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Ilpe,n;11cJI0B11e 

,l];aHHOe yqe6Ho-MeTO,!l,HqeCKOe noco6ue HaTIHCaHo Ha OCHOBe Kypca neK~Hll no 

ypaBHeHHHM MaTeMaTuqeCKOH q>H3HKH, quTaeMoro CTy,!l,eHTaM Kacpe,11,phl "9neKTpO

HHKa cpH3HqecKHX ycTaHOBOK" MI1P9A, opraHH30BaHHOfi Br. ,l];y6He npu Yqe6Ho

HayqHoM ~eHTpe O6'be)],HHeHHOro HHCTHTyTa H,11,epHbIX uccne,11,oBaHHll. 

l13RO)KeHHe HaqHHaeTCH C KnaCCHq>HKa~HH ypaBHeHHll BTOporo nopH,11,Ka C ,!l,BYMH 

nepeMeHHblMH H OTIHCaHHH cnoco60B npune,11,eHHH HX K KaHOHHqeCKOMY BH)],y. 

B rnane 1 pacCMOTpeHbl HeKOTOpbie 3a,11,aqu MexaHHKH, npHBO,!l,H~He K ypan

HeHHHM rurrep6onuqecKoro THIIa, H OCHOBHbie MeT0,11,bl HX perneHHH B 0,11,HOMepHOM 

cnyqae. ,l];eTMbHO paCCMOTpeH MeT0,11, <l>ypbe pa3,11,eneHHH rrepeMeHHbIX. 

B rnane 2 paccMoTpeHbI ypanHeHHH rrapa6onuqecKoro nma ,11,RH 3a,11,aq Ha OTpe3-

Ke H 6ecKOHeqHOll rrpHMOH. 3,11,ech )Ke rrpune,n;eHhl MeT0,11,bl HHTerpanbHbIX rrpeo6pa-

30BaHHll <l>ypbe H MeT0,11, cpyHK~Hll fpHHa )],RH perneHHH 3a,11,aq TerrnorrpoB0,11,HOCTH 

H )],Hq>cpy3HH. 

B rnane 3 paCCMOTpeHhl ypaBHeHHH 3RRHIITHqecKoro THIIa. TipHB0,11,HTCH pa3-

nuqHbie BH,11,bl orrepaTopa Jlarrnaca B KpHBORHHellHbIX KOOp,11,HHaTax. Ha rrpHMepax 

ypanHeHHfi IIIpe,11,HHrepa H fenhMronb~a uccne,11,oBaHa rrpo6neMa pa3,11,MeHHH rre

peMeHHhIX B pa3RHqHbIX CHCTeMax KpHBORHHellHbIX KOOp,11,HHaT. ,l];aHbl OCHOBHbie 

CBOllCTBa ~HRHH,11,pHqecKHX cpyHK~Hll. 

B rnane 4 H3RO)KeHbl aneMeHTbl orrepa~HOHHOrO ucqucneHHH H MHHHMH3a~HH 

cpyHK~HOHMOB KaK MbTepHaTHBHOro crroco6a BblBO)],a ypanHeHH:fi ,11,BH)KeHHH. 

B rnane 5 paCCMOTpeHhl HeRHHeHHbie ypaBHeHHH u HX perneHHH n BH,11,e 6ery~HX 

BORH. 

B rnane 6 H3RO)KeHbl rrpH6RH)KeHHble H qucneHHbie MeTO)],bl perneHHH ,!1,HcpcpepeH

~HMbHblX ypanHeHHll B qaCTHbIX rrpOH3B0,!1,HbIX H MHHHMH3a~HH cpyHK~HOHMOB. 

B rnane 7 paCCMOTpeHbl ,11,pyrue MeTO)],bl perneHHH ypaBHeHHll, B TOM qucne MeT0,11, 

KOHq>OpMHbIX OT06pa)KeHHll, rrpeo6pa30BaHHe Jlarrnaca, MeT0,11, o6paTHOfi 3a,11,aqu 

pacceHHHH. 

B rnane 8 paCCMOTpeHbl RHHellHbie HHTerpanbHbie ypanHeHHH u HeKOTOpbie Me

T0,11,bl HX perneHHll. 

B rnane 9 paCCMOTpeHhl MeT0,11,bl perneHHH HHTerpMbHblX ypanHeHHll KaK Mb

TepHaTHBHblll II0,11,XO,!l, K pemeHHIO ,!1,HcpcpepeH~HMbHbIX ypanHeHHll B qaCTHbIX rrpo

H3BO,!l,HbIX. PaccMOTpeHbl TaK)Ke CHCTeMbl ypaBHeHHll rrepnoro IIOpH,11,Ka H MeT0,11, 

xapaKTepHCTHK HX pemeHHH. 

B rnane 10 rrpune,11,eH Ha6op napuaHTOB 3aqeTHh1x 3a,11,aHHfi. 

B KOH~e rroco6HH rrpune,11,eH CIIHCOK peKOMeH,n;yeMOll RHTepaTypbI. ,l];aHHOe rroco-

6ue 6y,11,eT rrone3HO CTy,11,eHTaM BJ30B H BTY30B rrpH u3yqeHHH Kypca ITO ypaBHeHHHM 

MaTeMaTuqecKofi q>H3HKH. 
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KJiacc11cp11Krui;115.1 11 Ka.HOH11"CJ:ecK11:ii B11,n; 

ypaBHeHMM BTOporo IIOp5.I,n;Ka 

O6~Hll BH,11, ypaBHeHHll BTOporo IIOpH,11,Ka c ,!l,BYMH rrepeMeHHblMH [5, 12]: 

auUxx + 2a12Uxy + a22Uyy + b1Ux + b2Uy +cu+ f = 0. (1) 

3,11,ecb u ,11,anee Mbl IIO,!l,pa3yMenaeM, qTo u, f, aij, b;, c - q>yHK~HH OT Be~eCTBeHHblX 

rrepeMeHHblX x, Y, rrpuqeM cquTaeM cpyHK~HIO u(x, y) HeH3BeCTHOll, a OCTMbHbie 

cpyHK~HH H3BeCTHhIMH: Ux = du(x, y)/dx, Uy = du/dy, Uxx = d2u/dx2; Uxy = 
d2u/(dxdy), Uyy = d2u/dy2. 

)];anee Mbl paCCMOTpHM TORhK0 cnyqafi, KOr,11,a BCe BMHqHHbl 1 KpOMe u, f, IIO

CTOHHHbI, T. e. He 3aBHCHT OT x, y. YcTpaHeHHe rrpOH3BO,!l,HblX rrepnoro IIOpH,11,Ka 

rrpOH3BO,!l,HTCH rrpeo6pa30BaHHeJ':I K HOBOll HeH3BeCTHOfi cpyHK~HH 

u(x, y) = v(x, y)e>-x+µy_ (2) 

TiocTOHHHbie .,\, µ rro,11,6upaIOTCH TaKHM o6pa30M, qT06hl ypanHeHHe )],RH cpyHK~HH 

v(x, y) He co,11,ep)KMO nepBblX rrp0H3B0,!1,HbIX. ,Il;nH rrpHMepa paCCMOTpHM 

Uxx + Uyy + 2ux + Uy + U = O; 
u = ve>-x+µy_ 

YpanHeHHe )],RH v(x, y) 6y,11,eT HMeTb BH,11, 

Vxx + Vyy + vx(2.,\ + 2) + Vy(2µ + 1) + v(l + .,\2 + µ2 + 2.,\ + µ) = 0. 

Bb16op .,\ = -1; µ = -1/2 rrpuno,11,uT K ~MH. B pe3ynhTaTe 

Vxx + Vyy - V /2 = 0. 

(3) 

(4) 

(5) 

PacCMOTpHM Terrepb rrpHBe)],eHHe ypanHeHHfi, He co,11,ep)Ka~HX rrepBbIX rrpOH3BO,!l,

HbIX, K KaHOHHqeCKOMY BH)],y. YpaBHeHHH rurrep6onuqecKoro THIIa rrpHBO,!l,HTCH K 

BH,11,Y (rrepnaH KaHOHuqecKaH cpopMa) 

Uxx - Uyy = 0 

nu6o K BH,11,Y (nTOpaH KaH0HuqecKaH cpopMa) 

Uxy = 0, 

(6) 

(7) 

3,11,eCb Mbl orryCTHRH TaK)Ke cnaraeMbie, co,11,ep)Ka~He HeH3BeCTHYIO cpyHK~HIO 6e3 

rrpOH3BO,!l,HhlX, qTQ Hecy~eCTBeHHO )],RH 3a,zi,aqu npune,n;eHHH K KaH0HHqecKofi cpopMe. 

YpaBHeHHH 3RRHIITHqecKoro THIIa rrpHB0,11,HTCH K cpopMe 

Uxx + Uyy = O; (8) 
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H, HaKOHen;, ypaBHeHH.11 rrapa6o;mqecKoro THIIa HMeIOT KaHOHHqecKyIO cpopMy 

Ux -Uyy = 0. (9) 

OrrmneM rrpou;e,rzypy rrpnBe,LI.eHH.11 ypaBHenn.11 o6m;ero BH,LI.a 

an Uxx + 2a12Uxy + a22Uyy = 0 (10) 

K KaHOHHqecKoii: cpopMe. CHaqa;rn BblqllCJl.lleTC.11 )].HCKpHMHHaHT ypaBHeHH.11 D = 
af2 - ana22- EcJm )].HCKpHMHHaHT IIOJIO)KlITeJieH, TO ypaBHeHHe 6y.n.eT rnrrep60JIH

qecKoro Tmrn; eCJIH OH OTpHn;aTeJieH, TO ypaBHeHHe 6y.n.eT 3JIJIIIIITHqecKoro THIIa, ll 

HaKOHen;, eCJIH )].HCKpHMHHaHT paBeH HYJIIO, TO ypaBHenne 6y.n.eT rrapa60JIHqecKoro 

THIIa. Ha BTOpOM mare COCTaBJI.lleM ypaBHeHH.11 xapaKTepHCTHK 

PemeHH.11 3THX ypaBHeHHH 

dy = a12 + ./75 = -Xi. 
dx an ' 

dy = a12 - ./75 = ,x
2
_ 

dx an 

t = const; 'f/ = const; t = y - -X1x; 'f/ = y - A2X 

(11) 

(12) 

HCII0Jlb3YIOTC.II B KaqeCTBe HOBhIX rrepeMeHHbIX ,LI.JI.II rrpHBe,LJ.eHH.11 K KqHOHHqecKoii: 

cpopMe. IIpo.n.eMOHCTpHpyeM 3TO Ha npHMepax: 

an= l, 

dy = 1, 
dx 

Uxx - 2uxy - 3uyy + Uy = 0; 

a12=-l, a22=-3, D=4>0; 
dy 
dx = -3; t = x - Y, 'f/ = y + 3x. 

IIepexo.n. K HOBbIM rrepeMeHHbIM: 

a at a a,,, a 
OX = dx = OX at + OX a,,, = dt; + 3dT/; 

a2 d2 d2 6d2 9d2 . dy = -dt; + d11 , ox2 = xx= t;t; + t;11 + 1111' 

IIo.n.cTaBJI.11.11 Bee, rroJiyqnM 

02 2 J2 2 2 . 
oy2 = dyy = a(t; - 2dt;11 + d1111 , 

a: = d;y = -d~t; - 2d~11 + 3d~11 . 8xuy 

l6Ut;71 + UT/ - Ut; = 0. 

3.n.ech HMeeT MecTo BTOpa.11 cpopMa rnrrep6om1qecKoro THrra. 
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(13) 

(14) 

(15) 

I 

) 

PaccMOTpHM rrpHMep ypaBHeHHii: rrapa6oJinqecKoro Tnrra: 

4Uxx + 4uxy + Uyy - 2uy = 0; 

an =4; a12 = 2; a22 = 1; d=0; 
dy 1 t = x-2y; = 2; 'f/=X; 
dx 

dx = dt;+d11 ; dy = -2dt;, UT/T/ +ut; = 0-;· 

PacCMOTpllM ypaBHeHH.11 3JIJilIIITHqecKoro THIIa: 

IIoJiyqaeM 

Uxx + 2Uxy + 2uyy = 0; D = -1 < 0; 

' dy. ··· 1 . ··'·( ) .• · (1 ·) ·. dx = - i; . 'P x, y .= y - x - i ; 

t = Re'l/J(x,y) = y-x; 'f/ = lm'l/J(x,y) = x; 

Ux = -Ut; + uT/; Uy = Ut;; 

Uxx = Ut;t; - 2Ut;11 + U1111 ; 

Uyy = Ut;t;; 

Uxx = -Uf;T/ - Ut;t;· 

Ut;t;+UT/T/ = 0. 
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rJIABA 1 

YpaBHeHH.H r11nep60JI11qecKoro 

THITa 

1.1 HeKOTOpbie 3a,n;aq11 MexaHMKM, rrpMB0,!1;.HIIJ;Me 

K ypaBHeHM.HM r11rrep60JIMqecKoro TMrra 

1.1.1 YpaBHeHHe MaJibIX KOJie6aHHM HHTH B IIOJie T~DKeCTH 

Tipe,n:rroJiarMI ,ll;Bll)KeHJie HIITII IIJIOCKHM, BbIBe,n:eM ypaBHeHHe MaJibIX KOJie6aHHH Hli

Tli B IIOJie TH)KeCTII, CJie,D;yH [2, 5]. 
PaCCTOHHHe x ,n;o ToqeK BIICHIU;eil: TH)KeJIOil: HIITII 6y,n:eM OTCqliTbIBaTb OT ee 

KOHJia. ToqKe IIO,D;Beca OTBeqaeT x = l. OTKJIOHeHJie TOqKli HIITII OT IIOJIO)Ke

HIIH paBHOBeCHH o6o3Haq11M HeH3BeCTHOH cpyHKIJ;Heil: u(x, t), KOHen; BIICHIIJ;efi HIITII 

IIOJiaraeM CB060,n:HbIM. 9JieMeHT ,n:JIIIHbl HIITII Me)K,D;y TOqKaMH C KOOp,D;HHaTaMH 

M(x, u), M1(x + dx, u + du) 6y,n:eT paBeH ds = ✓l + ux2dx. JJ:anee Mb! 6y,n:eM 

rrpe,n:rroJiaraTb OTKJIOHeH11e MaJibIM 11 BCJie,n:CTBHe 3Toro u; ~ 1, ds = dx. HaTH

)KeH11e, C03,D;aBaeMOe BeCOM HIITII B TOqKe M, 6y,n:eT paBHO pgx, r,n:e p, g - IIJIOTHOCTb 

Bein;ecTBa HIITII Ii ycKopeHHe CliJibl TH)KeCTli. TipoeKIJ;liH CliJibl HaTH)KeHHH Ha OCb 

u 6y,n:eT Uxpgx. Pa3HOCTb rrpoeKn;11il: CHJibI HaTH)KeHHH B coce,n:HHX TOqKax M, M1 

COCTaBHT 

( 
au) ( au) a gpx ax M - gp ax Mi = gpdx ax (xux)- (1.1) 

Pe3yJibTHpyroin;aH KOMIIOHeHTa CIIJI HaTH)KeHJrn KOMIIeHCHpyeTCH CHJiaMH I1Hepu;1rn. 
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YcJIOBlie 6aJiaHca 3TIIX CIIJI ,n:aeT ypaBHeHHe rrorrepeqHbIX KOJie6aHHH TH)KeJIOH HIITII 

a 1 a2u 
-a (xux) = --a 2. 

X g t 
(1.2) 

B KaqecTBe rpaH11qHoro ycJIOBHH rrp11MeM u(x = l, t) = 0 - yCJIOBHe )KeCTKoro 3a

KperrJieHHH B TOqKe IIO,D;Beca. Pa3,D;eJIHH rrepeMeHHbie C IIOMOIIJ;bIO 3aMeHbI u(x, t) = 
U(x)T(t) II rrepexo,n:H K rrepeMeHHOH z = y'x, peIUeHHe ypaBHeHHH MO)KHO Bb!pa3I1Tb 

B TepMHHax q>yHKIJ;Hil: BecceJIH. 

1.1.2 IIorrepe-crnhie KOJie6aHH~ Bpam;arorn;eiic~ HHTH 

Tipe,n:rroJiaraeM, qTo HIITb Bpain;aeTCH C yrJIOBOH CKOpOCTbIO w BOKpyr BepTiiKaJibHOH 

OCH, 11 He yqHTbIBaeM CIIJI TH)KeCTII [2, 5]. B TOqKe M, Haxo,n:Hin;eil:CH Ha paCCTOHHIIli 

X OT OCH Bpain;eHHH, n;eHTpo6e:iKHbie CIIJibI C03,n:aIOT HaTH)KeHHe 

T = l (xw)2p(dx/x) = w2p(l2 
- x2)/2. (1.3) 

3,n:ecb Mb! cq11TaeM, qTO IIJIOTHOCTb MaTepHaJia HIITII O,ll;HHaKOBa BO BCex ee ceqeHIIHX, 

cq11TaeM TaK)Ke IIOJIHYIO ,n:JIIIHY ee paBHOH l, a ee ,D;aJibHIIH KOHen; CB060,n:HbIM. 9Ta 

CHJia HarrpaBJieHa no KaCaTeJibHOH K HIITII B TOqKe x. TipoeKIJ;IIH 3TOH CIIJibI Ha 

HarrpaBJieHHe, rrapaJIJieJibHOe OCH Bpain;eHHH, IIOJiyq11TCH YMHO)KeHHeM Ha Ux, r,n:e 

u(x, t) - OTKJIOHeHHe HIITII OT IIJIOCKOCTII Bpain;eHHH. Tip11paBHIIBaH pa3HOCTb TaKIIX 

rrpoeKn;11il: B coce,n:HHX TOqKax M ( x), M1 ( x + dx) rrpoeKn;1111 CHJI 11Hepu;1111: 

a2u 
p 8t2 dx, (1.4) 

IIOJiyq11M 

a
2
u 1 [ 2 ( 2 2) l [ 2 ( 2 2) l pdx 8t2 = 2 W pl - X Ux x+dx - W pl - X Ux x, (1.5) 

rrepexo,n:H K rrpe,n:eJiy dx ➔ 0, rroJiyq11M ,n:11q>cpepeHn;HaJibHOe ypaBHeH11e rrorrepeqHbIX 

KOJie6aHIIH 

w2 a 2 2 
Utt= 2 ax[(l - x )ux] (1.6) 

C rpaHlfqHbIMII II HaqaJibHbIMII YCJIOBIIHMII 

u(t,x = l) < oo; u(t,0) = O; u(t = O,x) = J(x); ut(t = O,x) = F(x). (1.7) 

9To ypaBHeHHe peIUaeTCH CTaH,n:apTHbIM crroco6oM pa3,n:eJieHHH rrepeMeHHbIX. 
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1.1.3 MaJibie KOJie6att1:u1 cTpytthI OKOJio 110JIO)Kett1u1 paBHO-

BeCIUI 

PaccMOTpHM yrrpyry10 CTPYHY, HanrnyTyIO B,)].OJib OCH X Me)K,)].y TO'IKaMH C KOOp,1].H

HaTaMH (0, l). ,Il;JI.H OIIHCaHH.H rrpoIIecca KOJie6aHH.H CTPYHbl B IIJIOCKOCTH x, y Ha,)].O 

3a,)].aTb OTKJIOHeHH.H ee TO'leK u(x, t) OT IIOJIO,KeHH.H paBHOBeCH.H U = o. HaT.H)KeHHe, 

B03HHKaIOm;ee B CTpyHe, HarrpaBJieHO no KacaTeJibHOH K ee MrHOBeHHOMY npoqmJI!O 

H He MeH.HeTC.H B CHJIY 3aKOHa fyKa OT TO'IKH K TO'IKe. ,Il;JI.H BbIBO,)].a ypaBHeHHH 

KOJie6aHH.H TO'leK CTPYHbl BOCnOJib3yeMC.H BTOpbIM 3aKOHOM HblOTOHa. 

CocTaBJI.HIOIIl;a.H HMnyJibca y'laCTKa CTPYHbI (x1, x 2) no OCH u paBHa (p(s) - JIH

Hefina.H nJIOTHOCTb CTPYHbl) 

1
X2 

dsp(s)ut(s, t). x, (1.8) 

I1 pHpaBH.HeM H3MeHeHHe HMnyJibCa 3a npoMe)KyTOK BpeMeHH l::!.t = t2 - t1 K HMnyJib

cy CHJI HaT.H,KeHirn 

To( Ux lx=x2 -Ux lx=x,) (1.9) 

H BHerrrnefi CHJibl C HenpepbIBHO pacnpe.n.eJieHHOH narpy3KOH F(x, t): 

1
X2 

[ut(s, t2) - Ut(s, t1)]p(s)ds = x, (1.10) 

1
t2 1x2 1t2 [ux(x2,r)-ux(x1,r)]dr+ ds rF(s,r). 

t, x, t, 

B npe.n.eJie l::!.x, l::!.t noJiy'laeM HCKOMOe ypaBHeHHe (B cJiy'lae noCTO.HHHOH nJIOT

HOCTII) 

(uu(x, t)p(x, t) - ToUxx(x, t) - F(x, t))l::!.xl::!.t = 0; Utt= a2uxx + J(x, t), (1.11) 

/¥ 1 
a= ; J(x, t) = -F(x, t). (1.12) 

p 

,Il;pyrofi Bb!BO,l]. 3TOrO ypaBHeHH.H, OCHOBaHHbIH Ha MHHHMH3aIIHH <pyHKIIHOHaJia 

.n.eii:CTBH.H, 6y.n.eT ,)].aH B HH,KC, B rJiaBe 4. 

1. 1 .4 II pO,lJ;OJlbHbie KOJie6amrn: CTep)KH£ 

HanpaBIIM OCb x B,)].OJib CTCp,KH.H c Ha'laJIOM OTC'leTa B HCKOTopofi TO'IKC x = 0 [2]. 
PaccMOTpHM ,)].Be coce.n.m1e TO'IKH M, M1 c KOOp,1].HHaTaMH x, x + dx. B pe3yJibTaTe. 

B03Mym;enH.H ce'ICHHC cTep,KH.H c KOOp,ll.HHaTOfi x nepefi.n.eT B ToqKy u, a coce,)].H.H.H 
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TO'IKa - B u + du = u + uxdx. Bo3HHKa10m;ee npH 3TOM HaT.H,KeHHe Bbipa,KaeTc.H 

no 3aKOHY fyKa '1epe3 OTHOCHTeJibHOe y,ll.JIHHeHIIe cTep,KH.H Ux: T = Eux, r.n.e 

E - MO,)].yJib ynpyrOCTH CTep,KH.H. I1pHpaBHIIBa.H pa3HOCTb CHJI HaT.H)KeHH.H B coce,)].

HHX TO'IKax CHJiaM IIHepIIIIII, .n.efiCTBYIOm;HM Ha 3TOT y'laCTOK, noJiy'laeM ypaBHeHII.H 

,l].BH)KeHH.H ,l].JI.H B03Mym;eHII.H U ( X, t): 

E 
Utt= -Uxx• 

p • 
(1.13) 

fpaHII'IHbJe yCJIOBH.H 3aBHC.HT OT xapaKTepa 3aKperrJieHH.H CTep,KH.H. ,Il;JI.H CJiy'la.H, 

KOr,n.a 0)1.IIH ero KOHeII X = 0 ,KeCTKO 3aKperrJieH, a ,n.pyrofi CB06o,n.eH, rpaHH'IHble 

ycJIOBH.H 6y,)].yT CJie,l].yIOIIl;IIMII: 

u(x = 0, t) = 0; ux(x = l, t) = 0. (1.14) 

Ha'laJibHbie yCJIOBH.H 3a,)].aIOTC~ ,n.e<popMaIIHefi ll CKOpOCTblO B Ha'laJibHblH MOMeHT 

BpCMeHH: 

u(x, 0) = J(x), u1(x, 0) = g(x), 0 < x < l. (1.15) 

9TH ypaBHeHH.H MOryT 6b!Tb Bb!Be,)].eHbl TaK)Ke 11:3 npHHIIHna faMHJlbTOHa. ,Il;eficT

BHTeJibHO, nJIOTHOCTb IIOTeHIIllaJibHOH 3HeprHH, C Y'leTOM pa60Tbl BHeIIIHHX CHJI, 

MO,KHO rrpe,n.cTaBHTb B BH)I.e U = (E/2)u~ + F(x, t)u. I1JIOTHOCTb KllHeTH'leCKOH 

3HepmH 6y,n.eT paBHa pu~ /2, r,n.e p - IIJIOTHOCTb Bem;eCTBa CTep,KH.H. ITpe.n.noJiaraeM, 

'ITO nJiom;a,n.b Ce'leHH.H CTep,KH.H 0,1].HHaKOBa BO Bcex TO'IKax. YpaBHeHH.H 9ii:Jiepa 

HMeIOT BH)I. 

E 
Utt = -Uxx + F(x, t). 

p 
(1.16) 

PacCMOTpHM CJiy'lafi, KOr,n.a rronepeqHa.H nJIOIIl;a,)].b CTep,KH.H MeH.HeTC.H OT TO'IKH 

K TO'IKe. ,Il;JI.H CTep,KH.H KOHH'leCKOH <pOpMbl IIJIOIIl;a,)].b ceqeHH.H, pacnOJIO)KeHHOro 

Ha paCCTO.HHHH x OT 6oJiee IIIHpOKOro KOHIIa c IIJIOIIl;a,)].blO rrorrepe'IHOro ceqeHH.H 

S0 , 6y,n.eT paBHa Bx/ S0 = (1 - (x/h))2, r,n.e h ecTb BblCOTa KoHyca. I1pHpaBHHBa.H 

pa3HOCTh HaT.H,KeHHfi Ha KOHIIax 3JieMeHTa M(x), M1(x+dx) 11:HepIIHOHHhIM cnJiaM, 

.n.eii:CTBY!OIIl;HM Ha 3TOT yqaCTOK, ll nepexo)I..H K npe,n.eny dx ➔ 0, IIOJiyqaeM 

~ [(l - ~)2 au]=!!... (l - ~)2 a2
u_ 

ax h ax E h at2 (1.17) 

3aMeHofi nepeMeH.HOfi v .= (h--'x)u 3TO ypaBHemie npnBO,ll.HTC.H K BH,ll.Y Vtt-(E / p)vxx = 
0. ,Il;aJihHefimne marn CTaH.n.apTHbl. 
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1.2 <I>opMyJia ,II;aJiaM6epa 

PaccMoTpm,1 Heorpami'leHHYIO CTPYHY, pacnoJio)KeHHYIO no OCH x [4, 12). C'IHTaeM, 

'ITO OHa MO)KeT OTKJIOHHTbCH B nepneH)J;lIKYJIHpHOM HanpaBJieHlilI B)J;OJ!b OCH Y, BCe 

BpeMH HaxO)J;HCb B nJIOCKOCTlI xy. BeJIH'llIHY OTKJIOHeHlIH o603Ha'llIM u(x, t). Ha

'laJibHOe OTKJIOHeHHe CTPYHbl OT noJIO)KeHHH paBHOBeCHH lI pacnpe.zi;eneHHe Ha'laJib

HbIX CKOpOCTefi 6y,zi;eM C'llITaTb 3a,zi;aHHbIMlI. YcJIOBHe paBHOBeCHH ClIJI, .zi;efiCTByIO

:rn;Hx Ha 3JieMeHT CTpyHbI B TO'!Ke X ( ClIJibl lIHepu;HH, ClIJibI HaTH)KeHlIH lI BHelliHHe 

ClIJibI), nplIBO,li;lIT K ypaBHeHHIO ,li;BlI)KeHHH, onpe,zi;enHIO:rn;eMy BeJIH'llIHY OTKJIOHe

HlIH ,zi;nH n106oro 3Ha'leHHH nepeMeHHofi x, onpe.zi;enHIO:rn;ero noJio)KeHHe aneMeHTa 

CTPYHbl B MOMeHT BpeMeHH t. TaKHM o6pa30M, Mbl nplIXO,li;lIM K KpaeBOfi 3a,zi;a'le 

( C'llITaeM, 'ITO BHelliHHe ClIJibI OTCYTCTBYIOT) 

Utt - a2uxx = 0; u(x, 0) = </J(x); Ut(x, 0) = 'l/J(x). (1.18) 

YpaBHeHHH xapaKTeplICTlIK lI ypaBHeHHH ,li;BlI)KeHHH HMeIOT BlI,li; 

dx 
dt = ±a; ~ = x - at; rJ = x + at; u{,, = 0. (1.19) 

PerneHHeM ypaBHeHHfi )J;BlI)KeHlIH HBJIHeTCH Bbipa)KeHHe 

u(x, t) = fi(x - at)+ h(x + at) (1.20) 

c npOH3BOJibHbIMH cpyHKIJ;HHMH Ji, h- IIo.zi;6epeM MX TaK, 'IT06hr OHM y,zi;OBneTBOpHJIH 

Ha'laJibHbIM ycJIOBlIHM: 

u(x, 0) = fi(x) + h(x) = </J(x); Ut(x) = af{(x) - af~(x) = 'l/J(x). (1.21) 

l1HTerpHpyH BTOpoe ypaBHeHHe H pernaH npOCTYIO ClICTeMy ,li;Byx anre6paH'!eCKlIX 

ypaBHeHHfi, nony'IHM 

1 1 1x !1(x) = 2</J(x) + 2a xo 'l/J(y)dy + c; 

1 1 1x h(x) = -</J(x) - -
2 

'l/J(y)dy - c. 
2 a xo 

3aMeHHH apryMeHTbI y cpyHKIJ;lifi B COOTBeTCTBlilI c 

fi(x) ➔ fi(x - at), h(x) ➔ h(x + at), 

nony'IHM pernenHe (cpopMyna ,n:anaM6epa) 

l l x+at 

u(x, t) = -[</J(x - at)+ </J(x +at)]+ - j 'l/J(z)dz. 
2 2a 

x-at 

14 

(1.22) 

(1.23) 

(1.24) 

B Ka'leCTBe npHMepa paCCMOTplIM 3a,zi;a'ly HaXO)K)J;eHHH HanpH)KeHHH B JllIHlilI 6e3 

lICKa)KeHHfi [3, 2-58]. HafiTlI ClIJIY lI nanpH)KeHHe TOKa, TeKy:w;ero no npoBO)J;y 6e3 

lICKa)KeHHH, Ha'laJibHbie lIX pacnpe.zi;eneHHH TaKOBbI: 

v(x, 0) = f(x), i(x, 0) = [iF(x). (1.25) 

PerneHHe. Tenerpacpnbre ypaBHeHHH HMeIOT BH,li; 

Vx + Lit + Ri = 0; ix + Cvt + Gv = 0, (1.26) 

r.zi;e i, v - TOK H nanpH)KeHHe B JIHHHH; C, L, R, G coOTBeTCTBeHno eMKOCTb, HH

,lJ;YKTHBHOCTb, conpOTlIBJieHHe lI yTe'!Ka, npHXO.zi;H:rn;HeCH na e,zi;HHlIIJ;Y )J;JllIHbI npOBO

.zi;a. Bbrpa)KaH TOK lI3 O)J;HOro Tenerpacpnoro ypaBHeHHH lI no,zi;cTaBJIHH ero B .zi;pyroe, 

nOJIY'IHM 

Vxx = CLvu +(CR+ GL)vt + GRv; (1.27) 

ycnoBHe OTCYTCTBHH HCKa)KeHHH HMeeT BH,zi; G L = CR. McKJIIO'IaH npOH3BO,li;flYIO 

nepBoro nopH,zi;Ka C nOMO:rn;bIO 3aMeHbl V = ue~t, nony'IHM A = - R/ L, a MH cpyHK

u;rrn u(x, t) 

Uxx = a2uu, a
2 = CL; 

u(x, t) = </J(x - a-1t) + 'l/J(x + a-1t); 0 < t < oo, -oo < x < oo. 

HcnOJib3YH Tenerpacpnbre ypaBHeHHH, nony'IHM OKOH'laTeJibHO 

v(x, t) = e-RtfL[</J(x - a-1t) + 'l/J(x + a-1t)]; 
1 1 

</J(z) = 2[J(z) + F(z)], 'l/J(z) = 
2

[f(z) - F(z)]. 

(1.28) 

(1.29) 

1.3 PerneH:ue O,ll;HOMepHoro BOJIHOBoro ypaBHeH:U.H. 

MeTO,ll; <I>ypbe pas,n;eJieH:U.H rrepeMeHHhlX 

PaCCMOTplIM HeO,zi;Hopo.zi;noe ypaBHeHHe rHnep6oJIH'leCKOro THna c Ha'laJibHbIMlI H 

rpaHH'IHbIMlI YCJIOBHHMH [6, 12): 

Utt - a2Uxx = f(x, t), u(x, 0) = </J(x); 
Ut(x, 0) = 'l/J(x), u(0, t) = u(l, t) = 0; 

0 ~ X ~ l, 0 ~ t < 00. (1.30) 

PaCCMOTplIM CHa'!ana o.zi;nopo.zi;noe ypaBHeHHe. PernenHe 6y,zi;eM lICKaTb B BH)J;e 

u(x, t) = X(x)T(t). 
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,l],;rn cpyHKu;11ii X(x), T(t) rrony1111M 

X" 
x=-..\; 

T" 
a2T = -..\. (1.32) 

YpaBHeHIIe )];JIH X (pa3,!l;eJIHJOIIJ,Illl rrapaMeTp A He 3aBHCIIT OT rrepeMeHHbIX x, y) -
o6bIKHOBeHHOe ,!l;II<pcpepeHu;IIaJibHOe ypaBHeH11e C Ha'IaJibHbIMil yCJIOBIIHMII, pOJib KO

TOpbIX 11rpaIOT rpaHll'IHbie ycJIOBIIH OCHOBHOrO ypaBHeHIIH. Ero perneHIIe: X(x) = 
Acos(v'Ax) + Bsin(\,'Ax). Ifa rpaHII'IHbIX yCJIOBIIii X(0) = 0;X(l) = 0 rrony11IIM 

A = O; \,'Al = mr. TaKIIM o6pa3oM, IIMeeM CIICTeMy opToroHaJihHbIX Ha OTpe3Ke 

0 < x < l cpyHKIJ;Ilii: 

Xn = Cn sin(1rnx/l), n = 1, 2, 3, ... , 
I J dx sin(nn/l) sin(mn/l) = (l/2)8mn, 

0 

6mn = 0, m =/ n; 6mn = 1, m = n. (1.33) 

<PyHKIJ;IlH u(x, t) = I:~=l Tn(t) sin 1r7x Y,!l;OBJieTBOpHeT rpaHII'IHbIM ycJIOBIIHM. 3Ha

'IeHIIH Tn(0), T~(0) HaXO,!J;HTCH II3 pa3JIO:lKeHIIH Ha'IaJibHhIX ycnoB11ii B pH,11; <Pypbe: 

00 

'1/;(x) = L T~(0) sin 1rnx 
n=l l ' 

00 1rnx 
<f>(x) = L Tn(0) sin -l-; 

n=l 
I 

2 / . 1rnx Tn(0) = l dx<f>(x) sm -l-; 
0 

I 

, ( ) 2 / ( ) . 1rnx Tn O = l dx'lj; x sm -l-. 
0 

Pa3JIO:lKIIM B pH)]; <Pypbe rrpaByJO qaCTb ypaBHeH11H: 

00 

f(x, t) = L bn(t) sin 1rnx; 
n=l l 

I 
2 / . 1rnx bn(t) = l dxf (x, t) sm -l-. 

0 

flo,11;cTaBJIHH BCe B OCHOBHOe ypamreHIIe, IIOJIY'IIIM 

00 

[ (an1r)2 ] (1rnx) E r:;(t) + -l- Tn(t) - bn(t) sin -l- = 0. 

(1.34) 

(1.35) 

(1.36) 

B CIIJIY IIOJIHOTbI CllCTeMbI cpyHKIJ;llll Xn(x) Bbipa:iKeHIIe B KBa,11;paTHbIX CK06Kax 06-

paIIJ,aeTCH B HYJib. TaKIIM o6pa30M, Mbl 11MeeM o6bIKHOBeHHOe ,11;11cpcpepeHIJ;IlaJibHOe 

ypaBneHIIe BTOporo rropH)];Ka )];JIH Tn(t) BMecTe C Ha'IaJibHbIMil yCJIOBIIHMll. PernenIIe 

3a,11;a11II rrp11Be,11;eHo BhIIIIe. 

16 

PacCMOTpIIM KOHKpeTHblll rrpIIMep. PeIHIIM KpaeByJO 3a)];a11y 

Utt - Uxx = 1; u(x, 0) = 0; Ut(X, 0) = 1; 

0 $ x $ 1, 0 $ t < oo, u(0, t) = u(l, t) = 0. (1.37) 

TipoBO,!l;H YKa3aHHYJO rrpou;e)];Ypy, rrony11IIM T2k(t) = 0, a ,IJ,JIH T2k+1(t) HMeeM ypaB

HeHIIe 

4 r;~_1 (t) + (1r(2k - 1))
2
nk-1(t) = 1r(

2
k _ l); 

4 
T2k-1(0) = O; T'(0hk-l = 1r(2k - 1) (1.38) 

PerneHIIe ero: 

~ 
~ 
~ 
~ 

~ 

1.4 

T2k-l (t) = C1 cos((2k - l)1rt) + C2 sin((2k - l)1rt) + C3, 

4 4 4 

Ci = - (1r(2k - 1))3 j c2 = (1r(2k - 1))2 j c3 = (1r(2k - 1))3 j 

u(x, y) = 
4
3 I: ( 1 

1 
) 3 [1 - cos an -:f- 1r(2n - 1) sin Un] sin bn; 

7f n=l 2n -

an= 1r(2n - l)t, bn = 1r(2n - l)x. 

(1.39) 

(1.40) 

3a.,n;a-cu1 Ha OTpe3Ke Ha pa3,n;eJieHHe rrepeMeH

HhIX ( MeTO,D; <I>yphe) 

CTpyHa C :iKeCTKO 3aKperrJieHHbIMil KOHIJ;aMII B036y:iK,!l;eHa y,11;apoM :iKeCTKoro MOJIOT

Ka, coo6IIJ,aIOIIJ,ero Ha'IaJihHOe pacrrpe,11;eneHIIe CKopocTeii [3, 2-100], 

{ 

0, 0 < X < Xo - 6, 
Ut(X, 0) = '1/;(x) = Vo, Xo - 8 < x < Xo + 8, 

0, x0 +8<x<l. 
(1.41) 

HaiiTII OTKJIOHeHIIe CTPYHbI BO BCe IIOCJie)];YIOIIJ,Ile MOMeHTbI BpeMeHII, eCJIII Ha'IaJib

HOe OTKJIOHeHIIe OTCYTCTBOBaJIO: u(x, 0) = 0. 

PerneHIIe. TaK :iKe, KaK B rrpe)];bI,!J;YIIJ,eii 3a,11;a11e, ,IJ,JIH orrIIcaHIIH Kone6aHIIfi CTPYHbI 

IlCIIOJib3YeM ypaBHeHIIe Utt-a2Uxx = 0. Ifa yCJIOBIIfi :iKeCTKOro 3aKperrJieHIIH CJie)];YeT 

rrpe,11;cTaBJieHIIe u(x, t) B BII)];e pH,11;a 

00 

u(x t) = 'I."' B · 1rnat . 1rnx , ~ n sin -- sm __ 
n=l l l · 

(1.42) 
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Pa3JIO:lKHM B pH,n: <l>yphe pacrrpe,n:eneHHe HaqaJibHbIX CKOpocTeii: 

00 1rna . 1rnx 
'1/;(x) = L Bn-l-sm -l-, 

n=l 

2 
1 

1rnx 2 xo+5 1rxn 
Bn = l f dx'l/;(x) sin -l-dx = -1 Vo sin -l- = 

0 
1rna xo-5 

lvo . 1rnxo . 1rn8 
= 4 a(1rn)2 sm -l- sm -l-. 

B pe3yJihTaTe 

4v0l 00 1 . 1rnx0 . 1rn8 . 1rnx . 1rnat 
u(x, t) = 1r2a ,?;_ n 2 sm -l- sm -l- sm -l- sm -l-. 

3a,n:aqa [6, 78]. PernHTh KpaeByro 3a,n:aqy 

Uxx + Uyy = 0, 0 < X < l, 
u(0,y) = 0, 

u(x,0) = Ay (1 -y), 
PernaeM MeTO,Il;OM pa.3,n:eJieHHH rrepeMeHHhIX: 

0 < y < oo; 

u(l, y) = O; 

u(x, oo) = 0. 

(1.43) 

(1.44) 

(1.45) 

u(x, y) = X(x)Y(y), 
X" Y" 
-=--=-.A 
X y ' X = acos(✓..\x) + bsin(✓..\x). (1.46) 

fpamiqHbie ycJIOBHH HaJiararoT orpaHHqeHHH 

a= 0, ✓..\l= n1r. (1.47) 

PerneHHe ,llllH q:>yHKIJ.HH y HMeeT BH,Il; 

Yn = Ane-"fY + BneTY. (1.48) 

Tpe6oBaHHe KOHeqHQCTH pernemrn rrpH 60JiblI10M 3Ha'IeHHH op,n:1rnaT rrpHBO,Il;HT K 

yCJIOBHlO Bn = 0, TaKHM o6pa30M, o6m;Hii BH,Il; perneHHH 6y,n:eT
0

CJie,n:y10m;ttM: 

00 

u(x, y) = L Ane-!!p'. sin (n1rx). 
n=l l 

(1.49) 

Haii,n:eM K03q:>q:>HIJ.HeHThI An H3 rpaHHqHhlX YCJIOBHii: 

A- 1- - = I:A sm-· x ( x) . n1rx 
l l n n l ' 

(1.50) 

2 
1 

x X) (n1rx) An=Ayjdxy(l-y sin -l-; 
0 
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1 4 
An = 2A f dxx(l - x) sin(1rnx) = 2A (n1r)

3
, n = 2k + l; 

0 

PerneHtte HMeeT BH,n: 

I 

An = 2A f dxx(l - x) sin(1rnx) = 0, n = 2k. 
0 

8A ~ 1 -= . (n1rx) 
u(x,y)=~;:'o(2n+l)3 e I sm -l-. 

