII'liiHe ~ 

K~OH TOl!KII. 

TipiiMepOM tPII3IIl!eCKOH CIICTeMhi MOiKeT CJIYiKIITb aTOM Eopa (§ 2.2): KaK Mbl . 
BII~eJIII, K~OMY PMIIycy rn (2.4) COOTBeTCTByeT O~HO II3 B03MOiKHLIX COCTOHHIIH 

aToMa Bo~opo~a. 

YCJI06Ue HOpMUp06KU \jl N TO iKe, 'ITO II~ \jl-tPYHKQIIII npOCTOH CIICTeMhi: 

fl\jl Nl
2 
dV = 1. (6.27) 

v 

Tio~CTaBIIB cro~a (6.25), Haii~eM 

2 N 2 N • • 
1 = ~\II NJ dV = L ~Cn\llnl dV + L fCnCm\lfm\lfndV, 

V n;J m;tn;J 
(6.28) 

r~e II~eKc "*" o6o3Hal!aeT KOMnJieKcHo-conpxiKeHHyro BeJIII'IIIHy. KaK MLI YBII~IIM 

HIIiKe (§ 8.4), B CIICTeMe, COCTOHIQeii II3 He3aBIICIIMLIX COCTOHHIIH, IIHTerpaJihi OT 

nepeKpeCTHLIX lJ:JieHOB \llm\11: paBHhi HYJIIO. 3m, KaK MLI Y3HaeM ~anLrue, TaK 

Ha3LIBaeMoe YCJIOBIIe OpTOroHaJILHOCTH BOJIHOBLIX tPYHKQIIH (eM. (8.18) HIIiKC). 

Tio3TOMY B ycnoBIIII HOpMIIpoBKII (6.28) ocTai!Tcx TOJILKo nepBaH CYMMa: 

}:Jci ~\lfl·dV=1. 
n;J 

p -
BoJIHOBhie tPYHKQIIII B03MOiKHLIX COCTOHHIIII y~o6HO TaKiKe HOpMIIpOBaTL Ha e~HIIQy: 

fJ'I' i dV = 1. 

B pe3yJILTare yCJloaue HOpMupoaKu aonHoeoii pyHKl/UU cucmeMbl npiiHIIMaeT B~ 
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}:Pn =1, r~e Pn =Jci (6.29) 
n 

- . BepOHTHOCTh 06HapYiKJITh CIICTeMy B COCTOHHIIII n. .llpyrnM npiiMepOM 

npe~CTaBJICHIIJI \jf-tPYHKQIIII CIICTCMLI B B~e cynepn031IQIIII COCTOHHIIH HBJIHeTCJI 

BOJIHOBOii naKeT (§§ 4.3 - 4.5): MLI npe~CTamum ero \jf-tPYHKQIIII B B~e pa3JIOiKCHIIJI 8 

JIHTCrpaJI <l>ypbe no MOHOXpOMaTHl!CCKIIM (MOH03HepreTHl!CCKIIM) BOJIHaM (4.19). 3To 

TIIJIII'IHLiii CJIYl!aH Ha6opa COCTOHHIIH - B ~aHHOM CJIYlJ:ae OTJIII'laiOIQIIXCH 3Hal!eHIIeM 

JIMllYJILca-3Heprnii. 

r JIABA 7. IIPHMEHEHHE YPABHEHIDI illPE,JUIHrEPA 

§ 7.1. IIJIOTHOCTL noToKa oepoHTHOCTH 

B r~po~IIHaMIIKe, raJo~IIHaMIIJ!:e, 3JieKTpo~IIHaMIIKe II3BeCTHhi II miipoKo 

IIcnonb3yroTCH TaK Ha3hiBaeMLie ypaaHemm Henpepbl6Hocmu. 0HH OTPaiKaiOT 

3KcnepiiMeHTaJILHLrn tPaKT coxpaHeHIIH M:accLI (rn~po- n raJo~nHaMHKa) IIJIII 3ap}ma 

(3JieKTpO~llHaMIIKa). <l>H31Il!CCKIIH CMLICJI 3TIIX ypaBHCHIIH ~OCTaTOl!HO npOCT: 

II3MCHCHJie MaCChi (3apAAa) BHYTPH HCKOTOporo 3MaHHOro o6neMa paBHO nOTOKY 

MaCChi (3apAAa) l!epe3 noBepXHOCTL, OrpaHII'lllBaiOIQYIO 3TOT 06'beM {pnc. 7.1). 

~ j 
Pnc. 7. I. noroK semeCTBa 113 o6oeMa V 
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CooTBerCTBeHHO, yprumeane, onncLmruomee 3TOT 3aKOH coxpaHemrn:, HMeeT BH.l( 

dQ 
--=1 

dt ' 
(7.1) 

r.n;e Q- Macca (3apx.n;), co.n;ep~ru~ca: B o6'beMe V, I- noToK (ToK) semeCTBa (3apx.n;a) 

lJepe3 . rpaHHlJHyiO llOBepXHOCTh. 3HaKH BbifipaHbi TaK, 'ITO llOTOK ClJHTaeTCH 

nono)laiTeJThHhiM, ecnH semecTBo (3apx.n;) BbiTeKaeT H3 o6'beMa, T.e. Macca (3apx.n;) 

y6Lmaer. QqesH.n;Ho 

Q= fp·dV, l=<jf(7,d8), (7.2) 
v v 

r.n;e p- nnomoCTh semeCTBa (3apx.n;a), 

] =pV, (7.3) 

l- llJIOTHOCTh llOTOKa(TOKa), V -CKOpOCTh ,ll;BH)l(eHHH Beiii;CTBa (3apx.n;a). IlO.n;CTaBHB 

coomomeHHH (7.2) B (7.1), nony'IHM ypa6Henue nenpepbl6Hocmu 6 unmezpaJlbHOU 

rjJopMe: 

_.!!_ fp(r,t)·dv=#(J(r,t},ds). 
dtv s 

(7.4) 

HcnonL3YH H3Becmoe paseHCTBO (TeopeMa OCTporpa.n;cKoro-faycca B MaTeMaTHKe) 

<jf{7, s)= Jdiv] ·dV, (7:5) 
s v 

llOnyqHM H3 (7 .4) ypa6HeHUe Henpepbl6HOCmU 6 OurjJrjJepeH!IUaJlbHOU rjJopMe: 

div] + ap = 0. (7.6) 
at 

EcTeCTseaao nocTaBHTb sonpoc, KaK ,ll;OJI)l(HO BbiTITH,ll;eTh ypaBHeHHe 

HenpepbmHOCTH B KBaHTOBOH MeXaHHKe? "IJo.n;CKa3Ky" HaH,ll;eM, BCllOMHHB, 'ITO 

1\jl(r, tW eCTh llJIOTHOCTh BepoHTHOCTH (eM. (6.16)). QqeBH,l(HO, 'ITO 

I l
l 

a\jl -
--=-divJ· 

at "'' 
(7.7) 

r.n;e j'l'- lliTOTHOCTh llOTOKa BepOHTHOCTH, KOTOpyiO eme npe.n;CTOHT onpe.n;eJIHTh. 

CMbiCJI 3TOro Bbipa)l(eHHH TOT )l(e, 'ITO H ypasHeHHH aenpepLmHOCTH .n;ng Macchi HJilf , 
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3apg.n;a: H3MeHeHHe BepOHTHOCTH OfiHap~eHHH lJaCTHUbi B OKpeCTHOCTH TOlJKH r B 

MOMeHT BpeMeHH t paBHO llOTOKy BepOHTHOCTH qepe3 llOBepXHOCTh, OXBaThmruomyro 

3TY TOlJKy. 

HaiiTH Bbipa)l(eHHe .n;ng j"' MO)l(Ho, socnoJib30BaBrnHcb ypasHeHHeM 

Illpe.n;HHrepa (6.15). 3anHcas ero .n;ng '1'-«l>YaKUHH, npoH3Be.n;eM 3aTeM onepaumo ero 

KOMDneKCHOrO COllpH)l(eHHH. IJOnylJHM .n;sa ypaBHeHHH: 

ttl - ) in 8\j/ =--·.1.\ji+U(r,t ·\jl, 
at 2m 

~ .. • ttl * ( ) • 
-in-v'~'-=--·.1.\jl• +U r,t ·\jl . 

at 2m 

YMHO)l(HB nepsoe ypaBHeHHe Ha \jl•, a BTOpoe Ha \jl H BbllJHTaH 3aTeM O,ll;HO 

nonyqeHHOe paBeHCTBO HJ .n;pyroro, HaH,ll;eM 

. a I ll ttl ( • • ) lft-\jl =-\j/.1.\jl -\j/.1.\jl. 
at 2m (7.8) 

lJTOfibl npu.n;aTb 3TOMy paBeHCTBY Bll,ll; yPaBHeHHH HenpepbffiHOCTll (7.7), npeo6pa3yeM 

CKOfiKy B npaBOH lJaCTH, liCllOJib30BaB paBeHCTBO 

A • • ( • • ) \jl· u\jl - \jl · .1.\jl = V \jl· V\jl - \jl · Y"\jl • (7.9) 

B ero cnpase.n;nusocTH nerno y6e.n;uTLCH, npo.n;HcpcpepeHunposas npasyw lJaCTb. 

Tenepb ypasaeHmo (7.8) MO)KHO npu.n;aTb su.n; 

al'l'l
1 

= -~·div('l'· v"'• -"'· · v"' ). 
at 2m 

TaKUM o6pa30M, senHlJHHa 

-: in 1 • • ) 
1"' = -·\'I'· Y"\jl -'I' · V\jl 

2m 

u eCTL nnomnocmb nomoT<.a 6epoRmHocmu. 

(7.10) 

(7.11) 

la,Aa'la 7.1. Halfrn llJIOTHOCT!. noroKa sepol!THo~u .Mll MOHoxpoMaTWiecKofi BOJIH!.I.Ae EpofiJil! (4.5). 

Ilo.ACTaBHB IJI(r, t)= A ·e'{Pi-.lt:VA s (7.11), Hafi.AeM 

- "PI 12 
- I 12 

j" =-A = v0 • A . . m 
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~- ··-,-~ ..... ~---~-.-,.··~~·---

2 . . 
Y'IIITLIBaJI, 'ITO !AI - IIJIOTHOCTb sepoJITHoCTH, noJJY'IaeM, 'ITO sepoJITHOCTb o6uapYJKIITb qacnmy 

".li.BIDKeTCll" co cKoporniO v0 • 

HeTpy.u.uo y6e.u.I!Tbcll, 'ITo sonua 

w<->(;:, t) = A. e-•w-••t•> 

.U.aCT ITOTOK IIJIOTHOCTll BepoliTHOCTll B o6paTHOM HanpaBJieHirn: 

;~-> = -v.IAI2. 

0 ueonpe.u.eneuuoCTu aMIIJIUTJ.ll.bl A Mbl YJKe rosopHJiu B ua'lane § 4.4. 

3a.u.aqa 7.2. Halinl IIJIOTHOCTb noToKa sepoJITuocTH .ll.Jill sonuosoro naKeTa (4.27). 

Auanorwmo npe.U.biJI.Ymeil 3a.U.a'le c yqeToM uopMuposKu ( 6.19) Hl\il.u.eM 

. ( ) _ iii ( Oljl' • Oljl) _ Vo -{r-..,'f/~2 (t) 1 x -- ljl·--w ·- ----·e . 
"' 2m ox ox ../n -~(t) 

B npaBofi '!aCTO CKOpOCTb Vo > 0, T.e. ITOTOK sepol!THOCTU uanpaBJieH B ITOJIOlKUTeJibHOM uanpaBJieHUH 

ocux. 

EcJIH DOTeHUIIaJI u(r) B ypaBHeHIIII lllpe.rumrepa He 3aBIICIIT OT BpeMeHII, .TO 

MO)I(HO IICKaTh pemeHIIe B Bll~e 

w(r. t) = w{r)· e-itt/h. (7.12) 

IJo~CTaBIIB :no pemeHIIe B (6.15) II COKpaTHB Ha 3KCDOHeHT)', Hafi~eM ypaBHeHIIe ,lUlil 

w(r): 

~w(r)= 2~[u(r)-E].w(r). 
1i 

(7.13) 

IJo,l('IepKHeM ~OCTaTO'IHO 06IUIIH xapaKTep 3TOrD ypaBHeHIIg: OHO CDpaBeMIIBO ,lUlil 

JII06oro U(r), He 3aBIIcgmero OT BpeMeHII. 3TO TaK Ha3LIBaeMoe cmaiiUOHapHOe 

ypa6HeHUe llipi!OUHZepa (tiT06bi He B03HIIKaJIO D)'TaHIIUhl np11 CChlJIKe Ha ypaBHeHIIe 

lllpe~Hrepa, ypaBHeHIIe (6.15) B OTJIH'ille OT (7.13) Ha3LIBaiOT 6peMeHHblM 

ypa6HCHUeM lllpi!OuHzepa). B cnyqae O~HOMepHoro DOTeHUIIaJia u(x) ypaBHeHIIe 

HMeeTB~ 

56 

d
2

w(x) = 27 ·[U(x)-eJ.w(x). 
dx2 1i (7.I4) 

ClflopMynllpyeM ycnoBng noBe~eHng lJI"IPYHKUIIII Ha IpaHIIUe ~yx o6nacreif, 

Hllll, KaK HX npiiHgTo Ha3I:.maTb, zpaHU'lljble ycnoBZm. TaKHX ycnoBIIH ~a, 11 B 

O~OMepHOM Cllyqae OHII HMeiOT B~ 

w1 (o )= '1'2 (o ), 

dwll dlJI21 
dx =0 = 'f:x =0' 

(7.I5) 

T.e. lJI-If!YHKUHg II ee Dp0113BO~H!UI HenpepbffiHhi Ha IpaHIIUe pa3~ena ~Byx o6nacreif. 

IJepBOe ycnOBIIe cne~eT 113 oqeBII~HhlX lf!II311YJeCKIIX C006piDKeHIIH: BepogTHOCTb 

o6Hapyxrn:Th YJaCTHUy Ha IpaHIIUe pa3~ena o6nacTeif He 3aBIICIIT OT HanpaBneHIIg 

no~o~a K 3TOH IpaHIIUe- 113 o6nacTII I Hnll 113 o6naCTII 2. 

Bropoe ycnoBIIe (7.I5) cne~eT H3 ypaBHeHHH Henpep~>mHoCTII (7.IO) B cnyqae 

CTaQIIOHapHOH 3~a'IJI (of ot = 0 ). ,[{eiiCTBHTellbHO, 3aDIICaB 

div]IJI =0, 
HMeeM B O~HOMepHOM cnyqae 

djiJI(x) . . 
~=0, llllll JIJI

1
(0)=;1J1

2
(0). 

ITo~cTaBHB CIO~a 3HaqeHIIejiJI 113 (7.1 I), nonyq11M 

'I'J(o). ow~/ -w~(O)· OWJI = '1'2(0)· aw;l -w;(o). aw21· . 
ox x=O ox .t=O • ox i=o ox =o 

C )"IeTOM nepBOro H3 paBeHCTB (7. I 5) HaxO~HM OTCIO~a H BTOpoe. 

YcnoBng (7.I5) HHOr~a Ha3LIBaiOT 
11CTaH~aPTHhiMII Tpe60BaHII~II 11 K BOllHOBOH 

IPYHKUH11, H B HaH6onee o6meM cnyqae OHH lflopMynllp}'IOTCH TaK: BonHOB!UI IPYHKUng 

~OJDKHa 6h1Tb O~H03Ha'IHa, KOHeYJHa, HenpepbmHa H IIMeTb Henpepi:.ffiH}'IO nepB}'IO 

npoH3BO~YIO Bo Bceii o6nacTH CBoero onpe~eneHng, 

33,l{aqa 7 .3. HafiTu Ko3cp<jlHI.IHeHTb[ OTpalKeHHJI H npOXOlK.!J.eHHJI ITOTOKa MOHOXpoMaTH'IeCKHX 'laCTUI.I C 
3
l!epmen e, na.u.awmux ua rpauuey "cKa'IKa noTeHI.IHana" (puc. 7.2). 
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·. ~· 1 l---- ----·-ESaJ. = ~0 

. 1 .·· .. I I .2 

6) 

I I 
I I 

: :Vx 
I I 
I I 

Pnc. 7 .2. J(BIDKenue qaCTHU unyrpu Tpy6oK llJleli!fla, 
paJAeJieHHhiX ceTKllMH (a), H paenpeAeJienue 
fiOTeHUHaJia B)lOnb Oeli Tpy60K ( 6) 

Vo :+r-' ----
' I 
I 

--------~·~·------X 
0 

IIOTeHUHaJ!bHaJI :mepriDI qaCTHUbl npn nepexo)le 113 neuoii Tpy6KH B npaBYJO 113MeHl!eTCJI OT nynll (nesaJI 

Tpy6Ka "3aJeMnena") AO U = e Vo, rAe Vo - norenuuaJI npauoii Tpy6Kn. MoJKHO eqlfl'llTb nepexOAHYJO 

o6naeTb oqellb KopoTKoii H "cruHBaTh" peweHHll Anll Tpy6oK 1 H 2. liyAer:t neKaTh pewenue ypauneHHll 

Illpe)llillrepa (6.15) AnJ1 noreHUHaJibHOH :mepmu 

( ) {
0, X< 0, 

U x =U=eonst, U= _ 
U0 =eV0 , x>O 

B BH)le 

11' 1•2(x,t)= A1•2 ·w1•2 (x)·e-"''1'. 

B paeeMaTpHBaeMoii 3aAaqe U(x) = const (nynh nnu U0). Ilo3TOMJ pewenne mueM B Bliile 

w(x)= A·e"". 

IloACTaHOBKa B (7.13) )laeT xapaKTepuCTnqeeKoe ypaunenue AnJ1 K(x): 

K(x)= ±~2m[u(x)-e]/1i. 

Bo3MOJKHbl 2 enyqaJI: e > U0 H e < U0• HaqneM e nepuoro. 

a)&> U0• 

B 3TOM cnyqae K - MHiiMaJI aennqlilla npu mo6oM x. Bae)leM o6o3naqenue 

K(x)= ±ik = ±i~2m(e-U(xD/n. 

CoOTBeTCTBenno, pemenue B o6naCTJIX (Tpy6Kax) 1 n2 HMeeT Bliil 

() 
, •.• B _, ... k & 

'" X -A ·e"""+ ·e...,. ---T1 - I I ' 0- li ' 

( ) 
ilx -ilx ~2m(e- v.) 

IV 2 x=Az·e +B2 ·e, k= 1i 

(7.16) 

(7.17) 

06a napaMeTpa ko n k- AeiicTBHTenbHbie aennqullbl. Ko3!fl!fluuneHTbl A1.2 H B,. 2 naxOAiiM, uenonb3Yll 

ycnoBHll na w-!flynKumo na rpannue paJAena 1 H 2. 
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IloACTaBHB pemenue 11'1• 2 (x) HJ (7.17) B (7.15), naii)leM 

A1 +B1 =Az+B2 , 

A1 -B1 =~(A2 -B,) . 
ko 

HaM ne xsaTaeT eme AByx ypaunennii, qTo6bt naiiru see Ko3ifl!fluuueHTbl A n B. 0AHO HJ HeAoCTaiOmnx 

ypaaHeHiiii 3aMeHl!eT ycnoaue, Koropoe cneeyeT ll3 cjlll3nqeeKoro eMbicna Ja)laqu: B Tpy6Ke 2 qacrui(LI 

)lBHJKYTCll TOnbKO B OilHOM HanpaBneHHH - BnpaBO, T.K. HeT HliKaKHX "npnqHH" )lnJI eymeCTBOBaHHll 

aCTpeqnoro noroKa. II03TOMJ (eM. 3aAaqy 7.1) K03!fl!fluuueHT B2 - aMnnmyey BeTpeqnofi aonllbl B 

Tpy6Ke 2 - eneeyeT nonoJKHTb paBHbiM nymo. ,l(aJiee BI>IpaJiiM K03!fl!flnuuenThi B
1 

n A
2 

qepe3 A
1 

( onyCTHB ilnJI KpaTKOCTHHii)leKC 1 ): 

CoorneTeTBenno, 

A =~·A 
2 ko +k , 

B =k"-k·A. 
' ko +k 

w,(x)= A(e'ioz + ko -k ·e·'*••), 
k0 +k 

()A 2k0 '" w,x= ·--·e. 
k0 +k 

0TciOAa eneeyeT, qro B o6naeru I eymeernyeT ABa noroKa (eM. 3a)laqu 7.1, 7 .2): 

·<+> =IAI'. k0n +;=-!AI' ·(k·-k)'. k0n 
'~· , '~· k k , m 0 + m 

a B o6naCTH 2 TOnbKO O)lliH: 

j~:> =I AI' . (~)' . k1i 
ko +k m · 

HeTPYAHo BliileTb, qro npn nepexo)le ll3 o6naem I B o6naeTb 2 nonllbiii noTOK eoxpaHlleTeJI: 

·(+) + .(-)- ·(+) 

'~· '~· - '~· . 
JnaK "MHnye" B BbipaJKeHHH ilnJI j(-) 03HaqaeT, qro 3TOT nOTOK nanpaunen npOTHB OCH X, HaBeTpeqy 

"'' 
fia)laiOII.{eMy llOTOKJ j~:), T.e. JIBnlleTCJI OTpaJKeHHbiM llOTOKOM. IIOTOK jt)- npOXOillllllliii. 

Ko3!fl!flliUiieHTbl OTpaJKeHHl!H npoxoJKAeHHll, coorneTCTBenno, paBHbl 

cr = lj~~lj =(k• -k)' =(1-~)', 
' -;r.r,. + k

0 
+ k I+~ ... 

'

·(+) 4k k 4../1- u .. , 0 

cr, =:Jr= (k. +k}' (l+~r (7.18) 

u. 1 u=-<1, cr,+cr,=. 
& 
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()rMeTHM, 'ITO otpaJKeHl!e CTaHOBJITCll 3aMeTHbiM np11 & ,.. U0 (u,.. I) 11 np11 TIOM mmaeT K031jllj>IIUIIeHT 

npoxoJK.l(eHllll (p11c. 7.3). Ko31jllj>HUIIeHThi cr, 11 cr, cpaBH!IBaiOTCll np11 

u = u' = 0,9705, cr,(u' )= cr,(u' )= 0,5. 

HaKoHeu, qaCTHULI noJIHOCTb!O OTpaJKaiOTCll (cr1=0, cr,= I) np11 &= U0 (u= 1). 3roT pe3yJILTaT 

cosmmaeT c KJiacc!l'leCKIIM - qaCTllua He MOJKeT npoiDIKHYTb B o6nacn, r11.e ell KIIHeTII'IeCKall 3Heprllll 

noJIHOCThiO nepeWJia B noTeHUIIaJibHYJO. TeM He MeHee B03HIIKaeT uonpoc o np!!pOII.e oTpaJKI!HHoro 

noToKa np11 & > U0• 3To 'IIICTO KBaHTOBoe liBJieHIIe, He Ha6JIIOAaeMoe B KJiacc!l'lecKoil MexaHI!Ke. M1o1 

sepHi!MCll K3TOMY Bonpocy B CJiei!.YIOIUeM naparpaljle. 

6)&<Uo. 

Tenepb 1C- MHIIMall seJI!I'IIIHa B o6naCTII I 11 )J.el!cTBIITeJibHall B o6naCTII 2: 

l
±ik0 , x<O, 

K(x)= _ ~2m(U0 -&} 
±K-± . , x>O. 

(7.19) 

TiapaMeTp ko onpe11.eneH B (7 .17). CoOTBeTCTBeHHO, BMecTO peweHllll (7 .16) !IMeeM 

( ) A '*"' B -ikox W1X= 1·e + 1·e , 

lj12(x)= A2 · ea + B2 · e-"". 
(7.20) 

Tenepb I!YlKHO oropOCI!Tb noJIOJKIITeJibHYJO 3KCfiOHeHTY B BbipaJKeHIIII )I.Jill lj/2 (x ), T.K. 

3KCfiOHeHUllaJibHOe HapacTaHIIe BepOliTHOCTII np11CYTC~IIll 'laCTIIUbl B 06JiaCTII 2 He IIMe_eT ljlll3ll'leCKOro 

CMbiCJia. Ji3 rpaHII'IHbiX YCJIOBIIl! (7 .15) Haili!.eM 

OrciDII.a 

AI +BI = B2, 

A1 -B1 =-_;3-·B2 • 
zk0 

B =~·A B = ko -iK ·A. 
2 k0+iK, 1 k0+iK 

TaK!IM o6pa3oM, K031jllj>IIUlleHThi A h Bt. B2 noJIY'IaiOTCll 113 K031jllj>IIUIIe!IToB npei!.bii!.YIUero CJIY'Iall 

3aMeHol! 

k~iK. 

PeweHIIe (7.20) MOJKHO 3an!ICaTb B OKO!I'IaTeJibHOM Bll)l.e 

( ) A ( 
ik,r ko- iK -ikox) 

lj1 x = · e +--·e 1 k
0 

+iK , 

()A 2ko -u 
lj/ 2 x = ·--.-·e . 

k0 +IK 

(7.21) 

flOTOKII BepOliTHOCTII cyiUeCTByiOT TOJibKO B 06JiaCT!I), npll'leM npliMOHII o6paTHbiH UOTOKII paBHbl no 

a6COJIIOTHOl! BeJI!I'IIIHe: 
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·(+)_,A2j.koh __ .(-) . -0 J., - m - J.,, , J,, - . 

qi!TaTeJIIO, HeCOMHeHHO, )J.OCTaBIIT Yil.OBOJibCTBIIe CaMOCTOliTeJibHO fiOJIY'IIITb 3Ha'leH!Ill BepOliTHOCTII 

o6HapYJKHTh 'laCTlluy B o6naCTliX I 11 2: 

lw~(xf = 2IAI 2 ·[I+ cos{2k0x-a)], 
tga = 2k0 K = 2.Ju -1 

k;-K 2 2-u ' 

lw2(xt = 414 · /; 2 • e-2"' = 414..!... e-2.tr, 
k0 +K u 

U=Uo~l. 
& 

(7.22) 

qaCTIIUbl npOHI!KaiOT B OfiJiaCTb 2 Ha rnyfiiiHy x.- Ij(2K) (p11c. 7.4). 3Ha'leHIIe BepOliTHOCTII 

o6HapylKHTh qacmuy B TO'IKe Ha rpaHIIUe (x = 0) 3aBIICIITOT COOTHOWeH!Ill & H U
0

: 

lw(oW = 41Ar -~ ~ 4IAI 2
• 

Uo 

cr(u) 
1,0 

0,5 

L ................... ,....... •' U 

P11c. 7.3. 3asHCHMOCTH cr,(u) 11 cr,(u) np11 

& > U0 (7.18); u' = 0,9705 

iiJI(xW/4JAI 2 

V I '>....._ X 

P11c. 7.4. 3aBHCHMOCTL JIJI(x t .llllli CJI)"'aJI 

& < U0 (7.22) 

(7.23) 

§ 7.2. llpoxo~euue noTeuu:naJILHoro 6apLepa·. TyuueJILHLIH J'fl'fleKT 

Ecnu o6nacn. HeHyJieBoro noTeuuuana HMeeT orpauuqeHHyro nponDKeHHOCTh 

BJ.IOJIL OCH X, TO CJie}.lyeT HCKaTh pemeHue ypaBHeHH.II llipe}.IHHrepa B TpeX o6JiaCT.IIX, 

J.llle 113 KOTOphlX HMeiOT HyJieBOH llOTeHQHaJI. ilO}.I06Hoe pacnpe).{eJieHue llOTeHQHaJia 

HaJLmaJOT noTeHQHaJILHLIM 6apLepoM (puc. 7.5). KaqecTBeHHo noBe}.leHue 4>YHKUHH 

2 . 

\ji(X) II I'I'(X~ MO:lKHO llOH.IITh B 3TOM cnyqae, BOCllOJIL30BaBillHCL peJyJILTaTaMH 

npe~ero naparpa4>a 11 Ja}.laqn 7.3. 
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11 

B eJI)"'ae, Kor.u;a :mepryu~ qaCTHJ.U>I npeB»IIIIaeT MaKeHMa.JibHoe 3HaqeHHe 

llOTeHIUia.JibHO:ii :meprnH, E > Umax, qaCTH[(bi npeo.u;oneBaJOT 6apbep, OTPmKaHeb OT 

Hero e HeKoTopo:ii Bepo.srrn:oCT»IO, T.e. cr1 :::;; I, cr, <<I. EenH JKe E < Umax, qaeTH[(bl 

npOHHKaJOT BIJYI]Jb llOTeH[(Ha.JibHOrO 6apbepa Ha paeeTOHHHe (eM. (7.22)) 

&-_!._- li =Au =A. 
K ~2m(Umax -E) 27t- U• 

(7.24) 

r.u;e Au - BOJIHa .u;e Epo:iiJIH qaCTH[(bl e KHHeTHqeeKo:ii :meprne:ii u max - E • BHyrpH 

6apnepa BepOHTHOeTb 06HapyJKHTh qaeTH[(y pe3KO ena.u;aeT, HO OeTaeTeH KOHe~o:if, 

OTJIH~OH OT HyJIH. fl03TOMy H 3a 6apbepoM eyl[(eeTByeT BepOHTHOCTb 06HapyJKHTh 

qaCTHuy, T.e. 

\jf(x) ¢. 0 npH x > xz. 

3TO 03HaqaeT, qro K03rjHfJUIIUenm npoxoJtCoenUR, HJIH K03r/Jr/Julluenm npo3pattnocmu, 

noTeH[(Ha.JibHoro 6ap»epa cr1 OTJIHqeH OT HyJIH. no nopH.o;KY BeJIHqlfHbl ero 3HaqeHHe 

MOJKHO O[(eHHTh, BOellOJib30BaBWHeb eOOTHOWeHHHMH (7.22): 

cr _I'Jiz(a)l
2 

t I I ) 2 - e-2Kt 
'JII\o I . 

a) U(x) 

_.! i ! ............... X 
a 

I 
K=-, i=x2 -x1• 

A.u 
(7.25) 

PHc. 7.5. IloTeHitHMLHLiil 6ap~oep (a) 

H Ka'leCTBeHHaJI 3RBHCHMOCTL !IJI(x)l2 

JVUI CJI)"'aJI e < Umax ( 6) 

, '-../ 1 I '\../ "-./ X 
XI X2 

B enyqae noTeH[(Ha.JibHoro 6ap»epa npHMoyron»Ho:ii lflopMbi (pRe. 7.6) 

B03MOJKHO eTPoroe peweHHe (3a.u;aqa 7.4), .o;arol[(ee pe3yJI»TaT, KaqeCTBeHHO 

eoBna.u;aroiiUI:ii e (7.25) npH Au« a (eM. (7.33), Ka »I). Eonee Toqgyro lfloPMYJIY ~ 

cr1 MOJKHO DOJ~YqifTh, Boenon»30BaBWHeb MemoooM BKE (§ 7.3 H lflopMyna (7.50)). 
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3a~a'!a 7.4. HaliTH KoJtjlqlHlU!eHT OTpiDKeHWI H npoxoJK~eHWI 'IRCTHI.I c JHeprnei! e, nanaroumx Ha 

"npJIMOyrOJILHLIIi" llOTeHI.IHaJILHLili 6apbep {pHc. 7.6): 

U(x) 

U(O)I-----. 

2 3 
0 a 

PHc. 7.6. lllyHKI.IWI noreHlU!aJILHoli JHeprnH 

U(x) (7.26)- noTeHI.IHMLHLIIi 6ap~oep 

X 

f
O, X<O, 

U(x)= U0 , O<x<a, 

0, a<x. (7.26) 

TaKoe pacnpe~eJieHHe noTeHlU!aJILHoi! JHeprnH 'IRCTHI.Ibi HMeeT Mecm B ycTpoilcTBe H3 Tpex Tpy6oK, 

RHaJIOrH'!HLIX H306piDKeHHLIM Ha pHc. 7.2, ~Be KpaliHHe H3 KOTOpb!X HMeiOT HyJieBOH llOTeHlU!aJI 

C'3a3eMJieHLI"), a cpe.lUIJIJI- nOTeHI.IHan Vo= U
0

/e. 

PemeHHe ypasHeHWI lllpe~HHrepa MH KaJK.lloll H3 Tpex o6nacTeli onpe~eJieHWI tjlyHKI.IHH U(x) 
(7.26) 3anHmeM aHanorH'!Ho (7.16) H (7.20), Ha'las co CJI)"'aJI e < U

0
• 

a)e < Uo: 

IJII(x)= AI ·e'ko~ + 131 ·e-•ko•' x < 0, 

IJI2(x)= A2 ·e"" +B2 ·e-"', 0 < x <a, 
( ) ik,x (7.27) ljl 3 x = A3 • e , a < x, 

k0 = &jtz, K = ~2m(U0 -e)/tz. 

B pemeHHH IJIJ(X) OCTaBJieHa TOJILKO BOJIHa, paCIIpOCTpRWIIOIUaJICJl B llOJIOJKHTeJibHOM HanpaBJieHHH OCH 

X: 3~eCL, KRK H B 3a~a'le 7.3, llpH X> 0 HCT npellJ!TCTBHli, .llOpOJK.llaiOIIJHX OTpiDKeHHyiO BOJIHy. B 

06JIRCTH 2 peiUeHHe CO~epJKHT HapaCTaJOffiYIO 3KCOOHeHTy, T.K. Pa3Mep 06JIRCTH orpaHH'!eH H, CTaJIO 

6LITb, BeJIH'IHHa JTOro CJiaraeMoro TaiOKe orpaHH'IeHa, HeT OCHOBaHHi! Mll ero HCKJIIO'IeHHJl, KaK 3TO 
c~enaHo B 3aJia'le 7.3, 6. 

Y CJIOBWI Henpepb!BHOCTH 1j1 (x) H ee llp0H3BO~IX Ha rpaHHI.IRX 06JiaCreli 1-3 ~aJOT; 
IJII(o)= IJI2(o)~ AI +BI = A2 +B2, 

IJI;(o)= IJI;(o)~ ik0 (A1 -B
1
)= K(A

2 
-B2 ~ 

1J12(a)= IJ13 (a)~ A2 ·e"" + B2 ·e-"" = A
3 

·e'irP, 

IJI;(a)= IJI;(a)~ K(A2 ·e"" -B
2 

• e"' )= ik
0
A

3 
• e'irP. 
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Mhl noJl)"'HJJII qeTI>Ipe yprumellllll, coAepJKamne JJJITb aMIIDJITYA Ah Bh Az, Bz, A,. BLipa:311M qeTI>Ipe 113 

HliX qepe3 aMIIDJITYA)' IICXO):IIIOit (JJaAaiOmel!) BOJIHLI (CHliB .li)UI KpaTKOCTII3aUIICIIIIII):IeKC 1): 

A1 =A. 

Baaqane ncKJIIOq!IM A, 113 3-ro n 4-ro ypasaeanit (7 .28). Hait):leM 

B = K-iko ·A ·e2"" 
2 K+iko 2 

(7.29) 

3areM HCKJIIOq!IM B1 113 1-ro II 2-ro ypasHeHIIH, UOJI)"'IIM 

ik0(K + ik0 ) _"" 

l2 2) ·e ·A. k
0 

-K ·SbKa+2Ik0 K·ChKa A2 

lloACTaBIIB 3TOT pelyJILTaT B (7.29), aait):leM Bz, a 113 nepBoro n TpeTLero ypaBHeHnl! (7.28) aait):leM, 

3Hall A
2 

H B2, aMIInlfTYJ:ILI B1n A,. B pelyJILTaTe !IMeeM 

B = (k; +K
2
)·shKa ·A 

l DK ' 

A 
ik0 (K+ik0 ) _"" A 

2 D ·e . , 
K 

B
_ik0 (K-ik0 ) ..,A 

2- D ·e · , 
K 

A = 2ik0K ·e-iko" ·A 
' D. , 

D. = (k;- K2 )·shKa+ 2ik0 K ·ChKa. 

(7.30) 

BhlqncJIHM yenepL 3HaqeHIIJI Bepol!THOCTeii 11 K03cpcjmuneHTOB OTpaJKeHIIJIInpoxoJKAeHIIJI. BhlqllcJieHIIJI 

3Tll ]:IOCTaTOqHO rpOM03):1KII II TpefiyJOT onpe):leJieHHOfO TepneHIIJI. 

lljl•{x)l2 = IAI2 + AB;. e2•ko• + A'B• ·e-2iko• +IB•I2 = 2IAI2 .(k; + ~2 L 
ID.l 

x{[k; +K2 +(k; -K2}·cos2k0x].sh2Ka-k0K·sh2Ka·sin2k0x}+2k;K\ 

ID.l2 
=(k; +K2f ·sh2Ka+4k;K

2
; 

cr = lw1 =k0 +K·ShKa = 1 .. , =~ (7.31) .(-)1 [( 2 2) 12 ·(·'I < k )2 
' lN ID 12 , cr, . + ID 12 , 

}'Ill K }'Ill K 

I (
x)l2 = 2 ·IAI2 .e (k; +K

2
)·ch2K{x-a)-{k; -K

2
) 

lj12 o ID.j' , 

lljl,(x)l
2 

=IAI
2 

· (~;.11
2

. 
He1}lyAHO y6eAHTLCll, qTO 

cr,+cr,=1. (7.32) 

lh coornomeHlllt (7.31) BHAHO, qTO napaMeYpOM, xapaKrep113YJOin!IM "npo3paqHOCTL" 6apLepa, 

/ liBJilleTCll np0113Be):leHIIe Ka. ACIIMUTOTIIKH K03cpcp11UHeHTOB OTpaJKeHIIll H npOXOJK):IeHIIJI !IMeiOT BHA 
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Ka<<1, 
(

k2 +K2J
2 

cr,"" ;koK ·(Ka)', cr, =1-cr,, 

cr ""1-8·(~J
2

·e-2"" cr =1-cr ""8&(Uo-E)·e-2"" 
r k; + K2 ' I r u; Ka>>1, 

(7.33) 

TaKIIM o6pa:30M, noJl)"'eHHLilt Pe3YJILTaT noATBepJKAaeT oueHKy (7.25). 

3anHIDeM, HaKOHeU, 3HaqeHIIJI llj1 1, 2,3 (x) r npll 60JILWIIX Ka ("cna6onpo3paqHLIA" 6apLep ): 

k' +K2 
Ka » 1, ID.I2 ""_o __ . e2"", 

4 

I ( )1 2 I 12 { k~ - K
2 

• 2k0 K • } lj1 1 x ""2A · 1+-2--2 ·cos2k0x--2--2 ·sm2k
0
x, 

k0 +K k0 +K 

llj12(x)l' "'8IAI
2 

·___5,_·{ch2K(x-a)- k~ -K
2
}·e-2"", 

k; + K 2 k~ +K2 

lljl,(x)l' "'16IAI
2 
{kt::2 J ·e-

2
"", 

lljl.(o)l
2 

""4IAI
2

·k2k; 2 "'llj12(o)l
2
• 

o +K 

llj12(a)12 ""16IAI2 ·(. 2koK 2)2 ·e-2"" "'lljl,(a)l2· 
k0 +K 

(7.34) 

Ha 3T!IX ac!IMUTOTifqeCKIIX BhlpaJKeHHl!X JierKo npocneJKI!BaeTCll xapaKrep noBe]:leHIIJI lljl(x)l2, 

llOKa:laHHLJH KaqecmeHHO Ha p11c. 7.5. 

6)&> Uo: 

ljl.(x)= A. e'kor + B·e-ikor' X< 0, 

lj1 2(x)= A2 ·e'kr +B2 ·e-'kr, 0 < x <a, 

()A ik
0
r ' . 

lj1 3 x = 3 • e , a < x, 

.{2;;;;. . .J~2-m('e--.,.,U"0 ) ko = -li-, k = -'-_.:_li_...:.:... 

JlerKo laMernTL, qTO peweH!Ie (7.27) nepexo):IHT B (7.35) np11 laMeHe 

(7.35) 

K ~ ik. (7.36) 

CoomeTCTBeHHO, Bee pelyJILTaThl nyHicra a), npeo6pa:3oBaHHLJe c 3aMeHolt K Ha ik, AaiOT pewe1111e Mll 

CJiyqan 6). OrpalflfqlfMCll aHaJIII30M K03cpcpHUHeHTOB OYpaJKeHIIJI II npOXOJK):IeHIIJI. llp11 UO):ICTaHOBKe 
(7.36) B COOTHOIDeHIIll (7.31) Hait):leM 
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~~;. . . • sntmr l!rfii' nm 
W·\:., 
.,, 

_jk~ -k 2 )·sinka]
2 

a,- . IDJ, . ' 
(2k0k)2 (7.37) 

a,= IDJ'·' 
IDJ =(k~ -e'f ·sin

2 
ka+(2k0kY, 

3roT pe3YJILTaT npnHWffiHaJibHO OTnll'laeTCll OT pe3ynLTaTa no.D.o6aoli 3a.D.aqn s KJiaccll'leCKOli 

MeXliHHKe: npn & > Uo cymeCTByeT, soo6me rosopll, sepoliTHOCTb oTpaJKeHllll qaCTHII,bi oT 

noTeHUHaJlbHOro 6apLepa, T.e. a,> 0! B TO JKe speMll, HMeiOT MeCTO pelKHMM "nonaoli npo3paqaoCTH" 

6apLepa: 
a, =0, a, =1 npn ka = mt, n = 1, 2, ... , (7.38) 

liJill 
Au A 2nli 

a=n2, u = ~2m{e-U) · • 
(7.39) 

3To l!BJieHHe "pe3oHaHCHOH np03paqHOCTll" Ha6JIIO,D,aeTCll B «lJH3HKe :meKTpOMarHHTHOfO ~eHllll (B 

T.q. B OnTHKe), ll MeXaHli3M TaKOlt li36HpaTeJibHOlt np03paqHOCTH liCflOJib3yeTCll B TaK Ha3b1BaeMbiX 

unmepljJepeHIJUOHHblX 1/Jwzbmpax. 

51BJieHHe npOHHKHOBeHHH qaCTHU CKB03b IIOTeHUHaJibHhlii 6apbep, 

npeBbllllaiOIUJIH HX KHHeTHqeCK)'IO 3HeprHIO, Ha3bffiaeTCH mymleJib1lbiM :JtjJtjJeKmOM •. 

3TO HBITeHHe HMeeT BOITHOBOe npOHCXO~eHHe. TaK, B <l>H3HKe 3ITeicrpOMarH~OrO 

H3JIY'leHHH (B T.q. OllTHKe) H3BeCTeH 34J4JeKT npoxo~eHHH H3JIY'leHHH qepe3 m.enh 

Me~y ,nByMH cpe,naMH (A H B (pu:c. 7.7)) npH na,neHHH H3nyqeHHH Ha rpaHHUY pa3,nena 

,nByx cpe.n no.n yrnoM nonHoro BHYTPeHHero oTPaiKeHHH. Ecnu: umpu:Ha menu: uopx,nKa 

,nnHHbl BOITHbl H3JIY'leHHH, OHO qaCTHqHO npoHHKaeT B cpe,ny B. 

B A n>l 

n>l ~3 

Pnc. 7.7. TyaaenLHLilt 34J4JeKT np11 
pacnpoCTpaHeHllll 3JieKTpOMariiHTHOH BOJIHbl 
B cpe,D,e c li3Melll!IOmHMcll noKMaTeJieM 

npenoMJiellllll n: 
1, 2 - na.D.aiOinllli ll OTpalKllHHbiH nyqn, 3 -
npoxo.D.llmnu nyq, sin a = If n - nonaoe 

s~~YTpei!Hee oTpaJKeHne, A - d 

1927 r. M.A. JleoHToBu:qeM JI 

ypaBHeHHH lllpe,nu:Hrepa. 
TyHHenhHhlii 34J4>eKT 6bln OTKphiT B 

JI.M. MaH.neJibiiiTaMOM KaK pe3ynhTaT aHaJIH3a pemeHHH ' 
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llpaB,na, npHHHToe renepb Ha3BaHHe 3TOro HBJieHIDI noxBHJIOCb II03,wree. 3TO 

OTKpbiTHe 6blJio He cnyqaiiHhiM, T.K. Jl.M. MaH,neJihiiiTaM 6bm xopomo 3HaKOM c 

oiiTHqecKHM 34JcfleKToM "T)'HHennpoBaHIHI" cBeTa npn IIOJIHOM BHYTPeHHeM 

OTPaiKeHHH (pnc. 7.7)"> 

§ 7.3. MeTo.[{ BK6* · 

Cnyqaii "npHMoyroJihHoro" noTeHUHaJihHoro 6apbepa, paccMoTPeHm.ril: B 

3a,naqe 7.4, HBAAeTCH ,nocTaTOqHQ qaCTHhiM, Kor,na y,naeTCH Haiim TOqHOe pemeHHe 

ypaBHeHIDI Illpe,wrHrepa B anannmqecKHX «PYHKUHHX. B KBaHTOBOii MexannKe B 

cepe,nnHe 20-x IT. 6blJI npe,nnoiKeH Memoo BKS peweHHH ypaBHeHnx Illpe.nnHrepa .nAA 

cnyqax ma,nKoii noTeHUHaJihHoii <l>YHKUHH. MeTO,n nonyqnn cBoe Ha3BaHne no 

3arJiaBHbiM 6YKBaM cflaMHJIHii ero aBTOpOB: r. Bem~eJig (G. Wentzel), X. KpaMepca 

(H Kramers) H Jl. EpHJIJII03Ha (L. Brillouin). 

B MeTo,ne BKE peweHne cTannouapHoro ypaBHeHnx Illpe.nnHrepa (7.14) nm.yr 

B BH,ne BOJIHbl ,ne IipoiiJIH, aMIIJIHl)',na H <l>a3a KOTOpoii eCTb oeucm6UmeJibHble t/JyHKZfUU 
Koop,wrHaT: 

IJI(x )= A(x )·ei<p(x), 

cp(x)=i fp(x)·d(x). 

ITepennweM ypasHeHne (7.14), ncnoJih30BaB o603HaqeHne (7.40): 

d21Jf(x) = -k2(x )·IJI(x ), 
dx2 • 

r--r 

k(x)= p~x) . -J2m~e-u(x )) 
tz 

(7.40) 

(7.41) 

(7.42) 

Kpnrepnii ma,nKocrn (Me,nneHHoro H3MeHeHnx) «PYHKUHii U(x) nerKo 

c4JopMynnpoBaTh, 3aMeTHB, qro npn k(x) = const ypaBHeHne (7.41) eCTh ypaBHeHne 

KJiaccnqecKoro OCUHJIJIHTopa. fJ03TOMy cfJYHKUHIO U(x) MOiKHO CqHTaTh rJia.nKoii, eCJIH 

ee II3MeHeHIDI Ha nepno,ne KOJie6annii 27t/k OCUHJIAATopa MaJIO: 

') . 

CM. EJI. lf>euH6epr, 3noxa 11 Jlli'IHOCTb. lf>li3HKII. M.: l13.D.-Bo lf>HllfKO-MaTeMaTll'!ecKou JIHTeparypM, . 2003. c. 29. 
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· · dU 21t 
t..U=-·-<<U. 

·dx k 

Bso,WI xaprucrepHyro .wnmy £, Ha KOTopoii liJYHKUIDI U(x) 3aMeTHO MeWieTC»:, T.e. 

dU U 
d;-£· 

H3 (7 .43) noJI}"'HM ycRoBue ZJlaOKocmu: 

k£ >> 1. 

(7.43) 

(7.44) 

, , Tio.n.CTaBHM pemeHHe (7 .40) B ypasHean:e (7 .41) n: coKpaTHM 

BXOJJ.lllUYlO COMHOX<IiTeJieM B KIDKJJ.Oe H3 crraraeMbiX. flOJI}"'HM 

3KCllOHeHT)', 

A"+ 2i<p'A' + Ai<p"- A(<p')2 = -k2 A. 

3.n.ec~> illTpHX OJHa'IaeT npon:Jso.n.ayro no x. 

PaJ.n.errn:B .n.eiicTBn:TeJibHyro n: MHn:Myro qacTn: norryqeHHoro paseHCTBa, npn:.n.eM 

K cn:cTeMe .n.syx ypasHeHn:ii: 

A' <p" 
A=- 2<p'' 

A"- [(<p')2 
- k 2 (x)~ = 0. 

MHTerpn:posaan:e nepsoro n:3 3THX ypasHeHn:ii .n.a!:T 

InA=_.!_ ·In<p' +InC, 
2 

HJIH 

r.n.e C- KOHCTaHTa. 

c 
A(x)= ~<p'{x)' (7.45) 

BTOpoe ypasHeHn:e MO)KHO ynpocrnTh, Hcnorr~>Jyx rrra.n.KoCTb !lJyHKu;Hn: U(x) 

(7.44). 3anHCaB 

yqTeM, ~o 

/TeMCaMbiM 

<p' = /k2( ) A" ' X+A' 

A• 1 k2 --<< . A £2 
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<p' ::.±k(x). 

Tenepb MO)KHO OKOH'IaTeJibHO 3aTIHCaTb pemeHHe B BHJJ.e 

\Jf(x)= ~.(Ae;cp(x) + Be-;cp(x)) 
vk\xJ • 

(7.46) X 

<p(x)= Jk(~~-
xo 

ToqnocTb pemeHHX (7.46) BHJJ.Ha H3 c.n.erran:Horo rrpn6JIH)KeHHX- oT6pomeHbi qrreHbi 

nopx.n.Ka I/(kR.Y. 

YcrroBHe rrra.n.Kocrn rroTeau;narri>aoii lPYHKIJ;HH (7.44) MO)KHO rrpe.n.cTaBHTb B 
BHJJ.e 

HJIH 

p(x) ·f.» I, 
1i 

27ttz 
AD =-<<f.. 

p 

3TO 03Ha'IaeT, ~o MHKpO'IacTnu;a se.n.eT ce6x B cHnOBOM none U(x) KaK "TO'IKa", 

pa3Mepbl KOTOpOH MHoro MeHbWe xapaKTepHOH .li.JIHHbi H3MeHeHHX lPYHKIJ;HH U(x), T.e. 

TaK )Ke, KaK H B KJiaCCH'IeCKOH 3aJJ.aqe 0 qacrnu;e B none CHn. 0TCIOJJ.a H .n.pyroe 

HaJBaHHe MeTo.n.a BKS- K6a3UKJlaccuiJecKoe npu6moteeHue. 

McrronnJy»: MeTOJJ. BKI>, MO)KHO, KaK )')Ke CKaJaHo BbiWe, rrony'IHTb 6orree 

Toqnoe, 'IeM (7.25), 3Ha'IeHne Ko34J4Jnu;neHTa rrp03pa'IHOCTH rroTeHu;HarrJ>Horo 6apbepa. 

,lVrn 3Toro Jann:meM ypaBHeHne (7.46) •.n.JIH o6nacm 2, r.n.e U(x) > E, (x
1 

::;; x::;; x
2
, 

pn:c. 7.5), BBe,WI o6o3aaqeane (cpaBHH (7.27)) 

( ) .J2m(u(x)-E) "k( ) 
K X =l X 

1i 

II coxpaann, II3 O'IeBHJJ.HbiX $nJnqecKn:x coo6pameHnii, TOJIJ>Ko OTPHIJ;aTen~>Hyro 
3Kcnoiieary: 

A xz 
\Jf2(x)= .JK(x) ·e-cpz(x), <p2 (x)= JK(x)·dx, 

X) 

x1 :s;x:s;x2. 
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(7.47) 



B o6naCTHX 1 (x <Xi) u 3 (x > x2) pemeHue uMeeT BJm (7.46) ripu k(x) > 0. HaM 

npe,n;CTOUT Haiim, Ka.K u B 3a,n;atJe7.4, KOJtP!]muueHThi A1. B1. A2, A3, B3 B KIDK,D;Oii: u3 

1'pi!X o6naCTeH. ,lVrn: :noro H}')KHO 6bll0 6hl BOeDOJib30BaTbeg rpaHU'!HbiMU yenOBUj!MU 

(7:15), eenu 6hl He o,n;Ha TJ'Y,D;HOeTh: yenoBue rna.n;Koeru (7.44) HapymaeTeg B TOtJKax 

O~OBKU KnaeeutJeeKOH tJacTUUbl X= Xi, 2, T.K. B :nux TO'!Kax k(Xi, 2) = 0. Ha DOMOIUb 

npuxo.n;UT ongTJ,-TaKU npu6nu:lKeHHoe pemeHue - MO:lKHO B6nu3u 3TUX TOtJeK 

BOeDOllb30BaTheg pa3JIO:lKeHHeM tPyHKUUU k(x), OrpaHU'lHBWUeb JIUHeii:HbiM tJneHOM 

pa3no:lKeHug no x: 

k(x)~ dkl ·(x-xi,2) 
dx =XJ,2 

Mo:lKHo noKa3aTh, 'ITO B 3TOM enyqae pemeHue B o6naCTHX 1 u 3 uMeer Bu,n; . 
'l'i,J(x}::: 2;~Cx} ·(ei'PI,J(x) +e-i'PI,J(x)} 

XJ 1t X 1t 
cpi(x)= Jk(x)·dx+

4
, cp3(x)= Jk(x)·dx+4, 

X X2 

(7.48) 

x<xi u x>x2. 

)J;eranu Bbmo,n;a 3TOrO Bbipa:lKeHUji MO:lKHO HaHTU B [1), § 47. 

B TOtJKax Xi u x2 tPyHKUUU IJ'i(Xi), q>2(xi) u IJ'J(X2), a Ta.K:lKe tPyHKUUU K(Xi, 3) u 

k(xi, 3) o6pamruoTeg B Hynb. Tio3TOMY rpaHUtJHble yenoBug, JanueaHHble ,n;ng 3TUX 

TO'leK, ,lJ;aiOT 

1t x=xi ~Ai·cos-:::A2 , 
4 

x = x2 ~ A2 ·e-cp2(x2) = A3 ·cos%, 

X2 

cp2 (x2) = JK(x )- dx. 
XJ 

(7.49) 

(' 0TeiO,n;a K03tPtPUUUeHT Dp03patiHOCTU 6apbepa Haii:.n;eM aHMOrH'lHO (7 .31 ), DO,D;CTaBUB 

TOnbKO DOJIO:lKUTenbHble 3KeDOHeHThl B Bblpa:lKeHUe 
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TionytJHM (eM. (7.1 I)): 

,K(xi~=~IAi/2[1-_!_. dkl ]· 
m 2k2 (xi) dx 

=XJ 

3,n;eeb B03HUKaer cne,n;yiOmag TJ'Y.n;Ho~, CBH3aHHag e TeM, 'ITo k(xi) = 0. Ho u3 

yenoBug rna.n;KoCTU (7.44) BTOpoe cnaraeMoe BeJ,n;e, KpoMe TotJeK xi u x
3

, Marro: 

_I_, dk(x) __ I_, k(x) =_!_«I 
k2(x) dx e(x) f. k(x)·l . 

TioeKOnbKY IIpH6JIU:lKeHHOe pemeHue (~.48) CIIpaBe,D;JIUBO (eM. [lJ, § 47) B 

KBa3UKnaceutJeeKOM IIpH6Jiu:lKeHHU, 3Ha'IeHue jt(xi) Ta.K:lKe ,D;OJI:lKHO y.n;OBJieTBOpHTb 

ycnoBHIO rna.n;KoCTU. Ha 3TOM oeHOBaHuu Mbl u npuMeM, 'ITo 

_I_, dk(x)l <<1. 
k2(xi) dx =XJ 

Ta.KHM o6pa3oM, 

/K(xi~ ~ t? IAl 
m 

H, aHMOrntJHo, 

li 2 
2 /j;(xi~ ~ 2m IA31 · 

C yqfuoM (7.49) OKOH'IaTeJibHO Haii:,n;eM 

crt ~ ~r = e-2cp2(x2>, 

HJIH 

crt ~exp- lim j.Ju(x)-E·dx. (7.50) [ 
.J&;;; x2 } 

ITo nopJI.lU<Y BenHtiHHbl 3TO Bbipa:lKeHue eoBna,n;aer c oueHKoii: (7.25). ,l(eii:CTBHTeJibHo, 
no reopeMe o cpe,D;HeM UMeeM 

X2 .---.."""<---
f.Ju(x)-E ·dx- .Jumax -E ·f. 

X] 

1i 

Fmt..u' 
'fro H IIpHBO,lJ;HT K (7.25). 
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3aMeTIIM, qTQ npn6JIIDKeHne, c.n;eJiaHHOe npn BMBO.Qe Bbipall<eHIDI JIJ!ll K {x,)' HMeeT roqHOCTh 

nopliJIKa OTJinqHJI OT e.QHHHUbl OTHOilleHIDI 

[(:tr,/:lr=rJ· 
B 3TOM y6e.n;HMCll, yqTll, qro k(x) ~ 0 npH X ~ XJ. x 3 MOli<HO npeHe6pe% 'e.QHHHJ.el! B CK06Ke 

BMpall<eHIDI JIJill f n sJ.IqncJIHTb .n;po6b lj; / j,' I· Ilpn noM 6ecKoHeqHoCTn I/ k' (x,) n I/ k 2 (x,) 

BJaHMHO COKpaTliTCll. 

§ 7.4. a-pacna,ZJ;* 

O.n;uH H3 T}Jex Bn.n;oB pa.n;uorucrnBHOCTH H.n;ep, on<p»IThlli A. EeKKepeneM (§ 1.2), 

COCTOHT B CaMOIIpOH3BOJibHOM HCIIYCKaHHH H.n;paMH aTOMOB Be~eCTBa CX.-'IaCTHU (H.n;ep 

reJillil ~He2+). IJo CBOeii rrpupo.n;e :no 'IHCTO KBaHTOBOe »:BJieHHe- IIpOHHKHOBeHHe a.

'laCmUhi '1epe3 rroTeHUHaJihH»Iii 6apnep (myHHe!lupoeaHue), o6pa3oBaHHhiii 

IIpHT.SirHBaiOIUHM IIOTeHUHaJIOM CHIT H.n;epHOro B3aHMO)J;eHCTBH.SI HYKJIOHOB H.n;pa H 

OTTaJIKHBaiO~HM IIOTeHUHaJIOM CHJI 3JieKTpOMarHHmoro B3aHMO,ll;eHCTBllil IIpOTOHOB 

H.n;pa. 11MeHHO Ha TaKHX rrpe,li;CTaBJieHH.SIX OCHOBaHa TeOpH»: 

a.-pacrra,na, C03)J;aHHa»: f.A. faMOBbiM B 1927 r:> 
OueHHM K03tPtPHUHeHT rrp03pa'1Hocm rroTeHUHaJI»Horo 6ap»epa .SI.n;pa, a no 

HeMy- 3Ha'leHue BpeMeHH JKH3HH a.-pa.n;uoaKmBHoro .SI.n;pa. CYMMapHLiii noTeHUHaJI, B 

KOTOpOM )J;BHJKeTC.SI a.-'lacmua, MOJKHO IIpH6JIHJKeHHO rrpe.n;CTaBHTb B BH,ll;e 

ctiJepH'IeCKH-CHMMeT}JH'IHOH tPYHKUHH (IIIT}JHXIIYHKmpHa»: KpHBa»: Ha puc. 7.8) 

{ 

ro 
u(r)- umax-;• r~ro, 

-U0 , r <r0 • 

(7.51) 

3~ecb Umax - MaKCHMaJihHoe 3Ha'leHue rroTeHUHaJihHOii 3Hepmu H.n;pa, r0 - pa.n;uyc 
I . . 

.n;eiiCTBllil H.n;epHhlX CHJI, -Uo - MHHHMaJibHOe 3Ha'leHHe IIOTeHUHaJibHOH 3HeprHH 

(my6HHa IIOTeHUHaJibHOH .SIMbl .n;JI»: a.-'laCmUhl B .SI.n;pe). ,[{anbme Mbl YBH)J;HM, 'ITO 

•) r.A. raMoB JJ;aJI 06'bliCHeHne npHpOJIM a-pacnaJJ;a, llOJHaKOMHBillHCb c pa6orol! M.A. JleoHTOanqa " 

Jl.H. MaH.QeJibillTaMa o6 3cflcfleKTe TYHHennposaHIDI (eM. § 7.2 n CChillKY TaM). 
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npo3pa'1HoCTD 6ap»epa O'leHb KpHTH'IHa K Bhi6opy 3Ha'leHwr UmaJ<· fpy6o :ny 
BeJIH'IHHY MOJKHO OUeHHTh KaK 

ro ' (7.52) 

r.n;e Zae = 2e - 3ap.SI)J; a.-'laCTHUhl, Ze - 3ap.SI)J; ucxo.n;Horo (He pacnaBmeroc.SI) .SI.n;pa. He 

MeHee KpHrn'leH Bhl6op 3Ha'leHllil ro. 3-ra BeJIH'IHHa CBH3aHa C aTOMHbiM BeCOM .SI.n;pa: 

r0 - (1,2 -1,4)· Al/3 ·10-13 CM. 
(7.53) 

U(r) 
UmaJ< 

:" .... . ·. 
E , .................. - ............. . 

r 
Puc. 7.8. IlOTeHQHaJibHaR 3Hepl11Ji a-qaCTHUJ>I a 

aroMe (CllJ!OillHalJ KpHBall) H ee annpoKCHMal{IDI 

cflYHKQHeli (7.51) (illTpiiXnyaKTHpHalJ KpHBall) 

-Uo .__ __ 

,ltiDI .SI.n;pa ~ U Haxo.n;HM 

r0 ""0,9·10-12 CM, 

UmaJ< ""29M3B. 

<llaKTH'IecKH 3Ha'leHue UmaJ< MeHLme (cM. H!fJKe). 

llyCTh a.-'laCTHua B .SI)J;pe HMeeT 3Hepmro (TeMnepazypy) 

0<E< UmaJ<· 

0Ha He MO)I(eT npeo.n;onen noTeHUHarrLHLiii 6apLep, "nepenp»IrHYB" 'lepe3 Hero. Ho 

CYJUecTByeT KOHe'IHaa BepoHTHoCTD myHHe!lupoeaHUR. PaccMOT}JHM ny 3a.z:ta'IY. 

fiOCKOJibKy B )J;aHHOM CJiy'lae Mhl HMeeM )J;eJio CO ctlJepH'IeCKH-CHMMe'TpH'IHOH 

IPYHKimeii IIOTeHUHaJILHoii 3Hepmu, BocnoJIL30BaTLca: np.SIMo pe3yJILTaTaMH 

§§ 7.2, 7.3 HeJib3a:- TaM 6niJI paccMoTpeH o.n;HoMepHhlii CJiy'laii. Tenep» MLI .n;OJIJKHLI 
llMeCTo (7.14), (7.41) JanucaTL 
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r 

it 

a'l'(r)= -k2 (r)·'Jf(r~ 

k(r) .J2m(~::-u(r)), 
1i 

1 a ( 2 a ) 1 a ( . a ) 1 a
2 

il=--;:r· fJr r . fJr + r 2 sin8. ae smEI· ae + r 2 sin2 8. &p2 • 

) 

(7.54) 

lloene)Ulee BLipiDKeHHe eCTI> onepaTOp Jlannaea (6.2), JanHeaHHI>rli B e!~Jepn'leeKHx 

KoopJUIHaTIIX. C!IJepn'leeKaH eHMMeTpiDI !IJYHKUHH U(r) He 03Ha'laeT TeM He MeHee, 

'ITO pemeHHe ypaBHeHIDI (7.54) He 3aBHeHT OT yrJIOBbiX KOOp.ZJ;HHaT 8 H q:>. 0)UlaKO B 

o6meM e.JI)"'ae :na 3a.ZJ;a'la o'leHI> rpoM03.ZJ;Kall H Tpe6yer npHBJie'leHHH annapam 

mapOBI>IX lPYHKUHH (§ 10.4). ll03TOMY 3,ZJ;eei> Mhl OrpaHH'IHMeR npoCTeiimHM 'laeTHI>IM 

e.JI)"'aeM 'laeTHQhl, op6HTaJII>Hbrli MOMeHT KOTOpOH (eM. rJI. 10) paBeH HyJIIO. Tor,na 

pemeHHe ypaBHeHHSI llipe.ZJ;HHrepa He 3aBHeHT OT 8 H q:>, a•3aBHeHT TOJII>KO OT r: 

_!_ -~(r2 d\jl(r )) = -k2 (r )·'Jf(r ). 
r2 dr dr 

. llo,neTaHOBKOH 

'l'(r) = J(r) 
r 

(7.55) 

ypaBnenue llipi!ounzepa OJIJI cpeputtecKu-cUMMemputtnozo nomeHl/Utllla (npn Hyp:eBoM 

op6HTaJibHOM MOMeHTe 'laeTHQI>J!) eBO.ZJ;HTCSI K TOMY )Ke BH.ZJ;y, 'ITO H ypaBHeHHe (7.41): 

d2 J(r) =-e(r)· J(r). 
dr 2 

llo3TOMY ,nJISl lPYHKUHH.f{r) enpaBe,nJIHBbl Bee eOOTHOilleHHR, llO.JI)"'eHHI>Ie B § 7.3 ,nJISl 

o,nHoMepHoro e.JI)"'all U(x). Tenepi> BMeeTO (7.46) MO)KHO 3anHeaTI> 

\jl(r) = - 1- ·(A· ei<p(r) + B · e -i<p(r) ), 
r..Jk(r} 
r 

cp(r)= Jk(l;)·~. 
It) 

(7.56) 

~aJIDme ny)KHO npocne)UITI>, KaK "e!IJepH'IHOCTI>" pemeHHH OTpaJHTCR Ha BI>Ipmi<eHHII 

,nJIR cr1• BeKTop nnoTHOCTH noToKa BepoSITHOCTH · HMeeT TOJII>KO pa.nnani>HyiO 

KO!.ffiOHeHTY 
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j, = !!!__(\jl d\jl. - \jl. d\jl) = .!!!__ _ _!_(/ dj" - f* df). 
2m dr dr 2m r 2 dr dr 

3To BbipiDKeHHe OTJIH'IaeTCH OT O.ZJ;HOMepHoro MHO)KHTeJieM r-2• llpoeJie,ZJ;HB Bee 

npeo6pa30BaHIDI, B pe3yJII>TaTe KOTOpbiX llOJiy'leHO BbipiDKeHHe ,nJIS1 cr
1 

(7.50), 

npHXO)UIM K Bl>ffiO.ZJ;y, 'ITO H ,nJISl e!IJepH'IeeKH-eHMMeTpH'IHOro llOTeHQHaJia . OHO 

oCTafuesr enpaBe.ZJ;JIHBbiM. 

TaKHM o6pa3oM, npo3pa'IHoeTI> noTeHUHaJII>Horo 6apbepa a-pa.n;HOaKTHBHoro 

R,npa OllHebmaeTCH eOOTHOilleHHeM . 
a,=ex+ ~f,ju(,)-, . .u}. "e ,,=,,u;n (7.57) 

0)UIOBpeMeHHO 3TO eeTI> BepOSITHOeTb llOHBJieHHSI U-'laeTHUbl y JieBOH rpaHHQbi 

noTeHUHaJII>Horo 6api>epa r = ro. llpn :meprnn a-'laeTHUbi B sr.npe, paBHoii e, 

nepHO.ZJ;H'IHOeTb ee llORBJieHHSI B TO 'IKe ro paBHa 

2r. f!e T=-0 
r.ne v = -

'' a va m 

- eKopoeTI> a-'laeTHUbi BHYTpH sr.npa. CooTBeTeTBeHHo, BpeMsr )KHJHH a-'laeTHUbi B 

H.Zq>e eeTI> 

'ta =Tjcr1 • 

MHTerpan B (7.57) BI>I'IHeJIHM, no.neTaBHB 

U(r)=Umax ·r0 fr. 
Haii.neM 

~~ .[; 
lnt= f umax: .;_e·dr=2..fi f .Ja2 -x2 ·dx, 

It) ~ 
2 umax a =r0 --=r2 • 

e 
Orero.na 

[ .Ja27 ].[; ( u ·~). 2 2 2 .X 1t max ·max· lnt=..fi· X· a -x +a aresm- ~..Jer0 -·---1- -.--1 . 
a.r.; 2 e e 

0KoH'IaTeJll>Ho Haii.neM 
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'ta _ ~2mc2 
• r0 ·exp{&;le. ro ·F(I}, 

e c n c J 
Umax 

1;=-e-· F(l;)=!:..·l; -1-.Ji; -1 2 . 

(7.58) 

()rcro.n;a BH,IUIO, 'ITO BpeWI JKH3Hll <l-'laCTIU~bl B SIJ(pe DO'lTH 3KCDOHeHUHaJILHO 3aBHCHT 

oT napa.MeTpa 1;. K TOMY )I(e MHOJKHTenL nepe.n; F(l;) B noKaJaTene 3KcnoHeHTLI MHoro 

6oJILme e.n;nHHULI, 'ITO ycnnnBaeT 3KcnoHeHunanLHyiO 3aBHCHMOCTL 'ta(l;). TaK, 

no.n;CTaBHB B (7.58) 3Ha'leHml napa.MeTpOB .n;IDI a-pa.n;noaKTHBHoro SI)"(Pa 
2~~U 

e = 4,2 M3B (3Heprm~ BLrneraromnx a-'lacTHu), 

Umax = 29 M3B (oueHKa (7.52), 

ro = 0,9 · 10-12 
eM, 

mc2 ""4 · 938 M3B, 

HaH.D;eM BpeWI )I(ll3Hll 3TOrO SIJ(pa 

't (1 "" 0,9 ·1 031 
c "" 3 ·1 0

23 
neT ' 

a BLI6paB Umax = 23 M3B, nonY1JllM 

'ta"" 3 · 1017 
C ""9,5 ·10 9 

neT, 

'ITO y.n;oBneTBOpHTenLHO cornacyeTCji C 3KCnepHMeHTaJILHLIM pe3ynLTaTOM 

'texp = 4,468(3 }·1 09 
neT. 

3a.MeTHM, 'ITO Bnllj~Hlle op6HTaJILHOrO MOMeHTa <l-'laCTHULI Ha BpeMji )I(ll3Hll SIJ(pa 

.D;OBOnLHO cna6oe. 

§ 7 .5. qaCTHI\8 B DOTCHI\H8JibHOH HMC 

Ba)I(HbiH KJiaCC KBaHTOBO-MeXaHH'leCKHX 3a.D;a'1, ODHCLIBaiOIUHX DOBe.n;eHHe , 

aTOMOB, MOneKyn, KpllCTaJIJIOB, )lJlYrHX KBaHTOBbiX CHCTeM, HMeeT .n;eno C 'laCTHUeH, 

.n;BH~eHCji BHYTPH orpanll'leHHOrO 06'LeMa, 
11
CTeHKa.Mll

11 
KOTOporo cJIY)I(aT 

3KBnnoreHunanLHble noBepxHocTH. B npoCTeiimeii 3a.n;a11e TaKoro po.n;a anann3npyercR 

.n;Bll)I(eHHe 'laCTHUbl B O.n;HOMepHOM CHnOBOM none, DOTeHUllaJILHM 3Heprm! KOTOpOro 

ODHCLIBaeTCR <i>YHKUHeH (pnc. 7.9) 
76 

U(x) 

{

0, X<O, 

U(x)= -U0 , O<x<a, 

0, a<x. 

1 I 2 i 3 X 
PHc. 7.9. Pacnpe.neneHHe noTeHUHana 

{7.59)- llCTeHUHanLHallliMa 
-Uo 

. (7.59) 

3TOT 'laCTHLIH ll .D;OCTaTO'lHO DpOCTOH CnY1JaH D03BOID!eT DOnY1JHTh xapaKTepHLie 

3aKOHOMepHOCTH DOBe.n;eHHH 'laCTHUbl B 
11
HMe". JlerKO Coo6pa3.HTL, 'lTO "HMa" (7.59) 

HBIDieTCH nepeBepHyrLIM "6apLepoM" (7 .26). CooTBerCTBeHHo, MO)I(HO YKaJaTL Ha .n;Ba 

CJIY'laR, OTnH'laiOIUHXCH DOBe.D;eHHeM 'laCTHULI: 

a) -U0 < E < 0 - 'laCTHUa "6oJITaeTCH11 B HMe, 

6) 0 < E - 'lacTHua "nponeraer" Ha.n; HMoil:. 

Ha'lHeM c nepBoro CJIY'lM. AHanorn'lHo (7.27) JannmeM pemeHne ypaBHeHHH 

IIIpe.n;nHrepa: 

w,(x)= A, ·eKX, X< 0, 

()A ;lac B -;lac O W2 x = 2 • e + 2 • e , < x <a, 

) ~ . ~~ W3(x =A3 ·e , a<x, 

k = ~2m(U0 -IEI)jn, K =~2m·IEI/n. 
B Depaoli: ll TpeTLeil: o6naCTHX MLI OCTaBHnH TOnLKO 3KCDOHeHUllaJILHO y6LIBaromne 

'IIIeHLI. fpaHH'lHble ycnoBHH, ananorH'lHo (7 .28), .n;aroT 

A1 =A2 +B2 , 

KA1 =ik(A2 -B2t 
A -KQ A ika B -ika 

3 ·e = 2 ·e + 2 ·e , (7.61) 

•• A -Ka 'k(A' ika B' -ika) 
- IV13 • e = 1 2 • e - · e . 
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B OTJIH'IHe OT (7.28) 3.D:eCb qeTI>Ipe yprumeHIDI H qeTI>Ipe Heli3BeCTHI>IX a.MimHT)'.D:I>I, 

no3TOM)' HeHynesoe pemeHne cuCTeMI>I ypasHeHuii cym:eCTByeT npu pllBHOM uymo 

.nerepMHHrurre: 

(K- ikf = (K + ikf ·e-2ika. (7.62) 

PacKpi>mrui cKo6m u npupasHHBrui .npyr K .npyry .neiiCTBHTeJII>HI>Ie qneHI>I paseHcrna u, 

He3!1BHCHMO, MHHMhle, Haii,neM 

Re => (K2 -k2 )·(1-cos2ka)= 2kK ·sin2ka, 

1m=> 2kK(1 +cos2ka)= {K2 -k2 )·sin2ka. 

JlerKo y6e.D:HTI>CH, qro o6a 3TH paseHcrna npHBO.D:HT K o,nuoMy u TOMY :>Ke ypasHeHmo 

.D:JIH k: 

HJIH 

tgka= 2kK 
1(2 -k2' 

sinka= · 2kK 
1(2 +k2. (7.63) 

3To rpauc~eu,neHTHoe ypasHeHne MO:>KHO pa3pemnTI> ornocnTeJII>HO 3Hepruu & 

qucneHHO .D:JIH Ja,naHHI>IX 3HaqeHnii napa.MerpoB qacTH~bi u HMhl. KaqecTse,H:H:brn 

aHaJIH3 npOBe,neM, BOCllOJib30BllBillHCb rpacpuqeCKHM MeTO.D:OM pemeHHH ypaBHeHIDI 

jj(&)=J2(&t (7.64) 

r.ne jj(&)=sinka, / 2 (&)= ;kK 2 , k=k(&), K=K(&). AHaJIH3 ynpomaerc.sr, ecJIH 
K +k 

ssecrn napa.Merp 

uo = ~2mUo 
li . 

Tor.na cpyu~HH./i(&) u.fi(&) MO:>KHO JanucaTh B su.ne HBHOii 3llBHCHMocrn oT k: ' 

. 2k~u~ -k2 

jj(k)= smka, Ji(k)- (7.65) 
u~ 

u npe,nCTaBHTh rpacpuqecm (puc. 7.10). KopHu kn 3TOro ypasHeHIDI (11)1 

coorneTCTBYJOT roqm nepeceqeHIDI cpyu~uii.fi(k) ufi(k) Ha puc. 7.10) ,nruoT 3Haqeulll: 

3Hepruu qacrn~hl, npu KOTOpbiX oHa MO:>KeT cym:eCTBOBaTh B HMe - ypo6HU 3Hepzuu: 
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0,5 

'0 

-o,5 

-I 

En =-U
0 

+ (knli'f 
2m · 

Puc. 7.10. rpa!jlii'IecKoe pemeHne 
ypaBHeHID! (7.64), TO'IKH nepeceqeHHli 

I<pHBLIX jj(k) H fi(k) .ll:lliOT 3Ha'IeHHJi kn 

(mo6paJKeiiLI !jlyma:nm (7.65) Mll a= I, 

U0 =20) 

(7.66) 

<l>yu~HH .fi(k) onpe.neneHa Ha UHTepBane (0, uo) u .nocrnraeT MaKCIIMYMa, paBHoro I, 
B ro~e k = u0 /.J2. 

llp11 MaJibJX uo ("MeJJKru~" HMa) qacrn~bi · Moryr Boo6me He JaxBaTI>IBaThc.sr B 

noreH~aJibHYJO HMy. OqeBu.nuo (p11c. 7.10), 3To HMeer Mecro np11 

k 1tk. 1t 
max a <-' max = Uo, T.e. Uo < -. 

2 2a 
0Tc10,na ycnoBue "MenKoii" HMhl ecTb 

1t 
Uo <-, HJIII 

2a - =U 

(7.67) 

Uo <-1 ·(rrli)2 
8m a min· (7.68) 

JrOT peJyJibTaT HMeeT HCHhlH cpll3HtfeCKHH CMhlCJI. JHepru.sz qaCTH~bl B HMe llO 

a6comornoMy 3HaqeHuro He npesocxo.nuT U0 (eM. 3Haqeulle k B (7.60)): 

/e/~U0 • 

Orc10,na, c yqi!ToM 3HaqeHHH U0 H3 (7.68), cne.nyer, qro qacrn~a ue BJie3eT B "HMy", 
ecJIH ee HMIIyJibc 

1t 1t 
P<Pmin =2·;· 
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Ta.KHM o6pa30M, H B 3TOM npHMepe COOTHOIIIeHHe HeOnpe~eJieHHOCTH KOOp~HHaTbl -

HMTIYJibCa orpaHH'IJIBaeT TO'IHOCTH O~HOBpeMeHHOrO H3MepeHWI KOOp~riHaTbl (X- a) H 

HMnyrroca ( p- Pmin -n/ a) qacTHUbi. 

YcrroBne (7.68) MO)I{HO TaiOKe cml3aTh c ~e-6poiirreBcKoii BOJIHOH qaCTHUhl, 

3aTIIICaB ero B BII~e 

_h_=A.max 
4Pmin 4 

1t 1i 
a<2· ~2mUo (7.69) 

r~e Amax - 3Ha'IeHIIe BOJIHbl ~e EpoiiiDI ~ qacTHUbi c IIMnynnCOM, COOTBeTCTBYfOIUIIM 

3Hepriiii &= Uo. TaKHM o6pa3oM, ycnoBIIe OTCJTCTBIIJI 3axBaTa qacTIIUbi B 

TIOTeHUIIaJibHYfO liMY MO)I(HO paCCMaTPIIBaTb KaK HeCOOTBeTCTBIIe An pa3Mepy JIMbl: ~e-

6poiineBCKaJI BOJIHa "He yMe.maeTCJI
11 

B TIOTeHUIIaJibHOH JIM~. 

OfMeTIIM, qro B OTJ!If'llle OT 3a){aqll 6.3 (qaCTIIUa B llOTeHUI!aJJbHOM JIIUIIKe) npe)l;eJJbHbiU 

CJJyqaii 6eCKOHeqHo 60JJbWOfO II OTpiiUaTeJJbHOfO llOTeHUIIaJJa He JIMeeT peweHIIJI: !jlopMaJJbH<l ~ 

ypaBHeHIIII lllpeAIIHrepa noliBJJJieTcll "HeonpeneneHHal!" 6ecKoHeqHoCTb. TaKIIM o6pa3oM, Hanpl!MYJO 

nepexon U ~ -ct::J (U0 ~ ct::J) B nonyqeHHOM peweHIIII np0113BeCTII He ynaeTCll. nepexon K "liiUIIKY" c 

KOHeqHQU BbiCOTOU CTeHOK np0113BOAIITCJI, KaK HeTpYAHO C006pa311Tb, 3aMeHOii 

U0 -IEI-H > o, 
lEI~ u. -o o. 

Torna B ypaoHeHIIII (7.63) npH U ~ ct::J np!!XOAIIM K ycnoBIIIO (K >> k) 

sinka"' 2!!... ~ 0, 
K 

T.e. 

ka ~ mt, n =I, 2, 3 ... , 

qro coonanacr c ( 6.21 ). 

,[(IDI BbxqiicneHIIJI K03cpqmuiieHTOB At, 2, 3 II Bz HY)I(HO pa3peruiiTb ypaBHeHIIJI 

(7.61) OTHOCIITeJibHO, HaTipiiMep, At II 3aTeM TipOII3BeCTII HOpMIIpOBKy: 

tl "' 0 a "" 

flw(x)J2 
·dx= ~Wt(x)J2 

·dx+ ~w2 (x)J
2 

·dx+ ~w3 (x)J 2 =1, 
-oo -oo 0 a 

~o II ~aeT 3Ha'IeHIIe JAd , a qepe3 Hero II Mo~yneii ocranbHbiX K03cpcpiiUIIeHTOB. 

Bnipa)l(eHIIJI ~ K03cpcpiiUIIeHTOB, nonyqruoiUIIecJI npii 3TOM, ~OBOJibHO rpoMo3~ II: 
80 

He HeCJT rnyfiOKOro cpii3II'IeCKOro CMbiCJia. 3aMeTIIM TOJibKO, ~0 B OTJIII'IIIe OT 

6ecKoHequo rny6oKoii HMbi (3a.L{aqa 6.3 o "HIUIIKe") 3~ecn y pemeHWI "oTPaCTaJOT" 

XBOCTbi BepOJITHOCTH llpiiCJTCTBIIH 'IaCTHU:bi BHe HMbi - 3KCllOHeHUIIaJibHO CTia.L{aJOIUIIe 

rfJYHKUIIII Wt(X) II \V2(X). 

6)E > 0. 

PemeHne B 3TOM cnyqae nonyqiiM, 3aMeHnB B 3a.L{aqe 7.4, 6) noTeHunanonyro 3Heprnro 

Uo Ha -Uo. CooTBeTCTBeHHo, pe3yJII>TaT.ni (7.37) ~a.L{YT HaM 3Ha'IeHIIH K03rflrflnuneHTOB 

OTPa)l(eHWI H llpOXO)I(,lleHHH ~ 'IaCTHU.bi, 
11
TipOJieTaJOIUeii" Ha,L{ HMOii. 0TMeTHM, ~0 B 

3TOM cnyqae cneKTP p 3Ha'IeHIIii 3Heprnii (IIMnyn.nca) 'IaCTHUbi HenpepbZBHbzu. TeM He 

MeHee OTPa)l(eHne HMeeT MeCTO H cr r pacTeT c pOCTOM Uo, a cr I Tia.L{aeT: 

cr - . 1 
I - . 

Uo sin2 ka ~ 0 npn Uo ~co, 

.J(.Uo +e)·e +1 

cr, = 1-cr
1

• 

(7.70) 

IJpii 3TOM llO-npe)I(HeMy HMeiOT MeCTO pe)I(HMbi 11llOJIHOii llp03pa'IHOCTH" (7.38). 

CrjlopMyJIIIpyeM OCHOBHI>Ie pe3yJI.DTaTbi paccMoTpeHHoii 3a.L{a'In: 

I) npn F. < 0 cy.mecTBYfOT, Boo6.me roBopH, ~HCKpeTHMe 3Ha'IeHnH En (7.66), 

llpii KOTOp.biX 'IaCTIIUa cy.meCTBJeT BHJTPH JIMni; MHHHMaJibHOe 3Ha'IeHne U
0 orpannqeHo ycnoBneM (7.68); 

2) npn e > 0 cneKTP pa3perueHHbiX 3Ha'IeHnii 3Heprnn HenpepMBHbiii, Ho 

BepOJITHOCTb llpHCJTCTBHH 'IaCTHU:bi BHJTPH liMb! CJIUeCTBeHHO OlpaHH'IeHa H lla.L{aeT C 

pocToM Uo: pacTeT K03rjlrflnuiieHT oTPa)l(eHnH; HCKJIIO'IeHne cocTaBIDIIOT pe)I(JfMbi 11

llOJIHoii" npo3pa'IHOCTH (7.37), Kor~a 'IaCTHUa "He 3aMeqaeT" llpHCJTCTBHH liMb!. 

JaAaqa 7.5. Haiim MHHHMaJJbHOe 3HaqeHHe noreHUIIaJJa U
0

, np11 KOTOpOM JJJeKTpoH 3axBaTbiBaCTCJi B 
"liMy" npOTJilKeHHOCTbiO a= lA. 

umin =-~--(TiC")2 
8mc2 a ---- · = 9,48 JB. 8·0,51 MJB 10-8 CM 

I (1t·3·10
1° CM/c·6,6·10- 16 JB·cJ2 

TaKHI\f o6pa3oll!, llOJJ)"'IIJJHCb snonHe "aTOMHbie" BeJJHqHHbi (cpaBHII Rsor.. = 0,529 A (2.5) 11 
t, "'-13,6 JB (2. 7)). 
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§ 7.6. HeiiTpou B rpasnTa~uounoMnoJie 

KpacnBI>IM npnMepoM KBa.HTOBa.HIDl :mepnm qacTHUbi B norenunanonoii .liMe 

HBJUieTCi! yHHKaJibHhlii 3KCnepnMeHT, B KOTOpOM BnepBhle npeUH3HOHHO H3Mepi!JlaCb 

3HepTIIi! ynoTpaxono,IUihlX neiiTpOHOB, "n;mruomnx" B rpaBnraunoHHOM none 3eMnn 

(B.M. JlymnKoB, B.H. HecBHJKeBCKHii, A.B. CTpenKOB n ;:qJ., 2002 r.). Koneqno, 

"no,n;BeCHTo" neiiTpOH n ,naTO eMy n;maTh B none 3eMnn HeB03MOJKHO. B JKcnepnMeHTe 

(pnc. 7.11) cpopMHpOBaJICi! noroK YllbmpaxollOOHbZX HeiimpoHo6 (YXH), CKopoc:Th 

KOTOphlX COCTaBJUina OKOnO 5 Mfc. ,[{JUI 3TOro nOTOK HeiiTpOHOB H3 i!,lJ;epnoro peaKTopa 

B fpeno6ne (<l>pa.HUHi!) nponycKaJICi! qepe3 3aMe,nnnreno- CJKnJKeHHDiii Bo,nopo.n npn 

reMneparype HHJKe 20 K. B pe3ynorare ynpyroro paccei!HHi! neiiTpOHOB na H,npax . 
BO)J;Opo,na - npOTOHax - B nOTOKe HeiiTpOHOB YCTa.HaBnHBaeTCi! MaKCBennOBCKOe 

pacnpe.nenenne no cKopocr.sJM, coOTBeTCTByiDmee 3Toii. reMneparype. 3areM noTOK 

XOnO,IUibiX HeHTpOHOB nponyCKaJICi! qepe3 HeHTpOHOBO,lJ;-CenapaTOp, npe,nCTaBJUIBIDHH 

co6oii Tpy6y, H30rHYTYJO B ropn30HTaJII>Hoii nnocKocTH. B 3TOM cenapampe 6DICTpble 

(xonO)J;Hhle) HeHTpOHbl nom6ann, CTaJIKHBai!Cb CO CTeHKOH Tpy6oi, a Me,nneHHbie 

(ynoTpaxono.n;nDie) OTpaJKaJIHCI>, "BoiTeKai!" qepe3 Tpy6y B o6»eM. l13m6 

HeHTpOHOnpOBO)J;a B ropH30HTaJibHOH nnOCKOCTH, a He B BepTHKaJibHOii, He06XO)J;HM 

npHHUlffiHaJibHO - B npOTHBHOM cnyqae 3aMeTHai! qaCTb ynoTpaxOnO,lJ;HbiX HeHTpOHOB 

nOnyqHT B CTOnKHOBeHHi!X CO CTeHKaMH cymeCTBeHHOe yBennqenne BepTHKaJlbHOH 

cKopocTH, ~o, oqeBn,nno, ne.nonycTHMO no ycnoBH.IIM JKcnepnMeHTa. BHYTPH o6'beMa 

ynoTpaxOnO)J;Hble HeHTpOHbl MOrYT JKHTh oqeHb ,nonro, nYTemeCTBYil OT CTeHKH K 

CTeHKe H ynpyro OTpaJKai!Cb OT HHX. qaCTb 3THX HeHTpOHOB qepe3 BbiXO)J;HOe 

oTBepCTHe "BoiTeKana" B npocTpa.HCTBO MeJK,ny "3epKaJIOM" n nornornn:neM. 

"3epKano"- creKJUIHHai! nnacrnna, omonnpoBa.HHai! .no onTIIqecKoii qncroTDI, xopomo 

OTpaJKaeT ynoTpaxono,nHDie neiiTpOHDI, n;mruomne Ha ero noBepxHOCTh no.n MaJibiM 

i\ yrnoM CKOnbJKeHIDl. BepTHKaJibHai! COCTaBJUIIOIUai! CKOpOCTH HeiiTpOHOB Mana 

6naro,napi! MeTO)J;y cpopMHpOBaHIDl nOTOKa. IJ03TOMY TpaeKTOpHi! HeiiTpOHOB - CHnoHO 

BDITi!HYTail napa6ona. IIornoTHTeno (nnacTHHa nonnJTHnena c mepoxoBaroii 

noBepxHoCThro) orpannqnBaeT BOicory napa6onOI. ,[{eTeKTop, pacnonoJKeHHbiH Ha 

BhiXo,ne (pnc. 7.II ), perncTpnpyer nonHDiii noTOK neiiTpoHoB, npoxoMmnn qepe3 

menb, 06pa30BaHHyiD 3epKaJIOM H nornOTHTenel\f. 

~ 

06t.!!McYXH 

------'''''''''''''""""""""~~ 
P11c. 7.11. CxeMa 3KcnepiiMeHTa B.H. Jlyll111Koaa, B.H. HecamKeacKoro 11 A.B. CrpeJIKoaa 

~JUI npOi!BJieHHi! KBaHTOBbiX 3cpcpeKTOB B .l{aHHOM 3KCllepHMeHTe He06XO,l{HMO, 

qm60I BpeMH nponera HeiiTpoHa qepe3 m;enb 6nmo .nocTaTOqHo BennKo, TaK ~o60I 
COOTHOIDeHHe Heonpe,neneHHOCTeif n03BOJIHJIO H3MepHTb 3Heprnro BepTHKaJibHOro 

,l{BHJKeHHi! C Heo6XO.l{HMOH TOqHOCTbiO. B 3KcnepHMeHTe 3TO BpeMi! COCTaBJii!JIO 

nOpi!,lJ;Ka I MC, ,l{JIH qero Tpe6oBanoco, ~06bi ropH30HTaJibHai! KOMIIOHeHTa HX 

CKopocru 6oma nopi!,lJ;Ka 5 M/c. 3TO .nocruranoco or6opoM (cenapaunen) 

YJibTpaxOJIO,l{HbiX HeHTpOHOB, KaK OIIHCaHO BbiiDe. 

B 3KcnepHMeHre H3MepHnaco HHTeHcnnHoc'io noroKa HeiiTpoHoB N(z), 

npoxoMmnx B .nereKTop, B JanncnMocrn or paJMepa z menn MeJK.ny 3epKanoM n 

rrornornreneM. KnaccnqecKaH MexannKa "npe.nrrncnmaer", ~o B 3TOM cnyqae 

ciJYHKUHH N(z) MOHOTOHHo B03pacraer c z (pnc. 7.I2, KpnBaH I). 3KcnepnMeHr .nan 

KaqecrneHHo HHYJO 3aBncnMocTD: cp)'HKUHi! N(z) HMena .i!pKo BbipaJKeHHDie 

"CTyneHoKH" H "nonoqKH", COOTBeTCTBYIOIUHe ,l{HCKpeTHbiM 3HaqeHHHM 3Heprnn 

BeprnKannHoro .nnnJKeHnH HeiiTpoHa (pnc. 7.I2, KpHBai! 2). PemeHne 3Maqn o 

)J;BH){(eHnn HeHTpOHa B llOTeHUHaJibHOH .liMe, o6paJOBaHHOH 3epKaJIOM H 

fpannrauHOHHbiM ITOneM {pnc. 7.13), )J;aeT 3HaqeHne 3Heprnn KBaHTOBbiX COCTOHHHH 
IIeiirpoHa B TaKoii i!Me: 

en =en (n..{,;;ng )213' n=O,I,2, ... , 
(7.7I) 
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r,ne m - Macca HeihpoHa; g- ycKopeHHe cso6o,nHoro .rra.neHIDI; Cn- 1 - lfficneHHLie 

K034JqmuHeHTLI (CM. 3a,l(a'IH 7.7 H 7.9). 3-fo Bl>IpiDKeHHe MO)I(HO 3aiiHCaTh B BH,l(e, 

II03BOIDIIOIUeM nerKO IIpOH3BeCTH Bl>I'IHClleHIDI B aTOMHbiX e.l(HHHUIDC 

en =Cnn 3 vmc2 -~ =Cnn2/3 .J938·106. 6,6·10 ·981 2/ ( ,---:; tz )2/3 ( -16 )2/3 
c 3·1010 

= 0,759 ·10-12 ·Cnn2/3 3B. 

I' v '< I n=3 
10"' 3,0 

I' ' 1 l n=2 

10"' 

1"--'f------ n = 1 

1,0 
10"'. •<I-

0 10 20 

BMcoTa menn, MKM 

Pnc. 7.12. 3anncHMoCTL nHTeHCiiBHOcru 

noToKa HeihpoHoB N(z) oT BLICOTLI menn z 

0 10 20 30 40 
BLICOTa menn, MKM 

Pnc 7.13. rpaBHTaiUIOHHaJI noTeHIU!anLHllll 

liMa Hl!JI 3epKanOM 

TaKHM o6pa30M, pa3Hocn. 3Heprnii KBaHTOBl>IX ypoBHeii BepTHKanl>Horo .l(BH)I(eHH~ 

HeHTpOHa B rpaBHTauHOHHOM none 3eMllH 

~e -1 mB 

(1 IIHK03lleKTpOHBOlll>T = 10-12 3B). CoOTBeTCTBeHHO, paCCTO~HHe no BbiCOTe Me)l(.l(y 

ypOB~H 3HeprnH 

A __ M 10-12 
U<. --- 10 mg 938·106·981·{3·10 )2~10MKM. 

t1 
3TH oueHKH xopomo cornacyxoTc~ c pe3ynoTaTaMH orrHcomaeMoro 

3KCIIepHMeHTa. 

3a,na'IH 7.6- 7.9 II03BOlliDOT nyqme IIOIDITh YCllOBH~ ,l(aHHOro 3KCIIepHMeHTa H 

IIOqyBCTBOBaTh IIOpMKH BellH'IHH B HeM. 
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3a.na'la 7.6. OueHHTL cpemn01o CKopoCTL xono.nm,Ix 
HeliTpOHOB B :JKCnepnMeHTe 

JlymnKona-HecnnJKencKoro-CTpenKona, ecnn TeMnepaTypa nOTOKa COCTaBnlleT 20 K. KaKaJI .nonll 

nOTOKa HMeeT CKOpOCTL 5 M/C? 

Jf3 paBeHCTBa 

H3XO.!J;IiM 

mv; _ !_ f = 20 K = 1,8 M:JB -2--2' 

Vr =c~ Tz =415,2M/c. 
me 

3.necL mc
2 

""939,6 M:~B - 3Heprnll noKOll HeihpoHa. flpn CKOpOCTii 5 MIC TeMnepaTypa 

ynLTpaxOnO)IHLIX HeliTpOHOB COCT3BJilleT 

T.,,.,. = mc2
( v,;,. J = 0,26 MK:JB"' 2,9 MK. 

flonHLili nOTOK XOnO.!J;HLIX HeliTpOHOB B)IOnL OCii X npn TeMnepaType T paBeH 

Ncold = jv,·f(v.}dv,Jff(vJJ(vJ·dvydv,, 
0 

r.ne 

f(v)=C·e:p{- m(v; +v: +v;)} 
2T ' 

C- KOHCTaHTa, KOTopyiO Hali.n~M B pe3ynLTaTe nmerpnpooaHnll: 

- 2nT 2 

N,o,d =C·--2-. 
m 

flepBbiH liHTerpan 6epeTCll OT H)'nll .!1;0 6eCKOHe'JHOCTII, nOCKOnLey B nOTOKe, HanpaBJieHHOM no X, 

CKOpOCTL Vx > 0 . .lJ:oniO ynLTpaxOnO,!{HbiX HeliTpOHOB B :!TOM nOTOKe Bbi'JI!Cni!M, llpOIIHTerpllpOB3B 

3HanOfii'JHO no CKOpOCTliM ynLTpaXOnO.!J;HbiX HeliTpOHOB: 

N,,.,. = •,J~, · f(v.}dv, Jff(vJ f(vJ· dvydv,. 
0 Vultra 

Y'IIITLIBall, 'ITO T.1.,. << T, nonyqnM 

Nu!tra ~2m vultra =~· ~ltn . 2 4 ( )2 
N cold 1tT2 1t T . 

,lVJll T = 20 K II Tultra = 2,9 MK :!TO .naeT .non10 YXH nopll,nKa I ,3 · I o-8. 
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la,qaqa 7.7. OueHHTL 3uaqeHHJI yposueli 3Hepnrn .lVlll ueitrpoua, 3axnaqeuuoro s rpasi!TaUHOHII)'IO 

DOTeHUHam>HYJO liMY· 

rpy6yJO oueHK)' MOlKHO noli)"'IITb, BOCnOJib30BaBWHCb pe3yJibTllTaMH 3a)l;8'1H 6.3 0 '18CTHUe B 

"Jilii,HKe". lb ycnoBHll (6.22) HMeeM CBJI3b MelK.ll)' HMnyJibCOM '18CTHII,bl (3Hepmeli yposHJI) u pa3MepoM 

"liMb!" ua 3TOM yposue: 

p.a=mth, r,lle a·mg=e •• 

0rciOJ18 

e. - (nm112hg)213 
• 

3ueprHJI nepsoro (n = 1) ypoBHJI ecTb 

( 

9 266·10-
16 

)"
3 

£:
1

- (939·10 r •
3

_
10

,
0 

·981 ,.g.1Q-13 3B=0,8 mB. 

3To COOTBeTCTBYeT BbiCOTe 

l!.z - _s_ 8 ·10-
13 

I - (3 10
10 2 

mg 939·106 ·981. • ) "'7 MKM. 

OTMeTUM, 'ITO 6onee TO'IHblll paC'IeT ,llaeT 6nH3KUe 3Ha'leHHJl e, H l!.z, (3aJJ;a'la 7.9). 

3a,!18'18 7.8. 0ueHHTb ropH30UTailbuyiO CKOpOCTb HeHYpOHOB, npu KOTOpOH MOlKHO Ha6JIIOJ{8Tb 3!jl!jleKT 

KB8HTOB8HHJI 3HeprHH HeitrpOHa B rpaBI!TaUUOHHOM none. 

lf3 COOTHOWeHHJl HeonpeneJieHHOCTeH 3HeprHH- BpeMeHH H 3H8'1eHHJI 8, (3aJJ;8'18 7.7) HaXo'):{HM 

orpaHU'Ieuue ua speMJI nponern ueitrpoua 'lepe3 meJib: 

h 66·10-16 
flt '?:. - - ' - 1 MC. e, 8·10-13 

IlpH nJIUHe menu 10 CM 3TO naeT MaKCHMaJibuyiO CKOpOCTb HeitrpOHOB $ 10 Mfc, HJIU KUHeTH'IeCKYIO 

3HeprHIO ropH30HTaJibHOro ,[{BHJKeHHJI 

mV
2 

1 (10
3

cM/c)
2 

• 939·106 3B,.0,55MK3B"'6MK. 
Go =-2-$Z· (3·101° CM/C)2 

3aJJ;a'la 7.9. HaliTH pemeHHe ypasueHHll lllpl!nuurepa nJIJI ueitrpoua, nBHJKYmerocJI sepTuKanbuo, B 

none TJiroreHHll y nosepxuocTH 3eMJiu. 

YKa3aHUe: pemeuue HCKaTb B sune pMa no creneHl!M sepYHKaJibHOit KoopnuHaTbl. 06ocuosaTb 

CnpaBenJIHBOCTb TaKOro npH6JIHlKeHIIJI. 

86 

3anumeM CTauuouapuoe ypasueuue lllpenuurepa (7.14) nJIJI CJIY'IaJI rpasuTauuouuoro nonJI: 

d 2
1j1 2m 

-=-[mgz-E:)·ljl(z). dzl hl 

3aMeuoli nepeMeHHbiX 

X=IX ·(..£.-z). IX =(.3.f_)l/3 ·(mc2

)

713 

x mg . x c•'3 h 

no ypasueHUe npeo6pa3yeTCJI K su.zzy 

d2 
dx~ +xlji=O. 

DTMeTHM, 'ITO K03!jl<!JuUHeUT ag npe,liCTasneu 1.11;cb B sune, yno6uoM nJIJI Bbi'IHcneHHJl s aTOMHbiX 
enuuuuax: 

IX = 2·98! . 939·10 = 
17 715 

M-1. ( )1/3 ( 6 )"3 
x (3 ·I O'" r/3 6,6 ·10-'6 ' 

IlOCKOnbKY Z$40MKM (puc.7.J2), TO x-5·10-4
- MaJiaJI 6e3pa3MepHaJI BenH'IHHa. Il03TOMy 6yneM 

HCKaTb ljf(X) B Bone pll,lla 

~ 

ljf(x) = L a!x! , 
!=0 (7.72) 

OfPBHH'IHBmHcb nepBbiMH 'lneHaMH pa3noJKeHHJI. KaK 6yneT DOHJITHo .llaJibme, MJI uaxoJKneHHJI 

<!JYHKUHH 1j11(x) nepsoro ypOBHJI ueo6xonHMo paccMOYpeTb PJIJI no x4 no Kpaiiueli Mepe: 

lj11 (x) "'a0 + a,x + a2x
2 + a3x

3 + a4x 4 + asxs + ... 

IIoncTaBJIJIJI 3TO BbipaJKeuue s ypasueuue JIJIJI 'l'1(x) H npupasuusaJI KoJ!jl!jluuueuTbi npu x s 
onuHaKOBbiX creneHJIX, HaitJ:leM: 

On:IO.lla 
a2 = 0 , 3 · 2 · a3 + a0 = 0 , 3 · 4 · a4 + a1 = 0, a

2 
+ 5 · 4 · as = 0 • 

al =as =0, 

H npu6nHJKeuuoe pemeuue HMeeT sun 

a3 =- ao 
6 • 

a, a=--, 4 
12 

m(x)=a +ax-a0 x3 -~x4 
"Yl 

0 
I 6 J2 

3anumeM fPaHH'IHble ycnosHJI ua creuKax noreuUHanbuoii JIMbl (puc. 7.13): 

E: ljf(x)=O npu z=O, -
mg 

On:w,lla npu z = e I mg HMeeM x = 0 u ycnosue ljl(x = 0) = 0 ,llaeT 

ynpomaeTCJI no nsyqneua 
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w,(x).,a,x(l- :~). 
rpaliH'IHOe YCJIOBHC DpH z = 0 (X = Xo "' ae I mg) .nae-r ypaaHeHHe 

a1x{1- :;)=o, 
10 pemeHHli KOTOporo TOJILKO O.I{HO HMCeT cjl!DH'ICCKHli CMMCJI: 

x0 = (12)1/3 = 2,2894 . 

Orcro.na Haxo.nHM 3Hepnno nepaoro ypoaHJI HeliTpoHa a rpaaHTalUIOHHOM none 3eMJIH: 

e, = 2,2894 mg = 1,817. (rmttg r. 
a, 

KaK MLI BH.nHM, 3TO 3Ha1JCHHC C TO'IHOCTLIO .1{0 'IHCJICHHOro K03cjlcjlHIUICHTll COrJiacyeTCll C "rpy6o 

npH6JIIDKCHHLIM" pe3yJILTIITOM 3a.l{a1JH 7.7. 

<llynKIUfll \VI(X) HMCeT O.I{HH MaKCHMyM DpH X= 3 113 
{pHC. 7.13). ,nrn. HaxOlK.I{CHHll \Vn(X) BTOporo 

H cne.nywmero ypoaHeli a pemeHHH (7.72) H}'iKHO y.neplKHBaTL ace 6onLme H 6oJILme 'IJieHoa. BoJIHoaas 

cjlynKIUfll \V.(X) 6y,neT npH6JIHlKCHHO OUHCh!BaTLCll MHOfO'lJICHaMH, HMCIOillHMH n MaKCHMYMOB Ha 

OTpC3KC {0, x 0}(pHC. 7.13). 

3KcnepHMeHT JlymHKOBa-HeCBH:>KeBCKOro-C"rpeJIKOBa HMeeT DpHHJWDHa.JILHOe . 

3HatieHHe: BnepB:oie B na6opaTopH:OIX ycnoBIDIX 3KcnepHMeHTaJI:oHo noKroaHo, 'ITO 

DOBe)J;eHHe tiaCTHUhl B rpaBHTaQHOHHOM DOJie DO,ll;l!HHXeTCX TeM :>Ke 3aKOHaM 
,, 

KBaHTOBOH MeXaHHKH, liTO H B ,ll;pyrHX BH,ll;ax <!JyH)J;aMeHTaJI:OH:OIX B3aHMO)J;eiiCTBHH. 

§ 7.7. KoaHTOBLiii ocnnJIJIHTop 

Bo MHOrHX CJIYl!axx DOBe)J;eHHe KBaHTOBO-MeXaHHl!eCKOH CHCTeMhl XOpOIIIO 

ODHChlBaeTCX MO,ll;eJI:oiO O,ll;HOMepHoro JIUHeUHOZO OCI/WIIlRmopa 

ax2 
u(x)=-, 

2 

r,11;e a.- KOHCTaHTa. 3anHCaB ypaBHeHHe lllpe,ll;HHrepa (7.14) B BH,ll;e 

ti d
2

1J1 . 2m [ax2 ] -=-· --e ·IJI(x) 
dx2 1i 2 2 ' 

(7.73) 

(7.74) 

npHBe,ll;eM ero K 6onee KOMDaKTHoii <!JopMe, )J;IDI tiero BBe,ll;eM 6e3pa3MepHhle 

nepeMeHHhle 
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X ~· 
S = Xo' Xo = v (a.m)V2' 

Eo = 2E , roo = /a. 
limo v-;;; 

(7.75: 

J!CHO, liTO ffio - TO :>Ke, liTO H 'lac_moma KJIOCCU'IeCKOZO OClfWIJIJlmopa. IJO)J;CTaHOBKl 

x=l;x0 H e=t:1iro0/2 B(7.74),11;aeT 

a2IJI ( 
fJE,2 + Eo-S2)·1J1=0. (7.76 

IJpH S ~ <Xl (1;2 >> 8) 3TO ypaBHeHHe DpHHHMaeT BH,ll; 

IJI:,- s2IJI"' = o. (7.77 

Ey,11;eM HCKaTh pemeHHe 3TOro ypaBHeHHX B BH)J;e 

IJioo(s)= A. ef(~). 

IJO)J;CTaHOBKa 3TOrO pemeHHX B (7.77) DpHBO)J;HT K ypaBHeHHIO )J;IDij{/;): 
c 

d2 f +(df)2 -1;2 = 0. 
' df., 2 df., 

PemeHHe 3Toro ypaBHeHHX 6y,11;eM HCKaTh B BH,ll;e cTeneHHoii <PYHKUHH 

J(s)= Bl;n, 

H DO)J;CTaHOBKaj{/;) B ypaBHeHHe (7.77) )J;aeT 

Bn(n -1)/;n-2 + B2n21;2(n-l) -1;2 = 0. 

HeTpy)J;Ho )J;Ora)J;aT:ocx, 'ITO BTopoe cnaraeMoe MHoro 6on:ome nepBoro, ecJIH n > 1 

1; >> 1 (T.e. 1; n >> 1). IIo::~~oMy nepB:o~ cnaraeM:oiM MO:>KHO npeHe6pel!b, 1 

npHpaBHHBax UOKa3aTeJIH CTeneHH S y BTOpOro H TPeT:Oero l!JieHOB, Haii)J;eM 

n=2, 

TaKHM o6prooM, M:OI non)niHJIH 

J(s)=± s2, 
2 

1 
B=±l. 

'l'oo(s) = A1 • e~
2/2 + A2 • e--f.

2
/2. 
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flepsoe cnaraeMOe liJH3H'ieCKH 6eCCMhlCJieHHO, T.K. npH JII06biX S (T.e. X) !IJyHI<UHH 

'l'(x) <co orpaHW~eHa, H acHMmoTHqecKoe nose.z:~eHHe (s ~co) !IJYHI<UHH 'I'(S) 

OllHCblliaeTCH BTOpbiM CJiaraeMbiM B 3TOM BbipiDKeHHH. 

TioJIHoe pemeHHe 'I' (s) 6y.z:~eM HcKaTb B BH.z:le 

'l'(s) = F(s)·e~2/2 
' (7.79) 

r.z:~e F(l;) - HeH3BecmaH !IJYHI<UHH. Tio.z:~CTaHoBKa noro pemeHHH B ypasHeHHe (7.76) 

.z:~aeT ypasHeHHe LIJ1H F(l;): 

d2F -2/;dF +{eo-1)·F=O. 
df..2 tiC. . . (7.80) 

PemeHHeM MliJ!IJepeHUHaJibHoro ypasHeHHH TaKoro BHL\a HBJUIIOTCH TaK Ha3bmaeMhle 

nOJlUHOMbl 3pMUma: 

2 dn ( 2) Hn{s)={-1)n.e~; · df..n · e~ . 

)l;a6bl He yCTpawaTb ~aTeJIH H3JIHWHe CJIOX<HOH. MaTeMaTHKOH, , npHBe.z:leM 

llOCJieL\OBaTeJibHbiH BblliOLI HCKOMOrO pe3yJibTaTa: YpaBHeHHe (7.80) co.z:~ep)IGIT BO 

BTOpOM .JneHe apryMeHT S B KaqeCTBe COMHO)IQITeJIH npH. npOH3BOL\HOH. TI03TOMY OHO 

npHHUHUHaJibHO OTJIH'iaeTCH OT JIHHeHHbiX MliJ!IJepeHUHaJibHbiX ypaBHeHHH, . 

