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III7 Bse~eHHe B seKTopHLiii H TeH3opm,Iii aHarrH3: Yqe6.-MeTO~. rro-

co6ne. - ,[(y6Ha: O:IDIH, 2004. - 94 c. 

HacTOxmee rroco6ne rrocBxmeHo H3JIO)I(eHHIO KJ'PCa ne~nii <<BeKTop
HLIH H TeH30pHLIH aHanH3)), KOTOpLIH B, Te':leHHe p~a JleT qHTaeTCH cry~eH
TaM BToporo KYPCa «lJn3nqecKoro ·q;aKYnLTeTa EpeBaHcKoro rocy,n:apcr
BeHHoro yHHBepcnTeTa. IlporpaMMa KYPCa BIIOJIHe COOTBeTCTBYeT ero 
BCIIOMOraTeJILHOH pOJIH - OH CJI)')I(HT BBe,l(eHHeM, CIIOC06CTBYIQIUHM Jiy'l

IIIeMy y<;ioeHiiro : :M~lieMaTnqecm Mero.zioB· K.rraccnqecKoii · M:exannKH, 
3JieKTPO.l(HHaMHKH, rH.l(pO,l(HHaMHKH H T .. II.lpJIO)I(eHHe Be,l(eTCH Ha ,l(OCTyii
HOM ,nnH czy,neHTOB BToporo KJ'Pca :)rpoBHe; :8 '·Tex · cnyqaxx, . Kor.na 3TO 
He IIpHBO,l(HT K ~OIIOJIHHTeJILHLIM TPy,D:HOCTHM, HCIIOJIL3YeTCH COBpeMeH
HLIH MaTeMaTnqecKHii H3LIK. OcHOBHoe BHHMaHHe y,neJIHeTCH BLipa60TKe 
BLiqHCJIHTeJILHLIX HaBLIKOB, II03TOMY HeKOTOpLie yrnep)l(,l(eHHH IIpHBO,l(HT
CH 6e3 ,l(OKa3aTeJILCTB. 

Papoyan V. V. 
Introduction: to Vector and Tensor Analysis: Textbook. - Dubna: 

JINR, 2004. - 94 p. 

The present manual is the reproduction of the course oflectures «Vector 
ans Tensor Analysis)), which has been delivered at the Physics. Faculty 
of Yerevan State University over a period of years. The programme 
of the course totally conforms to its subsidiary role- it serves as an intro
duction contributing to the better assimilation of mathematical methods 
of classical mechanics, electrodynamics, hydrodynamics, etc. The presenta
tion is simple for the second-year students; present-day mathematical terms 
are used in case this does not lead to supplementary difficulties. The main at
tention is paid to the practice of computational skills; therefore, some state
ments are given without proofs. 

© Ofu.e,IUIHeHHhlii uncnrryr JI.AepHLIX 
--~-~lic~eAOBaHHH, 2004 

IJpeOUCJlOBUe 

HacmoRu1ue JleKlJUU - nocJleOHUU mpyo BllaoUMupa BllaOUMupo6utta 

JlanoRHa. maJlaHmllU602o ytte11o2o, neoa2o2a, 6Jla2opooH020 u 
npuHijUnUaJlb/1020 tteJI06eKa. Ko6apHcm 6oJle3Hb. He C!/OMUJla e20 oyx u 60.'1/0 

- 011 npoOOJI:J/CaJl C60/0 m6optteCKYIO u neoa202U'leCKYIO OeRmeJlbi/OCmb Oo 
noc11eOHux OHeii c6oeu :Jicu3HU. PeoaKlJUR 3mux JleKZJUii 6bzlla 3a6epU1eHa UM 

6yK6aJlbHO 3a HeOeJIJO 00 yxoiJa U3 :JICU3HU 6 MaJl 2004 200a. 

Jl,oKmop pU3UKO-MameMam1fttecKux HayK, npopeccop Kapeopbz 
meopemuttecKou pU3UKU Epe6ai/CK020 2ocyoapcm6eHH020 yHu6epcumema, 

ttlleH Ytte1102o co6ema 06beouHeHH02o uHcmumyma RoepllbZX uccJleoo6aHuu 

BllaOUMUp BllaOUMUp06U'l JlanORH MH020e coeJlaJl OJIR pa36umuR 

compyoHuttecm6a Me:J/Coy HayttHbZMU lJeHmpaMu ApMeHuu u Poccuu, 

nocmoRHHO cnoco6cm606aJl 6ocnumaHU/O MpJIOObzx HayttHbZX Kaopo6. 

BllaOUMup BllaOUMupo6U'l R6llRJICR KpynHbZM cnelJUaJlucmoM no meopuu 
2pa6umalJUU, KOCMOJI02UU zi . rpU3UKe HeumpOHHblX 36e30, UIUpOKOe 

npU3HGHUe nOllY'IWIU HQUOeHHpie UM H06ble mO'IH.ble peUieHZm ypa6HeHUU • 

3iiHUimeuHa. B. B. JlanORH- a6mop 6oJlee 130 HayttHblX mpyoo6, a um020.'11 
e20 MH020Jlemneii neOG202U'leCKOU. OeRme/lbHOCmU CfnaJIU 6 ytte6HblX 

noco6uii, a maK:J/Ce 3mu lleKijuu no ocno6aM 6eKmopHo2o u men3opno2o 
ana'lu3a. B Kattecm6e 3nu2papa' K oonoAiy U3 ytte6HUJW6 BllaOUMup 

BllaoUMupo6utt 63Jlll 6bzpa3umellbHoe 6bZCKa3bZ6anue Allb6epma 

3UHUimeuna: "l..fellb/0 6CeU OeRmellbHOCmU UHmeJIJleKma Jl6JIRemcR 

npe6pa!JieHue HeKomop020 ttyoa 6 nettmo nocmu2aeMoe ". H CaM OH 6 C6oeii 

neoa2o2uttecKou u Hayttnou pa6ome neu3Menno clleOo6aJl 3moMy npunlJuny: 

Knu2a u tteJI06eK cxo:J/Cu - mpyoaM B11aiJUMupa BllaoUMupo6utta npucy!Jiu 

6blCOKUU HOY'IHblU ypo6eHb, npenooa6amellbCKClJl KYllbmypa, oocmynnocmb 
U3JIO:J/CeHU5l U JlaKOHU'IHOCmb ... 

IIpo«iJeccop A. H. CncaKHH,:· 
BHUe-.nnpeKTOj:)' 0I15U1, 

.nnpeKTop Jia6opaTOpnn TeopeTnqeckoii 
. 4Jn3HKH liM. H. H. Eoronw6oBa 



BBe.n;eHHe 

reoMeTpHg B03HHKJla KaK 3KCIIepHMeHTanbHM HayKa B CBH3H C rrpaKTH'IeCKOH 

negTenhHOCThiO npeBHHX (rrocTpoifKa rrnpar.mn, 3eMneMepne n T.rr.). EBKnnn 

. nan reOMeTpHH aKCHOMaTHKJ, rrpeBpaTHB ee B 06'heKT 'IHCTOrO MbiiiineHHJ:{, 

'ITO B 6ynymeM II03BOJlHJl0 ~~!i~,Y: IIpHIIIfCaTb IIOHHTHHM H IIOCTJJlaTaM eB
KJlHL{OBOH reoMeTpnH arrpHopnhiii' CMhlCR. AHTH'IHhie n cpenneBeKOBhle Ha

Typqmnococphl (IhoneMeif, KorrepHHK, ranHneif, Kerrnep) rrpenrrO'IHTann HC

_IIOJlb30BaTb reoMeTpnqecKne MeTonhl. OnHaKo co BpeMeH lleKapTa, KOTOphiif 

BBeJl IIOHHTHe KOOpnHiHi.T, reOMeTpHg CTana paCCMaTpHBaTbCJ:{ KiU( IIpHJlO:tKe

HHe anre6phl. C TOrO BpeMeHH B IIOL{rDTOBKe MaTeMaTH.KOB-IIpHKJlanJIHKOB n' 

OCOffeHHO' cpH3.HKOB 'reoM:eTpHH OTBOnli:naCb .BTOpOCTeneHHM pOJlb. ll pH'IHHbl 

Ta:Koro. rio.zixona; B03MO:tKHO, KpOIOTCJ:{ B rny60KOH y6e:tKneHHOCTR cpii3HKOB 

XIX u na~ana XXae:Ka B TOM, ~rro 3aKoHhl npnponhi non:tKHhi 6hlTh c~·op
MynnpoBaHhl B cpopMe,, KOTOpM .II03BOJi.sieT npenCTaBHTh HX B Bn.ne nucpcpe

peHilHMhHbDC ypaBiieHnif, rroim>My ycnnifg 8 ocHoBH:oM Ghlnn HaripaBrreHhl Ha 

H3J'IeHHe. OrpOMHOrD. pa3H006pa3HJ:{ aHMHTH'IeCKHX MeTOL{OB pemeHng 3THX 
ypasHeHifif: . ' 

llmi. nocTn:tKeHMJ:{ HayKH. XX c:roneTHH BhlHynnnn H3MeHliTh cKeiiTn'IecKnif 

B3rnsui na c'ooTHonieiine ;, aHann3 ~ reOMeTpHH". 3TO 3HHIIITeHHOBCKHe erre

UH~bHM H .~6iuMTeopHn OTHoenTenhHOeTH, KOTop~e HarnanHo neMoHeTpn-. 
> ~ ' • c ' • ., , •• - -' ' 

pyiOT, 'ITO aneKJ:JaTHM HhiOTOHOBeKHM •B033peHHJ:{M eBKnnnoBa reoMeTpng 

gBnHeTCH:JlHWh ~pn6~n~eHH~M K npaBHJlhHOMJ orrneaHHIO, cpn3~'IeeKoif Kap

TH~~ ~npa, .. ~ pa6oThl K~pTaHa, KOTOphle no3Bonnnn oeo3HaTh, 'ITQ co~T
Homenne "reoMeTjmg - aHann3" nsyeTOpQHHee: .e onHoft cTopOHhi, aHann3 

MO:tKeT <;JIJ:tKHTh OeHOBaHHeM npn H3J'IeHHH reOMeTpHH, a e npyroif eTO

pOHhl,. reOMeTpHg eCTeeTBeHHhll\f .. 06pa30M IIpHBOL{HT K pa3BHTHIO· aHaJlHTH

qeeKHX MeTonoB H nOHJ:{THif (BeKTOphl KaK nncpcpepeHunpoBarrne, MHoroo6pa-

3Hg, .ziHcpcpepeHunanhnhle cpopMhl, paeenoeHHJ:{ H T.n;). B HaeToamee BpeMg 

reoMeTpH'IeeKHe MeTonhl nrpaiOT Bee 6onee H. 6onee cymeeTBeHHJIO ponb B 

TeOpeTH'IeeKOH cpll3HKe KaK B eMhlene yrrporn:eHHJ:{ MaTeMaTH'IeeKoro cpOpMa

JlH3Ma, TaK H B eMhlene yrny6neHHJ:{ BOCIIpHJ:{THH cpH3H'leeKHX HBneHHH. 3TO 

B03pO)KL{eHHe reoMeTpHH CKa3hlBaeTCJ:{ He TOnbKO Ha reOMeTpH30BaHHOH ITO 

CBOeft eyTH TeOpHH rpaBHTaUHH, HO H Ha npyrnx pa3nenax cpH3HKH ( TepMO-

• nHHaMHKa, raMHJlhTOHOB cpOpManH3M, cyneprpaBHTaUmi H T. n.), KOTOpble 
. (;' HCIIOJlb3JIOT reOMeTpHIO a6eTpaKTHhlX IIpOCTpaHeTB, a He reOMeTpHIO cpH3H

'IeCKOro UpOCTpaHCTBa-BpeMeHH. 

/ 

reoMeTpHg,· C KOTOpOif Mhl npHBhlKJlH HMeTb neno, - 3TO TaK Ha3biBaeMM 

"s'nyTpenngg" reoMerpng, nHaqe roBopa, 3TO reoMeTpug, eo.nep:tKaHne KOTo

poif .a·e 3liBHCHT oT Bhl6opa TeX unn HHhlX KoopnuHaT. B qaeTHoeTn, BHY-
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TpeHHHH reOMeTpHH rrnOCKOCTH He JaBHeHT OT TOro·, KaKHM o6pa30M B Heif 

rrpoBe.ileHhi KoopnnHaTHhie ·. nnHnn, eoBeprneHHO HeeymeeTBeHHO, · HBnHIDTeH 

nn OHII KpnBonnHeifHhiMH linn neKapTOBhiMH. Boo6me roBopa, BHyipeHHIOIO 
reOMeTpi.iiO. IIpOCTpaHeTBa e eOOT~eTeT.BJIOW:HMH reOMeTpH•IeeKllM.H 06'beK

TaMH MO:tKHO ecpopMynnpoBaTb, He IIOnh3JHeb IIOHHTIICM KOOp.UHHaT. TaKOH 

rronxo.u arr!moim KOBapnaHTeH (eM. Hn:tKe),·o.uHaKo npaKTII'ICCKH Hey.uo6eH, 

II03TOMJ BBOL{HT KOOpnnHaTbi, e6nOCTaBnHH Ka:tKL{OH TO'IKe npoeTpaHeTBa He

KOTOpoe :<meno. llpn 3TOM HHTJHTHBHO HeHO, 'ITO KOOp.nfiHaTHM eneTeMa -

3TO BeiiOMOraTenbHOe cpenCTBO, Bbi60p KOTOpOrO B JlJ'IIIIeM enyqae ynpomaeT 

Bhi'IHeneHHH,_HO pe3ynhTaTbl Bbi'IIfeneHHH He nOn:tKHbl 3aBneeTb OT TOro, B 

KaKHX KOOp.UHHaTaX OHH BbiiiOnHeHbl. 

<I>. KneiiH, a Benen 3a HHM H A. ;3ll.HmTell.H nexo.nnnn H3 noMllHnpyiOrn:ero 

eeifqae y6e:tK.UeHHH, 'ITO Ka:tKL{OH cpH3H'IeeKOH BenH'IHHe .UOn:tKeH 6biTh eo

noeTaBneH eOOTBeTeTBJIOW:HH. reOMeTpnqeeKHH 06'beKT, a 3aKOHbl cpH3HKH 

L{OmKHbl 6biTh npe.ueTaBneHbl B BHL{e ypaBHeHHH, eonep:amHne KOTOpbiX eo

eTaBnHIOT onpe.ueneHHbie reoMeTpnqeeKne JTBep:tKneHHH OTHOenTenhHO 3THX 

06'heKTOB. ¢H3II'IeCKHE:) HBneHJIH He 3aBHCHT OT enoco6a onueaHHH, II03TOMJ 

Bhi60p KOOp.UHHaT He MO)KeT Bnn5J:Tb Ha, COnep)KaHlle cpH3H'Ie'cKOrD 3aKOHa, H, 

cne.lloBaTenhHo; ypaauenuJI, ompa:HCa1014ue codep:HCauue fPU3U'ttecKoii 3aKo

uo;,epuocmu, 3anucauubze a aude coomuoweuuu Me:HCdy uoMemp~''t.ecKuMu 
o6oeKmaMu, npu npe06pa3a·aauuJix Koopduuam ue do~t:HCubz Me'H.Jimb ~ao·ii 
aud, uua"te zoao~JI, ·a a acex donycmu'.Mbzx cucme.uax Koopduu'am ffjopMa 3mux 

ypaaiteuuu iJo.ti:HCua 6bzmb oiJuou u moil :HCe. Bhi.ueneHHOe KypcuBoM eocTa

BnaeT conep)KaHue upliHI:~nna KOBapmi:HTHOCTH, KOTOphiH iienonh1yeTca 

B .uanbHeifiiieM B KaqeeTBe OL{HOrO H3 OeHOBHbiX L{OIIJIIIeHllH. 

B HaeTOHW:eM noeo6HH II3nO)KeHhl OeHOBbl BeKTOpHOrO H TeH30pHOrO aHann3a 

B He06XOL{HMOM eTyneHTaM-cpii3JIKaM 06'beMe. llo Mepe B03MO)KHOCTH MaTe

pnan npenOL{HOCHTCH B L{OCTJIIHOH cpOpMe, 'ITO B HCKOTOpbiX'CllJ'IaHX IIpHBO

.UHT K rrpeHe6pe)KCHIIIO MaTeMaTH'IeCKO~ CTpOrOCTbiO. 

I OcHOBHbie noHHTH.H H onpe.n;eneHH.H 

1. Koop.nnnaThl •. ~onycTHMhle cncTeMhl Koop.nnnaT. Ka)K.UOMY 

cpn3II'IeCKOMJ e06biTHIO B MaTeMaTII'IeeKOH MOnenn peanhHOrD Mnpa, 

B paeeMaTpiiBaeMOM KnaeenqeeKOH cpll3HKOH. npn6nn:tKeHIIII, eorroeTaB

naeTeH TO'IKa apuffjMemu"lecKozo npocmpaucmaa Rn ( o6bi'IHO n = 3 
nnu 4). 

• MHo)KeeTBO Beex yrropano'IeHHbiX Ha6opoB nJ n nell.eTBIITenhHbiX 
queen 

'{ i} { 1 2 n} X = X ,X , ••• ,X 
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Ha30BeM apHI):!MeTJI'IecKHM npocTpaHCTBOM n H3Mepemtii Rn. 
roBOp.HT, 'ITO MHO)J(eCT~9 i6tieK s IIpoc~p~HCTBa Rn OTKphlTO, 

. . - : . ' - ' ' - - ' . : - ~ . 

eCJIH Ka)J(,Ua.H TO'IKa 3TOro MHO)J(eCTBa HMeeT OKpeCTHOCTb, UeJIH-

KOM CO.Uep)J(anzyiOC.H B 8. fipOCTOH npHMep OTKpbiTOrO. MHO)J(e

CTBa B npocTpaHCTBe R = R1 ·- ·MHO)J(eCTBO Bcex 'x, .un.H KOTop~ 
a < x < b. TaKHM o6pa3oM, n106oii "KycoK" 'npocTpaHCTBa Rn 6y- . 

.uer OTKpbiTbiM, ecnn B 3TOT "KycoK" He BKJIIO'IeHa ero'rpaHnua. 

B3aHMHo-o.n:Ho3Ha'IHoe cobTBeTcTBne mi.n:MHO)J(eCTBa 4Jn3n'IecKnx co6hl

Tnii C HeKHM OTKphlThlM MHO)J(eCTBOM H3 Rn BllOJIHe OnpaB,UaHO B rpa~ 

HHUaX npHMeHHMOCTH KJiaCCH'IeCKOH !lJH3HKH, H ycTaHOBHTb ero - 3Ha

'IHT 3a.n:aTb cucme.My -x:oopau11.am (CK). llo,n:qepKHeM, 'ITO HeT Heo6xo

.UHMOCTH n OCHOBaHnii Tpe6oBaTb HaJIH'IH.H rno6aJibHOii CK .n:nH Bcero 

4JH3H'IeCKOrO MHpa, TaK )J(e KaK H Tpe60BaTh !lJH3H'IeCKOH 3Ha'IHMOCTH 

BCeX TO'IeK apH!lJMeTH'IeCKOrO n-npOCTpaHCTBa . .qocTaTO'IHO rDBOpHTb 

0 COOTBeTCTBHH llO.UMHO)J(eCTB. 

Bonpoc o TOM, KaK 3a.n:aTb CK, HHKaK :He MaTeMaTH'IeCKHii, a, Heco

MHeHHO, I):JII3IPieCKHH. EcJIH KaKHM-JIH60 cnoco60M 3a,n:aHa O,UHa CK 

[xi], TO, onpe,n:en.H.H n !lJYHKUHH pk(xi), MO)J(HO nepeiiT~ K ,n:pyroii Hy-

. MepauHH TO'IeK, T.e. K .n:pyroii CK i;k = Fk(xi) = ik(xi). O.n:HaKo HJ 

Bcex B03MO)J(HhlX CK, KOTOphle nonyqaJOTC.H TaKHM npeo6pa30BaHHeM, 

B 4JH3HKe HCllOJib3YIOTC.H TOJibKO aonycmU.MbZe CK. Coao-x:yrmocmb CK, 

-x:omopbze no/ty'l(,e'H.bz_ U3 ifju3u'l(,ec-x:u 3aaa11.1tou CK nocpeacmao.M ace~o3-
.MO;)JC'H.bzx B3aHMHO-O.D:H03Ha<IHbiX ~peo6pa306a'H.UU 

:£i = xi(xk) 
., ' 

C OTJIJiqHbiM OT HYJIJI JIKOOHaHOM, 'H.a306e.M .M'H.O;)!CeCmBO.M .n;ony

CTHMbiX CK. llpeo6pa3oBaHH.H c HK06HaHoM, paBHbiM Hyn10, Ha3hl

BaiOT 6bZpo;)!Cae'H.'H.bZ.MU HJIH CU'H.2Y/£1Ip1tbZ.MU. 

• Cnp?BKa. MaTpHua 

X i_ 
k-

( 

8£1 f8x1 

8x2f8xl 

8xnf8x1 

8x1 f8x2 
8£2j8x2 

8xnj8x2 

8i
1
f8xn ) 

8£2f8xn 

8xnf8xn 

Ha3hlBaeTC.H JIKOOHeBOH MaTpHu;eH npeo6pa30BaHH.H 

xi= xi(xk), i, k = 1, 2, ... n, 

(1) 

a ee onpe.n:enHTeJib det Xk - aKoouaHOM 3Toro npeo6pa30BaHH.H. 

6. 

lloHCHHM noH.HTHe ".n:onycTHMbie CK" Ha npocTOM np,lfMepe ... Ilpt;o6pa-

1yeM ncxo.n:HyiO CK K HOBOii c K~op.n:nHaTaMn u ~; u(x, y) H v ~ v(x, y): 

8u 8u' 8v' ov 
6.u = -

8 
6.x + -

8 
6.y, 6.v = -

8
. 6.x + -

8 
6.y. (2) 

X y X . y 

flpe.UDOJIO)J(HM, 'ITO npeo6pa30BaHHe 3a.U!1HO H HMeeT BH.U U = ~·, V = 1, 
Tor.n:a TO'IKaM x = 1, y = 2 H x = 1, y = 3 B IioBoii CK cooTBeTCTByeT 

o.n:Ha H Ta )J(e TO'IKa it == 1, v = 1 , T.e. B pe3yni>TaTe npeo6pa3oBa

HH.H napa TO'IeK (x, y) BhlpO)J(,n:aeTC.H B o.n:Hy. TaKoe npeo6pa3oBaHHe He 

.HBJI.HeTc.H .n:onycTHMhlM. CornacHo onpe.n:eneHHIO npeo6pa3oBaHne 6y

.n:eT .UODYCTHMbiM, eCJIH Ka)J(,UOH TO'IKe X, y COOTBeTCTByeT TOJibKO O.UHa 

TO'IKa u, v B HOBoii CK, a 3To 03HaqaeT,· 'ITO 6.u = 6.v = 0, TOJibKO 

eCJIH 6.x = /::,.y = 0, 'ITO, KaK BH.UHO H3 (2), B03MO)J(H0 Dpll YCJIOBHH 
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8uf8x 8uf8y II ¥= 0 · 8vf8x 8vf8y · 

J1TaK, Ka)J(,UOH TO'IKe HeKOTOpOrO npOCTpaHCTBa CODOCTaBJI.HeTC.H ynop.H

.UO'leHHbiH Ha6op 'IHcen xk(k = l...n) -Koop.n:uHaT. Pa3HbiM TO'IKaM 

COOTBeTCTBYIOT pa3Hhle Ha60phl, COBmi,n:aiOIIIHe TOJibKO B cnyqae CO

Bna,n:eHH.H TO'IeK. YHcno KOOp.UHHaT n onpe.n:en.HeTc.H pa3MepHOCThiO 

npocTpaHCTBa. EcnH c KaKoii-mt6b TO'IKoii npocTpaHCTBa, HanpH

Mep p, CB.H3aHa COBOKYllHOCTb 'IHCen xi, TO C 3TOH )J(e TO'IKOii MO)J(HO 

CB.H3aTh HHYIO coBoKyrrHOCTb £k. IIocKOJibKY o6e coBoKyiniociH OTHO

C.HTC.H K o.n:Hoii n Toii )J(e TO'IKe, To Me)J(.n:y HHMH .n:on)J(HO cymecTBOBaTb 

!lJYHKUHOHaJibHOe COOTHOIIIeHHe 

PH (xi); PH (ik) =?xi = xi(ik), 

KOTOpoe Ha3hlBaiOT npeo6pa30BaHHeM KOOp.D:HHaT (HJIH OTOOpa)Ke

HHeM). 

Ecnn Koop.n:nHaTbi Ha.n:eneHbi cneuHan.bHhlMH cBoiicTBaMH, TO 3TH cBoiic-

TBa onpe.n:en.HIOT THn npocTpair~~Ba. H~~PH~ep, ecnit ' 

(a) Ka)J(,UOH TO'IKe COOTBCTCTBYIOT TpH,KOOp.UHHaTbl (x~, x2, X~), 

(b) paccTO.HHHe Me)J(,n:y TO'IK:aMn P(x1,x2,'x3 ) n Q(yl, y2, y3) eCTb 

(~ = (xl _ YI )2 + (x2 _ y2)2 + (x3 -'- y3f, 
.. 

TO npOCTpaHCTBO ,Ha3piBaeTC.H TpexMepHhlM .n;eKapTOBbiM, a KO

Op.UHHaThl - ,UeKapTOBbiMH. 
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2. 0To6piDKeH:He. Onepar:nur" (npaBJmo) j, KOToprul: BC.s:KoMy ;neM:e~~y 
O.IlHOrO MHO:liWCTBa CTaBHT B COOTBeTCTBHe eauncm~eHHbiU :mei1eHT TOrO 

2Ke HJIH .apyroro MH02KeCTBa, H8.3hiBaeTC.H OTOOpruKeHHeM ( CM. pH C. 

' 1). BhiCK8.3hiBaHHe ":meMeHT f(a) MH02KeCTBa B nonyqaeTc.s: H3 3Jie

MeHTa a MH02KeCTBa A B pe3ynhTaTe oTo6pa2KeHH.s: f" M02KHO 3anHcaTh 

KOMnaKTHO: · 

.•. f: A-tB; a H f(a), a E:.A, f(a) EB. 
}; 

•;; .. ' 

~ ' . 

,·. P~c. 1 

Qi~6pa:lKeHne';.uaeTe,lln'acTBeHHOe. f(x) ,llJI.H Ka2K,llOrO X,~ HO BOBCe~He 
o6.s:3aTeJibHO, l.JT06bi Ka2K,llor:fy j(x) OTBel.JaJIO e,llHHCT~eHH~e X. :EcnH f 
OT06pa2Ka~T A B B' TO .an.s: mo6oro nO,llMHO~ecTBa s c A. 3ReMeHThl 

. 11i B, B l<oi:~phle. oTo6pa:lKaiOTc.s: TO'IKII ~3 ~. ·~6pa3yroT.~ll9*ecTso. T, 
KOTOpOe H8.3biBaiOT MHO)KeCTBOM o6pa30B, .. II Ha060pOT, MH())KeCTBO. S, 
COCTO.S:Illee 113 BCex 3JieMeHTOB, OT06pa)KaiOilliiXC.H B T, Ha3hiBaeTC.H MH0-

2KeCTBOM npoo6p8.30B T 11 o6o3aaqaeTc.s: f- 1(T). Ecn11 Ka2K.IlM TOl.JKa 

113 j(S) IIMeeT O,llHOTOl.Jel.JHhiH npoo6pa3 B S, TO rOBOp.s:T, 'ITO OT0-

6pa)KeHIIe· B3aiiMHO~O,llH03Hal.JHO ·(IIJIII .HBJI.HeTC.H'1 - 1 OT06pa)KeHIIeM). 

Ilp11Mephl: 

(a) 0To6pa*eHIIe g, coc;o.s:mee B y.ukoeHIIII queen Iia ocli x, ~: 'R -t 
R; xr-+2x: 

(b) 06hll.JHM semecTBeHH03Ha'IHM IPYHKUIIH f : R -t R; x H f(x). 
TaKa.s: IPYHKUII.H conocTaBn.s:eT TOl.JKe x E R TO'IKyj(x) 113 Toro 

*e R (3TO miiii~IIii. p8.3 no.aqepKII~aeT, 'ITO MHO)KeCTBa A 11 B 
ae o6.s:3aTeJihHO p8.3Hhle). TaKoe oTo6pa2KeHIIe ·npencTaBneao aa 

p11C. 2, Ha KOTOpOM Ka)K.IlOMY X E R COOTBeTCTByeT e.IlHHCTBeHHhlH 

3neMeliT f(x), ao x 1 :H x 2 oTo6pa)KaiOTC.H B o.aao u TO )l{e 3Ha'leaue 

f(x). 
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" 

flx) 

-~ 
x1 x? X 

P11c. 2 

. 
(c) IIosopoT cctJephl BOKpyr ocn, npoxo.u.s:meii qepe3 ee neaTp:. TOl.JKa 

c4Jephl .OT06pa)KaeTC.H B .apyryro TO'IKY iJ:a TOM )Ke cctJepe, HaxO,ll.H

lilYIOC.H OT aee aa 4JIIKC11pOBaHHOM yrnosoM paccTO.HHIIII no OTHO

IIIeHIIIO K OCH BpameHH.H. 

(d) XopoumM npiiMepoM 1-1 (B3aiiMHO;_O.IlH03Hal.JHOro) OTo6pa)KeHH.H 

.HBJI.HeTC.H reorpa4JH'leCKM KapTa MeCTHOCTII - TOl.JKa nosepXHOCTH 

3eMJIH OT06pa)KaeTC.H B TO'IKJ Ha JIIICTe 6yMarH. 

Ecn11 IIMeeTc.s: .usa oTo6pa)KeHII.H f : A -t B 11 g : B -t D, TO onpe

.aeneao OT06pa)KeHIIe, KOTOpOe 'Ha3hiBaiOT KOMll03HD;HeH g 0 f, OT0-

6pa:lKaiOillee A .B D (go f : A -t D). IlocTpoea11e TaKoii KOMn0311UIIH 

oqeBH.IlHO: oTo6pa3HB TO'IKY x H3 A B B, aaxo.anM f(x), 3aTeM oTo6pa

*aeM f(x) no npasnny g B D - (go f)x = g(f(x)) . 

3aMe'laHHe. B o6meM cnyqae roBop.s:T o6 oTo6pa*eHIIII 113 A B B. 
Ecn11 *e Ka)K.IlM TOl.JKa 113 B IIMeeT npoo6pa3 B A, TO rosop.s:T o6 

oTo6pa*eHIIH 113 A Ha B (aa p11c. ' 1 a E A .s:sn.s:eTc.s: npoo6pa3oM 

f(a) E B). 