3a,n:aqa [6, 94]. PeuittTh Kpaeiiyro 3a,n:aqy 

Ut = a
2
uxx, 0 ~ x ~ l; u(0, t) = ux(l, t) = 0, u(x, 0) = Ax. 

(1.51) 

(1.52) 

IlpttMeHHH MeTO,n: <l>yphe, ttm;eM .pernetttte B Btt,n:e u(x, t) = T(t)X(x), ,n:anee HMeeM 

T' X" · 
a2T = X = -\ Tn = Ane-a2,\nt; Xn = sin( />:.x). (1.53) 

HanaraH yCJIOBHe X'(l) = 0, rronyqHM cos( ✓..\l) = 0, An = (~~)2. Ko::iq:>q:>HIIHeHThI 

An Haxo,n:HTCH pa3JIO:lKeHHeM B pH,n: <l>yphe HaqaJibHOro YCJIOBHH: 

I 

2 / 1rnx An= l dxxsin-
1
-. (1.54) 

0 

B pe3yJihTaTe rronyqHM 

( ) _ 8Al ~ (-1r -("wc;7+1>l2t • (2n + l)1rx 
u x, t - 7r2 ;:'a (2n + 1)2e sm 2l (1.55) 
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rJIABA 2 

-YpaBHeHM}I napa60JI11qecKoro T11na 

2.1 KoMMeHTapnii K rrpHMeHeHHIO MeTo,n;a pa3,n;e

JieHH~ rrepeMeHHbIX 

1. MeTO)]; pa3,D;e.JICHHH nepeMeHHblX HCB03MO)KH0 Henocpe,n;CTBCHHO npHMCHllTb K 

CJiy'laIO HCO)];HOpO,D;HblX rpaHH'IHblX ycJIOBHit HH)KC ll3JIO)KllM cnoco6, JI03BOJIHIO

ru;nii TCM He MCHee HCJIOJlb30BaTb ero B 3TOM CJiy'!ae. KpaeByIO 3a,n;a'ly C HCO)];HO

po,n;HbIMH rpaHH'!HbIMH yCJIOBHHMH (fY) 

Ut = a2Uxx + J(x,y), 0 < X < l; 
a1ux(0, t) + f31u(0, t) = g1(t); 

a2ux(l, t) + f32u(l, t) = g2(t); 
u(x, o) = cp(x) 

C JIOMOJ.ll;bIO JIO)];CTaHOBKH 

u(x, t) = S(x, t) + w(x, t), S(x, t) = a(t)x + b(t) 

MO)KHO IlpllBCCTH K 3a,D;a'le C O)];HOpO)];HblMH fY )];JIH q>yHKIJ,HH W 

a1wx(0, t) + f31w(0, t) = 0, Wt= a2Wxx - St(X, t) + J(x, t); 
a2wx(l, t) + f32w(l, t) = 0, w(x, 0) = cp(x) - S(x, 0). 

20 

(2.1) 

(2.2) 

(2.3) 

IlpnMep: 

Ut = a2Uxx, 0 < X < l, 0 < t < oo; 

u(0, t) = k1; 

u(l, t) = k2; 
u(x, 0) = <f>(x). (2.4) 

l1ru;eM perneHne B BH,D;e u(x, t) = k1 + f(k2 - k1) + w(x, t). ,ll;Ju1 w(x, t) HMeeM 

Wt= a2Wxxi 
w(0, t) = 0; 

w(l, t) = 0; 
X 

w(x, 0) = </>(x) - k1 - y (k2 - k2). (2.5) 

2. Ilpeo6pa30BaHHe ypaBHCHHH, CO,ll,Cp)Karu;nx HCKOMYIO q>yHKIJ,HIO Hee nepByIO npo

H3BO,D;HYIO, K Bll,ll,Y Wt = o?wxx· ,ll;JIH ypaBHCHHH 

Ut = o?uxx - /Ju 

(2.6) 

HCJIOJlh3yeM 3aMeHy u(x, t) = e-.Btw(x, t). IlpH 3TOM Wt = a2Wxx• ,ll;JIH ypaBHCHHH 

Ut = a2Uxx + VUxx 

HCJIOJih3yeM 3aMeHy u(x, t) = e0 x+-rtw(x, t). IlpH BhI6ope 

IlOJIY'IHM Wt = a2Wxx· 

V 

a= -2a2' 
v2 

/3 = 4a2 

(2.7) 

3. KpaeBble 3a,D;a'!H C O)];HOpO,D;HbIMH fY MOryT HMCTb HCTpHBHaJibHbie CJICKTpbI 

co6cTBCHHblX 3Ha'ICHllH. PaCCMOTpHM, HanpHMep, 3a,n;a'ly 

Ut = Uxx, 0 < X < l, 0 < t < oo; 

ux(0, t) = 0; 

Ux(l, t) + hu(l, t) = 0; 

u(x, 0) = <f>(x). (2.8) 

U(x, t) = X(x)T(t). IlpnMeHHeM MeTo,n; pa3,n;e.JieHHH nepeMeHHbIX u(x, t)·= X(x)T(t): 

X" = T' = ->..2, X = Acos(..\x), 
X T 
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u(x, t) = L ane-~~t cos(..\nx). 
n , ., 

(2.9) 



·-----~--

,Rim crreKTpa co6CTBeHHbIX 3Haqemlii: An IIMeeM TpaHCIJ,eH)],eHTHOe ypaBHeHIIe 

h 
tg(An) = An. 

Ko3cpqmIJ,1IeHTbl an MoryT 6bITb Haii:.u,eHhl 113 COOTHOIIIeHIIH 

1 ( 1 )-1 
an= lo dx¢(x) cos(Anx) lo dxcos2(Anx) 

(2.10) 

(2.11) 

9TO COOTHOIIIeHIIe CJie,n;yeT 113 opTorOHll,JlbHOCTII CIICTeMhl cpyHKIJ,IIii: cos(AnX) Ha OT

pe3Ke (0,1) c e.U,IIHbIM BeCOM: 

f dxcos(AnX) cos(Amx) = O; n -=f. m. (2.12) 

IloCJie,n;Hee yTBep)K.U,eH11e ecTh CJie.U,CTBIIe o6IIJ,eii: TeopeMhI lllTypMa - JlIIyBIIJIJIH 

)],JIH )],II<pcpepeHIJ,IIaJihHbIX ypaBHeHIIit 2_-ro IIOpH.u,Ka. 

2.2 TeopeMa IIITypMa ~ JinyBHJIJUI 

,Rim o6bIKHOBeHHOrO .u,11cpcpepeHIJ,1IaJibHOro ypaBHeHIIH 2-ro rropH.U,Ka C O)],HOpO)],HbI

MII rpaHIIqHbIMII ycJIOBIIHMII 

(p(x)y')' - q(x)y = Ar(x)y, · 0 < x < l; 
a1y(0) + /31Y'(0) = 0; 

a2y(l) + /32Y'(l) = 0. (2.13) 

1. CyIIJ,eCTBYeT 6ecKOHeqHaH IIOCJie)],OBaTeJibHOCTh co6CTBeHHbIX 3HaqeHIIii:, y.u,oB

JieTBOpHIOIIl,IIX yCJIOBIIIO 

A1 < A2 < A3 < ... < An < ... 

2.Ka)K)],OMY co6CTBeHHOMY 3HaqeHIIIO An COOTBeTCTByeT e.u,IIHCTBeHHaH co6CTBeHHaH 

cpyHKil,IIH Yn(x). 
3. Co6CTBeHHbie cpyHKil,IIII, OTBeqaIOIIJ,IIe pa3HbIM co6CTBeHHbIM 3HaqeHIIHM, opTO-

rOHaJibHbl C BeCOM r(x) Ha 0Tpe3Ke [0,1]: 

f r(x)ym(x)yn(x)dx = 0, m -=f. n. (2.14) 

,Rim )],OKa3aTeJibCTBa IIJHKTa 3 BbIIIIIIIIeM ypaBHeHIIH )],JI£: KaKIIX-JIII60 co6CTBeHHbIX 

3HaqeHIIit: 

(p(xM(x))'- q(x)y1(x) = A1r(x)y1(x); 
(p(x)y;(x))' - q(x)y2(x) = A2r(x)y2(x). 
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(2.15) 

y MHO)KaH rrepBOe 113 HIIX Ha Y2 ( X)' a BTOpoe Ha Y1 ( X)' IIHTerp11pyH o6JiaCTII no X II 
BblqIITaH O)],HO 113 .u,pyroro, IIOJiyq11M 

(A1 - A2) f dxr(x)y1(x)y2(x) = p(x)[Y2Y~ - Y1Y;] 15 • (2.16) 

IIpaBaH qaCTb 3TOro ypaBHeHIIH eCTb HYJib B CIIJIY O)],HOpO)],HOCTII rpaHIIqHhIX 

yCJIOBIIit. 

2.3 BhIBO,l1; ypaBHeHH.SI TeIIJIOIIpOBO,ll;HOCTH 

(,n;ncpcpy3HH) 

9TH )],Ba HBJieHIIH IIMeIOT MHOrO 06IIJ,ero II OIIIIChIBaIOTCH O)],IIHaKOBbIMII ypaBHeHIIH

MII. 

PacCMOTplIM HBJieHIIe pacrrpocTpaHeHIIH TerrJia. 

PaccMOTpIIM O)],HOpO)],Hhlii: CTep)KeHh )],JIIIHOii: l C )],OCTaTOqHOii: IIJIOIIJ,a)],bIO rrorrepeq

HOro ceqeHIIH C TeIIJIOII30JI1IpOBaHHOit 6oKOBOii: IIOBepXHOCThIO. (TerrJIO. pacrrpOCT

paHHeTCH B)],OJib OCH X). B CIIJIY 3aKOHa COXpaHElHIIH 3HeprIIII ( TeIIJia) II3MeHeHIIe 

KOJIIIqecTBa TeIIJia KOMIIeHCIIpyeTCH pa3HOCThIO IIOTOKOB TeIIJia qepe3 60K0Bble ce

qeHIIH II ero paCXO)],OM (rrplIXO)],OM) 3a cqeT BHJTpeHHIIX IICTOqHIIKOB: 

d {x+ox rz+t:.x 
dt ix cpAu(s, t)ds = cpA ix Ut(s, t)ds = 

rx+tl.x 
= ks[ux(x + Ax, t) - ux(x, t)] +AI, L(s, t)ds, 

• X 

(2.17) 

r.u,e k - K03q>q>IIIJ,IIeHT TeIIJIOIIpOBO)],HOCTII MaTep11ana, A - IIJIOIIJ,a)],b ceqeHIIH, P, C 

- IIJIOTHOCTb II Y.U.eJibHaH TeIIJIOeMKOCTb MaTepIIaJia CTep)KHH, L(s, t) - o6'beM

HaH MOIIl,HOCTb BHeIIIHero IICToqmrKa· TeIIJia. 3.u,ecb Mbl BOCIIOJib30BaJIIICb 3aKOHOM 

<l>yphe: IIOTOK TerrJia qepe3 ceqeHIIe rrporropll,IIOHaJieH rrpOII3BO)],HOit TeMrrepaTy

pbI II x(x, t) ITO HOpMaJIII K IIJIOCKOCTII ceqeHIIH. B rrpe.u,ene Ax ➔ 0, IIOJib3YHCb 

(ux(x + Ax, t) - u(x, t))/ Ax ➔ Uxx(x, t), rroJiyq11M · 

Ut(X, t) = a2Uxx(x, t) + F(x, t), a2 = !.... 
cp' 

1 
F(x, t) = - f (x, t). 

cp 
(2.18) 

Ilp11 IIOCTpOeHIIII ypaBHeHII.H Ha)],O IIPIIHIIMaTh BO BH1IMaH11e KpOMe YIIOMHHYTOro 

3aKoHa <l>ypbe eIIJ,e 3aKOH HbIOTOHa: TeIIJI006MeH qepe3 6oKOBYK> IIOBepXHOCTb rrpo

IIOpIJ,IIOHaJieH pa3HOCTII TeMrrepaTyp: 

Ut(X, t) = a2nxx - f3(u - ua), 

uo - TeMrrepaTypa OKpy)KllIOIIJ,ett cpe)],hl. 
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(2.19) 



Ec;rn KOHeu; CTep:lKHH X = 0 TenJIOII30JI1IpOBaH, TO rY IIMeeT Bil)], 

Ux(x = 0, t) = 0. 
EcnII OH no,II,II.ep:lKIIBaeTCH npII TeMnepaType Uo, TO u(O, t) = Uo
ECJIII noToK Tenna 3a)J,aH, TO ux(x = 0, t) = L(t). 
,Il,JIH 3a)J,a'l )J,II<p<py3IIII BeJIII'IIIHa u(x, t) eCTb KOHll;eHTpaa;IIH BeII1,eCTBa. 

ECJIII npIIMeCb HeKOTOporo BeII1,eCTBa pacnpOCTpaHHeTCH B)J,OJib noTOKa, )J,BII:lKy

rn.erocH co CKOpOCTblO v, TO CKOpOCTb 1I3MeHeHIIH KOHa;eHTpaa;IIII onIICbIBaeTCH ypaB

HeHIIeM KOJIJieKTIIBHOfi )J,II<p<py3IIII Ut = a2Uxx - VUx. 

2.4 -YpaBHeHHe TeIIJIOIIpOBO,D;HOCTH. MeTo,n; 

HHTerpaJihHhlX rrpeo6pa30BaHHH Cl>yphe 

3a)J,a'III Ha 6ecKOHe'IHOii IIJIII nony6eCKOHe'IHOii npHMOii, HeO)J,HOpO)J,Hbie ypaBHeHIIH 

napa60JI1I'leCKOro TIIna pernaIOTCH C npIIMeHeHIIeM IIHTerpaJibHOro npeo6pa3oBaHIIH 

<I>ypbe [4, 12]. Mbr noKa:lKeM 3cpcpeKTIIBHOCTb ero npIIMeHeHIIH Ha npIIMepe HeCKOJlb

KIIX 3a)J,a'l. 

IlpHMOe II o6paTHOe IIHTerpaJibHbie npeo6pa30BaHIIH <I>yphe onpe)J,eJieHhI CJie)],y

lOill,IIM o6pa3oM. BeJIII'IIIHa 

.F(,\) = (27r)-3/2 f F(x)ei:x>.d3x (2.20) 

Ha3bmaeTcH cpyphe-o6pa30M cpyHKU:IIII F(x). Ilo II3BecTHOMY cpyphe-o6pa3y caMa 

cpyHKll;IIH HaXO)J,IITCH C nOMOill,blO o6paTHOro npeo6pa30BaHIIH <I>yphe: 

F(x) = (27r)-3/2 f d3>.F(,\)e-ixX_ (2.21) 

B HenpOTIIBOpe'IIIBOCTII npeo6pa3oBaHIIii MO:lKHO y6e)],IITbCH, nO)],CTaBIIB JieByro 'laCTb 

O)J,HOrO ypaBHeHIIH B nO)],bIHTerpanbHOe Bbrpa:lKeHIIe )J,pyroro, BOCnOJih30BaBIIIIICb 

npe)],CTaBJieHIIeM 8-cpyHKll;llll 

II ee CBOHCTBOM 

8 ( x - x') = _1 _ f d3 >.ei(x-x')X 
(27r)3 

F(x) =I d3x'8(x - x')F(x'). 

(2.22) 

(2.23) 

OnIICaTb 1I3MeHeHIIe B npocTpaHCTBe II BpeMeHII 1I3Ha'laJibHO 3a)],aHHoro pacnpe

)J,eJieHIIH Tenna [3, Ill-60]. KpaeBaH 3a)],a'la cTaBIITCH TaK: 

u1 = a2~u, -oo < x,y,z < +oo, 0 < t < +oo; 

ult=O = J(x, y, z), -oo < x, y, z < +oo; 

~U = Uxx + Uyy + Uzz· 
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(2.24) 

(2:25) 
(2.26) 

PerneHIIe. 3anIIIIIeM OCHOBHOe ypaBHeHIIe B TepMIIHax cpyphe-o6pa30B: 

(27r)-3
!2 f d3 >.e-iXx[u1(>., t) + a2 ,\2u(>., t)] = 0. (2.27) 

TiocKOJlhKY 3TO paBeHCTBO Y,ll,OBJieTBOpHeTCH )],JIH Bcex MOMeHTOB BpeMeHII, OHO Tpe-

6yeT o6parn.eHIIH B HYJih nO)J,hIHTerpaJibHOro Bbipa:lKeHIIH. TaKIIM o6pa30M, Mhl nony

'!aeM )],JIH cpypbe-o6pa3a o6bIKHOBeHHOe )J,II<pcpepeHa;IIaJibHOe ypaBHeHIIe c Ha'laJib

HbIM YCJIOBIIeM 

! u(X, t) = -a2 X2u(X, t), u(X, O) = /(X), (2.28) 
perneHHeM KOTOporo HBJIHeTCH 

u(X, t) = l(X)e-a2X2t • (2.29) 

O6paTHOe npeo6pa30BaHIIe <l>ypbe n03BOJIHeT HaiiTII IICKOMOe pacnpe)J,eJieHJie Tenna: 

u(x, Y, z, t) := (27r)-3f2 f d3 >./(J.)e-a2X2t-Sx_ (2.30) 

Ilo)J,cTaBJIHH HBHOe Bbipa:lKeHIIe )],JIH cpyphe-o6pa3a npaBoii 'laCTII ypaBHeHIIH, BbI

)J,eJIHH B nOKa3aTeJie 3KCnOHeHTbI KBa)],paTII'IHYIO cpopMy no .>.: 

-a ). t - i>.(x - :l) = -a2t ,\ - i X - X 2 ➔2 ➔ ( (➔ :::!/))2 
, 2a2t 

(x - x')2 

4a2t 

II npOBO)],H IIHTerp1IpOBaH1Ie no A C IICnOJih30BaHIIeM IIHTerpana raycca 

+oo 

nOJIY'IIIM OKOH'laTeJihHO 

f dxe-ax2 = M, 
-oo 

u(x, Y, z, t) = k f d3x' J(x')e-[(x-x')2+(y-y')2+(z-z')2]/(4a2t). 

PeIIIIITh KpaeByro 3a)],a'ly (3, 111-55]: 

Ut = a2Uxx + J(x, t), -00 < x < +oo, 0 < t < +oo; 

u(x, 0) = 0, -oo < x < +oo. 

PerneHIIe. ,Il,JIH cpyphe-06pa3a IIMeeM HeO)],HOpO)J,HOe ypaBHeHJie 

! u + >.2a2u = f, u(>., O) = O, 

KOTopoe pernaeM MeTO)J,OM BapIIall;IIII nOCTOHHHOii: 

u = C(t)e_A2a2t; 

! C(t) = /(>., t)eA2a2t; 

C(t) = rt drf(>.,r)ea2A2". lo , 
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(2.31) 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(2.36) 



IlpIIMemm o6paTHOe npeo6pa30BaHJie <I>ypbe JI npOBO,II.H JIHTerpIIpOBaHJie no A C 

IlOMOIIJ;bIO npIIBe,II.eHHOH Bblme q>OPMYJibl, IlOJIY'IIIM OKOH'IaTeJibHO 

t 

u(x, t) = _l __ / dr +oo 2a.fi ✓t _ 
7 

/ dzf (z, r)e- 4~21;2:> 
0 • 

-oo 

(2.37) 

,lI,.rrH 3a,II.a'I Ha noJiyOCJI 6brnaeT noJie3HO JICilOJib30BaTh CIIHyc- JIJIII KOCJIHyc-npeo6pa30-

BaHIIH <I>yphe: 

i>(.>..) = /ij; fo00 
dU(t) cos(t.>..); 

J(x) = /ij; fo00 
d.>..j<cl(.>..) cos(x.>..); 

J<•l(>,.) = {ij; fo00 
~f(t) sin(O); 

J(x) = {ij; fo00 
d.>..j<•>(.>..) sin(x.>..). 

PemIITh Kpaeayro 3a,II.a<Iy [3, III-56]: 

(2.38) 

Ut = a2uxx, 0 < x, t < oo; u(x, 0) = J(x); u(0, t) = 0, 0 < x, t < oo. (2.39) 

McnoJib30BaHJie CIIHyc-npeo6pa30BaHIIH <I>ypbe 

{ij; l d~sin(~,t) [!u(t,t)-a
2

d2~~~,t)] = O 

npIIBO,!I.JIT K o6bIKHOBeHHOMY ypaaHeHIIIO ,II.JIH CIIHyc-06pa3a: 

d -u<•> + a2 .>..2u<•> = O· 
dt ' 

uC•l(>,., 0) = J<•>(.>..), 

u<•>(.>..,t) = J<•>(.>..)e-a•>-.•t_ 

IlpIIMeHHeM o6paTHOe CIIHyc-npeo6pa30BaHJie: 

2 Loo Loo 2 2 
u(x, t) = - dzf (z) d.>..e-a :,.. t sin(>..~) sin(.>..x) = 

71" 0 0 

1 fooo <•-,i• <•+,1• = ~ dzf(z)[e- 4a , - e- 4a , ]. 

2ay7rt o 

(2.40) 

(2.41) 

(2.42) 

2.5 CBoiicTBa H npe,n;cTaBJieHH.H ,n;eJihTa-cpyHKIJ;HH 

B 3a,II.a'Iax MaTeMaTJI'IeCKOll q>II3JIKII JICilOJib3yeTCH o6o6rn;eHHaH q>yHKIJ;IIH, Ha3bIBa
eMaH ,II.eJibTa-q>yHKIJ;Jieii (y)Ke ynoMHHyTaH BbIIDe). Onpe,II.eJIIIM ee KaK npe,II.eJibHOe 
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3Ha'IeHIIe npOII3B0JlbHOll HeOTpIIu;aTeJibHOH q>yHKIJ;llll o,(x - Xo), paBHOll HYJIIO Be3-
,II.e, KpOMe 0Tpe3Ka Xo - f < X < Xo + f npJI CTpeMJieHJIJI f K HYJIIO, HO TaKoii, 'IT06b1 
JIHTerpaJI OT Hee 6bIJI paBeH e,II.JIHJIIJ;e: 

o(x - Xo) = o,(x), f ➔ O; 
+oo J o,(x)dx = 1, o,(x) ~ 0. 

-oo 

Ifa onpe,II.eJieHIIH CJie,II.yeT OCHOBHOe CBOHCTBO ,II.eJibTa-q>yHKIJ;JIJI: 

b 

J J(x)o(x - xo) = f (xo), a ~ x 0 ~ b; 
a 

b 

J f(x)o(x - Xo) = 0, xo < a; Xo > b. 
a 

IlpIIBe,II.eM HeKOTOpbie npe,II.CTaBJieHJIH ,!l.eJibTa-q>yHKIJ;JIII: 

f 
o(x) = ( 2 2), f ➔ O; 

71" f +x 
~ 2 . 7rnx : 7rnxo o(x - Xo) = L..J - SIIl --SIIl --; 
n=l l l l 

1100 o(x - xo) = - d.>..cos(.>..(x - x 0)). 
71" 0 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

B Ka'IeCTBe npJIMepa npIIMeHeHIIH ,II.eJibTa-q>yHKIJ;llll paccMOTplIM CJie,II.yrorn;yro 
3a,II.a'Iy KomJI rJinep60JIII'IeCKOro TJina [5]. PacCMOTPIIM TpexMepHoe BOJIHOBOe ypaB
HeHJie C Ha'IaJibHblMJI yCJIOBJIHMJI: 

1 
~U- 2 Utt = 0, 

a u(x, 0) = 91 (x), d ➔ 
dt u(x, 0) = Y2(x) (2.47) 

B CJiy<Iae, KOr,II.a U 3aBIICJIT TOJibKO OT paCCTOHHJIH r Me)K,II.y TO'IKaMJI x, Y, z; Xo, Yo, Zo. 
IlepenIIcaB pa,II.IIaJibHYIO 'IaCTb JianJiacJiaHa CJie,II.yIOIIJ;JIM o6pa30M: 

_!._i_(r2 du) = ! d2(ru), 
r2 dr dr r dr2 (2.48) 

3ailJIIDeM ypaBHeHJie B BII,II.e 

d2(ru) _ _!_ d2(ru) = O. 
dr2 a2 dt2 (2.49) 

Ero pemeHJieM 6y,II.eT cynepn03llu;IIH ,II.BYX BCTpe'IHbIX 6eryrn;IIX BOJIH, 3aTyxarorn;IIx 
Ha 6ecKoHe'IHOCTJI: 

1 
u = -[<I>1 (r - at) + <I>2(r + at)]. 

r 
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(2.50) 



___.,=..~-",LC",'•'--•••--•-

PememreM ypaBHemrn 6yAeT 

(- ) f da , ( ')<I>(r - at) d f d3 , ( ')<I>(r - at) u x; t = x g x + -d x q x . r t r 

Bb16epeM 1 
<I>(r - at) = -4 o(r - at). 

1ra 

TiapaMeTpll3YH npocTpaHCTBeHHbie nepeMeHHbie B COOTBeTCTBllll C 

x' - x = rsin0cos<p; 

y' -y = rsin0sin</>; 

z'-z=rcos0 

(2.51) 

(2.52) 

(2.53) 

ll BblII0JIH5151 llHTerpHpOBaHIIe no paAllYCY C IlOMOIII,blO AeJihTa-q>yHKIJ;llll, IlOJIY'lllM 

o6iu;ee pemeHHe B BHAe (q>opMyna TiyaccoHa) 

t r 
u(x,y,z;t) = 

4
71" lo d0sin0 x 

{21f lo d<pg2(x + at sin 0 cos <p, y + at sin 0 sin <p, z + at cos 0) + 
d t {" 

+ dt 41r lo d0sin0 x 

{21f lo d</)91 (x + at sin 0 cos <p, y + at sin 0 sin <p, z + at cos 0). 
(2.54) 

2.6 3a,z:i;aqa TeITJIOilpOBO,D;HOCTH 6e3 HaqaJibHblX 

ycJIOBHH. 3aKOHbl <I>ypbe 

OAHllM ll3 npllJIO)KeHllfi pemeHllfi ypaaHeHllH TeilJIOilpOBOAHOCTll HBJIHIOTCH 3aAa'lll 

Mep3JIOT0BeAeHllH, r.n;e y.n;aeTCH IlOJIY'lllTb noJie3HYIO llHq>OpMaIJ;lllO o6iu;ero xapaK-

Tepa (12]. 
TiocKOJibKY paccMaTpllBaeMhlll MOMeHT .n;ocTaTO'IHO y.n;aneH OT Ha'laJibHOro, 3a-

,n;a'la cTaBllTCH TaK: 
Ut = a2Uxx, u(0, t) = Aeiwt_ 

(2.55) 

PemeHlle llIIJ;eM B Bll,n;e u(x, t) = Ae'""+tlt. Tio,n;cTaBJI5151 3TO Bbipa)KeHlle B OCHOBHOe 

ypaaHeHHe,rroJiy'IHM 

/3 
. ( ") {w_ ( ) A±x ~="' ±ix ~="'+iwt 

= iw, a= ± 1 + i V ~' u x, t = e v 2•
2 
e v 2.

2 

• 

qT06hl llMeTh orpaHH'leHHOe pemeHlle rrpll X ➔ +oo, Ha.n;o Bbl6paTh 3HaK MllHYC B 

IlOKa3aTeJie 3KCilOHeHTbl. PeanbHaH 'laCTb ll npe,n;cTaBJIHeT co6ofi pemeHHe: 

u(x, t) = Ae-x./?5 cos (w (t- ~)) · 

(2.56) 

(2.57) 
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3.n;ecb x MO:lKH0 0TO:lK,ll;eCTBllTh, HaIIpllMep; c pacCTOHHlleM OT II0BepxHOCTll B rny6b 

OAHOpO,ll;HOH HeBJia)frnOfi IIO'IBbl B 3a,n;a'le O ee 11poMeP3aHllll B pe3yJibTare TeMrre

paTypHblX KOJie6aHllfi Ha IlOBepxH0CTll x = 0. OTHOilleHHe aMIIJlllTY,11; KOJie6aHllfi 

TeMrrepaTypbl Ha rny6HHe x K aMIIJlllTy,n;e KOJie6aHllfi Ha noaepXHOCTll Bbipa:lKaeT 

rrepBblll 3aK0H <I>yphe: 

A(x) = e-x../?!j_ 
A(O) 

(2.58) 

EcJill rny6HHbl pacTyT B apllq>MeTll'leCKO:it nporpeCCllll, TO aMilJlllTY,ll;hl y6hrnaIOT 

B reoMeTpll'leCK0:it .. TipllHllMaH BO BHllMaHHe CB513b 'laCTOTbl KOJie6aHll:it C nepllO

,ll;0M w = 271" /T, II0JIY'lllM BTopoii: 3aKOH <I>ypbe, CB513blBaIOIIJ;ll:it 0THOilleHHe rnyforn 

rrpoMep3aHll51 IlO'IBbl C OTHOmeHlleM llX nepll0,ll;OB: 

X1 = ·m. 
X2 vr; (2.59) 

TaK, 0TH0illeHlle rny6HH rO,ll;ll'IHhlX KOJie6aHllii: K cyTO'IHbIM ,ll;JIH 3eMJill COCTaBJIHeT 

Xy/Xd = v'365 ~ 20. HaKOHea;, BpeMH 3aIIa3,ll;hlBaHll51 MaKCllMaJibHO:it TeMnepaTypbl 

Ha rny6HHe x 
X 

b.T = ✓2a2w· (2.60) 

cho TpeTll:it 3aK0H <l>ypbe. TaK1 ,ll;JIH a 2 = 4 X 10-3 CM2 /c, X = 400 CM BpeMH 

3arra3.z:i;i,rnaHHH ~ocTaBJIHeT 107 c, llJill )Ke 4 MecHa;a. 

2.7 MeTo,z:r; c:pyHKn;:uii I'p:uHa 

~51 JlllHe:itHbIX ,ll;llq>q>epeHIJ;llaJibHbIX orrepaTopOB L, B, .n;eficTByIOIIJ;llX B rrpocTpaHCT

Be Rn, nocTaBHM KpaeByIO 3a,n;a'ly [5, 12]: 

, 1) Luv = f; 

2) Bus= 0, (2.61) 

T.e. Hama 3a,n;a'la COCTOllT B HaX0:lKAeHllll q>yHKIJ;llll u(x)", y,n;oBJieTB0pHIOIIJ;efi Heo.n;

Hopo,n;H0MY ypaBHeHllIO 1) C ll3BeCTH0:it rrpaao:it 'laCThIO, 3a,z:i;aHHO:it BHYTPii HeKoero 

TeJia D, ll y,n;oB.TieTB0pHIOIIJ;eii: YCJI0BiiIO '2.)' Ha rpaHllIJ;e 3TOro Tena s. 
PemeHn:e .n;aeTcH q>opMyno:it .ll:JS)aMeJIH , 

u(;) ~ l dx'G(x, x')J(x'), 

r.n;e G(x, x') - q>YHKIJ;IiH fpn:Ha, y,n;oBJieT~OPHJ?Ia;aH ycn~BllHM 

, LxG(x, x') =;= ,o(x - x'); 
, BG(i,x')s= 0. 
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TipoAeMoucrpupyeM npunru,<eHne Merop,a K pemeumo H_,opo,on,x o6uKHO- I 
BeHHbIX ,!1,ll(pq>epeHIJ;lHl,JibHhlX ypaBHeHHii. \ 

PacCMOTpHM 3a,ll,aqy HaxO)K,ll,eHHH perueHHH ,!1,Hq>q>epeHIJ;HaJibHOrO ypaBHeHHH BTO- . ' 

poro nopH,!1,Ka C npOH3B0JibHOll npaBOll qaCTblO: 

Y11 = f(x), 0::; X::; 1; 

y(0) = y(l) = 0. (2.64) 

Be3,ll,e, KpoMe TOqKH X = x', cpyHKIJ;HH fpnHa y,ll,OBJieTBOpHeT ypaBHeHHIO G" = 
Gxx = 0, T.e. oHa JIHHefiHa no x. KpoMe Toro, oHa ,!1,OJI:>KHa y,ll,OBJieTBOPHTh KpaeBbIM 

yCJIOBHHM G(x, x')x=O = 0; G(x, x')x=I = 0. IloaTOMY m1i;eM ee B BH,ll,e 

G(x,x') = Ax, x < x'; G(x,x') = B(x -1), x > x'. (2.65) 

vlHTerpnpyH ypaBHeHHe Gxx (x, x') = 8 (x - x') no x B OKpecTHOCTH ToqKH x = x', 

noJiyqnM ypaBHeHne ,!1,JIH K03q>q>HIJ;HeHTOB A, B: 

x'+• J G"(x,x')dx = G'(x' + E,x') - G'(x' - E,x') = 1, 

X1-E 

B-A=l. (2.66) 

BTopoe ypaBHeHHe Ax'= B(x' - 1) CJie,!1,YeT H3 HenpepbIBHOCTH <PYHKIJ;HH fpnHa B 

TOqKe x = x'. PeruaH npocTyIO anre6panqecKyIO CHCTeMy, noJiyqnM ,ll,JIH <PYHKIJ;HH 

fpnHa 

G(x,x') = (x' - l)x, 

G(x,x') = x'(x -1), 

X <x'; 
x' <x. 

PerueHne Harueii 3a,ll,aqn TaKOBo: 

X 1 

y(x) = (x -1) / dx'x'f(x') + x J dx'(x' - l)f(x'). 
0 X 

PaccMoTpHM ,ll,Pyry10 3a,ll,aqy: 

LxY = -y" = f(x), 0 < x < 1, y'(0) = y(0), y(l) + y'(l) = 0. 

(2.67) 

(2.68) 

(2.69) 

PerueHHe O,ll,HOpO,!1,HOro ypaBHeHHH, KOTOpOMY y,!1,OBJieTBOpHeT q>yHKIJ;HH fpnHa BHe 

ToqKH x = z, nMeeT BH,ll, y =Ax+ B. HanaraH rpaHnqHbie yCJIOBHH, noJiyqaeM 

G(x, z) = A(x + 1), x < z; 

G(x,z) = B(x - 2), x > z. 

(2.70) 

'lfro6bl HafiTH nOCTOHHHhle A, B, BOCnOJib3JeMCH HenpepbIBHOCTblO q>yHKIJ;HH fpHHa 

B TOqKe X = Z H TeM, qTQ pa3HOCTb ee npOH3BO,ll,HhlX CJieBa H cnpaBa OT ToqKH 
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X = Z paBHa e,ll,HHHIJ;e. IloCJie,!1,Hee CJie,!1,YeT H3 ypaBHeHHH ,ll,JIH <PYHKIJ;HH fpnHa, 

npOHHTerpnpOBaHHOro B OKpeCTHOCTH 3TOii TOqKn: 

A(z + 1) = B(z - 2); A - B = 1. (2.71) 

PeruaH 3TY CHCTeMy, noJiyqaeM 

1 
G(x, z) = 3(2 - z)(x + 1), x < z; (2.72) 

1 
G(x, z) = 3(2 - x)(z + 1), x > z. 

PerueHHe HeO,ll,HOpO,!1,HOii 3a,!1,aq11 HMeeT BH,!1, 

1 1 1 X 

y(x) = 3(x + 1) / f(z)(2 - z)dz + 3(2 - x) J f(z)(l + z)dz. (2.73) 
X 0 

3a,u;aqn no TeMe "Heo,n;Hopo,n;Hble 06bIKHOBeHHbie ,n;mpcpepeHIJ;Ha.JlbHbie 
ypaBHeHHH" 

1) 
2) 
3) 
4) 

5) 

6) 
7) 
8) 

Ly=-y", 0<x<l, y(0)=y(l)=0; 

Ly= -y", 0 < x < 1, y(0) = hy
1

(0); h > 0; y(l) = 0; 

Ly = -y" - y, 0 < x < 1, y(0) = y(l) = 0; 

Ly= -y", 0 < x < 1, y(0) = y' (0); y(l) = y'(l); 

Ly= -y" + y, 0 < x < 1, y(0) = y(l) = 0; 

Ly= -y" + y, 0 < x < 1, y'(0) = y' (1) = 0; 
2 " I I 

Ly = -x y - 2xy, 1 < x < 2, y (1) = 0; y(2) = 0; 

Ly= -xy" - y', 1 < x < 2, y'(l) = 0; y(2) = 0. 

PelIIHM 3a,ll,aqy ,ll,JIH TpexMepHoro cJiyqaH. 

HaiiTH <PYHKIJ;HIO fpnHa TpexMepHoro ypaBHeHHH feJibMrOJibIJ;a (6, 206] 

~u + k5u = f(r), 

(2.74) 

(2.75) 

Y)J.OBJieTBOpHIOIIJ;YIO YCJIOBHIO H3JiyqeHHH 30MMepq>Mb,!1,a ( OTCYTCTBHe CXO,ll,HIIJ;eiicH 

BOJIHhI, npnXO,!1,HIIJ;eii H3 6eCKOHeqHOCTI1), T.e. YCJIOBHIO 

eikor 

U Ir-too= --. 
r 

PemeHne. YpaBHeHne ,ll,JIH q>yHKIJ;HH fp11Ha nMeeT BH,ll, 

(~ + k5)G(f', f') = 8(f' - f'); 
G(f', r') = G(f' - f', 0) = G(f' - f'). 
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(2.77) 



Tiepeil:,rr.eM K cpyphe-o6pa3y 

o(r' = _1_ I d3r/kr. G(r" = I d3kG eikr 
' J (211' )3 ' ' J k • 

(2.78) . 

Tio,rr.cTaBJUHI 3TO Bblpa:lKeHIIe B ypaBHeHHe ,IT,JUI ee cpypbe-o6pa3a q>yHKD;llll fpHHa, 

IIOJIY'IIIM a.11re6pa1I'IeCKOe ypaBHeHHe, pemeHHeM KOTOporo HBJIHeTCH 

1 1 Gk=- ~ . (2.79) 
(211')3 k5 - k2 + i0 

CaMa q>yHKD;lIH fpHHa HaxO,IT,lITCH c IIOMOin;bIO o6paTHoro npeo6pa3oBaHHH <l>ypbe 

J 
d3 k eikr 1 1 j+oo keikr 

Gr= ------=--- . dk 
(r) (27r) 3 k5 - f2 + i0 ir (211')2 -oo k5 - k2 + i0 ' 

(2.80) 

r,rr.e Mbl npoBeJIH lIHTerpHpOBaHHe no yrJIOBhIM nepeMeHHbIM. 

3,rr.ecb Mbl ,rr.aeM MaJIYIO MHIIMYIO ,rr.o6aBKY i0 B 3HaMeHaTeJie IIO,Ll,bIHTerpaJibHOro 

Bbipa:arnHHH, 'IT06bl rrpH,rr.aTb orrpe,rr.eJieHHblll CMbICJI lIHTerpaJiy, IIOCKOJibKY oco6eH

HOCTII Jie:lKaT Ha nyTH lIHTerpHpOBaHHH. TipoaHaJIII3HpyeM IIOJIO:lKeHHe IIOJIIOCOB: 

k~ - f2 - i0 = (k0 - z)(ko + z), z = lkl - i0 = k - i0. (2.81) 

KoHTYP lIHTerpHpoBaHHH B IIJIOCKOCTII k Mbl ,IT,OJI:lKHbl BbI6paTb TaKHM o6pa30M, 'IT0-

6bl o6ecrre'IHTb OTCYTCTBHe cxo,rr.Hrn;eil:cH BOJIHbl. Cxo,rr.mu;aHCH BOJIHa OIIIICbIBaeTCH 

6eryrn;eil: BOJIHOil: C apryMeHTOM wt - kor, ko > o, a pacxo,rr.Hrn;aHCH OTBeqaeT 3KCIIO

HeHTe c apryMeHTOM wt + k0r, k0 > 0. Tio3TOMY Mbl ,rr.OJI:lKHhl B3HTh JIHIIlh BKJia,rr. 

BbI'IeTa rrpH k = k0 + iO. 
KoHTYP lIHTerpHpOBaHHH 3aMhIKaeM B BepxHeil: IIOJiyIIJIOCKOCTH, npH 3TOM Bbl6op 

3HaKa MHIIMOii ,rr.o6aBKII 06ecrreq1maeT CXO,Ll,lIMOCTb 1IHTerpa.11a IIO ,rr.yre 60JibII10rO pa

,rr.Hyca II B03M0)KHOCTb BOCIIOJib30BaThCH TeopeMaMH O Bbl'IeTax. CooTBeTCTBYIOin;Htl: 

Bbl'IeT eCTb keikr 1 
Res-----= -eilkolr_ 

k5-k2 +i0 2 

OKOH'IaTeJibHOe Bblpa:lKeHHe ,rr.JIH q>yHKil;llll fpHHa TaKOBO: 

eilkolR 
G+(r,r) =-R, R= lr-r'I. 