OllHCbmaiOIIUIX nose.z:~eHHe KJiaccW~ecKoro ocuHJIJIHTopa. liy.z:~eM HCKaTb ero pemeHH:e B 

BH.z:le pH.z:~a 

( ) ~· k . ( ) -~;2 /2 ~ k 
F s = "-'Aks ' T.e. "' s = e "-'Aks ' (7.81) 

. k=O k=O 

r.z:~e A.t = const. 3HaqeHHe npe.z:~ena C}'MMhl n o6cy.z:~HM ll03)l(e. qHTaTeJlb MO)l(eT 

y6eLIHTbcH, 'ITO noJIHHOMhl 3pMHTa npHBO.z:IHT K PHLIY TaKoro BH.z:la. 

ilO.z:ICTaBHB F{/;) H3 (7.81) B (7.80) H npHpaBHHBaH K034JiiJHUHeiiTht npH S B 

OL\HHaKOBbiX CTelleiDIX, llOnyqHM 

i 
S.t =>(k+2)(k+1)Ak+2 -2kA.t+{e0 -l)·A.t =0, 

oncy.z:~a nonyqaeM peKyppeHTHyiO !IJopM}'ny L1J1H Ko34J!IJHUHeHTOB A.t 

_ 2k+l.,-e ·A 
A.t+l- {k+2){k+1) .t· 

(7.82) 

90 

OTCIOL\a cne.z:~yeT, ~o see K03<jl<jlHUHeHTbi pMa (7.81) onpe.z:~eneHbi qepe3 .z:~Be 

KOHCTaHThi - Ao H A 1: 

1-&o 
A2=-2-·Ao, 

A4 = 5~;o ·A2 = (5-eoXI-eo) ·Ao, 

A = 9-&o ·A (9-&o~5-eoX1-eo) ·A 
''6 30 4 360 °' 

3-&o 
A3=--·AI, 

6 
{7 -eoX3-eo) ·A

1
, 

As 12,.Q 
(11-&oJF -eoX3-&o) ·A

1
, 

A1 5040 

(7.83) 

TaKHM o6pa3oM, K03<jl<jlHUHeHThi Ak o6pa3YIOT .z:~sa He3aBHCHMbiX pMa, K~biH II3 

KOTOpbiX onpe.z:~eJIHeTCH qepe3 CBOIO KOHCTilHT}' Ao HJIII A1. 

HaiiLieM ycnosiie Toro, ~o IPYHI<UIIH (7.79) orpaHIIqeHa npii JII06biX 1;. 

Ko3<jl<jliiUIIeHThi pH.z:~a, KaK TOJibKO ~o BbiHCHIIJIOCb, y6bmaroT c HOMepoM k, npiiqeM 

OTHOWeHIIe 

Ak+l 2k+l-e0 2 
- { )( )~- npii k>>1,e0 • 

Ak k+2 k+1 k 
(7.84) 

TaKoe nose.z:~eHHe K03!lJ<jliiUIIeHTOB Ak eme He 03HaqaeT, ~o C}'MMa pH.z:~a (7.81) 

' 2 
KOHeqsa. )l;eifCTBIITeJibHO, npeL\CTaBIIB 3KCllOHeiiT}' el; B BHL\e pH.z:~a 

el;
2 

= i:al(si)t = ftl, 
l=O l=O £! 

(7.85) 

HaifLieM 

a n 1 1 
l+2 =--=--~- npii £>>1. 
at (£+2)! £+2 £ 

(7.86) 

CpasHIIBaH PH.z:lhl (7.85) II (7.81), BIILIHM, ~o OHII IIMeiOT OL\HHaKOBbiH BHL\, ecnii 

2£ = k (pM (7.85) - pa3JIO)l(eHIIe no 1;2). A Tor.z:~a H3 (7.86) II (7:84) cne.z:~yeT, ~o 

COOTHOWeHIIe y K03<jl<jlHUIIeHTOB pMa (7.85) npii 60JibWHX £ TO )l(e, ~0 H y 

K03<jl<jliiUIIeHTOB pH.z:~a (7.81), T.e. 

F(s)~e'~~
2 

npH n~co. 

H, COOTBeTCTBeHHO, !IJYHI<UHH (7.81) HMeeT aCIIMllTOTHK}' B BH.z:le 3KCllOHeHTbi OT. /;
2 
/2: 

'l'(s) ~ c · e~;2 12
, ecJIH n ~ co , 
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T.e. 3Ta $}'HKIUUI HeOrpaHHqeHHO B03paCTaeT rrpH ~ ~ oo. Ilo3TOMY e,ZJ;HHCTBeHHI>IH 

B»IXo.n;- o6opBaTh PM (7.81) Ha HeKoTopoM k = n, rroTpe6oBaB 

An+2 =0, HJIH 2n+l-E=0. (7.87) 

Orcro.n;a, c Y'JeTOM o6o3Ha'IeHHii (7.75), Haxo,ZJ;HM B03MO:HCHb!e 3Ha'leHWl 3Hepzuu 

KBaHmoeozo OClJWlJIJlmopa (pHc. 7.14): 

E =limo ·{2n+1), 
n 2 

&, U(x) 
U(x) 

&3 

limo 1 '< I • ) 
-

0 X 

n=0,1,2, ... 

Puc. 7.14. YpoiHH 3Hepnm 

KB3HTOBOro OC!lHJIJIJITOpa 

(7.88) 

YpOBHH :meprnH KBaHTOBOrO OC~HlliDlTOpa 3K6UOUcmaHmHbl, T.e. OTCTOHT .n;pyr OT 

.n;pyra Ha O,ll;HO H TO )J(e paCCTOHHHe: 

tJ.e = 1iroo. (7.89) 

H e~e o.n;Ha oco6eHHOCTh crreKTpa :meprnH KBaHTOBoro oc~HlliDlTopa- KOHe'IHM (He 

paBHM HylliO) MHHHManl>HO ,ll;OIJYCTHMM 3Heprnx: 

/iro0 eo=--. 
2 (7.90) 

Ee, no HOMepy HH,ll;eKca n = 0, HaJ»maroT Hy11eeoii 3Hepzueii KBaHToBoro oc~HlliDlTopa. 

To, 'ITO lO > 0, rro,ll;'IepKHBaeT KBllHTOBDtii xapaKTep oc~HlliDlTopa - 3TO cne.n;cTBHe 

£f!OTHOmeHHH Heorrpe.n;eneHHOCTeii: ITpH l(J = 0 (p0 = 0) KOOp,ll;HHaTa OC~Hpyro~eii 

'IaCTHIUJ CTllHOBHTCH Heorrpe.neneHHo 6onnmoii (3a.n;a'Ia 7.10). 
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Jatt3'13 7.10. OueHHTh MHHHM3JlbHO B03MOlKII)'IO 3Hepnno KB3HTOBOro OCllHJIJiliTOpa, nOJib3YliCb 

COOTHOWeHHeM HeonpeJteJieHHOCTeii. 

3anuc3B 3Hepnno ocuHJIJiliTOpa 

H nO)tCT3BHB CJOJtB 

Haif;J;eM, 'ITO MHHHM3JlbHOe 3HB'IeHHe 8(x) 

JtOCTHraeTCJI npH 

HpBBHO 

p2 ax2 
e=-+--

2m 2 

h h 
p= !J.x -~, 

h2 ax2 

e(x)=-· -+-
2mx2 2 

x=(~f 

emin = h~ "'hro •• 

Mnl IJOllyqHnH, 'ITO BOllHOBI>Ie !fl}'HK~HH KBllHTOBOro OC~HniDlTOpa HMeiOT BH,ll; 

\Vn(~)=Cn ·e-r,
2

/
2 ·Hn(~), (7.91) 

r.n;e Hn(~) - llOllHHOMDI 3pMHTa, KOTOpnie MOryT 61>ITI> npe,ZJ;CTaBneHDI B BH,ZJ;e psma 

(7.81) C K03!fl$H~HeHTaMH (7.82), (7.83). 

KoHCTllHThi Cn B (7.91) onpe.n;eiDliOT H3 ycnoBHH HOpMHpOBKH (6.17). 

33it3'13 7.11. Bbi'IHCJIHTb BOJIHOBbie <j>yHK!lHH KBBHTOBOfO OCllHJIJiliTOpa )tJill eyneBOfO H JtByx nepBbiX 

ypoaHeit 

TipH n = 0 pllit (7.61) COJteplKHT BCero OJtHH 'IJieH - KOHCTBHTY A0, KOTOpYJO BKJIJO'IaeM B C •. 

3anHC3B 

lj/
0
(x)=C ·e-•'/2x~ 

0 ' 

H3 ycJIOBHll HOpMHpOBKH HBXOJtHM (KOHCT3HTB Ao BKJIJO'IeHa B C0): 

I 1
2 ~J -x'/xJ C I 12 C0 e dx=v1tx0 • C0 =1, 

I 
!Col= (~x.t · 
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IlpH n = J HMeeM &HaJIOrH'IHO 

3 
e, = 2/iro., 

IlpH n=2 

ljl 1 (x)=C,·~-e-•'fz·~ 
X ' 0 

li 
lc.l= (~x.r · 

82 =%1iro0 , ljl2(x)=( A2 {~ J + Ao }c2 ·e-<'h·~ =(2 ;; -l}C2 ·e-•'/zxJ. 

3AeCL yqreHLI coornomeHllll .Mll A2 H A0 (8.63) H KOHCTaHTa A0 BKJIIO'IeHa a C2• 113 YCJIOBIDI 

HOpMHpOBKH H&il,zi.eM 

l =ICJ·x0 }{4~ 4 -4~2 
+l}·e-t' ~ =jC2 1 2 ·(3-2+l~x0 , 

lczl 
(2~x.r · 

OKo~aTenLHO HMeeM 

n = 0, e =limo 
2 • 

n=l, 
31iroo 

e-~-. - 2 

n = 2, e = 51iroo 
2 • 

J -•'/2x~ 
ljl.(x)= (~x.r ·e • ' 

.J2 X -x'/lxo ljl 1 (x)=~·x0 ·e , 

\V1tXo J ( 2 ) -x'/2xJ 
l ~-l·e • ljlz(x)= (2~x.t. x~ 

(7.92) 

IloBe.l{eHHe lljl(x)l
2 

.MJI nepBLIX TpilX ypOBHeii: {pHC. 7.15) OTplllK&eT rJiaBH)'IO OC06eHHOCTL BOnHOBOH 

cllYHKIUIH KB&HTOBOro OCI.IHJIJIJITOpa: 

lljlo(x)j:,. =_I_~ ~X npH x=O 

1\j/,(x)j:,. = A ' 
e·~x npH x=±x 

~ II 0 

•• 

lljl
2
(x)l:.. = 2~x;· x=O, 

~ l ~ el/2 c , x=± ~ v1tXo 2, 

T.e.'IHCJIOMaKCHMyMOB lljl(x)l
2 

paCTeTKaK n+J. 

38JI&'Ia 7.12. 3neKTpOH COBepmaeT MaJILie KOne63Hllll BMH3H 1.1empa CHMMeTpHH CHCTeMLI, COCTOllmeii: 

H3 .l{Byx MeTaJIJI~eCKHX mapos pliJUIYCOM R = 0,5 CM, noMell.leHHLIX B CHJILHOe Mannrrnoe none, 

HanpasneHHoe B.l{OnL npllMoli, coeJ{HHli!OII.Ieli 1.1empL1 mapos (pHc. 7 .16). Haii:rn paccrollHI!e MelKJIY 

ypoBHJIMH :mepnrn TaKoro oCI.IHJIJillTOpa .Mll :meKTpOHa, Kone6momerocll CTporo B.l{onL :noii: npllMoli 
/ . w 

(MarHHTHoe none HCKJIJO'IaeT cMemeHHe nonepllK). IloreHI.IIIaJILI o6oHX mapos V= 100 KB, paccrollHHe 

MelKJIY HX 1.1empaMH 2r = 4 CM. 

0TcJO.l{a 

a) llj/o(x)ll 

--" 1 ._ ~Xo 

lMi 
-J372 J372 

·XIXo 

6) II\ 11!1\1' 

__ll_W_L ~Xo 
-l I 

P11c. 7.15. <llyHKI.IllH lljl.(xW KB&HTOBOro OCI.IHJIJiliTOpa.Will n = 0 (a), l (6) 112 (6) 

IloreHI.IIIaJILH&ll :meprnll 3neKTpOHa a none mapos pasHa 

U(x)=(-e)·VR·(-'1-+-1-):-eV · 2R ·(I+~). 
r+x r-x r r2 

2eVR a=---, ro 0 = 
r 

~- 0,5 ·3·10'0 ""1,5·10' c-• (!. ""25 Mf1.1); 
0,51·106 8 

.1.& = 1iro0 "" J0-7 3B. 

B y 
~ 

( ("') I ' ( • ) X 
X 

r 
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~aHHblli npHMep UOKaJLIBaeT, qro B MaKpOCKOilH'leCKHX CHCTeMax KBaHTOBaHHe (D.HCKpeTHOCTb) 

ypOBHeli :mepnm OCUifJIJiliTOpa npOHCXOD,HT CO CTOnb ManbiM rnaroM, qTO 3TOT 3cpcpeKT cna60 

cKaJLIBaeTCll Ha noseD,eHHH CHCTeMbi - cneKTp npaKTuqecKH HenpepbiBHhlli. 

rJIABA 8. OTIEPATOPLI B KBAHTOBOH MEXAHHKE 

§ 8.1. OnepaTophl Koop.r.uuaTLI u HMDYJILca 

BepoHTHocrnru~ HHTepnpeTaD;llil '1'-<flYHKU:HH nOJBOIDieT pa3BliTb 

MaTeMaTH'leCKHH <fJopMa.JJHJM, CyiiJ;eCTBeHHO o6rrei"'IaiOID;IIH pa3JIH'IHhie KBaHTOBO

MeXaHH'leCKHe Bhl'lllcrreHHH- Me moo onepamopoB. 

Ha'IHeM C npOCTen:mero C.JIY'frul O.Z.HOMepHoro .Z.BH)KeHHH, Kor.z.a COCTOHHHe 

'laCTHU:hi orincl.mael'c»: <f!YHKD;Heii 'I' (x, t) 11 ·Hac HHTepecyeT cpe.z.Hee JHa'leHne 

KOOp.Z.HHaThi 'laCTHD;hl B MOMeHT BpeMeHH (. B COOTBeTCTBHH C Onpe.z.erreHHeM 

cpe.z.Hero :na serrH'IHHa eCTh 

I· oo 

(x)=Jx·dP(x)= Jx·lw(x,t)l2 
·dx. 

0 --oo 

3TOMY Bhlpa)KeHHIO MO)KHO np~aTh B~ 

. 00 

(x)~ Jw*(x,t):x·w(x,t)·dx. (8.1) 
--oo 

flOCMOTpHM, 'ITO nO.JIY'IHTCH npH TaKOM no.z.xo.z.e npH Bhi'IHCJieHHH Cpe.z.Hero 3Ha'leHHH 

HMnyJihca. 3annmeM 

00 

(p) = Jw*(x, t)· p · w(x, t)· dx. 
--oo 

B qaCTHoM CJIY'J:ae cso6o.z.Hoii 'laCTHU:hi, Kor.zia 

cnpaBe~BO paBeHCTBO 

w(x, t) =A. eiCPx-•t)l", 

- iii OljJ = P'l' • ax 
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(8.2) 

ITo:noMy ~ cso6o.z.Hoii qacTHU:hi-BOJIHhi HMeeM 

(Prree) = f \V•(x, t )(-in~)· \jl(x, t )· dx. 
-oo ax 

(8.3) 

3To CBOeo6pa3Hrul 11 IIO.Z.CKaJKa", B KaKOM HarrpaBJieHHH crre.z.yeT 
11
HCKaTb

11
• 

,lle:il:CTBHTeJihHO, B 06In;eM CJIY'J:ae BOJIHOByiO <fJyHKD;IIIO \!f(X, I) MO)KHO. npe.Z.CTaBHTh B 

BH.Z.e cynepii03HD;HH MOHOXpOMaTH'leCKHX BOJIH .z.e DpOHIDI - HHTerpa.JJa <l>ypbe ( 4.19): 

00 

w(x,t)= Jwp(p)-ei(px-£1)/fldp. (8.4) 
-00 

QqeBH.Z.HO, 'ITO 

in aw!~ t) = 1 'I' p (p). p . ei(px-£1 )/h . dp . 
--oo 

YMHO)KIIM :no paBeHCTBO crreBa Ha w*(x, t}, 3aTIHCaB :ny <PYHKU:HIO B rrpaso:il: qacTH 

paBeHCTBa B BH.Z.e HHTerpa.JJa <l>yphe (8.4) (y'ITH rrpH 3TOM, 'ITO 3KCnOHeHThl C Et/n B 

noKaJaTerre BJaHMHO COKpaTHTCH): 

1 w*(x, t){ -iii :.x }~(x, t}-dx = 

00 00 00 

= Jdx Jw~(p'}-e-ip'x/hdp' J\jl P(p"}·e;p"x/li p" ·dp". 
-oo -co -00 

3aTeM IIpOHHTerpnpyeM nOJIY'J:eHHOe paBeHCTBO no X. QqeBH.Z.HO, HHTerpa.JJ no X OT 

IIp0113Be.z.eHHH 3KCnOHeHT .z.acT, COrJiaCHO ( 4.16), 21t · o(p' - p"). I1HTerpHpy»: .Z.a.JJee no 

p",rrorryqHM 

}w· {-in :x) ·'I'· dx = 21t }p' ·1\!f p(p'}j
2 
dp'. (8.5) 

Mhi norryqnrrn cpaJy .z.sa peJyJihTaTa. Bo-nepBbiX, <PYHKU:HH \V P (p} rro CMhicrry 

(eM. 8.4) ecTh BepoRmHocmHa.R UMnyllbCHa.R pyHK!JWl, T.e. serrH'IHHa jw P(p)j
2 

·dp 

rrporropu;noHa.JJhHa sepoHTHOCTH o6Hap~HTh JHa'leHHe HMrryrrhca 'laCTHU:hi, paBHoe p 

B HHTepBa.JJe Op. flOJTOMY Bhipa)KeHHe B rrpaBOH qaCTII (8.5) eCTh cpe.z.Hee 3Ha'leHHe 
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IIMIIYJThCa 'laCTIIQI>I (p). 0CTilJIOCI> TOJThKO pa.3o6paThCH C HOpMIIp(>BKOH. 0Ka.3J>IBaeTCH 

( CM. 3a,naqy 8.} HIIJKe ), 'ITO IIOllHaH BepOHTHOCTh paBHa e,l{IIHIIQe, eCJIII 

dP(p)=21tl\jll·dp. 

Bo-6mopb1X, cooTHomeHIIe (8.5) ].{aeT cnoco6 BJ>NIICJieHIIH cpeiJHezo 3HatteHUJl 

w.myllbca: 

(p)= ]w·( -iii :x }w(x,t)·dx. (8.6) 

TaKIIM o6pa.30M, ].{aHHoe BJ>IpaJKeHIIe cnpase].{1IIIBO B o6IQeM cnyqae, a He TOJIJ>KO ].{JIH 

11
CB060].{HOH

11 
'laCTIIQJ>I. 

33,ll;3'13 8.1. Bbi'IIICJIIITb HOpMHpOBO'IHblit K03<IJ<!JIIII,IIeJIT B BblpiDKelJIIII .!I)IJI sepOliTHOCTII 3Ha'leHIIJI 

IIMny1ibC3 

dP(p)=c·lljiX ·dp. 

floTpe60BaB BbiJJ011HeHIIJI YC110BIIJI HOpMHpOBKII 

fdP(p)=1, 

nO]ICTaBIIM B Hero 1j1 P (p), IICn01ib30B3B o6paTHOe <!Jypbe-npeo6p330B3HIIe: 

1 00 

'l'p(p)= Zlt_!'l'(x}·e-'~"'' ·dx. (8:7) 

MHOlKIITe1ib e"-' B nOC1ieJIYIOUUIX Bb!K113,li;Kax MOlKHO onyCTIITb, T.K. OH He IIOJJ:BepraeTCJJ 

IIIITei'pl!pOB3HIIIO II B33IIMHO COKpamaeTCJJ C KOMll1JeKCHO-COnpJJlKeHHb!M eMy MHOlKIITe1JeM. 3aiTHWeM 

1 = c_n'V l dp ~4~2 _1dp_11j1(x'}-e-ipr'f•dx'. _!'V·(x"}·e'pr"f•dl;. 

flpOIIIITerpiipyeM no p npOII3Be]leHIIe 3KCnOHeJIT, AH3110rii'IHO TOMy, K3K 3TO C]le113HO llpH BbiBO]Ie 

(8.5), npHJillM K 0-<!JyHKIJ,IIH, renepL 3ro Ilk....: x•). TipoiiiiTerpiiposao 3areM no x: HaitJ\eM 

1 =.£. 00 

21t · Ji'V(x W dl; = .£. 
-oo 21t' 

0TeyJI3 C = 21t, II 

{p)=21t fp·l'l'p(p)j2 ·dp. (8.8) 
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IlpoBe].{eHHoe paccMoTPeHIIe He'fPY}.{HO pacnpOCTPaHIITh Ha TPeXMepHolli 

CJiyqaH - 'IHCJIO HHTerpanOB IIpOCTO YTPOIITCH. 

IlpoBe].{eHHJ>ll a.HaJIII3 II03BOIDieT BBeCTII IIOIIHTIIe K60ilm060-MeXOIIU'leCKUX 

onepamopo6: 

onepaTop KOOp].{IIHaThi x = x, (8.9) 

. ·n a 
onepaTop IIMnYJIJ>Ca Px = -z -, ax (8.10) 

p = -ili'V. 

B o6meM cnyqae IIO].{ onepaTOpOM i IIOHIIMaiOT HeKOTOpbiH CIIMBOJI, 

IIOKa.31>1BaiOIQIIH, KaKIIM CIIOC060M O].{HOH <l>YHKUIIII <p(x) COIIOCTaBJI.lleTCH ].{pyraa 

<l>YflKUIIHJ(x). 3TO conocTaBJieHIIe 3aniicJ>maerc.H B BII].{e YMHOJKeHIIH i Ha <p(x): 

f(x)= L<p(x). 

OnepaTOp, cooTBeTCTBYIOIUIIii HeKoTopoii <l>II3II'lecKoii BeJIII'IIIHe, o6o3HatJaeTCH Toil: 

JKe 6YKBOH, 'ITO II CaMa :na BeJIII'IIIHa, HO CO 
11
illJI.liiiKOH

11 
Ha,l{ HeH. 

Ilepsoe IIpiiMeHeHHe OIIep~TOpOB yJKe OIIIICaHO BJ>Ime: ].{JIH Bbi'IHCJieHII.li 

cpe].{Hero 3HatJeHIIH <l>H3IItJecKoii BeJIII'IIIHI>I L HyJKHo no].{eiicTBoBaTJ> onepaTOpoM, 

COOTBeTCTBYIOIQIIM 3TOH BeJIII'IHHe, Ha \jl-<l>yHKUIIIO cornacHO npaBIIJIY (8.6): 

"" (L(t )) = fw*(x, t )· iw(x, t )dx. (8.11) 
-oo 

IloKa Mbl paCCMOTPeJIH ].{Ba CJIYtJaH TaKHX onepaTOpOB - ].{JI.ll KOOp].{HHaTbl H ].{1IH 

m.myn~>ca. 

MeTO].{ onepaTOpOB 6biJI BBe].{eH B KBaHTOBYIO MeXaHHKY B nepHO].{ ee 

CTaHOBJieHIIH M.liopHoM H H. BIIHepoM(M Born, N. Wiener, 1926r.). 

§ 8.2. OnepaTop 3HeprHH 

IlOBTOpHH npHeM, IICUOJTh30BaHHbiH npH "yra,nb1Ba.HHH
11 

BblpaJKeHH.li ].{JIH 

onepaTOpa HMnyJThca (eM. (8.2), (8.3)), 6e3 TPY].{a Haii].{eM BblpaJKeHHe ].{JIH onepaTopa 

3Heprnn: 
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e =iii .E._ at· (8.12) 

,l(oKaJaTenLCTBO ero crrpaBe,WIHBOCTH B o6meM cnyqae TO"'HO IIOBTOp»eT rrpo.nenmmoe 

Bbiiiie ,l(llH OIIepaTopa IIMJIYllbCa: B BbipiDKeHIUD{ (8.4), (8.5), (8.8) H)')KHO IIpOCTO 

rrpo113BecTH 3aMeHbi p ~ -E, x ~ t. TaKHM o6paJoM, 

(E{t))= 1 'l'•(x,t){ili! }'l'(x,t)dx. (8.13) 

' . 

§ 8.3. OnepaTop raMHJibTOHa H ypaoueuue illpeJ).HHrepa 

Mcrronh3YH orrepaTOpHhle o6o3HatieHHH, 

lllpe.l(HHrepa (6.15) a Bll,ne 

r.ne aen11~nmy 

iii 8\jl ;_ ii . "' , at 
J• 

•2 
fi=l!._+U 

2m 

MO)KHO 3aiiiiCaTb ypaBHeHIIe 

(8.14) 

(8.15) 

HaJhiBaiOT onepamopoM TaMWlbmona, 11Ji11 ZaMWlbmonuanoM. OH HBAAeTCH KBaHToao: 

MeXaHII'leCKIIM aHanOrOM orrepaTOpa, BBe,l(eHHOrO · B KnaCCII'leCKOH MeXaHIIKe 

B. faMIIllbTOHOM (W.R. Hamilton, 1834 r.). CooTBeTCTBeHHo, MHorne 

Bhl'IHClliiTellbHble IIplleMbi, pa3BHTbie B KnaCCII'leCKOH MeXaHIIKe, rrepeHOCHTCH B 

KBaHTOBYJO, r,ne TaK Ha3hlBaeMbiH i?aMWlbmOH06 popMa!IU3M OKaJMCH IICKlliO"'HTellbHO 

rrno.noTBopHLIM. Ero aKTHBHoe IICIIOllh30BaHIIe BhiXO.l(IIT 3a paMKH .l(aHHoro xypca, 11 

IIpiiBe,l(eHHble 3,l(eCb CBe,neHIIH IIMeiOT uenbiO ,naTh 'IHTaTelliO HeKOTOphle 061I(He 

rrpe.l(CTaBlleHHH 0 MeTO.l(ax KBaHTOBOH MeXaHIIKH. 

§ 8.4. CoocToeunLie ciJyHKl{HH u co6croeunLie JuaqeunH onepaTopoo 

.BbipiDKeHHH II IIplleMbl THUa "yra,naTh", 11UO,l(CKaJKa" II T.II., IICIIOllb30BaHHbie 

Bhlllle, OTHIO,l(b He 03Ha'laiOT, 'ITO HeT Heo6XO,l(HMOCTH B CTPOrOM o60CHOBaHIIII BCero 

MaTeMaTH'leCKOrO anrrapaTa KBaHTOBOH MeXaHIIKH. TeM ·He MeHee 113llO)KeHIIe, 

npoae,neHHOe Bhnne, nyqme II03BOllHeT IIOqyBCTBOBaTh !1>11311'leCKyro (npllpO,nHYJO) 

OCHOBY KBaHTOBbiX HBlleHIIH II IIOHHTb nornxy OCHOBaTene:H: :noif HaJKH. Jli060IIbiTHO, 

'ITO pa3BIITHe MaTeMaTH'leCKOro annapaTa 3a'laCTyro IllllO napannellbHO C pa3BIITIIeM 

aHallOrnlffihiX paJ,nenoa B MaTeMaTHKe, a · IIHor.na 11 onepe)l(ano nocne,nHee. Tax 

o6CToHno .neno, HarrpiiMep, c npHMeHeHIIeM IIHTerpanbHbiX li>YP~>e-npeo6paJoBaHIIH, a 

,neni>Ta-!l>YHKnHH, aae,neHHaH ,l(11paxoM, aoo6me .nonroe apeMH He np113HaBanacb 

MaTeMaTHKaMII. lf llHIIIb B KOHUe 40-X IT. Ha'lallll IIOHBllHThCH pa60Thl, UOCBHII(eHHbie 

CTPoroii MaTeMaTHtiecxoii Teop1111 ,nenLTa-pYHKUIIII. BnpotieM, no.no6HM "IICTOpHH" 

npOClle)KIIBaeTCH Ha npOTH)KeHIIII BCero pa3BIITIIH !1>11311KII II MaTeMaTHKII, II 

!l>opMMII3M, K OIIIICaHIIIO KOTOpOrO Mhl CeH'laC nepeif,neM, HBllHeTCH pe3yllbTaTOM 

IICClle,l(OBaHIIH, BbiiiOllHeHHbiX B MameMamu'leCKOU pU3UKe. 

Bbnue Mbl CBH3allll cpe,nHee 3Ha'leHIIe !1>11311'leCKIIX Bellii'IIIH X, p, E C 

HeKOTOpbiM BbipiDKeHIIeM, co,nep)Kaii(IIM pe3ylloTaT B03,l(eHCTBIIH Ha '1'-li>YHKUIIIO 

(eM. (8.11)). AHanorntiHo MO)KHO noiTaThc» HaHTII BbipiDKeHIIe, no3BOMIOII(ee 

onpe,neniiTh 3HatieHIIe !1>11311'leCKOH Bellii'IIIHhl B COCTOHHIIII \jl(r, t) . Hanp11Mep, B 

3a,l(a'le 6.3 0 'laCTHUe B HII(IIKe IIpll ,neHCTBIIII onepaTOpa IIMIIYllbCa (8.10) Ha 

BOJIHOBYJO !l>YHKUIIIO 'laCTHUhl (6.21) IIOHBllHeTCH IIMIIYllbC po: 

-iii :x {sin p 0x) =:= -ilip0 ·cos p0x . 

3To oqepe,nHaH no,ncKaJKa. M .neiicTBIITenbHO, pa3BIITIIe MaTeMaTII'lecxoro arrrrapaTa 

np11aeno K rroHBnemno rroHHTHH co6cm«eHHblX pyHK!fUU onepaTOpoa: 

, i'l' = L'l'. (8.16) 

3,nech 'I' - TaK HaJbiBaeMaH co6cTBeHHaH li>YHKniiH orrepaTopa i , apryMeHT xoiopoii 

3aBIICHT OT BH.l(a orrepaTOpa. BH.l( CaMOH li>YHKnllll B CBOIO oqepe,nb 3aBllCIIT OT 

HU'IaJlbHblX II zpaHU'IHblX ycnOBIIH. Tax, B 3a,l(a'le 6.3 IICIIOJib30BaHbl rpaHIIlffibie 

YCllOBHH Ha CTeHKax HII(IIKa (6.20). 

IlapaM~ L, KOTOpoill HaxO,nHM, pernag ypaBHeHIIe (8.16), HaJbiBaeTCH 

co6cmaeHHblM 3Ha'lenueM onepamopa i. CooTBeTCTBeHHO, yPaBHeHIIe (8.16) 

HaJhlB!liOT ypaanenueM Ha co6cm6eHHble 3Ha'leHW! onepamopa i . B 3a,l(a'le 6.3 Mbl 



nonyqwrn Ha6op co6CTBeHH.biX 3Ha'leHHH (6.22) onepaTopa HMIJYn.bca qacmQ.bi B 

HmHKe: 

(n) 1tli 
Po =n-. 

a 
(8.17) 

BIDKH.biM CBOHCTBOM co6CTBeHH.biX lPYHKQHif .liBIDieTC.ll HX opmoHopMupoBaHHocm&: 

b 

J \jl:(x )· \jlm(x)dx = 3mn, (8.18) 
a 

r~e {a, b} - HHTepBan, Ha KOTOpOM onpe~eJieH.bl lPYHKQHH, 3 mn - CHMBOJI KpoHeKepa 

(L. Kronecker, OK. 1860 r.): 

{
0, m:F-n, 

3mn = 1, m=n. (8.19) 

HeTpy~o npoBepHTh, 'ITO \jl-«lJYHKQH.ll (6.23) y~oBJieTBOp.lleT ycnoBmo (8.18): 

~ J sin~. sin m1tx . dx = _..!__ [sin(n + m); + sin(n- m );]!;=" = 3mn. 
2 0 a a 1t n + m n- m 1;=0 

CBoifcTBo OPTOHOpMHpOBaHHocm HMeeT BIIOJIHe onpe~eneHH.biH lPH3H'IeCKHH CM.bicn. 

PaseHCTBo Hymo HHTerpana (8.18) npH n :F. m, Ha3.biBaeMoe opmozoHaJZ&Hocm&ro 

lPYIIKQHH Ha (npe3Ke {a, b}, 03HaqaeT He3aBUCUMOCmb COCTO.liHHH m H n, a paseHCTBO 

' 
:noro HHTerpana e~HHHQe IIpH n = m eCT.b He 'ITO HHOe, KaK YCJIOBHe HOpMHpOBKH 

(6.17). M.bJ OrpaHH'IHMC.ll 3~eC.b O~HOMepH.biM CJiy'laeM. 

IJpHH.liTO TaiOKe rOBOpHT.b, 'ITO pemeHHe 3~a'IH Ha C06CTBeHH.ble 3Ha'leHH.ll 

onepaTOp~ (Hn~- ypasHeHH.ll .lllpe~~Hrepa) B B~e lPYHKQHH \jl(r, t) . .liBIDieTC.ll 

np~~c~asneHHeM B npocmpaHcmBe T<oopouHam, a pemeHHe B «iJopMe 4Jyp.be-o6pa30B 

\jJ p(p) (8.6)- npe~CTaBJieHHeM B w.tnyllbCHOM IIpOCTPaHCTBe. 

MaTeMamqecKoe B.bipiDKeHHe npHHQHna cyneprro3HQHH ecT.b pa3JIO)J(eHHe 

JI106oro 'lacmoro pemeHH.ll ypasHeHH.ll lllpe~Hrepa rro co6cTBeHH.biM «iJYHKQH.liM 

O!lepaTOpa faMHJI.bTOHa (B KOTOpOM IIOTeHQHan U(r) 3~aH YCJIOBWIMH KOHKpeTHOH 
,! ,. ' v 

3~a'IH). Jf3 IIpHHQHIIa cynepii03HQHH CJie~eT CBOHCTBO JIHHeHHOCTH KBaHTOBO-

MeXaHH'IeCKHX orrepaTOpoB: 

i(c,cp, + C2cp2)= ic,cp, + ic2cp2 = c,icp, + c2iCfl2, (8.20) 
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r~e Cfli H Cfl2 - 1IpOH3BOJI.bH.bie lPYHKQHH, C1 H C2 - IIpOH3BOJI.bH.bie IIOCTOHHH.ble 

(IIOCTO.liHH.ble 'IHCJia MOryT B.biHOCHT.bCH H3-IIO~ 3HaKa ~eHCTBH.ll orrepaTOpa). ,[{pyroe 

BIDKHOe CBOHCTBO orrepaTOpOB CJie~eT H3 TOro «iJaKTa, 'ITO cpe~Hee 3Ha'leHHe JII060H 

«lJH3H'IecKoii BeJIH'IHH.bi L HBIDieTCH BemecTBeHH.biM 'IHCJIOM: 

(L) = (L}*. (8.21) 

3arrHCaB B.bipiDKeHH.ll ~ cpe~UX 3Ha'leHUH qepe3 HHTerpan OT BOJIHOBOH lPYHKQHH 

a) 

(L(t))= J\jl"(x,t)·L\jl(x,t)dx 

H B.bi'IHCJIIIB KOMIIJieKCHO-COIIpH)J(eHHOe 3Ha'leHHe 

(L(t )) • = (I\jl"{x, t )· L\jl(x, t )dx )" = _l\jl(x,t )i:\jl "(x,t )dx, 

H3 paseHCTBa (8.21) HaxO~JIM 

J \jJ • i\jltix = J \jli* \jJ • tix. 

OrrepaTOp.bi, y~oBJieTBopxromHe paseHCTBY ~JIH rrpomBOJI.bH.biX lPYHKQHH Cfli. q>2, 

' Ha3.biBaiOTCH CaMOCOnpR;JK:eHHblMU, lillll 3pMUmOBbiMU: 

fcpt icp2tix = fcp2i" cp,· tix. (8.22) 

3aA3'13 8.2. I10K333Tb, 'ITO C06CTBeHHble «jlyHKitHH CaMOCOnplllKeHHOfO onepaTOpa liBJiliiOTCll 

OpTOfOHaJ!bHbiMU. 

IlycTh ljl. n \jim - ABe p33JIH'1Hble co6cTBeHHble «jlyHKitHH caMoconpliJKeHHoro onepaTopa L, 

TOfA3 OHH YAOBJieTBOpliiOT CJieAY!OinHM ypasHeHUliM: 
A A 

Llj!. = L.W. n Lljl,. = L,.ljl,., (8.23) 

rAe L. II Lm - p33JIH'1Hble semeCTBeHHble qncna. IlonyqHM ll3 nepsoro ypasneHmi ero KOMIIJieKcHo

conplllKeHHOe: 

L'w: =L.w:. (8.24) 

YMHOlKHM BTOpoe ypaBHeHUe (8.23) CJieBa H3 ljl: II Bbi'ITeM ll3 Hero ypasHeHne (824), yMHOJKeHHOe 

cnesa na ljl,.: 

w:iw,. -w .. i'w: =(L., -L.)·w:w ... 
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Tipomrrerpnpoaaa o6e '!aCTII 3TOro ypaaHeHHJI no aceli o6naCTH HJMeHeHHJI nepeMeHHhiX, noli)"'HM 

i1 

Jw:iwmdx- Jwmi'w:dx=(Lm-L.)· Jw:wmdx; (8.25) 

B CHJI)' caMoconpl!lKeHHOCTll oneparopa neaaJI qacn. (8.25) pasHa eymo, cneJloaareni>Ho 

(Lm -L.)· Jw:wmdx=O, 

OTK)'Jla H3 ycnoBHJI L. * Lm cneeyer oproroHanbHOCTh II'• H \lim· 

3ana'la 8.3. OnpeJlenHTh cpeJlHee 3Ha'leHne $H3H'!ecKoli aenH'IHHhi, OnHChiBaeMoli caMoconpl!lKeHm.IM 

onepaTOpOM L , B COCTOliHHH C BOnHOBOli clJyHKIU!eli, 3anaHHOli B BH)le 

N 

w = :Lc~wk> (8.26) 
k•l 

rJle IV t - co6cTBeHHhle clJYHKIU!H oneparopa i . 

BMpiDKeHHe (8.26) npeJlCTaBnlleT co6oli pa3nolKeHHe uonHoaoli clJyHKIU!H u pl!Jl no 

co6CTBeHm.IM clJyHKnHJIM onepaTopa i . .l(nll npomaonbHOli clJyHKIU!H IV BMpiDKeHHJI Mll 

K03$$HnHeHTOB pamolKeHHJI MOryT 61>ITb noll)"'eHbi YMHOlKeHHeM neaoli H npaaoli 'laCTH (8.26) Ha 

co6CTBeHHyiO clJYHKnHIO w1' c nocneJlYIOmHM HHTerpnpoaaHHeM no aceli o6naCTH onpeJleneHHJI 

BOnHOBOli $yHKlUIH: 

N N 

Jw~·wdv = Jw,':Lc~wkdv =:Let Jw~·wkdv. 
l•l hi 

B CHJI)' OpTOHOpMHpOBaHHOCTH C06CTBeHHbiX clJYHKlUili CaMOCOnplllKeHHOrO onepaTopa BCe HHTerpanbi B 

npaaoli qacTH Jroro paueHCTBa o6pamaiOTCll B eynh, KpOMe OJlHoro, y KOToporo k = I. B pe3yni>TBTe 

HMeeM 

c, = Jw,'wdv. (8.27) 

CpeJlHee 3Ha'!eHHe aenH'IHHbi L HaxOJlHM no onpeJleneHHIO 

(L}= Jw'iwdV= J:Lc;wk':LC1L1w1dV, 
k I 

r)le L1 - cooTBeTCTBYIQmHe co6CTBeHHhle '!Hcna. TioMeHliB MeCTaMH nopMOK CYMMnpoaaHHJI H 

HHTerpHpOBaHHJI, nOJI)"'HM 

(r} = :L:Lc;c,r, Jwk·w~dv = :Licl L~, 
k I I 

r)le nocne)lHee paaeHCTBO cneeyeT H3 CBOliCTBa opTOHOpMHpOBaHHOCTH C06CTBeHHhlX clJYHKlUili. 

0Tci0Jla CTBHOBHTCJI nOHJITeH $HJH'IeCKHli CMblcn K03$$HIU!eHTOB Cb onpeJlenlleMbiX BbipiDKeHHeM 

(8.27): IC11
2 - 3TO aepoJITHOCTh Toro, 'ITO npn HJMepeHHH BenH'IHHbi L Mhi noli)"'HM 3Ha'!eHne, 

paaHoe L1• 
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§ 8.5. KoMMyraTop onepaTopos H cooTnomeunn ueonpeAeJienuocTeii 

flpii IIJMepeHIIII HeKOTOpOil: $IIJII'leCKOH xaprucrepiiCTHKII KBaHTOBO

MeXaHII'leCKOH CIICTeMbl MOiKHO llOJI)"'HTh lliillib JHa'leHIIe, xnmnomeeCH O)lHIIM II3 

co6crneHHbiX JHatieHIIil: cooTBeTCTByromero orrepaTopa. B cn)"lae, Kor.na CIICTeMa 

HaxO)liiTCH B COCTOHHIIII C BO!IHOBOH 4JyHK~IIeii, COBlla)laiOmeii C O)lHOll II3 

co6CTBeHHbiX lPyil~IIll orrepaTopa IIJMepHeMOll Benii'IIIHbl, II 3TO COCTOHHIIe He 

BbipO:lK.IJ;eHO (T.e. )laHHOll co6CTBeHHOll lPYIIK~IIII COOTBeTCTBYeT e)liiHCTBeHHOe 

co6CTBeHHOe JHatieHIIe ), IIJMepeHIIe MO)KeT 6b!Th rrpoBe_neHO CO CKOllb yrO.nHO 

Bb!COKOH TO'IIIOCTbiO. TipiiHHTO rOBOpiiTh, 'ITO rrpii 3TOM IIJMepHeMaH BelliitiiiHa IIMeeT 

onpe.neneHHOe JHatieHIIe. Tipii IIJMepeHIIII .nnyx II 6onee nenii'IIIH Ka:lK.!l;aH IIJ HIIX 

MO)KeT IIMeTb onpe_neneHHOe JHa'leHIIe, ecnii BOllHOBaH lPYH~IIH CIICTeMbl HBMeTCH 

O)lHOBpeMeHHO C06CTBeHHOH lPyil~IIell orrepaTOpOB COOTBeTCTByiOmiiX Benii'IIIH. 

HanpiiMep, .nM .nnyx nenii'IIIH L H M BOllHOBaH lPYHK~IIH .non)I(Ha o.nHonpeMeHHO 

y_nonneTBOpHTh .llBYM ypanHeHIIHM: 

L'P = L'P, 

MP=M'P, 
(8.28) 

r.ne L II M- HeKOTOpbie co6cTBeHHbie· 'IIICna. Tor.na B ciiny niiHeiiHOCTII onepaTOpOB 

BblliOllHHIOTCH H cne.nyiOmiie paBeHCTBa: 

M"(iqJ )= M(LqJ) = LMP = LMP' 

i(MP)=i(MP)=MiqJ =MLqJ, 

OTKy.na cne.nyeT 

(M"i-iM"}v =0. (8.29) 

OrrepaTOp (Mi - iM) HaJbiBaeTCH K6aHm060-MexaHuttecKoii cKo6Koii IIyaccoHa IInii 

KOMMymamopoM onepaTOpon M II i II o6oJHatiaeTcH 

(M"i-iM)= lM".ij. (8.30) 

OnepaTOpbl, KOMMYTaTOp KOTOpbiX paneH Hynro, HaJbiBaiOTCH KOMMymup}'IOlqUMU. 

TaKIIM o6pa3oM; .nne $IIJIItiecKIIe nenntiiiHbi MOfYT 6biTh OJlHOBpeMeHHO TO'IIIO 

HJMepeHbl TOllbKO B TOM CJI)"lae, ecnii COOTBeTCTByiOmiie IIM onepamopbl 
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KOMMymupy10m ,npyr C ,npyroM. 3TOT pe3ym.TaT n03BOJUieT Clj>OpMyJrnpOBaTh 

o6o6~eHHbie coomomeHIDI Heonpe,neneHHOCTeH JJ;JUI mo6biX nap lj>H3HqecKHX 

xapaKTepHCTHK KBaHTOBO-MeXaHHqeCKOH CHCTeMbl, KOTOpoe npHWITO 3aDHCbffiaTh B 

cne.zzyro~eii l)>opMe: 

(8.31) 

CTpornii BhmOJJ; H JJ;eTanLHbrli aHaJrn3 noro coomomeHIDI BbiXOJJ;HT 3a paMKH ,naHHoro 

KYPCa. 

3ll.ll:3'13 8.4. Onpe,lleJIIITb KOMMYJ'3TOp onepaTOpOB KOOp.lUfH3TLI H COOTBeTCTByiDmel! npoeKUHH 

HMnyJibCa. 

B BblpiDKeHne JVU1 KOMMYJ'3TOpa (8.30) nOJlCTaBHM BblpalKeHHll (8.9), (8.10) ll nonel!CTByeM HM 

Ha HeKOTOpyro BOJIHosyro clJYHKUIIIO: 

(-ilix~+in~x \v =-ilix~'¥ +in~(x'¥)= in'¥, ax ax)' ax ax 
OTKY.ll3 nOJIY'I3eM 

[x,p,]= in. 

AHanorH'IHO JlJill npyrnx npoeKUHl!. CnenosaTeJibHO, onepaTOpbl KoopnHHaTLI H coOTBeTCTByromel! 

npoeKUHH HMnyJibCa He KOMMYTHPYJOT, 3TO 03Ha'laeT, 'ITO COOTBeTCTByromne clJH3H'!eCKHe BeJIH'IHHbl He 

MOryT O.lUfOBpeMeHHO HMeTL onpeneneHHble 3Ha'leHiiJI. Q6paTl!M BHl!M3HHe, 'ITO, nOJlCTBBHB 

nOJIY'IeHHOe 3H3'1eHHe KOMMYT3T0pa B (8.31 ), nOJIY'Il!M CJie.llyromee COOTHOWeHHe JlJill 

Heonpe,lleJieHHOCTel! KOOpJlHH3Tbl H HMnyJibCa: 

n 
Ap·!:u~-. 

2 

KOTOpOe OTJIH'I3eTCll OT COOTHOWeHIDI (5.3) MHOlKHTeJieM 1/2. BBHJlY HeCTpOroro 3H3K3 HepaBeHCTBa 

HaJIH'!He 'll!CJIOBOro MHOJKHTeJill nopl)JlKa eJU{HHII,bl He HrpaeT cymeCTBeHHOl! pOJill npH OUeHKax no 

nOpliJlKY BeJIH'Il!Hbl. B CaMOM o6meM BH,lle COOTHOWeHHe HeonpeneJieHHOCTel! JVU1 K00pJlHH3TLI ll 

i 
(1 HMnyJibC3 MOlKHO 3anncaTL B BH,lle Ap • f:u ~ yn , r,lle 'll!CJIOBOl! MHOJKHTeJib y onpeneJilleTCll 

KOHKpeTHbiM BMOM orn6aromel! BOJIHosoro naxeTa. ~ BOJIHOBoro naKeTa c rayccosol! orn6aromel! 

3TOT 'll!CJIOBOl! MHOJKHTeJib MHHHMaJieH H JlOCTHraeT 3H3'1eHiiJI 1/2 . 0.lUf3KO Bnepsble COOTHOWeHne 

Heonpe,lleJieHHOCTel! 6biJIO CclJOPMYJIHpOB3HO fefueH6eproM B 1927 r. HMeHHO B clJopMe (5.3), H B T3KOl! 

clJopMe OHO npHBOJU{TCll B 60JibWHHCTBe yqe6HHKOB no KB3HTOBOl! MeX3HHKe. 
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3ana'la 8.5. lloKalaTL, qyo cpenHee 3Ha'leHne clJH3H'!ecKol! seJIH'IHHbi cosnliJI:aeT c co6CTBeHHbiM 

3H3'1eHHeM COOTBeTCTByromero onepaTopa, eCJIH BOJIHOBall clJyHKUHll Cl!CTeMbl COBnanaeT C OJlHOl! lll 

co6CTBeHHbiX clJyHKUHl! JTOro onepaTOpa. 

YMHOlKl!B o6e qaCTH paseHCTBa (8.16) cnesa Ha IJI' (x, t} n nponHrerpnposaB no x, Hal!AeM 

~ ~ 

(L(t}) = JIJI'(x, t}· i ·IJI(x, t}dx = L J!IJI(xW dx = L. (8.32) 

3TOT pe3yJILTaT 6e3 Tpyna pacnpocTpaiDieTcll H Ha Tpi!XMepHbil! CJIY'Ial!. TaKHM o6pa30M, cpenHee 

3H3'1eHHe clJH3H'!eCKOl! BeJIII'IHHbl, KOTOpOl! COOTBeTCTBYeT onepaTOp L , B COCTOliHllll, OOl!CbiBaeMOM 

co6CTBeHHol! clJyHKUHel! JTOro onepaTopa IJI(r, t)!. cosnanaeT c co6CTBeHHbiM 3Ha'leHHeM onepaTopa, 

COOTBeTCTByiDmHM 3TOl! C06CTBeHHOl! clJYHKUl!ll. 

§ 8.6. flpOH3BOAHbiC onepaTOpOB DO BpeMeHH 

B pg,ne 3a,naq KBaHTOBOH MeXaHHKH, r,ne Tpe6yeTc.ll onpe,nenHTb npomBOJJ;HYJO 

no BpeMeHH KaKOH-llH60 Bell~HHbi, y,no6HO BOCnOllb30BaTbC.ll 3HaqeHHeM 

npOH3BOJ);HOH no BpeMeHH KBaHTOBO-MeXaHHqeCKOrO onepaTopa, COOTBeTCTByiD~ero 
~ 

:noii lj>H3HqecKoii BenHqHHe. Haii,neM TaKOe 3HaqeHHe .nn» BeKTopa onepaTOpa L 

(HaH6onee o6~HH cnyqaii) H3 coomomeHH.ll (8.32), cBH3biBaiO~ero onepaTOp c ero 

C06CTBeHHbiM 3HaqeHHeM. ,AHI)>4JepeHnHpyH (8.32) no BpeMeHH, nonyqaeM 

-= -·L·\JI+\jl -\jl+\jiL- ·dV, ai {mv· ~ . ai ~. mv] 
dt at at at 

\j1 = \jl(r' t ). 

I1HTerpan OT BToporo cnaraeMoro B cKo6Kax ,naeT cpe,nHee 3HaqeHHe qacTHOH 

npOH3BOJ);HOH no BpeMeHH BellHqHHbl L : 

ai -__ I .aL at - \j1 at · \j1 • av . 

3Ta npoH3BOJJ;HaH paaHa Hymo, ecJrn L .RBHO He 3aBHCHT oT BpeMeHH. 

llpOH3BOJJ;Hbie BOllHOBbiX IJ>YHKnHH 3anHilleM, BOCnOJI1>30BaBillHCb ypaBHeHHeM 

IllpeJJ;Hmepa B l)>opMe (8.14): 
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' { A ] ' .:. di i A 0 0 ~ 0 ~ A 0 ai L =-=- (H 'I' ). (L\jl)- \jJ LH\jl +'I' -'I' · dV. 
dt n at (8.33) 

KpyrJILIMH CK06K8MH o603Ha'IeHO, Ha KaK}'IO H3 !f>YJIKUHH ,l:leHCTBYeT orrepaTOp B 

CK06KaX. 

IlpeJK,~:~e '!eM rrpo.nBnran.cx .nam,me B aHaJIH3e IIOJiy'IeHHoro BblpiDKeHHH, 

Bbll!CHHM BIDKHOe CBOHCTBO orrepaTopa faMIDibTOHa. ,[{nlf>lf>epeHUHpyx YCJIOBHe 

OPTOHOpMHpOBaHHOCTH BOJIHOBbiX !f>YJIKUHH (8.18) ITO BpeMeHH H IIO,l:ICTaBJIHH OIDITh 

3Ha'!eHHH IIpOH3BO,l:IHOH \jl-!f>YJIKUHH H3 ypaBHeHHH IJ1pe,l:IHHrepa, HaH,l:leM 

0=! J\jJ:\jlmdV = {~:"'I'm +\jln ~m JdV =i J[(li•\jl:)·\jlm -\jJ:(H\jlm)].dV. 

Y'IHTI>rnax, noB rrepBoM cnaraeMoM orrepaTop H" .neiicTBye-r'roJILKO Ha '1':, Ho He Ha 

\jim, rrepeCTaBHM COMHOJKHTeJIH H, COKpaTHB 06IUHH MHOIKHTeJib i/fi, IIOJiy'IHM 

f'l'mH•\jJ:dv- J\jJ:H\jlmdV = 0, 

IDIH 

J\jJ:H\jlndV = f'l'nH"\jJ:dv. (8.34) 

CpaBHHB · :noi- pe3yJILTaT c ycJIOBHeM (8.22), Bll,l:IHM, no onepamop FaMWlbmOHa• 

R«JIJlemcR CaMoconpJl;JICi!HHblM, WIU 3pMumo«bZM. 11crroJIL3YH IIOJIY<JeHHoe CBOHCTBO 

orrepaTOpa faMHJibTOHa, rrpeo6pa3yeM BbipiDKeHne (8.33). Ilpn 3TOM yneM, no 

if>YHKUHIO L\jl MOJKHo paccMaTpnBaTb KaK KaKyro-To HHyro if>YHKUHIO, KOTopax MOJKeT 

"nrpaTb ponb" if>YHKUHH 'l'n B ycnoBnn 3pMHTOBOCTH (8.34). Tor.na rrepBoe cnaraeMoe B 

(8.33) MOJKHO rrpeo6pa30BaTb: 

f(li•'l'• ).z'l'·dV = ( L\JI }(li•\JI• )·dV = f\JI"(Iii\JI).dv. 

B rrocne,l:IHeM paseHcTBe KaK pa3 n ncrroJib30BaHo ycnoBne (8.28). Ilo.ncraBHB 3TOT 

P~YJibTaT B (8.33), Haxo,l:IHM 

.:. ; • [ A ~ ~ A J . ar L =- f\JI · HL-LH ·\jJ·dV + h -·\jJ·dV. 
li & (8.35) 
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Mbl IIOJIY'JHJIH BblpiDKeHHe, KOTOpoe ITO lf>opMe COBIIa,l:laeT CO .cpe,l:IHHM 3Ha'IeHHeM 

HeKOTOpOH lf>H3H'!eCKOH BeJIH'IHHbl (cpaBHH C (8.32)). 3TOH lf>H3H'!eCKOH BeJIH'IHHe 

COOTBeTCTBYeT OIIepaTOp, 3a,l:laHHbill BbipiDKeHHeM B CK06Kax B (8.35). KpoMe TOro, 

comacHo (8.32), ecJIH lf>n3H<JecKax BeJIH'IHHa nMeeT orrpe.neneHHoe 3Ha<JeHne, TO 

cpe.nHee 3Ha<JeHne cooTBeTCTByroiUero orrep<l:Topa pasHo ero co6cTBeHHOMY 3Ha'IeHHIO: 

llo3TOMY 

t =(i). 
(}rcro,l:la MOJKHO 3aKJJIO'IHTb, 'ITO ( l) -OIIepaTOp IIpOH3BO,l:IHOH orrepaTOpa L ITO 

BpeMeHH OIIHCbiBaeTCH BblpiDKeHHeM B CK06Kax B (8.35). A HaC HHTepecyeT He 

"orrepaTop rrpoH3BO.LIHOii", a "rrpon3BO.LIHaH orrepaTopa"! Ho B KBaHTOBOH MexaHnKe 

orrpe,l:leJieHHOe 3Ha'IeHHe, KaK Mbl 3HaeM, HMeiOT TOJibKO cpe,l:IHHe BeJIH'IHHbl. ll03TOMY 

ecTeCTBeHHO IIpHHHTb, 'ITO ,l:IJIH JII060H KBaHTOBO-MeXaHH'!eCKOH BeJIH'IHHbl HMeeT 

MeCTO paseHCTBO 

(~~)"= !(Z) (8.36) 

(eM. TaKJKe [2], § 9). TaKHM o6pa3oM, Mbl rrpnmnn K BI>mo.ny, no KaK cpe.nHee 

3Ha'!eHHe IIpOH3BO,l:IHOH OT L , TaK H rrpOH3BO,l:IHaH OT cpe,~:~Hero 3Ha'!eHHH L 
OIIHCbiBaiOTCH O,l:IHHM H TeM JKe OIIepaTOpOM 

dL = ai +!...{Iii-iii}. 
dt at . n . 

(8.37) 

BTOpoe cnaraeMoe B 3TOM BblpiDKeHHH - KOMMYTaTop orrepaTopoB H n L . 

33.1(3'13 8.6. OnpeAeJIIITb npOIOBO,liHhie DO BpeMeHH OneparopoB KOOpAHH3Thl H COOTBeTCTBYIOilleil 

npoeKUHH HMnym,ca • 

BBH,lly roro, 'ITO oneparopLI KOOp,liHH3Thl H npoeKUHH HMnyJILCa He 33BHCIIT liBHO OT BpeMeHil. 

oneparopLI llX DpOH3BOAHhiX HMeiOT BHA 
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' { A ] ' .:. di. i A • • ~ • ~ A • ai. L =-=- (H 1J1 ). (LIJI) -ljl LHIJI + 1J1 -ljl • dV . 
~ h & (8.33) 

KpyrJihlMII cKo6KaMII o6o3Ha'1eHo, Ha KaK}'lO 113 iflYHKlliiH .neiicTBye-r orrepaTOp B 

CK06KaX. 

flpe)K,l{e '1eM IIpO.l{BIIraThC.II ,l{aJibille B aHaJIII3e IIOJIY"'eHHOrO BbipiDKeHH.II, 

Bhl.IICHHM BIDKHOe CBOHCTBO OIIepaTOpa raMHJibTOHa. ,lzyJ:!fl!flepeHQHpy.ll YCJIOBIIe 

OpTOHOpMIIpOBaHHOCTH BOJIHOBbiX $)'HKQIIH (8.18) IIO BpeMeHII II IIO.l{CTaBJI.II.II OII.IITb 

3Ha'1eHII.II IIp0113BO.l{HOH ljl-!fl)'HKUIIII 113 ypaBHeHir.s:IIIpe,niiHrepa, Haii,neM 

0= ~ Jlji:IJimdV = { ~: ·IJim +IJin ~m JdV =i J[(.H•Iji:)·IJim -lji:(HIJim)].dV. 

Y '111Thma.s:, "'TO B rrepBOM cnaraeMOM orrepaTOp .H• .neiicTBye-r TOJibKO Ha IJI: , Ho He Ha 

IJim, IIepeCTaBIIM COMHO:lKIITeJllf II, COKpaTHB OfiiQIIH MHO:lKIITeJib ifh, IIOJIY"'IIM 

fiJimH•Ijl:dv- Jlji:HIJimdV = 0, 

IIJIII 

Jlji:HIJindV = JIJinH•Ijl:dv. (8.34) 

CpaBHIIB 3TOT pe3yJihTaT c ycJIOBIIeM (8.22), BH.l{IIM, "'TO onepamop FaMwt&moHa• 

Jl6JIJlemcJl CClMOCOnpJl:J!Ci!HHblM, WIU 3pMUm06b!M. l.fCIIOJlb3Y.II IIOJIYYJ:eHHOe CBOHCTBO 

OIIepaTopa raMIIJlbTOHa, IIpeo6proyeM BbipiDKeHIIe (8.33). Tip11 3TOM YYJTeM, "'TO 

$)'HK!llUO f.ljl MO:lKHO paCCMaTPIIBaTh KaK KaK)'IO-TO IIH)'IO !flyHKQIIIO, KOTOpa.s: MO:lKeT 

"11rpan, ponb" iflYHKQIIII IJin B ycJIOBIIII 3pMIITOBOCTII (8.34). Tor.na rrepaoe cnaraeMoe B 

(8.33) MOxaiO npeo6pa3oBaTb: 

J(H•IJI•). LIJI· dV = ( LIJI} (.H•IJI•). dV = JIJI•(HLIJI). dV. 

B rrocne.nHeM paaeHCTBe KaK pro 11 IICIIOJib30BaHo ycnoa11e (8.28). Tio.ncTaBIIB 3TOT 

pe::ym.TaT B (8.33), Haxo,niiM 

.:. j [A~ ~A] .aL L =- fiJI• · HL-LH ·IJI·dV +fiJI -·ljl·dV. 
h & (8.35) 
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Mbl IIOJIYYJHJIII BbipiDKeHIIe, KOTOpOe IIO !flopMe COBIIa,l{aeT CO Cpe,nHIIM 3Ha'1eHIIeM 

HeKOTOpOH !fl11311'1eCKOH BeJIII'1HHbl (cpaBHII C (8.32)). 3TOH !flll311'1eCKOH BeJIII'1HHe 

COOTBeTCTByeT OIIepaTOp, 3a,l{aHHblii BbipiDKeHIIeM B CK06Kax B (8.35). KpoMe TOro, 

COrJiaCHO (8.32), eCJIII $11311'1eCKa.ll BeJIH'1HHa IIMeeT OIIpe,neJieHHOe 3Ha'1eHIIe, TO 

cpe,nHee 3Ha'1eHIIe cooTBeTCTB)'IOIIIero orrep~TOpa paaHo ero co6cTBeHHOMJ 3Ha'1eHIIIO: 

TI03TOMY 

t =(i). 
Orc10,na MO:lKHO 3aKJII0'111Tb, "'TO ( z) - orrepaTOp rrpo113BO,nHoii orrepaTOpa i. no 

BpeMeHII OIIIICbffiaeTC.II BblpiDKeHIIeM B CK06Kax B (8.35). A HaC IIHTepecyeT He 

"orrepaTop rrpo113BO,nHoii", a "rrpo113BO,nHa.s: orrepaTopa"! Ho B KBaHToaoii MeXaHIIKe 

orrpe,neJieHHOe 3Ha'1eHIIe, KaK Mbl 3HaeM, IIMeiOT TOJibKO cpe,nHIIe BeJIII'1HHbl. TI03TOMY 

ecTeCTBeHHO IIpiiH.IITb, "'TO ,l{Jl.ll JII060H KBaHTOBO-MeXaHII'1eCKOH BeJIII'111Hbl IIMeeT 

MeCTO paaeHCTBO 

(~;)'= !(Z) (8.36) 

(eM. TaK:lKe [2], § 9). TaKIIM o6prooM, Mbi rrpiiiiiJIII K Bhmo,ny, "'TO KaK cpe,nHee 

3Ha'1eHIIe IIp0113BO,l{HOH OT L, TaK II IIp0113BO,l{Ha.ll OT Cpe,nHero 3Ha'1eHII.II L 
OIIIICbiBaiOTC.II O,l{HIIM II TeM :lKe OIIepaTOpOM 

dL = ai +i{.Hi-i.H}. 
dt at.h -

(8.37) 

BTOpoe cnaraeMoe B 3TOM BhlpiDKeHIIII - KOMMJTaTOp orrepaTOpoa H 11 L . 

3aAa'la 8.6. QupeAemiTL npOll3BOAHbie DO BpeMeHH onepaTOpOB KOOpAHHaTbl H COOTBeTCTByJOmeil 

upoeKUHH HMnynLca • 

BBHAY TOro, 'ITO onepaTOpbl KOOpAHHaTbJ H npoeKUIIH HMnynLCa He 3aBHCliT liBHO OT BpeMeHII. 

onepaTOpb! HX npOll3BOAHb!X HMeJOT BRA 
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-~ 
(l 

dX i [• ·] -=-Hx 
dt h ' ' 

riP. = .!}fi . 1 
dt h~ •Pxf 

PacnmneM KOMMyrarop oneparopoa raMI!JJbTOHa H Koop.QHHaThl: 

[ii ·] tt
2 a2 

tt2 a' ,x =--·-·x+Ux+x·-·--xU 
2m ax' 2m ax' 

a2 a' a 
H C }"'eTOM roro, 'ITO ax' X =X ax2 + 2 ax , fi0.1I}"'HM 

• ·] tt' a [ii,x =--;;;·ax' 
'ITO fiOCJie fiO,IlCTaHOBKH B (8.38) ,llaeT 

dX = Px 
dt m 

AHa.JIOIWIHO AJIJI npoHJBO.IlHOli npoeKIU!H HMnyn~>ca MOJKHO non}"'HTb• 

dP.=_au 
dt ax 

(8.38) 

(8.39) 

(8.40) 

,lVui cpe.QHHX 3Ha'IeHHli KOOp,llHHaThJ H npoeKUHH HMnynoca MOlKHO 3anHCaTb cne,llYJOIUHe ypaBHeHHJI: 

(dx) = (p,)' 
dt m 

(d::)=- ~-
flo «!>opMe OHH COBUa,llaiOT C KnaCCH'IeCKHMH ypasHeHHJIMH ,llBHJKeHHJI 'IaCTHUbl B fiOTCHIU!a.JibHOM 

none U. 3ro COBUa.JieHHe He CJI}"'aliHo: Bb!paJKeHHJI (8.39), (8.40) JIBnJIIOTCJI 'IaCTHMMH C.1I}"'aJIMH 

meope.Mbl 3peH¢ecma (P. Ehrenfest, 1927 r.), cornacuo Koropoli cpe.QHue 3Ha'IeHHJI KBaHTOao

MexaHH'IeCKHX BenU'IHH fiO,Il'IHHJIIOTCll 3aKOHaM KnaCCH'IeCKOli MeXaHHKH. 

<f>OpMaJIH3M, H3JIO)J(eHHbiii: B 3TOM naparpaliJe, fiy,lleT HCllOJib30BaH HIDKe B 

aHaJIH3e pa3JIWIHbiX clJH3Hqecr<Hx CHTYaQHH. 
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r JIABA 9. CIIMMETPIIII B TIPIIPO,L(E 

§ 9.1. OnepaQHH uusepcuu u cnMMeTpnH sonuosoii r~JynKQHH 

OnepanHeif HHBepCHH KOOp,llHHaTHOH CHCTeMbl, HJIH npOCTpaHCTBeHHOro 

( 3epKaJIDHoro) OTPa)J(eHIDI, Ha3hlBaiOT npeo6pa30BaHHe 

r ~-r, x~-x. y~-y. z~-z. (9.1) 

flpH 3TOM K~rui KOOp,llHHaTa TOqr<H npOCTPaHCTBa MeHSieT 3HaK, T.e. llpeTepneBaeT 

3epKaJIDHoe OTPa)J(eHHe (pHc. 9.1). floBe,lleHHe BOJIHOBOH clJym<UHH npH Tar<oii 

onepaQHH xapaKTepH3YeT O,llHO H3 clJYH.llaMeHTaJibHbiX CBOHCTB KBaHTOBOH CHCTeMbl, 

KOTOpYJO 3Ta BOJIHOBrui clJYHK~HSI OllHCbmaeT - ee C60UCm60 CUMMempuu. Jh CaMbiX 

o6mHX coo6pa)J(eHHii MO)J(HO YKa3aTb ,llBa KJiacca BOJIHOBbiX IPYHK~HH ("TPeTbero He 

,llaHO"): 

X 

z 

cUMMemputtHbze, 'l'(r)= '1'(-r}, 
aHmUCW.fMempU'IHble, \jl(r) = -\jl(-r ). 

(x,y, z) 
(z')l··. 

i r' 
j 
I 

(y) y ll • F-. /·:·····~r-~ -:+;-~~---
y' \(X ~~---·- ··-···'}' 

//';-. ______ ·····~· 

z' 

Puc. 9.l.Jf3MeHeHHe KOOp,llHHaT npH onepauuu HHBepCHH (npOCTpaHCTBeHHOro OTpaJKeHHll): 

x' = -x, y' = -y, z' = -z', 

r' = r, a· =1t-9, cp' = 1t+cp 

Ill 

(9.2) 

(9.3) 



§ 9.2. OnepaTop uu'nepcuu 

Mo)l(HO BBeCTII orrepaTOp, rrpOII3BOMlll1Iii orrepaumo IIHBepCIIII. Ero rrpiiiDITO 

o6o3Ha'Ian. fi}'KBoii P ( OT aHrJI. parity- 'IeTHOCTh ). ITo orrpe~eJieHIIIO 

P'if(r)= Plif(-r), (9.4) 

r~e P- co6cTBeHHoe 3Ha'IeHIIe onepaTOpa IIHBepcnii. HeTpy~Ho coo6pa31In., ~o 

~V(r) = f>(f>~V(r)), 
'ITO B CBOIO oqepe~h ~aeT 

f>(f>'V(r))= P(P~V(- r)) = P(P~V(- r))~ p 2'V(r). · 
TaKIIM o6pa30M, 

P2 =I, P=±I. (9.5) 

<l>II31I'IeCKHH CMhiCJI :noro pe3yJihTaTa IIO~H O'IeBII~eH (eM. (9.2)): 

P = +I .wur CHMMeTpii'IHhiX "'YHKUIIii, 
. '±' . (9.6) 

P =-I .wur aHTIICIIM~eTpii'IHhrx. IPYHKUIIii. 

CoorneTCTBeHHO, CIIMMeTpii'IHhle IPYHKUIIII npiiHHTo Ha3hiBaTh 'JemHblMU, a 

aHTIICIIMMeTpiiqnhle - He'JemHblMU. 

§ 9.3. 3armu coxpauennH qeTuocTn u ero uapymeuue 

,[{eiicTBIIe onepaTopa qeTHOCTII Ha ypaBHeHIIe lllpe~IIHrepa 

Pjitz mv = -~. ~'V(r, t )+ u(r)· 'if, at 2m 

HpiiBOMlllee K IIHBepCIIII 3HaKa KOOp~IIHaT, He II3MeHHeT 3HaKa JlaiiJiaCIIaHa: 

• • • 3 a2 
P~r ~-r, P·~, =Pl:-

2 
=~_,. 

i-1 ax; 
Coj:nBeTCTBeHHo, ypaBHeHIIe npHHIIMaeT BII~ 

itz mv(-r) = -~-~'V(-F, t)+u(-r)·~V(-F, t). at 2m 

(9.7) 

(9.8) 

ECJIII ¢YHKlfUJl nomeHljUCI.!lbHOU 3Hepzuu CUMMempwma, T.e. U(r) = u(-r), TO, KaK 

BII~Ho II3 (9.7) II (9.8), BonHoBhre !lJYHKUIIII 'V(r,t) II ~V(-r,t) no~HHIOTcx o~oMy 

II TOMY )l(e ypaBHeHIIIO. fi03TOMy, eCJIH, HaiipiiMep, rrpii t = 0 CHCTeMa, OIIIIChiBaeMaH 

lif-!lJYHKUIIeif, CHMMeTpnqna, T.e. 

'V(r, o)= ~V(-r, o1 
TO :na CHMMeTpiiqnocn. coxpaHRemcR co BpeMeHeM: 

~V(r, t)= ~V(-F, t). (9.9) 

EcJIH )l(e U(r) ~ U(- r ), COCTOHHHe Ha'IaJihHOH CHMMeTpiiii, BOofime rOBOpH, He 

COXpaHHeTCH CO BpeMeHeM. 

B Kaqecrne rrpiiMepa CIICTeMhl C pa3HhiMII 'IeTHOCTHMII COCTOHHIIH MO)l(HO 

rrpiiBeCTII KBaHTOBhiH OCUIIJIJIHTOp (§ 7.7). Y Hero 

P = +I .wur 'IeTHhiX n, 

p = -I MH HeqeTHhiX n. 

3TO OT'IeTJIIIBO BII~HO Ha BOJIHOBhiX $ynKUIIHX TpeX HII)l(HHX COCTOHHIIH KBaHTOBOrO 

OCUHJIJIHTOpa (7.92). CoficrneHHOe 3Ha'IeHIIe OrrepaTOpa p ,WUI ~aHHOrO COCTOHHHH 

KBaHTOBOH CIICTeMbi Ha3hiBaiOT TaK)l(e 'Ji!mHOCmb10, HJIH npocmpaHCm6eHHOU 

'Ji!mHOCmb10, COCTOHHHH. B IIpiiBe~eHHOM IIpiiMepe OCUIIJIJIHTOpa COCTOHHHH C 'IeTHhiM 

n- qeTHhre, II Hao6opoT. 
. . 

Cne~crniieM 3aKOHa coxpaHeHHH qeTHOCTII HBJIHeTcH onpe~eJieHHaH C'fJJYKTYPa 

BOJIHOBoii IPYHKUIIII: ecnu q!:THocTh coxpaHHeTCH n nMeeT onpe~eJieHHoe 3Ha'IeHne (+I 

nnn -1 ), TO onepauHH HHBepcnn He MeHHeT KBMpam Mo~yJIH BOJIHOBoii $ynKUHH, T .e. 

l~V(r,tt =l~V(-r,tt (9.10) 

A :no 03HaqaeT, ~0 !lJYHKUHH 'if(F,t), rrpe~CTaB~eHHaH B BH~e pMa ITO CTerreHHM x,y, 

Z, He ~OJI)l(Ha CO~ep)l(aTh KOOp~HHan.r H HX IIpOH3Be~eHIIH B He'IeTHhiX CTeiieHHX: 

00 

'if{r,t)= Laktmxkylzm, k,f.,m=2n, n=0,1,2, ... 
k,l,m=l 

3aniicaHHaH B c4Jep1IqecKHX Koop~amx, :na IPYHKUIIH He ~OJI)l(Ha co~ep)l(an. cos8 B 

He'I!:THOH CTeiieHII, T.K. OrrepauHH HHBepCIIII (9.3) rrepeBO~T 8 B 1t- 8 II CJiaraeMOe 

cos8 MeHHeT 3Har<: cos{1t-8)= -cos e. 
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ll03TOM)' paBeHCTBO (9.10) y.l{OBJH!TBOp.!IeTC.!I B CJI)"'ae yrJIOBOH 3aBHClfMOCTH 

\ji-4>YHKUHH BH.l{a 

\jJ(8)=fa1{coseY
1
, 

;;() 

B TO BpeM.ll Ka.K .l{JI.!I \ji-4>YHKUHH BH.l{a 

co 

\jl(e)= ,La1 {cose)2~+1 

i=O 
(9.11) 

paseHCTBO (9.10) HapymaercH. 3aKoH coxpaHeHUR tti!mHocmu .!IBJI.!IeTC.II O.l{HHM H3 

4.>JH.l{a.MeHTaJILHLIX B 4>H3HKe. OH OCTaBaJIC.!I He3LI6neMhlM .l{O 1956 r., Kor.l{a 

IIO.!IBHJIHCb 3KCIIepHMeHTaJibHble YKa3aHH.!I Ha ero HapymeHHe. 

If rrepBoe H3 TaKHX JKa3aHHH 6LmO IIOJI)"'eHO IIpH HCCJie.l{OBaHHH CBOHCTB 

K-Me30HOB, KOTOpble MOryT paCIIa.l{aTLC.!I 110 pa3HbiM CXeMa.M (paJHbiH Ha6op lJaCTHI~ -

IIpO.l{JKTOB pacrra.l{a). IIpH 3TOM B O.l{HHX cxeMax K-Me30Hbl Be.l{JT ce6H_ KaK 'It!THble 

lJaCTHQbl, a B .l{pymx - KaK . HelJt!THble. ,ll;o 3TOro BpeMeHH C'IHTaJIOCb, 'ITO (3-pacrra.zi 

rrpeKpaCHO OIIHCLIBaeTc.!I TeOpHeif, C03.l{aHHOH <llepMH (E. Fermi, 1934r.), KOTOpblii 

BBen IIOH.!ITHe cJZa6ozo 63aUMoiJeiicmeUR. TeopHH <llepMH rrpe.l{rronaraer 

CIIpaBe.l{JIHBOCTb 3aKOHa COXpaHeHH.!I 'It!THOCTH. 0.l{Ha.KO B 1956 r. a.MepHKaHCKHe 

4>H3HKH HH l.I;3JH.l{ao (Lee Tsung-Dao) H J!Hr ,lVI<eHLHHW (Yang Chen-Ning),' 

aHaJIH3HpyH pe3yJILTaTLI 3KcrrepHMeHTOB c K-Me30Ha.MH, IIOKaJann, 'ITO MO)I(Ho 

IIOCTpOHTh "riapanJieJILHJI0
11 

• Teopmo (3~paCIIa.l{a, B KOTOpOH 3aKOH COXpaHeHH.!I 

'It!THOCTH He . HCIIOJIL3yeTC.!I, T.e. .l{OIIYCKaeTC.!I ero HapymeHHe. HOBM TeOpH.!I 

pa3peiiiHna rrpo6neMy K-Me30HOB H .!{ana xopomee cornacHe c 3KcrrepHMeHTOM. 

COOTBeTCTBeHHO, Bbl.l{BHHJTOe nn H JIHroM rrpe.l{IIOJIOiKeHHe 0 HapyzueHUU 3QKOHa . . ~ 

coxpaHeHUR tti!mHocmu 6 cJZa6blX 63aUMoiJeiicmeURX, B TOM 'IHCJie H B (3-pacrra.l{e .!I.l{ep, 

He IIpOTHBOpe'IHJIO 3KCIIepHMeHTaJibHbiM .l{aHHbiM, H3BeCTHbiM K TOMy BpeMeHH. 

IIpHMoii rrpoBepKoii mrroTe3bl HH n J!Hra 6Lm 3KcrrepnMeHT, rroCTaBJieHHblii B 

19i7 r. rp~rroii a.MepnKaHCKHX 4>H3HKOB BO rnase c By l.I;3HHCIOH (Wu Chien-Shing). B 

3KCIIepHMeHTe H3Mep.!IJiaCb yrJIOBM 3aBHClfMOCTh HHTeHCHBHOCTH 3JieKTpOHOB, 

HCrryCKaeMbiX (3-aKTHBHbiM H30TOIIOM 
6
°Co, .ll.l{Jla KOTOpOro IIOJI.IIPH30BaHbl BO 

BHeiiiHeM IIOJie. 
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lloruql!OaUl!JI ll,!lep 03HaqaeT, qro C06CTBeHHbiH MeXaHl!'leCKHit MOMe!IT (CIIHH - CM. rn. 11 

HIDKe) KaJK.nOro 113 HIIX opneHTI!pOBaH npeHMymeCTBeHHo BAOn& HeKoroporo BbiACJieHHoro 

HanpasneHl!ll. B AaHHOM cnyqae 3ro HanpasneHne BHewHero Marn!ITHOro noJIJI. 

KaK .113BeCTHO 113 KnaCCl!'leCKOit 3neKT(lOAHHaMHKH, qaCTHUa C MarHIITHbiM MOMeiiTOM fi B 

MarHHTIIOM none B o6peTaeT noreHunan&H)'IO JHeprmo, JaBHCllmyiO oT JHaqeHllll yrna 9 MeJKAY 

seKTOpaMH fi H B : 
U =-~,B)= -jlB·cos9. (9.12) 

Pacnpei{CJieHHe seKTOpOB fi no yrny 9 yc-raHaBnHBaeTCJI B COOTBeTCTBHH c 3aKOHOM Eon&UMaHa 

(3aAaqa 9.1 HIDKe): 

dN(9) N 0 a • "co'e jlB · --=-·--·e , a=-, 
dQ 41t sha T 

(9.13) 

rAe No- qncno qac-rnu, dQ - JneMe!IT renecHoro yrna, T- TeMnepa'I)'Jla qacTHU. OrcroAa nerKo BHAeTb, 

qro creneHb nonllpH3aUHH semecTBa B MarHIITHOM none - OTHOWeHHe qHCJia qaCTHU, OpHeHTllpOBaHHbiX 

no nonio (9,;, 0), K qncny qacTHU. opneiiTnposaHm.Ix npoTHB nonll (9 = 7t), - onpeAenlleTcll 

napaMeTPOM a: 

l!J.~r 2" --=e . 
l!J.N-

OqesHI{HO, AJIJ1 AOCTHJKeHl!ll BbiCOKoit cTeneHH noJIJipH3aunn TPe6yeTCll a - 1. 

Ami aTOMOB napaMarHHTHOI'O semeCTBa MarHHTHbllf MOMe!IT !IX JneKT(lOHHOit o6onoqKH HMeeT 

BCJili'IHHY nop'I)I.KaMazHemoHa Eopa (§ 11.3): 

1-1- 6 -1o-s JB/Tn, 

TBK qro B none B =' 1 Tn (104 fc) H npH TeMnepaTYJle T= 1 K'> napaMeTP a6nHJOK K eAHHHue: 

(l"' 0,6. 

TaKHM o6pa3oM, AJill nonllpH3auHH aroMoB napaMarneTHKa TPe6yroTcll HHJKHe TeMnepaTYJl&I. 

Emil cnoJKHee l{eno o6croHT c nonllpHJaunelt Mep,. MarHHTIIbie MOMeHTbi KoropbiX Ha TP" 

nopJ!AKa MeH&we. 3Aec& Ha noMom& np!IXOAHT MarHIITHOe none 3neKT(lOHHOit o6onoqKH, Koropoe B 

UeHTPe napaMarHHTHOI'O aroMa C MOMe!ITOM I! COCTBBJIJieT (none MarHHTHOI'O I{HnOJIJI) 

B -l:..-10 Tn • aJ , 

me a- 0,5·1 0-a eM - pa3Mep aroMa. 3ro none H "s&ICTPaHBaeT" MarHHTIIbie MOMeHTbl Mep 

napa!Wen&HO MarHIITHbiM MOMeHTBM JneKT(lOHHOit o6onoqKH. 

Ami AOCTHJKeHl!JI HJI3Koll reMnepaTYJlbl napaMarHHTHOro o6pa3ua npHMel!JIIOT Memoo 

aaua6amU'IeCKOZO pll3Ma2HU'IU8QHW! HJIH "MUZHUmHOZO OXlla:JICiJeHW!". 3TOT MeTOA, _npeAJIOJKeHHbllf B 

'> HanoMHHM, qro 1 JB "' 11000 K. 
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I926 r. n. ~e6aeM n Y. ,lVKnoKoM (P. Debye, W. Giaque), xoporuo pa:JBHT ·a !jlnJHKe HH3KHX 

TeMneparyp. Mero.zt OCHOB3H Ha HCnOnh30BaHUH BCi! TOro JKe B33HMO.zteiiCTBUJI aTOMOB napaMarHUTHOro 

serueCTHa c snemnHM Mamunn.IM noneM. lloMemenm.Iii B MamnTuoe none o6pa:Jeu napaMamernKa 

OXJiaJK.l{aiOT ,!{0 TeMneparypLI OKOnO I K, npe.ztenLHO ,l{OCTHJKHMOH npu UCnOnhlOBaHHU lKU.l{KOr~ renUJI. 

TeMneparypa CJKUJKeHUJI renUJI coCTIIBJIJier 4,2 K npu HOpManLHOM .ztaBJieunu. llpu ero ncnapeuHU B 

B3K}'YM ,l{OCTHraeTCJI .ztOnonHUreJILHOe OXJialK.l{eHne. 0XJialK,l{eHm.Iii TBKHM cnoco60M ra:J renUJI 

BnyCKaiOT B COCY.zt ~L!Oapa, r.zte HaxO.l{UTCll OXJialK.l{aeMLIH o6pa:JeU. TaK 3TO .zteJiaJIOCL B .OOHCLIBaeMOM 

3KCnepHMeHTe rpynnLI By (puc. 9.2). B o6pa:Jue ycrnuaBJIUBaercl! pacnpe.ztenenue seKTOpoa j1 no 

yrny 9 B COOTBeTCTBUH C 3aKOHOM (9.13). 06pa:JeU TepMOHlOnHpYJOT - 0TK3'1HBaiOT ra:J U3 COCy.zta 

~L!Oapa C o6pa:JUOM. 3aTeM M3rHHTHOe none CHUlKaiOT Ha HeKOTOpYJO Benuquuy 1:!./J. MOJKHO nOKa:JaTL 

(3a.ztaqa 9.2 HUJKe), 'ITO CYMM3pHal! nOTeHUUaJILHal! 3Hepml! 3TOMOB npu 3TOM yaenuqusaercl!. 

ilOCKOnLKY o6pa:JeU TepMOHlOnnpoBaH, T.e. TeiUIO HlBHe He nocrynaeT (OTCIO,l{3 U H31Bauue -

aiJua6amu<~ecKoe pa:JMamuqUBaHne), TO YMeHLWaeTCl! CYMMapnaH KHHeruqecKaH 3HeprUJI aTOMOB 

o6pa:Jua, T.e. CHUJKaeTcll ero TeMneparypa. TaKnM o6pa:JoM, napaMamernK cosepwaer pa6ory no 

co6CTHennoMy pa:JMamuqusanHIO. ~anee onepauUJI noBTOpllercl! eme u eme pa:J, noKa He .ztOCTuraercl! 

JKenaeMaH TeMneparypa. llocne KaJK.ztoro "mara no non10" o6pa:Jeu BLI.ztepJKUBaeTcl! HeKoTOpoe apeMl! 

npU HOBOM 3H3'1eHHU nOnll, 'IT06LI YCT3HOBUJIOCL pacnpe.zteneHHe (9.13), COOTBeTCTBYJOUiee HOBOH 

reMneparype. 

3a.zta'la 9.1. lloKa:JaTL, 'ITO B MamnTHOM none ycTaHaBnRBaeTCll pacnpe.zteneHne (9.13) aTOMOB 

napaMaruernKa no yrnaM 9. 

Pacnpe.ztenenue EonLUMana ,!{Jill 3Hepmn U(9) (9. 12), oqean.ztno, HMeeT BH.zt 

dN(e) = C ·e-u(a)!r = C ·eaoosa. 
dQ 

HopMnposoqm.Iii MHoJKnTenL C naii.zteM m ycnoBUJI 

'ITO.ztaeT 

dN(e) 2o · • 

N 0 = J--·dn=C Jd<pJsin9·de·ea"''6 , 
n dO. o o 

C=No -~. 
4n sha 

TeM CaMLIM npnxo.ztHM K !jlopMYne (9.13). 

33.!{3'13 9.2. BLI'IHCJIHTL HlMeHeHne BHyTpeHHeJi 3Heprun TepMOHlOnnpoBaHHOro 06pa:JU3 

napaMamerHKa, naxoAAmerocl! so BHemHeM MarnHTHOM none B npu reMneparype T, npn mMeHeunn 

nonH na senuquuy 1:!./J. 
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CYMMapHal! norennuanLHal! 3Hepmll No aTOMOB (sHyTpeHHllll 3Hepmll o6pa:Jua) B none B eCTL 

dN(e)dn N a 2
" • 

UN= Ju(e)· =(-J.lB)-~-- Jd<p Jsin9·ml·ea""'
6 = 

n dn 4n sha o o (9.14) 

= NoT ·1x·e'£U=N0T(1-a·ctha). 
2·sha a 

OTCIO.zta HaiiAeM 

sh2a 
dUN da a--2-

!iUN =--·-·1:!./J=No ·J!·I:!.B. 
da dB sh 2a 

(9.15) 

PelynLTBT (9.I5) :noii Ja.zta'ln noKa:JLIBaer, 'ITO npnpamenue BHyTpeHHeii 3Hepmn npn 

cHUJKeHHH nonll (T.e. npn 1:!./J < 0) nonOJKHTenLHO, ecnH 

a- sh2a <O 
2 • 

'ITO BLIOOnHl!erCll npH JII06LIX a. B '13CTHOCTH, 

\ 

2 
--N ·a·"·I:!.B !iU N = 3 o r ' 

- N 0 • ctha ·J!·I:!.B, 

a<<l, 

a>>l. 

OTCIOAa CJieeyeT, 'ITO mMeHeHHe UN yaenuqUBaeTCll c pocTOM a, T.e. c YMeHLmenneM reMneparypLI. 

ll03TOMY ilJill nOBLIIlieHHll CKOpOCTH OXJialKA';HUJI o6pa:JLI3 npH a.ztna6aTuqeCKOM p33MarHuqUBaHHH 

(3a.zt3'13 9.3) H TPe6yeTCll K3K MOlKHO 6onee HH3K3ll ero H3'1aJILHal! TeMneparypa. 

33.!{3'13 9.3. 0UeHHTL CKOpOCTL OXJ13lK)leHUJI napaMarHerHK3 npH a.ztna6aTuqeCKOM pa:JMamuqHB3HHU 

npn T- 1 K s none B = 1 Tn. 

B COOTBerCTBHH C npHBe)leHHOii BL!We OUeHKOii 3H3'1eHUe a COCTBBJIJ!er npHMepHO. 0,6. npH 

TBKHX napaMeTPax 3KcnepHMeHrn. Tor.zta m (9.15) Haxo.ztHM 

sh2a 

liT= (-!iUN) ~ a--2- ,.2,5·10-s K/fc. 
1:!./J N 0 ·1:!.B sh 2a 

OTCIO)la cneeyer, 'ITO npu CHUJKeHHH noJill c waroM 1:!./J = 100 fc OT 1 K AO 1 MK TPe6yeTCll nopliAKa 

400 "maroa" no noJIIO. 

MeroAOM a.ztna6aTuqecKoro pa:JMarnuqnsaHUJI B HaCTollmee apeMll nonyqruoT peKOpAHO 

HH3KHe TeMneparypLI, HHlKe 1 MK. 

3aMerHM, 'ITO npHBe)leHHOe OOHC3HHe MeTO.zta M3rHHTHOro OXJiaJK)leHHll )laHO H3 J13LIKe 

KJiaccuqecKoii clJH3HKH. HUJKe (§ 1 I .6) MLI yaH.ztHM, 'ITO KBaHTOBLiii no.l{Xo.zt cymecmeHHO He mMeHl!eT 

nonyqeHm.Ie pe3ynLTBTLI (cpaBHH clJOPMYJIY (9.12) H clJOPMYJIY )lJill8(11.44)). 
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~ 

r )KII.llKIIA rennA 

~Co ~ 
Cocy.ll.l(biOapa 

Pnc. 9.2. CxeMa om,rra rpynm,1 By 1..{311HbCIOH: 
- KpiiCTIIJlll, COe.lliiHeHHLIA CBeTOBO.llOM C «l>3Y; 
- C'let'tiiiK :3neK1pOHOB; 
- Nal - c'leT'IHKII y-KBaHTOs; 
coneHOII.ll, C03.llaiOmnA ManniTHoe none, He 
fi0Ka3aH 

BepHeMCH K "onbiTy Mll,ll;aM By", KaK ero qacTO Ha3biBaroT. B onbrre (pnc. 9.2) 

o6pa:1en; H3oTona 
6
°Co, oxniDK.L(eHHbtii .l(O TeMnepaTYPbi nopSI.l(Ka 1 MK, noMemancH B 

noJIHpmyromee MarHHTHoe none. Cn;HHTHnJIHn;HOHHbrli cqe~K - KpHcTann HHTPam 

n;epHH-MarHHH, COe.l(HHeHHblll C <iJOTOYMHO:lKHTeneM (<l>3Y), periiCTPHPOBaJI 

:meKTPOHbi,'o6pa3}'IOin;HecH npn pacna,u;e 6°Co: 

6oc 6oN. - -
27 °~27 I+e +ve. (9.16) 

fuyqanacb yrnoBaH 3aBHCHMOCTb Bbmem :meKTPOHOB Ne(S). <l>aKTHqecKH B TaKOM 

3KCnepHMeHTe MO:lKHO H3MepHTb TOnbKO .!(Be TOqKH no yrny 8: 8 = 0, 7t, KOr.l(a 

MarHHTHOe none H, COOTBeTCTBeHHO, CnHHbl Sl.l(ep HanpasneHbl BBepx HnH BHH3, T. e. 

3neKTPOHbl J3-pacna,u;a Sl.l(pa BbmeTaroT no HanpasneHHIO noJIH HJIH npoTHB Hero. Ih-3a 

TaKOH oco6eHHOCTH nocTaHOBKH 3KcnepHMeHTa qacTo MO:lKHO BCTPeTHTb HeBepHoe 

OnHCaHHe OnbiTa Mll,ll;aM By: H3MeHeHHe HanpasneHHH noJIH KaK-TO CBH3biBaiOT C 

onepan;neii 3epKaJibHoro OTPa:>KeHHH Kpop.l(HHaT. Ha caMoM .l(ene 3TO H3MeHeHHe 

HanpasneHHH B TPe6yeTCH TOnbKO .l(JIH o6ecneqeHHH pemcTPan;HH 3neKTPoHoB no.!( 

yrnaMH 0 (no non10) HnH 7t (npOTHB noJIH) npH <iJHKCHpOBaHHOM nono:>KeHHH 

lleTCKTOpa. A MbicneHH}'IO onepan;HIO HHBepcnn cne.l(yeT npnBneKaTh Ha CTll,ll;HH 

aHaJIH3a 3KcnepnMeHTOB. KaK CKa3aHo Bblrue, B cnyqae HecoxpaHeHHH qfuHOCTH 

<iJYHKn;HH '!'(8) .l(On:JKHa HMeTb aCHMM~H~btii BH.l( (9.11), T.e. 
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HJIII 

l'l'(e)l2 *1'1'(7t-e)l2· 

N+-N 
N++N_ 

~:t:O. 

(9.17) 

(9.18) 

OTMeTIIM O.l(HO cymecrneHHOe o6cTOHTenbcTBo: caMa CIICTeMa o6pa:1n;a .l(On:JKHa 6b1Th 

3epKaJibHO-CIIMM~H~OH, T.e. HanpaBJieHHH MarHHTHbiX MOMeHTOB Sl.l(ep He .l(On:lKHbl 

MeHHTb 3HaK npH onepan;IIH IIHBepCIIH KOOp.l(HHaT (9.1), (9.3). }J;aJibllle, B § 11.3, Mbl 

ysll.l(HM, ~0 MarHHTHbrii MOMeHT qaCTHIJ;bl :JKeCTKO "npiiBH3aH
11 

K ee MeXaHIJqeCKOMY 

MOMeHTY- CniiHy. A MeXaHHqecKHH MOMeHT HBJIHeTCH TaK Ha3bmaeMbiM aKCIIaJibHbiM 

BeKTOpOM, KOTOpblll COXpaHHeT 3HaK npii onepan;HII IIHBepCIIII (CM. no.l(p06Hee § 10.1 

HII:lKe). Ilo3TOMY CaMa CIICTeMa noJIHpii30BaHHbiX Sl.l(ep IIHBapiiaHTHa K 3TOH onepan;HH, 

II o6Hapy>KeHHe aCIIMMeTPIIH \jf-<lJYHKn;IIH (9.17), (9.18) CBH.l(eTeJibCTByeT 0 HapyuteHUU 

3aKoHa coxpaHeHUR 'li!mHocmu. B onhrre Mll,ll;aM By aciiMM~HH ua6JIIO.l(anacb Ha 

ypOBHe [7] 

~-0,25. 

l1 eme O.l(Ha .l(eTaJib 3TOrO 3KCnepiiMeHTa. IloJIHpH3an;HH Sl.l(ep 
6
°Co 

pemcTPIIPOBanacb no II3MepeHIIIO yrnoBoii 3aBHCHMOCTII Ny(8) IIHTeHCIIBHOCTII 

y-KBaHTOB, KOTOpble IICnyCKaiOTCH B036y>K.l(eHHbiMII MpaMH HIIKeJIH,. o6pa3}'IOIIJ;IIMHCH 

npH J3-pacna,u;e 6°Co (9.16). 3TH y-KBaHTbl periiCTPHPOBaJIHCb TaK:JKe 

CIJ;IIHTIIJIJIHn;HOHHbiMH cqfuqlJKaMII, HO Ha OCHOBe KPIICTaJIJia HO.l(H.l(a HaTPHH Nal, 

(pnc. 9.2). EcrecTBeHHO 3MaTh Bonpoc - Henb3H JIII no BH.l(y 3Toii <PYHKn:HII Ny(8) 

TaK:JKe cy.l(HTh o coxpaHeHIIII HJIH HapyrueHIIII qfuHocm? Bonpoc He CTOJib TPHBIIaJieH, 

KaK MO:lKeT nOKa3aThCH Ha nepBbiH B3rJIM. }J;eiicTBIITenbHO, 
11BbiCBe~BaHHe" 

B036y>K.l(eHHOrO Mpa - pe3yJibTaT B3aHMO.l(eHCTBHH ero HYKJIOHOB, T.e. CUllbHOe 

63aUMooeucmBue, KOTopoe coxpaHRem 'li!mHocmb. 0.l(HaKO ecnii npH 3TOM 

"npiiMeiiiHBaeTCH11 cnafioe B3aHMO.l(eHCTBHe, TO .l(OJI:JKHa nOHBHThCH aCIIMM~HH BH.l(a 

(9 .17), (9 .18). H, .l(eiiCTBIITeJibHO, TaKaH aciiMM~HH 6bma o6Hapy>KeHa B 

3KcnepiiMeHTaX no 3axBaTY TenJIOBbiX HeHTPOHOB MJlaMII 
113

Cd: 

113Cd + n~114Cd + y. 
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r :lKH_i!KHii renuii 

~ ~Co 

Cocy Jt ,l(b!Oapa 

Puc. 9.2. CxeMa orn.1rn rpynrn.1 By l..{lHHI.CIOH: 
- KpHCTaJIJI, COCJIHHi!HHLii! CBeTOBOJIOM C cll3Y; 
- C'li!'f'!HK 3JICK1p0HOB; 

- Nal - C'li!T'!HKH y-KBaHron; 

COJieHOHJl, C03JlaiOinHii MarHHTHOe none, He 
fi0Ka3aH 

BepHeMcH K "oiii>rry Ma,naM By", KaK ero qacTO Ha3I>maroT. B oni>rre (pRe. 9.2) 

o6pa3eu moTona 
6
°Co, oxn~eHHI>m .n:o TeMnepaTYPI>I nopg,n;Ka I MK, noMemancH s 

nonHpHJyxomee MarHHTHoe none. CuuHrunnHUHOHHI>m cq~K - KpHcTann HHTpam 

uepHH-MarHHH, COe,II;HHeHHblll C ilJOTO)'MHO)I(IfTeneM (<1>3Y), pernCTpHpOBan 

:meKTpOHI>I,o6pa3yxomuecH npu pacna.ne 6°Co: 

6oc 6oN. - -
27 0~27 l+e +ve. (9.16) 

lhyqanacb yrnoBM JaBHCHMOCTb BI>mem :meKTpoHos Ne(9). <l>aKTuqecKH B TaKOM 

3KCnepHMeHTe MO)I(HO If3MepHTb TOnbKO ,II;Be TOqKif no yrny 9: 9 = 0, 7t, KOr,n;a 

MarHHTHOe none If, COOTBeTCTBeHHO, CnHHbl g,n;ep HanpasneHbl BBepx HnH BHif3, T. e. 

3neKTpOHbl P-pacna.na H,n;pa BI>meTaroT no HanpasneHmo nonH HnH nporus Hero. lh-Ja 

TaKOH 0C06eHHOCTif IIOCTaHOBKif 3KcnepHMeHTa qacro MO)I(HO BCTpeTHTb HeBepHoe 

OnHCaHHe OnbiTa Ma,naM By: If3MeHeHHe HanpasneHHH nonH KaK-TO CBH3biBaJOT C 

onepauueH: JepKani>Horo OTpa)I(eHHH Kpop,n;uHaT. Ha CaMOM ,n;ene 3TO H3MeHeHHe 

HanpasneHHH B Tpe6yeTCH TOni>Ko .D:nH o6ecneqeHHH pernCTpauuu 3neKTpoHoB IIO,n; 

yrnaMH 0 (no IIOniO) IfnH 7t (IIpOTifB nonH) npH ilJHKCHpOBaHHOM nonO)I(eHHH 

.n:i.."TeKTOpa. A MhlcneHHyxo onepaumo HHBepcuu cne,n;yeT npusneKaTb Ha cra.nuu 

auanma 3KcnepuMeHTOB. KaK CKa3aHo BI>IIIIe, B cnyqae HecoxpaueHHH qi!THOCTH 

ilJYHKUHH \j/(9) ,II;On)I(Ha IfMeTb aCHMMeTpHqublll: BH,n; (9.11), T.e. 

118 

rum 

1\j/(9)1
2 

*I'J1(7t- 9W. 

N+-N 
N++N_ 

~;tO. 

(9.17) 

(9.18) 

OTMeTHM o.n;Ho cymeCTBeHHOe o6cTOHTeni>cTBo: caMa cucreMa o6pa3Ua ,n;on)I(Ha 6b1Tb 

3epKanbHO-CifMMeTpifqif0ll, T.e. HanpasneHHH MarHHTHbiX MOMeHTOB H,n:ep He ,n;On)I(Hbl 

MeHHTb 3HaK npH onepauHif IfHBepCHH KOOp,n;HHaT (9.1), (9.3). ,[{anbille, B § 11.3, Mbl 

ysH.n;HM, 'ITO MarHifTHbrlf MOMeHT qaCTHUbl )I(eCTKO 
11
1IpHBH3aH

11 
K ee MexauuqecKOMY 

MOMeHTY- cnuuy. A MeXaHifqecKHH MOMeHT HBnHeTCJI TaK Ha3bmaeMbiM aKCHanbHbiM 

BeKTOpOM, KOTOpblll COXpaHJieT 3HaK IIpH OIIepaUIIII IIHBepCIIII (CM. IIO,II;p06Hee § 10.1 

HII)I(e). Ilo3TOMY CaMa CIICTeMa nonHpH30BaHHbiX H,n:ep IIHBapiiaHTHa K 3TOH OIIepauiiH, 

II 06HapJ)I(eHHe aCIIMMeTpiiH \jf-!lJyHKUIIII (9.17), (9.18) CBH,II;eTenbCTBYeT 0 HapyuteHUU 

3aKoHa coxpaHeHUR '!i!mHocmu. B OIIbiTe Mll.naM By aciiMMeTpiiJI na6mo,n;anacb Ha 

yposHe [7] 

~- 0,25. 

H eme O,n;Ha ,n;eTanb 3TOrO 3KCIIepiiMeHTa. IlonHpii3aQIIJI H,n:ep 
6
°Co . . . 

perncTpiiposanaci> no IIJMepenmo yrnosoii 3aBIICIIMOCTH Ny(9) IIHTeHCIIBHOCTII 

y-KBaHTOB, KOTOpble IICnyCKaJOTCJI B036~eHllbiMII JI.n;paMII HIIKenH,. o6pa3yxoiUIIMIICJI 

npH P-paciia.ne 6°Co (9.16). 3ru y-KBaHTbi perncTpHposanHcb TaK)I(e 

CUHIITHnnJIUIIOIIHbiMII cqi!TqiiKaMII, HO Ha OCHOBe KpiiCTanna IIO,II;II,II;a UaTpHH Nal, 

(puc. 9.2). EcTecTBeHno Ja,naTI> soiipoc - nenb3JI nu 110 BH.D:Y 3Toii ilJyHKUHII Ny(9) 

TaK)I(e cy.n;HTb o coxpaueHIIH liJIIf HapymeHIIH qi!THocru? Bo11poc He cToni> TpiiBIIaneH, 

KaK MO)I(eT IIOKa3aTbCJI Ha IIepBbill B3rnJI.n;. ,[{eHCTBIITenbHO, 
11BbiCBe~BaHIIe" 

B036~eHHOrO JI.n;pa - pe3yni>TaT B3aiiMO,II;eHCTBHJI ero HyKnOHOB, T.e. CUJlbHOe 

63aUMooeucmBue, KOTopoe coxpaHRem '!i!mHocmb. O,n;HaKO ecnH npH 3TOM 

"npuMemHBaeTcJI" cna6oe BJaiiMo.n;eiiCTBHe, TO ,n;on)I(Ha noJIBHTI>CJI aciiMMeTpHH sii,n;a 

(9 .17), (9 .18). H, ,n;eiicrsHTeni>HO, TaKaJI aciiMMeTpHH 6I>ma o6HapJ)I(eHa B 

3KCnepHMeHTaX no Jaxsazy TeiinOBbiX HeHTpOHOB JI.D:PaMH 
113

Cd: 

113Cd + n~114Cd + y. 
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3m 3KcrrepiiMeHThi, rrpoae.r~eHHbie B 70-x rr. rpyrrnoii IO.r. A6oaa II 

II.A. Kpyrrl!IIIIKoro B HHCTIIT)'Te 3KcnepiiMeHTaJibHoii II TeopeTIIlJecKoii cpii3IIKII 

(MocKBa), ,llaJIII 

D.y = -(3,3 ± 0,6)·1 0-4. 

§ 9.4. KoM6nnnposannasr qeTnocTL. CPT-TeopeMa* 

KaK )')Ke CKa3aHO, HaJIIIlJIIe CIIMMeTPIIH pa3JIIIlJHOrO po,lla eCTb O,[IHO II3 

BaJKHeHIIIIIX CBOHCTB Hamero MIIpa. I1 CIIMM~IIH no OTHOIIIeHIIIO K npeo6pG306GHU10 

u11eepcuu (P-npeo6pmoea11ue) HBJIHeTCH o.r~Hoii II3 Hnx, Ho .r~aneKo H:e -e.liHHCTBeHHoii. 

IIpeiK,lle acero, HY)KHO YKa3aTb eme Ha ,I~Ba npeo6pa3oBaHIIH, KOTOpbie c TOlJKII 3peHHH 

rrpoaepKII CHMMeTPIIH MIIpa HBJIHIOTCH Haii6onee npiiHIIIIIIIIaJibHbiMII, T.e. OHII 

onpe,I~eiTHIOT 3aKOHbl, KOTOpbiM IIO,[IlJIIHHIOTCH cpii3HlJeCKIIe npoueCCbl. 

Ilepaoe II3 3THX rrpeo6pa3oBaHIIH - onepaunH 3apaooeo2o conpR:J/Cemm 

(C-npeo6pa306GHUe), 3aMeHHIOIIIM lJaCTIIIIbi Ha aHTIIlJaCTIIIIbi. IJpn 3TOM 

npeo6pa30BaHIIII 3HaKH 3apH,liOB lJaCTHII H3MeHHIOTCH Ha IlpOTIIBOIIOJIO)KHbie. 3,I~eCb 

YMeCTHO OTMeTIITb, lJTO, KpoMe rrpiiBbilJHoro 3JieKTPHl!ecKoro 3apH.r~a, qacTHIIaM B 

COBpeMeHHOll cpii3IIKe rrpiinHCbiBaiOT H .r~pyme BII,[Ibl 3apH,liOB, OTJIIIlJaiOIIIHe HX 

CBOHCTBa. TaK, 6apU01111blU 3apRo (OT rpeq. barys - TH)KeJiblll), OTJIHlJHblll OT HYJIH, 

CBH,lleTeJibCTByeT 0 TOM, lJTO lJaCTIIIIa MO)KeT "yqaCTBOBaTb11 B CHJibHOM ("H,I~epHOM") 

B3aHMO,I~eficTBHII. JlenmOHHblU 3GpJIO (OT rpeq. /eptos- nerKHH) OTJIHlJeH OT HYJIH y 

lJaCTHII, KOTOpbie yqaCTBYIOT B CJia60M H 3JieKTPOMarHHTHOM B3aHMO,[IeHCTBHHX, HO He 

yqacTBYIOT B CHJibHOM B3aHMo.r~eiicTBHH. C-rrpeo6pa3oBaHHe H3MeHHeT '3HaKH acex 

3THX 3apH,[IOB qa: 

C · \Jf(r, t, qa) = C · \jl(r, t,- qa ), 

r,lle 1qa - Ha6op 3apjj,[~OB, xapaKTepH3YJOIIIHX lJaCTHIIbl CHCTeMbl, KOTOpM OIIHCbiBaeTCH 

,llaHHOH \jl-cpYHKIIHeii. 

ECJIII CHCTeMa CHMMeTPHl!Ha no OTHOIIIeHHIO K C-npeo6pa30BaHHIO, TO H3 3TOrO 

MO)KHO C,[leJiaTb BIIOJIHe OIIpe,I~eJieHHble BbiBO,llbl 0 ee IIOBe,I~eHIIH. TaK, HanpHMep, B 
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peaKIIHH J3-pacna,lla jj,[~pa· 6°Co (9.16) cpaKTIIl!eCKII pacna,llaeTCH O,[IHH H3 HeHTPOHOB 

Mpa: 

n~ p+e- +ve. (9.19) 

3HalJOK "-" (TIIJII>,I~a) Ha,ll CIIMBOJIOM HeHTPHHO 03HalJaeT, 1JTO 3TO aHTIIlJacrniia (TOlJHee 

- 3lleKmpoHHoe Heiimpu11o). C-rrpeo6pa30BaHHe rrpe.r~rriiCbiBaeT 3aKOH pacna.[la 

aHrnHefiTPoHa: 

- - + n~p+e +ve. (9.20) 

06parnM BHHMaHHe Ha BbiDOJIHeHIIe 3aKOHOB COXpaHeHIIH 3apH,liOB B 3THX peaKIIIIHX, . 
CYMMbi KOTOpbiX B neBbiX n rrpaBbiX lJaCTHX 3TIIX "paaeHCTB" OJIHHaKOBbi (Ta6n. 9.1). 

Ta6mua 9.1. 3apMbi qacrnu B peaKIIHHX (9.19)-(9.21) 

~ 
3neKTpnlJeCKIIH EapnoHHbiH JleiiTOHHbill 

( B e,[IHHHIIax e) 3JieKTpOHHbill a 

HeHTPOH n 0 +1 0 

aHTIIHefiTPOH n 0 -1 0 

npOTOH p '+1 +1 0 

aHTIIIIpOTOH p -1 -1 0 

3JieKTpoH e - -1 0 +1 

II03HTPOH e + +1 0 -1 

3JieKTpOHHOe HellTPIIHO V e 0 0 +1 

3JieKTpOHHOe aHTIIHeHTPHHO V e 0 0 -1 

CYMMapHblli 3apM 

B peaKIIHH (9.19) 0 +1 0 

B peaKIIHH (9.20) 0 -1 0 

B peaKIIHH (9.21) +1 +1 -1 

Onepaulljj o6paUJeHWl epeMeHu (T-npeo6pruoea11ue) H3MelljjeT HarrpaarreHHe 

xo.r~a BpeMeHH. KoHelJHo, BbiDOJIHHTh TaKoe rrpeo6pa30BaHHe 6YKBaJihHO B rrpupo.r~e 

HeB03MOJKHO. 0JIHaKO paccMOTPeTb .r~eiiCTBIIe orrepauiiii T-npeo6pa30BaHIIH Brrome 
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MO)JQJO, cpaBHHB npHMYJO n o6paTHYJO peaKI{nn. True, peaKI{neH:, 'o6parnoH: pacn<my 

HeH1pOHa (9.19), fiy):{eT peaKQHH B3aHMO,[{eHCTBHH HeHipHHO C npOTOHOM: 

- + p+ve ~n+e . (9.21) 

If TaKa» peaKI{HH o6pamHozo f3-pacnaoa HeumpoHa 6I>ma ):{eilcTBHTeJibHO o6Hap}')KeHa 

(Koy:m n PeH:Hec, 1953 r.) Ha noTOKe 3JieK1pOHHhiX anmHeHipHHO H3 H):{epHoro 

peaKTopa. TeM CaMhiM OMOBpeMeHHO 3KcnepnMeHTaJihHO 6omo noKaJano, no B 6eTa

pacn<me H,z:{ep o6pa3YJOTCH aHTHHeHipHHO, T.K. B peaKIJ;HH (9.21) pO:>K,!(aeTCH 

aHTif'IaCTHQa - n03H1pOH. 