3. rpynnbl npeo6pa30BaHHH.. IlpHMepbi; Ilpeo6p8.30BaHHe HeKOero 

MHO)KeCTBa X - 3TO B3aiiMHD-O.IlH03Ha'IHOe oi:o6pa*ea11e f : X -+ X 
3TOrO MH02KeCTBa B ce6a, 'ITO IIO,llp8.3yMeBaeT CYilleCTBOBaHIIe TO)K.Ile

CTBeHHOrD rrpeo6p8.30BaHHa e • X::= X, 06paTHOrO rrpeo6p8.30BaHIIa ~-l : 

X -t X, npnqeM 
f. rl = rl . f = e, 

r.ae f · g- nocne.aosaTeJihHO BhlrrOnHeHHhle oTo6pa)KeHHa: 

(f. g)x =:J ·(g: ~), xEX. · 

CosoKyrrHOCTh G npeo6p8.3oBaHuii. MHO)KeCTBa X H8.3hiBaiOT rpynnoU: 

npeo6pa30BaHHH, ecnH G co.uep)KHT 
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e TO:IK,IleCTBeHHOe npeo6pa30BaHHe e, 

• sMecTe c npeo6pa3osaHHeM 9 E G o6paTHoe 9-1 E G, npHqeM 

9 . 9-1 = 9-1 • 9 = e, 

• BMecTe c npeo6pa3oBaHHHMH 91, 92 E G ~ HX KOMII03HUH10 91 o 92 E 
G. . 

IIpeo6pa3oBaHHH, coxpaHHlOIUHe paccTOHHHe l(x1, x 2) Me:lK.llY .llBYMH Toq

KaMH npoc-rpaHCTBa l(9(x1), 9(x2)) = l(x1 , x2), o6pa3yiDT rpynny .llBH
)KeH:nii :noro IIpOCTpaHCTBa. fpyriny Tex HJIH HHbiX IIJ:le06pa30BaHHH, 

He H3MeHH10IUHX HeKHH 06'beKT HJIH KaKHe-JIH60 ero CBOHCTBa, 06biqHO 

HHTepnpeTHpylOTKaKCOBOKYIIHOCTb CHMMeTpHH 3TOr006'beKTa. IJOHH

THlO"CHMMeTpHi'M:O:)l<:HO IIpHIIHCaTb "H3MepHi<.WCTb", tlTO JierKO IIpO.lle

MOHCTpJipOBaTh Ha IIpOCTOM IIpHM:epe: IIOKa:)lWM, qTO paBH06enpeHHbiH 

TpeyrOJibHHK "CHMMeTpHqHee" HepaBH06enpeHHOrO, a·paBHOCTOpOHHHH 

- "CHMMeTpHqHee" • paBH06enpeHHOrO; OUeHHB HX CHMMeTpHlO qHCJIOM 

nepeMerueHHii, .nepeso.llHIUHX TpeyronhHHK B ce6H. TaKHe nepeMerue

HHH COCTOHT H3 

e oanocO TO:lK.lleCTBeHHOrO npeo6pa30BaHHH .llJIH HepaBH06e.llpeHHOro 

TpeyrOJibHHKa; 

tl 'H3 aayx npeo6pa30BaHHH -TO:lK.lleCTBeHHOrO H OTpa:lKeHHH OTHOCH

TeJlhHO OCH 'cHMMeTpHH .llJlH paBH06enpeHHOrO TpeyrOJibHHKa; . . . 

• H3 wecmu npeo6pa3osaHIIii - TO:lK.lleCTse:imoro, oTpa~eHIIH OTHO~ 
CIITeJibHO Tpex OCeft CIIMMeTpiiii, IIOBOpOTOB Ha 120° II 240°: .zinH 
paBHO~TOpOHHerO ~peyrOJibHIIKa. 

CIIMMeTpiilO npiiHHTO npiiiiiiCbiBaTb II aHaJIHTIIqecKIIM Bbipa2KeHIIHM. 

B qacTHOCTII, rosopHT, . qTo HeKOTOpbiH o6'heKT f, 3a.llaHHhiH Ha MHO

:lKeCTBe X' CIIMMeTpiiqeH OTHOCII'rerr:bHo npeci6pa30BaHIIii. X' eCJIII 3TO 

npeo6pa3osaHneHe MeH.HeT'f. fpynny TaKnxnpeo6pa36saHuft Ha3hl.:. 

BalOT · rpyimoii c:nMMeTp:nii. linH cospeMeHHOH l}lii3IIKII sa:lKHeiiiiieft 

~apaKTepiiC~IIKO~ iBJIHeTCHCIIMMeTpHH l}lii3IIqecKIIX 3aKOHOB, qTO 03Ha

qaeT HaJIIIqiie npeo6pa30BaHIIH, o6pa3ylOIUIIX rpynny CliMMeTpHft, OT-

' HocuTeJibHo KOTOphiX He M3Me~5reTcH.MaTeMaTuqecKM l}lopMynuposKa 
(t3TUX ·3aKOHOB. · ... 

4. CornaweH:ne o cyMM:nposaH:n:n: B 'nani:.HeiiiiieM 6y.lleT IICIIOJih30-

saHo Y.ll06Hoe cornaiiieHIIe, KoTopoe II3BeCTHO KaK :JilNwmeiluoacx:oe co

cJtawenue 0 CY.M.MUjJ06aUUU: eCJtU x;ax;oe-Jtu6o 6blpa:»eeNUe coaep:»eum 
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oauN aepXNUU U oanou.MeN'II.biU 'II.U:HC'HUU UNaex:c, mono 3ffiU.M unaex:ca.M 

npeanoJtacaemCJI cy.M.MupoaaNue: 

AiBi := LAiBi,' T"'nEmn := LTmnEmn· 
i m~ 

YIH.lleKc cyMMIIposaHIIH MO:lKHO nepeiiMeHOBbiBaTh, T.e. BMeCTO 6yKBhi, 

0603HaqalOIUeH IIH.lleKCbi CyMMIIpOBaHIIH, liCIIOJib30BaTb JI106y10 .llpy-

rylO: 
AiBi = AkBk = A1B,, 

TaKIIe IIH.lleKChi Ha3hiBalOT HeMhiMII. Hano 3aMeTuTh, qTo 

Ai Bk ·j_ Ai Bo: 
k -r 0: ' 

ecnii a npo6eraeT MeHbiiie 3HaqeHIIii, qeM i, HanpuMep, ecnii i = 1, 2, 3, 

a ='= 2, 3, TO HCHO, qTO 

ABk = A~B1 + A~Bo:. 

YpasHeHIIe TIIna Ai = BiDk B .lleiicTBuTeJihHOCTu npencTaBJIHeT TPII 

(a TpexMepHOM npocTpaHCTBe IIJIII n a' n-MepiwM: npocTpaHcT:Be) pa3-

HhiX ypasHeHuH .llJIH Ka:IK,Iloro 3HaqeHIIH uH.lleKca i. YIH.lleKc i Ha3biBalOT 

cso60.llHhiM IIH.lleKCOM. IIoHHTHO, qTo o6o3HaquTh ero MO:lKHO n106oii 

6yKBOH, npo6era10rueii CTOJibKO :lKe 3HaqeHIIH, HO Ba:lKHO 3aMeTIITh, qTO 

nepeo6o3HaqaTh ero Hano so scex qacTHX paseHcTsa: 

Ai = BkDk {:::::=} An= B~Dk. 

5. Knacc:u<f>:nKan:ux npeoopa3oBaH:nii. B l}lii3IIqecKIIX npiiJIO:lKeHIIHX 

qa:IIIe scero BCTpeqalOTCH JtuueilNble npeo6pa3oaanuJI 

i Ai ·k x. = kx, 
' axi 

rne AA, = a:tk = const. 

Pa3yMeeTCH, paccMaTpiiBalOTCH nonycTIIMbie npeo6pa3oBaHuH, T.e. npe

o6pa3oBaHIIH c det Ai # 0, a 3TO 03HaqaeT cyruecTBOBamw MaTpuuhi · 

B = ,4-1 o6paTHoro npeo6pa30BaHuH 
., '.1 •. ~ ; ' 

-i Bi k · · Ai Bk · 1:i · ' x = kx , npiiqeM · · k 1 = u1• 

JliiHeiiHhie npeo6pa3oBaHIIH Haiio6ruero BII.lla' 
I; t-

xi = Axk + Ai' . xi= Bixk + Bi, 
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r.ue, noMHMO A~ H Bi, nocTOHHHhi TaKJKe Ai H Bi, Ha3hiBaiOTCH a<P
<l>HHHbiMH. Om1 B3aHMoo6paTHbi npH ycnoBHHX 

A i Bk ~ ri , Ai _ Ai Bk 
k l - ul, -- k ' Bi = -B~Ak. 

11pHHHTa cne.uyroruM KnaccmimKaUHH a<t>qmHHbiX npeo6pa3oBaHHM. 

(a) UeHTpoa<l><l>HHHhie npeoopmoBaHH.SI 

Ai = 0, Bi = 0. 

{b) GKBHaq)<t>HHHble npeoopa3oBaHH.SI 

det{A~) = ±1. 

(C) Y HHMO.llYJI.SipHbie npeofipa30BaHH.SI 

det{A~) = 1. 

· {d) IIpeoopa3oaaHH.SI TpaHCJI.SinH:H 

A
i _ ri Bi _ ri 
k- uk, k- uk. 

(e) OpToroHaJILHble ri:peofipa3oaaHH.SI. A<t><l>HHHbie npeo6pa3oBa-
HHH 

xi= A~xk, xi- Bixk 
- k. ' 

COXpaHHIOIUHe paCCTOHHHe MeiK.lly .llBYMH TO'IKaMH. Y CJIOBHe op
TOrOHMbHOCTH rrpeo6pa30BaHHH cne.uyeT. H3 Orrpe.ueneHHH·: 

i Ai ·lAm , ·m , 
X Xi= 1X i Xm =X Xm, ecnu A:Ar ~ 81 => ,,F . A = r 

J1ocne.uHee COOTHOilleHHe H eCTb yCJIOBHe OpTOrOHMbHOCTH, llO
MHOIKHB ero cneBa Ha A -1, noriy'IHM 3KBHBaneHTHOe ycnosne 

AT~ A-1, r.ue AT - TpaHCllOHHpOBaHHMMaTpHUa. 

OpToroHanbHble npeo6pa30BaHHH o6pa3yiOT rpynny CHMMeipuif 
3a.llaHHOft B TpexMepHOM rrpOCTpaHCTBe <l>YHKUHH j(x2 + y2 + z2), 
'ITO Henocpe.ucTBeHHO cne.uy~T H3 ux onpe.ueiieHHH. 0TMeTHM, 
'ITo HHor.ua Mafpliuy tlpToroHaJil>lioro iil:>eo6pa3oBimlix lia:li,iaaiOT 
rrpOCTO opTO'roHMLHOH MaTpHne:H. 

J1pHMepbi: 
/. 
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• MaTpHUbr 

( 
1 0 0) 

I= 0 1 0 
0 0 1 

H 

omrcbmaroT rrpeo6pa3oBaHn:e 

x~ (n· 

( 

-1 

{; = -~ 

x'= Ix, 

0 
-1 
0 ~J 

x'= ex, 

KOTopoe Ha3biBaiOT npeoopa3oaaHHeM HHBepnm:. JierKo rrpo

BepiiTb, 'ITO MaTpiiUbi iii C o6pa3yiOTrpyrrny, rrpH'IeM 

detC = -1, {;-1 =c. 
• Ha6op MaTpiiU 

( 

cos¢ 

A= -s~n¢ 
sin¢ 0) 
cos¢ 0 , 

0 1 
0 :::; ¢ :::; 27f, 

o6pa3yeT rpyrrrry, napaMeTpii3yeMyro yrnoM ¢, rrpii•reM e.uiiHII'I

HOMY 3JieMeHTY cooTBeTCTByeT ¢ = 0, det A = 1 II 

A- A-1 
- ' T.e. A-1F = i, 

a 3TO 03Ha'laeT, 'ITO MaTpiiUbi A rrpe.ucTaBJIHIOT 'JaCTHbiH cny'lail: 
opToroHaJibHbiX npeo6pa3oBaHIIH. JierKo y6e.uiiTbCH, 'ITO npeo6pa-
30BaHIIe 

x'=Ax 
OIIIICbiBaeT IIOBOpOT IICXO.llHOM CHCTeMbi KOOp.llliHaT Ha yrOJI cp BO, 
Kpyr OCII Z. 

• PaccMoTpeHHbie B npe.llbi.llyrueM rrpHMepe rrpeo6pa3oBaHIIH o6pa-
3JIOT no.urpyrrrry o6rueii rpynrrbi rrpeo6pa3oBaHHii 

x'= Aq,1 AeAq,2 x, 

KOTOpaH Ha3biBaeTCH C06CTBeHHOM rpynrroii OpTOroHaJibHbiX npe

o6pa30BaHHM HJIH rpynno:U apaw;eHHH. MaTpHUbi Aq,1 II Aq,2 
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IIMeiOT- TaKoii )Ke BII.ll, 'ITO II MaTpiiua A npe.uhr.uymero npiiMepa, 

C 3aMeHOH cP Ha cP1 II cP2 COOTBeTCTBeHH01 a 

( 

1 0 .0 ) 
Ae = . 0 cos {} - sin {} , 

0 sin {} cos {} 
0~{}~1r. 

Hail:.UIITe caMOCTOHTenhHO :meMeHThl MaTpiiUhi A = A,/>I A8 Aq,2 , ee 

.ueTepMIIHaHT II cne.u. lloKa)KIITe, 'ITO :na MaTpiiua - MaTpiiua 

OpTO~OHanhHhlX npeo6pa30BaHIIH. 

• CrrpaBKa. Ilo.urpynnoil: N rpynnhi M Ha3oBeM IIO.llMHO)KeCTBO 

, :meMeHTOB rpynnhl M, KOTOpbre o6pa3fiOT rpypny OTHOCIITenhHO 

rpynnoBoii onepaUIIII, ycTaHOBneHHOil: B M, 

6. rpyiiiibl. llaHHOe Bhiiiie OIIpe.ueneHIIe rpyiillhi IIpeo6pa30BaHHH IIO.ll

)laeTCH 0606IIIeHHIO Ha npOH3BOnhHhie MHO)KeCTBa: .1Mto:>!CeCm60 3.tl.e
.Me'Hffi06 M o6pa3yem zpynny, ec.n.u 6 M onpeae.n.eua zpynnoBaJI one

pav,uJI, 'IWmopaJI 'K:a:>!Caou nape 3.tl.eMe'Hm06 a, b E M cma6Um ~ coom-

6emcm6ue 3.n.eMeum c EM: 

M --* M; (a, b) H c =a* b 

max:, 't/,mo6bz 6bz.n.u Bb!no.n.ueubz c.n.eayww,ue ax:cuoMbz: 

(a) aCCOUHaTHBHOCTh: 

(a* b)* c =a* (b *c); 

(b) cymecTBOBaHHe e.uHHH'IHoro :meMeHTa: .UJIH Va E M:Je - neBM 

e)lHHHUa, TaKaH, 'ITO 

e *a= a; 

(c) cymecTBOBaHHe o6paTHoro 3neMeHTa: .unH Va E M:Ja-1 - neBhrii 

OOpaTHhiH 3neMeHT1 TaKOH, 'ITO 

a-1 * a= e. 

3Ha'IOK " * " CHMBOnH3HpyeT rpynnOBYIO OIIepaUHIO,. KOTOpM MO)KeT 

6h1Th cno)KeHIIeM, yMHO)KeHIIeM IInH nro6oil: .upyroil: 6HHapHoii onepa

UIIeii. HeKOTOpoe MHO)KeCTBO MO)KeT 6biTh rpyiiiiOH OTHOCIITenhHO O)l

HOH rpyiiiiOBOH OIIepaUIIII II He MO)KeT 6hiTh TaKOBOH OTHOCIITenhHO .Upy

roil: rpynnoBoii onepaunn, IIHhiMH cnoBaMH, rpynnoBM·onepaunH onpe

.uenHeT IIpH3HaK rpyiiiihl. 
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Ecnii rpynnoBaH onepauHH o6na.uaeT cBoiicTBOM · 

. a* b = b *a, 

TO rpynna Ha3hiBaeTC5I KOMMyTaTHBHOH IInii aoeJieBOH. 

IlpuMephl: 

(a) MHO)KeCTBO .ueiicTBIITeJihHhiX queen o6pa3yeT a6eneBy rpynny OT

HOCHTenhHO CnO)KeHIIH C e)liiHII'IHhiM 3neMeHTOM 0 II 06paTHhiM K 
n 3neMeHTOM " - n". 

(b) KBa.upaTHhre HeBhipO)K.lleHHhre ( c onpe.uenuTeneM, He paBHhiM uynro) 

MaTpiiUhi 06pa3yiOT Hea6eneBy rpynny. rpyiTIIOBaH OIIepaUIIH 
YMHO)KeHHe MaTpuu, e.unHII'IHhrii 3neMeHT - e.uHHII'IHaH MaTpuua, 
o6paTHhrii 3neMeHT- o6paTHM MaTpuua. 

7. JlHHeHHOe IIpOCTpaHCTBO. JluHeHHhiM (BeKTOpHhiM) IIpOCTpaHCTBOM 

V Ha.u noneM H .rieiicTBIITenhHhiX (~nu KOMrmeKCHhlx) queen Ha3hiBa

eTCH MHQ)KeCTBO, CHa6)KeHHOe BHyTpeHHeil: 6HHapHOH OIIepauueil: 

(a,b) H a+b, 

OTHOCHTeJihHO KOTOpOH 3TO 'MHO)KeCTBO 06pa3yeT a6eneBy rpynny C e)lH
HH'IHhiM 3neMeHTOM 0, ·o6paTHhiM K a 3neMeHTOM " - a" H BHeiiiHeil: 
6HHapHoii onepauueil: 

(k,a) H ka, a,b E V, k E H, 

ecnu y.uoBneTBopeHhi cne.uyromue aKCIIOMhr: 

(a) YMHO)Keuue a E V ua 3neMeHThr iwnH H YHIITapHo: 

1 *a= a 

u accounaTIIBHo: 

n(ma) = (nm)a; Vn, m E H; 

(b) cno)Kenue u YMHO)KeHue CBH3aHhl 3aKOHOM .z:tiiCTpnoyTIIBHOCTII: 
;·f.; 

n(a1 + a2) = na1 + na2; (n1 + n2)a = n1a + n2a. 

IlpHMephr: 
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(a) MHO)KeCTBO Bcex BeKTopoB Ha rrnocKOCTu unu B 3-MepHOM npo

cTpaHCTBe. 

(b) MHO)KeCTBO Bcex BemecTBeHHhiX HerrpephiBHhiX cpyHKUuil f(x), on

pe.lleneHHhiX Ha uHTepBane a ~ x ~ b. 

(c) MHO)KeCTBO Bcex KBa.llpaTHhiX MaTpuu, npuqeM BHyTpeHH~UI one

pauu.s~ - 3TO IIOKOMIIOHeHTHOe CnO)KeHue, a BHeiiiH.SI.SI - IIOKOMIIO

HeHTHOe yMHO)KeHue Ha qucno. 

(d) HyJib-MepHOe npOCTpaHCTBO: MHO)KeCTBO, COCTO.SIIUee U3 O.ll

HOrD 3neMeHTa V = (0]. 

8. JlnHeHHhle onepaTopbi. IlycTh A u B - nu~eHHhie npocTpaHCTBa. 

roBOp.SIT, qTO ~a MHO)KeC~Be ~ c A 3a,llaH onepaTop j, ,lleHCTBYIOIUUH 

u3 ~ B B '(co 3HaqeHu.SIMu B B), ecnu Va E ~ nocTaBneH B cooTBeTCTBue 

3neMeHT b =}(a) E B. 

MHO)KeCTBO ~ HaJh!BaeTC.SI OOJiaCTbiO onpe.n;eJieHH.SI j' a COBOKYII

HOCTh BCex 3neMeHTOB b 'Ha3hiBaeTC.SI OOJI~CTbiO 3Ha<IeHHH j U 060-

3HaqaeTC.SI ~1(~) ~ B. · 

Ecnu ~ - nuHeiiHoe npoc"I:paHCTBO u .lln.SI ni06hlx a 1, a 2 E ~ u .llnll 

.lleiicTBuTenhHhiX ( unu KOMrrneKCHhiX) queen a 1, a 2 E H 

}(a1a1 + a2a2) = ad(al) + a2}(a2), 

TO OrrepaTOp Ha3biBaeTCli JIHHeHHbiM, rrpuqeM 

}(a)= j ·a. 

Ecnu o6naCTh 3Haq~Huil onepaTopa j - quqiOBaJI och, T~ J - <PYHK

UHOHaJI, a ecnu rrpu 3TOM qucnOBhiM MHO)KeCTBOM .SIBn.HeTC.SI TaK)Ke U 

o6naCTh ero orrpe,lleneHU.SI, TO onepaTOp j - lPYHKIJ;IUI, B qacTHOCTU, 

ecnu A- MHO)KeCTBO BCeB03MO)KHhiX Ha6opoB u3 n queen (a1, ... an ) u3 

MHO)KeCTBa Rn, TO j ecTh <PYHKUHR: n nepeMeHHbiX. 

9. BeKTOpbi. 03HaKOMHTeJihHhlii sKcKypc. 3HaKOMCTBO c noH.SITueM 

"BeKTOp" HaqHeM, He BhiXO,ll.SI 3a paMKU IIpUBhlqHhiX ,lleKapTOBhiX KO

Op,lluHaT eBKnH.llOBa npocTpaHCTBa. TunuqHhiM BeKTOpOM .s~Bn.HeTca 

rrepeMemeHne OT O,llHOH TOqKn K .llpyroil C KOMIIOHeHTaMu, paBHhiMU 

pa3HOCTU KOOp,llUHaT 3THX TOqeK: 

b.x-+ {b.x, b.y, b.z}. (3) 

16 -~u-... -~.1 

~ 
~ 
~ 

CTpenKa Ha.ll 6yKBOii: o603mtqaeT BeKTOp, rro,llqepKuBa.SI oTnwme x OT 

Koop.lluHaThi x. CTpenKa rrocne b.x o~f:iaqaeT "uMeeT KOMrroHeHThi". · B 
,llaJihHeii:IIIe~l 6y.lleT UCIIOJih30BaHO COOTBeTCTBUe 

xi= {x1,x2 ,x3
} = {x,y,z} 

(.llJili rrpOCTpaHCTBa pa3MepHOCThiO n > 3, i = 1, ... , n.) 0TlVteTIIM pa3-

HUUY Me)K.lly BeKTOpOM II ero KOMIIOHeHTaMu: KOMII~HeHTbl BeKTOpa 

KOOp.lliiHaTH0-3aBUCUMhi, B TO BpeM.SI KaK BeKTOp - CTpem<a, COe.llUHJIIO

maa ,llBe TOqKu, - IIpii TpaHCn.SIUUliX UJIII IIOBOpOTaX CUCTeMbl KOOp,llU

HaT He MeH.HeTC.SI. 

B TpaKTOBKe (3) seKTop- 6unoKaJihHhiii: o6beKT, cTpenKa, HarrpasrreH

Ha.SI oT TOqKu A K TOqKe B: 

iiAB = B- A. 

CymecTsyeT arrhTepHaTuBHhiH crroco6 3a.llaHua BeKTopa: rrpe.llCTaBuM 

CTpeJIKY B BII.lle rrapaMeTpu3oBaHHoii: JiuHuu P()..) = A+ )..(B--: A), rrpu

'IeM A = 0 COOTBeTCTByeT OCHOBaHUIO .CTpeJIKII, a A = 1 - ee OC:TpiiiO. 

IlpOU3BO,llHaJI OT 3TOrO Bbipa)KeHUli 

d~ [A+ )..(B- A)]= B- A= P(l)- P(O) = iiAB· 

B TaKoil TpaKTOBKe BeKTOp 

dP 
a= d).. 

-- rroKaJihHhiH o6beKT u .SIBJI.HeTC.SI KacaTeJihHOii: K JiuHuu P()..). 

• llpnMep. IIycTh P(t)- rruHu.s~, rro KOTopoii: .llBU)KeTca cso60.llHa.SI 

qaCTUUa, t - BpeM.SI, rrapaMeTpii3YIOIUee TpaeKTOpUIO .llBU)KeHUli. 

IIepeMemeHue 3a 1 ceKyH.llY .ll.ae; CTperrKy v = P(l)- P(O), KOTO-

pall B TOqHOCTU COBIIa,llaeT CO CKOpOCThiO qacT~Uhi IIpii paBHOMep

HOM .llBU)KeHuu. Ecrru )Ke 3arrucaTh v KaK rrpou3BO.llHYIO v = dP j dt, 
TO U 3TO Bhipa)KeHue orrpe,lleJI.HeT CKOpOCTh C TOll cymeCTBeHHOH 

pa3Huueii:, qTo oHo rrpuMeHnMo ~~K)Ke .llJI.SI 'ycKopeHHoro .llBU)KeHu.si. 

IlOCKOJihKY CKOpOCTh qaCTUUhl He 3aBUCUT. OT Bbi6opa KOOp,lluHaT, TO, 

o6o6maa, MO)KHO yTBep)K,llaTh,.qTo seKTOp- reoMeTpnqecKnil o6beKT, 

He 3aBIIC.SIIUIIH OT Bhi6opa KOOp,lliiHaT .. Koop,llUHaThi BBO,llliT ,llJili OIIpe,lle

JieHu.SI KOMIIOHeHT BeKTOpa, KOr,lla B03HUKaeT He06XO,llUMOCTh KOHKpeT-

HhiX pacqeTOB. 

06~egHHeHHhlll MHCTMTJT 
np;ep¥1Ixtiilccriep;oBaH:aft 

BHBHviOTEKA 
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Ecmr B KaKoii:-mr6o Koop.zumaTHOii cncTeMe l::.x 7 {!::.xi}, TO B npyroii: 

CK l::.x ~ {f::.xi}- BeKTop ocTaeTc.a HeH3MeHHhiM, Ho MeHHIOTc.a ero 

KOMnoHeHThi. C..JnTM nepeMeiUeHne MaJihiM, nerKo nony'lHTh 3aKOH 

npeo6pa30BaHHH KOMllO~eHT BeKTOpa nepeMeiUeHHH: . . 

rne 
!l ;i 

L' -~ 

. ~ 'i 
'i uX d k L'd k dx = Bxk x = k x , 

MaTpHUa npeo6pa30BaHHH Xi= Xi(xk). 

(4) 

(5) k- 8xk 

5ICHO, 'ITO n'o ;~KOMJ )l{e npaBHJIY npeo6pa3yiOTCH KOMnOHeHThi JII06oro 

BeKTopa, no3TOMY coaonymwcmb n "'.uce.!l Ai, onpeaeAe'll'H.biX a na:J~Caou 
mo"'.ne npocmpa1tcmaa, nomopbze npu 3a.ue11.e noopau11.am {5} npeo6pa-
3Y'/OffiCJI C02.!laC'H.O 

A
i . oxi ' 

= Ak oxk , (6) 

o6pa3yem aenmop A-+ {Ai}, a ca.A-tu Ai 'H.a3b!Bawmcs e2o no'H.mpaaa
pua'H.mUbiMU no.uno'H.e'H.ma.uu. IIonqepKHeM, 'ITO Bee KOMnoHeHThi BeK

TOpa nOJI)l{Hhi 6biTh 6e3pa3MepHhiMH HJIH HMeTh onHHaKOBJIO pa3Mep

HOCTh. 

KaK H3BeCTHO, B eBKJIH.liOBhiX npocTpaHCTBax BeKTOphi CKJia.IIhiBaiOTCH 

no npaBHJIY napannenorpaMMa: cyMMa .IIByx BeKTopoB A II B onpene

n.aeTCH cornacHo 

~ ~ 1 12 2 N N A+B-+ {A +B ,A +B , ... ,A +B }. 

VbBeCTHO TaK)l{e, 'ITO pe3yJihTaT JMHO)l{eHHH BeKTopa Ha 'lHCJIO - 3TO 

HOBhiH BeKTOp: 
~ 1 2 N pA-+ {pA ,pA , ... ,pA }. 

HeTpynHo npoBepHTh, 'ITO 3TH npam~na npeBpamaiOT BeKTOp B 3Jie

MeHT onpeneneHHoro Bhiiiie JIHHeii:Horo ( BeKTOpHoro) npocTpaHCTBa, 

HHa'le rOBOpH, COBOKJnHOCTh BeKTOpOB eBKJIH.liOBa npOCTpaHCTBa o6pa-

3JeT JIHHeHHOe npOCTpaHCTBO. 

TO'lKY P(x, y, z) B neKapTOBhiX KOOp.liHHaTax MO)l{HO 3a.IIaTh, conocra

B~B eii:neKTop, HanpaBJieHHhiH oT Ha'lana Koopnnm1~ KP. TaKoii: BeK

Top Ha3h!BaiOT panHycoM-BeKTOpoM TO'lKH P. KoMnoHeHThi 3Toro 

BeKTopa coBnanaioT c KOOp.IIHHaTaMH P(x, y, z). BeKTOp ii MO)l{HO pa3-

JIO)l{HTh no 6a3HCHhiM BeKTOpaM (OpT aM) {i,J, k} KOOp.IIHHaTHhiX OCeft 

Ha COCTaBJIHIOIUHe (eM. 'PHC. 3) TaK, 'lT06hi 

ii=a'ki, 

..... 18 

x2 

a2 1--···----.., a. 

a 
x' 

Pnc. 3 

rne k; -+ {i, ], k}. 

~-;' ~ 7 ~ ~ l l 
k1 = Z = (1,0,0), k2 =J = (0, 1,0), k3 = k = (0,0, 1) HJIH (k;) = 0;

1 

3.IIeCh i- HOMep 6a3HCHOrO BeKTOpa, [- HOMep KOMIIOHCHThi i-ro BeKTOpa, 

l { 1 i=l 
O; = 0 z i= l - CHMBOJI KpoHeKepa. 

B KocoyroJihHhiX KoopnHHaTax TaKoe pa3JIO)l{eHHe MO)l{HO npoBeCTH .IIBO

HKO (eM. pHC. 4): COe.IIHHHH 0Tpe3KaMH KOHen BeKTOpa C OCHMH B O.liHOM 

cnyqae napanneJihHO oc.aM, a B npyroM - opToroHaJihHO .HM. B nepBOM 
cnyqae 

a= ai€;,, 

rne (!;- 6a3HCHhie BeKTOphi KOCOJrDJihHOH CH~TeMhi (i- HOMep BCKTOpa, 

HO He ero KOMnOHeHTa). Bo BTOj)OM CJIJ'lae Mhi CTaJIKHBaCMCH C 06'hCK

TOM HOBOrO THIIa C HH)l{HHM paCIIOJIO)l{eHHeM HH.IIeKca 

ai == ae;,, 
CJTb KOTOporo HaM eme rrpe.IICTOHT OCMhiCJIHTh. 