471' 

(2.82) 

(2.83) 

2.8 IlocTpOeHHe cpyHKD;HH BJIH.HHH.H (cpyHKD;HH 

rpnHa) ,[J;JI.H ypaBHeHH.H TeIIJIOilpOBO,[J;HOCTH Ha 

oTpe3Ke 

PaccMOTpHM KpaeByIO 3a,rr.aqy Ha oTpe3Ke 0 $ x $ l, 0 $ t < oo (5]: 

Ut = a2Uxx; u(0, t) = u(l, t) = 0; u(x, 0) = </J(x). (2.84) 
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PemeHHe Hrn;eM B BH,rr.e (pa3,rr.e.11eH1Ie rrepeMeHHhrx) u(x, t) = X(x)T(t). ,lvrH cpyHK

u;Hii X ( x), T ( t) HMeeM ypaBHeHHH 

X" + >.X = 0; X(0) = 0; X(l) = 0; T' + a2>.T = 0. (2.85) 

TiepBOe ypaBHeHHe HaM H3BeCTHO, II ero pemeHHH, y,rr.OBJieTBOpHIOru;He Ha'IaJibHbIM 

ycJIOBIIHM, HMeIOT Bil.IT, 

Xn(x) =sin~ 
l ' ). = ).~ = (~7l'r (2.86) 

Tio,rr.cTaBHB 3TOT crreKTp 3Ha'IeHHll pa3,IT,eJIHIOrn;ero rrapaMeTpa BO BTOpoe ypaBHeHHe, 

pemaH ero, IIOJIY'IHM ,Ll,JIH pemeHHH ypaBHeHHH TeIIJIOIIpOBO,Ll,HOCTH 

00 

u(x t) = "C e-(¥)2a2t . n1l'X ' ~ n Sill --
n=l l · 

(2.87) 

Pa3.11araH Ha'IaJihHoe 3HaqeHHe B pH,rr. <l>yphe, no.11y'IHM ,rr.JIH K03q>q>Hu;HeHTOB Cn 

. n1l'x 2 / 1 • n71'~ 
</J(x) = u(x, 0) = ~ Cn sm -l-; en= t lo <P(~) sm -l-. (2.88) 

Tio,rr.cTaBJIHH 3TO 3Ha'IeHHe B pemeHHe ypaBHelllIH II rrepeCTaBJIHH orrepau;HH CYMMH

poBaHHH II lIHTerpHpOBaHHH, 3arrmneM ero B BH,IT,e 

u(x, t) = l d~</J(~)G(x, ~' t), (2.89) 

2 ~ ( n"• )2t n1l'X . n11'~ G(x ~ t) = - ~ e--, sin-sm-
' ' l n=l l l · 

<l>yHKil;lIH G(x, ~' t) Ha3bIBaeTCH cpyHKD;Heil: MrHOBeHHOro TO'Ie'IHOro HCTO'IHHKa 

IIJIH q>yHKD;Heii TeMrrepaTypHoro BJllIHHIIH MrHoBeHHOrO TO'Ie'IHOro lICTO'IHHKa Ten

Jia. 

,Il,eii:CTBIITeJibHO, IIOJiaraH </J(~) = Q/(cp)O(~ -~o), 'ITO COOTBeTCTByeT IICTO'IHHKY, 

IIOMern;eHHOMY B TO'IKe fo 0Tpe3Ka, IIOJIY'IHM 

Q I Q 
u(x, t) = - f d~G(x, ~' t)o(~ - ~0 ) = -G(x, ~0, t). cp 

O 
cp (2.90) 

2.9 IlocTpoeHHe cpyHKD;HH rpnHa ypaBHeHH.H 

TeIIJIOilpOBO,n;HOCTH ,[J;JI.H 6ecKOHeqHoii rrp.HMOH 

PaccMoTpHM KpaeByro 3a,rr.aqy [12]. 

Ut = a2uxx, -oo < X < +oo, t > O; u(x, 0) ~ </J(x ). (2.91) 
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Ilpe,rr.cTaBJrnH pememie B BII,rr.e u(x, t) = X(x)T(t) n BBO,ll.H p33,rr.eJrn10m;nfi napaMeTP 

),.2, IlOJIY'lIIM 
X" + >..2X = 0; T' + a2 >..2T = 0. (2.92) 

Pema.s: 3TII ypaBHeHIIH, nony'IIIM 

+oo 
u(x, t) = f d>..A(>..)e--\2a

2
t+i>,x_ (2.93) 

-oo 

<I>yHKIJ,IlH A(>.) HaxO)J.IITCH II3 Ha'laJibHOro yCJIOBIIH C IlOMOIIl;bIO o6paTHOro npeo6-

p830BaHIIH <I>ypbe: +oo 

A(>.) = (1/(211")) / dl</>(l)e-i-'{_ (2.94) 

-oo 

Ilo,rr.cTaBJIHH 3TO 3Ha'leHIIe, pemeHIIe npe,rr.cTaBIIM B Bll)J.e 

+oo +oo 
u(x, t) = ;1!" f ~</J(l) f d>..e-a2,\2t+i-\(x-{}. (2.95) 

-00 -00 

11HTerpnpoBaHIIe no >,. npoBO)J.IITC.H )J.IIarOHaJIII3au;IIe:li IlOK83aTeJIH 3KCilOHeHTbI: 

->..2a2t + i>..(x - l) = -ta2 (>.. - ? ~ l)
2 

- (x
4
-})2 (2.96) 

2a.t at 

ll IICilOJib30BaHIIeM IIHTerpana raycca: 

B pe3yJibTaTe 

IlpIIMep: 

PemeHIIe: 

u(x, t) 

+oo r,;; 

I d 
-a2x2 y1l" xe = --, 

a 
a> 0. 

-00 

+oo 

u(x, t) = I G(x, e, t)</J(l)dl; 
-oo 

1 . (z-p2 
G(x, e, t) = .J,iia,'ii,e 4a I 

41l"a2t 

u(x, 0) = <fJ(x) = Ti, x > 0, 

<p(x) = T2 , x < 0. 

0 00 
T2 I ~ (z-e\2 Ti I ~ (z-e\2 

= ..fa ,.fioJt----.;r,- + ..fa J4a2(----.;r,- = 
-00 0 

= Ti +T2 + Ti -T2<I> (-x-) 
2 2 v'4a2t ' 
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(2.97) 

(2.98) 

(2.99) 

(2.100) 

I 

z 2 

r,rr.e <I>(z) = },,, [ dxe-x - q>yHKIJ;IIH OIIIII6oK. 

PemIIM 3a,rr.aqy )J.JIH cnyqa.s: <p(z) = exp(-b(z - c)2), b > 0. IloJib3YHCb anre6pa
II'leCKIIM COOTHOIIIeHIIeM 

2 2 x1 a + x2b ab 2 
( )

2 

a(z-x1) +b(z-x2) =(a+b) z- a+b + a+b(x1-x2), (2.101) 

IlOJIJ'lIIM pemeHIIe 

( ) 
1 b(z-;;>2 

U X, t = -,=:;==;;==e-1+4a bt 
JI+ 4a2bt ' (2.102) 

T.e. pemeHIIe npe,rr.cTaBJIHeT co6ofi oce,rr.aIOm;IIfi co BpeMeHeM KOJIOKOJI c BepIIIIIHOfi, 
pacnoJimKeHHO:li B TO'!Ke X = c. 

IlocTpOIIM <PYHKIJ;IIIO fpIIHa )J.JIH CTep:arn.s:, KOHTaKTIIpy10m;ero co cpe,rr.ofi npII 

TeMrrepaType T = 0 [3, III-61J. CooTBeTCTBy10m;a.s: KpaeBaH 3a,rr.aqa CTaBIITCH TaK: 

Ut = a
2
uxx - hu, u(x, 0) = f(x), -oo < x < oo, . 0 < t < oo. 

YpaBHeHIIe )J.JIH q>ypbe-o6p83a 6y,rr.eT IIMeTb BII)J. 

flt+ a2 >..2u(>.., t) + hil(>.., t) = O; 
u(>.., 0) = /(>..); u(>.., t) = /(>..) exp(-ht - a2 >,.2t). 

(2.103) 

(2.104) 

B pe3yJihTaTe q>yHKIJ,IIH fpIIHa 6y,rr.eT chtG(z, x; t), r,rr.e G(x, z, t) rrp:irne,n;eHo B (2.98). 
OTMeTIIM HeKOTOpbre CBOiiCTBa <PYHKIJ,llll fpIIHa: 

1) G > O; 

2) G(x, l, t) = G(l, x, t); 
3) Gt = a2Gxxi (2.105) 
4) G(x, l, 0) = o(x - l)-
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rJIABA 3 

-YpaBHeHH.51 9JIJIHITTHqecKOrO THITa 

-YpaBHeHIUIMII 3JIJIIIIITIIqecKoro TIIIIa }IBJI}IIOTCH, HaIIpIIMep, CTal],IIOHapHoe ypaB

HeHIIe IIIpe,I],IIHrepa, CTaIJ,IIOHapHoe ypaBHeHIIe TeIIJIOIIpOBO,I],HOCTII, ypaBIIeHII}l ,I],JIH 

rpaBIITaIJ,IIOHHOrO ll 3JieKTpOCTaTIIqeCKOrO IIOTeHIJ,IIaJIOB, OIIIICaHIIe IIOTeHIJ,IIaJibHOrO 

TeqeHII}l )KII,I],KOCTII II ,I],pyrIIe 3a,I],aqII. 

KJiaccmpHKaIJ,HH ypanHeHHH ( TepMHHOJIOrHH) 
-YpaBHeHIIe .6.u = 0 Ha3b1BaeTC}l ypaBHeHIIeM llaIIJiaca, ypaBHeHIIe .6.u = f -

ypaBHeHIIeM IlyaccoHa. 
<l>yHKI],IIII, y,I],OBJieTBOpHIOIII.IIe ypaBHeHIIIO llaIIJiaca, Ha3bIBalOTC}l rapMOHIIqec-

KIIMII. 
3a,I],aqa OTblCKaHII}l cpyHKI],IIll, y,Il,OBJieTBOpHIOIII.efi ypaBHeHlllO IlyaccoHa IIPII ycJIO-

BIIII, qTO Ha IIOBepXHOCTII TeJia 3Ta <pyHKI],IIH IIpIIHIIMaeT 3a,I],aHHOe 3HaqeHIIe, Ha-

3b1BaeTCH 1-fi KpaeBOfi 3a,I],aqefi llJIII 3a,I],aqefi ,Il,IIpIIXJie. ECJIII )Ke Ha IIOBepXHOCTII 

3a,I1,aHa IIpOII3BO,I],HaH TIO HOpMaJIII HeII3BeCTHOfi cpyHKI],IIII, TO 3TO - IIOCTaHOBKa 2-:li: 
KpaeBOR 3a,I],aqII, IIJIII )Ke 3a,I],aqII HeiiMaHa. Pa3JIIIqaJOT BHellIHIOIO II BHyTpeHHIOIO 

KpaeBble 3a,I],aqII B 3aBIICIIMOCTII OT Toro, BHe IIJIII BHYTPII TeJia C ,I],aHHOR IIOBepx-

HOCTblO Ha,I],O HafiTll cpyHKI],lllO-
cI>yH,n;aMeHTaJibHbie pemeHHH ypanHeHHH Jla1maca 
PellleHIIe ypaBHeHII}l llaIIJiaca ,I],JIH TpexMepHoro IIpOCTpaHCTBa B ccpepIIqeCKll-

CIIMMeTpIIqHOM cJiyqae IIMeeT Bll,Il, [3, 6] 

.6.u(r) = _!_~ (r2du(r)) r2dr ~ =0, 
2du = C1; 

r dr 

C1 
u(r) = -+C2. 

r 
(3.1) 

<l>yH,Il,aMeHTaJibHOe pellleHIIe ,I],JIH IlJIOCKOCTll B cJiyqae a3IIMYTaJibHOfi CIIMMeTpllll 

IIJIII ,I],JI}l I],IIJIIIH,I],pa B CJiyqae He3aBIICllMOCTII OT KOOp,D;IIHaT z, </J: 

.6.u(p) = 0, 
~j__ (/u(p)) = 0, 
pdp dp 

du= C1, 
p dp 
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u(p) = C1 ln Po + C2-
p 

(3.2) 

3,n;ech Heo6xo,n;IIMO OTMeTIITh, qTo TOqKa r =:= 0 IIJIII p = 0 ,D;OJI:lKHa 6bITb IICKJIJOqeHa, 

T.e. 3TII <pyH,n;aMeHTaJibHhie pellleHII}l CIIpaBe,I],JIIIBbl BO BCeii o6JiaCTII BHe HeKOTopoii 

ccpepbl IIJIII BHe HeKOTOp0ro I],IIJIIIH,D;pa (oKpy)KHOCTII), r,n;e pellleHIIe KOHeqHO. 

3.1 <f>opMyJihl rp:uHa 

PacCMOTpIIM HeKOTOpoe TeJIO Tc IIOBepXHOCTblO S [12]. flpIIMeHIIM <pOpMyJiy OcT

porpa,n;cKoro 

ff h, div Adr = f ls Anda, (3.3) 

r,n;e dr, da - 3JieMeHThI o6'beMa II IIOBepxHOCTII, An - IIpoeKll,IIH BeKTOpa A Ha BHelll

HJOIO HOpMaJib K IIOBepXHOCTII. 

flpIIMeHIIM 3TY <popMyJiy K A= u'vv II BOCIIOJih3yeMCH II3BeCTHhIM cooTHOille

HIIeM div.A= 'vu'vv + u.6.v. 
Ilo,n;cTaBJIHH B cpopMyJiy OcTporpa,n;cKoro, IIOJiyqIIM IIepByro cpopMyJiy fpIIHa 

h, uSv = ls u :: da - J;. 'vu'vvdr. (3.4) 

BTopaH <pOpMyJia fpIIHa_ II0JiyqIITCH II3 IIepB0ii Bb[qIITaHIIeM ll3 Hee aHaJI0rIIqHoii 

<pOPMYJihI, II0JiyqeHH0ii nepeCTaHOBKOfi <pyHKI],IIR u, V. OHa IIMeeT Bll,D; 

h(u.6.v - v.6.u)dr = j (uddv - vddu) da. (3.5) 
T , s n n 

,II,a,n;IIM aHaJIOr 3T0H <pOPMYJibI ,I],JI}l ,D;ByMepHoro IIP0CTpaHCTBa. 3,n;ecb BMeCT0 

TeJia T n IIOBepxHOCTll ero S 6y,n;yT <pIIrypIIpOBaTb IIJIOCKaH <pnrypa S II ee KOHTYP 

C - npocTaH 3aMKHyTaH KpnBaH: 

3.2 

1 ·. L ( dv du) (u.6.2v - v.6.2u)ds = u-d - v-d _ dl. 
s c n n .. . 

Pemenue KpaeBhIX sa,n;aq ,L(:up:uxJie 

:u HeiiMaHa 

(3.6) 

Bb16epeM BHYTPII TeJia T ToqKy Mo(xo, Yo, zo), OKpy)KIIM ee ccpepofi MaJIOro pa:ri.II

yca L flpnMeHIIM BTopyro <popMyJiy fpnHa .K H0B0MY TMY, IIOJiyqeHHOMY II3 T 
Bbipe3aHIIeM Illapa K, MaJioro pa,n;nyca C IJ,eHTPOM B Mo '[3, 5]. 

B KaqeCTBe <pyHKIJ,IIfi u, v BbI6epe,M rapMOHnqecKne <pyHKI],IIII u, v = l/ R, R = 
J(x - x0 )2 + (y - y0 )2 + (z - z0)2, r,n;e x, y, z rtpo6era10T IIpocTpaHCTBO Me)K,n;y ccpe-

' 
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po:lt II nOBepXHOCTblO Tena s. B 3TO:lt o6naCTil cpyHKIJ,mI 1 / R ~IBmieTC.H cpyH,n;aMeH

TaJibHbIM pemeHHeM ypaBHeHHSI Jlannaca. B pe3ynbTaTe nonyqnM 

f (u~.!._ - .!._~u) dr = 
lr-K, R R 

=f(u~.!.__.!._~)M+fu~.!._M_{.!._~.!._~ 
ls dnR Rdn ls, dnR ls, RdnR 

(3.7) 

B npe,n;ene t: ➔ 0 noCJie,n;Hee CJiaraeMoe B npaBo:lt qacTH ncqe3aeT, BTopoe :lKe ,n;aeT 

KOHeqHbI:lt BKna.n;, TaK KaK 

dl dl 1 1 
------ - -=-; 
dnR dr r r 2 t:

2 

da = t:2d0; 
f d 1 

ls, u dn Rda = 41ru(M0 ). 
(3.8) 

HHTerpaJI B neBO:lt qacTH paBeHCTBa eCTb Hynh, nOCKOnbKY <PYHKIJ,Illl u, 1/ R rapMO

HHqecKHC. TaKHM o6pa30M, Mbl BbIBeJIIl Ba:lKHYIO cpopMyny 

1 /1 [ 1 du d 1 ] u(Mo) = -
4 

-R -d - u-d. -R da, (3.9) 
7r s MoP n n MoP 

n03BOnSIIOieyI0 Ha:ltTH 3HaqeHHC rapMOHnqeCKO:lt cpyHKIJ,Illl B n1060:lt ToqKe BHYTPH 

Tena, eCJIH H3BCCTH0 ee 3HaqeHHC II 3HaqeHHC ee npOH3BO)l;HO:lt no HOpMaJIIl Ha no

BepXHOCTil TeJia s. B 3TO:lt cpopMyne p - TOqKa Ha noBepXHOCTil Tena, RMoP -
paCCTOSIHHC Me}K,lzy TOqKaMH Mo, P. TipnBe,n;eM TaK:lKC aHaJIOr 3TO:lt cpopMynhI ,n;Jrn 

nnocKoro Tena, orpaHnqeHHoro KOHTYPOM C: 

1 1 [ 1 du d 1 ] u(Mo) = - In --- - u- ln -- ds, 
21r c RMoP dn dn RMoP 

(3.10) 

3,ll;CCb ds - aneMeHT ,n;JIHHbl KOHTypa. 
KoM6HHHPYSI nonyqeHHOC ypaBHCHHC ,n;JISI TpeXMepHoro CJiyqag c ypaBHCHHCM 

(BTOpaSI cpopMyna fpnHa ,n;Jrn rapMOHilqecKHX cpyHKIJ,H:lt u, v) 

1 ( du dv) 0= v--u- da, 
s dn dn 

(3.11) 

nonyqHM 

f [ du dG] 
u(Mo) = ls G dn - u dn M, 

1 
G= 4 R +v. 

7r MoP 
(3.12) 
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<l>yHKIJ,IlSI G Ha3hIBaeTCSI <PYHKIJ,He:lt fpnHa. TionyqeHHYIO cpopMyny MO:lKHO ncnonh-

30BaTb ,n;JISI peIITCHHSI 1-ii II 2-ii KpaeBbIX 3a,n;aq. ,I:J:ng 1-ii 3a,n;aqn BbI6npaIOT rap

MOHHqeCKYIO <PYHKIJ,HIO V TaK, qT06bI o6ecneqHTb Gs = 0, II nonyqaIOT peIITCHHe B 

BII,D;e 

u(Mo) = -f daudG dn. (3.13) 

,LI:nSI 2-ii 3a,n;aqn <PYHKIJ,HSI V no,n;6npaeTCSI TaK, qTo6hI BbIITOnHSinOCb ycnOBHe 

(dG/dn)s = 0, ~ peIITeHne nMeeT BH,ll; 

I du 
u(M0 ) = G dn da + const. (3.14) 

K peIITeHHIO 2-ii KpaeBoii 3a,n;aqn MhI c,n;enaeM ,n;Ba 3aMeqaHHSI. TiepBoe: peIITeHne 

onpe,n;eJieHO C TOqHOCTbIO ,n;o npOH3BOnbHOii nOCTO.HHHOii. BTopoe: npe,n;nonaraeMoe 

H3BCCTHbIM 3HaqeHne npOH3BO,ll;HOH no HOpMaJIIl cpyHKIJ,Illl Ha noBepXHOCTil Tena He 

SIBn.HeTCSI npOil3BOnbHhIM, a ,n;on:lKHO y,n;oBneTBOp.HTb YCJIOBIIIO 

! duda=O. 
dn 

(3.15) 

9TO ycnOBHe CJIC/J,YCT Il3 BTopoii cpopMynhI fpnHa,. npHBC)l;CHHOii BhlIIlC A)ISI cnyqag 

V = 1. 
PaCCMOTpHM 1-IO KpaeByIO 3a,n;aqy ,n;JISI nnOCKOCTH, Kpyra II ccpepbl. 

TiycTb B KaqeCTBe noBepXHOCTil s 6y,n;eT nnOCKOCTb, 3a,n;aBaeMaSI B ,n;eKapTOBbIX 

KOOp,D;HHaTax ypaBHCHIICM z = 0. CqnTaeM, qTo 3a,n;aHO pacnpe,n;eneHHe 3ap.H,D;OB 

Ha nnOCKOCTil <PYHKIJ,HCii: J(x, y). CTaBHM 3a,n;aqy 06 onpe,n;eneHHil noTCHIJ,HaJia, co-

3,D;aBaeMoro 3THMH 3ap.H,n;aMH B HCKOTOpoii TOqKe M(xo, Yo, zo) BHC nnOCKOCTil. Mb! 

,n;on:lKHbI nOCTpOHTb <PYHKIJ,HIO fpnHa - rapMOHnqecKyIO <PYHKIJ,HIO, o6paIIJ,aIOieyIOC.H 

B Hynb Ha nnOCKOCTH. 9Ta <PYHKIJ,HSI IIMCeT BIi)]; 

1 1 
G(M,P) = -

4 
-R +v, 

7r MP 

RMP = /(x - xo)2 + (y - Yo) 2 + (z - zo)2. (3.16) 

YcnoBHIO Gz=O = 0 MO:lKHO y,n;oBneTBOpHTh, BhI6paB v = -(l/(41rR1)), R1 = 
J(x - Xo)2 + (y - Yo)2 + (z + zo)2. R1 .HBnSieTC.H paCCTOSIHilCM OT TOqKil p nnoc

KOCTH ,n;o TOqKn, SIBJISIIOIIJ,eiic.a 3epKaJibHO OTpa:lKCHHOH OTHOCHTeJibHO nnOCKOCTH no 

OTHOIITCHHIO K TOqKe M. ECJIH B 3TY TOqKy noMeCTHTb 3ap.H,n; npOTHBOnonO:lKHOro 

3HaKa, TO noTeHIJ,IlaJI Ha nnOCKOCTH, C03,D;aBaeMhlii 3THMH ,ll;BJMSI ToqKaMH, 6y,n;eT 

paBeH Hyn10, KaK CCJIH 6bI 3Ta nnocKOCTb 6h1na npOB0/1,SIIIJ,eii II 3a3CMneHHOii. 

Ilo 3TO:lt npHqHHC MeTO/J, nOCTpOCHHSI q>JHKIJ,HII fpHHa Ha3bIBaCTCSI MeTOl],OM OT

pa:>KeHHH. HTaK, <PYHKIJ,HSI fpnHa A)I.H nnOCKOCTil IlMCeT Bll/1, 

1 [ 1 1 ] 
G = 41r RMP - R1 . (3.17) 
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BbPUICJHIH ee npOH3BOAHYIO no HOpMaJill (no z) npH z = 0, IIOJIY'IHM ,IJ;JIH IIOTeHIJ;ll

ana Bbrpa:lKeHne 

+oo +oo 
u(Mo) = __!__ f dx f dy zof(x, y) . 

21r _
00 

_
00 

✓[(x - Xo) 2 + (y - Yo)2 + z5]3 
(3.18) 

,II:JIH npnMepa pelllHM 3a,n;aqy [3, IV-35]. 
Haii:TH IIOTeHIJ;HaJI, Bbl'lllCJIHTb IIJIOTHOCTb 3apH,ll;OB, HH,IJ;YIJ;HpoBaHHblX Ha npo

BO,IJ;Hlll;Cll IIJIOCKOCTH 3apH,ll;OM, paCIIOJIO)KeHHblM Ha,n; IIJIOCKOCTblO Ha pacCTOHHllll z. 
PellleHHe. IloTeHIJ;HaJI, C03,IJ;aBaeMblll 3apH,ll;OM ll HH,IJ;YIJ;llpOBaHHblMH Ha IIJIOC

KOCTH 3apH,n;aMH (npOTHBOIIOJIO:lKHOro 3HaKa), ,ll;OJI)KeH 6bITb paBeH HyJIIO Ha npOBO

,IJ;H:rn;eii: IIJIOCKOCTH. Ilo3TOMY OH paBeH 

u = e (:
0 

- :J , ro = ✓e + 112 + cz _ ,\)2; 

r1 = ✓e + 712 + (z + ,\)2. (3.19) 

IloBepxHOCTHaH IIJIOTHOCTb 3apH,ll;OB ll IIOJIHblll HH,IJ;YIJ;HpoBaHHblll 3apH,n; TaKOBbl: 

1 du 
a(t 71) = - 47r d,\ i>-=O = 

ez 1 

41r ✓f f,2 + 712 + z2]3' 

e' = J df,d71a(f,, 71) = -e. (3.20) 

3,n;ecb Mbl IIOJIO:lKeHHe TO'lKll Ha IIJIOCKOCTH napaMeTpll30BaJill BCJill'lHHaMH f,, 7/· 

IIocTpoem1e <pyHKu;nn rpnHa .n;m1 ccpephI 
IlpHMCHHM aHanor MeTo,n;a OTpa:lKCHllll ,IJ;JIH HaxO:lK,IJ;CHHH rapMOHH'lCCKOii: q>YHK

IJ;llll v, o6ecne'lHBaIO:rn;eii: o6pa:rn;eHHe B HYJib q>yHKIJ;llll fpHHa Ha IIOBepXHOCTH c¢e-

pbr: 
1 _l_+v. 

G(Mo, P) = 41r RMoP 
(3.21) 

IlycTh Mo - TO'lKa BHYTPH cq>epb1 c ri;eHTpOM 0. Ha npo,n;OJI:lKCHHH Jiyqa OM0 

Bhr6epeM TO'IKY M1, TaKyIO, 'ITO IIpOH3Be,n;eHHe paCCTOHHllll OT ri;eHTpa c¢epbl ,n;o 

3THX TO'leK paBHO KBa,n;paTy pa,n;uyca cq>epbl: 

PoP1 = R 2
, po< R. (3.22) 

,II:Jrn JII06oii: TO'IKH p Ha IIOBepXHOCTH cq>epbl TpeyrOJibHHKll Op M1, 0 p Mo II0-

,n;o6Hbl no nocTpoeHnIO. lb no,n;oQHH Haxo,n;nM CBH3b paccTOHHHfi Me:lK,n;y TO'lKaMlI 

ro = p Mo, r1 = p M1 : ro = ir1 .. cho IIOCTpoe.HHe II03BOJIHCT Haii:TH q>YHKIJ;HIO 

fpnHa ,IVIH c¢ephr: 1 [1 R_!_]· 
G(Mo, P) = 41r ro - Po r1 

(3.23) 
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,IJ:JIH TO'IKH P, Jie:lKa:w;eii: Ha Cq>epe, q>YHKIJ;HH fpnHa o6pa:rn;aeTCH B HYJib, KpoMe 

Toro, OHa YAOBJICTBOpHeT ypaBHCHHIO J1anJiaca. BbI'lHCJIHM ee IIpOH3BOAHYIO TIO 

HOpMaJIH. IlOJib3JHCb 

d 1 1 R2 + r 2 
- ro -- = 0 o. 

dn r0 r5 2Rr0 ' 

d 1 1 R2 + r? - pf 
--=-2 = 
dn r1 r1 2Rr1 r? 2p0r0 

1 ro + r5 - R2 

(3.24) 

noJiy'lHM (dG /dn)s = -(R2 
- J76)/(41r Rr3) H pellleHne BHJTpeHHeii 3a,n;aqn ,II:npnXJie 

,IJ;JlH Cq>epbl 

D.u = O; u(r, 0, <P)r=R = f (0, <P) (3.25) 

B Bll,IJ;C 

R2" ". R2-P6 
u(Po, Bo, <Po)= 4 / d</J J sm 0d0f(0, </J) ✓ , 

1r O O [R2 - 2Rpo cos-y + p5]3 

cos-y = cos 0 cos 00 + sin 0 sin 00 cos(</J - </J0). (3.26) 

AHaJIOrll'lHO MO:lKHO IIOJIJ'lllTb pellleHne BHClllHeii: 3a,n;aqn ( 3Ha'leHIIe q>JHKIJ;Hll 

U BHC cq>epb1): 

R 21r " R2 2 
u(p1, Bo, <Po)= 4 / d</J j sin0d0f(0, </J) ✓ - + Pi . 

1r O O [R2 - 2Rp1 cos 'Y + PiJ3 
(3.27) 

AHanom'lHOe Bhl'lIICJieHn:e ,n;JIH q>JHKIJ;IIII fpnHa ,IVIH Kpyra pa,n;nyca R (Bee o6o-

3Ha'leHn:H ,IVIH cq>epbl 3,IJ;eCb OCTaIOTCH TCMH )KC CaMbIMll) ll pellleHHH BHYTPCHHeii 

3a,n;aqn ,II:npIIXJie ,n;aeT 

( ( ( ) 
1 por1 

D.2u = 0, u p, O)µ=r = f 0), G Mo, P = - In -R; 
21r ro 

12" R2 2 
u(po, 00) = 21r / f(0)d0 R2 _ 2Rpo~:S(e _Bo). (3.28) 

0 

IlpnMep [3, IV-52]. . 
HaiiTH IIJIOTHOCTh noBepxHOCTHbIX 3apH,1J;0B, IIH,IJ;YIJ;HpyeMbIX TO'le'lHbIM 3apH,IJ;OM, 

Haxo,n;H:rn;IIMCH BHYTPll 3apH:lKCHHOii: Cq>epbI. OTBeT: 

a= 4: (~~t ~ R2 _ P2 

41r Rr! ' 
(3.29) 

r,n;e ro, Po, R - pacCTOHHllH OT TO'IKH Ha Cq>epe ,n;o TO'IKH, r,n;e HaXO,IJ;HTCH 3apH,n; e, OT 

IJ;eHTpa Cq>epbl AO 3apH,n;a, pa,n;nyc Cq>epbl COOTBeTCTBCHHO. 
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IIpocTeiimHe npHMepbl C 1-ii II 2-ii KpaeBblMH 3a,D;a'laMH 
Pememrn 1-fi BHyTpeHHefi KpaeBOii 3a,II.a'IH ,II.JUI Kpyra 

A2u = 0, u(p, </>)p=R = !(</>) 

HMeeT BH,II. 

A 00 (P)n u(p,</>)=j+L R (Ancosn</>+Bnsinn</>); 
n=i 

1 2,r 1 2,r 

An=; j d</>f(</>) cosn<f>, Bn =; j d</>f(</>) sinn<f>. 
0 0 

Pemea11e 1-fi BHemaei!: KpaeBoi!: 3a.rr.aq11 ,II.JUI Kpyra: 

A 
00 

(R)n u(p, </>) = 2 + L - (An cos n</> + Bn sin n<f>). 
2 n=i p 

Pemea11e 2-i!: KpaeBoii 3a,II.a'IH 

A2u = 0, du = f(</>), 
dnp=r 

,II.JI.ff Kpyra BHYTPH (a), BHe (6) HMeeT BH,II. 

oo pn 
a) u(p, </>) = L Rn-i (An cos n</> + Bn sin n</>) + C; 

n=i n 
oo Rn+l 

6) u(p, </>) = L -n-(An cos n<f> + Bn sin n</>) + C. 
n=i np 

,lJ,JI.H BTOpoi!: 3a,II.a'IH aeo6XO,II.HMO y6e,1I.HThC.H B BbIIIOJIHeHHH ycJIOBH.H 

2,r I d</>f(</>) = o, 
0 

B rrpoTHBHOM CJiyqae 3a,II.a'la ae HMeeT pememrn. 

(3.30) · 

(3.31) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

3.3 KpHBOJIHHe:iiHhie Koop,n;nHaThI. Bn,n; J1anJ1acn-

aHa 

Pa3,ZJ;eJieHHe nepeMeHHblX B ypaBHeHIUIX illpe,D;HHrepa H reJihMrOJibD;a. 
KBa.rr.paT paCCTO.HHH.H Me)K,lzy ,II.BYM.H 6JIH3KHMH TO'!KaMH B CHCTeMe KpHBOJIHHei!:HbIX 

KOOp,II.HHaT qi' q2, q3 3arrHCbIBaeTC.H B BH,II.e (12, 17] 

ds2 = h~dq~ + ~dq~ + h~dqf (3.36) 
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Ko3cpcpnu;neHTbI JlaMe h; MoryT 6bITb BhI'lllCJieHbI, eCJin 3a,II.aHa CB.H3h KpllBOJIHHeil:

HbIX KOOp,II.HHaT C .rr.eKapTOBbIMll no q>OpMyJie 

h;= ( dx)
2 

(dy)
2 

(dz)
2 

dq; + dq; + dq; 

Jiarrnacnaa ( orrepaTOp .rr.ncpcpepeau;npOBaHn.H BToporo rrop.H,II.Ka) 

d2 d2 d2 A=-+-+-dx2 dy2 dz2 

B KpllBOJIHHeil:HbIX KOOp,II.llHaTax HMeeT Bll,II. 

A __ 1 _ _!:_ (h2h3 _!:_) + _l _ _!:_ (hih3 _!:_) + 
- hih2h3 dqi hi dqi hih2h3 dq2 h2 dq2 

l d (hih2 d ) 
+ hih2h3 dq3 ~ dq3 . 

(3.37) 

(3.38) 

(3.39) 

BbI'lllCJillM K03<pcpnu;neHTbI JlaMe ,II.JI.ff ccpepn'leCKllX KOop,n;HHaT. CB.H3h KOOp,II.nHaT 

TO'IKll B ccpepn'leCKHX (r, 0, <I>) 11 ,n;eKapTOBhIX (x, Y, z) KOOp,II.HHaTax TaKOBa: 

x = rsin0cos<f>; y = rsin0sin¢;· x = rcos0. (3.40) 

Ko3cpcpnu;HeHTbI JlaMe ll JiarrnacnaH HMelOT BH,II. 

h2 -l· h2 -r2
· h2 -r2sin20 r-, o- , ¢>- , 

A=-- r - +---- sm0- +-~---. ld( 2 d) 1 d(· d) l d2 
r2 dr dr r 2 sin 0 d0 d0 r 2 sin2 0 d<f>2 

CB.H3b KOOp,II.HHaT TO'IKH B Il;HJIHH,II.pll'leCKllX ll .rr.eKapTOBbIX KOOp,n;nHaTax TaKoBa: 

x=pcos</J; y=psin</J; z=z. (3.41) 

Ko3cpcpnu;neHThr JlaMe II narrnacnaa nMe10T Bn.rr. 

h2=l· h2=p2· h2=l· p ' ¢> , z , 

l d ( d) l d2 d2 
A = p dp p dp + p2 d</>2 + dz2. (3.42) 

YpaBHeHne llipe,II.HHrepa HMeeT BH,ll; 

(-~A+ V(x,y,z)) w(x,y,z) = Ew(x,y,z). (3.43) 

MeTO,II. Pa3,II.eJieHll.H rrepeMeHHhIX IIO3BOJI.HeT CBeCTll pemeHHe ypaBHeHll.H B qaCTHbIX 

npon3BO,ll;HhIX K TpeM o6bIKHOBeHHbIM .rr.ncpcpepeHn;llaJibHbIM ypaBHeHll.HM. IIpo,n;e

MOHCTpnpyeM 3TO Ha rrpnMepe 3a,II.a'IH. 
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Pa3)].eJIHTb nepeMeHHbie B ypaBHeHHH lllpe)].HHrepa )].JIH JIOTeHIJ,HaJia BH)].a [6, 
61]: 

1) 

2) 

3) 

1 
V = f(p) + p2g(</>) + h(z); 

1 1 
V = J(r) + 2g(0) + 2 • 2 l(</>); r r sm 

V = f(x) + g(y) + h(z). (3.44) 

PerneHne )].JIH CJiy'laH 1: ypaBHeHHe 3aIIHCbIBaeM B l],HJIHH)].pH'leCKHX KOOp)].HHaTax; 

perneHne nlll,eM B BH)].e ( aH3a11,) 

'11 = R(p)ifJ(<f,)Z(z). (3.45) 

IIo)].CTaBJIHH 3TOT aH3al], B OCHOBHOe ypaBHeHHe H )].eJIH o6e '!aCTH ypaBHeHHH Ha 

RifJ z, JIOJIY'IHM 

1 1 ,, ( ) - 2-:zZ + h z = .\1; 

1 if," 
- 2~ + g(</>) = .\2; 

1 1 d I A2 
----(pR) + f(p) + - = E - .\1. 

2Rdp p2 
(3.46) 

BeJIH'IHHhl A; HBJIHIOTCH nocTOHHHhIMH. B cJiy'lae 2 perneHne Hlll,eM B Bn)].e W = 
R(r)P(0)ifJ(<f,). I1cnoJih3YH Bblpa)KeHne JianJiacnaHa B ccpepn'IeCKHX Koop)].HHaTax, 

aHaJIOrH'IHO JIOJIY'IHM 

1 if," 
-2~ + h(</>) = .\1; 

1 (sin 0P')' ,x 
- 2 2Psin0 + g(O) + -:-½-0 = -X2; 

1 
sm 

---( 2R')' .\2 2r2R r + r2 + f(r) = E. (3.47) 

,Il,JIH cJiy'laH 3 perneHne Hlll,eM B BH)].e '11 = X(x)Y(y)Z(z). ,II,anbHefirnyro npo11,e)].Ypy 

'IHTaTeJib JierKo npo)].eJiaeT caM. 
HapH)].Y C ynoMHHYTbIMH BbIIlle )].eKapTOBOll, 11,HJlHH)].pH'IeCKOfi H ccpepn'IeCKOll 

CHCTeMaMH KOOp,ll.HHaT HMeeTCH elll,e 8 CJiel],HaJibHbIX KOOp)].HHaTHbIX CHCTeM, )].Onyc

KaIOill,HX pa3)].eJieHne nepeMeHHbIX. 
MbI paCCMOTPHM HeKOTOpbie H3 HHX Ha npnMepe ypaBHeHHH feJihMrOJibll,a [17] 

tl'I/; + k2 '1/; = 0. (3.48) 

1. IIapa6om1'!eCKHe 11,HJlHH)].pH'IeCKHe KOOp)].HHaTbI CJie)].YIOill,HM o6pa30M CBH3aHbl 

C )].eKapTOBbIMH: 

1 2 2 
X = 2(U1 - U2), Y = U1U2, Z = U3. (3.49) 
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CooTBeTCTBYIOill,He K03<p<plll],HeHTbI JlaMe HMeIOT BH)]. h1 = ✓ur + u~ = h2, 
1. YpaBHeHne feJibMrOJibl],a HMeeT BH)]. 

1 [ d2 d2 ( 2 2) d2 ] · 2 -2--2 -d 2 + -d 2 + U1 + U2 -d 2 'I/;+ k 'Ip = 0. 
U1 + U2 U1 U2 U3 

ha= 

(3.50) 

IIo)].CTaBJIHH B 3TO ypaBHeHne 'Ip= Vi.(u1)Vi(u2)½(ua) H ,l].eJIH ero Ha 'I/;, JIOJIY'IHM 

V/' V," V" 
_1 + --2. + (u2 - u2)2.. + k2(u2 + u2) = 0 
Vj_ Vi 1 2½. 1 2 · (3.51) 

Pa3)].eJIHH CJiaraeMbie, 3aBHCHill,He OT pa3HbIX apryMeHTOB, JIOJIY'IHM 3 ypaBHeHHH 

V,, 2v TT" (k2 2) 2V, V,. a = -m a, v 1 + - m u 1 1 = -c1 1, 

v;i + (k2 + m2)u~Vi = Ci Vi- (3.52) 

2. IIapa60JIH'leCKHe KOOp)].HHaTbI 

X = U1 U2 cos U3, y_ = U1 U2 sin U3, 1 ( 2 2) z = 2 U1 - U2 j 

hi= h2 = ✓ur + u~, ha= U1U2. 

I1po11,e)].Ypa pa3)].eJieHHH npHBO)].HT K CHCTeMe ypaBHeHnfi 

V;' = -m
2
½, u1(u1V{)' + (k2uf- m 2)Vi. = cuIVi.; 

u2(u2V;)' + (k2u~ - ~ 2
)Vi = -cu~Vi

,Il,JIH JIOJIHOTbI npnBe)].eM eI11,e CJie)].YIOill,He CHCTeMbI KOOp)].HHaT. 

3. 9JIJIHJITH'leCKHe 11,HJIHH)].pll'leCKHe KOOp)].HHaTbI 

x = acoshu1 cosu2, y = asinh u 1 sin u - 2, z = u3; 

(3.53) 

(3.54) 

hi = h2 = a✓sinh2 u1 + sin2 u2, h3 = 1. (3.55) 

4. BhITHHYThie ccpepn'lecKne Koop)].HHaTbl (prolate spherical coordinates) 

x = a sinh u 1 sin u2 cos ua, y = a sinh u 1 sin u 2 sin u 3, z = a cosh u 1 cosh u 2; 

hi= a✓cosh2 u 1 - cos2 u2 = h 2; h3 = asinh u 1 sin u 2. (3.56) 

5. CnJIIOCHYThie ccpepn'IeCKHe KOOp)].HHaThI (oblate spherical coordinates) 

x = a cosh u 1 cos u2 cos ua; y = a cosh u 1 cos u2 sin u3; z = a sinh u1 sin u2 ; 

h 1 = h2 = a✓ sinh
2 

u 1 + sin2 u2 , h3 = a cosh u 1 cos u 2. (3.57) 

6. TopOH)].aJibHble KOOp)].HHaTbI 

a sinh u 1 cos u3 x-------· - , 
p 

a sinh u1 sin u 3 y= ; 
p 

a . 
z = -smu2; 

p 
a 

.h1 = - = h2, 
p 

p = cosh u 1 - cos u 2; 

ha= asinh u1 

p 
(3.58) 

B Ka'!eCTBe yrrpa)KHeHHH npe)].JlaraeTCH BbIIIHCaTb COOTBeTCTBYIOill,He ypaBHeHHH, 

IlOJiy'laeMble B npo11,e)].Ype pa3,l].eJieHHH nepeMeHHbIX B ypaBHeHHH feJibMrOJihl],a. 
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3.4 ~HJIHH,Ll;pH""CJeCKHe H ccpepn:-qecKHe cpyHKIJ;HH: 

q:>yHKIJ;HH BecceJI.H H ITOJIHHOMbl J1e)KaH,n;pa 

Tipu HaXO)K)];eHUlI HeTplIBilaJlbHOro (TO)K)].eCTBeHHO He paBHOrO Hymo) perneHU£ 3a

)].aq 

Vxx + AV = 0, Vxx + Vyy + AV = 0, Vxx + Vyy + Vzz + AV = 0 (3.59) 

BHYTPlI HeKOTOporo TeJia T B03HUKaIOT pa3JIIlqHbie TlIIlbl <pyHKIJ,Ilfi. ECJilI TeJIO 

T - 0Tpe30K, IIp£MOyrOJibHlIK lIJilI rrapaJIJieJierrnrre)]., TO cpyHKIJ,IllI V Bbrpa)Ka10TC£ 

B TepMuttax TpuroHoMeTpuqecKux <pyHKIJ,ufi. ECJiu T - Kpyr, IJ,lIJilIH)].p, map, TO 

II0£BJI£10TC£ IJ,lIJilIH,1].pUqecKue lI ccpepuqeCKile <pyHKil,IllI. 