BcKope nocne no):{TBep:>K,!(eHHH HapymeHHH 3aKoHa coxpaneHHH qerHocm B 

CJia6biX B3aHMO):{eHCTBHHX n • .n:. naH):{ay Bhl,lU!HflYJI rnnoTe3y coxpaHeHZm 

KOM6UHUp06aHHOU (CP) 'li!mHOCmU 6 CJJa6blX 63aUMoOeUCm6W!X - 3aKOH, H3BeCTHbiH 

no):{ Ha3BaHHeM CP-uH6apuaHmHocmb. C Tex nop 3Ta rnnoTe3a HBJIHeTCH o6neKToM 

nHreHCHBHoH: 3KcnepnMeHTaJihHOH nposepm. YIKe B 1964 r. noHBHJIHCb nepBhie 

):{aHHhle o HapytueHuu CP-UH6apuaHmHocmu B pacn<max HeHipaJihHhiX K-Me30HOB. If 

TOJibKO COBCeM He,[{aBHO TaKOrO IKe pO):{a HapyiiieHHH fibmH 3KCnepnMeHTaJibHO 

o6Hap}')KeHbl B pacn<max 3apHIKeHHhiX K-Me3oHOB. 06cy:>K,!(eHne ,[{eTaneH: 3THX 

nccJie):{oBannH: BhiXO):{HT 3a paMKH ):{aHHoro KYPCa. 

rnnOTe3a nan,[{ay fihma BbiCKa3aHa He CnyqaHHO • .lJ:eJIO B TOM, 'ITO eiQe paHbiiie, 

B 1952-1953 IT., r.liJo):{epcoM (G. Liiders) H B. Tiaynn (W. Pauli) 6oma ,[{0Ka3aHa TaK 

HaJhmaeMa» CPT-meopeMa, YTBep:>K,!(aiOIQaH, no peJIHTHBHCTCKaH KBaHToBa» TeopnH 

HHBapnanrna ornocnTeJII>Ho OMOBpeMeHHo npon3Be,[{eHHhiX C-, P- n T-npeo6pa3o

sannH:. TIOCKOJihKY B T-HHBapHaHTHOCTH OCHOBaHHH (B TO BpeMH) COMHeBaThCH He 

6biJio, TO H3 HHBapnaHTHOCTH cncTeMbi no ornomeHniO K CPT-npeo6pa3oBaHniO 

cJie,[{osana HHBapnanrnocTb K npeo6pa30BaHHHM no qaCTHM - CP n T. 

3aMemM, no HapymeHne CP-HHBapnanrnocm 03HaqaeT, npn ycnosnn CPT

l!f1BapuanrnoCTH, HapymeHne T-HHBapHaHTHOCTH, 'ITO H HMeeT MeCTO B CJia6biX 

B3aHMO):{eHCTBHHX. 0):{HaKO Ofi'bHCHeHHe 3TOrO HapymeHHH ):{OBOJibHO HeipHBHaJibHO H 

TaKIKe He):{OCTynHO Ha ypOBHe Hamero Kypca. 
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rJIABA 10. MOMEHT IIMIIYJILCA 

§ 10.1. OnepaTop MOMenTa HMllYJibca 

B KJiaccnqeCKOH MeXaHHKe MOMeHT HMnyJibCa onpe,[{eJieH KaK 

i = (;;, _p], (10.1) 

r):{e r - p<mnyc-BeKTOp H3 HaqaJia OTCqeTa (TO~a 0) B TO~, r):{e HaxO,[{HTCH qaCTHQa, 

o6n<maiOIQaH HMnynhCOM p . CyiQeCTBeHHO, no 3TO MoMeHT nMnynoca qacmQhi 

omHocumellbHO ToqKH 0 (pnc. I 0.1 ). EIQe o,[{Ha oco6eHHOCTh BeKTopa i - 3TO TaK 

Ha3biBaeMhlli aKCUa/lbHblU 6eKmop. B oTnnque OT "ofii>JqHOro" noJIHpHoro BeKTopa, 

KOTOphlli MeHHeT 3HaK npn onepannn HHBepcnn (9 .1 ), ruccnaJihHhlli seKTop 3HaKa He 

H3MeHHeT • .lJ:eHCTBHTeJihHO, 

npn r ~-r 

HMeeM 

_p~-.P. z~[-r,-.P]=i. 

i 

m 

p 

Puc. 10.1. MoMeHT HMnyJibca qaCTHUbl B 

KJiaccuqecKoll MexaHHKe 

B KBaHTOBOH MeXaHHKe eCTeCTBeHHO B03HHKaeT onepamop MOMeHma UMnyllbCa, ecnn B 

BhlpaJKeHne (1 0.1) BMecTO nMnyJ1bca no):{CTaBHTh ero onepaTop (8.1 0): 

i =-ili·[r, v]. (10.2) 

CooTBeTCTBeHHO, KOMnoHeHThi 3TOro BeKTopHoro onepaTopa 3annmeM, pacKphiB 

BeKTopHoe npoH3Be,[{eHne. HanoMHHM npa6WIO nollb306aHZm seKTopHhiM 

):{H!ll!llepeHQHaJibHbiM onepaTOpoM: HeJib3H npOH3BOJibHO MeHHTh MeCTaMH illYHKQHIO 
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Koop.zumaT-BpeMeHH H onepamp, ecJIH nepBM MO:lKeT 61.rn, npo~n<P<fJepem~npoBaHa. 

il03TOMy B ~aHHOM CJiyqae KOMnoHeHThi BeKTopa r HeJIL3H 11BHOCHTh no~ onepamp". 

3annmeM B OeT<apmOBblX Koop~HHaTax (e..-, ey-, ez-OPThi) 

OTI<y~a 

ex 
l =-in-lx 

a 
ax 

eY i-z~ y z ' 
a a 

8y az 

A • .,_ (y~-zj_)• Lx = _,,. . az ay 

L =+in· x--z- , A ( a a] 
y az ax 

A ( a a) Lz = -in · x 8y - y ax · 

B cpepu'leCT<UX KOOp~HHaTax BeKTop Ip~HeHTa HMeeT KOMnOHeHTLI 

n-a_ I a_Ia 
v =e -+e --·-+e8-·-

r ar cp rsine &p r ae 

(10.3) 

(10.4) 

(I0.5) 

3TOT pe3yJILTaT JierKO nOJiytlHTh, BOCnOJIL30BaBIDHCL onpe~eJieHHeM c<fJepH'IeCKHX 

KOOp~HHaT H HX npnp~eHHH no B3aiiMHO OpTOrOHaJILHLIM (6a3IICHLIM) HanpaBJieHHHM 

(puc. I 0.2):. 

z 

X 

' 

npnp~eHHH: 

y 

Puc. I 0.2. Clj>eplf'lecKaJI (r, e, cp) H 

.lleKapTOBa (x, y, z) CHCTeMLI KOOp.liHH3T 

X = r sin 9 · COS cp, y = r sin 9 · sin cp, Z = r COS 9 ; 

I24 

(10.6) 

no r~dr, 

no e~rde, 

no cp ~ rsin9·dcp. 

33.113'13 10.1. Haltrn BblpaJKeHHe onep3TOpa i, B clj>epll'leCKHX KOOpJIHH3TaX. 

(10.7) 

llonpo6yeM peiiiHTh 33.11aqy "a no6", no.liCTaBHB B BbipaJKeHHe i, H3 (10.4) 3HaqeHIDJ 

KOOp.liHH3T H npOH3BO.liHbiX, 33UHC3HHbie B clj>eplf'leCKHX KOOp.liHH3TaX. ~ 3TOfO HaM UOTpe6}'10TCJI 

o6p3THLie COOTHOIIIeHHJI .liJIJI clj>eplf'leCKHX KOOpJIHH3T '!epe3 .lleK3pTOBbl: 

r=~x2 +y2 +z2 , cose=.:., tgcp=L. 
r x 

Tor.11a 

a a Or a ae a 8cp X a I xz a y 0 cos2 cp a 
-=-·-+-·-+-·-=-·-+--·-·- ·-ax ar ax ae ax 8cp ax r iJr sine r' ae x2 8cp' 

a a ar a ae a 8cp y a I yz a cos2 cp a 
-=-·-+-·-+-·-=-·-+--·-·-+--·-
By Or 8y i39 8y 8cp 8y r Or sine r 3 i39 X 8cp 

llO.liCTaBHB 3TH BLipaJKeHHll .liJIJI npOH3B0.11HbiX B lj>OpMyny .liJ!ll i, (10.4), 6e3 TpY.ll3 H3XO.liHM 

• , a 
L =-ih-

z 8cp 

33.113q3 10.2. BLip33HTb onep3TOpbl i, H iy B clj>eplf'leCKHX KOOp.liHHaTax. 

AHMOfii'IHO npe.llhlJIYmeii 3a.11aqe aLiqHCJIHM npoli3so.liHYJO 

a a ar a ae a 8cp z a x2 + y2 a z a sine a 
-=-·-+-·-+-·-=-·-----·-=-·----·-
& ar az ae az 8cp 8z r ar r' ·sine ae r ar r ae 

H, UO.liCTaBHB BLipaJKeHHJI.liJ!ll npOH3BO.liHbiX B (10.4), HaiiJieM 

i, = itz{sincp· ~ +ctge-coscp· ~). 

iY =-itz{coscp· ~ -ctge·sincp· ~} 

33.113'13 10.3. Bblp33HTb onepaTOp L2 B clj>eplf'leCKHX KOOp.liHH3TaX. 

llaMJITYll 0 npasHJie UOJ!b30B3HIDI .liHij>lj>epeHIU!aJibHblMH onepaTOp3MH, BLJqHCJIHM 

i 2 =i!+i;+i!, 
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(10.8) 

(10.9) 

(10.10) 



no,!I.CTillll!B 3Ha'leHIDI i .. y.z 113 (10.4). Tor.D.a, HanpHMep, ,!J.IDl nepsoro 'lJieHa Haii.D.eM 

i! = -h2 
{simp! +ctg9cos<p ~ ){sin<p! +ctg9cos<p ~) = 

=-n Sin <p- ·-+ctg9·Sin<p·COS<p·--+ctg9·COS <p·-+ '( . , a' sin<p·cos<p a . a' , a 
092 sin 2 e O<p ae. O<p ae 

. a' ,9 . a ,9 , a' ) +COS<p·Sin<p·---ctg ·COS<p·Sin<p·-+ctg ·COS <p·--. 
0<p • ae O<p O<p, 

Ananornqnoe (n Tl!Koe >Ke rpoM03.D.Koe) Sbipa>KeHne noJI)"'HM ,!1.1Ill i;, a TliK>Ke 

i; =-n'_!_ O<p' • 

Cno>KIIB 3Tll Sbipa>KeHHll, Hali,!J.eM 

., '(a' a 1 a )· L =-n -+ctg9·-+--·- • ae ae sin' e O<p' 

CsepJIYB .D.Sa nepsbiX cnaraeMbiX, OKOH'IaTeJibHO 3annweM 

., 2 
L = -n ·~a.o• 

~ =-1- . ..£..·(sin9·..£..)+-1_._!_. (10.11) 
e.. sine ae ae sin 2 e O<p2 

Oneparop ~. • ecTb He 'ITO nHoe, KaK yrnosall qacn oneparopa Jlannaca, 3anncaHnoro s ccflepH'IecKnx 

KOOp,!I.HHaTIIX (CM. (7.54)}. 

3a,!J.3'13 10.4. HaliTn Sbipa>KeHne ,!1.1Ill KOMMYTliTOpa ~,,L, j. 

llpome scero paccMoTpeTb 33,!J.a'ly s .D.eKaprosoii cncreMe KOOp.D.nHaT: 

r: · ] · · · · '(( a a ). ( a a ) ( a a ) ( a a )) I,L.,L, =L,L,-L,L,=-n Yaz -zay · xay -yfu- xay -yfu · Yaz -zay . 

BhiiTHWeM ITOCJie,D.OBaTCJibHO see np0113SO,D.Hble, CTOllll(He B CK06Kax: 

a' , a' a' a a' a a' a' , a' a' xy---y ---zx-+z-+zy---x--xy--+xz-+y ---yz--
azay az& a' y & ay& az ayaz a' y &az &ay ' 

{
1 

OTKY.D.a Bll,!J.HO, 'ITO see BTOpble np0ll3SO,!J.Hble COKpainaiOTCll, ll S pe3yJibTliTC ITOJI)"'aeM 

~ • ] '( a a ) . • L =n x--z- =-lhL . 
,, z j)z fu y 

AnanornqHble sMpa>KeHHll MO>KHO noJI)"'HTb ,!J.IDl KOMMYTllropos oneparopos ,D.Pyrnx nap npoeKunl! 

MOMeHTll HMnyJibC3. TaKHM o6p330M, onepaTOpbl npoeKI.IIIii MOMeHTll HMnyJihCa nonapHO He 

KOMMYTI!PYJOT, 3TO 03Ha'laeT, 'ITO O,!J.HOBpeMeHHO BCe npOeKI.Illll HMnyJibC3 He MOryT IIMeTb 

onpe,D.eneHHbie 3Ha'leHHll. 
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§ 10.2. Co6CTBeHHbie «ilYHK~HH u co6cTBeHHbie JHa'leHHH 

onepaTopa Lz 

flpe)l()l;e BCero CKIDKeM HeCKOJlbKO CJIOB llO llOBO,ny Bbifiopa KOOp,IUIHaTHblX 

oceii. Y)l(e II3 cpaBHeHIDI BbipiDKeHIIH (1~.9) II (10.10) MO)l(HO 3a:MeTHTh, 'ITO ocb z 

Bbmeneua - 4JopMyna ,niDI onepaTopa i. MHoro npom.e 4Jop111yn ·,niDI ix u iy, 

KOTOpbie K TOMY )l(e u:MeiOT cxo,nHyiO CTPJKTYPY· TeM ca.\ibiM MO)l(HO 3aKJIIO'lllTb, 'ITO 

ocb z - ueKoTopoe 6bzOe;1emwe uanpa6!leHue. ,l(anbme Mbi YBII,niiM, 'ITO onHCaHIIe 

KBaHTOBOH CHCTeMbl (ua6op II BII,n 4Jop:Myn) cym.ecTBeHHO 3aBHCllT OT Bbifiopa 3TOrO 

uanpaBneuiDI. 11 3TO o6'beKTHBHhlii 4JaKT, oT:MetJ:euublii npii o6cy)l()l;eHIIII npiiHUIIna 

.nonoJIHIITeJibHOCTH (§ 5.3): Bbi6npaH uanpaBneuiie oceii, uccne.noBaTeJib "BTOpraeTcll" 

B HCCJie,nyeMyiO CIICTe:My. Cym.ecTByiOT, o,nHaKO, CHryauiiii, KOr,na B CIICTeMe 

npucyTCTByeT Bbmeneuuoe uanpaBneuiie. 3To HMeeT MecTo, uanpiiMep, npii ,nBmKeHIIII 

tJ:acrn:Ubi IIJIII aToMa B 3JieKTPoMarHIITHOM none. (§§ 11.5, 11.6 H rn. 18). Tor.na 

ecTecTBeHHO B KatJ:ecTBe ocii z Bbi6paTb uanpaBneuiie uoJlll B HJIII E . 
,l(Jlll uaxo)l()l;eHIDI co6cTBeHH~ 4JyuKUIIH . onepaTopa i. II ero co6cTBeHHbiX 

3HatJ:eHHH Lz 3aniimeM ypaBHeHHe BII.na (8.16) 

i.<D(<p)=L. ·<D(<p), 

r,ne <D(<p)- C06CTBeHHaH 4JyHKUIIll, 3aBIIClliD.aH TOJlbKO OT KOOp,niiHaThi <p, T.K. 

onepaTOp Lz ,neHCTBYeT TOJlbKO ua 3TY KOOp,niiHary, eCJill Mbl llOJlb3yeMCll 

c4JepiitieCKOH CIICTeMOH KOOp,niiHaT (eM. (10.9)): 

OTciO.na 

- it/<D = L. <D . 
d<p 

<D(<p)=C·e"<~>, K= iL •. 
1i 

(10.12) 

llocKOJ!bKY 4JyHKUilll <D ( <p) _noJI)l(Ha 6b1Tb O,nH03Ha'lHOH 4JyHKUIIeH KOOp,niiHaT TO'lKll 

npoCTPaHCTBa, TO <D(<p) = <D(<p + 21t n), r.ne n - J11060e uenoe, 6KliiO'laJl eOUHUll)'. 

llo3TOMY 
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eK
2
"" =I, T.e. 2mcn = 21tim', m'- ~enoe .neil:CTBIITe.!IbHoe tiiicno. 

Orcro.na HIDWJUfM nK= im', T.e. K= im ~ ecn, ~enoe MHIIMoe 'IIIcno. llo,nCTaBIIB :no 

3Ha'leHIIe B (I0.I2), ITOJI)'YJIIM 

Lz = mli, m = 0, ±I, ± 2, ... 

CooTBeTCTBeHHO, co6cTBeHH.bre <fJYHKQIIII onepaTopa iz IIMeiOT BII,n 

ll>(<p)=Cm ·eimcp. 

KoHCTaHThi Cm Haxo,nnM Il3 ycnosmr HOpMIIPOBKII: 

'ITO .naer 

2lt 

~ll>(<pW ·d<p =I, 
0 

I 
jCml=~. 

(IO.l3) 

(IO.I4) 

llo 'CBOeMy <fJII3II'leCKOMy CM.biCJIY Lz eCT.b 3Ha'leHIIe npOeKIJUU MOMeHma 

'laCmUIJbl Ha (CM. HII)Ke!) OC.b Z. llo:noMy BeJIII'IIIHa Lz He MO)KeT npeBhlillaT.b 

HeKOTOpOrO MaKCIIMaJI.bHOrO 3Ha'leHIIH, COOTBeTCTByromero B KJiaCCII'leCKOH MeXaHIIKe 

seJIII'IIIHe MOMeHTa IIMnyn.bca. CooTBeTCTBeHHo, MO)KHO YTBep)K,llaT.b, 'ITO napaMeTp m, 

IIMeHyeM.biH Ma2HUmHblM K6aHm06blM 'IUCJIOM (CM.biCJI :noro Ha3BaHIIH 6y,neT ITOHHTeH 

no3,nHee, CM. § II.6), npo6eraeT PM B03MO)KH.biX 3Ha'leHIIH 

m = -.e •. -.e +I, ... , 0, I, ... , .e -I, .e, (IO.I5) 

r,ne f- HeKOTOpoe lJIICJIO, CBH3aHHOe, KaK M.bi YBII,lliiM B CJie,nyromeM naparpa<fle, CO 

3Ha'leHIIeM nonHoro MOMeHTa IIMITYJI.bca L ( CM. § 1 O.I8). 

§ 10.3. OnepaTopbi ix, iy- BLI6op oceit. 3uaqeuue L2 

Y)Ke H3 COOTHOilleHIIH (10.10) BII,llHO, 'ITO <flYHK~IIH (I0.14) XOTH <flopMaJI.bHO II 

Y.llOBJleTBOpHeT ypaBHeHIIIO BII,lla (8.I6) ,nJIH onepaTOpOB ix II iy , TeM He MeHee He 

HBJ!HeTCH C06CTBeHHOH <fJ)'HKQIIeil: 3TIIX onepaTOpOB, T.K. He 3aBIICIIT OT ITOJIHpHOro 

yrna e, npoH3BO.z:lHMe no KoTopoMy co.nep)KaTcH s 3TRX orrepaTopax. Bonee Toro, 
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MO)KHO YTBep)K,llaTh, 'ITO orrepaTOp.bi ix, iy, iz He IIMeiOT o6meil: (oTJIHlJHOH OT HYJIH) 

co6CTBeHHOH <PYHrmnn. 3TO cne.nyeT H3 pemeHHH 3a,na'III 1 0.4. 

C ,npyroil: CTopoH.bi, B.br6op HarrpasneHIIH ocn z, soo6me rosopx, HH'leM He 

B.bi,lleJieH, IT03TOMY pe3yJI.bTaT, ITOJI)'YJeHH.blH B § 10.2 ,llJlH iz , ,llOJI)KeH 6.biTb 

crrpase.nnns .llJlH ix H iy - see Tpii rrpoeKQIIH orrepampa i MOrYT rrpnHIIMaTh 

TO.!IbKO IJellO'IUCJleHHble 3Ha'lemm. Bonee Toro, H3 pasHorrpasHocrn oceil: cne.nyeT, 'ITO 

cpe,n;Hne 3Ha'leHHH KBa.npaToB Mo.nyneil: rrpoermnil: MOMeHTa pasH.bi: 

(r!) = (r~): (r;). (I0.16) 

B cnyqae, Kor.na KBa,npaT MOMeHTa IIMrryn.bca IIMeeT orrpe.neneHHOe 3HatieHIIe, 

cornacHo (8.32), 

L2 = (r2), 

TO, HCITOJI.b3YH (1 0.16), MO)KHO 3aiTHCaT.b 

L2 =(In= 3(r;). (10:17) 

B csoro otiepe,nh, Lz rrpiiHIIMaeT o,n;Ho Il3 3HatieHHii (10.13), II scero TaKHX 3Ha'leHHH, 

cornaCHO (10.15), 2£ + 1. llo3TOMY 

1i2 t 
(r;)=-· 'Lm2

• 
2£+1 m=-l 

CYMMa pH,na lJIICen m
2 

pasHa 

±m2 = 2±m2 = 2 · .e(£+1X2£+1). 

m=-t m=l 6 

0TCIO,IJ;a 

(r;)=n2£(:+1), L2=1i2t.(£+1} (10.18) 

Bo BTOpOM paBeHCTBe CHHT 3HaK ycpe,nHeHHH ( ), 'ITO MO)KHO c,nenaTh, YlJIIT.biBaH 

coomomeHIIe (8.32) Me)K,IJ;y (L) II L. TaKHM o6pa3oM, B (10.18) Mbi rroJIYlJIIJlii 

3Ha'leHIIe llOJIHOrO MOMeHTa IIMITYJibCa L - OHO xapaKTepi13YeTCSI 'IIICJIOM f., KOTOpoe 

Ha3biBaiOT op6umaJZbHblM K6aHm06blM 'IUCJIOM. 
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If e~e O)Ufa BIDKHM OC06eHHOCTL :noro pe3yJII.TRTa. Mbl He CJiy<IaHHO 

oCTaBIIim 3HaK ( ) y L; - 3TO .l{eHCTBIITeJibHO cpeoHee 3HarieHue Keaopama onepamopa 

i no seeM B03MOJKHI.IM coCTOHHIDlM c pa3HI.IMII m (HanOMHIIM, 'ITO HX 2£ + I). Ho z 

2 A 

.l{JIH acex COCTOHHIIH BeJIH'IIIHa L - O)Ufa 11 Ta iKe, T.e . .l{JIH onepaTopa L 3TO O.l{HO 11 TO 

iKe COCTOHHIIe. roaopJIT, 'ITO B TaKOM CJiy<Iae 3TO COCmORHUe 6blpO:JICOeHo- B .l{aHHOM 

cnyqae no KBaHTOBOMY 'IIICJIY m, KOTOpoe np11 3a.l{aHHOM f. IIMeeT 2£ + I B03MOJKHI.IX 

3HatieHIIH. 

0TMeTHM e~e O.l{Hy OC06eHHOCTL MOMeHTa IIMnyJII.Ca II ero KOMnOHeHT. 

CpaBHIIBM L 113 {IO.l8) II Lz 113 {10.13), Blf.l{IIM, 'ITO 

ILz I = lml·n ~ f.li < .fi[.i+ij ·li = L , 

T.e. acer.l{a (p11c. I0.3) 

ILzl < L. (IO.l9) 

3To 03Ha'IaeT, 'ITO BeKTop MOMeHTa IIMnyJII.Ca He MOiKeT 6I.ITb TO'IHO COBMe~eH C 

OCI.IO z, OH Bcer,l{a 
11

.l{JIIIHHee" (!) MaKCIIMaJII.HOH BeJIII'IIIHbl CBOeH npoeKIUIII Ha 

BblOeJleHHoe HanpaeJZeHue (eM. CKa3aHHoe B Hatiane npe.l{bl.l{~ero naparpaqJa). 11:3 

3TOro pe3yJII.TaTa CJie.l{yeT BJ>ffiO,l{: MOiKHO CKOJII. yrO.l{HO TO'IHO onpe.l{eJIHTL BeJIH'IIIHbl 

' Lz 11 L, Ho np11 3TOM ocTaeTcH Heonpe.l{eJieHHOCTL 3HatieHIIH Lx 11 LY . B tiaCTHocm, 

np11 Lz = f.li Ha .l{OJIIO nonepetiHI.IX KOMnoHeHT "ocTaercH" 

z 

L 

y 

X 

~ L! + L; = ~ L2 - L; = .Jili . 

Pnc. 10.3. BeKTop L 11 ero MaKCIIMaJibHO 

B03MO>KHaJI npoeKIUill Ha OCb z: 

f = 7, ami. =Arccos ~ = 20"40' 
v56 
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(10.20) 

§ 10.4. Co6croeuubie l~JynKQnn onepaTopa i 2 

Iiy.l{eM IICKaTI. peineHIIe ypaaHeHrrH Bll.l{a (8.I6) .l{JIH onepampa L2 
: 

L2 
• Y(e, CJ!)= L2 

• Y(e, CJ!). (l0.2I) 

BocnoJII.3yeMcH MemoooM pa3oeJZeHWl nepeMeHHblX, npe.liCTaBIIB IICKOMYIO cl>YHKUIIIO 

B BH.l{e 

Y(e, CJ!) = P(e). <l>(CJ!). (10.22) 

fiO.l{CTaBIIB 3TO BbrpaiKeHIIe B (I 0.21) II Y'IIIThiBM (1 0.11 ), 3aiiiiilleM 

_1 __ !!___·(sine· dP)·<l>+-p-· d2<l> =- L2 ·P·<l>. 
sine de de sin2 e dCjJ2 1i2 (10.23) 

Ilo.l{eJIIIB o6e qacTII 3Toro ypaaneHIIH naY= P·<l> rr IIO.liCTaBIIB 3HatieHIIe L2 
(10.18), 

nOJIY'lliM 

sin2e·[-
1
-·!!___·(sine· dP)+f.(£+1)]=-..!_· d

2
<l>. 

Psine de d8 · <1> dCJ!2 (10.24) 

0TMeTIIM, 'ITO 3.l{eCI. II B (10.23) CTOHT IIOJIHbie, a He tiaCTHble np0113BO)Ufble, 

nocKOJII.KY P(e) 11 <l>(CJ!)- cpynKIIHII O.l{Horo apryMeHTa (KaiK.liM caoero). 

Tpa.l{IIIIIIOHHO peineHIIe ypaBHeHIIH TaKOrO Bll.l{a OCHOBaHO Ha IICnOJib30BaHIIII 

He3aBIICIIMOCTII HX JieBOH If rrpaBOH tiacreif, B KOTOpbiX CO.l{epiKRTCH cpynKUIIII pa3Hl>JX 

apryMeHTOB: B HailleM crryqae B JieBOH qacTII CTOHT cpynKIIHH e, a B npaaoif -

cpynKUHH Cjl. Il03TOMY paBeHCTBO B03MOiKHO TOJibKO B O.l{HOM CJiyqae - KOr.l{a o6e tiaCm 

paaeHCTBa paBHbl HeKOTOpOH KOHCTaHTe. 0603Ha'IIIB .ee tiepe3 C
2
, 3aiiiiilleM 

d2<l> = -C2<l> 
dCjJ2 ' 

I d . dP C 
( 

2 ) (10.25) 

-·-(sme·-)+ f..(£+1)--- ·P=O. 
sine de de sin2 e 

11:3 nepaoro ypaaneHHH HMeeM 

<l>(CJ!)= A. eiCq> +B. e-iCq>. 

Y'IIITLIBM nepiiO.llllqHOCTI. cpynKIIIIII <1> ( CJl ), KaK 3TO .l{enanoci. B § 1 0.2, naii.l{eM 

<l>(CJ!)=<l>(CJ!+21t1 T.e. e±iC"=I, 
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oncy,z:r;a 

C · 27t = 21tm, m-uenoe, 

T.e. 

C=m, m=O, ±1,±2, ... 

TaKHM o6pa30M, <l> ( cp) IIMeeT TOT )!(C BII,z:r;, 'ITO II co6cTBCHHble !lJYJIKUIIII onepaTOpa Lz 

(10.14): 

<l>(cp)= em ·eim!j!. m = 0, ±1, ±2, 000 

Tenepb ypaBHeHIIe ,z:r;mr P(S) B (10.25) MO)!(HO npe,z:r;cTaBIITb B BII,z:r;e 

~((1-s2 ):)+(f·(f+1)- 1 :~2 }P=O, 

s =cos e. 

(10.26) 

(10.27) 

3To ypaBHeHHe ,z:r;mr TaK Ha.JbiBaeMbiX npucoeouHeHHbiX noliUHOM06 Jle:JICaHopa, 

KOTOpbiC OIIIICbiBaiOTCH !lJopMynoil: 

m sinm e de+m 1 2 )e 
Pe (cos8)=-e-· ( y+m \cos 8-1 . 

2 ·f! dcose 
(10.28) 

<l>YJIKUHII 

Yem (e, cp) = P;'(cose )· <l>(cp), (10.29) 

HOpMIIpoBaHHbie Ha e,z:r;IIHHUy, Ha3biBaiOT mapo6biMU. OcTaBmrn BbJlllicneHIIe 

HOpMIIpOBOqHbiX MHO)!(HTeneil: ( C IIO,[lCTaHOBKOH B (1 0.29) Bblpa)!(CHIIH (1 0.26) II 

(10.28)) ,[lJIH Kypca MaTeMaTHqecKOH $1I3HKH, IIpiiBC,[lCM OKQHqaTCJlbHblll pe3yllbTaT: 

Hx HBHblli BH.z:r; npii ManbiX 3HaqeHIIHX f, m ,z:r;aeTcH !lJopMynaMII 

li 
1 

Yoo = .,[4;, 

Y10 = [3 ·case 
v~ 

Y20 =~ 5 
·(3cos

2
8-1) 

161t 

Y -f3·e±i!j! 
1±1 =+vs; ·sin ·e • 

Y _[15 ·e e ±i!j! 
2±1 =+vs; ·Sin ·COS ·e , 

Y fl5 . 28 ±i2'" 
2±2 =vlli·sin ·e .... 
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(10.30) 

(10.31) 

B TeOpHII IIOlliiHOMOB Jle)KaH,[lpa IIOKa3biBaeTCH, 'ITO IIH,[lCKCbl m II £ CBH3aHbl 

ycnOBHCM 

lmls;£, (10.32) 

'ITO co"Bna,z:r;aeT c (10.15). TaKIIM o6pa3oM, 3aBepmaercH !lJII31IqecKaH KaPTH:Ha Bcero 

MaTeMarnqecKoro § 10.4: mapoBbie !lJyHKUIIlf Yem(e, cp), HBMIOmiieCH co6cTBeHHbiMH 

!lJynKUIIHMII onepaTOpa £2 , 3aBIICHT KaK oT 3HaqeHIIH Mo.z:r;yM MoMeHTa IIMnyrrbca 

L = liJi{J+lj , TaK II OT 3HaqeHHH ero npoeKURII Ha ocb z: Lz = mli. CaMa mapoBaH 

$YJIKUIIH co,z:r;ep)!(IIT B KaqecTBe coMHO)!(IITeM co6cTBeHHyiO !lJYHKUIIIO onepaTOpa £ •. 
113 !lJopMyn (1 0.28-1 0.30) cne,z:r;yiOT cBoil:cTBa cHMMeTpiiii mapoBbiX IPYJIKUIIH. 

Hx Bblli:CHIIM, 3aMeTIIB, qTo npH onepaUHII IIHBepCIIH yrnoBbiC KOOp,z:r;IIHaTbl e H <p 

npeo6pa3yiOTCH (p1IC. 9.1) B COOTBCTCTBIIII C (9.3). A T.K. sin(7t-8)=sin8, 

cos(7t-8)= -cose, TO II3 (10.28) Hail:,z:r;eM 

P;'{cos{7t-8))={+1)m ·(-1y+m ·P;'{cose), 

a II3 (1 0.30) 

eim(!j!+1t) =(-1)m 0 eim!j! 0 

B pe3yJibTaTe nonyqHM 

PY1m(e,cp)={-1Y ·Yem(e,cp), 

T.e. qernocTb mapoBbiX !lJYJIKUIIH onpe,z:r;enHeTCH KBaHTOBbiM qiicnoM £: 

_.........qeTHblC ,[lllH qeTHblX £, 
$YJIKUIIII Ye,;,-..... HeqeTHbie .z:r;JIH . HeqernbiX £. 

§ 10.5. flpaBHJia CJIO~eHHH MOMCHTOB 

(10.33) 

(10.34) 

Bee paccMOTPCHIIe B §§ 10.1-10.4 ornocHTCH K o,z:r;Hoil: qacrnue. PaccMOTPIIM 

TCIICpb CHCTCMY H3 06}'X He3a6UCUMblX llaCmUlf. EcnH Ka)J(,[laH H3 HHX OIIHCbiBaeTCH 

CBOeli BOllHOBOH !lJyHKUIICH, TO TOrt~:a CHCTeMa H3 AByx qacTIIU, He 
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B3aHMO,l{ellCTByiOIUIIX ,Lipyr e .LipyroM, 6y,LieT OIIIICbiBaTbeH cP)'HKQIIeii, pasHOll 

rrp01I3Be,LieHIIIO BOJIHOBblX <iJYHKQIIll qaeTIIQ: 

\1112(~, r2)= W1(~)·W2lf2). (10.35) 

3To eJie,LiyeT II3 sepORTHOCTHOrO xapaKTepa W-<iJ)'HKQIIII: BepOHTHOeTb TOro, qro .n;sa 

He3a8UCUMbU: e06biTIIR IIpOIICXO.n;HT O,LIHOBpeMeHHO, pruma IIpOIIJBe,lleHIIIO 

sepoHTHoeTeii esepmeHIIR KIDK.D:oro IIJ eo6hrrnii. 

IJpm.teHIIM <iJopMyny (10.35) K IIIapOBbiM <iJyHKQIIRM II yqreM, qro orrepaTOp iz 

,~:~eiicrnyeT TOJihKO Ha KOOP.LIIIHaTy <p. Tor,~:~a orrepaTOp L. ,~:~syx qacrnQ, pasHhrii 

. . . 
L. = Liz + L2z • 

.n;eiiCTBYR Ha eBOIO eo6eTBeHHyiO <iJYHKQIIIO, ,LiaeT (eM. (10.12)-(10.14)) .. 
i. · Yl2(el, <pi, 82, <p2)= £. · Y1(e1, <pi)· Y2(e2. <p2)= 

= {~. · yJ Y2 + Y1 · Iz. · Y2(e2, <p2) = (ml + m2)·1i · Y12· 
(10.36) 

TarmM o6pa30M, MarHIITHOe KBaHTOBOe qiieJIO eiieTeMbl II3 .LIByx HeJasiieUMbiX qaCTIIQ 

pasHo eyMMe 3TIIX queen Ka)I(,Lioii 113 qaeTIIQ: 

m12 =m1 +m2 , 

(~2). = (m1 +m2)·1i. 
(10.37) 

Beero m12 IIMeeT (2£ 1 +1)·(2£ 2 +1) BOJMOJKHhiX JHaqeHIIii. HeeKOJihKO enoJKHee 

o6crO~T ,LieJIO e IIOJIHbiM MOMeHTOM II ero KBaHTOBbiM qiieJIOM £12· PeJyJihTaT (10.37) 

OJHaqaeT He qTo IIHOe, KaK 06bJqHOe (KJiaCciiqeCKOe) CJIOJKeHIIe rrpoeKQHll MOMeHTOB 

.n;Byx qaCTHQ Ha OCb Z. 0,L1HaKO rrpuMeHRTb IIpaBIIJIO eJIOJKeHHR BeKTOpOB K IIOJIHbiM 

MOMeHTaM HeJibJH, T.K. IIX IIOJIOJKeHIIe B IIpOeTpaHCTBe HJBeeTHO e HeKOTOpOll 

HeOrrpe,LieJieHHOeTbiO (eM. <iJopMyny (10.20) II TeKeT rrepe,LI Hell:). Ho J,Lieeb Ha IIOMOIUb 

IIpHXO.n;HT peJyJihTaT (10.37). IJyeTb y HaC 3a,LiaHbl KBaHTOBbie qrrena BeKTOpOB 

4 II Lz: £1. m1. £2, m 2• 3TOT Ha6op KBaHTOBbiX qrreeJI, xapaKTepii3yiOIUHX 

eOCTOHHHe eHeTeMbi, IIpiiHHTO 0603HaqaTh 

(£1, ml,£2, m2l· (10.38) 

.l{anee, Mbl IIORCHHM 3TO 0603HaqeHHe IIO,Lip06Hee. EcJIII m 1 H m2 H3BeCTIIbl (HJMepeHbi), 

TO H3Becrno TaKJKe 3HaqeHIIe HX CYMMhl 
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m12= m1 + m2. 

IJo3TOMY eYMMapHbrii MOMeHT ~2 MOJKeT rrpiiHIIMaTb TaKOe 3HaqeHIIe, qrQ 

eOOTBeTCTByiOIUee eMy KBaHTOBOe qrreJIO 

£12 ~lm12l• (10.39) 

T. K. seKTop seer.na He Kopoqe csoeii rrpoeKQHII. CooTBeTeTBeHHO, MO){yJih 3Toro 

seKTopa ecTh (eM. (10.18)) 

~2 =li~£12(£12 -i-1). (10.40) 

QqesH,Il;Ho, qro 

{£12)min = ml2• {£12)max ={~!)max +{m2)max =l'1 +£2. (10.41) 

TaKHM o6pa3oM, £12 MOJKeT rrpHHIIMaTh see 3HaqeHHH HJ QenoqrreneHHoro pMa 

£12 = m12, m12 +1, ···• £1 + £2 · 

Terreph 3a,Lia.LIIIM sorrpoc, KaKIIe 3HaqeHHR MoJKeT rrpiiHIIMaTh £12 rrpH 3a,LiaHHhiX £1 II £2 

H seex B03MOJKHhiX rrpH 3TOM JHaqeHHHX m1 II mz. MaKeHMaJihH?e 3HaqeHHe £12 

orrpe,~:~eneHo s (10.41). C MHHHMaJihHhiM HecKOJibKO enoJKHee. Bhr6epeM HOMepa I H 2, 

HaiipiiMep,TaK,qrO 

£1>l'z- (10.42) 

QqeBH,LIHO, MHHHMaJibHOMY 3HaqeHIIIO £12 eOOTBeTCTBYeT enyqaii, KOr,ll;a BeKTOpbl 

4 H lz aHTHrrapanneJihHhi, T.e. B HameM cnyqae 

(£12)min = £1- £z. 

B 3TOM HeTpy,ll;HO y6e,LIHTbCR, BeiiOMHHB, qro £12 MOJKeT IIpHHHMaTh JII06bie 

QenoqrreneHHbie 3HaqeHHH OT {£ 12)max .no {£ 12)min: 

£12 = £1 +£2, £1 +£2 -1, ... , £1-£2, (10.43) 

HO 3HaqeHHH MeHbiiie £I -£ 2 3arrpemeHhl, T. K. TOr,Lia eOOTBeTeTByiOIUee 

MaKeiiMaJibHOe 3HaqeHIIe IIpOeKQIIII Ha Oeh Z He ,LIOCTHraeT 3HaqeHHH 

seJIHqrrHbl m1 - m2. 

IlpH rrpoiiJBOJibHOM Bbl6ope HOMepos 1, 2 scer.n;a errpase,ll;JIUBO yrsep)I(,LieHIIe 

{£12)min =1£1-£21· 
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TaKHM o6paJOM, Mbl ycTaHOBHJJH, 'ITO 

j£, -Rl5:£12 :::;£, +£2. (I0.44) 

3aKOH CJJO:lKeHHJI MOMeHTOB Y~OfiHO IlOJICHHTh Ha BeKTOpHOH MO~eJJH 

(pnc. ·I 0.5). PaccMOTPHM, ~ rrpocTOThi, CJJ)"'aH, Kor~a ~sa BeKTopa, I
1 

n ~, 

JJeiKaT ("MrHOBeHHO") B O~HOH IIJJOCKOCru. B TOM CJJ)"'ae, KOr~a rrpoeK~llll ofiOHX 

BeKTOpOB Ha OCh Z HMeiOT MaKCHMaJJhHOe li IlOJJOiKHTeJJbHOe 3HaqeHHe (pHC. 10.5, a), 

CYMMapHbiH BeKTOp MOiKeT HMeTb TOJJhKO OMO 3HaqeHHe, KOr~a f = f 
1 
+ f 

2
, T.K. 

m = m 1 + m 2 = f 1 + f 2 B ~aHHOM CJJ)"'ae. 3TO COOTBeTCTByeT B KJJaccnqeCKOH 

MexaHHKe napwllle!lbHbZM eeKmop(JM I, H I 2 • Ecnn iKe m, IIJJn/n m
2 

MeHhme caonx 

MaKCHMaJJhHhiX 3HaqeHHH £1 II £2, CYMMapHhiH BeKTop L MOiKeT HMeTb HeCKOJJhKO . 
3HaqeHnii, cooTBeTCTBYIOIIIHX £12 Me~y £1 + £2 n m12, Ho TaKHX, 'ITO rrpoeK~HH I Ha 

ocb z pasHa 1i·(m1 + m2) (pnc. I 0.5, 6). H, HaKOHe~. rrpn m1 = £~, m2 = -£
2 

IIMeeT MecTo 

CJJ)"'aH "aHTHIIapanJJeJJbHhiX" BeKTOpOB MOMeHTa. 

a) 6) z 6) z z 

I y I X 
X I( I I X -1 1 -2 -1 I

2 
1 2 3 

Puc. I 0.5. CnolKeHne JtByx MOMeHTOB c I<BaHTOBhiMH 'IHcnaMH l
1 
= 2, l

2 
= I. 

PaccMoTpeH cnyqaii, KOrJta o6a BeKTopa nelKaT B nnocKOCTH (x, z): 

a) "napannenhHhle" MOMeHThl: m 1 = 2, m2 = I; 

6)m, = l,m2=0; 

B) "aHTHnapannenhHhle" MOMeHThr: m 1 = 2, m 2 =-I. 

8 CK06Kax Ha pncyHKe yKa:JaHhl JHa'!eHHJI l 12• IlOJt'lepKHeM, 'ITO JHa'leHHJI L, 

3JleCb onpeJ{eneHhl C TO'IHOCTbiO JlO 3H8Ka 
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r 
33Jlaqa 10.5. HaiiTH BOJMOlKHbie C06CTBeHHble 3Ha'!eHHJI BeKTOpa l = £, + l 2 , ecnH 

l 1 =5, l 2 = 10, m 1 =2, m2 =-9. 

IlocKORhKY m = m 1 + m 2 = -7, TO cpeJtH 3Ha'leHHii f. (10.40) peanH3yiDTCll TOJihKO re, Jtnll 

KOTOphiX 

f.~ lnil. 
8 paccMaTJli!BaeMoM cnyqae HaiiJteM 

l = 15, 14, 13, ... , 7. 

llpoBe~eHHOe paCCMOTPeHIIe IIOKaJhiD•aeT, 'ITO IIpaBHJJa CJJOiKeHHH KBaHTOBbiX 

MOMeHTOB He3aBIICHMbiX qacm~ He HMeiOT Hnqero ofimero C npaBHJJaMH CJJOiKeHHH 

o6bJqffbiX (KJJacciiqecKnx) aeKTopoa. KpoMe TOro, ynoTPe6JJHH cnoao "MrnoaeHHo" 

DpHMeHIITeJJhHO K DOJJOiKeHIIJIM BeKTOpOB L B IIpOCTPaHCTBe, Mhl HMeJJH B Bll)zy 

pe3ynJ>TaT MrHoaeHHoro II3MepeHHJI :noro rronoiKeHHJI. BeKTop MOMeHTa I MOiKeT 

3aHHMaTb B DpOCTPaHCTBe BCe B03MOiKHbie IlOJJOiKeHHJI, 11p11 KOTOpbiX 3HaqeHHe m 

paaHo CYMMe m 1 + m2, a yron <p neiKHT Me~y 0 u 21t. 

33Jlaqa 10.6. HaiiTH npa6UJIO C!IO:JICeHW! 'li!mHOC~eu B CHCTeMe H3 JtBYX HC38BIICIIMhiX '18CTHU. 

IlocKOJihKY Y12 = Y1 • Y2 (eM. (10.35)), TO JteiicTsne onepaTopa 'leTHOCTH Ha lf!YHKIIHIO Y12(a, 

cp) MOlKHO npeJtCT8BHTb B BHJ{e (CM. (10.33)) 

PY,2 (a, cp) = PY, (a, cp)· Y2 (a, cp)= Y, (1t- a, cp +1t)· Y2 (1t- a, cp +1t) = 
=(-I)'' Y, (a, cp)· (-I)'' · Y2 (a, cp) = (-t)'••'' · Y12 (a, cp} 

TaKHM o6pa:JOM, 'leTHOCTh coCTOJIHHJI m JtBYX HeJaBHCHMhiX qacTHLI eCTb 

P - (-1)'••'' 12'- • (10.45) 

CnoiKeHIIe MOMeHTOB N He3aBIICHMhiX qaCTII~ Dp0113BO~TCJI nyTeM 

DOCJJe~OBaTeJJhHOrO IIpHMeHeHHJI ODHCaHHhiX Bhiiiie npaaHJJ. 3a,naqa 10.7 

HJJJJIOCTPIIPYeT :no Ha rrpHMepe CIICTeMbi H3 TPeX qacm~. 

_ 33Jlaqa 10.7. Clf!OPMYJIHposaTh npasnno cnolKeHHll MOMeHToB Tpex HeJaBHCHMhiX '!aCTHU. 

PaCCM8TpHBaJI CYMM8pHblfi MOMeHT JlBYX '18CTHL\ K8K MOMeHT CJlHHOfi CHCTeMbl, 38nHWeM: 

l,23 = 1,2 + ~. 
l 12 +l 3 $(123 $ll,2 -l3 1, m123 =m12 +m3 • 
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Orcro,ll.a 

min =ml +m, +ml, 

£123 =fl +f, +l3, ll +l, +l3 -l, ... ,jJtl -t,J-t)l· (10.46) 

B 3aKJIIOqeniie :nofi rJia.Bbl CKIDKeM, 'ITO paCCMOTpeHHblll 3~eCh MOMeHT 

qaCTHUhl Ha3hiBaiOT Op6UmaJlbllb!M MOMeHmOM - TepMIIH, 3aHMCTBOBaHHhifi B 11CTapofi" 

KBaHTOBOii MeXaHIIKe Eopa II3 KJiacciiqecKoii MeXaHIIKH. On coxpaHIIJICX B "noBoii" 

KBaHTOBOH MeXaHHKe II IIepemeJI B cjJII31IIcy aTOMHOrO Mpa II qaCTIIU, XOTX, KaK Mhl 

YJKe 3naeM, Ii:IIKaKUX op61IT 3JieKTpoHa B aTOMe ne cymecrnyeT. IIpaBIIJihHee roBOpiiTh, 

'ITO op61ITaJihHhifi MOMeHT - xapaKTepiiCTHKa B3aHMO~efiCTBIIX Me~y MPOM II 

3JieKTpOHOM, KOTOpax OIIIIChiBaeTCX TaK, KaK eCJIU 6&1 3JieKTpOH-qacrnua IIMeJI 

op61ITaJibHbifi MeXaHIIqecKIIH MOMeHT. Ho onpe~eJIXeT 3la xapaKTepiiCTIIKa BII~ 

BOJIHOBoii cjJynKUIIII (T.e. BepoxTHOCTHYJO BeJIHqiiny!). B cne.lzyiOmeii maBe 

IIOXBJIXeTCX co6cm6eHHbiU MOMeHm qaCTIIUhi, IIJIII CnUH. 

rJIABA 11. CIIHH 

§ 11.1. runoTe3a YJieu6eKa "ray.r.cMUTa. Cnuu qacTUQbl. 

WepMuonLI u 6o30HLI. IloJIHLIH MOMenT qacTHQLI 

IIpe~noJIO)KeHIIe o cymecTBOBaHIIII co6cTBennoro MexaniiqecKoro MOMenTa 

IIMIIYJihCa y qaCTIIU 6biJIO BIIepBbie BhiCKa3aHO B 1925 r. roJIJiaH~CKHMII cjJII31IKaMII 

.n;)K. Ynen6eKOM (G. Uhlenbeck) II c. ray~CMHTOM (S. Goudsmit) Ha OCHOBe aHaJIII3a 

CIIeKTpOB II3nyqeHIIX aTOMOB- IIX TOHKOH CTpYKTYPbi (eM. rJI. 14). 0HII npeMO)KIIJIII 

Mo~eJih 3JieKTpona B BII~e Bpamaromerocx 3apx)Kennoro mapiiKa, HJIII BoJiqKa -

o~ciO~a Ha3BaHIIe "cniiH" (oT anm. spin - Bepqeniie, BonqoK). 3Ta Mo~eJib He 
{\ 

YKJI~IBaeTCX B COBpeMeHHble npe~CTaBJieHHX 06 3JieKTpOHe - TOqeqnofi 3apX)KeHHOH 
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qacTIIUe. TeM ne Menee coMneniiii B TOM, 'ITO 3Ta "ToqKa", o6n~aromax 

3JieKTpuqecKHM 3apMOM II IIHeprHoiifrpaBIITaUIIOHHOH MaCCOH, IIMeeT eme. II 

co6cTBeHHhrli MexaniiqecKHii MOMenT, HII y Koro. HeT. Eonee Toro, BeJIIIquHa 3TOro 

MOMenTa, nocryJIHpOBaHHax Ynen6eKOM II ray~CMIITOM, 

li s =
e 2' 

(11.1) 

OCTaeTCX ~ 3JieKTpOHa ~0 CIIX IIOp 3KCIIep1IMeHTaJihHO He3bi6JieMOH. 

B KBaHTOBYIO MeXaHIIKY CIIIIH 6hm BBe~en B. IIayJIII (W. Pauli) B 1925 r. 

Ceroi:lml II3BeCTHO, 'ITO CIIIIHOM o6n~aeT 6oJihmiiHCTBO 3JieMeHTapHhiX .. 
qacTIIU. I1p1I 3TOM BCe qaCTIIUbl ~eJIXTCX na ~a KJiacca - pepMUOllbl, CIIIIH KOTOpbiX 

IIOJIYUeJibtii, II 6o30Hbl - qaCTJIUhl C QeJihiM IIJIH HyJieBhiM CIIIIHOM. Ha3BaHIIX ~aHbl B 

qeCTh cjJII31IKOB, npeMO)KIIBilliiX OIIIICaHIIe CTaTIICTIIqecKHX CBOHCTB qaCTIIQ. qaCTIIUhl 

c nonyueJibiM CIIIIHOM OIIIICbiBaiOTCX cmamucmwwu lPepMu-J(upaKa (E. Fermi, 

P. Dirac- BBeJIII ne3aBIICIIMO B 1926 r.), a qacTIIUhi c ueJihiM CIIIIHOM- cmamucmuKoii 

Eo3e-3unUtmeiina (S.N. Bose BBeJI B 1924 r. ~ KBaHTOB CBeTa- cjJoTOHOB, HeCKOJihKO 

no3~nee A. Einstein o6o6IUIIJI na qacTIIUhi c uenoiM CIIIIHOM). )J;eneHIIe qacTIIU no HX 

CTaTIICTIIqecKUM CBOHCTBaM Ha 6030Hhl II cjJepMIIOHbl 6biJIO CTpOrO ~OKa3aHO llayJIII B 

1940 r. 

K pepMUOHaM OTHOCXTCX !lenmOHbl 3JieKTpOMarHIITHO- II · CJia6o-

B3aHMO~efiCTBYffiJUIIe qaCTIIUhl: 3JieKTpOH, MIOOH, 't-JieiiTOH II Tpii TIIIIa nefiTpiiHO, II 

6apUOHbl -:- O~Ha II3 ~Byx pa3HOB~HOCTefi CIIJihHOB3aHMO~efiCTBYJOIUIIX qaCTHU 

(aopOHbl), B qucJie KOTOpbiX qaCTHUhl Mpa IIpOTOH II HeHTpOH, rnnepOHhl II ~yrne 

KOpOTKO)KIIBYJUIIe TX)KeJible qaCTIIUbl (c MaCCOH, npeBbiiiiaiOIUefi Macey IIpOTOHa) . 

K 6o30HaM OTHOCXTCX pomOH (CIIIIH paneH /i) II Me30Hbl 

CIIJibHOB3aHMO~efiCTBYJOllHe KOpOTKO)KIIBYJUIIe qaCTHUhl C MaCCOH, MeHhillefi MaCCbl 

IIpOTOHa, HO MHOrOI-.-paTHO IIpeBOCXOMIUefi Macey 3JieKTpOHa. 

ATOMHhie Mpa II aTOMhl, B 3a.BIICHMOCTH OT uX CTpYKTYPbi, MOryT HMeTh KaK 

IIOJIYUeJiblii, TaK II QeJihlfi (B TOM qucJie nyJieBofi) CIIIIH. TaK, HaiipHMep, CIIIIH Mpa 

BO~opo~a (npoTona), KaK }'JKe roBopHJIOCh, panen li/2 , a CIIIIH ~eiiTpona - TX)KeJioro 
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ll30TOna . BO.D;OpO.D;a, COCTOJIII1ero ll3 O)UIOrO npOTOHa ll O,!I;HOrO HeHTPOHa, paBeH fi. 

CnnH a.-YJacmQbi - J~.D;pa reJinJI (.nBa npoToHa n .D;Ba HeiiTPOHa) paBeH HYJIIO. 

Benwnmy cnnHa npnHS!To n3MepS!Tb B e.D;HHnuax 1i. Ilo:JToMy, Kor.na roBopSIT, 

HanpHMep, 'ITO "cnnH YJaCTHQhl paBeH e.D;HHHQe", HMeiOT B BH.D;Y ero paBeHCTBO 

KOHCTaHTe 1i ll T.,!l;. 

B rn. 12 Mbi yBn.D;HM, 'ITO OT cnnHa cnCTeMbi 3aBHCJIT ee cBoiicTBa cnMMeTPHH. 

Tenepb BHeCeM HeKOTOpyro JICHOCTb B nOHJ!Tlle cnHHa, CBJI3aB ero CBOHCTBa CO 

CBOllCTBaMll MOMeHTa llMnyJinCa YJaCTllQbi, paCCMOTPeHHOro B rJI. 10. IlpeJK.D;e BCero, 

nOCKOJibKY cnnH JIBJIJ!eTCJI no onpe.D;eJieHHIO C06CTBeHHbiM MeXaHHYJeCKHM MOMeHTOM 

YJaCTllQbi, Ha Hero MO)I(HO pacnpOCTPaHHTb BCe CKa3aHHOe B rJI. } 0 06 op6umaJlbHOM 

MoMeHme YJacTHUbi L. Ilo:JTOMY BeJIHYJHHa s., BBe.D;eHHM Bbirne (II. I}, ecTb no cBoeMy 

lPH3llYJeCKOMY CMbiCJIY TO )I(e CaMOe, 'ITO H BeJIHYJHHa L, H cnHH YJaCTllQhl MO)I(HO, KaK 

3TO npnHS!TO, OnllCbiBaTb CnUH06biM K60Hm06biM 'IUCJIOM S (ero Ha lPH3HYJeCKOM 

)I(aproHe TaK)I(e ,!I;JIJI KpaTKOCTn HMbiBaiOT "cnnH"). TaKnM o6pa3oM, MO.D;yJib BeKTopa 

cnnHaecTb 

181 = Ks+lJ .;, · (11.2) 

IJOJIHblU MOMeHm UMnyllbCQ 'lOCmUlfbl CKJia.D;biBaeTCJI ll3 CYMMbi op6HTaJibHOfO' ll 

C06CTBeHHOrO MOMeHTOB: 

J =I+ s, IJI = ;,.tJU+IJ, (11.3) 

r.D;e CJIO)I(eHHe npOH3BO,!I;HTCJI B COOTBeTCTBllll C npaBllJiaMll, OnHCaHHbiMll B § 10.5: 

j=f.+s, f.+s-1, ... ,1£-sl. (11.4) 

CooTBeTCTBeHHO, npoeKQHJI BeKTopa S Ha Bbi6panHoe HanpaBJieHne ("ocb z") MO)I(eT 

npHHHMaTb 3HaYJeHllJI 

Sz =sz1i, Sz =s,s-I, ... ,-s, 

t1n, B COOTBeTCTBHH C npaBHJIOM CJIO)I(eHHJI (10.37), 

mJ=m+sz. 
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(11.5) 

(11.6) 

3Ma'la 11.1. HaliTH 3Ha'leHHe co6CTBeHHOro MoMeHTII l!Mnyni>Ca (cnHHa) !floTOHa, paccMarpes 

nepeAa'l)' :mepnrn H MOMeHTII l!Mnynbca ::meKTpoll)' B aTOMe Eopa, Haxo~~.~~~neMCll B none UHPKYnliPHo-

nonl!pmosaHHoli :meKTpoMarHHTHoli sonllbl. Op6my JneKTpoHa C'lHTIITh Iqlyrosoli, seimJp E sonHbi 

nelKIIT B finOCKOCTH op6HThi. 

B UJI!lK}'nl!pHO-nolll!pH30B3HHOH BOnHe, pacnpOCTJl3Hli!Omelicll BAOnb OCH z, KOMnOHeiiTbl 

seimJpa E onncb!BaiOTCll BblpaJKeHHliMH 

E,{x,t)=E0 cos(kz-mt~ Ey =E0 sin(kz-mt~ 

ecnH Ha'lanO OTC'ltiTa H HanpasneHHll oceli KOOpAHH3T Bb16paHbi TaK, 'ITO npH t = 0 none B TO'lKe Z = 0 

HanpaBneHO BAOnb OCH X. BeKTop E B KaJKAOH -TO'lKe npOCTp3HCTB3 BpamaeTCll BOKpyr OCH Z C 

'l3CTOTOH 0) (pHC. 11.1 ). lloMeCTl!M Ha'lanO OTC'leT3 (x = y = Z = 0) B TO'lK}' H3XOJI{Aeirul!liAP3 3TOMa. Ha 

3neKTpOH, H3XOllllmHHCll B TO'lKe (x, y) nnOCKOCTH Z = 0, AeHCTBYIOT none liAP3 H none BOnHbi. 3anmneM 

ypaBHeHHll ASHJKeHHll 3neKTpOH3 B UHJIHHAPH'leCKHX KOOpAHHaTax: 

y 

z 

•• • 2 e2 
mr-mq> r=-2 -eE,(t), 

r 

Ol 

i .. ~(t) 

~--~-------------X 

PHc. 11.1. AToM B none UHpKynllpHo
nonllpH30BaHHOli nHOCKOH MOHOXpOM3TH
'leCKOH sonHhi, · pacnpocTpaHBIDmelicll 

BllOJib OCH Z 

dL _ "d(mr
2

<i>) = -eE0 (~)-r. di- dt 
(11.7) 

3AeCb yqreHo, 'ITO 3apM JneKTpoHa -e. EyAeM C'lHTIITb, 'ITO qacroTa sonHhi cosnanaeT c qacroToii 

spameHHl!JneKTpoHa (pe3oHaHc!): 

<j>=m. 

B 3TOM cnyqae 3ana'la pe3KO ynpomaeTCll: B KaJKAbili MOMeiiT speMeHH none E B TO'lKe HaxOJKAeHHll 

JneKTpoHa coCTaBlllleT OAHH H TOT JKe yron c seimJpoM r , KoTOpb!li, KaK H seimJp E , 3a HHTepBan 

speMeHH M nosopa'lHBaeTCll Ha TOT JKe yron 

~q>=m·M. 

llo3TOMY KOMnOHeHThi E, H E
0 

B ypasHeHHl!X ASHJKeHHll - nOCTOliHHbie, He 33BHCllmHe OT BpeMeHH. 
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ECJIH BOJJHa HMeeT T3K)'IO HHTeHCHBHOCTb, qTO H3 3TOM Dl!Jl3eT n lj!OToHOB B CeK)'H.D.)', TO 

:meKTpOH)' B e)I.HHHizy BpeMeHH nepe.D.aeTCll MOMeHT 

dL = nS photon ' 
dt 

r)l.e Sphoton - CDHH lj!OTOHa. 0)1.HOBpeMeHHO 3HeprHll, nepe)l.asaeMal! B e.D.HHHizy BpeMeHH 3JJeKTpOH)' OT 

BOJJIII>I, C )"'!!TOM (11.7), MOlKeT 6h!Tb npe.D.CT3BJJeHa BhlpalKeHHeM 

de dL 
-=-eE ·v =-eE r·ro=-·ro =nS ...... ·ro. dt ~ ~ ~ dt .. -• 

TipnpaBHHBal! DOCJJe)I.Hee BblpalKeHHe 3HeprnH, nepe)l.aBaeMOit BOJJHOit 3JJeKTpOH)' B CeK)'H.ny, 

de 
-=nliro, 
dt 

OKOnqareJJbHO H3XO)I.HM 

lsphotonl =li, sphoton = 1. (11.8) 

OTMeTHM, ~o Bbi6op BOJJHLI c UHpK)'JJllpHoil: DOJJl!pH3aUHeit 3.D.ecb lie CJI)"'aeH. Bo-nepBLIX, nerKo 

y6e.D.HTbCll, qTO )I.Jill JJHHeil:Ho-nonllpH30BaHHOil: soJJI!hi npnse.D.!!HHoe pemeHne He cnpase)I.JIHBO. Bo

sropLIX, JJI06yiO JJHHeiiHO·DOJJllpH30B3HHYIO BOJJHY MOlKHO npe.D.CT3BHTL B BH)I.e cynepn03HUHH .D.BYX 

JJeBO· (L) H npaBO· (R) UHpK)'JillpHO·DOJJllpH30B3HHLIX BOJJH: 

E(x, t}= E0 cos(kx -rot}= EL (x, t}+ER(x, t}, 
(11.9) 

E- _ Eo e±i(h-mt) R.L- 2 ' 

3TO 03HaqaeT, qTO lj!OTOH JJHHeitHO·DOJJllpH30B3HHOit BOJJI!hl eCTL cynepU03HUHll JJeBO· H Dp~BO· 

UHpK)'Jil!pHO·UOJil!pH30JlaHI!hiX lj!OTOHOB, K3lK)I.Lill H3 KOTOpLIX HeC!!T MOMeHT HMnyJJLCa (11.8). TipoCTO B 

3KCDepHMeHTe 3TH lj!OTOHLI DOliBJJliiOTCll "no oqepe.D.H" H, HHTeplj!epnpyll (B CMLICJJe BOJJHOBOii 

lj!yHKI.(HH!), )1.310T JJHHeiiHO·DOJJllpH3083HHyiO BOJJH)'. 

B rrp1Ipo.z:~e cymecTBYJOT <PoTOHbi pll3HbiX TliiTOB, KOTOpbie orrpe.z:~eiDIIOTC.sr 

xaprucrepoM II3JIY'IeHll.ll aToMa - TliiTOM aToMapHoro rrepexo.z:~a (eM.§ 16.5). KaK II 

::meKTPOH, <iJoTOH, B3aliMO,l:leHCTBYJOIUIIH C aTOMOM, 06Jia.[laeT orrpe,l:leJieHHbiM 

'MOMeHTOM. 3TOT MOMeHT llO,!('IliH.SleTC.Sl BCeM, HaM yx<e II3BeCTHbiM, IIpaBIIJiaM 
t1 

CJIO)I(eHll.Sl MOMeHTOB II Bbi'IliCJieHll.Sl liX MO,l:lyJieii: (eM. § 10.5). KpoMe TOro, <lJoTOHbl 

MOryT o6na.z:~aTb pa3HOii tJi!THOCTbiO P = ±1. B HTOre pa3JIII'laiOT 
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3JieKTPO.z:IIIIIOJibHbie <iJoTOHbi: J = S =:=. I, P = -I, 

MarHIITO.z:IIIIIOJibHbie <iJoTOHbi: J = S = I, P = +I, 

3JieKTPOKBa,l:lpyiiOJibHbie <lJoTOHbi: J = 2, P = +I, · 

MarHIITOKBa,l:lpyiiOJibHbie <lJOTOHbi: J = 2, p = -I 

II T • .z:l., 6oJiee BbiCOKOii: MYJibTIIIIOJibHOCTII. 

§ 11.2. OnepaTop cnuua. Cnuu 1/2, cnuuopLI 

CocTo.srHIIe KBaHTosoii: ciicTeMbi (HarrpiiMep, qacTIIUbi) JaBIICIIT oT opiieHTauiiii 

ee ClliiHa, eCJIII OH HeHyJieBOH. Il03TOMY MO)I(HO BBeCTII B BOJIHOBYJO <lJyHKUIIIO eme 

O.z:IHY rrepeMeHHYJO, KOTOpa.Sl YKll3biBaeT Ha BeJIIIlJIIHY rrpoeKUIIII ClliiHa Ha HeKOTOpOe 

6b!OeJleHHOe Hanpa6JleHlte- OCb Z (eM.§ 10.2). 3Ty CnUH06YIO nepeMeHHYIO Sz llpiiH.SlTO 

IIJMep.SlTb B e,l:IIIHIIUax tJIICJia 1i. Tor.z:~a ,l:IJI.Sl cJiyqa.sr s = 1/2, otJeBII.z:IHO, 

sz = ±1/2 (s = 1/2). ' (11.10) 

cl>yHKUII.Sl I.JI(r, t, S z) OIIIICbiBaeT Bep.O.SlTHOCTb o6Hapy)I(IITb qaCTIIUY B COCTO.SlHIIII C 

orrpe.z:~eneHHOii: opiieHTauiieii crriiHa s.: 

P(sz) = ~I.JI(r, t, sz )J2 
dV. (11.11) 

v 

Ilp1I 3TOM B HOpM1IpOBKe IIOJIHOH BOJIHOBOH <lJyHKUIIII YtJIITbiBaiOTC.Sl BCe B03MO)I(Hble 

HarrpasJieHII.Sl seKTopa crriiHa S (rrpoeKUIIII sa): 

L fli.JI(r, t, su}J2 
dV.= I. (11.12) 

a 

):{IDI OIIIICaHII.Sl llOBe,l:leHII.Sl tJaCTIIUbl, o6mmaromeii: CllliHOM, BBO,l:I.SlT 

COOTBeTCTBYJOIUIIH orrepaTOp - onepamop cnUHG S , KOTOpbiH, ):leHCTBY.Sl Ha BOJIHOBYJO 

<lJYHKUIIIO, "II3BJieKaeT" II3 Hee COOTBeTCTBYJOIUee C06CTBeHHOe 3HalJeHIIe. Ilo.SlCHIIM 

3TO Ha IIpiiMepe tJaCTIIU CO ClliiHOM 1/2 ll 3mUM CJlyttaeM ozpaHU'lUMCR. 

QqeBll,l:IHO, 'ITO B KBaliTOBbiX CIICTeMax CO CllllHOM S = 1/2 B03MO)I(Hbl ,[IBa 

COCTO.SlHll.Sl ( Il.I 0) OplleHTaUllll CIIIIHa OTHOCIITeJibHO Bb16paHHOro HarrpasJieHII.Sl. 

COOTBeTCTBeHHO, I.JI(r, t, Sa) COCTOIIT II3 ,l:IByx He3aBllCllMbiX <lJyHKUIIH, T.e. IIMeeT ,[IBe 
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KOMIIOHeHThi \jll(Sz =+1/2) U 'l'2(sz =-1/2). EcTeCTBeHHO 11pe,UCTaBUTh TaKYJO 

cp)'HKIIUIO B Bll,l(e CTOJI6IIa 

w=(:J· (11.13) 

3Ty seJill"'IIHY Ha3bmaiOT cnuHopoM (110 aHanornu c BeKTopoM). ITo 011pe.neneHliiO 

011epamp CIIUHa oroupaeT U3 JJ:Byx B03MO)I(HbiX opueHTaiiUH (11pOeKIIUH Ha OCb z) 

"llpaBUJibHyro"- T.e. ,neiicTBue :noro 011epampa Ha \j/1 ,nacT +fz/2, aHa '1'2 ,nacT -tz/2. 

IJ03TOMY MO)I(HO llpe,nCTaBUTh Ollepamp Sz B BU,ne MaTpUIIbl 

A (all 
Sz\jl = a2l 

al2) ·(\jl') = tz ·(+ 1/2 ·w,). 
a22 W2 -1/2·\j/2 

(11.14) 

Cne,noBa.TeJibHO, KaK HeTpyJJ:HO coo6pa3un., 011epaTop Sz ecT:S 

§ =!!:.·(1 0)· 
z 2 0 -1 (11.15) 

,l(Be OCTaJibHble KOMIIOHeHTbl 011epampa S HaH,l{eM, UCIIOJib3YH BCe TOT JKe 

llpUeM "cpU31I'IeCKOrO ll3MepeHUH
11 

( CTpOrOe ,1{0Ka3aTeJibCTBO Tpe6yeT llpiiBJielJeHIIH 

6onee rny60KO pa3BUTOro MaTeMaTII"leCKOrO cpopMaJIII3Ma, HeJKeJIU HCIIOJib3yeMbiH B 

,l{aHHOM Kypce). IlyCTb MbiU3MepiiJIII 3HalJeHIIe llpOeKIIIIII CIIUHa Ha OCb X, 3HM, "'TO B 

llpeJJ:biJJ:YIIIeM H3MepeHIIU CIIIIH 6bm OpiieHTIIpOBaH B,l{OJib OCU Z TaK, 'ITO Sz = + 1/2. 

3TO 03Ha"laeT, 'ITO Tellepb OCb X IIrpaeT pOJib OCII Z, T.e. Mbl IIOBepHyJIU CUCTeMy 

KOOpJJ:IIHaT BOKpyr OCII y TaK, 'ITO OCb X 3aHHJia MeCTO OCII Z (puc. 11.2, 6). Ho, 'lT06bi B 

HaiiieM OIIIICaHUU BCe 6bmO llpaBIIJibHO, HYJKHO ,neHCTBOBaTb 11110 11paBIIJiaM11 II 

BpaiiiaTb CIICTeMy KOOpJJ:IIHaT B IIOJIOJKIITeJibHOM HallpaBJieHUII, KaK 110Ka3aHO Ha 

piiC)'HKe, OT Z K X. IJpu 3TOM, eCTeCTBeHHO, COCTOHHIIe cpii3II"leCKOrO 06'beKTa - CIIUHa 

"laCTIIIIbi - He H3MeHIITCH, U B IIOBepHyTOH CIICTeMe Mbl HaH,l{eM 

" ' 
T.e. COCTOHHIIe \j/2, a He \j/1· 

1 
s =--, 

X 2 
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a) zljs· 

~ 
~y 

y X 

X 

y 

8) 

' t•, 
X 

Puc. 11.2. HcxoAHaJI (a) u nosepH)'Tbie (6, 8) CHCTeMhi KOOpAHHaT 

3To paccy)I(JJ:eHue II03BOAAeT 3aiiucan. 

(
bll 

8xW- b2l [ 
1 ) 

+-·\j/2 
bl2 \j/1 - tz 0 2 b,H ,J +~·o/· • 

IIJIU 

A tz(O 1) sx =2 1 0' 
(11.16) 

T.e. B pe3yJibTaTe ,neHCTBUH Ollepampa Sx COCTOHHHH \jll U \j/2 MeHHIOTCH MeCTaMU. 

AHanorn"'lloe "u3MepeHue" 11poeKI1HU CIIUHa Ha ocb y 3KBusaneHTHO 11osopory 

HCXO,l{HOH CUCTeMbl BOKpyr OCU X (IIYJIKTUp Ha puc. 11.2, a) BpameHUeM OT y K Z. 

BliJJ:liM, 'ITO IIOJIY'IaeTcH pe3yJihTaT, coslla,nruomuii c pe3yJihTaToM ,neiicTBHH Sz 

(11.14): 

(
ell 

SY\jl- c21 
[ 

1 ) 
+-·w, 

::){~}h· -~·o/, . 
(11.17) 
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Ho :no He 03Haqaer, lffO MaT}JHUbi (a;k) 11 (c;k) eoBna;:(aroT. ToT iKe pe3yJILTaT (11.17) 

MO)KHO llOrryqHTh, HellOJID3Y,K BMeCTO Ma'TpHUbi (11.14) HanpHMep 

1 (0 
(c;k)=2· 1 ~1). 

KpoMe TOro, Mbl llOMHHM, lffO BOJIHOBbie cpy.HKUllll onpe.o;erreHDI e TO~OeTbiO .0:0 

cpa30BOro MHO:>KHTeJIK (cpll3lfqeeKHH eMDierr HeeeT 1'1'12
). I103TOMy, pa60TIDI B 

KOMUJieKeHbiX nepeMeHHbiX, MO)KHO .o;06aBHTh MHO:>KHTeJib i TaK, lJT06bi llOrryqHTb 

npaBHJibHOe 3HaqeHHe S2 
(eM. 3a,z(aqy 11.2 HR:>Ke). 3TO .o;aeT 

A li (0 -i) 
sy =2· i o · (11.18) 

Bee BMeere pe3yrrLTaTbi (11.16)-(11.18) no3BOJIKIOT 3anHea.:b onepaTop enrrHa B BH.o;e 

~ n A 

S=-·cr 2 ' 

A (0 1) 
crx= 1 o' &y=(~ -i) (1 0) 

0 ' crz- 0 -1 . 

(11.19) 

Ma'TpHUbi a X, y, z Ha3biBaiOTeH MampUlfGMU Ilayllu '>. 

3a.na'la 11.2. B!.I'IIICnHT!. 3Ha'leHIIe j.Sf Mll cn11na 1/2. 

A2 A2 A2 (l 0) Y 'IHT!.IBaJI, 'ITO cr x = cry = cr z = 
0 1 

, naii.!leM 

(s
-::)

2 
h

2
(.2 •2 ·2)("'1) 31i

2
(11'1) 1!1=-\crx+cry+crz · =- , 

4 11'2 4 11'2 
T.e. S2 =3/41i2, 

'ITO COBUa,!laeT C (11.2) np11 S = 1/2. 

ECTeCTBeHHO B03HIIKaeT BOnpOc, K3KIIM o6p330M ocymeCTBHT!. HOpMHpOBKY BOnHOBOii 

(t cpyHKIUIII, ecn11 OHa OUIIC!.!BaeTCJI B Bll.!le CUIIHOpOB. 0rp3HH'IIIMCJI paCCMOTPeHIIeM Cny'lal! CUIIHa 1/2. 

Tipe,!ICTaBIIM BOnHOBYJO cpyHKUIIIO (I 1.13) B Bll.!le np0113Be,!leHIIJI .!IByx cpyHKUIIi! - pa,!IHan!.HOi!, ll'{r, t), 

II CUIIHOBOi!- CUIIHOpa Xh X2 

') lfHor,na B nnreparype CUIIHOBYJO nepeMeHHYJO Sa o603H3'13IOT TaiOKe fiyKBoi! cr, 'ITO MO)I(CT 33IIyT3T!. 
'IIITaTenll, KOTOporo II np1130BeM K fi.Z~~~Ten!.HOCTII. 
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111{r, t, sa)= 111{r, r){~~} 
rJJ;e p3.!111an!.Hal! '!aCT!. 111{r, t) nopM11posana na enllnnuy. qT06!.! ynosneTBopiiT!. ycnos1110 (11.12), 

II)'lKHO KaKIIM-TO CUOC060M "o6p330B3T!." KBa,!lp3T MOJl.Ynll l!l(r, t, sa). H~y)l.HO )l.Ora,!laThCJI, 'ITO 3TO 

MO)I(HO C)l.enaT!., yMHO)I(IIB CUIIHOBYJO '13CT!. 1!1-cflyHKUIIII Ha KOMnneKCHO-COnpll)l(eHHYIO ei! II 

TPaHCUOHIIpOBaHHYJO, B!.i6paB )l.On)I(H!.IM o6p330M nopl!Jl.OK COMHO)I(IITenei!: 

± fill'{r, t, sa)j
2 

· dV = fill'(;, t)j2 
· dV -~j xi)·(XI) = fill'{r, t)j

2 
· dV ·(lx1l

2 
+lx2n. (11.20) 

a=l X2 

3aMCTIIM, 'ITO nepeMHO)I(eHIIe TPaHcnonnposannoro cTon6ua na CTon6eu p!lBiiocnn!.HO nepeMHO)I(e.{IIIO 

.!IByx M3TPIIU, y nepsoii 113 KOTOp!.IX BTOpal! CTPOKa eyneBaJI, a Y BTOpOii- eynesoi! BTOpoi! CTOnfieu: 

(
xi xi)·(x~ o)=(lxd

2 
+lxl o). 

0 0 X2 0 0 0 

TIOTPefiosas, 'IT06!.! COMHO)I(HTenll B nocne)l.HeM B!.!p3)1(eHIIH B (I 1.20) no OT,nen!.HOCTII paBHlUIIIC!. 

eniiHIIUe, np11xoniiM K ycnos1110 nopMHpOBKII cnunopa: 

(xi x2){~:}=1xii2 +lxl =I. 

3a.na'la 11.3. Ami 'lacmn co cniiHOM 's = 1/2 nai!T11 co6cTseHH!.Ie cpyHKUIIII onepaTopa cn11na, 

oniiC!.!BaiOinlle cocTOliHIIll qacTIIU!.I c onpenenennoii npoeKnuei! cn11na na oc11 x, y, z CHCTeM!.I 

Koopn11naT ([8], 3a,!la'la 5.1). 

Ha'lneM c onepaTOpa S, , 3an11cas . .!lnll nero ypasnen11e na co6cTBeHH!.Ie cpyHKUHII 11 

co6crneHH!.Ie 3Ha'leHull (8.1 6) c yqeTOM (1 1.1 6): 

• li (o 1} (x: ) (x: ) 
Sxllls, =2· I 0 . x;: =Sx x;: ' 1 

s~2 =sl,2 =±2. 

0TCIO)l.a, nepeMHO)I(aJI MaTPHilY Ha CTOnfieU II npupaBHHBaJI COOTBeTCTBYJOinHe 3neMeHT!.I. CTOn6UOB, 

naiineM 

li • 
2x ... =s.x:,, 

li • 
2x'~ =s.x:,. 

3ro CHCTeM3 .!IByx nHHeiiH!.IX ypasnenui! ,nnll Heii3BeCTH!.IX cpyHKUHH IV 1 II lv2: 

s . li • -0 
:rlsa -2'X.sz - ' 

li • • 
2

x'J -s.x,, =O. 

Qua HMeeT H~UBIIan!.noe pewen11e, ecnu onpenennren!. 3TOil cl!cTeM!.I pasen eyn10: 
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0rCIO,lla 

Tor,lla JII06oe H3 ypru!Heuilli cncreMLI Aaer 

S, - fi 

2 1=0. 
fi - -s 2 X 

s, = ±!!. 2. 

x~ =±x:,. 
Ilo cjliDll'leCKOMY CMLICJJY cjlyHKIU!H x:, H x:, - KOHCTIIHTLI (BepOliTHOCTh OIIpe,lleJii!HHOro 3Ha'leHHll S,). 

liJ YCJIOBHll HOpMHpOBKH ( 11.20) nOJIY'IHM 

I lx:,l=lx:, I = .[2 · 

0KOH'IaTeJILHO, "BKJIIO'IHB" cjlH3ll'!eCKHli CMLICJI, Hali,lleM 

Xs,=+V2 = ~ ·(:} Xs,=-V2 = ~ { ~ J (11.21) 

,l(eliCTBHTeJILHO, H3 COOTHOilleHHli (11.19) CJieeyeT, 'ITO nepBall H3 :nHX cjlyHKUHli ,llai!T 

S, =fi/2(s, =l/2),asTopaH- S, =-fi/2(s, =-1/2). 

AuruiOrll'!uo, ncnoJIL30BaB 3Ha'leullll ABYX ocTliJILHLIX MaTpuu Ilaynn (11.19), uali,lleM 

Xs,=+V2 = Jz ·G} 
x .• ,=+l/2 =(~} 

x •.• --v2 = Jz{~J 
Xs,=-1/2 = ( ~} 

0TMeTHM, 'ITO ,l(JUI OIIHCaHHSI CIIHHa C IIOMOIUbiO CIIHHOpOB B cnyqae 

IIpOH3BOJibHOro S OIIepaTOpbl rrpe,nCTaBJIS!IOTCSI B BH,l(e (2s + 1 )-pS!,l(HbiX MaTpH~, a 

CIIHHOp-CTOJI6e~ HMeeT 2s + 1 3JieMeHTOB. 

§ 11.3. CnHH H MarHHTHLiii MOMeHT qacru .. 

CrrHH - co6cTBeHHbiH MOMeHT (co6cTBeHHoe "BpameHHe") qacTH~bi, a ecnH 

~BpamaiOIUaS!CSI lJaCTH~a HMeeT 3JieKTpH'IeCKHH JapSI.l(, TO, COrnaCHO KnaCCH'IeCKOH 
{I 

3JieKTpO.l(HHaMHKe, oHa .non)KHa o6na,naTb MarHHTHbiM MOMeHTOM. HarrpHMep, 

paBHOMepHo JapS!)KeHHblii map pa,nHycoM R H Maccoii mo, BpamaromniicM c YTJIOBoii 

CKOpOCTbiO ffi BOKpYT OCH, COBIIa,l(aiOIUeii C O,l(HHM H3 ero ,l(HaMeTpOB, o6na,naeT 

MarHHTHbiM MOMeHTOM 
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_ eR2 _ 
J.L=Sc·Ol, 

a ero MexaHH'IeCKHll ("CIIHHOBbill
11

) MOMeHT paBeH 

S= 2moR2 --5-·0l. 

flo,no6Hbie BpamaiOIUHeCSI CHCTeMbl IIpHHS!TO XapaKTepH30BaTb 2UpOMG2HUmHb!M 

omHOUleHUeM G, OIIpe,neJUieMbiM KaK OTHOmeHHe MarHHTHOrO MOMeHTa tPHJH'IeCKOll 

CHCTeMhl K ee MeXaHH'IeCKOMY MOMeHry: 

ii =;.G·S. (11.22) 

,[Vrn paBHOMepHO JapS!)KeHHOrO mapa IIOCTOSIHHOll IIJIOTHOCTH, BpamaromerOCSI BOKpyr 

cBoero (mo6oro) .l(lfaMeTpa, mpoMarHHTHoe OTHomeHHe paBHO 

Gmapa = ej2m0c. . (11.23) 

TaKoii )Ke peJyJibTaT nonyqHM ,nnM ctj>epH'IeCKoii o6ono'IKH, nonoro H cnnomHoro 

~HJIHH,npoB H T. ,n. Boo6me, B 3JieKTpO.l(HHaMHKe ,noKaJbmaeTcM TeopeMa (eM. [4], § 44), 

rnaCS!IUM, 'ITO rHpOMarHHTHOe OTHOmeHHe BpamaromeiiCSI CHCTeMbl JapS!.l(OB, y 

KOTOpbiX OTHOmeHHe ejm O,l(HO If TO')Ke, paBHO (11.23), T.e. ej2m0c. flo,nqepKHeM, 'ITO 

ecnH qacTH~bi, BXO.l(SIIUHe B cHcTeMy, HMeiOT paJHbie JHatJeHHSI e/ ni0 ·, TO 

rnpOMarHHTHOe OTHOmeHHe OTJIH'IHO OT ej2m0c . HarrpHMep, ,l(Be KOH~eHTpH'IeCKHe 

ctj>epH'IeCKHe o60JIO'IKH, BHemHSIS! H3 KOTOpbiX {pa,nnyc R1) COCTOHT HJ 3lleKTpOHOB~ a 

BHyTpeHHSISI (R2) - H3 IIOJHTpOHOB, o6pa3yiOT CHCTeMy, y KOTOpOfi IIpH BpameHHlf 

BOKpYT O,l(HOrO HJ ,l(HaMeTpOB 

G = R1-Rf __ e_ 
R1 +Rf 2mec 

('IHCJIO 3JieKTpOHOB If IIOJHTpOHOB O,l(HHaKOBO If OHH paBHOMepHO pacnpe,neneHbl B 

o6onotJKax). 3,necb e, me- JapSI.l( H Macca 3JieKTpoHa. 

B cnyqae 3neMeH1-apHbiX qacTH~ KapTHHa eme cno)KHee. TaK, cnnH 3neKTpoHa 

Se = n/2 H ero rHpOMarHHTHOe OTHOmeHHe 

Ge~ -e 
mec 

149 



npHMepHo B.z:tBOe 6onome, '!eM WIH paaHoMepHo 3apxJKeHHoro aparnaiornerocx mapa 

(11.23). 06'bHCHeHIIe 3TOMY clJrucry .llat!T KBaHTOBaH 3JieKTpO.IliiHaMIIKa. BenH'IIIHY 

J.ls =~ = 9,274 015 4(31)·10-24
ll,JK./Tn ""9,274·10-21 

3prjrc ""5,788·10-9 3Bjrc 
2mec 

Ha3bmaroT MaznemonoM Eopa. TaKHM o6pa3oM, MarHIITHbiH MOMeHT 3JieKTpoHa 

I llel"" J.ln· Ero 3KcnepiiMeHTaJibHOe 3Ha'IeHIIe paBHo (no a6comornoil: aeJIII'IIIHe) 

lllel = 
2

eli · g
2
e, ge = 2 · (1 + 0,001159 652 202(± 231)), 

mec 

T.e. 

-e ge S .,_J.l.B· -- -·-· e 
J.le- mec 2 (11.24) 

L{IIclJpbi B CK06Kax 3.1leCb II HIIJKe .llaJOT Omii6Ky 3KCIIep1IMeHTa - B .llaHHOM CJiyqae 

pa36poc TPex nocne.llHIIX UIIclJp. MarHHTHDiil: MOMeHT HYKJIOHOB rrpiiHHTO II3MepHTD B 

Roepnbzx: Maznemonax 

J.1 N = __!!!____ "" 5,05 ·1 o-27 Jl.JK/Tn "" 3,16 ·1 o-12 
3Bjrc, 

2mPc 

mp - Macca npOTOHa. B 3TIIX e~HIII~ax MarHIITHDie MOMeHTbl npOTOHa II HeHTPOHa 

J.lp = 2,792 763(30)· J.l.N ""8,82·10-12 
3Bjrc, J.ln= -1,91315(7)·J.1N. 

3TII .. pe3yJII.TaThi YKa3biBaJOT Ha cnoJKHytO CTPYKTYPY 3JieMeHTapHbiX qacmu. 

Ko3clJclJIIUIIeHThi 

gp = 2 ·2,792763 II gn = 2 ·(-1,91315) 

Ha3biBaJOTCH 6e3pa3MepHbiMII rHpOMarHIITHbiMII OTHOmeHIIHMII WU1 IIpOTOHa II 

HeHTPOHa COOTBeTCTBeHHO. 

MarHIITHbiH MOMeHT aTOMHOrO Mpa 3aBIICIIT, KaK HeTPy~o IIOHHTh, OT ero 

CTPOeHIIH - OT TOrO, KaK OpiieHTHpOBaHbl B ~e CIIHHbl II, COOTBeTCTBeHHO, 

MarHIITHDie MOMeHTbl ero qacrnu - HYKJIOHOB. B o6rneM cnyqae MarHIITHbiH MOMeHT 
,' 

Mpa MOJKHO OIIIICbiBaTb BDipaJKeHIIeM 

gnuc1 
J.l.nuc1 = J.l.N ·-

2
-, 

r.lle gnuc1 - 6e3pa3MepHoe rnpoMarHHTHoe ornomeHIIe WIH ~a (m6n. 14.1 ). 
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I 

BaJKHoe CBOHCTBO MarHHTHOro , MOMeHTa qaCTIIU - 3aBIICIIMOCTh ero 

HanpaaneHIIH OT 3HaKa 3apMa qacrnuDI. Y nollo:J/CUmellbHO 3apR:J~CeHHbZX 'lacmu!J 

Mamumnbzii MOMenm nanpa6JleH no cnuny, y ompu!JameJlbHO 3apR:J~CeHHbZX - npomu6 

cnuna. 3To CBOHCTBO MarHIITHOrO MOMeHTa JierKO npocJieJKIIBaeTCH Ha MO.IleJIH 

apamaromerocx 3apHJKeHHOro mapa, npe.llCTaBJieHHoil: B Ha'Iane rraparpaclJa (xoTH 3Ta 

MO~eJib, KaK 6bmO B~O, II·.IlaJieKa OT peaJibHOCTII). Il03TOMY IIpiiiiHTO npHIIHCbffiaTh 

MarHIITHOMY MOMeHry TOT JKe 3HaK, 'ITO II 3HaK 3apMa 'IaCTIIUbl. 

Ta6n1Iua 14.1. KaaHTOBDie xapaKTepiiCTIIKII rrpocTeil:miiX Mep 

5I,npo 

\H 
~H=D 

~H=T 

~He 
4 He 2 

6L· 3 1 

7L· 3 1 

LIIICJIO CIIIIH gnuc1/2 
npOTOHOB/HeHTPOHOB (B e.lliiHIIUax) . . 

110 1/2 +2,7928456 

Ill 1 +0,8574376 

1/2 

2/1 

2/2 

3/3 

3/4 

112 

112 

0 

3/2 

+2,978960 

-2,1277624. 

0 

+0,8220467 

+3,256424 

§ 11.4. Ypaoueuue DayJiu AJIH 3apH~euuoii qacTH .. bi co cnuuoM 

B MarHHTHOM OOJIC 

B KJiaCCH'IecKoil: 3JieKTpO.IliiHaMHKe Ha qacTHey, o6n~arornytO MariiiiTHbiM 

MOMeHTOM ii II Haxo~rnYJOCH a MarHIITHOM none B , .lleil:cTByeT cHna 

F=V~,B)=Ui, v)iJ, (11.25) 

KOTOpoil: COOTBeTCTBYeT noTeHUIIaJibHaH 3HeprnH 

u(r) = -~. iJ(r)). (11.26) 

Il03TOMY HCHO, 'ITO qaCTIIUa, 06JI~aJOinaH CIIIIHOM II 3apMOM, fiy.lleT TaKJKe 

IICIIbiTbffiaTh .lleHCTBIIe BHemHero MarHIITHOrO IIOJIH. 
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IIocne~oBaTenbHO KBaHTOBoe onncaHne ~BH~eHHH penHTHBHCTCKOH 

3ap~eHHOH qacTHUbi ~aeT ypa«nenue /(upaKa (P.A.M Dirac, I928 r.). 3HaKOMCTBo c 

HHM BbiXO~T 3a paMKH K)'PCa H HBRHeTCH npe~eTOM KBaHTOBOH :meKTpO~HaMHKH 

(XOTH C HeKOTOpbiMH cne~CTBHHMH H3 pemeHHH :noro ypaBHeHHH Mbl BCTpeTHMCH B 

~anbHefimeM•>). HepenHTHBHCTCKHM npe~enoM ypaaHeHHH )l;npaKa HBRHeTCH 

ypa«nenue Ilayllu, · KOTopoe onncbmaeT ~BH~eHne 'lacmu!fbl co cnunoM I/2 Bo 

BHemHeM :meKTpoMarHHTHOM none (W. Pauli, I927 r.). 

3TO ypaBHeHHe MO~O 6bmO 6bi 3aTIHCaTb 11Cpa3y", ~06aBHB B ypaBHeHHe 

Illpe~HHrepa (5.15) noTeHUHMbHYJO 3Heprmo (Il.26) H yqTH, 'ITO BOnHOBaH lf>YHKUHH 

onncbmaeTcH Tenepb ennHopoM (Il.13). Ilpn 3TOM, o~HaKo, B03HHKaeT TPY~HOCTb, 

eBH3aHHM e He06XO~HMOeTbiO Y'JeTa BnHHHHH MarHHTHOro nang Ha op6HTMbHOe 

~B~eHHe (TPaeKTOpHIO) 'laCTHUbl. 3~eeb Ha nOMOJUb npm.:o~HT lf>opMa 3aTIHeH 

ypaBHeHHH IIIpe~HHrepa qepe3 onepaTOp raMHnbTOHa (eM. (6.14), (6.15)). 1-h 

3neKTpO~HHaMHKH H3BeCTHO, 'ITO npH ~BH~eHHH '!aeTHUbl B 3neKTPOMarHHTHOM none 

HHTerpanOM ~BH~eHHH (npH Onpe~eneHHbiX yenOBHHX) HBnHIOTeH KOMnOHeHTbl 

0606UJeHHOZO UMny!l&Ca 

- - e-Ps = p+-A, 
c (11.27) 

r~e A - BeKTop-noTeHunan 3neKTpoMarHHTHoro nonH. 3To eeTb ocHoBaHne 

("no~CKa3Ka"!) ~ HCnOnb30BaHHH B ypaBHeHHH Illpe~HHrepa B Ka'!eCTBe onepaTOpa 

o6o6xueHHoro HMnynbca Taro ~e onepaTOpa V, 'ITO n ~ onepaTopa HMnynbea 

'!aCTHUbi BHe MarHHTHOrO nang: 

Ps = -iliV. (I1.28) 

IIo~CTaBJIHH 3TO 3Ha'!eHne p 8 B (11.27), 3annmeM Bbip~eHne ~ onepaTopa 

raMHJibTOHa (6.15) qaeTHUbi Maeeofi moB 3JieKTpOMarHHTHOM norre: 

•> BLnue )'lKe OTMeqanocL, qyo ypasnenne lllpet~nnrepa coomeTCTByeT cooTnowemno MelKey 3Heprneli 
ll IIMDyJILCOM HepeJIJITIIBIICTCKOli qaCTIILJ.Ll (6.8). AJ!l! peJiliTIIBIICTCKOil qaCTIILI.LI BLipalKeHIIe .!IJIJI IIOJIHOi! 
3Heprnn (6.7) npHBO.llliT K ypasnen1110 KnJii!Ha-fopt~ona-4>oKa (0. Klein, W. Gordon, B.A. l/JoK, 
E. Schroedinger, 1926 r.) .liJIJI qaCTIILI.LI c nynesLIM cnnnoM. Bset~enne cnnua qaCTHLJ.LI 11, 
COOTBeTCTBeHHO, nepeXO,ll K CITIIHOpaM, .llaiOT ypaeHeHue /JupaKa. 
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• 
t 

A I ( A e -)
2 

I ( · e ·-)
2 

{!:. -) H=--· p8 --A +eU=-- iliV+:-A -lji,B +e<p, 
2m0 c .. . 2m0 c. 

(Il.29) 

r~e . <j> - eKMHpHbiH noTeHUHM 3neKTpH'leeKoro nonH, ji - onepaTOp MarHHTHOrO 
. . 

MOMeHTa, . KOTOpbiH, nOflb3YHCh noHHTHeM .rnpOMarHHTHOrO OTHOIIIeHIUI (Il.22), 

MO~HO npe~CTaBHTb B BH~e 

A s 
~ = GS = fl sli • (11.30) 

r~e S - onepaTOp ennHa, · Jl•- MarHHTHblli 1\!0MeHT. TJaCTHUbi. Co6cTBeHHbie 3Ha'!eHHH 

onepaTOpa flz• O'leBH)J;HO, paBHbi 

)l;rul3neKTpoHa (eM. (Il.24)) 

!l = fleO", 

s 
llz = fl-L • 

s 

eli ge 
fle = 2mec '2• llz = ±Jle > (Il.3I) 

rAe&- MaTPHUbi IIaynH (I1.19). IloAeTaBHB Bbipa~eHne ~ .~ (Il.30) B (Il.29)n 

nonyqeHHbiH B . pe3ynbTaTe raMHnbTOHHaH B ypaBHeHHe Illpe~Hrepa, npll)J;eM K 
.; -. ' 

ypa«~enuro IlayRu: 

·nmv z-at 
(ihV-i-~A )' ·'!'-~(§. B }w+ecp·w · 

· sli 
(I1.32) 

,ll;rul 3neKTpoHa onepaTOp S BhlpiDJ\aeTCH qepe3 ~aTPHUbi Ilaynn (11.19),_ n 3TOT 

onepa.fop & o6bl'lHO ncnonb3YJOT B TP~HUHOHHOH lf>opMe 3anHcH ypaaHeHHH Ilayn~. 
3Aeeb 'I' - cnnHop BH.na (I1.13) HnH 6onee cno~oro, ecnH s > I/2. KpoMe Taro, 3apM 

qacTHUbi. 3~eeb onpeAeneH anre6pawiecKH (T.e. BKniO'lM ee 3HaK), no3TOMY ~ 

· 3JieKTpOHa ~o no~cTaBHTh -e . 
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§ 11.5. 3apH~CHH3H 1J3CTH .. a CO CDHHOM 

B O~HOpO~HOM MarHHTHOM llOJie 

PaccM01JniM BIDKHI>lli 'Iacmotii: CJI)"'aii 'IaCTHIU>I B o,nHopo,WioM MarHHTIIOM 

none B. 06ol'IHO BeKTop-noTeH~Harr TaKoro noiDI BDI6HpaiOT B BH,ne [4] 

- 1 [- ] - -A=- B,r, B=const. 
2 

(11.33) 

O,nHaKO B ,naHHoii Ja,na'Ie, HcnorroJyg Kwm6poao'IHble npeo6pmoaaHWl;> y,no6Hee 

npHBeCTH BeKTOp-noTeH~Hali K BH,ny 

Ax =-B·y, AY =Az =0, B=ezB. (11.34) 

BLI6Hp? ocb z B,nOJib HanpaBJieHH}I BeKTopa B , no,n'IepKHeM, 'ITO TenepL 3TO 

HanpaBJieHHe ,neiiCTBHTeJibHO 6blOe!leHO (eM. § 10.2), TOr,na KaK nOliO)I(eHHe oceii X H y 

B nnocKocTH, opTOroHarroHoii B , .nocTaTO'IHO npoHJBOJibHO. B paccMaTPHBaeMoM 

CJI)"'ae ::meKrpOCTaTH'IeCKOe none OTCYTCTByeT, T.e. <p = 0. 

CnHHOBM nepeMeHHM Sz MO)I(eT npHHHMaTI> Bee B03MO)I(Hble 3Ha'IeHH}I 113 pg,na 

(cpaBHH (10.15)) 

sz=·-s,-s+1, ... ,s. (11.35) 

Ilo3TOMY cnaraeMoe, co.nep)l(amee S B (11.32), MO)I(HO npeo6pa3oBaTh cne.nyromHM 

o6pa3oM: 

( 
s -] 1 A S -,B ·w=-·BSzl.ji=-LB'lJf. 
sli sli s 

,lVuJ 3JieKrpOHa MHO)I(HTeJib 

•l HanoMHHM, qro neKTOpHbili noTeHunan onpe.neni!H c roqHocniO .no rpa.nneHTII npoiOBOJibHOii 
CKaJIJIPHOli clJYHKUllll KOOp,liHHaThi-BpeMeHH, a CKanxpHbili UOTeHUHan - C TQqHQCThiO .110 ell 

npoiOBO.liHOli no npeMeHH. 3ro 03HaqaeT, qro noTeHUHanM A(r, t ~ <p(r, t) n A'(r, t ~ <p'(r, t), 
CBl!3aHHbie paneHCTBaMH (eM. [4]) 

.A•(r,t)=A{r,t)+VJ{r,t1 <p'{r,t)=<p(r,t)-.!.. Of, 
C vt 

.llaiOT O.liHHH Te lKe 3HaqeHlll! E n B : 
- ta.A- H 
£=-V<p--·-, B=rotLAJ 

c at 
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1-(../mt~gf'. 

.. eHHoro KOJ!julmUHeliTII · comacyen:ll c "rpy6o 

3113 (pHC. 7.13). Ami HaxOlK)IeHHllljln{X) BTOporo 

••maaTb ace 6om,me H 6oJibme 'lneHoB. BonHoBM 

Loro'lneHaMH. HMeJOII{IIMH n MaKCHM)'MOB Ha 

HMeeT npHHIJ;HllHa.JibHOe 

YH.naMeHTa.JibHhiX B3aH:Mo,neiicTBHii. 

OCQHJIJIHTOp 

CHCTeMhl xopomo 

(7.73) 

(7.14) B BHJie 

] 
(i 

, ·\jf(x), (7.74) 

BBe,neM 6e3pa3MepH1de 

szfs=±l. (11.36) 

Tenepb ypmmeHHe WUI qacTHIJ;bi co cnHHOM (11.32) WUI BeKTopa-nOTeHIJ;Ha.Jia 

(11.34) npHHHMaeT Blm 

iii 8\jJ =-1 ·{(ili.E._- eB. y)2 -li2(~+~)}·\jl- sz p.B\jf, 
ar 2m0 ax c a/ az2 s 

(11.37) 

r,ne J.1 - ManiHTHbrli MOMeHT 'laCTHIJ;bl. 11Ill;eM pemeHHe ypaBHeHHH ( 11.3 7) B BH,I{e 

'l'(x, y, z, t )= J{y)·e;(p,x+p,z-•t)/h. (11.38) 

IJpe)K,I{e qeM npOH3BeCTH llO,I{CTaHOBK)' (11.38) B (11.37), npeo6pa3yeM nepBQe 

cnaraeMoe B q,HrypHbiX cKo6Kax: 

( )2 2 ()2 . a eB 2 a . eBy a eB 2 
lli---y =-li --21/i-·-+- y. ax c ax2 c ax c 

Orcro.na liCeH aLI6op .A(;:} a ljlopMe (11.34): npH TaKOM BLI6ope .A(;:} oneparop HMnynhca (T.e. 

oneparop V) B oneparope if ( 11.29) He .neilcTByeT Ha aeKTOp-noTeHUHan. B JTOM cnyqae roaopliT, 'ITO 

onepaTop if H ljlyHKUHll .A(;:} KOMMymamuaHbl. B o6meM cnyqae 

( 
• ' e -)

2 
(. )2 e ( • -) (e _)2 

Ps-;A ljl= Ps -2; p8 ,A ljl+ ;A ljl. 

Bropoe cnaraeMoe co.neplKHT BhlpaJKeHHe 

HoB o.nHopo.nHoM none divA = 0: 

Us• .A)Ijl = (fis, A)ljl +(A, fis )ljl, 
(fis, .A)= -ifi(v, .A)= -itl·divA. 

div(.!.[iix;:]l = .!.(v, [iixrD= (ii = const)= _.!.(ii, [Vxr])= o. 
2 ~ 2 2 

IIo,nCTaBHB pemeHHe (11.38)_ B npeo6pa30Ba.JIHoe ypasHeHHe H coKpaTHB 

3KcnoHeHry, nonyqHM ypasHeHHe WUI HeH3BeCTHoii IPYHKUHH./{y): 
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{[ 
B 

( 
B 

) 2] 2 } ( 2 ) I 2 Pxe :Y e :Y 2 d f Pz sz .. e·f=-· Px+2--+ -.- of-ti- + ---·JlB -f. 
2m0 · c c · · dy2 2m

0 
s 

Tenepb BBe.n;eM o6o3Haqemur 

eiBI 
(J)B =-, 

m0c 
Yo =-pxc eB · 

Tor.n:a ypaBHemt:e (11.39) MO)KHO npeo6paJoBaTb K im.n:y 

d2f 2mo [ sz B p;. mom~ (y· \2] f 0 --+--· e+-J.l ------· ...: YoJ · = · 
dy2 tz 2 s 2m0 2 

(Il.39) 

(ll.40) 

(ll.4I) 

. CpaBHI:I~rur • 3~o ypaBHeHI:Ie c (7. 7 4 ), BI:I.IJ:I:IM, ~o norryq1:1rrocb no !lJopMe ypaBHeHit:e 

KBaHTOBOro OCU:I:IJIJUITOpa CO CMern;eHHbiM paBHOBeCI:IeM Yo, qacTOTOH ro8 1:1 

11
3KBI:IBaJieHTHOH

11 
3Heprl:leil: 

s 2 
eequi =e+-LJ.!B- Pz . 

s 2mo 

CorrracHo (7.88) 

1iro8 ( ), 
eequi =-

2
- 2n+I n=O,I,2, ... , 

OTKy.n;a 3Heprmr qacTI:IU:hi B MarHI:ITHOM norre paBHa 

" ( I) "' p; sz B "= n+- ·nro8 +---Jl . 
2 2m0 s (11.42) 

OTMeTI:IM, ~o .n:mr 3JieKTPoHa 

lle en g -=---·-, 
s 2m.c 2 

TIOCKOJibKY 3apR.n; 3JieKTPOHa -e (eM. (I1.24)). 

<l>I:IJI:IqecKI:Iil: CMbiCJI Bblpa)KeHI:IR (11.42) noHRTeH: nepBoe crraraeMoe ecTh 

KI:IHeTI:IqecKM 3Hepri:IR GJ., CBR3aHHllil C .l{BI:I)KeHI:IeM qacTI:IU:bl B llJIOCKOCTI:I, 

OtTOrOHaJibHOH llOJIIO, BTOpoe - KI:IHeTI:IqecKrur 3HepmR CB060.l{HOrO .l{BH)KeHI:IR 

qaCTHU:bl B.l{OJib llOJIR, TpeTbe - TIOTeHU:I:IaJibHllil 3HepmR qaCTI:IU:bl C MarHI:ITHbiM 

MOMeHTOM J.l B MarHI:ITHOM TIOJie B (HaTIOMHI:IM, ~0 Sz MO)KeT llpi:IHI:IMaTb 3HaqeHI:IR 

(Il.5)). TaKI:IM o6paJoM, JHaqeHI:IR 81. KBaHTOBaHbi, c rnaroM 1iro8 - 3TO TaK 
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HaJbiBaeMMe ypoeHu JlaHoay (JI.,[{. JlaH.n;ay, I930 r.). Hanpi:!Mep, .n:mr 3JieKTPoHa B 

MarHI:ITHOM norre I Trr (I04 
rc) paCCTORHI:IR Me)K.IJ:y YPOBWIMI:I COCTaBJUIIOT 

118-.:o 10-43B. 

KoHCTaHTa Yo TaiOKe I:IMeeT RCHhlli lPI:I3llqecKI:Iil: CMbiCJI - 3To pa.zucyc KpyroBoii 

(cnl:lpaJibHoil:) TpaeKTopl:ll:l qaCTI:IU:bl c ~nyJihCOM Px B MarHI:ITHOM norre B (p1:1c. Il.3). 

z 

X 

y 

Puc. 11.3. TpaeKTopH» 3ap»lKennofi '!aCTHithl B 

ManmrnoM none ii = ~ 

KoHeqHo, 6orree npo3paqHbiM 6b1Jlo 61>1 perneHI:Ie B U:I:IJII:IH.IJ:pl:lqecKI:IX Koop.n:mraTax .n:mr 
llOTeHU:I:IaJia (11.33), HO OHO ropaJ.D:O 6orree rp0M03.l{KO ([2], 3a.n;aqa I K § II2). 

Co6cTBeHHhie lPYHKUI:II:I fly) aHaJiomqHbl lPYHKU:I:IRM, TIOJI}7IeHHhiM .n:mr 
KBaHTOBOrO OCU:I:IJIIDITOpa (7.92). 

§ 11.6. 3JieKTpH'lfeCKH HeHTp3JibH3H 'lf3CTHQ3 CO CDHHOM, 

noKonmaucu B MarHHTHOM noJie. OnLIT IDTepHa-repJiaxa 

Ecrr1:1 qacTHu:a He HeceT 3JieKTPI:IqecKoro ·. Japji.IJ:a, HO o6rra.n;aeT cni:IHOM 1:1, 

COOTBeTCTBeHHO, MarHI:ITHbiM MOMeHTOM, B HeO.n;HOpO.n;HOM MarHI:ITHOM llOJie Ha Hee 

.n:eil:CTByeT cHJia (I1.25), nponopUI:IOHaJibHM npmiJBe.n;eHmo rpa.n;l:leHTa nomr 1:1 

MarHI:ITHoro MoMeHTa. B KJiacc~:~qecKoii 3JieKTPO.D:HHaMI:IKe TaKrur qacT~:~u:a cMern;aeTcR B 

HanpaBJieHI:II:I rpa.n;HeHTa llOJUI, np1:1qeM MarHI:ITHblli MOMeHT CTpeMI:ITCR 

copl:leHTHpoBaThCR napaJIJieJII>Ho BeKTopy B . 
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B KBaHTOBOH MeXaHRKe 'laCTIH~a CO CnRHOM B MarHRTHOM none MO)KeT 

HaxO,ZUITI>C.si B O)UIOM H3 COCTO.siHRH, B KOTOpOM npoe~RJI CnHHa Ha HanpaBJieHRe 

MarHRTHOro noJI.si cornacHo (11.5), (11.35) HMeeT 3Ha'leHRe 

Sz =s/t. 

Boi6paB oci> z, "KaK H noJio)KeHo", B,noni> BeKTopa B (BomeneHHOe HanpaBneHne!), 

nO.ll)"lliM, 'ITO BeJIR'IHHa :HOH npoe~RR MO)KeT H3MeH.siTbC.si TOJibKO ,lUICKpeTHO, C 

maroM Mz = li. 3To ecTI> yx<e 3HaKoMoe HaM K8aHmo8aHue MOMeHma. IlocKOJII>KY no 

aHaJIOrnR c op6HTaJibHbiM MOMeHTOM (eM.§ 10.3) 3Ha'leHR.si KOMnoHeHT Sx R Sy 

Heonpe,neneHHbl, BeKTOp CnRHa MO)KeT 3aHHMaTb B npOCTPaHCTBe mofioe nOJIO)KeHRe 

Ha noBepxHoCTR KOHyca, oci> KOToporo coBna,naer c ocbiO z, napaJIJieJII>HOH BeKTopy B 
{eM. pRC. 11.4). 3TO 03Ha'laeT, 'ITO BeKTOp CnRHa (R ]darHRTHOrO MOMeHTa) 

npeZfeCcupyem, B KJiaCCR'leCKOM nOHRMaHRR, BOKpyr OCR Z. qaCTOTY :noii npen;eCCRR 

Haii,neM H3 ypaBHeHR.si fiayJIR (11.32), 3allRCaB ero ,nJI.si 'laCTRU:bl C 3ap.si,nOM e = 0 R 

MarHRTHbiM MOMeHTOM f.l ,nJI.si CJIYTJM <p = 0 . IJOJIY'JHM 

2 A 

iii mv = -~. L'll.jl- sz f.l.BI.J1. 
at 2mo sli 

,lVIJI noKOJIIUeHC.si 'laCTHU:bi (T.e. · B CHCTeMe KOOp,nRHaT, CB.si3aHHOH C 'laCTHU:eH) 

l.jl-cpYH~R.si He 3aBRCRT, ecTeCTBeHHO, OT KOOp,nRHaT, R n03TOMY. L\l.jl EE 0. 