PaccMoTpHM nanee KJJHBOJIHHeii:Hhre KOOJJ.liHHaThi z 1, z 2, z 3 PanHyc

BeKTop TO'lKH T = r(z1
, z

2
, z

3
) B TaKHX CHCTeMaX - .liHltJcpepeHUHpy

eMM cpyHKUHH, IIpOH3BO.liHM KOTOpOii: of'j()zi B KaKOH-JIH60 TO'lKC -

BeKTOp, KaCaTeJihHhiH K KOOp.IIHHaTHOH JIHHHH Zi B 3TOH TO'lKe ( CM. 

pHc. 5). B Ka)l{Jioii: TO'lKe npocTpaHCTBa BBeneM Tpoii:Ky (HJIH n.B n
MepHOM IIpOCTpaHCTBe) HeKm.inna!iapHhiX BeKTOpOB i!; = of'j()zi II mi-
30BCM HX 6a3HCHhiMH BeKTOpaMH KpHBOJIHHeHHOH CHCTeMhi. 3aMeTHM, 

'ITO eCJIH B .IIeKapTOBhiX KOOp.IIHHaTaX 6a~HCHhiC BeKTOphi k; HMeiOT rJI0-

6aJihHhiH (.!IJIH BCero IIpOCTpaHCTBa) xapaKTep, TO B Kj)HBOJIHHCHHhiX 



p 

x2 

r-----.;, a 

al a1 XI 

Pnc. 4 

x' 

k, 

k2 xl 
kl 

XI 

Pnc. 5 

CK 6a3nc noKaJihHhlil:, T.e. cBoil: .n;JIH Ka)l{.n;oil: TO'IKM. YcnoBne HeKOM- ' 

nJiaHapHOCTM e;. = or/ fJzi MMeeT BM.D; det Xf =J 0, r.ne no-npe)I{HeMy 

( 

fJx1 jfJz1 fJx1 jfJz2 fJx1 jfJz3 ) 
xf = fJx2jfJz1 fJx2jfJz2 fJx2jfJz3 

fJx3 jfJzl fJx3 jfJz2 fJ:t3 jfJz3 

- HK06MeBa MaTpnua npeo6pa3oBaHMH x1 = x1(zi). Ecnn det Xf =J 0, TO 

cymecTByeT TaK)I{e o6paTHoe npeo6pa30BaHne 

zi = zi(xk) 

c HK06MeBoil: MaTpnueil: Z1 = ( fJzi / fJxk), HK06naH KOTopoil: OTJIM'IeH OT 

HYJIH. 

lfTaK, eCJIM BblllOJIHeHO YCJIOBMe detX1 =/:. 0, TO B ka)I{.D;Oil: TO'IKe npo

CTpaHCTBa MO)I{HO BBeCTM JIOKaJibHbiH 6a3HC KpHBOJIMHeil:HOil: CMCTeMhl 
KOOp.D;HHaT 

e;. = fJf'jfJxi, 
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npii'IeM 
- _. vikei- ..t'\.i i' k- .. _ zie-· 

. '- i J" 

DoKa)l{e.M 3TO B 'IaCTHOM cny;.me nno~KOCTII (.nnH n-MepHoro npocTpaH
CTBa .n;oKa3aTeJihCTBO aHanorwmo): 

df' = e1dz1 + e2dz2 = k1dx1 + k2dx2 = 

- (fJx1 1 fJx1 2) -. (fJx2 1 fJ:x:Z 2) 
= k1 f)z1 dz + f)z2dz + k2 f)z1 dz + 

022
dz · = 

(
- fJx1 - fJx2) 1 (- fJxl - fJx2) 2 

= k1 f)zl + k2 f)zl d: + k1 f)z2 + k2 022 dz . 

HeTpy.n;Ho noKa3aTb, 'ITO HKo6neBbi MaTpHUhi Xf n Zf B3aiiMoo6paTHhi: 

(' 0 0) yi zk _ 6; , _ Q 1 ... 0 ~ { I, ' ~ j 
• k j - jL c5j - . . ... . 0, l =J J 

0 0 ... 1 

Deil:cTBMTeJibHO, e;. = Xf ki = Xf Zfekl OTKy.na BII.n;Ho, 'ITO npoii1Be

.neHIIe Xf Zf paBHO CIIMBOJIY, KpcmeKepa c5f, KOTOpbril: II3 cyMMhi no k 
OT6IIpaeT JIMUib Te CJiarae.Mbie, y KOTOpbiX k = i. 

B Ka'IeCTBe · npnMepoB paccMOTpiiM. HeCKOJihKO o6meii3BeCTHhiX TIInOB 
; . . . . 

KOOp.D;HHaT. 

(a) lleKapTOBbl Koop.n:uHaTbi x 1 = x, x 2 = y, x3 = z. Ea3MC-

Hhre BeKTOpbi kx, ky kz. 

(b) 0:HJIHH,n:puqeCKHe KOOp,n:HHaTbl z1 = p, z2 

Ea3IICHbie BeKTOpbi e,, eel>, ez. 

x = pcos¢, y = psin¢, z =.z, 

p = /x2 + y2, ¢=arctan '!L. 
. X 

,1. ~3 
't'l "' z. 

YrnoBM Koop.nnHaTa ¢ MHoro3Ha<ma, TaK KaK {p, ¢, z} II {p, ¢ + 
27rk, Z} II306pa)l{aiOT O.n;Hy II TY )l{e TO'IKy, ll03TOMY llOJiaraiOT 0 :::; 
¢:::; 21r. 5IKo6neBa MaTpnua 

(

cos¢ 

x; = si~¢ 

21 

-psin¢ 0) 
pcos¢ 0 

0 1 



IIMeeT }IK06IIaH y = p. B o6JiaCTII p > 0 MaTpiiua x; HeBblpO

)l{L(eHHa ( det Xj =f. 0), a npii p = 0 oco6eHHOii cTaHOBIITC}I BC}I och 

z. MaTpiiua o6paTHoro npeo6pa3oBaHII}I 

. ( cos ¢ sin ¢ 0 ) zJ = -sin¢/p cos¢/p 0 . 
0 0 1 

(c) C.pepll'IeCKHe KOOp~HHaTbl z1 = r, z2 = (), z3 = ¢. oa3IIC-

Hble B6KTOpbl i!.r, eo, e</>. 

x = rsin()cos¢, y = rsin()sin¢, z = r cos(), 

r = V x2 + y2 + z2' cos()= ¢ = arctan '#... 
X 

MHoro3Ha'!HOCTh yrJIOBhiX Koop.niiHaT ycTP.aH}IIOT ycnoBII}I 0 :S 
(} :S 7r II 0 :S c/J :S 27r. 5JK06IIeBa MaTpiiUa 

( 

sin () cos ¢ r cos() cos ¢ -r sin ()sin ¢0 ) 

XJ = sin () sin ¢ r cos () sin ¢ r sin () cos ¢ 

oos() -r~n() 0 

IIMeeT }IK06IIaH Y = r 2 sin(). B o6nacTIIT > 0 II L(JI}I () =f. 0, ()=f. 
7r }IK06IIaH Y =j:. 0 II c<!Jepii'IeCKa}l CIICTeMa KOOp.[(IIHaT He IIMeeT 

oco6hiX TO'leK. To<IKII r = 0, () = 0, () = 1r - oco6bie TO<iKII,, 

T.e. r, (}, c/J HeJib3}1 Bbipa3IITb '!epe3 X, y, Z TaK, 'IT06bi B pe3yJibTaTe 

nOJIY'IIIJIIICb L(II<lJ<!JepeHUIIpyeMble B 3TIIX TO'!Kax <lJYHKUIIII. 

ITpaBIIJIO npeo6pa30BaHII}I 6a3IICHhiX BeKTOpOB npii npeo6pa30BaHII}IX 

Xi = xi(xk) KpiiBOJIIIHeHHbiX KOOp.[(IIHaT MO)l{HO nOJIY'IIITb, 06061.l.(IIB 

Haif.neHHOe Bbiiiie npaBIIJIO npeo6pa30BaHII}I 6a3IICOB L(eKapTOBbiX KOOp

L(IIHaT K KpiiBOJIIIHeiiHhiM. O.nHaKo uenecoo6pa3Hee BbiBeCTII 3TO npa

BIIJio B Ka'!eCTBe eme o.nHoro ynpa)l{HeHII}I. ITpoii3BOJihHhiii BeKTop - ' 
A ~ {A i} MO)l{HO npe.ncTaBIITb B BIIL(e pa3JIO)KeHII}I no 6a3IICaM ei II 

ek' pa3HbiX KOOp.[(IIHaTHbiX CIICTeM: 

A- Ai- Ak'-= e; = ek'· 

(ITo.n<IepKHeM, 'ITO IIHL(eKcbl iII k 1 
OTHOC}ITC}I K pa3HhiM CK.) McnOJih3Y}I 

3aKOH npeo6pa3oBaHII}I KOMnoHeHT A i, nony<IaeM 

a k' 

A'k- X Al-
ek' = axl ek', 
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n03TOMY nOCJie nepeiiMeHOBaHII}I HeMhiX IIHL(eKCOB IIMeeM 

i- i X - i X - -a k' (a k' ) 
A e; = A axi ek' =:::} A axi ek' - e; = 0, 

OTKy.na BBII.ny npoii3BOJibHOCTII Ai nony<IaeM 

- axk'-
ei =-a . ek'. x• (7) 

0TMeTIIM, 'ITO 3TO npaBIIJIO npeo6pa30BaHII}I 6a3IICHbiX BeKTOpOB, HO 

He IIX KOMnOHeHT. 0HO Bblpa)l{aeT 6a3IIC i!; OL(HOH CIICTeMhi KpiiBOJIII

HeHHhiX KOOp.[(IIHaT '!epe3 cyMMY '6a3IICOB ek' .npyroii CK. CpaBHIIBM 

(7) C (6), 3aMe'!aeM, 'ITO KOMnOHeHTbl BeKTOpa II 6a3IICHbie BCKTOpbl 

npeo6pa3yiOTC}I no-pa3HOMY. 

PaccMOTpiiM KpiiBYIO xi = xi(>.), npoxo.n}lmy10 <Iepe3 TO'IKY P HeKo

ero MHoroo6pa3II}I M. Ecnii Ha 3TOM )l{C MHoroo6pa3IIII 1a.naHa .nii<P

<tJepeHUIIpyeMM <!JyHKUII}I j(x1
, x

2
, ... , Xn ), TO B Ka)l{L(OH TO'IKC Kplll30H 

xi =xi(>.) onpe.neneHo 3Ha'!CHIIe <PYHKUIIII f. TaKIIM o6pa30M, Ha pac

CMaTpiiaaeMoii KpiiBOH B03HIIKaeT .nii<lJ<lJepeHUIIpyeMa}l <!JYHKUII}I g(A), 
KOTOpa}l .naeT 3Ha'!CHII}I j B TO'IKC, OTBC'JaiOI.l.(CH napaMeTpy A: 

g(>.) = f (xl(>.), ;2(>.), ... , xn(>.)) = f (xi(>.)): 

5JCHO, 'ITO 

dg aj dxi 
d). = axi d). ' 

II nOCKOJibKY 3TO paBCHCTBO CnpaBCL(JIIIBO L(Jl}l JII060if <lJYHKUIIII 9, ·TO 

ero MO)l{HO nepeniiCaTb B BIIL(C 

d dxi a 
d>. = d). axi • 

. (8) 

B eBKJIIIL(OBOM npocTpaHCTBe BCKTOpbi onpe.neJI}IIOTC}I aHanonr'IHO ne

peMemeHIIIO 6_xi, OL(HaKO Ha MHOr006pa3IIII nOH}ITIIC "paCCTOaHire MC)l{L(y 

TO'!KaMII" HC 06}13aTeJihHO L(QJI)KHO 6biTb onpe.neJICHO, n03TOMy HC06XO

L(IIMO L(aTb TaKOC onpe.neJICHIIC BCKTOpa; KOTOpOe OCHOBaHO Ha paCC~10-

TpCHIIII IIH<lJIIHIITC3IIMaJibHbiX OKpCCTHOCTCH TO'ICK MHOrOo,6pa3IIH. Ta

KIIM Onpe.[(CJICHIICM CJIY)KIIT COOTHOIIICHIIC (8). lleiiCTBIITeJihHO; Ha6op 

'IIICeJI dxi /d). MO)l{HO corrocTaBIITh c KOMIIOHCHTaMII · HCKOToporo BeK

Topa, KaCaTCJibHOrO K KpiiBOH x(A), II IIOCKOJibKY KpiiBa}l x(A) 6epeTCH 

BMecTe c onpe.neneHHhiM rrapaMeTpOM X, i-o .nnH Ka)l{.noii II3 3TIIx Kpii

BbiX KOMnOHCHTbl KaCaTCJibHOrO BCKTOpa (Ha6op dxi jd).) orrpe.neJICHbl 
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O.UH03Ha'IHO. TiycTh Teneph xi = xi(J-L) -:- .upyrasr Kpnaasr, npoxo.uxmasr 

qepe3 TO'IKY P MHoroo6pa3nx M. lloHXTHO, 'ITO 

d dxi 8 
df.-L = dJ-L axi 

II .UJIX .UBJX npOII3BOJibHbiX 'IIICeJI a II b 

d d ( dxi dxi) 8 
a d).. + b dJ-L = a d).. + b df.-L axi . 

5JCHO, 'ITO COBOKJnHOCTb 

dxi dxi 
a d)..+ b df.-L 

- 3TO KOMnOHeHTbi HOBOrO BeKTOpa, KaCaTeJibHOro K HeKOTOpofr ,npyrofr 

Kpnaofr, npoxo.uxmefr qepe3 TO'IKY P. Ecnn 3Ta Kpnaasr napaMeTpn3y

eTcx V 1 TO B TO 'IKe p 

d ( dxi dxi) 8 d d d 
dv = a d).. + b df.-L axi ==} a d).. + b dJ-L = dv . 

BhlnOJIHIIMOCTh ocTaJibHhiX aKcnoM BeKTOpHoro npocTpaHCTBa npoae

pxeTcx CTOJih )J(e 3JieMeHTapHo, no3TOMY onepaTopbr .un¢¢epeHI:.lnpoaa

HIIX Tnna did>. B.UOJih Kpnahrx, npoxo.uxmnx qepe3 TO'IKY P, o6pa3yiOT 

aeKTOpHoe npocTpaHCTBO B 3TOfr TO'IKe. CooTHOIIIeHne (8) noKa3biBaeT, 

'ITO Ka)J(,Uhrfr onepaTop Tnna dl d).. MO)J(eT 6biTh npe.ucTaaneH a an.ue nn
HefrHofr KOM6nHarrnn KOMnOHeHT 3Toro neKTOpa dxi I d).. n qacTHhiX npo

II3BO.UHhiX 8 I axi. Cne.uonaTeJihHO, COBOKynHOCTb 8 I axi o6pa3yeT 6a3IIC 

paccMaTpnaaeMoro aeKTOpHoro npocTpaHCTaa, B TO'IKe P. I1TaK, npo
cmpaucm6o 6cex x:acame.l!bN.bZX 6ex:mopo6 6 mo'l.x:e P u npocmpaucm6o 
6Cex aurfjrfjepeuu,upoaauuiJ. 6aO.I!b x:pU6bZX, npoxoa.JIW,UX 'l.epe3 P, uaxo
a.JimC.JI 60 63aUMN.O-oau03'1W'l.N.OM COOm6emcm6UU. flo 3TOH npii'IIIHe 

MaTeMaTnKn roaopxT, 'ITO did>. u ecmb x:acame.l!bN.bZiJ. 6ex:mop x; x:pu-
60i1. x(>.). Kacame.l!bN.bze 6ex:mopbz .11.e:Heam ue 6 M, a 6 x:acame.l!bN.OM 
6 mo'l.x:e P x: .w.uozoo6pa3U'IO M npocmpaucm6e, x:omopoe o6o3ua'l.a
emc.JI 'l.epe3 Tp. llnx mo6ofr TO'IKII P KacaTeJihHOe npocTpaHCTBO Tp 
XBJIXeTCX BeKTOpHbiM npOCTpaHCTBOM TOll )J(e pa3MepHOCTII n, 'ITO II 

CaMO. MHOrD06pa3IIe. Jli06asi COBOKJnHOCTb n JIIIHefrHO He3aBIICIIMbiX 

neKTopoa o6pa3yeT 6a3nc Tp. Bhl6npasr TOT nnn nHofr 6a3nc a Ka

)J(.UOM Tp, .unx acex TO'leK P II3 M nony'lnM 6a3nCHhle aeKTOpHhle nona 

(TepMnH "neKTOpHoe.none" o6o3Ha'!aeT npaanno, 3a,na10ruee aeKTOp B 
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Ka)J(,nofr TO'!Ke M). Ecnn B OKpecTHOCTII U TO'Ii<n P 3a,naHa CIICTeMa 

·Koop.unHaT {xi}, TO B Ka)J(_nofr TO'!Ke H3 U-onpe.ueneH Koop.unHaTHhifr 6a-

3IIC {alaxi}. Pa6oTaTh a KOOp.UIIHaTHOM 6a3nce nonce He o6a3aTeJihHO 

- BeKTOpbl MO)J(HO 3a,UaTh II no OTHOIIIeHIIIO K npOII3BOJibHOMJ 6a3IICJ 

{ ei}, npn'IeM 

A=· Ai ~8 . = A1ei, 
ux' 

r.ue .4; - KOMnOHeHThi aeKTopa A B Koop.unHaTHO~I, a .41 - B npon1BOJih

HOM (nHor.ua ero Ha3biBaiOT o6runM) 6a3nce. 

10. CKaJUiphr, MeTpH'IeCKI-Iii TeH3()p, 1-4JOPMhl. · flepaoe 3HaKOM

CTBO. CymecTayeT nn npaam'i:o, conocTannxiOmee nape aeKTopoa ae

mecTBeHHOe 'IIICJIO? 0TBeT Ha 3TOT BOnpOC XOpOIIIO Il3BeCTeH: TaKOe 

OT06pa)J(eHne ocyrueCTBJIHeT CKaJUipHOe npOH3Be.n;eHHe BeKTOpOB: 

A. ii = (Aiei)(Bkek) = eiekAiBk. (9) 

J1cnOJib3JX npaBIIJia npeo6pa30BaHIIX BeKTOpOB (6) II 6a3IICOB (7), JierKO 

rroKa3aTh, 'ITO A · B He MeHxeT caoero 'IIIcnoaoro 3Ha'!eHIIH rrpii rrpe

o6pa3oBaHnxx KOOp,UIIHaT 1 IIHbiMII CJIOBaMII1 CKaJIHpHOe npOI13Be,UeHne 

UHBapnaHTHO OTHOCIITeJihHO 3aMeHhi 6a3IICa. llefrCTBIITeJihH0 1 

. ' ~ m' ~ n' ~ i ~ k 

A~-B~ = _u_x_~ ,~~,~AP'.::::._Aq' = ~.,~,Ai'Ak' 
~ . em ~ k en ~ ' ~ ' e, ek . ux' ux uxP uxq 

TaKIIe aenn,'IIIHhi Ha3hiB~IOT H~BapHaHTaMH, a ¢YHKIIIIII cp(xk), KO

TOphre npn .3aMeHe 6a3nca coxpaHXIOT caoe qncnoaoe 3Ha'leHIIe: 

cp(x) = cp(i), 

Ha3biBaiOT CKaJHipaMH. J1HBapnaHTaMII OTHOCIITeJihHO KOOp,UIIHaTHbiX 

npeo6pa30BaHIIll XBJIXIOTCH He TOJibKO .CaMII CKaJIHpbi, HO II IIX .UII¢¢e

peHIIIIaJihl dcp: 

u<p i u<p uX i u<p uX uX ,1 ~ -~ ~-k' (~-~-k)(~i) 
d<p = axi dx = [)i;k axi dx = [)i;k axi ail dx 

- a<p rkd -I - a<p d -k 
- [)j;k Ut X - [)j;k X . 

3aMeTIIM, 'ITO, nOMIIMO IIHBapnaHTHOCTII d<p, nOIIYTHO Mbl IIOBTOpHO 

ycTaHOBIIJIII TpaHC¢0pMaiiiiOHHble CBOHCTBa ,nn¢¢epeHrriiaJIOB KOOp.UII-,. 
HaT 

i axi -1 
dx = ai1dx, (10) 
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il 

a TaK)J(e HaiiiJIM, qTo npaBlWO upeo6pa30BaHIUI qaCTHOH npOH3BOJlHOH 

CKanjipa, KOTOpM j{BnjleTCji reoMeTpliqeCKHM 06'beKTOM C Hli)J(HHM HH

neKCOM THna A;, 
{)cp {)cp [)i;k 

{)xi = [)i;k {)xi ' 

OTnliqaeTCjl OT npaBHna npeo6pa30BaHliji BeKTOpOB (6). 

(11) 

lfTaK, CKanjlpHOe npOH3BeJleH:He COnOCTaBnjieT nape BeKTOpOB qHCnO. 

Ilonpo6yeM Bbij{CHHTb, KaK ·ocyruecTBnjleTcjl 3TO oTo6pa)J(eHHe. Onpe

nenHM :me]){eHTbi !l>YHJlaMeHTanbHOH MaTpHIIhl g KaK npj{Moe npOH3Be

neH:He BeKTopoB noKanbHOro 6a3:Hca: 

9 -+ 9ik = ei · ek. (12) 

Ilo OnpeneneHHIO 3TO CHMMeTpliqHM MaTpHUa 

9ik = 9ki 

pa3MepoM n x n. YqHThlBM (12), nepemrrneM (9) B BHJle 

- - ' k A·B=gikAtB. (13) 

IlpencTaBIIM 3TO CIIMBOniiqecKII: g(A, B) -+ 9ikAi Bk, qTo no3BOnjleT 

IIHTepnpeTIIpOBaTb MaTpliUY g KaK MaiiiHHY C JlBYMjl BXOJlHbiMII KaHa

naMII, KOTOpM, nocne BBeJleHlijl B Ka)J(JlhlH II3 3TIIX KaHanOB no BeKTOpy, 

Ha Bhlxone BhlJlaeT BeruecTBeHHoe qiicno. IlpyriiMII cnoBaMII, g(A, B),-
3TO niiHeHHhlH onepaTOp Ha BeKTOpax, KOTOpbiH nape 3neMeHTOB BeK

TOpHOrO npOCTpaHCTBa COnOCTaBnjleT qiiCnO. JlHHeHHOCTb no nepBOMy 

apryMeHTY 03HaqaeT 

(aA). B =a( A. B), (A+ B). c =A. c +B. c; 
a no BTOpOMY -

A(/3. B)= f3(A. B), A. (B +c)= A. B +X- c. 
lfCXOJljiii3 (12) II (7), ycTaHOBIIM npaBIInO, no KOTOpOMy npeo6pa3yiOTCjl 

KOMnOHeHThl g npli 3aMeHe 6a31ICa (xi = xi(xk)); 

- - - axm' _ axn' axm' axn' I 

9ik = eiel = em' {)xi en' [)xk = {)xi [)xk 9m'n' · 

KaK 6yneT noKa3aHo HH)J(e, no TaKoMy 3aKoay npeo6pa3yiOTCjl TeH30phl, 

n03TOMY Ha30BeM g -+ 9ik t:f>YHJlaMeHTaJlbHbiM IInli MeTpli'IeCKHM 

·TeH30pOM. 
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.. 

t1 
\I 

'1 
I 

l 
i 

B neKapTOBbiX KOOpJlHHaTax x 1 = x,- x 2 = y, x3 . = z 6a31ICHbie BeKTOpbl 

ki (i = 1, 2, 3) - KOHCTaHTbl Jlnjl BCeX TOqeK Ka)J(JlOH II~ KOOpJliiHaTHbiX 

oceH (neniiqHHy, KOTOpajl HMeeT OJlHO II TO )J(e 3Haqea1Ie Ha BCeM MHO

)J(eCTBe, Ha3biBaiOT 2A06a.llb1tOU, B OTniiqne OT MeHj{IOIUeHCji OT TOqKII 

K TOqKe AOX:aAb1tOU Bem~qiiHhl) CO 3HaqeHIIj{MII -

. ' ( 1 
l_ l (0) - -(k;) - O; ==> 9ik - oik - ~ 0 0 J 1 0 . 

0 1 
(14) 

( 3necb II nanee 3HaqoK (o) ( .•• ) 03HaqaeT npiiaanne)J(HOCTb K neKapTOBhlM 

KOOPJliiHaTaM.) HaiineM KOMnoaeHThl•g;k B cq>epiiqecKIIX KoopJliiHaTax 

z1 = r, z2 = B, z3 = ¢, yqiiThlBM, qTo 

:r = r sin() cos¢, y = rsinBsin¢, z=rcosB. 

Cornacao (7) 

- ax - {)y- {)z - - . - . . . -
er = 8r kx + 8r ky + 8r kz = kx Slll ()cos¢+ ky Slll () Slll ¢ +kz cos B; 

_ ox- {)y- {)z- - - . - . 
eo = {)() kx + {)() ky + {)() kz = kxr cos() cos¢+ kyr cos() Slll ¢ - kzr Slll B; 

_ 8x - 8y - - . . - . 
e<l> = -

8 
kx + 8 ,.~.. ky = -kxr sm () sm ¢ + kyr sm ()cos¢. ¢ ~ - . . . 

IleKapTOBbi KOOpJliiHaTbi opToroaanbHbi (kJ!,l = O;t), no3TOMY nnjl ae

IIcqe3aiOrunx KOMnoaeHT q>yanaMeHTanbaoro TeH3opa aail:neM 

9ll = 9rr = 1, 922 =gee= r 2
, 933 = 9¢4> = r 2 sin2 B, 

(
1·0 0 ') 

9ik = 0 r 2 0 . 
0 0 r 2 sin2 

() 

(15) 
' 

AaanoriiqHO BblqiiCnjiiOTCji KOMTIOHeHTbl 9ik B UIIniiHJlpiiqeCKUX KOOp

JlUHaTaX z 1 = p, z
2 = ¢, z3 = z: 

x = pcos¢, y = psin¢, z = z. 

Ilnjl KOMTIOHeHT BeKTOpa noKanbHOrO 6a31ICa IIMeeM 

_ 8x- {)y- {)z- - - . 
ep = {)p kx + {)p ky + {)p kz = kx COS cp + ky Slll cp, 
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t1 

- ax - . 8y - 8z - - . .... 
eq, = B¢1 kx + B¢1 ky + B¢1 kz = -kxpsm ifJ + kypcos ¢1, 

ez = kz, 
a .L{JUI HeHC'Ie3aiOI.U:HX KOMnOHeHT MeTpH'leCKOrO TeH30pa 

911 = 9pp = 1, 2 
922 = 9q,q, = p ' 

( 
1 0 0) 

9ik = 0 p2 0 . 
0 0 1 

933 = 9zz = 1, 

(16) 

Jib Onpe,neJieHHH (12) JierKO 3aKJIIO'IHTh, 'ITO det 9ik ::j:. 0, nOCKOJihKJ 

~ = X/ kj - JI~KaJihHbiil: 6a3HC ao,nycmU.MOU CHCTeMhl KOOp.rtHHaT c HK0-

6HaHOM det X/ :f. 0 : 

det9;z = dete;ez = detX;'X['kmkn = detXf'detX1m :f. 0. 

3TO 03HaqaeT cyr.u;eCTBOBaHHe MaTpHuhl g-1 ---t 9ik, ofipaTHOi\: K g ---t 
9ik, 3JieMeHThi KOTOpOi\: Onpe,neJIHIOTCH KaK peiiieHHH CHCTeMhl anrefipa

H'IeCKHX ypaBHeHHi\:: 

ik - .d il + i2 + i3 ;:i 9 9kl- uz ===} 9 911 9 921 9 931 = uz. 

Bo scex Tex CJIJ'IMX, Kor.na, KaK B paccMoTpeHHhiX Bhiiiie Koop.nnHaTax, 

MaTpHua g .z:tHarOHaJihHa, OfipaTHM MaTpHua HMeeT KOMnOHeHTbi 

..... lk = 1/9kk 

( 3.z:tech HeT cyMMHposaHHH no k). IIeil:cTBHTeJihHO, nycTh 

'1 . 
l = 1, g' 911 = 0~ :::::'=:} 11- 1/ 9 - 911, 9i

1(i =1- 1) = 0 

(TO'IHO TaK :>Ke H .L{JIH [:::: 2, 3). 

TaKHM o6pa3oM, 

coJ lk = oik = o 1 
( 

1 0 

0 0 

( 

1 
ik 9 (p, ¢1, z) = 0 
. 0 
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n 
0 

1jp2 
0 

= (0)9ik, 

D· 
(17) 

{18) 

g"(r, 8, ¢) ~ ( : 
·0 

1fr2 

0 

. 0 ')' 0 . 
1/r2 sin2 

(} 

(19) 

Bh!rne Mhi o6Hapy:>KHJIH (eM. pnc. 4), 'ITO c o.nHHM H TeM :>Ke BeKTopoM 

MO:>KHO CBH3aTh KaK COBOKynHOCTb .ai: 

_, i ..... 
a= a e;, 

TaK· H COBOKynHOCTh 

a; =a~. 

5ICHO, 'ITO Me:>K,ny TaKHMH 06beKTaMH, C pa3HbiM pacnoJimKeHIIeM IIH

,neKCOB, .noJI:>KHa cyrnecTBOBaTh CBH3h. IIonpo6yeM ycTaHoBIITh ee, IIC

noJih3YH II3BeCTHbie COOTHOIIIeHIIH: 

-- k- - k a; = ae; = a eke; = g;ka , 

nOMHO:>KIIB ofie 'IaCTH nOCJie,nHero paBeHCTBa Ha gil II CYMMHpyH no [, 

nOJIY'IHM 

gila;= 9lig;kak = oiak =at. 

Ji'J:TaK, MeTpii'IeCKIIi\: TeH30p COnOCTaBJIHeT ,npyr ,npyry OfibeKTbi C Bepx

HIIMII II HII:>KHIIMII IIH.z:teKCaMII, T.e. CJIY:>KIIT IIHCTpyMeHTOM .UJUI nO.UHH

TIIH II onycKaHIIli IIH.neKcos. Ba:>KHO OTMeTIITh, qTo ecnii MeTpii'IeCKIIil: 

TeH30p IIJIII CKaJIHpHOe npOII3Be,neHIIe .llBYX BeKTOpOB He orrpe,neJieHhi, 

TaKOe COIIOCTaBJieHIIe CTaHOBIITCli HeB03MO:ffi:HbiM. 3aMeTIIM, 'ITO B .ne

KapTOBbiX KOOp.UIIHaTaX HeT pa3HIII{bi Me:>K,ny OfibeKTaMII C BepXHIIMII II 

HII:>KHIIMII IIH,lleKCaMII (BepXHIIe IIH,lleKCbi IIpiiHliTO Ha3biBaTh KOHTpa

Bap:uaHTHbiM:U, a HII:>KHIIe- KOBap:uaHTHbiM:U): 

(o) A;= (OJ A;, 

IIOCKOJihKY (O) gik = (O) gik· 

Ecnii o6paTIIThCH K aHaJIOriiii c MariuiHoil:, TO II B 3TOM cnyqae MeTpii'Ie

CKIIil: TeH30p - 3TO MaiiiiiHa C O.llHIIM BXO.llHhiM KaHaJIOM, rrpii'IeM eCJIII B 

3TOT KaHaJI MaTpiiuhi g BBeCTH OfibeKT C KOHTpaBapiiaHTHbiM HH,lleKCOM, 

TO Ha BhiXO.lle nOJIY'IIIM OfibeKT C KOBapiiaHTHhiM IIH,lleKCOM; TaKyiO :>Ke 

orrepaniiro, HO rro nepeMer.u;eHIIIO KosapiiaHTHoro IIH.UeKca ocyr.u:ecTBJilieT 

g-1: 
"(Ak) A Ak --r(A ) Ai ikA g . ---+ i = gik ' g k ---+ = g k. (20) 
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!1 

BepHeMc.H K cKan.HpHoMy rrpo113Be.llemuo (9), rrepeimcaB ero c y<IeTOM 

(20) B B11,lle 

A. jj = (g;kAi)Bk = AkBk = AB = A(B), 

r,lle BBe,lleHO HOBOe 0603Ha'leH11e 

A~A;. 