,Il,JI£ Kpyra pa)].uyca ro, rrepexO)].£ K Il,lIJilIH,1].pUqeCKlIM KOOp,1].HHaTaM, lIMeeM 

1 d ( d ) 1 d
2
v -- r-v +--+Av=0 

r dr dr r 2 d<jJ2 ' Vr=ro = 0. (3.60) 

YpaBHettue )].OrrycKaeT pa3,ll.eJieHue rrepeMeHHbIX. Tio)].cTaBJI££ v(r, </>) = R(r)<I>(<f>), 
IIOJiyquM 

1 <I>" 
Rr (rR')' + r<I> +A= 0, 

<I>" 
~=-µ; 

r(rR!)' + ARr2 
R =µ. (3.61) 

Ifa yCJIOBlI£, qT06h1 <pyHKIJ,lI£ <I>(</>) 6brJia rrepUO)].UqecKofi: <I>( <P + 21r) = <I>( <P ), rro

JiyqaeM yCJIOBile µ = n 2 rrpu IJ,eJIOM n. ,Il,JI£ cpyHKIJ,IllI R, Bbipa)KeHHOfi B TepMUHaX 

rrepeMeHHOfi x = '15..r, rroJiyqaeTc£ ypaBHeHue BecceJI£ 

1 d ( dy) ( n2) ;;- dx x dx + 1 - x2 Y = 0; y(x) = R(r), (3.62) 

perneHueM KOToporo £BJI£10TCH Il,lIJilIH,1].pUqeCKUe <pyHKil,IllI. ECJiu B 3a)].aqe UMeeTC£ 

rpattuqttoe ycJIOBile v(r = ro, <P) = 0, TO B03HUKaeT Il,eJiblll crreKTp co6CTBeHHblX 

3Haqettufi A, y,ll.OBJieTBOp£101Il,lIX ypaBHeHuIO y(xn) = 0, Xn = ,.f>:;.r0. 
,Il,.rr£ mapa pa)].uyca r0 Hlll,eM pernettue ypaBHeHu£ li3v + AV = 0, v(r0 ) = 0 B 

Bll)].e v(r, 0, </)) = R(r)W(0, </)) [3]. Pa3)].eJIH£ rrepeMeHHhle, rroJiyquM 

lio,pW + µW = O; 

: 2 (r2R')' + (A-;) R = 0, R(ro) = O; 

1 d ( . dW) 1 d2W 
lio,p W = sin 0 d0 sm 

9 d0 + sin 2 0 d</)2 · (3.63) 

YpaBHettue )].JI£ yrJioBofi qacrn JiarrJiacuatta TO)Ke )].OnycKaeT pa3)].eJiettue rrepeMeH

Hbrx: W(0, <P) = 8(0)<I>(</>) co CJie)].yIOIIl,lIMlI o6bIKHOBeHHbIMlI ypaBHeHlI£MlI )].JI£ 
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cpyHKil,Illl 0, <l>: 

<I>"+ m2 <I> = 0; 

l d ( de) ( m
2 

) 
sin 0 d0 sin 

9 d0 + µ - sin2 0 e = 0. (3.64) 

B nepBOM ypaBHeHUU Bhl6op pa3)].eJIHIOIIl,efi IlOCTO£HHOfi B Bll)].e KBa)].paTa Il,eJio

ro qucJia m o6oCHOBbIBaeTC£ 0)].H03HaqHoCTb10 <pyHKil,IllI <I>(</>), T. e. YCJIOBileM 

<l>(</J + 21r) = <l>(</J). YpaBHeHue )].JI£ 0 lIMeeT OrpaHuqeHHbie perneHU£ TOJibKO rrpu 

CJie)].yIOIIl,eM Bhr6ope IIOCT0£HHOfi pa3,1].eJieHU£ µ: 

µ = n(n + 1) (3.65) 

c n;eJibIM n. O6Ill,ee pernettue yrJIOBoro ypaBHettu£ uMeeT BU)]. 

n 

W(0, </>) = Yn(0, <P) = L (Arnn cos m</) + Bmn sin m</))PJm\cos0). 
m=O · 

(3.66) 

<I>yHKIJ,IllI pJm) ( cos 0) Ha3bIBaIOTC£ rrpucoe)].JIHeHHblMII IIOJilIHOMaMu Jie)KaH)].pa. Tipu 

m = 0, T.e. rrpu OTCYTCTBUII 3aBIICIIMOCTII OT a3IIMYTaJibHOro yrJia <P, perneHIIeM £B

JI£10TC£ IIOJIIIHOMbI Jie)KaH)].pa. Mbl rrpuBe)].eM HeCKOJibKO KOHKpeTHbIX Bbrpa:lKeHufi 
pJml(z): 

P. (O) - 1 
0 - , p?l(z) = z, PJ

0
'(z) = 1- 3z2

, PJ0'(z) = z(5z2 - 3); 

pp)= ✓1 - z2 , pJ1l = z✓l - z2 • (3.67) 

MccJie)].yeM HeKOTOpbie CBOHCTBa <pyHKil,IIfi BecceJI£. 3anIICbIBa£ <pyHKil,lIIO y(x) -
pernettue ypaBHeHU£ x2y" + xy' + (x2 

- v2)y = 0 BMeCTe C rrpOII3B0)].HblMII B Bll)].e 
<pOpMaJibHOro pa3JIO)KeHII£ 

y(x) = xu(ao + a1x + a2x2 + a3x3 + ... ), 
y'(x) = xu(a1 + 2a2x + 3a3x2 + ... ) + axu-1(a0 + a1x + ... ); 

y" (x) = xu(2a2 + 6a3x + ... ) + 2axu-1(a1 + 2a2x + ... ) + 

+a(a - l)(ao + a1x + ... ), (3.68) 

IIO)].CTaBJI££ IIX B OCHOBHOe ypaBHeHIIe II rrpupaBHUBa£ K03<p<pllll,IleHTbl npu 0,1].UHa

KOBbIX CTerreH£X x, IlOJiyquM ClICTeMy ypaBHeHufi )].JI£ K03<p<pllll,UeHTOB: 

ao(a2 - v2) = O; 

a1((a + 1)2 
- v2) = O; 

a2((a + 2)2 
- v2) + ao = 0; 

ak((a + k) 2 - v2) + ak-2 = 0. (3.69) 

PeruettueM peKyppeHTHOro C00THOIIIeHU£ £BJI£eTC£ 

a2k+1 = 0, a = v, k ~ • 
a2k = (-l) 2kk!(v + l)(v + 2) ... (v + k) (3.70) 
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Bh16upaa a
0 

= 1/(2vr(11 + 1)), nony'IHM pa3JIO)KeHue q>yHKIIllll Beccena, cnpaBe,11.

JilIBOe npn MaJibIX x: 
oo k (x/2)2k+v 

y(x)=Jv(x)=E(-l) r(k+l)f(v+k+l)' 
(3.71) 

r,n;e r(z) = (z - l)r(z - 1) - raMMa-q>yHKIIHSI 9iinepa. KoHKpeTHO ,n;na 11 = O; 1 

nMeeM 

J0 (x) = 1 - (x/2)2 + (
2
~)2 (x/2)

4 
- (3~) 2 (x/2)

6 
+ ... ; 

1 1 
J1(x) = (x/2) - 2!(x/2)3 + 

2131
(x/2)

5 
- ••• (3.72) 

.D:na noJiyIIeJibIX 3Ha'IeHllli lIH,Lt;eKCa q>yHKIIlISI BecCeJISI Bbipa)KaeTCSI qepe3 ,lJieMeH

TapHbie q>yHKilllll: 

ff . {f sinx J1;2(x) = smx, J3;2(x) = -[- - cosx], ... (3.73) 
?rX X 

Ilpn 6oJibllllIX 3Ha'IeHlISIX apryMeHTa q>yHKillIS! BecceJISI lIMeeT rrpe,n;cTaBJieHne 

Jv(x)x➔oo ~ /2 sin(x + Dv) + O(x-!). (3.74) y;;; 
IIpnBe,n;eM rrpnMep 3a,n;a'In, pe11IaeMOli C IIOMOlIIblO IllIJilIH,!];pll'IeCKlIX q>YHKIIlIH,
paccMoTplIM KpaeByIO 3a,n;aqy Ha HaxO)K,LJ;eHne co6cTBeHHbIX KOJie6aHllli Kpyrnoii 
MeM6paHbI, 3aKperrneHHOH no KpaIO. 

3.5 KoJie6att1u1 KpyrJio:il: MeM6paHhI, 

3aKpenJieHHOH Ha KOHType 

O6o3na'IHM qepe3 u(r, 0, t) OTKJIOHeHlle ,=meMeHTa MeM6paHhl C KOOp,!];HHaTaMll r, 0 

OT IlOJIO)KeHlISI paBHOBeCHSI u = o. 
Kone6aHlISI MeM6paHhl OillICbIBaIOTCSI cne,n;yI01IIeii KpaeBOli 3a,n;a'Ieii [4, 17]: 

Utt= c2D..u, 0 < r < l, 0 < t < oo; (3.75) 

u = 0, r = 1, 0 < t < oo; 

u(r,0)=f(r), ut(r,0)=g(r), 0<r<l. 

l-I1IIeM pelllenne B BH,n;e (pa.3,n;enaeM nepeMeHHhle) u(r, 0, t) = U(r, 0)T(t). IIo,n;cTaB

JISISI B ypaBHenne, IlOJIY'IlIM 

T" _ !1U _ >.2 • 

c2T - U - - ' 
r" + >.2 r?T = o, t1u + >.2u = o. 
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(3.76) 

BpeMeHHaSI 3aBHClIMOCTb onpe,n;enaeTCSI pellleHlleM 0,!];HOro ll3 9TlIX ypaBHeHuii: 

T(t) = A sin(>.ct) + B cos(>.ct). 

3anlICbIBRlI nannacnaH B IlOJillpHbIX KOOp,n;nHaTax: 

1 1 
D..U = Urr + -Ur + 2U00 

r r 

(3.77) 

(3.78) 

n npuMeHaa BHOBh npoIIe,n;ypy pa.3,n;MeHna nepeMeHHhIX: U(r, 0) = R(r)i.f>(0), no
Jiy'IaeM 

i.f>" 1 
~ = -R[r2 

R
11 

+ rR! + >.2r2 R] = -n2. (3.79) 

Ilpn'IeM Mbl ,!l;OJI)KHbl BhI6paTb IIMOe 'IlICJIO B Ka'IeCTBe n = o, 1, 2, 3, ... : 

i.f>(0) = Asin(n0) + Bcos(n0), (3.80) 

npu ,n;pyroM Bh16ope pemeHne 6y,n;eT HeO,n;H03Ha".JHOii q>YHKIIlleii 0. BBO,!];SI HOBYIO 
nepeMeHHYIO X = >.r, ypaBHeHne ,]J,JIR pa,!];llaJibHOii 'IaCTll 3ailllllleM B Bll,LJ;e 

,fl d 
x

2 
dx2 R(x) +x dxR(x) + (x2 

- n2)R(x) = 0, (3.81) 

R(0) =/:= oo; R(>.) = 0, 

r,n;e Mbl HaJIO)KlIJill q>ll3ll'IeCKOe Tpe6oBaHne orpaHll'IeHHOCTll OTKJIOHeHHS! MeM6pa
HbI OT COCTORHlISI paBHOBeClISI lI YCJIOBlle 3aKpenneHHSI ee Ha rpaHHIIe. IloCJie,n;Hee 
ypaBneHne ecTh ypaBHeHne BecceJIR. .D:na Ka)K,n;oro IIeJioro n OHO nMeeT ,n;Ba pe
meHna Jn(x), Y,,(x) - COOTBeTCTBeHHO orpaHH".JeHHOe n HeorpaHH'IeHHOe npn x = 0. 
9To npHMep He9JieMeHTapHOH q>yHKIIllll. OrpaHH".JeHHaa q>yHKIIlIR npu MaJibIX 3Ha
'Iennax apryMeHTa ,n;onycKaeT Pa3JIO)KeHne B pR,n;: 

00 (x/2r+2p 
Jn(x) = L '( )'. 

p=oP· n+ P · 

Ilpu 60JibllilIX 3Ha".JeHHS!X apryMeHTa 

( 
2 ) I/

2 
( n1r 1r) Jn(x) ~ 1fX cos X - T - 4 · 

(3.82) 

(3.83) 

IIpuBe,n;eM 3Ha'IeHlIS! HeCKOJlbKlIX nepBbIX KOpHeii q>yHKIIllll BecceJIR C HOMepOM 
n=0: 

Jo(ko;) = 0, (3.84) 
ko1 = 2, 4; ko2 = 5, 52; ko3 = 8, 65; ko4 = 11, 79; k05 = 14, 93, ... 
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C TOqHOCTblO ,n.o Bh16opa HaqaJia OTcqeTa a3llMYT8JlbHOrO yrna o6rn.ee perneHtte llMe

eT Bll,IJ. 

00 00 

u(r, 0, t) = L L Jn(knmr) cos(n0)[An sin(knmct) + Bn cos(knmct)]. (3.85) 

n=0m=l 

PaccMOTpllM KpaeByIO 3a,II.aqy O KOJie6aHllHX 3aKpeITJieHHOfi ITO KpaaM MeM6paHbl 

e,II.llHllqHOro pa,II.Hyca C HyJieBOfi HaqaJibHOfi CKOpOCTbIO ll HaqaJibHblM OTKJIOHeHtteM 

OT ITOJIO:>KeHllH paBHOBeCllH, 3a,IJ.aHHblM q>yHKIJ;llefi 

u(r, 0, 0) = A 1J0(2, 4r) + A3Jo(8, 65r), 0 < r < 1. 

PerneHtteM KpaeBofi 3a,II.aq11 6y,II.eT 

u(r, 0, t) = A 1J0 (2, 4r) cos(2, 4ct) + A3J0 (8, 65r) cos(8, 65ct). 

l.facTOTbl KOJie6aHllfi COOTBeTCTBeHHO paBHbl 21rv1 = 2, 4c, 21rv2 = 8, 65c. 

,ll;na HaqaJibHblX ycJIOBllfi, He 3aBllCHlli,llX OT a3llMYT8JlbHOro yrna, 

u(r, 0, 0) = J(r), Ut(r, 0, 0) = 0, 0 < r < 1, 

(3.86) 

(3.87) 

(3.88) 

perneHHe HMeeT Bll,II. u(r, t) = :Em AmJo(komr) cos(komct), r,II.e K03q>q>llIT;lleHThl Haxo

,IJ.HTCH ITO q>OpMyJie 

. 2 1 

Am= J2(k ) j rf(r)Jo(komr)dr; 
1 Om 0 

(3.89) 

Mbl BOCITOJlb3OB8Jll1Cb COOTHOllleHlleM opTOrOH8JlbHOCTll 

1 1 
j rJo(komr)Jo(konr)dr = 2Jf(kon)Omn· (3.90) 

0 

3.6 Pa3,u.eJieHHe rrepeMeHHhIX ,U.JI.sI ypaBHeHHM 

JlarrJiaca H IlyaccoHa 

PaccMOTpllM KpaeByIO 3a,II.aqy ,ll;llpllXJie ,II.JI}! Kpyra [6]. <I>yHKIJ;llH u(r, ¢), y,IJ.OB

JieTBOpHIOlli,aH ypaBHeHlllO JlaITJiaca b.u = 0 BHYTPll (BHe) Kpyra ll ITpllHl1Ma10rn.aa. 

3a,II.aHHOe 3HaqeH11e Ha ero rpaH11rr;e ulr=R = !(¢), 3a,II.aeTCH pa,II.OM 

00 rn 
u(r, ¢) = C + L Rn (An cos(n</J) + Bn sin(n¢)), r < R, 

n=l 

(3.91) 
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,wrn BHyTpeHHefi 3a,II.aqll ,ll;ttpllXJie ll pH,]].OM 

oo Rn 
u(r, ¢) = C + L -(An cosn<p + Bn sin n<p), r > R, 

n=l rn 

,IJ.JIH BHernHefi 3a,IJ.aq11 ,ll;ttp11xne, r,II.e 

1 1"' C = --, dxf(x), 
27T -,r 

11" An= - dxf(x) cosnx; 
1T -;:7T 

11"' Bn = - dxf(x) sinnx. 
1T -,r 

(3.92) 

(3.93) 

PemeHHe 3a,II.aq11 ,l1;11pttxne ,II.JIH o6naCTll B Btt,II.e KOJihrr;a R 1 < r < R2 c rpaHttqHhIMll 

ycnoBttHMll u(R1, ¢) = Ji(¢), u(R2, ¢) = h(</J) HMeeT Bll,IJ. 

00 

[( rn Rn) ( rn Rn) ] u(r, ¢) = C +,; An RJJ + Bn r~ cos n<p + Cn RJJ + Dn r~ sin n<p + (3.94) 

+aln(r/R1) + b. 

3a,II.aqa HefiMaHa COCTOllT B HaXO:>K,II.eHllll rapMOHllqecKOfi q>yHKIT;llll (y,II.OBJieTBOpa-

10rn.efi ypaBHeHllIO JlaITJiaCa) BHe llJlll BHYTPll HeKOTOpofi o6naCTll C 3a,II.aHHeM Ha 

rpaH11rr;e HOpMaJibHOfi ITpOll3BO,IJ.Hofi (B CJiyqae Kpyra 3TO 8u/8rlr=R = !(¢)). Perne

Hlle 3a,II.aq11 HefiMaHa OITpe,II.eJieHo C TOqHOCTbIO ,II.O ITOCTOHHHOfi·, ITp11qeM q>yHKIJ;llH, 

3a,IJ.aHHaa Ha rpaH11rr;e, ,II.OJI:>KHa y,II.OBJieTBopaTb ycnoBHIO ft" f(x)dx = 0. 
311Aa'111 .n;m1 Kpyra 

1. HafiTll q>yHKIJ;llIO, rapMOHllqecKyIO BHYTPll e,II.llHllqHoro Kpyra, ITPllHllMaID
rn.yro Ha rpaHttrr;e 3HaqeHHe u(r = 1, ¢) = !(¢), r,II.e 

a) f(</J) = sin3 ¢; 

6) f(</J) = cos4 ¢. 

(3.95) 

2. HafiTll q>yHKIJ;llIO, rapMOH11qecKyIO BHe e,II.llHllqHoro Kpyra, HOpMaJibHag ITpo-

113BO,IJ.Haa KOTopofi ITPHH11MaeT Ha rpaH11rr;e 3HaqeH11e u(r = 1, ¢) = !(¢), r,II.e 

a) J(</J) = sin2 ¢; 

6) f(<p) = COS5 <p. 
(3.96) 

PemeH11e 3a,II.aq ,l1;11p11xne ,II.JIH cq>epbl 11 mapoBoro cnoa R 1 < r < R2 B CJiyqae, 
KOr,IJ.a KpaeBbie ycJIOBllH He 3aBllCHT OT a3llMYT8JlbHOro yrna, llMeeT B11,II. 

00 

u(r, 0) = :E[An(r/R1t + Bn(R2/rt+I]Pn(cos0), 
n=0 

I',[I,e Pn(z) - ITOJlllHOMbl Jle:>KaH,II.pa: 

Po(z) = 1; A(z) = z; 

P2 (z) = (3z2 
- 1)/2; P3 (z) = (5z3 

- 3z)/2 ... , 
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a K03q>qmu,neHTbl HaX0,11,HTCH ll3 rpaHll'IHbIX ycJIOBllll u(r = Ri,0) = fi(0), u(r = 
R2, 0) = h(0) no cpopMyJiaM 

2 1 

An(Bn) = 
2
n + l / dzPn(z)fi(2)(z). 

-1 

(3.99) 

3a,n.a'IH ,IJ.JIH mapa 
1. HaiiTn cpyHKU,llIO, rapMOHll'lecKyIO BHYTPll mapa pa,11,IIyca R, TaKyIO, 'ITO 

u(r = R, 0) = f (0): 

a) J(0) = cos 0, 

B) J(0) = cos(20), 

6) f (0) = sin 0; 

r) J(0) = cos
2 0. 

(3.100) 

2. pa3pemnMa Jill BHyTpeHHHH 3a,!],a'la HeiiMaHa ,11,JlH rpaHll'IHbIX yCJIOBllll 

a) urlr=R = A cos 0, 6) urlr=R = A sin 0. (3.101) 

3. HaiiTll TaKyIO rapMOHII'leCKYIO BHYTPll mapoBoro CJIOH 1 < r < 2 cpyHKll,llIO, 

'ITO Ur=l = fi(0); Ur=2 = /2(0): 

Ji= cos
2

0, 
1 . 

a) h = 8(1+cos
2

0); (3.102) 

Ji = cos
2 0, 

4 
6) h = 4 cos

2 0 - 3; 

B) Ji= 1 - cos(20), h = 2cos0; 

r) 
1 Ji= 2 cos 0, h = 1 + cos(20); 

,11,) Ji= 9cos(20), h = 3(1- 7cos
2

0). 

3a,n.a'IH Ha o6TeKaHHe TeJI IlOTOKOM )KJl,IJ.KOCTll 

PaccMOTpIIM ,11,Be 3a,11,a'lll Ha HaXO:>K,!],eHne IIOTeHU,llaJia CKOpOCTeii rrpn o6TeKaHllll 

TeJI rroToKoM ttec:>KnMaeMoii :>Kll,11,KOCTll [3, IV, 73, 75]. 
1. BecKOHe'IHO ,11,JlllHHblll U,llJlllH,11,P pa,11,nyca a o6TeKaeTCH rreprreH,!],llKYJIHpHO 

CBOeii OCll tteorpaHn'leHHbIM IlOTOKOM )Kll,11,KOCTll co CKOpOCTblO v. HaiiTll IlOTeHU,llaJI 

CKOpOCTeii :>Kll,11,KOCTll. 
Pemettne. floTeHU,llaJI npe,11,cTaBllM cyMMOii IIOTeHU,llaJia HeB03Mylll,eHHOro ,11,Bll-

)KeHllH )Kll,11,KOCTII (HanpaBJieHIIe ee ,11,Bll:>KeHllH Bbl6epeM 3a OCb x): u = vx + U1-

)],JIH BTOporo CJiaraeMoro, BB0,11,H U,llJIIIH,!],pll'leCKyIO CllCTeMy KOOp,11,llHaT C OCbIO z, 
HanpaBJieHHOii B,11,0Jlb OCII ll,IIJIIIH,!],pa, IIMeeM KpaeByIO 3a,11,a'ly 

b.u1(P, c/>, z) = 0, p > a; 

au1 8p = vcosc/>, p = a. 

(3.103) 

BTopoe YCJIOBIIe 03Ha'!aeT HeB03MO:>KHOCTb BTeKaHIIH :>Kll,!],KOCTll BHYTPb ll,IIJIIIH,!],pa. 
Mb1 IIMeeM Bttemtt1010 3a,11,a'ly HeiiMatta. PemeHne IIMeeT BII,11, 

u(p,c/>) = -v (p+ ~ coscj>) . (3.104) 

2. TBep,11,blll map pa,11,IIyca a ,11,BII:>KeTCH co CKOpOCTbIO v B HeC:>KllMaeMoii :>KII,!],
KOCTII. HaiiTII IlOTeHU,IIaJI CKOpOCTeii :>Kll,11,KOCTll. 

PemettIIe. B CIICTeMe IlOKOH mapa IIMeeM KpaeByIO 3a,!],R'IY 

.6.u = O; aul an r=a = vcos0. (3.105) 

3,11,ecb Mb! Bb16panII OCb z B,11,0Jib HanpaBJieHIIH ,11,BII:>KeHIIH mapa, n o603Ha'laeT Ha

npaBJieHIIe HOpMaJIII K IlOBepxHOCTll mapa. floJib3YHCb 06Ill,llM Bll,11,0M pemettIIH ,11,JlH 

CJiy'laH TpexMepHoro rrpOCTpaHCTBa, rrpnBe,11,eHHbIM Bbime, IlOJIY'lllM 

a3 
u(r, 0) = 

2
r 2 cos 0, r > a. (3.106) 

flone CKOpOCTeii :>KII,!],KOCTII MO:>KHO IlOJIY'IIITb, Bbl'lllCJIIIB rpa,11,IIeHT IlOTeHU,IIaJia 
if= - 'v u(r,0). 

4-'-

'"'· 
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rJIABA 4 

M:utt:uM:u3a1':u~ cpyHK1'MOHaJioB. 

9JieMeHTbl 

Bap:ua1':UOHHoro :ucq:ucJieH:u~ 

O,n;HHM H3 cnoco6on IIOJiyqeHHH ,n;mpcpepeHI~HaJibHblX ypanHeHHfi B qacTHblX npo

H3BO,D;HbIX HBJIHeTCH MeTO,D; MHHHMH3a~HH q>yHK~HOHaJIOB C IIOMO~bIO ypanHeHHfi 

9iinepa [7, 18]. TnnnqHbIM <PYHK~HOHaJIOM HBJIHeTCH HHTerpaJI 

b 

J[y] = f F(x, y, y')dx. (4.1) 
a 

PaccMOTpHM 3a,n;aqy HaxO)K,ll;eHHH <PYHK~HH y(x), KOTOpaH MHHHMH3HpyeT J[y] B 

KJiacce rJia,Ll.KHX q>yHK~Hfi, y,D;OBJieTBOpHIO~HX rpaHHqHblM YCJIOBHHM 

y(a) = A, y(b) = B. (4.2) 

3a,n.aqa COCTOHT B HaxO)K,D;eHHH TaKOfi q>yHK~HH y(x), ,D;JIH KOTOpofi qHCJIOBOe 3Haqe

HHe HHTerpaJia J[y] IIpHMeT MHHHMaJibHOe 3HaqeHHe cpe,n;H BCex B03M0)KHblX q>yHK

~Hll y(x) IIpH 3a,Ll.aHHblX rpaHHqHblX YCJIOBHHX. PaCCMOTPHM 3HaqeHHe <PYHK~HOHa

Jia ,D;JIH <PYHK~HH y(x), OTJIHqa10~eiicH OT y(x) Ha He60JihIIIYIO Bapna~HIO 8(x) - npo

H3BOJibHYIO, qnCJieHHO MaJIYIO <PYHK~HIO, y,n;oBJieTBOpHIO~IO YCJIOBHIO 8(xa,b) = o, 
T.e. Mbl paccMaTpHBaeM Bapna~HIO <PYHK~HH y, q>HKCHPYH ee 3HaqeHHH Ha KOH~ax 

HHTepnaJia HHTerpnpoBaHHH: 

b b 

8J[y] = f dx[F(x, y + 8, y' + 81
) - F(x, y, y')] = f dx[Fy(x, y, y')8 + Fy181

]. (4.3) 
a a 
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I1oJih3YHCh nepecTaHOBOqllhIM CBOHCTBOM B3HTHH Bapna~HH H B3HTHH IIpOH3B0,D;HOfi: 

8' = .!!:_8 
dx (4.4) 

11 npOBO,D;H HHTerpnpoBaHne TIO qaCTHM BO BTOpOM CJiaraeMOM s KBa,n.paTHhlX CKo6-
KaX, IIOJiyqHM 

b X=b b d f dxFy,8'(x) = Fy18(x{=a - f dx8(x) dxFy1. 
a a 

(4.5) 

Ilepsoe CJiaraeMoe B npasoii qacrn 3Toro paseHCTsa o6pa~aeTCH B HyJih B cnny 

HaIIIero npe,n;nOJIO)KeHHH O Bapna~HH. B pe3yJihTaTe MH Bapna~HH <PYHK~HOHaJia 
IIOJiyqHM 

8J[y] = j dx8(x) [Fv- d~Fy1]. 
a 

(4.6) 

MHHHMH3a~HH COCTOHT B npnpaBHHBaHHH 3TOH Bapna~HH HYJIIO IIpH IIpOH3B0JihHhIX 
8(x), qTo IIpHBO,D;HT K ypanueHHHM 9iinepa 

8F d 8F 
8y = dx8y1 ' 

y = y(x), 'Yx=a = A, 'Yx=b = B. 

B KaqecTBe IIpHMepa paCCMOTpHM ,D;Be KJiaccnqeCKHe 3a,n.aqn_ 
3~aqu: 

(4.7) 

1. HaiiTH IIJIOCKYIO KpHByIO y(x), a < X < b, IIJIO~a,Ll.b q>nryphl Bpa~eHHH 
KOTopott BOKpyr OCH a6c~ncc MllHllMaJibHa. 

9Ta IlJIO~a,Ll.h Bblpa)KaeTCH llHTerpaJIOM 

b 

J[y] = 21r / dsy(x), 
a 

(4.8) 

r,n;e ds = ./dx
2 + dy

2 
= dx✓l + (y')2 - 3JieMeHT MHHbI ,n;ym Kpnnofi. 3a,n.aqa, 

TaKHM o6pa30M, CBO,D;llTCH K MllHllMH3a~nll <PYHK~llOHaJia J[y] C IIO,IJ;hUITerpaJibHOfi 

q>yHK~nett F(x, y, y') = y✓l + (y')2. CooTBeTCTBYIO~ee ypaBHeHne 9ttnepa 

✓ 1 + ( ')2 - .!!:_ ___Jj_J!_ ii - dx yl+(y')2 (4.9) 

MO)KeT 6bITb npeo6pa3oBaHo K Bll,D;y 

2 " d t 2 d 
1 + (y') = yy , dx In(l + (y) ) = 2 dx In y. (4.10) 
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Peruem1eM 3Toro ypaBHemrn .HBJI.sieTC.H u,e1ma.11 mnnrn (KaTeHOllA) 

(
X - C2) 

y = y(x) = c1cosh -- , 
· Cl 

IIOCTO.HHHbie llHTerp11poBaHll.H HaXO)l;.HTC.H ll3 Ha'IaJlbHblX ycJIOBllll. 

2. 3a)l;a'Ia O 6pax11CTOXpOHe. Hail:Tll TaKyIO cpopMy KpllBOll y(x), 'IT06bI BpeM.H 

CKaTbIBaHll.H 6e3 TpeHll.H no )KeJio6y B cpopMe KpllBOll 6bIJI0 MllHllMaJibHblM. 

Tipe,!l;IIOJiaraeM, 'ITO CllJia T.H)l(eCTll HanpaBJieHa B)l;OJib OCll y. 3a)l;a'Ia CBO)l;llTC.H 

K MllHllMll3all,llll <pyHKIJ,liOHaJia 

J[y] = f ~ = j dx {i + (y')2, 
.jy a .jy 

(4.11) 

IIOCKOJibKY BpeM.H 11pOX02K)l;eHll.H yqaCTKa )l;JlllHbl ds, OTBe'IaIOIII.ero op)l;llHaTe Y, eCTh 

ds / v = ds / .,/Igy. CooTBeTCTByroru.ee ypaBHeH11e 8il:nepa 11MeeT BllA 

-(1 + (y')2) = 2yy
11

• 

(4.12) 

Ero pemeHlleM x/c
1 
+ c

2 
= arcsin z - zJf=z, z = ~ .HBJI.HeTC.H ypaBHeHlle 

IJ,llKJIOll,llpl - KPllBOll, OllllCbIBaIOIII.eil: TpaeKTOplllO TO'IKll Ha o6o)l;e, KaT.Hru.eii:C.H 110 

ropll30HTaJibHOii np.HMOii OKpy:lKHOCTll. 
M11n11M113all,ll.H cpynKu,11onana )l;eii:CTBll.H S = J Ldx, L = U - T, r)l;e U, T -

IIQTeHIJ,llaJibHa.H ll KllHeTll'IeCKa.H 3nepr1111, AaeT ne3aBllCllMblil cnoco6 BbIBO)l;a )l;ll(p-

cpepenll,llaJibHblX ypaBneHllll B qaCTHbIX npOll3B0)l;HblX. 
,Un.11 np11Mepa paccMOTpllM KOJie6anll.H CTpynbl, HaxO)l;.HIII.eiiC.H B IIOJIQ)i(eHllll paB-

HQBeCll.H B)l;OJib oc11 X. ,UBe ee coce)l;Hlle TO'IKll M, M1 c Koop)l;llHaTaMll x, x + dx 
B npou,ecce Kone6airn.11 nepeii,rry; B TO'IKll M, M1 c (TpexMepnb1M11) KOOp,!1;11HaTaM11 

M(x + u, v, w); M
1
(x + dx + u + du, v + dv, w + dw). PaccTo.11n11e Me2K,ny TO'IKaM11 

cTaneT (B 11pene6pe,Ken1111 MaJibIMll BToporo nop.H)l;Ka) ds = dx(l + ux)- TioTeHIJ,ll

aJlbHa.H 3neprll.H eCTb cyMMa ;:1Hepr11ii: npO)l;OJibHblX ll nonepe'IHbIX )l;e<pOpMaIJ,llll, a 

TaK:lKe pa6oTbl BHeIIIHllX CllJI'. 

I 

f [To ( 2 2) E 2 1 U = dx L 
2 

wx + vx + 2 ux + uF., + vFv + wFw , 
(4.13) 

0 

r)l;e To, E - naT.11)I{en11e cTpyHhI 11 ee MO,!lJJib ynpyroCTll. K11HeT11'IeCKa.H 3nepr11.11 

nponopll,lIOHaJibHa KBa)];paTaM KOMIIOHeHT CKOpocTeii:: 

I 

l f ( 2 2 2) T = 2 p dx ut + vt + wt . 
0 

CooTBeTCTByIOru.11e ypaBHeHll.H 8iinepa (aL/ov) = (a/at)(8L/8vt)+(o/8x)(8L/8vx) 

(4.14) 

(4.15) 11p11MYT Bll)l; 

- PUtt + Euxx = F.,; 
-pvu + ToVxx = Fv; 

-pwu +ToWxx = Fw· 
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3aMeT11M, 'ITO nepBoe ypaBHen11e 01111CbIBaeT npo)l;OJibHhle, a )l;pyr11e ,n;Ba - nonepeq

Hbie KOJie6anll.H CTPJHbl. 

4.1 IIpocTeii:nnre cJiyqaJI ypaBHeHHH 9ii:Jiepa 

Bo3MO:lKHbI cne)l;J10ru,11e cnyqa11 {7]: 
1. TIO)l;bIHTerpaJibHa.H <pyHKIJ,ll.H He 3aBIIC1IT OT npOll3BO,ll;HOii llCKOMOii <PYHKIJ,llll 

y'. Tipn 3TOM ypaBHeHlle 8iinepa Fy(x, y) = 0 ne .HBJI.HeTC.H )l;ll<pcpepeHIJ,lla.JlbHbIM. 

EcJIH rpanH'IHbie JCJIOBll.H ne y,n;oBJieTBOp.HIOTC.H, TO 3KCTpeMaJib KaK <pyHKll,11.H, ,n;o
cTaBJI.HIOill,a.H MHHHMJM cpyHKll,llOHaJIY, He cyru,ecTBJeT. 

2. B cnyqae nnneiinoii 3aBHCllMOCTH OT npoH3BO,n;noii F(x, y, y') = N(x, y) + 
y' M(x, y) Bap11au,nonna.H 3a,n;aqa Tep.HeT CMblCJI. ,l],eiiCTBHTeJibHO, B 3TOM CJiyqae 

ypaBHeHHe 9iinepa HMeeT Bll,ll; oN/lJy = oM/ox H 110,ll;blHTerpaJibHOe Bblpa)I{eHlle 

cTanoBHTC.H noJIHhlM AH<pcpepenu,naJIOM Ndx + Mdy = d<I>, a llHTerpa.,i eCTb pa3-

nocTb <pJHKll,llll OT Ha'IaJibHbIX ll KOHe'IHbIX 3Ha'IeHHii, KOTOpbie no YCJIOBlllO IIOCTa

HOBKll 3a,n;aqn ne BapbHpJIOTC.H. 

3. Ecn11 110,n;hlnTerpaJibHa.H ¢ynKll,H.H ne 3aBHCHT .HBHO OT x, F = F(y, y'), TO 

ypaBHeHHe 9iinepa rrpllHllMaeT Bll,ll; 

Fy - y' Fyy' - y" Fy'y' = 0. (4.16) 

Ilocne ,lJ;OMH02KeHH.H JleBOH 'IaCTll Ha y' 3TO ypaBHeHHe MO:lKeT 6bITb 3arrncano B BH)l;e 

![F-y'Fy'] = 0, F - y'Fy' = canst. (4.17) 

4. B CJiyqae OTCJTCTBll.H .HBHOii 3aBHCHMOCTll OT y rrop.11,n;OK ypaBneHH.H CHOBa 

M02KeT 6hITh nonn:>Ken: F = F(x, y'); Fy, = canst. 

4.2 O6o6m;eHHe npocTeiimeii 3a,n;aqH 

BapHau;H0HH0r0 ncqHCJieHHH 

1. <l>yHKll,llOHaJibI, 3aBllC.Hlll,He OT npOll3BO,ll;HbIX BbICruero rrop.11,n;Ka: 

x1 
J[y] = / F(x, y(x), y', y", ... , y(n))dx, (4.18) 

XO 

r,l),e <pyHKll,H.H F npe,ll,lloJiarae-rc.11 All¢¢epenu;npyeMoil: n + 2 pa3a no CBOHM apry

MeHTaM, a rpaHH'IHbie yCJIOBll.H HMeIOT Bll,ll; [5] 

y(xo) = Yo, 

y(xr) = Y1, 

y'(xo) = Y~, 

y'(x1) = Y~, 

... , 
... , 
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y(n-ll(xo) = Yt-1); 

Y(n-l)(xi) = Y~n-1). 
(4.19) 



9KCTpeMaJIHMII HBJIHIOTCH pemeHIIH ypaBHeHIIH 9i1Jiepa - TiyaccoHa 

d a2 dn 
Fy - dxFy, + dx2Fy3" - ... + (-lt dxnFy<n> = 0 

C rpaHII'lHhlMII ycJI0BIIHMII, npn:Be,IJ;eHHhIMII BhIIlle. 

2. <l>yHKIIIIOHaJlhI, 3aBIICHI11IIe OT HeCK0JibKIIX cpyHKIIIIfi: 

xi 

J[y1
1
Y2,•••,Yn] = j dxF(x,y1(x), ... ,yn(x);y~(x), ... ,y~(x)) 

XO 

nprr rpaHH'lHblX yCJI0BIIHX 

Yk(xo) = yZ, ( ) 
(1) 

Yk X1 = Yk , k'= 1, 2, ... , n. 

(4.20) 

(4.21) 

(4:22) 

9KCTpeMaJill HaxO,IJ;HTCH pemeHIIeM CllCTeMbl ypaBHeHllll 9i1Jiepa: 

d Fyk = -d, Fy,, k = 1, 2, 3, ... , n. (4.23) 
X k 

3. <l>yHKIIHOHaJI, 3aBIICHIIIllll OT cpyHKIIIIH HeCK0JihKIIX nepeMeHHhIX: 

J[z(x1,X2, ... xn)l =I ... J F(x1,X2, ... x~; z;p1, ... p,,.)dx1 ... dxn, (4.24) 
D 

r,n:e Pk = 8z/8xk· Heo6XO,IJ;llMOe ycJI0Blle 3KCTpeMyMa Bhipa:)l<:aeTCH ypaBHeHHeM 

9i1Jiepa - OcTporpa,n:cKoro 

n a Fz = I>a~Fp;• (4.25) 
i=l x, 

PemeHrre 3Toro ypaBHeHHH - cpyHKIIIIH z = z(x1, x2, ... , xn) Ha rpaHrrIIe o6Jia~Tlf, D 
- ,IJ;0JI)KH0 y,n:oBJieTB0pHTh 3a,n:aHHhIM rpaHII'lHhIM yCJIOBIIHM. 

4.3 Y CJIOBHblM 9KCTpeMyM. ll3onepHMeTplPieC~ruI 

3aµ;aqa 

PaCCMOTpIIM 3a,n:aqy 06 0ThICKaHIIII 3KCTpeMaJIII cpyHKIIIIOHaJia [7] 
xi 

J[y(x)] = j F(x, Y1, ... , Yn; Y~, ... , y~)dx (4.26) 

XO 

npn: HaJIII'llIII II30nepn:MeTpII'leCKIIX yCJIOBIIH 
I 

Xl 

j G;(x, yi, ... , Yn; y~, ... , y~)dx = l;, i = 1,2, ... ,m, (4.27) I 
XO , 
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r,n:e l; - Il0CT0HHHbie. 9Ta 3a,n:aqa Ha3hIBaeTCH II30IIepn:MeTpII'leCK0H. ,IJ:JIH ee peme

HIIH C0CTaBJIHIOT BCII0MoraTeJihHhlH <pyHKIIIIOHaJI 

Xi( m ) 
<I>[y] = i F + ~ >.;G; dx. ( 4.28) 

Ero pemaroT C II0M0IIIhIO ypaBHeHirn 9iiJiepa, a rrp0II3B0JlhHhle II0CT0HHHhle II rra

paMeTpbi A; HaX0,IJ;HT II3 rpaHII'lHhlX II II30IIepuMeTpII'leCKllX ycJI0BllH. 