CooTBercTBeHHO RMeeM 

iii dl.jl =- Sz f.l.BI.jl' Sz\jl = liszi.J1· 
dt sli 

(11.43) 

3aMeHa 'laCTHOH npOR3BO,lUIOH no BpeMeHR Ha nOJIHyiO 3,neCb O'leBR)Ula. 0TCIO,na, KaK 

R paHee, Haii.neM 

{I.J1(t )} = Cei&t/1! • {I.J1 n }, r.ne e = s. ·liro L 
s 

R (J)L = f.lB 
li ' 

(11.44) 

ID,r- 'lacmoma TaK Ha3DIBaeMOH napMopo8CKOU npeZfeCCUU, OnRCaHHOH aHrJIRHCKRM 
;l' . 

cpR3RKOM napMopoM (J. Larmor, 1895 r.) ,nJI.si CRCTeMbl 3ap.si,nOB. c O,lUIHaKOBbiM 

3Ha'I~.HReM OTHOIDeHR.si 3ap.s~,na K Macce B n;eHTPaJibHO-CRMM~R'IHOM 3JieKTPR'leCKOM 

R cnafioM MarHRTHOM noJI.siX B KJiaCCH'leCKOH 3neKTPO.nRHaMRKe (eM. (4), § 45). 
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1 
J 

<l>YH~RR {I.J1 n} - CnRHOp n-ro paHra, 3aBRC.siiUero . OT BeJIR'IHHbi CnHHa 'laCTHUbl 

(§ 11.2). 

,lVIJI 3ap.si)KeHHOH 'laCTHU:bl CO CnRHOM 1/2 3TOT pe3ynhTaT TaK)Ke npRMeHHM B 

CRCTeMe 'laCTRUbi. IJo,nCTaBRB 3Ha'leHHe f.l (11.24), nO.ll)"lliM 

( ) 
· eB g 

(J)L s=l/2 =-
2
-·-2 · 
mec 

(11.45) 

06paTIIM BHRMaHRe, 'ITO ,nJI.si 3neKTPOHa 3Ta 'laCTOTa npHMepHO B,nBOe MeHbiDe 

qaCTOTbl BpameHR.si B MarHHTHOM none- TaK Ha3bmaeMOH lfUKJIOmpOHHOU 'laCmOmbl•). 

BeJIR'IHHa e = liro L ,nat!T 3Ha'leHRe 3HeprnR ypOBHeii 'laCTHU:bi co cnRHOM, 

nOKO.siiUeHC.si B MarHRTHOM none. B TO )Ke BpeM.si B KJiaCCR'leCKOH 3neKTPO,nRHaMRKe 

R3BeCTHO, 'ITO MarHRTHbiH MOMeHT 'laCTHUbl npeuecCRpyer B MarHRTHOM none BOKpyr 

ero HanpaBneHR.si c qacToToii ([4], § 45) 

n=-GB. 
,lVIJI 'laCTRUbl CO CnRHOM 1/2 3TO ,nat!T (eM. (11.24)) 

1 -~-!!._.B -~=2(roLtlf2' Q -,moe 2 
(11.46) 

T.e. BenR'IHHy, B,nBOe 6onhiDyiO 'laCTOThl napMOpOBCKOH npen;eCCRH OlL (11.45). 3TOT 

)Ke pe3ynbTaT nOJIY'laeTC.si R B KBaHTOBOH MeXaHRKe (CM. 3a,na'ly 11.4 HR)Ke): 'laCmoma 

npe11eccuu cnuHa 3JteKmpoHa B MarHRTHOM none no'lmu paBHa roB - TJacToTe ero 

o6pameHR.si B 3TOM none (11.40). 

33.1(3'13 11.4. H3fiTH 3aKOH H3MeHeHHll HanpasneHHll BeKTOpa emma '!aCTHU,bl CO CnHHOM l/2, 

noKoamefica a MarnHTHOM none B . 
BocnonL3yeMCll ypaBHeHHeM (8.37) H 3aTIHWeM ero .liJill onepaTOpa CnHHa: 

dS =as +L{!I-~-~-!1}. 
dt at n 

TorAa, cornacHo paseHCTBY (8.32), HMeeM 

•> B cospeMeHHOfi nnrepawe UHKJIOTpOHHYJO '!aCTOTY TaKJI(e HepeAKO Ha3LIBaiOT napMoposcKoii, a 
KpyroB)'IO op6HTY 3apaJKeHHOfi '!aCTHU,bl B MarHHTHOM none - liOpMOpOtiCKOU OKpy.JICHOClnb/0; ei! 
paAnyc - llapMopoecKUM paauycOM, 'ITO, CTporo rosopa, uCTOpH'!eCKH HeKoppeKTHO. IlpH'IHHa TaKoro 

"cMeiUeHHll nOHliTHfi" KpOeTCll B 6nH30CTH 2roL H co8 .liJill 3neKTPOHa. 
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ciS I 8S) i I{ · ~ ~ · }) dt=\'"at +h\ H·S-S·H . 

3Ha'leHHe seKTOpa S liBHO He 3aBHeHT OT speMeHH, no3TOM)' nepsoe CJiaraeMoe pa8HO eymo. Bo BTOpoe 

CJiaraeMoe no.ncrasiiM 3Ha'leHne onepaTOpa raMJIJILTOHa JUill qaCTHI.ILI, noKOllll.leiiell 8 ManrnTHoM none 

(eM. (11.43)), 

. s 
H=-_.!...·IIB sh r • 

. h. 
S, =2a,, 1 S=2, 

H 3Ha'!eHHe onepaTOpa S, (11.19). 3anmneM 8 li8HOM 8H.D.e epe.nHee 3Ha'!eHHe eKo6KH IlyaeeoHa 8 

8LipaJKeHnH JUill ciS I dt : 

dS ii!B J . (- ) f • • • • } (- ) -=--· ljl r,t,sa ·1a,a-aa, ·ljl r,t,sa ·dV. 
dt 2 

TenepL npOH3Be.D.eM 8LI'!HeJieHHe eK06KH JiyaeeoHa llOKOMllOHeHTHO (eM. (11.18)): 

. . . . (1 
aza:r -axcrz = 0 ~.}(~ - · - -2ia 1) (0 1) (1 0) ( 0 .. 2) 

0 1 0 0 -1 - -2 0 - Y' 

. . . . (1 
a,ay -aya, = 

0 
o)·(o -i)-(o -i)·(1 o)=Jo 2i)=-2ia 
-1 i 0 i 0 0 -1 -l2i 0 r ' 

azaz -&z&z =0. 

TeM eaMLIM nonyqeHO BaJKHOe esoiieT80 KOMMyYaTOp08 MaTpHU JiayJIH: 

&z&x -&r&z = 2i& y' 

&,&y -&A, =-2i&,. 

(11.47) 

(11.4~) 

JIO.D.CTa8Jillll 3TH 3Ha'!eHHll · KOMMyYaTOp08 B ypasHeHHe .lJ.BHlKeHHll enHHa ( 11.4 7) H yqHTLIBall, 'ITO 

(eM. (1l.l9) H (8.32)) 

• h • ( ) S,,y =i·a,,y, S,,y =Sr,y• 

nonyqiiM (eM. (11.24)) 

dS dS dS 
-' =Q·S' _Y =-n-s' _, =0. m y m r m 

0Tc!O.D.a HaxO.D.IIM 

.. 2 •• 2 h 
S,+nS,=O, Sy+QSy=O, S,=eonst=±2 . 

).{aa nep8LIX ypa8HeHHll .lJ.aiOT HaM pemeHHe B BH.D.e 

s~> =A, eos(nt +cp.), s~> = Ay eos(nt +cpJ. 

ECJIH lipH I= 0 npOeKUIDI enHHa Ha nJIOeKOCTh (x,y) Hanpa8JieHa B.D.OJIL OeH X, TO 
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S,(O)=A,, cp, =0, Sy(O)=O, cpy =-%· 

KpoMe TOro (eM. § 10.3 H pa8eHCTBO (10.20)), 

Js;(t)+s;.(r)= ~. 
. -v2 

IloeKOJILKY oen x H y pa8HOnpaBHLI, TO A, = Ay =A. OKouqarenLHO HaxO.D.IIM 

s,(t)= ~-eosnt, sy{t)= ~-sinnt, s, =±!!.. 
-v2 -v2 2 

TaKIIM o6pa30M, BeKTop enHHa spamaeTCll (npeueeenpyeT) 80KpyY HanpaBJieHHll BeKTOpa B e '!aCTOTOii 

Q (11.46), aero npOeKUIDI Ha nJIOeKOCTh (X, y) pasHa nl ..fi. 
TenepL noeMOTpHM, KaK llOJiyqHTL 3TOT pe3yJILTaT npliMLIMH BLI'!HeJieHHliMH HHTerpaJI08 8 

(11.47). JIO.D.CTa8HM yY.D.a 3Ha'!eHHll KOMMyTaTOp08 (11.48): 

dS,,y J •(- ) • (- ) ~=J!B 1j1 r,t,sa ·ay.r ·ljl r,t,sa ·dV. (11.49) 

BLI.D.eJIIIM B 80JIH080H <jlyHKUHH 8 li8HOM 8H.D.e enHH08YJO 'laCTL ( enHHOp ): 

ljl{r, t, sJ= ljl,{r, t){~J 
H yqTeM npa8JIJIO nepeMHO:ffi:eHHll enHHOpa H KOMnJieKeHo-eonplllKeHHOH eMy BeJiuqHHLI (11.20). KpoMe 

TOro, KaK H npeJK.ne, e'!HTaeM, 'ITO o6a eOMHOlKHTCJill B 3TOM 8L1paJKeHHH He3a8He!IMO HOpMHp08aHLI Ha 

e.D.HHHizy, T.e. 

jljl;ljl,dV = 1. 

Tor.na (11.49) JUill S, MOJKHO npeo6pa3o8aTL K 8H.lJ.Y 

dS, =J!B~; 
dt 

x;).&y(~J 

IIo.neTa8Jillll e10.na 3Ha'!eHHll MaTpHU Ilaynn (1l.l9) H eo6CTBeHHLie <jlyHKUHH onepaTopos S, H SY 

(3a.na'!a 11.3), nonyqnM JUill s Y = + l/2 

Y'IHTLI8all, 'ITO 

dS 1 ( ) (0 -i) 1 (1) d; =!!B·..fi· 1 -i. i 0 . ..fi. i =J!B. 

eB g .!!.=ns,, 
J!B= moe '2 2 

npHXO.lJ.IIM K nepBOM)' H3 ypaBHeHHii JU!ll S,. y • ., nonyqeHHLIX BLIIIIe. AHanoruqHO MOlKHO HaiiTH H 

OCTaJILHLie ypasneHHll JUill S, npn s Y = -l/2 H JUill Sy npu s, = + l/2 H -l/2 • IlpoiDso.nnan S, = 0, 

T.K. eOOTBeTCTBYJOIIU!fi KOMM)'TaTOp 8 (11.47), KaK llOKa3aHO 8LIWe, paseH IIYJIIO. 
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Ecnii cniiH qacnn:J;hi s > 1/2, BeJIII'IIIHa cr npo6erae-r, Ka.K )'JKe CK83aHO Bblllle, 

px.n 3Ha'leHIIii (11.35). Tio:rroMy II 'laCToTa napMoposcKoii npeuecciiii MO)KeT 

npiiHIIMaTh 60JihWee 'IIICnO 3Ha'leHIIH, B COOTBeTCTBIIII C Benii'IIIHOH npoeKIJ;IIII 

seKTopa S Ha HanpasneHIIe MarHIITHoro nollil (piic. 11.4). OTMeruM, 'ITO pa3HOCTh 

3Heprnii (11.44) .rum: .IJ;Byx COCe,UHIIX ypOBHeii .rum: 'laCTIIIJ;hl CO cniiHOM 1/2 pasHa 

{&-z =1) 

z 

cr B 

!len. n+l = 21iro [. = 1iQ. 

PIIC. 11.4. llpeuecCIIll MarHIITHOro MOMeHTa 'laCTHII,bl B 

MarHIITHOM none: cnyqali s = 3, cr = -3, -2, ... 3, 

!sl=n·& 

CnHHoBrur nepeMeHHIDI cr ecTh aHarror KBaHTOBoro 'IIICrra m. }J;arrome Mhl yBH.IJ:IIM 

(§ 18.3), 'ITO MarHIITHhlll MOMeHT aTOMa CBH3aH C ero nonHhiM MOMeHTOM J (11.3) II, 
. :, . . 

COOTBeTCTBeHHO, 'laCTOTa npeiJ;eCCIIIl 3aBilCIIT OT KBaHTOBOrO 'IIICna mJ (11.6). 0TCIO,Ua 

II Ha3BaHIIe 'IIICen m II m1 - Ma2HUmllOe K6aHm060e 'lUC!IO. 

I<BaHTOBaHIIe CniiHa II MarHIITHOrO MOMeHTa 'laCTHUhl B MarHIITHOM none 6hlJIO 

3KcnepHMeHTaJihHO npo.neMOHCTpiiposano B onbzme lllmepHa-I'epRaxa (0. Stern, 

W. Gerlach, 1922 r.). TioToK aTOMOB cepe6pa, BhmeTaBWIIX II3 HarpesaeMoro o6'heMa c 

\1 
TellJIOBhiMII CKOpOCTHMII, nponyCKaJICH qepe3 HeO,UHOpO.UHOe MarHIITHOe none 

{piiC. 11.5) II pernCTpiipOBaJICH Ha <l>OTOnnacTHHKe. 
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1 .. 
1 

a) 

II I 
Ill 

2 

6) 

It; 5 

3 

LVL=J 4 

P11c. 11.5. CxeMa OllhiTa lllrepHa-fepnaxa (a). 

1 - "ne'IKa" C nopOWKOM cepe6pa; 2- KOMIIMaTop; 3 - 3neKTpOMarHIIT C HeOAHOpO,li.HhiM noneM; 

-6) ero nonepe'IHOe ce'leHIIe; 4 - <jloTonnaCTIIHKa; 5 - IDITHa noqepHeHIIll <jloTOnnacTIIHKII - cne.zu,I 

OCaJKAeHHbiX Ha Heii aTOMOB cepe6pa 

B 3Kcnep1IMeHTe noToK pacmenJUinca Ha .IJ;Be 'laCTII, 'ITO npoTIIBope'IIIT O)KII.IJ:aHIIHM 

KJiaCCII'IeCKOH <l>1I31IKII II nO,UTBep)K.IJ:aeT npe,UCTaBneHIIH KBaHTOBOH. }J;eiiCTBIITenhHO, B 

nOTOKe aTOMOB Ha'laJihHOe pacnpe,neneHIIe CniiHOB II, COOTBeTCTBeHHO, MarHIITHhlX 

MOMeHTOB no HanpasneHIIHM II30TpOnHOe. Co macHo KJiaCCII'IeCKOH 

3neKTpO,UIIHaMIIKe CIIna (11.23) paBHa ' 

F=Jl·COS8·VB, B=I.BI, OS8S1t, 

r.ue e- yron Me)K.IJ:y BeKTOpaMII fi II B. 0TCIO,Ua cne.uye-r, 'ITO KJiaCCII'IeCKJie 

MarHIITHbie ,UIInOJIII CMeiiJ;aiOTCH B,UOnh rpa,niieHTa nOJUI, npOXO,Ua '1epe3 MarHIIT, II 

pacnpe.ueneHIIe nnoTHOCTII aTOMOB cepe6pa no <PomnnacTnHKe B onnrre 

lllTepHa-fepnaxa .uon)KHO 6nmo 6biT'h B 3TOM cnyqae HenpepbiBHhiM (nyHKTIIp Ha 

p1IC. 11.6). To, 'ITO B 3KCnep1IMeHTe Ha6JIIO,UaJIIICb ,UBa naTHa, CMeiiJ;eHHhle OT OCII 

noToKa no II nporus HanpasneHIIa rpa,UIIeHTa, no,UTBep)K.IJ:aeT <l>aKT KeamnoeaHUR 

MOMeHma (a= ±1/2) aTOMOB cepe6pa. flo Benii'IIIHe CMeiiJ;eHIIH II II3BeCTHhiM 

3Ha'leHIIHM MarHIITHOro noJUI II erO rpa,UIIeHTa fihma II3MepeHa Benii'IIIHa MarHIITHOrO 

MOMeJITa aTOMa cepe6pa, OKa3aBWruiCH paBHOH (npiiMepHO) Ma2Hemony £opa. 3TO 

03Ha'laeT, 'ITO CniiH II MarHIITHhlll MOMeHT 3TIIX aTOMOB onpe,neJiaiOTCH O,UHIIM II3 

3neKTpOHOB 3neKTpOHHOH o6onO'IKII (BarreHTHhlM- "HecnapeHHhlM"). 
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n(z) 

----
Puc. 11.6. Pacnpe.ueneHue IDIOTHOCTH aroMOB 
cepe6pa no IDiaCTHHKe - perncrpaTopy a 
OIThiTe lllrepHa-fepnaxa. 
IlYHKTHp - pacnpe.ueJieHHe KJiaCCll'leCKHX 
.uunoneA, CIDIO!liHLie KpHB!.Ie - pacnpe.uene
Hue aTOMOB cepe6pa, Ha6JIJO,!laBmeeCll B 
3KcnepHMeHre 

/"'" 

Orr biT lllTepHa-r epnaxa cqnTaeTC.II O,l{HHM H3 <IJYJma.MeHTallbHbiX 

3KCIIepHMeHTOB B KBaHTOBOll MeXaHHKe, a HCIIOllb30BaBIIIHllC.II B HeM MeTO,l{ 

pa3,l{eJieHH.II aTOMOB B HeO,l{HOpO.l{HOM MarHHTHOM IIOJie IIIHpOKO HCIIOJib3yeTC.II C TeX 

IIOp B $H3HKe H TeXHHKe. B qaCTHOCTH, OH 6Lm IIpHMeHeH B rrepBOM KBaHTOBOM 

reHepaTOpe (H.r. Eacos, A.M. IIpoxopos, 1954 r.). 

3a.ua'la 11.5. OueHHT!. napaMeTp!.l on!.ITB lllTepHa-fepnaxa. 

CHJia (J 1.25), ,!leliCTBYIOIUBll Ha aTOM C MarHHTH!.IM MOMeHTOM 1.1 B HeO,ll,HOpO,ll,HOM MafHHTHOM 

none B , coo6maeT aroMY npupameHue HMnyJILca B.ll.OJI!. oeKTopa VB: 
00 

Ap=1.1·cos6· JVB·dx. 

Ecnu cKopoCTI. aToMa v .L B , a aeKTop VB II B , TO npu6nmKeHHO 

Ap~ =(Ap)"' 1.1·Gn ·L.tr 
v ' 

f.ll.e L.rr - 3$$eKTHBHall npoTl!JKeHHOCT!. nonll B.ll.OJI!. ocu x, a G 8 - cpe,ll,Hee 3Ha'leHue rpa.nueHTa Ha 3TOA 

.!lJIHHe: 

I1VB·1 =GB·L.tr · 

CMemeHue aToMa OT ocu nyqKa Ha JKpaHe (cl>oToiDiaCTHHKa Ha puc. I 1.5) paBHO 

Ap 
I:J.z=a·L, a=--~, 

p 

r,ll,e L - pacCTOliHHe OT MarHHTB .ll.O 3KpaHa. TaKHM o6pa3oM, 

I:J.z= ll'GB ·Letr ·L. 
pv 

~cl>cl>eKT KBaHToBaHHll 6y.ll.eT pa3Jlll'IHM, ecnu 

I:J.z·Ap.~li. 

IlO,ll,CTaBJillll CIO,ll,a 3Ha'leHHll Ap, H I:J.z, nOJIY'IHM YCJIOBHe KB3HTOB3HHll: 

G
8 
~.::_-~p-li = v

3
1

2 -~AmPii. 
1.1 L 1.1·Letr L 

3.ll.eCb A - 3TOMHhiA sec Cepe6pa, mp- Macca npOTOHa. IlpHHHMBll TeMneparypy aTOMOB cepe6pa paBHOit 

TAg= 1500 K (HeCKOJibKO Bh!We TO'IKH IDiaBJieHHll) H Y'!HThiBBll, 'ITO B Ha!lleM CJIY'Iae 

Ampv2 =TAg, 

3anuweM ycnoaue B cl>opMe 

G >> lie Tv• J¥ 
8 

ll·Letr(A·mPc2
}" L · 

81.16paB napaMeTp!.l paccMaTpHBaeMoro On!.ITB T = 1500 K"' 0,16 38, Letr = 10 CM, L =50 CM, 

l1.1l = 1.1 8 "'5,8·10-' 38/Tn, HaA.ll.eM G8 ~ 15 fc/cM, 'ITO nerKo BhinOJIHlleTcll. Ilpu JTOM 

a=!l·Gs·Leff "'3,6·10-{;pB.ll., 1:J.z,.,3,6MKM. 
TAg 

IlOTOK aTOMOB cepe6pa ,ll,OJIJKeH HMeTb ,ll,BlKe MeH!.III)'IO yrnOBYJO paCXO,ll,HMOCTh, 'IT06!.! pa3Jlll'IHT!. )1,83 

M3KCHMYMa noqepHeHHll Ha $OTOIDiaCTHHKe, 8binOJIHHTh 3TO YCJIOBHe npaKTll'leCKH HeB03MOlKHO. 

Il03TOMY B!.!60p napaMeTpOB rpB,ll,HeHTa nOJill onpe . .uenlleTCll YCJIOBHliMH: 

a> acollimator - 10-3 PB.ll., 

'ITOTpe6yeT 

G8 - 5 Kfc/cM. 

8 3TOM cnyqae Ha 3KpaHe, OTCTOliiUeM Ha L - J M OT M3fHIITB, o6pa3YJOTCll ,ll,Ba nliTHa cepe6pa pa3MepOM 

nopll,ll,Ka J MM H OTCTOliiUHe .ll.pyr OT .ll.pyra Ha paCCTOliHHe 2·/:J.z- 2MM. 
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rJIABA 12. TO~CTBEHHOCTb qACTIID; 

§ 12.1. flpHH~Hll HepalJIHqHMOCTH TO~CCTBCHHbiX qaCTH~ 

CoornomeHIDI Heonpe.neneHHOCTeii 3anpemruoT o.nHoBpeMeHHoe n TO'!Hoe 

H3MepeHne Koop.nnHaT H HMIIynLca YiaCTHf(LI. A 3TO 03HaYiaeT HeB03MOJKHOCTL 

ase.neHIDI B KBaHTOBOH MeXaHHKe IIOIDITIDI TPaeKTOpHH YiaCTHf(. Tio3TOMY HeB03MOJKHO 

npocJie){HTh 3a CY){L60H KaJK){OH H3 'laCTHf(, COCTaBIDIIOif(HX KBaHTOBYJO CHCTeMy. 

0rCIO){a CJie)lyeT npUHIJUn Hepa3llU'IUMOCmU O){HHaKOBLIX YJaCTHf( - MLI He MOJKeM 

CKa3aTL, IIOJIOJKeHHe H HMIIYJILC KaKOU H3 ){Byx (HeCKOJILKHX) O){HHaKOBLIX 'laCTHf( MLI 

H3MepHJIH, IIOCKOJILKY Ka)I(){WI H3 HHX MOJKeT OKa3aThC.II B ){aHHOH TO'!Ke IIpOCTPaHCTBa 

H C ){aHHLIM HMnyJILCOM C KOHe'lliOH BepOHTHOCTLIO. fl03TOMY TaiOKe HeJIL3.11 

OIIpe.neJIHTL BOJIHOBYJO !J.!YHKUHIO O){HOH 3a){aHHOH '!aCTHf(LI, BXO){.IImeii B CHCTeMy, -

MOJKHO rOBOpHTL TOJILKO 0 BOJIHOBOH !J.IYHKUHH CHCTeMLI B f(eJIOM. 

Ha'!HeM co. CJIYYfWI npocTeiimeii cncTeMLI H3 .nsyx o.nnHaKOBLIX 'lacTIIf(. Ecnn 

HX B3aHMO){eHCTBHe npeHe6peJKHMO MaJIO, TO, KaK H B § 10.5, BOJIHOBWI !J.!YHKUH.II 

cnCTeMLI pasHa npoH3Be.neHHIO BOJIHOBLIX !J.!YHKUHii Yiacmu (eM. (10.35)). B 

IIpe){LI.nymeM IIaparpa!J.!e MLI YJKe rOBOpHJIH 0 cymeCTBOBaHHH ){Byx THIIOB 'laCTH,f(: 

6o30HOB - 'laCTHf( C f(eJILIM CIIHHOM, H !J.!epMHOHOB - YJaCTHf( C IIOJiyf(eJILIM CITHHOM. B 

peJUITHBHCTCKOH KBaHTOBOH TeOpHH IIOKa3LIBaeTC.II (3TO CJie){yeT H3 ypa6HeHUJ! 

/JupaKa), 'ITO 'laCTHf(LI C IIOJiyf(eJILIM CITHHOM OIIHCLIBaiOTC.II BOJIHOBOH !J.IYHKf(Heii, 

KOTOprui aHTHCHMMeTPH'llia K IIepeCTaHOBKe ){Byx 'laCTHf( - MeHHeT 3HaK IIpH TaKOH 

nepeCTaHOBKe. BOJIHOBWI !J.IYHKf(H.II CHCTeMLI 'laCTHf( C f(eJILIM CIIHHOM CHMMeTPH'llia K 

TaKOH IIepeCTaHOBKe. floHCHHM 3TO Ha IIpHMepe ){Byx 'laCTHf(. 

lh BOJIHOBOH !J.IYHKUHH (10.35) MOJKHO o6pa30BaTh IIpOCTeiimyro 

aHTHCHMMeTPH'lliYJO KOM6HHaf(HIO 

(1 

r.ne 

"'12 Cs1. s2. r) = c · ["'1 Cs1 )· '1'2 Cs2)- '1'1 Cs2)· "'2 Cs1)]. 

s={P,r,cr} 
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(12.1) 

- Ha6op KOMIIOHeHT HMIIYJILCa H pa.nnyca-BeKTopa H CIIHHOB~ IIepeMeHHaJI KaJK){OH 

H3 YJacrnu; nepeMeHHWI t B BLipaJKeHHH cnpasa H .narree onymeHa ){liH KpaTKOCTH 

3aiiHCH. OYieBH){HO, 

'1'12 Cs1. s2) = _'1'12 (1;2, s1 ), (12.2) 

T.e. nepecTaHOBKa YiaCTHf( MeHHeT 3HaK.!J.IYHKUHH. KoHCTaHTY C Haii.neM H3 ycnoBIDI 

HOpMHpOBKH, C'lliTaJI, 'ITO !J.!YHKUHH \j/1 H \j/2 OpTOHOpMHpOBaHLI: 

l'l'1l =I cl2['1'1 Cs1 )· '1'2Cs2)- '1'1 (s2)· '1'2Cs1)]x 
x ["';c~;1)'1';(s2)- "'as2)· "';(~;1)]~ 
= 1c1

2 
{ '1'1 Cs1t - '1'1 Cs~)'l';(sJ '1'2Cs2)· "'as2)-

- '1'1 Cs2)· "'; Cs2)· '1'2Cs1)· "';(~;1)+ I '1'1 Cs2)1
2 

·l"'2 Cs1 )1
2 

}. 

(12.3) 

,!(arree BOCIIOJIL3yeMC.II CBOHCTBOM OpTOHOpMHpOBaHHOCTH !J.!YHKUHH \ji1(S) H \ji2(S) 

(8.18): 

11.2 = J"'1(s)·'l';(~;)dv; =B1.2• 
v~ 

r.ne V; - o6nacTL H3MeHeHHH (pmo~bzu o6beM) Ha6opa napaMeTPOB 1;. 3neMeHT :noro 

06beMa,O'leBH){HO,eCTL 

dV; =d3p·d3r, 

a HHTerparr IIO dcr eCTL CYMMa BCeX B03MOJKHLIX COCTO.IIHHH, OTJIH'laiOmHXC.II 

3Ha'leHHHMH nepeMeHHoii cr. HanpnMep, ){liH cr = ±1/2 HMeeM 

/12 =/12(cr=+l/2)+112(cr=-1/2). 

C YYJi!TOM 3THX CBOHCTB BOJIHOBLIX !J.IYHKUHH 'I'1(S) H \ji2(S) H3 (12.3) IIOJIY'IHM 

OTKy){a 

2 n 2 2 
ICI . Jl'l'121 ·d~dV2 = 2ICI ' 

v 

. 1 
C--. .-..fi 

AHarrorn'!HO, CHMMeTPH'lliaJI KOM6HHaf(IDI !J.!YHKUHH \j/1 H \j/2 MOJKeT 6LITL 

npe.ncTasneHa B npoCTeiimeii !J.!opMe 
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1 . 
'1'12(~,. ~2) = .fi ['I',(~,)· '1'2(~2)+ 'l't (~2)· '1'2(~,)]. 

0KOH'iaTCllbHO ,IUUI CHCTCMbl H3 .LU3yx tiaCTH~ HMCCM 

'l't2 (~,' ~2) = -1 ['I',(~,)· '1'2 (~2 )± 'l't (~2)· '1'2 (~, )], (12.4) 

r,ne BCpXHHH 3HaK COOTBeTCTBYeT 6030HaM, a HH)KHHH- 4JepMHOHaM. 

B o6meM cnyqae cncTeMbi HJ N-6oJOHOB 

1 Nl 

'I'N = ~fNf"~['l',(~,)·'l'2(~2)· ••• ·\j/N(~N)l,, (12.5) 

r,ne CYMMa 6eperc.11 DO BCCM BOJMO)KHblM nepeCTaHOBKaM tiaCTH~. 

,lVul 4JepMHOHOB npoHJBe,neHH.II no.n JHaKOM CYMMbi (12.5) .nomKHbi MCHHTb 

JHaK npH mo6oii nepecTaHOBKe ,nByx qacTH~: 

'1'1 {~I)· '1'2 {~2 )· · • •· \jl n {~a)· • • · • \jl m (~p )· • • • · \jl N (~N) = 

= -\j/1 {~I)· '1'2 {~2)· • • •• \jl n (~p )· • • • · \jl m (~a)·· • •• \jl N (~N ). 
HeTpy,nHo coo6paJHTb, 'ITO 3TOMY ycnoBHIO y,noBneTBOp.lleT BonHOBM 4>YHK~H.II, 

npe,llCTaBllCHHM B BH,llC ,llCTCpMHHaHTa, B CTpOKax KOTOporo H3MCH.IIeTC.II HOMep 

tiaCTH~bl, a B CTOn6~ax- HOMCp \j/-4JYH~HH (HOMep COCmORHWl): 

'l't(~,) 

'I'N = ~x~'l'2{~,) 
vN! : 

'I'N(~,) 

'l't(~2) 
'1'2 (~2) 

\jl N(~2) 

\jl, <~N ~~ 

.' :tJ 
§ 12.2. llpuu~un TiayJiu 

(12.6) 

lh Bblp!UKCHHR (12.6) HCMC,llllCHHO cne,nyeT BIDKHCHIIIHH KBaHTOBO

MCXaHH'lCCKHH DpHH~HD (W. Pauli, 1925 r.): B CHCTCMC H3 OOUHaK06blX tjJepMUOH06 

(t.!lBC (Hllli 6onee) 'laCTH~I He MOryT O,llHOBpeMeH~O HaxO,llHTbCR B O,llHOM H TOM iKe 

KBaHTOBOM COCTORHHH. 
I 

)J;eli:CTBHTCllbHO, ecnH ,LU3a H3 BOJMO)KHblX COCTORHHH tiaCTH~ a. H l3 

COBDa,llaiOT, T.e. 
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\jl a(~;)= \jl p {~; }, i = 1, 2, ... N- HOMep COCTO.IIHH.II, 

B onpe,nenHTene (12.6) DORBllRIOTC.II ,LU3e O,llHHaKOBble CTpOKH H OH, a CTallO 6biTb, H \jiN 

o6pamaroTCR B Hyllb. J(!IR 6o30H06 maKozo 3anpema Hem. 

3ToT npHH~n, c4JopMYnHpOBaHHhlli: Ilaynn .IUUI o6'bRCHeHH.II CTpJKTYPbi . 

aTOMOB ("npHH~HD 3aiipeTa" ,IUUI 3lleKTpOHOB ), 6blll ,llOKaJaH liM Ha OCHOBC ypaBHeHH.II 

.ll:HpaKa B 1940 r. TaKiKC H ,IUUI mo6biX 4JepMHOHOB. 

OTMeTHM, 'ITO HJ npHH~HDa Ilaym cne,nyeT cymecrnoBaHHe .LU3yx THIIOB 

CTaTHCTHK, 0 KOTOpbiX CKaJaHO Bbiiiie (§ 11.1 ). 

§ 12.3. 06MeHHOe B33HMO,l{CHCTBHe 

B CHCTeMax H3 TOiK,!leCTBeHHbiX qacTH~ DORBllRCTC.II OC06biH BH,ll 

B3aHMO,lleHCTBH.II, HMeiOmHH 'IHCTO KBaHTO~O-MeXaHH'lCCKOC IIpOHCXOiK,!leHHC _H 

CBRJaHHbiH c orrep~neii rrepecTaHOBKH tiaCTH~. IIpo,neMOHCTpHpyeM 3TO Ha rrpHMepe 

06}'X 3apJIJICeHHblX tjJepMU01106. 

Ey,neM C'lHTaTb, 'ITO HX B3aHMO,lleHCTBHe ,llOCTaTO'lHO cna6oe, TaK 'ITO MOiKHO 

BOCDOllbJOBaTbCR Bblp!UKCHHCM (12.4), C'IHTM qacTH~hl KBaJHHeJaBHCHMbiMH (KaK 6bi 

HeJaBHCHMbiMH). KpoMe Toro, YtiTeM, 'ITO 3neKTpHtiecKoe rrone JapaiKeHHbiX 

4JepMHOHOB He 3aBHCHT OT HanpaBneHH.II HX CIIHHOB. Il03TOMy, B COOTBeTCTBHH CO 

CKaJaHHbiM B § 11.2, BOllHOBYJO 4JyHK~HIO CHCTeMbl MOiKHO npe,nCTaBHTb B BH,lle 

IIpOHJBe,neHHR KOOpOUHamHOU H CnU11060U tjJyHKlfUU: 

'1'12(~,, ~2)= <r>d~. p,, r2, P2)·x{cr,, cr2), 

r.ne r, p, cr-pa,nnyc-BeKTop, HMIIYllbC H CIIHHOBaR rrepeMeHHM qaCTH~bi. IIonHM 

BOllHOBM 4JYH~HR \j/12, B COOTBeTCTBHH C IIpHH~HDOM IlaynH, ,nomima 6biTb 

aHTHCHMMeTpH'IHa: ,llBa 4JepMHOHa He MOryT HaxO,llHTbCR B COCTORHH.IIX C 

O,llHHaKOBbiMH JHatieHHRMH BCeX rrepeMeHHbiX r, p, cr. 0TCIO,lla cne,nyeT, 'ITO B 

COCTORHHH C "rrapannellbHbiMH" CIIHHaMH (crt= cr2) 4JyHK~HR <f>t2 ,llOlliKHa o6pamaTbCR B 

HYllb npH ~ =r2 H Pt = P2• T.e. OHa ainHCHMMeTpH'lHa, a x(cr~o cr2)'B 3TOM cnyqae 

CHMMeTpH'IHa (HHa'le \j/12 He 6y,neT aHTHCHMMCTpHtiHoii). B cnyqae 
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11aHTIIllapaJIJieJILHLIX
11 

ClliiHOB (crl = -cr2), COOTBeTCTBeHHO, X,(crl~ cr2) aHTIICIIMMeT

pii'IHa, cp12 CHMMeTpiiqHa II ofia cpepMHOHa MOryT O,!l;HOBpeMeHI~O HMeTL O,!l;HHaKOBLie 

Koop.n;IIHaTLI II IIMnynLcLI. TaKJIM o6paJoM, IIMeeM 

<p12(~. ~. P1· ii2)= ~ x {cpl(sl)·cp2(s2)±cpl(s2)·cpisl)}, 

r.n;e 3HaK "+" npH cr1 = -cr2, s = 0, 

3HaK "-" npii cr1 = cr2, s =I. 
(12.7) 

3,n;eCL S - CYMMapHbiH CllHH (ClliiHOBOe KBaHTOBOe qiiCJIO!) CIICTeMLI, S - Hafiop 

KOOp,!l;HHaT H KOMllOHeHT IIMllYJILCOB qacTHU. 

BLNJICJIIIM TenepL cpe.n;aee 3Haqea1Ie :meprnH :meKrpoMaraHrnoro 

B3aHMO,D;eil:CTBIIH ,D;Byx cpepMIIOHOB: 

2 

(U)= fcp;2 ·.:_·<pl2 ·dVl·dV2 . • 
v '12 

(12.8) 

3.n;ecL r12- paccTOHHIIe Me)K,n;y qacrnuaMII. Ilo.n;cTaBIIB c10,na (12.7), aail:,neM 

(U) = U0 ± e1., "+" npii s = 0, "-" npii s = 1, 

Uo = e2 Jlcpi(sit ·lcp2(s2t·dVj ·dV2, (12.9) 
v rl2 

8tr =e2 Jcpl(sJcp;(sJcp;(s2)·cp2(s2) ·dVi ·dv
2
. 

v 'h 

(lla.n;eKc tr- OT aHrn. transposition nepecmaoBKa). TaKHM o6paJoM, :meprna 

B3aJIMo.n;eil:cTBIIH .n;Byx cpepMIIOHOB cocTOHT H3 ,n;Byx qacTeil:. Ilepaaa, Uo, 

COOTBeTCTBYeT KJiaCciiqecKOH :mepnm B3aHMO,D;eil:CTBIIH ,D;Byx 3apH)KeHHbiX TeJI C 

llJIOTHOCTHMII 3apH,D;OB e ·lcp1(l;1)12 
II e ·lcp2(l;2)12. BTOpaH, Gt,., llOHBJIHeTCH B pe3yJILTaTe 

. . 
yqeTa BJIHHHIIH ClliiHa Ha BII,!l; BOJIHOBOH cpyHKUIIH. XoTH npHMO ClliiHLI qaCTHU He 

yqacTByiOT B 3JieKrpOCTarnqecKOM B3aiiMO,D;eHCTBHII, KOC6eHIIO OHII BJIHHIOT Ha 

B.eJIII'IHHY 3HeprJIII B3aJIMO,D;eHCTBHH: 

(fl) S=O- (U) S=l = 2etr. 

Ilo,n;qepKHeM, qro p6MeHHoe B3aUMoOeiicmBue ttacm& OOHOZO U3 

r/JyHOaMeHmaJt&H&zx 63aUMoOeiicmBuii. B paccMorpeHHOM npiiMepe OJIO HBJIHeTCH 

'laCTbiO 3JieKrpOMarHIITHOro ("3JieKrpOCTaTII'IeCKOro") B3aiiMO,D;eil:CTBIIH. 
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HaJI6onee II3BecrnLIMII H Ba)KHLIMU cnyqaHMII npoHBJieHHH o6Meaaoro 

B3auMO,D;eHCTBIIH HBJIHeTCH KOBaJieHTHaH CBH3b B MOJieKyJiax II cpeppOMarHeTII3M II 

"cpeppo3JieKrpH'IeCTBo". 3m HBJieHUH paccMarpiiBaiOTCH B KYPCe cp1I31IKH TBep.n;oro 

TeJia. 

CJie.nyeT 3llMeTIITL, 'ITO 06Melll!Oe B3aHMO)l;eHCTBIIe ,nel!CTBJeT He TOJILKO MeJKJzy 

TOJKJ(eCTBeHHLIMII qaCTIII(aMII. 0HO llpOllliJUieTCJI, B006me rosopll, B CIICTeMe C .nBJMll (no Kpal!Hel! 

Mepe) BLipOlK)l;eHHLIMII COCTOJIHIIJIMII. 
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t1 

qACTh II. (J)JI31IKA ATOMOB 

r JIABA 13. 3JIEKTPOH B :QEHTPAJihHO

CIIMMETPJiqHOM llOJIE 

§ 13.1. Ypaoueuue Wpe~uurepa ~JIH Ja~aqu ~oyx TeJI 

B KJiaccHqecKoii MeXaHHKe 3a,n;aqa o B3aHMO,neiicTBHH .nByx Ten cBo,nHTCH, KaK 

H3BeCTHO, K 3a,n;aqe 0 ,nBHJKeHHH qaCTHU:bl C npu6e0i!HHOU MOCCou') (eM. [1], § 4.2) 

mlm2 mo=---
ml+m2 

(13.1) 

B none u:eHTpanbHOii CHnbi F(~2 ), ecnH cHna B3aHMO,neiicTBHH MeJK.ny qacTHU:aMH 

HanpaBneHa B,nonb npHMOH, HX coe,nllHIDOIU:eii, ll 3aBHCHT TOnbKO OT paCCTOHHllH 

MeJK,ny qacTHU:aMH ~2 (pHc. 13.1): 

~2 =~ -r; =r, 
i;2(~2)=-F21(~2)= r12 ·lftt2(~2l 

'h 

(13.2) 
' 

Ilo,nqepKHeM, qTo BeKTop ~2 HanpaBneH OT qacTHU:hl 2 K qacTHU:e 1. CooTBeTCTBeHHO, 

nOTeHU:llallbHM :mepmg B3aHMO,neiiCTBHH B 3TOM cnyqae HBllj{eTCH <l>YHKU:Heii pa,n;eyca

BeKTopa ~2 : 

U12(~2) = u21(~2)= u(r). (13.3) 

l{eHmp MQCC qaCTllU: HaxO,nHTCH B TOqKe C (pHC. 13.1) C KOOp,nHHaTaMll ~ H ,nBHJKeTCH 

CO CKOpOCTbiO Vc, onpe_nengeMOll CYMMapHbiM HMnynbCOM qaCTHU:: 

- ml~ +m2r2 
rc- ' 

ml+m2 

V- = ml~ +m2r; = P1 + P2 
c • 

ml +m2 ml +m2 

(13.4) 

')Reduced mass (aHrn.). 
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mo_ r 

~m2 

0 

PHC. 13.1. flOJIOlKeHHe B3aHMO,!leliCTB)'IOIIUfX TeJI H 
TeJia c npHBe,!li!HHoli Maccoli: ;:;, - pa,!Uiyc-BeKTOp 

H3 m2 B m., IT;, I= r, r -pa,!Uiyc-aeKTOp H3 

neHTpa Mace C B TO'IK)', r,!le HaxOJ(HTCJJ , TeJio c 
npHBe,!li!HHoli Maccoli 

To~a C Haxo,nHTCH Ha npHMoii m1m2 (T.e. Ha BeKTope ~2 ), qro cne.nyeT H3 3HaqeHHg 

BeKTOpOB ib, ib, COe,nHHgro!UHX TO~ C H m1. m2: 

--- m2 ----rcl =lj -rc ·r, rc2 =r2 -rc = 
ml+m2 

~·r. 
ml+m2 

(13.5) 

B KBaHTOBoii MexaHHKe noBe,neHHe ,nByx qacTHU:, B3aHMo,neiicTBJIOIUHX no 

3aKOHY (13.2), (13.3), OnHChlBaeTCH BOnHOBOll <l>YHKU:Heii CHCTeMbl. 0Ha no,nqHHHeTCH 

ypaBHeHHIO IIIpe,nHHrepa (6.15), (8.14), B KOTOpOM onepaTop raMllnbTOHa (8.15) 

co.nepJKHT onepaTOphl HMnynbCOB B3aHMo,neiiCTBJIOIUHX qacTHQ: 

3TO ypaBHeHHe HMeeT BH,n 

•2 •2 

H :;..EL+..12__+U(~2). 
2m1 2m2 

in B'f' = - n2 . (__!__. L\1 'f' + _1 . L\2 'P) + u(r)'P, 
at 2ml m2 

a2 a2 a2 a2 a2 a2 
L\1 =-2 +-2 +-2' L\2 =-2 +-2 +-2. 

ax! By! azl ax2 ay2 az2 

(13.6) 

(13.7) 

flepexo_ng K nepeMeHHbiM rc (13.4) H r = ~2 (13.2), BbJqllCnHM COOTBeTCTBJIOin:He 

npOH3BO,nHbie BOnHOBOll <l>YHKQHH, npe,nCTaBllB ee B BH,ne 

'P(ii, r;, t )= lJilf, t)· flfc, t ), r = {x, y, z}, rc = {xc, Yc, Zc}. (13.8) 

BbNHCnHM npoH3BO,nHyro no x1 B nepBOM nannacHaHe B (13.7): 

8
2
'; = B

2
Y ·(ax)2

. 1 + 2 aw .~. Bf . axe +w· 82
{ ·(axc)2

. 
ax1 ax ax1 ax ax, axe. ax, axe ax, 

fu onpe,neneHHg r ll rc Cne.nyeT 
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-~ 
(1. 

ox_ 
1 

oxc _ m1 

oxl --' oxl - ml +m2 
(13.9) 

AllaJIOrH'IHO BLf'IliCJUilOTCJI npOH3BO,lUILie no YI. ZI, a TaiOKe no KOOp.ZUIHaTaM BTOpOii 

'laCTHULI BO BTOpOM Jiarmacmme. IJpH 3TOM 

ox =1, 
ox2 

oxc m2 -=---"---
ox2 ml +m2 

H T. ,n. B pe3yJILmTe CYMMa B cKo6Kax B (13.7) npeo6paJyeTcx K BH,ny 

(~ + 82 ). \jJ = (_!_ + -
1 

) · 8,'1'0l Jfic )+ 
1 

· 'l'(r)· 8cf(ic ), · 
~ ~ ~ ~ ~+~ 

r,ne JianJiaCHa.HLI 8, H 8c co,nep)J{aT npOH3BO,llHLie no KOOp,nHHaTaM r H rc . IJO,llCTaBHB 

3TO BLipa)J{eHHe B ypaBHeHHe (13.7), nOJIY'IHM 

iii· -·f+\jl- =--·8,'1'·!- \·\j1·8cf+U(r)·'l'·f=O. (13.10) (
0\j/ of) n2 n2 

• 

ot . ot 2mo 2(ml + m2 

ECTecTBeHHO npe.nnoJIO)J{HTL, 'ITO 

'l'(r. t) = 'l'(r)· e-iE,t/h, J(rc, t) = J(rc )· e-iEct/h, 

r.l(e e,. - 3HepriDI 'laCTHU B cHcTeMe ueHTpa Mace (To'llfee - 3Heprng ,nBH)J{eHH}I 

'laCTHULI c npHBe,neHHOii Maccoii: m0), &c - 3Heprng ,nBH)J{eHH}I cHcTeMLI KaK ~enoro 

('IaCTHUa c Maccoii: m1 + m2). IIo,ncTaBHM 3TH !lJyHKUHH B (13.10), coKpaTHM 

3KCnOHeHThl H no,neJIHM o6e 'laCTH ypaBHeHH}I Ha \}' = \jl(r)· f(rc ). 0TH0C}I B JieBYJO 

'laCTh ypaBHeHH}I lPYflKUHH apryMeHTa r, a B npaBYJO - apryMeHTa rc, nOrry'IHM 

paBeHCTBO 

li
2 

8,\jl (-) { li
2 

8cf J --·--+e -U r = ·--+ec . 
2m0 \j1 r 2(m1 + m2) f 

(13.11) 

IJOCKOJILKY B JieBOH H npaBOH 'laCTID{ 3TOrO paBeHCTBa CTO}IT lPYHKUHH pa3HLIX 

He3aBHCHMLIX nepeMeHHLIX r H rc , OHO BLillOJIH}IeTC}I TOJILKO B O,llHOM CITY'J:ae, KOr,na 

o6e ero 'laCTH paBHLI O,lUIOH H TOH )J{e KOHCTa.HTe. BeJIH'IHHY 3TOH KOHCTa.HThi Haii:,neM, 

nO.l(CTaBHB B npaBYJO 'laCTh j(rc) B BH,lle BOJIHLI ,ne fipoii:M ( CB060,llHOe ,llBH)J{eHHe 

ueHTpa Mace!): 
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f(rc) = Aei(fici'c )/h. 

IloliY'IHM 

li2 8 f p2 
---,--~·-c-+ec = c +ec. 
2(m1 +~} f 2(m1 +m2} 

5JCHO, 'ITO 3Ta BeJIH'IHHa paBHa HyJIIO, T.K. 

2 
Pc _ 8

c = 2(m1 + m2} (13.12) 

eCTL 3HepriDI cBo6o,nHo ,llBH~eiicg 'laCTHULI c Maccoii m1 + m2 H HMnyiTLCOM fie, 

KOTOpLiii paBeH CYMMe HMnyrrLCOB • 'laCTHU, nOCTO}IHHOH BO BpeMeHH (3aKOH 

COXpa.HeHH}I nOJIHOro HMnyJILca 3aMKHyTOii CHCTeMLI): 

Pc = P1 + p2 = const (13.13) 

(eM. TaK)J{e 3a,lla'l:y 13.1). CoOTBeTCTBeHHO, ypaBHeHHe, OnHCLIBaiOIUee noBe,lleHHe 

lPYflKUHH 'l'(r), nOJIY'IHM, npHpaBH}IB HYJIIO rreBYJO 'laCTL paseHCTBa: 

8,'1'+ 
2~0 ·[e, -U(r)J.'I' = o. 
,li 

qTO )J{e ,nafu HaM 3Ha.HHe lPYflKUHH \jl(r, t) H f(rc, t)? 

(13.14) 

IJpe)J{,lle BCero, 3aMeTHM, 'ITO K ypaBHeHHIO (13.14) MLI npH,llCM H B CJIY'lae, 

KOr,na CHCTeMa H3 ,llByx B3a.HMO,lleHCTBYJOJUHX 'laCTHU HaxO,nHTC}I B norre BHeillHHX 

CHJI - ,l(OCTaTO'IHO O.l(HOpO.l(HOM, 'IT06LI H3MeHeHHeM nOM Ha pa3Mepe CHCTeMLI MO)J{HO 

6LIJio npeHe6pe'IL. Tor.na B npasoii 'laCTH ypaBHeHH}I ( 13.11) nO}IBHTCJI eme O,llHO 

CJiaraeMoe - nOTeHUHaJILHaJI 3Heprng U(rc) B norre BHemHHX CHIT. (B 3TOM 

OTHOilleHHH KBaHTOBO-MeXa.HH'leCKaJI 3a,lla'la nOJIHOCTLIO a.HaJIOrH'IHa KJiaCCH'leCKOH -

paJ,neJieHHe 3a,lla'IH Ha ,nBe He3aBHCHMLie 'laCTH, 11BHYTpeHHIOI011 H 11BHeillHIOI011). 

3Ha.HHe lPYflKUHH j(rc, t) Boo6me He Tpe6yereg, eCJIH 11,l(OroBOpHThCJI11 HOpMHpOBaTL 

o6e lPYflKUHH, \j1 Hj, He3aBHCHMO Ha e.l(HHHey. Tor,na 

dP =[.r(i',i'c,t)' ·d'rc ld'r ~!>v(F, tj' ·d'r 
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eCTh BepmiTHOCTb 06Hapy)KIITb CIICTeMy II3 .llByx B3aiiMOJ];ellCTBYIOIUIIX qaCTIIU B 

nOJIO)KeHIIII, COOTBeTCTBYIQIUeM OpiieHTaUIIII II BeJIIIqiiHe BeKTOpa r. TeM CaMbiM 

3aJ];aqa J];Byx Tell II B KBaHTOBOll MeXaHIIKe CBenacb K 3aJ);aqe 0 J];BII)KeHIIII TeJia C 

npiiBeJJ:eHHoii Maccoii (13.1) B none CIIJihi B3aiiMOJJ:eiicTBIIH qacTIIU. OTMeTIIM TaK)Ke, 

~0 UeHTPaJihHblll xapaKTep CIIJibl B3aiiMOJ];ellCTBIIJI IICnOJib30BaH npii aHaJIII3e 

paBeHCTBa(13.11): U(~J2)=U(r) (eM. (13.2)). 

3a)l.a'la 13.1. OoJJ)"'MTb ypasHeHMe (13.14), socnOJJb30BaBrnMcb 33KOHOM npeo6pa3osaHHll MMnyJJLca 

np11 nepexo)l.e B cMcTeMy ueHrpa Mace. 

CKopoCTh ueHrpa Mace (13.5) ecTh 

V = m1v1 +m2ii2 

c ml +m2 . 

Torti3MMnyJJLCbl qacTMll I, 2 B CMCTeMe ueHrpa Mace ecTb 

(.OJ= m,(ii,-vJ= m0 (ii, -ii2)= -(.02), = p, 

r)l.e 

p = m0r. 

TaKMM o6pa30M, 3a)l.a'!a 06 OTHOCMTeJihHOM )I.BillKeHilll '!aCTilll B CMCTeMe l.leHrpa MaCC CBeJJaCh K 3a)l.a'!e 

o ii.BMlKeHMM qacTMI.Ibl c npHse)l.eHHOli Maccoli s none CMJJ c noTeHl.lMaJJOM u(r). O;ciO)I.a 

2 1i2 

H(r)=_E._+V(r)=--·!:>., +V(r). 
2m0 2m0 

' (13.15) 

00)I.CTaBJJllli3TOT raMMJibTOHMaH B (6.14), rrpH)I.eM K ypasHeHMIO (13.14). 

§ 13.2. ATOM BOJJ;OpOJJ;a. 3JieKTpOH B QCHTpaJibHOM OOJIC 

QqeHh qacTO, paCCMaTpiiBaJI J];BII)KeHIIe :meKTpOHa B aTOMe, HJJ:pO cqiiTaiOT 

6eCKOHeqHO TJI)KeJibiM, COBMeiUaJI C HIIM ueHTP Mace CIICTeMbi :meKTPOH-HJJ:pO. Ha 

CaMOM J];ene, KaK nOKa3aHO B npeJJ:b!Jl:YIUeM naparpaljle, 3aJ);aqa 0 B3aiiMOJ];ellCTBIIII 

it 3JieKTPOHa C HJJ:pOM CBOJ];IITCJI K 3aJ];aqe 0 J];BII)KeHIIII TeJia C npiiBeJ];eHHOll MaCCOll mo 

(13.1) B KynoHOBCKOM none TOqeqHoro 3apHJJ:a Ze: 

u(r)=- ze2. 
r 

(13.16) 
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3JJ:eCb yqreHo, ~o 3apHJJ: 3neKTPOHa paseH -e, a 3apHJJ: HJJ:pa IInH IIOHa, B none KOToporo 

,ZlBII)KeTCJI BHemHIIii 3neKTPOH, paBeH Ze. DTJlH'llie m0 oT MaCChi 3neKTPOHa npiiBOJJ:IIT K 

BnOnHe II3MepJieMOMy 3ljlljleKTy B cneKTPe aTOMa - 3TO TilK Ha3biBaeMbill 

U30monu'lecKUu ci>rJUz (eM. (13.34) HII)Ke): 

llone Toqe'IHOfO 3apHJJ:a (13.16) JIBJIHeTeJI UeHTPaJibHhiM: BeKTop 

HaiTpH)KeHHOCTH noJIH HanpasneH B TO'!Ky, rJ];e HaxOJJ:IITeJI 3apHJJ:, e03.IJ:aiOIUIIll 3TO none; 

- Ze r E=-·-. 
r 2 r 

(13.17) 

U:eHTP ( nomoc) nonJI B 3aJJ:aqe JJ:Byx ~Ten HaxOJJ:IITCJI B TO 'IKe ueHTPa Mace Ten 

(eM. (13.4) H piie. 13.1), a qaemua e npiiBeJJ:eHHoii Maccoii JJ:BII)KeTeJI B 3TOM none B 

eOOTBeTeTBIIII e ypaBHeHIIeM 

.. -
m0r =eE. (13.18) 

HanoMHIIM, ~o B KJiaeeiiqecKoii MexaHIIKe MOMeHm UMnyJZbCa 6 no11e !JeHmpanbHb~ 

CUll coxpaHJiemcR: 

i=[r,fi]=~. (13.19) 

3TO cne.zzyeT II3 paBeHeTBa Hymo MOMeHTa UeHTPaJibHOll eiinhi OTHOeiiTenbHO UelfTPa 

noJIH: 

l£,rjoc (rJ]=O. 

B KBaHToBoii MeXaHIIKe ponh ypaBHeHHJI JJ:BII)KeHIIJI (13.18) IIrpaeT ypaBHeHIIe 

lllpeJJ:IIHrepa. B 3aJ);aqe o .IJ:BII)KeHHH B ueHTPaJihHOM none eCTeeTBeHHO Bhl6pan, 

Haqano OTeq(!Ta B TO'IKe ueHTPa Mace C. H IIenOJib30BaTb eljlepiiqeeK}'IO eiiCTeMy 

KOOpJJ:HHaT e OTeqeTOM llOJIHpHOfO yrna 8 H a3HMYTaJihHOfO yrna <(> OT npOH3BOJibHO 

Bbi6paHHbiX (noKa!), HO ljJHKeHpOBaHHbiX HanpasneHHH .n;eKapTOBOH eHeTeMbl 

KoopJJ:IIHaT e HyneM B TOM :>Ke To'!Ke C (pHe. 13.2). TorJJ:a ypasHeHHe lllpeJJ:HHrepa .D:JIH 

'IaCTHUhl e rrpHBeJ];eHHOH Maeeoii mo rrpHHHMaeT BHJ]; 

in· 8\v =-..!t.._(-1, +_!_·.1a.cp)·IJI+U(r)·IJI, at 2mo r 2 (13.20) 

1 a ( a) fJ];e .1, = r 2 • 8r r
2 

8r - pa.n;HaJibHaJI 'IaCTb nannaCHaHa, .1e,cp- YrJIOBaJI (10.11). 
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z 

<p 

X 

I 

y 

Puc. 13.2. TpaeKTopHll '!aCTHUbJ B uempanbHOM 
none 

Ey,neM HeKaTb pemeHHe B BH,ne 

'V(r,t)= R(r)· Y(e, cp)·e-icrfh .• (13.21) 

IJoene no,neTaHOBKH {13.21) B (13.20) H pa3_neneHHR nepeMeHHbiX (_neneHHeM o6eHX 

qaeTeil: ypaaHeHHR Ha RY H neperpynnnpoBKH) Hail:,neM 

r2{~~R + 2~o ·[t:-U(r)J}=-~a;Y. (13.22) 

KaK y)Ke He o,nHa~hi 6hlno BbrneHeHo, 3TO paaeHeTBO BbiiiOnHReTeR, eenn o6e ero 

qaCTH, eo,nep)l(arnne IPYHKQHH HeJaaHeHMbiX nepeMeHHbiX, paaHbl o,nHoil: H TO~ )l(e 

KOHeTaHTe. Tor,na ypaaHeHne ,nnR Y(8, <p) eoana,naeT e ypaaHeHHeM Ha eo6eTBeHHoe 

3HaqeHHe onepaTopa MOMeHTa HMnynbea (10.21)-(10.27), pemeHHeM KOTOporo 

RBIDIIOTcR mapoBbie IPYHKQHH (10.29)-(10.31). B 3TOM HeT Hnqero y,nHBHTellbHoro, 

T.K. onepaTop faMnnhTOHa ,nnR qaernQbi B QeHTPMhHOM none eo,nep)I(HT oneparop 

KBa,npaTa MOMeHTa HMnynbea (3a,naqa 13.2). TaKHM o6pa30M, "yrnoaaR" qaeTb 

pemeHHR HaM ~e H3BeeTHa. 

3ama'la 13.2. lloJI)"'HTb ypaoHeHHe (13.20), nonb3y.llcb onepaTOpoM faMHnbTOHa JI)JJI '!aCTHUbl a 

uempanbHOM none. 

B nempanbHOM none -rpaeKTopH.II '!aCTHUbl JIBnlleTCJI nnocKofi, 'ITO cneeyeT HJ 3aKoHa 

coxpaHeHHll MOMeHTa HMnynbca '!aCTHUbl a ueHTpanbHOM none (13.19) (HanpaoneHHe BeKTOpa MOMeHTll, 

a CTaJlO 6bJTh, H HanpaBneHHe OCH, BOKpyr KOTOpofi BpamaeTCJI '13CTHU3, HeHJMeHHbl B npOC1p3HCTBe). 

Y'lreM TliKJKe, 'ITO JI)JJI nnocKoro JIBIDKeHHll npH Bb16paHHOM HanpaoneHHH ocefi KOOPJIHH3T 
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p, = mz = 0, TaK 'ITO p; = p: + P!. 
B pe3yJJbTaTe nOJJII}'IO :meprHJO '!aCTHUbl B 3TOM cnyqae MOlKHO npeJICTaBHTb B BHJie (puc. 13.2) 

p2 + p2 2 L2 
C:=-'--• +U(r)=l!L.+--+U(r), 

2m 2m 2mr 2 

pP=m·p, p.=m·p·<iJ, L=p.·p. 

llOJICTaBnJIJI B raMHnbTOHHaH 

(
A )2 A2 

H =..Er._+_L_+U(r) 
2m 2mr 2 

3Ha'leHHJI onepaTOpoo p, = -iliV, H L2 (10.11), npuneM K ypaoueumo (13.20). 

OrMeTHM, 'ITO cnaraeMoe L2 /2mr 2 H33bJBaiOT 1JeHmpo6e:JICHbiM nomeHIJUanoM. 

l1J pe3ynbTaTOB, nonyqeHHbiX B rn. 10 (eM. (10.11), (10.18), {10.21)), MO)I(HO 

3aiiHeaTb 

~e. <P Y(e, cp)= -£(£ + 1)·Y(e, <p). (13.23) 

Tor,na ypaaHeHne MR pa,nnanbHoil: qaern sonHoaoil: IPYHKQHH B (13.22) npHHHMaeT 

BH,n 

1 d ( 2dR)- £(£+1)·R+ 2mo ·[e-U(r)].R=O. -·-· r 2 .,2 
r

2 
dr dr r " 

(13.24) 

3HeprHR qaeTHQbl e npHBe,neHHOil: Maeeoil: mo BXO,nHT TOnbKO B 3TO ypaBHeHHe, B 

"yrnosoil: qaern" pemeHHR (13.23) ee HeT. Ho ypaBHeHHe (13.24) He 3aBHeHT OT qnena 

m, a 3To 03HaqaeT, ~o H 3HeprnR qaeTHQbi oT Hero He JaBHeHT. K 3TOMY 

o6eTORTenbeTBY Mbl BepiJeMeR Hll)l(e. 

Ilepeil:,neM Tenepb K aHanHJy OBZOICeHZm 3!1eKmpoHa B KY!IOHOBCKOM nolle Ropa, 

T.e. enyqruo IIOTeHQllallbHOil: 3HepmH (13.16). ,l(nR yrrpoi.QeHHR 3aiiHeH BBe,neM 

rrapaM~bi 

2 2moe moZe
2 z ( me) 

K =-~, ao=~=-, ro= 1+- ·RBohr • 
" ' " ro mz 

(13.25) 

KOTOpbie HMeiOT pa3MepHOeTb o6paTHOrO KBa,npaTa MHHbl H MHHbl eOOTBeTCTBeHHO. 

3,neeb ~Ho, ~o 3HeprHR :meKTPOHa B none Mpa OTPHQaTenbHa (eM. (2.6)), TaK qro 

K
2 > 0. B paeeMaTPHBaeMoM enyqae 
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mo m,m, "'m,, 
m,+mz 

(13.26) 

m., mz- MaCChi 3neKrpOHa ll JI.Upa. Tor.ua ypanHeHHe (13.24) MOJKHO 3aiiHCaTh B Bll.!le 

R" +3_·R' -[K2 _ 2a0 + £(£+1)]·R = O. (1 3.27) 
r r r 2 

3.uecb ' (anOCTIJO<l>) 03HaqaeT IIpOH3BO.!lHJIO IIO r. Cl>opMy, B KOTOpOfi cne.uyeT HCKaTh 

pemeHHe 3TOf0 ypaBHeHHJI, MOJKHO "yra.uan.", paCCMa1JlHBaJI IIOBe.!leHHe ypaBHeHHJI B 

o6naCTH r ~ 0 H r ~ oo. B nepBOM cnyqae H3 1Jl1!X cnaraeMbiX B KBa.upaTHhiX cKo6Kax 

.!lOMHHHpyrornHM 6y.ueT nocne.uHee, TaK ~o ypaBHeHHe npH6nHJKeHHO MOJKHO 6y.ue-r 

3aiiHCaTh B BH.!le 

R" +3_R,- £(£+ 1) ·R =0. 
r r 2 

• 

51cHo, qTo KaJK.!lhiii H3 1Jlex qneHoB ypaBHeHHJI HMeeT pa3MepHoCTh R/ r2
, no3TOMY 

eCTeCTBeHHO HCKaTb ero pemeHHe B BH.!le 

R=Crn. 

fiO.!lCTaHOBKa .uaeT 

n(n-1)+ 2n-f(f + 1) = 0, 

OTKy.!la, pemaJI KBa.upaTHOe ypaBHeHHe, Hafi.UeM 

n=f, -(£+1). 

TaKHM o6pa3oM, npH r ~ 0 pemeHHe co.uepJKHT .!lBa cnaraeMhiX 

R = Clre +Czr-(f+l)_ 

fiOCKOllbKY \11-<l>YHKIIHJI IIpU r ~ 0 orpaHHqeHa, BTOpoe ll3 HHX cne.uyeT OIDpOCHTh, 

IIOllOJKUB C2 = 0: 

R(r )~ Cre npH r ~ 0. (13.28) 

B o6naCTH 6onhiiiHX r .!lBa BTOpbiX cnaraeMhiX B KBa.upaTHhiX CK06Kax (13.27) ll 
.~ 

11 qneH c R' Manhi, no3TOMY npH6nHJKeHHO (acHMIITOrnqecKH) MOJKHO npHHJITh 

PemeHne 3Toro ypaBHeHHJI ecn. 

R" ..:.K2R =0. 

R = A1e1CI' + A2e-1CI'. 
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Tpe6oBaHHe orpaHnqeHHOCTH R npn r ~ oo Y.!lOBnernopxe-rcx, ecnn A 1 = 0. llonoMy 

R(r)~Ae-ocr npn r~oo. (13.29) 

BhiJICHHB acHMIITOTnqecKne CBOHCTBa pemeHHJI ypanHeHHJI (13.27), MOJKHO 

npe.!lllonoJKUn., ~o nonnoe pemeHne cne.uye-r HCKan. B <PopMe 

• <X> 

R(r)=e-ocr · ~:>krk. (13.30) 
k=O 

Ero IIO.!lCTaHOBKa B (13.27) .ua1!T IIOCne COKpameHHJI Ha 3KCIIOHeHTy 

K2~::0krk- 2KL;akkrk-l + L;k(k -1)· akrk-2 - 2KL;akrk-l + 2L;kakrk-2 -

k k k • k k 

-[K2 Lakrk -2a0 L;akrk-i +f(f+I)L;akrk-2 ] = 0. 
k k k 

3.uech, .ua6bl ynpOCTllTh IIOHHMaHHe, BhlliHCaHhl BCe cnaraeMbie, B03HHKaiOrnHe IIpH 

IIO.!lCTaHOBKe. flocne IIpHBe.UeHHJI IIO.!l06HbiX IIOnyqHM 

f {2[a0 - K(k +I)]. akrk-l + [k(k + I)-l(f +I)]. akrk-2 }= 0. 
k=O 

flpHpaBHJIB Hymo CYMMY K03<l><l>H11HeHTOB IIpH r B O.!lHOll H TOll JKe CTeiieHH, KaK 3TO 
' 

yJKe .uenanoch Bhlme, npn Bhmo.ue (7.82), nonyqnM peKyppeHTHoe COOTHomeHne .!lnJI 

K03<l><l>H11HeHTOB pli.!la (3.!leCh Mhl Bhi6pann rk-l B KaqeCTBe 06rnero MHOJKHTenJI .!lnJI 

Oroopa K03<l><l>H11HeHTOB): 

2[a0 - K(k +I)]· ak + [(k+ I)·(k + 2)-t(f +I)]· ak+l = 0, 

Hllll 

a =2· K(k+I)-ao ·a 
k+l (k+I)·(k+2)-l(f+I) k· (13.3I) 

.ll:anhHefimee paCCYJK.!leHHe IIOBTOpJieT llOrHKY, HCIIOllh30BaHHyro IIpH aHanH3e 

pemeHHJI 3a.uaqn o KBaHTOBOM OCIIHnnHTope (§ 7.7): PH.!l (13.30) .uonJKeH o6phman.cJI 

Ha HeKOTOpOM k, B IIpOTllBHOM cnyqae OH HeorpaHHqeHHO B03pacTaeT. B .!laHHOM 

cnyqae H3 (13.3I) nonyqHM npn 6onhmnx k: 

2K a 
ak+1"'--·ak, k>>-,f. 

k+2 K 

Tor.ua .!lnJI BCeX IIOClle.!lYIOrnHX K03<l><l>H11HeHTOB pli.!la B (13.30) MOJKHO HaiiHCan. 

peKyppeHTHhle <PopMynhi 
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·~ n 

2K 2K 
a = ·a =--·a 

m+l m+1+1 m m+2 m• 

2K 2K 2K 
a = ·a =--·--·a m+l m+2+1 m+l m+3 m+2 o/' 

a - 2K ·a - (2K)3 ·a 
m+l- m+3+1 m+l- (m+4Xm+3Xm+2) m• 

{2Kt · (m + 1)! 
am+n = ( ) ·am. 

m+n+1! 

Teneph (cpa.BHH BhiBO~ (7.86)) pM, Bxo.z:vnnnii B pemeHHe (13.30), o6pe)KeM CHH3y, 

OIDpOCHB CJiaraeMhle C k < m (m >> 1). 3To II03BOJUH!T IIpH6JIH)KeHHO 3aiiHCaTb 

00 00 00 00 (2Y' 
Lakrk ~ L akrk = Lam+n ·rm+n ~amrm ·{T+1)!L Kr • 
k=O k=m n=O n=o(m + n + 1)! 

HeTpy~o 3aMeTHTh, 'ITO C)'MMa B IIOCJie~eM IIOJI)"'eHHOM Bh:tpa)KeHHH npH 60JihlliHX 

n H Kr > 1 Be~eT ce6H KaK 3KCIIOHeHTa: 

00 xn 00 xn 
L -~L-=ex. 

n=m»l n! n=O n! 

1-h Bcero 3Toro rpoMo3~oro BhiBO~a ~H Hac cymecTBeHHO, q'fo B CJI)"'ae 

HeorpannqeHHoro pMa pemeHne (13.30) nponopunoHaJihHO B03pactruomeii 

3KCIIOHeHTe 

R(r)=CeKT, 

'ITO <PnJnqecm 6eccMhiCJieHHO. Tio3TOMY Heo6xo~Mo no'I'pe6oBaTh, '!T06DI npn 

neKOTOpoM k = krnax Ko3<l><l>nuneHT ak+ 1 o6pamancH B HYJih. Tor~a, KaK cne~yeT H3 

(13.31), Bee CJie~IIIHe 3a HHM K03<l><l>nuneHThl TaK*e pa.BHhl nymo, H PM 

6naronoJI)"'HO o6phiBaeTCH. Tor~a pemeHHe R(r) KOHeqno. TaKHM o6pa30M, HMeeM 

kmax +1 = ao, HJIH k::;; n-1, 
K 

r~e n= ao 
K 

(13.32) 

fu <l>opMyJIDI (13.32) CJie~eT, 'ITO n = kmax + 1 ~OJI)KHO 6h1Th UeJibiM qncJIOM. 

Tio~CTa.BHB 3HaqeHHe K = ao/n B (13.25), IIOJI)"'HM 
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. . tz 2 
. a~ . Z2e2 Z 2eo J 

8=---·2=---2 =---2-·---, 
2m0 n 2r0n n 1 + me 

(13.33) 

mz 

r~e GO OIIHChiBaeTCH Bh:tpa)KeHHeM (2.8). 3TO eCTh 3HaqenHe 3HeprnH COCTOHHHH 

(mepMa) aTOMa C HOMepOM n, KOTOpOt: OTJIHqaeTCH OT Bblpa)KeHHH (2.7) TeM, 'ITO 3~eCb 

IIpHCY'fCTBYeT IIOIIpa.BKa Ha KOHeqnocTh MaCCbl ~a. 3TO TaK Ha3hiBaeMhlH 

U30monutteCKUU C0BU2 3HeprnH ypOBHeii aTOMa 

(.ru>)isotope me 
~-= ' 

e mz 1836-A 
(13.34) 

r~e A - aTOMHblii Bee (eM. TaK)K~ 3~aqy 13.12 B § 13.4). BnpoqeM, B Mo~eJIH Eopa 

TaK*e CJie~yeT IIOJih30BaThCH mo (13.1), a He me, T.K. 3Ta MO~eJib OCHOBaHa Ha 

KJiaCCHqecKOH 3~aqe ~Byx TeJI. 

J.h peKyppeHTHOro COOTHOllieHHH (13.31) CJie~eT ern;e O~HH Ba)l(HbiH 

pe3yJII>TaT: io3<l><l>HUHeHTbi ak pH~a (13.30) KoneqHbi, ecnH 3HaMefian!nh B (13.31) Iie 

o6pamaeTcH B HYJih, T.e. ecnH 

k+ 1 >f.. 

TIOCKOJihKY . k - uenoe, OTCIO~a CJie~eT, 'ITO k ~OJI)KHO HaqnnaThCH CO 3HaqeHHH 

krnin =f.. Tor~a BMecTe c (13.32) HMeeM 

f.:Sk5:n-1. (13.35) 

0TCIO~a He3aMe~HTeJibHO CJie~eT ~Haiia30H H3MeHeHHH qlfCJia f.: 

05:f.:Sn-1. 

TaKHM o6pa30M, Mhl IIOJI)"'HJIH Bee 803MOJICHble 3HatteHUR KBaHmOB020 'IUCJla f.: 

f. = 0, 1, 2, ... , n -1. (13.36) 

<l>H3HqeCKHH CMhiCJI OrpaHHqeHHH CBepxy qHCJia f. ~OCTaTOlrnO HCeH: KHHeTHqecKM 

3HeprHH 3JieKTpOHa He MO)KeT npeBOCXO~ pa3HOCTh ero IIOJIHOH H IIOTeHUHaJihHOH 

3Heprnii (eM. 3~aqy 13.8 HH)Ke). 

CornacHe pe3yJihTaTa pemeHHH ypa.BHeHHH lllpe~Hrepa H Mo~enH aToMa Eopa 

(2. 7) HBHJIOCh B CBOe BpeMH HpKHM ~OKa3aTeJihCTBOM IIJIO~OTBOpHOCTH HOBOH 

KBaHTOBOH MeXaHHKH. 
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§ 13.3. Co6croeuuLie 4lyu~>:u;uu u ypoouu :mepruu 3JieKTpoua 

B aToMe BOAopoAa 

lJIIeJIO n B BblpiDKCHIDIX (2.7) II (13.33) ml3blBaroT rmlBHbiM KBaHTOBbiM 

'IlleJIOM, 'IlleJia f. II m, eOOTBeTCTBeHHO, a:mM)'TaJibHbiM II MarHIITHbiM KBaHTOBbiMII 

'IlleJiaMII ( eMJ>IeJI Hll3BaHIUI "MarHIITHOe" 'IlleJIO IIOHeHHeTeH B § I8.I ). rJiaBHOe 

KBaHTOBOe 'IlleJIO OIIpe):(CJlj!eT :meprniO ypOBHH, a6eOJIIOTHOe 3Ha'leHIIe KOTOpOH 

y6J>maeT KaK n-2 
C poeTOM n. llpii 3a):(aHHOM n 'IIIeJIO f. IIpiiHIIMaeT Bee B03MO)l(HJ>Ie 

ueno<IIIeJieHHJ>Ie 3Ha'leHIIH OT 0 Jl:O n- I (13.36), a <IIIeno m-OT -f. Jl:O f. (eM. (IO.l5)). 

TaKIIM o6pll3oM, rrpii 3a):(aHHOM n B03MO)l(HJ>I 

n-1 

Nn = 2:(2f.+I)=n2 (I3.37) 
l=O 

pa3JIII'IHbiX eoeTOHHIIH 3JICKTPOHOB B aTOMe. rosopHT, 'ITO ):(aHHOe coeTOHHIIe HBJlj{eTeH 

ebzpo:JtCOeHHbZM, rrpii<IeM KpaTHOeTh BbipoJK):(eHIIH paBHa n
2

: Ka)K):(oe II3 n - I 

eoeTOHHIIH, pa3JIII'laiOIUHXeH 'IIIeJIOM f., OTJIII'laiOTeH O):(HO OT Jl:pyroro 3Ha'leHIIHMII 

'IIIeJia m, II TaKIIX 
11
IIO):(eOeTOHHIIH

11 2f. + I. ilO):('IepKHeM eme pa3, 'ITO Bee n2 
IIMCIOT 

OJl:IIHaKosyro 3Heprnro (13.33). B eneJl:yromeii maBe Mhi yBIIJl:IIM, 'ITO Y'JeT 6o,nee 

11
TOHKIIX

11 
3cpcpeKTOB eHIIMaeT 3TO BblpOJK):(eHIIe. 

B aTOMHOH erreKTpoeKOIIIIII IIeTopii<IeeKII rrpiiHHTbl o6o3Ha<IeHIIH eoeTOHHIIH, 

pa3JIII'laiOJUIIXeH ll3IIM)'TaJibHbiM KBaHTOBbiM 'liieJIOM: 

.e 0 2 3 4 5 6 7 

CHMBOJI 
S P D F G H I K 

(13.38) 
COCTOJIHIDI 

)J;anbiiie Mbl YBIIJl:IIM, 'ITO 3TII eoeTOj{HIIH pa3JIII'laiOT eme 110 3Ha'leHIIIO IIOJIHOrO 

MOMeHTa 3JieKTPOHa. Ee3 Y'Jfua 3Toro pa3JIII'IHH ypoBHII rrpiiHHTO o6o3Ha<IaTh 

eiiMBOJiaMII TIIIIa 
·'I n IS, 3D, SF 

II T.):(., r):(e Ullcppa 0603Ha'laeT BCJIII'IHHY n, a 6yKBa- 3Ha'ICHIIe f. {pRe. 13.3). 
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f. 0 I 2 3 4 

-I 

-2 

-3 

-4 

-5S-5P-5D-5F-5G 
- 4S -4P-4D-4F 

-3S-3P-3D 

-2S-2P 

Pnc. 13.3. CxeMa nepBLIX lll!TH 
.yposHeli aroMa sottopotta 
(OCHOBHaJI CTpyi<T}-pa) 

_,J -IS 

BbipOJK):(CHHhie eoeTOHHIIH pa3JIII'IaiOTeH xapaKTepoM 11IIOBe):(eHIIH11 3JieKTPOHa B 

Ka)K):(OM Il3 HIIX - BII):(OM BOJIHOBOH <iJYHKUIIII. ~ BhiHeHeHIIH 3TOrO o6eTOHTeJibeTBa 

sepHeMex K peiiieHIIIO (13.2I) II H.a<IHeM c ero PMIIaJIJ>Hoii <IaeTII R(r) (13.30). 

lloeKOJibKY Terrepb Mbl 3HaeM, 'ITO IIH):(eKe ey:MMIIpOBaHHH k orpaHII'leH CHII3Y II esepxy 

eomaeHO (13.35), HY:>KHO B. Cy:MMe B (13.30) OeTaBIITb TOJibKO "pa3peiiieHHhie" 

enaraeMbiC, IIOJIO)KIIB B OeTaJibHbiX ak = 0. ilOJIY'JIIM 

"" n-1 n-l-1 

" k " k l " k L.,akr => L,akr = r · L,akr , 
k=O k=l k=O 

(13.39) 

rrepeXO):( OT BTOpOH ey:MMbl K TpeTbCH IIpOI13Be):(eH 3aMeHOH IIH):(eKeOB 

k=>k+f.. 

Tor):(a ):(Jlj{ K03cpcpiiUIIeHToB pMa II3 (I3.3I) e Y'Ji!TOM (I3.32), (13.25) II (13.33) IIMeeM 

_ 2Z k-(n-f.-I) 
ak+1--·( ) [ ( )]·ak, O::;;k::;;n-.f.-1. (13.40) 

nr0 k+I · k+2 f.+ I 

Terrepb MO)l(HO 3arriieaTb rronHoe peiiieHIIe ( 13 .2I ), orryems Jl:JIH KpaTKoem 

BpCMCHHYro 3KeiiOHCHTy:: 

I85 



'l'ntm(r, e, cp)= Rnt(r )· Ytm(e, cp), 

( ) 

-K r ( n-1-1 k Z 
Rnt r =e n ·r · Lakr , Kn =-, 

k=O nro 

(13.41) 

r.ne !lJyaKUHH Y 1m(e,cp) orrucbiBa.IOTCH coornomeHHHMll (10.29)-(10.31), a 

Ko34J4JuuueHTLI ak HaxO,Z:(HTCH H3 (13.40), rrpll'IeM Ko34J4JuuueHT ao orrpe.neJUieTCa 

YCJIOBlleM HOpMllpOBKll (3a,na'1ll 13.3, 13.4 Hll)!(e). 

0rMeTllM, 'ITO ll3 ycrrOBllH 6e3pa3MepHOCTH BenuqllHbl lwl2 
dV CJie.nyeT 

pa3MepHOCTb K03!lJ!lJllUlleHTOB Uk: 3TO o6paTHM ,Z:(nllHa B CTeiieHll (k + £ + 3 )/2 ( CM. 

TaK)!(e Bbipa)!(eHllH (13.44)-(13.48) Hll)!(e). 

li eme o.nHo Ba)!(HOe 3aMeqaHue. IIocKorrLKY mapoBhle liJyaKUHll HOpMllpOBaHhl 

Ha e,Z:(llHllUy, TO pa,nllaJibHM qaCTb BOJIHOBOH liJyHKUll!i TaK)!(e HOpMllpOBaHa Ha 

e,Z:(llHHUy: 

"' 
JRne(r)·r 2 ·dr=l. 
0 

l~ma'la 13.3. Bhi'IHCJIHTb sonHosyiO <jlyHKUHIO 3JICK1pOHa B aToMe BOJlopoJla B COCTOliHHH IS. 

8 COCTOliHHH IS HMCCM 

n=l, P.=m=O. 

I103TOM}' H3 (10.31) H (13.41) H3XOJlHM, 'ITO 1J1 1s0{r, 9, <p) c<jlepH'ICCKH·CHMMCTpH'!Ha: 

} -r/ru ( ) -~·a0 ·e IJIJSO r - ..{4; 

(13.42) 

3)lCCb H )laJICC HH)lCKC m = 0 y <jlyHKUHH S-COCTOliHHll )lJill C)lHHCTBa 0603H3'1CHHit COXpaHeH, XOTll OH H 

He HCCeT cymecTBCHHOit HH<jlOpMaUHH: COCTOliHHll C JlpyrHMH 3H3'1CHHliMH . m )lJill S-cOCTOliHHll 

HCB03MOlKHbl. HopMHpYll BOJIHOBYIO <jlyHKUHIO Ha CJlllHiluy, H3XO)lHM 

I x; 7t a 2 

I= -a; Je-2'''"r2dr Jsin Sa{) Jd<p = ~rg, 
47t 0 0 0 4 

OTKyJla 

e-r/ru 
(r)= ,..- 3/2 • IJI,so v7t·r

0 

(13.43) 
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IIpuBe,Z:(eM MH crrpaBoK 3HaqeHue llHTerparra 

"" Jxne-axcb: = n! 
0 an+l, a>O. n-uerroe, 

l~ma'la 13.4. To JKe JlJlll yposHeif c n = 2. 

YposeHb 2 BhlpOlKJleH '!CTb!pllxKpaTHo: 

2S f=O m=O· 
2 ' ' n= 

2P f. = I, m = -I, 0, I. 

COOTBeTCTBCHHO, HMCCM 'ICThlpe COCTOl!HHll, 3HeprHiJ 3JICIITpOHa B KOTOpblX 0JlH3 H Ta lKC. 

8 COCTOliHHH 2S HMeeM (CM. (13.41) H (10.31)) 

am (13.40) Hai1JlllM 

0rCIO)l3 

IJI2so = e-r/2ro (ao +a,r )· Y .. (a, <p), 

a. 
a,=- 2ro 

__ e~ 2 __ ·a
0

• -rf2r., ( r J 
IJI2so(r)-;-

2
..[4; ro 

HopMHpYli1J1280 Ha CJlHHHuy, KaK 3TO JlCJlaJIOCb B npeJlLIJlYII.ICH 3a)la'!e, H3HJlllM 

I 
a0 = ..fi.. rg12 

H 

-rf2ro ( J 
IJI2so(r)= /J2;rg12 · 2-7. · 

(13.44) 

(13.45) 

(13.46) 

B coCTOliHHH 2P npome Bhi'IHCJIHTL OTJleJibHo R2p(r) "ncnoJIL3ilBaTb H3BeCTHhle <jlyHKUHH Y,.,(a, <p). HJ 

COOTHOII.ICHHll (13.41) 3anmiieM 

Rzp = e-r/lfi., . r. ao. 

lli yCJIOBHll HOpMnpoBKH (13.42) Hai1JlllM 

~ ~ 

I= JR;p ·r2 ·dr =a; Je·r/o, ·r4 
• dr = 24·a; ·r:. (13.47) 

0 0 

HcnML3Yll (10.31), nonyqHM 

-r/2ro e -r/lro 

IJI2p 0{r,a)= ~ 512 ·r·Y10 (9)= .J2; 312 . .!:...cosa. 
v24·r0 4 27t·r0 r0 

(13.48) 

187 



flp11 m = ±) BOflHOB8ll !j>yHKUIIll B P-COCTOliHIIII IIMeeT TY JKe pa.llllanbHYIO '18CTb, 'ITO II np11 m = 0, HO 

.llPYTYIO yrnosy10 'laCTb- 1j1,±1(8, <p) (eM. (10.3 I)). CooTBeTCTsenno, naii.lli!M 

- e -rj2ro ( ) e -r/lro r . 
\ji2P±J- ~24· 5/2 ·r·Y,., 8,<p = C l/2 ·-·sm8·e•'~. 

v "-'* r0 8v7t -r0 r0 

(13.49) 

qHTaTemo .[(OCTaBHT HecoMHeHHoe Y.riOBOJihCTBHe BhJqHcJIHTh CaMOCTOJITeJihHO 

\jf-cpYHKUHH 3JieiCTpOHa B COCTO.siHllll n = 3: 

3S f=O, m=O; 

n = 3 3P f = l, m = -1, 0, I; 

3D f = 2, m = -2, -1, 0, I, 2. 

3TOT yposeHh BhipolK.[(eH .[(eB.sJTHKparno. CooTBeTCTBeHHO, 

\j13SO(r)= · 2l-l8·..C.+2· ..C. , e -r/3ro [ ( ) ... 
2

] 

8I.J3rt ·rJ/2 r0 r0 

.J2 -r/3ro ( ) 
\j13p 0(r, 8)= Jn 312 · 6-..C. . ..C..cos8, 

81 1t ·ro r0 r0 

e-r/3ro ( ) 
\j13P±l (r, 8, <p) = ~ 

3
;
2 

• 6- _c_ • ..C.· sinS· e±icp, 
81 1t ·r0 r0 r0 

-r/3r0 ( )2 
\j13DO(r, 8) = 81~. rJ/2 · ~ · (3cos

2 
8 -} ), 

(13.59) 

.fi. -r/3ro ( )2 
\j13D±l (r • 8, <p) = in 3/ 2 · _c_ ·sin 8 ·COS 8 · e±icp, 

81 1t • r0 r0 

)

2 
r/3ro r . 2 e ±i2cp e . _ ·sm ·e · \j13D±2(r, e, cp)= 8IJ2ii. ·rJ12 Co 

33.!18'18 13.5. Bb!'IIICfliiTb cpe.llHeKBa.llpaTII'IHblH II cpe.llHIIH p83Mepbl aTOMa BO.llOpO,na B OCHOBHOM 

COCTOliHIIII. 

(r,~) = Jr 2 ·1\jl~sl· dV = 47t · __!,. fr 2 
• e_z,f,, ·r2dr = 3r_', 

v 7tro o 

~(r,~) = f3r0 , (13.51) 

( ) 47t ~J -z,t,, 2d 3 r,, =-3 re ·r r=-
2

·r0 • 

1tro o 
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33.!18'18 13.6. Bbl'IIICfliiTb cpe.llHIIH p83Mep aTOMa BO.llOpO.lla B 2S- II 2P-COCTOl!HIIliX. 

HcnonL3Yll (13.46), {13.48}, aHanOrii'IHO npe.llbi.llymeii 3a.lla'le nall.lleM 3Ha'!eHIIll (r
2
s) 11 (r

2
p). 

3.lleCb, KaK II np11 Bbl'IIICfleHIIII \jlzp, Y.ll06Ho 11Cfi0flb30B8Tb CBOHCTBO HOpM11pOB8HHOCTII 118 e.lliiHIIlJY 

yrnosolt '18CTII BOflHOBbiX !j>yHKUIIH. flOJTOMY IIMeeM 

(rzs) = Jr ·{R2.v}2 
·r

2 
• dr = -4Jr'(2 _.!.._)

2 

·e-'1'• • dr = 6r
0

, 
o 8roo ro 

(r2p) = fr·(R2p)' ·r2 ·dr =-
1
-, Jr' ·e-rf-<, ·dr = 5r

0
• 

0 24r0 0 

{13.52) 

KaK cne.r~yeT H3 pe3yJihTaTOB 3a.[(aq I3.5, I3.6, cpe.[(HHH pa3Mep aToMa 

BO.[(opo.r~a (rne) pacTeT c HOMepoM n. BhNHcJieHHe ero 3HaqeHHa B o6IUeM cnyqae 

TPe6yeT npHBJieqeHH.si Teopnn cneunanbHhiX cpyHKUHH: cpyHKUHa Rnt(r) B (13.4I) eCTh 

qaCTHhlli CJiyqaif TaK Ha3hiBaeMOH BbipOlK.[(eHHOH mnepreoMeTPHqeCKOH clJYHKUHH 

(eM. [2], § 36). TaKoe BhlqncneHne (eM. TaM )J(e n npnJio)J(eHHej) .z:~aeT 

(rne) = ~ · [3n 2
- f · (R + l)J (13.53) 

IIocKOJI.hKy f ~ n- I, To npH 6oJihiiiHX n (cnJihHo soJ6ylK.[(eHHhiH aToM) npH6JIH)J(eHHo 

nonyqHM 

(rne)"" n
2 

· ro. (13.54) 

Ha puc. 13.4 noKaJaHhi pacnpe.r~eneHna no pa.[(Hycy TaK Ha3hiBaeMoii 

paiJUa.tlbHoii Yl!IOmHocmu eepoRmHocmu, T.e. sepo.siTHOCTH o6Hap~HT.h 3JieiCTpoH Ha 

paCCTO.sJHHll r OT a.[~pa B ccpepnqeCKOM CJIOe TOJIIUHHOH dr: 

Pnk )· dr = dPne(r) = R;e(r) · r2
dr · ~Yem(e, <p t · dQ = R:, (r )· r2dr. (13.55) 

n 

(0rMeTHM eiUe pa3, ~0 HHTerpan no 8, <p B 3TOM Bbipa)J(eHHH paBeH e.[(HHHUe 

BCJie.[(CTBHe HOpMllpOBaHHOCTll IIIapOBhiX clJYHKUHH). <f>yHKUll11 Pnt(r) ofipaJ:UaeTC.si B 

Hym. B KOHeqHOM qncJie TOqeK, KOJIHqeCTBO KOTOp.biX HeMe.[(JleHHO Haii.[(eM H3 YCJIOBHa 

RntV)=O. 
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,, 
n 

TiocKOJibKY C}'MMa B Rne(r) (13.41) HBJIHeTCH IIOJIHHOMOM CTerreHH N = n- f.- 1, TO 

3TO ypanHeHHe HMeeT N KOpHe:H, a tPYHKUHH dPne (r) HMeeT, COOTBeTCTBeHHO, N y.JJIOB, 

'ITO H IIpOCJie:>ImBaeTCH Ha KpHBbiX pHC. 13.4. flpH 3TOM y3eJI dPne(O) B Ha'lane 

KOOp,nHHaT B 3TO 'IHCJIO He BXO,nHT (TeM 6onee, 'ITO C}'MMa B Rne IIpH r = 0 panHa 

ao = const). 

P.,(r) 

0,6 

0,45 

0,3 

0115 
IS 

o rlro 
0..... 5 10 15 20 

l~ 0,15 
28 

1 rlr0 0 
0 s""" 10 15 20 

PHC. 13.4. Pacnpe,lleJieHHe 

nJIOTHOCTH 8epOHTHOCTH 

Pa.IIHaJibHOli 

P.,(r) (8 ~t0_ 
0,1: I 2P r/r 

OTHOCHTeJibHbiX e,liHHM!taX). TpeyroJibHHKaMH 

.... OTMe'leHE.I 3Ha'!eHHH (r.,) / r0 

0 ~ 10 IS 20 ° 

0,12~ 38 
1 rlr0 0 

0 5 10 ..... 15 20 25 30 

0,2~ 
3P 

o 1 rlro 
0 5 10 """ IS 20 25 30 O)r 
0~ 1 1 

3
Drlr0 

0 S 10... IS 20 2S 30 

33,!1.3'13 13.7. HaliTH p3,liHaJI!.HyiO nJIOTHOCTb 8epOHTHOCTH ,liJIH aroMa 80.110pO,lla 8 COCTOHHHH C 

M3KCHMaJibHO 803MOlKHbiM 3Ha'!eHHeM MOMeHTa. noK333Tb, 'ITO fiOJIOlKeHHe MaKCHMYMa cjlyHKltHH 

P.,(r) 8 3TOM cnyqae cosna,llaeT c P3.11HyCOM 6opoocKoil op6HT!.I. 

190 

npH l = n - I cjlyHKLIHH R,., (r) 8 (I 3.4 I) npHHHMaeT 8H,ll 

I R (r~ =e-r."'·r"-1 ·.:z0 , K,=-. 
,, Jlt=n-1 nr

0 

HopMHpYH 3TY cjlyHKUHIO ua e,liMHHuy, comacuo (13.42) u (13.44) uail.llt!M 

-2 ~J -2r/nr0 2(11-l) 2d _ {2n)! 2n+l 211+1 a0 = e · r : r r-
2211

+1 • n · r0 . 

0 

no,liCTaBHB 3Ha'leHHe ao 8 BblpruKeHHe .IIJIH R,,,,,=n-o, H3 (13.55) Hail,lleM 

( 
2 )2n+l r2• -2,/nr,, 

(r ~ = - ·--)-2-,..-, . e . p,., ~t=n-o n (2n !·r
0 

(I3.56) 

MaKCHMYM 3Toli cjlyHKUHH uaxo.IIMTCH ua ccjlepH'!ecKoil nooepxHOCTH P3.11Hyca 

rmax = n2ro, (I3.57) 

'ITO C08na,llaeT c (2.4) npu me<< m, (ro"" Raohr). 

Pe3yJihTaT 3a,na'IH 13.7 HMeeT rny6oKn:H tPH3H'IeCKH:if CMhiCJI: B Mo,nenu Eopa 

HeT pa3JIH'IHH Me)K):Iy 'IHCJiaMH n H f. (TO'IHee, 'IHCJIO f. TaM 0603Ha'leHO 6YKBOH n, 

CM. (2.3)), II03TOMY pa,nuychi 6opOBCKHX op6HT H COOTBeTCTBYJOT Hau6onee 

BepOHTHbiM 3Ha'leHHHM r rrpu f. = I. max ,;,. n - 1. 

06paTHM BHHMaHHe Ha TOT tPaKT, 'ITO IIJIOJUa,!{H IIO,n KpHBbiMU pHC. 13.4 

O.nHHaKOBbi u panHbi e,nnHHUe. 3To cne.nyeT H3 orrpe.neneHHH Pne(r) u HOpMHpOBKH 

Rnt(r) (13.42): 

00 00 

JPne(r )· dr = JR;e(r )· r2dr = 1. 
0 0 

Pacrrpe,neJieHne IIJIOTHOCTH BepOHTHOCTH HaxO)K,LieHUH 3rieKTpoHa ITO yrJiaM e, cp 

Haif,neM, IIpOHHTerpnpOBaB pa,nHaJibHYJO 'laCTb KBa,npaTa MO.nyJIH I.JI-tPYHKUHH 

(eM. (13.42)): 

dPed~· cp) = Pem(e, cp)= JR;e(r)· r2dr ·IYem(e, cp)l2 = IYem(e, cp)l2• (13.58) 

3To eCTh "yrJIOBM IIJIOTHOCTb BepOHTHOCTH
11

, a dPem(9, cp)- BepOHTHOCTb ()6HapyxmTh 

3JieKTpOH BHyrpH 3JieMeHTa TeJieCHOro yrna dQ Ha HarrpaBJieHHH, 3a,!{aHHOM yrJiaMU 9, 
. . . - . . . . 

cp. qaCTO ,nJIH rpatPH'IeCKOro H306piDKeHHH IIO,n06HbiX yrJIOBbiX 3aBHCHMOCTeH 
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HeiTOJib3yiDT TaK Ha3biBaeMble noJIJlpHble OUazpaMMbl (pne. 13.5), B KOTOpbiX TO'IKII Ha 

KpiiBbiX OTeTO.liT OT HaqaJia KOOp,ll;HHaT Ha paeCTO.liHHe, llpOnOpUHOHaJibHOe 3HaqeHHIO 

mo6palKaeMoii BeJinqnHbl Ha .n;aHHOM HanpaBJieHHH. B .n;aHHOM cJiyqae TaKoii 

BeJIHqnHOii .liBJI.lleTC.ll «l>YJIKUH.ll p lm ( 9, q>) . 3aBHCIIMOCTb yrJIOBOii ITJIOTHOCTH 

BepO.liTIIOCTII OT 9 II q> CJie.n;yeT II3 BbipalKeHHii (1 0.30), (1 0.31) ,1l;JI.ll mapOBbiX «l>YJIKUHii. 

B qacTHOCTH, BH.n;Ho, qro a3HMYTaJibHblli yron neqe3aeT npn Bbl'illeJieHnn JYtm (e, q> t, 
T.K. jeimqf = 1. TaKHM o6pa30M, «l>YHKUH.ll Ptm(e, q>)= Ptm(e) .liBJI.lleTe.s «l>YHKUHeii 

TOJibKO ITOJI.llpHoro yrJia 9, T.e. yrJIOBaH llJIOTHOeTb BepO.liTHOeTH aKeHaJibHO-

eHMMeTpHqHa OTHOeHTeJibHO OeH Z. 

~ 
m~·T 

m•"Z m•+f 

~ S~3JJeK1pOHLI 
\::tlt=m=O 

r:.t .. , P-JJJeiCipoHLI 

~l=l 
m•-f m=O,±I 

m•-1 

m•O 

Pnc. 13.5. Ilonl!pHbie J(llarpaMMbi• 
«jlyHKQHH p,m(e) Mll S-, P- n 

D-cocTOliHHil aTOMa eo.nopo.na 

KoM6HHnpy.si pne. 13.4 n 13.5, MOlKHO npe.n;eTaBHTb ce6e KapTHHY "o6JiaKa 

BepOHTHOCTH11 
,1l;JI.ll HH3mHX eoeTOHHHii, 1S-3D, aTOMa. IJJIOTHOeTb :noro 06JiaKa 

(eM. (13.55) H (13.58)) eeTb 

192 

Pntm(r, e)= IIJI(r, e, cp)l2 • Y
2 = Pnt(r )· Pne(e) = Pne(r ):lyem(e)J2

• (13.59) 

Cne.n;yer no.n;qepKHYTb, qro :no nnoTHoeTb Bepo.sTHoeTH o6HapYJKeHHH 3JieKTpoHa Ha 

paecTOHHHH r oT .s.n;pa B HHTepBaJie dr·dO.. B 1S-eocTOHHHH, no.n;CTaBHB B (13.59) 

3HaqeHHe IJIJSO (13.43), Haii.n;eM 

r2e-2r/ro 
PJOo(r, 9)= PJOo(r)= --3 

7tr0 
(13.60) 

06paTHM BHHMaHHe, qro H3 (13.56) eJI~.n;yeT 3HaqeHHe Pw{r )= 41tPwo(r, 9), - 3TOT 

pe3yJibTaT ITOJI)"'HM, npOHHTerpHpOBaB (13.60) ITO TeJieeHOMY yrny, T.e. Bbi'IHeJIHB 

ITJIOTHOeTh BepO.liTHOeTH 06HapYJKeHHH 3JieKTpOHa B e«t>epnqeeKOM CJIOe (r, dr). 

IJJIOTHOeTb "o6JiaKa BepOHTHOeTH" (13.60) e«t>epnqeeKH-eHMMeTpHqHa, HapaeTaeT OT 

HYJI.ll B ueHrpe "mapa" .n;o MaKCHMYMa npn (eM. (13.57)) 

(r maJJs = ro • 

a 3aTeM ena.n;aeT Ha pa3Mepe l:!r- 5r0 npnMepHo B .n;eeHTb pa3 (eM. pne. 13.4). 

B COeTOHHHH 2S e«t>epnqeeKaH CHMMeTpHH eoxpaHHeTeH, HO ITOHBJI.lleTeH ,ll;Ba 

MaKeHMYMa. BoenoJib30BaBmHcb 3HaqeH'neM IJI2s0(r) (13.46), Haii.n;eM 

r2e -r/ro ( r )2 
P2oo(r)=--3 · 2-- . 

327tr0 r0 
(13.61) 

8bJqHCJIHB MaKCHMYM 3TOii «l>YHKUHH, llOJiyqHM 

{rmruJ2s = (3 ± .JS) ro, 

npnqeM BTOpoii MaKCHMYM npHMepHO BTpoe 60Jibme nepBOro (pne. 13.4). 

B eoeTOHHHH 2P e«t>epnqecKaH CHMMeTpHH "o6JiaKa" neqe3aeT H ITOHBJI.lllOTeH 

HanpaBJieHHH llOBbimeHHOii llJIOTHOeTH (pHe. 13.5). 8 COeTO.liHHHX 2P C m = ±1 3TH 

HaiTpaBJieHH.ll JielKaT B llJIOCKOeTH, OpTOrOHaJibHOii OeH z, a npH m = 0 - Ha OeH Z. 

IIepBbiii MaKeHMYM B 3aBHeHMOeTH OT r neqe3aeT. TaKHM o6pa3oM, "map" 

npeBpaJUaeTeH B "Top"- TeJIO BparueHH.ll e OebJO, HanpaBJieHHOll B,ll;OJib OCH Z. 

AHaJIH3 eoeTOHHHii e n = 3 aHaJIOrnqeH, "o6JiaKO" OeTai!TeH TeJIOM BparueHH.ll, 

HO 6oJiee CJIOlKHOii «l>opMbi. 
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3a~a'la 13.8. llonyqHTh co6cTBeHHhie <jlyHKIJ.HH u 3Ha'!eHIDI :mepruu Tpex HHlKHHX yposHeii 

n03umpOHWI - :meKTpOM3rHHTHO-CBli33HHbiX 3neKTpOHa H ll03HTjJOH3. 

8 aToMe no3HTpOHHll (Ps) o6e '!aCTHIU>I UMeJOT o~HaKOBhie Macchi, pasHble Macce 3neKTpoHa, 

H npOTHBOnonOlKHbie no 3Haey 3apl!~I +e H -e. llOJTOMY Ps OTnH'!aeTCl! OT aTOM3 BOAOpO,lla 3Ha'!eHHeM 

npHBe,lleHHOH MaCChi 

) m, 
(mo P• =2· 

Co6CTBeHHble <jlyHKIJ.HH Ps 6y.l{yT HMCTb TOT ll<e B~, 'ITO H y BOAOpo~a, C 3aMeHOH 

mo ~ ~· , ro ~ 2RBotu , 

'ITO H HYlKHO npo,llenaTb B <jlopMYnax {13.43), (13.46), (13.49) H (13.50) .lliiJI TpeX HHlKHHX COCTOl!HHH. 

,l:(rrli.3HeprHH 3THX COCTOJIHHH H3 (I3.33) Ha~eM 

(e,)p, =-6,838, (e2)p, =-I,7 38, (e,)p, =~75538. 

OTMeTHM, 'ITO proMep aToMa no3HTpOHHll BABoe 6onbwe proMepa aTOMa BOAOPOAa. 

3aAa'la 13.9. 8ocnonb3oaaswHcb 3Ha'!eHHeM 3Hepruu aToMa (13.33), MoMeHrn 3neKTpoHa {10.18) 11 

cpe~ero paAeyca "op6l!Thi" 3neKTpOHa {13.54), nonyqHTh orpaHH'!eHue 3Ha'!eHIDI qucna f. (13.36) H3 

KnaCCH'leCKOro paCCMOTpeHHll 3HeprHH 3neKTpOHa B aTOMe. 

8 aToMe Eopa (§ 2.2) 3HepriDI 3neKTpOHa Ha op6ure PaAHYCOM r. pasHa (eM. (2.6) u 

(2.4), Z = I): 
2 

en = _!!..__ = mv; e2 2 
2r. 2 --;:-, r. = n r0 , 

n 

Vn- nonHaB CKOpOCTb 3neKTpOHa Ha op6HTe. llOCKOnbKY Op611TanbHblll MOMeHT 3neKTpOHa paseH 

L=mvtrn, 

f,lle V,- KOMllOHeHTa CKOpOCTII 3neKTpOHa, KacarenbHaJI K op6HTe, IIMeeM 

mv2 L2 
__ n >--

2 - 2mr; · 

llO.llCTaBHB CJO~a 3Ha'!eHHll £2 
H3 {10.18) H KHHeTH'!eCKOii 3HeprHH H3 nepBOro paBeHCTBa, Ha~eM 

e2 1i 2l(l+ I) 
-~---2-, 
2r. 2mr. 

Hnll., c yqeroM (2.4) u (2.5), 

n2 ~ l{t+I). 

nocKonbey l - nenoe, TO l ::; n -I . 
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§ 13.4. Bo,~J;opo,!J;ono.L(o6nLie aTOMLI u uonLI 

K HHM ornoc.llTcx aTOMhl II(eJIO'IHbiX MeTaJIJIOB (Li, Na, K, Rb, Cs, Fr, 111A'1, y 

KOTOpbiX e,!J;HHCTBeHHhlil: BaJieHTHblli 311eK1JlOH ,!J;OBOJibHO CJia6o CB.K3aH C OCTaJibHOH 

qacTDIO aToMa, cocmxmeii H3 x.n;pa u _IDiorno ynaKOBaHHoii BHYTPeHHeii qacrn 

311eK1JlOHHoii o6onoqKH, co.n;ep:li<ameii Z- I 311eK1JlOHOB (Z - aTOMHblii. HoMep, HJIH 

3apx.n; x.n;pa). AHanorn'IHYJO CTPYKTYPY HMeiOT HOHbi, Haxo.n;xmuecx B TaKOM 

3apH,n;OBOM COCTOHHHH (T.e. HOHH3HpOBaHHbie ,!J;O TaKOH CTeneHH), qTo Ha BHeiiiHefi 

060110~e OCTaeTCH TOJibKO O,!J;HH 311eK1JlOH,. a BCe BHYTPeHHHe 060JIOqKH 3aiiOJIHeHhl. 

HanpnMep, He+, u++, Be+, Mg+, se+ I{ T.,ll;. (eM.§ 15.3). 3TOT e,n;HHCTBeHHbiH BHeiiiHHH 

311eK1JlOH onpe,n;eJIHeT, B OCHOBHOM, XHMHqecKne (BaJieHTHble) CBOHCTBa aTOMa H HOHa 

H HX OnTHqeCKHe CBOHCTBa. TepMbl TaKHX aTOMOB H HOHOB no-npe)l<HeMy 

OllHCbffiaiOTCH cpOpMyJiaMH (13.33), B KOTOpbie BMeCTO Z CJie,n;yeT llO,!J;CTaBHTb Zeff, 

onpe.n;eJIHIOmee 3apx.n; ocTaTKa aTOMa HJIH noHa, B none KOToporo Haxo.n;nTcx Haru 

"e.n;nHCTBeHH»lli" 3neK1poH. TaK, ,lJ;JIH YKa3aHHbiX Bblrue HOHOB HMeeM 

11oH He+ Li++ 

ZeiT 2 2 

Be+ 

2 

Mg+ 

2 

se+ 

4 

TaKHM o6pa3oM, ZeiT= i + I, r.n;e i - qucno 311eK1JlOHOB, y.n;aneHHbiX H3 aToMa. 

,l{rui scex II(eJIO'IHbiX MeTannos ZeiT= I. KoHeqHo, KapTHHa TepMOB He CTOJI» npocTa u 

He CBO,!J;HTCH K llOJIHOMY llO,!J;06HIO TepMOB aTOMa BO,ll;Opo,n;a. lJeM TH:lKeJiee aTOM, TeM 

CHJibHee CKa3bffiaeTCH BJIHHHHe 
11
0CTap<a" 311eK1JlOHliOH o60JIOqKH H ee KOHKpeTHOH 

CTPYKTYPM. 

TaKOe BJIHHHHe npOCTO llOH.IlTb, BOCllOJib30BaBlliHCb CHOBa pHC. 13.4, 13.5. IJpH 

3a,ll;aHHOM n llJIOTHOCTh "o6JiaKa BepOHTHOCTH11 cymecTBeHHO 3aBHCHT OT 3HaqeHHH f.; 

qeM 6on»me f., TeM .n;an»me OT ueHTPa ":lKHB!:T" :meK1JlOH, ~ xopomo BH,!J;HO Ha 

rpacpnKax Pnt(r) ,lJ;JIH n = 3 TepMOB (puc. 13.4). Ilpu 3TOM, npaB,n;a, (rnt) YMeH»maeTCH 

(~o cne,n;yeT H3 cpopMyJIM (13.53)), HO 3aTo na.n;aeT sepo.IITHOCT» npe6»IBaHHH 

'l KopOTKOlKUBymHlt 3neMeHT, CUl!Te3uposaHHbilt a OIUUI 11 GSI (fepMaHUJI). 
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3JieKTpoHa B o6nacTII MaJibiX r, T.e. BHyrpH ocTaTKa o6onoqKn, rJ{e 3JieKTpnqecKoe 

none cyii(eCTBeHHO OTJIHqaeTcH OT IIOJIH ToqeqHoro 3apHJ{a Zerr ·e. Tio3TOMy 3HeprnH 

TepMOB C 60JibillHMH 3HaqeHHHMH f HMeeT Te )Ke 3HaqeHHH, qro H J{JIH aTOMa BOJ{OpOJ{a, 

a C MaJibiMH - OTJIHqHoe OT HHX. CoOTBeTCTBeHHO, B BOJ{OpOJ{OIIOJ{06HbiX aTOMax 

(noHax) CHUMaemcJl 6bzpo;)ICOeHue ypoBHell:. 11, ecTeCTBeHHO, qeM 6on.r,me n, TeM 

"6oJiee BOJ{OpOJ{OIIOJ{06HhlM
11 

CTaHOBHTCH aTOM - B036y)KJ{eHHhlll 3JieKTpOH Bee 

6on.r,me yJ{aJIHeTCH OT BHyrpeHHeil: qacTH aToMa. 

33.113'13 13.10. OueHIITh pa:moen 3Heprlli! eoeTOliHIIi! e f.= n- I II f.= 0 B BO.liOp0.!10llO.ll06HOM HOHe. 

YKa33HHe; BOellOJih30BaTLell lj>OpMyJioi! (13.53) (B npeHe6peJKeHHH TOHKOH 11 eoepXTOHKOH CTpyKTypOH, 

eM. rJI. 14). 