C11MBOn11<IecKa.H 3arr11Ch cKan.HpHoro rrpo113Be,lleH11.H A· B = A(B) rro3BO

n.HeT ,llaTb orrpe,lleneH11e reoMeTp11'1eCKOMY o6beKTy A: .i!U'IteU'ItbZU one
pamop 'IW npocmpaucm6e 6e-x:mopo6 Vn, -x:omopbZU .1!'1060MY 6e-x:mopy 
B u3 vn cma6um 6 coom6emcm6ue 6e'll!ecm6euuoe 'lUC.I!o: 

AB = A;Bi 11n11 A(B): vn ~ Rn; jj H A;Bi ERn, 

M306eM 1-<lJopMoii A~ A;. B mnepaType MO:tKHO BCTpeT11Th 11 .llPY

r11e Ha3BaH11.H- KOBapHaHTHbiH BeKTOp 11n11 KOBeKTOp ,lln.H 1-<lJOpMbl 

A 11 KOHTpaBapuaHTHhiH BeKrop ,lln.H BeKTOpOB A~ Ai. 1-<lJopMa 

A - 3TO n11Heii:Ha.H BemecTBeHH03Ha'IHa.H cpyHKU11.H Ha BeKTopax, KOTO

pa.H B TO'IKe P MHoroo6pa311.H M corrocTaBn.HeT BeKTopy A HeKoTopoe 

BeiUeCTBeHHOe '111CnO B TOM :tKe TO'IKe. J111HeiiHOCTb 1-cpOpM 03Ha'laeT 

A(aB + f3C) = aA(B) + f3A(C), 

r,lle a, f3 - BemecTBeHHhie '111Cna. Cno:tKeH11e 1-cpopM 11 11x JMHo:tKeH11e 

Ha BemecTBeHHOe '111Cno ,llaeT 1-cpopMy, rrp11'1eM 

(aA)(B) = a[A(B)], (A+ iJ)c =A( C)+ iJ(c), 

11Ha'le rOBOp.H, COBOKJIIHOCTb 1-cpOpM B ,llaHHOii: TO'IKe o6pa3yeT n11Heii:

HOe (BeKTOpHoe) rrpoc.TpaHCTBO, KOTopoe corrp.H:tKeHo (.llyanbHo) Tp 11 

o6o3Ha<IaeTc.H Tj,. HeTpy.llHO IIOH.HTh rrp11'111HY "corrp.H:tKeHHOCT11" T p 11 

Tj,. lleno B TOM, 'ITO BeKTOphi, KaK 11 1-cpopMbi, MO:tKHO paccMaTp11-

BaTb KaK n11HeMHbie BeiUeCTBeHH03Ha'IHble cpyHKU1111 1 HO Ha 1-cpOpMax, 

a 11MeHHO 3Ha<IeH11e mo6oro BeKTopa AHa 1-cpopMe iJ ecTb B(A). lleii:

CTB11TenhHO, J'l11Tb1Ba.H rrpaB11nO (20), o6paT11MC.H K cpOpMyne (9), TOr,lla 

k i k -- i --g;kA B =A Bk = A(B) = A;B = B(A). 

J111Heii:HOCTh A(B) o<IeB11.llHa, rro3TOMY Ka:tK.llhlii: 113 reoMeTp11<IeCK11X o6b

eKTOB A 11 iJ MO:tKHo paccMaTp11BaTh KaK BemecrBeHH03Ha<IHJIO cpyHK

U11IO, apryMeHTOM KOTOpOii: CnJ:tK11T ,llpyroii: ("corrpH:tKeHHbiii:") 06beKT. 
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I1MCHHO B 3TOM CMbiCne rOBOp.HT, 'ITO BeKTOpbi 11 1-cpOpMbl _nyaJihHbl 

(11n11 conp.a)l(eHbi) .llpyr .llpyry: 

A(Ji') = A(A). 

3To rrepBbiii: rrpnMep cBepTK11 reoMeTpn<IecKnx o6beKTOB, orrpe.lleneH11C 

KOTOpOii: 6y.lleT ,llaHO H11:tKe. 

Bocrronh30BaBIII11Ch 11HBap11aHTHOCThiO cKan.HpHoro rrp0113Be.lleH11.H BeK

TopoB, nerKO Bbi.HCHUTb, KaK rrpeo6pa3JIOTC.H KOMIIOHeHTbl 1-cpOpM: 

. . i' axi' 1 axk' ; ; ( axk') 
A;B' = A;' B == A;' ax' B = Ak' axi f3 =* B A; - Ak' axi = 0. 

BB11.llY rrpon3BOnhHOCT11 Bi 

axk' 
A;= -a. Ak'· x' 

(21) 

CpaBH11Ba.H c (7), 3aMe<IaeM, 'ITO KOMIIOHeHThi 1-cpopM rrpeo6pa3JIOTC.H 

KaK 6a311CHhie BeKTOpbi ei. Ecn11 cpaBHUTh (21) c rrpaB11nOM rrpeo6pa-

30BaH11.H KOMIIOHeHT BeKTOpa (6), TO BU,llHO, 'ITO .HK0611eBbl MaTp11Ubl 

rrpeo6pa30BaH11H KOMIIOHeHT BeKTOpa 11 1-cpOpM B3aUM006paTHbl, 'ITO 

miiiiH11ii: pa3 IIO.ll<IepK11BaeT .llyanhHOCTh 3T11X o6beKTOB. TaK11M o6pa-

30M, 

• co6o-x:ynuocmb n 'lUCe.l! A;, onpeae.~~euubzx 6 -x:a:J/Caou mo'4-x:e npoc
mpaucm6a, -x:omopbze npu npeo6pa3o6auu.nx -x:oopauuam 

xi= x;(xi), i,j, = 1, 2, ... n, 

npeo6pa3ywmc.n co2.1!acuo 

A·_ axi , 
, -----:-:-a AJ· 

x' ' 

o6pa3yem 1-<lJOpMy {U.i!U KOBapuaHTHbiH BeKTOp, U.I!U KOBeK

TOp ). 

KaKoB 6a311c BeKTOpHoro rrpocTpaHCTBa, B KOTOpOM ." :tKnByT" 1-cpopMbi? 

llyanbHOCTb BeKTOpOB 11}-cpopM 11 rrpaBuno, rrepeBO.ll.HIUee KOMIIOHeHTbl 

BeKTOpa B KOMIIOHeHTbl 1-cpOpM (20), II03BOn.HIOT 3aKni0'111Tb, '1!0 6a311C 

1-cpOpM 

c:;i =gik~. (22) 
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li 

lb onpe.n:enemu1 (22) cpa3y cne.n:yeT 

Gie,. = gikeke,. = gik9kz =of, GiGi = gikekWZ = gikoi =gil, (23) 

T.e. w1 opTOroHaJieH e2 H ej, a ero npOH3Be.n:eHHe c el .n:aeT 1. Ea3HC 

1-cpOpM, o6pa30BaHHbiH COBOKJIIHOCTblO wi, .n;yaneH, HJIH COnpH)KeH, 

JIOKaJibHOMJ 6a3HCJ e;. J11060ft BeKTOp M02KHO IIpe.n;CTaBHTb B BH.n;e pa3-

JI02KeHHH IIO BeKTOpaM JIOKaJibHOrO. e; HJI:II COIIpH2KeHHOrO Wi 6a3:1ICa: 

- ;- ; · -k A -k ; --; --.A = A e; = A g;kw = kw , A = Aw , A; = Ae;. 

Ea3:1ICbl e; :II wi - 3TO 6a3:1ICbi pa3JI:II'IHbiX, HO .n:yaJibHbiX BeKTOpHbiX 

IIpOCTpaHCTB, :II eCJI:II BeKTOpbi JIOKaJibHOro 6a3:1ICa ei - 3TO MeHHIOIU:IIeCH 

OT TOqK:II K TOqKe KaCaTeJibHble K KOOp.IJ::IIHaTHbiM Jl:IIH:IIHM, TO Wi TaKOrO 

HeiiOCpe.n;CTBeHHOrO OTHOIIIeH:IIH K KOOp.IJ::IIHaTHbiM Jl:IIH:IIHM He :IIMeiOT. 

Onpe.n:eJI:IIM KBa.n:paT ,nJI:IIHhl (HopMy) BeKTOpa -A KaK cKaJIHpHoe npo:II3-

ae.n:eH:IIe ero KOMIIOHeHT: 

I (A)2 I= Ai A;. 

0TMeT:IIM, qTO BepxHee :II H:II2KHee IIOJI02KeH:IIe :IIH.IJ:eKCa CJMM:IIpOBaH:IIH 

B3a:IIM03aMeHHeMhl, T.e., IIO.IJ:HHB O.IJ::IIH :II3 HeMhiX :IIH.IJ:eKCOB, Mhl .IJ:OJl2KHbl 

OIIJCT:IITb napHbiH, :II Ha060pOT, OIIJCT:IIB O.IJ::IIH :II3 :IIH.IJ:eKCOB HeMOH naphl, 

Mbl .IJ:OJI2KHhl IIO.IJ:HHTb ,npyroft: 

aibkckd; = a;bkckdi. 

Kaa.n:paT .IJ:JI:IIHhi aeKTopa, KaK CKanHpHoe npO:II3Be.n;eH:IIe, HBJIHeTCH :IIH

aap:IIaHTOM npeo6pa3oBaH:IIH KOOp.IJ::IIHaT. B .n:eKapTOBhlX Koop.n;:IIHaTax 

KBa.n;paT paCCTOHH:IIH Me2K.n;y .IJ:BYMH 6eCKOHeqH0'6JI:II3K:IIM:II TOqKaM:II eCTb 

dl2 = dx2 + dy2 + dz2
. 

J1erKO B:II.IJ:eTb, :IIMeH B B:II.IJ:J (14), qTQ 3TO Bhlpa2KeH:IIe M02KHO .nepeii:II

caTb KaK 

dl2 = 9ikdxi · dxk. 

TIO.IJ:CTaB:IIB CIO.IJ:a IIOJiyqeHHbie paHee cpOpMyJihl IIpeo6pa30BaH:IIH .IJ:JIH 9ik 
:II dxi, HeTpy,nHO y6e.IJ::IITbCH B TOM, qTO dl2 - CKaJIHp, IIp:IIqeM B 1IpO

:II3BOJlbHOH C:IICTeMe KOOp.IJ::IIHaT COXpaHHeTCH He TOJlbKO ero q:IICJIOBOe 

3HaqeH:IIe, HO :II cpopMa 3aii:IIC:II: 

dl'2 ' d'i d'k = 9ik X • X. 
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Tio.n:o6Hbie BeJI:IIqUHbl Ha3biBaiOT lPOPM:UHBap:uaHTHbiM:U. 

MeTpuqecKuft TeH30p 9ik, onpe.n:enHH KBa.n:paT 3JieMeHTa .IJ:JIUHhi B npo

:II3BOJihHOft CUCTeMe KOOp.IJ:HHaT, IIO cymeCTBJ, OIIpe,neJI5IeT rem.1eTpHqe

CK:IIe CBOHCTBa IIpOCTpaHCTBa, Haiip:IIMep, eCJIU MaTpuua g OKa3biBaeTCH 

e,nHHUqHoft: fj -+ 9ik = diag1, 1, .•. , 1, TO COOTBeTCTBYIOIUee.npOCTpaH

CTBO Ha3biBaeTC5! eBKJIU.IJ:OBbiM. BbiqUCJieHHbie Bbiiiie KOMIIOHeHTbl Me

Tpll'IeCKOrO TeH30pa II03BOJIHIOT 3aii:IICaTb KBa.n;paT 3JieMeHTa .IJ:JIUHbi 

e B U:IIJlUH.IJ:pUqeCK:IIX KOOp.IJ::IIHaTaX: 

dl2 = d/ + p2dq} + dz2
, (24) 

e B ccpep:IIqeCK:IIX KOOp,n:IIHaTaX: 

dl 2 = dr 2 + r 2dB2 + r 2sin2Bd¢2
. (25) 

11. C:uMBOJihi Kp:ucTo!l>!l>eJix. Koaap:uaHTHM npo:u3BO.IJ:HM. Haii

.n:eM npOU3BO.IJ:HYIO npO:II3BOJlbHOro BeKTOpa IIO KOOp.IJ:UHa TaM - a A I [)xi. 

Boo6me roBopH, A = Aiei, a B .n:eKapTOBhiX Koop.n:uHaTax 6a3:1ICHbie 

BeKTOpbl k; - KOHCTaHThi, II03TOMy 

a.A fJAi-
fJxk = fJxk ki . .. 

B npon3BOJihHhiX Koop.n;liHaTax 

fJA fJAi _ oe; Ai 
fJxk = fJxk e; + fJxk . 

B qacTHOM cnyqae .n:eKapTOBhiX Koop.n;liWiT 3TO Bbipa2KeH:IIe .n:oJI2KHO co

ana.n:aTb C npe,nhi.IJ:YIUUM, II03,TOMJ OHO .IJ:OJI2KHO :IIMeTb B:II.IJ: npOU'lBe,ne

H:IIH HeKOero COMH02KUTeJI5! C BeKTOpOM JIOKaJibHOrO 6a3UCa, a 3TO B03-

M02KHO, eCJI:II IIp0:1I3BO.IJ:HM BeKTOpa JIOKaJibHOrO 6a3UCa pa3JI02KeHa IIO 

3TOMy 2Ke BeKTOpy: 

oe; 
~-rz
fJxk - ike1• (26) 

TpexuH.n:eKCHbie BeJI:IIqUHbi rlk 3TOrO pa3JIO)KeHUH Ha3biBaiOT K03lP!l>:U

n:ueHTaM:U a4>4>:uaaoft CBH3HOCT:u. YqnThiBM (26), nonyqaeM 

[)A [)Ai- rz -Ai ([)Ai ri AI)--("" 4i)-
fJxk = fJxke; + ikel = fJxk + tk e; = Vk· e;. 
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3.nech 

. aAi . I 
VkA' = axk + fikA 

- KOBapHaHTHrui npOII3BO.l(Hrui BeKTOpa. 

Mcxo.n;5I 113 cooTHOIIIeH115I Ci~ = c5L HeTpy.n;Ho 110Ka3aTh, 'ITO 

Ileii:CTB11TeJihHO, 

cne.noBa TeJJbHO, 

awi 

a k = -ri -1 x klw. 

a (-i-) _ awi -iaek 
axl w ek = ek axl + w axl = 0, 

- awi -i m- i m i 
ek-a I = -w fklem = -Jmfkl = -fkl· 

X . 

(27) 

I10MHO:IK11M o6e l.J:aCT11 paBeHCTBa Ha WI 11 11pOCJMM11pyeM 110 [, 'ITO C 

y'-leTOM w1ek = 6~ 3aBepiiiaeT .D;OKa3aTenhCTBO. Te11epb, 11CXO.D;5I 113 Bhi-

1111CaHHOro Bhiiiie pa3JIO:IKeH115I 11p0113BO.D;H0ll BeKTOpa C011p5!:1KeHHOrO 6a-

311Ca 11 11pe.ncTaBJieH115I A = A;wi, 11ony'-I11M Bhipa:1KeH11e KOBap11aH'l'HOi1: 

11p0113BO.D;H0ll KOBeKTOpa: 

aA. a (A -i) -;oA A owi -;oA; A rl -i 
oxk = oxk ;W = W oxk + i oxk = W oxk - I kiW = 

= wi(VkA;). 

VhaK, KOBapn:aHTHrui npOII3BO,l(Hrui KOBeKTOpa 

aA- . 
VkA; =ox;- A1rL. (28) 

Hall:.neM 3aKOH 11peo6pa3oBaH115I K03cpqmu11eHTOB acpcp11HHOil: CB5!3HOCT11 

ae; 
oxk = r!kei ==} 

0 (Oim' ) Oin ' ( o2im. oiP Oin' ) ' I Oim 
==} oin oxi e'm oxk = e'm axioxk + oxi oxk r;. = e.nrik oxl , 

OTKy.n;a 

rt = -- ----rm + ---OX1 ((liP oin' o2im ) 
tk oim oxi oxk pn oxioxk . 
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,....... 

~ 

YMeCTHO OTMeT11Th, 'ITO, 110CKOnhKY B HaiiieM 113JIO:IKeH1111 BeKTOpbi no

KaJihHOro 6a311Ca 011pe.n;eneHhl KaK e; = Orjoxi, TO 113 (26) cne.n;yeT C11M

MeTp11'-IHOCTh K03cpcp11II11eHTOB acpcp11HH0ll CB5!3HOCT11 110 H11:1KH11M 11H.D;eK-

caM: 

r~1 = r;k. (29) 

llc110Jlh3Y5I (29), Haii.neM CB5!3h r~l c KOMI10HeHTaM11 MeTp11'-IeCKOro TeH-

3opa: 
og;k _ ae; _ _ aek 
oxl - axl ek + e; oxl = Ym;fk} + Ymkf~. 

To'-IHO TaK :IKe 

ogli - -rm m 
oxk - Ym• lk + Ymlf;k, 

ogkl 
oxi = Ymtfk; + Ymkf/7. 

Cno:IK11M 11ocne.n;H11e .n;Ba paBeHCTBa 11 Bhi'-ITeM 113 cyMMhi 11epBoe, YMHO

:IK11B .nanee pe3ynhTaT Ha gn1 /2 c 11ocne.nyrom11M cyMM11poBaH11eM 110 l, 
11ony'-I11M 

rl _ ~ lm(og;m ogkm _ og;k) 
ik - 2 g oxk + oxi oxm . (30) 

TaK11M o6pa30M, ecn11 3a.D;aHbl KOMI10HeHTbl MeTp11'-IeCKOrO TeH'30pa, TO 

(30) 011pe.nen5IeT rlk 11, TeM caMbiM, KOBap11aHTHhie 11pOII'3BO.D;Hbie BeKTO

pOB. 3aMeT11M, 'ITO K03cpcp11II11eHThl acpcp11HHOll CB5!3HOCT11, Bhipa:IKeHHbie 

qepe3 KOMI10HeHThl MeTp11'-IecKoro TeH3opa cornacHo (26), Ha3biBaiOT 

CIIMBOJiaMn: K pn:cTo¢1¢1emi. 

Ilo.nc'-l11TaeM C11MBOJihi Kp11CTocpcpen5I, 11pe.n11onara51 Yik 3aB11C5IlU11M11 

JI11lllb OT x
1 

11 x 2 11 C'-l11TM g .D;11aroiranbHOll. 

• IlycTh l = 1 : 

rl = ~ Im(Og;m + 09km- ogik) = ~ 11(09ii + 09ki - ogik) 
•k 29 oxk oxi oxm 29 oxk oxi ox1 • 

l = 1, i = 1: 

rl - ~ 11 (0911 ogkl - oglk) - ~ 11 ag11. 
Ik- 29 OXk + OX1 OX1 - 29 OXk' 

l = 1, i = 2: 

rl _ ~ 11 (og12 ogk! _ og2k). 
2k ~ 29 oxk + ox2 ox1 , 
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l = 1, i = 2, k. = 1 : 

rr _ ~ 11 (8911 _ 0921) _ ~ 11 8911. 
21 - 29 8x2 ax1 - 29 ax2 ' 

l = 1, i = 2, k = 2 : 
1 11 8922. n2 = -29 OX1 ' 

l = 1, i = 2, k = 3: 
r r - O· 

23- ' 

l = 1, i = 3: 

rl - ~ 11 (0913 09rk - 093k) 
3k - 2 ~ axk + ax3 ax 1 • 

Hen:c'!e3aromn:e KOMIIOHeHTbi 

• IIycTb l = 2 : 

1 11 8911. r l = -9 """"i'lk' lk 2 ux 

1 11 8922. 
r~2 = -29 ax1 ' 

1 11 8933 
rj3 = -29 ax1 

r~ _ ~ 22(89;2 a9k2 _ a9ik) 
•k - 2 9 axk + a xi 8x2 . 

l = 2, i = 1: 

l = 2, i = 1, k = 1 : 

l = 2, i = 1, k = 2 : 

l = 2,i = 2: 

r2 =~22(09k2....:09rk)· 
lk 29 ax1 ax2 ' 

fir= -~l20911. 
2 8x2 ' 

r 2 - 1 220922 
12--9 --· 2 8xl ' 

ri3 = o; 

r2 _ ~ 2~ (8922 09k2 _ a92k) _ ~ 22 8922. 
2k·- 29 axk + 8x2 8x2 - 29 axk' 
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l = 2, i = 3: 

r2 _ ~ 22(8923 a9k2 _:_ a93k) _ -~ 22a93k 
3k - ')9 !:) k + !:) 3 !:) 2 - 2g !:) 2 . 

~ ux ux ux ux 

0Tn:U:'!Hbl OT Hyn.H 
1 22 8911. 

• IlycTb l = 3 : 

l = 3, i = 1: 

l = 3, i = 2: 

l = 3, i = 3: 

HepaBHbi Hynro 

r 2 =--9 ~· 11 2 ·UX 

1 220922. 
r~k = 29 axk' 

1 220933 
r~3 = -2g 8x2 

r3 _ ~ 33 ( 09i3 a9k3 _ a9ik) 
ik - 2 9 axk + axi ax3 . 

1 330933. nk = 29 ax1' 
1 330933. 

qk =;= 29 OX2 ' 

1 330933 
r~k = 29 axk. 

r3 _ ~ 338933 
3k- 29 axk. 

• .UeKapTOBhi Koop,ZUIHaThi. B .ueKapTOBbiX Koop.un:HaTax KOM

IIOHeHTbi MeTpn:'leCKOrO Te~30pa IIOCTO.HHHbl, II03TOMY CliMBOnbl 

Kpn:cTo<t><t>emr paBHbi Hynro: 

l . rik = o. 

• IJ:n:.rrn:H~pli'IeCKHe KOOp~n:HaTbl: 

(' 0 0) 9ik = 0 p: 0 , 9ik= 0 1/p2 0 ' (' 0 0) 
0 0 1 0 0 1 

r~2 = -p, 
2 1 

rr2 =-
p 

37 



t1 

• C<PeplPieCKHe Koop.n;HHaThi: 

( 

1 0 0 ) 
9ik = 0 r 2 0 , 

0 0 r 2 sin2 0 
g;'= u 0 

1/r
2 

0 

0 ) 
0 ' 

1/r
2 sin2 0 

r
1 r1 . 2 ll r2 1 r2 . ll ll 
22 = -r, 33 = -TS1ll o, 12 = -, 33 = -S1lloCOSo, 

r 

3 1 3 f 13 = -, f 23 = ct90. 
r 

e 3aMe~IaHHe. 5£3biK MaTpHU: 3aMeTHO ynpomaeT KaK HCIIOnb30Ba

HHe, TaK H 3aiiHCb COOTHOilleHHM Me:lKllY reOMeTpll'IeCKHMH 06beK

TaMH XOTJi 6hi IIOTOMY, ~TO MO:lKHO 060MTHCb 6e3 HHlleKCOB: 

k - - ' b; = A; · ak <===> b =.A · a, 

nHIIIHHM pa3 IIOll~epKHBal'I He3aBHCHMOCTb 3THX COOTHOilleHHM OT 

Bhr6opa KoopnuHaT. OnHOHHneKCHhiM o6beKTaM cTaBa:Tca: B cooT

BeTCTBHe OllHOCTOn6U:OBbie MaTpHU:bi 

( 
a

1 

) ( w
1 

) a= ~~ , w = ~~ 

- nna: KOMIIOHeHT 1-cpOpM H HX 6a3HCa; 

( 
a

1 

) ( e
1 

) a*= ~~ , e = ~~ 

- nna: KOMIIOHeHT BeKTOpOB H BeKTOpa nOKanhHOrO 6a3HCa. 

llna: Toro ~T06hr 3anucaTh cpyHnaMeHTanhHYIO MaTpuu:y, cKana:pHoe 

IIpOH3BeneHHe H T.II. B MaTpH~HbiX 0603Ha~eHHl'IX, BBeneM TaK:lKe OllHO

CTpO~Hbie MaTpHU:bi KaK TpaHCIIOHHpOBaHHhie K a, a*, e, W: 

aT = (a1 a2 a3), (a*f = (a1 
a

2 
a

3
) u T.n. 

Torna, onpenenuB cpyHnaMeHTanhHYID MaTpwu:y KaK 

9 = ee7 ' 
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nony~wM 

9=(~)-(e, e; 
( 

e1 

e3) = ~ 

( 

~1~1 
e2e1 

e3e1 
To~Ho TaK :lKe 

e1~ 
~~ 
e3~ 

e3 

· e1e3) 
e2e3. = 
e3e3 

o o) (e1 ~ 
0' 0 . 0 0 
0 0 0 0 

( 

911 
921 

931 

.912 

922 

932 

913 ) 
923 . 

933 

--1 , (')T 9 =w·w = ( ~:}- ( W' w w . -2 -3 ) . 

llna: CKana:pHOrO IIpOH3BeneHHJi HMeeM 

!) 

iib = aTb• = ( a, a, a, ) · u: ) = a,b' + a,b' + a,b'. 

TIOHJiTHO, ~TO 

k ,' ''* a;= 9ika ==>a= 9a , ai ·~ gika~ ==> a* = [J-1a; 

e = [Jw, w = fl- 1e, 
OTKyna nna: OllHOCTpO~HbiX MaTpHU:, Y~HThiBaJi CHMMeTpH~HOCTb cpyH

naMeHTanbHOM MaTpHU:h! (9ik = 9ki ----7 [J = gT); nony~aeM 

AT ('*)T- . (-*)T 'T'-1 a = a. g 7* a =a. 9 . 

JierKo IIpOBepHTb COOTHOilleHH.H 

a= aTW = a1(w) 1 + a2(w) 2 + a3(w)3, - ('*)T' 1- 2- 3-a = a e = a e1 +a e2 +a e3. 

llonycTHM, ~To MaTpuu:a A 3anaeT npeo6pa3oBaHHe 6a3HCOB nByx Ko
opnuHaTHhlx CHCTeM: , . . , 

(e)'= A.e. 
AHanorw~Ho npeo6pa3yiOTca: onHOCTon6n:oBhre MaTpHU:hi, cooTBeTCTBY-
IOliJ;He '1~!j;)OpMaM: '. . . . 

(a)'= A.a. 
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IlpH TaKOM H3MeHeHHH 6a3HCa IJ!yH.llaMeHTaJlhHall MaTpHUa rrpeo6pa3y

eTCX COrJiaCHO 

., ., ("')T A·. ·TA·r A·.A·r (·-I)' (A.T)-I·-1A·-1 g =e· e = e·e = g ==> g = g , 

a .l(Ba IIOCJie.l(HHX COOTHOilleHHX, C yqeTOM a,* = g-1a, II03BOJIXIOT 6e3 

Tpy.na IIOJiyqnTh IJ!OpMJJIY rrpeo6pa30BaHHX O.llHOCTOJI6UOBhlX MaTpHU 

(a*)' = (AT)-1a*. 

IlyCTh HeKall MaTpHUa D IIpe,llCTaBmieT OrrepaTOp, KOTOphlH B paMKaX 

. O,llHOH H TOH :lKe KOOp.llHHaTHOH CHCTeMhl rrpeo6pa3yeT 1-IJ!OpMy a B b ( C 

TaKHM :lKe ycrrexOM 3TO MO:lKeT fihlTh rrpeo6pa30BaHHeM Me:lK.UY BeKTO

paMH HJIH IIpOH3BOJihHhlMH MaTpHUaMH): 

b = ba nnH 'if= iY a:. 

llonycTHM .uanee, qTo MaTpnua 6 - XK06HeBa MaTpHua npeo6pa3oBaHnx 

KOOp.llHHaT: 

a''- c·a· b'- c·b - , - , 

no3TOMY b = {;-I D'Ca, cne.noBaTeJihHo, 

fJ = {;-I[Jt(; {:} fJ' = {;[J{;-1. 

Ilpeo6pa3oBaHHX TaKoro THrra Ha3hlBaiOT npeo6pa30BaHJUIMH no.no-

6na. 3aMeTHM, qTO eCJIH MaTpHUhl C H D KOMMJTHpJIOT, TO MaTpnua 

iJ XBJIXeTcx nliBapHaHTOM: npeo6pa3oBaHHx C. B qaciHocTH, e.nHHnq

Hall MaTpHUa j KOMMYTHpyeT C JII060H MaTpHUe:il, ~ II03TOMJ OHa -

HHBapHaHT JII060ro rrpeo6pa30BaHHX, H Ha060pOT: BCXKall MaTpHUa -

HHBapHaHT TO:lK,lleCTBeHHOrO rrpeo6pa30BaHHX. 

B TeopeTnqeCKOH IJ!H3HKe qaCTO HCIIOJih3yeTCX IIOHXTI!e CJie.ll MaTpHUbi, 

o6o3HaqaeMoe Tr A HJI~ SpA, - cyMMa .nHaroHaJihHhiX 3JieMeHTOB Ma-

TPHUhl A: . 
SpA= A:. 

Ilo onpe.neneHHIO 

SpAr= SpA, Sp(AB) = Sp(BA), Sp(ABC) = Sp(CAB). 

JlerKO 06Hapy:lKHTh, qTQ CJie,ll MaTpHUhl - HHBapHaHT rrpeo6pa30BaHHX 

no.uo6Hx, T.e. Spit= SpA, ecnn A'= DAiJ-1 
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l(aK 6hWO OTMeqeHO, KOMIIOHeHThl MeTpnqecKoro TCH30pa o6pa3yiOT 

cnMMeTpnqH:yiO MaTpnuy. Ecnn 3Ta MaTpnua e.nnH·~qHa, T.e. g;k = 8;k. 

TO TaKOH MeTpnqecKIIH TCH30p orrpe.nenxeT CBKJIII.llOBJ ~IeTpiiKY, a CO

OTBCTCTBJIOIUee DpOCTpaHCTBO 6y.UeT eBKJIII.UOBbiM. KaK fihiTh, CCJIII 

MCTpiiKa He IIMCCT TaKOrO IIpOCTOrO BU.Ua? B 3TOM CJiyqae BBOJU!T HO

BhlH 6a311C 

e' = Ae ==> 9' = A9jF. 
Teneph ecnn c yMOM Bhi6paTh MaTpuuy A, TO 9 rrpuMeT BII.U e.nnHrrqHo:il 

MaTpiiUhi. Bo3hMeM A= b · 0, r.ue 0- opToroHaJihHax (OT = 6-1), a 

b - .unaroHaJihHax (fJT = D) MaTpnuhl. Tor.ua 

# 

9' = b696-1b. 

Xopomo li3BeCTHO, qTo npeo6pa3oBaHne no.uo6rrx, nprrBo.nxmec mo6y10 

CliMMeTprrqHyiO MaTpnuy K .UIIaroHaJihHOMJ Bl1.UY, OCJIUCCTBJIHCTCH Op

TOrOHaJihHOH MaTprrue:il 0: 

9d = 090-1, 9' = D9dD, 9d = diag(g1, ... , Yn)· 

MaTprrua D = (d1 , ••• , dn) noKa eme ocTaeTcx nporr3BOJihHO:ii .. 