3a,n;aqu no TeMe "Bapuau;uoHHoe ucqucJieHue" 
1. CyIIIeCTBYIOT JIII 3KCTpeMaJIII ,n:m1 cpyHKIIIIOHaJIOB 

1 

a) J[y] = j[3x - y]ydx, y(0) = 0; y(l) = 1, 
0 
2,r 

6) J[y] = j [(y')2 - y2]dx, y(0) = 1, y(21r) = 1. 
0 

2. HaiiTll 3KCTpeMaJIII <pyHKIIIIOHaJIOB [7] 

b ✓l + (y')2 
a) J[y] = j ~--dx 

a Y 

(4.29) 

( 4.30) 

( 4.31) 

(MO,IJ;Mh TiyaHKape reoMeTpn:u Jio6a'!eBcKoro Ha rrJIOCKOcTn:: ceMeficTBa rroJiy0KPY*

HOCTefi c 11.enTpaMn: Ha OCH x). Pemettn:e IIMeeT Bu,n: yJl + (y') 2 = c, y2+(x-c
1

) 2 = 
c2· 

' 

f
a y(y')3 

6) J[y] = l+ (y')2dx, 
0 

y(0) = O; y(a) = R (4.32) 

( 3a,n:aqa HbIOTOHa o cpopMe rroBepxH0CTII MIIHIIMaJihH0ro corrpoTIIBJienmr IIOTOKY). 

Pemenn:e n:MeeT BIIA y/R = (x/a) 314 • 

3. HafiTII 3KCTpeMaJIII cpyHKIIIIOHaJIOB 

1 

a)J[y] = j((y')2-2xy)dx, y(-1)=-l, y(l)=l; 
-1 

6) J[y] 

B) J[y] 

r) J[y] 

e 

j (x(y')2 + yy')dx, y(l) = 0, y(e) = l; 
1 

1 J (y2 + 2(y')2 + (y")2)dx, 
0 

y(0) = y(l) = 0; y'(0) = 1; y'(l) = - sinh 1; 
0 

j (240 - (y"') 2)dx, y(0) = y'(0) = y" (0) = 0; 

y'(-1) = -9/2, y"(-1) = 16. 
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-1 

(-1) = 1, 

( 4.33) 



4. 3a)],a'lll Ha yCJIOBHblH 3KCTpeMyM [7]: 
a) HaiiTll JlllHlllO y(x), y(-a) = y(a) = 0, KOTOpa.11 IIPll 3a)],aHHOH )],JIIIHe l > 2a 

orpaHII'lIIBaeT HaII60JibIIIYIO IIJIOIII.a)],h: 

a 

J[y] = J y(x)dx, 
-a 

a 

K[y] = J /1 + (y') 2dx = l; 
-a 

6) HaiiTll 3KCTpeMaJill J[y] npll ycJIOBllll K[y]: 

1 

J[y] = J (y') 2dx, y(0) = l, y(l) = 1/4; 
0 

1 

K[y] = J (y - (y') 2 ))dx = 1/12; 

0 

B) HaHTll MllHllMYM cpyHKU,llOHaJia [7] 

J[v] = f [v; + v~ + ~]dxdy; 
la x +Y 

v(x2 + y2 = 1) = v(x2 + y2 = 9) = 0. 

(4.34) 

(4.35) 

(4.36) 

YKa3aHne. 
Ilepexo)], K IIOJI.HpHbIM KOOp)],IIHaTaM II MllHllMII3aU,ll.H <PYHKU,llOHaJia rrpHBO)],.HT K 

KpaeBoii 3a)],a'le 

2 ~u = -, u(r = 1) = u(r = 3) = 0. (4.37) 
r 

PerueHHeM .HBJI.HeTC.H aKcTpeMMh u = 2(r - 1) - 1,;3 ln r. Bhl'IHCJI.H.H KBa)],paT rpa

)],HeHTa IV ul2 = (2 - rl~
3
)2, IIO)],CTaBJI.HeM 3TH BeJIIIqIIHhI B Bbipa)KeHIIe )],JI.II <PYHK-

U,IIOHaJia H rroJiy'laeM 

I[u] = -3271" ( 1 - 1~3). 
(4.38) 
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rJIABA 5 

HeJIHHeMHhie ypaBHeHH.H 

TIIIIH'lHbie KpaeBhie 3a)],a'lll, rrpHBO)],.HIII.He K HeJIIIHeHHblM ypaBHeHH.HM nepBoro IIO-

p.11)],Ka )],JI.II )],Byx rrepeMeHHblX, IIMeJOT Bll)], [4] . 

Ut + g( u)ux = 0, -oo < x < oo, 0 < t < oo; 

u(x, 0) = f(x), -oo < x < oo. 

Ilp.HMOH IIO)],CTaHOBKOH MO)KHO y6e)],IITbC.H, 'ITO perueHIIeM .HBJI.HeTC.H 

u(x, t) = f(x - tu(x, t)). 

(5.1) 

(5.2) 

PerueHIIe, TaKIIM o6pa3oM, 3a)],aHo B He.HBHOii cpopMe. HeKOTopy10 II.H¢opMau,n10 

MO)KHO IIOJIY'lllTh, Bbl'lllCJI.H.11 'laCTHYJO rrpOH3BO)],HYJO TIO x: 

Ux = J'(z)[l - tux], 
'f'(z) 

Ux = l + f f'(z), z = x - u(x, t)t. (5.3) 

Ilo cpaBHeHIIIO C JIIIHeHHbIMll ypaBHeHII.HMll 3)],eCb IIO.HBllJillCb npe)],eJibHbie 3Ha'le

Hll.H BpeMeHH ll KOOp)],HHaT, rrpll KOTOpbIX 'laCTHbie rrpOH3BO)],Hbie 06paru.a10TC.H B 

6ecKOHe'lHOCTb, KOr)],a 

1 + tcf'(zc) = 0. (5.4) 

,Ll;JI.H rrpIIMepa pacCMOTpllM ypaBHeHIIe Xorrcpa, OIIHCbIBa10ru.ee ll3MeHeHIIe CKOpOCTII 

U ( X, t) CKOIIJieHll.11 HeB3aIIMO)],eiiCTBYIOIII.llX 'laCTIIU., )],BII)KYIII.llXC.11 B HarrpaBJieHIIII OCH 

X [10, 11]: 

Ut + UUx = 0 (5.5) 

c HaqaJibHhlM pacnpe)],eJieHIIeM u(x, 0) = u 0(1-tanh x). PerueHIIe B He.HBHOii cpopMe 

IIMeeT Bll)], 

u(x, t) = u0 (l - tanh(x - tu(x, t))). 
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(5.6) 



,}],JUI npOII3BO,II.HOil IIOJIY'lllM 

Uo 
Ux = uot - cosh2 (x - tu(x, t)) · 

(5.7) 

MoMeHT onpOKll,II.bIBaHllH BOJIHhl OTBe'laeT o6paru,eHllIO B HYJih 3HaMeHaTeJIH. <l>II3ll

'leCKll OH OIIllChJBaeT yKpy'leHlle rpe6HH BOJIHhI, rrpOllCXO,II.Hill,ee 3a C'leT OTCTaIOill,llX 

'laCTllIJ; CKOIIJieHIIH, ,n.orOHHIOill,llX 6onee Me,II.JieHHO ,II.Bll)KYill,lleCH. 

5.1 HeJIHHeiiHhie ypaBHeHHH. O6:rn;Hii cJiyqaii 

O6IIJ;llX MeTO,II.OB ,II.JIH perneHllH HeJIIIHeiiHhIX ypanHeHllil He cyru;ecTByeT [9, 11]. 
Httor,n.a MO)KHO noCTpOllTh narpaH)KllaH, MllHllMll3aIJ;Heii KOTOporo MO)KHO IIOJiy

'lllTh 3a,n.aHHOe llHTerpaJibHOe ypanHeHIIe. B Ka'leCTBe npIIMepa npIIBe,n.eM MO,II.eJih 

)KII6epa - Illa6aTa - MIIxaiinona 

U2 +U2 m L(x,t) = x t - -(exp[,U] + 1/2exp[-27U] - 3/2). 
2 'Y 

(5.8) 

9TOMY narpaH)KllaHy MO)KHO IIOCTaBllTh B COOTBeTCTBlle cne,n.y10ru;ee ypaBHeHIIe 9ii

nepa: 

Utt - Uxx + m 2 (exp[U--y] - exp[-2U7]) = 0. 

,}J,pyroii npIIMep - ypantteHIIe CIIHyc-fop,n.otta 

Utt - Uxx + m2 sin(aU) = 0, 

noJiy'laIOru,eecH MllHIIMII3an;Hefi narpaH)KllaHa 

U2 -U2 m L(x, t) = t x - -(1 - cos (aU)). 
2 a 

(5.9), 

(5.10) 

(5.11) 

HafiTll )Ke narpaH)KllaH, ypaBHeHllH 9iinepa ,II.JIH KOToporo npllBO,II.llJill 6hI K ypaB

HeHllHM 

Ut = Uxx + 2UUx + Uxxxx 

(ypanHeHIIe KopTenera - ,n.e <l>pII3a) IIJill 

Ut = Uxx + 2UUx 

(5.12) 

(5.13) 

(ypanHeHIIe B10prepca), He y,n.aeTCH. HanoMHIIM, 'ITO ,n.o6anneHIIe K narpan)Klla

HY cnaraeMbIX, npe,n.cTaBJIHIOill,llX co6oii noJIHble rrpOII3BO,II.Hhie BII,n.a (J(U, Ux, U1))x, 
(J(U, Ux, U1))1, ne MeHHeT BII,n.a ypanHeHIIii 9iinepa. MbI paccMoTpllM 3,n.ech ,n.na 
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MeTo,n.a, KOTOpbie II03BOJIHIOT B HeKOTOpbIX CJiy'laHX CBeCTll HeJIIIHeiiHhie ypaBHeHllH 

K o6bl'IHhIM ,n.mpcpepeHIJ;llaJihHbIM ypanHeHllHM. 

OIIIIIIIeM, cne,n.yH [8], MeTO,II. IIO,II.CTaHOBKll Koyna-Xorrcpa, KOTOpbIM HeJIIIHeiiHoe 

ypanHeHIIe, OIIllChIBaIOru_ee pacrrpocTpaHeHlle CJia6hIX y,n.apHbIX BOJIH, MO)KeT 6bITh 

cne,n.eHO K JlllHeiiHOMY ,II.ll<p<pepeHn;llaJibHOMY ypaBHeHllIO B 'laCTHhIX rrpOll3BO,II.HhIX. 

YpanHeHIIe IIMeeT Bll,II. 

Ut = Uxx + 2UUx- (5.14) 

By,n.eM llCKaTh pemeHlle B Bll,II.e 

_ Zx _ Zxx _ (Zx)
2 

U - Z, Ux - Z Z (5.15) 

3arrIIChIBaH ypanHeHIIe B BII,II.e (cne,n.yeM MeTo,n.y B.H. Po6yKa): 

(lnZ)xt= [Z;x -(i/L + [(i/L (5.16) 

ll rrpOBO,II.H llHTerpllp0Bamre ITO x, IIOJiy'laeM JlllHeiiHoe ypaBHeHIIe ,II.JIH Z(x, t) 

5.2 

Zt = Zxx + f (t). 

HeJIHHeiiHhie ypaBHeHHH. PerneHHH BH,n;a 

6eryrn;eii B0JIHbl 

(5.17) 

B paccMOTpeHHhIX Hll)Ke IIpllMepax Mhl ,n.a,n.IIM HeKOTopoe rrpe,n.cTaBJieHIIe O HeJill

HeiiHhIX ypaBHeHllHX. 

HaiiTII pemeHIIe TIIIIa 6eryiu;efi BOJIHhl ypaBHeHIIH KopTenera - ,n.e <l>pll3a (KdV), 

OIIllCb1Ba10ru;ero OTKJIOHeHlle IIOBepXHOCTll BO,II.hl B KaHaJie OT IIOJIO)KeHllH paBH0BeCIIH 

u(x, t) = 0 [6, 103]: 
Ut + 6uux + Uxxx = 0, (5.18) 

y6bIBa10ru;ee BMeCTe co CBOllMll rrpOll3BO,II.HhIMll Ha 6eCKOHe'IHOCTll. 

Mru;eM pemeHIIe B BII,II.e 

u(x, t) = f(x - vt) = J(z). (5.19) 

Haxo,II.H rrpOll3BO,II.Hhle Ux = J', Uxxx = J111
, Ut = -vf' ll IIO,II.CTaBJIHH llX B OCHOBH0e 

YPaBHeHIIe, IIOJIJ'lllM o6bIKHOBeHHOe ,II.ll<p<pepeHn;llaJihHOe ypaBHeHIIe 

-vf' + 6f J' + f 111 = 0, (5.20) 
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.,_,_.,.,,_,_ ... --,,--------

KOTopoe MO)KHO npmrnTerpnpoBaTb: 

-vf + 3f2 + J" + C1 = 0. 
(5.21) 

YMHO)KaH 3TO ypaBHeHne Ha J', ero MO)KHO npOlIHTerpnpoBaTb ellle pa:3: 

1 1 
J'[c

1 
+ J" + 3/2 - vf] = 0-+ cd + 2(!')2 + /3 - 2vf2 + c2 = O. 

(5.22) 

Tpe6oBaHne y6bIBaHlIH cpyHKIJ.lilI lI ee npolI3BO)],HblX Ha 6ecKOHff'IHOCTlI HaJiaraeT 

ycnoBne c
1 

= c
2 

= 0. IIonyqa10llleecH ypaBHeHne )],OIIycKaeT pa:3)],eJieHne nepeMeH-

df 2 (5.23) HbIX: 
J' = ±Jvf2- 2!3, ±dz = f .jv _ 2i l = v - 2j. 

YpaBHeHne pa3pernaeTcH: ln ~::: 
nonyqaeM OTBeT: 

= ±vvz. IlocJie HeCJIO)KHblX npeo6p830BaHlill 

V 1 
u(x, t) = 2 cosh2(1(x - vt))' 

(5.24) 

nMelOllllill BlI)], )],BlI)KYlllerocH KOJIOKOJia. 
K poMe perneHlill TlIIla 6erylllell BOJIHbl HeJilIHeHHbie ypaBHeHlIH MOryT co)],ep)KaTb 

perneHlIH aBTOMO)],eJibHOrO TlIIIa [19]. 
TaK, )],JIH ypaBHeHnii: [19] KdV n MO)],nq>nn.npoBaHHoro KdV nMeeM cooTBeTCT-

BeHHO 

a) 

6) 

Ut + 3uux + Uxxx = 0, 

3 2 Ut + 2u Ux + Uxxx = 0. 

(5.25) 

3aMeHhI u(x, t) = F(8)->..t, 8 = x+½>..t2 )],JIH a) n u(x, t)-½ !(~), ~ = x(3t).,..½ )],JIH 

6) nplIBO)],HT lIX nocJie lIHTerpnpoBaHlIH COOTBeTCTBeHHO K o6bIKHOBeHHblM )],liq>q>e

peHIJ.liaJibHbIM ypaBHeHlIHM (nepBoe lI BTopoe ypaBHeHlIH IleHJieBe) 

3 2 Fee+ 2F ->..8+k1 =0; 
(5.26) 

1 3 fo - - f - 3f + k2 = 0 
3 

C A, k1,2 nOCTOHHHbIMlI. 
YpaBiieHne B10prepca [6, 102] 

Ut + UUx = µuxx 
(5.27) 

onncbrnaeT pacnpocTpaHeHne CJia6bIX y)].apHbIX BOJIH B cpe,ll,e c )],lICIIepcneii: 3Heprnn. 

Haii:TlI perneHne Tnna y)],apHOll BOJIHbl, y,ll,OBJleTBOpHlOlllee yCJIOBlIHM 

lim u(x, t) = ui, lim u(x, t) = u2, u1 > u2-
x➔-oo x➔+oo 

(5.28) 
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PerneHne lillleM B Bn,n;e u(x, t) = f (x - vt). YpaBHeHne npnHnMaeT Bn,n; 

(-v + f)f' = µf". (5.29) 

MHTerpnpoBaHne 3TOro ypaBHeHlIH TIO X B npe,n;enax OT MlIHYC ,n;o IIJilOC 6eCKOHe'l

HOCTlI ,n;aeT, C Y'leTOM yCJIOBliii, 

+oo J [-vf' + f J' - µf"]dz = 0, ![u~ - ui] - v(u2 - u1) = 0, 
2 . 

(5.30) 
-oo 

OTKy,n;a Mbl HaxO)],lIM V = ( U1 + u2) /2. 3,ll,eCb Mbl lICIIOJib3OBaJllI TOT q>aKT, 'ITO 

npOlI3BO)],HaH Ha 6eCKOHe'IHOCTlI o6prun.aeTCH B HYJib. C Y'leTOM 3TOro nepenmueM 

ypaBHeHne B Bn,n;e 

;µJ' = ½u- ui)(f ~ u2). (5.31) 

Ero perneHne 

In u1 - f (z) = z u 1 - u2 
f(z) - U2 2µ 

(5.32) 

MO)KeT 6bITb nepenncaHO CJie,ll,ylOllllIM .o6p830M: 

( t)
- _ u1 ..'..u2 h(u1 -u2)(x-vt) 

U X, - V 2 t 4µ ' . (5.33) 

PerneHne lIMeeT BlI)], )],BlI)KYllleii:CH "CTeHKlI" . 

HaiiTlI perneHne TlIIIa ye,n;nHeHHOii 6eryllleii BOJIHbl ypaBHeHlIH HeJilIHeii:HOll CTpy-
Hbl [6, 104]: . . 

Utt - Uxx + (u2)xx + Uxxxx = 0. (5.34) 

MllleM perneHne B Bn,n;e u(x, t) = f(x - vt) = f(z). Ilo)J,CTaBJIHH 3TO Bblpa)KeHne B 

ypaBHeHne B 'laCTHblX npon:3BO)],HblX, IIOJIY'llIM o6bIKHOBeHHOe ,n;n:q>q>epeHIJ.IlaJibHOe 

ypaBHeHne 

_ /' (1 _ v2) + (/2)" + j<IV) = O. (5.35) 

IlocJie )],ByKpaTHOro lIHTerpnpoBaHlIH IIOJIY'llIM 

" 2 ( 2 f + f - f 1-v) + C1z + C2 = 0. (5.36) 

IlOCKOJlbKY q>yHKIJ.IlH f(z) BMeCTe co CBOIIMII npOH3BO)],HblMII o6palllaeTCH B HYJib 

Ha 6ecKOHe'IHOCTH (cpn3H'lecKoe yCJioBn:e), HMeeM C1 = C2 = 0. YMHO)KaH 3To 

ypaBHeHn:e Ha f' II ellle pa:3 JfHTerpn:pyH, IIOJiyqaeM 

1 ( ')2 1 3 1 ( 2) 2 ( 
2 f + 3! - 2 1 - V f = C3. 5.37) 

Ilo TeM )Ke npH'IHHaM nonaraeM C3 = 0. PerneHne nony'leHHoro ypaBHeHHH nMeeT 

q>H3H'leCKJfH CMbICJI TOJlbKO )],JIH V2 < 1 ('ITO COOTBeTCTByeT TOMy, 'ITO CKOpOCTb 

pacnpocTpaHeHn:H BO3MyllleHHH He npeBbllllaeT CKOpOCTII 3ByKa): 

'1:::~ 

3 1-v2 

f(z) = 2 cosh2(~(z-zo)). 
(5.38) 
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rJIABA 6 

Ilp116JIH)KeHHbie MeTO~hI 

6.1 qHCJieHHhie MeTO,[t;hl pemeHH.H ,n;HcpcpepeHD;H

aJihHhlX ypaBHeHHH 

B qacTHhlX rrpOH3B0,LJ;HhlX 

6.1.1 OcHOBHble noH.HTH.H MeT0Aa ceTOK 

B 6oJihIIIIIHCTBe CJiyqaeB II0JiyqIITb perneHIIe .u.mpcpepeHIJ;IIaJibHhlX ypaBHeHIIii B 

qacTHblX np0II3B0)].HblX C IIOMOiu;hlO 3JieMeHTapHbIX IIJIII cneu;IIaJihHblX <pyHKIJ;IIH He

B03M0)KH0. B CBH31I C 3TIIM Ba)KHOe 3HaqeHIIe npIIo6peTalOT npII6JIII)KeHHbie Me

T0)].hl IIX perneHIIH. OrpaHJiqJIMCH paccMOTpeHIIeM KpaeBhIX 3a.u.aq )].JIH ypaBHeHIIii 

MaTeMaTIIqecKOii q>II31IKII C )].BYMH He3aBIICIIMblMII nepeMeHHbIMII B o6JiaCTII D C 

rpamiu;eii ,, T.e. 

Lu= a(x, y)u:x + 2b(x, y)u:Y + c(x, y)u~y + d(x, y)u~+ 

+e(x, y)u~ + g(x, y)u = J(x, y), (x, y) ED, 

ru = <fJ(x, y), (x, y) E ,, 

(6.1) 

(6.2) 

r.u.e a(x, y), b(x, y), c(x, y), d(x, y), e(x, y), g(x, y), f(x, y) - II3BeCTHhie 

q>YHKIJ;IIII nepeMeHHbIX x II Y, onpe.u.eneHHbie B o6JiaCTII D, r -HeKOTOpblii JIIIHeiiHhlH 

(B o6m;eM CJiyqae )],II<p<pepeHu;IIaJibHblii) onepaTOp rpaHJiqHbIX yCJIOBIIH n <fJ(x,y) -
H3BeCTHaH cpyHKIJ;IIH, 3a,n;aHHaH Ha rpaHIIu;e 'Y· 

Ha1I60Jiee qaCTO HCIIOJih3YeMhIM MeTO)].OM qncJieHHOro perneHnH KpaeBOH 3a,n;aqJI 

(6.1),(6.2) HBJIHeTCH MeTO~ ceTOK (MeTO~ KOHe'IHbIX pa3HOCTeii) [4, 13, 14]. 
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B MeTO)].e CeTOK 3aMKHyTaH o6JiaCTb D = Du 'Y 3aMeHHeTCH KOHeqHhIM MHO)KeCT

BOM ToqeK - CeTKOii Dh = Dh LJ 'Yh· ToqKn 3TOrO MHO)KeCTBa Ha3hIBaIOTCH Y3JiaMII 

ceTKH. IIapaMeTp h=(h, T), rnar ceTKn, xapaKTepn3yeT ee IIJIOTHOCTh B o6JiacTII D. 
O6hrqHo npII !hi = Jh2 + T 2 ➔ 0 noCJie)].oBaTeJihHOCTh ceTOK Dh cTpeMIITCH 3anoJI

HHTh BCIO o6JiaCTb D. II pOH3B0)].Hble' BXO)].Hm;IIe B JleBbie qacTn COOTHOIIIeHIIii: ( 6 .1) 
II (6.2), 3aMeHHIOTCH Ha CeTKe Dh COOTBeTCTBy10m;nMII pa3HOCTHblMII OTHOIIIeHIIHMII. 

B pe3yJibTaTe IIOJiyqaeTCH CIICTeMa JIIIHeii:HbIX anre6paJiqecKIIX ypaBHeHIIii: 

Lhuh = fh(Xm, Yn), 

fhuh = ¢h(Xm, Yn), 

(xm, Yn) E Dh, 

(xm, Yn) E 'Y~, (6.3) 

r.u.e uh(Xm, Yn), (xm, Yn) E Dh - IICKOMaH CeTO'IHa.H <pyHKIJ;IIH, fh(Xm, Yn), <Ph(Xm, Yn) 
- ceTOqHbie cpyHKIJ;IIII, 3a,ll;aHHhre Ha MHO)KeCTBax Dh II 'Yh COOTBeTCTBeHHO, II Lh, rh 
- pa3HOCTHhre orrepaTOpbI. CeToqHaH <pyHKIJ;IIH uh, HBJIHIOiu;aHCH peIIIeHneM CHCTe-

MhI ypaBHeHIIH (6.3), Ha3bIBaeTCH 1Ip1I6Jin)Ke1I1IhIM peIIIeHIIeM KpaeBoii: 3a)].aqJI (6.1), 
(6.2) Ha CeTKe Dh. Ee 3Ha_qeHIIH Um,n = uh(Xm, Yn) npII6JIJI)KeHIIO 3aMeIIHIOT B y3-

Jiax CeTKII Dh COOTBeTCTByIOm;IIe 3HaqeHIIH TOqHoro peIIIeIInH u(xm, Yn) IICXO)].HOii 

KpaeBOfi 3a,n;aqJI C HeKOTOpoii: norpeIIIHOCTblO Om,n = Um,n - u(xm, Yn)-
CeMeiiCTBO cIIcTeM ypaBHeHnii: (6.3), 3aBIIcHm;ee OT napaMeTpa h=(h, T), Ha3hl

BaeTcH pa3HOCTHOii CXeMOii. Pa3IIOCTHYIO cxeMy. (6.3) y.u.o6Ho 3aIIIIChlBaTb B_Bn)].e 

r.u.e 

Lhuh = f h(xm, Yn), (xm, Yn) E Dh, 

Lh = { Lh, (xm, Yn) E Dh, 
rh, (xm, Yn) E 'Yh; 

] _ { fh, (xm, Yn) E Dh, 
h - <Ph, (xm, Yn) E 'Yh· 

(6.4) 

IIocTpOeIIIIe pa3IIOCTH0fi cxeMhI (6.3) IIJIII (6.4) )].JIH KpaeBOii: 3a,n;aqJI (6.1) Ha

qJIIIaeTCH C Bbr6opa CeTKII, T. e. YKa3hlBaeTCH npaBIIJIO 3aMeIIhl o6JiaCTII D II rpa

lIIIIJ;hl , ceTOqIIoii: o6JiaCThlO Dh- qam;e Bcero CeTKa Bhl6IIpaeTCH npHMOyroJibHOii 

II paBHOMepHoii:. )Vrn 3TOro IIPOBO)].HTCH )].Ba ceMefiCTBa napaJIJieJibHhIX IIpHMbIX: 

X = Xo + mh II Y = Yo + nT II paCCMaTpnBalOTCH BCeB03M0)KIIble ToqKn nepeceqeHIIH 

npHMhIX II3 3TIIX ceMeii:cTB, T. e. ToqKJI Bn.u.a (xm, Yn) = (xo + mh, Yo+ nT). Toq

KII (xm, Yn), KOTOpbre IIplIHa)],Jle)KaT 3aMKIIyToii: o6JiaCTH D, o6pa3yIOT ceTKY Dh, 
HBJIHHCh ee y3JlaMII. Y Ka)K,ll;oro Y3Jia (xm, Yn) IIMeIOTCH qeTbipe coce)].IIIIX TOqKJI: 

(xm-I, Yn), (Xm+I, Yn), (xm, Yn-1), (xm, Yn+I)- ECJIII BCe 3TH coce)].IIIIe ToqKJI TaK)Ke 

npnHa)],Jle)KaT ceTKe Dh, TO y3eJI (xm, Yn) Ha3bIBaeTCH BHyTpeHHIIM, B IIpOTIIBIIOM 

CJiyqae Y3eJI (xm, Yn) Ha3bIBaeTCH rpaHII'IHbIM. CoBOKyIIHOCTh BHyTpeHHIIX Y3JIOB 

06pa3yeT MH0)KeCTBO Dh, a rpaHJiqIIhIX - MIIO)KeCTBO 'Yh (TaK qTo Dh = Dh U,h)
CJie.u.yeT OTMeTHTh, qTo MHO)KeCTBO rpaIInqHblX Y3JIOB 'Yh He o6H3aTeJihHO HBJIHeTCH 

IlO)].MHO)KeCTBOM TOqeK rpaIIHIJ;hl 'Y' qTO IIPIIBO)].HT K norpeIIIH0CTHM npII IIOCTpOeHIIII 

CeToqIIofi <pyHKIJ;IIII <Ph II3 (6.3). 
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TiocJie Bb16opa ceTKII Dh npOBO,ll,IITCR IIOCTpoeHIIe ceToqHoii cpyHKI.l,IIII 1 h =: 

Uh, <Ph) II pa:mocrnoro onepaTOpa rh = (Lh, rh) II3 (6.4) • .D:JIR onpe,l],eJieHIIR f h B Y3-

JiaX CeTKII Dh noJiaraIOT f h(xm, Yn) = J(xm, Yn), eCJIII (xm, Yn) E Dh, fh(xm, Yn) =: 

¢(xm, Yn), eCJIII (xm, Yn) E 'Yh II (xm, Yn) E 1 , eCJIII :>Ke rpaHIIqHbIH Y3eJI (xm, Yn) f/:. 1 , 
TO B KaqecTBe J(xm, Yn) BbI6IIpaeTCR 3Haqem1e cpyHKI.l,IIII ¢(x, y) B npOII3B0JibHOii 

ToqKe (x, y) E 1 , OTCTORIIIeii OT Y3Jia (xm, Yn) Ha Bem1qIIHY, MeHhIIIYIO jhj . .D:JIR 

IIOCTpOeHIIR pa3HOCTHOrO onepaTopa £h BCe II3BeCTHbie cpyHKI.l,IIII, yqaCTBYIOIIIIIe B 

RBHOii 3aIIIICII onepaTOpOB £ II f (HaIIpIIMep, a(x, y), b(x, y) II T.,lJ,.), 3aMeHRIOTCR 

CBOIIMII 3HaqeHIIRMII B Y3Jiax ceTKII Dh II o6o3HaqaIOTCR COOTBeTCTBeHHO qepe3 am,n, 
bm,n II T. ,l],., a qaCTHbie npOII3B0,ll,Hbie 1-ro II 2-ro nopR,ll,KOB HeII3BeCTHOii cpyHKI.l,IIII 

u(x, y) npII6JIII:>KeHHO 3aMeHRIOTCR COOTBeTCTBYIOIIIIIMII pa3HOCTHbIMII OTHOIIIeHIIR

MII. B pe3yJibTaTe IIOJiyqaeM pa3HOCTHYIO cxeMy (6.4), COOTBeTCTBYIOIIIYIO KpaeBoii 

3a,I1,aqe (6.1), (6.2). 

IlpIIMep 1. TiocTpOIITb pa3HOCTHYIO cxeMy ,l],JIR KpaeBOii 3a,l],aqII pacnpocTpa

HeHirn TenJia B KOHeqHOM CTep:>KHe (0 $ x $ l) 

u~ - a2u~x = J(x, t), u(x, 0) = ¢(x); 

u(O, t) = 'ljJ1 (t), u(l, t) = 'ljJ2(t). 

PeIIIeHIIe. OTMeTIIM, qTQ o6JiaCTh onpe,l],eJieHIIR { (x, t) I0 $ x $ l, 0 $ t $ +oo} ,ll,aH~ 

HOH KpaeBOii 3a,l],aqII RBJIReTCR HeorpaHIIqeHHOii. TI03TOMY ,l],JIR IIOCTpOeHIIR paBHO

MepHoii npRMoyroJibHOii ceTKII Dh (KOTOpaR BCer,l],a RBJIReTCR KOHeqHblM MHO:>KeCT

BOM ToqeK) IIOCTJIIIIM CJie,l],yIOIIIIIM o6pa30M. TipoBe,l],eM ,l],Ba CeMeiiCTBa npRMhlX 

X = mh II t = nr ,ll,JIR HeKOTOpbIX 3a,l],aHHbIX h II r. QqeBII,l],HO, qTO TOqKa (xm, tn) 
IlpIIHa,l],Jie:>KIIT o6JiaCTII onpe,l],eJieHIIR IICXO,ll,HOH 3a,l],aqII, eCJIII m = 0, 1, ••. , r, r,l],e 

r = [ l/ h], II n = 0, 1, ••. TioJIO:>KIIM 

Dh = { (xm, tn) Im = 0, 1 ... , r, n = 0, 1, ... , s}, (6.5) 

r,l],e 11,eJioe s Bbl6IIpaeTCR TaK, qTo6bI IIHTepBaJI O $ t $ rs nepeKpbIBaJI TOT BpeMeH

HOii ,l],IIaIIa30H, B KOTOpOM II3yqaeTCR pacnpocTpaHeHIIe TenJia B CTep:>KHe. MHo:>KeCT~ 

BO BHJTpeHHIIX Y3JIOB IIMeeT BII,ll, Dh = { (xm, tn) Im= 1, 2 ... , r - 1; n = 1, 2, .•• ,·s }. 
B 3TO MHO:>KeCTBO BXO,l],RT II J3Jibl BII,l],a (xm, t,), m = 1, 2 ..• , r - 1, KOTOpbie Mbl 

cqIITaeM BHyTpeHHHMII. CooTBeTCTBeHHO, ,h- = Dh \ Dh, IIJIII B RBHOM BII,ll,e 'Yh = 
{(xm,0)lm = 0, 1, .•. ,r} U {(0, tn)ln = 1, 2, ... , s} U{(xr, tn)ln = 1, 2, •.• , s}. 

.D:aJiee IIOJiaraeM uh = { Um,n}, 

_ ¢(xm), n = O; 
·{ J(xm, tn), 

fh(xm,tn)= 1Pi(tn), m'.:~'. 
1P2(tn), m - , 

(xm, tn) E Dh, 
m = 0, 1, ... ,r, 
n = 1,2, .. • ,s, 
n = 1,2, .• • ,s. 

(6.6) 

OTMeTIIM, qTo·B CJiyqae, KOr,l],a l/ h He RBJIReTCR 11,eJibIM qIICJIOM, T. e. r = 
[l/ h] < l/h, Y3JibI (xr, tn),n = 1,2, ... ,s, He npIIHa,l],Jie:>KaT rpaHIIqHoii noJiynpRMoii 
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x = l, y ~ 0. BMeCTe c TeM 3TII J3Jlbl RBJIRIOTCR rpaHIIqHblMII, II03TOMY 3HaqeHIIR 

ceTOqHoii cpyHKI.l,IIII f h B HIIX nepeHeCeHbl C rpaHIII.l,bl. 

.D:JIR IIOJiyqeHIIR pa3HOCTHOro ypaBHeHIIR 3aMeHIIM IIpOH3B0,l],Hbie pa3HOCTHblMII 

OTHOIIIeHIIRMII 

u~(Xm, tn) ~ .!(um,n+I - Um,n), 
T 

u~x(xm, tn) ~ ; 2 ( Um+I,n - 2um,n + Um-1,n), 

r,l],e (xm, tn) E Dh. CJie,ll,OBaTeJibHO, 

{ 

¼(i_:,,n+l - Um,n)_ - ~~Um+I,n - 2um,n + Um-I,n), 
m - 1, .•• , r - 1, n - 0, 1, •.. , s - 1, 

Lhuh = Um,0, m = 0, ... , r, 
Uo,n, n = 1, ... , S, 
Ur,n, n = 1, ... , S. 

(6.7) 

TIO,ll,CTaBJIRR Bhlpa:>KeHIIR (6.6) II (6.7) B (6.4), IlOJiyqaeM HCKOMyro pa3HOCTHYIO cxe

MY, KOTOpaR npe,l],cTaBJIReT co6oii CJie,lJ,YIOIIIYIO CIICTeMy JIIIHeiiHbIX aJire6paIIqeCKIIX 

ypaBHeHHii: 

1 a2 

:;:-(um,n+I - Um,n) - h2 (um+I,n - 2um,n + Um-I,n) = J(xm, tn); 

m = 1, •.• , r - 1; n = 0, ... , s - 1; 

Um,0 = </J(xm), m = 0, ... , r; 

Uo,n = 1P1(tn), n = 1, ... , s; 

Ur,n = 1P2(tn), n = 1, ... , S. 

cha CIICTeMa COCTOIIT II3 ( s+ 1 )( r+ 1) ypaBHeHIIii. PeIIIIIB ee OTHOCIITeJibHO Hell3BeCT

HblX Um,n, m = 0, ... , r; n = 0, ... , S, Haii,l],eM CeTOqnyIO q>JHKI.l,IIIO Uh = { Um,n}, 
3HaqeHIIR KOTOpoii B Y3Jiax ceTKII npII6JIII:>KeHHO 3aMeHRIOT 3HaqeHIIR IICKOMoro pe

IIIeHIIR IICXO,ll,HOii KpaeBoii 3a,l],aqII ,l],JIR ypaBHeHIIR TeIIJIOIIpOBO,l],HOCTH. 

IlpIIMep 2. Onpe,I1,eJIIITh nopR,ll,OK npII6JIII:>KeHIIR ,I1,II<pcpepeH11,IIaJibHOro onepa

Topa Lu = u~ - a2u~x pa3HOCTHblM onepaTOpOM II3 IIpIIMepa 1. 
PeIIIeIIne. B npIIMepe 1 6blJI nocTpoeH pa3HOCTHhiii onepaTop 

(Lhuh)m,n = ~(um,n+I - Um,n) - ~: (um+I,n - 2um,n + Um-1,n). 

I1cnoJih3YR cpopMyJiy TeiiJiopa, HaxO,ll,IIM 

1 1 
:;:-(um,n+I - Um,n) = :;:-(u(xm, tn + r) - u(xm, tn) = 

= u~(xm, tn) + iu~t(Xm, t'), 
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r.n;e tm < t1 < tm + T u 

1 
h2 (um+l,n - 2um,n + Um-1,n) = 

1 (1 1 ) = h h (u(xm + h, tn) - u(xm, tn)) + h (u(xm - h, tn) - u(xm, tn)) = 

1 ( ( 1 
( ) h 11 

( ) h
2 

111 
( ) = h Ux Xm, tn + 2Uxx Xm, tn + 6Uxxx Xm, tn + 

+ :: u::xAx
1

, tn)) + (-u:(xm, tn) + ~u:x(xm, tn)-

h2 Ill ( t ) h
3 

1111 ( II t )) ) -
6

uxxx Xm, n + 
24 

Uxxxx X , n , 

r.n;e Xm - h < x" < Xm < x 1 < Xm + h. IlpuBO,ll;.H no.n;o6Hbie qJteHhI B npaBoii qaCTH 

noCJie,n;Hero BblpaJKeHu.H, noJiyqaeM 

; 2 (um+l,n - 2um,n + Um-I,n) = u:x(Xm, tn)+ 

h
2 

( 1111 ( 1 ) 1111 ( II t )) + 24 Uxxxx X , tn + Uxxxx X , n · 

CJie,n;oBaTeJibHO, 

(Lhuh)m,n = u~(xm, tn) - a2u:x(xm, tn) + i-u~t(xm, t')-

a2h2 ,,,, 1 ,,,, ,, - 24(uxxxx(x, tn) + Uxxxx(x , tn)). (6.8) 

11cnoJih3Y.H BhrpaJKeHue (6.8), pa3HOCTb MeJK.n;y HCXO)];HbIM .n;u<p<pepemi;uaJibHhIM one

paTOpOM L U 3aMeH.HIOIIJ;HM ero pa3HOCTHhIM Lh B Y3JiaX ceTKH MOJKeM npe.n;cTaBHTb 

B BU)];e 

· T ,, 
1 

a2h2 ,,,, 1 ,,,, ,, 

(Lu)m,n - (Lhuh)m,n = 
2

uu(Xm, t) - 24(uxxxx(x, tn) + Uxxxx(x , tn)) 

.n;JI.H HeKOTOpbIX t1(tn < t1 < tn + T) II X1
, x"(xm - h < x" < Xm < X1 < Xm + h). 

ECJIII Teneph Ju~(x, t)J < M 1 II Ju~~xx(x, t)J < M2, TO BhIIIOJIH.HeTC.H HepaBeHCTBO 

JI (Lu)h - Lhuh II= maxm,nl(Lu)m,n - (Lhuh)m,nl S 
M a2 h2 

s -f lTI + 12lhl2 s C(Jhl2 + JTJ2). 
CJie,n;oBaTeJibHO, ucnOJib30BaHHhifi B npuMepe 1 pa3HOCTHhiii onepaTop npu6JIHJKaeT 

IICXO)l;Hhlll .n;ucp<pepeHI.i;uaJihHblll II nop.H)];OK np1I6JIHJKeHII.H no nepeMeHHOfi X paBeH 

,ll;BYM, a no t - e,n;IIHIIIi;e. 

OTcro.n;a CJie.n;yeT, "'ITO )];JI.H TOro, "'IT06hI nop.H)];OK npu6JI1IJKeH1I.H 6bIJI paBeH ,ll;BYM, 

Heo6xo,n;1IMO rrrarlI h II T CB.H3aTh COOTHOIIIeHueM T = h2
. 
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6.1.2 11:ucJieHHoe perneH:ue KpaeBhIX 3a,n;aq MeTo,n;oM ceTOK 

Bee pa3HOCTHhie CXeMhI, npuMerrneMhie nplI perrreHIIH KpaeBbIX [13] 3a_n;aq MaTe

MaTII"'IeCKOfi <plI3HKII, .n;eJI.HTCSI Ha )];Ba 6oJibIIIHX KJiacca - .HBHhIX II He.HBHbIX cxeM. 