8 3TOMe BO.l10p0.113 3Heprnll eoeTOliHHll He 3aBIIeiiT OT f (eM. (13.33)). 8 BO.llOpO.llOllO.liOOHOM 

IIOHe MOJKHO rpy6o OUeHI!Tb BJIHliHIIe BlfYTPeHHei! 'laeTH 3JieKTpOHHOH 060JIO'!KII, llpHHliB, 'ITO pa3HOCTb 

3Heprni! TepMOB e pa3Hb!MH f OTJIII'!aeTell Ha BeJIII'!IIIfY A& 

At:= e.,, -ent' _ 2 (r,,,)-(r,,.) < 2 (r. .. o)-(r.,_,_,) (n-1)_ 
E: (t:,1 +E:.,,.)/2 (r.,,)+(r,,.) (r,,o)+(r ... n-l) 5n-1 

(13.62) 

TOf.lla, HanpHMep, .llJill Na, Y KOTOporo (eM.§ 15.4 11 Ta6JI. 15.4) OeHOBHbiM liBJilleTell eoeTOJ!HIIe e 

B3JieHTHbiM 3JieKTpOHOM Ha ypOBHe n = 3, Hai!.lleM 

!'J.t: 2 

e, 7 

Y HaTpllll E:3s"' -5 38, f::Jp"' -3 38, T.e. !'J.t:jE: "'2/5, 'ITO HaXO.liiiTell B pa3yMHOM eOrJI3ellll e 

llOJIY'IeHHOH OUeHKOH. 

33.113'13 13.11. OueHHTh 113MeHeHHe opeMeHH JKH3HH a-pa.liHOaKTIIBHOro ll.llpa (§ 7.8) 11p11 HelfYJieBOM 

op611T3JihHOM MOMeHTe a-'!aeTHUhl B ll.llpe. 

Jlp11 f '¢' 0 IJI(r)= IJI(r, 9, <p), II yp3BHeHHe (7.54) MOJKHO npiiBeeTI! K BHJJ.Y, aHaJIOfii'!HOMy 

(13.24). Tenepb B ypaBHeHIIH .llJill pa.li113JihHOi! qaem lj>yHKUHH w(r, e, <p)= R(r)· Y,m(e, <p) llOliBJilleTCJI 

1 l l{eHmpo6eJICHblii nomeH!fUWI (eM. Ja.lla'!y 13.2) 

u,(r )= lh(l + 1) 
2mor2 ' 

11 ypaoHeHIIe np11o6peTaeT BH.ll 
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...!._ • .2..(r2 
• aR)+k2(r)·R(r)=O, 

r 2 ar ar 

kl(r)= 2m0 ·(t:-U(r))- l(£+1). 
nl rl 

"Qei!Tp06eJKHaJI .!1063BKa" He ll03BOIDieT npoCTO CBeCTII ypaoHeHIIe .!1ID1 R(r) K O.llHOMepHOMJ CJIY'Ia!O, 

KaK 3TO e.lleJI3HO B § 7.4. Jl03TOMJ, He npereHJJ.Yll Ha TO'!HOCTb peWeHIIJI, Orp3Hli'IHMeJI OUeHKaMII no 

nopJI.llKY BeJIII'!IIIIbi. HeTpY.llHO Bll.lleTh, 'ITO ueHTpo6eJKHbllt noTeHUH3JI no.llHHMaeT ypoaeHh 

noTeHUHaJILHoro 63phepa (p11e. 7.8), 11 np11 3TOM 3H3'!eHHe Um.,. (7.52) B03p3CTBeT .110 

U ' _2(Z-2)·e
2 u() 

max .. 2 +tro· 
ro 

Jlp11 f = I HMeeM 

8oenoJih30BaBWIIeL pe3yJILTaT3MII § 7.4, H3XO.l111M, 'ITO opeMll JKH3HII P3.!1110aKTHBHoro JI.llp3 Bo3p3CTBeT 

H3 oeJIII'!IIHy (eM. (7.58)) 

A<_ ~.!Q..dF·A~. 
•a ' n c df, 

dF =2:~-~-. !1~- V,(ro). 
df, 2 2.ff::j E: 

,llrrll 2~: U 3TO .11at!T 

!1• -0,6. 
•a 

T3Koe JHa'II!TeJihHOe B03paeTaHIIe opeMeHII JKH3HII np11 He6oJILWOM yaeJIII'!eHIIII Umax JIBJIJieTCJI 

pe3yJILTaTOM 3KenoHeHlui3JILHOH 3aBIIeHMOCTII 'ra OT Umax• OTMe'leHHOll B § 7.4. 

33,1{3'13 13.12. 0.!1HHM 113 MeTO.llOB H3Y'JeHIIJI lj>yH.llaMeHT3JihHb!X JaKOHOB npHpO.llbl B • lj>H311Ke 

3JieMeHTapHb!X 'laCTIIU JIBJIJieTCll eneKTpOMeTpi!JI "aHmunpomOHHbiX amOM06", B KOTOpb!X 0.!11111 113 

3JieKTpoHoB 3JieKTpOHHOH o6oJIO'IKII JaMemeH 311THnpOToHoM. 8 3TOM eJIY'I3e p3.!1Hye 6opooeKoi! 

op6HTbl 3TOfO 113JieKTpOH3" H3CTOJILKO M3JI, 'ITO CTBHOBI!Tell eymeCTBeHHLIM ll,ll,epHoe B3aiiMO.llellCTBIIe 

(eM. 33.!1alJY 5.4). T3KHe "3K30TII'!eCKIIe 3TOMM" IICUOJih3yroTCJI .llJIJI IICCJie.llOBaHIIJI UpHpO.llbl 

!J>YH.llaMeHTaJibllbiX B33HMO.llellCTBIIll. 

Hm11 JH3'1eHIIe pa3Mep3 npomoHUR - 3JieKTpoMafi!IITHo-eBJI33HHLIX nporoHa {p) 11 

aHTIII!pOTOHa ( p ). 

8oCUOJih30BaBWIICb pe3yJihTaT3MII 33.lla'lll 13.5, JaMeHIIB B (2.5), (13.25) m, Ha Macey 

aHTHI!pOTOHa mfh J'ITeM JHa'leHIIe llpHBe.lleHHOH MaCChi (13.1) .llJill npOTOHIIJI 
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Hali.n~M 

m 
mo=_e_ 2 . 

( ) 
h2 m, -12 

rls PP =3--2 =3-·Rsolv "'8,64·10 CM. 
mPe mP 

rJIABA 14. TOHKMI H CBEPXTOHKMI 

CTPYKTYPA ATOMHbiX YPOBHEH 

§ 14.1. Teopusr B03My~euuii. Bo3My~euusr, ue laBHCH~He OT opeMeuu . 
0lfeHb lfaCTO IIpli aHa.Jlli3e KBaHTOBO-MeXaHHlfeCKHX CliCTeM TPe6yeTC.II OIIIiCaTb 

IiX IIOBe~eHHe B IIpHCYTCTBHH CJia6oro B03MymeHH.II, KOTOpOe BHOCHT He60JihillOe 

HCKIDKeHHe B IiCXO~HOe COCTO.IIHHe, Ii3MeH.II.II Ha Ma.JIYJO BeJIHlfliHY 3Ha•IeHH.II 

IIapaM~OB, OIIHCbiBaiOmHX COCTO.IIHiie. fJiaBHhiM H3 TaKHX napaM~OB, KaK y)l(e 

IIOH.IITHO, .IIBJI.IIeTC.II :meprH.II COCTO.IIHH.II. IJ0~06Hhle 3~alfli y~aeTC.II pemaTh MeTO~OM 

nocne~oBaTeJibHhlX npn6JIH)I(eHHH. B 3TOM naparpacpe Mhl pacCMOTPIIM CJIYlfaii:, Kor.zia 

B03MymeHHe He 3aBHCHT OT BpeMeHH. 

IJycTh B OTCYTCTBHe B03MymeHH.II CliCTeMa (HaiipiiMep, aTOM) HaxO~IiTC.II B 

CTllQHOHapHOM COCTO.IIHHH, KOTOpOe OIIIiChiBaeTC.II cpyHKUHeH \j/O (r), .IIBJI.IIIOmeii:C.II 

pemeHHeM cma!Juonapnozo ypaBnenUR lllpeounzepa (7.13), a pemeHHe BpeMeHHoro 

ypaBHeHH.II HMeeT BH~ (7.12) 

\jf(r, t) = \jf(r)· e-ist/h. (14.1) 

YpaBHeHIIe ~ cpYHKUHH \jf(r), OIIHCbiBaiOmeii: CTaUHOHapHoe COCTO.IIHHe, y~o6HO 

3aiiiicaTh 3~ecb B BH~e 

r~e 

IfO\jfO(r) = E:O\j/0 (r), 

~2 

H0 =.E._+U(r). 
2m 
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(14.2) 

Bo3MymeHHe, ~eHCTBHe KOToporo TPe6yeTC.II OIIHCaTh, o6o3HalfliM lfepe3 v(r), 

YlfliThiBa.ll, lfTO 3TO MO)I(eT 6h1Th HeKOTOpOe BbipiDKeHIIe, CO~ep)l(amee OIIepaTOpbi~ TaK 

lfTO raMHJibTOHHaH CiiCTeMhl B IIpHCYTCTBHH B03M)'II(eHH.II IIpHHiiMaeT B~ 

H = H0 + v. (14.3) 

COOTBeTCTBeHHO, B03MymeHHOe COCTO.IIHHe CliCTeMbl OIIIiChiBaeTC.II <i>YHKUHeii: \jf(r), 

.IIBJI.IIIOmeii:C.II pemeHiieM 
11
B03MymeHHOro" ypaBHeHH.II 

H\jf (.r) = E:\jf (r). (14.4) 

Ey~eM HCKaTh pemeHHe \jf(r) B B~e pa3JIO)I(eHH.II B PM no co6CTBeHHhiM cpyHKUH.!IM 

HeB03MymeHHbiX COCTO.IIHHH CHCTeMbl: 

N 

\jf(r)= 2>m\jf~(r), (14.5) 
m;J 

N- lfHCJio B03MO)I(HhiX cocTO.IIHHii:. IIo~CTaBIIB 3TO pemeHHe B (14.4) H YlfliThiBM, lfTO 

<l>YHKUHH \jf~ y~oBneTBop.IIIOT "HeB03MymeHHOMY" ypaBHeHnro (14.2) c 

C06CTBeHHhiMH 3HalfeHH.IIMH 8~ , IIOJIYlf~M 

" { 0 ~). 0 " 0 L....am\E:m+V ·\jim =8L....am\jfm· 
m m 

YMIIO)I(FIB o6e lfaCTH paBeHCTBa Ha (\jf~J H IIpOHF!TerpHpOBaB IIO BCeMy 06'beMy 

CHCTeMhl, HaH~eM, YlfT.II CBOHCTBO OpTOHOpMiipOBaHHOCTH cpYHKUiiH \jf~ (8.18): 

(e-e~)·an = I.Vnm ·am, 
m;J (14.6) 

vnm = J(\jf~}v(\jf~)·d3r. 
v 

H~yMo BH~eTh, lfTO Ha6op BeJIHlfliH Vnm o6pa3yeT HeKoTopyro MaTPnuy, a CaMH 3TH 

lfliCJia Ha3hiBaiOTC.II MamputtHblMU 3!leMeHmw.tu onepamopa V. 

8 COBpeMeHHOJl 3aiiHCH MaTpWII!biX 3lleMeiiTOB (14.6) HCUOllb3yJOTCll TaK Ha3LIBaeMLie BeKTOpLl 

COCTOliHHil KBaiiTOBOii CHCTeMLI: 

jx} = jt,, m1 , s1 , •• :), 
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rJJ.e i- HOMep 'laCTHIU>l, l 1, m1, s1 - KBaHTOBbie 'lncna, xapaKTepiDywmne eil cocTOliHne. no cymeCTBy, 

BeKTOpbl COCTOl!HHH - Te lKe BOnHOBble !flyHKIUIH CHCTeMbl. 0)l.HaKO, HCnOnb3yll BeKTOpHO-MaTpH'IHbiH 

!flopManli3M, MOlKHO He TOnbKO ynpOCTHTh 3anHCb, HO H pa3BHTh annapaT KBaHTOBOH MeXaHHKH. B 3TIIX 

0603Ha'leHHl!X MaTpH'IHbiH 3neMeHT V nm (14.6) npli.Hl!TO 3anHCb!BaTb B BHJJ.e 

v.,. =(x.jvjx .. ). (14.7) 

CaMo no ee6e yprumeHire (14.6) eme MaJio 'ITO HaM .n:ae-r, T.K. B HeM 

rrpHeyreTB)'IOT HeH3BeeTHhie K03tPtPH!lHeHThl am. TiorrnrraeMe.ll rrpo.n:BHHyrbe.ll .D:aJibme, 

Herronb3y.ll MeTO.D: rroene.n:oBaTenbHbiX IIpH6nJI)KeHHH, T.e. rrpe.n:eTaBHB HCKOM)'IO 

3HeprniO e H K03tPtPHUHeHTbl am B BH.D:e eYMMhl y6niBaiOIUHX 'IJieHOB p.li.D:a: 

e = e<o) + e(l) + e<2> + ... , 

am =a~>+a~>+a~>+ .. . 
(14.8) 

TioeKOJibKY HH.D:eKe (0) eOOTBeTeTByeT OTeyrCTBHIO BOJMymeHH.ll (V = 0), TO H3 (14.6) 

ene.n:yeT, 'ITO B 3TOM HyJieBOM IIpH6JimKeHHH 3HeprH.ll eHCTeMbl npoeTO pasHa 3HeprHH 

HeB03MyiUeHHOrO n-ro eoeTO.liHH.ll: 

E(O) = E~. 

Ko34JtPHUHeHT aio), olJeBH.D:HO, paseH e.n:RHRUe. B 3TOM nerno y6e.D:HThG.ll, 

BOCnOJib30BaBillHeb paBeHeTBOM (14.5): npH V = 0 tPYHKUH.ll I.JI(r) .D:On)KHa eosna.n:aTb 

e O.D:HOH H3 tPYHKUHH \jl~ HeB03MymeHHOH eHeTeMhl, a HMeHHO, e tPYHKUHeii l.jl~. 

Tio3TOMY TaK)Ke see a~ npR m ¢ n paBHbi Hynro. 

,lln.ll HaxO)K.ll:eHH.ll nepBoro npH6JIH)KeHH.ll no.n:eTaBHM B (14.6) 

0 (1) {1 -e=en +en, (o)=" = ,m-n, 
(1) am umn 

a =1+a 0 m¢n. 
n n ' ' 

(14.9) 

Haii.n:eM e TO'IHOeTbiO .n:o 'IJieHoB nepsoro nop.li.D:Ka MaJioern 

e(1). (1 + a<1>)~ e(l) ~ ~ V. a<o) = ~ V. · o = V. n n n k.J nm m .t...J nm mn nn• (14.10) 
m=i m=l 

TaKHM o6pa3oM, 3HeprH.ll n-ro eoCTO.liHH.ll mMeH.lleTe.ll no.n: .n:eiicrnReM B03MymeHH.ll Ha 

Bemi'IHey 
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oe~l) = e~l) = vnn = J(I.JI~}v(I.JI~)· d 3r = ( xnlvlxn). (14.11) 

EcrecrneHHO,. 'ITO nonYlJeHHhlii. pe3yJibTaT enpase.n:nRB npH yenoBHH MaJIOCTH 3Toii 

nonpasKH: 

oei1> «e~. (14.12) 

Bee eKaJaHHoe Bhlme enpase.n:mmo, eenH tPYHKUHH I.JI~(r) onpe.n:eneHbi 

O.D:H03HalJHO. 3TO yenOBHe HapymaeTe.ll B eJIYlJae 6blp0;)fC0eH11020 COCmORHWI. 

,lleiiCTBHTenbHO, KaK Mbl BH.D:enH B § 13.3, B aTOMe BO.D:Opo.n:a B03MO)KHbi eOCTO.liHH.ll, 

3HeprH.ll KOTOphlX B nepBOM npH6JIH)KeHHH O.D:HHaKOBa, a BOnHOBble tPYHKUHH 

eymeeTBeHHO pa3nH'IaiOTe.ll: B eoeTO.liHHH e 3a.D:aHHbiM n TaKHX "rro.n:eoeTO.liHHH11 n2.·B 

TaKOM . eJIYlJae IIpOCTO He.lleHO, KaK)'IO H3 l.jl-tPYHKUHH n-ro eoeTO.liHH.ll ene.n:yeT 

no.n:eTaBn.liTb B (14.11 ), 'lT06bi BhllJHeJIHTb e.n:BHr 3HeprnH B npReyreTBHH B03MymeHH.ll. 

0TBeT Ha 3TOT sonpoe y.n:acre.ll HaHTH ene.n:ywmHM o6paJOM. 

TiyeTb HeBOJMyiUeHHOe COeTO.liHHe CHeTeMbl HOMep n BblpO)K.ll:eHO, TaK 'ITO 

tPYHKUHII \j/~ 1 , \j/~2 , ... \jl~k .D:aiOT O.D:HO II TO )Ke JHa'IeHIIe 3Heprn1I 3TOrO COeTO.liHII.ll 

eio), BhipO)K.ll:eHHoro k pa3. Ey.n:eM T~nepn, B OTJIH'IIIe oT npe.n:~>~.n:ymero naparpatiJa, 

IIeKaTb pemeHIIe BOJMyiUeHHOrO eoeTO.liHH.ll HOMep n B BII.D:e pa3nO)KeHII.ll no 

eo6eTBeHHbiM tPYHKUII.liM 3TOro )Ke HeB03MyiUeHHOrO eoeTO.liHII.ll: 

'l'n = cnl'l'~l + cn2'1'~2 + ... + cnk'l'~k. 

TIOBTOpHB npoue.n:ypy nO.D:CTaHOBKH B (14.4), YMHO)KeHH.ll Ha I.JI~p II HHTerp1IpOBaHH.ll, 

npii.D:eM K Bbipa)KeHIIIO, nOBTOp.liiOJUe¥ye.ll no tiJopMe (14.6): 

TioeKOJibKY . 

k 

oei') ·Cnp = LVpqCnq, 
q=i 

V pq = J('l'~p J · V · (I.JI~q ). d3r = ( xnplvlxnq ). 
v 

k {1, p=q, 
Cnp = LCnq ·Bpq• opq = 0, p "* q, 

q=i 

TO B ypaBHeHIIII (14.13) MO)KHO o6a 'IJieHa 06'be.D:IIHHTb no.n: 3HaKOM eYMMhl: 
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~(v -os<1> ·o ).c = o ~ pq pq nq • 
q=l 

BbiiiHCaB Bee TaKHe HepaBeHCTBa ~ q OT 1 ,1{0 k, BH,l{HM, 'ITO Mbl npHWllH K CHCTeMe 

mmeiiHbiX anre6paHqecKHX ypaBHeHHii ~ K03cp!)mUHeHToB Cnq. Taxru~ CHCTeMa 

HMeeT, KaK H3Becrno, Heeynesoe pemeHHe, ecJIH ee .l{erepMHHaHT paBeH eymo, T.e. 

Vj~-oe(l) Viz ... Vik 
v. 

Det=l 21 V22 -oe<1> ... Vzk i=O . (14.14) 

vkl Vkz ... v. -oe<1> kk 

3TO eCTb ypaBHeHHe k-ro nop~Ka ~ HCKOMOH nonpaBKH oe(l). YpaBHeHHe (14.14) 

Ha3biBaiOT CeK)l!IJlpHblM, nnH 6eK06blM (OT 4JpaHI1. siec/e - BeK), T.K. BnepB:ble OHO 

nO.liBUJIOCb B He6eCHOH MeXaHHKe B 3~aqax 0 TaK Ha3biBaeM:biX BeKOBbiX HepaBeHCTBax 

B ,l{BH)l(eHHH nnaHeT. IlpHMep ero pemeHH.ll paccMOTpeH B 3~aqe 14.1 [8]. 

3aAa'la 14.1. HaHn! pacm;ei1JieHue ypoBHJI n = 2 aTOMa so.z~opo.z~a noA AeiiCTBHeM 3JJeKTpli'leCKoro nom1 

(3ppeKm llimapKa, § 18.2). 

OnepaTOp B03M)'ID;eHHll B AaHHOM CJI)"'ae ecn 3HeprHll 3JJeKTpli'leCKoro .z~unoJJJI, 

o6pa3oBaHHoro ll.ziPOM H 3JJeKTpOHOM aToMa so BHemHeM noJJe E : 

u = -(d, E)= -e·r·E·cosa, E = ez ·E' 

rAe a - yroJJ MelK.ll)' seKTOpaMH d H E' HanpasJJeHHe OCH z Bhi6paHO B,liOJJh BeKTOpa E (puc. 13.2). 

HcnoJJh3yeM . co6CTBeHIIble 4>YHKUHH aTOMa so.z~opo.z~a (13.46), (13.48) u {13.49), npoeyMeposas 

nO,llypOBHH C pa3Hb!Mif f H m CJJe.li)'IOID;IfM o6pa30M: 

2SO--+ I, 2PO--+ 2, 2P( +I)--+ 3, 2P{-I)--+ 4. 

H3 BCeX 3JJeMeHTOB V;k B CeKYJJl!pHOM ypaBHeHHH (14.14) OTJ!Ii'!Hhl OT HYJJll Jllfillh AB3, V12 If 

V21, CO,lleplKam;ue no,ll HHTerpaJJOM npOH3BeAeHHJI lj12so ·U •ljl;po If lj12Po ·U ·ljl;so. 0CTaJJbHble A310T 

HYJJh npH HHTerpnpoBaHHH no a If <p. BocnOJJh30B3BWHCh 3HaqeHHeM HHTerpaJJa (13.44), Hai!AeM 

v;2 = V21 =- Jr 2dr Jsinaa'e Jd<p·~· 2-!... ·e·E ·r·cosa ·-·cosa· a'9 = 3e·r0 ·E. 
~ • 2• _,,,, ( ) r 

o o o 327tro ro ro 

· BeKOBOe ypaBHeHHe B 3TOM CJI)"'3e CBO,lllfTCll K onpe,lleJJHTeJJIO 4-ro nOpll,liKa: 
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-se<•J 3e·r0 ·E 0 0 
3e·r0 ·E -se<•J 0 0 1=0. 
0 0 -&<•J 0 
0 0 0 -&<•J 

PaCKphiB onpe.z~eJJHTeJJL, no~HM 

(&<•lf .((&<•lf -(3e·r0 ·Ef )=o. 
OTciO,lla 

&~~ = ±3e · r0 • E, &t~ = 0 . 

TaKHM o6pa30M, ypoBeHh n = 2 pacm;ei1JilleTCll Ha Tplf nO,llypOBHJI, O,lllfH H3 KOTOpbiX, He CMeCTRBWHikll 

no 3HepmH (&~1) = l)f:~l) = 0), AByKpaTHO BblpOlK,lleH, a AB3 ,11pymx CMem;eHbl Ha &i'J = +3e·r
0 

• £ If 

&1') =-3e·r0 ·E. 

H3 JTOro pemeHHJiliCHO TaKlKe, qTO yposeHL IS, ,liJJJI KOToporo BLipOlK,lleHue no f. OTCYTCrnyeT, 

He HCnhiTLIB3eT pacm;ei1JieHHJI B 3JJeKTpli'leCKOM noJJe (B JJHHeJ:!HOM no IJOJJIO npH6JJHlKeHHH). 

§ 14.2. Cnuu-op6nTaJibHOe B3aHMOJJ:eiicTBHe 

u TOHI.:au CTPYK!YPa aTOMHbiX ypooueii 

<l>H3HKa B3aHMO,l{eHCTBH.ll CnHHa 3JieKTpOHa C 3neKTpJiqecKHM noneM .ll.l{pa 

,l{OCTaTOqHo npOCTO 06"b.liCH.lleTC.li Ha .li3biKe KJiaCcJiqecKOH 3JieKTpO.l{HHaMHKH. 

3neKTpOH, .l{BH)l()'III;Hiic.a: (B MO.l{enH Eopa!) no op6HTe co cKopocTbiO v, y.l{ep)l(HBaeTc.a: 

B aTOMe 3neKTpJiqecKHM nOJieM ~pa, KOTOpoe, KaK Mbl BH.l{enH, onpe.l{eJI.lleT B HyJieBOM 

npH6JIH)l(eHHH 3HeprHIO COCTO.liHH.li aTOMa. B CHCTeMe 3neKTpOHa, .l{BH~merOC.li CO 

CKOpOCTbiO V, 3neKTpJiqecKoe none .a:iJ;pa (H OCTaJibH.OH qacTH 3neKTpOHHOH o60JIO~H) 

C03.l{aeT MarHHTHoe none B , KOTopoe .l{eiiCTByeT Ha MarHHTHblli MOMeHT 3neKTpoHa. 

3HeprH.ll 3TOro B3aHMO,l{eHCTBH.ll npHBO.l{HT K H3MeHeHHIO 3HeprHH COCTO.liHH.ll aTOMa. 

3To H ecTb TaK. Ha3biBaeMoe cnuH-op6umaJtbHOe B3aUMooeucmBue - 3neKTpoH B 

Op6HTaJibHOM ,l{BJI)l(eHHH B3aHMO,l{eHCTBYeT C 3neKTpJiqecKHM noneM ~a 6naro,l{ap.a: 

ffaJIJiqUJO y 3neKTpOHa CIIHHa H, COOTBeTCTBeHHO, MarHHTHOrO MOMeHTa J.Le. 

01IeHHM BeJIHqHHY TaKoro B3aHMO.l{eii~BH.li. B cHcTeMe 3neKTpoHa, a 

npaBHnbHee rOBOp.li - B MrHOBeHHO COnYTCTBYJOmeii HHepUHaJibHOH CHCTeMe (T.e. 
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enCTeMe, ~Bli)K)'meHe.ll pa.BHOMepHO li Dp.liMOJiliHeHHO e MrHOBeHil:OH eKopoen.IO 

:meiCIJlOHa V ), KOMDOHeHThi 3JleK1JlOMarHliTHOro DOJI.ll onpe~eJI.liiOTe.ll li3BeeTHhiMli 

npeo6pa30BaHli.liMli JiopeHI~a ~noAA. B eJI)"'ae v << c nMeeM 

- - r - n -] E'~E=Ze-3 , B'~--Lv,E, 
r c 

(14.15) 

r~e E- 3JieK1JlnqeeKoe norre aToMa, B KOTopoM ~BliJKeTe.ll 3rreK1JlOH. Haqarro OTeqfrra 

rra6oparopHOH eneTeMhl noMeCTliM B ueHTp Mace aToMa. Tor~a (pnc. 13.1) r - BeKTop 

ol' H.Zipa (m2) K 3JieK1JlOHY (mt). CKopoen. 3JieK1JlOHa v << c, noeKOJibey, KaK Mhl yJKe 

3HaeM, 3HeprH.ll 3JieK1JlOHa B aTOMe nop~a 10 3B ~ Bo~opo~a n MOJKeT ~ocrnran. 

JIHillb HeeKOJihKHX K3B y T.liJKeJibiX 3JieMeHTOB (Z>> 1). Il03TOMY rropeHU-cpaKTop 

y~1+v2/2c2 , a 3HaqHT, e TO~OeThiO ~0 ;/c2 MOJKHO npliH~Tb y~ 1. C TaKOH JKe 

TO~OCTbiO eOBDMaiOT li paeeTO.liHli.ll B eHCTeMax 3JleK1JlOHa li rra6oparopHOH. B 

pe3yJII>TaTe Ha 3JieKTpOH B ero eneTeMe ~eiieTByeT enrra 

F' = -VV'(r1 r~e V'(r)= -~e• B'(r)) 

een. 3Heprli.ll B3aHMO~eiieTBH.ll MarHHTHOrO MOMeHTa 3JleK1JlOHa iie e MarHliTHbiM 

norreM B ero eneTeMe. Ilo~CTa.BliB ero~a B' li3 (14.15), Haii~eM 

- ze (- [- r ]) F'~-~·V ~e• v, r3 . (14.16) 

B Mo~e!m Eopa (§ 2.2), r~e 3JieK1JlOHhi ~Bii:JKYTe.ll no op6nTaM:, HeTpy~Ho norryqnn., 

~o en~a F' HanpaBrreHa B~OJih rpMneHTa cpynKUnn 11? (pne. 14.1): 

F =-· ~ev · eose. V . ..!.._ = 2Zei~elvcos9 r -, Ze ( ) 
c ? ·~· c r 

T.e. B~OJib PMnyea-BeKTopa r. A 3TO 03HaqaeT, ~0 enrra F' eKJIMbiBaeTe.ll 

(B~KTOpHO) e eliJIOH 3JleK1JlOeTaTHqeeKoro npHT.liJKeHli.ll, H3MeH.ll.ll 3HeprniO 3JleK1JlOHa 

BaTOMe. 
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jj 
f 

,I 
I 

e, 
PHc. 14.1. CnHH-op6HTaJJLHoe BJaHMo.Qel!cTBHe 

B aTOMe Eopa. e, - e.QHHII'IHL!l! BeKTOp, 

OpTOfOHaJILHLili IIJIOCKOCTH BeKTOpOB V H r 

Ho HaM HYJKHO 3Han. 3Heprnro B3aHMo~eiiCTBli.ll 3JieK1JlOHa e norreM B rra6opaTopHoii 

eneTeMe. Ee H~eM, BCDOMHliB, ~0 B HepeJI.liTliBlieTeKOM npH6JIHJKeHliH ( y = 1) 

KOMDOHeHTLI BeKTopa TpexMepHoii enrrhl eoxpam!IOTe» npn nepexo~e n3 o~oii 

nHepunarr~>Hoii eneTeMbi B ~pyryro. Ilo3TOMY enrra B rra6opaTopnoii enCTeMe paBHa 

enrre B eneTeMe 3JieK1JlOHa: 

F'~F'· 

e TO~oen.ro ~o ;/c2
• CooTBeTeTBeHHO, pa.BHbi n 3HaqeHn» 3Heprnn B3aHMO~eiieTBli» 

v(r} = V'(r). 

TaKHM o6pa30M, 

v(r)= ~;(iie.[v, ~ ]). 
CKopoen. 3JieK1JloHa B rra6oparopnoii encTeMe Bbipa3liM qepe3 eKopoeTb qaeTHUhi e 

npnBe~eHHoii Maeeoii f: . I·h (13 .5), norroJKnB ~ = 0 ( Haqarro oTeqfrra B ToqKe ueHTpa 

Mace), Haii~eM 

-- mnucl.:. p v=rct= ·r=-, 
me +mnucl me 

r~e p - nMnyrrne qaernuhl e npnBe~eHHoii Maeeoii. OnepaTop B03MymeHn.ll, 

eOOTBeTeTBYIQIUliH cpyHKUlili V(r}, npliHliMaeT TOr~a B~ 

A( ) ze (- [~ r ]) v r = mec . ~e• p, r3 . 

MarnliTHhlii MOMeHT 3JieKTPOHa »BAAeTe» oneparopoM, T.K. oH nponopunoHarreH S . 
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BXO,WIIUHlt CIO)l.a onepaTOp p )l.eltCTByeT, B006IUe fOBOpll, KaK Ha 'I'-<jlyHKUHIO; TaK H Ha COMHOlKHTCJib 

r/r' o Ho BTOpoe )l.CltCTBHC )l.aeT ayJieBOit pe3yJibTaT, ToKo 

~ =-vo.!. " [v, v]o.!.,oo 
r r r 

(14.17) 

3/ICCb nepBOC COOTHOIIICHHC eCTb He qTQ HHOC, KaK paBCHCTBO KYJIOHOBCKOro llOJill C)l.HHmHOfO 3apll)l.a 

(neBall qacTb) H rpa;J.HCHTa ero noTeHuuana (co 3HaKOM MHayc, npaual! qaCTb)o B cnpaue)l.JIHBOCTH :noro 

paueHCTBa nerKo • y6e;J.HTbCll H npl!MbiM ;J.H<jJ<jlepeHUHpOBaHHCMo BTOpoe paueHCTBO co;J.eplKHT 

BCKTOpHblit KBa;J.paT BCKTOpa V, qTQ paBHO HYJIIO TOlK)l.CCTBCHHO')o B pe3yJibTaTe COMHOlKHTeJIH 

BCKTOpHoro rrpOH3BC)l.CHllil B <fJopMYJIC )l.Jill V{r) MOlKHO llOMCHl!Tb MCCTaMHo Ilo)l.qepKHeM, qTQ 

nepCCTBHOBKa COMHOlKHTCJICfi BCKTOpHOro rrpOH3BC)l.CHHll, pa3pCIIICHHall B KJiaccmeCKOM UO)l.XO/IC, 

liBJiliCTCll HCKOppCKTHOlt, B006me fOBOpll, B KBaHTOBOM OllHCaHHH, CCJIH O)l.HH H3 COMHOlKHTCJiel\ -

onepaTOpo B paccMOTpeHHOM cnyqae :na nepecTaHOBKa B03MOlKHao 

BeKTOpHoe rrpoH3Be~enne 

[r.P]= t. 
r~e L - orrepaTOp MoMeHTa nMrrynhea qaeTHUhi e rrpnse~ennoil: Maeeoil:o ITo~eTaBHB 

3TOT pe3ynhTaT H 3Ha'leHHe iie (11.24) B cpopMyny ~JI V(r), IIpHXO~HM K 

BhipaJKeHHIO ••) 

• _ Ze2 
(.: .:) v(r)= 23 ° s •. r 0 

m.m0c r 
(14018) 

TaKHM o6pa30M, 3~aqa 0 CIIHH-opfiHTanhHOM B3aHMO~eil:eTBHH CBenaCh K OIIepaTOpy 

B03M)'IUeHHJI, KOTOphiH eo~epiKHT OIIepaTOphi eiiHHa 3ReKTPOHa ll MOMeHThl HMIIYJihea 

'laCTHUhi e IIpHBe~eHHOH MaeeOHo 0TeiO~a II Ha3BaHHe - CnUH·Op6umaJibiiOe 

e3aUMooeiicmeueo KpoMe TOro, 3TOT orrepaTop 3aBHeHT OT paeeToJIHHJI 

3JieKTPOH-~po 

t1 • 
> MolKHO pacCYlKAaTb HHaqe: 

[v, r,]=ro•~ =0, 
r ""lq=l 

ToKo CTBTH'lecKoe (!) none E no;J.qHHlleTCll ypaBHCHlliiM MaKcueJIJiao 

"> B 3TOM H cne.ll)'!OmeM naparpacpax npHMeM g, = 20 
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r 
I 
1 

' i 
.~ t 

I 

(Toeo rronoJKeHHJI qaeTHUhi e rrpnse~ennoil: Maeeoil:)o Bee :no ~aeT oenosanne 

yrsep~aTh, ~0 B Ka'leeTBe BOllHOBhiX cp)'HKUHH HeB03M)'IUeHHOro eOCTOliHHJI MOIKHO 

Bb16paTh 
11

BO~OpO~Hhie" cp)'HKUHH, IIOJI)"'eHHhle B § 13o3o Terrepb MOIKHO HeiiOllh30BaTh 

pe3ynhTaThi rrpe~hl~ymero rraparpacpao 

3arrmneM 3Ha'leHHe e~BHra :meprHH eoeTOJIHHJI, Bhi3BaHHOe eiiHH-

opfiHTanhHhiM B3aHMO~eil:eTBHeM: 

Ze
2 

1 ( o \*(.: .:) o 3 oline=---2oJ]oi.Jine) S,L oi.Jineodro 
m.m0c r 

(14019) 

BhxpaJKeHne ~nJI rrpoH3Be~eHHJI ( §, Z}rro~ nnnirpanoM nail:~eM H3 paaeneTBa 

s + L = s2 + 2 s, L + i3 0 (. .)2 (. ') 

,[(anhme ~eM, ~o S + L = J- orrepaTop rronnoro MOMeHTa :meKTPoHa (11.3)0 

l103TOMY 3aiiHilleM 

(. ') (' .)2 2 s, L = s.+L -s2 -i2 =Y -s2 -i3 0 (14020) 

I1oeKOllhKY I.Jf~e - cpyHKUHJI HeB03MymeHHOfO eoeTOJIHHJI, ~eil:eTBYJI Ha Hee, orrepaTOp 

(14020) "n3BneKaeT" eo6eTBeHHhie 3Ha'leHHJI orrepaTopoa j 2
, S2

, f3 0 B pe3ynhTaTe 

HaxO~HM 

2( §, £} I.JI~e = 11 2 
0 [j(J + 1)- f(f + 1)-s(s + l)]oi.Jf~e 0 (14021) 

ITo~eTaBHB (14021) B (14019), OKOH'laTenhHO ·rronyqnM 3Ha'lenne e~Bnra 3Heprnu 

ypOBHJI n, f,j, Bhi3BaHHOe CIIHH·OpfiHTanhHhiM B3aHMO~eil:eTBHeM 

ze21i2 ( 1 ) olino =--2 ou(J+1)-£(f+1)-s(s+I)]. 3 0 

m.m0c r ne 
(14022) 

BhNHenenue (r-3
) nl IInniOCTPHPYeT 3~aqa 1402 HHIKeo TaKHM o6pa30M, Mhl 

11IIOIIYTH011 BhiJICHIIJIH, ~0 3Ha'leHHJI 3HeprHH ypOBHeH n, f 3aBHeJIT eme H OT 

BeJiuquHhi KBaHTOBOfO 'liieJiaj (11.4)0 06paTIIM BHHMaHHe Ha TO ofieTOHTenbeTBO, ~0 

3~ech Bee BpeMJI pe'lh mna o errune n op6nTanhHOM MOMeHTe oo11ozo 3/leKmpolla, Toeo 
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Haiii BbiBO~ CIIpaBe~JIIIB .IUIJI aTOMa BO~OpO~a H BO~OpO~OIIO~OfiHhP' aTOMOB H HOHOB. 

Crry<Jail. crrmKHhiX aTOMOB paccMOTpeH B rrr. 15. 

BhlpiDKeHue (14.22) y~o6Ho npusecTH K BH~ c JIBHO Bbipa)l(eHHhiMH 

pa3MepHOCTJIMH. ,[(JIJI :noro IIO~eJIHM H YMHO)I(HM ero Ha rg (eM. (13.25)) H, Y'JHTbffiaJI 

(2.8) u (13.33), 3anmneM 3Ha<JeHue 3Hepzuu cnuH-op6umW!bHozo B3aUMooeucmBWI 

_a Z ·Eo r0 2 (( )3) 
Mnlj- 1+3._ ·Kjls -; nl' 

K1,, = j(j + 1)- £(£ + 1)-s(s + 1). (14.23) 

mnucl 

,Aarrbiiie Mhi ysu~HM, 'ITO Y<JeT perrJITHBHCTCKoro 3<l><l>eKTa - npe!feccuu ToMaca -

YMeHbiiiaeT 3TY seJIH'IHHY B~Boe (TaK Ha3hmaeMaJI "ToMaCOBCKaJI ~Boil.Ka"). KoHCTaHThi 

a H Eo OIIpe~eJieHbl B § 2.2. }13 3TOrO Bbipa)l(eHHJI JICHO, IIO'IeMy a HMeeT Ha3BaHHe 

"nocmof!HHaR moHKou cmpyKmypbl amoMHblX cneKmpoe". KaK OKa3arrocb II03~Hee, 3TOT 

IIapaMeTp, BBe~eHHbiH .IUIJI . OIIHCaHHJI CIIeKTpOB aTOMOB, HrpaeT <l>YH~aMeHTaJibHYJO 

pOJib B TeOpHH 3JieKTpOMarHHTHOrO B3aHMO~eil.CTBHJI - KBaHTOBOH 3JieKTpO~HHaMHKe 

(K3,A). 

1-13 norrY<JeHHoro Bbipa)l(eHHJI o<JeBH~Ho, 'ITO .IUIJI S-cocTOJIHHil. 3TOT c~sur 

3HeprHHOTCYTCTByeT 

OEno=O, 

TOr~a KaK ~JIJI £ ~ 1 Bbipa)l(eHHe B KB~paTHbiX CK06Kax B <PopMyrre (14.22) IIpHHHMaeT 

~JIJI K~OrO £ HeCKOJibKO 3Ha'IeHHH, B COOTBeTCTBHH C npaBHJIOM CJIO)I(eHHJI MOMeHTOB 

(11.4). Ilo3TOMY HMeeT MeCTO He TOJibKO C~BHr, HO H pacmenJieHHe ypOBHeil.. TeM 

CaMbiM CHHMaeTCJI 6blpO:JICOeHUe ypoBHeU C O~HHaKOBbiM n. 

3aA3'13 14.2. OueHHTb BeJJH'IHII)' TOHKOfO pacmeruieHHJI 2P-ypOBHll 3TOM3 BOAOpOA3, 

BOCUOJlb30B3BWHCb cflopMynoii (14.23). 

Ha'!HeM C K03cflcflHUHeHTa Kjr.r· 8 COOTBeTCTBHH C (11.4) KB3HTOBOe 'IHCJ!O j B COCTOIIHHH C 
~. 
ll 
l = I MOlKCT npHHHMaTb ABa 3Ha'!eHHJI: 

. 3 I 
Jp =2· 2; K 1,., =I, -2. 
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JVu! Bbl'IHCJJeHiul (r2-~) HCnOJJb3yeM nepBbie H3 Bblp3lKeHHH AJlll IJI2P B (13.48), (13.49) H Y<JTeM 

opronopMuposaHHOCTb cflyHKUHH Y,m{e, cp). TorAa (eM. (13.49)) naiiAeM 

B pe3yllbTaTe 

f(~)') =....!... je-'xdx=..!... 
\ r 

2
P 24 0 24 

{ 

3,0 .JO-' 38, 

f>e2P = -1,5·10-5 38. 

TaKHM o6p330M, pacmeruienne yposneii 2P c j = 3/2 H 1/2 coCTaBJllleT no JTHM ouenKaM 4,5·10-5 38. 

3KcnepuMeHT3JlbHOe 3Ha'!eHHe pas no 4, 1·10-
5 

38 (eM. § 14.5 HHlKe j. 
' * 

3Ha'IeHHe Be.,1 (14.23) He Y'JHTbiBaeT peJIJITHBHCTCKHe 3<l><l>eKThi, HMeiOIIIHe 

IIOpMOK BeJIH'IHHbl (vfci, r~e V- CKOpOCTb 3JieKTpOHa B aTOMe. CTporo Y<JeCTb o6a 

3<l><l>eKTa II03BOJIJieT peJIJITHBHCTCKOe ypa6HeHUe /JupaKa (§ 11.3), KOTOpOe B CJIY'Iae 

aTOMa BO~Opo~a HHTerpupyeTCJI TO'IHO ('ITO BbiXO~HT 3a paMKH Kypca). YKIDKeM JIHIIIb 

Ha IIpOHCXO~eHHe 3THX IIOIIpaBOK. 

3neprHJI &.(i {14.23) HMeeT nopHAOK 

)

4 2 
. 2 n m,c 

4
mc ___ _ 

-a2e =a--= ---- 2 
Be.,1 . o 2 ( m,cRBohr 

TIOCKOJlbK)' MOMeHT HMnyJJbCa 3JJeKTpOHa B aroMe l[i=, ft]l- lie, TO p- nf Raohr. TI03TOMY 

p• 
Be.IJ --,-2 , 

m,c 

a 3Ta BeJJH'IHH3 TOro JKe nopliAK3, 'ITO H BTOpOH 'IJleH p33llOlKeHHll pellliTHBHCTCKOH KHHeTH'IeCKOH 

JHepruH '13CTHUbl no HMnyJJbCy: 

2 4 

ek;.=~p2c2+m2c•-mc2,2P _8P' 2 ••• 
m m c 

faMHJJbTOHII3H B ypasneHI!H lllpt!AHHrepa eCTb onepaTop KHHeTI!'IeCKOH 3HeprHII, U03TOMY ero CJJCAYCT 

AOUOJ!HI!Tb BTOpbiM CJJaraeMbiM C Y<Jt!TOM CAeJJaHHOH OQeHKH: 

• p2 p• 
H=-----. 

2m 8m'c2 

Em!! OAHa penliTHBHCTCK3ll nonpasKa CBll3aHa c TaK Ha3bisaeMoii npeijeccueu TOMaca. Ee 

CMbiCJl nol!CHJICT 33A3'1a 14.7: noHBJJllJOIUeecll s CIICTeMe JJJeKTpOHa spamenue ero co6CTsennoro 
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MoMema (cnHHa) ,na!!T BKJia,n B nonii)'IO :meprmo :meKTpona. MolKHO oueHirri. nopa,noK :noli nonpasKn, 

scnoMHifB, qro :mepl'HJI spamruomerocll rena ("sonqKa") eCTb 

&m, =.!. L~; ·vJ • 
2 1 

r.ne ~~ n v1- Macca JneMema rena n ero cKopoCT& oTHocnren&Ho ocn spameHitJI: 

- r- -] v; =Lco,,r;, 

ro,- yrnOBaJI CKOpOCTb BpameHHJI, ;; - paCCTOliHHe OT JneMema _no OCR. Tor.na 

&m, =.!. z:~,([ro., ;;], v,)= .!.(ro,, 2:~,[;;. vj) =.!.(ro,, ii.), 
2 ; 2 1 ~ 2 

r.ne M, - MOMeHT HMnyn&ca rena OTHOCHTen&Ho ocn spameHIIJI. llpHMeHHB no cooTnowenne 

KJiaccnqecKoli MexanHKn K JneKTpOH)', T.e. npnHliB M, "'S, noJJ)"'HM 

1 f- -) &m,=2\ro,,S. 

CKopoCT& npeueccHH ToMaca (3a,naqa 14.7 HlllKe) B cncreMe qaCTHU&I pasHa 

- v2 -
cos Rf 2c2 ·roe' 

r_ne B .naHHOM CJJ)"'ae ro.- yrnoBal! CKOpOCTb spameHIIJI JneKTpOHa Ha op6HTe (Mo,nen& aTOMa oopa): 

KpoMe Toro (§ 2.2), 

B pe3yn& rnre noJJ)"'aeM 

_ [r,v] i 
ro.=---;:r-= mr2. 

0 

2 Ze2 

v =-
mor2. 

Ze2 
(- .:.) oem• = --2-2-1-' \S • L · 

4m0 c r 

0CTanOCb em!! nOHJ!Th, C KaKHM 3HaKOM BXO,nHT 08ms B 3HeprHIO B3aHMo,neil:CTBHJI JneKTpOHa C li,D,pOM. 

Qqesn.nHo, co 3HaKOM "-", T.K. JTB JHeprHll npeueccnn qepnaeTCl! H3 KHHCTnqecKoli JHeprnn JneKTpoHa. 

lloJJ)"'eHHMli "nonyKJiaccnqecKHli" pe3yn&TBT s.nsoe MeH&we KBaHTOsoro. lloJTOMy yqi!T 

npeueCCHOHHOH nonpaBKH llpHBO,nHT K nol!BneHHIO B (14.23) MHOlKHTeJIJI 1/2, qro H OTMeqeHO BbiWe. 

PeweHne ypasHeHHJI ~HpaKa .na!!T em!! O.D.HO cnaraeMoe, KOTopoe He y.nai!TCJI nOJJ)"'HTb Ha 

OCHOBe (HepeJIJITHBHCTCKOI'O) ypasHeHIIJI lllpi!,D,HHrepa (CM. (5), § 33). 0KonqarenLHO onepamop 

'mepzuu fflOHKOZO paCUfeiV/eHUJl HMeCT BH,n (CM. (5), clJopMyJibl (33.12), (34.1)} 

· (~J Ze
2 (.:: .::) n Ze

2
tt

2 (-) v.j = ---3 -2 + 2 3 . s., L +-·-2-2-·o r • 
8m0c 2m.m0c r 2 m.c 

(14.24) 
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B&JqncneHne MaTPnqH&Ix JneMeHTOB (14.19) noro oneparopa .naeT 3HaqeHne coauza ypomm (n, J) 

mOHKOU cmpyKmypbl 

2 • E:o ---. 

[ 
3 1 l =-aZ ·3· 1 {oe,Jou.., n 4n j + 2' (14.25) 

3a_naqn 14.3-14.6 llOJICHJIIOT, KaK B03HHKJia qCTBepTall creneHL Z. 

3a_naqa 14.3. HaliTH BbtpalKeHne .nJill sonHosoli clJyHKIUin JneKTpona s none roqeqnoro 3apx.na +Ze 

qepe3 BOnHOB)'IO cpyHKUHIO 3TOMa BO,D,Opo,na. 

3apx.nosoe qncno Z BXO,nHT TOnbKO B llOTeHUHaJI U(r) (13.16), ll03TOMY ymoBaJI qaCTb 

IV-cflyHKUHH OT Z ne 3aBRCHT. Bse.neM B ypasneHnn (13.24) ,!J,Jill pa.nnan&Holi qaCTn 6e3pa3Mepii)'IO ,!J,JIHH)' 

x=.!....z, 
ro 

(14.26) 

.nJill Jroro YMHOlKHM ypasHeHne (13.24) Ha r; /Z2
, no.ncrnsns B Hero U(r) (13.16). YpasHeHne (13.24) 

npHBe,neM K BH_ny 

_I . ..!!...(x2 dR)-[J:2 -~+ l(l+l)]·R=O 
X2 dX dX "' x X2 

' 

~2 =- 2e·h
2 

=--e-
Z2m0e4 Z 2E:

0 
• 

(14.27) 

H~y.nHo BH.nCTL, qro ypasHeHHJI (14.27) H (13.27) cosna.nruoT npn CLo = 1 n C, = K. TaKHM o6pa30M, 

BOnHOBLie cpyHKIUIH ,!J,Jill JneKTpOHa B none 3apx.na Ze MOlKHO BLipa3HTb qepe3 BOnHOBble clJyHKIUIH aTOMa 

so.nopo.na, 3anncas 

Rz(r)=C·R1(X), 

r_ne Rt(X} - pa,D,HaJibHaJI qacTb COOTBeTCTByJOmeli "so,nopo.D.Holi" 1!'-cflyHKUHH, B KOTOpoli KOOp.D.HHaTa r 

3aMeHeHa HaX(l4.26), a KOHCTBHT3 C HaXO,!J,HTCJI H3 ycnOBH.H HOpMHpOBKH cpyHKUHH R,(r): 

1 = jR;(r)·r2
dr =C2 {t )3 

·1R1
2(X)·X2 ·dX = C2(t J. 

llocne,D,Hee paseHCTBo 3anncano Ha TOM ocnosannn, qro cpyHKUHJI R1(X) onpe.neneHa B o6naCTH 

0 S.X S. co n nonHOCTLIO cosna.naeT no sn.ny c pa.nnanLHoli qaCTLIO "so.nopo.nHoli" 1!'-clJyHKIUIH, 

Onpe,D,eJii!HHOH B o6naCTH 0 S. r S. co H HOpMHpOB3HHOH Ha e,D,HHHLIY. 0TCJO,na 

-(z)l/2 

C--r. '. 
0 
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t1 

II 

( )

3/2 

Rz(r)= ~ ·R,(X). (I4.28) 

3aAa'la 14.4. B!.Ipa31ITb (r.~') AJIJI 3JJeKTpoHa a none TO'Ie'!Horo Japl!Aa Ze qepro zy JKe BeJJII'IIIH)' Mll 

3TOM3 BOAOpO.zta. 

11CKOM3ll BeJJJI'IIIH3 C yqeTOM (14.28) p3BH3 

(+) = J'V;(r, e, cp)·~·ljlz(r, e, cp)·r2dr .dQ = 
r~ r 

=(~)'. J'V'(x,e,cp)·'V(x,e,cp)· ~ ·dn=(~)' -c." 

(14.29) 

r.zte C., - HeKOTOpoe 'IIICJJO, 33BIICliiUee OT n II £. 0TCIO.zt3, B '13CTHOCTII, CJJeeyeT, 'ITO np11 nepexo.zte OT 

3TOM3 BO.ztOpO.zt3 K 3TOM)' C ll.ztpOM Ze B B!.IpaJKeHJiliX (14.23), (14.25) DOliBJ!l!eTCll MHOJKIITeJJ!. Z4
• 

3a.zta'la 14.5. O~eHHT!. peJ!liTHBIICTCKYJO nonpaaJCY a B!.!paJKeHIIII Mll :meprn11 ypoBHll aToMa, 

CBli33HHYJO C peJ!liTHBIICTCKOH 33BIICHMOCT!.IO 3Heprn11 3JJeKTpOH3 OT CKOpOCTII, BOCDOJJ!.30B3BWIIC!. 

60p0BCKOH MO.zteJJ!.IO 3TOM3. 

3aniiC3B B!.IpaJKeHIIe Mll 3Heprn11 (2.6) C }"'eTOM pe!Il!TIIBIICTCKOH 33BIICIIMOCTII :meprn11 OT 

CKOpOCTJI 

e = ymov; ze2 
n 2 ---, 

r. 

r.zte n- HOMep ypOBIIll, y =(I- v; I c2 fv2 
""I+ {v2 l2c2)' II }"'IIT!.IB3ll paaeHCTBO (2.2) AJIJI CT3~110H3pHoii 

op611T!.I 

Hail.zteM 

}:(aJJee yqreM, 'ITO 

mov;- Ze
2 

y-2---2-, 
r. 

e.=- ym0v; ,.,_ m0v; (I+_s_)=- Z
2

f:0 (I+_s_)· 
2 2 2c2 n2 2c2 

m0v.r. = li.[i(f+lj, 

11, coxp3llllll nonpaaKII nopll.ztK3 v; I c2 
, Jan11weM c yqeToM B!.IpaJKeHIIll (2.4) 
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&-- Z
2
f:o _li2

L(L+I) -a.2z4e _l(l+I)- a2Z 4 ·f:o 
, - nz m;r,zc2 o n6 n~ . (14.30) 

KoHe'IHO, 3T3 o~eHK3 HOCIIT K3'1eCTBeHH!.Iil X3p3Krep, HO np3BIIJJ!.HO nepe.ztaeT DOpll.ztOK BeJJII'IIIH!.I 11 

J3BIICHMOCT!. OT napaMeTpOB e, mo, Z, li. 

33J13'13 14.6. B!.Ipa311T!. M3Tpii'IH!.Ie 3JJeMeiiT!.I onepaTOpOB (~)' II o(;) 113 (I4.24) AJIJI 

so.ztopo.ztono.zto6Horo aTOMa (lloHa) c 33pll.ztOM Ze qepe3 "so.ztopo.ztH!.Ie" ljl-<jlyHK~II. 

3anHWeM 

(( ~):) = n• f'V;(i). v•'V zlf)· r2dr · dQ 

II yqTiiM, 'ITO np11 o603H3'1eHifll (14.26) 

v• =/:;.2 =(...!_·.E._(r2 .E._)+-I-·.E._(sine·.E._)+-I-·~)
2 

r2 Or or r2 sine ae ae r2 sin 2 e 8cp2 

z• ( I a ( 2 a ) I a ( . a ) I 02 
)

2 

= r
0
4 X2. oX X OX + X 2 sine. 00 sme 00 + X 2 sin 2 9. 8cp2 ~ 

z• 
"'4·V~. 

ro 

Tor.zta c yqliToM {I4.26) 11 (I4.28) Hail.zteM 

'(( .). ) z• z• (( ·)• ) p z =n• ro• J'V;(X)·V~Ijiz(X)·X2dX·dn= ro•. p Z=l • 

}:lnll onepaTOpa o(;) - Tpi!XMepHOH 0-<jlyHK~II, BCDOMHHM, 'ITO (§ 4.4) 

COOTBeTCTBeHHO, 

o(ax)=~·o(x), 

o(ar)= o(ax)· o{ay)·o{az)= ~:o{r). 
lal 

ll03TOM)', 3H3J!OrH'IHO npe.zt!.l.ztYJUeMy CJJ}"'310, DOJI}"'HM 

z' (-'ll (o{r))z =--;[·(o x 11z=•. 
0 

TaKHM o6pa3oM, nepsoe 11 TpeT!.e CJJaraeMoe onepaTopa (I4.24), TBK JKe, KaK u BTopoe (33Jia'la I4.4), 

.zt310T K03cflcflll~eHT z4 B JHa'leHIIII ob;,i. 
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ti 

33.1{3'13 14.7. CrepJKeHb noKOHTCll B CHCTeMe, KOTOpall ){BHlKeTCll no OKp)'lKHOCTH p3JU!YCOM R co 

CKOpOCTbiO V = roR - C ("pemrrnBHCTCKHH J!IIUIK"). Hal1n! YrJJOBYJO CKOpOcTh BpameHHll CTeplKHll B 3TOH 

CHCTeMe 11.RIIUIK3". 

YK333HHe: 3aMCHHTb OKp)'lKHOCTb MHOrOyroJILHHKOM C O){HH3KOBbiMH CTOpOHaMH, C'IHT3ll, 'ITO 

CKOpOCTb V llOCTOliHHa no BCJIH'IHHe H CK3'1KOM HJMCHlleT CBOI! HanpaBJieHHe B yrJiax MHOroyroJILHHKa. 

P3CCMOTpeTb BHa'laJie CJIY'I3H CTeplKHll, JICJKamero B nJIOCKOCTH op6HTbl. 

v ----

Yo.Yt 

A 

v 

Xo,Xt 

,Xz 

Puc. 14.2. BM6op cnCTeM KoopAHHaT: (x0, Yo) 
H (X, y) - K00p){HH3Thl B Jia6oparopHOH 

CHCTeMe, (x~o Yt) H (xz, Yz) - B .I{BHJKYilli!XCll 

TiyCTL B MOMCHT BpeMeHH t = 0 B Jia6opaTOpHOH CHCTeMe (JIC) CTeplKCHb AB 33HHM3eT 

nOJIOJKeHHe, B KOTOpOM ero TO'IKa A H3XO){HTCll 113 CTbiKe CTOpOH MHOroyrOJibHHKa, a TO'IKa B B 

HCKOTOpOH TO'IKe nJIOCKOCTH op611TLI "llmi!Ka", 8Be){i!M CHCTeMbl KOQp){HHaT {puc. 14.2) B 

Jia6oparopHOH CHCTeMe Xo, Yo, to ){0 "nosopoTB", X, y, t- nocJie H MrHOBCHHO COnyTCTBYJOmHC CHCTeMLI B 

cncreMe "llmnKa" x~o Y~o t1 ){0 "nosopoTB", x 2, y 2, t2 - nocne. Bee 'leTLipe ocn x nanpaBJieAI.I BJ{OJIL 

COOTBeTCTBYJOilli!X BeKTOpOB V . 31jl<jleKT, KOTOpblH Mbl OJKH){aeM nOJIY'IHTb, CBli33H C 

O){HOBpCMCHHOCThiO H "HeOJ{HOBpeMCHHOCThiO" C06biTHi! B pa3HbiX CHCTeMax. 3J{CCb nO){ C06biTHCM 

noHHMaeM H3MepeHHe KOOp){HHaT KOHUOB CTeplKHll A H B B pa3HbiX CHCTeMax. 

8bi6epeM CHCTeMbl KOOp){HHaT TaK, 'ITO !IX H3'1aJia COBnMaiOT C TO'IKOH CTeplKHll A B MOMCHT 

BpeMeHH 

f~ =t~ =tt =fA =0. 

Hac HHTepecyeT llOJIOlKCHHC TO'IKH B CTeplKHll B CHCTeMe 2 {x2, y 2, t2). lfHhiMH CJIOBaMH, B MOMCHT 

BpeMeHH 

t: =tt =0 

H36JIIO){areJib, HaxO~Cll B CHCTeMe 2, npOH3BO){HT O){HOBpeMeHHOe H3Mepelll!e KOOp){HHaT TO'IeK A 

n B creplKHll (3ro O){HOBpeMeHHhle co6biTHll!). Yron nosopOTB creplKHll npn npoxolK){eHHH CTbiKa 

CTOpon MnoroyroJILIII!Ka Hai!){I!M, Bbi'IHCJIHB KoopAHHaTbl TO'IKH B B cncreMe I (x~o Y~> t1). KaK 6yAeT 
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BH){HO H3 3THX Bbi'IHCJICHHH, C06biTHll (Xz, Yz, tz)s H (xh Yh ft)B He OJ{HOBpeMCHHbl (!), H B 3TOM cymeCTBO 

3<jl<jleKTa, KOTOpbli! MLI aHaJIH3npyeM. 

qro6LI J{06paThcll J{O TO'IKH B B CHCTeMe I, npoHJBe){i!M noCJie){OBaTeJibHble npeo6paJOBaHHll 

KOOp){HllaT TO'IKH B H3 CHCTCMbl 2 B JIC (x, y, t), 33TeM B JIC (Xo, y0, t0) H, H3KOHCU, OnliTL B 

.I{BHJKYmYlOCll CHCTeMY I. OnyCTHB HMCKC B , JannmeM 

,!{anee B JIC 

3areM 

X= y(xz +Vtz)= yxz, T.K. t: = 0, 

y=yz, 

t={rz +;, ·xz)=y·;, ·Xz· 

x0 =x·coscp+y·sincp"'x+ y·6cp, 

Yo= -x·sincp+ y·coscp"' -x·6cp+ y, 

6cp «I. 

x1 = y(x0 -vt0 ), 

y 1 =Yo• 

t1 ={to-c2 ~xJ. 
TIOCJIC/IOBaTeJibHOH no){CTBHOBKOi! B nOCJIC){Y!OillHC paseHCTBa 3H3'1CHHH KOOp){HHaT H3 npe){b!JzyillHX 

Hai!){I!M 

x1 =x2 + y 2 ·y·6q>, 

Y1 =-Xz ·y·6q>+ Yz· 

YroJI nOBOpOT3 CTeplKHll B .I{BHJKYWCHCll CHCTeMe 2 OTHOCHTCJibHO ero nOJIOJKeHHll B CHCTeMC I, 

O'ICBH){IIO,paseH 

6a = arctg Yz - 6cp- arctg y, = arctg x,y2 - XzYt 6cp • 

Xz x, x,xz - YtYz 

TIOJ{CTaBHB CIOJ{a 3H3'1CI!Hll Xh y 1 H3 nOCJICJ{IIIIX paseHCTB, npi!XOJ{HM K pe3yJILTBTY . . 

6a = arctg{y • 6cp)- 6cp. 

TIOCKOJibKY yroJI 6cp MOJKIIO Bb16paTh CKOJ!b yro){HO MaJibiM, HMCCM 

6a = {y -I)· 6cp. 

3a o6opoT (n • '6cp = 27t) CTepJKeHb so spamaiOmei!cll cnCTeMe nosepHeTCll na yron 

a={y-1)·27t. 

"TpeXMepHOCTb" nOJIOlKCHHll CTeplKI!ll (yroJI C nJIOCKOCTbiO op6HTbl He paseH nyJIIO) IIC H3MCHHT 

llOJIY'ICHHbli! pe3yJILTBT, T.K. Z·KOOp){HHaTa TO'IKH B HMCeT O){HO H TO lKC 3H3'1CHHC BO BCeX 'ICTblp!!X 
< • ' 

CHCTeMax H He BXOJ{HT no3TOMY B ypasHCHHll, 3anHC3HHble Bblille. lfHhiM CJIOBOM, Ha yroJI 6a 

nosopa'IHBaeTCll npoeKQIIll CTeplKHll Ha nnocKOCTb op6HTbl. · 
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PaccMoTpeHm.Ji! 3cjHpeKT JIBJJlleTCJI npnmumnanLHo penliTHBHCTCKm.i: 

vl 
a"';z·lt npu v<<c 

n IDBeCTeH no~ HMBaHHeM "npe~eccuu ToMaca" (L Thomas, 1926). 

B 3aKJIIO'leHHe :noro naparpalfla e~e pa3 no,l{'lepKHeM, 'ITO 3~ecb 

paccMaTpHBaeTcH lf!H3HKa aToMa B OOH03lleKmpoHHOM npu6moiCeHuu. K CJIY'laiO 6onee 

CnO:>KHbiX, MHOro:meKTpOHHbiX aTOMOB Mbl o6pamMCH HH:lKe B rJI. 15. 

§ 14.3. CBepxTOHKaB CTpyKiypa aTOMHLIX ypoBHeii 

.IJ:o CHX nop Mbl C'IHTaJIH H.D:pO TO'le'IHOH 'laCTHIIeii: C 3ap.II,li;OM +Ze, If B 3TOM 

npH6nH:lKeHHH ITOn)"'HnH OCHOBH)'IO If TOHK)'IO CTpyY<Typbl aTOMHbiX ypOBHeii:. Y'leT 

KOHC'IHOCmU pa3MCp06 Ropa If HaJIH'IHH y Hero MOZHUmHOZO MOMCHma npHBO~HT K 

nOHBneHHIO ceepxmoHKOU cmpyKmyp&l ypOBHeii:. 

Ha'IHeM co Bmporo 113 YKaJaHHbiX 31fllfleKToB. TiycTb H.D:po o6nMaeT 

C06CTBeHHbiM MarHHffibiM MOMeHTOM ~nucl, KOTOpbJii: Y~06HO npe~CTaBHTb B BH~e(CM. 

§ 11.3) 

~nucl = Gnucl ·li ·I= ~Ngnucl ·I' (14.31) 

r~e hi- cnHH ~a, ~N- .II,ll;epHbiii: Marne-roH, gnucJ - 6e3pa3MepHoe rnpoMarnHmoe 

OTHOilleHHe ~aHHOrO ~a. 3Ha'leHHH napaMeTpOB gnucl If I C~ecTBeHHO 3aBHCHT OT 

COCTaBa .II,ll;pa - 'IHCna npOTOHOB If Heii:TpOHOB, If ero CTpYKTYPbl, T.e. B3aHMHOH 

OpHeHTaiiHH CITHHOB, 3Ha'leHHH CnHHOBbiX If op6HTaJibHbiX MOMeHTOB HYKJIOHOB B 

.II,ll;pe, If T.~. HanpHMep, H~po renHH (a.-'laCmiia) COCTOHT 113, ~yx npOTOHOB If 

~yx Heii:TpOHOB, opHeHmpoBaHHbiX TaK, 'ITO I= 0. CooTBeTCTBeHHO, ~a = 0. To :lKe 

HMeeT MeCTO y .II,ll;ep 
12

C (6 npOTOHOB If 6 HeHTpOHOB), 160 (8 npOTOHOB If 

It 8 Heii:TpOHOB) If ~pymx, TaK HaJbmaeMbiX tti!mHO-tti!mHblX .!I,ll;ep, B KOTOpbiX KaK 'IHCnO 

npOTOHOB, TaK If 'IHCnO Heii:TpOHOB 'lihl!ble H O~HHaKOBble. TipOCTeii:mee .II,ll;pO -

~eii:TpOH, COCTOH~ee 113 npOTOHa H HeHTpOHa, HMeeT CnHH I= 1 If ero rHpOMarHHmOe 

OffiOilleHHe JIHillb HeCKOnbKO OTJIH'laeTCH OT e~Hlfllbl: 
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~Deuteron = 0,977772 · ~ N • 

B TO :lKe BpeMH .II,ll;pO a30Ta 
1~ (7 npOTOHOB H 7 Heii:TpOHOB), TaK:lKe o6nMaiO~ee 

ciTHHOM I= I, HMeeT Marnnmblii: MOMeHT 

~Nilrogen = 0,403562 · ~ N. 

TaKoe pacxo~eHHe YKaJbmae-r Ha cno:lKHblli MeXaHH3M lflopMHpOBaHHH MarnHmbiX 

MOMeHTOB .II,ll;ep, 'ITO HBJIHeTCH npe~eTOM H3)"leHHH .II,ll;epHOH lf!H3HKH, ~OCTaTO'IHO 

pa3BHTbiM B Harne BpeMH. .ll:JIH OIIeHKH 31fllfleKTa MarHHmOrO CBepXTOHKOro 

pac~eiTJieHHH HaM ~OCTaTO'IHO npHBe~eH~biX CBe~eHHH. 

BocnonL3yeMcx BHa'lane KBaJHKJiaccH'lecKHM no~o~oM. Jl.z:lpo, o6nMaiO~ee 

MarHHmbiM MOMeHTOM ilnucl , C03~aeT B npOCTpaHCTBe MarHHTHOe none ~OJibHOii: 

KOHif!HrypaiiHH 

Bnucl(r)=-ilnucl + 3(r,ilnucl) -
r3 rs ·r, (14.32) 

r~e r - PMHYC-BeKTop H3 TO'IKH Haxo~eHHH .II,ll;pa B TO'IKY Ha6JIIO~eHHH. 3HeprHH 

B3aHMO~eii:CTBIIH 3neKTpOHa C 3mM ~arHHTHbiM noneM (eM. (11.26)) CKJIMbmaeTCH 113 

~yx 'laCTeii: - B3aHMO~eii:CTBIIH C06CTBeHHOro MarHHmOrO MOMeHTa 3neKTpOHa 

(11.24) C noneM Bnucl 

U, = -~e• Bnucl)"' _e_. (s, Bnucl), 
mec 

(14.33) 

If B3aHMO~eii:CTBIIH ~BH~erOCH 3neKTpOHa KaK 3apx:lKeHHOH 'laCmllbl C 3THM :lKe 

noneM. TiocneMee yrnep~eHHe Bbir~HT, Ha nepBblii:, B3r~, HeKoppeKmbiM, T.K. 

H3BeCTHO, 'ITO MarnHmoe none He H3MeHHeT KHHem'leCK)'IO 3Hepm10 'laCTHIIbl ( CHna, 

~eii:CTB)'IO~M Ha 'laCmlly B MarHHmOM none, BCer~a nepne~HKyJIHpHa CKOpOCTH 

'lacmllbl!). O~HaKO Mbi HMeeM ~eno c 6onee cno:>KHbiM cn)"laeM -:- ~H:lKeHHe 

3neKTpoHa B 3neKTpH'leCKOM If MarHHTHOM nOJIHX Mpa, r~e CKOpOCTb 3neKTpOHa 

3aBHCHT OT paCCTOHHIIH Me~ 3neKTpOHOM If .II,ll;pOM, a paCCTOHHHe H3MeHHeTCH npH 

"BKJIIO'leHnH" MarnHmoro noJIH. Ha H3biKe KJiaccH'lecKoii: 3neKTpo~HHaMHKH TaKoe 

B3aHMO~eHCTBHe MO:>KHO OnHCaTb C ITOMOIIIbiO MO~enH paMKH C TOKOM 

e 
I =--·v, 

e 21tr 
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noMemeHHoii a MarHHTHOM none B(r). Trucru~ "paMKa" o6na.n;ae-r, KaK HJBecrno H3 

::meiCTpO,ZUmaMHKH, MarHHTHhlM MOMeHTOM 

- 1 I S -Jlt=-· e· r·e.L, 
c 

r~e S, = 1t.; - rrnoma.zu, paMKH, e .L - e~HH'Illblii BeKTop, rreprreH~HK)'IDipHblii ee 

IInOCKOCTH. 0rciO~a 

_ evr _ e L-
Ilt =-·e.L =--· • 

2c 2mec 

r~e L = mJ r, ii]- op6HTallbHDiii MOMeHT 3lleiCTpOHa (10.1) (MDI HCIIOllb30BanH, 

ecTeCTBeHHO, rrpH6nmKeHHe Kpyrosoii op6HTbi). TllKHM o6paJoM, rronHDiii MarHHTIII.Iii 

MOMeHT 3lleiCTpOHa B aTOMe eCTb C}'MMa op6UmaJibH020 Jl] U CnUH06020 J.1e Ma2HUmHb!X 

MOMeHmOB ::meKmpOHa 

iltotal =ilt+ile ,_e_.(f+2S), ge ""2. 
2mec 

CooTBeTCTBeHHO, 3Hepi1U1 MarHHrnoro csepxroHKoro pacmenneHIDI orrHCbiBaeTCJ:I 

BDipiDKeHHeM 

U
11 

= __ e_ · ((i + 2s), .Bnucl{r)). 
2m0c 

Y'IHTbiBWI, rrro JapM 3neiCTpoHa paseH -e, rronyqHM rrpH6nmKeHHOe BbipiDKeHHe ,wu~ ' 

orreparopa BOJMymeHIDI: 

v(r)= ul!"" 2~ec ·( ( i + 2§). .Bnuclif)). (14.34) 

' . ~-

Ilo,nt~epKHeM, rrro orreparop i, co~ep)Kam;HH 'V, ~eiiCTBye-r rrpH Bbl'illcneHHH 3HeprnH 

B03MymeHIDI He TOllbKO Ha '1'-IJ!yHJmHIO, HO H Ha B(r). 

It Tenepb, uoo6me roaopJI, MOJKHO 61dJio 6bl 3am1caTb BblpaJKeHHe MJI oneparopa B03MymeHHJI 11 

noBTOpHTb npoue.nypy npe,m.mymero naparpacfla. OIUiaKo ecrecrneHHO 3a,naTb uonpoc - HaCKOJibKO 

noJI)"'eHHblit pe3yJIJ>TaT cornacyeTCll c ypauHeHHeM IlaynH, KOTOPOMY ~OJIJKeH "no.II.'IHHJITbCll" JJieKYpO~ 

B JJieKYplf'leCKOM H Man!HTHOM OOJIJIX ~a? 
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BHa'iaJie HaMi!M 3Ha'ieHHe BeKTOpa-nOTeHUHaJia Mll MarHHTHOI'O OOJ!ll ll.lqla (14.32), T.e. 

aeKTOpHYJO cflyHKUHJO ~(;:), y~oBJiernopl!IOmyJO paaeHcTBy 

rotA.w (;:) = Bnud (;:). 

KaK maeCTHO m KJiacc!f'leCKOit JJieKYpo~HHaMHKH, BeKTop-noTeHUHaJI "ro'ie'IHoro" MarHHTHoro 

~OJ!ll ji OID!CbiBaeTCll BblpaJKeHHeM 

~{r)=M r' . (I4.35) 

3Ta cflopMYJia cnpaBeMHBa MJI paCCTOliHHfi r Me~ TO'iKOli Ha6mo~eHHJI H ~HllOJieM npH ycJIOBHH, 

'iTO. lrl MHOfO 60JIJ>We pa3Mepa ~HllOJ!ll (eM., HanpHMep, (IO), C. 63, cflopMYJia (V.l2) H (II), c.85). Hac, 

O)UiaKO, HHTepecyeT noae~eHHe MarHHTHOfO llOJiii ll~pa npH r --) 0, T.K. B S-COCTOl!HHH BOJIHOBM 

cflYHKUHll OTJIH'IHa OT HYJ!ll npH r = 0 (CM. (13.43), (13.46), (13.50)). If XOTll pa.D:HaJibHM UJIOTHOCTb 

aepOJITHOCTH (13.55) H B S-COCTOliHHH pasHa eymo {pHC. 13.4), COOTBeTCTBYJOIUHH MaYplf'IHblfi JJieMeHT 

(I4.6) MOJKCT, aoo6me roaopll, 6J>ITb He paaeH eymo (eM. 3a,naqy I4.8 HHJKe). IloJTOMY Bbi'IIICJIHM 

3Ha'ieHHe MarHHTHOfO OOJ!ll MJ1 BeKTOpa-nOTeHUHaJia {14.35), He orpaH!f'IHBal!Cb 60JibWHMH 

3Ha~eHHJIMII r. KaK maecTHO m BeKropHoli anre6pbi, poTop BeKTopa Bbi'ii!CJilleTcJI no cflopMYne 

rot~=~.~)=[ v,[ji,:, Jl 
. ----

PaCKpbiBal! MOliHoe BeKTopHoe npomae~eHI!e 11 Y'ii!TbiBan, 'ITO ji = const , 3an11meM 

rotA =ii(v ;:)-(ii V}·;: 
J.l · 'r1 ' r 3 • 

Hcnonb3yll nepuoe 113 paaeHcTB (I4.17), npeo6pa3yeM nepaoe CJiaraeMoe B BbipaJKeHHII Mll rotA~ 

(v, ~)=-(v, v) . .!.=-d.!.=47to(r), r r r 
r~e o{r}- YpeXMepHal! 0-cflYHKUHli (§ 4.4). IloCJie~Hee paueHCTBO B JTOfi UeOO'!Ke eCTb ypaBHeHI!e 

IIyaccoHa MJI noTeHUI!aJia e~HHH'IHoro ro'!e'!Horo 3apMa. 

BTopoe CJiaraeMOe MOJKHO paCUI!CaTb B B~e CYMMbl 

~ __E_~e.x. 
L..llm L.. l · 
m=l ax., n=l r 

3~eCb e. - OpTbl. Ilp0113Be~eM ~HcflcflepeHUHPOBaHHe, He 3a6b1Bal!, 'ITO 

r=~±x;. 
l=l 

HaM eM 

r:: v) ;: _ ~ ~(e.o.., 3 -e.x.x,.) -\fA-, ·-r--L..J.l•L.. -,-- -s-- . 
r .w=tn:::tT r 
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Iloene C)'MMHJlOBaHHll no n, m (n = m) nOJI)"'HM 

-"' v). r =- ii +3(;:i,r)·r 
\)-', 3 3 s ' r r r 

'ITO coammae-r c (14.32). B pe:~ynLTare HMeeM 

B.(;=)= rotA,. =47t;:i·o(r)- ~ + 3{ii, :)·r, 
r r 

(14.36) 

qro coammaeT c BhlpaJKenneM Ml! MamUTHoro noJIJI T01Jeqnoro MarHUTHoro t~nnoJIJI ji (14.32) nne 

TO'IKII r = 0. 

Ilepeii.lleM renepb K aHaJJ113Y COCTOliHHll aTOMa BO;:(OpOt~a C yqeTOM MarHIITHOfO nOJJll, 

coJt~anaeMoro MarHIITHhiMH MOMeHTaMn llt~pa n JJJeKTpoHa. BeKTop-noremuran JTOro noJIJI eCTh cyMMa 

nOTeHI.lllaJJOB noneii o6ei!X 'laCTIII.{ aTOMa: 

.4~. i-;)= .4.(;;)+ A,(r;)= ~ •• lr.t ~2• r;] 
r1 r{ • 

BeKTOpbl ;;, r2 onpe;:(eJJeHbl B COOTBeTCTBIIII C puc. 13.1. IloMeCTJIM Ila'laJJO OTC'IeTa B TO'IKY C l.{eHTpa 

Mace qacTHI.l1, 2. Tort~a 113 (13.5) cneeyeT: 

rc = 0, r. = rw r; = rC2 . (14.37) 

IloKa He Cyll.{eCTBeHHO, KaKall 113 ;:(Byx 'laCTIII.{-ll;:(pO, a KaKal!- 3JieKTpOH. raMIIJJhTOHHaH 3TOH CIICTeMbl 

JanHIIIeM B Bll;:(e 

·2 •2 
" (- - ) Pi P2 (-)· " (-) • (-) H rl>r2 =-+-+U r +Vnj r +UJ.l r , 

2m1 2m2 
(14.38) 

rt~e p 1, p 2 - onepaTopbi HMITyJJhCOB 'laCTIII.l, m., m2 -!IX Macchi, u(r)- JHepfHll KYnonoacKoro 

B3aiiMO;:(el!CTBHll 'laCTHI.{ (13.16), Vn1{ii)- onepaTop 3HeprH11 TOHKOfO pacmenneHIIll (14.24), u.{r)-

onepaTOp 311eprH11 B3aHMO;:(eHCTBIIll MarHIITHbiX MOMeHTOB 'laCTIII.{: 

&.{r)= -~ •. .82(7)), (14.39) 

B2{r)- MarHIITHOe none, C03;:(aBaeMOe MarHJITHbiM MOMeiiTOM jl2 B TO'IKe HaxOJK;:(eHIIll 'laCTIII.{bl 1 

(eM. (14.36)). Jl:anLwe HYJKHO, KaK 3To t~enanocb a § 11.4, JaMeHIITh onepaTOphi IIMITyJJhCOB p
1
_ 

2 
na 

onepaTOphl o6o6meHHhiX HMnynLcoa (A) ( 11.28) . .Hcno, 'ITO npn 3TOM B BhipaJKeHIIe Mll onepaTOpa 
I, 2 

11 nepaol! qacTHI.lhi HYJKHO not~CTaBIITh 3Ha'lenne aeKTOpa-noreHI.{IIaJJa noJIJI BTOpoii qaCTHI.{bl a TO'IKe 

naxolK;:(eHIIll nepaoii, n nao6opoT: 

.::.:: e.-(-) P1 ~ P81 --·A, r, 
c 

.::.:: e2 -(-) P2 ~ Pn2 --·A1 -r, 
c 
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e., e
2 

_ 3apMLI qaCTHI.l: OnepaTOphi Po B ypanneHHH lllpet~HHrepa (Ilayn11) t~el!CTBYJOT, KaK 11 npn 

Bb!BO;:(e (14.18) Bb!We, He TOnhKO Ha ljl-«jlyHKLUIIO, HO II Ha BeKTOp-nOTeHI.{HaJJ. Il03TOMY cnaraeMbie C 

p~ 2 8 (14.38) eneeyeT pacn11caTb c yq!!ToM JToro o6CTOliTeJihCTBa. Ilpot~enaeM 3TH npeo6paJOBaHHll 

;:(Jill'laCTHI.{bl 1: 

(.:: e -)2 

(.:: e1 -) (.:: e1 -)-(.:: )
2 

e 1 {(.:: -) (- .:: )} e; 2 p81 --;A,_ = PBJ--;;A2 · Pa.--;;A, - PBJ --;; PBJ,A2 + A,_,pBl +?'A2 • (14.40) 

Ilpll not~CTaHOBKe B ypaanen11e lllpet~IIHrepa nepaoe enaraeMoe a «jlllrypHhiX cKo6Kax cnet~ye-r JanncaTh 

B Bll;:(e C)'MMhl ;:(Byx 'IJJeiiOB 
~ 

(~Bl• ,42 }'I' =(~BI• A, }'I'+( A2, ~BI}'P. 

CTpenKa-eyrn u nepaoM 'IJJene oJna'laeT, 'ITO ;:(H«jl«jlepeHI.{IIpOBanmo (onepaTOpV1) Jt~ecb no;:(Beprae-rcll 

TOJibKo «jlynKI.lHll .4,(7). Ilot~CTaanu Jnaqenlle ~a (11.28) 11 A(r) (14.35), naiit~eM 

~ 

Ua•· A,(r))= -in{ v .. ~;; 71)=o, 
qro CJieeyeT H3 (14.17) noCJie nepeCTaHOBKH COMHOJKIITeneit V II jl2 • TaKHM o6pa30M, B (14.40) 

oCTaiOTCll t~Ba O;:(IIHaKOBhiX cnaraeMhiX, cot~epJKamllx ( A2, ~81 ). 3To npOIIJBet~enlle MOJKHO 

' npeo6pa30BaTh, HCnOJJh3Yll (11.28), cne;:(YJOII.{IIM o6pa30M: 

(-(-\ .:: ) (w ·~v) (il2 [- ·~v ]~ m. +m2 (i:i2 .::) A2 rfoPBI = r3 ,-In I = ?' r,-z, I~=-----;;;;--· 7'1, ' (14.41) 

f;:(e t = [rCI, ~BI ]- onepaTOp MOMeHTa HMITyJJhCa 'laCTIII.{bl 1 B MafHIITHOM none. Jl:nll 'laCTIII.{bl 2 

nonyqiiM aHaJJOrH'IHOe BblpaJKeHIIe 3aMeHOl! IIH;:(eKCOB 1 ~ 2. 

CnaraeMoe c A; B (14.40) MOlKHO oropOCHTh B BIIJ:IY ero MaJJOCTII. Jl:eiiCTBHTenhiiO, cpaBHIIBal! 

'IJieHbl A; H ( A2 , ~81 ), naH.lleM (m1 = m., m2 ~ mnucl) 

HJIH 

1 I (-~ eJJ.l2 m, 3 1.:: I n -· eA r~-------·a ·me<< p ---,.a·mc 
c I 2 cR~ohr mnucl e Bl RBohr e ' 

a2 . ...!!'!!.....<<1. 
mnucl 

- CpaBIIHBal! A1
2 11 (.41, p82 ), npi!XOJ:IIIM K ananoru'IHOMY nepaaencTay: 

a 2 <<1. 
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!1 

()qeaHJUio, o6a yCJJoBIDI BhlllOJIHJIIOTCll, no Kpaifneli Mepe, e TO'IHOCTbiO .no a.2 
"" 5·1 o-s. HaKoHe~ 

Y<JHTb!Ball, 'ITO V 1 = -V2, JanHilleM (eM. (I 1.28)) 

(~a.r (~a,)' h2 

---+---=---·.1., 
2m1 2m2 2m0 

r.ne .1. - onepaTOp Jlannaea no Koop.D;HHaTaM aeKTopa ;: , m0 - npHBe.neHHall Maeea eHCTeMhl .nayx '13CTHJl 

(13.1). 

Tenep~> MOJKHO npe.ncrnaHTh raMHJibTOHHan (14.38) a an.ne eYMMbi 'IJ!enoa, y6MBaiOIIIHX no 

BeJIH'IHHe: 

Ii(r., ;:2)= Ii(r)= H0(r)+ v.j(r)+ v~(r). (14.42) 

3.neeb H0(r)- raMHJibTOHHaH "HeBOJMymennoro" aTOMa ao.nopo.na (eM. TaKJKe 3a,naqy 13.2), v.j(r)::

onepaTOp 3HeprnH TOHKOro paemenneHHJI (14.24), V~(r)- onepamop CBepxmOHKOZO MClZHUmHOZO 

paCUJel'l!leHim, KOTOpblif Half.nelll, eofipaa BMeeTe ,naa enaraeMbiX BH.n'li (J4.4J) H U~ (r) (14.39): 

v~(r)=-~·{~(~(r), ~a.)+...2...(.4,(-r~ ~82)}+u~(r). 
c 2m1 2m2 ~ 

(14.43) 

IlO.D;CTaBHB e10,na ( A2j 81 ) H ( A1j 82 ) H3 (14.41) H U~(r) (14.39), OKOH'IaTeJibHO nOJiyqHM 

• _ 1 { (.: .:) (.: .: )} (.: .: ) _ (~ •• ~2) \~ .. ;:){~2•;:) 
V~{r)=- mocr3. e, fl2,I, +e2 fl,,£2 -41t fl,,fl2 ·o{r)+--r-3- . . 

IlOKaJaTeJ!bHO, 'ITO H 3.D;eeb nOJIBJIJieTCJI npHBe,neHHall Maeea m0 (13.1). KpoMe TOro, Y'JTeHO, 'ITO 

~1 , ~2 - onepaTOpbi, T.K. OHH nponOpllHOHaJibHbl enHHaM. MOMeHTbl HMnyJibeOB 'laCTHQ) H 2 MOlKHO 

Bbipa3HTb qepe3 MOMeHT HMnyJibea '!aCTHllbl e npHBe,neHHOlt Maeeoif 

)l:eltCTBHTeJibHO (eM.(13.5)), 

H, aHaJIOrH'!HO, 

i = f, m.frj. 

- r- .:. ] m2 r- .:.] m2 -I, =rc1,m1rc1 =---r,m0r =---·L 
m1 +m2 m1 +m2 

- m -L2=--2-·L. 
m1 +m2 

IJ03TOM)' Bb!paJKeHHe (14.43) MOlKHO 3anHeaTb B BH.D;e 

v~ =-:l {(~, ~2 + ; 2 ~.).i )-4{~ .. ~2}o(r)+ (~'}2) \~ .. ;:):(~2•;:) 
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(14.44) 

(14.45) 

3TOT pelyJibTaT OTJIH'IaeTCll OT (14.34) H liBJilleTCll TO'IHblM (CM. TaKJKe (2], .3a,naqa) K § J2J). 0rMeTHM, 

'ITO 

!2__.&__~ 
ml m2 mempc 

TaK 'ITO HH o.nnnM H3 cnaraeMhlX B nepBbiX CK06Kax HeJib3ll npene6pe'lb. )l:nll aToMa uo.nopo.na n 

BO)IOpOIIOllO)IOfiHbiX aTOMOB H HOHOB 

e1 =-e, m1 =me, e2 =Ze, m2 ~A·mp, J.1 1 =Jle:=:::-J..t 8 , J..1 2 =J.lnucl' 

A- aTOMHblif sec aToMa, l!nucJ- MarnHTHblif MOMeHT lltlpa (§ 11.3). CooTBeTcmenno, 

v. =~·((a""" +~.(-a.)J zJ_41t.f:. ~ ).o(r)+@ •. a."") 3@,,;:).@"""';:) 
Jl cr3 m A m ' \lle' ,...nucl l s • 

e p ~ r r 
(14.46) 

3aMeTHM, 'ITO t~aJKe s S-cocTOliHHH, rt~e L = 0, npene6peJKemte cnaraeMbiMH c A1
2, Ai, ct~enannoe 

BbiWe, OCTaeTCll KOppeKTHbiM, T.K. )laJKe H3HfiOJibWee H3 HHX 

2A2 2 2 I 1·11 2 e 1 e fl, fl. rp m, fl, ---2---2 ·-.-<<--3----·-3-. 
2m2c mPc R80h, Raoh' mP Raoh' 

TaKHM o6paJOM, oTnowenne 3THX qnenos noplli\Ka r./ Raotrr - 5 · 10-'. 

)l:anee eylKHO llO)ICT3BHTb onepaTOp B03MymeHHJI B (14.JJ) H nposeCTH COOTBeTCTBYIOillHe 

Bbi'IHCJieHHll. Hx yt~aeTCll ct~enaTb i\illl, npocTeifwero cnyqall sot~opot~onot~o6Hblx aTOMOB 

(CM. 3a.D;3<JY )4.9 H § )4.6 HHJKe). 

B o6meM Cnytiae B BOllHOBbiX cpyHK~JUIX MO)l(HO pa3.n:enHTh KOOp.U:HHaTHYJO H 

CIIHHOBYJO 'IaCTH: 

'P(r, Sa•. !a)= \jl(r)· x(sa)· X(! a). 

Ka)l(.ll:hiil: orrepaTop .n:eil:cTByeT Ha "cBmo" qacTh, TaK 'ITO MO:lKHO JarrucaTh 

L'P = L'P, ~=~. I'¥= I'¥, 

r.n:e S, tzl- OIIepaTOpbi CIIHHOB :meKTpOHa H x.n:pa">. Bhi'IHcneHHe CKanHpHbiX 

11pOH3Be.n:eHHH ( i, 1) H ( §, 1) H HX C06CTBeHHhiX 3Ha'IeHHH cne.n:yeT 11pOH3BO.ll:HTh, 

~ . -
QfipaTHM BHHM3HHe, 'ITO cnUH ROpa 3)\eCb H )laJiee OfiOJHa'!eH npOH3Be)leHHeM CHMBOJIOB Iii ('ITO 

CBll3aHo C HeJKeJiaHHeM HCUOilb30BaTb fiyKBY i i\illl 0603Ha'!eHHJI CllHHOBOro 'IHCJia ll)lpa, T.K. B03HHKaeT 

nyTaHHQa C i "' ~ ). 
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KaK II B npe.L(bmymeM naparpacpe (eM. (14.20), (14.21)). IloeKonbKY MarHIITime none 

smpa 

B Jlnucl 
nucl ---3-, 

r 

TO B pe3yllbTaTe MOJKHO e,L(enaTb BblBO.L(, 'ITO no nOpMKY Bellii'IIIHbi e,L(BIIr ypOBIDI, 

eBX3aHHblll e B3aiiMO,L(eil:eTBIICM MarHIITHbiX MOMeHTOB :meKTPOHa II H.npa, paBeH 

DEmagn - Jl BJl N . Kus . cl3). (14.47) 

3.L(eeb Ku,- K03cpcpiii!IIeHT, auanorn'IHbiil: K1e, B (14.23) II YlJIIThiBaiOIIIIIil: ,L(eil:CTBIIe 

A A A 

onepampoB S, Z, J, a TO'IHee- B3aHMO.L(eil:eTBIIe MOMeHTOB X.L(pa f II 3lleKTPoHa ] • 

3Ha'leHIIe 3TOrO K03cpcp1IIIIIeHTa 3aBIIeiiT OT nonHoro MOMeHTa aTOMa F, KOTOpblll 

* 
eKna,L(biDaeTeX Tenepb II3 J II j. B eOOTBeTeTBIIII e npaBIIllOM enmKeHIIX MOMeHTOB OH 

MOiKeT llpiiHIIMaTb O,L(HO II3 B03MOiKHbiX 3Ha'leHIIll 

Fr::,j+l, j+l-1, ... , lj-II. (14.48) 

Benii'IIIHa (r-
3
) YiKe B03HIIKana B § 14.2. B 'laeTHOeTII, B 3a,L(a'le 14.4 Mbl TIOllYlJUllii ee 

3Ha'leHIIe 'Iepe3 ro (eM. (14.29)). 06ne,L(UHAA K03cpcpiiiiiieHTbi Cne B (14.29) u Kus B 

(14.47) B O,L(IIH, 3aTIIIIIIeM 

z3 
DEmagn- Jls ·JlN ·KnF ·-3 · 

ro 

HaKOHeii, YlJIITbiBax BbipaiKeHHX MX JlB, JlN, r 0, MOiKHO OKOH'laTellbHO 3aiiiieaTb 

~ me 2 z3 K 
uEmagn- -·a · ·£o · nF • 

mP 
(14.49) 

CpaBHIIBax 3TOT peJynbTaT e (14.23), (14.24), BII.l(IIM, 'ITO MarniiTHoe eBepxTOHKoe 

paemenneHIIe MeHbiiie TOHKoro npiiMepHo B m.jmP = 1/1836 pa3, T.e. ena6ee Ha 

Tpii nopX,l(Ka. 

It 06paTIIM BHIIMaHIIe Ha O.l(HO BalKHOe o6eTOXTenbeTBO: OIIeHKa (14.47) MOiKeT 

6hlTh TIOnytieHa Ha OeHOBe (14.34), T.e. II3 paeeMOTpeHUX B3auMO,l(eil:eTBJijl3lleKTPOHa e 

MarHIITHbiM noneM H.npa. TotiHO Tar<oil: iKe pe3ynhmT (eeTeeTBeHHo!) ,l(a~ oueHKa 
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BJaiiMO.L(eil:eTBIIX H.npa e noneM .L(BIIlKYIIIeroex 3neKTPoHa (eM. 3Ma'ly 14.8 II 

[2], § 121). 

3ll,lla'la 14.8. OueHIITb B np116JII!lKeHIIII MOAeJIII aToMa Eopa :mepr1110 B3ai!MoneiicTBHJI MarHHTHoro 

MOMeHTa llnpa c MarHHTHbiM noneM ABIDK)'merocJI 3JieKTpoHa. 

BOCIIOJib30BaBWIICb 113BeCTHbiM BblpalKeHI!eM AJIJI MarHIITHOro IIOJIJI B UeHTPe Kpyroaoro BHTKa 

C TOKOM, 3alli!WeM 

B(O)= 27t/, 
cr. 

IlOACTaBIIB CJOAa 3Ha'leHI!e /, (14.34) II Y'JIIThiBaJI, 'ITO 

Hai!ABM 

L 
v=--, L,::::; f.·li, 

mr. 

lie - f- -( ) f · 1 m•gn -l}lnuci•BO) -~ 
r,~ ' 

'ITO coarranaeT no nopl!AKY aeJIII'IIIHbi c (14.47). 

' 
Ilepeil:,L(eM Tenepb K paeeMOTpeHIIIO 3cpcpeKTa KOHe'IHOeTu pa3MepoB H.npa. KaK 

II lli06ax eHeTeMa 3apX,liOB, H.npO MOiKeT o6na.L(aTb eo6eTBeHHbiM .l(HnOllbHbiM II 

KBMpynonbHbiM MOMeHTaMH (a TaKiKe MOMeHTaMII 6onee BbieOKOrO TIOpX,liKa, KOTOpbie 

II OniiebiBaiOT OTllll'IHe 3lleKTPH'leeKoro nonx X,llpa OT nonx TO'le'IHOro 3apX,lla). 

IloTeHIIIIall TaKOro nonx MOiKHO npe,lleTaBHTb B BH,l(e pH.na y6biBaiOIIIIIX 'llleHOB ...:. 

noTeHIIHallOB TO'le'IHOrO 3apH.na, 3lleKTPH'leeKIIX .l(Hnonx, KBa.L(pynonx, II T.,l(.: 

cp(r) = cro{r)+ cpd (r) + <Pquad{r)+ ... , 

(-) Ze (-) (ci,r) cror=-,cpdr= 3' 
r r 

Qaf.l cP (I) 
cpquad = 2. axaax~.~ . -;: ' (14.50) 

d = fp(r')· r' · dV'- .l(IInOllbHblll MOMeHT, 

Qaf.\ = fp(r')·x~xpdV' -KOMnOHeHTbi KBMpyrronbHOrO MOMeHTa. 

He, 6y.l(eM MYlJHTb 'IHTaTenx auanuJOM o6mHx BbipaiKeHnil:, a orpaHH'IHMex oueHKaMn 

Ha npuMepax. IIpoeTeil:IIIHil: npnMep mo'le'lHozo ouno!IR - .L(Ba TO'le'IHbiX 3apH.na, +e n 
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ll 

-e, OTCTOHIIUfe Ha pacCTomme ii. Tor~a none TaKoii cn:cTeMhl (pn:c. 14.3) Ha 

paCCTOXHIIHX r >>a (OTCIO~a II "Toqe'IHOCTh11 ~nonx) OniiCbffiaeTCX noTeHI~IiaJIOM 

+e 

1 1 _ . ___ =e· 
3 

r 
) ( 

1 1) [ 1 _.!_] ~ ~A.-)~e{;n-;n -e ji' -GJ r 'f,(r• -a.) 

~eL;raaa =(J,r) _ 
r3 3 • d =ea-a r . 

PHc. 14.3. K paC'Ie'I)' noTeHuHa.na "ro'!e'!Horo" 

.liHDOJIJI 

BeKTop a HanpaBJieH OT -e K +e. 

IlpHMep npocTeiimero KBa,npynonx npe~CTaBJIIDOT ~sa aHrnnapaimeJibHblX 

~n:nonx (pn:c. 14.4). IloremJ;n:an ero nonx, oqea~o, ecn. 

_(J.~) (J.~) --- b--- b-
<i>quad - 3 - 3 , 1j - r2 + = r + . 

'i r2 

PH c. 14.4. Iln:oCKHA KBaJIIlYDOJib 
+e 

-e 

Ilpon:3Be~ aHanOrn'IHoe pa3JIO)KeHn:e, H~eM Bhlpa)KeHn:e, KOTopoe B o6meM cnyqae 

~OBOJibHO rp0M03~0: 
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(J,r +b) (J.rL J,E -3(a,;;).(E.rL 
r3 r3 rs 

<i>quad 

(~~ +bJ r2 
(14.51) 

=-;((a, E)- 3 (a.riE, r )) 
r . rz . 

0TCIO~a, KaK, BnpoqeM, II Ii3 (14.50), CJie~yeT, ~0 OUnO!lbHblU U K6aOpynO!lbHblU 

nomeHIJUWlbl no nop~ BeJIII'IHHbi coCTaBJIXIOT 

e·a e·a2 

<i>d- -2-• <i>quad- --3-' 
r r 

(14.52) 

r~e a - xapaKTepHbiii pa3Mep cn:cTeMbi 3apx~oB, B aameM cnyqae - pa3Mep Mpa. 

3aeprnx B3an:Mo~eiicTBn:x ::me~crpoaa c noneM Mpa MO)KeT 6biTb, 

COOTBeTCTBeHHO, npe~CTaBJieHa B BII~e pMa 

e = -e · <p(r) +bene + bemagn =en +bed +be quad + bemagn, (14.53) 

r~e e, - paccMoTPeHaax Bhime :meprnx ypoaaeii c yqi!ToM TOHKoro pacmerrnean:x 

(14.23), (14.24). B COOTBeTCTBiiii C (14.11) IIMeeM 

f( o\* 1J,r\ ( o) 3 bed= -e· IJ!n) ·~· IJ!n ·d r, 
. r 

beduad- -e
2
a

2 J{IJI~J ·~(IJI~)·d3r. 
r 

(14.54) 

,ll;n:noJibHhiii qnea CTPoro paaea ayJIIO. 3TO an:~ao n:3 rrpn:ae~eaaoro Bbipa)KeHn:x: 

3aJIIiCaB (J, r )= dr · COS8, T.e. HanpaBIIB IIOJIXpHYfO OCb B~OJib BeKTopa d, pa3~eJIIIM 
RHTerpan Ha p~anbHYIO u ymoayw qacrn. ~x ymoaoii qacTn: n:HTerpana n:MeeM 

~Yem(e)l2 ·cose ·dQ = 0, 

~o npocJie)KllaaeTcx 6e3 TPY~a aa Bbipa)KeHn:xx (1 0.31 ). ,ll;nx KBa,npynoJibHoro 

CBepXTOHKOro pacmenJieHIIX Ii3 (14.54) IIOJIY'IHM (c yqeTOM (14.29)) 

( 1) e
2
a

2Z3 

bequad-e
2i:i· 3 =--3-·Cnt· 

r r0 
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It 

3a 3HaKOM O~uad 3,L(eCb ll .L(ariee Mbl He 6y.L(eM CJie,L(llTb, T.K. OH ·3aBllCllT OT KOHKpeTHoro 

pacrrpe.nerreHux 3apMa B Mpe. 3TO BhipiDKeHue y.no6Ho rrpeo6pa1oBaTb, ucrrorrb30BaB 

Bbipa)!(eHllH (2.5) ll (2.8): 

r. 
ro ""RBorh =-2' 

a 

Tor.na (14.55) MO)!(HO 3arrucaTb B Bu.ne 

e2 

~""Co. 
0 

a 4 3 

( )

2 

ocquad - r. . a . Z . eo . 2Cne. (14.56) 

Pa3Mep x.npa (7.53) a -10- 13 A1
/
3

, r.ne A - aTOMHhiH Bee, r. ""2,8·10-13 CM, II03TOM~ 

alre- 1 BIIJIOTh .no A - 20, TaK qTo 

ocmagn - ~. _1_"" l(j 
2 ' 

oc:quad mproton a 

T.e. KBMpyrroJibHoe pacmerrrreHue Ha rropMOK crra6ee MarHurnoro u rrpoHBJIHeTCH B 

aToMax c HyneBhiM crruHoM u HeHyrreBhiM KBMpyrronhHhiM MOMeHTOM x,npa. 

3a){a'!a 14.9. HafiTif 3Ha'!eH!fe esepXTOHKOfO pael!leiDieH!fll OeHOBHOfO 12S112-eoeTOl!Hifll aTOMa 

BO){Opo,na, 8 aTOMe BO.QOpO.Qa HMeeT MeeTO TOJILKO Jlj!lj!eKT MarHHTHOfO esepXTOHKOfO pael!leiDieH!fll, 

T.K, ero li.QPO- IIpOTOH- He lfMeeT KBa.QpyiiOJILHOfO JJieKTplf'!eeKOro MOMeHTa. 

8ocrrOJILJyeMel! eTpOrHM BLrpaJKeHHeM Mll orrepaTOpa BOJMyl!leH!fll (14.46). 8 eoeTOl!HHif IS 

JJieKTpOH He HMeeT opfiHTaJILHOfO MOMeHTa (i = 0). 00JTOMY OrrepaTOp B03MYl!leH!fll (14.46) lfMeeT B~ 

v.(IS)= -4n(~,, ~P)· 5(r)+ (~,jP) r' ~__L_~ J (14.57) 

3.neeL iioucl (14.31) eo.nepJKIIT orrepaTop cn!fHa li.Qpa I. 8 HaweM enyqae ll,npo - rrpoToH. 

CoorneTCTBeHHO (eM. § 11.3), 

• • I 
iioud =iip =J.lp·J. 

If rrorrpo6yeM pewHTL Ja,naqy "s no6", BLI'IIfCJIIfB seJIIf'llfHY 5t;..gn Mll orrepaTOpa V" (eM. (14.11)). 

8LipaJKeH!fe .Q!Ill V" (14.57) MOJKHO TerrepL rreperr!feaTL eJie.Qy!Ol!llfM ofipaJOM: 
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• J.l •J.l ~(~ ~) ( ) ] A A ( 5 X X )] v. =--·--P. s, 1 ·4n5;: + L s,Ii ---.!f-+3~ • 
M ~w r r (14.58) 

:3Hepnno ManrnTHOfO esepXTOHKOro pael!leiDJeH!fll Haii.QeM, lfeiiOJILJyll 3Ha'!eHHe ljl-lj!yHKUHH 

t 2SiffCOCTOl!Hifll: 

'i',s(r, sk, Ii)=."',s(r). x(si )· x(Ii), 

r.ne lj!yHKUifll ljl,s{r) .naHa B (13.43), x(st), X(/t)- enlfHopLI, oii!fcLIBaJOl!IHe eii!fHosoe eOCTOliHife 

3neKTpoHa n ll.npa eoOTBeTCTBeHHo. Tor.na B BLipaJKeHnlf .QJill 5t;..gn (14.11) MOJKHo paJ.nenHTL 

rrpoCTpaHCTBeHifYIO n ennHOBYJO 'laeru. OpoCTpaHCTBeHHal! '!aCTL eo.nepJKHT TpH HHTerpana no ofiDl!My 

aTOMa (0 !5: r $ oo). OepBLIH H3 HHX eCTL (eM. (13.43~ 

Inti= 4n J5(r)·lljl,s{r)l
2 
d'r = 4nlljl,s{O)I

2 
= ~. 

ro 

8TOpoii HHTerpaJI 

( ) I 
1 _ 2 

3 
45 ~ e-2r/ro 

lnt2u=-5u , .. ,ljl,s{r)l dr=---f-J--·dr 
r r0 0 r 

norapnlj!Mif'leeK!f pacxo,nnTel! Ha . HHJKHeM rrpe.nene. Ho JTa oeo6eHHOCTL "raeHTCll" TpeTLHM 

HHTerpa!IOM. ~eHCTB!fTeJILHO, JTOT TpOHHOH HllTerpaJI 

( ) Ixtx, I (-~2 dJ 3 JJJxixt -2rfro dx dx dx k Int3u=3 -5-·1j118 r~ · r=;--3 _ -
5
-·e · 1 2 3

, ,l=l,2,3, 
r n~ ~ r 

IIpH b!-l CO.QepJKHT IIpOHJBe.QeHHe .QByx HllTerpaJIOB (B fieeKOHe'!HL!X npe,nenax), KaJK.QhlH HX KOTOpb!X 

eCTL HHTerpan OT. HeCHMMeTplf'!HOH lj!yHKIU!If B eHMMeTplf'!HLIX rrpe.QeJiaX, 'ITO, KaK HJBeCTHO, 

paBiflleTCll lfYJIIO. llOJTOMY HeeyneBLie 3Ha'!eH!fll lnt3 HMeeT TOJibKO rrpn k = l: 

(Int3)kt = Ou·3 IJVi ·e-2r/ro ·dx, ·dx2 ·dxl. 
1tr~ co rs 

8 3TOM BL!paJKeHH!f IIO.IU>IHTerpaJibHal! lj!yHKUifll HMeeT O.QHH H TOT JKe Blf.Q IIplf JIIOfibiX k, a KOOp.QHHaTLI 

Xt pasHorrpaBHLI, T.e. 3xi = r2 
• CooTBeTCTBeHHo, 

okl 1 -2r J 4ou' e-2'1"' 
(Int3)u =-J-·e fro ·d r=-J--·dr =-(Int2}u, wg r 3 rg r 

'ITO JIHKBH.QHpyeT pacxo.QHMOCTb. 0.QHaKo CYMMa nmerpaJioB 2 n 3 "He snonHe" pasHa eyn10, T.K. no 

tyl!lecrny 3TO paJHOCTL .QByx BeJIIf'IHH, CTpeMlll!IHXCll K 6eeKoHe'!HOCTH rrpn CTpeMJieHHH K lfYJIJO 

HlfJKHero rrpe.nena H!fTerpana, T.e. Heorrpe.neneHHoCTL, paeKpLITb KOTOPYJO e111e HYJKHO eYMeTL. C.nenaTb 

3TO IIplf BLI6paHHOM enoco6e Bhl'IHCJieH!fll e.QBa nn BOJMOJKHO. TeM He MeHee PeJYJILTaTLI peweH!fll "B 

JI06" MOJKHO HCIIOJIL30B3Tb .QJill OfiOCHOBaH!fll "Heiipl!MOfO" peWeH!fll, KOTOpOe .H IIpHBC.QeM, HeiiOJILJYll 

IIpHeM, IIpHMeHilHHLIH .QJill peWeH!fll 3TOH 3a.Qa'!H B (8) (3a.Qa'!a 11.4). llpH 3TOM IIOCTBpaeMCll HJfieJKaTb 

IIpHMeHI!HHL!x TaM MaTeMaT!f'ICCKHX onepal(HH, KOTOpble MOiyr Bbl3BaTb 3aTpy.QHCHHe y 'IHTaTeJill, He 

CJIHWKOM HeK}'WeHHOro B eiielU!aJibHL!X IIpHilMax TeOpeTif'ICeKOH lj!HJHKH. 

229 



t1 

lfCIIOJIL3yeM BHa'!aJie pe3yJILTaT, IIOJIY'IeHHLiii IIpH perneHHII "II JI06": ueeynesoii BKJil!J{ B 

3Ha'!eHJ!e lntJ ,llaJOT CJiaraeMLie Xt. X1 TOJILKO IIpH k = /.. Ha 3TOM OCHOBaHHH MOlKHO YTBeplK.IIaTL, 'ITO B 

(14.58) MOlKHO oTfipOCHTL CJiaraeMLie C k '#f. H 3aiiHCaTL BLipalKeHHe B KBa.npaTHLIX CK06Kax B B~e 

s, I ·41to;: + L s,Ik --T+3__!_f = Lstik 41to;: - 3 +3-1- . ~( .!: .!:) () 3 A A ( 0 X X )] ] A A ( () I x
2

) 

. t,t=t T T t=t T T 

3aTeM sepHeMCll o6paTHO OT o-cpyHKIUll K JiaiiJiaCIIaey (CM. BLIBO.II (14.36)) II HCIIOJIL3yeM paBeHCTBO 

~(.!.)=-_!_+3Xf. 
Oxf T T3 T5 

Bee sMeCTe JTo Aat!T 

[(
.!: .!:) ( ) ] A A ( 0 X X )] 3 A A ( 0

2 
) I s, I ·41tBr + L s,Ik --T+3__!_f =LStik -~+-2 ·-, 

t.t=t T T t=t Oxt T 

H OIIepaTOp (14.58) MOlKHO 3aiiHCaTL TeiiepL KaK 

A ll.ll p 3 A A ( 02 J I 
V~=---·LStik· -~+-2 ·-. 