' 
-I . d. ( d2 ' d2 d2 ) g = zag 91 1>92 2> .. ,,gn. n · 

Bhr6epeM d; = (lg;l)- 112 , Tor.ua 9' cTaHeT.nrraroHaJihHO:il MaTprrue:il e 

3JieMeHTaMH + 1 nnn -1 B 3aBnCnMOCTn OT 3HaKOB g1 , ••• , Yn. 06o6-

Illall, MO:lKHO c¢opMynnpoBaTI~ yTBep:lK.UeHne: .Jt'I06oe eex:mopuoe npo
cmpaucrneo c Mempu'1lecx:u.M rneu3opo.M o6.Jtaaaern 6a3uco.M, e x:omopo.M 
;mwrn rneH30p npueoaumCH X: KaHOHI'I"IeCKOMJ euay diag(l, ... , -1). 
TaKo:il 6a3nc Ha3hmaeTcx opTOHOpMnposaHHhiM, a cne.u l\mTpiiUhi g 
B KaHOHnqecKOM llj)C.UCTaBJICHlili Ha3biBaCTCH CHrHaTypOH MeTpHKH. 

II. reoMeTpHqecKHe o6'heKTbi Ha 
:M:Horoo6pa3H~x 

IJOHHTIIC ·"MHOr006pa3IIe" IIO CJTII HBJIHCTCX TQqHbiM MaTeMaTII'IeCKIIM 

-::lKBimaneHTOM nHTYliTliBHhiX npe.ncTaBJieHn:ii o npocTpaHCTBe. MuoJ/CecrnBo 
.M Ha3oBe.M MHorooopa3HeM, ec.n.u ?>aJ!Cabzi1 3.Jte.Meum {o6wm·o 20BopHrn 
0 "mo'1lx:ax") 3m020 .MHOJ!CeCrn6a U.Meern OmX:pbtmy'/0 ox;pecmHOCffib, aonyc
'na'/0?4y'IO uenpepbwuoe B3au.M1w-oauo3Ha'I{HOe omo6paJ!Ceuue Ha omnp61moe 
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.MUo'JICecmao 6 Rn. Ilpome roBopH, M noKanhHO noxo)Ke Ha Rn. IIo onpe

.nenemno Ka)K.noil: TO'IKe P MHoroo6pa3n:H M conocTaBnHeTCH Ha6op Beme

CTBeHHhiX -qn:cen {x1(P),x2 (P), ... ,·xn(P)}, KOTOphle II eCTh KOOp.nn:HaThi p 
OTHOCIITenhHO .L(aHHOrO OT06pa)KeHIIH. 

BonhiiiiiHCTBO <l:Jn:3n:'IecKn:x Benn:'In:H 3a.naiOT B Bn:.ne 'In:cnOBhiX <PYHKun:il: 

OT TO'IKII B npOCTpaHCTBe. Ecnn: y HaC HeCKOnhKO TaKHX Benii'IliH - HeCKOnhKO 

<l:JyHKUIIM TO'IKII (B TpexMepHOM npOCTpaHCTBe- 3, B n-MepHOM npOCTpaHCTBe 

- n), TO IIX MO)KHO IICIIOnh30BaTh .L(nH 3a.L(aHIIH BeKTOp-<l:JyHKUIIll TO'IKII. <l>n:3II

'IeCKIIe, reoMeTpii'IeCKIIe Benn:'IIIHhl OIIIIChlBaiOTCH Ha60pOM <l:JyHKUIIM TO'IKII 

nn:rnh nocne Toro, KaK B npocTpaHCTBe 3a.naHa KaKM-nn:6o cn:cTeMa Koop

.nn:HaT, npn: 3TOM Ha.L(O IIOMHIITh, 'ITO 'IIICnOBM 3aiiiiCh 3TIIX Benn:'IIIH cy

meCTBeHHO MeHHeTCH, ecnn: 6y.nyT 3a.naHhl .npyrn:e Koop.nn:HaThi. Bonhrnoil: 

Knacc o6beKTOB TaKoro po.na cocTaBnHIOT TeH30phl, npocTeiirnn:M npn:Me

poM KOTOphiX cny)KaT y)Ke 3HaKOMhie HaM BeKTOphi n: 1-<t:JopMhl. Tpn:Bn:anh

Hhiii 'IaCTHhiH cny'Iaii TeH30pHhiX Benn:'IIIH npe.nc'taBnHIOT CKanHphi, KOTOpbie 

He MeHHIOTCH npn: 3aMeHe Koop.nn:HaT. TeH30phl- 3TO ecTeCTBeHHOe o6o6me-

Hn:e BeKTopoB n: 1-<PopM. TeH3op THna ( : ) B TO'IKe P MHoroo6pa3n:H M-

3TO nHHeiiHM <l:JYHKUIIH, apryMeHTaMli KOTOpOii cny)KaT m 1-<t:JopM II n BeK

TOpOB, a 3Ha'IeHIIHMll 3TOH <l:JYHKUllll HBnHIOTCH BemeCTBeHHbie 'IIICna. Ilo.n 

nn:HeHHOCThiO 6y.neM IIOHIIMaTh nn:HeiiHOCTh IIO Ka)K.L(OMY 113 apryMeHTOB ( Ta

KOe cBoiicTBO o6hi'IHO Ha3hiBaiOT nonn:nn:HeiiHOCThiO). HanpHMep, ecnn: F -

· ( 2 ) 1 -- A~B~ TeH30p TIIIIa 
2 

, TO ero 3Ha'IeHIIH Ha -<l:JOpMaX W '. a II BeKTOpaX ,' 3a-

IIIIChiBaiOTCH B Bn:.ne F(w, i7; A, B). J1n:HeiiHOCTh 110 o.nHoMy n:3 apryMeHTOB 

W 03Ha'IaeT, 'ITO 

F(aw + bA, i7; A, B) = aF(w, i7; A, B) + bF(A, i7; X, B). 

3.necb a II b - 11p0113BOnhHhie BeiUeCTBeHHbie 'IIICna, ycnOBIIH nn:HeHHOCTII 110 

ocTanhHhiM apryMeHTaM BhiiiiiChiBaiOTCH aHanorn:'IHO. IIo.n'IepKHeM, 'ITO 110-

pH.noK apryMeHTOB, B006me roBOpH, cymeCTBeHeH, 'ITO nerKO IIO'IYBCTBOBaTh 

Ha 11pn:Mepe <l:JYHKUIIII j(x, y) = 3x +' 5y, .L(nH KOTOpOH j(1, 2) -=f. j(2, 1). 

TaK 2Ke KaK .nnH BeKTopoB n: 1-<t:JopM, Tensop,Hoe 11one - 3TO 11paBn:no, co

IIOCTaBnHIOmee Ka)K.L(OH TO'IKe MHOroo6pa3IIH TeH30p. BeKTOphl - 3TO nn:

HeHHhie <l:JYHKUIIII Ha 1-<!JopMaX, II 1103TOMY OHII HBnHIOTCH TeH30paMII Tlllla 

( 
1 ) . . . 
O . 1-<!JopMhl - 3TO nn:HeHHhie <l:JYHKUIIII Ha BeKTOpax, II 1103TOMY OHII 

HBnHIOTCH TeH30paMII TIIIIa ( ~ ) . 51CHO, 'ITO CKanHpbi - 3TO TeH30phi TIIIIa 
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·I 

( ~ ) . KoMIIOHeHTaMn: TeH3opa Ha3hiBaiOT ero 3Ha'IeHHH ~a 6a3HCHhiX BeK

Topax n: 1-<PopMax. CKa)KeM, KOMIIOHeHTaMn: TeH30pa T nma ( ~ ) cny)KaT 

iJk T(-; -J -k. ~ ~ ) T. = w , w , w , e1, em . 
lnL 

1. Anreopa reoMeTplPieCKHX oo'heKTOB. · IlycTh B Ka)K.noii cn:cTeMe 

KOOp.L(HHaT (x1
, X 2, x3 ) II B Ka)K.L(OH TO'IKe llpOCTpaHCTBa 3a.L(aHO 3n+m 

-qn:cen (B N-MepHOM 11pOCTpaHCTBe - Nn+m -queen). B 3TOM cny-qae 

rOBOpHT, 'ITO B 11pOCTpaHCTBe 3a.L(aHO II One reOMeTpii'IeCKOrO 06beKTa 

paHra n + m C n KOHTpaBapn:aHTHhiMli II m KOBapHaHTHhiMII liH.L(eKCaMII 

(n:Ha'Ie rOBOpH, 110ne TeH30pa Tlill~ • ( : ) ). 3aKOHhl 11peo6pa30BaHIIH 

KOMIIOHeHT reOMeTpli'IeCKOrO 06beKTa 11pn: 3aMeHe KOOp.L(IIHaT BeChMa 

pa3H006pa3Hhl. IJpOCTeHIIIIIMII 11piiMepaMII reOMeTpn:'IeCKIIX 06beKTOB 

cny)KaT cKanHphi - o6beKThi O-ro paHra, KOHTpaBapHaHTHhie BeKTOphi 

II 1-<l:JOpMhl (n:nn: KOBapn:aHTHbie BeKTOpbi) - 06beKThi 1-rO paHra. 

PaccMOTpn:M anre6py 3Tn:x o6beKTOB. 

• C.rw'J/Ceuue. B cno)KeHn:n: MoryT y-qacTBOBaTh o6beKThi o.nHHaKo

Boro CTpOeHIIH ( C O.L(IIHaKOBhiM 'IIICnOM liH.L(eKCOB, IIX pacm)no)Ke

HlieM n: 'Iepe.noBaHn:eM): 

, 
Ai.Lm +Bum= cum. 

.k .k .k 

PaHr cyMMhi paBeH paHry Ka)K.noro n:3 cnaraeMhiX. 

• Y .Muo'J/Ceuue ua "tUC.tw: 

Bi...k =a. Ai ... k 
r ... s r ... s· 

• Bueumee npou3aeaeuue. BHernHn:M 11pOH3Be.neHn:eM o6beKTOB 11po

II3BOnhHoro CTpoeHn:H (HallpHMep, A~1m n: B~··) Ha3hiBaiOT o6beK~ 
C C KOMIIOHeHTaMII 

ci.lmp.s = Ai.lm ® BP·•. 
.k ... r .k .r 

KaK cne.ncTBn:e Ollpe.neneHn:H OTMeTn:M FieKOMMyTaTn:BHOCTh npo

H3Be.neHn:H reoMeTpn:-qecKn:x o6beKTOB. PaHr BHernHero npmnBe.ne

HIIH paBeH cyMMe paHrOB COMHO)KIITeneii, 
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t1 

• IlepecTaHOBKa uii.neKcos. Ecnu DpOH3BOnhHO DepecTaBnTh o.nuH 

unu HeCKOnhKO HH.lleKCOB o6'beKTa A, TO DonyqeHHoe o6pa3yeT uo-
6b&tl o6'heKT B roro )J{e paHra. TaKrui ODepauuH Ha3hiBaeTcH Depe

CTaHOBKOii nH.neKCOB. PaccMoTpHM qacTHhle cnyqau 3TOH oDepa

uuu: 

CHMMe'l'pH3anHJI 

' 1 . ' . 
B~1 = 2(Aj.1 + A;k) = A(kl) 

HHH DO TpeM HH,neKCaM: 

1 . 
A(ikt) = 

3
! (A;kt + Alik + Akti + Akil + Alki + Ailk); 

8HTHCHMMeTpH3anHJI (lmaqe anbTepHHpOBaHHe) 

1 . . • 
Bik = 2(A;k- Ak;) = A[ikJ 

HnH DO TpeM HH,neKCaM: 

1 
A[ik!J = 

3
! (Aikl + Alik + Akli- Akil- Alki- Ailk)· 

reoMeTpuqeCKHH Ofi'beKT Ha3biBaeTCH CBMMeTpB"<IHhiM, ecnu ero 

KQ- HHH KOHTpaBapHaHTHble KOMDOHeHTbl He MeHHIOTCH OT nepe

CTaHOBKH ,nByx HnH HeCKOHbKHX HH)leKCOB, HaDpHMep, 

A ... kL = A .. .lk ...• 

H aHTBCHMMeTpH"<IHhiM DO OTHOIIIeHHIO K )laHHbiM _ HH)leKCaM, 

ecnu ero KOMDOHeHTLI MeHHIOT CBOH 3HaK Ha ofipaTHhiH Dpu nrofiOH 

HeqeTHOH DepeCTaHOBKe HH)leKCOB H OCTaiOT~H HeH3MeHHhiMH DpH 

nro6oii qeTHoii, HaupuMep, · 

A ... ikl ... = - A ... ilk ... = A ... lik ... · 

• CuepTKa. 3Ta ODepauuJI B03MO)J{Ha TOnhKO Ha.n o6'beKTaMH, Ko

TOphle HMeiOT He MeHee qeM DO O.llHOMY KQ- H KOHTpaBapuaHTHOMY 

HH,neKCy. CBePTKa COCTOHT B 3aMeHe O.llHOI'O KOHTpaBapuaHTHOI'O 

(KoBapuaHTHOI'O) HH.neKca Ha TaKOH )J{e KOBapuaHTHbiH (KOHTpaBa

puaHTHbtii) C DOCHe.nyiOIIUIM CYMMHpOBaHHeM DO 3TOMY HH)leKcy. 

HaupHMep, .nnH o6'heKTa Ai1 cBepTKa cocrouT B TOM, qTo nH.neKc 

k 3aMeiDieTCH Ha i C DOCJle.nyiOIIUIM CYMMHpoBaHHeM: 

B, = At = Al1 + A~1 + A~1 + ... 
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, B <J:aCTHOCTn, cKanHpHoe DpOU3Be)leHue BeKTOpoB ai u bk co.nep:llmT 

.nBe oDepauuu - ux npouJBe,neHu.e ai · bk u nocne.nyroruyro cBepTKy: 

I 

-- i 1 2 3 ab = a · b; = a b1 + a b2 + a b3 + ... 

CKanHpHoe npon3Be,neHue- npnMep auympe'H.'H.e2o npou3eeae'H.WI. 
BHeumee npou3Be,neHIIe co cBep'l'Koil: Me)J{,Uy COMHO)KIITenHMII npe

BparuaeTCH BO B'H.ympe'H.'H.ee npOU36eae'H.Ue reoMeTpuqecKUX Ofi'beK

TOB. HanpiiMep, 
i il 

C.km = A .. m ® Blk· 

PaHr BHyTpeHHero npOI13Be.neHUH paBeH cyMMe paHrOB coMHO)KII

Teneil: MJmyc y.nBoeHHOe qiicno iiH,neKCOB, no KOTOphiM npOBO.UII

nacb cBepTKa; B nocne.nHeM npiiMepe caepTKa npoBO.UIInacb no 

O,UHOMY IIH,UeKCy II paHr BHyTpeHHero IIpOH3Be,neHUH paBeH 3 

(3 + 2)- 2. 1. 

2. TeH30phl. KaK 6blno OT~eqeHo Bhiiii~, TeH30p TUna ( : ) B TO<J:Ke P 

MHoroo6pa3uH M - 3TO niiHeil:HaJI cpyHKUIIH, apryMeHTaMu KOTopoil: cny
)KaT m 1-cpOpM II n BeKTOpOB, a 3Ha<J:eHIIHMH 3TOH cpyHKUHH HBHHIOTCH 

BeruecTBeHHbie qucna. Tio3TOMY a_cHo, 'ITO 'IW.M.no'H.e'H.mb! max:o2o me'H.-
3opa npu aonycmU.M.b!X npeo6pa306a'H.UHX X:Oopau'H.am npeo6pa3y'/OmC.H 

C02.ttaC'H.O . axi axk axr axs , 
At ... k - An ... p (31) I m--a· ···-a· -a 1 ... -a r s· ··· xn xP x xm ··· 

TeH30pHbiil: 3aKOH npeo6pa3oBaHnH (31) o6na.naeT rpynnOBhiMH cBoil:

CTBaMII, qTO BII,UHO H3 II3BeCTHOrO npaBIIna 

axi axi ax1 
a-k = -a ·1 a-k · X . X X 

3aMeTUM TaK)Ke, qTQ reOMeTpH'IeCKIIH 06'beKT, IIpOHBHHIOIUIIH TeH30p

Hbie CBOHCTBa OTHOCIITenbHO O.llHOH rpyiiiibl npeo6pa30BaHHH, MO)KeT He 

fibiTb TeH30pOM OTHOCUTenbHO KaKOH-m~6o ,npyroi\:. 

Vb 3aKOHa npeo6pa30B,aHUH TeH30pOB cne,nyeT, qTO eCnii BCe KOMIIO

HeHTbl TeH30pa paBHhl Hynro B O,UHOH CHCTeMe KOOp)liiHaT, TO OHII OCTa

IOTCH paBHbiMII HyniO B nro6oi\: ,npyroil: KOOp.llUHaTHOH, cuc:reMe. 3,To, 

B CBOIO oqepe,nb, 03HaqaeT, 'ITO ecnu cpU3II'!eCKIIH 3aKOH HMeeT cpopMy 

paBHOrO HyniO TeH30pHOrO COOTHOIIIeHUH, TO 3TOT 3aKOH 6y,neT IIMeTb 
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(1 

TaKyiO 2Ke qJOpMy B JII060H Ii3 ,nonyCTMMhlX KOOp,UMHaTHhlX CMCTeM. llc

XO,U51 Ii3 3aKOHa npeo6pa30BaHM51 TeH30pOB, M02KHO nOKa3aTh, qTO CMM

MeTpliqHOCTh Ii aHTMCMMMeTpliqHOCTh TeH30pa - CBOHCTBa a6COJIIOT

Hbie, T.e. He 3aBMC51IUMe OT Bbi6opa KOOp,UJi:HaTHOH CMCTeMbl. 

CymecTByeT TaK Ha3hiBaeMhlH "oopaTHblH TeH30pHblii rrpH3HaK" 

(nHor.na ero Ha3blBaiOT cmpozou meope.Moil "l.acmuozo), KOTOphiH no-
.. ' . 

3BOJUieT Bhl51CHMTh, 51B1151eTCH 11M reoMeTpnqeCKMH 06'heKT TeH30pOM. 

CyTh ero COCTOMT B crre,nyiOIUeM: nyCTh B pe3y1lhTaTe CBepTKM MCnhl

TblBaeMoro 06'heKTa r; c HeKOTOpbiM BeKTOpOM Ak norryqaeTC51 .npyroil: 

BeKTOP Bi, T.e. 

T~Ak = Bi, 

Tor.na M02KHO yTBep2K,naTh, qTo T~ - TeH30p. B caMOM .nerre, yqnThiBa51 

3aKOH npeo6pa30BaHMH KOHTpaBapnaHTHOro BeKTOpa Ii TO 06CT051Te1lb

CTBO, qTO B lllTp~XOBaHHOH CMCTeMe KOOp,n~HaT t;A. k = Bi, MMeeM 

~ k ~ i ~ i 
Ti~A_l = :!!_J3m = :!!_j,m A_L 

k oi1 oim oim I . 

TIOMH02KMM o6e qaCTM paBeHCTBa Ha oiP I oxi M, npocyMMiipOBaB no i, 
norryqnM 

~ 'P ~ k 

( 
· uX uX · ' ) • I 

Tt:axi oil .-Tt A =0. 

TIOCK01lhKY BeKTOp A_L npOH3B01leH, TO HCHO, qTO T; npeo6pa3yeTC51, KaK 

TeH30p. 

IloKa2KeM TaK2Ke, qTO CBepTKa .UBYX TeH30pOB no O,UHOMY MH,UeKCy HB1151-

eTCH TeH30pOM: 

k km oxk oxm oiq •1 air Bit • oxk oiq oit r •1 . 
S;n =A; Bmn = ~. 1 -;:;-;--~AqP~~Brt = ~·t ~~opAqPBrt 

ux uxP ·uX' uxm uxn uX ux' uxn 

oxk oiq Bit 'I 
=--. -S 

8i1 oxi oxn qt. 

AHarrornqHo MO:lKHO y6e,nMThCH, qTo B pe3yrrhTaTe norrHofr cBepTKM TeH-

3opa, MMeiOIUer.o O,UM·HaKOBOe 'IMC110 KO~ Ii KOHTpaBapHaHTHhlX MH,UeKCOB, 

norryqaeTC51 CKarrap. 

PaHee MCXO,UH Ii3 onpe.nerreHMH tPYH.UaMeHTa1lbHOH MaTpMIIhl 9ik = e;ek 
Ii 3aKOHa npeo6pa30BaHM51 BeKTOpOB 110Ka1l·hHOr0 6a3MCa e; 6bl11 Hafr,neH 

3aKOH npeo6pa30BaHMH 

oimain' 
9ik = oxi oxk Ymn, 
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cpaBHiiBM KOTOpbiH C (31) 3aK11IOqaeM, qTO 9ikl TaK ·2Ke KaK Ii gik, -
TeH30pHbie Be11MqliHhl, n03TOMy B ,Ua1!hHeHllleM, KaK 3TO TipMHHTO B 

reoMeTpHH, 6y,neM Ha3hlBaTh 9ik <l>YH.UaMeHTaJlbHblM (H11Ii MeTpH

qeCKHM) TeH3opoM. 3a,naHMe MeTpnqecKoro TeH3opa onpe.nerr51eT pac

cT051HMe Me)l{,Uy .UBYM51 6eCKOHeqHO 611M3KMMM TOqKaMM: 

dl2 = g;k,dxidxk . . 

Tio onpe,nerreHMIO, eCITM yqeCTb BeKTOpHhiH xapaKTep dxi, 3TO paCCT051-

HMe- MHBapMaHT. 

MeTpnqecKMH M o6paTHhiH eMy TeH3op noMMMO npoqero crry2KaT .U1151 

no,nHHTM51 n onycKaHM51 MH.UeKCOB y BeKTopoB. BnorrHe aHarrornqHo nc

norrh3yeM nx .nrra nepeMemeHM51 MH.UeKCOB y TeH3opoB. HanpnMep, .U1151 

TeH3opa 2-ro paHra 

Tik = gillm'Ttm, rp _ Tim 
.L ik - 9il9km ' T i il Tm k = g 9km I · 

Teneph noKa2KeM, qTO CMMBOrr KpoHeKepa 81, onpe.nerraeMhiH cooTHO

llleHMeM 
Ai _ gilg 
uk- lkl 

aBrraeTC51 e,nnHnqHhlM TeH30pOM 2-ro paHra. IIefrcTBMTerrhHO, 

~ i ~ I ~ •p ~ •q ~ i ~ •q · 
Oi _ il _ :!!___~~~ •mn • _ :!!___~JP •mn • _ 
k - g Ytk - oim {)in. oxl oxk g 9pq - oim oxk nY 9pq -

oxi oiq •mn' oxi oiq 'm 

= oim oxkg Ynq = oim oxk 0q' 

a e,UMHiiqHOCTh 3TOrO CMMB01la Bli,UHa Ii3 

:ti=o~Ak. 

3. CnMBOJI H TeH3op Jle:Bn-qHBHTbl. IlnoTHOCTb rrcea,noTeH3opa, 

TeH30pHM IIJIOTHOCTb, rrcea.noTeH30pbl. CoBoKynHOCTh BerrnqnH 

fik .. .l Ii1lli f.ik .. .l C qMC110M MH,UeKCOB, COBTia,UaiOIUMM C pa3MepHOCTblO 

npOCTpaHCTBa, aHTHCHMMeTpHqHblX no BCeM CBOHM HH,UeKCaM (" COBep

llleHHO aHTHCHMMeTpHqHblX Be11HqliH"), TipHqeM ft23 ... n = 1, Ha30BeM 

CHMBOJIOM JleBH-qHBHTbl. ll3 Onpe,nerreHH51 crre,nyeT, qTO 

• ecrrH cpe,nM HH,UeKCC>B eCTb O,UMHaKOBhle, TO f.;~ .. .! = f.ik .. .l = 0, 

• ecrrH nocrre.noBaTeiTbHOCTh HH.neKCOB norryqeHa M3 123 .•• n qeTHOH 

nepeCTaHOBKOH, TO fik ... l = f.ik ... l = +1, 
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e eCJIII llOCJie)lOBaTeJibHOCTb ~H)leKCOB llOJiyqeHa M3 123 ..• n HeqeTHOH 

nepeCTaHOBKOH1 TO fik ... l = t:ik ... l = -1. 

B· .llaJibHeiiweM M:hl. orpaHuquMca paccMOTpeHMeM 3-MepHoro cJiyqaa, 

llOCKOJibKY o6o6rueHMe Ha n-MepHbiH Tpy.lla He npe.llCTaBJiaeT. I1TaK, 

t:· = t:ikl = { +1, ikl noJiyqeHo M3 1, 2, 3 qeTH, nepecT., 

•kl -1, ikl noJiyqeHo M3 1, 2, 3 HeqeT. nepecT. 

B ·ocTaBwuxca cJiyqaax, T.e. npu coBna)leHuu MH.IleKcoB, CMMBOJI JleBu

YnBMTbi paBeH HYJIIO. 

IlpaMbiM BblqMCJieHMeM HeTpy.llHO y6e)lMTbCa, qTo onpe)leJIMTeJib npo

M3BOJibHOH MaTpMIIbi A c MaTpMqHbiMM :meMeHTaMu A~ cBa3aH c CHM-

BoJioM JleBH-'lJHBMTbl COOTHOilieHHeM . 

i i ~ l 
fmnp det(Ak) = fiklAmAnAp. 

B qacTHOCTH, ecJIM A- aKo6ueBa MaTpuua npeo6pa3oBaHua KOOp.llMHaT, 

TO aK06MaH Y Bbipa)l{aeTca qepe3 CMMBOJibl JleBH-'lJ~BMTbi COrJiaCHO 

axi axk axl 

y fmnp = fikl 8xm 8xn 8xP 

3TO COOTHOilieHMe Onpe)leJiaeT TpaHcq>OpMaiiHOHHble CBOHCTBa CMMBOJia 

JleBH-YMBMTI;>I. EcJiu npeo6pa3oBaHMH KOOP.IlMHaT MMeiOT aK06HaH Y = 
1, TO HCHO,' qTO fikl npeo6pa3yeTCH, KaK KOBapuaHTHbiH TeH30p 3-ro 

paHra. Bo3HMKaeT BOnpoc: MO)l{HO Jill B npOH3BOJibHOH CHCTeMe KOOp.llM

HaT BBeCTM TeH30pHyiO BeJIMqHHy, aHltJIOrMqHyiO llO CBOHM CBOHCTBaM 

CHMBOJIY JleBH-'lJMBMTbi? Tipeo6pa3yeM C :'lTOH IIeJibiO fikl OT CMCTeMbl 

KOOp.llMHaT, B KOTOpOH 3Ta BeJIHqMHa- TeH30p, K npOH3BOJibHOH CHCTeMe 

Koop.JiuHaT. B pe3yJibTaTe noJiyqHM TeH3op 

8i;m 8xn 8:f;P 

E;kl = t:mnp 8xi. axk 8xl ; 

yqMTbiBM 3aKOH npeo6pa30BaHMaCMMBOlra JleBM-'lJMBHTbl
1 

llOJiyqHM 

Eikl = Y t:;kl· 

C .llpyroii CTOp_DHbl1 KOMllOHeHTbl MeTpuqecKOrO TeH30pa npeo6pa3y-

IOTCa COrJiaCHO 
a:tm axn' 

9ik = 8xi 8xk 9mn• 

48 

OTKy.lla 

det(g;k) = Y 2 
•. det(§mn). 

.IIonyCTHM, qTo Bmn - MeTpHqecKHii TeH30p B Toll: KOOp.llMHaTHOii CH

cTeMe, B KOTopoii t:;kl o6Jia)laeT TeH30pHbiMM cBoiicTBaMH. TaKoii cH

cTeMoii KOOp.llHHaT aBJIHeTca, HanpuMep, .lleKapTOBa, r.lle det(§mn) = 1, 

ll03TOMY 

Y = ..;9, r.lle g =I detgl, 

M BeJIHqHHa 

Eikl = ../9t:ikl 

ecTb coBepweHHO aHTMCHMMeTpMqHbiii ieH3op 3-ro paHra, KOTOpbiii Ha~ 

30BeM TeH3opoM Jiea:u-t.I:u:B:uTbl. KoHTpaBapHawrHbie KOMnoHeHTbi 

3TOrO TeH30pa 

Eikl = gimgkngiPEmnp = .j9gim9 knglp€mnp• 

a )leTepMHHaHT JII060ii MaTpHIIbi 1 B qaCTHOCTM gik 1 Bbipa)l{aeTCH qepe3 

CHMBOJI JleBH-'lJHBHTbl COrJiaCHO 

t:ikl det(lk) = gimlngiPt:,;,_~p-

Tor)la 

Eikl = .j9t:ikl det(gik). 

BBH.IlY TOro, qTO gi191k = 8L )lJIH det(gik) HMeeM det(gik) = 1/g, no-

3TOMY KOHTpaBapHaHTHble KOMllOHeHTbl COBepmeHHO aHTHCHMMeTpHq

HOro TeH30pa onpe)leJiaiOTCa CHMBOJIOM JleBH-'lJHBHTbl COrJiaCHO 

Eikl = .)gt:ikl_ 

Onpe.lleJieHHe CMMBOJia JleBM-YHBHTbl no3BOJIHeT npocTo noJiyqHTb 

8i 8i 8i 
m n p 

8k 8k 8k 
m n p 

81 81 81 
m n p 

ikl - 8ikl -
€ fmnp = mnp-

ikl _ s:ik -II 8:n 8~ II· 
€ fmnl = Umn - 8~ . 8! ' 

ikl - 2J:i ikl - 3' € fmkl - Um 1 . € fikl - •• 
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t1 

(B n-MepHOM.11pOCTpaHCTBe f.ik .. .lf.ik...l = n!.) yqMTbiBaJI 3TH paBeHCTBa, 

.um1 .ueTepMMHaHTa A 11onyq11M 

d t(A
i) _ 1 mnv Ai AkA! e k - 3!€ Eikl m n P' 

a .llJl.si .siK06MaHa KOOp.llMHaTHbiX 11peo6pa30BaHMll 

1 l'l 'i l'l 'k l'l •I 
y _ -(.mnp(.· ~~~ 

- 3! ski OXm OXn OXP. 

Hap.s.~.uy c coaepweHHO aHTMCMMMeTpMqHbiM TeH30poM JleBM-l...J:MBMTbl 

BBe.UeM TeH30p, KOTOpblll OCTaeTC.si HeM3MeHHblM 11p11 qeTHOll 11epecTa

HOBKe MH.lleKCOB 11 MeH.sieT 3HaK 11p11 MX HeqeTHOll 11epeCTaHOBKe, Ha-

30BeM ero COBepmeHHO aHTHCHMMeTpH"'HbiM TeH30pOM paHra, 

paaHoro pa3MepHOCTH npocTpaHCTBa. TaKoll: TeH30p 011pe.uen.s.~

eTc.si acero O.llHMM qJ1CJIOM. Ha11p11Mep, B Tpex~epHOM 11pocTpaHCTBe 

T123 = T312 = T231 = - T213 = - n21 = - T132 = T. 