Ilo.n; CJIOeM pa3HOCTHOfi CXeMbI nOHHMaeTC.H COBOKynHOCTb TO"'IeK ceTKII D, Jie

)KaIIJ;IIX Ha HeKOTopoii roplI30HTaJihHOii (IIJIII BepTHKaJibHOii) np.HMOii. ECJIII 3Haqe

Hll.H ceTO"'IHOfi <pyHKIJ;IIII Um,n+I, 3a)];aHHhie Ha (n+ 1)-M CJIOe, BblpaJKaIOTCSI B .HBHOM 

BH.n;e qepe3 3Ha"'IeHII.H 3TOfi JKe <pyHKIJ;IIII Ha CJIO.HX C MeHhIIIIIMH HOMepaMu, TO TaKa.H 

cxeMa Ha3hIBaeTC.H SlBHOii. B npOTIIBHOM CJiyqae cxeMa Ha3hIBaeTC.H HeSCBHOii. 

HanpuMep, pa3HOCTHa.H cxeMa, nocTpoeuHa.H B np1IMepe 1, .HBJI.HeTC.H .HBHOfi, TaK 

KaK MOJKeT 6bITb 3an1ICaHa CJie.n;yIOrri;IIM o6pa30M ( CM. ( 6. 7)): 

a2T 
Um,n+l = TUm,n + ~(Um+l,n - 2um,n + Um-I,n) + fm,n; 

n = 0, 1, ..• , s - 1; m = 1, .•• , r - 1; 

Um,O = </>m; m = 0,1, ... ,r; 

Uo,n = 'l/J1(tn), n = 1, 2, ... 's; 

Ur,n = 'l/J2(tn), n = 1, 2, ... , S. 

PerrreHIIe noJiyqarorri;efic.H CIICTeMbI JIHHeHHbIX aJire6pa1I"'IeCKHX ypaBHeHIIfi ocyrri;ecT

BJI.HeTC.H noCJie)];OBaTeJibHO, nepexo.n;oM OT CJIO.H K CJIOIO. 

CJIOJKHee o6CTOHT .n;eJIO c He.HBHhIMH cxeMaMu. ,lvr.H perrreHU.H COOTBeTCTBYIOIIJ;IIX 

HM CHCTeM ypaBHeHHfi y.n;o6HO np1IMeH.HTb MeTO)]; nporOHKII, T. e. MO,n;H<pliti;IIpOBaH

Hhlll MeTO)]; IICKJIIO"'IeHU.H .n;JI.H perrreHII.H CIICTeMbI JIIIHeil:HbIX ypaBHeHIIll. CyTb 3TOro 

MeTo.n;a pa36epeM Ha OCHOBe He.HBHOii pa3HOCTHOii CXeMhl .n;JI.H ypaBHeHH.H Termonpo

BO)];HOCTII, IICilOJib3Y.H onepaTop npaBOCTOpOHHeii pa3HOCTII 

1 
(Lhuh)m,n = h2 (um+I,n+I - 2Um+l,n + Um+l,n-1)-

BBe,n;eM o603Ha"'IeHII.H 

a2T 
am,n+l = -~, 2a2

T 
bm,n+I = 1 + ~' 9m,n+l = Um,n + Tfm,n+l· 

Pa3HOCTHYID cxeMy 3a_n;aqu nepen1IrrreM B Bu.n;e 

Uo,n = 1P1,n; 

am,n+1Um-I,n+I + bm,nUm,n+l + am,n+tUm+l,n+l = 9m,n+l; 

Uk,n = 1/)2,n, n = 0, ... , S -1; 

Um,O = </>m, m = 1, ... , k - 1. 

(6.9) 

(6.10) 

CIIcTeMa ypaBHeHIIii (6.10) nplI Ka)K,ll;OM <plIKCIIpoBaHHOM 3Ha"'IeHHII n COBira.n;aeT C 

CIICTeMoii 

Uo = <p, 
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llnUn-1 + bnUn + CnUn+I = 9n, n = l, ... , N - 1; (6.11) 

UN='lp; 

,n;Ju1 KOTopoii crrpaBe,n;mrna cJ1e,z:ry10lllaH 
JieMMa. CHcTeMa ypaBHeHHll (6.11), K03cpqmu;rreHTbI KOTOpOii y,n;OBJleTBOpHlOT 

HepaBeHCTBaM J bn I ~ 1 + Jan I + Jc,. J , pa3peIIIHMa rrpH J1106hIX rrpaBhIX YJacrnx, 1I ,l\JIH 

ee peIIIeHHH crrpaBe,[\JIHBa ou;eHKa 

JuJ ~ max{J<foJ, Jg1J, • • •, IYn-11, J'lj!J}. 

,II:JIH ClICTeMhl (6.10) ycJIOBlIH JieMMhl BhlllOJIHeHhl. CHcTeMy ypaBHeHHii (6.10) y,n;o6-

HO peIIIaTh MeTO,lJ;OM rrporOHKII. By,n;eM HCKaTh peIIIeHHe CHCTeMbI (6.10) rrpH 

Ka)K,[\OM cp1IKC1IpOBaHHOM n B BlI,[\e 

Um-1,n+I = Qm,n+IUm,n+I + Hm,n+I, m = k, ... , 2. 

I1CKJllO'!aH Um-1,n+l 1I3 CHCTeMhl (6.10), llOJIY'IHM 

Um,n+l = - llm,n+l 
am,n+l Qm n+l + b Um+i,n+l + 

' m,n+l 

+ 9m,n+I - llm,n+lHm,n+l 

llm,n+l Qm,n+I + bm,n+I 

(6.12) 

(6.13) I 
CooTHOIIIeHHe (6.13) CBH3bIBaeT 3Ha'leHlIH cpyHKD;Hll Um,n+I, Um+i,n+I, ll03TOMY MO)K-

HO 3arrrrcaTh 

Um,n+l = Qm+I,n+IUm+I,n+IHm+l,n+l· 

CpaBHlIBaSI COOTII(JIIIeHlIH (6.13) rr (6.14), HMeeM 

Qm+l,n+l = 
llm,n+I 

llm,n+I Qm,n+I + bm,n+l' 

H 
- 9m,n+l - am,n+1Hm,n+l 

m+l,n+l - Q . 
llm,n+l m,n+l + bm,n+I 

(6.14) 

(6.15) 

CooTHOIIIeI!lIS! (6.15) orrpe,n;eJIHlOT 3Ha'!eHlIH Bcex rrporoHO'!HhIX K03cpcprru;HeHTOB 

Qm,n, Hm,n· C IIOMOID;blO 3T1IX COOTHOIIIeHlill CeTKa rrpoX0,[\1ITCH BBepx no m OT 

3Ha'!eHlrn 1 ,[\O 3Ha'leH!rn k - 1 rrplI cp1IKC1IpoBaHHOM 3Ha'!eH1IlI n. IlpH 3TOM orrpe

,n;eJIHlOTCH Bee 3Ha'!eHlIH Qm,n, Hm,n na ceTKe (rrp:HMruI rrporoHKa). Orrpe,n;eJIHB 

Bee rrporOHO'!Hbie K03cpcprru;rreHThl Qm,n, Hm,n, rrpoxO,[\HT ceTKY BH1I3 OT 3Ha'!eHlIH k 

,[\O 2, IIOCJle,[\OBaTeJlhHO orrpe,n;eJIHH 3Ha'leH1IH Um,n lI3 ypaBHeHHH (6.13) ( o6paTHrul 
rrporOHKa). rpaHH'!HOe ycJIOBlie rrprr m = 0 orrpe,n;eJIHeT Ha'!aJihHhie 3Ha'!emrn 

Q1,n+1, Hi,n+i, a rpaHH'!HOe ycJioBrre rrpH m =kB o6ru;eM CJiy'!ae orrpe,n;eJIHeT rrepBoe 
3Ha'-!eHHe Uk- MeTO,[\ rrporOHKlI 06J1a,n;aeT TeM CBOHCTBOM, 'ITO onm6KlI OKpyrJieHHH,' 

llOJly'!aeMhie Ha Ka)K,[\OM mare, He HapacTalOT. 9To CBOHCTBO CJIY)KlIT OCHOBaHHeM 

,[\JlH ero IIIHpOKOro rrplIMeHeHHH. 
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Ilp11Mep 3. PemlITh ,l\licpcpepenu;HaJihHOe ypaBnenHe B '!aCTHhIX rrpOlI3BO,[\HhIX, 

1ICll0Jlh3YH HBHYlO CXeMy: 

OU 82u 
oy-2ox2 -x=0, D={(x,y)J0~x~2, 0~y$1}; 

uJy=O = 1- x/2, ulx=O = cosy, ulx=2 = sin y. 

Pemettrre. Pa3HOCTHhiii orrepaTop 

1 2 
:;:(um,n+I - Um,n) - h2 (um+I,n - 2um,n + Um-I,n) 

rrp1I6J11I)KaeT lICXO,[\Hhiii ,[\H<pcpepenu;liaJihHhlii onepaTOp Uy - 2Uxx, rr nopH,l\OK nprr-

6JIH)KeHlIH no nepeMenHoii x paBen ,l\BYM, a no nepeMeHHOii y - e,n;rrnrru;e. qT06bI 

nopH,[\OK np1I6J11I)KeHlIH 6hIJl paBeH ,l\BJM, CBH)KeM marH h 1I 7 COOTHOIIIeHrreM 7 = h2. 

Bhr6epeM h = 0, 5; Tor,n;a r = 0, 25. qlICJIO pa36HeHrrii OTpe3Ka O $ x $ l 6y,n;eT 

r = [l/h] = 2/0, 5 = 4, a oTpe3Ka Q $ y $ T- s = [T/r] = 1/0, 25 = 4. IlpOBe,n;eM 
,[\Ba CeMeiiCTBa J11IH1Iii: x = mh Hy= nr, m = 1, 2, 3 1I n = 1, 2, 3. 9TH Jl1IHlIH npH 

nepece'leHHH ,n;a,z:ryT BHyTpeHHHe Y3Jlhl. I1cnOJlh3YH npHMYlO cxeMy, Haii,n;eM 3Ha'!e

HlIH cpyHKD;HlI B 3TlIX TO'!Kax. ,II:JIH HaxO)K,D;eHHH cpyHKD;1I1I B nepBOM roplI30HTaJlh

HOM CJIOe (n = 1, m = 1, 2, 3) onpe,n;eJ11IM lI3 rpaHH'IHOro YCJIOBHH uJy=O = 1 - x/2 

3Ha'!eH1IH cpyHKD;lilI IIp1I y = 0 (HyJieBOM CJIOe): 

uo,o = 1, u1,o = 0, 75, u2,o = 0, 5, u3,o = 0, 25, u4,o = 0. 

3na'!eHlIH cpyHKD;HlI na JleBOii (x = 0) 1I npaBOii (x = 2) rpaHHu;ax onpe,n;eJIHlOTCH 

H3 ycJIOBHii ulx=O = cosy H ulx=2 = sin y COOTBeTCTBeHHO. ,II:JIH nepBoro CJIOH rrpH 

y = 0, 25 u0,1 = cos 0, 25 = 0, 9689 lI u4,1 = sin 0, 25 = 0, 2474. C noMOlllhlO 

pa3nocTnoro onepaTopa 

Um,I = Um,O + 27 / h2( Um+l,O - 2um,O + Um-I,o) + Xm = 
= 2( Um+I,O + Um-1,0) - 3um,O + Xm 

HaxO,[\lIM 3Ha'!eHHH Um,I (m = 1, 2, 3): U1,1 = 1, 25, U2,1 = 1, 5, U3,1 = 1, 75. 
,II:na BTOporo rOplI30HTaJihHOrO CJlOH rrpH y = 0, 5 (n = 2) 1I3 rpaHlI'!HbIX YCJIOBHii 

onpe,n;eJIHeM Uo,2 = cos 0, 5 = 0, 8776 1I U4,2 = sin 0, 5 = 0, 4794. ,II:JIH BHyTpeHHlIX 

Y3JIOB (m = 1, 2, 3) 3TOrO CJlOH 1ICll0Jlh3yeM Bhipa)KeHrre ,[\JlH pa3HOCTHOro onepaTopa 

Um,2 = 2(um+l,l + Um-1,1) - 3um,l + Xm 

1I noJiy'!aeM U1,2 = 1, 6878, U2,2 = 2, 5 1I U3,2 = -0, 2552. 
IlpO,l\OJl)KHM 3TY npou;e,uypy orrpe,n;eJieHHH 3Ha'!eHHii cpyHKD;1I1I ,l\JIH TpeTbero lI 

'!eTBepToro CJIOeB aHaJIOrH'IHO Ha rpanHu;e 1I ,l\JlH BHyTpeHneii 06J1aCT1I. Ha rpaHHu;e 

u0,3 = cos 0, 75 = 0, 7317, uo,4 = cos 1 = 0, 5403 rr u 4,3 = sin 0, 75 = 0, 6816, 

U4,4 = COS 1 = 0, 8415. ,II:JIH BHyTpeHHHX Y3Jl0B U1,3 = -1, 1858, U2,3 = -3, 6348, 

U3,3 = 8, 2244 lI Ut,4 = -1, 7488, U2,4 = 25, 9816, U3,4 = -29, 0796. 
IloJiy'!eHHble 3Ha'!eHlIH cpyHKD;lIH B Y3JlOBhIX TO'!Kax npe,n;cTaBJleHhl B Ta6JI. 1. 
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y n x=0 X = 0,5 x=l X = 1,5 x=2 
(m = 0) (m = 1) (m = 2) (m = 3) (m = 4) 

0 0 uo,o = 1,00 U1,o = 0, 75 U2,0 = 0,50 U3,o = 0,25 U4,o = 0,00 
0,25 1 Uo,I = 0,96 U1,1 = 1, 25 U2,1 = 1,50 U3,1 = 1, 75 U4,1 = 0,25 
0,50 2 Uo,2 = 0,88 U1,2 = 1, 69 U2,2 = 2,50 U3,2 = -0, 26 U4,2 = 0,48 
0,75 3 Uo,3 = 0, 73 U1,3 = -1, 17 U2,3 = -3,63 U3,3 =8,25 U4,3 = 0,68 
1,0 4 Uo,4 = 0, 54 Ut,4 = -1, 75 U2,4 = 25,98 U3,4 = -29, 09 U4,4 = 0,84 

Ta6JUu~a 1 

6.2 MeTO,lJ;hI P1:1Tu;a, KaHTopoB1:1"tJa 1:1 raJiepK1:1Ha 

rrp1:16Jil:l)KeHHOrO pemeHl:I.H Bap1:1au;1:10HHhlX 3a

,a;aq 1:1 ,a;1:1cpcpepeHu;1:1aJihHhIX ypaBHeH1:1ii 

6.2.1 MHHHMH3aIJ;IUI cpyHKIJ;HOHaJia MeTO,ZJ;OM PHTIJ;a 

b 

,lµrn M1IH1IM1I3all,1I1I <PYHKil,lfOHaJia J[y] = J dxF(x, y, y'), y(a) = Yi, y(b) = Y2, 
a 

6y,n;eM lfCKaTb <PYHKil,1I10 B Blf,n;e y(x) = fo(x) + Ei e;f;(x) rrp1I JCJJOBlflf 

fo(a) = Y1i fo(b) = Y2i f;(a) = f;(b) = 0, i = 1, 2, ... , n. (6.16) 

Ha <PYHKil,lflf /;(x), KpoMe JCJIOBlfll rna,n;KOCTII If JllfHeii:Hoii: He3aB1IC1IMOCT1I, He Ha

KJia,n;brnaeTC.H HlfKaKIIX ,n;OIIOJIHIITeJibHhIX JCJJOBlfll [13, 18]. IlpOBO,ll;.H 1IHTerp1IpoBa

H1Ie no X, IIOJIJ'IIIM J[y] = <I> ( C;). .D:aJiee HaxO,n;lfM MIIHIIMYM <PYHKil,lflf <l> 1I3 YCJJOBlfii: 

8<I> =0, 
8e; 

i = 1,2, ... ,n. (6.17) 

M1IH1IM1I31IpJ10Ill,Y10 <PYHKil,ll10 CTpOllM C IIOMO~b10 pemeHIIH 3TOii: CllCTeMbI ypaBHe

Hllll ci, c;, ... , c~: 

n 

y*(x) = fo(x) + I":,c;J;(x). (6.18) 
1 

To'IHOCTh MeTo,n;a MO2KHO yBeJilf'IIITh, JBeJilf'IlfBaH n II ,n;o6nBaHch 3a,n;aHHOii:: /y~ -
Y~+il < E. 
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.D:JIH IIp1IMepa paccMOTpllM 

1 

J[y] = / ((y')2 + y2 + 2xy)dx, y(0) = 0, y(l) = 1. 
0 

B Ka'IeCTBe rrpo6HbIX BO3bMeM <PYHKil,lflf 

fo=x, !1=x(l-x), h=x2(1-x) . 

BbI'IlfCJJHH ,n;JIH 3TOro BbI6opa <PYHKil,lfOHaJI, IIOJIJ'IllM 

( ) 11( 2 ) 1 2 1 1 4> C1, C2 = 
30 

C1 + C1C2 + 7~ - 6c1 -
10

c2. 

MIIH1IM1I3all,1I.H IIPIIBO,ll;IIT K ypaBHeHlf.HM 

11( 1) 1 15 C1 + 2C2 + 3 = O; 
1 . 2 1 

30 
C1 + 7c2 + 5 = 0. 

(6.19) 

(6.20) 

(6.21) 

(6.22) 

IlOJib3JHCb pemeHlfeM 3TOii: ClfCTeMbI, IIOJIJ'IIIM ,n;JIH rrepBoro If BTOporo rrp1I6JI1I)Ke

H1Iii: 

y; = x -
1
~ x(l·- x), (6.23) 

• 138 ( ) 14 2( ) Y2 = X - -x 1 - X - -x 1 - X 
473 43 . (6.24) 

CTerreHb rrptt6JI1I)KeH1IH K TO'IHOMy pemeHIIIO Yex(X) = 2 e2':_l ( e"' - e-"') - X lfJIJIIOCT

PIIPYeTCH B Ta6n. 2: 

X Il 0,2 0,4 0,6 o,8 Il 
IYi-Yex/ 0,0074 0,0260 0,0415 0,0386 
IY2 - Yex/ 0,0003 0,0003 0,0004 0,0002 

Yex 0,143 0,299 0,484 0,711 

Ta6JI1Ill,a 2. ~foCJJeHHaH 1IJIJI10CTpall,1IH K MeTo,n;y P1ITil,a 

6.2.2 MeTo,u; KaHTOpOBHqa 

9TOT MeTO,!J; y,n;o6eH ,n;JIH rrp1IMeHeH1I.H K <PYHKil,llOHaJiaM, 3aB1ICHIIl,1IM OT HeCKOJibKllX 

rrepeMeHHbIX. 

PaccMOTp1IM<PYHKil,1IOHaJI 

J[u(x, y)] = f k F(x, y, u:r:, Uy, u)dxdy, D : a :5 x :5 b; 

u/r = 0, a1(x) < y < a2(x), 
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r,n;e D(x, y) - HeK0T0paa o6JiaCTb B IIJI0CK0CTII x, Y, r - ee rpaHnIJ,a. IIpe,n;cTaBIIM 
ncKoMyro cpyHKIJ,IIIO B Bn,n;e u(x, y) = E~ uk(x)cpk(x, y), r,n;e cpk(x, y) - tta6op (n3BeCT
Hhix) JIIIHeii:H0 He3aBIICIIMbIX cpyHKIJ,llll, y,n;oBJieTB0pHIOIIl,IIX rpaHnqHblM yCJIOBIIHM. 
IIpoBO)];H IrnTerpnpOBaHne 110 y, 11pnBe,n;eM IICXO,Il;HblH cpyttKIJ,IIOHaJI K BII,Il;Y 

b 

J[u] = f dx<I>(x, u1, ... , Un, u~, ... , u~)- (6.26) 

a 

,JJ;aJibHeiirnaa 11pou,e,n;ypa C0CT0IIT n perneHIIII ypaBHeHIIH 9ii:Jiepa 

d a<I> a<I> 
dx auk = auk' 

uk(a,b) = 0, k = 1,2, ... ,n, (6.27) 

II BblqncJieHIIII cpyHKIJ,IIOHaJia )];JIH perneHIIH 3TOH CIICTeMbl. 
B KaqecTBe 11pnMepa ttaii,n;eM 3TIIM c11oco60M MIIHIIMYM cpyHKIJ,IIOHaJia 

J[u(x,y)] = I fvcu; + u;- 2u)dxdy, -a$ x $ a; 

-b $ y $ b, ur = 0. (6.28) 

3,n;ech r 03HaqaeT rpattnu,y o6JiacTn D. llpo6ttyro cpyttKu,nro Bh16epeM B Bn,n;e 

u(x, y) = u1(x)(b2 
- y2

). (6.29) 

,JJ;JIH ncxo,n;ttoro cpyHKIJ,IIOHaJia IIMeeM II0CJie BbIII0JIHeHIIH IIHTerpnpoBaHIIH 110 y 

8b
3 fa [2 ] J[u1(x)] = 3 5b2(u~)2 + ui - u 1 dx, (6.30) 

-a 

u1(±a) = 0. (6.31) 

PerneHne ypaBHeHIIH 9iiJiepa )];JIH U1 llpIIB0)];IIT K 

u1(x) = 1/2 + c1ch(wx) + c2sh(wx) (6.32) 

cw = J5/(2b2). C yqeToM ttaqaJibHblX ycJIOBIIii nMeeM c1 = -1/(2ch(wa), c2 = 0. 
OKoHqaTeJibHO 11epBoe 11pn6JIII)l(ettne 3KCTpeMaJIII IIMeeT BII)]; 

u(x,y) = !(b2-y2) (1- ch(~x)). 
2 ch(J5/(2b2)a) 

(6.33) 

6.2.3 MeTO,D; raJiepKHHa 

,JJ;aHHblll MeTo,n; perneHIIH KpaeBOH 3a,n;aqn 

L(u(x)) = J(x), x E G, u(x)lr = 0, (6.34) 
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r,n;e r - rpattnu,a o6JiaCTII D, B K0T0poii ,n;eiiCTByeT 011epaT0p L, C0CT0IIT B II0CTpo
eHIIII cepnn 11pn6JIII)l(eHHblX cpyttKIJ,IIii un(x) = Et:~ ck<f>k(x), r,n;e <f>k(x) - cnCTeMa 
JIIIHeiiH0 He3aBIICIIMblX He11pepbIBHbIX ,n;ncpcpepeHIJ,IIpyeMbIX <pyHKIJ,IIii, y,n;oBJieTB0-
pHIOIIl,IIX rpaHnqHblM YCJI0BIIHM. CJie,Il;YIOllJ,IIM rnar0M CTP0IITCH HeBH3Ka 

ofn = L(un(x)) - f(x). (6.35) 

Heo11pe,n;eJieHHbJe K03<pcpnu,neHTbl Ck Hax0,n;HTCH II3 YCJI0BIIH 0pTOr0HaJibH0CTII He
BH3KII K CIICTeMe BhI6paHHblX JIIIHeiiH0 He3aBIICIIMb!X <pyHKil,IIH </>k(x) 

fa[L(un(x)) - fn(x)]</>k(x)dx = 0, k = l, 2, ... , n. 

MeTO)];OM raJiepKIIHa Haii,n;eM 11pII6JIII)l(eHHyro 3KCTpeMaJib <pyHKIJ,IIOHaJia 

1 

J[y] = f dx[y2 + (y')2 + 2yex], y(0) = y(l) = 0, 
0 

(6.36) 

(6.37) 

K0T0p0MY C00TBeTCTByeT ,n;ncpcpepeHIJ,llaJibHOe ypaBHeHne L(y(x)) = y" - y = ex 
C 11pnBe,n;eHHb!Mll Bblille rpaHnqHblMII YCJI0BIIHMII. Bh16npaeM B KaqecTBe npo6Hoii 
cpyHKIJ;IIII BT0poro npn6JIII)l(eHJrn (n = 2), y,n;0BJI_eTB0pHIOIIl,eii HaqaJibHblM YCJI0BII
HM, TaKyro: 

u2(x) = c1x(l - x) + c2x2(1 - x). 

lfa ycJI0BIIH opT0r0HaJibH0CTII HeBH3KII 

J2(x) = u; - u2 - ex= -2c1 + c2(2 - 6x) -

-c1x(l - x) - c2x2(1 - x) - ex 

K CIICTeMe JIIIHeiiH0 He3aBIICIIMblX <pyHKIJ,IIH x(l - x), x2(l - x) Il0JiyqnM 

60 
2c1 + c2 = -

11 
(3 - e), 

77c1 + 60c2 = -420(3e - 8); 

(6.38) 

(6.39) 

(6.40) 

,n;JIH 3KCTpeMaJIII II0JiyqnM u2(x) = (0, 7 - 3x)x(l - x). -CpaBHIIBa.a 3T0 Bblpa)l(eHne 
Ha oTpe3Ke O < x < l c T0qHhIM perneHneM y(x) = (l/2)xex + (e2 /(1 - e2))shx n 
YBeJIIIqnna.a nop.a,n;0K npn6JIJI)l(eHIIH, M0)l(H0 ,n;o6IITbCH )l(eJiaeMoii T0qH0CTII. 

ll3JIO)l(eHHbie Bb!Ille MeT0)];bl npnMeHHIOTCH TaK)l(e n KaqeCTBe npn6JIII)l(eHHblX 
npn perneHIIII ,n;ncpcpepeHIJ;liaJlbHblX ypaBHeHnii, K0T0pble npe,n;cTaBJIHIOT co6oii ypaB
HeHIIH 9iiJiepa ,n;JIH C00TBeTCTBYIOIIl,IIX cpyHKIJ,IIOHaJIOB. 
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rJIABA 7 

~pyrne MeTO,LJ;bl 

7.1 MeTo,n; KOHcpopMHhIX oTo6pIDKeHHii: 

OTo6pa:lKeHirn w = f (z) KOMIIJieKCHOll IIJI0CK0CTII z Ha K0MIIJieKcHyIO IIJI0CK0CTb w 
Ha3hlBaeTC.H KOHq>OpMHbIM B T0qKe Zo IIJI0CK0CTII z, eCJill rrpou3B0,IJ,Ha.H f'(zo) =/:- o. 
ECJiu OT06pa:lKeHue w = f (z) .HBJI.HeTC.H KOHq>OpMHbIM B o6JiaCTll, r,11,e 3a,11,aH0 ypaB

HeHUe <I>xx + <I>yy = 0, TO H0Boe ypaBHemre TaK:lKe 6y,11,eT ypaBHeHIIeM JianJiaca B 

K00p,11,UHaTax u u v: <I>,,,,+ <I>vv = 0. TaK Mb! rrpuxo,11,uM K u,11,ee HaiiTU TaKoe K0H

cpopMHOe OT06pa:lKeHue, K0Topoe rrepeB0,11,llT o6JiaCTb co CJI0:lKH0ii rpaHmi;eii B 06-

JiaCTb c rrpoCTOll rpaHmi;eii. CJie,IJ,y.H (4), rrpo,11,eM0HCTpupyeM CKa3aHH0e Ha rrpuMepe 

perneHU.H 3a,11,aqu ,l];upuXJie B BepxHeii II0JIYIIJI0CK0CTU: 

<Pxx + </Jyy = 0, -oo < X < oo, 0 < y < oo; 

</J(x, 0) = a, lxl < 1, </J(x, 0) = b, lxl > 1. 

(7.1) 

K 3T0H 3a,11,aqe CB0,11,UTC.H, B qaCTH0CTU, 3a,11,aqa 06 OTbICKaHUll 3KBUII0TeHIJ;UaJibHbIX 

KpUBbIX ,IJ,JI.H CJiyqa.H, K0r,11,a qacTb rpaHuIJ;hl - yqacT0K y = O; lxl < 1 uMeeT rrOTeH

ri;uan a, a 0CTaJibHa.H ee qaCTb - II0TeHIJ;llaJI b. 
,ll;JI.H 3T0ll Ii;Mll rrpoBe,11,eM KOHq>OpMHOe rrpeo6pa30BaHue, OT06pa:lKaIOrri;ee Bepx

HIOIO II0JIYIIJI0CK0CTb Ha II0Jiocy: 

I 
z -1 . . 

w = n-- = u+iv, z = x+iy. 
z+l 

(7.2) 

IIeperruCbIBa.H rrpeo6pa30BaHue B Bll,IJ,e e"+iv = :~!' M0:lKH0 y6e,IJ,UTbC.H, qTQ yqacTKY 

y = 0, x > 1 B IIJI0CK0CTU u, v C00TBeTCTByeT qaCTb rpaHUIJ;hl II0JI0CbI v = 0, u < 0, 
yqaCTKY y = 0, x < -1 C00TBeTCTByeT v = 0, u > 0 u, HaK0Heri;, yqaCTKy y = 0, 
-1 < X < 1 C00TBeTCTBYeT V = 1r, -00 < u < CX). ,ll;JI.H II0JI0CbI Mb! UMeeM 3a,11,aqy 

,ll;upuXJie 

'Puu + <Pvv = 0, -OO < U < oo, 0 < V < 1r; (7.3) 
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</J(u, 0) = a, </J(u, 1r) = b. 

PerneHue 3TOii 3a,11,aqu B KJiacce orpam1qeHHbIX cpyHKIJ;Hii: </J(u, v) =a+ v(b- a)/1r. 
Terrepb Ha,11,0 ero Bblpa3UTb B rrepeMeHHbIX x, y. 11MeeM 

u +iv= In _z _-_l = Inl-z ---
1 

l+iarg-z ---
1
\ 

z+l z+l z+ 
(7.4) 

X + iy - 1 X 2 + y 2 
- 1 + 2iy 2y 

v = arg---- = arg---''----__:_ = arctan ---=----
x + iy + l (x+1)2+y2 x 2 +y2 -1 

B KaqecTBe ,11,pyroro rrpuMepa paccM0TpuM 3a,11,aqy ,l];upuxJie B o6JiacTu D Me:lK,IJ,y 

,11,BYM.H HeK0HIJ;eHTpuqeCKIIMll 0KPY:lKH0CT.HMll 

<Pxx + </Jyy = 0 (7.5) 

BHYTPII o6JiaCTll D c rpaHuqHhlMll yCJI0Bll.HMll 

</J(x,y) = A (7.6) 

Ha KpUB0ii x 2 + y 2 = 1; 

</J(x,y) = B (7.7) 

Ha KpUB0ll (x -1 ) 2 + y 2 = 9. IIoJib3Y.HCb crrpaB0qHUK0M KOHq>OpMHhlX OT06pa:lKeHuii 

(1), Haxo,11,uM, qTo rrpeo6pa3oBaHue 

z-s 
w = 2t--, s = -0, 146, t = -6, 85; 

z-t 
(7.8) 

rrepeB0,11,llT o6JiaCTb D BO BHJTpeHH0CTb ,11,BYX K0HIJ;eHTpuqeCKUX 0Kpy:lKH0CTeii 

u2 + v2 = 1, u2 + v2 = 6, 86. (7.9) 

PerneHue 3a,11,aqu ,l];upuXJie ,IJ,JI.H 3T0H o6JiacTu UMeeT BII,11, </J( u, v) = a In( u
2 

+ v
2

) + b. 
IIocTO.HHHbie a, b Hax0,IJ,.HTC.H ll3 rpaHuqHbIX yCJioBuii, a rrepeMeHHble u, V Bhlpa:lKa

IOTC.H CJie,IJ,yIOIIJ;llM o6pa30M: 

. x+iy-s 
u+iv=2t . ; 

x+iy-t 
(7.10) 

u = 2/x - s)(x - t) + y2
, v = 2ty . 

(x - t)2 + y2 (x - t)2 + y2 
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7.2 MeTo,n; o6paTHOH 3a,n;aq:u pacce.HHM.H 

O,n;HHM H3 crroco6oB aHaJIH3a HeJIHHeii:HhIX ypaBHeHHll .HBmieTC.H HX rrpe,n:cTaBJieHue 

B BH,n;e KOMMyTaTopa )];BJX ·orrepaTopoB H rrpHMeHeHue MeTo,n;a o6paTHOll 3a,n;aqu 

pacce.HHH.H. Ilpo,n;eMoHcTpupyeM 3To Ha rrpuMepe ypaBHeHH.H KopTeBera - ,n;e <I>pu3a, 

OIIHChIBarorn;ero pacrrpocTpaHeHue BOJIH Ha IIOBepXHOCTH B MeJIKOll Bo,n;e [9, 10]: 

Ut - 6uux + Uxxx = 0, u(x, 0) = </>(x), (7.11) 

r,n;e u(x, t) - OTKJIOHeHue IIOBepXHOCTH BO)];hI OT paBHOBeCHoro COCTO.HHH.H, x, t - KO

Op,Il;HHaTa B)];OJih OCH KaHaJia H BpeM.H. PacCMOTpHM ,n;Ba JIHHellHhIX ,n;mpcpepem:i;u

aJihHhIX orrepaTopa L, A, orrpe,n;eJieHHhlX Ha KOMIIJieKCH03Ha'IHhIX <PYHKIJ;ll.HX \If(x), 
-00 < X < oo: 

a2 
L = -- + u(x t)· 

dx2 ' ' 
(7.12) 

A = -4i- + 3i u- + -u . d
3 

(d d) 
dx3 dx dx 

Mm1rno y6e,n;HThC.H, 'ITO crrpaBe,n;JIHBO COOTHOrueHHe 

[L, A] = LA - AL = -i(6uux - Uxxx), (7:13) 

TaK 'ITO ypaBHeHue KdV B orrepaTOpHOM Bu,n;e 3arrumeTC.H cJie,n;yrorn;uM o6pa30M: 

aL = i[L,A]. 
at 

PaccMoTpuM 3a,n;aqy Ha co6cTBeHHhre 3Ha'IeHH.H )];JI.H orrepaTopa L: 

<£2\If 
L\If = - dx2 + u(x, t)\If = ,\\If, 

(7.14) 

(7.15) 

3,n;ech BpeM.H MhI paccMaTpHBaeM KaK rrapaMeTp. Ecmi: ju(x, t)I < lxl~+a, a> 0, lxl -+ 
oo, T.e. u(x, t) ,n:ocTaTO'IHO 6hICTPO y6brnaeT Ha 6ecKOHe'IHOCTH, TOr,n;a orrepaTOp L 
HMeeT KOHe'IHOe 'IHCJIO )];HCKpeTHhIX COCTO.HHHll An = -x;~ H HerrpepbIBHhill crreKTp. 

IlOBe,n;eHIIe BOJIHOBOll <PYHKIJ;HH Ha 6eCKOHe'IHOCTH 

Wn(x)-+ e-l<nX, X-+ +oo; 

Wn(x) -+ c,,el<nX, X-+ -oo; 

. _\If(x, k)-+ eikx, x-+ +oo; 

\If(x, k)-+ a(k)eikx + b(k)e-ikx, x-+ -oo; 

orrpe,n;eJI.HeTC.H ,n;aHHhIMH pacce.HHH.H 

-~·"----- --~~ .. ~· 

An, en, a(k), b(k). 
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(7.16) 

(7.17) 

Cyrn;ecTByeT HeKOTOphlii: o6rn;uii: ¢opMMH3M, II03BOJI.HI0lll;Hll Haii:TH pemeHHe HeJiu

Heii:Horo ypaBHeHH.H, eCJIH y,n;aeTC.H Haii:TH ero rrpe,n;cTaBJieHue B TepMHHax LA-rraphl. 

Ilpo,n;eMOHCTpupyeM ero ,n;JI.H ypaBHeHH.H KdV. Ilpo,n;ucpcpepeHri;upyeM no BpeMeHH 

ypaBHeHue Ha co6CTBeHHhre 3Ha'IeHH.H L\Ifn = An Wn: 

aLi;r, Lawn= a,\ni;r, ,\ awn 
at n+ at at n+nat' (7.18) 

IlOJih3J.HCh orrepaTOpHhIM ypaBHeHHeM H ypaBHe.tmeM Ha co6CTBeHHhie 3Ha'IeHH.H, 

pe3JJihTaT MO:lKHO rrepenucaTh B BH)];e 

( ) (
awn .A ) a,\n 

L - ,\n at+ z Wn = at Wn. (7.19) 

IloKa:lKeM, 'ITO npaBa.H qaCTh 3TOro ypaBHeHH.H eCTh HJJih, T.e. a,\n/at = 0. ,lJ;JI.H 

3TOro JMHO:lKHM o6e qaCTH 3TOro ypaBHeHH.H Ha \If*(x, t) H npOHHTerpupyeM no x. 
YTBep:lK,n;eHue cJie,n;yeT H3 3pMHTOBOCTH orrepaTopa L, IIOCKOJihKY \If~(L - An)</>= 0. 
TaKHM o6pa30M, MhI y6e,n;umi:ch B TOM, 'ITO An - HHTerparrhr ,Il;BH:lKeHu.H, u, Kpo

Me Toro, B TOM, 'ITO KOM6HHaIJ;H.H ~ + iA\Ifn .HBJI.HeTC.H co6cTBeHHOii: <PYHKIJ;Heii: 

orrepaTopa L: 

awn Ill ,T,1 I ( )•T, at + 4 \If n - 6U 'I.' n - 3u \If n = r t 'I.' n (7.20) 

,n;JI.H Jiro6oro r(t). 
PaccMOTpHM cHa'Iarra ,n;ucKpeTHhrii: crreKTP ,\n = -x;~ < 0. Bhr6epeM r(t) TaK, 

'IT06br y,n;oBJieTBOp.HJiaCh aCHMIITOTHKa rrpu X-+ +oo: Wn = exp(-x;nx). IlpHHHMa.H 

BO BHHMaHHe 

awn(x, t) = O; u(x) = 0, 
at 

X-+ +oo, (7.21) 

Haxo,n;uM r(t) = -4x;3. Ilpe,n;eJI x -+ -oo, \If(x, t) = c,,(t)exp(xx;n) ,n;aeT ypaBHemie 

M.H Cn ( t): 

d~?) + 8c,,(t)x;~ = 0, c,,(t) = c,,(0)e-81<~t. (7.22) 

,lJ;JI.H HerrpephrnHoro crreKTpa rroJiaraeM ,\ = k2 > 0, \If(x, k) = exp(ikx), x -+ 
+oo, IIOJiyqaeM r(t) = -ik3

• ,lJ;JI.H acHMIITOTHKH X -+ -CX) HMeeM rrpome,n;myro H 

oTpa:lKeHHyro BOJIHhr: \If(x, k) = a(k, t)exp(ikx) + b(k, t)e.i:c:p(-ikx). Ilo,n;cTaHOBKa B 

ypaBHeHHe )];JI.H co6CTBeHHOll <PYHKIJ;HH ,n;aeT 

· a(k, t) = a(k, 0) = a(k ); b(k, t) = b(k)exp(-8ik3t). (7.23) 

CxeMa pemeHH.H ypaBHeHH.H KdV TaKoBa. 

1. CHaqarra pemaeTC.H ypaBHeHue L\If = ,\\If M.H noTeHri;uarra u(x, 0) = </>(x). 
Haxo,n;.HTC.H ,n;aHHhre pacce.HHH.H An, c,,(0), a(k), b(k, 0) = b(k). 
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2. C rroMOill;bIO rro,n;6opa LA-rraphr Haxo,IVITCJI ,n;aHHhre pacceHmrn ,n;.rrH JII06oro 

MOMeHTa BpeMeHH t: >.n, c,.(t), a(k), b(k, t). 
3. flo ::lTilM ,n;aHHbIM pacceHHilH CTpOHTCH C IIOMOill;bIO MeTo,n;a o6paTHOii 3a,n;aqu 

MapqeHKO rroTeHn;HaJI u(x, t). • 
Mbr rrpHBe,n;eM 6e3 ,lJ;OKa3aTeJibCTBa pen;errT HaxO)K,ll;eHHH IIOTeHn;HaJia B ypaBHe

Hilll Illpe,n;HHrepa B TepMirnax ,n;aHHbIX pacceHHilH. 

PaccMOTpHM ypaBHeHHe Illpe,n;uHrepa 

<fl 
- dx2 \JI+ u(x)\JJ = >.\JI. (7.24) 

fl pe,n;rroJiaraeM crreKTP COCTOHill;IlM Il3 KOHeqHoro qHCJia ,ll;IlCKpeTHbIX ypOBHeii Il He

rrpepbIBHOro crreKTpa: 

). = -K.2, \Jln(X) = e-1<nx, X-+ +oo; 
\Jln(x) = c,.e"nx, X-+ -OOj 

). = k2, \JJ(k, x) = eikx, x-+ +oo; 
\JJ(k,x) = a(k)eikx + b(k)e-ikx, x-+ -oo. 

floTeHn;HaJI u(x) HaxO,D;lITCH lI3 perrreHlIH ypaBHeHlIH MapqeHKO: 

d 
u(x) = -2-K(x,x), 

dx 
00 

K(x, y) = F(x + y) + j K(x, s)F(s + x)ds, 
X 

r,n;e <pyHKn;lIH F(z) CTpOlITCH no ,n;aHHbIM pacceHHlIH: 

F(z t) = - '°' M2(t)e-1<nz + ..!._ Joo b*(k, t) eikzdk· ' 7 n 21r a(k) ' 
-oo 

00 

M;:2 = 2Kn I w!(x, t)dx. 
-00 

,[(.rrn ypaBHeHlIH KdV <pyHKn;lIH F(z, t) y,n;oBJieTBOpHeT ypaBHeHlIIO 

oF a3F 
&t + 8 {)z3 = 0. 

(7.25) 

(7.26) 

(7.27) 

(7.28) 

,[(.rrn CJiyqaH b(k) = 0 (oTCJTCTBlIH OTpa)KeHHOH BOJIHbI rrprr pacceHHlilI IIJIOCKOH 

BOJIHbI B IIOTeHn;liaJie u(x)) cyrn;ecTBYIOT COJilITOHHble perrreHlIH ypaBHeHlIH KdV. 
PacCMOTplIM CJiyqait, KOr,n;a B ,ll;lICKpeTHOM crreKTpe lIMeeTCJI O,ll;lIH ypoBeHb. B ::!TOM 

CJiyqae F(z, t) = -MJ(O)e<:-"z+8"
3
t). PerrreHrre ypaBHeHrrH MapqeHKO rrrn;eM B Brr,n;e 

K(x, y, t) = </J(x, t)e-"Y, (7.29) 
00 

</J(x, t) = -M~(O)e8
"

3
t[e-"x + </J(x, t) j e-2"YdyJ. 