Iii t=t Oxt T 
(14.59) 

BTOpoe YTBeplK,IIeHue, noJIY'IeHl!oe B pemeHHl! "B no6",- pasnorrpasnocn Koop.nunaT Xt. x2, x3• Onn JKe 

COBepmeHHO CHMMeTpH'IHO BXO,IIliT B cpymauno r{X,t), IIOII.JielKamyJO ,nucpcpepeHI~HpOBaHHJO B IIOCJieAHeM 

BLipalKeHHJI. Bel! 3TO II03BOJilleT C,lleJiaTL BLIBO.!I, 'ITO 

~IJ1 1s{r}J2 ( ~- !; }~d3T=C, k=l,2,3, 

rAe C- KOHCTaHTa, o.nna u Ta JKe Will mo6oro Il3 HH.neKcos k. 3aniicas TPH 3TH pasencTBa II.Jill, KalK,IIoro 

H3 k H CJIOlKHB HX, HaH,IIi!M 

~'l'ts(r)J 3~-L-2 ·-·d3T=3C. 2( · ' o2 
) I 

t=t Ox1 T 

3 02 
IlocKoJILKY 3~-L-2 = 2~ n ~(1/T)= -47tli(r), noJIY'IHM (eM. (13.43)) 

k=l Oxt 

81t I 'o·)J2 - _ _!_ . C=-3· 'l'ts~ - 3T; 

HcnoJIL3yli3TOT pe3yJILTaT, nalt.neM Will onepaTOpa (14.59) 

&._ =(r,s, Ilv~lr,s,I)= ~J ·(s,II(§})Is,I){ -~). 
CnHHOByro 'laCTL 3Ha'leHllllli~ BLI'IIICJIHM, BOCOOJIL30BaBIIIHCL paBeHCTBOM (CpaBHH (14.20)): 

,~.hi)=(~+niJ -rr -h2·1lr. 
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(14.60) 

- 1.!:1
2 

1.!:1
2 

. I IlocKOJILKY Sx.=hsx, (11.5), S X,=h2s(s+l)·x,, I Xp=l(l+l)·XP' l±s=F, l=s=2, 

uaii,ll;i!M, YlJTll OpTOHOpMupOBaHHOCTL CIIHHOBOii '!aCTH IJI-.Pymaum, 

((&.i)) =!!_· [F(F + 1)-s(s + 1)-l(I +I)]=!!_·{ I, F =I, 
2 4 -~ F=Q 

Ilo,nCTaBHB 3TOT pe3yJILTaT B (14.60) H YlJHTLIBal!; 'ITO jl, =-Ill, I, IIOJIY'IHM 3Ha'leHJ!ll C,IIBHfOB ypOBHeii 

csepxTOHKoii CTPYKTYPLI 

&masn =!.Ill.! ~llp ·{ I, F =I, 
3 To -3, F=O. 

(14.61) 

qnCJieHHoe 3Ha'!eHl!e o&;.,.gn npome scero naH'rn, BLI'IHCJIHB B rayccoBLIX e,nHHH!UiX j!l,I/T; n YMHOlKHB 

Ha BeJIH'IHHY llp B JB/fc (eM.§ 11.3). Haii,neM 

Ill; I ""62,72 KI"c, 
To 

{
I, F=l, 

~" ,.,J,47MK3B· 3 F=O 
UGmagn - ' ' 

'ITO coBnMaeT c li81 (§ 14.5) II CTPYKTYPOl! yposneii 12S112 (puc. 14.5). 

§ 14.4. JIJM60BCKHH C.Z.BHr 

Eme O.lUfH 3clJclJeKT, ciJopMHpyromHii cBepxToHKYJO CTpYKTYPY ypoBHeii :mepruH 

aTOMa, 6Lm 06HappKeH 3KCnepHMeHTaJibHO B ClleKTpOCKOllHH aTOMOB BO,Il;OpO,Il;a BO 

BTOpOii llOllOBHHe 30-X rr. H TOlfliO H3MepeH llHillb B 1947 r. (W.E. Lamb, 

R. Retherford) MeTO,Il;OM pa,~~;HocneKTpOCKOllHH (rn. 19). CymecTBo 3Toro 3clJclJeKTa . 
COCTOHT B TOM, 'ITO ypOBHH C f. = 0 (S-ypOBHH) HMeiOT HeCKOllbKO 6onLmyro 3HeprHIO, 

'leM JPOBHH C f. ~ 1. 06'bHCHeHHe npHpO,Il;bl TaKOro 
11
Jl3M606CK020 C06Uza" 6bill0 .ziaHo B 

KBaHTOBoii 3neKTpO.IJ:HHaMHKe X.lit!Te (H. Bethe). ):(eno B TOM, 'ITO pU3U'IecKuu 6aT<,Y.JlM 

He eCTL HellOHHTHaH 
11
llJCTOTa", a HeKOe "Mope" H3 BHpTJaJibHLIX nap 'JaCTHQ H 

aHTH'laCTHQ, CaMble nerKHe H3 KOTOpbiX ::- 3lleKTpOH H ll03H1pOH. 3TH naphl B03HHKaiOT 

Ha BpeMH, J,ll;OBlleTBOpHIOmee COOTHOilleHHIO Heonpe,~~;eneHHOCTeii (5.4). }:(nH naphl 

3lleKTpOH-ll03H1pOH 3TO BpeMH llOpH,Il;Ka 
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M <-li--I0-21 c, 
2mec2 

B pe3yJII>TaTe 3aKOH coxpaHeHirn 3Hepnm He HapymaeTcJI, n 3HeprnJI (Macca qacTnu) He 

B03HHKaeT 11HHOTKy,l:la". 3TOT .PoH qacTHU-aHTHqacTHU HOCHT cnyqaHHbiH xapaKTep, 

TaK ~0 llJIOTHOCTb ero «i>JIYKTYHPYeT, ~0 CKa3hiBaeTCJI Ha xapaKTepe 

3JieKTpoMarHHTHOro noJIJI, a B aTOMe - Ha xapaKTepe 3JieKTpocTaTHqecKoro noJIJI JI,~:~pa. 

<l>JIYKTYa{lllll llOJIJI Bbl3biBaiOT 11,/:lpOIKaHHe" 3JieKTpOHa H, COOTBeTCTBeHHO, HeKOTOpOe 

YBennqeHne 3Hepmn ypoBHJI. 3.P.PeKT TeM 6oni>me, qeM 6nnJKe 3JieKTPOH Haxo,I:IHTCJI K 

MPY· Tio3TOMY OH 3HaqnTeneH B S-cocTOJIHIDIX H Man B cocTOJIHHJIX c f.;:::: I 

(eM. pnc. I4.5). 

TeopeTnqecKoe 3HaqeHne JI3M6oacKoro c,~:~Bnra ,~:~aroT pacqeThi TaK HaJI>IBaeMbiX 

paOUalJUOHUblX nonpa60K, BbNHCJIJieMbiX B KBaHToioil: Teopnn llOJIJI (KBaHTOBOH 

3JieKTpO,I:IHHaMnKe) c noMOJUhiO TexHnKn ",~:~narpaMM <l>eil:HMaHa". ,lVui S-cocTOJIHHJI 

ypOBHJI n JI3M60BCKHH C,I:IBHr COCTaBJIJieT 

4mc2 I Z4 

DEna ~--3 ·a(Za)
4 ·ln-~4,48·10-6-3 (4,92-lnZ) 3B. 

3nn Za n _ 
(I4.62) 

,lVui aToMa Bo,~:~opo,~:~a, n oco6eHHO ,I:IJIJI ero HHIKHHX ypoBHeil:, a TaKJKe .LIJlJI 

BO,~:~opo,~:~ono,~:~o6HhiX aTOMOB JI3M6oBcKnil: c,~:~anr paccqHThrnaeTcJI c oqeHb BhiCOKoil: 

TOqHOCTbiO, ll03TOMY ero npeUH3HOHHOe H3MepeHne ll03BOJIJieT npOBO,I:IHTh CpaBHeHne 

reopnn n 3KcnepnMeHTa c yqeTOM BKJia,~:~a ace 6onee n 6onee cna6hiX 3.P.PeKToB, TaKHX, 

HanpnMep, KaK "noJIJipn3aUHJI BaKYYMa" - 3KpaHnpoBKa noJIJI JI,I:Ipa anpryanhHhiMH 

napaMH, BKJIIOqaJI naphl 6onee TJIJKeJihiX qaCTHU (MIOOH-aHTHMIOOH H ,lip.). 

3KcnepnMeHTaJibHOe 3HaqeHne JI3M60BCKOrO C,I:IBHra 2S-ypoBHJI aTOMa BO,I:IOpO,I:Ia 

COCTaBJIJieT cero,I:IHJI npnMepHO 4,37·I0-6 3B H H3MepeHO C TOqHOCThiO ±I O-Il 3B. ,lVui 

ao,~:~opo,~:~ono,~:~o6HhiX aTOMOB JI3M60BCKHH c,~:~anr B03pacTaeT (Ta6n. I4.1). PaJBHTHe 

TeXHHKH ycKOpHTeJieH 3apJI1KeHHhiX qacTHU npnBeJIO K C03,1:1aHHIO HaKOllHTeJieil: 

3apJI1KeHHhiX qacTHU c 3JieKTpOHHhiM OXJiaJK,I:IeHneM, nonyqnarunx HaJBaHne ""Yllepo6" 

(OT aHrJI. cooler - OXJia,I:IHTeJib). B HHX llyqKH HOHOB MOryT UHpKy!IHpOBaTh 

,I:IJIHTeJibHOe BpeMJI, ,1:10 qaca, HMeJI oqeHb MaJibiH pa36poc ITO CKOpOCTH, BllJIOTh ,1:10 

l:!vlv- I·I 0-6. 3To no3aonnno Ha "Kynepe" B Hccne,~:~oBaTeJibCKOM ueHTPe TJIJKeJibiX 

HOHOB (}J;apMWTa,I:IT, repMaHWI) npoBeCTH YHHKaJibHhle 3KcnepHMeHThl B JI,~:~epHOH H 

aTOMHOH .pn3HKe. Cpe,~:~n HHX - H3MepeHne JI3M60BCKOrO C,I:IBHra B B0,1:10p0,1:10ll0,1:106HOM 

noHe lf1+: 470 ± I6 3B (TeopCTHqecKoe 3HaqeHne 463,4 ± 1 3B). 

Ta6nnua 14.1. n3M60BCKHH C,I:IBHr ypOB!UI n = 2 B BO,I:Iopo,~:~e n BO,I:IOpo,1:10llO,I:I06HbiX 

aToMax n HOHax 

AToM (noH) n3M60BCKHH C,I:IBHr ypOBWI n = 2 

qacTom, ITu 3Hepnrn, MK3B ToqHoCTh n3MepeHWI 

H 1, 057 8514 (I9) ~ 4,37 I,8·IO 6 

D I, 059 282 (64) 4,4 6 ·10-5 

He+ I4, 046 2 (12) 58,3 7 .IQ-5 

Li++ 62,765 (21) 260,7 3,5 ·10-4 

o7+ 2,2156(75)·103 9200,2 3,4·10-4 

Cl16+ 31,19 (22)) ·103 130371,0 7 .IQ-3 

Arl7+ 38,0 (6)) ·103 157824,0 1,6 ·10-2 

u9I+ peHrreH 4703B 3,4·10 2 

§ 14.5. CTpyKJYpa uu~uux yposueii aToMa BO.l(opo.l(a 

TOHKOe H CBepXTOHKOe paCIUenJieHHe ypOBHeH npHBO,I:IJIT K CWITHIO HX 

BhlpOIK,I:IeHHJI (13.37). 0 BaJKHOCTH aTOMa BO,I:IOpO,I:Ia KaK KBaHTOBO-MeXaHIIqeCKOH 

Mo,~:~enH roBOpiiJIOCh Bhlille He pa3. Tio3TOMY none3HO npnBecTH CTPYKTYPY ,~:~Byx ero 

HIIIKHHX ypOBHeil:, HJIJIIOCTPHPYIOIUYIO BCe CKa3aHHOe B §§ 14.2-14.4 {piiC. 14.5). 

floJICHHM o6oJnaqeHHJI na pHCYHKe. CnMBOJihl ypoBHeil: IIMeiOT BII,I:I 

n2s+IL., 
J 

r,~:~e s = 1/2 - cnnHoBoe KBaHTOBoe qncno, L - cnMBOJI qlfCJia f. (6YKBhi S, P, ... , 

CM. (13.38)), j - llOJIHblil: MOMeHT 3JieKTpOHa (11.4), F - llOJIHbiH MOMeHT aroMa 

(14.48). TaK, HaiTpHMep, B COCTOJIHHII C n = 2, f. = l HMeeM j = 1/2 II 3/2, 2s + 1 = 2, 

TaK ~0 3TO COCTOJIHIIe 0603HaqaiOT 22P1a II 22P3fl· CnnH JI,~:~pa B0,1:10p0,1:1a (npOTOHa) 



t1 

f = 1/2. il03TOMy B COCTOIDIHH j = 1/2 cymecTBYJOT .l(Ba· IIO.l(ypOBHH CBepXTOHKOfO 

pacmerrneHnx: F = 0 n 1. B cocTOHHIIII j = 3/2, cooTBeTCTBeHHO, B03MO)I{HbJ 

"rro,!(cocTOHHIIH" F = 1 II 2. PaJHocrn qacTOT, rroKaJaHHhie Ha piic. 14.5, CBHJaHhi c 

COOTBeTCTBYJOI.UliMJI 3HaqeHJIHMJI C,!(BJifOB 3HeprJIJI li3BeCTHOll HaM «!JopMynofi 

(eM. (4.1)) 

22S112 

12Sw 

oe = 2rc/i · tw . 

F=2 

22P3n .... ----!1~~--... ;·~·; ... ~·-~v = 9,92 rr~ 
o&"' 41 MKJB F=1 • 

~-··············-------------~-· _ 
1 

057 rr~ 
F= 0 ~VLamb: 4,37 MK3B 

O&'Lamb ' 

~~~~- " 
. 10 r~ 2

2

Pin F=O l ~vo=2,46 
oco"' 10,2 3B 

~~~-~------------·-·-------
~-~=0 

PHc. I4.5. CrpyKTypa ypoaueli n =I, 2 aToMa ao.nopo.na. 

~vi= 355,IOI4 Mfll, ~V2 = ~v./8, ~V3 = ~v2/IO, ~V4 = (13/30)~v2, ~VLamb = I,05785I4(19) ff11 

ilyHKTIIpOM IIOKaJaHbi 3HaqeHJIH 3Hepmii ypOBHefi 6e3 yqeTa CBepXTOHKOfO 

pacmerrneHJIH (TOHKM CTPYKTypa). C.l(BIIr ypoBHH 22P3n, paBHhifi o&"' 41 MKJB, 

BhiJBaH crriiH-op6IITanhHhiM BJaHMO.l(eficTBJieM (14.23), (14.25), ocQ) - paJHOCTh 

3Hepmfi rrepBOro II BTOporo ypOBHefi OCHOBHOll CTPYKTyphi (13.33). CnepXTOHKaH 

CTPYKTypa rrepnoro If BToporo ypoBHeii: xapaKTepii3ye-rcx cne,!(YJOIUIIMII rrapaMeTPaMH: 
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~VI= 355,1014 Mf~, 

~VI 
~v2 =- = 44,3876 Mr~, 

8 

~v 
~v =-2 =35 5101 Mr~ 3 10 ' ' 

~V4 = (13/30) ~V2, 

~vLamb = 1,057 rr~, 

O&'J "'1,47 MK3B, 

0£2 "=' 0,18 MK3B, 

O&'J "'0,15 MK3B, 

Of:Lamb "'4,37 MK3B. 

~Ba IIOClle,!(HHX .l(aiOT BenJiqJIHY ll3M60BCKOfO C.l(BHra ypOBHH 2S1n OTHOCHTenhHO 

ypoBHH 2Pw. ilo,!(qepKHeM, qro cornaCHO (14.25) 3TH ypOBHII 6e3 yqt!Ta ll3M60BCKOrO 

C,!(BHra JIMenJI 6bi O,!(JIHaKOBYJO 3HeprHIO, T.K. j = 1/2 y TOrO II .l(pyroro. 

06parnM TaK)I(e BHJIMaHIIe Ha TO, qro qacTOThi ~VI ne)l(aT B PMHO.l(HaiiaJOHe, 

qro II03BOllHeT HCIIOllh30BaTh rrpe~H3liOHHhie MeTO.l(hl PMIIOCIIeKTPOCKOIIJIH (§ 19.2) 

.l(nH II3MepeHHH pa3HOCTH 3Hepmii yponHeii. PaJHOCTII 3Hepmii: rro.l(ypOBHefi 

CBepXTOHKOH CTPYKTyphl OCHOBHOfO COCTOHHHH aTOMa BO.l(Opo,na COOTBeTCTBYJOT 

qaCTOTa If ,lJ;llHHa BOllHhi 

4 ·~VI= 1,4204 ff~, A= 21,1 CM. 

PerJICTP~liH Il3ilyqeHJIH ranaKTJIK Ha 3TOH ,lJ;llHHe BOllHhi IIIIIpOKO HCIIOllh3YeTCH B 

PMHocrreKTPOCKOIIHII .l(nH II3yqeHJIH CTPOeHJIH BceneHHoii:. 

33JJ,a'la 14.10. Ha OCHOBe aHaJIHJa CIIHHOBLIX COCTOliHHli IS-ypOBHeli CBepXTOHKOli CTPYKTyphl aTOMa 

ao.nopo.na IIOJIY'IHTL JHa'leHHl! MaTPH'IHLIX :meMeHTOB orrepaTopa V
11 

(I4.58) lUll! :nHx ypoaueli. 

YKaJaHHe: BOCIIOJJLJOBaTLCll pe3yJJLTaTaMH Ja)la'IH I4.9. 

~ BLI'IHcneuHl! MaTPH'IHLIX :meMeHToa IS-ypoaueli ue TPe6yeTcl! npoHJBOIIHTL rrpl!Mhle 

BLI'IHCJJeHHll, eCJJH HJBeCTHLI JHa'leHHll CBepXTOHKOI'O pacmenneHHl! (14.6I). MOlKHO IIOCTYIIHTL IIpOIIIe, 

Y'JHTLIBal! CBOHCTBO OpTOHOpMHpOBaHHOCTH CIIHHOBOH 'JaCTH ljl-<j>yHKliHH 

\fl~, s, l)= \ll(r)·xli)·xAJ). 
CsepxTOHKal! CTPYKTypa IS-ypoaHl! co.neplKHT 'leTLipe co~""""· TP" HJ KoropLIX, coorneTcrnyromHe 

F= I, BLipolK)IeHLI. KaJK.noe H3 qenipilx cocrol!HHli xapaKTepmyeTCll onpe.neni!HHLIM ua6opoM 

KBaHTOBLIX 'IHCeJJ, npe)ICTBBJJeHHLIM B Ta6n. I4.2. }J;aa ee nepBLIX CTOJJ6lla IIOKaJLIBaiOT HanpaaneHHe 
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t1 

Z·IlpOeKL(IIH eniiHOB 3JJeK'IpOHa II IlpOTOHa. Ilo~epKHeM, 'ITO B .D,aHHOM. CJI)"'ae Bb160p BLI.D,eJJei!HOfO 

HanpauneHI!ll (oeL z) onpe.o.eJJJieTCll "uoneii" 3Kenepi!MeHTaTOpa. IloCJJe.D.HIIii CTon6eu eo.o.eplKIIT 

Ta6JJIIL(a 14.2. CuepxTOHKaB eTpyK1)1Ja IS aTOMa so.o.opo.o.a 

HanpauneHIIe 

Cocrol!HIIe en1111a F mF CniiHOBall «jlyHKUIIll 

s. IP 

t t 1 1 I++) 

l2 Sv2 (F=l) -1-{t) t(-1-) I 0 1+-)+1-+) 
fi 

-1- -1- 1 -1 1--) 

l2S112 (F=O) t(-1-) -1-{t) 0 0 1+-H-+) 
fi 

-

0603Ha'leHIIe eniiHOBOii qaeTII ljl-«jlyHKL(IIII - np0113Be.D,eHIIH X, (s ). x)i). Co.o.eplKaHIIe 3TOfO eTOJJ6L(a 

aHaJJ11311pyeTCll B eJJe.!J.YIOIL(eii 3a.D,a'le. TaM lKe BLillel!lleTell eMbleJJ eTpeJJOK B TpeTLeM II 'leTBepTOM 

eTOJJ6L(ax Ta6JJIIL(LJ. Ceiiqae lKe HaM .D.OeTaTO'IHO 3aMeTIITL, 'ITO B MaTpiiL(e Vpq (14.13) OTJI~IILJ OT HyJJll 

DO KpaiiHeii Mepe .D,IIafOHaJJLHLJe 3JJeMeHTLI 

vpp =(x.plv.i·x.p) .. o, P = 1, 2,3, 4, 

T.K. 01111 eo.o.eplKaT lxJ ·lxpr = J. Ha 3TOM lKe OeHOBaHIIII MOlKHO npe.D,OOJJOlKIITL, 'ITO 3JJeMei!TLI 

Vu = v33 "'A, v22 = v •• "'B. KpoMe TOro, "MOlKHO 3anO.D,03piiTL", 'ITO neeynesoe 3Ha'leHIIe IIMeiOT 

3JJeMeHTLI, eo.o.eplKaiL(IIe Xe"Xp np11 m = 0, T.e. eoeTOliHIIll2 114113 rn6JJ. 14.2: 

v2• = v.2 =c. 
C.o.enau 3TII npeonollo:»Cemm, 3anmneM eeKynllpnoe ypaunen11e (14.14) 

A-oe o 0 0 
b B-oe o c 
10 1=0. 

0 A-oe o 
0 c 0 B-oei 

PaeKpLIBaB onpe.o.eni!TeJJL, np11XO.D.HM K aJJre6pa~eeKoMy ypaunen1110 .D.JJll lie 

Orc10.o.a 

(A-oef ·kB-oeY -C2 }=o. 

oe1• 3 =A, 
oe2• 4 = B±C. 

H)'Mepal:(llll KOpHeii, B0061L(e fOBOpll, Ilp0113BOJJLHa, HO 3.D,eeL OHa BLI6paHa e onpe.D,eJJeHHLJM eMbiCJJOM, 

KoTOpblii CTaHOBIITClllleeH B 3a.D,a'le )8.1. 

IIOTpe6osau, qro6LI O.D.IIH m Kopneii lie2. • eosna.o.aJJ e lie,. 3, a BTOpoii 6biJJ paueH -3 • lit1 

(eM. (14.61)), 3aniiJIIeM 

OTCIO.D.a 

3aMeTIIM, 'ITO BLI6pau 

OE, = liE3 =A ,!.11-1.1· J.lp 
· 3 rg ' 

B+C=A, 
B-C=-3A, 

B=-A, C=2A. 

B+C=-3A, 
B-C=A, 

nonyqHM B =-A, C = -2A. IIoeKOJJLKY C = V24 = V42 - ne.o.HaronaJJLHLili 3JJeMeiiT, ero 3HaK ne 

eKa3biBaeTCll Ha 3Ha'lel!HII 3HeprnH ypOBHeli 2 ll 4 - MLI, KaK JJerKO BH.D,eTL, IlpOCTO MeHlleM 11X MeCTaMII 

IIJIII, IIHLIMH eJJOBaMII, Mel!lleM nyMepaL(IIIO ypOBHeli. 

OKo~aTeJJLHO MaTpHUa V pq IIMeeT BH.D. 

[AO 00 l llvpqll= ~ ~A ~ ~A · (14.63) 

0 2A 0 -A 

33,lla'la 14.11. BLJ'IHCJIIITL 3Ha'leHI!ll mF II S, B eOCTOliHIIliX 2 H4 113 Ta6JJ. 14.2. 

3aniiCaB enHHOByiO 'laCTL ljl-«jlynKL(llll B eOCTOliHIIII 2 B BH.D.e 

I . . 
ds .. I.}= fi (X.(+ s )· xp(- I)+ x.(-s hp(I)), 

nail.o.eM (eM. (8.16)) 

(2) ( ) - • ( ) - (. • )· ( ) 1imF X2 S,, I, - F'.X 2 S,, I, - \Sz + 1ii, X2 S,, I, . 

IloeKOJJLKY S,x.(±s)=±tzsx.(±s) H jzXp(±I)=±fXp(±l), TO 

1im~>(s,, I,)=~ {ns-x.(+s)·xp(-I)-ns·x.(-s)·xp(I)-1il ·x.(+s)·xp(-1)+1ii ·x.(-s)·xp(I)}. 

Y'IIITbiBaB, qro S =I= 112, nonyqHM m~> = 0 . AnaJJO~Ho naxo.D.HM m~> = 0 . 



it 

BLI'IHCJieHHe 3Ha'leHIDI s!2) HeCKOJILKO CJIOlKHee, fiOCKOJILK}' x.2(s,, 1,} He liBJilleTCll 

C06CTBeHHOH c!JyHK~eii onepaTOpa S, . ll03TOMY BOCfiOJIL3yeMCll paBeHCTBOM (8.23) H He Ja6y_neM, 'ITO 

s = 1/2. Haxo.nHM 

s!2> = x.;s,x.2 = li~ · [x.:(s h~(-1)+ x.:{-s h~(l)].[x..(s )· x.p(- 1)-x..(-s )· JC.p(l)]= 
2-v2 

= li~(1-0+0-1)=0. 
2v2 

TaKoii lKe H)'JieBoii peJyJILTBT, KaK nerKo BH.neTL (.noCTBTO'IHO noMeiDITL JHaKH nepe.n 

x.:(-s) H JC.,(-s)), fiOJIY'IaeTCl! H .nJ!ll S~4). Ka3BJIOCL 6LI, 3TO 03Ha'laeT, 'ITO CfiHH 3JieKTPOHa B 

COCTOliHHJIX 2 H 4 HanpaBJieH nonepeK (!) BLI_neJieHHOro HanpaBJieHIDI. Ho 3TO HeB03MOlKHO, T.K. MLI 

3HaeM, 'ITO (§ 10.5) npoeKQIDI MOMeHTa HMnyJILCa MOlKeT H3MeiDITL CBOe 3Ha'!eHHe TOJILKO Ha QeJioe 

'IHCJIO h. qTO lKe TaKoe COCTOl!HHe 2? "YCTpOHCTBO" COCTOliHIDI4 BfiOJIHe fiOIDITHO- B 3TOM COCTOliHHH .. 
npoeK~H CfiHHOB 3JieKTPOHa H npoTOHa HanpaBJieHLI HaBCTPeqy BLI_neJieHHOMy (HaMH!) HanpaBJieHmo; 

npH'!eM s!•) < 0. BoT H npmco_nHM K BLIBO_ny, 'ITO 2 H 4 - "XHTPLie" KBaHTOBLie COCTOliHIDI - OHH 

liBJIJIIOTCll KOM6HHaQHeH _nsyx npOCTLIX COCTOliHHH, 'ITO BH_nHO H H3 CTpYKTypLI CHHHOBOH 'laCTH ~ 

BOJIHOBLIX c!JyHK~H. B KalK_nOM H3 3THX COCTOliHHH 3Ha'!eHHe S, B cpe_nHeM paBHO H)'JIIO, a CfiHH 

3JieKTPOHa · B Cpe_nHel\1 fiOJIOBHH)' speMeHH HanpaBJJeH B_nOJIL OCH z, a fiOJIOBHH)' BpeMeHH - npOTHB {y 

npOTOHa- Ha060pOT). BoT TBKHe "KBaHTOBLie qy_neca"! 0HH, 3TH "qy_neca", BCTpeTl!TCll H ABJILIDe, B 

3ciJc!JeKTe 3eeMaHa (Clll. 3Ma'IH 18.2, 18.3). B pe3yJILTBTe npHXOAHM K BLIBO_ny, 'ITO aTOM BO.nopo_na B 

COCTOliHIDIX 12S112 (F = 1) Be .neT ce6l! KaK '!aCTHQa CO CfiHHOM 1. 

Me)l(_ny COCTOliHIDil\IH 2 H 4 B03li!OlKHa HHTepc!JepeHQIDI, no_no6HaB OfiHCaHHOJ! B § 16.2 HHlKe. 

§ 14.6. CTPYKTYPa ypoBneii nolHTpOHHH * 

il03HTpOHllll (Ps) MO)KeT HaxO,!UIThCH B )lByx COCTOHHHIDC - OpTOn03llTpOHllll 

(o-Ps), B KOTOpOM CnHHbl :meKTpOHa ll n03HTpOHa napaJIJieJibHbl (j= 1) ll 

naparr03HTpOHllll {p-Ps), B KOTOpOM cnn:Hbl aHmnapaJIJieJibHhl. 11 B 3TOM omomeHHll 

oa asJIHe-rca aaanoroM aToMa BO.llOPO.lla (F= 1, 0). CooTBeTCTBeHHO, oprocoCTmmn:e 

o6o3HalJruoT TaK)Ke cn:MBOJIOM n3 Lt. napacocroaan:e- CHMBOJIOM n1 Lo ( CM. § 14.5). 

BpeMH )KH3Hll OpTO- n: naparr03llTpOHHH B OCHOBHOM 18-COCTOHHHH 

pa3JIHlJae-rca aa Tpll nopH,llKa: 

238 

o-Ps, 13S1-COCTOHHlle- 142,037 HC (±2,5 ·10-4), 

p-Ps, 13S0-COCTOHHlle -125,142 nc (±2 ·10-4). 

3Hepraa COCTOHHHH n03HTpOHHH 6e3 )"'i!Ta TOHKOrO ll CBepXTOHKOrO 

pacmeUJieHHH HaxO)lllTCH )lOCTaTOlJHO npOCTO, nO)lCTaHOBKOH B (13.33) 3HalJeHHH 

mz =me (eM. 3a)latzy 13.8), HJIH mo = m,/2, 'ITO )lai!T 

- E:o ~ 6,8 B -1 2 en ----2 ~--2 3 ' n- ' , ... 
2n n 

(14.64) 

BbllJHCJieHn:e nonpaBOK TOHKOrO ll CBepXTOHKOro pacmenJieHn:a He y)laeTCH C)leJiaTh 

npocroii 3aMeHoii npn:Be)leaaoii Macchi aa me/2. Harrpn:Mep, peAATHBHCTCKaa nonpasKa 

c ~ J B (14.24) npn: TaKoii 3aMeae n:Mee-r B'IeTBepo 6onhmee 3Ha'Iean:e, '!eM npn: 

npHMOM BbllJHCJieHHll. ,l{eiicTBn:TeJibHO, HMnyJibCbl 3JieKTpOHa p_ ll p+ B CllCTeMe llX 

UeHTpa Mace ( CllCTeMa n03llTpOHHH) paBHbl no BeJIHlJHHe ll npomBOnOJIO)KHbl DO 

aarrpasneamo (eM. (13.5)): • 

- - .: - me .: - - - - -p_ =merc~-T·r =-p2 =-p+ =P• 

r)le p- n:MnyJibc '!acmuhl c npn:Be)leaaoii Maccoii m0 = m.f2. Aaanorn:'!Ho ToMy, KaK 

3TO c)lenaao B § 14.2 npn: BbiBO)le peMTn:sn:cTcKoii nonpasKn:, 3arrn:meM CYMMapayro 

KllHemlJeCKyiO 3Heprn:IO 3JieKTpOHa ll ll03llTpOHa 

~ 2 2 2 4 ~ 2 2 2 4 2 p
2 

p
4 

&kin= p+c +mec + p_c +mec -2mec ""----3- 2 • 
m 4mec 

CooTBeTCTBeHHO, B onepaTope B03Mymean:a (14.24) .llM no3HTpOHHH nepsoe 

cnaraeMoe n:MeeT 3HalJeHn:e 

v<~>- r:. ¥ nJ __ _jf!L_ 
4m3c2. 

e 

Cne.llYIOmaa oco6eHHOCTh no3n:TpoHn:a - ero Marnn:mhlii MOMeHT. 

Op6um0Jlb11blii MamumHblii MOMeHm no3umpoHUR JlL (§ 14.3) pasea aynro, T.K. 3apH.llhl 

3JieKTpoHa n: no3HTpOHa paBHbi no senn:'IllHe n: npomsonoJIO)KHhl no 3HaKy, a 

MeXaall'IecKn:e MOMeHThi paBHhl (B npn:6JIH)K~Hn:n: "aroMa Eopa" o6e 'Iacmuhl 
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t1 

BparuaroTCH c o.zumaKOBbiMH cKopocniMH BOKpyr o6ruero ueHTPa Mace, Ja;:(aqa 13.8). 

ITo3TOMY orrepaTop op6HTaJihHoro MOMeHTa aToMa rroJHTPOHHH paBeH 

A A A A 

Z = Zpos + Z, = 2Z, , 

B TO BpeMH KaK OIIepaTOp op6HTaJibHOrO MarHHTHOrO MOMeHTa 

• e (" ") iie=-2~· Zpos-Z. =0. 
m,c 

Co6cTBeHHhie MarHHTHhie MOMeHThi 3JieKTPOHa (11.24) H rroJHTPOHa TaKJKe paBHhi rro 

a6COJIIOTHOH BeJIHqHHe H IIpOTHBOIIOJIOJKHbl IIO 3HaKy: 

J.lpos = -Jle = JlB· 

ITo3ToMy cnuHOBblU MG2HUmHblU MOMeHm n03umpoHU5l (H ero orrepaTop) 

IIpOIIOpUHOHaJibHbi pa3HOCTH BeKTOpOB CIIHHOB 3lJeKTPOHa H II03HTPOHa (H HX 

orrepaTopoB) 

- - ~ ~ lln (- - ) 
llPs -J.lpos + lle ,., 2h · Sp5 - S, . 

B opTOCOCTOHHHH, r.n;e CIIHHbl o6enx qacTHU rrapanneJibHbl, spos = s.' a MarHHTHbie 

MOMeHTbl aHTHIIapaJIJICJibHbl, HMCCM 

So·Ps = 2Sp,, llo-Ps = 0 · 

- -
B rrapacOCTOHHHH spos = -s.' II03TOMY 

Sp·Ps=O, liip-Psi,.,2J.1n· 

TaKyro oco6eHHOCTh TaKJKe cne.n;yeT yqHThiBaTb, JarrnchiBM BhipaJKeHHH .z:IJIH 

orrepaTOpOB TOHKOrO H CBepXTOHKOro paCIUCIIJICHHH. 

3.n;ecb CJie.n;yeT OTMCTHTb, qTo HCCMOTPH Ha paBCHCTBO HYJIIO MarHHTHOrO 

MOMCHTa 0-Ps, B CHJibHbiX MarHHTHbiX IIOJIHX .ZJ;JIH Hero HMCCT MeCTO 3<lJ<!JeKT 3eeMaHa 

(eM.§ 18.1 H3a;:(aqa 18.3). 

Bee CKaJaHHoe rro.n;TsepJK.n;aeT oueHKa JHaqeHHH cBepxTOHKoro pacmerrneHHH 

OCHOBHOro COCTOHHHH II03HTPOHHH Ha OCHOBC orrepaTopa (14.46). HaiiOMHHM, ~0 B 

OCHOBHOM, lS, COCTOHHHH f.= 0, II03TOMY TOHKOe paCIUCIIJICHHe OTCJTCTByeT. 

BocrroJih30BaBIIIHCh peJyJihTaTOM Ja;:(aqn 14.9 H JaMeHHB 
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H3 (14.61) HaH.ZJ;eM 

llnucl ~ ll+,., llB• Ill. I,., llB• ro ~ 2RBohr' 

1 ll~ . { l, 
bEp,IJs = -3 . R3 h -3, 

Bo r • 

F =l (o-Ps), 

F=O (p-Ps). 

(}rcro.n;a CJie.ZJ;yeT, ~0 B OCHOBHOM COCTOHHHH ypOBCHb 0-Ps paCIIOJIOJKeH Bbnlle ypOBHH 

p-Ps Ha 

2 2 2 
4 llB --·a Eo. 

bEp,jiS = 3. R~ohr - 3 • 
B TO JKe BpeMH, CTPOrHH KBaHTOBhiH pacqfu (eM. [5], § 84 H 3a;:(aqa 2 TaM) .n;at!T 

OEp,j1s =i·a
2
e0 ,.,8,2·10-4 3B. 

OTMeTHM, qTo 3TOT peJynhiaT rronyqeH 6e3 yqeTa paouaZfUOHHblX nonpaeoK (§ 14.4). 

Mx pacqfu rrpHBO.ZJ;HT K OIUYTHMOMY HJMeHeHHIO: 

8ep,l1s = 8,41064 ·1 o-4 3B. (14.65) 

AHaJIOrHqHo TOMy, KaK 3TO C.ZJ;eJiaHO .D:JIH 1S-COCTOHHHH aTOMa BO.D:Opo):{a (Ta6JI. 14.2), 

y,no6HO rrpe.D;CTaBHTb H rrapaMeTpbl OCHOBHOro COCTOHHHH II03HTPOHHH (Ta6JI. 14.3). 

3HaKaMH "+" H "-" B IIOCJie.D:HCM CTOJI6Ue 0603HaqeHbl HarrpaBJICHHH CIIHHOB 

II03HTPOHa H 3JieKTPOHa B aTOMe II03HTPOHHH, T.e. <iJYHKUHH Xpos H "f..e, rrpnqeM rrepBOH 

CTOHT <PYHKUIIH II03HTPOHa. TaK, I++) OJHaqaeT (Xpos t).(x, t), a 1+-), 

COOTBeTCTBCHHO, (Xpos t )· (x, ,J.. ). 

Ta6JIHUa 14.3. flapaMCTPbi OCHOBHOrO COCTOHHHH II03HTPOHHH 

CocTOSIHHe I S, spos F mF llatom CrrHHOBM <PYHKUHSJ: 

t t 1 1 0 I++) 

1
3
SI I i(,l.) 1+-)+1-+) 

(o-Ps) -l.(i) 1 0 0 
.fi 

,J.. ,J.. 1 -1 0 1--) 

1 So 
ll(-l.) -l.(i) 0 

1+-)-1-+) 
(p-Ps) 

1 2J.1a .fi 
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rJIABA 15. MHOr03JIEKTPOHHbiE ATOMbl 

§ 15.1. 0~Ho1facTH1fHoe npu6JIH~euue, 3cJlcJleKTHBHoe noJie. 

CJio~HLie aTOMLI 

B aToMax, co.n;ep:lK~X B 3neKTpOHHOH o6onotJKe 6onee o.n;Horo 3neKTpoHa, 

cne.n:yeT )"'HTLIBaTh He TOnbKO B3aHMO.l{eHCTBHe 3neKTpOHOB C ~pOM, HO H Me)K,lzy 

co6oii. ,lVrn: 3TOro JIYiKHO, soo6~e rosopx, 3armcan. noTeuunan sceii cncTeMbi 

3ap~OB, BXO.l{H~ B aTOM, H paCCMOTpeTb .l{BH:lKeHHe Ka:lK.n;OrO 3neKTpOHa B 3TOM 

none, T.e., Ha H3hiKe KBaHTOBOH MexarmKH, pemnn. ypasHeHne lllpe.n;nHrepa .n;nx scex 

qacTHu, yqacTBYJO~Hx so B3aHMo.n;eiicTBHH. TaKoe ypasHeHne (B cTaunoHapHoM 

cnyqae) HMeeT BH.IJ:, aHanornqnbiH (7.13), HO co.n;ep:lKaiUHH C)'MMY no- BCeM 

Z 3neKTpoHaM. B TpeXMepHOM cnyqae HMeeM 

li2 z { z ( ze
2

) 1 e2 } --2>~·\jl+ 2: -- +-·2:--+v. ·\j/=8\jl. 
2me j;( ' i;l 'i 2 ;,kjr; -~J magn 

(15.1) 

3.n;ecb i, k - HOMep 3neKTpOHa, r;, Yk - paCCTOHHHe OT QeHTpa ~pa .l{O 3neKTpOHa, Z .:_· 

aTOMHhlH HOMep H, O.l{HOBpeMeHHO, nOnHOe qncnO 3neKTpOHOB B HeHTpanbHOM 

(HeHOHH30BaHHOM) aTOMe, Vmagn- qneH, )"'HThlBaiOIUHH cnrm-op6HTanhHoe ·n cnnH

CnHHOBOe B3aHMo.n;eiiCTBIIH. BonHOBax ciJYHKUIIH xsnxeTc»: B 3TOM cnyqae clJYHKUHeii 

Koop.n;nHaT scex 3neKTpOHos: 

\j1 =\jllft, ;;, ... , rz). (15.2) 

KoHeqno, 3a.n;aqa B TaKOM sn.n;e BhlrnH.n;HT .n;oCTaToqHo 6e3Ha.IJ:e)I(HO, .n;a K TOMY :lKe 

ypasHeHne (15.1) He )"'HTbffiaeT .n;BH:lKeHne ~pa, T.e. B HeM Macca ~pa npHHHTa 

6eCKOHeqHOH (CpaBHH § 13.1). ,AoCTaTOqH:O xopOillHM H, qro HeManOBa:lKHO, 

.l{OCTYfiHbiM .n;nH aHanHTHqeCKHX H qncneHHbiX MeTO.l{OB pacqfua, HBAAeTCH TaK 

Ha3hlBaeMoe ooHo'lacmu'IHOe npu6moteenue, .n;aro~ee pe3yJibTaThi, Hennoxo 

cornacYJOrunecx c 3KcnepHMeHTaJibHbiMH .n;armhlMH. Cyn. :noro npn6llH)I(eHHH B TOM, 

qro K~ H3 aTOMapHbiX 3neKTpOHOB CqnTaeTCH He3aBHCHMbiM H .l{BH~HMCH B 

HeKOTopoM 3clJclJeKTHBHOM none x.n:pa n oCTanhHbiX 3neKTpOHOB. Tor.n:a sonHosax 
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clJyRKUHH aTOMa eCTb npOH3Be.n;eHHe BOnHOBbiX ciJYHKUHH 3neKTpOHOB (B COOTBeTCTBHH 

c onpe.n;eneHHeM BepoHTHoCTH O.IJ:HOBpeMeHHOCTH N He3asHCHMbiX co6biTHii): 

'J1(~. i;, ... , ~. s1, s2 , ••• , sJ= '1'1 (~. s1)· 'J1z{i;,s2}··\jl z(~. sJ, (15.2) 

S;- CnHHOBaH KOOp.n;HHaTa i-ro 3neKTpOHa. Tor.n;a .n;nH Ka:lK.n;OrO H3 3neKTpOHOB MO)I(HO 

3anncan. CBOe ypasHeHHe lllpe.n;HHrepa C 3clJclJeKTHBHOH noTeHUHaJibHOH 3Heprneii 

u.tr{F;): 

_!!__ · L\'J11(F;, s1 )+ u.tr(F;, s;). 'l';(r;, s;) = e1(F;, s;)· 'l';(r;, s;). 
2me • 

(15.3) 

IloTeHQIIanbHaH 3Heprn»: Ueff(r;) BKmOqaeT B3aHMO,l(eHCTBIIe i-ro 3neKTpOHa C ~pOM II 

OCTanbHbiMII 3neKTpOHaMH. Yen ex .l{anbHeiimero npO,l(BII:lKeHHH C~eCTBeHHO 3aBIICHT 

OT OnTHManbHOCTH Bbi6opa cnoco6a OnHCaHHH Ueff(r;, s1). IlpOCTeHillHH CllyqaH -

paccMOTpeHHhle B § 13.4 so.n;opo.n:ono.n:o6Hbre aroMhl n IIOHhi. lionee cno:lKHa»: 3a.n;aqa

pacqeT aTOMOB B cpe,l(HHX CTOn6uax Ta6niii.(bi MeH,l(eneesa, .n;nH KOTOpbiX Tpe6yeTCH 

yqfu B3aHMO,l(eHCTBIIH "6ml3ne:lKaruHX" 3neKTpOHOB Me:lK.IJ:Y co6oii, H3-3a qero none 

nepecmfu 6biTh ueHTpaJibHhlM. 

O.n;nH H3 npHMepoB, noMaro~nxcx pacqfuy, rennii H renneno.n;o6Hhle aTOMbi 

(Lt, Be2+, •.. ), B KOTOpbrx 

U 
Ze2 z 2 2 

eff =-- e e --+-
rl r2 rt2' 

(15.4) 

r.n:e Ze - 3ap~ x.n:pa nnn "BHYTpeHHeii" qaCTH aToMa, rt II r2 - paccTOHHHH 1-ro II 2-ro 

3neKTpOHOB OT ~pa, rt2 - paCCTOHHHe Me)K,lzy· HIIMH. B 3THX aTOMax 3HepriiH 

Me:lK3neKTpOHHoro B3aHMo.n:eiicTBIIH c~eCTBeHHa. TaK, 3HepriiH IIOHII3aQIIII noRa He+ 

( O,l(IIH 3neKTpOH B none ~pa C 3ap~OM + 2e) TOqH:O B Z2 pa3 60Jibme, qeM aTOMa 

so.n:opo.n:a (eM. (2.7), (13.33)): 

(eion&e+ = 22 ·13,6 = 54,4 3B, 

a .n;nH aTOMa reniiH (.llBa 3neKTpOHa, O,l(HH II3 KOTOpbiX y.n;an»:eTCH) ORa COCTaBnHeT 

24,59 3B, TaKHM o6pa3oM, B aroMe. rennx H3-3a Me:lK3neKTpOHHoro B3aHMo.n:eiiCTBIIH 

ypoBeHb Ka:lK.n;OrO II3 3neKTpOHOB ne)I(HT C~eCTBeHHO Bbiiiie, qeM B O.n;H03neKTpOHHOM 

IIOHe reniiH- Ka:lK.n;btil: II3 3neKTpOHOB 3KparmpyeT none ~pa .n;nx csoero "coce.n:a". .. . 
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lt 

3Heprmo ::meKTpOHa B CJIOiKHOM aTOMe MOiKHO OI:(eHJi11>, BBO,wl HeKOTOpLrli: 

::~«P«PeKTIIBHLrli 3apH,ll H,llpa eZ.tr, TaKO:ii, 'ITO 3HeprHH 3JieKTpoHa, "Haxo.wrrn:erocJJ" Ha 

n-M ypOBHe, MO:>KeT 6LITL BLipa:>KeHa «lJopMyJIOH, aHaJIOI'H'UIOH (2.7), (13.33): 

2 
2 eo e 

ent =-Zetr ·2, e0 =---~ 13,6 ::~B, z.tr =Z -ant• 
n 2Raohr 

(15.5) 

r,ne a nl - IIOCTOllHHaH 3KpaHHpOBaHHJl, )"'HTLIBaiOII:(aJJ IIpii6JIH:>KeHHO B3aiiMO,lleHCTBIIe 

Me:>K,ny 3JieKTpOHaMII. QqeBII,nHO, 'ITO a nl B03pacTaeT C pOCTOM n II f., T.e. qeM ,llaJILIIIe 

11
:>KHBeT" 3JieKTpOH OT H,llpa, TeM CHJILHee 3KpaHIIpOBKa H,llpa OCTaJILHLIMII 

3JieKTpOHaMH. ,[(Jill BHernHero 3JieKTpoHa, oqeBII,nHo, Zetr~ 1 (T.e. ant~ Z -1). · 

PaaeHcTBo CTaHOBIITCJJ TOqfiLIM B Bo,nopo.norro.no6H9x aToMax. B ao.nopo.norro,no6HLIX 

IIOHax Zetr= q + 1, r,ne q- KpaTHOCTL IIOHII3al:(IIII (qiiCJIO y,naneHHLIX 3JieKTpOHOB). 

§ 15.2. 3JieKTpOHHbie KOH«J>urypa .. HH 

HH,nHBII.nyanLHLie cocToHHIIH 3JieKTpOHOB rpyrrrrnpyroTcJJ no 3HaqeHIIHM 

KBaHTOBLIX qnceJI n H f.. TaKOH, XOTJl II IIpH6JIH:>KeHHLIH, IIO,liXO,ll ,na/!T Ka..JeCTBeHHO 

rrpaanJILHoe orrncanne CTPOeHHJJ aroMa. B cooTBeTCTBIIH c rrpnHrt:IIIIOM Tiaynii (§ 12.2) 

B COCTOJJHIIII C KBaHTOBLIMII qiiCJiaMII n, f., m, S MO:>KeT HaxO,liiiTLCJl He 6oJiee O,nHOrO 

3JieKTpOHa. TiocKOJILKY rrpoeKn:HH crriiHa Ha mo6oe BLI,neneHHoe HarrpaaneHIIe pasHa 

S z = + 1/2 HJIII -1/2, TO HaJIHqne CIIIIHa y 3JieKTpOHa IIpiiBO,nHT K Y.liBOeHHIO qncJia 

B03MO:>KHLIX COCTOJJHIIH ,liJIJl 3a,l(aHHOrO n (13.37): 

Ne =2n
2

• (15.6) 

CooTBeTCTBeHHO, MaKcHMaJILHoe qiiCJIO 3JieKTpOHOB Ha ypoBHe n pacTi!T c ero 

HOMepoM: 

n=1, Ne=2, 

n=2, Ne =8, (15.7) 

n=3, Ne =18 II T.,ll. 

MLI BepHeMCll K 3TOMy Borrpocy B § 15.4 rrpii o6cy:>K,neHIIH rrepno,nnqecKoii Ta6JIIIU:LI 

MeH,neneeBa. 3.necL :>Ke rrpiiBe,neM rrpiiHllTLie B nnTepaTYPe o6o3Ha'lemm cocmOJZHUii 
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3fleKmpOHOB. ilOCKOJILKY Ka:>K,noe COCTOHHIIe xapaKTepH3YeTCJl qnCJiaMH 1J H f., TO 

cocroHHne 3JieKTpoHa o6o3HaqaiOT CHMBOJiaMH Bn,na 

nf.:=:>1s, 2s, 2p, 3s, 3p, 3d, ••. (15.8). 

B QTJ!Hqfie oT o6o3HaqeHnll cocmoRHUii amaMa (13.38), 3,necL .nJIJl o6o3HaqeHIIH 

Be~HLI op6HTaJILHOrO MOMeHTa UHl)UBUOYWlbHOZO 3JleKmpaHa HCIIOJIL3yrOTCJl 

MaJieHLKHe 6YKBLI: 

f.= 0 1 2 3 4 5 6 7 

CHMBOJI COCTOJIHIDI S p • d j g h i k 
(15.9) 

Cne.nyroirt:IIii mar - o6o3HaqeHIIe 3JleKmpoHHblX KamjJUzypa!fuii ("YCTPO:iiCTB") 

:mei<TpOHHLIX COCTOllHHH. KaK y:>Ke CKa3aHO, B COCTOJJHIIH C 3a,l(aHHLIMH n H f. MO:>KeT 

HaxO,nHTLCll BIIOJIHe orrpe,neJieHHOe KOJIHqecTBO :meKTpOHOB N. lloKa MLI He BLI,neJIJlJIH 

3HaqeHHe f., HX qfiCJIO paBHHJIOCL 2n2
• llpH 3a,llaHHLIX n H f. HX qfiCJIO paBHO 2(2f+1) 

{eM. (10.15)). KomjJuzypa!fUIO cocTOHHIIH n, f. rrpnHHTO o603HaqaTL cnMBOJiaMH nf.N: 

1s2
, 

2s2
, 2p6, 

3s2
, 3p6, 3d10

, 

(15.10) 

3rn 3JieKTpOHHLie KOH«lJHrypart:IIH COCTOHT, TaKHM o6pa30M, 113 CJIOeB ~ Ha6op 

3JieKTpOHOB C O,l(IIHaKOBLIM 3HaqeHIIeM n, a CJIOH - 113 o60JioqeK - Ha6op 3JieKTpOHOB C 

o,niiHaKOBLIM 3HaqeHIIeM op6IITanLHoro f.. CooTBeTcTBeHHo, roBopHT o cnoHX K, L; 

M, ... (§ 15.4 HH:>Ke, Ta6n. 15.1) 11 o6ono~ax s, p; d,f, ... 3m ,noBoJILHO 3aiiYTaHHaJJ 

TepMIIHOJIOrHH CJIO:>KIIJiaCL IICTOpllqecKH IIpii pa3BHTHH OIITHqeCKOH crreKTpOCKOIIHII. 

§ 15.3. CyMM3pHbiH MOMeHT 3TOM3 

CocToJJHne cno:>KHoro aTOMa KaK n:enoro xapaKTep113yeTcJJ . orrpe,neneHHLIM 

3HaqeHIIeM 3Heprn11. B cnyqae Bo,nopo,norro.no6HLIX aTOMOB 11 IIOHOB . 3To rrpoCTo 

3HepriiJJ BHeiiiHero 3JieKTpoHa (2.7), (13.33). Ecnn :>Ke BO BHeumeii a6oJIO'IKe 

HaxO,nHTCJl HeCKOJILKO 3JieKTpOHOB, TO KapTHHa. CJIO:>KHee: BKJia,l( B 3HaqeHIIe 3Heprnn 

BHeiiiHnx 3JieKTpOHOB ,nruoT BHYTPeHHHe 3JieKTpOHLI aToMa, n 3HaqeHne 3TO:ii :meprnn 

245 



(COOTBeTCTBCHHO, CTJ'YKT)'pa ypoBHCH :mepnm:) cymeCTBCHHO 3aBHCIIT OT 3HaqeHH51 

nonHoro MOMCHTa aTOMa. 

Pa3nllqaJOT ~a KpaHHIIX cnyqag. TiepBbiH ll3 HIIX - cnyqail: TaK Ha3biBaCMOH 

HOPMaJlbHOU C6JI3U ( ee TaiOKe Ha3biBaiOT npu6Jlu:JICeHUeM PecceJlb-CayHOepca llnll 

LS-c6JI3b10). B 3TOM npH6nuJKeHHH op6HTanbHhiC H cnHHOBble MOMCHThi 3nCKTJlOHOB 

CKna,r(biBaiOTC51 no OT.!{CnbHOCTll (cpaBHll (11.3)): 

I="'[);. s = "'[};. J = I+s. (15.11) 

YpoBHH 3HeprHH xapaKTepH3YIOTC51 Tenepb KBaHTOBhiMH qHcnaMH n, L, S, 1. Hx, B 

OTnH'IHC OT BO.!{Opo,nono,no6HbiX (
11

0.!{H03nCKTJlOHHbiX
11

) aTOMOB, 0603HaqruoT 

6onbiiiiiMII 6yKBaMII, qTO BHOCIIT, K COJKanCHIIIO, HCKOTOpyro nyraHIIQy. 0 npaBIInax 

CnOJKCHII51 MOMCHTOB Mbl yJKe rOBOpiinii B § 10.5 (CM. TaKJKC 3a,naqy 10.6). . 
AHanorH'llibi npaniina cnoJKeHH51 cniiHOBbiX MOMCHTOB. KBaHTonoe qiicno nonHoro 

MOMCHTa aTOMa B cnyqae HOpManbHOH CB513II B COOTBeTCTBIIII C TCMII JKe npaniinaMII 

MOJKCT IIMCTb O.!{HO Il3 B03MOJKHbiX 3HaqCHIIH 

1=L+S, L+S-1, ... , IL-Si. (15.12) 

TaKoil: BII.ll CB513II 51Bn51eTC51 Haii6onee pacnpocTJlaHeHHhiM. OH peanH3yercg, ecnii 

3nCKTJlOCTaTIIqecKOC B3aiiMO.!{CHCTBIIC cymeCTBCHHO CIInbHCC CniiH-op6I1TanbHOrO. 

BTOpOH cnyqail:, IIMCHYCMbiHjj-C6J!3biO, IIMCeT MCCTO, KOr,na CniiH-Op6I1TanbHOe 

B3aHMO.!{CHCTBIIC cymecTBCHHO npeBbiiiiaeT 3nCKTJlOCTaTIIqeCKOC (KynoHOBCKOC). 3TOT 

cnyqail: peanii3YCTC51 B T51JKenhiX aToMax. B HHX op6I1TanbHhiH I; II cniiHOBhiH S; 

MOMCHTbi KaJK,!{OrO 3nCKTJlOHa CKna,r(biBaiOTC51 B ero nonHblll MOMCHT ji, a nOTOM YJKC 

3TH MOMCHThi «iJopMIIPYIOT nonHblll MOMCHT aTOMa. 

B cnyqae HOpManbHOH CB513II CTJ'YKTYPY ypOBHCH aTOMa o6o3HaqruoT CIIMBOnOM 

nKAJ, (15.13) 

r,ne n- HOMCp TCpMa (ypoBH51 3HCprHI1), 1C- tUICnO B03MOJKHbiX COCT051HIIH Ha ypOBHC 

n c ,naHHhiMII L II 1. CHMnon A, o6o3HaqaeMbiH 3arnanHhiMH 6yKBaMH S, P, D, F, ... , 

03Haqaer nenuqiiHY nonHoro op6HTanbHoro MOMCHTa aToMa, 1 - neniitUIHa ero 

nonHoro MOMeHTa. Bo3MOJKHbl 3HaqeHII51 CYMMapHoro cnHHOBoro MOMCHTa S: 
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~ ~ 2, ~ 