IJOH.siTHO, qTO TeH30pb1 TaKOrO TMI1a 

Tiki = T Eikl MJIM Tiki = T (.ikl' 

a 11p11 11peo6pa30BaHM.siX KOOp.llMHaT 

T=YT. 

IleftCTBMTeJibHO, 

axi oxk ox' , oxi axk ox' , , , 
T = T123 = ~ l'l 2 l'l 3 Tiki = ~ l'l 2 l'l 3 Ttikl = YTt123 = YT. 

ux uX uX uX uX ux 

B 3aKmoqeHMe 11p11ae.ueM o6mee o11pe.ueneH11e, KOTopoe 1103BOJI.sieT Knac

cmpMUMpoaaTh reoMeTpllqeCKMe 06beKTbl 110 TpaHC<t>OpMaUMOHHblM 

CBOllCTBaM. 

feoMeTpMqeCKMll 06beKT, KOM110HeHTbl KOTOpOrO 11p11 11peo6pa30BaHM.siX 

KOOp.llMHaT 11peo6pa3yiOTC.si COrJiaCHO 

l'l i l'l k l'l 'r l'l •s 

A
i ... k _ y· P Y uX uX uX uX A'n ... p 
I m - ·sgn ~···~~~···~ r s> ··· uxn uxP uX uxm ··· 

Ha3oBeM nnoTHOCTbiO ncea.noTeH3opa paHra n + m H aeca p ;;:: 0. 
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J1TaK, 

• 11p11 sgnY = 1 11 P.= 0 o6beKT A .siBJI.sieTC.si MCTMHHhlM TeH3opoM; 

• • 11p11 sgnY = 1 11 p =f. 0 o6beKT A Ha3hlBaeTc.si TeH30pHoii nnoT

HOCTbiO aeca p. Ha11p11Mep, det(gik) - cKan.s.~pHa.si 11JIOTHOCTh aeca 

2, a Eikl - TeH30pHM 11JIOTHOCTb'BeCa lj 

• 11p11 sgnY = -1 11 p = 0 06beKT A Ha3blBaeTc.H·ncea.noTeH30pOM. 

4. KoaapnaHTHM npoH3BO.llHM TeH3opa. At>coniOTHbiH .nn«P«Pe

peHUHaJI. IJpeMMyiUeCTBa TeH30pHOrO J1CqJlCJieHM.si COCTO.siT 11pe)!{.lle 

acero B B03MO)!{HOCTM 3ai1MCb1BaTb ypaBHeHM.si B KOBapMaHTHOll <t>OpMe, 

He 3aBMC.siiUeft OT Bb160pa CMCTeMbll KOOp.llMHaT. il03TOMy' 11p11 M3JIO)Ke

HMM TeH30pHoro aHaJIM3a cne.uyeT c caMoro Haqana o11pe.uenMTh · o11epa~ 

UMIO, C O.llHOll CTOpOHbl, 06Jia.llaiOJUYIO BCeMM OCHOBHblMM CBOllCTBaMM 

qaCTHOll 11pOM3BO.llHOll, a C .llpyroft - COXpaH.HIOIUyiO TeH30pHblll xapaK

Tep. B 11pe.llhi.llymeM M3JIO)KeHMM 6hmo 110Ka3aHo, qTo qacTHa.H 11pOM3-

BO.llHM CKaJI.sipHOll <l>JHKUilM - KOBapMaHTHblll BeKTOp, T.e. BeJIJ1qJ1Ha, 

TeH30pHblll xapaKTep KOTOpOft oqeBM.lleH. C TeM qT06bi COXpaHWl'b TeH-

30pHbie CBOllCTBa, 6blJIO BBe.lleHO 110H.siTMe KOBapMaHTHOll 11pOM3BO.llHOll 

BeKTOpa. 8TO 110H.siTMe 110.ll.llaeTC.si pa3yMHOMY o6o6meHMIO Ha CJiyqaft 

TeH3opoa. B caMOM .nene, Herpy.uHo BM.lleTb, qTo 11p11 3aMeHe Koop

.llMHaT 11peo6pa30BaHMe; COOTBeTCTBYIOIUee Ka)!{.llOMY 113 KO- MJIM KOH

TpaaapMaHTHblX TeH30pHbiX MH.lleKCOB, M.lleHTJ1qHo 11peo6pa30BaHMIO KO

MJIJI KOHTpaaapMaHTHblX BeKTOpOB. f103TOMY, pa3BMB3JI 3TY aHaJIOrMIO, 

BeChMa 11paB.ll0110.ll06HO 11pe.lli10JI0)!{11Tb, qTo KOBapMaHTHa.si 11pOM3BO.ll

HaJI TeH30pa COCTaBJI.sieTC.si 113 CJiara~MblX Tpex TMI10B: 

e 1-ft TMI1 - qaCTHaJI 11pOM3BO.llHaJI TeH30pa 110 COOTBeTCTBYIOIUeft 

KOOp.llMHaTe: 
OT··· .... 
oxk' 

e 2-ft TMI1, CO 3HaKOM 11JIIOC, COCTaBJI.HeTC.H .llJl.H Ka)!{.UOrO KOHTpaBa

pMaHTHOro TeH30pHOrO MH.lleKCa ( Hll11p11Mep, i B T_~:·) B BM.lle 11pO

M3Be.lleHM.si KOMI10HeHTbl TeH30pa 11 CMMBOJia KpMCTO<J?<t>eJI.si, 11p11~ 

qeM 3TOT KOHTpaaapMaHTHblll MH.lleKC i 11pMCBaMBaeTC.H CMMBOJIY 

KpMCTo<t><t>en.s.~, a BMeCTO Hero cTaBMTC.si HeMoll: MH.lleKc, KOTOpblll: 

11pM11MCb1BaeTC.H 11. CMMBOJIY KpMCTo<t><t>eJI.si. B KaqecTBe O.llHOrO 113 

HM)!{HMX MH.lleKCOBj BTopoll: HM)!{HMil MH.lleKc y·_cMMBona KpMcTo<t>

<t>en.s.~ - MH.lleKC .llM<t>c}:lepeHUMpOBaHM.H k: 
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• 3-il: TlHI, CO 3HaKOM MHHyC, COCTaBmreTC.II .LVI.II Ka)K,l(OrO KOBapHaHT

HOrO TeH30pHoro HH.UeKca (HarrpiiMep, m B T;;.J B BII.Ue rrpoii3Be.ue

HII.II KOMIIOHeHTbl TeH30pa Ha CIIMBOJI KpiiCTO<lJ<lJeJI.II, IIpiiqeM 3TOT 

IIH.l(eKC m 3aMeH.IIeTC.II Ha HeMOH IIH.l(eKC CYMMIIpOBaHII.II, KOTOpblll 

rrpiiiiiiCbiBaeTC.II TaK)Ke II CIIMBOJIY KpiiCTO¢¢eJI.II B KaqeCTBe Bepx

Hero IIH.l(eKca; O.l(IIH II3 HII)KHIIX IIH.l(eKCOB y CIIMBOJia KpiiCTO<lJ<lJeJI.II 

- IIH.l(eKC .UII<lJ<lJepeHIIIIpOBaHII.II k, a BTOpOH ,- m: 

-rn T"'· mk n .. · 

Tipii BCeH CBOeH rrpaB.UOIIO.l(06HOCTII 3TO rrpe.UIIOJIO)KeHIIe HY)K,UaeTC.II B 

.UOKa3aTeJihCTBe, K KOTOpoMy Mhi rrpHCTyrriiM. PaccMOTpiiM .UJI.II 3Toro 

HeKIIH CKaJI.IIp <p, KOTOpbiH eCTh pe3yJihTaT IIOJIHOH CBepTKII TeH30pa Ai 
II BeKTOpOB bt, em: 

<p =A; b· k k ,e . 

Haii.ueM KOBapuaHTHyro rrpoH3BO.UHYIO <p, yqHThlBa.H, qTo qacTHa.H rrpo

H3BO.UHa.H CKaJI.IIpHOH <lJyHKIIHII rrpeo6pa3yeTC.II, KaK KOMIIOHeHTa KOBa

piiaHTHOrO BeKTOpa, H II03TOMy, B CMbiCJie TeH30pHbiX CBOHCTB, COBIIa

.uaeT C KOBapiiaHTHOH rrpOII3BO,l(HOH: 

_ o<p aA k i (ab; k ack) 
'Vt<p = oxl = axt b;e + Ak axle + b; axt .. = 

= ~~~ b;ek +A~ [ ( 'Vtbi + r~bm) ek + b; ( 'Vtek - r~mem)] 

= Ai'Vt(b;ek) + [~~ + r:mAr- r~A~]b;ek. 
3aMeTHM, qTO COrJiaCHO o6paTHOMY TeH~OpHOMY IIpH3HaKy co.uep)KH

MOe KBa.upaTHbiX CK060K IIOCJie,UHeH qaCTH paBeHCTBa eCTh TeH30p 3-rO 

paHra. CpaBHHBa.II c oqeBH.UHhiM cooTHOllleHHeM 

. k . k 
'Vt<p = A1 'Vt(b;e ) + ('VtA1)b;e , 

rronyqn:M Bhrpa)KeHn:e .UJI.II x:oaapua'H.m'H.oil npou360d'H.ou me'H.3opa Ai: 

" A; oAi r; Am rmAi 
v I k = {)xl + lm k - lk m · 

l'haK, rrpe.urronmi<eHn:e, o6o6maromee rrOH.IITHe KOBapn:aHTHOii rrpon:3-

BO.UHOii BeKTOpa, .uoKa3aHo. O.nHoBpeMeHHO y.uanoch rroKa3aTh, qTo x:o
aapua'H.m'H.aJI npou3BOO'H.aJI noabtwaem 11.a edu11.u~y pa11.2 me'H.3opa. 
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. YMeCTHO BBeCTH CB.II3aHIJ:Oe c KOBapn:aHTHOH rrpOII3BO,l(HOH IIOH.IITHe a6-

comOTHOrO .un:¢¢epeHun:ana. A6coJIIQTHblM ( KoaapHaHTHblM) .UH$

$epeHUHaJIOM TeH3opa A (n:Hor.na Mhl 6y.ueM rronh30BaThC.II TaKHM 

o603HaqeHIIeM TeH30pa, IIO,llpa3yMeBa.II, qTO eMy MO)KeT 6b!Th IIpiiiiH

caHO KaKOe YrD.llHO qHCJIO HH.l(eKCOB II IIX paCIIOJIO)KeHHe) Ha30BeM rrpo

u3Be.ueHHe KOBapnaHTHOii rrpoH3BO.UHOii A no x1 
Ha dx1 

c rrocne.nyromn:M 

cyMMHpOBaHHeM ITO l: . 
DA := \11A · dx1

• 

HeTpy.uHo rroH.IITh, qTo a6conroTHhlii .uu¢¢epeHIIHan D A HMeeT paHr 

TeH30pa A (.uoKa)KHTe!). 

ll!J.II TOrD, qT06bl eme pa3 060CHOBaTb He06XO.l(HMOCTh BBe.l(eHH.II IIOH.II

THH KOBapiiaHTHOH IIpOH3BO.UHOH H a6COniOTHOrO .UM<lJ<lJepeHIIMaJia, IIO

Ka)KeM, qTO dAi He BeKTOp (a oA;joxk He TeH30p). lleiiCTBHTeJibHO, ~0-
CKOJihKY dA; eCTh pa3HOCTh BeKTOpOB, paCIIOJIO)KeHHhiX B pa3HbiX (XOT.II 

II 6eCKOHeqHQ 6JIH3KHX) TOqKax rrpOCTpaHCTBa, B KOTOpbiX 3TH BeKTOpbi 

rrpeo6pa3yiOTC.II C pa3JIHqHbJMH (3aBHC.IIIUHMH OT TOqKR) K03<lJ<lJMIIHeH

TaMH rrpeo6pa30BaHH.II, dAi He MO)KeT rrpeo6pa30BbiBaTbC.II, KaK BeKTOp. 

B CKa3aHHOM nerKo y6e.uHThC.II Herrocpe.ucTBeHHO: 

(

{)i;k , ) ()i;k , · , ()2i;k I 
dAi = d {)xi Ak =,{)xi dAk + Ak {)xi{)xl dx . 

TaKHM o6pa3oM, dAi (TaK )Ke KaK H 8A;joxk), aoo6me roBOp.II, rrpe

o6pa3yercH He KaK BeKTOp ( TeH30p). dAi rrpeBpamaeTCH B KOMIIOHeHThl 

BeKTOpa, a {)A;j{)xk - TeH30pa TOJihKO B CJiyqae JIHHeHHhiX rrpeo6pa30-

BaHHH KOOp.llHHaT, .T.e. eCJIH BTOpa.II rrpOII3BO.l(Ha.II B IIOCJie.l(HeM Bblpa

)Kel{HH o6pamaeTCH B HYJih (HarrpnMep, B .neKapTOBhiX Koop.unHaTax). 

(KcTaTH, 3TO Herrnoxoii rrpiiMep y~e o6cy:lK.UaBllleiicH cn:Tyaun:u, Kor.ua 

O,llHa H Ta )Ke BeJIHqHHa HBJIHeTCH BeKTOpOM ( TeH30pOM) OTHOCHTeJibHO 

o.uHoii rpyrrrrhl rrpeo6pa30BaHHii koop.unHaT II lie HBJIHeTCH TaKOBhlM. OT

HOCHTeJihHO .npyroii.) C .npyroft CTOpOHhl, KOBapHaHTHa.II IIpOH3BO.l(Ha.II 

HMeeT TeH30pHbiH xapaKTep, a B IIpOH3BOJihHhlX KOOp,UHHaTax IIrpaeT 

TaKyiO )Ke pOJih, qTQ H oA;j{)xk B .l(eKapTOBbiX KOOp.UIIHaTax. . 

lloKa:lKeM Ba:lKHOe yTBep)K.lleHHe - ifjyHdaM.e'H.ma.n,b'H.blil · { M.empu"lecx:uil} 
me'H.30p x:oaapuaum11.o nocmoJiueu, qTo 03HaqaeT o6pameHHe B HYJih ero 

KOBapuairTHOH rrpoH3BO.llHOH:. KaK·H .UJIH nro6oro TeH30pa 2-ro paHra, 

"k 
\1 gik = og• + ri gmk + rk gin 

I {)xl lm In • 
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JloncTaBim crona BhipmKeHHble qepe3 MeTpiiqecKIIfi TeH30p CIIl\IBOJlhi 

KpiicTo<f><t>emi. 

ri - ~ i (09km + 09lm - 09kl )· 
kl - 2 g m ax1 axk axm ' 

rronyqiiM 
() ik \1 ik _ _jf_ + in km 09mn 

19 - axl g g axl . 

TeH30p gik M02KHO paccMaTpiiBaTh KaK pe3JllhTaT rronH5ITII5I IIHneKCOB 

y 9mn, T.e. gik M02KHO rrpe.IlCTaBIITh B BII,Ile 

gik = gimgknYmn· 

IIponu<t><f>epeHuiipoBaB 3TO cooTHOIIIeHIIe no x1
, rronyquM 

!'l tk !'l tn !'l km !'l !'l ik !'l 
~ _ _ ug_f/ _u_g_0; in kmU9mn•_ 2~ in kmU9mn 
!'ll-!'ll n+ !'ll m+gg !C>l- !C>l+gg !C>l 
ux uX ux ux ux ux 

UJlU 
agik tn km 09mn 
ax1 = -g g ax1 

:::::=} \llgik = 0. 

ToqHo TaK 2Ke M02KHO y6enuThC5I, qTo 

\ll9ik = 0. 

Hap5Iny c MeTpiiqecKIIM TeH30poM KOBapuaHTHO rrocT05IHHhi cuMBOJlhi 

KpoHeKepa II JleBII-lliiBUThi, rrepBhill - BcnencTBue II3BeCTHoro cooT

HOIIIeHII5I gil 9lk = ot a BTOpOll - BBU.IlJ TOro, qTQ Bbipa2KaeTC5I qe

pe3 OIIpenenuTeJlh MaTpiiUhi, 3JleMeHTaMII KOTOpOll 5IBJ15IIOTC5I CIIMBOJlhl 

KpoHeKepa, T.e. qepe3 CJMMY rrpOU3BeneHUll ol. 
5. TeH30phi, nopo)l{.naeMhle npOI13BO.IlHhiM:U nepaoro nop.H,nKa. 

Koaap:uaHTHbie npO:U3BO,nHble BTOporo nop.H~,Ka. PacCMOTpiiM 

reoMeTpuqeCKIIe 06'heKThl, KOTOpbie IIOJ1yqaiOTC5I B pe3JllbTaTe KOBa

piiaHTHOrO ,nii<f><f>epeHUUpOBaHII5I KO- II KOHTpaBapuaHTHhiX TeH30pOB. 

(a) rpa,n:ueHT CKaJI.HpHOH <fJJHK:U:U:U IIOJiyqaeTC5I KaK pe3JllhTaT 

KOBapuaHTHOrO nu<f><f>epeHUIIpOBaHU5I CKaJ15Ipa II IIpOCTO paBeH 

'IaCTHOll IIpOU3BO,IlHOll· CKal15Ipa~ 

a<p -
\li<p = ()xi = (<p),; 

II II03TOMJ rrpeo6pa3yeTC5I, KaK 1-<f>OpMa. 
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(b) .II:uaepreH:U:U.H rronyqaeTc5I KaK pe3yJihTaT cBepTKH o.nHoro u3 

KOHTpaBapiiaHTHhiX IIH,IleKCOB TeH30pa C IIH,IleKCOM KOBapiiaHTHOrO 

.Ilii<f><f>epeHUIIpOBaHII5I: 
\liT.(i ... ) 

( ... ). 
B pe3yJihTaTe rronyqaeTC5I TeH3op, paHr KOToporo Ha e.niiHIIUY Me

Hhiiie paHra IICXO.IlHOro TeH3opa. B qacTHOCTH, .IliiBepreHUII5I aeK

Topa (KOHTpaBapiiaHTHOro) - CKaJI5Ip. I1oKa2KeM, qTO eCJlii .IlHBep

reHUII5I 6epeTC5I OT BeKTOpa l!Jlii aHTIICIIMMeTpH'IHOrO TeH30pa, TO 

. oHa rrpOCThiM 06pa30M Bbipa2KaeTC5I qepe3 qacTHJIO IIpOII3BO.IlHJIO. 

lleU:cTBIITeJihHO, cornacHo o6rueMy rrpaauny • 

()Tik...l • 
't"7 yik .. .l = ___ + fi ymk ... l + fk yim .. .l + + fl yik ... m 
v l axl ml ml . . . ml . 

CIIMBOJlhi KpiicTo<f><t>en5I CUMMeTpiiqHhl no HH2KHUM IIH.IleKcaM, rro-

3TOMY i3ce cnaraeMhie, co.nep2Karuiie f~1 , 3a ucKnroqeHHeM nocne.n

Hero, 06paruaiOTC5I B . HJllb, TaK KaK 06a HII2KHIIX IIH,IleKCa CBO

paqiiBaiOTC5I c HH.IleKcaMH aHTIICHMMeTpiiqHoro TeH3opa. TaKuM 

o6pa3oM, 

\lzTik .. .l _ ()Tik...l - l --a;;z + r mlyik ... m. 

IIo.ncquTaeM r~z: 

rl - ~ ln ( 09nm + 09nl - 09ml) - ~ ln 09nl 
ml - 29 ax1 axm axn - 29 axm. 

e floKa2KeM, qTO .IlJ15I J1I060ll MaTpiiUhl a C 3J1eMeHTaMII aik II 

,IleTepMIIHaHTOM ao = det a 

rne 

aao = Aik, 
aaik 

(*) 

"k 1 . k A' = ftiJW€ npa a (3 _ 1)! vn wp 

- anre6pauqecKoe .norronHeHIIe. (IIpe.nnono2KeHo, qTo rrpo

C'rpaHCTBO . TpexMepHo, · o6o6rueHue Ha 6onhiiiee qucno II3Me

peHuU: He npencTaBn5IeT TPY.IlHOCTeu.) CquTM orrpenenuTenh 

1 uvw mnp 
ao = 

3
! f f aumavnawp 
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cpyHKUHeii CBOHX 3neMeHTOB a;k> .llHcpcpepeHUHpyH TIO a;k C yqe

TOM TOro, qTo 8auvf8a;k = 6~6~, nonyqHM 

8ao 1 . k . k . k ___ -(EwwE npa a +t:mwfrn Pa a +t:uv1Ernn a a ) _ 
oa;k - 3! vn wp urn wp urn vn -

= ~(Aik + Aik + Aik) = Aik_ 

ITpennonmKHM nanee, qTo cymecTsyeT o6'beKT aik, nnH KOTO

por,o 
a;kakl = J~ ,. 

IToKa:lKeM, qTo 
kl Ak1 

a = --
ao ' 

nnH qero noneqHTaeM cBepTKy: 

A kl 1 Ekvw Elnp avn awp-
a;k--;;;; = (3- 1)!ao ( **) 

CornacHo H3BeCTHOMY cooTHOIIIeHHIO 

_ kuw lnp _ lnp kuw 
Einpao - E a;kanuapw ==? E Einpao - E E a,kanuapw1 

H BBH.llY TOrO, qTQ 

lnp _ 21 s:l 
E Einpao - .aou;, 

nocne cpasHeHHH c ( **) HMeeM 

Akl 
a;k~ = 61 ao ,. 

Mcnonh3YH ( *) H (:), nonyqaeM 

1 8ao kl oak! 
---=a--
ao {)xrn {)xrn 

(:) 

HnH B o6meM BH.lle nnH n106oii HeBhipO:lK.lleHHoii MaTpHUhi A(x) 

sp(A-1 ~:) = {)~i(In(detA)). 
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8TOT pe3ynhTaT ll03BOnHeT·3aBepiiiHTb BblqHcneHHe 

l 1 nl 09ln > l 1 . og 
rm! = -2g -~ ==;.rrn! = -2 ~' rne g = detg;k, vxrn gvxrn 

II Bblpa:lKeHIIH . .llnH .llHBepreHUIIII aHTHCHMMeTpHqHQrD TeH30pa 

()Tik...t · ()Tik...l 1 0 rg 
\1

1
Tik .. .! = ___ + r' Tik ... rn. = ___ + __ v_ :JTik ... m 

8x1 rnl 8x1 .../9 {)xrn 

IInii OKOHqaTenhHO 

V,Tik .. .! = _1 _ _!_(f9Tik .. .!). 
fg8x1 

B qacTHOCTII, nnH seKTopa Ai II aHTIICHMMeTpiiqHoro TeH3opa 2-ro 

paHra Aik = -Aki IIMeeM 

\1-Ai- 1 {) ( ' ,__ .../9 ox' JgA') '· \l;Aik _ 1 0 ( - .../9 {)xi y'gAik). 

IToncqHTaeM Teneph KOBapHaHTHYIO .llHBepreHUHIO nnH cMeiiiaH

HhiX_ KOMnoHeHT CHMMeTpHqHoro TeH3opa A ik = A ki. lfMeeM 
. ' . . 

.. ' k {)A~ k 1 1 k 1 {) ( . k) . 1 . k 
\1 kA; = oxk + rlkAi- r k~A, = .../9 {)xk y'gA; - r kiAt. 

ITocnenHee cnaraeMoe 3.lleCh paBHO 

-~ (a9il + ogkl _ ogik Ak'). 
2 ()xk ox• 8x1 

lf3-3a CHMMeTpiiH Ak1 nepsb1ii II TpeTIIii qneHhi coKpamaiOTCH, II 

OKQHqaTenbHO 

\1 Ak = _1_y_ ( InA~) _ ~ ogk_r Ak'. 
k • .../9 ox~ y g • 2 ax• 

(c) PoTop. KoHTpaBap1IaHTHb1ii seKTOp 

1 Ernli ... k 8A · Rm = .... k 

(n- 2)! .../9 8x1 

Ha3oBeM poTopoM aHTIICIIMMeTpHqHoro TeH30pa A; ... k paHra n- 2. 
B cornaCIIH c 3TIIM B TpexMepHOM npocTpaHCTBe seKTOp poTopa 

onpenenHeTCH cneny!OW:IIM o6pa3oM: 

Ri = _!_t:ikloAr 
..j9 8xk· 
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TaKIIM o6pa36M, B TpexMepiiii BeKTOp poTopa conoc.TaBJUieTC.a BeK

Topy II TOJibKO B npOCTpaHCTBax pa3MepHOCTII n :::: 4 OH . :\10)KeT 

6biTb COnOCTaBJieH aHTIICIIMMeTpii'IHbiM TeH30paM (B 'IeTbipexMe

piiii - TeH3opy 2-ro paHra II T.,u.). AHTIICIIMMeTpii'IHOMY TeH3opy 

2-rO paHra MO)KHO COnOCTaBIITb TaK Ha3biBaeMbill TeH30p CTOKCa 

- IJyaaKape, KOTOpbill B 3TOM qaCTHOM CJiyqae IIMeeT BII.U 

D _ oFik oF!; aFkl 
r ikl - {)xl + {)xk + {)xi , F;k = -Fki· 

lfHTepeCHO OTMeTIITb, 'ITO eCJIII 

F;k = 'V;Ak- 'VkA; =oAk _ 8A; 
{)xi 8xk, 

TO np5IMOH nO,UCTaHOBKOll MO)KHO y6e.UIITbC.H, 'ITO B 3TOM crryqae 

TeH3op CToKca - IIyaHKape paBeH Hymo. (B nocrre.uHeM coOTHO

weHIIII pa3HOCTb KOBapiiaHTHbiX npOII3BO,UHbiX COBna,uaeT C pa3-

HOCTbiO qaCTHbiX npOII3BO,UHbiX, TaK KaK CJiaraeMbie C CIIMBOJiaMII 

KpiiCTocpcpen.a y Bbipa)KeHIIll: KOBapiiaHTHhlX npOII3BO.UHbiX II3-3a 

CIIMMeTpiiii 3TIIX CIIMBOJIOB nO Hlf)KHifM IIH,UeKCaM COKparuaiOTC.a.) 

3aMeqaHHe. Onepaun.a aya.!!b'IWCmU n03BOJI.HeT nOCTpOIITb 

HOBbie TeH30pbi II3 aHTIICIIMMeTpii'IHhlX TeH30pOB. B TpexMe

pnn ,UJI.H JII060rO BeKTOpa l/i II JII060ro aHTIICIIMMeTpii'IHOrD 

TeH3opa BTOporo paHra T;k = T[ik] HOBbie TeH30pbi onpe,uen.a

IOTC.a paBeHCTBaMII 

fkli 
Vkl- ~l/i, * - ..[§ 

flik 
*Tl = ~T[ikJ· 

..[§ 

TeH30pbi co 3Be3,uoll: Ha3biBaiOT ,uyarrbHbiMII TeM TeH3opaM, 

n3 KOTOpbiX · OHII nocTpoeHbi. B qeTbipexMepHOM npocTpaH

CTBe ,uyaJibHbie TeH30pbi COnOCTaBJI.HIOTC.H BeKTOpy, aHTIICIIM

MeTpii'IHOMY TeH30py 2-ro paHra If aHTIICIIMMeTpii'IHOMY TeH~ 

3opy 3-ro paHra no npammaM 

mikl 
1 E _ F[ikt], *Fm = 3! ..[§ 

1 lmik 
lm - - f - T[ik]' *T - 2 ..[§ 

·fklmi . 
klm- --l/i. *v - V§ 

Tenepb HeTpy.UHO y6e,uiiTbC.a B TOM, 'ITO poTop - 3TO BeKTOp, 

,uyaJibHbiH TeH3opy CToKca - IIyaHKape. llell:cTBnTeJibHO, B 
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qeTbipexMepnn 

m 1 fmikl 1 fmikl ({)Fik {)Fli {)Fkl) 
*F = 3! ..[§ P[iklJ = 3! ..[§ oxl + oxk + {)xi 

= _!_ fmikl 3{)Fik = _1_fmlik8Fik 
3! ..[§ 8x1• 2!..[§_ 8x1 

COBna,uaeT C Onpe,uerreHIIeM pOTOpa aHTIICIIMMeTpii'IHOrO TeH-

30pa Fik· . 

(d) KoaapHaHTHble npoH3BO.n;Hble BToporo nopa.n;Ka. KaKnM 6y

,ueT pe3yJibTaT CBepTKII gik C ,UBa)K,Ubl KOBapnaHTHO npo,uiicpcpepeH

IIIIpOBaHHbiM CKaJI.apOM cp? 0603Ha'IIIM TaKyiO KOHCTpyKIIIIIO 

6.cp = gik'Vi'Vkcp 

II Ha3oBeM ee onepaTopoM Jiannaca. JierKo noKa3aTb, 'ITO 6.cp 
,uocTaTO'IHO npocTo Bbipa)KaeTc.a qepe3 o6bi'IHbie npon3BO.UHbie. B 
caMOM ,uerre, 

1\ ik" ( ocp) ik (acp,k rt ) u.cp = g vi {)xk = g {)xi - ikcp,l . 

IIo,ucqnTaeM cBepTKy: 

ikr~ = ~ ik lm (09mi + 09mk _ 09ik) 
9 •k 29 g {)xk {)xi {)xm · 

IIocKOJibKY 

lm . - ol lm 09mi - - . {)glm ~ ik lm ( 09mi + 09mk) 
g 9mt - i ==} g oxk - 9mt oxk ==} 2 g g {)xk {)xi 

{)glm 
- {)xm, 

TO 

ikrl - - ~. ik lm 09ik - {)glm - - oglm - 9
1
m a.;g -

g ik - 2 g g {)xm {)xm - {)xm ..[§ {)xm -

1 {) ( t;; lm) 
= ~ vgoxm v99 · 

Ilo,ucTaBnB 3TO B Bhlp~eime .UJI51 onepaTopa Jlannaca: 

6..cp = gik (ocp,~ - r~ cp l) = gim ocp,; + cp,i _!!__ ( lggim), 
ox' tk ' . {)xm ..[§ {)xm v :J 
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IIOnyqiiM ero KOBapiiaHTHOe Bbipa)KeHIIe 

6.cp = -- lngg'k___!f!__ 1 a ( . a ) 
..;g axk v :1 axi . 

III. BeKTOpHhiH aHaJIH3 B TpexMepHOM 
eBKJIH~OBOMllpOCTpaHCTBe 

1. CncTeMbi opToromlJihHhiX Koop.n;nHaT. CIIcTeMy KpiiBOniiHeiiHhiX 

KOOp,D;IIHaT Ha30BeM OpTOrOHanhHOll 1 ecnii B Ka)K,IJ;Oll TOqKe (x
1

, x2
, x

3
) 

BeKTOpbl nOKanhHOrO 6a3IICa, TaK )Ke KaK II KOOp,D;IIHaTHbie niiHIIII, B3a

IIMHO IIepiieH,IJ;IIKymipHbi, a Il3 KOMIIOHeHT MeTpiiqeCKOrO TeH30pa 

9ik(x1 , x 2, x 3) TOnhKO .n;IIaroHanhHhre oTniiqHhi OT Hymr. IlpocTeiinme 

IIpiiMepbi.OpTOrOHanhHhiX KpiiBOnliHeHHhiX K!?OP,IJ;IIH<l.T ~ 3TO UIIniiH,D;pii

qeCKIIe KOOp,D;IIHaThi (BMeCTe CO CBOIIM qaCTHhiM cnyqaeM- IIOn51pHbiMII 

KOOp,D;IIHaTaMII) II c<lJepiiqeCKIIe KOOp,D;IIHaThi. B IIpOI13BOnhHhiX CIICTe

MaX KOOp,D;IIHaT "paCCT051HIIe Me)K,ny ,IJ;BYM51 6nii3KIIMII TOqKCJ.MII" 

ds2 = g;kdxidxk, 

a B OpTOroHanhHOll CIICTeMe KOOp,D;IIHaT 

ds2 = 9n(dx1? + gn(dx2
)

2 + 933(dx3)2
. 