X 
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YpaBHeHue JierKo perrraeTCH, rr ,n;.rrH rroTeHn;rrana u(x, t) = -2dK(x, x, t)/dx rroJiyqrrM 

COJIIlTOHHOe perrreHlie (,n;BH)Kyrn;Hil:CH "rrepeBepHyTbiil: KOJIOKOJI"): 

211:2 
u(x, t) = 

cosh2 11:(x - vt - xo)' 

V = 4K2
, 

2K 
e-xo = ~(Of 

(7.30) 

PaccMOTpeHrre CJiyqa51 OTCyTCTBlIH OTpa)KeHHOH BOJIHbI rrprr HaJirrqrrrr HeCKOJibKilX 

,n;rrcKpeTHbIX ypOBHeit IIO3BOJIHeT rrpoaHaJilI3lipOBaTh ,lJ;lIHaMIIKY lI xapaKTep B3alI

MO,n;eitCTBilH COJilITOHOB. HeCMOTpH Ha 60JibIIIOll rrporpecc IIOCJie,D;HlIX JieT B o6JiaCTlI 

HeJIHHeiiHhIX ypaBHeHlIH, 3,n;ecb lIMeeTCH 60JibIIIOH rrpOCTOp ,ll;JIH ,D;aJibHeiirrrrrx lICCJie

,n;OBaHlIH. 

7.3 II peo6pa30BaHHe JiarrJiaca 

flpeo6pa3oBaHrreM Jlamraca cpyHKn;rrrr f(t), t E R, Ha3hIBaeTCH <pyHKn;rrH F(p), 
orrpe,n;eJIHeMa.H CJie,n;yrorn;rrM paBeHCTBOM: 

F(p) = fo00 

e-Ptf(t)dt. (7.31) 

OpHrHHaJIOM Ha3bIBaeTCH BCHKaH <pYHKn;IIH J(t), y,n;OBJieTBOpHIOrn;aH CJie,n;yrorn;rrM 

yCJIOBIIHM: 

1) J(t) = 0 IIplI t < 0, rrprrqeM IIplIHlIMaeTCH, qTQ /(0) = /(+0); 
2) cyrn;eCTBYIOT TaKlie IIOCTOHHHbre a rr M, qTo 

IJ(t)I < Meut, t > 0 

(BeJirrqrrHa O' Ha3hIBaeTCH IIOKa3aTeJieM pOCTa cpyHKn;rrrr J(t)); 
3) Ha JII060M KOHeqHOM 0Tpe3Ke [O, TJ <pyHKn;lIH J(t) MO)KeT lIMeTb JilIIIlb KOHeq

HOe qlICJIO ToqeK pa3pbIBa (rrepBOro po,n;a). 

ECJIR f (t) - oplirlIHaJI, TO CTOHill;liii B rrpaBOii qacTlI (7.31) lIHTerpaJI JiarrJiaca 

CXO,n;IITCJI a6COJIIOTHO rr paBHOMepHO B IIOJIYIIJIOCKOCTlI Rep 2: a > ao. flprr ::!TOM 

<pyHKn;IIH F(p) HBJIHeTCH aHaJilITliqeCKOii B IIOJIYIIJIOCKOCTlI Rep> O'o lI Ha3bIBaeTCH 

H306pruKeHHeM <pyHKn;lilI J(t). 
CooTBeTCTBlie Me)K,ll;y oplirlIHaJIOM f(t) lI ero lI306pa)KeHlieM F(p) CilMBOJIHqec

Kil 3aIIHCbIBaeTCJI B BH,n;e F(p) = f(t). 

7.3.1 0CHOBHLie CBOHCTBa npeo6pa30BaHH.SI Jlannaca 

1. CBOii:CTBO JIHHeHHOCTH: 

cdi(t) + cd2(t) = c1Fi(p) + c2F2(p). 
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2. TeopeMa no,n;o61rn: 

f(at) == ~F(f ). 
Q Q 

3. TeopeMa cMe~emrn: 
eat == F(p - a). 

4. TeopeMa 3ana3,n;hIBaHH.si:: 

TJ(t - -r)f(t - -r) == e-pr F(p). 

5. ,LJ;mp<pepeH~HpOBaHHe opHrlIHaJia: 

f(k>(t) == Pk F(p) _ (pk-1 f(0) + Pk-2 J'(0) + ... + J'k-I>(o)). 

B 'laCTH0CTH, 

f'(t) == pF(p) - f(0). 

6. 11HTerp1IpOBaHHe Op1Ir1IHaJia: 

ft f(t)d-r == F(p). 
lo p 

~ J(t) F(p) I N2 I_ f(tl F(JJ) '. 
1 TJ(t) l/p 6 sin flt fl/(p2 + fl2) 
2 tn/n! l/pn+i 7 cash flt p/(rr - fl",!) 
3 e<>t 1/(p- a) 8 sinh flt fl/(p",! - fl",!) 
4 W/n!)e<>t 1/(p- nt-1 9 e<>t cos flt (p - a)/((p- a)",!+ fl",!) 
5 cos flt p/(p",! + fl2) 10 e<>t sin flt fl/((p- n)2 + fl2) 

Ta6Jin~a 3 

C II0M0~bIO CB0HCTB rrpeo6pa30BaHHll Jlammca ll Ta6JIH~bI 0CH0BHbIX ll306pa)KeHHll 

M0)KH0 HaiiTll ll306pa)KeHHH 60JibillllHCTBa cpyHK~Hll. 

BoccTaHOBJieHne opnrnHaJia no H306pa)KeHHIO BO MH0rHX CJiy'laHX M0)KH0 rrpon3-

BeCTH Herrocpe,n;CTBeHHO C II0M0~bIO CB0HCTB rrpeo6pa30BaHHH JlarrJiaca ll Ta6JIH~bI 

II306pa)KeHHfi, a TaK)Ke C llCII0Jib30BaHHeM rrepnofi If BT0poii TeopeM Pa3JI0)KeHHH. 

7. ,Ll;H<p<pepeH~IIPOBaHIIe II306pIDKeHH.H: !~ 7 .4 PemeHHe KpaeBbIX 3~aq 
tnf(t)==(-lfF(n)(p), n=l,2, ... 

8. 11HTerp1IpoBaH1Ie II306pIDKeHH.H: 

1 100 -f(t) == F(q)dq. 
t p 

9. ,Ll;H<p<pepeH~IIpOBaHHe II IIHTerpHpOBaHHe no napaMeTpy: 

aJ(t, a) . aF(p, a) 
~=~ 

If 

1
<>2 1<>2 . J(t, a)da == F(p, a)da. 

01 01 

10. TeopeMa BopeJI.si: 06 H3o6pIDKeHHH cnepTKH. CnepTKe opnrnHaJI0B 

fr* h = l fr(-r)h(t - -r)d-r = l fr(t - -r)h(-r)d-r 

C00TBeTCTByeT rrp0H3Be,n;eHne H306pruKeHHii, T. e. 

fr* f2 == F1(p)F2(p). 

11. lIHTerpa.n: ,Ll;roaMeJI.si:. Ec;rn f(t) == F(p) n g(t) == G(p), TO 

pF(p)G(p) == f (0)g(t) + (f' * g)(t) = g(0)f(t) + (g' * J)(t). 

lfao6pa)KeHne cpyHK~HH Xenncaii,n;a .TJ(t): TJ(t) == l/p, r,n;e 

TJ( t) = { 1, t 2: 0, 
0, t < 0. 

Ilpnne,n;eM Taforney ll306pa)Keirnii 0CH0BHbIX cpyHK~Ifll. 
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c rroMo~ro rrpeo6pa3oBaHH.H JiarrJiaca 

lfHTerpnpoBaHne JIHHeiiHhIX ,Il;HcpcpepeH~IfaJibHbIX ypanHeHnfi B 'laCTHbIX IIp0ll3B0,Il;

HbIX M0)KH0 ocy~eCTBJIHTb orrepa~H0HHbIM MeT0,Il;0M. 

IlpHMep 1. ,ll,JIH llJIJIIOCTpa~nn rrpeo6pa30BaHHH JlarrJiaca pacCMOTpllM 3a,D;a'ly 

0 pacrrpe,n;eJieHHll TeMrrepaTypbI B CTep)KHe ,Il;JillHOfi l, eCJIH Ha'laJibHaH TeMrrepaTypa 

cTep)KHH u(x, 0) = 0, rpaHH'IHhle yCJIOBHH: u(0, t) = u0 , u(l, t) = 0 (14]. 
9To CMemaHHaH 3a,D;a'la ,Il;JIH ypaBHeHHH TeIIJI0IIp0B0,Il;H0CTll 

rrpn KpaeBbIX YCJI0BHHX 

au 2a2u 
at =a ax2 

u(x, 0) = 0, u(l, t) = 0, u(0, t) = u0 • 

(7.32) 

(7.33) 

O6o3Ha'lnM rrpeo6pa3oBaHne JlarrJiaca no rrepeMeHHofi t cpyHK~nn u(x, t) 'Iepe3 

u,1,(x,p), T.e. 

u(x, t) == uL(x,p). 

Tor,n;a 
au 
at == puL(x,p) - u(x, 0) = puL(x,p), 

a
2
u(x, t) == .!:.._ (!co ( t) -ptdt) = d2uL(x,p) 
8x2 ax2 u x' e dx2 . 

0 
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lfao6pa*emrnM ypaBHemrn (7.32) 6y,D,eT 

a2ul(x,p) = puL(x,p). 

lfao6pa)KeHirn rpaHIPIHblX yCJIOBHfi: 

00 

u(0, t) == uL(0,p) = f u0e~ptdt = uo, 
0 p 

u(l, t) == uL(l,p) = 0. 

{7.34) 

{7.35) 

IloJiy<IaeM KpaeByIO 3a,l),a'Iy ,l],JIH o6bIKHOBeHHOro ,n;mpcpepeHIJ;llaJibHOrO ypaBHeHHH 

BTOporo nopH,n;Ka {7.34) c rpaHH'IHblMll JCJIOBllHMll {7.35). 
Haii,D,eM perneHne ,l],JIH UL(x,p). CocTaBHM xapaKTepllCTll'IeCKOe ypaBHeHne ,l],JIH 

{7.34): 
a2k2 -p = 0. 

KopHn aToro ypaBHeHHH k1 = 1-, k2 = -1-, noaToMy 

( ) 
:II.:,; _:ifI.x 

UL X,p = C1e a + C2e a • 

lfa rpaHH'IHhIX yCJIOBHfi (7.35) noJiy'IaeM 

{ 
c1 +c2 = uo/P, 

, ilt -ill 
C1 e a + C2e a = 0. 

lfa (7.38) HaxO,l],llM TIOCTOHHHble C1 ll C2: 

Uo 1 
C - • 
1 - --p 2.i.1 1' e a -

Uo 1 
C2=---- . 

pl -e-2"f!-1 

PerneHne KpaeBofi 3a,n;a'In {7.34), (7.35) 6y,n;eT CJie,n;yroni;nM: 

uL(x,p) = 
ilx _ilx Uo ea Uo e a -----+ ---- uo sinh 1-(t - x) 

p e2"f!-1 - 1 p 1 - e-2"[!-1 - P sinhYE[ 
a 

{7.36) 

{7.37) 

{7.38) 

{7.39) 

Hafi,n;eM OpllrHHaJI u(x, t) no ll306pa)KeHHIO UL(x,p). ,a.1rn 9TOro BOCTIOJib3YeMCH 

TeopeMofi pa3JIO)KeHHH 

00 

u(x, t) = L res{ uL(x, Pk)ePkt, Pk}-
k=O , 

PemeHne {7.39) aHaJIIlTH'IHO Be3,n;e, 3a HCKJIIO'IeHneM TO'IeK, r,n;e psinh v;!t = 0, 
,r2a2k2 k 

T. e. TO'IeK Pk= --12-, - Ii;eJIOe. 
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IloJiy'IaeM llCKOMOe pemeHHe 

(
l - x 2 

00 
brx ( 1r

2
a

2
k2 )) u(x, t) = u0 -

1
- - ; .?; sin -

1
- exp - - 12-t . {7.40) 

CxeMa pemeHHH C IlOMOIIJ;blO npeo6pa30BaHHH JianJiaca aHaJIOrll'IHa cxeMe HaxO)K

,n;eHHH 'IaCTHOro pemeHHH 06bIKHOBeHHOro ,n;ncpcpepeHIJ;llaJibHOro ypaBHeHHH. Pac

CMOTpllM eni;e 0,l],llH npnMep Ha npnMeHeHire onepaIJ;llOHHOro llC'IllCJieHHH. 

IIpnMep 2. HafiTn perneHne ypaBHeHnH 

82z 
axay + z = sinxcosy, 

y,n;OBJieTBOpHIOIIJ;ee YCJIOBHHM 

z(0, y) = sin y, z(x, 0) = 0, (x E (0, +oo), y E (0, oo)). 

PemeHne. Ilepexo,n;nM K orrepaTopHOMY ypaBHeHnIO OTHOCHTeJihHO apryMeHTa y, 
rroJiaraH z(x, y) == Z(x,p). OTcro,n;a 

az 
ay == pZ(x,p) - z(x, 0) = pZ(x,p), 

82z 8 
8x8y == 8x (pZ(x,p)) = pZ~(x,p) 

( rro TeopeMe o ,n;ncpcpepeHii;npoBaHnn onepaTOpHhIX cooTHomeHnii no napaMeTpy). 

IloJiy'IaeM orrepaTopHoe ypaBHeHne 

, psinx 
pZx(x,p) + Z(x,p)) = ~l 

p + 
(TaK KaK cosy ::::::: i+1)· MHTerpnpyH IlO.IIJ'IeHHOe ,n;ncpcpepeHIJ;llaJibHOe ypaBHeHne 

IIO apryMeHTY x, Haxo,n;HM 

2 

Z( ) C (p) -x/p p . p 
x,p = 1 e + (p2 + l)2 smx - (p2 + l)2 cosx. 

B CllJIY Ha'IaJibHOro JCJIOBilH Z(x, 0) = 0 ll TeopeMhl O CBH3ll Ha'IaJibHOro 3Ha'IeHHH 

opnrHHaJia ll KOHe'IHOro 3Ha'IeHHH ll306pa)KeHHH Mbl ,l],OJI)KHbl llMeTb limp➔ooPZ(x,p) 
= Z(x,0) = 0, OTKy,n;a Haxo,n;nM limp➔ooPC1 (p) = 0, rrpn'leM eCJin C1(p) == rp(y), TO 

rp{O) = 0 (B cnJiy TOA )Ke TeopeMhl). 3annmeM Terrepb Z(x,p) B CJie,n;yroni;eM Bn,D,e: 

Z(x,p) = pC1(p)!e-: + p sinx - 1 (p2 + 1) + (p2 - 1) 
p (p2 + 1)2 2 {p2 + 1)2 cosx. 

HoTaK KaK 

pC1(P) == ¢/(y), !e-: == Io(2ylxy) 
p 
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(10 - cpyHK~Irn: Becce.m1 nepBoro po.n,a c HyJieBbIM HH.n,eKcoM), 

TO HaXO.IJ.HM 

p l 
(p2 + l)2 == 2ysiny, 

p2 - 1 
(p2 + l)2 == ycosy, 

y 

z(x, y) = J q/(t)I0 (2)Jx(y - t)dt + ~ysin ysinx-
o 

y 

-~(siny + ycosy) cosx) = J </l(t)I0 (2)✓x(y - t)dt
o 

1 . 1 - 2smycosx- 2ycos(x+y) 

(nepBoe cJiaraeMoe noJiy'leHO no TeopeMe cBepTbIBaHH.H opnrnHaJioB). TaK KaK 

10 (0) = 1, To, noJiara.H x = 0, Haxo.n,nM , 

y , 

z(0,y) = J </>'(t)dt- ~siny- ~ycosy = 
0 

,I.( ) 1 . 1 . = 'I' y - 2 sm y - 21/ cosy =;= sm y 

(no Ha'laJibHblM ycJIOBH.HM); no3TOMY </;(y) = ½~iny + ½ycosy,</;'(y) = 2cosy -

½Y sin y' H OKOH'laTeJibHO irnxo.n,nM 

y l 
z(x,y) = j (2cost- 2tsint) I0(2)Jx(y- t)dt-

o 

1 . 1 ( ) - 2smycosx- 2ycos x+y. 
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rJIABA 8 

IIHTerpaJibHbie ypaBHeHH.H. 

KJiaCCHQ)HKan;H.H, HeKOTOpbie 

MeTO~bl pemeHH.H 

YpaBHeHH.H, co.n,ep:>Ka~ne HeH3BeCTHYIO q>yHK~HIO no.n. HHTerpaJIOM, Ha3hlBaIOTC.H 

HHTerpaJibHbIMH ypaBHeHH.HMH (11Y) [5, 7, 18, 20]. Hn)Ke Mb! 6y.n,eM paccMaTpH

BaTb JIHHeHHble 11Y, co.n,ep)Ka~ne HeH3BeCTHYIO q>yHK~HIO He 6onee 'leM B nepBOii 

CTeneHH. 

11Y Bn.n,a 

</;(x) =,\fa K(x, y)q;(y)dy + J(x) (8.1) 

Ha3bIBaeTC.H JIHHeiiHhIM 11Y. Ilpn HyJieBOM cBo6o.n,HOM 'IJieHe J(x) = 0 11Y Ha3hI

BaeTC.H O.IJ.HOpO.D,HbIM. K(x, y), ,\ - .H.IJ.PO n co6CTBeHHOe HJIH xapaKTepHCTH'leCKOe 

'IHCJIO 11Y. 
JlnHeiiHoe HHTerpaJibHOe ypaBHeHne 

</;(x) = ,\ [' K(x, t)</;(t)dt + J(x), (8.2) 

r.n,e </;(x) - HCKOMa.H cpyHK~H.H, a J(x) H K(x, t) - 3a.n,aHHhle cpyHK~HH, ,\ - npo

H3BOJibHa.H noCTO.HHHa.H, Ha3bIBaeTC.H HHTerpaJibHbIM ypaBHeHHeM BoJibTeppa 2-ro 

po.n,a. cho )Ke ypaBHeHne, HO y)Ke C nocTO.HHHbIMH npe.n,eJiaMH: 

</;(x) = ,\ t K(x, t)</;(t)dt + J(x) 

Ha3bIBaeTC.H HHTerpaJibHblM ypaBHeHneM Cl>pe.n,roJibMa 2-ro po.n,a. Ecnn HCKOMa.H 

q>yHK~H.H BXO.IJ.HT TOJlbKO no.n. 3HaK HHTerpana, TO Mbl nOJIY'IHM COOTBeTCTBeHHO 

89 



nHTerpaJibHble ypaBHeHnH BoJibTeppa n <I>pe,n;roJihMa 1-ro po,n;a: 

Lx K(x, t)cp(t)dt = f(x); t K(x, t)cp(t)dt = J(x). (8.3) 

CBH3h 3a,n;aqn Kown n HY. TioKa:iKeM Ha rrpnMepax, qTo OThICKaHne peweHnH 

JinHeil:Horo ,n;mpcpepemi;naJibHOro ypaBHeHnH c HaqaJibHbIMn yCJIOBnHMn MO:lKeT 6bITb 

CBe,n;eHO K peweHnIO nHTerpaJibHOro ypaBHeHnH. 
Ilp11Mep 1. CocTaBnTh nHTerpaJibHOe ypaBHeHne, COOTBeTCTByrom;ee ,n;ncpcpe

pemi;naJihHOMY ypaBHeHnIO C 3a)];aHHhIMn HaqaJibHhIMn JCJIOBnHMn 

y"-y'sin(x)+exy=x; y(0)=l, y'(0)=-1. (8.4) 

flOJIO:lKnM 

d2y 
dx2 = cp(x). 

Tor,n;a, nHTerpnpyH 3TO orrpe,n;eneHne n IIOJib3JHCb HaqaJibHhIMn yCJIOBnHMn, IIOJiy

qnM 

:: = fox cp(t)dt + y'(0) = fox cp(t)dt - 1, 

y = fox (x - t)cp(t)dt + y'(0) + y(0)x = fo\x - .t)cp(t)dt + x - 1. 

(8.5) 

(8.6) 

3,n;ech rrpn cBe,n;eHnn ,n;ByKpaTHoro nHTerpaJia ( c rrepeMeHoii rropH,n;Ka nHTerprrpoBa

HnH) IICIIOJib30BaHa cpopMyJia 

l
xlx lx 1 lx dx dx · · · f(x)dx = ( )' (x - zt-1 f(z)dz. 

XO XO XO • n - 1 • . XO 

n 

Tio,n;cTaBJIHH (8.5) n (8.6) B ,n;aHHoe ,n;rrcpcpepemi;rraJihHOe ypaBHeHrre,. rronyqrrM 

cp(x) - sin(x) [fox cp(t)dt - i] + ex [fox (x - t)cp(t)dt + x - 1] = x 

IIJin 

cp(x) = 1x (sin(x) - ex(x - t))dt - sin(x) + ex(x - 1) + x. 

IIp11Mep 2. PaccMOTpnM 3a,n;aqy Kown 

y"' - 2xy = 0, y(0) = 1, y'(0) = 2, y" (0) = 3. 

CooTBeTCTByrom;ee HY rrMeeT Bn,n; 

X 

cp + f K(x, t)cp(t)dt = f (x), K(x, t) = -x(x - t)2
; 

0 . 

(8.7) 

(8.8) 

(8.9) 

J(x) = 3x3 + 4x2 + 2x. (8.10) 
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O,n;HnM II3 MeTO)];OB peweHnH HY HBJIHeTCH MeTO)]; ,n;rrcpcpepemi;rrpoBaHnH. 

Tipn ero rrprrMeHeHrrn rrone3HO rrpaBrrno ,n;rrcpcpepemi;rrpoBaHrrH orrpe,n;eneHHoro 

rrHTerpaJia: 

g(x) 

F(x) = f dyG(x,y), F'(x) = g'(x)G(x,g(x)) -
q,(x) 

g(x) 

cp'(x)G(x, cp(x)) + f dyGx(x, y). 
q,(x) 

PaccMoTprrM HeCKOJihKO rrprrMepoB rr3·c6opHrrKa (5]. PaccMOTprrM HY 

X 

cp(x) = x + f dy(y - x)cp(y)dy. 
0 

(8.11) 

(8.12) 

,[t;ncpcpepemi;rrpyH 3TO HY C IIOMOm;hIO rrpnBe,n;eHHOfi BhIWe cpopMJJihl II rronaraH 

X = 0, y6e,n;nMCH B 3KBIIBaJieHTHOCTII ero 3a,n;aqe Kown 

cp" + cp = 0; cp(0) = 0; cp'(0) = 1, 

peweHrreM KOTOpofi 6y,n;eT cp(x) = sinx. 

PaccMoTpnM HY 

X 

cp(x) = x2 + ,\ f dy(x - y)cp(y)dy. 
0 

AHaJiorrrqHbIM o6pa30M y6e,n;rrMCH B 3KBnBaJieHTHOCTn ero 3a,n;aqe Kown 

cp" - ,\cp = 2, cp(0) = 0, cp'(0) = 0, 

peweHneM KOTOpofi HBJIHeTCH 

2 
cp(x) = x(-1 + cosh(v'Xx)). 

(8.13) 

(8.14) 

(8.15) 

(8.16) 

X 

,[t;JIH HY cp(x) = 1+,\f(x-y)cp(y)dy rronyqnM cp"-,\cp = 0, cp(0) = 1, cp'(0) = 
0 

0 c peweHrreM cp(x) = cosh(v'Xx). 
HY C IIOCTOHHHhIMn rrpe,n;enaMn IIHTerpnpoBaHIIH B cnyqae, ecnn H)];pO rrpe,n;cTaB

JIHeT co6ofi CJMMY cpaKTopn30BaHHhIX Bhlpa:lKeHnfi: 
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K(x, y) = L:=l f m(X)9m(Y), 

MO:lKeT 6b1Th perneHO C IIOMOlll;hIO aJire6pan11ecKOii CllCTeMhI. 

,ll;eiicTBiiTeJihHO, perneHneM mrneiiHoro MY 

6y,n:eT 

¢(x) = .,\ k K(x, y)cp(y)dy + f(x) 

¢ex) = f(x) + .,\ L:=l Cmfm(x), 

Cm= l dycp(y)9m(Y)-

(8.17) 

(8.18) 

(8.19) 

Koacpq:mu;neHThI Cm Haxo,n:HTCH rrpn pe:ui:eHiill CiiCTeMbl JIIiHeiiHhIX ypaBHeHnii, 

IIOJiy'IaeMblX ,ll;OMHO:lKeHneM IiCXO)];HOro MY Ha 9m(x) C IIOCJie,n:y10rn;nM IiHTerpnpo

BaHneM. 

Ilpo,n:eMOHCTpHpyeM 3TO Ha rrpnMepax Ii3 [5]. PaccMoTpHM MY 

1 

¢(x) = .,\ / dycp(y)K(x, y) + f(x) 
0 ' 

)];JIH cJiy11aH K(x, y) = x + y - 2xy; f(x) = x + x2
• MMeeM !1 = x, 91 = l; f2 = 

1 1 I 
l-2x, 92 = y. O6o3Ha'IaH rrocTORHHhie c1 = J ¢(x)dx; c2 = J xcfi(x)dx, rroJiy'IHM / 

0 0 
aJire6paI111ecKyIO CiiCTeMy ypaBHeHnii ,ll;JIH C1,2 ' 

c1 = .-\ci/2 + 5/6; c2 = .,\(ci/3- c2/6) + 7/12. (8.20) 

' PerneHHe nMeeT BH,11; ( 

¢ = x2 + (Ax+ B)/D,A = 6(.-\2 
- 8.-\+ 12);B = .-\(42-.-\);D = 6(6+.-\)(2- .-\). l 

IlpH .,\ = -6 n .,\ = 2 perneHHe He cyrn;ecTByeT. I 
3a,n:a11a [5' 18.1]. HaiiTH BCe xapaKTepHCTii'IeCKHe 'IllCJia II co6CTBeHHhle cpyHK- . 

QHH MY ; 

2,r 

¢(x) = .,\ / ¢(y) (sin(x + y) + ~] dy. (8.21) 
0 

2,r , 2,r 2,r 

O6o3Ha11aR Co= J dxcp(x), c1 = J dxsinxcp(x), c2 = J dxcosxcp(x), 
0 0 0 

HMeeM CllCTeMy ypaBHeHnii 

Co= .,\:rrco; c1 ='.-\1rc2, c2 = .,\1rc1. (8.22) 

92 

PerneHne nMeeT Bn,n; 

1) .,\ = !, ¢1(x) = l; ¢2 (x) = cosx + sinx, 
7r 

3a,n:a11a [5, 18.3] 
1 

2).,\ = _.!_, ¢3 (x) = sinx - cosx. 
7r 

To :lKe ,ll;JIR ¢(x) = .,\ J dy¢(y)(x2y2 - tr;). 
0 

1 1 

(8.23) 

O6o3Ha11aH: c1 = J dycp(y), c2 = J dyy2¢(y), nMeeM ,n:JIR perneHnR ¢(x) = .-\[x2c2 -
o 0 

ir;c1]. 
,ll;oMHO:lKaH: 3TO ypaBHeHne Ha x; x2 

II HHTerpnpyR B rrpe,n;eJiax OT HYJIR ,n:o e,n;H

HHD;hI, IIOJIY'IllM 

( 
2 ) l-c1 1 + 

45
.-\ = 3.-\c2, C2 (1 - ~.,\) = _ _3._.,\c1. 

5 135 

PerneHne nMeeT BH,n: 

l).-\1 = -45, ¢1(x) = 3x2 
- 2, 

3a,n:a11a[5, 36.1] 
1 

2).-\2 = 45 
8' 

¢2(x) = 15x2 - 1. 

To :lKe MR ¢(x) = .,\f dyK(x,y)cp(y), r,n:e H,n;po HMeeT Bn,n: 
0 

K(x,y) = x,x < y; 
K(x,y) = y,y < x. 

MY MO:lKHO 3arrncaTh B cpopMe 

X I 

¢(x) = .,\[/ ycp(y)dy + x / cp(y)dy], ¢(0) = O; 
0 X 

1 

¢'(x) = .,\ / dycp(y), ¢'(1) = 0. 
X 

cha 3a,n:a11a aKBHBaJieHTHa 3a,n:a11e Kornn 

¢" + .,\¢ = 0; ¢(0) = 0, ¢'(1) = 0, 

KOTopaR HMeeT perneHHe ¢n(x) = sin(Ax), An= :rr2(n + ½)2. 
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(8.27) 
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rJIABA 9 

C11cTeMbI ypanHeHHH B 11acTHhIX 

I1pOH3BO,lJ;HbIX 

YpaBHemu1 BT0poro ll 6oJiee BbIC0KllX nopH,l],K0B M0ryT 6bITb npnBe,l],eHhl K CllCTeMe 

ypaBHeHnii: nepB0ro II0pH,l],Ka. 

PacCMOTpllM KpaeByIO 3a,l],aqy Utt - 16Uxx = 0, -(X) < X < oo, 0 < t < oo, C 

naqaJibHbIMll YCJI0BllHMll u(x, 0) = g(x); Ut(X, 0) = - f'(x) [4]. Ona 3KBllBaJieHTHa 

3a,l],aqe C CllCTeM0ii ,l],ll<pq>epem:~llaJibHbIX ypaBHeHnii: 

OU1 OU2 at + 8 ox = 0, 0 < t < oo; (9.1) 

OU2 OU1 at + 2 OX = 0, -00 < X < OOj 

C naqaJibHhlMll YCJI0BIIHMll 

u1(x,O) = f(x), u2 (x,O) = g(x), -oo < x < oo. (9.2) 

9Ty CllCTeMy M0)KH0 3anncaTb B MaTpnqnoii: q>OpMe, BB0,l],H BeKTOp-CTOJI6e~ u = 
(u1, u2) ll KBa,ll,paTHYIO ,ll,ByMepHyIO MaTpney A C 3JieMeHTaMn nepB0ii ll BTOpoii: 

crpoK (0, 8), (2, 0) cooTBeTCTBeHHo: 

Ut +AUx = 0. (9.3) 

Co6CTBeHHhle 3HaqennH MaTpn~hl naxo,ll,HTCSI n3 yCJioBnH detjjA - >.Ell = 0, onn 

paBHhl -4; 4. Co6cTBeHHhre BeKTOJ>hl, nM cooTBeTCTBYIO~ne: {4, 1), (4, -1). 
BBo,ll,H HOBhlii BeKTOp-CToJI6e~ U = PV, r,l],e MaTpn~a P coCTaBJieHa n3 BeKTOP

CTOJI6~oB co6CTBeHHhlX BeKT0p0B, M0)KHO y6e,l],llTbCSI, qTO MaTpnqHoe ypaBHeHne 

Vi+ p-1APvx = 0 (9.4) 
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eCTb ,l],Ba HeCBH3aHHhlX ypaBHeHllH 

V1t - 4v1x = 0, V2t + 4v2x = 0, v1(x, t) = ¢(x + 4t), v2(x, t) = 'lj;(x - 4t). (9.5) 

HaqaJibHbie YCJI0BllH II03B0JIHIOT Haii:Tll q>yHK~llOHaJibHbiii: Bll,l], np0ll3B0JibHbIX q>yHK

~nii: ¢,'lj;: 

U1 
1 1 
2[f(z+) - 4g(z+)l + 2[f(z_) + 4g(z_)]; (9.6) 

U2 
1 1 - 8[f(z+) - 4g(z+)l + 8[f(z_) + 4g(z_)], Z± = x ± 4t. 

9TOT pe3JJibTaT M0)KH0. 6bIJIO 6hr II0JiyqnTb ll C II0M0~bIO q>OpMJJihl ,ll;anaM6epa. 

O6~ero Bn,l],a MaTpnqnoe ypaBHenne nepBoro nopH,l],Ka Ut + AUx = 0 3KBnBa

JieHTH0 cncTeMe ypaBHeHnii BT0poro nopH,l],Ka Utt-A2Uxx = 0. Haxo,l],H co6CTBeHHhie 

3HaqeHnH MaTpll~bI A, >-1,2 ll ee co6CTBeHHbre BeKT0pbI, CTp0llM II3 HllX MaTpney p 
ll y6e)K,l],aeMCH, qTO MaTpn~a p-l A2 I_> ,l],llar0HaJibHa C ,l],nar0HaJibHbIMll MaTpnqHbI

Mll 3JieMeHTaMn Ai, Ar ,ll;JIH H0B0P0 BeKTOp-CTOJI6~a V = p-lU CllCTeMa ypaBHeHnil: 

pacna,l],aeTCH Ha ,l],Ba HeCBH3aHHbIX ypaBHeHnH Vitt - >.fvixx = 0, i = 1, 2. 
Ilpo,l],eMOHCTpnpyeM CKa3aHH0e Ha npnMepe MaTpll~bl A: 

A=(~!)-
XapaKTepncTnqecKoe ypaBHeHne nMeeT Bll,ll, ,\2 - 7>. + 6 = 0, >.1 
Co6CTBeHHbie BeKT0pbl Hax0,l],HTCH ll3 ypaBHeHnii: 

( ~ ! ) ( ~: ) = >.; ( ~: ) . 

MaTpn~a p' II0CTp0eHHaH ll3 co6CTBeHHbIX BeKT0P0B, llMeeT Bll,l], 

p = ( !1 ! ) · 
CTpOllM o6paTHYIO MaTpney no pe~enTy 

A=(a b)· 
C d ' 

A-1 _ 1 ( d 
ad-be -c 

CJie,l],yH eMy, IIOJJyqnM 

p-1 = ! ( 4 -1 ) 
5 1 1 ; 

p-lAP = ( 1 0) 
0 6 · 
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-b) 
a ' 

(9.7) 

1, >-2 = 6. 

(9.8) 

(9.9) 

(9.10) 

(9.11) 



YpanHeH:u.a rrepnoro rrop.a,n;Ka. MeTo,n; 

xapaKTepHCTHK 

O6:w;nil: Bll,11. 0,11.H0p0,11.H0ro ypaBHeHllH rrepBoil: CTeIIeHn B 'laCTHbJX rrp0ll3B0,11.HblX llMe

eT Bll,11. 

8u(x, t) 8u(x, t) 8u(x, t) 
ao(x, t) a + a1(x, t) a + ... + an(x, t) a + an+i(x, t)u(x, t) = O; 

t X1 Xn 
u(x, 0) = F(x), x = X1, X2, •.. , Xn; (9.12) 

r,n.e a;(x, t), i = 0, 1, ... n, F(x) C'lllTaJOTCH ll3BeCTHb!Mll q>yHKIJ;llHMll. ,Ll;Jrn HaxmK,n.e- I 

HllH HeII3BeCTH0ii q>yHKIJ;IIII u(x, t) B0CII0Jlb3YeMCH MeT0,11.0M xapaKTepllCTIIK. BBe

,n.eM HOBblll rrapaMeTp s II C0CTaBIIM ypaBHeHIIH xapaKTepIICTIIK [4] 

d 
ds t = ao(x, t), 

d . 
ds x; = a;(x, t), i = 1, 2, ... , n; 

t(0) = 0; x;(0) = r;. (9.13) 

PenrnB 3TII ypaBHeHnH, Mbl ll0JIY'lllM 3Ha'leHIIH x;(s), t(s). l:Icxo,n.Hoe ypaBHeHne 

rrpIIMeT Bll,11. 

du(s) 
--;is+ an+i(x;(s), t(s))u(s) = O; 

u(0) = F(r), T = 71, 72, ... , Tn. (9.14) 

OKOH'laTeJihHblll 0TBeT II0JIY'lllTCH, K0r,n.a II0CT0HHHbJe IIHTerpnpoBaHHH 7; Bblpa3HM 

qepe3 llCX0,11.Hhie rrepeMeHHbJe x;, t. 
,Ll;JIH IIJIJIJOCTpau;IIn paCCM0TpIIM HeCK0JlbK0 npnMepoB. 

1. PelllnM KpaeBy10 3a,11.aqy 

xux + Ut + tu = O; 

u(x,0) = F(x), -oo < x < oo, 0 < t < oo. 

YpaBHeHHH xapaKTepnCTllK 

x' = x, x(0) = r, t' = 1, t(0) = 0 

llMeIOT pellleHHH 

x=re•, t=s, r = xe-t. 

(9.15) 

(9.16) 

(9.17) 

l:Icxo,n.Hoe ypaBHeHne u' + su = 0 c Ha'laJihHhIM ycnoBneM u(s = 0) = F(r) nMeeT 

pellleHIIe u = F(r)exp(-s2 /2). Ilepexo,n.sr K IICX0,11.HhIM rrepeMeHHhIM, rrony'lnM 

n(x, t) = F(xe-t)e-t
2
/2_ 
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(9.18) , 

Heo6xo,n.IIMO y6e,n.nTbCH II0,11.CTaH0BKOii B llCX0,11.H0e ypaBHeHne, 'ITO 3T0 pellleHne eMy 
y,11.0BJieTB0pHeT. 

2. PacCMOTpllM KpaeByIO 3a,n.aqy 

Ux + 2uy + 2u = 0, -oo < x, y < oo, ulx=y = F(x). (9.19) 

PellleHIIHMn ypaBHeHIIfi xapaKTepncTIIK x' = 1, y' = 2, x(0) = r, y(0) = 0 HBJIHIOTCH 

x = s+r, y= 2s, r=x-'!!.. 2· (9.20) 

PellleHne 0CH0BH0r0 ypaBHCHllH u' + 2u = 0 IIMeeT Bll,11. u( s, r) = R( r )exp( -2s). 

Ha'laJibHOe yCJI0Bne llMCeT BII,11. q>yHKIJ;IIOHaJibHOro ypaBHCHIIH: 

u(x,x) = F(x) = R (i) e-x, (9.21) 

ero pellleHIIe R(z) = F(2z)e2z. Ilepexo,n.sr K IICX0,11.HhIM rrepeMeHHhIM, rrony'lnM 

u(x, y) = e2(x-½) F(2x - y)e-Y = e2(x-y) F(2x - y). (9.22) 

3. PacCMOTpIIM KpaeByIO 3a,n.aqy 

3ux + 2yuy + xu = 0, -oo < x < oo, 1 < y < oo; 

u(x, 1) = x2
• (9.23) 

PellleHnH ypaBHeHnil: ,11.JlH xapaKTepIICTHK x' = 3, x(0) = r, y' = 2y, y(0) = 1 

llMCIOT BII,11. x(s) = 3s + r, y(s) = e28 , 'T = X - !Iny. PellleHIIe 0CH0BH0ro 

ypaBHeHnsr u' + (3s + r)u = 0 eCTh u(s, r) = R(r)exp(-!s2 
- rs). l'.13 Ha'laJihHoro 

yCJI0BllH Haxo,n.nM R( z) = z2• OKOH'laTeJibHO IIMeeM 

u(x, y) = ( x - ~ In y f exp G In
2 y - ~x In y). 

3a,z:,;a<IH Ha TeMy YPaBHCHH:ii nepBoro nopH,z:i;Ka 
PelllllTb CllCTCMbl ypaBHCHllll 

U1t + auix + bu2x = 0, 

U2t + CU1x + du2x = 0, 
u1(x,0) = fi(x), u2(x,0) = h(x), 

-00 < X < 00, 0 < t < oo, 

,11.JlH CJie,n.y10:w;nx Ha6opoB a, b, c, d: 

a) ( i ; ) ' 
r) ( }2 i)' 

)K) ( ~ i21)' 

( 6 -1) 6) 3 2 ' 

,11.)(1
3
2 ~) 

3) ( ~ ~), 
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( 1 -2) 
B) 2 6 ' 

e) (; ! ) ' 
II) ( ~ i) · 

(9.24) 

(9.25) 

(9.26) 

(9.27) 

(9.28) 



Ha:fiTII xapaKTeplICTIIKII O,Il;HOpO,n;HblX ypaBHeHII:fi II peIIIIITb 3a,n;aqy KOIIIII: 

PeIIIeHII.H: 

1) 

2) 

3) 

4) 

5) 

au 2au 
2 ax - y ay = O; u(x, oo) = cosx; 

au au 2 
3ax+2yay=0; u(x,l)=x; 

au au 2 
3x ax - 4y ay = O; u(l, y) = y ; 

au au 
2y ax - 3x ay = 0; u(0, y) = cosy; 

au au 
ax -y ay = O; u(0,y) = cosy. 

u(x,y) = 

l)cos(x~i); 

2) ( x - ~ ln yr; 
3)y2xBf3; 

4) cos ( ✓y2 + ~x2); 

5) cos(yex). 
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(9.29) 

(9.30) 

rJIABA 10 

Bap:uaHTbI 3aqeTHbIX 3a_,n;aq 

10 .1 MHHHMH3aD;IUI cpyHKlJ;HOHaJIOB 

1. HafiTII 3KCTpeMaJib cpyHKD;IIOHaJia II BblqlICJIIITb ero MIIHIIMaJibHOe 3HaqeHIIe: 

1 

1) J[y] = J dx((y') 2 - l2yx), y(0) = 0, y(l) = l; 
0 

1 1 
2) J[y] = J dx((y')2 + y2 + 2yex), y(0) = 0, y(l) = 

2
e; 

0 

1 ✓1 + (y')2 
3) J[y] = Jdx-'----, y(-1) = 0, y(l) = l; 

y' 
-1 

3/2 

4) J[y] = J dx((y') 3 + 2x), y(0) = 0, y(3/2) = l; 
0 

1 

5) J[y] = J dx((y')2 + yx), y(0) = 0, y(l) = 0; 
0 

,r 

6) J[y] = J dx((y')2 - y2
), y(0) = l, y(1r) = -1; 

0 
~ 

2 

7) J[y] = J dx(2y + y2 
- (y') 2

), y(0) = 0, y( i) = 0; 
0 

~ 

4 

8) J[y] = [ dx((y') 2 -y2
), y(0) = l, y(~) = ~; 
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1 

9) J[y] = J dxH(y')2, y(0) = 1, y{l) = 4i; 
0 

1 

10) J[y] = J dx((y')2 - y2 - y)e2x, y(0) = 0, y(l) = e. 
0 

2. HafiTH yCJioBHbIH 3KCTpeMyM: 

1 1 

1) J[y] ~ J dx(y')2, y(0) = 0, y(l) = 1, J xydx = O; 
0 0 

1f 1 

2) J[y] = J dx(y')2, y(0) = 0, y(1r) = 1, f ysinxdx = O; 
0 0 

1f 1r· . 