s-
~~~ 

••• - qenroe tUicno 3nCKTJlOHon, 

7/2, ... - Heqenroe tUicno 3neKTJloHoB 

B aTOMC. J1pi1 3a,naHHOM 'lliCne S B03MOJKHOC 'IHCnO COCT051HHH, oqeBII.!{HO, CCTh 

K=2S+l. (15.14) 

EcnH 3TO HeoqeBII.!{HO, TO HaiiOMHIIM npaBHnO KBaHTOBaHH51 MOMCHTa (10.13). 

HanpHMep, cne.nyromHe ypOBHII HMCIOT KBaHTOBble tUicna 

22 ~;2 ~n=2, S=l/2, L=1, 1=3/2, 

34D512 ~n=3, §=3/2, L=2, 1=5/2. 

§ 15.4. IIepHO.l(HifecKaH TaoJIHQa 3JieMeHTOB ,li;.H. Meu.r.eJieeoa 

11epi1o.!{HqecKIIil: 3aKoH ,.U.l1. MeH.neneeaa II ero 11epiiO.l{IIqecKa51 Ta6niiQa 

3nCMCHTOB (1869 r.) HaxO.l{}IT 06'b51CHCHHC B KBaHTOBOH MCXaHHKC B pe3ynhTaTC 

aHanii3a 3nCKTJlOHHhiX KoH«lJIIrypaQIIil: (H. Eop, 1922 r.). 
' 

3anonHeHHe 3nCKTJlOHHbiX cnoea H o6onoqeK no Mepe poem aTOMHoro 

HOMepa Z 3neMCHTa npOIICXO.l{HT B COOTBeTCTBIIII C B03MOJKHbiMH 3HaqeHH51MH 

KBaHTOBbiX 'IHCCn, II .l{n}l KaJK.!{OrO BH.!{a aTOMOB 3nCKTJlOHHa51 o6onoqKa HMCeT BnOnHe 

onpe,neneHHYIO CTJlYJCTypy, KOTOpa51 CTJ'OIITC51 B COOTBeTCTBHII C npUHlJUnOM IJayllU 

(§ 12.2). "H.neanbHhiil:" nop}I.!{OK 3anonHCHH51 cnoea 3nCKTJlOHaMII npe.ncTanneH B 

m6n. 15.1, r.ne N- MaKCIIManbHOe qHcno 3nCKTJlOHOB B o6ono~e. 11pi1po.na, O.!{HaKO, 

YCTJlOCHa cnoJKHee, H nocJleOoeamellbHOCmb 3anollHemm Clloi!e HapYIIIaeTcg c pocTOM Z 

Ta6nnQa 15.1. Cnon H o6ono~ aTOMOB H MaKCIIManbHOe tUicno Nm.Y B o6onoqKe ···-.. 
CJioli K L M N p 
n 1 2 3 4 5 
06oJIO'IKa s s p s p d s p d I s p d ·I g 
l 0 0 1 0 1 2 0 1 2 3 0 1 2 3 4 
Nmu.=2l(l+ 1) 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 
KoH«lJHI}'JlatniJI Is' 2s' 2p" 37 3jl' 3d'" 4s' 4p" 4? 41• ss< sjl' sJl~ sj' s~ 
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II HOMepa CllOJI (nt6n. 15.2). 3TO I1p01ICXO,lUIT II3-3a ycno:>KHeHIIJI "YCTIJOHCTBa" 

::meKTpii'IeCKoro nollJI aToMa no Mepe pocTa 'IIIcna :meKTpOHOB: CBJI3h ::meKTpoHa c 

aTOMOM ocnafieBaeT IIO Mepe ero y~aneHJij{ OT Mpa C poCTOM HOMepa CllOJI. 

ITo~ep:lK'.neHIIeM 3Toro j{BllJieTCJI HeMoHOTOHHM 3aBIICIIMOCTb 3Heprn1I IIOHII3!1UJIII 

aTOMOB OT aTOMHoro HOMepa Z (piic. 15.1). Ha'IIIHM c 4-ro nepiio~a, 3Ta CTIJOHHM 

IIOClle~OBaTellbHOCTb HapymaeTCJI, T.K. 3lleKTpOHhl C 66llbiDIIM n, HO MeHbiDIIM f MOryT 

6h1Th IIpO'IHee CBJI3aHbl C aTOMOM. 3TO Bbi3BaHO 60llbiDeH BhiTJIHYTOCThiO IIX op61IT 

(eM. p1Ic. 13.4 II 13.5). B pe3ynhntTe TaKJie 3neKTpOHhi "npoBOMT 6onhme speMeHII" 

6niiJKe K MPY· qeM IIX coce~H H3 cnoJ~ c MeHhiDHMH n H £. ITopMOK 3aiiOJIHeHJij{ 

o6ono'leK (nt6n. 15.2) H OTf'aJKaeT 3TY oco6eHHOCTh CTIJOeHHJI aTOMOB. Oco6eHHO J~pKo 

3TO IIpOJIBllJieTCJI B 6-M ll 7-M nepHO~ax. 

m 30 
c;j' 
.; 
:e 25 
0 

Iii 20 

" " 15 :::r 

"' ... 
" 10 " 0 
s 
0: 5 
;:: 
a. 

0 ., 
" C'l 0 10 20 30 40 50 

ATOMHbl~ HOMep, Z 

Puc. 15.1. 3aBHCliMOCTb 3HeprHllliOHII3aUHH aTOMa &; OT aTOMHOfO HOMepa Z [13] 

Ta6llliua 15.2. ITocne~osaTenhHOCTh 3anonHeHHJI BHemHIIX 3neKTpOHHhiX o6ono'leK 

3lleMeHTOB 

n I 2 3 4 3 4 5 4 5 6 4 5 6 7 5 

f. 0 0 I 0 I 0 2 I 0 2 I 0 3 2 I 0 3 

KoH¢mrypaUIIJI Is" u 2j!' 3s' 3p" 4s' 3d10 4p" 5s' 4d10 5p" 6s' 4/' 5d10 6p6 1s' 5/• 

Ilepnon I 2 3, 4 5 6 7 

248 

JlaH 

Aicri 

IIepecN 
110-J 
PamiOaJ 



[13] 

o6ono'leK 

Lanthanides 

fiepHO}l;HqecKaSI Ta6JIHD;a 3JieMeHTOB 

,II;. II. MeH,lJ;eJieeBa 

113 114 115 116 (H7) 118 

r---'---: • ..., _.,.. aTOMHLIH HOMep 

c::J s-:meMei!Thl 
c::J p-:meMeHThl 

llepecMarpeHa B aaqane 2006 r. (Jia6oparopHlll!JiepHLIX pe8Kl1Hil HM. r. H. <I>neposa OID!H). llpHBe)leHHLie.I\aHHLie npHHllThl IUPAC. Ha3BaHHli31IeMeHTOB !04-!09 npHHllThl IUPAC B asrycre !997 r~ 
!I 0 - B aBI)'CTe 2003 r., l!! - B HOll6pe 2004 r. Ha3BaHHll OTKphlTbiX B noCJJe)lBHe ro)J.Ll 31IeMeHTOB l!2, l!3, l!4, l!S, !!6, !!8 )1.0 HaCTO~ero BpeMeHH He npHHllTbl. ATOMHL!e MacCLI HCK)'CCTBeHHLIX 
PiiJU!OaimfBHLIX 31IeMeHTOB npHBe)leHLI B KBa)lpaTHLIX cKo6Kax )lliJI caMoro )lOJJroJKHB)'IIIero morona. 

31IeKT)XlHHall KOHijmrypauHll 
1-i\ llO'felll\Han HOHH33AHH, 
11JlOTIIOCTb, KrfM~ 
TeMnepatypa nnaBlleHIIJI. ·c 
TeMneparypa KHnemui,°C 

- d-:meMei!Thl 
t::n f-:meMeHTLI 

r 



TI~pao,nH<JecKaR Tll6JIHUa :meMeHTOB (Tll6JI. 15.3) pa3~eneHa Ha ceMb nepuoooe, 

KIDK.UbiH a
3 

KOTOpbiX ~eJIHTCH Ha ~BapllOO (crpoKH Ta6JIHUbl) H BOCeMb zpynn, flO ~e 

noozPYnnbZ B KIDK.UOH (CTOJI6Ubl Tll6mnlbl). Bee g-qeiiKH Tll6JIHUbl 6bmH, KaK H3BeCTHO, 

pa3MemeHbi ,l(.lL Me~eneeaMM B cooTBeTCTBHH c aTOMHbiMH aecaMH H XHMH'IeCKHMH 

caoiiCTBaMH ::meMeHTOB. 0Ka3aJIOCb, 'ITO 3aKOHOMepHOCTH HX pacnOJIO:>KeHHH 

o6'bHCWII<>TCR crpoeHHeM :meKTPOHHblX o60JIO'IeK. 

3neMeHThi c 3allOJIHeHHbiMH d- H fo6ono<JKaMH HJIH (6onee nerKHe) He 

HMeromae HX aoace, Ha3bffiaiOT 3JieMeHTaMH ZJIOBHblX zpynn, a 3JieMeHThi, r~e 

ripoHcxo~ 3anoJIHeHHe 3THX o6ono<JeK, oTHocar K npoMe:JIC)lmO'IHbZM zpynnaM. K 

rnaaHbiM rpynnaM oTHocarca ace 3JieMeHTbi rpynn I A, B, II A, B, acex nomynn "A" a 

rpynnax Ill-VIII. Ilepuoobz Ta6JIHUbi Ha'IHHaiOTCH c 3anonHeHHa caMoii aHemHeii 

o6ono'IKH H 3aKaH'IHBaiOTCH ee 3allOJIHeHHeM. Tio3TOMY nepBMe 3JieMeHThi nepao~a 

(ao~opo~ H menO'IHbie MeTaJIJIM) HMeiOT Ha aHemHeii o6ono<JKe 3JieKTPOH B 

nS-COCTOaHHH, a llOCJieAHHe (HHepTHble ra3bl) - 3allOJIHeHHyiO o60JIO'IKY (<JeM H 

o6'bHCHaeTCH HX 11HHepTHOCTh11
). flpoMe:>KYTO'IHble 3JieMeHTbl (Ta6JI. 15.4) HMeiOT 

He3anOJIHeHHble BHeiDHHe 060JIO'IKH, a -qaCTb H3 HHX, • llpH He3allOJIHeHHblX 

aayrpeHHHX, "Ha'IHHaiOT11 crpOHTb BHeiDHHe (CM. HH:>Ke). 

Ta6JIHua Ha'IHHaeTCH c npoCTeiimero aToMa - eooopooa, eAHHCTBeHHbrli ' 

3JieKTPOH KOTOporo HaxOAHTCH B 1s-COCTOHHHH. CooTBeTCTBeHHO, OCHOBHOH TepM 

BOAOPOAa 2Su2 ( L = 0, S = 1/2, J = 1/2 ). 

CneAyromaii 3JieMeHT Tll6JIHUbi - ze;wu. OcHOBHOMY coCToaHHIO 3Toro aToMa 

oTBe<JaeT 3JieKTPOHHaR KOH$nrypauaa 1?. Ero ocHOBHOii T~pM 1
S0• Ha aToMe renHH 

3aKaH'IHBaerca 3allOJIHeHHe K-o6ono<JKH. 
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Ta6nm~a 15.4. qHcno :meKTpoHOB B 3lleKTpoHHbiX cno.!IX H o6onotiKax aTOMOB 

CJIOit K L M N 0 

"" 0 

06onoqxa Is 2s 2p 3s 3p 3d 4s 4p 4d 4f 5s 5p = ::! 
"'"" 0 u 5 .. 

z 3neMeHT 
0 

qHCJIO :3neK1JlOHOB B o6onoqKe 

1 H 1 - - - - - - - - - - - "Suz 
2 He 2 - - - - - - - - - - - 1So 

3 Li 2 1 - - - - - - - - - - 'Suz 
4 Be 2 2 - - - - - - - - - - 1So 
5 B 2 2 I - - - - - - - - - 2plf2 

6 c 2 2 2 - - - - - - - - - Jpo 
7 N 2 2 3 - - - - - - - - - 4Slf2 
8 0 2 2 4 - - - - - - - - - 3p2 
9 F 2 2 5 - - - - - - - - - 2p3!2 

10 Ne 2 2 6 - - - - - - - - - 1So 
II Na I - - - - - - - - 'S•n 
12 Mg 2 - - - - - - - - 1So .. 

2plf2 13 AI KoH<tmrypai.IHJI 2 I - - - - - - -
14 Si HeOHa 2 2 - - - - - - - Jpo 
15 p 2 3 - - - - - - - 4SJn 
16 s 2 4 - - - - - - - 3p2 
17 Cl 2 5 - - - - - - - 2p3!2 
18 Ar 2 6 - - - - - - - 1So 
19 K - I - - - - - 2SI!2 
20 Ca - 2 - - - - - 1So 
21 Sc I 2 - - - - - zDlf2 
22 Ti 2 2 - - - - - 3Fz 
23 v KoH<tmrypai.IHJI 3 2 - - - - - 4

FJn 
24 Cr aproHa 5 I - - - - - 'sJ , 
25 Mn 5 2 - - - - - 6

Ssn 
26 Fe 6 2 - - - - - 5D4 
27 Co 7 2 - - - - - 4F9n 
28 Ni 8 2 - - - - - JF• 
29 Cu 10 I - - - - - 2

S•n 
30 Zn 10 2 - - - - - 1So 
31 Ga 10 2 I - - - - 2pl/2 
32 Ge 10 2 2 - - - - Jpo 
33 As 10 2 3 - - - - •s3f2 

34 Se 10 2 4 ' 3p2 - - - -
35 Br 10 2 5 - - - - 2p3f2 

36 Kr 10 2 6 - - - - 1So 
37 Rb - - I - 2SI!2 
38 Sr - - 2 - 1So 
39 y I - 2 - 2DJn 
40 Zr KoH1fmrypa!Uill 2 - 2 - 3Fz 
41 Nb KpHnTOHa 4 - 1 - 6D1n 
42 Mo 5 - I - 'sJ 
43 Tc 5 - 2 - 6Sm 
44 Ru 7 - I - 'Fs 
45 Rh 8 - I - 4F9n 
46 Pd 10 - - - 1So 
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Ill 
:ii :sf 
3 = = ~ u = 
~:c. 
t:: g 

13,6 
24,6 

5,4 
9,3 
8,3 

11,3 
14,53 

13,6 
17,4 
21,6 

5,1 
7,6 
6,0 

8,15 
10,5 
10,4 
13,0 
15,8 
4,3 
6,1 

6,56 
6,8 
6,7 
6,8 
7,4 
7,9 

7,88 
7,6 
7,7 
9,4 
6,0 
7,9 
9,8 

9,75 
11,8 
14,0 
4,2 
5,7 
6,2 
6,6 

6,76 
7,1 
7,3 
7,4 
7,5 
8,3 

CornacHo npHHIUmy TiaynH, B coCTOXHHH Is MO:>KeT Haxo,lUIThCJI He 6onee ~yx 

3ne.KTpOHOB, ll03TOMY lpeTHH 3lleKTpOH JIUmUR MO:>KeT 3aHJITh llHIIIb HH3mee CB060,lUIOe 

2s-coCTomHe. OcHOBHaJI 3lleKTpOHHaJI KOHClmrypauHJI amMa llHTHJI .1~2s. TepM 

2 . 
OCHOBHOro COCTOJIHHJI, KaK H y BO~opo~a, S112. llOCKOllbKY lpeTHH 3lleKTpOH llHTIDI 

JaHHMaeT 6onee BbiCOKHH 3HeprenilJeCKHH ypoBeHb, OH OKaJbiBaeTC$1 CBJI3aHHbiM C 

HOHHbiM OCTOBOM 3HalJHTellbHO 6onee cna6o, lJeM nepBbie ~a. B HTOre HMeHHO 3TOT 

saneHTHDIH 3lleKTpOH Onpe~ellJieT OIITH'IJeCKHe H XHMH'IJeCKHe CBOHCTBa llHTHJI. 

C nHma: HalJHHaerca: JarronHeHHe o6ono'IJKH c n = 2. Y cne.zzyromero 3neMeHm -

6epWlllUR - llOllHOCThiO 3aiiOllHJierCJI o6onotiKa 2s. 0CHOBHaJI 3lleKTpOHHaJI 

KOHqlHiypllUHJI 1~2~, TepM OCHOBHOrO COCT0$1HHJI 1 So. Y llOClle.zzyi<>mHX mecm 

3neMeHTOB {B, C, N, 0, F, Ne) npoHcxo~ nocne~oBaTennHoe JanonneHHe 

3neKTpOHaMH o6ono'IJKH 2p. Y neoHa rronnocn,ro JarronHeH cnoii K (~sa 3JieKTpona) H 

L (soceMb 3JieKTpoHos). OcnosnaJI 3neKTponnaJJ: KoHClmrypauHJI Iieona l~U2p6, 

OTBelJaiOllurH eii TepM, KaK H y reJIHJI, HMeeT BH~ I So. 

Ha'IJHHM c HampUR, rrocne~osaTennno 3aiiOJIII$liOTCJI o6ono'IJKH 3s H 2p. Taxoe 

HopManbHOe JacenenHe npo~OJi::>Kaerca: srrnon, ~o aprona (Z = 18), xompoMy 

orne'IaroT xonqmrypauHa: Il2~2l3l3p6 H TepM 1S0 Hnepmoro rroa. ApronoM 

3aKaH'IJHBaeTCJI lpeTHH rrepHO~ CHCTeMbl 3JieMeHTOB. 

llpH rrepexo~e K aTOMY KaJlUR (Z = 19) rrpo~ecc JarronnenHJI 3lleKTpoHaMH 

M-cnoa: (n = 3) speMenno rrpepbiBaeTCJI, a B aTOMax KanHJI H cne.zzyromero Ja HHM 

KaJlblfUR BaneHmble 3lleKTpOHbl 3aHHMaiOT He 3d-COCTOJIHHe, a Jie:>Kamee HH:>Ke 

COCTOXHHe 4s. 

0,lUiaKO o6onotiKa 4p Jie:>KHT Bbllle, 'IeM 3d, II03TOMY rrocne 4s 3HeprerH'IeCKH 

BblrO,lUibiM OKaJhlBaeTC$1 3aiiOllHeHHe COCTOJIHHH 3d. ll03TOMY y CKaHOUR (Z = 21) H 

cne.zzyromHX 3a HHM 3lleMeHTOB B0306HOBllJieTCJI HOpMMbHOe 3aiiOnHeHHe Cll0$1 M. 

Jlro60IIhlmO OTMeTHTb, 'ITO y XpOMa (Z = 24) TeH~eH~HJI K 3aiiOllHeHHIO 

060JIO'IJim 3d Bblpa:>KeHa CTOllb $1pKO, 'ITO O~HH H3 4S-3lleKTpOHOB nepeXO~ B 3d~ 
COCTOJIHHe. 

251 



I 
Ha aToMe Meou (Z = 29) 3aJ<a.HqHBaeTcH JarrOJmeHHe M-crrox, H B .narr~>HeiirueM 

H,ner 3aCeJieHHe 4s- H 4p-COCTOHHHH. qeTBepn.IH rrepHO,n CHCTeMbl 3JieMeHTOB, 

HaqlfHaJOII(HHCH C KClllUJl, 3aJ<a.HqlfBaeTCH KpUnmOHOM (Z = 36). 

HapyrneHHe HOpMaJibHOrO rropx,nKa 3aiiOJIHeHHH COCTOHHHH HMeeT MeCTO H y 

py6UOUJl (Z = 37), C KOTOporo HaqlfHaeTCH IIHThiH rrepHO,n CHCTeMbl 3JieMeHTOB. Ero 

37-if :meKTpOH ITOITa,naeT He B 4d-, a B 5S-COCTOHHHe. Y CJie.nyiOII(HX 3a py6H,nHeM 

3JieMeHTOB H,ner CBOeo6pa3HaH KOHKYPeHUHH MeJK,Z~;y 4d- H 5S-COCTOHHHHMH. 

Ha aToMe n[lJIJIGOUJl (Z = 46) 3aiiOJIHHeTCH 4d-coCTOHHHe. 3aJ<a.HqHBaeTCH IIHThlli 

rrepHO,n CHCTeMbl 3JieMeHTOB HHepTHbiM raJOM KCeHOHOM (Z:.: 54), y KOTOpOrO 

3aiiOJIHHeTcH o6ono~a 5p. 

PaccMoTpeHHble 3aKoHoMepHOCTH 3aiiOJIHeHHH o6orroqeK IT03BOJIHIOT rroHHTh 

rrepHO,nHqecKyiO ITOBTOpHeMOCTb OITTHqecKHX H XHMHqec;_KHX CBOHCTB aTOMOB. TaK, 

nomeH!fUClll UOHU3GlfUU amOMG {pHC. 15.1), 3aBHCHII(HH OT 3HeprHH CBH3H BaJieHTHOrO 

3JieKTpOHa B aTOMe, ITO Mepe 3aiiOJIHeHHH 060JIQqKH XOTH H He MOHOTOHHO, HO 

peryJIHpHo B03pacmeT OT aToMa m:erroqHoro MeTaJIJia (Haqarro rrepHo,na) .no aTOMa 

HHepTHoro rroa (KoHeu rrep~:~o.na). 

C TQqKH 3peHHH XHMHqecKHX CBOHCTB HaH6orree BamHOH xapaKTepHCTHKOH 

aTOMa HBJIHeTCH ero BaJieHTHOCTb. B XHMHqecKOH CBH3H yqaCTByiOT TOJibKO 

HecrrapeHHhie :meKTpOHhi. 3rreKTpOHhi, Haxo,nxm;Hecx B JanorrHeHHhiX o6orroqKax n 

HMeiOII(He HyJieBOH CYMMapHbiH CITHH, B o6pa30BaHHH XHMHqecKHX CBH3eH He 

yqaCTByiOT. 

TaKHM o6prooM, rrpHHUHIT IIayrrH ,naeT He TOJihKO o6ocHOBa.HHe rropH,nKa. 

paCITOJIO)KeHHH 3JieMeHTOB B rrepHO,nHqecKOH CHCTeMe, HO IT03BOJIHeT ITOHHTh 

OfiTHqeCKHe H XHMHqecKHe CBOHCTBa aTOMOB. 

3311.3'13 15.1. TiocrpoHTb 3JJeK1pOHHbie KoHqmrypal.liiii 3JJeMeHTa 10sDb (11.)'6H1Iii). 

ATOM 11.)'6HIIJI COJJ.eplKIIT 105 3JJeK1pOHOB II H3XOJJ.HTCll B 7-M rrepiiOJJ.e II V-ii rpyrrrre. MOlKHO 

CK333Tb, 'ITO y Hero 33IIOJJHeHbl 6 CJJO<lB, 11.0 Q-CJ!Oll BKJJIO'I!ITeJJbHO, II H3'13TO "CTPOHTeJJbCTBO" R-CJJOll. 

it CymecTBeHHo, 'ITO y ero cocell;eii "cHHJy" - R3, Ac, Rf- JarroJJHeH3 7 i -o6oJJo'IKa II Ha'laTo 33IIOJJHeHue 

"rrporrymeHHOii" 6d-o60JJO'IKII. llOJTOMy 3JJeK1pOHHhle KOHijlHryp3l.liiii Jl;y6HIIJI BbiCTp31IB310TCJI 

CJJeii.)'IOII.(IIM o6p330M ( CHII3Y YK333Hbl HOM epa rrepiiOJl;OB ): 

ls2 -I 

2s 2 2p6 3s23p6 4s23d104p6 5s23d104p6 6s24f14 5d106p6 7s2
6d3 • 

'-.----' ~ ~ ~ 
2 3 4 5 ,;. 7 
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K uaCToxm;eMy BpeMeHH ycHJIHHMH yqeHbiX OIUIM ()zy6Ha; PoccHH), 

Hccrre,noBaTeJibCKOro ueHTpa TH)I{eJibiX HOHOB (,ll;apMIIITa,nT, repMa.HHH) H 

HaunoHaJibHOH na6oparopHH HM. 3. Jioypeuca (EepKJIH, CiliA) Ta6JIHua MeH,neneeBa 

npo,nrreHa,no 118 :meMeHTa (He CHHTe3HpOBa.H noKa 117-ii :meMeHT). 

r JIABA 16. TEOPIDI B03MY~EHIIH, 3ABHC.H~IIX 

OTBPEMEHII 

§ 16.1. Boncy~enuH, JaoucH~ue oT opeMeuu 

EcJIH B ypaBHemm lllpe,nHHrepa (6.15) nOTeHUHaJihHaH 3HeprHH 3aBHCHT OT 

BpeMeHH 

U=U(r,t), . (16.1) 

TO CTaQHOHapHbiX COCTOHHHH He cym;eCTByeT, T.e. 3Hep2Ull cucmeMbZ U3.AteHRemcR CO 

' 
epeMeHeM. Ho MO)I{HO uaiiTH npH6JIH)KeHHoe pemeHne, ecJIH, a.Harromquo (14.3), 

rrpe,nCTaBHTb raMHJibTOHHa.H CHCTeMbl B BH,ne CTaQHOHapHOH qaCTH H MaJIOrO 

B03MyYUeHHH, 3aBHCHII(ero OT BpeMeHH: 

H(r, t) = H 0 (r)+ V(r, t). 

Tor.na KOJ!I>qmuneHThl am B (14.5), B0061I(e rOBOpH, 3aBHCHT OT BpeMeHH: 

N 

'l'(r, t) = l:am(t)'l'~(r, t), 
m=l 

H DO,nCTa.HOBKY 3TOro perueHWI B ypaBHeHHe lllpe,nHHrepa ( 6.15) 

ifi mv = (H0 + V)\jl at 

(16.2) 

(16.3) 

(16.4) 

CJie.nyeT DpOH3BO,nHTb C yqeroM TOro, qro 11HeB03Mym;eHHhle" li>YHKUHH \jl0 (r,t) 

y,nOBJieTBOpHIOT CTaUHOHapHOH qaCTH 3TOro ypaBHeHWI: 

ifi mv~ = H. '" "'o oc e -i&~t/tl at 0Ym• 'l"m • (16.5) 
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t1 

CooTBerCTBeHHO, noJI)"'HM 

. ~ o dam ~ " o zfi £.... \jl m · -- = £.... amVlJI m . 
m=l dt m=l 

(16.6) 

YMHO)I(HB o6e qaCTH cneBa H cnprum Ha ('1'2)" H npoHHTerpHpOBaB no o6neMy,_ 

mlli.n;eM C )"'eTOM ycJIOBIDI (8.18) OpTOHOpMHpOBaHHOCTH lPYHKQHH \jl~ 

ifi dak = }2Vkn{t)·an, 
dt n 

(16.7) 

r.n;e 

V~cn(t)= f<w~)·vw~d3r=(klvln). (16.8) 

TaKHM o6pa30M, ypaBHeHHe .n;mi K03lPlPHQHeHTOB am (t) CBeJIOCb K HaxO)l(,l(eHmo, 

npe)l(J(e Bcero, Bce Tex )l(e MarpH~biX :meMeHToB (14.6), (14.7), Koropbie Tenepb 

3aBHC.liT OT BpeMeHH. 

11 He cne.n;yer 3a6bmaTh, qro ycnoBHe HopMHpOBKH w(r, t) .n;aeT H3 (16.3) 

N 2 

z]am(t)' =I. (16.9) 
m=l 

§ 16.2, llepHOAH"'ICCKOe BOJMy~euue B AByxypoBHCBOH CHCTeMe 

PaccMOTPHM npHMeHeHHe TeopHH B03MYIQeHHH, 3aBHcgiQRX OT BpeMeHH, B 

CJI)"'ae i>Byxypo8He8oii cucmeMbl, Ha KOTopyro .n;eiiCTByer B03MYIQeHHe 

" . . I E2 -El 
V (t) = 2V0 (r) cos root = V0 (r)( e'"'0 1 + e -•roo ), ro0 = -fi-, (16.10) 

r.n;e E1, 2 - ::mepmH ypoBHeii. · TaKHM o6pa30M, Mbi paccMarpHBaeM CJI)"'aii 

pe3oHaHCH020 803M}'UJellllR, HaH6onee B~biH .n;mi .D;aJibHeHWHX o6cy)l(J(eHHH. 

BOJIHOBbie lPYHKQHH HeB03MYIQeHHbiX COCTOjiHHH CHCTeMhl npe.n;CTaBHM B BH.n;e 

0 - 0 - -i£) 21/11 
'l't, 2 (r, t) = lJI1, 2 (r) · e · . 

Tor.n;a BOJIHOBM lPYHKQIDI B03MYIQeHHOH CHCTeMbi onHCbffiaercg Bblpa)l(eHHeM 

w(r, t)= a,(t)·w?(r)·e-i£JI/1i +a2(t)·w~(r)·e-i£2l/li. (16.11) 
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B 3roM cJI)"'ae MarpH~bie :meMeHThi (16.8) npHHHMaiOT BH.n; 

v. _ V.o(eimol + e-irool) 
11- 11 ' 

Jil2 = Jil~(I+e-2iro0 t), 
· TJ'o ( 2iro0 1 1) lilt =Y21 e + • 

r.n;e V;2 = J(w?(r)J · Vo(r)· wZ(r)· d3r = (*'olk). (16.12) 

V
22 

= V~(eiro0 1 +e-iro0 1), 

CooTBerCTBeHHO, ypaBHeHIDI .n;mi K03$$HQHeHTOB B03MYIQeHHOH BOJIHOBoii lPYHKQHH 

(16.7) nOJI)"'HM B BH.n;e 

. da1 V. V. zfi- = uat + 12°2 • dt 

da2 TT TT ifi-=y2lal +Y22°2· 
dt 

(16.13) 

Hac HHTepecyroT Me.n;neHHbie, no cpaBHeHHIO c qacToToii ro
0

, H3MeHeHHg 

COCTOj{HHjl CHCTeMbi. fi03TOMY ycpe.n;HHM ypaBHeHHg (16.13) no nepHO.D;y T
0 

= 2rt/ro
0

, 

Bbrnecg K03$$HQHeHThi a 1 , a 2 H3-no.n; HHTerpanoB ycpe.n;HeHHg. Haii.n;eM 

--To 1 To 2a To 
Jil 1a1 =- JJiJ 1(t) ·a1(t) ·dt :::~-1 Jcosro0t·dt = 0, 

Too, Too 
--To o --To o --To 
Jil2a2 :::1 Jil2a2(t), Vital = v2lal(t), v22a2 = 0. 

qepTa Ha.D; Bblpa)l(eHHeM - CHMBOJI ycpe.n;HeHHjl no HHTepBaJIY BpeMeHH T
0 

• 

3aMeTHM TaK)l(e, qro V0 (r) no cBoeMy $H3IfqecKoMy CMbiCJIY ecTb 

.n;eiiCTBHTeJibHM BeJIHqHHa (aMnnHry.n;a 3HepmH). ITo3roMy BBe,neM o6o3HaqeHHe 

Jil~ ={v2~)· =nOv, (16.14) 

r.ne nv- BeJIH~Ha, HMeiOIQM pa3MepHOCTb qacTOTbi. Tor.n;a ycpe.n;HeHHbie ypaBHeHHjl 

(16.13) MO)l(HO npe.n;CTaBHTb B BH.n;e 

da1 .,..,. da2 .,..,.. 
-:::~-z .... va2, -=-z .... vat. 
dt dt (16.15) 

_nH$4JepeHQHpyg nepBOe ypaBHeHHe H nO.D;CTaBJigg B Hero a2 H3 BTOporo, no.rry'mM . 

OTKy,na 

d2al +!Ov!2 ·a, =0, 
dr2 
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a1(t) = aeili"lvlt +be-iiOvit 
' (I6.I7) 

r~e a H b- HeH3BeCTHbJe ITOKa KOHCTaHTbi. JtiJ nepBOro ypaBHeHHH 3aTeM HaH~eM 

a2(t)=-i-· dai = lnvl(a·e'lOvlt -b·e-iiOvl'). 
nv dt nv (16.I8) 

.l{rui onpe~eneHua KOHCTaHT a n b npe~ono)J(HM, 'ITO npn t = 0 CHCTeMa Haxo~nnacb 
B HeB03M~eHHOM COCTOHHHH I, T.e. 

\jl(r, O) = "'~(r, o). 

C ~yroii cTopoHbi, Harne pemeHne npn t = 0 HMeeT 3HalJeHne 

\jl(r, 0) = a) (0). \jl~ (r' 0) + a2 (0). \jl~ (r, 0). 

TipnpaBHHB o6a 3TH JHalJeHna \jl(r, 0) ~pyr ~pyry, HMeeM 

a1(0) =I, a2 (0) = 0. 

flo~CTaBHB CIO~a 3HalJeHHH a 1(0) (16.I7) H a2(0) (I6.I8), ITOJJylJHM ypaBHeHHH 

a+ b =I, a- b = 0, 

OTey~a 

I 
a=b=-. 

2 

flo~CTaBHB 3HalJeHHa a H b B (I6.17), (I6.I8) H 3aTeM ITOJJY'leHHhle 3HalJeHHH 'a
1
(t), 

a2(t) B (I6.1I), ll011YlJHM lf>YHK~HIO B03M~eHHOH CHCTeMbl 

\jl(r, t) =cos I nv 1 t · o/~(r, t) + isin 1 nv 1 t · o/~(r, t). (I6.19) 

flOCKOJJbKY BepOHTHOCTb 06Hapy:>KHTb CHCTeMy B COCTOHHHH I HJJH 2 paBHa KB~pary 

MO~JJa K031}JI}JH~HeHTa nepe~ \jl~ HJJH \jl~ COOTBeTCTBeHHO, TO Mhl HMeeM 

I I 
Jj(t) =-(I+ cos20vtt ~(t)= -(I-cos20vt). 

2 2 (I6.20) 

TaKHM o6pa3oM, no~ ~eiicTBHeM nepno~lJeCKoro pe30HaHCHoro B03M~eHua cncTeMa 

HenpepbmHo nepexo~HT ll3 O~HOrO COCTOHHHH B ~yroe C lJaCTOTOH Ov {16.14) 

t1 (pnc. I6.I ). 3To aBJJeHne HaJhmaroT unmeprjJepen!Jueu cocmoRnuu, a cocToaHne, B 

KOTOpOM npe6bmaeT KBaHTOBM CHCTeMa, - CMeUlaHHblM COCmORHUeM. B OTJJHifiie OT 

'lUCmozo COCmORHUJI, B KOTOpOM ITOBe~eHHe CHCTeMhl OITHCbffiaeTCH OMOH BOJJHOBOH 

lf>YHmneii C onpe~eJJeHHbiM Ha6opoM KBaHTOBbiX lJIICeJJ, B CMeillaHHOM COCTOHHIIII 
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HMeeT MeCTO JJIIHeHHM KOM61IH~Ha BOJJHOBbiX lf>YHK~HH- ~Byx, KaK B (I6.19), HJJII 

HeCKOJJbKIIX B 6onee CJJO)KHbiX C11YlJaHX. 

·PJ(t) 

P2(t) 

Pnc. 16.1. BepOl!THocn. o6Hap)')KeHHll .nsyx

ypoBHesoll CHCTeMbl B' O.l{HOM H3 .!IBYX 

COCTOl!HHll npH BOJ.l{ellCTBHH nepHO.l{aqeCKOfO 

peJOHaHCHOfO BOJMyiUeHHl! 
0 v '-" . , ...., ·_, )>- t 

§ 16.3. "KpaTKOBpeMeHHhle" B03MYIQCHHH 

PaccMOTPHM Tenepb ~eiicTBHe BOJMy~eHIIa, orpaHIIlJeHHoro Bo BpeMeHII. 

TiepBoe JaKJJroqeHIIe MO)KHO c~enaTb, IICIIOJJI>Jya peJyJJI>TaT npe~M~y~ero pa3~ena. 
flyCTb pe30HaHCHOe B03My~eHIIe BKJJJOqaeTCH B MOMeHT t = 0 H BbiKJJJOlJaeTca B 

MOMeHT t > 0. If ITYCTb B HalJaJJbHbiH ,MOMeHT ~ByxypOBHeBaa . CIICTeMa HaxO~IITCH B 

cocTOHHHII i (initial). BTopoii ypoBeHb o6oJHalJIIM 6YKBoii f (final). Tor~a cornacHo 
-· . ' ' 

(16.20) C BepOHTHOCTbiO Pi(t) Mbl 06Hapy)KIIM CIICTeMy B COCTOHHIIII i II C 

BepOHTHOCTbJO P1(t) BCOCTOHHHII.f. 

flo~epKHeM, 'ITO pemeHHe (I6.19) CITpaBe~JJIIBO H ~ C11YlJM 

KpaTKOBpeMeHHOro (orpaHIIlJeHHoro BO BpeMeHII) B03My~eHIIH, eCJJII TOJJbKO OHO 

BKJJroqaeTca II BbJKJJroqaeTca MrHoBeHHo. B CJJYlJae ITJJaBHoii JaBIICIIMOCTII 

B03M~eHHa OT BpeMeHII Te )Ke ypaBHeHIIH , (16.13) MO)KHO IICITOJJb30BaTb 

npn6JJII)KeHHo, 'ITO Mbl II c~enaeM, cne~ya [6], neK~Ha 23. 

Tiycn, BOJMy~eHne V(r, t) MO)KHo npe~cTaBHTb .a BII~e 

v(r,t)=V0 (r)-J(t), ,(I6.2I) 

r~e /(t) - HeKoTopaa (H3BeCTHaa) lf>YHK~IIa apeMeHII. Tor~a npii t = 0 IIMeeM 

ai(o)=I, aAo)=o. 

Ey~eM IICKaTb pemeHIIe a;{t) MeTo~oM nocne~oBaTeJJbHbiX npii6JJH)KeHIIii 
(CpaBHH § I4.I): 
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! 

I 
I· 
I 
I 

i 

I 
I 

-~ 
11 

( ) 0 {1) ( ) 0 {1) a1 t =a1 +a1 , a1 t =a1 +a1 , 

r):{e 

a~= a1(0)= I, aJ = aiO)= 0. 

Tor):{a H3 BTOporo ypaBHeHIDI (I6.13) C }"'tiTOM 3HalJeHIDI V;2 H3 (I6.I2) Haii):{eM 

I I 

a~>(t)""-:- Jv11 (t')·dt', 
1/i O 

V11{t) = J('l'~(r, t )J · V(r, t )· 'l'?(r, t )· d3r. 

11CDOJIL3YH BbipiDKeHIDI ,z:{J1H HeB03M)'meHHLIX BOJIHOBLIX <l>YHI<D;HH 

,,o (r- t) o {-) -it· t'l~ -rt,f , =\j/1,1 r ·e '· , 

npe):{CTaBHM (I6.22) B BH,z:{e 

a~>(t)"" ~~~ J!(t')· /rofit'dt' ·, ro fi = &f ;&; 
VJ1 = J('l'~{r)J · V0(r)· 'l'?(r)· d3r = (!IVoli). 

BeJIH"'HHY vJ; TaiOI(e Ha3biBaiOT MampU'lHb!M ::meMeHmOM 603M)'UieHWl. 

(I6.22) 

(I6.23) 

(16.24) 

' 
BepOHTHOCTL 06Hap}')KHTh CHCTeMy B MOMeHT t B COCTOHHHH f (BepO.s;rHOCTh 

nepexo,z:{a i ~f) Hail:):{eM aHanorH"'Ho (I6.20) 

P,~1VHa~lvf = I?J' ·IJiv·J.,~,·· ·{ (16.25) 

BepoHTHoCTL o6paTHoro nepexo):{aj ~ i, olJeBH):{HO, paBHa 

pf-H(t)= I-P;_.it). 

PaCCMOTpHM CJI}"'aH MOHOXpOMamu'leCKOZO 603M)'UieHWl, KOTOpOe BKJIIO"'aeTCH 

npH t = 0 H BbiKJilO"'aeTCH B MOMeHT I = T: 

{

0, t <0, 

f(t )= sin rot, 0 S. t S. T, 

0, T St. 

Tor,z:{a HHTerpan no BpeMeHH B (I6.25) paBeH 
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(I6.26) 

T 
Jsinrot·e;"'J;'dt- I [ei(roJ;+ro}T 
0 --· -I 

2 rof; +ro 

/(IDJ;-ro}T -I)· 
rof; -ro 

Ilpn ro - ro 11 BTopoe cnaraeMoe 3HalJHTeJILHO 6onLme nepBoro, KOTOpLIM no3TOMY 

MO:lKHO npeHe6pe"'L. B 3TOM crryqae BepOHTHOCTL nepexo):{a i ~ f paBHa KBa,npary 

MO):{yAA BToporo cnaraeMoro B npe):{Lmymeil: <PopMyne: 

( ]

2 
. (ro11 -ro)T 

2 sm 
p ( ) = _!_ ·IVO I . 2 ro-+ro fi 
~-+! t li2 f• rof,-ro 

w 

lvJ.I2r2 
~ --41i2 • (I6.27) 

BCHKM BOJIHa HBAAeTCH B ,z:{eHCTBHTeJILHOCTH "He BIIOJIHe MOHOXpOMaTH"'eCKOil:." 3TO 

npaKTH"'eCKH HeH36e:lKHO, T.K. JII06M MO):{yAA~HH aMllJIHry):{bl, B TOM "'HCJie 

11BKJIIO"'eHHe" -
11
BbiKJIIO"'eHHe" H3JIY"'eHJIH, npHBO):{HT K pa3MLITHIO ee ClleKTpa. 

Cnyqail: nnaBHoro HapacTaHHH H cna,na B03MymeHHH paccMOTpeH B 3a,D;a"'e I6.I. 

331(3'13 16.1. H3iiTH sepol!THOCTL nepexol(3 (16.25) AJill cny'lal! "pe:JoHaHcHoi!o" «03M}'UleHUR co= co 11 c 

rayccosoll orn6aiOmeli: 

V(r,t)=V0 (r)·J(t1 rAe J(t)=.cosco1,t·e-
1212

''. (16.28) 

IlpeACTaBHB COS CO 
1

;1 B BRAe fiOJIYC)'MMLI KOMruieKCHbiX 3KCfiOHeHT, H3lil(eM BepOliTHOCTL 

nepexoA3 i ~ f B MOMeHT t (16.25): 

p Jv];i' ·~ fte-(t'f/2•'(e'WJ/ +e-iroJl')./wJ/ •dt'l2· 
1-+/ ;,2 2 

-!' . 

rAe 

v;, = (flvoli). 
HHTerpaJI no speMeHH s :JTOM BLipaJKeHHH BLI'IHCJilleTCll npocTo s. npeAnonolKeHHH t >> t., TorA3 

BepXHHl\ npel(en HHTerpaJI3 fiOROlKHM p3BHLIM fieCKOHe'IHOCTH H, HCfiORL:JYll TOT lKe npHeM, 'ITO H B 

§ 4.5 npH BLIBOAe $OPMYRLI (4.22), H3MeM 

I r; ( 2w'•') Int,....., =v2:· 1+e- " ·t. 

B pe:JynLTaTe Mll sepol!THOCTH nepexoA3 nonyqHM 
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i1 

I 0 12 7t v.fi 2m2t2 
1', (T)=-·-·T

2 ·(I-e- fi )· 1->/ 8 h2 (I6.29) 

il>yHKI.IHll P,_,,(T) B03pacraer C yseJIIf'leHHeM 't, BI>IXO.!VI Ha 3CHMITT01)' 

P,...,t<T)oc 'tl npu 
I 

T>>--, 
(f)Ji 

'ITO Ka'leCTBeHHO COBIIa)laeT C (I 6.27). 

§ 16.4. 3JieKTpuqecKue AHDOJibHbie nepeXOAbi. IlpaouJia oT6opa 

PaccMOlpHM aToM, HaxO.zlHinHiicx B none Jluneuno-noJIJlpU3o6annou nnocKoii 

3neK1pOMarHHTHOH BOnHhl 

E(r, t)= E0(t)·cos(kr -rot), k = 2
7t, 

A. 
(16.30) 

aMnnHT)'):Ia KOTOpOH, B006Ine rOBOpX, 3aBHCHT OT BpeMeHH. EcnH 3neK1pOH HaxO.[IHTCX. 

Ha paccTOXHHH R oT H.npa, TO .r~nnonLHLIH MOMeHT aToMa ecTh d = (-e)· R, r.r~e 

R - pa.[llfyc-BeKTop, npoBe.[leHHbiH HJ H.L(pa K 3neK1poHy. BLI6paB Ha'Iano oTc'I!:Ta :B 

TO'IKe pacnono)l(eHHX H.npa (pnc. 16.2), HMeeM R = r If d = -er. 

E 
E 

Puc. I6.2. ATOM B IIOJie IIJIOCKOlf 

3JieK'tpOM3fHHTHOlf BOJIHhl 

llocKonLey BOnHa nnocKax, BeKTop E0(t) HanpaBneH BJ~Onb o.r~Horo !J!nKcnpoBaHHoro 

HanpaBJieHHX, T.e. aMnnHry.[la BOnHhl eCTb 

E0(t)= E0 • F(t), (16.31) 

r.r~e F(t) - CKanxpHax IPYHKU:HX BpeMeHH, IF(t) $11. OrpaHH'IHBWHCb cnyqaeM kr << I 

(A.>> r), 6y.[leM C'IHTaTb none nOCTOXHHbiM Ha pa3Mepe aTOMa. 3Heprux .LilfnOJIX d B 
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3TOM none ecTh 

V(r, t)= -(J, E(r, t)), -(J, E0 )·F(t)·cosrot. (16.32) 

Tenepb y Hac eCTL ace, 'IT06bi aocnonLJOBaThcx PeJYJibTaTaMH § 16.3. OnepaTOp 

V(r, t) npe.[ICTaBneH B IJ!opMe (16.21), r.[le B .[laHHOM CJiyqae 

V0(r)= -{J, E0 ), f(t)= F(t)·cosrot. (16.33) 

fiOJICTaBHB 3TH Bblpa)l(eHHX B (16.25), Bbi.LienHM B XBHOM BH.[Ie nOCTOXHHYJO 'IaCTh 

aMnnHT)'.Libi BonHhl E0 • llony'IHM 6epoRmnocm& ounoll&nozo nepexooa i ~ f B none 

JIHHeiiHo-noJIXpH30BaHHOH 3neK1pOMarHHTHOH BOnHhl 

P;_,, =( ~o J ·ldl·IJF(t')·cosrot·eirofil{. 

r.n:e 

d1; = f(ljl~ }(J, eo~?d3r = (!j(J, e0)j;) (16.34) 

- MampU'lHblU 3/leMeHm 3/leKmpU'leCKOZO OUnOllbHOZO MOMeHma nepeXO.[Ia i .~ j. 6 

nolle JIUHeuno-nollRpU306QHHOU 3/leKmpoMaznumnou 60/IHbl If eo =Eo/ Eo

e.n:HHH'IHhm BeKTop a.n:onb HanpaBneHHX noJIX E
0 

• 

llo.n:cTaBHB B Bbipa)l(eHne .li:JlX P;-> 1 !J!opMyny 

cos rot= ~(eirot + e-irot ), 

nOBTOpHM paccy)l(,ll;eHH:e, npOBe.[leHHOe npH BbiBO.[Ie (16.27) .li:JlX MOHOXpOMaTH'IeCKOro . . 

HJnyqeHnx: ecnn IJ!YHKU:HX F(t) rna.r~Kax, TO B pe3ynLTaTe HHTerpnpoBaHnx 

npeo6na.[laJOfnHM H3 .LIBJX cnaraeMbiX 6y.[leT TO, KOTOpoe CO.[Iep)I(HT paJHOCTb roil- ro. 

Ha 3TOM ocHoBaHHH JannweM OKOH'IaTenLHO 

P;_,, "' ( ~0 r ·ldl·~· JF(t)·/(rorro} ·dtj. (16.35) 

Ja.lla'la 16.2. BM'IHCJIHTI> M3Tplf'IHMe 3JieMeHThi 3JieK'tpH'IeCKOro .lllliiOJILHOfO MOMeHTa AIIll nepeXO.lla 

MelKJIY ypOBHliMH I H 2 B aTOMe BO.l\OPO.lla. 
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., 
11 

Hanpas!IM OCb z B.liOHb BeKTOpa eo, 3aiiHC8B 

(;t, eo)= dcos9 = eT·COS9' {16.36) 

H BOCIIOnblyeMCll «flyHKUHliMH (13.43), {13.46), {13.49). <l>yHKUHll ljl.., 38BHCHT TOHbKO OT KOOp.liHH8Thl 

T. IloJTOM)' .llliJI rrepexo.t~a IS112 ~ 2S112 Hafi.lleM 

d(IS112 /2S112 )= jjljl;s{r)· eTcos9 ·ljl1s(T)r 2dT · 2nsin9 ·cAl= 0. 
0 0 

TaKHM o6pa30M, nepexoo iS~ 2S 3anpe11JeH OJIJI JJieKmpu'lecKUX ounoJII>HbiX nepexoooe. J(rrllrrepexo.t~a 

IS112 ~ 2P112 (l =I, m = 0) H&fi.lleM 

0:0 J: 2.: e-r/21b r e-r/ro 
d(is ,j2P. 2 )= JT 2dTJsin9a\l Jdcp· .{iii. 31 ·-·cos9·eT·cos9· r::: 3/

2 
= 

1/ 1/ 0 0 0 4 21t·T
0 

T0 v1tT0 
~ 41 iS/2 

= 3~ Je-
3
4

2 
·x

4
dx= 3~ · {3/~)s =y·eT0 =0,74493·eT0 • 

{16.37) 

J(rrllrrepexo.t~a IS112 ~ 2P312 (l =I, m =±I) aHanOrii'IHO Hafi.lli!M 

QO ~: 2~: -r/2ro -rf2ro 

d(ts11,j2~12 )= JT 2dTJsin9aB Jdcp· ~ 
312 

-~·sin9·e±i~·eT·cos9· e,-
312 

=0. 
o o o 8 1t · T0 To v 1tT0 

Ilo.n,qepKHeM, 'ITO JTOT pelynbTaT CrrpaBeMHB TO»bKO .llliJI HHHei!HO-IIOnllpH30B8HHOH BOHHbl {CM. 

3a.!181JY 16.4 HIDKe). 

3a.t~a'la 16.3. B~>I'IHCnHTb M&TpH'IHbiit JneMeHT JneKTpH'IeCKOro .liHIIOnbHoro MOMeHTa .llliJI rrepexo.t~a 

MelK.liY ypOBHliMH TOHKOH CTpyKTypbl 8TOM8 BO.ll0pO.ll8 2S1n H 2P1n (m = 0). 

~ • 2• e -r/2'b -r/2'b ( ) 

d(2s11,j2P112 )= JT 2
dr Jsin9aB Jdcp· .{iii. 

312 
-~·cos9·eTcos9· ~ 

312 
• 2-~ = 

o o o 4 21t • T0 T0 4 21tT0 T0 

= eTo fx'(2-x)e-•dx=3eT0. 
24 0 

{16.38) 

CpaBHHB8ll JTOT pe1ynLTaT c rronyqeHHbiM s la.ll&'le 14.1, rrpuxo.t~HM K 38KnJO'IeHmo, 'ITO JHepi'IIJI 

paclllerrneHHJI yposuei! s CTaTH'IeCKOM JneKTpH'IeCKOM none pasHa 

&N =±d·E. 

Pe3ym.TaTLI Ja,n:a'l 16.2-16.3 noKaJLIBaJOT, 'ITO Ma-rpH'IHI.Ie :meMeHThi :meK-rpH'IeCKHX 

MITOJILHI>IX nepexo.nos no nopRJU<Y BeJIH'IHHI.I paBHhl 

d11 -er0 • (16.39) 
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06Hap)')KeHHbill B Ja,n:aqe 16.2 tPaKT paBeHCTBa Hynw MaT{lH'IHoro :meMeHTa 

IS~ 2S nepexo.na HBIDieTCH 'laCTHbiM cnyqaeM o6meli TeopeMbi: Mampu'lHb!e 

:JJleMeHmbl :JJleKmpu'leCKUX ounOJlbHb!X nepexooo6 MeJICoy yp06HJ/.MU c OOUHOK06b!MU 

KBaHmOBb!MU 'IUCJIOMU .e cmpozo pa6Hbl HYll10. 

3To yrnep)K)l;eHHe MOJKHO .noKaJaTb MaTeMaTHqecm, HCIIOJIL30BaB CTPYKTYPY 

BOnHOBbiX tPYHKD:Hli aroMa Bo.nopo.na (13.41). IIpH O.D;HHaKOBbiX .e 3neMeHT d
11 

nponopUHoHaneH (eM. (10.30)) 

" 2x 

d11 oc fsinede fdcp· Y;m
1 
(~. cp)·cose · Yem; (e, cp)= 

0 0 

2x " 
= f e1

<mrm;l'P dcp· fP;f {cose} cose · p~; {cos e). sine· de. 
(16.40) 

0 0 

IIpH m 1 "# m 1 nepBbili H3 .nsyx HHTerpanos paseH Hynw, a npH m 1 = m
1 

BTopoli 

HHTerpan paBeH HYJIIO. ,[(ellCTBHTellbHO, B 3TOM cnyqae ero MOJKHO IIpHBeCTH K BH.D;y 

I 

f(Pt'(x)} ·x·dx=O, x=cose. (16.41) 
-I 

A TOr,na IIO.D;biHTerpanbHM tPYHKUHH eCTb IIpOH3Be.D;eHHe CHMMeT{lH'IHOll IIO X 

cjJYHKUHH (Pt{x))
2 

Ha aHTHCHMMeT{lJI'IHYIQ,. aprYMeHT x. B pe3yni>TaTe nonyqaeM 

HHTerpan OT HeCHMMeT{lH'IHOll (aHTHCJIMMeT{lH'IHOll) cpYHKUJIH B CJIMMeT{lH'lHbiX 

IIpe,nenax, KOTOpi.Ill TO)K,ll;eCTBeHHO paBeH HyniO. TaKJIM o6pa30M, OTllH'IHI.I OT HYIDI 

TOni>Ko 3neK-rpii'IecKHe .n;Jinoni>Hhie MOMeHThi c U3MeHeHueM 'lUCJla . .e. IIpH 3TOM 

OKa3LIBaeTcH, 'ITO 'lHcno .e He Mo~eT MeHHThCH npOH3BOni>HO. B Teopiiii mapoBbiX 

cpYHKIJ:Hll IIOKa3biDaeTCH, 'ITO HHTerpan (16.41) OTllJI'JeH OT HYIDI IIpH .f. I "# .f.; ecnJI 

.e1 =£1±1, m1 =m1 • (16.42) 

Bropoe JI3 3THX ycnoBHli Mbi )')Ke nonyqiinH m (16.40), a nepBoe (ro'IHee, ero 

.lJ;OCTaTO'lHOCTb) Henocpe.D;CTBeHHO cne.nyeT H3 CBOllCTB CHMMeT{lHJI IIIapOBbiX cpYHKIJ:Hll 

(10.34). ,[(eliCTBHTellbHO, HHTerpan OT IIOllliHOMOB Pt(cose) B (16.40) MOJKHO 

IIpe.D;CTaBJITb B BH.D;e, aHanOrH'IHOM (16.41): 
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~ 

·~ n 

" I 
JP;"(cose} cose. P;'(cose). sine de= fP;"(x )· P;'(x )·X. m. 
0 -1 

Ilocxonoey P;"(x)= (-1Y ·P;"(-x) (eM. (10.33), (I0.34)), TO nO.l(biHTerpanbHM 

lfJynKIUHI CIIMMeTJlii'IHa II IIHTerpan MO:lKeT 6biTb OTRIIqeH OT HyiDI, TORbKO ecnii 

f. ± R' ± I = 2k, k = 0, I, 2, ... (I6.43) 

QqeBII.l(Ho, no 3TO paBeHCTBO y.l(oBneTBOpJieTCJI .l(IDI .e = .e 
1 

II .e' = f
1 

II3 (16.42). 

TeM CaMbiM c!fJopMyniipoBaHo npa6WIO om6opa pa3pemeHHblX nepexooo6 6 clly'lae 

JIUHeLIHO-nOJIJlpU306QHH020 U3Jly'leHUJl - ycnOBIIe ( I6.42). 

06paTIIMCJI K CR)"'aiO B03MymeHIIJI B BII,l(e BORHbl C KpyrOBOH IIORJipii3al{IIefi, 

IInii lJUPKYllRpHo-nollRpU3o6aHHou 60JIHbl. Tenepb H~npaBneHIIe BeKTopa E He 

JIBnJieTCJI BbmeneHHbiM, T.K. OHO MeHJieTCJI BO BpeMeHII (piiC. I6.3), II B KaqeCTBe 

BomeneHHOrO HanpaBneHIIJI, T.e. OCII Z, ecTeCTBeHHO Bbi6paTb HanpaBneHIIe 

pacnpOCTJlaHeHIIH BORHbl. 

/ 

.. .--····· i(o.o,A.,o) 

vz 
I X / 2 

i . i(o.o.JAf4.o) 
1 

PHC. 16.3. ATOM (A) B noJJe QHpKyJJllpHo

nOJJllp1130BaHHoii BOJJHhl. BoJJHa c 

npasoii UHPKYJJllpuoii noJJllpH3aQHeii, 

noKaJaHbl noJJoJKeHHll seKTopa E B 

MOMeHT t = 0, B TO'!Kax J-6 C liiafOM 

. · :·- - __ i(o. o. A/2. o) 

/_./ ·. ·.. _:: i(o. o. A/4, o) 

I -y t../4; E(O, 0)= e,Eo 

BMecTo (I6.30) IIMeeM 

E(z, t )=ex. Eo(t)· cos(kz- {() t )+ ey. Eo(t)· sin(kz- (()(). (I6.44) 

Haqano oTcqeTa Bb16paHo Tax, qTo t = 0 B Toqxe pacnono:lKeHIIH aToMa (z = 0), BeKTop 

E HanpasneH B.l(Onb ocii x. Tor.l(a lfJopMyny noTeHuiianbHOfi 3Hepmii (I6.32) cne.l(yeT 

3aniicaTb B BII.l(e 

V(r, t) = -e · ~. E(O, t ))= eE0(t )· (x ·cos rot- y ·sin rot). 

IJepeXOM OT .l(eKapTOBbiX KOOp.l(IIHaT K clfJepiiqeCKIIM (r, 9, cp ), nOn)"'IIM 
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(I6.45) 

..... 

flepeXO.I(H OT ,l(eKaPTOBbiX KOOp.l(IIHaT K c!fJepiiqeCKIIM (r, 9, cp), nOn)"'IIM 

V(r, t) = e ·r ·sine· E0(t )·cos{rot+cp) =e. ~o(t) ·r ·sin9·(ei(mt+q>) +e-i(mt+q>)). 

3asiiCIIMOCTh Eo(t) y.l(o6Ho coxpaHIITD B npeJKHeM BII.l(e (16.3I ) . .l{mr Taxofi !fJopMbi 

noTeHl{llana HeJIL3JI socnonb30BaTDcJI lfJopMynofi (16.25), Tax xax nepeMeHHble. 

BpeMeHH (f) H KOOp.l(IIHaTbi (cp) 113aiiJTaHb1" H OrrepaTOp noTeHQHana He y,z:tai:TcJI 

npe.l(CTaBHTh B BH,l(e (16.21). fl03TOMy, C.l(enaB "mar Ha3a,z:t11 , BOCnOnb3yeMCJI 

.popMynaMH (I6.22). BonHOBbie .PYHKiliiH l}eB03MymeHHbiX COCTOJIHHH i,/MO:lKHO no

npeJKHeMy ncnonJ>3oBaTD B lfJopMe (I6.23). TIOR)"'HM 

P;-+At)=laJ>(tf =(~or ·II1 +Il, 

I1, 2 = f(w}(r)J · (er ·sine· e±'<P). w?(r)· d 3r ·i JF(t )· /(mfi±m} dt. 
0 

(16.46) 

CpaBHIIBall non)"'eHHOe Bblpa:lKeHIIe C (16.34), (16.35), BH.l(HM, no COMHO:lKIITenb B 

cxo6xax B HHTerpane no cf3 r IIrpaeT ry ,:lKe pono, no H npOII3Be.l(eHIIe (J, ~0 ). B ( I6.34 ). 

TI03TOMy, aHanomqHo (16.34), MOJKHo BBecrn MampU'IHbze 3JleMeHmbz 

3JleKmpu'lecKozo ounO{lbHozo nepexooa 6 nolle lJUPKJ'JIJlpHo-noJIJlpU3o6aHHou 

3JleKmpOMQ2HUmHOU 60JIHbl 

d!~~ ~ J(w} )(J, ez ). e±iq> · w? · d 3r = (tj(J, ez ). e±'<Pj;) . (16.47)' 

3.l(eCb ez - e.l(HHJiqnblfi BeKTop B.l(Onb OCH z (pnc. 16.3).' Tenepb 3TIIX .l(llnOnbHLIX 

3ReMeHTOB .l(Ba, a OHH BXO,l:{JIT B HHTerpanbi IJ, h, T.e. 113aMellaHb1 11 C HHTerpanaMH ITO 

BpeMeHn. Pe3ynLTaT ynpomaeTcJI, ecnii qaCTOTa B03MymeHHJI 6nn3Ka K qacToTe 

nepexo.l(a ro ,. ro1- B 3TOM cn)"'ae, ecnn .PYHKQIIJI F(t) rna,z:txrur, T.e. Mano II3MeHJieTCJI Ha 

nepHO.l(e Kone6aHIIH nOIDI 2rrJro II nnaBHO HapaCTaeT OT HYIDI ,1:{0 e,l(HHIIQLI, cna,z:tall 

3aTeM BHOBb ,1:{0 HyiDI, IIHTerpan no BpeMeHH B (16.46), CO,z:tep:lKamiiH e+imt, IIMeeT 

_ 3KCIIOHeHQIIanbHO ManyiO Bennqney. 3ro HnmOCTJlHpyeT rrpHMep . C rayCCOBOH 

.PYHKQIIeii B 3a,z:taqe 16.1. Ilo3TOMY II3 .z:tByx MaTJlnqHJ>IX 3neMeHTOB npeo6na.z:taeT dcirc, 

H Bbipa:lKeHHe .l(IDI P1-+ j .l(IDI QIIpK)'IDipHO-nOIDipii30BaHHOH BORHbl rrpHHHMaeT BII.l( 
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i1 

3ToT pe3ynbTaT cosmmaeT c (16.35) - sepo.HTHOCTbiO nepexo.n:a B none nHHefiHo

noAApH30BaHHOfi BOllHbl. 0TJIHqHe COCTOHT B 3a.MeHe COS8 Ha sinS, qro Bbi3BaHO 

BblfiOpOM .n:pyroro HanpasneHH.!I B KaqecTBe OCH Z. Ho rnaBHblll pe3yllbTaT COCTOHT B 

TOM, qro CHOBa MO:lKHO nOBTOpHTb aHanH3 B03MO:lKHbiX 3HaqeHHll e H m 
(I6.40)-(I6.43). ,[{efiCTBHTellbHO, nO.LICTaBHB B HHTerpan no d3r Bbipa:lKeHH.!I .Lill.!i 

\jl~)r) qepe3 rnapoBbie <PYHKIIHH (10.30}, noJI)"fHM, aHanomqHo (I6.40), qro 

napa.MeTpbi i( H h co.n:ep:lKaT npomse.n:eHH.!I HHTerpanos BH.Lia 

27t ( }P 7[ 

/ 1, 2 oc; J e; mrm; ·e±i<p · dqJ · JP;1 (cosS)·P~; {cosS)· sin2 Sde. 
0 0 l 

QqeBH.z:IHO, qro HHTerpan no qJ OTJIHqeH OT HYJI.!I, eCJIH 

m1 -m; ±I =0. 

11HTerpan no 8 npoaHanH3HpyeM, KaK H Bbiiiie, 3anHCaB ero B BH.Lie 

I 

/1~91= JP;"(x)·P;'± 1 (x)·~I-x2 dx, x=cosS, f=e1 , f'=e;. m1 =m, m;=m±I. 
-I 

IIo.n:cTaBHB cro.n:a Bbipa:lKeHH.!I (I0.28) .Lill.!l P;"(x), nonyqHM 

e) l I( 2Jm±l dt+m(x2-IL dt'+m±l(x2-It 
I( = · I-x · · ·dx 

1.2 2(+t'. f!·f'! J dx(+m dx('+m±l . 

,[{OCTaTOqHo npOCTO yfie.n:HTbC.!i, qro npH f = f' 3TOT HHTerpan paBeH Hynro. 

,[{eficTBHTeJibHo, B crryqae sepxHero 3HaKa "+", 6ep.H'ero no qacT.HM, Hafi.n:eM 

I[a>(e = f')= _I_ ·{[(I-x2f+l . .!..(dt+m(x2 -If l2]x=+l 
. 2U(flf 2 dx(+m + 

.t=-1 

+(m+l)J.x·(l-x'f" { d'·1~:3]'<k} 
IIepsoe crraraeMoe o6paiiiaeTc.H B Hynb npH no.n:cTaHOBKe npe.n:enos, a BTopoe pasHo 

Hynro KaK HHTerpan OT HeCHMMeTpHqHOH <iJYHKIIHH . B CHMMeTp~biX npe.n:enax. 

CoseprneHHO aHanom~o .LIOKa3biBaeTC.H, qro HHTerpan /~9)(1!' =e) (cnyqaii Hmim,ero 

3HaKa "-") TaK:lKe paseH Hynro. 
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CoseprneHHO aHanom~o .LIOKa3biBaeTC.!I, qro HHTerpan IW(t' =e) (crryqaii HH:lKHero 

3IiaKa "-") TruOKe paseH eymo. 

113 npHBe.n:eHHOro .LIOKa3aTellbCTBa He cne.n:yeT, O.LIHclKO, .fl-o TOJibKO'B ciiyqae 

e' = e ±I HHTerpanbi / 1(
9J(e, e') oTnH~bi ol- eyAA. qTofibi cTporo '.zioKiciaTb 3To 

yTBep)f(.z:leHHe, npHXO.LIHTC.!I npHBJieKaTb .LIOCTBTO~O CllO:lKHbill annapaT TeOpHH 

noJIHHOMOB Jle:lKaH.Lipa. qHTaTenb MO:lKeT CaMOCTO.HTellbHO 'yfie.LIHTbCH B 

cnpase.LIJIHBOCTH :noro yrsep)f(.z:leHHH .Lill.!l qa~oro crryqa.~~ HH:lKHHX ypoBHefi aToMa 

so,nopo.n:a, BOCnOJib30BaBIIIHCb Bbipa:lKel}HHMH .Lill.!l rnapOBbiX <iJYHKIIHH (I 0.3 .I}. 

C<iJopMynHpyeM OKOHqaTenbHO npaeUJla om6opa pa3perneHHbiX '3JleKmpo

ounollbHbiX nepeX0006 

e 1 =e; ±I, {
m;, llHHeHHM llOll.!lpH3aQH.!I, 

m -
I- m; ±I, KpyroBM noAApH3aQH.H. 

(I6.49) 

0TMeTHM TaK:lKe, qro ycnosHe !!.e = ±I 03HaqaeT U3MeHeHue 'li!mHocmu cocmoRHWl Ha 

e,nHHHIIY (eM. (I0.34)). TaKHM o6pa30M, '3JleKmpoounollbHble nepexoObl npoucxoORm c 

U3MeHeHueM 'li!mHocmu cocmoRHWl. IIpH 3TOM, CTpOro rosop.11, pa3pemeHbi 3neKTpo

.LIHnorrbHbie nepexo.n:hl, ecnH 

~ · P1 = -I, LV = 0, ±I, 11m J = 0, ±I. (16.50) 

Y cnoBHe .Lill.!l !!.mJ- crre.n:cTBHe ycnoBHH .Lill.!l LV. 

Pe3ynbTaT (I6.49) cnpase.n:rrHB, cTporo rosopH, .Lill.!l so.n:opo.n:a H 

BO.z:IOpO.LIOllO.LIOfiHbiX aTOMOB, T.K. .Lill.!i ero .L10Ka3aTeJibCTBa HCllOllb30BaHbl 

"BO.LIOPO.LIHhle" BOJIHOBhle <iJYHKIIHH .• TeM He MeHee. OH cnpaBe.LIJIHB H B 06111eM cnyqae 

3lleKTpO.LIHIIOllbHbiX nepeXO.LIOB B CJIO:lKHbiX aTOMax. 3To CTaHOBHTCH llOHHTHbiM, ecnH 

}"'eCTb, qro co6cmeeHHblU MoMeHm pomoHa paseH h (eM. § 11.1, Ja.n:aqa 11.1 ). 

IIo3TOMy npH nepexo.n:ax. i ~ f c nornoiiieHHeM HJIH HcnycKaHHeM <iJoToHa c 
. . . • . . I . . 

3Hepmefi flro1; MOMeHT :meKTpOHa MO:lKeT H3MeHHTbC.!I JIHIIIb Ha senHqHHY 

IM:I=h, HJIH M=±l. (I6.5I) 

3HaK "+" cooTBeTCTBYeT nornoiiieHHIO <iJoTOHa' H :mepmH, ~HaK "-" - Hcny~KaHHIO 
. '· 

<lJoTOHa H, COOTBeTCTBeHHO, noTepe :mepmH. TruoiMo6pa3oM, nepeoe npaeUJlo om6op(l 

B (16.49) eCTb cne,nCTBHe 3aKOHa COXpaHeHHH HMnyJibCa. 
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,l(mr BbUICHemrn 4Ju3WiecKoro CMhlCJia Bmopozo · npaBWla .om6opa (.IVIJI 

Mannrrn:oro KBaHToaoro 'IHCJia m) 1pe6yeTCH TaiOKe npuBJie'ID npe.l(CTaBJieHHH o cnuHe 

!~JoToHa (3a,naqa 11.1). B cnyqae JIHHeiiHo-nOJIHPU30BaHHOH BOJIHbi ocn z HanpaaneHa 

B,l(OJID BeKTopa E(t ), B TO BpeMH KaK cnuH liJOToHa (npaao- HJIH neaonOJIHPU30BaHHnm 

11
BUHrnK") BCer,l(a HanpaaJieH B,l(OJID BeKTopa k , T.e. OCU X B ,l(aHHOM CJiyqae 

(puc. 16.4, a). Ilo3TOMY npoe~HH §photon Ha ocn z pasHa eymo: 

( I =0, mphoton liinear (16.52) 

U !IJOTOH, norJIO~eHHblH HJIU HCn~eHHDIH, He MOJKeT U3MeHHTb 3HalJeHUe lJUCJia m y 

3JieK1pOHa. B cnyqae ~upKyJIHpHo-noJIHpu3oBaHHoii BOJIHni Bnl,l(eJieHHniM HBJIHeTCH 

_ HanpaaJieHUe BeKTopa k, B,l(OJib KOTOporo Mhl U HanpaBUJIU OCb Z (puc. 16.4, 6). 

CooTBeTCTBeHHO, 

( ) = ±1' mphoton circular (16.53) 

'ITO H ,l(afu ycJIOBUe .6.melectron = ±1. 

z 
X 

a) 6) 
£(o, o, o, o) .z X 

£(o, o, A./4, o)= o £(o, o, A./4, o) 

y k ., k 
A y A 

Pne. 16.4. ATOM (A) B none nHHeiiHO- (a) H UHpKynllpHO- (6) nOnllpH30BaHHO!t 

3neKTpOMarHHTHOii BOnllhi (eM. (16.30), (16.44) H pHe. J6.3) 

3ana'la 16.4. BwmcnHTb MaTpii'IHhllt :JneMeHT :JneKTpli'leeKoro .zumonbHoro MOMeHTa Allll nepexo.z~a 

1Sv2 ~ 2Pl/2 (l =I, m = ±I)s none LIHPKYnllpHo-non~~pH3osaHHoii sonllhi d~~. 

HanOMHHM, 'ITO Tenepb Oeb Z HanpasneHa BAOnb BeKTOpa k . BOnHOBble ljlyHKUHH 

OnHebiBaJOTCll, KOHe'IHO, TeMH lKe BblpalKeHHliMH (13.43) H (13.49), T.K. OHH 'JYBCTBHTenbllhl TOnbKO K 

Bbi6opy Oceii, HO He K HX nonolKeHHIO B DpOCTpaHCTBe (onl!Tb "KBaHTOBble ljlOKYebi"- 'ITO Bb16panH, TO 
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H noJI)"'HnH!). Ilo:JToMy (eM. Janaqy 16.3) HHrerpan no <p BblpalKeHHll-(16.47) .IVlJl d!~ ; (ISv2/2~iJ 
paseH (m = ±J B eOCTOliHHH 2?312) 

2• 

Je-'• · e+"' · d<p = 27t. 
0 

B HHTerpane no 9 eOOTBeTCTBeHHO HMeeM 

fsin9· a\3-sin 9 ·sine= J(I -~2 ~ = ~-
o -1 3 

llpoHHTerpHpOBaB no r, OKOII'IaTenbHO HaltAeM 

( ) ero mf -lx/2 • I I 4 21512 

d1Sv2 f2Pl/2 =- e ·x .;dx· ,-;:--·-·-·27t=-·er. 
2 o 4v27t .fii 3 35 0

' 

'ITO cosnanaeT e {I 6.3 7). 

3ana'la 16.5. YKaJaTb pMpemeHHble H JanpemeHHbie :JneKTpoAHnonbllhie nepexoAbi MelKJIY nepBbiMH 

TpeMll ypOBHliMH B aTOMe BOAOpo.z~a. 

Bocnonb3osasmncb pnc. 13.3 (§ 13.3) H 14.5 (§ 14.5), naiiAeM, 'ITO pa3pemellhi nepeXOAbi 

2P~JS, 3P~2s: 3D~2P, 3S~2P, '3P~2S, 

HO JanpemeHbl nepeXOAbi MelKAY S-ypOBHliMH H MelKJIYS- H D-ypOBHliMH (t.t = 2). 

B cneK'I'pocKonuu aTOMOB npUHHTo Bnl,l(eJIHTD TaK Ha3niBaeMnie cepuu. XoTH 3Ta 

CUCTeMaTHKa CJIOJKHJiaCb HCTOpU'IeCKH, e~e B 11,l(OKBaHTOBbiH11 nepUO,l(, B KBaHTOBOH 

aTOMHOH !IJu3UKe OHa- ofipena HCH~IH CMDICJI. Pa3HOCTh 3Heprnfi ypOBHefi OCHOBHOH 

C1pJKTYpbi (6e3 yqeTa TOHKOro U CBepXTOHKoro pac~enJieHHH) CJie.l(yeT U3 (13.33): 

M;kn =E{k
1
2 - n

1
2 } (16.54) 

/{llJl amoMa BOiJopoiJa &"J ::::< lQ ::::< -13,6 3B, U npUHHTO pa3JIHlJaTi. cepuu: 
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11 

IS B nP nepexo.zu,I, 

2S B nP}nepexo.o;hl, 

2PBnS 

3SBnP 

3PBnS 

3PBnD 

3DBnP 

3DBnF 

k = 1, n ~ 2 - cepiDI RaiiMaHa, 

k = 2, n > 2 - cepiDI Eani>Mepa, 

k = 3, n > 3 - cepiDI IIameHa, 

k = 4, n > 4 - cepiDI Ep3Ke-ra, 

k = 5, n > 5 - cepiDI IIcpyH.o;a. 

,lVuJ: ID;eJJOlJ:H03eMeJJbHbiX MeTaJJJJOB OeHOBHOe eOCTOMHRe BaJieHTHOro 3JJeKTpOHa 

3aBReRT oT aTOMHoro HOMepa 3JJeMeHm. TaK, .llJJ$1 Li 3TO 2S, .llJJ$1 Na- 3S, .llJJ$1 K- 4S 

R T . .o;. CooTBe-reTBeHHo pa3JJH'IaiOT eepHH: 

kS B nP - rJJaBHM eepiDI, 

kP B nS, nD, n > k- pe3KM eepiDI, 

kP B nD - .o;mpljJYJHM eepRM, 

kD B nF - OeHOBHM eepRM. 

§ 16.5. Ksa~pynoJILHLie 3JieKTpH1fecKne 

H ~HDOJILHLie MarHHTHLie nepex,O~LI 

3anpe-r Ha 3JJeKTpO.D;HnOJJbHbie nepeXO.D;bl Me)I(Jzy ypOBH$1MR e O.D;RHaKOBhiMR 

3HaTJ:eHR$1MR 'IRena f. He MBJJ$1eTeM a6eoJJIOTHhlM. CymeCTByroT B03MYID;eHIDI 6onee 

BhleOKOrO nOp$1.D;Ka, no epaBHeHmo e .o;RnOJJbHbiM. IlepeXO.zu,I Ha OeHOBe 3TRX 

B03MymeHRH B03MO)I{Hhl .D;lliKe B eJJYl!ae 3anpem 3JJeKTpO.o;RnOJJbHhlX nepeXO,Z:(OB. 

IIepBoe m TaKHX B03MymeHHH - 3/leKmpu'leeKoe K6aiJpynoJI&Hoe. O~eHKY 

nOTeH~aJJbHOH 3HeprHH KBa.o;pynOJJbHOro B03MymeHIDI nOJJYlJ:RM, BOenOJJb30BaBIDHeh 

npOCTOH 3JJeKTpoCTaTRTJ:eeKOH MO.D;eJJbiO. ,l{onyCTHM, 3JJeKTpOHHOe "o6JJaKO 

270 

BepoMTHOeTR" BhiTMHYTO B npOCTPaHeTBe, KaK 3TO RMeeT MeeTO B CJJYTJ:ae P-eOCTOMHH$1 

~~oMa BO.ll:Opo.n:a {pRe. 13.5). TaKoe "o6JJaKo" MOIKHO 3aMeHHTh e!jlepoii e R30TPOnHhlM 

paenpe.o;eneHReM nnornoeTR 3JJeKTpOHHoro, T.e. OTPR~aTeJJI>Horo, 3apMa (nnornocrn 

BepOMTHOeTR) R napbl .ll:RllOJJeH e np~THBOllOJJOIKHO OpReHTIIpOBaHHhiMR .ll:RnOJJbHbiMR 

:.meKTPRTJ:eeKH:MR MOMeHTaMR {pRc.l6.5). 

z z 
a) 

Puc. 16.5. Pacnpe,~~eneHue UJIOTHOCTH 

Bepol!THOCTH B P-cocTOJIHHH aToMa 

JJiei<TpOHa (a), ' JKBHBaJieHTHaJI 

JJiei<TpOCTaTll'!eCKaJI MO,lleJib (6) -
llOJIOlKHTeilbHO • 3aplllKeHHLIH rimp' H 

4 o6nacTH c 3apll.llaMH pa3HbiX 3HaKOB, 

TO'Ie'IHblH 3apll,ll H napa JKBHBaJieHTHbiX 

,!IHllOJiei! (6) 

IlOTeH~RaJibHyro 3Hepmro 3KBRB?JieHTHOro KBa.D;pynOJJ$1 B none BOJJHhl O~eHRM KaK 

pa3HOeTb 3~epmii .ll:Byx npOTRBOnOJJOIKHO OpReHTHpOBaHHbiX .ll:R~!OJJeH {pRe. 16.5, 6). 

Tor.o;a B eOOTBeTeTBRR e (16.32) RMeeM 

Vquad = -[(J, E(~))-(J, £(~))]~ -d ·~~~. ~~. 

r.n:e ~ R ~ - pa.o;Ryehl-BeKTOpbi, npoBe,Z:(eHHhie B ~eHTPhl .ll:RnOJJeH. IloJJarM 

llOJJYTJ:RM 

~ = ~~ -~1- ro -lj- r2, d- er0, r0 ~ Rsohr (eM. (13.2)R (2.5)), 

aE a · · 
- ~ -(E0 eos(kx -rot))= k · E(x, t ), ar ax 

Vquact - ero2k · E(t ). 

B eBoro oTJ:epe.n:I>, (eM. (2.7)) 

rof; (~t:)J; eo a 
k=-~----=-, 

e eli eli 2r0 

1 
a~ 137' 

BepoRmHoem& 3/leKmpu'leeKozo K6aiJpynoll&HOZl! nepexoiJa nOJJYTJ:RM aHanomTJ:Ho 

(16.34): 
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E2 I 12 
(P;-->I}quad- li~ · (dli)quad ' (16.55) 

r~e MaT}JIPIHbiH 3JieMeHT 3JieKTpHlfeeKOro KBa,l:lpYJIOJibHOro MOMeHTa IIO IIOpx.zu<y 

BeJIHlfHHbl paBeH 

(d1;) - er0
2 

• k- a.· er0 • 
quad 

CpaBHHBrui e (16.39), BH~HM, lfTO 

(d li )quad - a.(d li )dipole' 

(16.56) 

(16.57) 

a BepOHTHOeTb 3JieKTpOKBa,l:lpYJIOJibHOfO rrepexo~a B a.2 ""5 ·10-5 pa3 MeHbiiie 

Bepo»:THOeTH 3JieKTJlO~HIIOJibHoro rrepexo~a. Toro )l(e rropHJ(Ka OKa3biBaeTe»: 

BepoRmHocmb MazHumoiJuno!lbHOzo nepexoiJa, rrpoHexoMmero B pe3yJII>TaTe . 
B3aHMO~eiicTBHH MarHHTHOro IIOJIH 3JieKTpOMafHHTHOH BOJIHbl e MarHHTHbiM 

MOMeHTOM aToMa. B § 14.3 MDI o~eHHJIH 3Heprmo TaKoro B3aHMo~eiieTBHH (eM. (14.34): 

II ~aJiee). B HaiDeM eJIYtfae IIO IIOpH~KY BeJIH"'IHHbl OHa paBHa 

Vmagn -!laH{j, t ), 

r~e H(r, t)= E(r, t)- Harrp»:)l(eHHoeTH noJIH BOJIHDI. IloBTOpHH o~eHKII, npose~eHHI>Ie 

~ 3JieKTpOKBa,npynoJibHoro rrepexo~a. IIOJIYlfliM ~ MampUtmozo 3!leMeHma 

MazHumoiJuno!lbll020 MOMeHma 

( ) 
eli e2 I li 2 a. 

dli -!la =--=-·-·--·e =-·er., (16.58) 
magn 2m c lie 2 m e2 2 ° e e 

T.e. 

(d fi tgn - (d fi )quad· 

CpaBHIIBIDI pe3yJioTaTbl (16.56)-(16.58), BII~IIM, lfTO 

1d .) - 1d .) -a. ·'d .) ~ I• quad ~ I• magn ~ I• dipole' (16.59) 

T.e. BepOHTHOeTII 3JieKT}JOKBa,l:lpyiiOJibHOfO H MafHIITO~IIIIOJibHOro IIepexo~OB O~HOfO 

IIOpH~Ka II B a.2 
pa3 MeHbiiie BepOHTHOeTII 3JieKTpO~HIIOJibHOfO rrepexo~a. 3TO He 

03Ha"'laeT, O~HaKO, lfTO TaKlle rrepeXO~bl He llrpaiOT eymeeTBeHHOH pOJIII B IIOBe~eHHII 

aTOMOB. 0HII 
11
BeTynaiOT B Hrpy", KOr~a 3aiipemeHDI ~IIIIOJibHDie rrepexo~bl. C O~HHM 

IIpHMepoM TaKOfO 3arrpeTa MDI y)l(e BeT}JelfaJIHeb - 3TO rrepexo~ 1S B 2S (eM. 

3a,naqy 16.2). 
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"E•c·••"'· .. ,....,....,,.,.,~.,...,___,._.,......,.....,..,..... ___ __; 

IJepeXO~I 3JieKTpOKBa,npynOJIDHOfO II MarHHTO~IIOJibHOfO THIIa IIpOlleXO~ 

6e3 H3MeHeHIIH · lfeTHOCTH eOCTOHHIIH aTOMa, lfTO «fJH3JI"'IeeKH 03HalfaeT rrepexo~I · e 

n:3JIY"'IeHHeM «floTOHOB, o6Jia.naiOIUIIX P = + 1. BepoHTHOCTH 3TliX rrepexo~oB, KaK ~e 

eKa3aHO, 3HalfliTeJIDHO MeHome, lfeM y 3JieKTpo~rroJIDHDIX. Ho • 3aTo TaKHe rrepexo~ 

pa3pemeHbl Me:>K,Zzy ypOBIIHMH TOHKOH H eBepXTOHKOH CTJJYKTYPDI, · T.e. nepeXOObl 

J.te:JICOY mepMGMU oiJHozo u mozo xe MYllbmun!lema. 

§ 16.6. BLmyameuuoe u cimuTauuoe HJJiyqeuue aToMa. 

Ko3cJ»cJmu:uenTLI 3iiniiiTeiiua · 

.n:o eJIX IIOp MDI Bee BpeMH fOBOJlliJIII 06 aTOMe B IIOJie BHemHero 

:meKTpOMarHIITHOfO H3JIYlfeHHH, IIO~ ~eHeTBJieM KOTOpOrO aTOM MO)l(eT rrepeXO~Th ll3 

O~HOro eoeTOHHIIH B ~pyroe. Ilpll 3TOM, eeJIH :mepmH eoeTOHHHH B03pOeJia, TO, 

3Ha"'IHT, aToM nomoTHJI «floToH, · eeJIH YMeHbiDHJiaeo - HerryeTHJI; TaK, HarrpHMep, ~ 
' 

rrepexo~a 1S ~ 2P Heo6xo~o nomomeHHe «floTOHa e 3Hepmeil: (pHe. 13.3) 

3 , 
liro"" 13,6·- = 10,2 3B. 

4 

CooTBeTeTBeHHO, rrpH rrepexo~e · 2P ~ 1S HerryeKaeTeH «floTOH TaKoii )l(e 3HepmH. 

IlpHBe~eM Y~06Hyro ~JIH IlpaKTH"<IeeKHX IIpliMeHeHIIH «flopMyJiy, eBH3b!BaiOIU)'IO 

:mepmro «floToHa (3Hepmro rrepexo~a) c MHHoii BOJIHDI pe30HaHCHoro B03MymeHIIH: 

C' • 12407 1;2407 
<-(3B)""--=--. Jp.] A[MKM] . 

(16.60) 

IJepexo~I IIO~ ~eHCTBlleM BHemHero B03~eHCTBIIH Ha3biBaiOTCH · 6blll}'JICOellllbiMU liJIH 

cmUMyRupoBallllbiMU (oT rpelf. stimul - IIaJIKa rrorOHIUIIKa). B JIHTepaTYPe 

YIIOT}Je6JIHeTC.ll TaK)l(e TepMIIH UIIOYlfupoBaHHble nepexo~I (aHrJI. induce· -

3aCTaBJIHTb ). M IIX BepoHTHoCTD MDI ~e YMeeM BbllfHCJIHTD, · H)')KHO TOJibKO 3HaTh 

BeJIHlfHHy Eo II THII BOJIHbl. 

Mol 3HaeM, O~aKO, lfTO 6036}'JICOellllble amOMbl, T. e. Tame, B KOTOpbiX 

BaJieHTHbiH IIJIII IIHOH 3JieKTpOHbl KaKHM-JIII60 CIIOC060M rrepeBe~eHDI ll3 OCHOBHOro 
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COCTOHHIDI B COCTOHHHe C nOBbiilleHHOH 3Heprn:eif, pruiO. HJIH n03,2UIO TepHIOT 3T)' 

H36biTO'IH)'ID 3Heprn:ID, HCnyCKIDI cpOTOH H B03BpaiqaHCb B HCXO.D;HOe COCTOHHHe. TaKHe 

nepexo.o;nr Ha3bmruoT caMonpoU380llb11b!MU HJIH cnoHm_aHHb!MU (naT. spontaneus -

npOH3BOJibHhlH). )J;o CHX nop Mbl C'IHTaJIH, 'ITO .o;nH nepexo.o;a Me)KJ{y ypOBHHMH 

3neKTPOH .o;on:lKeH no.o;seprnyTDCH B03.o;eiiCTBHIO BHenmero 3neKTPOMarnnrnoro nonx. 

B cn)"'ae cnoHTaHHbiX nepexo.o;os TaKoro nonx HeT - aTOM MO:lKeT 6b!Th B036YiKJI:eH 

KOpOTKHM B03,D;eHCTBHeM BHeWHero nonH, KOTOpOe 3aTeM 6biCTPO BbiKnlO'IaiOT, HnH 

.D;pyrn:M cnoco60M, HaDpHMep, CTOnKHOBeHHeM C .o;pyrn:M, 6onee 6biCTPbiM aTOMOM, CO 

cso6o,IUibiM 3neKTPOHOM H T. n., a 3aTeM "npe.o;ocTasneH CaMOMY ce6e", Kor.o;a BHemHee 

3neKTPOMa111HTHOe none B006~e OTCYTCTByeT. liTO :lKe BbiHYiKJI:aeT 3neKTPOH 

noKHHYTb 6onee BhlCOKHH 3HepreTH'IeCKHH yposeHb? HepenHTHBHCTCKIDI KBaHTOBIDI 

MeXaHHKa He .o;afu OTBeTa Ha 3TOT BOnpoc, XOTH H .. He 3anpe~aeT TaKHe nepeXO.D;bl C 

nOTepeif 3HeprHH Ha H3n)"'eHHe. 0TBeT HaxO,D;HTCH B penHTHBHCTCKOH KBaHTOBOH 

TeOpHH - KBaHTOBOH 3neKTPO.D;HHaMHKe, H o6bHCHeHHe cpH3H'IeCKOrO npouecca 

cnoHTaHHoro nepexo.o;a CBH3aHO c npu:po.o;oH: BaKyyMa. Mbi y:lKe rosopu:nu:, 'ITO no 

COBpeMeHHbiM npe,D;CTaBneHHHM BaKYYM - ra3, COCTOH~HH H3 BHpT)'allbHblX nap 

'IaCTHU u: aHTH'IaCTHU. B '!Hcne 3TIIX nap npHCYTCTBYIOT II cpoTOHbi (npu:'IeM 

aHTHcpOTOH II cpOTOH pa3nii'IalOTCH TOnbKO HanpasneHIIeM CnHHa II 'IeTHOCTbiO). 

B3au:Mo.o;eiicTsyx c "s036YiKJI:eHHhlM" 3neKTPOHOM, cpoToH Hy:lKHoH:. nonxpu:3auHH 

"no.o;TanKu:saeT" ero, "nOHYiKJI:IDI" K nepexo.o;y c u:cnycKaHHeM peanbHOro cpoToHa, II 

TaK MHOrOKpaTHO, noKa He Ha'IHfuCH npouecc HCnycKaHIDl 3neKTPOHOM peanbHOrO 

H3JIY'IeHIDl. 11 TOr.o;a OHO B03,D;eHCTBYeT Ha 3neKTPOH - 3TaKOe 
11
CaMOHH3Bep:lKeHHe". 

KoHe'IHo, TaKIDI "KBa3HKnaccu:'l:ecKax" KaprnHa xsnxeTcx cu:nbHO ynpo~eHHOH 

MO,D;enblO, 3a KOTOpOH CTOHT "cTeHa" KBaHTOB0-3neKTPO.D;IIHaMH'IeCKHX paC'IeTOB. 

11 TeM He MeHee · KBaHTOBaH MeXaHIIKa n03BOllHeT nOJIY'IHTb npasiinbHbie 

Bblpa:lKeHHH .o;nH BepOHTHOCTeH nepeXO.D;OB, HCnOnb3YH onpe.o;eneHHbie, HO .D;OCTaTO'IHO 

o6~e, coo6pa:lKeHIDl. 3m TaK Ha3bmaeMbill Memoo K03rjH/JUIJUeHmoa 3umumei:ma 

(A. Einstein, 1916 r.), pa3pa6oTaHHbiH HM e~e Ha 3ape KBaHTOBoH: MeXaHHKH. 
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A+C·p(m) PHC. 16.6. AsyxypOBHeBaJI CHCTeMa: 

CTHMynHpOBaHHble H CllOHTaHHhie nepeXO.l{bl 
B·p(m) 

PaCCMOTpliM .D;ByxypOBHeByiD CIICTeMy - aTOM, HaxO,D;H~HCH BO BHeiiiiieM 

:meKTPOMarnHTHOM none. 11 6y.o;eM C'IHTaTb, 'ITO raJ, COCTO~H H3 3Tnx aTOMOB; 

HaxO.o;HTCH B paBHOBeCHH C H3JIY'IeHHeM, 'IaCTOTa KOTOporo HBllHeTCH pe30HaHCHOH .o;nH 

i B f-nepexo.o;os. Tenepb Ha3BaHHH initial H final .o;nx cocTOHHHH: HBnHIOTCH . 
ycnoBHbiMH, T.K. B03MO:lKHbi nepexo.o;hl B o6oiix HanpasneHHHX. C'Iu:TaeM, .o;nx 

onpe.o;eneHHOCTII, 

e1 >e1 • 

B 3TOM Cn)"'ae (pile. 16.6) H3 j B i B03MO:lKHbl KaK cnOHTaHHhle, TaK H BbiHy)KJ{eHHhle 

nepeXO.D;bl, a H3 i B j - TOnbKO BbiHYiKJI:eHHbie. IlyCTb BepOHTHOCTb BbiHYiKJI:eHHbiX 

(cTHMYnHpOBaHHbiX- HH.o;eKc st) nepexo.o;os .o;ana no-npe:lKHeMy cpopMynaMII (16.35), 

(16.48). I1poH3BO.D;HIDI P1_.1 no ,BpeMeHu: ecTb sepoxTHOCTh nepexo.o;a B e.o;u:Hnuy 

BpeMeHH. IIpe.o;CTaBIIM ee B BII,D;e 

A<:} =B·p(m), "(st) ( ) PI ->i = C. p m ' (16.61) 

Bhl.o;enHB HBHO p(m) "cneKTPannHo-o6beMHax" nnOTHOCTb 3Heprn:H 

3neKTPOMarnHTHOrO H3JIY'IeHHH Ha 'IaCTOTe ID, T.e. 'IHCnO cpOTOHOB B e,D;IIHIIUe 06beMa 

H e,D;HHH'IHOM HHTepsane 'IaCTOT. IlOKa Mbl He 3HaeM, KaK COOTHOCHTCH Me)KJ{y 'co6oif 

K03cptlJu:uu:eHThi B H C, HO H3 c~hlX o6~u:x coo6pa:lKeHIIii MO:lKeM YTBep)KJ{aTb, 'ITO 

nepeXO.D;bl C HH:lKHero (l) ypOBHH Ha BepXHHH (/) B03MO:lKHbl TOnbKO C norno~eHHeM 

cpoToHa - KBrurra 3Heprnu: BHemHero H3JIY'IeHH:H (.o;anee Mbi cne.o;yeM He snoJIHe 

CTporoMy snmo.o;y B [6], neKUHH 24). 11cnoJib3yH (16.35), (16.48), npu:MeM F(t) ~ 1 

(rna.o;KHH: cneKTP). Tor.o;a noll)"'HM 

• 2 (mfi -m)·t 

(
E )2 2 sm 

P;_.f = t ·ldfil . (O?fi _;, . (16.62) 

IInornoCTb 3Heprnu: B e.o;u:Hu:ue o6heMa s HH:repsane 'IaCToT dm eCTb 
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E2 +lP E 2 

p(ro)= =_q_, 
81t 81t 

(16.63) 

ecJIH HJ.rryqeHne KBaJHMOHoxpoMaTH'lecKoe ((16.30), (16.31), F(t) ~ 1). <l>aKTH'lecKH 

.IUfaiia30H 'laCTOT (J), B KOTOpOM BepOHTHOCTb pi-+/ 3aMeTHO OTJIH'1Ha OT H)'JIH, 

~ocTaTO'IHO yJKHii: ~ro- ro1;, KaK cne~yer H3 (16.62) (eM. pnc. 16.7). TioJIHYIO 

BepoHTHOCTh rrepexo~a Haii~eM, rro~cTaBHB E~ H3 (16.63) H rrpoHHTerpnpoBaB (16.62) 

no 'laCToTe: 

• 2 (rofi -ro)·t 
8 oo sm 8 oo • 2 

total 1t I 12 I { ) 2 1t I 12 { ) I sm x t ~-+I= ..,2. dfi . pro. ( - Jz ·dro~ ..,2. dfi ·p\rofi . -2-·dx·2.. 
" -oo (J) ji (J) ft -oo X 

y(x) 

-1s -w -s 

TioCKOJibKY 

o,. 

0 

0 

0 

X 

10 15 

. 2x 
OOI~·dx=1t, 

x2 
-oo 

Puc. 16.7. fpa<j>HK <j>yHKUHH 

y(xh( si:x J. 
(f)-(f)fi 

x= --2 

HaxO.IUIM BepOHTHOCTb CTHMYJIHpOBaHHOrO rrepexo~a i ~ jB e.IUIHHQY BpeMeHH: 

dPtotal 4 2 2 
____!2L =B. p(ro fi )=--;- ·ld .Iii . p(ro fi ). 

dt n 
(16.64) 

·~ 
11 3aMeTHM, 'ITO BepoHTHOCTb P1 ..... f HMeeT pa3MepHOCTb [t-2

]. TaKHM o6pa30M, Mhl 

IIOJI)"illJIH 

21t I 12 B=f1· df; . (16.65) 
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Mo:>KHO, KOHe'IHO, CKaJaTh, 'ITO H3 (16.35) H Bcero paCCMOTpeHHH, B KOTOpOM IIOJiyqeHa 

:na rpopMyJia, cne~eT paBeHcTBo K03rprpHQHeHTOB B H C. Ho OTJIO)KHM 3TO 

yTBep~eHHe ~0 OKOH'laHHH ~aHHOfO aHaJIH3a . 

EcJIH cwcTeMa, rrpe~craBrunom;M co6oii, ~ orrpe~eJieHHOCTH, raJ aTOMOB, 

HaxO~CH B ~HHaMH'leCKOM paBHOBeCHH C H3JiyqeHHeM, TO: 

• BO-rrepBbiX, 'IHCJIO rrepexo~OB i ~ j B e.IUIHHQY BpeMeHH paBHO 'IHCJIY 

rrepexo~oB o6paTHLIX,j ~ i, T. e. 

N1 =-N1 , 

N1 = -N1 • B · p(rot f./1 = -N1(c · p(ro)+ A), 
(16.66) 

r~e A- BepoRmHocmb cnoHmaHHozo (HH~eKc sp) nepexooaf ~ i B e~HHHQY BpeMeHH: 

P'(sp) -A. 
f-+i- ' (16.67) 

• BO-BTOpbiX, IIpH TeMrreparype raJa T 'IHCJIO aTOMOB B i-COCTOHHHH OTHOCHTCH 

K 'IHCJIY aTOMOB Bj-COCTOHHHH, B COOTBeTCTBHH C rpopMyJIOll EOJibQMaHa, KaK 

Nf _ -(ere;)jr _ -tw>1;jT --e -e . 
N, 

(16.68) 

3~ecb, KaK H paHLme, TeMneparypa H3MepHeTCH B e.IUfHHQax 3Heprun (3B). 

• B-TpeTbHX, ecJIH npHHHTb, 'ITO raJ aTOMOB Haxo~HTCH B TerrJioBoM paBHOBecww 

CO CTeHKaMH 06'beMa, B KOTOpblll OH 3aKJII0'1eH, TO IIJIOTHOCTb :meprHH H3JiyqeHHH B 

06'beMe OIIHCbiBaeTCH rpopMyJIOll TIJiaHKa (KypC "<l>H3HKa TBep~oro TeJia"): 

dN(ro) 3 
p(ro)=.!.· photon ·nro=-n-· ro . 

V dro 1t2c3 e~ro/T -1 
(16.69) 

TIO~CTaBJIHH (16.68) H (16.69) B (16.66), IIOCJie O'leBH~HbiX IIpeo6pa30BaHHll IIOJiyqHM 

:~~ ·[Be~"'fi/T +cJ+A(e~rofifT -1)= 0. 

TiocKOJILKY :no paaeHCTBO crrpaae~Bo rrpn JII06oii TeMrreparype T, H3 Hero cne~yer 

nro3 nro3 

A=-B·23 =C23, T.e. B=-C. 
1tC 1tC 

3Ha'1eHwe K03rprpwQHeHTa B orrpe~eJieHo B (16.65). 0KOH'1aTeJILHO no.rryqaeM 

IC03qH/JU!JUeHmbl 3UHUlmeuHa: 
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-~ 

·'I 
(l 

4ro3 2 41t2 
2 

A=-3 ·ld/;1 • B=C=-2 ·ldf;l· nc n 
(16.70) 

06paTIIM BHHMaHHe ua p33MepuocTh K03<lJ!jJHIUieHTOB A, B n C: 

[A]= [BpeWID-
3 

·[3ap.sm]·[MnnaW =-1-
[3uepiWI ].[BpeWI]- [cKopocTb "W [BpeWI ]' 

[B]=( [3ap.sm]·[){JIHna] )
2 
= [Mnna] 

[3nepiWil[BpeW1] [3uepiWI]·[BpeWIW • 

TaKHM o6p330M, paBeHCTBO K03<lJ<PnuneHTOB B H c rro,nTBep)l{,!(eHO H urumeuo 

Jnaqeune Ko3<lJ<Pnuneum A, orrpeonemrrom:ero BepoHTHocn. cnoHTaHHhlX rrepexoonoB, 

T.e. 6peMR :JICU3HU C60600HOZO amoMa B B036yx<.neHHOM COCTmiHHHj 

•fi =A-t. (16.71) 

(eM. noonpo6uee § 17.2). 

3aMeTHM, qTO npnBeonenHhiH BhiBoon crrpaBe){JIHB ,Will uanpaBneuuoro 

HJnyqeumi. Ecnn )l(e U3lly'leuue u3omponuo (r33 aTOMOB B rronocTn), H}')KHO ycpe,nunTh 

(Eo J ITO HanpaBneHHmi ("ycpeOHeHUe no noJIJ!pU3GIJW!M
11
): 

((.Eof)=.!.·-1 J{E0 cosef-dn=!Er 
2 41t 0 3 

3TOT peJynhTaT cneonyeT nooncTaBHTh B (16.64), qTO onaeT TaM MUO)l(llTenh 1/3. 

Muo)l(llTenh 1/2 rrepeon nuTerpanoM BOJHHKaeT HJ-Ja paBencTBa 

I.Eo(e ~ = I.Eo(1t- e ~=Eo ·icosei. 

§ 16.7. YcuJieuue H3JIYIJCHHH B aKTHBHOH cpeAe 

MexaHHJM ycnneunx nJnyqeuHH uenocpeoncTBenuo CBH3aH c <lJn3HKOH 

Bbmyx<.neHHhiX rrepexoonoB, paccMOTpeHHhiX B rrpe~eM rraparpa<tJe. 

Bbmy.»coeuuoe U3Jly'leuue, corrpoBo)l(,narom;ee TaKHe rrepexo,nM, rrpHBH3aHO K <lJ33e 

Bnemuero nJnyqenHH. 3To cne.nyeT HJ caMoro rro.nxoona reopnn BOJMYID:eunii, Korona 

BOJMym:eune n BepoHTHOCTh nepexoona CBHJaHbi coomomenHmin (16.24), (16.25). 

Ecnn B none BHemuero HJnyqeunx uaxoonnTCH rpynrra aTOMOB (Moneeyn), TO Bee 
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B036yx<.neHHbie aTOMbi 6yonYT H3ny<IaTb .. He He3aBHCHMO,_ a. KOZepe11m110 (aHrn. 

coherent - cornacoBannhrn, KonneKTHBHhiii). TaKax rrpnBHJKa rro "<lJ33e rrpoHBnHeTCH 

oco6euuo 3<lJ<lJeKTHBHO, Korona qaCToTa Bnemuero rionx coBrra,naeT c qaCTOTOii 

HJny<IeHHH aTOMOB {peJOHaHC ). Ha 3TOM OCHOBaHO oneil:CTBHe TaK H33biBaeMbiX 

K6aHm06blX zeuepamopo6 (M33ephi, n~epbi n onp.). B oneil:cTBHTenhHOCTH TaKoil: 

MeXaHHJM reuepaunn BOJMO)l(eH n B KnaccnqecKoil: cnCTeMe, Korona H3nyqaTenHMn 

HBIDIIOTCH He aTOMHbie 3neKTPOHhi, a, nanpHMep, 3neKTPOHhi B MarHHTHOM none, 

onBH)l(eHHe KOTOpbiX OIIHCbiBaeTCH KnaCcnqeCKH (B qaCTHOCTH, Jla3ep HG "c6060011blX11 

3JleKmpouax). 

06m:ax KaPTHHa ycnneunx HJnyqeunx MO)l(eT 6hiTh rrpeoncTaBneua Terrepb 

cneonyiOIIUIM o6p330M. l1yCTb cpeona COCTOHT H3 aTOMOB, CIIOC06HbiX COBepmaTb 

rrepexoonhi c ncrrycKaHHeM nnn rrornom:euneM HJnyqeunx ueKoTopoil: qacTOThi ro, n 

IIYCTh KOHUeHTpauHH B036yx<.neHHbiX aTOMOB nfi CIIOC06HhiX HCIIYCKaTb H3nyqeune, ITO 

KaKHM-TO rrpnqnuaM rrpeBhlmaeT KouuenTpaumo ueBo36yx<.nennhlx rrornom:arom:nx 

aTOMOBn;: 

n1>n;. 

TaKaH cpeona H33hiBaeTCH aKmU61IOU. Ecnn CKB03h aKTHBHyro cpeony rrpoxoonnT 

MOHOXpOMaTnqeCKaH BOnHa qaCTOTbi (1), ee HHTeHCHBHOCTh 6yoneT B03paCTaTh B 

pe3ynhTaTe TOro, qTO BKnM BhiHy)l{,!(eHHOrO H3nyqeHHH B036y)l{,!(eHHhiX aTOMOB 

rrpeo6na,naeT ua.n rroTepHMH ua rrornom:eune. Ecnn rrpeue6peqh onnx rrpocTOThi BCeMn 

OCHOBHhiMH llOTepHMH, KpOMe pe30HaHCHOrO rrornom;eHHH, TO ypaBHeHHe ){JIH 

ycnneHHH UnOTHOCTH IIOTOKa H3ny<IeHHH MO)l(HO HaRTH, HCIIOnh3YH pe3ynhTaThi 

rrpe,nbi.nym:ero naparpa<lJa. 

l13Meneune 3nepmn nJnyqeunx B o6'beMe c aKTHBnoil: cpeonoil: uaiioneM, 

Bocrronh30BaBmnch TeM )l(e ypaBueuneM 6anauca (16.66), cqnTaH qncna lj1 n N; (nx 

H33hiBaiOT 3aceJleuuocmbTO ypo6Hei1 aTOMOB cpeonhi) 3MaHHhiMH. Coomomeune Me)l(,ny 

N1 n N; oTnnqaeTcH Terrepb oT paBHOBecuoro 3aKona (16.68) n nx 3uaqenHH 

orrpeonemrroTCH rrpoH3BO,nnTenhHOCThiO npouecca, rrepeBo.nxm:ero aTOMhi H3 COCTOHHHH 

i B COCTOHHHe f (HaKG'lKa). Torona :mepmH H3ny<IeHHH B 06'beMe H3MeHHeTCH B 

COOTBeTCTBHH C ypaBHeHHeM (y6hmh Nj COOTBeTCTBYeT H3ny<IeHHIO, T.e. pOCTY ~): 
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de"' =-liro· dNI =liro·[B·p(ro)·(Nf -N;)+ANI]. 
dt dt 

(I6.72) 

Y'ITeM, 'ITO IIOJIHOe 'IHCJIO cpOTOHOB B 06'LeMe CBH3aHO C 3Heprnefi H3nytieHIDI B 

06'LeMe V paBeHCTBOM 

e0 = Jp(ro)· dro · dV ~ p(ro fi )· flro · V, 

r,ll;e flro - nonoca qacTOT H3nytieHIDI B6JIH3H rofi. 

11o,l{cTaBHB nocne,ll;Hee 3HaqeHHe .Q) B (I6.72), HaH,ll;eM 

dp(rofi) ~ lirofi ·[B·p(rofi)·(nf -n;)+A·nf], r,ll;e 
dt flro 

Nfi 
nf,i=v (I6.73) 

- nnoTHOCTh aTOMOB sf- H i-cocTOHHHHX. MnHHMaJibHOe 3HaqeHHe flro, KaK cne.rzyeT H3 

I(Jlaccu'lecKozo coomHomeHUR HeonpeOeJli!HHocmeii, H3Bt!crnoro B 3JieKTPO,li;HHaMHKe, 

nopH,ll;Ka 

flro ~ ~ ;,: ____?:___ = 2: · A . 
At 2't fi 2 

0,2J;HaKO B CHCTeMe ra3 + H3nytieHHe BCer,na IIpHC)'TCTBYJOT KaKHe-JIH60 3cpcpeKThl, 

Bbl3bffiaiOJ.UHe )lUlUpeHUe nOJIOCbl 'lacmom, B KOTOpOH Ha6op aTOMOB KBa3Hpe30HaHCHO 

B3aHMO,ll;eHCTBYeT C H3nyqeHHeM. TaKHM 3cpcpeKTOM HBJIHeTCH, HanpHMep, TeiiJIOBOe 

,l{BH)KeHHe aTOMOB, IIpHBO,!{HJ.Uee K pa36pocy qaCTOT H3JiyqeHmlfnorJIOJ.UeHIDI aTOMOB 

(3ppeKm J(onllepa): 

flro ~ vr ~ ~ T 
ro c Mc2

' 

r,ll;e T, M- TeMnepaTYPa H Macca aTOMOB. MHHHMaJibHoe 3HaqeHHe 

1t I 
flro · =-·-mm 2 'tfi 

,ll;OCTHraeTCH npn T ~ 0 H Ha3biBaeTCH ecmecm6eHHOU mupuHoii JIUHUU. 113 ypasHeHIDI 

i1 (I6.73) c yqi5ToM 3HaqeHnfi K03cpcpm~neHToB A, B (I6.70) Hafi,ll;eM 
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p(rofi,t)=(p(rofi,O)+p0)·eK1-p0, 

An1 liro}, n1 
Po= B(nf -n;}= 1t2c3. nf -n;' (I6.74) 

liro fi ( ) 41t2ro fi I 12 ( ) K=--·B· n1 -n1 :;:---·dfi · n1 -n.. 
flro li · flro 1 1 

OTcro,l{a BH,li;HO, 'ITO npH n1> n; (K> 0) H3nytieHHe ycHJIHBaeTCH c xapaKTepHhlM 

speMeHeM 

't"' = K-1 (I6.75) 

B npe,ll;eJibHOM cnyqae flro = 7tA/2 speMx ycnneHHH H3nytieHHH 'tro coKpamaeTCH ,ll;O 

3HaqeHIDI 

('t ) . = ____?:___. A . _I_ =_!![_._I_ 
romm 2/i B 23 ro n1 -n1 1tc n1 -n1 

(I6.76) 

H He 3aBHCHT OT dfi (T.e. CBOHCTB aTOMa!). 3aceJieHHOCTb ypOBHeii, npH KOTOpofi nj> n1, 

Ha3bffiaeTCH UH6epCHOU, T.e. "o6parnofi" no OTHOIIIeHHIO K paBHOBeCHOH (I6.68). 

J10Mep)KHBaTb TaKyro 3aCeJieHHOCTh MO)KHO TOJibKO HCKyCCTBeHHO, )J;JIH qero 

cymecTByroT proHJ>Ie MeTO,ll;bi (eM. cne,li;YJOmuii naparpacp). B TepMO,ll;HHaMnqecKOM 

paBHOBeCHH 3aCeJieHHOCTh ypOBHefi "eCTeCTBeHHM
11 (I6.68), KOr,l{a nf< n1 H 

K03cpcpnuneHT K < 0. 11pn 3TOM H3JiyqeHne B cpe,ll;e 3aryxaeT c TeM )Ke xapaKTepHhlM 

BpeMeHeM 'tro (I6.75). 

J1pH )J;OCTaTO'lHO BbiCOKOH IIJIOTHOCTH H3JiyqeHHH p( (J)) 3aCeJieHHOCTH ypOBHeH 

BblpaBHHBaJOTCH: nf~ n1, 'ITO CJie,ll;y~ H3 IIpOCTOr.o paccy)K)J;eHHH. Jl:eifCTBHTeJibHO, 

H3nyqeHne ycHJIHBaeTcx, noKa n1> n;. Ho npn .nocTaToqHo BbiCOKOM K03cpcpn~eHre 

ycuneHIDI K HaKa~a pano HJin no3.ZJ;HO nepecTat5T cnpaBJIHTbCH c y6hlJibiO nfi 

3aceneHHOCTh ypoBHHjHa'lHHaeT YMeHJ>IIIaThcH, noKa He ,ll;OCTHrHeT 3HaqeHIDI n1= n1• 

.ll:aJibme ycHJieHne npeKpamaeTcH - ypoBeHb 3Heprnn mnyqeHIDI ,ll;OCTHraeT 

HaCblU{eHUR: Ha 3TOT 3cpcpeKT snepBhle YKa3aJI C.M. BasHJioB, KOTophlii Ha3BaJI ero 

npOC6emJleHUeM cpeObl: npH HeKOTOpOM, ,IJ;OCTaTO'lHO BbiCOKOM, ypOBHe . 3HeprnH 

H3nytieHIDI npeKpamaeTCH poCT nornomeHIDI mnyqeHIDI, cpe.na CTaHOBHTCH 6onee 

IIp03pa'IHOH. J1pn 3TOM ypaBHeHHe (I6.73) CTaHOBHTCH HeJIUHeHHbiM, TaK KaK 
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K03lPlPHUHeHT K 3aBHCHT Tenepb OT p(ro) (qepe3 3HaqeHllil n1 H n1). 34J4JeKT 

npocBeTJieHHR cpe.zu,I noJIO)KHJI Haqano Helluneunou onmuKe. 

§ 16.8. KoauTOBbie ycuJIHTeJIH u reuepaTopbi 

cl>H3HKa Bb!H)')K,l(eHHOfO H3.rrytieHllil H ero ycuJieHllil aKTHBHOH cpe~OH neJKHT B, 

OCHOBe npHHIUillOB ~eHCTBllil KBaHTOBbiX YCHJIHTeJieH H reHepaTOpOB - ~eTHU( BTOpOH 

nonoBHHbi XX B. IlpHHRTo cqurnTh, ~o c HX oTKpi:.ITHeM 4Ju3HKH orro3~anu neT Ha 

~a,rmaTh-TpHJmaTh. Ilpe~CTaBJieHllil 0 BbiH)')K,l(eHHOM H3.rrytieHHH, KaK yJKe CKa3aHO; 

61:.1JIH pa3BHThl 3iiHwTeiiHoM H ,D;upaKoM eme B Haqane rrpoumoro CTOJieTllil, a 

pe3oHaTop onTHqecKHX KBaHTOBI:.IX reHepaTopoB, npe~CTaBJUIIOU(HX co6oii He qm 

HHoe, KaK HHTep!lJepoMeTp ct>a6pH-Ilepo, H3BecTeH c KOHI~a XIX B. H TeM He MeHee 

IIORBJieHHe KBaHTOBbiX reHepaTOpOB ~arnpyeTCR 1954 r., KOf~a COBeTCKHe lPH3HKH 

H.r. EacoB 11 

(J.P. Gordon), 

A.M. IlpoxopoB 

r. Qaiirep 

H He3aBHCHMO aMepHKaHCKHe 

(H.J. Zeiger) H ti. Taysc 

- )J;JK. fop~OH 

(C.H. Townes) 

rrpo~eMOHCTpHpOBaJIH ~eHCTBHe aMMHaquoro Ma3epa (CBtJ-reuepaTOp, f..= 1,25 CM) .. 

,D;ecRTI:. neT crrycTR 3TO oTKpniTHe 61:.mo oTMeqeuo Ho6eneBcKoii rrpeMHeii (H.r. EacoB,. 

A.M. IlpoxopoB, ti. TayHc). 

KBauTOBI:.Ie ycunHTenu Ha3bmaiOT TaKJKe MmepaMu H 11mepaMu. IlepBnm. 

repMHH o6pa30BaH uaqani:.HhlMH 6YKBaMH cnoB Microwave Amplification by 

Stimulated Emission of Radiation (ycHJieHHe MHKpOBOJIH CTHMYJIHPOBaHHhlM 

HCnyCKaHHeM H3.rrytieHllil), a BTOpOH - aHaJIOfHqflO, C 3aMeHOH rrepsoro CJ!OBa CJIOBOM 

Light (cBeT). HHTepecHO, qTQ eme B 1940 r. COBeTCKHH lPH3HK B.A. ct>a6pHKaHT 

rrpe~OiKHJI HCIIOJlb30BaTh RBJieHHe BbiH)')K,l(eHHOfO H3.rrytieHllil ~ YCHJieHllil 

3JieKTpOMarHHTHOfO H3.rrytieHllil. 

IlonBeKa, npowe~ue co BpeMeHH OTKpbiTHR KBaHTOBI:.IX reuepaTopoB, · 

tt OTMeqeHhl OrpOMHblMH ycneXaMH B pa3BHTHII :noii HOBOH OTpaCJIH HayKH H TeXHHKH. B 

rrepBbiX KBaHTOBbiX ycHmneJIRX CBti ua rrapaMarHHTHbiX KpHCTaJIJiax, co3~auui.IX 
H. EnoM6epreHOM (N. Blombergen, CiliA) c coTpy~HKaMH B 1956 r., 6hlJ1a 

peanH30BaHa TpexypoBHeBax cxeMa, rrpe~oJKenurui ro~oM pauee H.r. EacoBhlM H 
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A.M. IlpoxopoBI:.IM. B 1958 r. A.M. IlpoxopoB c!lJopMynHpoBan H~ero o6 

ncrroJib30BaHHH OTKpbiTbiX pe3ouaTOpoB, a B 1960 r. T. MeiiMaH (T. Meiman, CiliA) 

rrocTpOHJI rrepBI:.Iii Jia3ep Ha MOHOKpnCTanne py6uua. fa30BI:.IH Jia3ep 6hlJ1 BrrepBhle 

rrpo~eMOHCTpHpOBaH aMepHKaHCKHMH lPH3HKaMH A. )J;JKaBaHOM (A. Javan), 

B. EeHHeTOM (W.R. Bennet), ,D;. 3ppHOTOM (D.R. Herriott) B 1961 r., a ro~oM no3JKe

IIOJIYilpOBO~HKOBbiH Jia3ep (O~HOBpeMeHHO HeCKOJibKO rpyrrn HCCJie~OBaTeJie:ii). C 

pa3BHTHeM KBaHTOBbiX reHepaTOpOB B lPH3HKe H TeXHHKe llORBHJIHCb HHTeHCHBHhle 

UCTOqflllKH KOrepeHTHOfO H OCTpOHaiipaBJieHHOfO 3JieKTpOMarHHTHOfO H3.rrytieHllil H 

BbiCOKOqyBCTBHTeJibHbie YCHJIHTeJIU :meKTpOMarHHTHbiX CHfHaJIOB. . 
Mexauu3M ycHJieHllil H3.rrytieHllil, KaK MI:.I BH~enu B rrpe.zu,mymeM rraparpa4Je, 

Tpe6yeT C03~aHllil HHBepCHOH 3aCeJieHHOCTH B CHCTeMe aTOMOB, CTpYKTYPa ypOBHeii 

KOTOpbiX ~orrycKaeT nepexo~bl Ha qacTOTe ~aHHOfO H3JiyqeHllil. MoJKHO YKa3aTh ~Ba 

BapHaHTa C03~aHllil HHBepCHH 3aCeJieHHOCTH ypOBHeii: 

1) n1 > (n1)r > (n1 ~: 3aceneHHOCTb Bepxuero ypoBHR n1 yBennqnBaiOT TaK, ~o 

oHa rrpeBocxo~HT repMO~HHaMnqecKn paBHoBecHoe 3uaqeHHe (n1 )r 

3aCeJieHHOCTH HHJKHefO ypOBHR- 11HaKa~a"; 

2) n1 < (n 1 ~ < (n1 )r: 3aceneHHOCTh HHJKHero ypoBHR n1 YMeHI:.WaiOT TaK, ~o6hl 

oHa cTana MeHI:.We TepMo~HaMHqecKu paBHOBecHoro 3Haqenllil BepxHero 

ypOBllil (nf ~ - 110qlfCTKa". 

CymeCTByroT uecKOJII:.KO pa3HI:.IX MeTo~oB HaKaqKlJ u oqucTKH: o6nyqeHHe cpe~bl 

6onee KopOTKOBOJIHOBhlM H3.rrytieHHeM; rrponycKauHe qepe3 cpe~ 3JieKTpuqecKoro 

TOKa, 3JieKTpOHHOfO rr~a; HHHUHHpOBaHlle XHMlfqeCKHX peaKUHH B CMeCH fa30B; 

B036)')K,l(eHHe BHXpeii H TYPfiyneHTHbiX TeqeHHH B fa3e H ~p. Ilo~po6HO 3TH MeTO~ 

paCCMaTpHBaiOTCR B KypCe "I<BaHTOBhle reHepaTOpbl11
• 

,D;nR ocymeCTBJieHllil nenpepb16HOU zenepa!fUU Heo6xo~o · KpOMe ycHJieHllil 

H3.rrytieHllil BBecrn KaKHM-nH6o cnoco6oM noJlo;)ICUmeJlbHYJO o6pamny10 c6Jl3b, T.e. 

BepnyTh o6paTHO qaCTh BOJIHOBOfO IIOTOKa, rrpowe~ero CKB03b aKTHBHYffi Cpe~ H 

ycHJieHHoro ero. EcJIH K03lPlPHUHeHT ycHJieHllil - K, a Ko34J4JuuueHT o6parnoii CBR3H -

p, TO HHTeHCHBHOCTH H3.rrytieHllil mi BXO~e reHepaTOpa (arcrHBHOH cpe~) Jt;BbiXO~e J2 
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ll HHTeHCHBHOCTh BHemHero, HHHU:HHpYJOrnero reHepau:mo, ll3JI)"'eHHH Jo CBH3lllibl 

oqeBJmHbiMH paBeHCTBaMH 

J2 = KJ1, Jl = ~J2 +Jo, 

OTCIO.D:a 

_!5_.Jo. 
J2 = 1-~K 

Tipn ~K ~ 1 BeJinqnHa h HeorpaHnqeHHO B03pacmeT, qTO 03Haqaer rrepexo.n: oT 

pe)l(HMa YCHJieHRH K pe)l(HMY reHepau:HH. Tio:nOMY paBeHCTBO 

~K= 1 

ll eCTb ll3BeCTHOe B pa.n:HOTeXHHKe JC!108Ue zeHepa!JUU. ~JIH C03.1l:aHH.q ofipaTHOH CBH3H 

aKTHBHYJO cpe.n:y IIOMeillaiOT B pe30HaTOp, KOHCTpYKU:HH KOTOpOrO 3aBHCHT OT .Zl:JIHHbl . 
BOJIHhi H3JI)"'eHHH- o6oeMHhlii pe3oHaTOp CBll (Ma3epbi) HJIH OTKpbiThrn pe3oHaTOp H3 

.n:syx 3epKan (na3epbi). 

Ha 3TOM Mhi 3aKoHqHM o6cy:lK.Zl:eHHe rrpHHU:HIIOB pa6on.1 KBaHTOBbiX 

YCHJIHTeJieii ll reHepaTOpOB, a.n:pecyH qHTaTeJIH K BblmeyrrOMHHYTOMY CIIeU:HaJibHOMY 

eypcy. 

r JIABA 17. ATOMAPHhiE CDEKTPhl 

§ 17.1. JluueiiqaTblii u cmmmuoii cneKTpbl. 

MeTacTa6HJibHble cocroHHHH 

CBeqeHHe HJIH JIIOMHHecn:eHU:HH (naT. luminescent - cBeqeHHe) pa3JIH~hiX 

4JH3HqecKHX 06'beKTOB xapaKTepll3yeTCH, KaK H3BeCTHO, CIIeKTpaJibHbiM COCTaBOM. 

TIOCJie.D:HHH 3aBHCHT OT aTOMapHOfO COCTaBa Ofi'beKTa, T.e. B KOHe~OM cq(!Te OT TOrO, 

KaKHe rrepeXO.Zl:bl pa3pemeHbl B aTOMax, BXO.n:HillHX B COCTaB HCTOqHHKa CBeTa. TipR 

rrepexo.n:e aTOMOB Me:JK.Zl:y .Zl:llCKpeTHbiMH ypOBHHMH HCIIYCKaiOTCH 4JoTOHbl BIIOJIHe 

OIIpe.n:eJieHHOH 3HepmH, qacTOThl H .Zl:JIHHbl BOJIHbl ( 0 pa36poce 3HaqeHHH 3THX 

BeJIH~H CM. § 17.3). 3TO KBa3HMOHOXpOMa~eCKOe H3JI)"'eHHe HMeeT JIUHeU'lambZU 
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cneKmp. EcJIH )l(e 3JieKTpoH Bo36Y:JK.Zl:aeMoro aToMa rrepeXO.n:HT Ha ypoBeHb c oqeHb 

60JibillllM 3HaqeHHeM n B 06JiaCTh, r.n:e paCCTOHHHe Me)l(.ll:y ypOBHHMH MeHbille llX 

ecreCTBeHHOH IDHpHHbl ( CM. § 17 .3), JIHHHH crreiC'Ijia CJIIIBaroTCX B CTl.JIOUlHOU cneKmp. 

Oco6yro poJib B aToMapHbiX rrepexoil:ax nrparoT Alemacnia6UJlbHbze cocmoRHUR 

(oT rpeq, meta- Me)l(.ll:y, OKOJIO), rrepeXO.Zl:bl ll3 KOTOpbrX B 6onee HH3KHe COCTOHHIIH C 

H3JI)"'eHHeM O.ll:llOfO 4JoTOHa (3JieKTpO.Il:lliiOJibHbie rrepeXO.Zl:bi) 3arrperneHbl IIpaBHJiaMH 

oroopa. B TaKHX MeTaCTafillJibHbiX COCTOHHHHX aTOMbl MOfYT )I(HTb oqeHb .ll:OJifO. 

Hm6onee Ba)l(Hbrn cnyqaii TaKoii MeTaCTa6HJihHOCTH - rro.n:ypoBeHb cBepxToHKoii 

CTpYKTYPhl 1
2
S112 (F= 1) B aToMe Bo.n:opo.n:a (pnc. 14.3), BpeMH )lill3HH KOTOporo 

1: = 3,5 · 10
14 ~ 10

7 
JleT, a pa3HOCTh 3Hepmii 3THX ypOBHeii C001J3eTCTBYeT .Zl:JIHHe 

BOJIHhi H3JI)"'eHHH 'A = 21 eM. 

Heo.n:HOKpaTHO yrroMHHaBilleeCH y)l(e MeTaCTafiHJibHOe COCTOXHHe aTOMa 

BO.D:Opo.n:a 2
2
Sw. HMeeT BpeMX )I(H3HH 1/7 CeKYH.Zl:bi, ll rrepexo.n: ll3 3TOro COCTOXHIIH B 

OCHOBHOe (1
2
Su2) IIpOHCXO.n:HT C HCIIYCKaHHeM .D:Byx 4JoTOHOB, B pe3yJihTaTe qero 

CYMMapHhiii rrepe.n:aHHhrn MOMeHT A£ = 0. 

§ 17.2. BpeMH ~H3HH COCTOHHHH 

Tiocne Toro, KaK BepoxrnocTb crroHTaHHoro rrepexo.n:a orrpe.n:eneHa 

(CM. (16.67)), OCTaJICX O.ll:HH mar .ll:O BbiHCHeHHX BOIIpoca 0 BpeMeHH )l(H3HH COCTOHHHX. 

06paTHMCX K ypaBHeHHIO (16.66), IIOJIO)I(HB B HeM B = C = 0, no COOTBeTCTBYeT 

OTCYTCTBHIO BHemHero H3JI)"'eHHH. EcnH B cocTOXHHH f Haxo.n:HTcx Nj{t) aToMoB, TO 

ll3MeHeHHe llX ~CJia CO BpeMeHeM OIIHCbiBaeTCX oqeBH.D:HbiM B 3TOM CJiyqae 

ypaBHeHHeM 

f.l1 =-AN1 , 

orey.n:a 

NAt)= NAO)·e -tf•fi, 

r.n:e 
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1 1ic
3 I ~-2 

'tfi =A= 4ro3 • dfi (17.1) 

- BpeAm :JICU3HU cocmOJlHURjno, CTporo roaopH, :meKTpo.z:umonbHOMY nepexo,ll;y f ~ i. 
EcnH HH:>Ke ypOBHHjpacnOllO:>KeHO HeCKOllbKO ypOBHeii, nepeXO,ll;bl Ha KOTOpbie 

pa3pemeHbi, DOnHOe BpeMH :>KH3HH ypOBHH j, KaK nerKO C006pa3HTb, HaxO,li;HTCH 

CYMMHpoBaHHeM o6paTHLIX 3Ha'leHHii napuHanLHLIX apeMeH: 

1 N 1 -=2:--
't i=1 't ji 

(17.2) 

3!m3'13 17.1. BLI'IIICJIIITL BpeMliJKII3H112P-coCTOliHI!ll BO.!IOpo.na. 

CnoHTaHHMe nepexo.!ILI c ypoBI!ll 2P B03MOJKHLI TOJILKO Ha yposeHL IS (p11c. 14.3). 3Heprwi .. 
nepexo.na 1iro21 = 10,2 38. BocnoJIL30BaBmllcL 3Ha'leHI!liMII d(1Sf2P), noll)"'eHHMMII B 3!ma'!ax 16.2 11 

16.4, Haif.!ll!M 

t 2p...,1s =-3-·(0,745er0 ) =4· - · -- ·c·(0,745r0 ) =1,88·10 c , -I 4ro~, 2 (e
2

) (1iro 21 )

3 

2 • _, 

1ic 1ic 1ic 

T.e. t2P->IS "' 0,53 ·I o-• C. 

§ 17.3. Wupuua cneKTpaJibHbiX ypoBHeH H JIHHHH 

KoHe'IHOe 3Ha'leHHe BpeMeHH :>KH3HH aTOMa B B036y)K,ll;eHHOM COCTOHHHH 

DpHBO,li;HT K TOMy, 'ITO ::meprHH !lJOTOHa, HCnyiiieHHOrO DpH nepeXO,ll;e H3 3TOrO 

COCTOHHHH B OCHOBHOe, CTaHOBHTCH Heonpe,ll;eneHHOH. B COOTBeTCTBHH C 

COOTHOWeHHeM (5.4) ::na Heonpe,ll;eneHHOCTb eCTb 

1i oe0 ~-, 't 
(17.3) 

r,ll;e 't - BpeMH :>KH3HH COCTOHHHH. COOTBeTCTBeHHO, WHpHHa CDeKTpallbHOH llHHHH 

nepexo,ll;a pasHa 

(o~)o =(o:)o =(O:o)= ro;'tfi, (17.4) 
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r,ll;e 'tfi - napiiHanDHoe BpeMH :>KH3HH no nepeXO,!J;y i ~f. XapaKTepHLie BpeMeHa :>KH3HH 

COCTOHHHH, onpe,ll;elliiJOIIIHX H3ny'leHHe aTOMOB B onmu'JeCKOM Ouana:JoHe, H 'laCTOTbi B 

3TOM ,li;Hana3oHe nopH,li;Ka ( cpaBHH 3a,ll;a'!y 17.1) 

't· -10-8 -10-9 c 
I ' 

c 14 -1 rofi=21t--21t·5·10 c 
I l . ' 

TaK 'ITO 

(0~ )0 -3·10-
8. 

3m BenH'IHHa no'ITH Ha nopH,!I;oK MeHL~e pa3pemaromeii cnoco6HoCTH coBpeMeHHbiX 

CDeKTpOCKODH'IeCKHX DpH60pOB. 

BenH'IHHa {ol/l)0 Ha3hlBaeTcH ecmecmBeHiwu tuupuHou llUHuu H3llY'JeHRH 

cao6o,!J;Horo aToMa. 0Ha MO:>KeT 3Ha'IHTenLHO Bo3pacTaTL, ecnH aToM BXO,li;HT B cocTaa 

CllO:>KHOH MOneeynbi HllH KpHCTanna - CKa3bmaeTCH BllHHHHe OKpy:a<aiOIIIHX aTOMOB Ha 

BpeMH :>KH3HH COCTOHHHH. 

ATOMbl BeiiieCTBa Y'JaCTBy:IOT B TeDllOBOM ,li;BH:>KeHHH, 'ITO npHBO,li;HT, KaK y:>Ke 

CKa3aHO B § 16.7, K 001lllep06CKOM)'. C06U2Y 'laCTOTbl H3ny'leHHH OT,ll;ellbHOro aTOMa, 

HMeiOIIIero CKOpOCTb v: 

(
Orov) _ Vr 

(I) D C 
(17.5) 

H 001lllep06CKOMY ytuUpeHUIO llHHIIH H3llY'JeHHH aHCaM6M aTOMOB 

/(oro) ) _ vr _ /T. 
\ (I) D c VJ:ic? (17.6) 

IlpH KOMHaTHbiX TeMnepaTYPax ,ll;llH aTOMOB C aTOMHbiM BeCOM - 20 3Ta BellH'IHHa 

COCTaBMeT OKOllO 2·10-6, T.e. Ha ,li;Ba-TpH DOpH,!I;Ka npeBOCXO,li;HT eCTeCTBeHHYIO 

IIIHpHHY llHHHH. 
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rJIABA 18. ATOM BO BHEIIIHEM CTATifliECKOM 

3JIEKTPOMArHHTHOM IIOJIE 

§ 18.1. 3fllflleKT 3eeMaua 

B 1896 r. ronmrn.l(cKHil qm31IK TI. 3eeMaH (P. Zeemann) o6Hap)')KIIJI, lffO B 

cneKTpe II3JI)"'eHIIH aToMa, noMemeHHoro B MarHIITHOe none, cneKTpaJILHaH JIIIHIIH 

pacmeDJIHeTcH B MynLTIInneT, CTPYKTYPa KOToporo 3aBIICIIT oT Benii'lliHLI II 

HanpasneHIIH MarHIITHOrO nOJIH. B cnyqae npOCTOro (IIJIII HOpMaJILHOro) 3!lJ!IJeKTa 

3eeMaHa cneKTpaJILHaH niiHIIH pacmenJIHeTCH B cneKTpoMeTPe (piic. 18.1) Ha TPII 

JIIIHIIII npii Ha6mo.l(eHIIII nonepeK noJIH II Ha ,!(Be niiHIIII • npii Ha6mo.l(eHIIII B.l(OnL nOJIH. 

Pnc. 18.1. CxeMa onhiTa no Ha6mot~eHli!O 3<jl<jleKTa 
3eeMaHa: H- HCToqHHK (HanpnMep, Tpy6Ka c 11!30BhiM 
pa:3pllt~OM); K - Kal)'IIIKH, co3t~mmnne MarniiTHoe 

none B ; C - cneKTpOMeTpbi c aHanli30M HanpasneHllll 
nonapn3annn 

CneKTpaJILHLie niiHIIII o6pa3oBasrnerocH MynLrunneTa (piic. 18.2) pacmenneHLI Ha 

Benii'lliHY 11A, nponopliiiOHaJILHYJO nomo. Tipii Ha6nro.l(eHIIII nonepeK noJIH B 
(piic. 18.2, 6) o6pa3YJOTCH TPII cneKTPaJILHLie niiHIIII (3eeMaHOBCKHil TPIInneT) II 

II3n)"'eHIIe B 3TIIX niiHIIHX nOJIHPII30BaHO niiHeHHO. neHTPaJILHYJO, nOJIHp1I30BaHHYJO 

B.l(OJIL nOJIH KOMnOHeHTY II3JI)"'eHIIH npiiHHTO Ha3hlBaTL 1t-KOMnOHeHTOH, 

60KOBLie- cr-KOMnOHeHTaMII. flpii Ha6mo.l(eHIIII B.l(OJIL noJIH (piiC. 18.2, 6) niiHIIH ,!(Be 

(~6rreT) II II3JI)"'eHIIe nonHp1I30BaHO llliPKYJIHPHO. 
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Pnc. 182. PacmenneHne cneKTpanhHbiX JIHHHli npn npoCTOM 
3<jl<jleKTe 3eeMaHa: a - none OTCyrcTByeT, 6 - Ha6mot~eHHe 
nonepl!K DOJill, 6- Ha6niOt~eHHe BJIOJ!b DOJill. 1t·KOMnOHeHTa

II3JI}"'eHne" nHHeliHo DOJiliPII30BaHo Bt~Onh noJill B, 
O"·KOMnOHei!Tbi - II3JI}"'eHHe nHHeliHO rio.rnqill30BaHO nonepi!K 

noJill B (ceyqali 6) liJIH nHPKYJiliPHO DOJiliPII30BaHo 
(ceyqalt 6). A- MHHa BOJ!Hbl II3JI}"'eHllll B OTCyrcTBHe noJill 
(a) H npH Ha6mot~eHHH nonepeK noJill (6), A.~o A.2- J\JiliHbl BOJIH 
II3JI}"'eHllll s npHCyrcTBHH noJill. CTpenKH noK!I:lbiBaJOT 
HanpasneHne noJillp113annn II3JI}"'eHllll 

34J!IJeKT 3eeMaHa HeMe,l(lleHHO CJie~eT II3 ypaBHeHIIH flaynii (11.32) ~ 

qaCTIIIILI CO CniiHOM B MarHIITHOM none. ,l(mi aHaJIII3a 3TOrO 3!lJ!IJeKTa BOCnonL3yeMCH 

pe3yrrLTaTaMII § 14.3, HO TenepL BHenmee norre iJ cqiiTaeM O.l(Hopo.l(HLIM Ha pa3Mepe 

aTOMa. B 3TOM cnyqae BeKTOp-nOTeHIIIIaJI MarHIITHOrO noJIH BLI6epeM B !~JopMe (11.33): 

- I [- -] A="2 B,r. 
...-:-:.. .. 

flo.l(CTaBIIB 3TO BLipiDKeHIIe B (14.40), H~eM, lffO cnaraeMoe (v, A(r)) no-npe:>KHeMy 

paBHO Hymo, T.K. 
.......... 

(v, .A(r))= .!.(v, [iJ, rD= _.!.(i3, [v, r])= o. 
2 2 

Bmpoe crraraeMoe c BeKTopoM-noTeHIIIIaJIOM npeo6pa3yeM aHanomlflfo (14.41): 