BBe.n;eM "::JneMeHT ,nniiHhi" no Ka)K,noii Il3 Koop.n;IIHaTHhiX niiHIIii opTo

roHanhHOii CIICTeMhi: 

dl; = Vfjiidxi ( CYMMI1pOBaHM51 IIO i HeT), 

Tor.na 

ds2 = (dl1
)

2 + (dz2) + (dl 3?, 
a .nmr ::JneMeHTa o6'heMa 

dV = dhdlzdh = .../Yn9z2933dx1dx2dx3 = Jgdx
1
dx

2
dx

3
. 

B UIIniiii.npiiqeCKIIX Koop.n;I~HaTax 

ds2 = 9ppdp2 + Y<t><t>d¢? + 9zzdz2 = dp
2 + p2

d¢} + dz
2

, 

dlp = dp, dl</> = pd¢, dlz = dz, dV = pdpdcpdz. 
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B c<tJepiiqeCKIIX Koop.n;I~HaTax. 

ds2 = 9rrdr2 + YeedfP + Y<t><t>d¢2 = dr2 + r2d02 + r 2 
sin

2 Od¢2, 

dlr = dr, dle = rdO, dl</> = rsinOd¢, dV = r2 
sin OdrdOd¢. 

KaK B ui~niiH.n;piiqecKIIX, TaK II B c<lJepiiqecKIIX Koop.n;IIHaTax BeKTOphr 

noKanhHOro 6a3IICa He e.n;IIHIIqHhi II He 6e3pa3MepHhi. Bo3HIIKaeT BO

npoc: MO)KHO nil BBeCTII TaKyiO CIICTeMy KOOp,D;IIHaT, B KOTOpOii B Ka

)K,IJ;Oll TOqKe 6a3IICHhie BeKTOpbi 51Bn51IOTC51 6e3pa3MepHbiMII II e.n;IIHIIq

HbiMM? 8TOrO MO)KHO ,IJ;OCTIIqh, ecnii B KaqeCTBe 6a3IICHhiX BeKTOpOB 

Bbi6paTb 

A ei. 
e; =I ei 1· 

B opTOroHanhHOii CIICTeMe Koop.n;I~HaT I ei 1
2= g;; ( cyMMI1pOB1tHII51 no i 

He"r), T.e. 

A 1 ~ 
e; = --e;. 

Vfiii 

Tor.na B UIIniiH.n;piiqecKoii CIICTeMe 

ep = i!p, ez = ez, e</> = -i sin¢ + J cos¢, 

a B c<lJepiiqecKoii CIICTeMe 

er = ~. e8 = i cos 0 cos ¢ + J cos 0 sin ¢ - k sin 0, 

e</> = -i sin¢ + J cos¢. 

Jlro6M BeKTOpHM <PYHKUI151 A(r') = A(x, y, z) MO)KeT 6biTh o,nH03HaqHo 

npe.ncTaBneHa B BII.n;e 

- Ao • • 

A = A'e; = A'ei = A;w', 

r.ne A i - TaK Ha3bmaeMhle "<lJII3IIqecKI~e" KOMIIOHeHThi BeKTopa Ai. JierKo 

.BII,IJ;eTb, qTQ 

Ao 1 
A'--~ Ai~ A. Vfiiie; = e; ==*A' = ..J!iiiAi Ilnii Jik = fjkAk. 

B Ka)K,IJ;Oii TQqKe IIpOCTpaHCTBa KaK 6a3IICHble BeKTOpbi e; l TaK u "<lJII-

3UqecKue" KOMIIOHeHThi BeKTopa Ai KacaTenhHhi K Koop.n;IIHaTHhiM nii
HII.liM. fb-3a Hanuqii.ll MHO)KIITeneii y1jii ll ..J9" "<lJII3IIqeCKIIe" KOMIIO

HeHTbl He IIO,IJ;qiiH.liiOTC51 3aKOHaM IIpeo6pa30BaHII51 KOMIIOHeHT BeKTOpOB 

ll Il03TOMy He .l1Bn51IOTC.ll KOBapiiaHTHbiMU BeniiqiiHaMU. 
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Cmi3h "¢JH3IPieCKIIX" KOMUOHeHT BeKTopoB B UHJIHH.UPWiecKo:li HJIII c¢le

pH<IeCKO:Ii CHCTeMaX KOOp.!IHHaT C COOTBeTCTBYIOlllliMH KO!\iUOHeHTaMH B 

.neKapTOBOH CHCTeMe MO)KHO HaHTli .llOCTaTO'IHO npOCTO, HMeH KOMUO-

HeHThl MeTpH<IecKoro TeH30pa. HanpHMep, 

e B c¢JepH<IeCKHX KOOp.llHHaTaX 

·r r;;--Ar Ar rrA A ax; A . ax A ay 4 az A 
A = v grr = = g r = r = Br ; = ar x+ ar. y+ ar z· 

CJie.noBaTeJihHO, 

Jir = AT = Ar = Ax sine cos <P + Ay sine sin <P + Az cos e. 

To<IHO TaK )Ke 

'IJ- GoA - ceoaxiA - Go(at:A ay A azA) 
A - v g-- (} - v g-- ao i - v g-- ae X + ae y + ae z , 

U03TOMY 

.4. 0 = A" cos e cos¢+ Ay cos e sin¢- Az sine, 
(} ~(} A = rA. , 

A_o 
Ao = -

·r 

Ji<P =-Ax sin¢+ Ay cos¢, A <I>= r sin eJi<~>, 
Ji<P 

A.p = r sine· 

B qacTHOCTH, "¢JH3H<IeCKIIe" KOMnoHeHThi rpa.uHeHTa 

(grad1/l)i = [ifia1(1 axi' 
(grad1(1) f = 81(1 

' or' 

(grad1/l){J = ~ 81(1 
rae' 

. 1 a1(1 
(grad1(1 )<I> = r sine act>. 

AHaJiorH<IHO 3TOMY 

• B UliJIHH.llpli'IeCKHX KOOp.llliHaTaX 

AP = AP = Ap = Ax cos¢+ Ay sin¢, A' = Az = Az = Az, 

A¢= -Ax sin¢+ Ay cos¢, A<l> = pA¢, 
A¢ 

A.p=-. 
p 

A "¢JH3H<IeCKIIe" KOMUOHeHThi rpa.uHeHTa HMeiDT cJie.nyiDIUHH BH.n: 

(grad1/l )P = a1(1 
ap' 

(grad1(1)¢ = ~ a1(1 
P a¢, 
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(grad1/l) z = a1(1 
az· 

llanee B 3TOM pa3.UeJie, eCJIH 3TO cneuHaJihHO He OrOBOpeHO, MCUOJ1h-

3YIOTC51 .neKapTOBhl KOOp.llHHaThi, U03TOMY KO- H KOHTpaBapHaHTHh!e 

MH.lleKCbl pa3JIH'lalOTC51 TOJll,;Ko .llJ151 TOrO, 'IT06bl COXpaHHTb UpHHHTOe 

upaBHJlO cyMMHpOBaHH.5! 8iiHiliTe:liHa. 

2. BeKTOpHoe rrpmnBe,neHHe, cMem.aHHoe rrpoH3Be,neHHe, ,nBoiiHoe 

8 eKTOpHoe rrpOH3Be,neHHe. BeKTOpHoe npon3Be.neHne BeKTopoB b H c 
B Tpe~MepHOM eBKJlll.llO~OM UpOCTpaHCTBe UO Onpe.neJieHHIO eCTh 

i j k 
a = [b, e1 = 11 bx by bz = i(byCz-Cybz)+](bzCx-Czbx)+k(bxCy-Cxby). 

Cx Cy Cz 

HeTpy.UHO y6e.UHThCH, <ITO B KOMUOHeHTax 3TO onpe.ueJieHne BhlrJIH.llMT 

CJie.UyiDIUHM o6pa30M: 

ai.·= f.iklbkch 

a B KpHBOJIHHeHHh!X KOOp.UHHaTaX 

. 1 'kl 
a' = {§E' bkcl. 

Teneph 6e3 Tpy.ua MO)KHO noKa3aTh, <ITO cMernaHHOe npOH3Be.ueHne .uo

nycKaeT UMKJIH<JeCKHe nepeCTaHOBKH: 

a[b, C] = qa, b] = b[c, a]. 

fle:liCTBHTeJihHO, 

~ ~ ikl lik- kli a[.b, C] = a;E bkcl = Ctf. a;bk = bkE Cta;. 

B TeH3opHhiX o6o3Ha<IeHMHX JierKo noJiy<IHTh TaK)Ke ¢lopMyJiy '.nJIH .uBo:li

Horo BeKTOpHOrO UpOH3Be.ueHH51: 

[ ~[b~ ;;'I] _ k lmnb· . _ (>m.rn rm.rn) kb . _ a , CJ i - f.ikla f. mCn - u; uk - uk u; a mCn -

= b;anen- c;akbk = b;(aC)- c;(ab). 

flBa UOJie3HhiX TO)K,IJ;eCTBa- TaK Ha3hiBaeMOe TO:lK,IJ;eCTBO. 51K06H 

[a[be]J + [C[ablJ + [b[Ca:Jl = o 

H 

[a, b]2 = a2 b2
- (ab) 2 

.llOKa3aHhi B pa3.neJie "Y npa)KHeHH51". 
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3. BeKTOpHbiH aHaJIH3 B TeH30pHbiX o6o3Ha"IeHHj{X. OcHOBHaa 1a

na<Ja BeKTOpHOrO aHamna COCTOIIT B TOM, 'IT06bi nmpcpepeHUIIpOBaHIIeM 

3a,n:aHHbiX CKaJIHpHbiX IIJIII BeKTOpHbiX cpyHKUIIll IIOJIJ'IIITb HOBbie Bemt

'IIIHhl, KOTOpbie 06Jia,n:aiOT KOBapiiaHTHbiMII CBOllCTBaMII, T.e. 1Ipeo6pa-

3JIOTCH, KaK cKanaphr IIJIH BeKTOphL KaK 6biJIO OTMe'IeHo Bhiiiie, Ta

KIIMII CBOllCTBaMH B 1IpOII3BOJibHOll CIICTeMe KOOp.D:IIHaT 06Jia,n:aeT Olle~ 
paTOp KOBapiiaHTHOrG .D:IIcpcpepeHUIIpOBaHIIH, KOTOpblll B TpexMepHOll 

,n:eKapTOBOll CIICTeMe KOOp.D:HHaT M02KHO Ilpe,n:CTaBIITb B BII.D:e 

~ . ( a ) . ~- a 
'V = 'V;i:J' = ~ ± r; w' = k'~, 

ux' · ux' 
fi = {i, ], k}. 

VlTaK, ,n:IIcpcpepeHUIIaJihHblll OllepaTOp, KOTOpblll 06bi'IHO Ha3biBaiOT orre

paTOpOM HafiJia 
~ :...a ~a ~a 

'V = ·i ax + 1 oy + k az' 
M02KeT CJIJ2KIITb reHepaTOpOM HOBbiX CKaJIHpHbiX IIJIII BeKTOpHbiX 110-

Jieii:. 

(a) CKaJijlpHoe none, rrosepxHOCTH ypoBHj{ 11 rpa,n:HeHT. IIycTh 

B HeKoTopoii: o6rracTII IlpOcTpaHCTBa M 3anaHa onH03Ha'IHaa II He

IIpephiBHM BMeCTe C HellpepbiBHbiMII 'IaCTHbiMII 1IpOII3BO.D:HbiMII 

11epBoro 11opanKa cpyHKUHH r.p = r.p(x, y, z). B TaKOM crry<Jae roBo

paT, 'ITO B M 3a)laHo cKarrapHoe IIOJie. To'IKII, B KOTOphrx cpyHK

UHH r.p(x, y, z) 1IpiiHIIMaeT O.D:HO H TO 2Ke 3Ha'IeHHe, npHHa,n:Jie2KaT 

noBepXHOCTII 

r.p(x, y, z) = C, C =canst. 

CeMeiicTBO noBepxHocTeii onHHaKOBhiX 3Ha'IeHIIii: r.p(x, y, z), KOTO

poe napaMeTpH3yeTCH KOHCTaHTaMH Cl> C2, ... , Ha3biBaeTCH IIO

sepXHOCTjiMH ypOBHj{ HJIH 3KBHIIOTeHUHaJibHbiMH IIOBepx

HOCTj{MH cKanapHoro nona r.p(x, y, z). HanpHMep, TeMnepaTypa 

B03,n:yxa (aTMOCcpepHOe ,n:aBJieHIIe) B pa3HbiX TO'IKaX npOCTpaH

CTBa o6pa3yeT norre TeMnepaTyp (none naBrreHIIii:), a noBepxHo

CTH, o6pa30BaHHbie TO'IKaMH C O.D:HHaKOBbiMH 3Ha'IeHHHMH TeMne

paTypbl (T1 , T2, ... ) (naBrreHna (Ph P2, ... )), aBJIHIOTCH n3oTepMn

'IeCKIIMII (H306apii'IeCKllMH) nOBepXHOCTHMH ypOBHH. 

llpynre npHMephr: 

• 3apan e, pacnono2KeHHhiii: B Ha'Iarre KoopnHHaT, co3naeT norre, 

noTeHUHaJI KOTOpOrO B npOH3BOJibHOll TO'IKe A C KOOp.D:UHa

TaMU X, y, Z eCTb 

e 
r.p = :;:· 
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. r = V x2 + y2 + z2. 

-

CKanapHoe norre onpenerreHo Be3ne, KpoMe Ha<Jana KoopnnHaT. 

r = 0. 

• CKanapHoe none 

r.p = J R2 _ (x2 + y2 + z2) 

onpeneJieHO JIIIIIIb B 'IaCTII npOC'l'paHCTBa, orpaHH'IeHHOll cepe

poll: x 2+y2+z
2 = R2 c ueHTpOM B Ha<Jane KoopnnHaT, TaK KaK 

r.p npiiHUMaeT ,n:eii:CTBHTeJibHbie 3Ha'IeHUH TOJibKO npn JCJIOBUH 

x 2 + y2 + z
2 ~ R2

. IloBepxHOCTHMn ypoBHH 6yneT ceMeii:cTBO 

KOHUeHTpH'IeCKHX ccpep x
2 + y2 + z 2 = R2 

- C2
. 

• CKanapHoe rrorre c noTeHunarroM· 

onpe,n:eJieHO BO BCeX TO'IKaX BHe II Ha noBepXHOCTU Kpyro

BOrO KOHyca, ypaBHeHIIe KOTOpOrO HMeeT BH.D: x
2 + y2 

- z
2 = 

0. 8KBUnOTeHUUaJibHbie nOBepXHOCTU Onpe,n:eJIHIOTCH ypaBHe

HUeM z
2 = (x

2 + y2
) sin2 C. 

Ka2K,n:Oii: TO'IKe CKaJIHpHOrO nOJIH M02KHO COnOCTaBHTb 1-cpOpMy 

KaK pe3yJihTaT neii:CTBHH onepaTopa Ha6rra Ha noTeHunan cKanap

Horo nona. IIony'IeHHM B pe3yJihTaTe 1-cpopMa 

~ _ .. ,.ar.p "'tar.p . ~ or.p 
'V r.p = gradr.p = z ax + J oy + k oz ' 

or.p 
(gradr.p ); = ()xi 

- 3TO y2Ke 3HaKOMhrii: HaM 2padueum cx:a.ttHpuou ffjyux:'4UU 

r.p(x, y, z), 

KOTOpbrii: o6pa3yeT norre 1-cpopM. TaKnM o6pa3oM, onepaTop Ha6rra 

no 3a,n:aHHOMJ CKaJIHpHOMJ nOJIIO reHepiipyeT nOJie 1-cpOpM. (3a

MeTHM, 'ITO eCJIU HCnOJib3JlOTCH neKapTOBhl KOOp.D:HHaTbi, TO nOJIH 

BeKTOpa H 1-cpOpM H,n:eHTH'IHbi, n03TOMJ BO MHOrHX pyKOBO.D:CTBaX 

no BeKTOpHOMJ aHaJIU3J none rpanneHTa Ha3biBaiOT BeKTOpHbiM 

rrorreM, a caM rpanHeHT- BeKTOpOM.) PaccMoTpHM TO'IKY Q EM 
U3 06JiaCTH 3a,n:aHHH CKaJIHpHOrO nOJIH r.p(x, y, z) H CBH3aHHhlll C 

3TOii: TO'IKOii: BeKTOp s. CocTaBHM OTHOIIIeHHe 

r.p(P) - r.p( Q) 

PQ 
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rne r.p(P) II <p(Q)- 3Ha'leHIIH noTeHuiiarra B TO'!Kax P,Q.E M. 
llonycTIIM, 'ITO cymecTnyeT npenerr OTHOIIIeHIIH npn: c:Tpe:-.meHIIll 

P K Q B HanpanrreHIIll neKTopa s. Berrii'IIIHY 

a<p _ 
1
. <p(P)- r.p(Q) 

a-- 1m PQ , S P->Q 

KOTOpaH xapaKTepl13JeT CKOpOCTh l13MeHeHllH CKaiTHpHOrO IIOJIH <p B 

HanpaBITeHllll S, Ha30BeM IIpOI13BOllHOH CKarrsrpHOH cpyHKIIllll ;p(;:r, y, .:;) 

B TO'!Ke Q IIO HanpanrreHIIIO S. KpoMe TOrO, HCHO, 'ITO 

ar.p atp a:r atp ay atp az atp atp ar.p . 

a
- = -a a- + -a a-+ -a a- = -a eos a + -a eos f3 + -a cos;, 
s xs ys zs x y .:; 

rne a, {3, / -- yriThl Me:lKllY OCHMll X, y, Z II BeKTOpm.I .s C:OOTBeT

C:TBeHHO. YiTaK, IIpOl13BOllHaH IIO HanpanrreHlllO - :no npoeKUllH 

rpanlleHTa Ha 3TO HanpanrreHlle, l1 eCJlli 7 =· sj S - ennHJI'IHhiH 

BeKTOp B HanpaBrreHllll S, TO 

atp .. 
as = 7. gradtp = gradytp = gradtp. cos 'lj;, 

rne 'ljJ - yrorr Me:lKny HanpaBJreHUHMll 7 11 gradtp. Ecrrn 7 pacnorro

)KeH B IIITOCKOCTll, KaCaTeJlhHOH K 3KBlliiOTeHUllaJ1hHOH IIOBepXHO

CTll, TO atp I as= 0, TaK KaK Ha 3KBlliiOTeHUllaJ1hHOH IIOBepXHOCTll 

tp = canst. TaKllM o6pa30M, gradtp HanpanrreH B cTopoHy B03- , 

pac:TaHllH tp IIO HOpMaJlll K 3KBlliiOTeHUllaJ1bHOH IIOBepXHOCTll ( T.e. 

nepneHllllKJJIHpeH IIJlOCKOCTll, KOTOpaH KaCaTeJlbHa K IIOBepXHOCTll 

ypOBHH B Ka:lKllOH TO'!Ke) l1 'lllCJieHHO paBeH CKOpOCTll ll3MeHeHllH 

cpyHKUllll tp(x, y, z) no 3TOMY HanpanrreHlliO. PaccMoTpllM nna nprr-

Mepa. 

i. Haii:neM gradf(r), rne r = Jx;2 + y2 + z2: 

gradf(r) = at(r) ar-; + at(r) ar I+ at(rfar k.; 
ar ax ar ay ar az 

ar 

ax 

X ar 
;:· ay 

B <JaCTHOCTll, 

y 

' r 

ar z . 
az =;: ===> gradf(r) = aJ(r) ~

ar r' 

f 
f(r) = r ===> grad(r) = -, 

r 

1 1 1 f 
f(r) =-===>grad-=---. 

r r r 2 r 
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ii. Hail:neM grad( a· T), rne ii = iax + ]ay + kaz - IIOCTOHHHhlii 

BeKTOp:· 

ii · f = xax +yay+ zaz ===>grad( a· T) = ii. 

Mcnorrh3JH norry'leHHhie paHee cpopMyrrhi, np11neneM nrrsr cnpanoK 

Bbipa:lKeHllH rpanlleHTa B neKapTOBhiX, llllJllllillPll'leCKHX H ccpepH

qeCKHX KOOpllHHaTax: 

Vtp = ei. (9radtp)i = · 

-:' atp -:' atp - atp 
=z·-+J·-+k·-= 

ax ay az 

A atp A 1 atp A atp = e ·- + eq, · -- + ez ·- = 
p ap pa¢ az 

A atp A 1 atp A 1 atp 
= er · - +eo· -- + eq, · -.--. 

ar r a() r Sill () acp 

IToJie3HO nnecTn TaK:lKe noHHTne npou3Bothtou Ber,;mopuou ifjyur,;
~uu ii no uanpaB.rteuuw c. CocTaBHM nrr.sr 3Toro CKarr.srpHoe npon3-

neneHn:e c u V u nony'lllBIIIHMC.H cKansrpHhiM nn:cpcpepeHun:arrhHhiM 

onepaTopoM noneiicTnyeM Ha neKTOPHYIO cpyHKUHIO ii. B pe3yJih

TaTe IIOITJ'lllM IIpOI13BOllHYIO a IIO HanpaBJieHlllO C: 

- -( -a a a) (c·'\i')a=i Cxax+cyay +czaz ax+ 

-( a a a ) -( a a a ) 
+j Cx ax + Cy ay + Cz az ay + k Cx ax + Cy ay + Cz az az 

llJlll B KOMIIOHeHTaX 

(- -) . aa; 
c · '\1 ai = ck axk . 

(b) BeKTOpHoe none, aeKTOpHhle JIHHHH, noToK aeKTOpHoro 
non.a, .n;HaepreHUHH. Ecnn: Ka:lKnoii: TO'IKe HeKoTopoil: o6nacTn: 

npocTpaHCTBa M conocTanrreHa neKTOpHaH cpyHKUHH A(x, y, z), 
TO ronop.srT, 'ITO B :noii: o6nacTn onpenerreHo Ber,;mopuoe ·no.rte A. 
YiHaqe rOBOp.H, 3anaTh 'neKTOpHOe IIOJle 03Ha-iJaeT Ka:lKllOH TO'IKe 

P EM nocTamiTh B cooTBeTCTBHe onHy neKTOPHYIO A(P) = A(T) 
HJIH TPH CKan.srpHbie Ax(T), Ay(T), Az(T) cpyHKUHH. · 

.f!n.sr rpacpu~eCKOrO I1306pa:lKeHH.H BeKT~pHOro IIOJl.H. BB~ll.HT IIOH.H~ 
THe BeKTOpHbiX, HJlH CHJIOBhiX, JIHHHil:, KOTOpbie HMeiOT TaK:lKe H 
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orrpeneneHHhiH <tJII3IIqecKIIH CMhiCJI. KpiiByiO, B KaJKnoil: ToqKe KO

Topoil: KaCaTeJihHaJI K Hell COBrranaeT C HarrpaBJieHIIeM BeKTOpHOrO 

IIOJI51 B TOqKe KaCaHII51
1 

Ha30BeM 6eX:mOp'IWU (u.!LU CU.ILOBOiJ.) .!LW-tUeiJ.. 
t.Iepe3 KaJKJlYIO ToqKy BeKTOpHoro nona, Boo6me roBopa, rrpoxo

JliiT OJlHa BeKTOpHa51 niiHII511 KaCaTenbHaJI K KOTOpOH COBrranaeT C 

BeKTOpOM A B 3TOH ToqKe~ B KaqeCTBe HarnanHoro rrpuMepa BeK

TOpHoro IIOn51 paCCMOTpiiM IIOTOK HeCJKIIMaeMOH JKII.UKOCTII. flo

IIYCTIIM, qTO B KaJK.UOH TOqKe JKII.UKOCTb .UBIIJKeTC51 CO CKOpOCThiO, 

KOTOpaJI 3aBIICIIT TOnbKO OT IIOn02KeHII51 TOqKII, HO He 3aBIICUT OT 

BpeMeHII - TaK Ha3hmaeMoe cTauiioHapHoe TeqeHne. BeKTOp CKO

poCTII JKII.UKOCTII v(x, y, z) naeT B KaJK.UOH TOqKe HarrpaBneHIIe, IIO 

KOTOpOMY 6yneT IIpO.UBIIraThC51 qaCTIIUa, IIOIIaBinaa B 3TY TOqKy, 

a BeKTOpHbie niiHIIII 6ynyT n1IHII51MII TOKa 2KII.UKOCTII. 

Hail:.ueM CIICTeMy .UII<P<PepeHUIIanhHhiX ypaBHeHIIii, orrpe.uenaiOIUYIO 

BeKTOpHbie niiHIIII IIOn51. IlOCKOnhKY 3neMeHT".zlniiHhl dl BeKTOpHOll 

niiHIIII HarrpaBneH IIO KaCaTenhHOll K Hell, TO B CIIny OIIpe_ueneHII51 

BeKTOpHoii niiHIIII o6pa3yiOIIIIIii none BeKTOp A II dl KonnnHeapHhi, 

T.e. IIMeiOT rrporropuiioHanhHhie rrpoeKUIIII: 

Ilo3TOMY ypaBHeHII51 

dx dy 
= 

Ax Ay 

dz 
Az' 

dp 
AP 

dl 1 dl2 
A_I = A2 

pd¢ 
A <I> 

dl3 
A_3" 

dz 
Az' 

dr 
Ar 

rd() 
Ao 

r sin Bd¢ 
A <I> 

51BJI5110TC51 .UII<tJ<tJepeHUIIaJibHhiMII ypaBHeHII51MII BeKTOpHbiX ( CIInO

BhiX) niiHIIii nona A B neKapTOBhiX, UIIniiH.UpiiqecKIIX II c<t>epiiqe

CKIIX KOOp.UIIHaTaX. 

BBe.ueM Terreph rroHaTIIe noTOK aeKTopa. llorrycTIIM, qTo rro

rrpeJKHeMy BeKTOpHoe none orrpe.uenaeTca <PYHKUIIeii A(x, y, z). Ha-

30BeM rroTOKOM BeKTOpa A(x, y, z) qepe3 rrp01I3BOnhHYIO rroBepx

HOCTh S 
1> = is Ada = is Anda, 

r.ue diJ = nda, ada- :JneMeHT paCCMaTpiiBaeMOll IIOBepXHOCTII S, 
n - BHeiiiH5151 HOpMaJih K 3T0ll IIOBepXHOCTII. <l>II31IqeCKIIll CMbiCn 

3Toro orrpe.ueneHIIa rrpo3paqeH: ecnii cqiiTaTh A(x, y, z) BeKTopoM 

CKOpOCTII HeKOTOpOrO IIOTOKa HeC2KIIMaeMOll JKII.UKOCTII, TO KOJIII

qeCTBO 2KII.UKOCTII, KOTOpoe rrpOTeKaeT B e.UIIHIIUY BpeMeHII qepe3 
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IIp01I3BOJihHYIO IIOBepXHOCTb S, HaxO.U51IUYIOC51 B 3TOM IIOTOKe, oqe

BIIJlHO, COBrranaeT C 1>. 
IlOTOK BeKTOpa- CKaJI51pHaJI BeniiqiiHa. yqiiTbiBaJI diJ = dydzi + 
dxdz] + dxdyk II pa3n02KeHIIe A no opTaM Toil 2Ke KOOPJliiHaTHoil 

CIICTeMhi, rrpencTaBIIM 1> B <tJOpMe IIOBepXHOCTHOrO IIHTerpana IIO 

KOOpJliiHaTaM: 

1> = is AdiJ = is Anda = is Ax · dydz + Ay · dxdz + Az · dxdy. 

Oco6hlii: IIH'tepec rrpencTaBnaeT cnyqaii:, Kor.ua rroBepxHOCTh S Ja

MKHyTa II orpaHIIqiiBaeT HeKIIii o6'beM V. C<t>opMyniipyeM II rrpii

MeM 6e3 .UOKa3aTenbCTBa qaCTO IICIIOnh3yeMyiO TeOpeMy, II3BeCT

HYIO KaK TeopeMa raycca - OcTporpa.n;cKOI'O: 

Ilomox: Bex:mopa A 'lepe3 3a.Mx:uymy'/O noaepxuocmb S pa6eu uu
inec.pa.!Ly om divA, B3Jimo.My no o6'be.My V, npu'le.M S ox6ambz-
6aem 3mom ·o6oe.M: 

fs AdiJ = fv divAdV. 

3.uech divA- JliiBepreHuiia BeKTOpHoro nona A- orrepauiia, orrpe

.ueneHHaJI paHee, KOTOpaJI IIO 3a.U;.tHHOMY BeKTOpHOMY IIOpOJK.UaeT 

cKanapHoe none: 

divA= V; A. 
l/Icrronb3Y51 rronyqeHHbie Bhiiiie COOTHOIIIeHII51 II <tJopMynhi, IIpiiBe

.n;eM Bhlpa2KeHIIa .nna 

v.Jii- 1 a ( • - ,;gaxL .;_gA.L) 

e B .n;eKapTOBhiX KOOpJliiHaTax 

d
. A-_ aAx aAy aAz 
zv - ax + ay + az ' 

e B UIIniiH.UpiiqeCKIIX KOOp.UIIHaTax 

. · - 1 a(pAP) 1 a A<~> aAz 
dzvA = ---- + --- + -, 

p ap p aq; az 

e B c<tJepiiqeCKIIX KOOpJliiHaTax 

divA= 1 a(r2N) + 1 a(sinOA
9

) +-1_aA"'. 
r2 ar r sin (} aB r sin () aq; 
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TeopeMa raycca - OcTpOrpancKoro II03BOJUieT BblHCHIITb <lJII3lPie-· 

CKIIH CMbiCJI JliiBepreHUIIII. BepHeMCH K aHanonu1 c IIOTOKOM Jimn

KOCTII. floTOK :lKIIJlKOCTII qepe3 3aMKHYTYIO IIOBepXHOCTb paBeH. 