3) J[y] = J dxysinx, y(0) = 0, y(1r) = 1r, J(y')2dx ~ 31r · 2, 
0 0 

1 

4) J[y1,y2] = J dxx(y1 -y2), _ Y1(0) = 0, Y1(l) = 2, 
0 

Y2(0) = 0, Y2{l) = 0, 

1 4 J Y1Y2dx = - 5; 
0 

1 1 
5) J[y] = J dx(y') 2, y(0) = 0, y(l) = 4, 

0 

1 1 J (y - (y')2)dx = 12; 
0 

1 1 

6) J[y] = J dx(y')2, y(0) = 1, y(l) = 6, J ydx = 3; 
0 0 

1 

7) J[y] = J dx((y')2 + y2), y(0) = 0, 
0 

1 . 
1 

1 
y(l) = -, jye-xdx = -(1- 3e-2

); 
e 4 

0 
a a 

8) J[y] = J dxy(x), y(-a) = 0, y(a) = 0, J ✓1 + (y')2dx = l. 
-a -a 
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3. Hail:TH perueHHe HHTerpaJibHbIX ypaBHeHHH BH,II;a 

b 

</>(x) = A J K(x, y)<f>(y)dy + J(x) : 
a 

1) K = x - 1, f = x, (a, b) = (0, 1); 
2) K - 2ex+y f - ex (a b) - (0 1)· - ' - ' ' - , ' 

3) K=x+y-2xy, J~x+x2, (a,b)=(0,1); 

4) K = xy + x2y2, f = x2 + x4, (a, b) = (0, 1); 
1 I 2 

5) K = xa +ya, f = 1- 6x , (a, b) = (0, 1); 

6) K = sin(2x + y), f = 1r - 2x, (a, b) = (0, 1r); 

7) K = xy2 +x2y, f = x3 +x, (a,b) = (-1, 1); 
8) K=cosxcosy+cos(2x)cos(2y), f=cos(3x), (a,b)=(0,21r); 

9) K = xy + x2 + y2·- 3x2y2, f =ex+ d, (a,b) = {-1, 1). 

4. HaiiTH xapaKTepHCTH'IeCKHe 'IHCJia H co6CTBeHHbJe q>yHKil,HH 0,II;HOpO,II;Hb!X 

ypaBHeHHH: 

b 

</>(x) = A J K(x, y)</>(y)dy: 
a 

1) K = sin(x + y) + ~, (a, b) = (0, 21r); 

2) · K = x 2y 2 
-

4
:, (a,b) = (0, 1); 

3) K(x, y) = x, 0 < x < y; 
4) K(x, y) = y, y < x < 1, (a, b) = (0, 1); 

2-y 
5) K(x,y) = -

2
-, 0 < x < y; 

2-x 
6)K(x, y) = -

2
-, y < x < l(a, b) = (0, 1); 

(X) ¾ (y)f 7) K(x, y) = y + ~ , (a, b) = (0, 1). 

5. CBeCTH ,n;mpcpepeHJJ,HaJlbHOe ypaBHeHHe K HHTerpaJibHOMy. 

1) y" - y' sinx + yex = x, y(0) = 1, y'(0) = -1; 

2) y"' - 2xy = 0, y(0) = 1, y'(0) = 2, y"(0) = 3; 

3) y" + y = 0, y(0) = 0, y'(0) = 1; 

4) y" - y = x, y(0) = 1, y(l) = 1. 
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6. Penrn:Tb CHCTeMbl ypaBHeHn:ll: 

uu + au1., + bu2., = 0; 

U2t + CU1x + du2., = 0; 

u1(x,0) = fr(x); u2(x,0) = h(x), 

-OO < X < oo, t > 0 

,IJ,1l.H CJie,rzyroru;nx Ha6opon qnceJI (a, b, c, d): 

1)(4, 2, 1, 3); 2)(6, -1, 3, 2); 3)(1, -2, 2, 6); 4)(7, 4, -2, 1), 

8)(0, 8, 2, 0); 9)(2, 3, 1, 4), 

5)(3, 1, 12, 7); 

10)(0, 4, 4, 0). 6)(7, 2, 3, 6); 7)(2, 2, 7, 11); 

7. Ha:ll:TH xapaKTepHCTHKH O,ll;HOpo,n;HhlX ypaBHeHH:ll: nepBoro rrop.H,n;Ka n peIIIHTb 

3a,n;aqy KoIIIn: 

1) 2u., - y2uy = 0; u(x, oo) = cosx; -oo < x, y < oo; 

2) 3u., + 2yuy = 0; u(x, 1) = x2
; -oo < x, y < oo; 

3) 3xu., - 4yuy = 0; u(l.y) = y2; -oo < x, y < oo; 

4) 2yu., - 3xuy = 0; u(0,y) = cosy; -oo < x,y < oo; 

5) u., -yuy = 0; u(0,y) = cosy; -oo < x,y < oo; 

6) u., + Ut = 0; u(x, 0) = cos x, -oo < x < oo, t > 0; 

7) xu., + tui + 2u = 0; u(x, 1) = sinx; -oo < x < oo, t > 1; 

8) au.,+ buy+ CUt +du= 0; u(x, y, 0) = e-x
2
-Y

2
; -oo < x, y < oo, t > 0. 

10.2 K paeBhie 3~aq11 3JIJIHIITHqecKoro THrra 

1. PeIIIHTb Kpaenyro 3a,n;aqy B IJOJiyrrpocTpaHCTBe z > 0, -oo < x, y < oo: 

a) -6.u(x,y,z) = ze-zsinxsiny; 

u(x, y, 0) = 0, u(x, y, oo) = 0, -oo < x, y < oo. 

Y Ka3aHne. McKaTh peIIIeHne B nn,n;e u = sin x sin y f ( z). 
0TBeT: J(t) = e-t(2 - t) - 2e-v'2t_ 

6) Au(x, y, z) = O; 

u(x, y, 0) = cos x cosy, u(x, y, oo) = 0, -oo < x, y < oo. 

YKa3aHne. McKaTh peIIIeHne B BII,n;e u = cosxcosyf(z). 

OTBeT: J(t) = e-v'2t_ 

B) 
x2 + y2 - 8 

u(x,y,O)= [4+x2+y2) 5/2' 
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Au(x, y, z) = 0; 

-oo < x,y < oo. 

d2 1 
YKa3aHne. McKaTb peIIIeHne B Bn,n;e u = dz2 .,2+y2+(z-2)2. 

2. Hai1TH pacrrpe,n;eJieHne IJOTemi;naJia BHYTPH 6eCKOHe'!HO ,lI,1IHHHOro lJ;HJIHH,n;pn

qeCKOro KOH,n;eHcaTopa, eCJIH BHyTpeHH.H.H ero o6KJia,n;Ka (Ha paCCTO.HHHH a OT ocn) 

3apmKeHa ,n;o rroTemi;naJia u 1, a BHeIIIH.H.H (pacrroJimKeHHa.H Ha paccTO.HHHH b OT ocn) 

- ,n;o IJOTeHlJ;HaJia U2. 
3. HaiiTn pacrrpe,n;eJieHne rroTeHri;naJia BHYTPH ccpepnqecKoro KOH,n;eHCaTopa, ec

JIH BHyTpemrn.H ero o6KJia,n;Ka (Ha paccTO.HHnn a OT ocn) 3apH)KeHa ,n;o rroTeHri;naJia 

u1, a BHeIIIH.H.H (paCIIOJIO)KeHHa.H Ha paCCTO.HHHII b OT OCII) - ,n;o IIOTeHlJ;IIaJia U2. 
4. 0,n;Ha rpaHb rrp.HMoyroJihHoro rrapaJIJieJierrurre,n;a Haxo,n;IITC.H rro,n; rroTeHri;IIa

JIOM V, ocTaJihHbre rpaHn 3a3eMJieHbI. HaiiTII pacrrpe,n;eJieHIIe rroTeHri;naJia BHYTPH 

rrapaJIJieJierrurre,n;a. 

5. HaiiTH pacrrpe,n;eJieHIIe TeMrrepaTypbI B 6eCKOlie'lHO ,lI,1IHHHOM KpyrJIOM ll;II

JIHH,n;pe, ecJIII Ha ero rronepXHOCTH Ha e,n;HHHey ,IJ,1lHHbI 3a,n;aH TeIIJIOBOii IIOTOK Q = 
q(2 cos2 ¢ - 1). 

6. HaiiTH pacrrpe,n;eJieHHe TeMrrepaTypbl n 6ecKOHe'!HO ,ll;JIHHHOM KpyrJIOM ll;HJIIIH

,n;pe, eCJIII Ha ero IIOBepxHOCTH Ha e,n;IIHIIey ,lI,1IIIHbI rro,n;,n;ep)KIIBaeTC.H TeMrrepaTypa 

u = Acos¢+Bsin¢. 
Y Ka3aHIIe. 06ru;nil: BH,ll; peIIIeHH.H ypaBHeHH.H JlarrJiaca Ha IJJIOCKOCTH IIMeeT BII,ll; 

n=oo 

Au(r,¢) = 0, u(r,¢) = aln(r/R) +b+ L (An(r/Rt +Bn(R/rt)cosn¢+ 
n=l 

+(Cn(r/R? + Dn(R/r?)sinn¢. 

7. HaiiTII pacrrpe,n;eJieHne rroTeHri;naJia BHyTpn rroJioro lJ;IIJIHH,n;pa pa,n;uycoM R 
H BbICOTOii h, o6a OCHOBaHII.H KOTOporo 3a3eMJieHhI, a 6oKOBaK rronepXHOCTb IIMeeT 

rroTeHri;uaJI V. 
8. HaiiTu CTari;uoHapHoe pacrrpe,n;eJieHne TeMrrepaTyphr BHyTpn o,n;Hopo,n;Horo IIIa

pa, eCJIH Ha ero IIOBepXHOCTH rro,n;,n;ep)KIIBaeTC.H TeMrrepaTypa u = A(sin2 0 + 2). 

9. Hail:Tu pacrrpe,n;eJieHne rroTenri;uaJia BHYTPH ccpepuqecKoro KOH,n;eHcaTopa 1 < 
r < 2, eCJIH BHJTpeHH.H.H u BHeIIIH.H.H o6KJia,D;KII HMeIOT IIOTeHlJ;HaJI COOTBeTCTBeHHO 

Vi= cos2 0, Vi= {1+cos20)/8. · 

10. PeIIIHTh 3a,n;aqy HeiiMaHa ,n;JI.H ypanneHH.H JlanJiaca B IIIaponoM CJIOe 

1 < r < 2: 

Au=0; 
au 
anlr=I = P2(cos0); 

au 
anlr=2 = P3(cos0), 

Pn(z) - IJOJIHHOMbl Jle)KaH,n;pa. 

11. PeIIIHTh Kpaenyro 3a,n;aqy B Kpyre O < p < R, 0 < ¢ < 21r: . 

Au= x2 + y2
, ulp=R = 0; 

OTBeT: u = fii(x4 
- l) - ¼Inx, x = p/R. 
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au 
an'p=R = 0. 



12. PenrnTh Kpaeay10 3a,D,a'Iy B Kpyre O < p < R, 0 < </> < 21r: 

L~.2u = x2 + y2, ulp=R = O; 
au 
anlp=R = 0. 

YKa3amre. McKaTh pemeHne ypaBHeHn11 [};f;;(p1,;)]2u(p) = p2 B an,n;e ITOJIHHOMa 

ruecTofi cTeITeHn: u = (x6 
- 6x + 5)/576. 

13. PemnTh Kpaeay10 3a,IJ,a'Iy B ruape O < p < R: 

f::!,,.2u = x2 + y2 + z2, ulp=R = O; 
au 
an'p=R = 0. 

YKa3aHne. McKaTb perueHne ypaaHeHnH [,1,.22 + ¥rJ2u(r) = r 2 B an,n;e ITOJIHHOMa 

rueCTOH CTeneHH. 

14. HafiTn pacITpe,n;eJieHne TeMITepaTyphl BHJTPH ruapoBoro CJI0111 < r < 2, eCJin 

Ha BHJTpeHHefi noBepxHoCTn no,n;,n;ep2KnBaeTc11 TeMnepaTypa u = A sin(20) sin(2</>), 

a Ha BHeIIIHefi no,n;,n;ep2KnBaeTc11 HyJieBaH TeMnepaTypa. 

YKa3aHne. PerueHne npe,n;cTaBJIHeTCH cyMMofi CJiaraeMhIX Bn,n;a 

(Anrn + Bn/r-n-l)Yn(0, </>); Yi~ sin(20) sin(2</>). 

15. PemnTh 3a,D,a'Iy ,lJ,npnXJie ,D;JIH ypaBHeHnH IlyaccoHa 

!:!.u = x4 - y4, x2 + y2 < R2; u(x2 + y2 = R2) = 0. 

YKa3aHne. IlepefiTH K IlOJIHpHhIM KOOp,ll;HHaTaM .. PemeHne HCKaTb B Bn,n;e cyM

MbI 'IaCTHOro H o6ru;ero perueHHfl 0,ll;HOpO,n;Horo ypaBHeHHfl. YrJIOBafl 3aBHCHMOCTb 

'IaCTHoro perueHHfl no,n;6npaeTCfl corJiaCHO rpaHH'IHOMY yCJIOBHIO TaK 2Ke, KaK n y 

pemeHHfl 0,ll;HOpO,n;Horo ypaBHeHHfl, 

16. HafiTH CTa~HOHapHoe pacnpe,n;eJieHne KOH~eHTpa~nn HeyCTOH'IHBOro ra3a 

BHJTPH 6eCKOHe'IHOro Kpyroaoro ~HJIHH,D;pa, eCJin Ha ero IlOBepXHOCTH KOH~eHTpa

~Hfl ITO,n;,n;ep2KHBaeTCfl IlOCTOHHHOH. MMeeM KpaeByIO 3a,IJ,a'Iy 

!:!.u - x2u = 0; x2 > 0; 0 < p < a; 0 < </> < 21r; u(a, </>) = uo. 

17. PeIIIHTb Kpaeay10 3a,D,a'Iy B Hll)KHefi IlOJIJITJIOCKOCTH y < 0: 

f::!.u = 0, -OO < X < 00, y < 0. 
2x 

Uy=o= x2+1· 

YKa3aHne. Ilpo,n;n<pcpepem~npoBaTh cpyH,n;aMeHTaJibHOe pemeHne ypaBHeHn11 JlaIT

Jiaca ,ll;Jlfl ITJIOCKOCTH. 

10.3 3a,n;aqH rHrrep6oJIHqecKoro THrra 

1. OnncaTb IlOITepe'IHhie KOJie6aHHfl 6eCKOHe'IHOfi CTPYHhI, eCJin Ha'IaJibHOe OTKJIO

HeHne OTCJTCTByeT, a Ha'IaJibHaH CKOpOCTb Ut(X, 0) = xe-x2
• 

OTBeT: u = (1/(2a))e-x
2

-
0212 sinh(2xat). 
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2. PemnTh 3a,n;aqy Kornn ,n;JIH 6ecKOHe'IHOfi CTpyHhI: 

Utt= Uxx + e-t, -00 < X < oo, t > O; 

u(x, 0) = sinx, Ut(x, 0) = cosx, -oo < x < oo. 

YKa3aHire. PemeHne ITpe,D;CTaBHTb KaK CJMMJ peIIIeHHH O,ll;HOpo,n;Horo H 'IaCTHO

ro, C'IHTaH, 'ITO 'IaCTHOe peIIIeHne 3aBHCHT TOJibKO OT BpeMeHn. 

3. PeIIIHTb 3a,n;aqy ,ll;JIH ITOJiy6eCKOHe'IHOH CTPJHhI: 

Utt = c2Uxx, 0 < X < oo, t > 0; 

u(0, t) = 0; u(x, 0) = f(x) = -xcx
2

, Ut(x, 0) = g(x) = 0, 0 < x < oo. 

YKa3aHne. BocITOJib30BaThCfl cpopMyJiofi ,lJ,aJiaM6epa ,ll;Jlfl ITOJiy6eCKOHe'IHOH OCH 

l l x+ct 
u(x, t) = 2[f(x - ct)_+ f(x +ct)]+ 

2
c / g(z)dz, x > ct; 
x-ct 

l x+ct 
u(x, t) = ~[f(x + ct) - f(-x +ct)]+ 

2
c / g(z)dz, x < ct. 

-x+ct 

4. 0ITHCaTh KOJie6aHHfl npHMOyrOJibHOH MeM6paHhl, 3aKpenJieHHOH ITO KOHTypy: 

Utt = a2Uxx, 0 < X < p; 0 < Y < q, t > 0, 

u(x, y, 0) = Axy(x - p(y - q), u1(x, y, 0) = 0. 

YKa3aHne. IlpnMeHHTh MeTo,n; pa3,n;eJieHHfl ITepeMeHHbIX, pa3JI02KeHne B pH,lJ;hl 

<Pyphe. 
5. HafiTH Bll,ll; pemettnfi ypaaHeHHfl KOJie6attnfi npHMoyroJibHOH MeM6paHhI 

Utt = !:!.u, 0 < x < a, 0 < y < b, t > 0 

,ll;Jlfl CJiy'Iafl cao6o,n;HhIX rpaHH~, 3aKpeITJieHHbIX H ,ll;Jlfl CMeIIIaHHOrO CJiy'Iafl. HafiTH 

CITeKTP co6CTBeHHhIX 'IaCTOT. OITpe,n;eJIHTb CJiyqafi Bh!p02K,n;eHHfl, 

YKa3aHne. MecTKOMY 3aKpeITJieHn10 OTBe'IaeT rpaHH'IHOe ycJioBne an,n;a ulr = 0, 
r,n;e r 03Ha'IaeT rpattney o6JiacTn. CJiy'IaIO He3aKpeITJiettttofi Ha rpattn~e MeM6pa

HhI cooTBeTCTayeT g~ Ir = 0, r,n;e n - HaITpaBJieHne HOpMaJIH K rpattn~e. 

6. MccJie,n;oBaTb cpopMy JIIIHIIH J3JIOB B CJIJ'Iae Bblp02K)l;eHIIfl no 'IaCTOTe KOJie6a

Hllll ,ll;Jlfl CJiy'Iafl 3aKpeITJieHiiofi ITO KOHTYPY MeM6paHhI, HMe10ru;efi cpopMy KBa,n;paTa 

co CTOpOHOH e,D;IIHII'IHOH ,ll;JllIHhI, eCJIII B Ha'IaJihHhlll MOMeHT OTKJIOHeHIIe OT IlOJIO

)KeHIIfl paBHOBecmr IIMeJio BII,ll; u(x, y, t = 0) = sin(31rx) sin(1ry) + sin(31ry) sin(1rx). 

YKa3aHne - peIIIIITb MeTO,lJ;OM pa3,n;eJieHHfl ITepeMeHHhIX ypaaHeHIIe KOJie6attnfi B 

,n;eKapTOBOH CIICTeMe KOOP,ll;IIHaT. MccJie,D;OBaTh ypaBHeHIIe u(x, y, t = 0) = 0. 
7. PeIIIIITb CHCTeMy TeJierpa<pHhIX ypaBHeHIIH ,ll;Jlfl y'IaCTKa 3JieKTpII'IeCKOH ~eITII 

0 < x < l B CJIJ'Iae oTcyTCTBIIH yTe'IKII G = 0: 

-Vx=Rl+Ll1; -lx=C½, 0<_x<l., t>0, 
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rrpu yCJIOBllHX 

I(l, t) = 0, V(0, t) = E; I(x, 0) = 0; V(x, 0) = 0. 

YKa3amrn. IlpnMeHHB )].mpcpepemi;nponaHne, 3arrucaTh ypanHeHue TOJihKO )],JIH 

TOKa. Ifa6aBHThCH OT rrepnoii rrpOH3B0)],HOii. IlpuMeHHTh MeTO)], pa.3)1,eJieHHH rrepe

MeHHhIX. 

8. CTpyHa )],JlllHOii l paCIIOJIO:>KeHa B)],OJih OCH a6cri;ncc ll 3aKperrJieHa B Ha'IaJie 

KOOp)],HHaT. ~yrott ee KOHeri; cno6o)],eH. Ero OTKJIOHHJIH Ha He60Jihrnoe paCCTOHHlle 

h, h < < l, H OTrryCTHJIH 6e3 Ha'IaJihHOii CKOpocTH. OrrncaTh KOJie6aHHH CTPYHhl B 

IIOCJie)].yIOIIJ;He MOMeHThl npeMeHH. 

9. MeTO)],OM rro)],6opa pernHTh 3a)],a11y Kornn B TpexMepHOM rrpoCTpaHcTne: 

Utt=8~u+tx2
, -oo<x,y,z<oo, t>0, 

u(x, y, z, 0) = 3y2
; Ut(x, y, z) = 2z2

• 

YKa3aHue. PerneHne HCKaTh n BH)],e u(x, y, z, t) = 3y2 + 2tz2 + cf!lx2 + f (t). 
10. PernHTh 3a)],a'Iy O BhlHy)K)],eHHhlX KOJie6aHHHX KBa)],paTHOii MeM6paHhI: 

Utt= u.,., + Uyy + 3sintsinxcosy, 0 < x < 1r, 1r/2 < x < 31r/2, t > 0. 

u(x = 0) = u(x = 1r) = u(y = 1r) = u(y = 1r) = 0, 

u(x, y, 0) = 0, Ut(x, y, 0) = 0. 

YKa3aHne. HcKaTh perneHne n nn)],e u = Asinxcosyf(t) )],JIH f(t), rroJiy11nTh He

O,l],Hopo)].Hoe o6bIKHOBeHHOe )],llq>q>epeHIJ;llaJihHOe ypanHeHne, ero perneHHe llCKaTh n 

BH)],e cyMMhl qaCTHOro perneHHH ll perneHHH 0)1,HOpO)],HOro ypaBHeHHH. 

11. PernHTh 3a)],a'Iy )],JIH BOJIHOBOro ypanHeHHH B HeorpaHH'IeHHOM IJ;llJlllH,l],pe 

-oo < z < oo pa)].nyca a: 

Utt= ~u + Jo (~1 p), 0 < p < a, t > 0, 

u(t = 0, p) = 0, Ut(t = 0, p) = 0, 0 < p < a, u(t, p = a) = 0, 

r)],e µ1, Jo(µ1) = 0 - rrepBhlii KOpeHh q>yHKIJ;llll BecCeJIH. 

YKa3aHue. PerneHne HCKaTh KaK cyMMY perneHHH ypanHeHHH 6e3 cpyHKIJ;HH Bec

CeJIH B rrpanoii 'IaCTH ll CJiaraeMoro, 3aBHCHrri;ero TOJlhKO OT p-oii cpyHKIJ;llll BecceJIH. 

12. PernHTh Kpaenyro 3a)],a'Iy O BhIHy)K)],eHHhlX KOJie6aHHHX MeM6paHhl: 

Utt= u.,., + Uyy + tsin(4x) cos(3y), 0 < x, y < tr, t > 0. 

u.,(x = 0) = u.,(x = 1r) = uy(Y = 1r) = uy(Y = 1r) = 0, t > 0, 

u(x,y,0) = 0, Ut(x,y,O) = 0, 0 < x, y < 1r. 

YKa3aHne. HcKaTh perneHne B BH)],e u(x, y, t) = f(t) sin{4x) cos(3y). 
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13. PernHTh Kpaenyro 3a)],a'Iy O KOJie6aHHHX 6aJIKll, 3aMypoBaHHOfi C o6onx KOH

IJ;OB: 

a4u 
Utt+ 8x4 = 0, 0 < x < l, t > 0, 

u(0, t) = 0, u(l, t) = O; u.,.,(0, t) = 0, 

u(x,0) = O;. 

u.,.,(l, t) = 0, t > 0 

Ut(X, 0) = sin (2; x) . 
YKa3aHHe. IlpnMeHHTh MeTO)], pa.3,l],eJieHHH rrepeMeHHhIX. IloKa3aTh, 'ITO rpaHH'IHhie 

yCJIOBHH 3arrperri;aroT perneHHH C rnrrep60JIH'IeCKHMll CHHycaMll ll KOCHHycaMH. 

14. OmicaTh 3aTyxaroIIJ;lle KOJie6amrn CTpyHhr: 

Utt = a2u.,., - but, 0 < X < l, t > 0, 
u(0, t) = 0, u(l, t) = 0, t > 0; . u(x, 0) = x(l - x), Ut(x, 0) = 0, 0 < x < l. 

,Ll;JIH KaKHX 3Ha11eHHii K03q>q>HIJ;lleHTa b 3a)],aqa HMeeT CMhICJI? 

15. IlponepHTh, 'ITO eCJIH cpyHKIJ;llll f(x),uo(x),u1(x) rapMOHH'IeCKHe, a q>yHK

IJ;llH g(t) )].Hq>cpepeHri;upyeMaH, TO perneHneM 3a)].a11n Kornn 

HBJIHeTCH 

Utt= a2Uxx + f(x)g(t), t > 0, XE R, 
u(t = 0,x) = u0 (x), Ut(t = 0,x) = u1(x), x ER, 

t 

u(t,x) = u0(x) + tu1(x) + f(x) j(t- z)g(z)dz. 
0 

16. PernHTh MeTO)],OM pa.3)1,eJieHHH rrepeMeHHhIX Kpaenyro 3a)],a11y: 

Utt = Uxx + 2b, 0 < X < l, t > 0, 

u(x = 0, t) = u(x = l, t) = 0, t > 0; u(x, t = 0) = 0, Ut(x, t = 0) = 0. 

YKa3aHue. HcKaTh pernemrn B BII)],e cyMMhI )],Byx CJiaraeMhlX, 0)1,HO II3 KOTOpbIX 

3aBIICIIT TOJihKO OT X. 

17. PernHTh 3a)],a'Iy O BhIHy)K)],eHHhlX KOJie6aHHHX CTPYHhl, 3aKperrJieHHOii Ha 

0)1,HOM KOHIJ;e II IIO)],Bep:>KeHHOii Ha ,l],pyroM B03)],eiiCTBIIIO rrepHO)],II'IeCKOii BhlHY:>K

)1,arorri;eii CllJihI asin(wt). B Ha'IaJihHOM COCTOHHllll CTpyHa paCIIOJIO:>KeHa rro OCH 

a6cri;ncc n HeIIO)],Bll:>KHa (uMeeT HyJienyro Ha'IaJihHYIO CKOpOCTb): 

Utt = a2uxx, 0 < x < l, t > 0, 

u(t = 0,x) = Ut(t = 0,x) = O; 

u(x = 0, t) = 0, u(x = l, t) = Asin(wt). 
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Y Ka3amj:e. PemeHne npe.u,cTaBHTb ~ BH)J,e cyMMbI .U,BYX CJiaraeMbIX, 0)1,H0 H3 K0T0pbIX 

npe.u,cTarurneM B Bn.u,e V(x, t) = f(x) sin(wt), )J,JIH .u,pyroro - 3a.u,a'la o CBo6o.u,HhIX 

KOJie6amrnx c HeHyJieB0fi Ha'laJibHOfi CKOpOCTbIO. 

18. PemHTh KpaeByro 3a.u,a'ly 

Utt = tl.u, 0 < r < 1, t > 0, 

u(r = 1, ¢,, t) = 0, t > 0; u(r, ¢,, 0) = 0, 5J0(2, 4r) - J0(8, 65r), 

Ut(r,¢,,O) = 0, 0 < r < 1, 

HafiTH HaHBbICllIYIO 'laCTOTY KOJie6aHHfi. YKa3aH11e: Jo(2, 4) = Jo(8, 65) = 0. 

19. PemHTh KpaeByro 3a)J,a'ly: 

Utt = tl.u, 0 < r < 1, t > 0, 

u(r = 1,¢,,t) = 0, t > 0; u(r,¢,,O) = J 0(2,4r), Ut(r,¢,,O) = 0, 0 < r < 1. 

IlocTpOHTb rpaqmK )J,JIH q>yHKIJ,HH u(x, t) )J,JIH q>HKCHpOBaHHOro 3Ha'leHHH BpeMeHH. 

YKa3aHHe. IlepBble Tpll KOpHH q>yHKIJ,HH BecceJIH C HH)J,eKCOM HOJib eCTb 

2,40;5,52;8,65. 

10.4 3a,n;aq11 rrapa60JI11qecKoro THIIa 

1. I1cnOJib3YH MeTO)J, HHTerpaJibHblX npeo6pa30BaHHfi <l>ypbe, HafiTH pemeHHe 3a)J,a

'IH Kom11 

Ut = a2Uxx, -oo < X < oo, t > 0, 
u(x, 0) = Ae-(x-l)

2
, -oo < x < oo. 

2. MeTO)J,OM no.u,6opa pellIHTb KpaeByIO 3a.U,a'ly: 

Ut = Uxx + U + 2 COS X, 0 < x, t < oo; 

u(O, t) = e-8t; ux(O, t) = 0, t > 0. 

YKa3aHHe. PemeH11e ncKaTh B B11.u,e u(x, t) = e-8tg(x) + f(x). 
3. Ha'laJibHaH TeMnepaTypa B CTep2KHe e.u,HHil'IHOfi )J,JIHHbI pacnpe.u,eJieHa no 

3aKoHy u(x,O) = 2sin(31rx) + 3sin(81rx). Onpe.u,eJIHTb TeMnepaTypy u(x,t) np11 

t > 0, eCJIH KOHIJ,bl CTep2KHH nOMep2KHBaIOTCH np11 HyJieBOfi TeMnepaType. 

4. Ha'laJibHOe pacnpe.u,eJieHHe TeMnepaTypbI B CTep2KHe e.u,HHH'IHOfi )J,JIHHbI HMe

eT BH,!J, u(x,O) = 2cos(1rx)+5cos(21rx). Onpe.U,eJIHTh TeMnepaTYPY B noCJie.u,yroIIJ,lle 

MOMeHTbI BpeMemi:, eCJIH noTOK TenJia Ha KOHIJ,ax cTep2KHH OTCYTCTByeT. 

5. HafiTH pacnpe.u,eJieHHe TeMnepaTypbI B KBa.u,paTHOfi nJiaCTHHKe co CT0pOHOH 

e)J,HHH'IHOH )J,JIHHbI, eCJIH ee Ha'laJibHaH TeMnepaTypa 6bIJia pacnpe.u,e;reHa CJie.u,yro

lIJ,HM o6pa3oM: u(x, y, t = 0) = sin(1rx) sin(31ry), a ee rpaH1111,a noMep2K11BaeTcH np11 

HyJieBOH TeMnepaType. 
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6. Haii:TH pacnpe.u,eJieHHe TeMnepaTypbl B KBa.u,paTHOH nJiaCTHHKe co CT0pOHOH 

e.u,HHH'IHOii: )J,JIHHhI, eCJI11 ee Ha'laJihHaH TeMnepaTypa 6bma pacnpe.u,e;reHa CJie.u,yro

IIJ,HM o6pa30M: u(x, y, t = 0) = cos(21rx) cos(51ry), a ee rpaH1111,a TenJIOH30JIHpOBaHa 

(TenJIOBOH noTOK paBeH nynro). 

7. PenmTh 3a.u,a'ly o pacnpocTpanen1111 Tenna B cTep2KHe c y'leTOM yTe'IKH Ten;ra 

'lepe3 60KOBYIO noBepxHOCTb na 0Tpe3Ke e.u,HHH'IHOfi )J,JIHHbI: 

Ut = Uxx - U, 0 < X < 1, t > 0, 

u(O, t) = 0, u(l, t) = 0; u(x, 0) = sin(31rx) + 5 sin(41rx), 0 < x < 1. 

YKa3an11e. Cna'laJia OCB060.U,HTbCH OT KOHBeKTHBHOro CJiaraeMoro B npaBOH 'laCTH 

C nOMOIIJ,bIO 3aMeHbI U = e-tw. 
8. PemHTb 3a)J,a'ly O KOHBeKTHBHOH )J,Hq>q>y3HH na 0Tpe3Ke e.u,HHil'IHOfi )J,JIHHbI: 

Ut = Uxx - Ux, 0 < X < 1; t > 0, 

u(O, t) = 0, u(l, t) = 0, t > 0; u(x, 0) = ex/2 sin(1rx). 

YKa3aH11e. CBeCTH 3a.u,a'ly K o.u,nopo.u,noii:, 11cnOJib3YH 3aMeny u = W eax+bt. 
9. Haii:TH pacnpe.u,e;ren11e TeMnepaTypbI B CTep2KHe e.u,HHil'IHOH )J,JIIIHbI C TenJio

H30JIHpOBaHHOH 60KOBOfi noBepXHOCThIO, eCJIH Ha ero Konu;e X = 1 nOMep2KHBaeTCH 

nyneBaH TeMnepaTypa, a na .u,pyroM Konu;e - TeMnepaTypa u(O, t) = At. Ha'laJihHaH 

TeMnepaTypa CTep2KHH nyneBaH. YKa3aHHe. PemeHHe npe.u,cTaBHTb B BH)J,e cyMMbI 

.U,BYX CJiaraeMbIX, 0)1,HO 113 KOTOpbIX At(l -x) y.U,OBJieTBOpHeT rpaHH'IHbIM YCJIOBHHM, 

a .u,pyroe - HyJieBhIM. 

10. Haii:TH pacnpe.u,e;ren11e TeMnepaTyphr BHYTPH neorpan11'leHHOro KpyroBoro 

IJ,HJIHH)J,pa pa.u,11yca R, eCJIH Ha noBepXHOCTH nOMep2KI1BaeTCH nyJieBaH TeMIIepaTy

pa, a B Ha'laJihHbiii: MOMeHT u(p, t = 0) = AJ0(µkp/ R), µk, J0(µk) = 0 - k-fi Kopenh 

q>ynKu;11n BecceJIH. 

11. PemHTb KpaeByIO 3a)J,a'ly MeTO)J,OM pa3JI02KeHHH no co6CTBeHHblM q>yHKIJ,HHM: 

Ut = a2Uxx + sin(31rx), 0 < x < 1, t > 0 

u(O, t) = u(l, t) = 0, t > 0; u(x, 0) = sin(1rx), 0 < x < 1.. 

YKa3aHHe. BocIIOJib30BaTbCH o6IIJ,HM BH)J,OM pemeHHH, Y.U,OBJieTBOpHIOIIJ,HM rpaHH'l

HbIM II Ha'laJihHhIM ycnoBHHM, a TaK2Ke BH,!J,Y BhIHy2K.u,aroIIJ,eii: CHJihr u(x, t) = 
= T1(t) sin(1rx) + T2 (t) sin(31rx). PemHTh o6brKHOBennhle ypaBHen11.a )J,JIH T1,3. 

12. PenmTh KpaeByro 3a.u,a'ly MeTO,!J,OM pa3JI02Ken11H no co6cTBennhlM q>yHKIJ;HHM: 

Ut = Uxx, q < X < 1, t > 0 

u(O,t)=O, u(l,t)=l, t>O;u(x,O)=x2
, O<x<l. 

YKa3an11e. IIpe.u,cTaBHTh pemeH11e B BH.U,e cyMMhI H3BecTnoii: q>yHKu;1111 S(x, t) = x, 
y.U,OBJieTBOpHIOIIJ,efi rpaHH'IHbIM YCJIOBHHM, ,II q>yHKIJ,HH W(x, t), y.u,oBJieTBOpHIOIIJ,eii: 
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HyJieBbIM rpaHli'IHbIM YCJIOBIUIM. ,lI,JIH 3TOfi BTOpofi cpyHKD;IIII IIMeeM KpaeByIO 3a

,n;aqy 

Wt= Wm 0 < x < 1, t > 0; W(0, t) = W(l, t) = 0; 

t > O; W(x, 0) = x2 
- x. 

13. HafiTII pacnpe,n;eJieHIIe TeMnepaTypbl B TOHKOM o,n;Hopo,n;HOM CTep:arne ,n;JIII

HOfi l, eCJIII KOHD;bl II 6oKOBaH IlOBepXHOCTb TeIIJIOII30JIIIpOBaHbI, a HaqaJibHOe pac

rrpe,n;eneHIIe TeMnepaTyphl TaKOBO: u(t = 0,x) = u0 , 0 < x < l/2; u(t = 0,x) = 

0, l/2 < x < l. llcCJie,n;oBaTh pacnpe,n;eneHIIe npII 6oJiblliIIX BpeMeHax t-+ oo. 

YKa3aHIIe. Pa3,n;eJIHTb nepeMeHHhle B KpaeBOfi 3a,n;aqe Ut = a2Uxx, . Ux(x = 

0) = ux(x = l) = 0. 113 HaqaJibHblX yCJIOBIIfi HaHTII K03<p<pIID;IIeHTbl u = Co+ 
Eck cos(AkX )e-t(a.\k)2

• 

14. MeTO,ll;OM CBe,n;eHIIH HeO,n;Hopo,n;HhlX rpaHIIqHblX YCJIOBIIfi K o,n;Hopo,n;HhIM pe

lliIITb KpaeByIO 3a,n;aqy 

Ut = a2Uxx, 0 < X < l, t > O; 

u(0, t) = k1, u(l, t) = k2, t > 0; u(x, 0) =.<p(x), 

r,n.e k1,2 , · </J(x) - cooTBeTCTBeHHO rroc-roHHHble II II3BeCTHaH cpyHKD;IIH. 

15. PemIITb KpaeByIO 3a,n;aqy C rpaHIIqHblMII yCJIOBIIHMII TpeTbero TIIna: 

Ut=a2uxx+xcost, 0<:x<l, t>0; 
. . . 2 

u(0, t) = 1, Ux(l, t) + hu(l, t) = 1, t > 0; u(x, 0) = x . 

YKa3aHIIe. TaKoe )Ke, KaK K 3a,n;aqe 12. CBeCTII rpaHIIqHhle yCJIOBIIH K o,n;Hopo,n;HhlM. 

BocnoJih30BaTbCH TeopeMofi lllTypMa - JlIIyBIIJIJIH. · 

16. PemIITh, IlOJib3YHCb cpOpMyJiofi IlyaccoHa, KpaeByIO 3a,n;aqy ,n;JIH IIJIOCKOCTII 

Ut =Au+ et, t > 0, u(t = 0) = cosxsiny. · 

YKa3aHIIe. llcrioJib30BaTb MeTo,n; no,n;6opa IIJIII ucrroJih3oBaTb cpopMyJiy Ilyacco

Ha ,n;JIH KpaeBofi 3a,n;aqII. 

17. PemIITh, IlOJib3YHCb cpopMyJiofi IlyaccoHa, KpaeByIO 3a,n;aqy ,n;JIH IlJIOCKOCTII 

Ut=Au+sintsinxsiny, t>0, u(t=0)=l. 
YKa3aHne TO )Ke, qro II K 3a,n;aqe 16. 

18. PemnTh, rroJib3YHCh cpopMyJiofi IlyaccoHa, KpaeByIO 3a,n;aqy ,n;JIH npocTpaHCT

Ba Ut = 2Au + tcosx, t > 0, u(t = 0) = cosycosz. 
YKa3aHIIe TO )Ke, qTO II K 3a,n;aqe 16. 

19. PemHTh, noJib3yHcb cpopMyJiofi IlyaccoHa, KpaeByIO 3a,n;aqy ,n;JIH npoCTpaHcT

Ba Ut = 3Au + et, t > 0, u(t = 0) = sin(x - y - z). 
YKa3amrn. llcnoJib30BaTb MeTO,n; rro,n;6opa JIII6o BOCDOJih30BaTbCH cpopMyJiofi Ily

accoHa ,n;JIH pemeHHH KpaeBofi 3a,n;aqII 

Ut = a2 Au+ f(x, t), x E R,,., 
u(t = 0) = uo(x), 
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t > 0; 

x ER,,. 

B BII,ll;e 

1 h 
2 t 

_ z-z dz z T x-z 
2 

u(x, t) = c; dzuo(z)e Sf+ I dT r !( ' ) e-Sf 
2ay7rt Rn O }Rn[2aJ1r(t-T)]n . 

20. MeTO,l].OM rro,n;6opa pemIITb KpaeByIO 3a,n;aqy 

Utt =Au+ te5x sin(3x) cos(4y), x, y, z < 0, t > 0; 

u(0, x, y, z) = e12x+5Y cos(13z); Ut(0, x, y, z) = e12x+5
Y cos(13z). 

YKa3aHIIe. qIICJia 3, 4, 5; 5, 12, 13 - nIIcparopoBhI. PemeHIIe IICKaTb B BII,n;e cyMMhI 

qacTHOro II o6iu;ero pemeHHfi. 
IlpII COCTaBJieHIIII 3TIIX BapIIaHTOB 3a,n;aq Mbl IlOJih30BaJIHCb IICTOqHIIKaMII [4-

7,16,21 ]. 
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