2(.A, v)=Qi3,rl v)=-(B,[r, v])= ;~ .(iJ,L). 

B pe3yJILTaTe npiiXo,l(IIM K BLipiDKeHIIIO ~ onepampa B03MYIIIeHIIH 

v(r-)= ~: {(i+2-~ -s).i3). (18J) 
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qro coana,n:aeT c (14.34) JUUI :meKTpoHa (3apx,n -e). <DH3H'Iecr<Hii CM»Icn :noro 

BbipiDKeHIDI BnOJIHe noiDITeH - 3TO onepaTOp :mepriiH MariiHTHOfO MOMeHTa fltotal B 

MariiHTHOM none B (cpaBHH (14.34)): 

A r~ -) fln ( ~ g ~) 
U =-ljitotal• B, !ltotal =....,;· L+2· ; ·S · 

QqeBJI.ZUIO, ~0 :no BblpiDKeHHe He yqHThffiaeT B3aHMO,neil:CTBHJI MQZHUmH020 

MOMeHma Ropa c noneM B. B npH6nmr<eHHH flnucl << flB (f.lnucl ~ 10-3 
• flB) BKJia.D:OM 

3TOfO B3aHMO,neil:CTBIDI MO)IQIO npeHe6pe%. 

BM6epeM HanpaaneHHe ocH z s.non» BeKTopa B , 3aMeTHB, qro B ,naHHOM cnyqae 

3TOT Bbl60p He npOH3BOneH - 3TO HanpaaneHHe MarHHTHOfO noJIJI, KOTOpoe J,necn 

,neil:CTBHTeJibHO JIBJIJieTCJI BbZOeJieHHblM. 0TCJO,na JICeH <i>HJHqecKHil: CMbiCn Ha3BaHHJI 

KBaHTOBOfO ~Cna m - MQ2HUmHOe KBaHmOBOe 'IUCJIO. 

Ilocr<on»r<y B Tenep» He co.nep:>KHT onepaTopa, KaK 3TO 6bJJio B § 14.3, 

CKaJIJIPHOe npOH3Be,neHHe B (18.1) BbNHCJIJieTCJI npoCTO: 

( L+2§, B)= (iz +2SJB=(jz +SJB, r.ne Jz = iz +Sz. (18.2) 

B cnyqae MHoro3neKTpOHHoro aToMa H}')KHO, ecTecTBeHHO, npoc}'MMHpoaaTL 
A A l 

no seeM 3neKTpoHaM. Tor.na JUUI CJIY'Iall LS-cBH3H (§ 15.3) J, S B (18.2) npocTo 

3aMeHHJOTCJI C}'MMapHbiMH 3HaqeHHHMH onepaTOpOB OT,nenbHblX 3neKTpOHOB, T.e. 

onepaTOpaMH nonHOfO MOMeHTa H nOnHOfO CnHHa aTOMa. 

PaJJIHqaroT ,naa cnyqM 3<P<PeKTa 3eeMaHa. 

Jlpocmou (HOpMaJlbHb!U} 3rjJrjJeKm 3eeMaHa HMeeT MeCTO, KOr,na TOHKaH 

CTpYJCTYPa ypOBHeil: OTC)'TCTBYeT HnH HX TOHKOe pacmenneHHe MaJIO no CpaBHeHHJO C 

JeeMaHOBCKHM pacmeTIJieHHeM. 

CJIO:JICHblU (aHOMaJlbHbZU) 3rjJrjJeKm 3eeMaHa Ha6JIJO,naeTCJI, eCJIH TOHKOe 

( caepxTOHKoe) pacmenneHHe 6on»me JeeMaHOBCKoro pacmeTIJieHHJI ypoBHeil:. 

HaJBaHIDI "npocToil:" ("HopMan»Hhlii") H "cnmr<Hhlii" ("aHoMaJILHblil:") 

nOHBHnHCb HCTOpuqeCKH, no Mepe 06Hap}')KeHIDI H pacmH<!>pOBKH nepBblX 

3eeMaHOBCKHX cneKTpOB. 
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1) Ilpocmou 3r}JrjJeKm 3eeMaHa. IIo,nCTaBHB onepaTOp B03MYIIJ~Hilll (18.1), 

(18.2) B (14.11), Hail:,neM 3HaqeHne c,naHra 3Heprnu 3m!KTpoHa, Haxo.nHmerocH Ha n-M 

HeBblpmK,neHHOM ypOBHe, B MariiHTHOM none. IlOJiyqHM 

.1&=--e ((Jz)+(sz)}·B, 
2mec. 

(18.3) . 

r.ne ( Sz ), ( Jz) - cpe,nHHe 3HaqeHIDI onepaTOpoa Sz H Jz JUUI aTOMa B n-M 

COCTOJIHHH: 

(sz) =.(nlszln), 
(Jz)=nmJ. 

(18.4) 

113 o6~ coo6piDKeHnil: MO)IQIO YTBepJK,naTh, ~o C}'MMapH»Iii cnHH aTOMa ycTpoeH 

TaK,~O 

( &) = k( J), k = const. (18.5) 

3TO cne,nyeT H3 3aKOHa COXpaHeHHJI nOJIHOfO MOMeHTa aTOMa J, ecnH aTOM CB06o,neH 

' 
(a Mbl H "Ha~HaeM" co cao6o,nHoro aToMa!). Hail:,neM 3HaqeHHe K03<P<Pm.lHeHTa k. ,l(mi 

3Toro JanHmeM cne.nyroll.lHe paaeHcTaa: 

((&.J))=kljr =kn2 
J(J +1). (18.6)· 

HanoMHHM, ~o 6oJibmHe 6yr<Bbl J, L, S 6e3 "illJIJinor<" H "cTpenor<" o6o3HaqaroT 

COOTBeTCTBYJOIIJHe . KBaHmOBble 'IUCJia amOMa. JleByro qacTb 3TOfO paBeHCTBa 

npeo6paJyeM 

(( &. J)) = ((&. i +&))=(( &. i))+(l&r)-
11cnoJib3yll paBeHCTBO (14.20), 3aTIHilleM 

2((s. L ~ = (IJr)- (l&r) -.(11r). 
B pe3yJII>TaTe HaxO,nHM 
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t1 

( ~. j) =M (~1')-~il}(l~)] = h: [J(J + 1)-L(L+ l)+s(s +In (18.7) 

llo,n:CTaBH:B (18.7) B (18.6), Haii,n:eM 

k J(J +1)-L(L+1)+S(S+1) (
18

.
8
) 

2J(J +1) 

HaKoHeu, H3 (18.5) n (18.4) H:MeeM 

(sz) =k(Jz) = k·nmJ. 

Tio.n:cTaBHB (18.9) n (18.8) a (18.3), nonytmM 

~Ezeemann = J.lBgLmJB, 

_
1 

+ J(J + 1)- L(L + 1)+ s(s + 1) 
gL- 2J(J +1) • 

Ko3<l>qmuneHT gL Ha.JLIBaiOT MHO:JICumeReM Jlauoe (A. Lande, 1921 r.). 

(18.9) 

(18.10) 

<l>n3nqecKnii CMbiCn c.n:anra ~EZeemann .n:ocTaToqHo MCeH - 3TO 3HeprH:jl 

3<l><l>eKTHBHoro MarnnTHoro MOMeHTa aToMa, npeueccnpyromero B MarHHTHOM none 

(§ 11.6 n pnc. 11.4). B qacmocTH:, .D:M cao6o,n:Horo noKoMmerocM 3neKTpoHa (L = 0, 

J = S = 1/2) gL = 2 H: ~Ezeemann = ±J.!BB (cpaBHH: {11.44)). 

PaccMOTPHM B KaqecTBe npnMepa pacmenneHne ypoBHeii J = 0 n J = 1 aToMa, 

noMemeHHoro a MarHH:THoe none, n nepexo,n:LI MeJI<.D:y 3THMH ypoaHMMn. TiycTb .D:M 

onpe.n:eneHHOCTH 3TO ypoBHH 1 1So n iPJ. MHo:>KHTenn JlaH,n:e .n:nM o6onx ypoaHeii 

paaHbi 1 (Ta6n. 18.1). 

Ta6nnua 18.1. KBaHTOBbie qncna ypoaHeii 1 1S0 n iP1 

YpoaeHb J L s gL mJ 

11So 0 0 0 1 0 

2PJ 1 1 0 1 0,±1 

B MarnH:THoM none ypoaeHb iP1 pacmennMeTCM Ha TPH (pnc. 18.3): 

~t:(i li)= 0, ±J.!BB. 
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(18.11) 

2 1PJ~ 

11S1_L_ 

mJ 

11C: PHc. 18.3. PacmenneHHe_ ypOBHll 21P1, B 
M3Il!HTHOM UOJie H B03MOl!CHhle nepeXOJU>I B 
CJI)"'ae npoc-roro 3clJclJeKTa 3eeMaHa 

CooTBeTCTBeHHO, B cneKTpe H3nyqeHH:jl BMeCTo o.n:Hoii nHHHH noMBIDIIOTCM TPH, .n:nHHLI 

BOnH KOTOpbiX OTnH:qaJOTCM Ha 

~ ~e 
-A.·-, ~A.Zeemann- 0 e

0 

r.n:e bQ n A.o - 3HepfH:jl n .D:nH:Ha aonHbi HeBOJMymeHHoro (B = 0) nepexo.n:a. 3ro 

coornomeHne y.n:o6Ho .D:M oueHoK npe,n:cTaBH:Tb a an.n:e 

~A.Zeemann = A.~gLmJkzB, 
(18.12) kz = ~ = 0,468 Tn-1 · CM-1. 

4rcm.c 

Ecnn B paCCMOTPeHHOM njmMepe Ao - 500 HM = 5·1 0-5 CM ( OUTH:qeCKH:H 

.n:naua.JoH), TO B none B = 1 Tn HMeeM 

~eZeemann ~ 6 ·1 o-5 
3B, ~~..Zeemann ~ 0,01 HM = 0,1' A, ~~..Zeemann/A. ~ 2 ·1 o-5' 

~o Ha,n:e:>KHo perncTPnpyeTcM coapeMeHHbiMH cneKTporpa<l>aMH. 

lloJIJlpU3aiJUR H3nyqeHH:jl B cnyqae npocroro 3<l><l>eKTa 3eeMaHa onpe,n:enMeTcg 

KBaHTOBoii npnpo.n:oii npouecca ncnycKaHH:jl HJnyqeHH:jl: <l>oTOHbi ncnycKruoTcg B 

nepexo.n:ax c H3MeHeHneM MarnH:THoro KBaHToaoro qncna (eM. (16.50)) 

~J =0,±1. 

CooTBeTCTBeHHO, MoMeHT, YHOCH:Mblii <l>oTOHOM B 3neKTpo.n:nnonbHbiX nepexo.n:ax n 

paaHblii ±1 (cnnH <PoToHa), MO)KeT 6b1Tb opnelfinpoaaH a.n:onb ocn z (~J =±1) nnn 

nonepeK (~J = 0). Tor.n:a gcHo, 'JTO npn Ha6mo.n:.eHHH a,n:onL BeKTopa B J ocb z acer.n:a 

RaupaaneHa B.D:Onb jj, T.K. 3TO 6biOeJieHHOe Hanpa6JieHue!) <l>OTOHbl neTfl B,n:Onb OCH: Z. 

CTano 6b1Tb, nx cnHH napanneneH ocn z, n OHH "~ocfl" ~J = ±L B .3TOM cnyqae 

nepexo.n: c HeB03MymeHHoro ypOBH:jl mJ = 0 He Ha6mo,n:aeTcg - nHHH:jl A.o OTCYTCTByeT. 
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.~ 

ll 

Ho lf>oTOHI>I, KaK MI>I )')Ke rosopunu, "scer,l.\a" ~HpKyiDipHo noiDipH30BaHI>I (eM.§ 11.1 H 

3a,l\aqy 11.1, a TaK>Ke § 16.4). Il03TOMy llpH Ha6mo,l.\eHHH B,I.\Oni> llOIDJ (pHC. 18.2, 6) B 

cneKTpe npHCYTCTBYJOT ,!.\Be JIHHHH C npaso- H neBO- ~HPKYIDIPHO llOIDipH30BaHHhlM 

H3nytieHHeM. 

Ilpu Ha6mo,l.\eHHH nonepeK seKTOpa B lf>oTOHI>I yuocsrr MOMeHT, 

HanpasneHHI>m B.I.\OJII> BeKTopa k, T.e. nonepeK B . CoorneTcrneHHO, llmJ = 0 u s 

ClleKTpe llpHCYTCTBYeT HeCMeiD;eHHru:I JIHHWI, a H3nytieHHe JIHHeil:HO llOIDipH30BaHO. 

HcnycKaHHe lf>oTOHOB nonepeK noiDJ B nepexo,l.\ax c llmJ = ±1 o6'l>RCHHTh TaK npocro 

He y,l.\at!Tc.K. 3,1.\ecJ> pa6oTaeT o6mee npasuno cno:>KeHWI MOMeHTOB u, cne,l.\osareni>Ho, 

H3MeHeHHe z-npoeK~HH pe3yJII>THpyxom;ero MOMeHTa (CM. § 10.5 H COOTHOllJeHHR 

(11.4)-(11.6)). 

2) C!IO:JICHblU 3ppeKm 3eeMaHa paccMOTpHM• Ha npHMepe nepexo,l.\a MeiK,l\y 

ypOBHRMII 3
2
P3/2, 32

PII2 II ypOBHeM 32
81/2 B aroMe HaTpH.K (CM. TaK:>Ke 3a,l\aqy 18.2 

HH:>Ke). B OTCYTCTBIIe llOIDI ypOBHII 3P H 3S B HaTpiiii pa3HeCeHJ>J npiiMepHO Ha 2,1 3B 

(BJIWIHIIe BHYTpeHHHX 060JIO'IeK), H, KpOMe TOro, ypOBIIII 32P112 II 32P312 (TOIIKa.K 

CTpYKTYPa) OTJIII'IaJOTcx no 3Heprnii eme Ha 2 M3B (oKono 4 A). B nepexo,l.\ax MeiK,l\y 

3P-ypoBHRMII II yposHeM 3S B03HIIKaeT II3BecTHI>m "xe!lmbzu iJy611em" Na (MIIHI>I 

sonH II3JIY<JeHII.K 5895,9 A). Ilpii Hano:>KeHIIII .1.\0CTaTO'IHO cna6oro MarHIITHoro noiDI, 

TaKoro, 'ITO TOHKoe pacmenneHIIe !len.! (14.25) npeBI>ImaeT 3eeMaHOBCKoe, 

!len.! > lleZeemann • (18.13) 

B CTieKTpe HaTpWI B03HIIKaeT 10 (!) JIIIHIIH B COOTBeTCTB,HH C B03MO:>KIIl>JMII 

nepeXO,I.\aMH, TIOKa3aHHI>IMH Ha piiC. 18.4. 3TO II eCTh C!IO:JICHblU 3ppeKm 3eeMaHa. 

Ecnii ysenH'IIITI> none .1.\0 TaKoro ypoBHx, 'ITO 3eeMaHOBCKoe pacmenneHIIe 

npeB30il:,l\eT TOHKOe, 

lleZeemann > !len.! • (18.14) 

H TOHKOe pacm;enneHHe BHOBI> 6y,l.\eT 11Bl>IKmo'leH011
, 3eeMaHOBCKOe pacm;enJieHHe 

BepHeTc.K K CnytlaJO npOCTOrO - 'IHCJIO JJHHHH BHOBI> YMeHJ>llJHTC.K. 3TO .KBJieHHe 

II3MeHeHWI XapaKrepa 3eeMaHOBCKOro pacm;enneHWI C pOCTOM TIOIDJ HOCIIT lla3BaHIIe 

3ppeKma IlaweHa-EaKa (F. Paschen, E. Back, 1912 r.). 
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32PJn 

32Pll2 

3
2
S•n 

B = 0 Crra6oe none mJ 
12 
12 

3 
I k. ........ ___ -- ------------------

5889,95 A 

5895,9 A 

12 
12 
12 

12 

12 

12 

Pnc. 18.4. PacmenneHHe ypoBHeii 3P, 3S 
aroMa Na H B03MOlKHLie nepeXOJU,i B 
CJI)"Jae CJIOlKHOro 3$$eKTa 3eeMaHa 

3aAa'la 18.1. Ouemm. MHHHMaJILHoe JHa'leHne MarnHTHoro noilll, B KoTopoM B aToMe Na 8a6JIJOAaeTCl! 

34>4>eKT TiameHa-SaKa (nepexoA 3P ~ 3S). 

BLinHIDeM 3Ha'leHHl! KBaHTOBbiX 'IHCeJI COCTOl!HHli 3P, 3S (T36JI. 18.2). ~ OUeHOK B03bM~M 

HaHMeHLmee 3Ha'IeHHe npoHJBeAeHlll! gL lmJI· 3ro ypoBeHb 32P 1n, AJil! KOToporo IKL • mJI = 1/2; lh 
- ! ;!. ' 

(18 . .!1) AJ!l!' M,., = 2 ·10"3 3B ("lKMTI.Ili .ny6JieT" HaTplll!) HafiAeM 

~& . 
B=-.!!L~I06 rc=100Tn. 

llo 

TaKHe UOJ!l! AOCTHraJOTCl! TOJibKO B liMnyJILCHbJX CHCTCMax. B aTOMax C MeHLIDHM 3Ha'leHHeM.TOHKOro 

pacmenneHlll! 3$$eKT Ha6JIIOAaeTCJJ B CTaTII'IeCKIIX MarHHTHi>IX noJil!X (B - 2- 3 Tn). B 3aAa'le 18.2 3TO 

UOKa3aHO Ha npHMepe aTOMa BOAOpOAa - CBepXTOHKOii CTpYKTypbl 1S·COCTOJJHHl!. 3aMeTIIM, 'ITO 

CAeJiaHHal! 3AeCb ynporneHHaJJ OUeHKa "MarnHTHOfO UOJIJJ TiameHa-SaKa" Aa!:T HeCKOJibKO JaBLJIDeHHblli 

Pe3YJILT3T. 

Ta6JIIIII3 18.2. KBaHTOBble 'IHCJia cocrol!HHli 3P, 3S 

YpoBeHJ. J L s KL mJ 

3"S•n 112 0 112 2 .±112 

3'P•n 112 1 112 2/3 ±112 

3"P3n 3/2 1 112 4/3 ±312, ±112 

B npoCTOM 3$$eKTe 3eeMaHa u B 3!fl$eKTe IlameHa-liaKa senii'IIIHa 

pacmenneHWI 3Heprnii ypoBH.K nponop~HOHani>H~ B, B cnoiKIIOM 31f>$eKTe 3eeMaHa 3Ta 

3aBIICIIMOCTh 6onee CJIO:>KHru:I (KopeHI> H3 CYMMI>I KBa,l\paTOB llOJI.K H HeKOTOpoii 

KOHCTaHTI>I, 3aBHCRID;eil: OT KBaHTOBI>IX 'IHCeJI ypOBWI- CM. 3a,l\a'IH 18.2, 18.3). 
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3aAa'la 18.2. HaliTH 3Ha'leHHJI 3HepruH ypOBHell OeHOBHOrO (1 2S112) eOCTOJIHHJI aTOMa BOAOpOAa B 

eRllbHOM MarHHTHOM none. 

I<Ba!ITOBble 'IRena eOCTOJIHHJI I 2S112 aTOMa BOAOpOAa HMeJOT 3Ha'leHHJI (§ I4.5 H pHe. I4.5) 

l = 0, j = s = I/2, F = 0, 1. 

CoOTBeTCTBeHHO, oneparop B03MyiUeHHJI (18.I) HMeeT BHA (g, "' 2) 

•(8 ) e·B • 
V =--·Sz. 

m,c 
(I8.15) 

COCTOJIHHe IS He HMeeT TOHKOii eTpyKTypbl (l = 0), HO OHO BblpOJKAeHO no eoepXTOHKOMY 

paemeiiJieHHJO: ooo6me rooopll, B aToMe BOAopoAa 3neKTpoH B IS-eoCTOJIHHH MOlKCT npe6biBaTb Ha 

OAHOM H3 AByx no.z.ypOBHell, B 3aBHeHMOCTH OT OpHeHTaUHH ero CnHHa (eM. 33Aa'IH I4.9 H I4.10). 

Il03TOMY BOnHOBbie cflyHKUHH 3THX COeTOJIHHii cne.z.yeT 3anHeaTb B BRAe (eM. (13.43)) 
_,,,., 

'l',slf,S,,i.}=IV1s0 (r)·:x.(S,,Jj IV•so(r)= Jn.rg12 · (I8.16) 

PaAHaJibHaJI qaeTb MampU'IHbiX 3JJeMeHmoe oneparopa VB OAHHaKOBa, a cflYHKUHJI IV Jso {r) HOpMHpOBaHa 

Ha eAHHHey. CnHHOBYJO 'laCTb Bbi'IHenHM, yqHTbiBaJI, 'ITO Mbl HMeeM Aeno e 8blpO:»COeHHbiM 

COCmOJIHUeM. Il03TOMY ene.z.yeT BOenonb30BaTbell CeKYJillpHblM ypaBHeHHeM (I4.I4) H BblpalKeHHeM 

(I4.13) AJ!ll MaTpH'IHbiX 3neMeHTOB. IloAeTBBnllll B (I4.13) oneparop BOJMyiUeHHJI (I8.15) H BOnHOBble 

cflyHKUHH (I8.I6), yqTilM, 'ITO paAHaJibHaJI qaeTb noCJieAHHX- lj/1solf) - HOpMHpOBaHa Ha eAilHiley, a 

oneparop (I8.I5) He JaBneHT oT r. Ilo3TOMY MaTpH'IHbie 3neMeHTbl 3Toro oneparopa MOlKHO 

npeACTBBilTb BllAe 

(B) _ eB ( 1·1 ) Vpq --· :X.pSzXq , 
m,c 

rAe p, q = I, 2, 3, 4 - HOMepa ypoBHeii CBepXTOHKOl! eTpyKTypbl eOCTOJIHilll IS (Ja.z.aqa I4.10). ,lVill 

Bbl'lllCJieHHJI enllHOBOH qaeTil 3TOrO BblpalKeHHJI HaM AalKe He nylKHO 3HaTb KOHKpeTHOro BHAa 

enllHOBbiX cflyHKUilii (nonyqeHHbiX Bblllle, B § I1.2). j:(OCTBTO'IHO BenOMHHTb peJynbTBTbl 33Aa'l I4.10, 

I4.Il. B COCTOliHHJIX I ll 3 (Ta6n. I4.1) CnllH 3neKTpOHa HanpaBJieH no (COCTOJIHile I) llJIIl npOTHB , 

(eOCTOJIHHe 3) Bb!AeneHHOro HanpasneHHJI, KOTOpbiM B AaHHOM enyqae o6DeKTHBHO JIBnlleTCll BeKTOp 

'~ 
(t 

MarHHTHOro nonll B . B 3TilX eoeTOliHHJIX 

. n 
s,x •. , = ±2·x •. , · 

Il03TOMY 

V.(B) = eBn "'llBB, V,t;'l = -llBB. 
11 

2m,c 
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, HeeKOJibKO CnOlKHee 06CTOHT Aeno C COCTOJIHHJIMH 2 H 4, KOTOpble liBJiliiOTCJI cynepnOJHUHell COCTOliHHll 

e npOTHBOnOnOlKHO HanpaBJieHHbiMH enllHaMH 3neKTpOHa H ll.z.pa (npOTOHa). 3Ta npo6neMa 

o6CYlKAaJiaCb YlKe B 33Aa'le I4.Il. 3Aeeb lKe OCTBi:TcJI "AOrOBOpllTbCJI", 'ITO B COCTOJIHHH 2 CnHH 

3neKTpOHa HanpaBJieH no nOJIJO ( ero MarHHTHblli MOMeHT- npOTHB noJill),, a B COCTOJIHHH 4 - Hao6opOT. 

TaKall "AOroBop!!HHOCTb", KaK Mbl YBHAHM 'IYTb HHlKe, HH'IeMY He DpOTHBOpe'IHT; B peJynbTBTC 

v}:l = llBB, v}:l = -llBB . 

Tenepb cne.z.yeT A06aBilTb 3TH3neMeHTbl B MaTpHey (I4.63) H JanHcaTb ceKYJ!llpHoe YPli!IHeHHe 

A+llBB-oe 0 0 0 

o -A+IlBB-oe o 2A 

o o A-llBB-oe o =0. 

0 2A .o -A-IlBB-oe 

, PaeKpbiBaJI onpeAeJIHTenb, HaxOAHM 

(A +llBB-oe)·(A -llBB-oe)·l(A +oeY -(!lBBY -4A2 J= 0. 

OrcJOAa 

oel8}=A±JlsB, 

oe~~! = -A±~4A2 +(!lBBY, 8 ill.i·llp =I,47 MK3B. A=-· , ' 
3 ro 

KaKnerKO BHAeTb, npHB~ 0 Mbl npHXOAHM K CTp~e ypoBHl!I 2S112 (I4.6I): 

oe,(O)=oe2(0)= oe,(O)= A, 

oe4(0)= -3A. 

(I8.I7) 

(18.18) 

B COOTBCTCTBHH C 3THM H Bbi6paHa HYMepaUHll 'ICTblpilx KOpHeli CeKYnJIPHOro ypaBHeHHll OEp 

(p= I,2,3,4). 

B CllJibHOM MarnHTHOM none 

A B>>B5 ,._,254 fc 
llB 

3cjlcjleKT 3eeMaHa B aTOMe BOAOpOAa CTBHOBHTCll nHHeliHbiM no nomo. TaKHM o6pa30M, Ha npHMepe IS

eOCTOJIHHJI aroMa BOAOPOAa XOpOUIO llpOCJielKHBaeTCJI, C pOCTOM MarHHTHOrO nonll, nepeXOA OT 

CJIOlKHOro K npOCTOMY 3cjlcfleKTY 3eeMaHa (pHC. I8.6). KaK nerKO BHAeTb, aHaJIH3HpYll 3cflcfleKT 3eeMaHa B 

aroMe BOAOPOAa, Mbl npeHe6pernH BKJiaAOM B33HMOAeliCTBHJI MarHHTHOro MOMeHTB JIApa C noneM B.' 8 

cnyqae aTOMa BOAOpOAa, rAe llp- 10-3Jl., 3TO AOCTBTO'IHO MaJibll! 3cjlcfleKT. 11Haqe o6CTOHT AeJIO B 

nOJHTpOHHH (33A3'13 I8.3). 

297 



, 
(l 

OE(B) 

OEa 

-,+ ~ 

PHc. 18.6. 3«jJ«jleKT3eeMaHaB 

aToMe uonopona. CoCTOJIHHe IS 

3ana1Ja 18.3. HaiiTH 3HaqeHHJI ypOBHeii OCHOBHOfO COCTOJIHHJI n03HTPOHHJI B Mai11HTHOM none. 

IJ03HTPOHHl! (§ 14.6) HMeeT .[{Ba COCTOJIHHll B 3aBHCHMOCTH OT OpHeHTaQHH CnHHOB, B KOTOpb!X 

C)'MMapHbll! Mai1!HTHbll! MOMeHT paueH (no MOIIYmo) 2J.18 (p-Ps) HnH eymo (o-Ps) (rn6n. 14.3). Ilocne 

TOro, KaK Mbl pacnyTanH "XHTPOCTH" COCTOliHHii 2 H 4 B lS·COCTOliHHH aTOMa BOJIOpOJia (3aJiaqa 14.11), 

HaM nerqe CJienaTb TO JKe CaMOe H Jinll n03HTPOHHll. 

,[Vul n03HTP0HHll onepaTOp Mai11HTHOfO MOMeHTa (§ 14.6) paueH 

:: 2J.1 8 (:: :: J f.lp, "'--,;-· Spo, -S, . 

0rCIOJia onepaTOp (18.15) Jinll n03HTPOHHll npHHHMaeT BH.tl 

v.<n> =.!!!!_Js<""'> -s<·>) 
Ps ~ z z · 

m,c 

Bbl'IHCHHM 3HaqeHHJI MaTPHqHbiX :meMeHTOB V},:J, nOBTOpHB paccyJKJieHI!ll npeJibi/IYillel! 3aJ{aqH 0 

B03MOJKHOCTH OTJieneHHJI paJIIIMbHOii qacTH ljl-«jlyHKUHH. CniiHOBbie BOHHOBbie «jlyHKUIIII JiaHbl B 

rn6n. 14.3. IlonyqHM, qro 113 BCeX 16 MaTP~HbiX :meMeHTOB V},:J TOHbKO JIBa-' V2~) II V4~) - OTn~Hbl 
OT ll)'nJI: 

v.<nJ _ eB ~ + - - .\* fs(pos) s<•>) ( + - - •)\ 
24 --·tXpos ·x, +Xpos ·X,J ·~ z - z • Xpos ·x, -Xpos ·x, 'J= 

m,c 

= llnBKx;,. · x; + x;,, · x;) · (x;,. · x; + x;,. · x; + x;,. · x~ + x;,. · x; )}= 2f.IA 

v<nJ- eB ~ + - - + \* {s(po•J s<•>) ( + - - •)}- 2 B 
42 --·txpo,·x,-x""'·X,J·~. -, ·xpo,·X,+Xpos·X,- lln · 

m,c 
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TaKHM o6pa30M, Mbl nonyqHnll, qTo n031!TPOHIIii KaK B napaCOCTOliHIIII (qTO oqeBIIJIHO), TaK II B opro

COCTOliHIIII np11 m = 0 (qro YJIIIBHTenbHo) oeni!T ce6ll KaK qaCTH~a c MarimTHbiM MOMeHTOM 2J.18. 

Tenepb MOJKHO 61>mo 61>1 3an11caTb ceKYnllpHoe ypaoHeHIIe, aHanor~Hoe (18.17), HO HaM 

Heii3BeCTHbl napaM~bl A, B, OniiCbiBaiOmHe CBepXTOHKYJO CrpyKrypy n0311TPOHHll. ,lV!ll HX 

BbJqllcneHHll uocnonb3yeMcll reM JKe npiii!MOM "HeCTPororo peweHHll", qTo 11 u Janaqe 14.10,'> T.e. 

3aUHWeM CeKYHl!pHOe ypaBHeHIIe B BIIJie (cpaBHII (1?.17)) 

a-OE 0 0 0 
0 a-OE 0 b+Ani=O 

I 0 0 a-OE 0 ' 

0 b+A8 0 c-OE 

rne a, b, c- Heii3BeCTHI>Ie noKa napaMeTPM, a A8 = 2!!8B. PacKpbiB onpenen11Ten1>, HaiiJ{eM 

(a-o~:}' ·((a-o~:)·(c-o~:)-(b+A8 )' )= o. 
OrciDJia 

'( )2 a+c a+c 2 oe, 3 =a, OE2 4 =--± I -- +(b+An) . . . 2 ~ 2 

QqeBHAHO, qTo OE1• 3 = OEp,los - pa3HOCTb ypooHel! coepxTOHKOii CTPYKTYPbi lS-cocTOliHHll no311TPOHIIll 

(14.65). 3HaqeHHJI TPi!X ocTani>HbiX napaM~ou Hal!neM 113 acHMmomKII: 

OrciOJia 

qTo nai!T 

0Ko~arenbHO nonyqaeM 

a+c' 1(a+c)
2 

2 I B ~ 0 01:3 ~ -
2

- + ~ -
2

- + b = OEp, os = a, 

01:
4 
~ a+c 

2 -

a+c= a, 

(a+cf +h2 =:!.._ 
2 4' 

b=c=O. 

OEu =a= OEp,los' 
~----

a a 2 
2 

01:2. 4 =-± -+(2J.18 B) . 
2 4 

BropoMy BblpaJKeHHIO yno6Ho npHAaTb 6e3pa3Mepii)'IO «jlopMy (p11c. 18.7) 

'l CTPoroe peweHHe qHTarenb MOJKeT Hal!rn u Knacc~ecKoii MOHorpa«jJIIH (12), § 32, pa3JI. 32.5. 
299 



, 
It 

1ie2• 4 =oe.,J,s{~±J~+x2 } 
x=.!!_, BA "'OEp,J,s =3,6289149Tn. 

BA 4J.IB 

B MaJibiX Mannrnn.Ix nonJIX, B << BA, OTCIO,lla cne.nye-r 

1ie2• 4 '"oe.,J,s { ~±(~+x2)). 
T.e. nHHeHHblif 3lfllj>eKT 3eeMaHa B n03HlpOHHH OTCYfCTByeT. 

OEB J' 

a 

-I 

I ~ I I B/Ml 
3 0 

Puc. 18.7. 31j>lj>eKT 3eeMaHa B n03HlpOHHH. 
CocroJIHue IS. 
I, 3 - OJYfococTOJIHHJI (m = ±I), 2 - opTO
cocTOJIHHe (m = 0), 4- napacocTOJIHHe 

§ 18.2. 34J4Je~cr llhapKa 

3TOT 34>4>eKT HBmieTCH "3neKTpuqecKHM rumnoroM" J!l>!l>eKTa 3eeMaHa: npu 

HallO)!(eHHll 3neKTpuqecKOrO nonH Ha aTOM llllll MOneKyny npOHCXO)J;liT ll3MeHeHHe 

CTpYKTYPbi ux ypoBHefi, B peJynhTaTe qero Ha6mo.naeTcH pacmen~eHue cneKTpanbHbiX 

nHHIIfi (J. Stark, 1913 r.). 3To pacmenneHue Bhl3BaHO B3aHMo.n;eficrnueM c noneM 

3neKTpuqeCKOrO )J;HnOnbHOro MOMeHTa aTOMa d ( C06CTBeHHOrO Hnll HaBe)J;eHHOro 3THM 

3neKTpuqecKHM noneM), aHanoruqHo TOMy, KaK 3TO onucauo B § 16.4. 0Tnuque 

COCTOHT B TOM, qro Tenepb none E - CTamqecKoe. Teopux BOJMymeHufi (§ 14.1) 

nOJBOnHeT B )J;aHHOM cnyqae paccqiiTaTb BenuquHy pacmennemrn, ecnu H3BeCTHbi 

BOnHOBble li>YHK~llll COCTOHHHH (eM. 3a.n;aqy 14.1). 
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ITo nopH.n;Ky BenuquHbi tilmapKOBCKuii coeu2 3Heprnu ypoBHH (Hnu 

wmapKOBCKoe pacUJennenue) MO)!(Ho o~eHHTb KaK 

.1estark- d · E- er0 • E, (I8.19) 

qro .nnH TeXHuqecKII nerKo .nocTH)!(HMoro ypoBHH nonx E- I 0 KBicM coCTaunxer 

.1£stark - e . 1 o-s CM • I 04 B/cM - 10-4 3B, 

T.e. Benu~HY Toro )!(e nopH.n;Ka, qro II 3eeMaHOBCKHH C)J;Bllr B none I Tn. ,[{mi BbiCOKHX 

B03Myiil;eHHbiX COCTOHHHH aTOM a B03MO)!(Ha )J;a)!(e ll0Hll3~HH aTOMa ( CM. 3a)J;aqy 2.1 ). 

Ecnu aToM He o6na.naeT .nunonbHbiM MoMeHTOM, B 3neKrpuqecR:oM 'noney Hero 

IIOHBllHeTCH HaBe)J;eHHblll )J;IIIIOnbHblll MOMeHT 

d =aE, a =const. (I8.20) 

CooTBeTCTBeHHO, mTapKoBcKoe pacmenneHue B 3TOM cnyqae nponop~uoHanbHO 
KBa.n;pazy nonx: 

,1 E 2 
8stark =a JE'. dE'= aE 

0 2 . (18.21) 

3a.na'la 18.4. OueHHTb nonJipH3yeMOCTb aToMa s Mo.nenu I>opa H WTapKOBCKoe pacwenneHue B none 

E = I 00 KB/cM. 

flO,!ICTaBHB 3H3'1eHHe V H3 (2.3) B ypaBHeHHe (2.2) H Y'JHTbiB3JI paBeHCTBO (2.4), H3it,li~M 
ypaBHeHHll Mll B03MyWeHHJI X Op6HTbl 3TOM3pHOfO JneKlpOHa DpH BHeCeHHH 3TOM3 BO BHeWHee 
JlleKlplf'lecKoe none: 

; -+r+e:rx, - E 
e, = 1£1' 

.. n 2fi 2 
X Ze2 X 

mx+3--, ·-=2-
2
-·-+eE. 

mrn r, rn r,, 

B CTaTif'leCKOM none (E(t) = const) ycKopeHue x = 0, OTCIO.na 

Er; x=--
Ze 

flOCKOnbK)' .!IHnOJibHblit HaBe,li~HHblif MOMeHT paBeH d = ex, H3 ( 18.20) Haif.ni!M 

a= ex = r; - n6 .1 

E z .- z• ·Reohr • (18.22) 

30I 



flOJIJIJliOyeMOCTb aroMa onpe,lleJIJ!eTCll, B OCHOBHOM, CMeiUeHHeM :meKTpOHOB, · HaJ(O,IIlllUHXCll Ha 

• 
88

emHeit o6onoqKe. }:VIll so.nopo.nono.no6HbiX aroMOB (18.22) Hait.nl:M: Z= 1, a- n
6
·1,5·10-

25 
cM

3
• 

llo.IICTllllllB 3ro 3HaqeHHe B (18.21), nonyqHM 

n
6

' -25 (10' )
2 

-21 6 -· 6 Ll&swk --z·1,5·10 · 
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=8,3·10 ·n (r)=5,2·10 ·n 38. 

CHnbHall 3aBHCHMOCTb OT n 03HaqaeT, qro KBa.npaT)IqHbiU 3clJ<lJeKT llhapKa 3aMeTeH B TlllKllnbiX aroMax. 

YlKe .IIJIJl HaTPHll (n=3) 3Ta o~eHKa .nal:T Ll&s -4·10-6 38. 06paTHM BHHMaHHe, qTo BHaqane 3,/leCb 

Bbi'!HcneHO 3HaqeHHe Ll&stark B rayCCOBOU CHCTeMe e,IIHHH~ (f), 3aTeM npOH3Be,II!!H nepeBO,II B CHCTeMy 

aroMHbiX e,IIHHH~ (38). 

8 so.nopo.nono.no6Hhlx aroMax nonllpH3yeMOCTb MOlKeT 6biTb paccqwnma .nocTaToqHo TOqHo. 8 

3a,11aqe 14.1 Mbl nonyq»nH pacmenneHHe Mll aToMa so.nopo.na (yposHH 2
2
S112 H 2

2
P 112) 

&swk = 3er0E , 

qro cosna.naeT c ( 18.19). CTPoro rosopll, 3TO pemeHHe cnpaBellJIHBO. npH ycnoBHH .nocrnToqHo 

CHnbHoro 3neKTp)lqeCKoro nonll, Kor.na mrnpKoBcKoe pacmenneHHe npesocxo.nHT pa3HOCTb 3Hepmit 

yposHeit roHKOU CTPYJITYPbl (a TaKlKe IDM60BCKOro C.IIBHra) 

O&swk > 0& nl• O&Lamb • (18.23) 

}:VIll ypoBHll n = 2 aroMa so.nopo.na, paccqHTaHHOro s 3a,~~aqe 14.1, sen)lqHHa cMemeHHll 2SO 

OTHOCHTenbHO ypOBHli2P0 COCTaBnlleT {pi!C. 14.3) 

O&Lamb = 4,37 MK38. 

ll03TOMY pemeHHe 3a,11aqn 14.1 KoppeKTHO, ecnH 

E 
li&t.amb 4,37 ·1 0-6 300 8/ >--"' 8 "' CM. 
3 · er0 3 ·0,53 -10-

§ 18.3. MaruHTHLiii peJouauc 

llpeuecCHIO MarHHTHOrO MOMeHTa qaCTHUhl MO:lKHO HCnOnb30BaTb )VIR 

H3MepeHHJI ee rnpOMarHHTHOrO OTHOWeHHJI. ,lJ;enaeTCll :ITO C nOMOIUbiO TaK 

Ha3b1BaeMoro MeTO,na MOZHUmH020 pe30HGHCG. 11ccne,nyeMbiH o6pa3eU noMemaeTCH B 

o,nnopo,nnoe MarHHTHOe none, Bhl3h1BaiOIUee npeueccuro MarHHTHbiX MOMeHTOB ero 

MOJieeyn, aTOMOB H H,nep. llOMHMO :noro Ha o6pa3eU HaKJia,nbffiaeTCH cna6oe 

Bpamaromeecx nonepeqnoe none. Ecnu qacToTR BpamennR noJIH coBna,naeT c qacToToii: 

napMopoBcKoii: npeueccuu (11.44) (pe3onanc), T.e. nonepeqnoe none BpamaeTCH 
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CHHXpOHHO C MarHHTHbiMH MOMeHTaMH, OHO nepeBOpaqHBaeT HX. Y CJIOBHe pe30HaHCa 

,nocrnraeTCH nyreM Me,nneHHOrO H3MeHeHHH OCHOBHOrO MarHHTHOro noJIH •. MoMeHT 

pe3onanca rpHKCHpyeTcx no nornomenmo :meprnH. renepaTOpa . Bpamaromerocx 

MarHHTHOrO noJIH, 3aTPaqnBaeMOH Ha nepeMarnHqnBaHHe · o6pa3Ua. 3HM qaCTOTY 

npeuecCHH, a TaK:lKe 3HaqeHHe MarHHTHOro_ nOJIH B pe30HaHce, MO:lKHO H3 (11.44) Hall!H 

BCJIHqnHy MarHHTHOrO MOMeHTa qaCTHUbl Jl H no HeMy - . ee rnpOMarHHTHOro 

OTHOWeHHJI. 

JIBneHHe MarHHTHOrO pe30HaHca ,nJIH :meKTPOHHbiX MOMeHTOB B, aTOMRX H 

MOneKynax 6biDO OTKpbiTO B 1944 r. COI!eTCKHM rpH3HKOM 3aBOHCKHM. 3TOT BH,n 

MarHHTHOro pe30HaHCa nonyqHJI Ha3BaHHe 3TIP (3!1eKmpOHHblU napiJMazHUmHblU 

pe30HGHC). Ha H3biKe KBaHTOBOll MeXaHHKH 3TIP eCTb He qTo HHOe, KaK 

11
CTHMynHpOBaHHe" BbiHy:lK,neHHbiX nepeXO,LIOB B aTOMe (MoneKyne), noMeiUeHHOM BO 

BHemnee MarHHTHOe none, npOH3BO,L~HIUee pacmenneHHe aTOMHbiX ypOBHeii: aTOMa Ha 

3eeMGH06CKUe nooyp06HU (18.1 0). lJaCTOTa nepeXO,LIOB 

Jln eB 
(j)EPR =-·dLmJB = gLmJ ·--n 2mc 

(18.24) 

,COBna,naeT C qacTOTOll npeuecCHH nonHoro MarHHTHOrO MOMeHTa aTOMaB ~arHHTHOM 

none B (11.44). Ee 3naqenue no3BOJIHeT Haii:TH BennqHny MHO:lKHTeJIH llaH.r~e gL, ~o 

.r~aeT HHrpopMRUHIO o CTPYKType 3JieKTPOHHoil: o6onoqKH aToMa. 

Tunnqnbre napaMCTPbi ycTaHOBKH .z:~nx Ha6nro.r~eHHH 3TIP: B- 104 3; 

Onp- eBfmeC- 1011 
c-

1 (A.- 2 CM). 3TIP IIIHpOKO npHMeHHeTCH B HCCne,L~OBaHHH 

XHMHqeCKHX peaKUHH, TaK KaK OH n03BOJIHeT 6biCTPO aHRJIH3HpOBaTb XHMHqeCKHH 

COCTaB BemecTBa. 0co6eHHO cymeCTBeHHa B03MO:lKHOCTb Ha6JIIO,LieHHH 3a TaK 

Ha3bmaeMbiMH CB060,nHbiMH pa,nHKRJiaMH, K KOTOpbiM H3-3a HX BbiCOKOH aKTHBHOCTH 

npaKTHqeCKH HenpHMeHHMbl 06bNHbie MeTO,Libl XHMHqecKOro aHRJIH3a. 

B 1937 r. RMepHKaHCKHil: rpH3HK Pa6H ucnonb3oBan MeTo.n MarHHTHoro 

pe30HaHCa ,nJIH H3MepeHHJI MarHHTHhlX MOMeHTOB x,nep (JIMP - ROepHblU MG2HUmHblU 

pe3oHaHc) na aToMHbiX nyqKax. B 1940. r. 3THM :lKe MeTO.LIOM Enox (CiliA)· BnepBbie 

H3MepHJI MarHHTHbill MOMeHT Heil:TPOHa, a B 1946 r. BMeCTe , C TiapceJIJIOM 

pacnpOCTPaHHn MeTO,n JIMP Ha KOH,neHCHpOBaHHbie cpe,Libl. B OTnnque OT 3TIP 3,LieCb 

qaCTOTa npeueCCHH MeHbille npHMepHO B OTHOWeHHe MaCChi, 3neKTPOHa K Macce 
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npOTOHa, H HaCTOJibKO iKe no nop.IIJ(K)' BeJIHqHHbl nOHHiKeHa 'I)'BCTBHTeJibHOCTb. IlpH 

nOMOIIIH .51MP fibiiiO BnepBbie H3MepeHO rnpOMarHHTHOe OTHOIIIeHHe .l(IDI npOTOHa. B 

~aJibHeifrneM :na BeJIHqHHa CTaJia HCnOJib30BaTbCH .l(JIH npel{H3HOHHbiX H3MepeHIIH 

MarHIITHOrO noJIH MeTO~OM .51MP, OTHOCIITeJibHaH TOqnOCTb KOTOpbiX B HaCTOHIIIee 

BpeMH ~ocmracr- 10-6. 

Ilo~o6HO cneKTpaM 3I1P, cneKTpbl .51MP npiiMeHHIOTCH TaKiKe .nmi 

pacrnmppOBKH MOJieKyJIHpHOH CTpYKTYPbi XIIMIIqeCKIIX coe~IIHCHHH. 

· B tPII3HKe TBep~oro TeJia npiiMeHHIOT TaKiKe MeTO~bi peppoMacHumHoco, 

aHmUpeppOMacHUmH020 U peppUMacHUmH020 pe30HaHC06. 0HII aHaJIOrnqHbl MeTO~aM 

3I1P II .51MP, C TCM OTJIIIqneM, qro B ~aHHOM c~ae pe30HaHCHaH qacTOTa 

onpe~eJIHeTCH MarHIITHbiM MOMCHTOM OOMeHa COOTBCTCTBYIQIIICrD MaTepllaJia. Bee Tpll 

mna MarHeTHKOB - tfleppo-, aHmtfleppo- II tflepp11MarHeiHKH - OfiJI~aiOT ~OMCHHOH 

CTpYKTYPOH, CTpOCHIIe KOTopoii II n03BOJIHeT onpe~eJIHTh COOTBeTCTBYIQIIIIIH 113 

MeTO~OB MarHIITHOrO pe30HaHCa. Bee paCCMOTpeHHbie MCTO~bl HCCJie~OBaHIIH Ha 

OCHOBe MarHIITHOrO pe30HaHca OTHOCHT K paOUOCneKmpOCT<OnUU BCIIIeCTBa. 

lhMepeHIIC MarHIITHOrO MOMCHTa (rnpoMarHIITHOrO OTHOIIICHIIH) 

3JieMeHTapHbiX qacTHl{ HBJIHeTCH TaKiKC O~HIIM 113 MeTO~OB IICCJie~OBaHIIH IIX np11p0~bl, 

nOCKOJibKY rnpoMarHIITHOe OTHOIIICHIIe CJIOiKHOH CIICTeMbl n03BOJIHeT cy~Tb 'o ee 

"yCTpOHCTBe". Ilp11 3TOM ofibJqHO rllpOMarHIITHOe OTHOIIIeHIIe 113MepHeTCH 

ecTeCTBeHHOH e~IIHIII.{CH go= ef2moc, COOTBeTCTBYIQIIICH BpamaiOIIIeHCH qaCTIIl{C 

MaCChi mo (§ 11.3), qro npiiBO~IIT K 3aMeHe 

G~g·go. 

TaK, HanpiiMep, co6cTBeHHOMY "BpameHIIIO" 3JieKTpoHa ( cn11Hy) cooTBeTcTByeT 

ge ~ -2 (CM. (11.24)). 3HaK MIIHYC CBH3aH C TeM, qTo 3apH~ 3JICKTpOHa OTplll{aTeJibHblli. 

liHTepeCHM CIITyal{IIH HMeeT MCCTO ~JIH HCHTpOHa, KOTOpbiH 3JICKTpllqeCKII 

HCHTpaJICH, HO 06JI~aeT MarHIITHbiM MOMCHTOM C gn ~ -3,8. (B ~aHHOM CJiyqae 

·'I 
U go= efmnC, r~e mn- Macca HeHTpOHa). 3HaK MIIHYC CHOBa nOKa3biBaeT, qro MarHIITHblli 

MOMeHT Bbi3BaH BpameHHCM OTplll{aTeJibHOrO 3apH~a. QqeBH~HO, qro HeHTpOH 

npe~CTaBJIHeT co6oii CJIOiKHYIQ CHCTeMy, COCTaBJieHHYIQ no COBpeMeHHbiM 

npe~CTaBJICHIIHM H3 TaK Ha3biBaeMbiX KBapKOB. l(mr npOTOHa gp ~ 5,6 = 2 + 3,6, r~e 
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2 - rHpOMarHHTHOe OTHOIIICHHe, KOTOpoe ~OniKeH fibiii fibl HMeTb 11TOqeqHbJii" npOTOH 

(no~o6no 3JieKTpony), a 3,6- ~o6aBKa, CBH3aHHM co CTpYKTYPoii npomna. Mnrepecno 

OTMCTHTh, qro 3TH ~OfiaBKH .l(IDI npOTOHa H HCHTpOHa 6JIH3KH no a6COJIIOTHOH 

BCJIHqnHe, XOTH pa3HHI.{a Me~ HHMH BbiXO~T ~aJICKO 3a npe~eJibl 
3KCnepHMeHTaJibHbiX OIIIHfiOK. 

TaKoe CBOiiCTBo 3JieKTpona, KaK 6JIH30CTb jg.j K 2, no3BoJIHcr c BbiCOKoii 

ToqnoCTbiO H3MepHrb 3Haqenne g.: qaCToTa npeueccnn cnnna 3JieKTpona B MarHHTHOM 

none coBn~acr c qacToToii roB ero BPI!IIICHHH no op6nTe (eM.§ 11.5) 

jnj=2{roL)= eB .!I 
me 2 · 

,IVur 3JieKTpoHa (eM. (11.24)) 

a= ge -1<<1, Qa =aroB <<Q. 
2 

(18.25) 

(18.26) 

BcJie~CTBHe 3TOro yroJI Me~y HanpaBJICHHHMH BeKTOpOB CKOpOCTH H CnHHa 

311CKTpOHa, BpamaiOmerocH no KpyrOBOH opfiHTe B MarHHTHOM noJie, Me.l(JICHHO 

. -
H3MeHHeTCH CO BpeMeHeM, COBepiiiM nOJIHbJii o6opoT BOKpyr BCKTOpa B 3a 

N= 
0

a =_!..~103 
roB a 

OfiOpOTOB 3JieKTpOHa B MarHHTHOM none. qaCTOTa Q H3MepHeTCH CJIC~YIQIIIIIM 
ofipaJOM. Il01IHpH30BaHHble B~OJib BeKTopa CKOpOCTH 311eKTpOHbl, T.e. 311CKTpOHbl, 

CDHH KOTOpbiX HMeeT OpeHMymeCTBCHHOe HaDpaBJICHHe DO CKOpocm, BDYCKaiOTCH B 

MarHHTHOe DOJie H DOCJie HCKOTOpOro qHCJia ofiopOTOB cfipaCbiBaiOTCH Ha MHIIICHb., B 

3aBHCIIMOCTH OT OpHeHTal{HH CDHHa DpH pacceHHHH Ha MHIIICHH B03HHKaeT fiOJibiiiaH 

HJIH MCHbiiiaH aKCHaJibHaH aCHMMCTpHH, T.e. pa3HOCTb qncJia 311CKTpOHOB, pacceHHHbiX 

HaJieBo H HanpaBo. M3MepHH nepHo~ 3Toii 3aBHCHMocm Ta = 2rr.!Qa, MOiKHO Haiim 

BeJIHqnny a. B 3KcnepnMenmx aMepHKaHCKHX tflmnKoB BHcJIH H Pnqa (1971 r.) 

y~aBaJIOCb na61110~aTh 6o11ee I 04 nepno~oB Me.wieHHoii npeueccnH, qro D03Bommo 

H3MepHTb ge C TOqfiOCTbiO -3·10-9
• Ilocne~ne 3KCOepHMeHTbl, BbiiiOnHCHHble ~yrHM 

MeTo~oM, ~aJIH 3Haqenne a.= 11. Ilo~ennblii .Pe3y11bTaT coBn~acr B npe~enax 
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i1 

oum6oK c TeopernqecKHM JHaqeHIIeM. 3To 3HaqiiT, ~o ecJlii 3neKTpOH II IIMeeT 

KaKYJO-nii6o cTpyKrypy, TO oHa "JanpJnaHa" oqeHh "rny6oKo". 

AHanoriiqHhie IIJMepeHIIH .n:enaiOTCH .n:nH f.1-Me3oHa, o.n:Hoii II3 CaMhiX 

Jara.n:oqHhiX qacTHQ, KOTOpaH HIIqeM, KpOMe MaCChi, He OTJIIIqaeTCH OT 3JieKTpOHa 

("TH:>KellbiH :meKTpOH11
). B Haqane 60-x IT. TaKIIe 3KCnepiiMeHThi npoBO.l(lilliiCh B IJ;EPH 

(lliBeiiuapiiH), a C Haqana 90-x IT. Be.l(yTCH, )':>Ke Ha 6onee BhiCOKOM ypoBHe TOqHOCTII, 

B EpyKXeiiBeHcKoii HaQIIOHanhHOii na6opamp1I1I (CiliA). B HIIX B Haqane :noro BeKa 

06Hapy:>KeHO (KaK 6y.IJ:TO 6hi) OTJIJiqJie 3KCnepHMeHTanhHOf0 3HaqeHHH gJ.l OT 

TeopeTHqecKoro, nonyqeHHoro Ha ocHoBe pacqeTOB no TaK HaJhmaeMoii CTaH.n:aprnoii 

Mo.n:enH 3neMeHTapHhiX qacTHQ. Ilocne.n:Hee 3HaqeHHe (MapT 2004 r.) cocmBnHeT 

gJl = 2·(1 + 0,001 165 9210 (10)). 

06paTHM BHHMaHHe Ha BhiCoqaiiruyro TOqHOCTh 3TiiX ii3MepeHHH: 

!:..ge ~2·10-10, !:..gJl ~1·10-9. 
ge gJl 

Iloxo)I<He MeTO.l(hl HCnOJih3YJOTCH II .l(JIH ii3MepeHHH MafHIITHhiX MOMeHTOB 6onee 

11 3K30TJiqeCKIIX 11 qaCTIIII, HanpHMep, 2:-rHnepoHa, KOTOphiH )KIIBeT BCero OKOJIO 10-JO C. 

TaKHe HJMepeHHH npoHJBO.D:HJIHCh, B qacTHOCTH, B 60-x r. rpynnoii JI.M. EapKoBa II3 

HHCTHTyTa H.I(epHOH <PmHKii liM. r.H. Ey.n:Kepa co PAH CCCP Ha cepnyxOBCKOM 

npOTOHHOM CIIHXpOTpOHe fiHCTIITyTa $H31iKii BhiCOKIIX 3Hepmii. ,lVIH TOfO ~06hi 

noBepHyTh MarHHTHhiH MOMeHT Ha 3aMeTHhiH yroJI 3a CTOJih KOpOTKOe BpeMH, 

HCnOJih30BanOCh CBepXCIIJihHOe MarHHTHOe none H- 10
6 

fc, KOTOpoe C03.l(aBanOCh C 

nOMOIIIhiO B3phiBa. 

r JIABA 19. ATOMHA.H CITEKTPOCKOITIUI 

B aTOMHOH II MOneKyJIHpHOH <lJii3HKe 1i <lJii3HKe TBep.n:oro Tena HaqJiHaH C KOHQa 

XIX B. pa3BIIBaiOTCH paJJIJiqHhie MeTO.D:hi CTpYK'fYPHOro aHaniiJa. Han6onee 
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li3BeCTHb1e II IIIiipOKO npiiMeHHeMhie paCCMaTpHBaiOTCH B 3TOH rnaBe. K HliM OTHOCHTCH 

TaK:>Ke MeTOJJ:hi paiJuocneKmpocKonuu (Marniirnoro pe30HaHca, § 18.3). 

19.1. OnTnqec..:aH u penTreuosc..:aH cneKTpoc..:onnH 

HJnyqeHIIe aTOMOB B onrnqecKOM .D:IIanaJoHe - oT IIH$paKpacHoro (HK) .no 

)'llhTpa$HOJieTOBOro (Y<l>) - II03BOJIHeT II3yqaTh CTp)'K'rypy MOJieKyJIHpHhiX (HK

.D:llalla30H) II amMapHhiX (Y<l>-, BII.D:IIMOe IIJJiyqeHHe) 3JieKTpOHHhiX o6onoqeK. B 

aToMax, KaK 3TO cne.n:yeT II3 npoBe.n:eHHhiX Bhiiiie o6cy:>K.D:eHHii, IIJJiyqeHIIe Y<l>- II 

BII.l(liMOU qacTeii CIIeKTpa liCII)'CKaeTCH B aTOMapHhiX rrepexo.n:ax JierKHX aTOMOB II 

BepXHliX ypOBHHX TH:>KeJihiX aTOMOB. IloJie3HO IIpiiBeCTH 3.l(eCh xapaKTepHhle 

rrapaMeTphi orrrnqecKIIX cneKTpOCKOIIJiqecKHX npH6opoB (Ta6n. 19.1). Bee OHH 

HBJIHIOTCH B3aHMHO .l(OIIOJIHHIOIIIIIM!i. TaK, IIp1I60phl THIIa 1Ipii3MeHHOrO CIIeKTporpa<lJa, 

o6na.n:ruom1Ie ornociiTellhHO HeBh1COKoii pmpezuaTOUJeu cnoco6nocmbTO 

A. 
R=-M' (19.1) 

Ta6nHua 19.1. CpaBHIITenhHhie xapaKTepiiCTHKH crreKTpocKorrHqecKIIX rrp1I6opoB 

IlpH6op R G,A 

IlpmMeHHhlii crreKTporpa<P 2·104 
00 

3menoH MaiiKenhCOHa 4·105 0,005 

.ll:H$paKQHOHHaH pemth'Ka 1·106 1000 

HHTep<iJepoMeTp MaiiKellhcoHa 2·106 0,0005 

HHTep<iJepoMeTp <l>a6pii-Ilepo 5·106 0,0025 

HCIIOnh3YJOTCH .D:JIH rrpocMoTpa mn:poKoii o6nacrn crreKTpa M. 3Ty xapaKTepn:crnK)' 

1Ipn:6opOB IIpHHHTO OIIHCbiBaTh rrapaMeTpOM, KOTOphlii Ha3hiBaiOT o6JlaCmbTO 

cBo6oiJnou iJucnepcuu 

G=t:..'A.. . (19.2) 
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Tipn6op:bi B:biCOKOro propemeHRH, KaK BII,ZUIO R3 Ta6JI. 19.1, RMeKn )'3K)'IO 06JiaCTh 

CB060.IUIOH .D;RCnepCRR. 

Pa3HOBII,ZUIOCThlO orrmqecKoii: ClleK1pOCKOllRR HBJIHeTCH Junepmm 

cneKmpOCKOnllfl, B KOTOpOii: RCllOJI:b3YeTCH qpe3B~aHHO B:biCOKaH MOHOXpOMaTRqHOCTh 

nroepHoro R3nyqeHRH. C ero noMOIJU>IO B036}')KJI:aiOT nepexo.n;l>I c nornomeHReM 

KBaHTOB Me)K):(y .n;ByMH nccne.n;yeMI>IMR ypoBHHMR ( c HR:>KeJie:>Kamero Ha 

BI>nnene:>Kamnii:) c perncrpauneil: nocne.n;ywmnx nepexo.n;oB c aepxHero R3 .n;Byx 

ypOBHeii: Ha KaKOii:-nn6o TpeTRil: (Hn:>Ke HR:>KHero R3 .n;Byx nccne.n;yeMI>IX). HacTpoil:Ka 

CRCTeM:bl Ha pe30HaHC llOrJIOrneHRH Jia3epHOrO R3JiyqeHRH ll03BOJIHeT TOqHO 

onpe.n;enRTI> proHOCTh :meprnii: .n;Byx ypoBHeii:. PeKop.n;HI>IM .n;ocTR:>KeHReM B 3TOM 

MeTO.D;e HBJIHeTCH, llO-BR.n;RMOMy, R3MepeHRe 3HepruR ~yxcpOTOHHOrO nepexo.n;a 

Me)K):(y OCHOBH:biMR l 2S112-yp0BHHMR R ypOBHHMR MeTaCTii6RJI:bHOrO 2
2
8112-COCTOHHRH 

cBepxTOHKOii: CTpyKTYPI>I aTOMOB Bo.n;opo.n;a (pnc. 14.3). CxeMarnqecKR 3TOT 

3KcnepnMeHT MO:>KHO npe.n;cTaBRTI> ce6e cne.n;ywmnM o6prooM (pnc. 19.1): nroepH:blii: 

nyq nponycKaercx cKBo3I> o61:.eM c rrooo6pa3HI>IM Bo.n;opo.n;oM n nocne OTpa:>KeHRH oT 

3epKana M B03BpamaeTcx B o61:.eM. AToMI>I, B036y)K):(aeMMe nroepHI>IM n3nyqeHneM, 

HaxO.n;HTCH BHyTpR pe30HaTOpa C, HaCTpOeHHOro Ha qaCTOTY 2S-2P-nepexo.n;a. Tiocne 

nepexo.n;a B KOpOTKO:>KRByrn;ee 2P-COCTOHHRe aTOM:bl Bl>ICBeqRBaiOTCH R cpOTOH:bl 2P·,-lS

nepexo.n;a perncTpRp)'IOTCH .n;ereKTopoM Y<D-n3nyqeHRH 0•2P~Js,::;: 0, 1 MKM). TaKRM 

o6prooM, perncTpnpyercx nHTerpani>Hl>Iii: noTOK Y<D-cpoTOHOB KaK «PYHKURH qacTOT:bl 

nroepHoro R3nyqeHRH. B TaKOii: cxeMe .n;ByxcpoTOHHoro B036}')KJI:eHRH .n;onnepoBcKoe 

ymnpeHRe, CBH3aHHOe C TellJIOB:biM .n;BR:>KeHReM aTOMOB, KOMlleHCRpOBaHO B nepBOM 

nopx.n;Ke, T.K. B CRCTeMe aTOMa, RMeiOmero CKOpOCT:b Vr, 3HaqeHRH 3HepruR .D;Byx 

BCTpeqH:biX cpOTOHOB C.D;BRHYT:bl npOTRBOllOJIO:>KHO OTROCRTeJI:bHO qacTOThl Jia3epHoro 

R3nyqeHRH (J)L: 

(J)l 2 =y(l±~)·roL, ~= Vr' y=(l-~2tl/2, 
' c 

ro; +ro2 = 2-yroL = {1- ~; }roL. 
(19.3) 

TaKyiO cneicrpOMeTpRqecK)'IO cxeMy Ha3l>IBaiOT "6e3.n;onnepoBcKoil:" (Doppler-free). 
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B Heii: .n;ocrnrnYTo peKop.IUioe propemeHne 

.1A.<Io-•2 • 
A. . 

'D 

Puc. 19.1. CxeMa 3KcrrepUMeHTarro .llByxcfloTOHHoli JiaJepHOH 

crreKTpOCKorrnn rrepexo!(a IS-2P B aTi>Me BOAOPOAa: 

L- JiaJep; C- pe30HaTop Ha 'laCTory 2S-2P-rrepexoAa; t:;.v = 9,92 ITu; 

M- 3epKano; D- AeTeKTophi Y<l>-lf3JI)"'eHIDI rrepexo!(a 2P-IS; W- KBapueBhle OKRa 

Cneicrp:bl IDnyqeHnx HR:>KHRX ypoBHeil: TH:>KeJII>IX aTOMOB ne:>KaT B o6nacrn 

peHrreHoBcKoro .n;nanrooHa. TaK, R3nyqeHne aToMa 

2P- IS RMeeT 3HeprniO cpoTOHOB (eM. (2.7), (15.5)) 

ypaHa (Z = 92) B nepexo.n;ax 

E2P-IS,::;: 86 K3B, A.,::;: 0,13 A, 

T.e. OTROCHTCH K :>KeCTKOMY peHITeHOBCKOMY R3nyqeHRIO. 

AHaJIR3 TaKOrO (peHITeHOBCKOro) R3JiyqeHRH OCHOBaH Ha ero . .n;ncppaKURR B 

KpRCTaJIJiax: npn na,neHRR R3nyqeHRH Ha llOBepXHOCTh KpRCTaJIJia (OTIIIJIRcpOBaHHyiD 

napaJIJieJI:bHO O.D;HOll R3 ero rJiaBH:biX llJIOCKOCTeii:) RMeeT MeCTO OTpa:>KeHRe llO.D; yrnoM, 

paBHI>IM yrny na,neHRH <p, ecnn -:maqeHne nocne.n;Hero y.n;oBJieTBopxer ycnoBRIO 

Byni>cpa-Ep3rra (§ 3.3): 

2d · sin <p = nA., n = I, 2, 3, ... (I9.4) 

PacCTOHHRH Me:>K.n;y )'3JiaMR KpRCTaJIJinqecKoil: pemt:TKR d- 0, I A, no3ToMy TaKoii: 

MeTO.D; ll03BOJIHeT aHaJIR3RpOBaTh IDnyqeHRe B .lUialla30He 

A.~O,l A. 
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§ 19.2. MuKpoooJIHOBaH cne~crpocKonuH. ATOMHLiii HHTep~J!epoMeTp 

MeTO~ MHKpOBOJIHOBOH CTieKTpOCKOTIHH HCTIOJib3YeTCX ~ H3MepeHHH TOHKOH 

H CBepXTOHKOH CTpYJ<TYPbl aTOMOB, nepeXO~I Me)K,lzy ypOBHHMH KOTOpOH 

(§§ 14.2-14.5) Jie)KaT B pMUo~ana3oHe 3JieKTpoMarHHTHoro H3JIY'IeHHH - OT 

~e~HMeTpOBOrO ~0 cyfiMHJUIHMeTpOBOro. flpHH~HIDillJThHO CXeMa CTieKTpO

CKOTIHqeCKHX H3MepeHnii 6JIH3Ka K o6c~aameiicx B npe~uzymeM naparpatiJe cxeMe 

"6e3~onnepoacKoii" Jia3epHoii cneKTpOMeTpHH. AToM KaKHM-nn6o cnoco6oM 

nepeBO,l{HTCX B OTHOCHTeJibHO ~OJirO)KHBymee COCTOXHHe, a pa,n;uoqaCTOTHOe 

H3JIY'IeHHe B036~aeT ero nepeXO~I B KOpOTKO)KHB~e COCTOXHHH (3a,n;aqa 19.1). 

PernCTpnpyx HHTeHCHBHOCTb H3JiyqeHHH npu "abicaequaaHnn" KopoTKO)KHBymnx 

COCTOXHHH B nepexo~ax Ha HH)KIIHe ypOBHH KaK tPYHKr(HIO qacTOThl B036y~aiOm;ero 

H3JiyqeHHH, TIOJIY'IaiOT pe30HaHCHyiO KpHByiO, MaKCHMYM KOTOpOH TI03BOJUieT HaRTH 

pa3HOCTb 3Heprnii ypoaHeii (3a,n;aqa 19.1 u puc. 19.1, 19.2 HH)Ke). B ao~opo.l{e, 

HanpHMep, B KaqecTBe TaKOrO ~OJirO)KHBymero COCTOXHHH HCTIOJib3yiOT 

MeTaCTafiHJlbHOe 28-COCTOXHHe, OTHOCHTeJibHO KOTOporo H H3MepHIOTCX C,l{BHrH 

6JIH3Jie)Kam:ux ypoaHeii. AToM MO)KeT 3a6paci.maThcx B 3TO 2S-cocTOXHHe 

6e3hl3JIY'IaTeJibHbiMH nepeXO,l{aMH, HanpHMep, B CTOJIKHOBeHHHX C 6biC1pbiMH 

3JieKTpOHaMH H3 3JieKTpOHHOH nymKH. flo~06Hhle ycTpOHCTBa TIOJlyqHJIH Ha3BaHHe 

amOMHblU uHmeprjJepoMemp. 

O~HHM H3 nepBbiX HaH6onee 3aMeqaTeJILHbiX pe3yJII.TaToB MHKpoaonHoaoii 

cneKTpocKonuu cquTaeTcx H3MepeHne Jl3M6oBCKozo coBuza (§ 14.4). 3THM )Ke 

MeTO,l{OM 6hlJIO H3MepeHO 3HaqeHHe CBepXTOHKOrO pacm;eTIJieHHH ypOBHeH OCHOBHOrO 

COCTOXHHH TI03HTpOHHX: fly~ 203,4003 ff~, fl&HFS ~ 8,41·1 0-4 3B. 

33)J.a'la 19.1. TipH B03,neitcTBHif pelOHaHCHOrO lfl.!I}"'CHIDI Ha aTOM ,nsa ero ypOBHJI o6p33yiOT 

CMemaHHOe COCTOliHHe (§ 16.2), a KOHC'IHOe BpeMll lKiflHif B O,nHOM lf3 3TifX COCTOliHHH (rum B 060HX) 

IIplfBO.IllfT K TOMY, 'ITO aTOM, "BbiCBC'IHBaliCL", nepeXO,IUIT Ha O,nHH lf3 HlflKe pacnOJIOlKCHHbiX ypOBHeii. 

Haiim sepoliTHOCTL P2(t) npe6hiBaHIDI aroMa B coCTOliHHH 2 (pHc. 16.1), eCJIH speMeHa JKiflHif 

aroMa B COCTOliHifliX 1 If 2 paBHLI 't h 't2 COOTBeTCTBCHHO. PacCMOTpeTL CJIY'Iaii BOlMYII.ICHifll, '!aCTOTa 

Koroporo m 6JIH3Ka K '!aCTOre nepexo.na ro0, HO Heo6ll3aTeJILHO c Heii cosna.naeT. 
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3anHmeM BOlM~eHHe B BH,ne, aHaJIOrn'IHOM (16.10): 

V(t)= V0 (r}·(e"" +e-.. '), (19.5) 

If 6y,neM HCKaTL BOJIHOBYJO 4JYHK1UOO BOl~i!HHOH CHCTCMLI B BH,ne (16.ll). MaTpH'!HLie 3JICMCHTbl 

(16.8) B ,naHHOM CJIY'Iae HMCIOT BH.Il (CpaBHH (16.12)) 

v. v.o( .. , _,..,} 
II= u\e +e , 

v. - v.• t;i&.t + e -i(m ..... )t) 
12- 12~ , 

V. _ v.• fe1(m0...,)t + -i&.t) 
21- 21~ e , 

v22 = v~(e .. ' +e-.. '), 

v:. = (mjV0 jn), .1-ro = m -ro0 • 

(19.6) 

CJI}"'ali 6ecKoHe'IHO 6onLmux 't1 If 't2 paccMoTpeH B § 162. TenepL HYJKHO Y'JCCTL KOHC'IHOCTL 3THX 

napaMCTpOB. TI03TOMY B ypasHeHIDIX (16.13) .no6asHM CKopoCTLy6LIBaHIDI aMIIJIHry,n: 

in da, = V.,a, + V.
2
a

2 
-y

1
a

1
, 

dt 

.,. da2 V. V. ,,.--= z,a,+ naz-Yzaz. 
dt 

3,necL Yt. Y2- fiOCTOliHHble, CBlllaHHble CO BpeMeHeM lKH3Hif aroMa B COOTBeTCTBYJOII.ICM COCTOliHHH 

paBCHCTBaMH 

I 
Yu = 2'tu · (19.7) 

AsoliKa B 3HaMeHarene fiOliBJilleTCll lf3·3a TOro, 'ITO BepOliTHOCTL npe6LIBaHifJI aTOMa B COCTOliHHH n 
pasHa KBa.npary aMnJIHyY.nLI: 

P,(t}=ja.(t)j2 =la.(ot ·e·2r.t "'la.(o)j2 ·e·•!• •. 

Tio.nCTaBHB CJO,na 3Ha'!eHHll Vmn (19.6) H nosropllll npo~e.nypy ycpe.nHeHIDI, npose.ni!HHYJO B § 16.2, 

IIpllXO.IlHM K ypaBHeHIDIM, aHaJIOrn'IHbiM (16.15): 

da, ·n /&.·• 
-"" -1 Ea2 ·e -y1a1, 
dt 

da2 • ·n· "'""" __ ,_, Ea,·e -yzaz, 
dt 

v.• 
nE"' ~2 , dW=W-W0• 

(19.8) 

TiapaMCTp QE nponop~OHaJieH HanplllKI!HHOCTif 3JieKTpH'!eCKOro fiOJill 3JICKTpOMarHHTHOli BOJIHbl, 

BOl,neiiCTBYJOilleli Ha aTOM (CM. (16.14)}. llpHMep BLI'IHCJICHHll MaTpH'!HbiX 3JieMCHTOB MOJKHO HaliTH B 

1a,naqe 14.1. 

PemeHHe CHCTeMbl (19. 8) lflliCM B BH,ne 

a, (t);, c,e·~, a2 (t) = .c2e•>' . (19.9) 

TIO.IlCTaHOBKa B (19.8) ,nai!T CHCTeMY JIHifeliHb!X anre6paH'!eCKHX ypasHeHHii 
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1
C

1 
• e"'' = -iO. EC

2 
• e"11+i&M - y 1C1 • e••', 

K2C2 • e'" = -O~C1 • e·~-;.,., - y 2C2 • e'". 
(19.10) 

llpHpaBHHBlUI UOKa:3aTenH 3KCUOHeHT (Aa6b! HCKIDOqHTb 3aJIHCHMOCTh C I. 2 OT BpeMeHH), H3XOAHM 

K1 = K 2 + i/!J.ro . 

CooTBeTCTBeuuo, ypasueuHJI (I9.10) npHHHMaiOT BHA 

(K1 +y.}-C1 +i0EC2 =0, 

iO~C1 +(K2 +y2)·C2 =0. 

(I9.ll) 

(19.12) 

llpHpaBIDIB II)'IDO onpeAenHTenh 3TOH CHCTeMbl {ycnOBHe HeTpHBHMbHOCTH ee perneHHll), fiOll)"'HM 

nocne uecnOJKHhiX npeo6pa:3osauui! 

1(1 
i/!J.ro-(y1 +y2)± (i!!J.ro-(y1 +y2)f _ 0 2 +y (i!!J.ro-y )= 

2 4 
E I 2 

= i/!J.ro -(yl +y2) ±L~[t.ro + i(yl -y2)f +410l. 
2 2 

Orpau~HMCll Cll)"'aeM 6onhiiiHX 3Haqeuult speMeHH JKH3HH cocTOliHH.ii I, 2: 

2·IOEI»Ir2 -r1l· 

TorAa npu6nuJKeuuo 

(1. 2) j ( ) y + y A • ( ) K1 ,_. I!J.ro±O __ l __ 2 ± uro Y1 -y2 
2 2 20 , 

rAe 

0 = ~(t.rof +410d
2
. 

BseAJI TBKJKe o6o3uaqeuHJI 

Y
' = Y1 +Y2 ± /!J.ro·(y2 -y1) 
1"2 2 20 ' 

H3 (I9.15) u (I9.II) ualtAeM 3uaqeuHJI scex qeTbipex queen K~\2): 

K(1) =.!._·(0+/!J.ro)-y' I 2 2• 

K<2l = _.!._ · (o -!!J.ro)- y' 
I 2 I> 

K(1) =.!._·(0-/!J.ro)-y' 
2 2 2• 

K~2l = -L(o+!!J.ro)-y;. 
2 

(I9.16) 

(I9.17) 

., Tenepb MOJKHO 3anucaTb Bb!paJKeuue Mll sonuosoii cpyHKUHH cMewauuoro (B03Mymeuuoro) coCTOliHIDI, 
11 

UOACTaJIHB B (16.3) 3HaqeHHJI aMMHryA (I9.9): 

ljl(t) = (a!'l(r )+ al2l(r ))·ljl~(;:, t )+ (a~1 l(r )+ a~2l(r ))·ljl~(;:, t), 
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rAe ljl~ 2 lf,t) - BOnHOBbie cf!YHKUHH HeB03MyiUI!HHb!X (qHCThiX) cocroiHHJt I H 2 (CM. § I6.2). ~ 

uaxolK,ll;eHHB K03cflcpHUHeuros C1(
1. 2) H C~1· 2) ll)'lKHo ucnonb3oBaTb uaqanbHhie ycnosHJI. · 

PaCCMOTpHM ABa tnyqrui: aTOM npH t = 0 H3XOAUnCll B COCTOliHHH I ( cnyqalt I) HnH B COCTOJIHHH 
2 (cnyqalt II). 

CII)"'aii 1: B HaqanbHhllt MOMeHT aTOM H<!XOAHnCll B COCTOliHHH l. TorAa, oqeBHAHO, 

np~!!M 

0TciOAa H3XOAHM 

lji(O)= (a!'l(o)+al2l(o))·ljl~(o), 

lljl(o)l2 =lljl~(o)r =I. 

jal1l(o)+ al2l(o)j =lc~<~l +CI(2)1 ':'I, 

ja~1l(o)+a~2l(o)j = jc~1l +C~2lj =0. 

Ko3cflcpuuHeHTbl ct
1
2
2
) AOnlKHhl, KpOMe TOro, YAOBneTBOpliTb ypaBHeHHJIM (I9.I2), OTKYAa H3XOAHM 

(1.2) A n 
C(1.2) _ . Kl + Y1 C(1.2) uro ± >< C(1.2) 

2 -I Q • I "'-20• I 
E E 

llpeAUOnOJKHM, qTO K03cflcpHL{HeHTbl Ct122) - AeltCTBHTenbHble Ben~HHbl. llOACTaBHB 3TH COOTHOIIIeHHJI 

B npeALIAYIUYIO CHcreMy ypasueuult, ualtAeM ' . 

c<1.2J _ O+I!J.ro 
I - 20 ' 

qyo TBKJKe noATBeplK,ll;aeT CAenauuoe npeAnonoJKeHHe. 

C!1.2)=+0E 
o' 

llOll)"'eHHble 3HaqeHHJI C1~22) H K~\2) AaiOT 3Haqeuue BOnHOBOH cflyHKL{HH Mll cnyqrui I: 

rAe 

ljl•(r )= 2~. [(o -!!J.ro)· e<•n-a}t/2 +(0 + !!J.ro)· e-(;n-a}t/2]. e(;&....,}t/2 ·ljl~(;, t )

- ':; ·[e(;n-a}t/2 -e-(;n-a~,/2 ].e-<'&o...,}t/2 ·ljl~(;, t} 

a.= I!J.ro ·(y2 -y~} Y=Y1 +Y2· 
0 

(I9.18) 

HaKOHeU, BepOliTHOCTb o6uapYJKHTb CHCTeMY B COCTOJIHHH. I HnH 2 pasua KBaApaTy. MO,~J;ynll cpyHKL{HH 

npH ljl~ HnH ljl~ COOTBeTCTBeHHO: 

I f( I!J.ro
2
) I!J.ro 40

2 
] P.1 (t)=2·~ I+ 0 2 ·cha.t+2Q·sha.t+ Q 2E ·COSO/ ·e...,., 

P2
1(t)={';: J ·(cha.t-cosOt)·e-11• 

(l9.I9) 
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B TO'IHOM pe30HaHCe 3Ta 4JYHKUHll OCUHJJJJHpyeT C 'laCTOTOl! Q£, 3ayYXal! 3KCllOHeHUHaJibHO C 

xapaKTepHbiM apeMeHeM y-1
: 

P,1(r'1 =_!_·(l+cos2QEt)·e-r', 
iiAoo=O 2 

P2
1
(t)j =L(t-cos2QEt)·e-"' 

Aoo=O 2 ~ 

(19.20) 

(cpaaHH pnc. 16.1). OrMeTHM TaKJKe, 'ITO npn E=O BbipiDKeHHll (19.19) .nawT P,1(t)=e-2
"', P2

1(t)=O, 

KaK H J{OIDKHO 6b!Tb. 

Cnyqaii II: DpH t = 0 aTOM H3XO,liHTCll B COCTOliHHH 2. AHa.JJOrH'!Hbie Bbl'IHCJieHHll J{aJOT 

\jl"(t) = ':: • (e<•n-a)l/2 _ e-<•n-a)l/2 )· e<•Am-r)/2 . \jl~(r, 1 )+ 

+ 2~ [(n + ~ro)· e<.n-a)t/2 + (n- ~ro)· e-{•n-a)•/2]. e-(iA<D-r)•/2. \jl~(r, t ), (19.21) 

PNt)=-2 • 1+-2 ·chat+2·-·shat+---f·cosnt = P,1(t} 1 [( ~002 
) ~ro 4Q

2 

] 

2n n n n 

B Ka'leCTBe npHMepa paccMOTpHM 3KcnepnMeHT no H3MepeHmo 3Hepmn nepexo.na MelK.ny 

ypoBHliMH 2
28112 n 22P112 (n:w6oecKuii coeuz) a aToMe ao.nopo.na (pnc. 14.5) no.n .nel!cm~e~t 

3JieKTpoMarnHTHoro 113JI)"leHHll. qacToTa 3Toro nepexo.na (§ 14.5) paana ~vLamb = 1,057 ITu. qro 

COOmeTCTByeT J{JIHHe BOJ!Hbl 28,3 8 CM (.neUHMeTpOBbll! J{HanaJOH pa.I{HOBOJIH). IJ03TOMY B. 

3KCnepHMeHTe HanpaBJieHHbll! nOTOK aTOMOB BOJ{OpO,lla nponycKaeTCll qepe3 CBq-p~30HaTOp, 

HaCTpoeHHbil! Ha qacTOTY, 6JIH3KYJO K ro0 = 27t • ~ v Lamb • ATOMLI so.nopo.na .no axo.na a pelOHa-fop 

B036YJK.I{aJOTCll 3JieKTpOHHOl! fioMfiap.I{HpOBKOl!, H Te H3 HHX, KOTOpble "3a6paCblB310TCll" Ha ypOBeHb 

2
2Srn (F= 1), o6pa3YJOT B pe30H3TOpe CMeWaHHOe COCTOliHHe C BbiWeJieJKaWHM ypOBHeM 22P 112• BpeMll 

lKH3HH ypOBHll 2
2S1n npHMepHO t 1 = 1/7 C, a ypOBHll 22P1n t 2 - 1,5 HC. BepOliTHOCTb aTOMy npol!TH 

CKB03h pe30H3TOp (T.e. BblllTH H3 pe30H3TOpa B COCTOliHHH 228112 (F= !)) onHCbiBaeTCli4JYHKUHel! P,1(t) 

a (19.19). B .naHHOM cnyqae t a (19.19) ecTb apeMll nponern CKB03b pe3oHaTOp. CKopocn (3HeprHll) 

3TOMOB .1{0JllKH3 fibiTb J{OCTaTO'IHO BbiCOKOl!, HHa'le BCe OHH ycneJOT "BblCBeTHTbCll" B pe30HaTOpe J{alKe 

npH ero HaCTpOl!Ke Ha 'laCTOyY, J{a.JJt!KyJO OT pe30HaHCHOl! ID0• BLifiHpal! BpeMll DpOJieTa nopli.I{Ka 

t- 6t2 -IOT0 , 
27t To=-, 
IDo 

Hal!.n!lM, 'ITO J{Jlll UHJIHHJ{pnqecKoro pe3oHaTOpa, HaCTpoeHHoro na Mo.ny TMoro, npn oceaoM ero pa3Mepe 

B I CM He06XOJ{HMal! CKOpOCTb aTOMOB COCTaBJllleT 1·1 06 M/c (3HeprHl! 6 K3B). PemCTpHpyJOWaJI 

cncreMa (.ncreKTOp) .nonJKHa o6ecne'IHTb H3MepeHne •mcna Y<I>-4JoTOHOB (A"" 124 HM, pnc. 14.5), 

HCnyCK3eMblX npH nepeXOJ{e B036YJK.I{t!HHblX aTOMOB H3 COCTOl!HIIll 22P112 B OCHOBHOe COCTOliHHe. 
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OrMeTHM, 'ITO J{Jlll 3TOro npnt!MHHKH J{eTeKTOpa J{OJilKHbl pacnonarancJI BHYTpH pe30HaTopa HJIH B ero 

CTeHKax J{OJllKHbl fib!Tb CJ{eJI3Hbl OKH3, nPCl3pa'IHble J{Jlll 3TOro HlJiyqeHHll. qHCJIO OTC'IeTOB J{eTeKTOpa B 

e.nHHHuy BpeMeHH (CKOpOCTL C'leTa) paBHO 

N = kN0 ·(1- P,1(t)), 

r.ne k < I - 34J4JeKTHBHOCTb .neTeKTopa, N0 - 'IHCJIO aTOMOB ao.nopo.na a COCTOJIHHH 228
112

; 

nOCyYllaJOIUHX B J{CTeKTOp B e.I{HHHuy speMeHH. Ha pHC. 19.2 H 19.3 nOKa3aHbl 3aBHCHMOCTH CKOpOCTH 

C'leTa J{eTeKTopa OT napaMCTpOB pe30H3TOpa. 06paTHM BHHMaHHe Ha OCTp)'IO 3aBHCHMOCTb WHpHHbl 

pe30HaHCHOl! KpHBOl! OT 'laCTOTbl 3JieKTpnqeCKOrO nOJill B pe3oHaTOpe (pHC. 19.3). KpHBbie pHC. 19.2 H 

19.3 paCC'IHTaHbi J{JIJI3H3'1eHHll 

IJQE= 3ero£ 

(eM. 3a.l{aqy 14.1). BHJ{ KpHBol! I ua pnc. 19.3 no3BOJllleT c.nenaTb BbiBo.n, 'ITO 3HeprHJO mM6oacKoro 

CJ{BHra npH BblfipaHHbiX 3Ha'leHHl!X napaMCTpOB H3MepHTeJibHOrO YCTpOl!CTBa MOlKHO onpe.neJIHTb He 

XYJKe 'leM 

OE = OID -1·10-5. 
E ID 

B 3KcnepHMeHTax .nocTnruyya necKOJILKo nyqwal! TO'IHOCTb. 

o,s 

N(t)/kN0 0,6 

0,4 

0,2 
_________ ]. _____ _ 

4 6 10 

ro 0t/27t 

PHC. 19 .2. 3aBHCHMOCTb CKOpOCTH C'leTa J{eTeKTOpa OT BpeMeHH npoJieTa 3TOMOB 'lepe3 HHrep4JepOMCTp. 

qaCTOTa llOJlll pe30HaTOpa OTCTpOeHa OT IDo Ha ~ID: ~ID/IDo = 2·10-S (KpHBal! I) H 2·10-4 (KpHBaH 2), 

HanplllKeHHOCTb 3JleKTpnqecKoro llOJlll B pe30HaTOpe E = 10 MBicM (QE = 2,4·1 05 3B·cM) 

HeofiXOJ{HMO OTMeTHTL, 'ITO HCnOJib30BaHHe fibiCTpblX aTOMOB B MHKpOBOJIHOBOl! 

ClleKTpOCKOIIHH MOlKeT BHOCHTb CHCTeMaTnqeCKHe OWHfiKH B TO'IHOCTb pe3yJibTaTa. 3To CBl!3aHo C 

34J4JeKTOM ~onnepa (eM. (19.3)). ~el!CTBHTeJILHo, ecnn aTOMbi ao.nopo.na a paccMaTpnaaeMOM 

3KcnepHMenre HMeJOT pa36poc no CKopoCTJIM, T.e. 

v=v0 ±ov, 
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0.8 

N(!J.ro )/ kN o o.6 

0.4 

0.2 

,,' 
, , 

' ' ' ' ' .. 
' ' ' 

0~ ~ 
-o.oo1 -5 ·10-, 5 ·10- 4 

0.001 

!J.ro/OJ 0 

Pnc. I9.J. 3aBRCifMOCTb CKOpOCTif C'leTa .UeTeKTOpa OT '!aCTOTbl nOJIJI pe30HaTOpa B lfHTepcpepOMeTpe. 

HanplllKeHHOCTb 3JieKrpn'lecKoro nOJill B pe3oHaTope E[MBicMJ = IO (!JE = 2,4I·I05 3B·CM, KpRBM I) n 

50 (!JE = I ,2·I 06 3B·CM, KpnBall 2), OJ 0t /2rc = I 0 

pe30HaHCHM KpRBM B '!aCTOTax pe30HaHCa (Jia6opaTOpHM ClfCTeMa) 6y.ueT C.!lBReyTa Ha BeJIR'IIfHY 

!J.OJLab If yumpeHa Ha BeJIWIRHY OOJ: 

!J.roLab =U-I}roo ::.-
13
: ·OJo, 

OOJ"" 13 ·!J.I3 · OJo. 

B HaliieM CJiyqae ~0 ""3 ·10-J) 3TO .uaeT !J.OJLab/OJo ""-5 ·IO-{;' orofroo ""-I·10-S . (!J.vfvo). TaKRM 

' 
o6pa30M, HYlKHO yqeCTb C.!lBifr !J.OJLab If o6ecne'IRTb .UOCTaTO'IHO MaJiblil pa36poc aTOMOB no CKOpOCTliM 

!J.vfvo ~ 10-2. 

ToqHoCTh (pa3perneHHe) aTOMHoro IIHTep¢epoMeTPa MO)J(HO ynyqrniiTh, 

ycJIO)J(HHB ero cxeMy .no oeouHozo amoMHozo uHmeprjJepoMempa. 

IlpHHUHII ,neHCTBHX .[(BOHHOfO HHTep<lJepoMeTPa, rrpe,nJIO)J(eHHhlll B 50-x IT., 

COCTOIIT B IICIIOJib30BaHIIII ,nByx KOpOTKIIX "y,napoB" ::meKTPOMarHIITHOfO IIOJIX, 

pa3,neneHHhiX IIHTepBanoM L = v0T, r.ne aToM ,nBII)J(eTcx B cno6o,nHoM rrpocTPaHCTBe. B 

pa,nHOCIIeKTPOCKOIIIIqecKOM BapiiaHTe .[(BOHHOfO IIHTep<lJepoMeTPa 3TII y,napbl 
·'l 

U IIpOH3BO.[(XTCX 3JieKTPOMarHIITHbiMII IIOJIXMII .[(Byx pe30HaTOpOB (piiC. 19.4), 

B036y)J(.[(eHHbiX Ha O.[(HOH II TOll )J(e qaCTOTe <0. 
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l L 
Det 

~m --------· rn-----:• ~-----
~---------~ ------ -------~ 

-----~ --------. ------ . Cz H",H* 

H",H* Ct H",H* p ·B A m 
Det 

Pnc. 19.4. CxeMa .!lBOilHoro aToMHoro nmepcjlepoMerpa: H 0
, H* - aTOMbl so.uopo.ua B ocHOBHOM n 

B036YJK.!li!HHbiX COCTOliHifliX; P, A, C., C2- pe30Haropb1 O'IHCTKH H aHaJIH3a; (- .!lJIHHbl 

pe3oHaropoB P n A; L- .!lJIRHa cBo6o.uHoro npoc";panCTBa (B); Det- .uereKTOpbl Ycl>-H3JIY'!eHIDI 

IIoxcHIIM rrpHHUHII .neiicTBIIX .nnoiiHoro aTOMHoro IIHTep¢epoM~a Ha 

IIpiiMepe II3MepeHIIX :mepriiii CBepXTOHKOfO paciQeiiJieHHX COCTOXHIIX 2 2S
1
a aTOMa 

BO,nopo,na (piiC. 14.5) • .ll:JIX II3MepeHIIX OIIIICaHHOfO. IIepexo,na H~eH IIOTOK aTOMOB 

BO,nopo,na B HII)J(HeM B036y)J(.[(eHHOM 2
2
S 1a (F= 0) COCTOXHIIII • .l1:JIX ero I!JopMIIpOBaHIIX 

MO)J(HO IICIIOJib30BaTb, HaiipHMep, TOHKyiO MIIliieHb B BH,ZJ;e fa30BOH CTPYII, B 

CTOJIKHOBeHIIXX C aTOMaMII KOTOpOH aTOMbl BO,nopo,na rrepeXO.[(XT B B036y)J(.[(eHHhie 

COCTOXHHX. 3aTeM IIOTOK IIO.[(BepraeTCX CIIeQIIaJibHOH OqrrCTKe, ,nJIX qero OH 

rrporrycKaeTCX qepe3 .nna pe30HaTopa c~, CTIIMYJIHPYJOIUHe nepeXO.[(hiii3 "HeH~oro" 

2
2
S 1a (F= 1) COCTOXHIIX B O.[(HO II3 COCTOXHHH 22P1a (qacTOTbl 1147 II 1087 Mfu) C 

IIOCJie.[(yroiUIIMII nepeXO.[(aMll Ha OCHOBHOH 1S-ypoBeHb. IJocne TaKOH oqiiCTKll B IIyqKe 

OCTaiOTCX rrpeiiMYIUeCTBeHHO aTOMbl B 2
2
S 1a (F = 0) COCTOXHIIH. 3aTeM pe30HaTop-

11IIOJIXpii3aTOp" p HHllQHHpyeT rrepeXO.[(bl Me)J(.[(y HCXO.[(HbiM HH)J(HIIM 2 2S
1
a (F = 0) H 

KOHeqrrbiM nepxHHM 2
2
S 1a (F = 1) cocTOXHIIXMII. <l>aJa BOJIHonoii I!JyrrKQHH Ha BhiXo,ne 

p 3aBIICllT OT MllHbl pe30HaTOpa .f, qacTOTbl H aMIIJIHTy.[(hl ero IIOJIX. IJpoii,nx 

cno6o,nHhrn rrpoMe)J(YTOK B ("6a3a"), aToM rrorra,naeT no BTopoii pe30Hamp A 

("aHaJIII3aTop"), r,ne OIIXTb llCIIhiThiBaeT IIepeXO.[(bl Me)J(.[(y .nBYMX COCTOXHHXMH. 

ATOMbl, IIOKH.[(aiOIQHe llHTepi!JepOM~ B "BepXHeM" COCTOHHIIH, B .[(OIIOJIHJITeJibHOM 

peJoHaTope C2 rrepexo,nm B 2P-coCTOXHIIe H BhiCBeqrrnruoTcx, rrepexo,nx B OCHOBHoe 

1S-coCToXHIIe. <l>oTOHhi Y<I>-H3JIY'feHIIX rrepexo.na 2
2
S 1a (F= 1) ~ 2P pernCTPIIPYJOTCX 

.[(eTeKTOpaMII Det. 
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i1 

BepmiTHOCTb 06HapyiKHTb aTOM B BepxHeM COCTO.liHHH Ha BblXO.l(e 113 

HHTeplf>epOMeTpa MOiKHO llOJiyqHTb, 
11

CIIIHBa.ll
11 

COOTBeTCTByroli(IIe BOJIHOBbie lf>YH~Iflf 

ua CTbiKax TPeX yqacTKOB HHTeplf>epoMeTpa (3a,naqa 19.2). 

3M3'13 19.2. HaHTii BepOliTHOCTH OfiHapyJKeHHll aroMa B HHJKHeM (I) H BepxHeM (2) COCTOliHHliX Ha 

BLIXO,lle ,liBOHHoro aTOMHOro HHTCpljlepOMeTpa. PaCCMOTpeTL npOCTeHWHH CJI}"'aH fionLWHX 3Ha'leHHH 

BpeMeHH JKH3HH 'th 't2 (y1 = y2 = 0, CM. (19.7)), 'ITO cnpaBe,liRHBO MJI22S11rCOCTOJIHHll. 

BonHOBhle ljlyHKUHH aTOMa HMeiOT pa3HLIH BH,ll BO BCeX TpeX JneMeHTaX HHTepljlepOMeTpa, H 

OHH HenpepLIBHLI Ha CTLIKaX JTHX JReMeHTOB, T.e. npH I= lh 12 

f. 
11 =•=-, 12 =•+T, 

v 
T=!:_ v, (19.22) 

r.z~e l- MHHLI pe3oHaropos P ("nonJipH3arop") H A ("aHanH3arop"), L- MHHa cso6o.liHOro npoMeJKYTKa 

B ("633a" HHTepljlepoMeTpa), pHc. 19.4. EcnH aTOM BXO.liHT a pe3t>Harop P a HHJKHeM COCTOJIHHH I, 

BORHOB3llljlyHKUHJI Ha BLIXO,lle pe30HaTopa HMeeT BH,ll (19.18) npH y =(X= 0: 

ljl~(t,}= 2~ · [(o- L1ro)· e10112 + (o + L1ro}·e-1n"2]. e1
""'"'

2 ·lj!~(r, •)-

OF. ( l!lt/2 -101/2) e-1"'-t/2 ·ljl" (r •) --·. e -e · 2 , • o 

(19.23) 

TipH L1ro = 0 JTO BLipaJKeHHe cosna.z~aeT c ( 16.19), r.z~e Ov = 0£. 

8 CBOfiO,liHOM npocTpaHCTBe B aTOM HaXO,liHTCll B O,liHOM H3 .liByx 'IHCTLIX COCTOJIHHH C 

BepOliTHOCThiO, "npe.llfiHCLIBaeMoii" 3Ha'leHHliMH BORHOBLIX ljlyHKUHH 

(lj!B(r,t)L =B,,2·1j!~.2{r,t1 t, ~~~12. (19.24) 

fu HenpepbiBHOCTH BORHOBLIX ljlyHKUHH npH I= 11 cneeyeT paBeHCTBO aMnmrry,ll npH BORHOBLIX 

ljlYHKUHliX 'IHCThiX COCTOJIHHH ljl~. 2 {r, t): 

2~. [(o- L1ro)· elnt/2 + (o + L1ro}· e-101/2]. el"'-t/2 = Bl, 

_ OE • (elnt/2 _ e-lnt/2 ). e-1"'-t/2 = B
2

• 

o 

(19.25) 

8 pe30HaTOpe A aTOM OnliTL nepeXO,liHT B CMeWaHHOe COCTOJIHHe, BORHOB3ll cjlyHKUHJI KOTOporo 

HMeeT TOT JKe BH,ll, 'ITO H B 3a,lla'!e 19 .I: 

ljl At)= (ap>(t)+ af2>(t ))·ljl~{r. I )+(a~1>(t)+a~2>(t))·lj!~(r. 1). (19.26) 

TiocKORLKY B paccMaTpHBaeMOM cnyqae y1 = y2 = 0, KOpHH xapaKTCpHCTH'IeCKoro ypasHeHHll IC(1,2) : 
1.2 B 

(19.17) HMeiOT 3H3'1eHHll 
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I 

Kl'> = L (o + 11ro) = -K~2>, 
2 

Kl21 = -L (o- L1ro) = -IC~>. 
2 

(19.27) 

CoomCTCTBeHHO, aMnmrry.liLI arz
2
l(t) OUHCLIB310TCJI cjlOpMynaMH (19.9), r,lle 'IHcna Kl\2) HMeiOT 

3Ha'!eHHll (19.27). TIO.liCT3llnliJIJTii 3Ha'!eHHll, HanpHMep, s nepaoe H3 ypasHeHHii (19.12) npH y, = Y2 = 0, 

npHXO,liHM K COOTHOWeHHliM MelK,lly KOJcjlcjlHUHeHTaMH C!,"J: 

c<~> =- O+L1ro .c<~> 
2 20£ I ' 

c<2J = o -.L1ro . c<2> 
I 20£ I ' 

8 pe3yRLTaTC, B (19.26) OCT310TCJI ,liRe He33BHCHMble KOHCTaHTLI C!1· 2): 

ljl At)= (c!l>. e'<n•"'-Jt/2 + cl<2>. e-'<n-""')1'2 )·lj!~(r,t)-

- 2~ • [(o + L1ro}· Cl(l). i(n-"'-lt/2- (0-L1ro)·C,(2). e-;(n+"'-lt/2 ].lj!~(r, I), 
E 

't+T ~I ~2't+T. 

Ha BXO,lle B pe30HaTOp A MOJKHO 33fiHCaTL ycnOBHe HenpepLIBHOCTH BORHOBLIX cjlyHKUHJi: 

B, = c,('l . e'(n+"'-ltz/2 + c 1(2). e-'(n-"'-ltz/2, 

B2 = 2~ ·[-(0+11ro)·C,(I).e'(n-"'-Jtz/2 +(0-L1ro)·C!2l.e-;(n+"'-ltz/2l 
E 

12 =2•+T. 

(19.28) 

(19.29) 

Orc10.lla BL1pa3HM Ch
2
J qepe3 B., B2, KY.lla no,liCTaBHM 3Ha'leHHll nocneAHHJ( H3 (19.25). TipH JTOM 

y'!Tt:M 3Ha'!eHHe 0
2 

(19.15), 'ITO fi03BORJICT ynpoCTHTh BhlpaJKeHHll. B Pe3YRLTaTe fiOJIY'IHM 

TIO,liCTaBHB 

c(l) 2 , c<2J 2 

(I) C-iOT/
2 k )2 -~ 2 ( · • -/Ot 16)} C =--· O-L1ro ·e +40£ • -21·smli·e +e 

I 402 • . ' 

e'OT/2 fr . ,l 
C1(

2
) = 402 ·~0+11ro)

2 
·C-'

0 +40~ ·(-2i•sinli·e'0 ' +e~)f, 

L1ro·T liE!--, 
2 

3TH BLipaJKeHHll B (19.9) C yq!!TOM COOTHOWeHHli MelK,lly KOJcjlcjlHUHeHTaMH 

H C!
1>, cl<

2> (19.28) H 3Ha'!eHHlt ICI~·P (19.27), npHXO,liHM K BhlpaJKeHHJIM ,llnJI aMnRHTy,ll 

0(1,2) 
1,2 npH ljl

0
{r, t) (3aMCTHM, 'ITO ropa3.liO npmue nOJIY'IHTh BhlpaJKeHHe .llnll a~1J + a~2), '!eM .llnll 

ail) +af
2
J). BepoJITHOCTh 06H3pYJKHT~ 3TOM B COCTOJIHHH 2 Ha BhiXO,lle H3 HHTCpcjlepOMeTpa, 

COOmCTCTBeiiHO,eCTL 
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' (l 

0KOH'IaTeJJbHO 

Pi(t,}= ia~'l(tz)+ a~Z)(tz~ = jc~l). i(!l-&>}1, + c~2). e-;(0+&>}1,,, 

t 3 =2t+T. 

P. (!!J.ro t )= -· ·Sm- · COS-·COS----·Sm-·sm--
1 (4nE . !lt)

2 

( nt /!J.ro·T /!J.ro • nt . 11ro·T)
2 

2 ' ' n 2 2 2 n 2 2 • 

~ 1 (/!J.ro, t3 ) = 1- ~(t2 ). 

0,8 

) 
0,6 

P2 (11ro, t2 

0,4 

0,2 

Q0,2 

A 

~/(AA~ 
-o,ts -o,t 

I 
I 

-o,os 

I 
I 

~ , 

0 

I!J.ro/roo 

' ' 

-·· ., 
' 

0,05 

I~ 
o,t o,ts 

{19.30) 

0.2 

Puc. 19.5. BepOliTHOCTb 06HapylKHTb aTOM Ha BbiXO.l(e IIHTepcpepOMeTpa B BepxHeM H3 .LlBYX B03MOlKHbiX 

COCTOliHIIU. llapaMeTpbl: roo= 21t·9,86 rru, QH = 1,2·109 38·CM, T= lOt= 5 HC (C11JIOUIHWI JIHHHll} U 

T= 0, t = 0,5 He (nyHKTRpHWI JJHHHll) 

Bn.Ll cpyHKI.lHII ~1 (t) (p11c. 19.5, cnnoUIHWI JIIIHIIll) auanorH'!eH 3aBUCUMOCTH nHTeHCHBHOcrn 

llpKOCTH CHrHaJia f(x) OT 6a:Jbl X B .LlBYXJJY'IeBOM OnTH'IeCKOM HHTepcpepOMeTpe (HanpUMep, B 

nHTepcpepoMeTpe MaliKeJJbCOHa). Ecn11 JKe "6a:~a'' OTCJTCTsyeT (T = 0), cpyHKI.lllll P
2
1(t) npnHUMaeT BU.!( 

I(x) .!(Jill .LlHcppaKullll <I>payHrocpepa 3JieKTpoMarHIITHoli BOJJHbi Ha menu. B 3TOM CJiy'lae cpyHKI.lllll 

Pi(!!J.ro, t2 ) cosna.l(aeT c (19.19) np11 a= y = 0 (p11c. 19.5, nyHKTIIpHWI JJUHHll): 

P2
1
(11w,r,t"o 2Q~. ( 

4Q~. + I!J.wz • 1- cos!ltz), t, = 2t. (19.31) 

PeJynhTaT, rronytJeHHhiil: B Ja,n.aqe 19.2, noJBOJUJeT O{leHHTb pa3pewruomyro 

CllOC06HOCTh .llBOHHOro aTOMHOfO HHTep<l>epOMeTpa. IlpH dro = 0 HMeeM 

P2
1 (dro = 0, t2 ) = sin2 2QE,, 
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Ta.K qro B noll: TOtJKe <i>YHKiliDI P2 (dro, t2) MO>KeT o6pamaThCH H B HYJib. 0tJeBH,nHO, 

cne,nyeT Bbi6paTb BeJIHtiHHY QE Ta.K, qro6LI npH dro = 0 HaxO,nHJICH Ma.KCHM)'M 

<i>YHKiliiH, T.e. 

n£•={2n+1)-~. n=0,1,2, ... 
4 . 

(19.32) 

lllupuHy :noro MaKCHMYMa 2·oro - TaK HaJLmaeMyro mupuHy Ha nolly6blcome*> . -· 

O{leHHTb .llOBOJibHO llpOCTO, ecnH 

Tor.na 

oTKY.na 

oro<< 2!1£. 

Pi(oro, t
2

),., cos2 oro· T =.!. 
2 2' 

oro=~. 
2T 

(19.33) 

(19.34) 

JlerKo noiDITh, qro TOtJHOCTb onpe.neneHHH nono>KeHHH · M'axcHMYMa · (dro = 0) 

npHMepHO pasHa Oro. 

,l(rul npodnozo uHmeprjJepoMempa (e,nHHHtJHbiil: pe3oHaTOp) _pa3peniruomyro 

CUOC06HOCTb MO>KHO HaHTH aHaJIOrH'lHO, BOCllOJib30BaBliiHCb. ( 19.31) H npHHHB 

ycnosue (19.33). Tor.na 

Pi(oro,t~r=o"" 1-cos{n{oro)·t) 2 , 

n{oro)"" 2n£ + oro
2 

·t 
' 4QE. 

(19.35) 

· Bhl6pas speMH nponera aToMa qepe3 pe3oHaTop t 11 none B pe3oHaTOpe (napaMeTp QE) 

Ta.KHMH, tJTO <l>YHKilHH (19.35) HMeeT Ma.KCHMYM npu dro = 0, T.e. 

n£t={2n+1)·~. . (19.36) 

Haif.neM Oro H3 ypasHeHHH 

•> B nnrepazype :rry seJJH'IHHY npuHJITO o6o3Ha'!aTb coKpall.lllHHO FWHM - Full Width at Half 

Maximum (aurn.); s ore'leCTBeuuolt nnrepazype ynoTpe6JIJDOT TaJOR;e iie snonue KoppeKTHbllt repMnH 

"nOJIYUIHpHHa", UMell B BH.l(y TOT JKe napaMeTp. 
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Orcro.na 

1 . 
P](Bm,t)=-, mm cos(n(Bm)·t)=O. 

2 

n(Bm)·t = (2n+ 1}n +2:, 
2 

'ITo c yqeroM ycnoaiDI (19.33) .naer 

Bro ""~21t~E . 

IlO.I{CTaBHB CIO,I{a QE H3 (19.36), OKO!lqaTeJibHO nOnyqHM 

.j2(2n + 1 }rt .fi1t 
-'---'---~- > --

1 - t 
Bm (19.37) 

TaKHM o6pa30M, Hrurnyqmee (n = 0) pa3pemeHHe ... npocTOro HHrepcpepoMeTpa 

COBna,I{aeT C pa3pemeHHeM ,I{BOHHOro aTOMHOrO HHTepcpepoMe1pa npH YCJIOBHH 

t =2.fiT, (19.38) 

'ITO .naneKo He acer.na y.naerc.SI BhlnOJIHHTh a 3KcnepHMeHTe. B qacmocTH, ,I{JI.SI 

napaMe1pOB 3KCnepHMeHTa flO H3MepeHHIO n3M60BCKOrO C,I{BHra, paCCM01peHHOrO 

Bhlille, pa3pemeHHe Bro/mo - 1 o-5 
,I{OCTHraeTC.SI npH BpeMeHH nponera t - 1 HC, 'ITO 

1pe6yeT ,I{OBOJibHO BhlCOKOH CKOpOCTH aTOMOB BO.I{OpO,I{a HJIH MaJIOH .ZWHHbl 

pe3oHampa. 

§ 19.3. ATOMHaSI cneKTpocKonuSI B cTaTH'IeCKHX nOJIHX 

B aTOMHoii cneK1pOCKOnHH Haxo,I{.SIT npHMeHeHHe TaK)Ke cneK1pOMeTpbi co 

CTaTHqeCKHMH nOJIJIMH - 3JieK1pHqecKHMH HJIH MarHHTHbiMH. 

BapHaHT amoMHozo unmeptjJepoMempa co cmamu'leCKUM 3JleKmpu'lecKUM 

noJleM 6nm ycnelllHO HCllOJib30BaH B 3KCnepHMeHTax C 6biC1pbiMH aTOMaMH BO.I{OpO,I{a 

' (3HepriDI OKOnO 20 K3B), HMeBillHX ~eJibiO H3MepeHHe JI3M60BCKOrO C,I{BHra 2P
(1 

COCTO.SIHIDI (§ 14.4). B 3KcnepHMeHre H3Mep.SIJiac~o qaCTOTa ~Vsp nepexo.na 22S112 

(F= 0) ~ 22Pifl (F= 1), a H3BeCTHbie H3 He3aBHCHMhlX 3KCnepHMeHTOB 3HaqeHIDI 

qaCTOT BCeX · nepeXO,I{OB Me)K,I{y 2S- H 2P-ypOBH.SIMH n03BOJI.SIIOT HaRm n3M60BCKHH 

C.I{BHr (eM. pHC. 14.5): 
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4 
Ll.vLamb = Ll.vsp +-Ll.v2 • 

3 
(19.39) 

B 3TOM aapHaHTe HHTepcpepOMeTp OTJIHqaeTC.SI OT OnHCaHHOrO B § 19.3 TeM, 'ITO 

nepeMeHHoe 3JieK1pOMarHHmoe none pe3oHaTopoa 3aMeHeHo Ha CTaTifqeCKoe none 

.I{Byx nap ,I{HacpparM (CM. pHC. 19.6) H HCCJie,I{yeMbie COCTO.SIHIDI CMeillHBaiOTC.SI 

6naro.napS! 3tjJtjJeKmy ffimapKa. 

a) 

::::::-ffi ::~~. ······· L ' -~~~---~--~ ' 

H
o H' ------, c p . . 

-=- B J... A ............,..IKXXXXXXA 
, , +V 

6) V(x) I \ \ ! l 

CkJ li 
~· ,Ill, t ,At, ; 

~''I at ~·) i i i ; ' 
' . X 

Pnc. 19.6. CxeMa ABOl!noro aToMnoro HHTep<j>epoMeTpa c JJieKTpOCTaTl!'leCKHM noJieM (a), 

pacnpe,llenenne noTenunana B.llOJib ero ocn ( 6). C- peJonaTopbl oqncTKn; P, A - yqacTKH 

"nOJIJipH3aQHH" H "aHaJIH3a" C npO,llOJibHblM 3JieKTpnqeCKHM noJieM, Ha KOTOpbiX o6pa3YJOTCll 

CMeWaHHble COCTOliHHll UCCJie,llyeMOfO aTOMa; B- yqacTOK fiOCTOliHHOfO fiOTeHUHaJia ("6aJa"); 

Det- .lleTCKTOpbl Y<l>-n3Jiyqenlfll 

0rMeTHM, 'ITO 3neK1pOCTamqeCKOe none Me)K,I{y ,I{HacpparMaMH ,I{OJI)KHO 

HapaCTaTh .nocTaToqHo 6MC1pO, .na6M o6ecneqHTh "MrHOBeHHbtii:" (Hea.nna6amqecKHii 

- CM. § 7.3) nepeXO,I{ qlfCTbiX COCTOSIHHH B CMeiiiaHHOe. KpHTepHH Heivura6aTHqJlOCTH, 

oqeBH.I{HO, eCTb 
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M 
ro0 ·-<<1, 

Vo 

r,ZJ;e /),£ - nponiJKeHHOCTh ofinacTeiJ. HeO,ZJ;HOpO,li;HOrO 3neKrpiPieCKOrO nOIDI Ha BXO,ZJ;e II 

BbiXO,ZJ;e yqacTKOB Me~K,ZJ;y ,ll;llarpparMaMII. B npocTell.meM sapiiaHTe TaKOll. 

IIHTeprpepOMeTp COCTOIIT II3 ,ll;llarpparMbl II IJIIniiH,ZJ;pa C ,ZJ;IIarpparMOiJ. Ha BXO,ZJ;e (yqaCTKII 

C - p - B Ha piiC. 19.6), T.e. IIMeeT TOnbKO "nOIDipli3aTop" II "6a3y", Ha KOTOpOiJ. 

pacnonaraiOTCjl ,ZJ;eTeKTopbi Y<l>-II3JI)"feHIIjl. 

0TMCTIIM, 'ITO B 3neKrpOCTaTII'leCKOM IIHTeprpepOMeTpe npe,ZJ;nO'lTIITeJibHee 

IICnOnb30BaTb npO,li;OnnHOe 3JieKTPII'leCKOe none, T.K. nonepe'IHOe 3neKTPII'leCKOe none 

C03,ZJ;aeT B CIICTeMe ,li;BIIJKymerOCjl aTOMa nonepe'IHOe MarHIITHOe none, a OHO, B CBOIO 

o'Iepe,ZJ;n, Bbl3niBaeT 3eeMaHOBCKoe pacmenneHIIe yposHell.. llpii pa6oTe c 6hiCTPhiMII 

aTOMaMII 3TOT 3rprpeKT CTaHOBIITCH 3aMeTHhiM II MOJKeT npiiB<miiTh K ,li;OnOnHIITenhHhiM 

CIICTeMaTII'leCKIIM OilliifiKaM. 

llpOIJeCC IIHTeprpepeHIJIIII COCTOHHIIiJ. OniiChiBaeTCH rpopMynaMII ( 19 .19)-{ 19.21) 

,ZJ;IDI cnyqaH npocToro IIHTeprpepoMeTPa II (19.30), (19.31)- ,ZJ;nH ,ZJ;Boii.Horo. Teneph B 

3TIIX rpopMynax Clle,ZJ;yeT nonOJKIITh 

ro = 0, f).ro =-roo. (19.40) 

llo-npeJKHeMy roo - 'lacTOm nepexo,ZJ;a MeiK,ll;y ,ZJ;BYMH IIHTeprpepiipYJOIIJIIMII 

COCTOHHIIHMII, rpopMyna ,li;JIH !.1£ IIMeeT TOT IKe BII,ll;, 'ITO II B (19.8), C TeM niiillh 

oTJIII'llleM, 'ITO Teneph E - HanpHJKeHHOCTh 3JieKTPOCTaTII'lecKoro noiDI. Tor,ZJ;a 

BhipaJKeHIIH (19.19) npiiHIIMaiOT BII,ll; 

1 ( ) 1 [( ro~ ) ro0 4!.1~ ] 1 ~ t =-· 1+-2 ·chat+2-·shat+-2-·cos!.15l ·e-r, 
2 nst nst nst 

P:f(t)= 2 · (ne J
2 

·(chat -cos!.151t)·e-11 , 
nst (19.41) 

tl 
n ( ) 1 [( ro~ ) h roo 4!.1~ ] yt 1 ( \ P2 t =-· 1+-2 ·c at+-·shat+-2-·cos!.151t ·e- =~ t" 

2 nst nst nst 

~- 2 roo ( ) !.151 =vw0 -r4!.1e, a=-·r2-Yt· r=rt+Y2• 
nst 
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t - BpeMjl nponem aTOMa 'Iepe3 IIHTeprpepOMeTp. 0TMCTIIM, _'ITO P:f1 (t) COBna,ZJ;aeT C 

~1 (t). AHanorii'IHO 3aniiChiBaiOTCH BhipaJKeHIIjl (19.30) · ,ZJ;IDI oeoiinozo 

unmeprjJepoMempa co cmamuttecKw.t no!leM 

J. ( J
2 ( I 4!.1 E • nst t nst 't rooT roo . nst 't • rooT 

P2(t3)= --·sm-- · cos--·cos----·sm--·sm--
!.151 2 2 2 nst 2 2 (19.42) ) 

~1 (t3 )=1-P:f(t3 ), t3 =2t+T. 

Yl3Mepj:J:H, aHaJIOrii'IHO § 19.2, 3aBIICIIMOCTh nOTOKa aTOMOB B 22Pta (F= 1) COCTOHHIIII 

oT senii'IIIHhi noiDI E (piic. 19. 7) IInii speMeHII nponeTa T (,ZJ;IDI 'lero Heo6xo,li;IIMO 

BaphiipOBaTh CKOpOCTh aTOMOB), MOIKHO II3 cpaBHeHIIH C lPYHKIJlleiJ. (19.42) Haii.TII 

3Ha'leHIIe roo= 21t · f).vsp. B 3KCnepiiMeHTax 80-x · rr., npoBO,li;IIBilliiXCH B 

"Kyp'IaTOBCKOM IIHCTIITYTe" (MOCKBa), fihma ,li;OCTllfHYTa TO'IHOCTh II3MepeHlljl 

'laCTOThl nepeXO,ZJ;a /).Vsp = 2 KfiJ, 'ITO n03BOJIIIJIO onpe,ZJ;eJIHTh II3 (19.39) 3Ha'leHHe 

JI3MfiOBCKOrO C,li;Bllra B aTOMe BO,li;OpO,ll;a C OTHOCHTenhHOiJ. TO'IHOCThiO JJ)"fille 2 · 10-6 

(m6n. 14.1). 

a) 6) 
0.1 ox 

0.6 0.6 

P(E) P(E) 

TOM, 

0.4 

02 

100 200 ]00 400 500 100 200 300 400 500 600 700 BOO 

E, 8/CM E, 8/cM 

PHC. J9.7. 3aBHCHMOCTb BepOliTHOCTH BblXOJJ,a aTOMa H3 HHTepi\JepOMeTpa B COCTOliHHH 2 OT 

HanpliJKeHHOCTH :meKTpH'IeCKOfO nOJill A!lll nepeXOAOB 2S ~ 2P1n: 

a) npOCTOii HHTepi\JepoMeTp (19.41), I= T; 6) ABOHHO!i (19.42). 

napaMeTpbl: roo= 21t. I rru, 't2 = (2y2rl = 1,5 HC, T= 2t = 1,8 HC 

0co6eHHOCTb BapHaHTa cneKrpOMeTpa C 3JieKrpOCTaTII'leCKllM noneM COCTOIIT B 

'ITO ,ZJ;IDI Hero f).ro = ro0 = const (eM. (19.40)), no3TOMY ,ZJ;IDI ,li;OCTIIJKeHlljl 

MaKCllMYMa C'leTa HYJKHO BhifipaTh HaTipHIKeHHOCTh 3neKrpii'leCKOrO nonjl TaK, 'ITO 
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t1 

QE- O>o. (19.43) 

,[(mi 2S B 2P112-nepeXOJJ;OB B aTOMC BOJJ;OpOJJ;a :no JJ;ai!T 

liroL / E---300 B CM. 
3ea 

KopOTKOC BpCM.ll )J(H3HH 2P-COCTO.liHH.ll B aTOMC BOJJ;OpOJJ;a ('t2 - 1,5 HC) 

npHBOJJ;HT K HC06XOJJ;HMOCTH HCll0Jih30Ban, B 3KCllCpHMCHTC 6biCTPhiC aTOMbl 

BOJJ;OpoJJ;a. TaK, JJ;JIH "6a3hi" JJ;JIHHoil: L = 5 eM TPe6yCTcH ux CKopocTb (:mepiiDI) 

L 
nopHJJ;Ka v-- · 't2 -1,5 ·107 Mlc (-1 M3B). Y)J(e npu TaKHX CKopoCTHX ueo6xoJJ;HMo 

2 

)"'HTbiBaTb BKJiaJJ; JJ;OllJICpOBCKOro yum:pCHH.ll. 

0TMCTHM TaK)J(C nepBbiC H3MCpCHH.ll JI3M60BCK0f0 CJJ;BHra C llOTOKOM aTOMOB 

BOJJ;OpOJJ;a, KOTOpbiC 6billll BhlllOJIHCHhl B HaqaJie 80-X rc Ha HaKOllHTCJIC llpOTOHOB C 

3JICKTPOHHhiM OXJI~CHHCM B lUI¢ liM. f.YI. IiyJJ;Kepa (HOBOCH6npcK). I1x ~CJihiO 

6bma npOBCpKa npnH~Hna OTHOCHTCJihHOCTH. 

AmoMHbzu uHmeprjJepoMemp co cmamu'leCKUM MamumHbZM noneM qame scero 

npHMCH.liiOT B CllCKTPOCKOllllll lS-COCTO.liHH.ll. TIOCKOJihKY B 3TOM COCTO.liHHH JIHHCHHh:di 

3tPtPCKT llhapKa OTCYTCTBYCT (3a,naqa 14.1 H § 18.2), TO npHMCHCHIIC 

3JICKTPOCTaTIIqecKoro HHTepcpepoMeTPa 6eccMbicneuuo. MarnHTHOe )J(e noJie, 

' 
B3aHMOJJ;eHCTBY.ll C MarHIITHhiM MOMeHTOM 3JieKTPOHa, He TOJihKO CMemaCT llOJJ;ypOBHH 

csepxTOHKoil: CTPYKTYPhi (3cl>cl>eKT 3eeMana, § 18.1 u puc. 18.6), no II Bhi3hiBaeT 

IIHTeptlJepeH~IIIO 3TIIX COCTO.liHHll. 

Haii6oJiee .llpKIIM npuMepoM npHMeHCHH.ll 3JieKTPOCTaruqecKoro 

IIHTeptlJepOMCTPa .liBJI.lleTC.ll H3Mepeuue BpCMCHH )J(II3HII n03UmpOHWl B 

KopoTKO)J(IIBymeM napacocToauuu 1
1
So (§ 14.6). B 3TOM 3KcnepuMeHTe no3HTPOHHii B 

JJ;OJirQ)J(IIBymeM OpTOCOCTO.liHHH 13 
S1 nponycKaiOT qepe3 MarHIITHOe llOJie, B KOTOpOM B 

pe3yJihTaTe IIHTeptlJepeH~HII ero 1
3 
S1 (mp = 0) H 1

1 
So-COCTO.liHIIll OH qaCTb BpeMeHH 

"npOBO)J;HT
11 

B napaCOCTO.liHIIH, aHHHrHJIHpyH C xapaKTepHbiM BpeMeHCM npiiMCpHO 

125 llC. l13Mep.ll.ll 3aBIICIIMOCTh llOTOKa OpTOll03IITPOHH.ll Ha BhiXOJJ;e II3 MarHHTHOro 

llOJI.ll OT ero BCJIIIqiiHhl (3aJJ;aqa 19.3 II piiC. 19.8 IIII)J(C), MO)J(IIO CpaBHeHHeM 

3KCITepiiMCHTaJihHhiX pC3YJihTaTOB C tPYH~Heii (19.45) (eM. HII:>Ke) HaHTH BpeM.ll 

)J(II3HII rrapacocTOHHH.ll. 
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33)13'13 19.3. ATOM n03HTJlOHHJI noMelll(!H B MafHHTHOe none B II B -MOMeHT t = 0 H3XO.ll.IITCJI B 

"BepxHeM" 13S 1 (mF = 0) COCTOJIHHII. HaliTII BepOliTHOCTb ofifiapylKIITb 3T~T aTOM ~ TOM lKe COCTOliHIIII B 

MOMeHTt.· 

,Z:VIll peweHHll 3TOH JaJla'lll y HaC YlKe eCTb BCe peJynbTaTbl. ,l{eliCTBIITe!lbHO, Mbi 3HaeM, KaK 
3 I .. 

HHTepcjlepHpYJOT COCTOl!HIIll n0311TJlOHHll I S 1 (nrF = 0) II I So B MarHHTHOM none (3aJla'la 18.3), KaK 

Bblr!lllill!T MaTJlii'IHble 3neMeHTbi Jt24 II V,z, "OTBeTCTBeHHbie" Ja 3TY . IIHrepcjlepeHUHIO. Il03TOMY 

ypaBHeHI!ll (19.8) .li.JIJI 3Mn!IIITY.ll. "B03MYllleHHOli" BOnHOBOli cjlyHKUHII MOlKl!O Jani!CaTb B .D.aHHOM 

cnyqae cpaJy,.yqiiTbiBal!JaMeHbi (19.40): 

da• =-iroBa2 ·e-wn' -y.a., 
dt 

da2 =-iroBa.·e-imot -y2a2, 
dt 

&e.,l,s 
Olo = --h ' 

V24 V42 2~ 8B eB 
Oln =-=-=--=--. 

h h h m.c 

(19.44) 

HanOMHHM, 'ITO J.D.eCb &e.,l,s - p33HOCTb 3Hepmli ypOBHeli csepXTOHKOli CTJlYKTYPbi 1S-COCTOJIHI!ll 

n0311TJl0HIIll {14.65), y11 y2 - nOCTOliHHbie "pacna.D.a" (aHHIIfllnliUIIII) H0311TJlOHIIll B COCTOl!HIIliX 1
3
S1 

(aMnniiTY.D.a a 1) II 11S0 (aMnnllry.D.a az), onpe.D.eneHHbie qepe3 BpeMeHa lKII3HII 3TIIX COCTOliHHli (19.7). 

Ilocne.D.Hllll ueno'!Ka paseHCTB Bl>mHcaua clleUI!ani>HO, .D.a61>I nO.D.'IepKifYTb csil3h MelK.D.Y MaTpii'IHbiM 

JneMeHTOM II UHK!IOTJlOHHOli '!aCTbiO Ol8 . 

,l{anbHeliWall npOUe.lJ.Ypa COBHa.D.aeT C BblnOnHeHHOH B 3a.D.a'le 19.1, a OKOH'IaTenbHbiH 

pe3ynbTaT- c_cjlopMynaMH (19.21), (19.44) np11 COOTBeTCTBYIOlllHX 3aMeHax: 

P._.,(t)= Pd'(t) =_!_·[(I+ ro~·) ·chat+~ ·shat + 4ro} · cos!l8 t] · e-rt, .· 
2 QB Ols QB 

(19.45) 

~--2 Olo ( \ !l;,=vw0 -r4ron, a= 0 ·rz-y,, r=r,+Yz· 
8 

' '> l ~' ' 

liJMepllll B 3KCnepHMeHTe 3aBIICIIMOCTb . Pi' (t), MOlKHO HaliTH 3Ha'!eHHe O.ll.HOfO __ 113 napaMeTJlOB 

n03HTJl0HIIll. -KaK HOKaJI>IBaiOT pac'!eTbl (pHC. 19.8), Bll.ll. cjlyHKUHH !'z11 (t) H3H6onee 'IYBCTBHTe!leH K . . I . 

3Ha'leHmo y1 = 1/2t1 - T.e. speMeHH lKHlHH nolHTJlOHIIll B napac~CTOliH';'II·. 

B Jll!Teparype cjlopMyiJI>I {19.45) '!aCTO 3aOHCbiBaiOT B ':'eCKOJlbKO IIHOM .. BH.D.e, '1epe3 

fielpaJMepHbiH napaMe'Tp MarHIITHOfO nonll X, BBe.D.eHHbiH B 3a.D.a'le 18.3, II napaMe'Tp y(x}: 

x = ..!!_, y(x) ~- i = ns -roo . (19.46) 
B4 x Ol 8 

Tor.D.a 
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P.-•• (t)= {I+ ~2J {e-r., + y•e-r,t +2y
2 ·e-n ·cos.JI+x

2
ro0t). 

2 

Pp-Ps(t}= (l:y
2
J {e-r.,t +e-r1 +2·e-rt ·cos.JI+x

2
ro0t). 

(19.47) 
I I 

r.=--, rp=--, r=r,+rp,.rp. 
'to-Ps Tp-Ps 

r· 
0 

r + y2rp r· 
0 2 ' p 
l+y 

rp + y 2r. 

l+T" 
J.h 3THX COOTHOWeHHii OT'Ii!TJIHBO BIIJlHO, qyo BpeMll lKH3HH OpTO- H rrapaCOCTOliHHii II03HTpOHHll B 

ManrnTHOM none B- BtJ. (y- I) orrpe.lleJilleTCll KopoTKHM speMeHeM lKH3HH "quCToro" (sue rronll) rrapa

COCTOliHHll. B 3TOM H BblpalKaeTCll, npelK.l(e scero, 3tjltjleKT HHTeptjlepeHUHH COCTOliHHii. 

a) 

P ... ,(B) 

Pp-Ps(B) 

0.8 

0.6 

0.4 

0.2 

00 2 

B!BtJ. 

6) 

P .. p,(t) 

Pp-p,{t) 

4 10 15 

tfTp-Ps 

Puc. 19.8. 3asucuMOCTL tjlyHKUHii P ... ,(t, B) (KpHBLie I) u Pp-Ps(t, B) (KpHBble 2) OT senuquHLI 

MarHHTHoro IIOJill rrpu t = 2-rp-Ps (a) HOT speMeHu rrpu B = 2 Tn (6). Pa3MLITHe KpHBLIX

pe3yJILTaT 6biCYpOii OCUHJIJiliUHH tjlyHKUHii, OYpalKaJOmeii 3tjltjleKT HHTeptjlepeHUHH COCTOliHHii 

20 

B crreK-rpocKorruu aToMa BO.!(opo.!(a u .!(pyrux nerKHx ::meMeHTOB qacTo 

IlpHMeH.siiOT KOM6HHUUHIO CTUTH'IeCKOrO MarHHTHOrO H MHKpOBOJIHOBOrO 

3JieK-rpOMarHHTHOrO IlOJieU. IlpH 3TOM 'IUCTOTY MHKpOBOJIHOBOrO IlOJI.li MO:lKHO .!(ep:lKaTb 

IlOCTO.liHHOll, 'ITO TeXHH'IeCKH ropa3.!(0 IlpOI.Ue, a CTUTH'IeCKOe MarHHTHOe IlOJie 

Me.!(JleHHO BUpbHpOBUTb, HaC-rpUHBa.si HU MaKCHMaJibHOe 'IHCJIO C06biTHll B e,!(HHHUY 

BpeMeHH. 0.!(HH H3 BapHaHTOB TaKOrO KOM6HHHpOBaHHOro HHTeptiJepOMe-rpa COCTOHT B 

:) co'IeTaHHH MeTO.!(a lllTepHa-fepnaxa (§ 11.6) II MeTO,!(a 3I1P (§ 18.3). 

MHTeptiJepoMe-rp HMeeT rrpaKTH'IeCKH TY :lKe cxeMy, 'ITO rroKa3aHa Ha puc. 19.4, TOJibKO 

B .!(aHHOM CJIY'Iae pOJib IlOJI.sipH3aTOpa H aHaJIH3aTOpa HrpaiOT 3JieK-rpOMarHHTbl 

lllTepHa-fepnaxa C BbiCOKHM rpa.!(HeHTOM IlOJI.li, a Ha MeCTe CB060.!(HOrO IlpOMe)KJTKa 

HUXO.!(HTC.si MarHHT c O.!(Hopo.!(Hb~ .rr?JieM B u CBl.J-pe3oHaTopoM, Hac-rpoemihiM Ha 

'IUCTOTY H3Mep.sieMoro rrepexo.!(a. MarnHT-rroAApH3aTop rrporryci<aeT rroroK awMoB c 

orrpe,!(eJieHHOH IlOAApH3UUHeii (HarrpHMep, B COCTO.liHHH t2s1/2, F= 0, pHC. 14.5): IlpH 

qaCToTe noAA pe3oHaTopa, 6JIH3Koii K · qacToTe rr~pexo.!(a 12S112, F= 0 ~ F= 1)~ 

aTOMbl, COBepiiiHBillHe rrepeXO.!(, . MeH.siiOT . TeM CaMbiM HaiTpaBJieHHe IlOJI.siPH3auHH . H . ' . ' ': 

OTKJIOH.liiOTC.li B MUrHHTe-aHaJIH3UTOpe . B llpOTHBOilOJIO:lKHYJO CTOpOHY H IlO<?'fYilaiOT B 

.!(eTeKTOp. 3aBHCHMOCTb CKOpOCTH C'If:Ta OT 3HU'IeHH.li IlOIDI B HMeeT BH.!( pe3(>HaHCHOH 

KpHBOll, UHaJIOrH'IHOH H306pa>I<eHHOll Ha pHC. 19.3 .. , IloJIO:lKeHHe ee MaKC~YMa 

rro3BOJI.sieT Haiim 'IaCTOTY rrepexo.!(a. TaKHM ~eTO.!(OM '6ima rrpoBe.!(eHbi, B 'IacTaOCTJI, 

rrepBbie rrpeUH3HOHHbie H3MepeHH.li CBepXTOHKOii : C"fPYKTYPbl t2S1a-COCTO.liHWI 

UTOMU BO.!(OpO.!(a. 

3aKmoqeuue • 

YBa:lKaeMhili 'IHTaTeJih! 

ABTOpbi Ha.!(eiOTC.si, .'ITO, rrepeBepHyB rrocJie.!(HIOIO c-rpaHHUY 3TOH KHHrn, Bhi 

' 
HaBCer,!(a COXpaHHTe HHTep7c K He06h1'IHOMY MHKpOMHpy KBaHTOBOll tPH3HKH H 

:lKenaaue my6:lKe rro3HaTh ee 3aKoHbi. 



ATOMHbie UOCTOHHHbie H OCHOBHbie 0603Ha'leHHH*) 

2 

KJiaCCR'leCKHll pa,nRyc :meicrpOHa re = ~ = 2,817 940 325(28) ·1 0-15 M 
m.c 

IJOCTOHHHIDI IJnaHKa h = 2n ·n = 6,626 0693(11 )·1 o-34 ,ll)K. c 

n = 6,582 119 15(56) ·1 o-16 3B. c 

IlocTOHHHIDI TOHKoii CTPYKTYPhl 

2 
a= _e_ = 7,297 352 568(24)·10-3 

4m;0/ic 137,035 99911(46) 

Eopapa,nRyc 

IlocTOHHHIDI PR):{6epra 

PR):{6epra 3Hepma 

Marncrou Eopa 

Macca 3neicrpoHa 

Macca rrpoTOHa 

Macca HeiiTPOHa 

Jl}:(epHblll MarHeTOH 

•J www.cern.ch/pdg 

a _ 4m;oli
2 

= re
2 

= 0,529177 2108(18)·10-10 M 
o- 2 a -m.e 

4 

Ry = me 
3 

= 10 973 731,534(13) M-1 

4ncli 

m.c2a 2/2 = 13,605 6923(12) 3B 

fla =~=5,788381749(43)·10-11 M3B/Tn' 
2m. 

me = 0,510 998 902(21) M3B/ c2 

mP = 938,272 029(80) M3B/ c2 

mn = 938,565 33( 4) M3B/ c2 

f.l N = _!!!__ = 3,152 451 259(21) ·1 o-14 M3B/Tn 
2mP 
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«l»yH.llaMCHTaJILHhle cfJH3UqecKRe DOCTOHHHLIC 

CKopocTL CBCTa B BaKyyMe 

IloCTOHHHIDI ABora,npo 

ATOMHID! e):{RHm~a Macchi 

3neicrpOHBOJI:bT 

IloCTOHHHID! Eon:&UMaHa 

CBH3:& 3Hepnm R 

):{JiliHbl BOJIHbl <floTOHa 

3neMeHmpHhlii 3apa):{ 

C = 299.792 458 M·C-I 

N A = 6,022 1415(10) ·1023 MOJib -1 

m" = m(12 Cy12 = 931,494 043(8o)M3B/c2 

{e}, bB=1,60217653(14)·10-19 ,l(JK 

k = 8,617 342(15)·10-5 3B. K-1 

f.= heft.., f.·A= 1239,84191 3B·HM 

e = 1,602 176 53(14)-10-19 Kn 

3neKTpou 

Macca me= 9,109 3826(16)·10-31 Kr = 0,510 998 918(44)M3B/c2
• 

KoMnTOHOBCKID! MHHa BonHbl A.c = li/(m.c)= r.fa = 3,861592 678(26)·10-13 M 

KnacCR'leCKllll pa,nRyc r. = e2 I 41tEom.c2 = 2,817 940 325(28) ·1 o-15 M 

MarnRTHI>Iii MOMeHT fle = 1,001 159 652 187(4)·f.la 

AHOMaJIIi}l MarHRTHOro MOMeHTa a. = fle I fls -1 = 1,159 652 187(1 0) ·1 o-3 g-<flaKTop 
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tl 

llpOTOH 

Macca mP = 1,672 621 71(29)·10-27 Kr = 938,271 029(80)M::~B/c2 

Ornomeun:e Macchi rrpoToua K Macce :meKTPOHa mPfme = 1836,152 672 61(85) 

KOMIITOHOBCKrui ,!UIHHa BOJIHbl Ac.p = 1,321410 02{12)·10-15 M 

Marun:THLiii MoMeHT flp = 2,792 847 337(29) 'flN 

fn:poMarHHTHOe OTHOIIIeHn:e gp = 26 752 212 8(81)·104
• Tn-lc-1 

HeiiTpou 

Marun:THLiii MOMenT fln = -1,913 0427(5) 'flN 
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