Hynm, ecJIII KOJIII'leCTBO :JKIIJlKOCTII, BbiTeKamrueii n3 o6M~:>.ta, orpa

HII'leHHoro paCCMaTpiiBaeMOH 3aMKHYTOH IIOBepXHOCTbiO, paBHO KO

JIII'leCTBY :lKII,llKOCTII, BTeKaiOIUeH B 3TOT 06beM, T.e. eCJIII UJIU 

'IHCJ10 UCTO'IHUKOB II CTOKOB :lKUJlKOCTU B 06beMe OJlUHaKOBO, UJIU 

ux HeT. Ecnii :JKUJlKOCTh BhiTeKaeT U3 o6beMa, TO, TaK ·KaK yron 

Me:lKJlY n II CKOpOCTbiO :lKUJlKOCTU OCTpblll, IIOTOK qepe3 3aMKHy

TYIO S IIOJIO:lKHTeJieH, a cyMMapHOe 'IIICJIO UCTO'IHUKOB' ff 06beMe 

60Jibiiie 'IUCJia CTOKOB. l1, HaKOHeU, eCJIII :lKIIJll<OCTb BTeKaeT B 

o6beM, TO yrorr Me:JKny n U CKOpOCTbiO :lKIIJlKOCTII TYIIOH, 110TOK 

qepe1 110BepXHOCTb OTpiiUaTeJieH, a CYMMapHOe 'IUC,JIO HCTOqHU

KOB B 06beMe MeHbliie querra CTOKOB. Te11epb HCHO, qTO corrraCHO 

TeopeMe raycca - OcTporpancKoro MO:lKHO yTBep:JKnaTb enenyiO-

ruee: 

• ecrru B KaKOH-JIII60 o6rraCTll npOCTpaHCTBa divA= 0, TO cyM

MapHOe qucrro IICTOqHIIKOB II CTOKOB Be~TopHoro 110JIH A paBHO 

Hynm. llpyriiMH crroBaMII, BeKTOpHbie JIIIHIIII A 3aMKHYThi 

(HIIrne He HaqiiHaiOTCH II HHrne He KOHqaK>TCH); 

e eCJIII B KaKOH-JIII60 o6rraCTII IIpOCTpaHCTBa divA> 0, ;ro cyM~ 
MapHOe qiiCJIO IICTOqHIIKOB 60Jibiiie qHCJia CTOKOB, T.e. BeK

TOpHbie JIHHHII A BhiXOJlHT II3 3TOH o6rracTII (HaqiiHaiOTCH Ha 

onHoii HJIII HeCKOJihKIIX ToqKax BHYTPH o6rraerH); • · . ' 

• eerrii B KaKoii-rrii6o o6rracTII 11pocTpaHCTBa divA< 0, TO cyM

MapHoe qiiCJIO IICTOqHIIKOB MeHbiiie qiiCJia CTOKOB, T.e. BeK

TOpHbie JIIIHIIII A BXO.UHT B 3TY o6rracTh ( 3aKaHqiiBaiOTCH Ha 

onHoii IIJIII HeCKOJihKIIX ToqKax BHYTPII o6rraCTII). 

llBa CBOHCTBa JliiBepreHUIIII: 

• 
div(a +b) =diva+ divb. 

lleiiCTBIITeJibHO, 

_ _ - o(a + b)i oiP obi . _ _ -
dw(a +b) = :) . = ~ + ~ = dwa + dwb. 

~• ux' ux' 

• 

d
. ( _) o(cp·a)i oiP ,..ocp ·-·d.__ _ d 
w <p • a = !'} . = <p~ +a ~ = <p · wa + a · gra <p. 

ux' ux' ux' 
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(c) HaTer pan no KOHTYPY, uupKyJIH:QlUI BeKTopa, · poTop, na

nnacuaa. PaccMoTpiiM HeKOTopym nyry 11POII3BOJibHOii KpiiBOii 

L B 11orre BeKTOpa A. llmP<!JepeHuiian df' paniiyca-BeKTopa ToqKII, 

KOTopM 11epeMeruaeTCH B.UOJib L, rre:JKIIT Ha KacaTeJihHoii K :noli 

KpUBOH II, KaK II3BeCTHO, IIMeeT MOJlYJib, paBHbiH Jlii<lJ<!JepeHUIIaJIY 

nyrii dl. KpiiBOJIIIHeiiHhlii IIHTerp~rr 

W = f Adl= f Adr= f (Axdx + Aydy + Azdz) h . h h ' ' ' 
Ha3biBaiOT JIHHeHHbiM HHTerpaJIOM IIJIII HHTerpaJIOM no KOH

Typy. Ero MO:JKHO IIHTepnpeTIIpOBaTh KaK pa6oTy "ciirr" BeK

TOpHoro norrH if npii 11epeMerueHIIII TOqKII 110 KpiiBOii L. (3necb 

dl 03HaqaeT BeKTOp, HanpaBJieHHhiH IIO KaCaTeJibHOH K KpiiBOH B 

naHHOii ToqKe, MOJlYJib KOToporo paBeH .UII<P<!JepeHuiiarry .uyrii dl.) 
B crry'lae, Korna KpiiBM L 3aMKHyTa II 3TOT IIHTerparr 6epeTcH 

no BCeii: KPIIBOii, OH Ha3biBaeTCH uupKynauue:H C BeKTOpa BJlOJib 

KPIIBOH L: 

C = 1 Adl= [A1dl = 1 (Axdx + Aydy + Azdz) fL JL JL 
( B npaBoii CIICTeMe KOOPJliiHaT KOHTYP npiiHHTO o6xoniiTb npoTIIB 

qaCOBOH CTpeJIKII). 

C<!JopMyrriipyeM II npiiMeM 6e3 .noKa3aTeJibCTBa erue onHy qacTo 

IIC110Jib3yeMyiO IIHTerpaJibHYIO TeopeMy, II3BeCTHYIO KaK TeopeMa 

CToKca: 

aupx:y/IJI'll,UJI aex:mopa if no 3a.M.X:'H.ymo.M.y X:O'H.mypy L paa'H.a no
mox:y aex:mopa rotA '4epe3 'H.axoaJiw,ywCJI a pacc.M.ampuaae.M.o.M. 
aex:mop'H.O.M. no.n.e npou360.Il.b'H.Y'IO noaepx11.ocmb S, 11.a x:omopyw onu
paemca .n.u11.ua L: 

1 Adf' = f rotifda IIJIII 1 A1dl = f rotr.Ada. 
JL is . JL . is 

3necb BeKTOp rotA- poTop BeKTOpHoro 110JIH if- o11epauiiH, 011pe

nerreHHM paHee, KOTOpaH 110 3a,llaHHOMY BeKTOpHOMY 110JIIO 110pO

:lK,llaeT HOBOe BeKTOpHOe IIOJie: 

- -, tiki oAk 
rotA = (rotA)'e; = e; .j9 oxl . 

flpHMOH pacqeT 110K83biBaeT, 'ITO B 3KBIIBaJ1eHTHOH 3aiiiiCII 

- 1 
r~tA = .;g 
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Hcnonh3YSI Tenepb nonyqeHHbie Bbiiiie HY:lKHbie·cooTHoiiieHHsr, Hail:

. .ueM Bbipa:lKeHHSI .unsr rotA: 
e B .lleKapTOBbiX KOOp.llHHaTaX 

rotA = ['\?, A] = 
i 
8 
8x 

Ax 

e B UHnHH.llpHqeCKHX KOOp.llHHaTaX 

rotA=~ 
p 

ep 
8 

8p 

Ap 

eq, 
8 

84> 
pAq, 

• B ccpepHqecKHX KOOP.llHHaTax 

1 
rotA = r2 sin e 

er ee 
8 8 
8r 88 
Ar rAe 

J 
8 
8y 

Ay 

Ez 
8 
8z 

Az 

k 
8 
8z 

Az 

eq, 
• 8 
84> 

rsinBAq, 

BeKTOpHoe none A c paBHbiM Hymo poTopoM rotA = 0 Ha3biBaiOT 

6e3Bl'IXpeBhiM Hml UOTeHD;JilaJlhHbiM. IlpOHCXO:lK.lleHHe ::noro 

Ha3BaHHSI nerKO npOSICHHTb, ecnH yqeCTb COOTHOIIIeHHe rotgradu = 
['\?, Vu] = 0, KOTopoe 03HaqaeT, qTo nro6oil: BeKTop c paBHbiM 

Hynro poTopoM MO:lKHO npe.ucTaBHTb KaK rpa.uHeHT HeKOTopoii cKa

nsrpHoii cpyHKUHH, KOTOpyiO npHHSITO Ha3biBaTb noTeHUHanOM nonsr, 

c03.1laHHOro 3THM BeKTopoM. Ha ocHoBaHHH TeopeMhi CToKca MO:lK

HO 3aKniOqHTb, qTO B noTeHUHanbHOM BeKTOpHOM none pa6oTa 

"cHn" BeKTopa no 3aMKHyToMy KOHTYPY paBHa Hynro', ·a 3TO 03Ha

qaeT, qTO pa6oTa He 3aBHCHT OT nyTH, no KOTOpOMY 3TH "cHnhi" 

nepeMeiD;aiOT TOqKy Me:lK.llY .llBYMSI cpHKCHpOBaHHbiMH nono:lKeHH

SIMH, HnH pa6oma nome'li~UaJ!b'IW20 6e'X:mOp7i020 nOJ!JI eaoJ!b ue

'1\:0mOpOU 'X:pueou ue 3aeucum om ifjop.Mb! 3moi1 'X:pueou u pae'lta 

pa3uocmu 3'/W"le'ltuu nome'lt~UaAa noAJI e 'lta"laJ!b'ltOi1 u '1\:0'Ite"l'ltOU 

mo"l'X:ax. BepHO H o6paTHOe yTBep:lK.UeHHe: BeKTOpHoe none srBnsr

eTcsr noTeHUHanbHbiM (T.e. HMeeT HyneBOH pOTOp), ecnH pa6oTa 

nonsr B.llOnh nro6oii 3aMKHYTOii KpHBOii paBHa Hynro. OcHOBHasr 

OC06eHHOCTb noTeHUHanbHOrO BeKTOpHOrO nonsr COCTOHT B TOM, 

qTO noTeHUHanbHOe BeKTOpHOe none BnOnHe onpe.uenaeTCa O.llHOli 

CKan5rpHOH cpyHKUHeH - ero noTeHUHanoM, TOr.lla KaK .una 3a.llaHHa 

npOH3BOJibHOrO BeKTOpHOrO nona Tpe6yeTCSI 3a.UaHHe Tpex CKanap

HbiX cpyHKUHH - npOeKUHH BeKTOpa Ha OCH KOOp.llHHaT. 

IloMHMO 3TOrO, pOTOp o6na.uaeT H cne.uyiOID;HMH CBOHCTBaMH: 
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• .IlHBepreHuHa poTopa BeKTOpHoro non5i: pamia Hynro~ .Ileiic

TBHTenhHO, . 

div(rotA) ='\?['\?,A]= A['\7, '\?] = 0. 

.IlpyrHMH CnOBaMH, BeKTOpHOe none, COJ,UaHHOe pOTOpOM ni0-
6orO BeKTopa, coAe'ltouaaAb'ltO -· TaK Ha3biBaiOT none BeKTopa, 

)lHBepreHUHa KOTOpOrO paBHa 0. 

• rot(uA) = u ·rotA+ [gradu, A]. 
B caMOM .uene, B .ueKapTOBbiX KOOp.llHHaTax 

{ ( A~)}i _ ikta(uA), _ . ·ikta(A), _ ikt au (A~) _ 
rot U - E oxk - U E oxk + - E oxk l -

= u ·rotA+ [grad·u, A]. 

• div[a, b] = brota- arotb . 
HeTpy.uHo BH.UeTb, ·qTo 

div[a, b] = '\?[a, b) = b['\7, a) + a[b, '\?] = 

= b['\7, aJ - a['\7, b) = brota - arotb. 

TaKHe noHSITHSI TeopHH nona, KaK rpa.uHeHT, .UHBepreHUHSI H po

Top, HMeiOT onpe.ueneHHbiH cpH3HqeCKHH CMhiCn: rpa.UHeHT eCTb 

CKOpOCTb H3MeHeHHSI CKanapHOH cpyHKUHH no HanpaBneHHIO, no KO

TOpOMY 3Ta CKOpOCTb .llOCTHraeT CBOero MaKCHMyMa; .llHBepreHUHSI 

Bbipa:lKaeT y.uenbHYIO nnOTHOCTb HCTOqHHKOB HnH CTOKOB nona; po

TOp .uaeT, rpy6o roBopa, UHpKynauHIO BeKTopa, npHxo.usrmyrocsr Ha 

e.UHHHUY nnoiD;a.llH noBepXHOCTH C TaKOH OpHeHTaUHeii, qT06bi 3Ta 

UHpKynsruH& 6bma HaH60nhiiieii. 8TH noH&THSI CBH3aHhi c .umpcpe

peHUHanbHbiM onepaTOpOM - (;mepaTOpOM raMl'IJlbTOHa, HnH, 

KaK Mbl ero Ha3biBanH, Ha6na, KOTOpbiH CO.Uep:lKHTqaCTHbie npOH3-

BO.llHhie nepBoro nopa.uKa. Ba:lKHYIO ponh B cpH3HKe HrpaeT onepa

Top Jiannaca, KOTOpbiH npe.ucTaBnaeT co6oil: KBa.upaT ( cKanapHoe 

npOH3Be.lleHHe Ha CaMOrO ce6sr) onepaTopa raMHnbTOHa H n03TOMY 

co.uep:lKHT qacTHhie npOH3BO.llHbie BToporo nop&.uKa. KoBapHaHT

Hoe Bbipa:lKeHHe onepaTopa Jlannaca B o6meM BH.lle 

6.<p = _1_~ (..;ggik o<p) 
~oxk oxi 

6bmo nonyqeHo paHee. IlpHBe.ueM .unsr cnpaBOK Bblpa:lKeHHe 3Toro 

onepaTopa: 
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e B neKapTOBblX KOOpniiHaTaX 

a2 a2 a2 

D, = ax2 + ay2 + az2 ' 

e B UIIniiHnpii'IeCKIIX KOOpniiHaTaX 

1a(a) 1a
2 

a
2 

D.= pap Pap + p2 a(p + az2 ' 

• B c<PepwrecKIIX KoopniiHaTax 

1 a( 2 a) 1 a(. a) 
D, = r 2 ar r ar + r 2 sin() afJ Sill () afJ 

1 a2 

+ 2 . 2 () aA-2 . r sm '~-' 

OnepaTop namraca MO.IKeT neiiCTBOBaTb KaK Ha CKamrpHyiO <PYHK

UIIIO D,cp, TaK II Ha BeKTOpHyiO <lJYHKUIIIO 

6A = 6(1\.it~;). 

Ecrrii IIOTeHuiiaJI cKamrpHoro IIOJUI ynoBJieTB0p5IeT y:paBHeHIIIO na

nrraca 
6cp = 0, 

TO cp(x, y, z) Ha3biBaeTC5I rapMOHII'IeCKOH <lJyHKUIIeH .. I1HTepeCHO 

OTMeTIITb, 'ITO BeKTOpHOe IIOJie, KOTOpOe onHOBpeMeHHO 5IBJI5IeTC5I 

IIOTeHUIIaJibHblM II COJieHminaJihHbiM, ynoBJieTBOp5IeT ypaBHeHIIIO 

Tianrraca. .IleiiCTBIITeJibHO, ycJIOBIIe IIOTeHUIIaJihHOCTII rotA = 0 
03Ha<J:aeT cymeCTBOBaHIIe CKaJI5IpHOH <lJYHKUIIM cp(X, y, z), KOTOpa5I 

onpenerr5IeT· A = gradcp. IloncTaBHB nocrrenHee B 'yerroBnP eorreHo

nnarrhHOCTH divA = 0, IIOJIY'IMM 

divgradcp = 6cp = 0. 

flpnBeneM 6e3 noKa3aTeJibCTBa conep.IKaHlie TeOpeMhi, H3BeCTHOH KaK OCHOB

HM TeopeMa BeKTOpHoro aHaJIH3a. Ecrrn BeKTOpHoe none A o6pamaeT<:5I 

Ha 6ecKoHe'IHOCTH B HYJih KaK 1/ri+<, a divAn rotA- KaK 1/r2+<, rne E: > 0, 
TO TaKoe BeKTOpHoe none pacmenrr5IeTC5I na nBa: noTeHunaJibHOe n eoneHon-

narrhHOe. 
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• TeopeMa. Jbo6oe 'ltenpepbl6'1tOe 6ex:mop'ltoe no.11.e A0-}, 3aoa'lt'ltoe 60 
6CeM npocmpa'ltcm6e u uc'lte3a?OU!ee 'Ita 6ecx:o'lte'lt'ltocmu 6Mecme co C60-
'UM'U O'U6ep2e'lt'I.~'Ueu 'U pomopoM, MO:HCem 6b!mb eo'U'ItCm6e'lt'ltbiM o6pa30M 
( c mo'lt'ltOCmbw. oo nocmoJI'It'ltou} npeocma6.!1.e'lto 6 6uoe cyMMbl nome'lt

ti'Ua.!l.b'lt020 A1 u co.!l.e'ltouoa.!l.b'lt020 A2 no.11.eu, m. e. 

A0-) =ArC f)+ A2(i'), rne rotAi = 0, divA2 = 0. 

IlocK,OJibKY ·· 
divA= divAi, rotA= rotA2, 

TO Bee ncTO'IHHKII II CTOKH BKJIIO'IeHhl a A1 , a Bee BIIxpn - B A2. TaKnM 

o6pa30M, conep.IKaHIIe TeopeMhi II03BOJI5IeT permiTh 3ana<J:y onpenerreHH51 BeK

TOpHoro IIOJI5I A no 3anaHHOMY pacnpenerreHIIIO ero niiBepreHUIIII divA= f(r) 

II poTopa rotA= F(r). 
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YIIP A)KHEHlt15I 

1. HauTH SIK06n:eBhi MaTpHUhi npSIMOro n: o6paTHoro npeo6pa3onam1u, SIK0-

6n:aH npeo6pa30BaHHSI ll noCTpOHTb JIOKaJibHbiU 6a3UC HOBOU CUCTeMbi 

KOOp,Un:HaT 

(a) npu 3aMeHe ,UeKapTOBOU CUCTeMhi KOOp,UUHaT UUJIUH.Upll~IeCKOU; 

(b) npu 3aMeHe ,UeKapTOBOU CllCTeMhi KOOp,UUHaT c<!JepU'IeCKOU. 

2. HauTH KOMnoHeHThi MeTpwrecKoro TeH3opa u cn:MBOJihi KpucTo¢l¢leJISI 

(a) UllJillH,UpH'leCKOU CllCTeMhl KOOp,Un:HaT; 

(b) c¢Jepn:qeCKOU CllCTeMhi KOOp,UUHaT. 

3. IloKa3aTh, 'ITO B ,UeKapTOBOU CUCTeMe KOOp,Un:HiiT KO- ll KOHTpanapn:

aHTHbie KOMnOHeHTbl reoMeTpuqeCKUX 06'beKTOB COBna,naiOT. 

4. IloKa3aTh, 'ITO npu npeo6pa3oBaHHSIX Tuna xi = xi(ik) .unn:Ha neKTopa 

A.;Ai - n:Hnapn:aHT, a L: Ak Ak He SIBmreTC5l n:Hnapn:aHTOM. 

PerneHn:e: 

B TO )Ke npeM5l 

He UHBapn:aHT. 

i [)xi 'k oil ' l 'k ' 'k ' 
A A;= [):i;kA ox; At= 8kA At= A Ak· 

AkAk = oxk oxk A_tA_m 
[):i;l a:tm 

5. IloKa3aTh, 'ITO npu npeo6pa3oBaHn5lx Tuna xi = xi(xk) nenwmHa dcp 
llHBapn:aHT, eCJill cp- CKaJI5Ip. 

6. IloKa3aTh, 'ITO npn: npeo6pa3onaHn:5lx Tuna xi = xi(xk) nenwmHhi 

ocpjoxi npeo6pa3yiOTC5l, KaK KOMnOHeHTbi KOBeKTOpa, a dxi - KaK KOM-

IIOHeHTbi BeKTOpa. 

, 7. IloKa3aTh, 'ITO cn:MBOJI KpoHeKepa- TeH30p, KOMnoHeHThi KOToporo no 
11 BCex CUCTeMaX KOOp,UUHaT HMeiOT O,UHO ll TO )Ke 3Ha~IeHUe. 

8. iloKa3aTh cnpane.nnn:nocTh ¢lopMyJihi 

oei 
!l k = -ri e1 
uX kl · 
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9. Ilony'ln:Th 3aKOH npeo6pa3onaHn:5l cn:MBOJIOB KpucTo¢l¢leJI5l. 

10. lloKa3aTh cnpane.nnn:nocTb ¢lopMyJI 

'V;Ak = gkt'V;At, 

'V;Ak = gkt'V;A1
• 

PerneHne: BocnOJih3yeMC5l KonapuaHTHhiM nocT05lHCTBOM ¢lYH.UaMeH

TaJibHOro TeH30pa '\7 ;gkl = 0 ll IIpaBHJIOM nO,UH5lTllSI ll OIIYCKaHUSI llH

,neKCOB Ak = gk1At,Ak = 9ktA1, Tor.ua 

'V;Ak = 'V;(l1At) = At'\i';l1 + l 1'\i';A1 = l 1'V;A1. 

11. iloKa3aTb, 'ITO npn: IIpeo6pa30BaHIISIX TUna Xi = Xi(:i;k) KOBapiiaHTHM 

IIpOH3BO.UHa5I '\i';Ak - TeH30p 2-ro paHra, a oAk joxi He TeH30p. 

12. YKa3aTh rpynny IIpeo6pa30BaHIIU KOOp.UIIHaT, OTHOCIITeJihHO KOTOpbiX 

fikl 5lBJ15leTCSI TeH30pOM. 

13. IloKa3aTb, 'ITO ecrrn: cp = A~bka; - CKaJISip, r.ne bk 11 a; - neKTOphl, TO 

A~- TeH30p. 

PerneHne: cp- CKaJI5Ip, n03TOMJ B IIITpllXOBaHHOU CliCTeMe KOOp,Un:HaT 

i k. 'i 'k' Akb a; = Akb a;. 

llanee, 

a k a·m a I a·i . k . X 'I X X 'k X 'k ,. 'k 
Ak:b a; = Ak: axt b axi am = Aj a:tk b axm b a; =. Ak:b a;, 

'ITO .noKa3blBaeT TeH30pHhiii: xapaKTep A~. 

14. iloKa3aTh, 'ITO 

'VI(T~ + S~) = 'VIT~ + V' SL 
Y't(A~Bm) =· Bm'VtA~ +A Y'tBm. 

PerneHne: iloKa)KeM 3TO .UJI5l neKTOpon ( o6o6meHn:e Ha crryqau TeH3o- · 

pon 3JieMeHTapHo). IlycTh ei = Ai + Bi, Tor.ua 

"' ei aei r; em· aA; aBi ri Am ri Bm "' A; "' Bi 
v k = axk + km = axk + axk + km + km = v k + v k · 

Tenepb noJIO)KllM ek = Ai Bk, Tor.ua 

"'ei aek ri em rmci oAiB 4;aBk (f; Am)B 
v l k = axt + lm k - lk m = axl k + . axt + lm k+ 

+A;(fikBm) = ('V,Ai)Bk + Ai'VtBk)· 
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15. J1oKa3aTb 1 'ITO cpyH.UaMeHTaJibHhiH TeH30p 9ik KOBaprraHTHO llOCTOHHeH. 

16. IloKa3aTh, t.ITO ecJIII <p - CKaJIHp, a A- BeKTop, TO a6comoTHhiH .uncp

cpepeHUIIaJI 

D(<pA) = <pDA + Ad<p. 

PerneH:ue: 

D(<pA) = '\h(<pA)dxk = <p('\hA)dxk + A(\1 k<p)dxk = <pD.4 + Jd<p. 

17. lloKa3aTh, 'ITO 

SpA= SpA, 

SpAB = SpBA, 

SpABC = SpC AB = SpEC A. 

PerneH:ue: ITo onpe.ueneHIIIO cne.u MaTpnuhr 3TO cyiviMa ee .UIIaro

HaJihHhrx ::meMeHTOB, a onepaUIIH TpaHCDOHIIpoBaHIIH (A = AT) He Ja

TparnBaeT .UIIaroHaJihHhrx 3JieMeHTOB MaTpiiUhi, no3TOMY SpA = SpA. 
CornacHo npaBIIJIY JMHO:lKeHIIH MaTpiiU II BBII.UY Toro, t.ITO HeMhle IIH

.ueKChi ( IIH.l(eKChi CJMMIIpOBaHIIH) MO:lKHO nepeiiMeHOBhiBaTh, IIMeeM 

SpAB = AiBf = BiA~ = SpBA, 
. k I i k I SpABC = AkB1 C; = CkA1 B; = SpCAB. 

18. IloKa3aTh, 'ITO cne.u MaTpiiUhi - IIHBapiiaHT npeo6pa3oBaHIIH no.uo6nH. 

PerneH:ue: Ilpeo6pa3oBaHIIe no.no61IH MaTpiiUhi A ocymecTBJIHeTCH Ma

Tp1Iuei1: D cornacHo A = DAD-1 , a 

SpA = Sp(DAD- 1
) = Sp(D- 1 DA) = SpA. 

19. KaKIIMII MaTpiiUaMII MO:lKHO oniiCaTh rpynny IIHBepcnii'? 

20. J1oKa3aTb 1 'ITO g = detg;k He 5IBJI5leTC5l CKaJIHpOM, II HaHTII 3aKOH npe

o6pa 30BaHII5l BeJIII'IIIHhi g. 

21. 

·~ 
H 

HaHTII CBepTKY AikS;k, eCJIII Aik = -Aki, a S;k =ski· 
PerneH:ue: CornacHo ycJIOBIIHM Ja.uat.In 

Aiksik = -Akisk;, 

a B03MQ)KHOCTh nepeiiMeHOBbiBaHIIH HeMbiX IIH.l(eKCOB .l(aeT 

ik . ki 
A S;k =A Ski· 

CpaBHeHIIe 3TIIX cooTHOUieHIIH npnBO.UIIT K JaKJIIO<reHIIIO 

ik A S;k = 0. 
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22. KaK npeo6pa3yeTCH CBepTKa Tik P;.k, ecJIII Tik - TeH30p1 a P;.k - nceB.n~ 
TeH30p 2-ro paHra? 

PerneH:ue: EcJIII P;.k 6h!JI 6hl TeH3opoM 2-ro pa8ra, TO ero cBepTKa c Tik 
.l(aJia fihi IICTIIHHhiH CKaJIHp. B OTJIIIt.IIIe OT 3aKOHa npeo6pa30BaHII5! IIC

TIIHHOrO TeH30pa, npeo6pa30BaHIIe TICeB.l(OTeH30pa CO.Uep:lKIIT 3HaK 5IK0-

61IaHa npeo6pa30BaHII5l sgnY = -1, KOTOpbiH 6y.neT npiiCJTCTBOBaTb II 

nocne cBepTKII Tik Pik = - 'fik Ak, T .e. 3Ta cBepTKa - nceB.nocKanHp. 

23. J1oKa3aTh, 'ITO CIIMMe'rpiil.!HOCTh IIJIII aHTHCHMMeTpHl.!HOCTh TeH30pOB 

2-ro paHra- CBOHCTBa a6COJIIO~Hhle. 

PerneH:ne: llonyCTHM, 'ITO B IIITpHXOBaHHOH CIICTeMe KOOp.UHHaT TeH-

30p sik CIIMMeTpiit.IeH, T.e. sik = skh,HJIII sik- ski = 0: 

ax1 axm , 
S;k = axi axk Szm, 

axn axP , axm ax1 , 

Ski = axk axi Snp = axk axi Smz, 

TI03TOMJ 

ax1 axm· , , 
S;k- Ski= axi axk (Stm- Smt) = 0 ==} sik =ski· 

Tot.IHO TaK LKe MO:lKHO npo.ueMOHCTpiipOBaTb, 'ITO aHTHCIIMMeTpiit.IHOCTh 

TeH3opa Aik - cBoii:cTBO a6coJIIOTHOe. • 

24. IloKa3aTh, t.ITO .UJIH npOH3BOJihHOro TeH3opa Tik 

(a) Tik A;k = T[ikJAik, 

(b) TikSik = T(ik)Sik, 

eCJIH Aik = - Aki, a S;k = ski· 
PerneH:ue: JII06oi1: TeH30p MOLKHO npe.ucTaBHTh KaK cyMMY CIIMMe

TpH<rHoi1: H aHTHCIIMMeTpHl.!HOH qacTeif: 

Tik = ~Tik + ~Tik + ~Tki _ !rki = ~(Tik ~ Tki) + ~(Tik _ Tki) = 
2 2 2 2 2 . 2 

:= T(ik) + T[ikJ. 

CBepTKa CHMMeTpH'IHOro u aHTHCHMMeTpH'IHOro TeH3opoB .uaeT HYJih, 

T.e. eCJIH Aik = -Akil a sik =ski! TO 

(a) TikAik = T[ikJA;k,· 

(b) TikSik = T(iklS;k, 

T.ITO H TpefiOBaJIOCb ,LIOKa3aTb. 
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25. IToKa3aTh, qTo cyMMa .nHaroHaJihHhiX KOMnoHeHT TeH3opa 2-ro paHra -

llHBapHaHT. 

PerneHn:e: 
i ()xi ()i;l 'k . I 'k 'k 

A;= ()i;k axiAl = okAI = Ak. 

26. Haii:TH BH.U MaTpHUhi npeo6pa3oBaHH5! KOMTIOHeHT BeKTOpa nim HHBep

CHH Tpex KOOp.UHHaTHbiX OCeii, a TaK)Ke npll TIOBOpOTe KOOp.UHHaT BO

Kpyr ocH z Ha yron r.p. 

27. IIoKa3aTh, qTo ecnH A- MaTpHua opToroHaJihHoro npeo6pa3oBaHH5!, TO 
A =A-1 . . 

28. IIoKa3aTh, qTo npH OTpa)KeHH5IX qeTHoro qucna KOOp.UHHaTHhiX oceii 

5IK06HaH npeo6pa30BaHH5! paBeH + 1, a Tipll OTpa)KeHH5IX HeqeTHOrO qll

CJia oceii OH paBeH -1. 
PerneHn:e: MaTpHua npeo6pa3oBaHH5!, cooTBeTCTByrmua5r oTpa)KeHnro 

i-ii KOOp.UHHaTHOll OCH, .UUarOHaJibHa, npHqeM ii-i\: .UHarOHaJihHbill 3Jie

MeHT paBeH -1, a ocTaJihHhie + 1. Ecnu OTpa)KeHHIO no.nBepr nocb He

qeTHOe qllCJIO KOOp.UHHaTHbiX OCeii, TO Ha .UHarOHaJIH - HeqeTHOe qllCJIO 

"-1", TI03TOMY .ueTepMHHaHT TaKoii MaTpHUhi paBeH ~ L Ecrru )Ke qll

crro oTpa)KeHHhiX oceii qeTHOe, TO Ha .nHaroHaJIH MaTpHUhi TaKoro npe

o6pa30BaHH5! qeTHOe qllCJIO "-1" (OCTaJibHhie +1), a ee .neTepMHHaHT 

paBeH +1. 

29. 1Ior<a3aTb, qTO CllMBOJI JleBU-LJ:HBllThi B .neKapTOBOll CllCTeMe KOOp.UH

HaT 06pa3yeT COBeprueHHO aHTllCllMMeTpllqHblll e.UHHllqHhill TeH30p 

3-ro paHra. 

30. BhrqHCJIHTh E:;ktE:ikl. 

PerneHn:e: ITo onpe.uerreHHIO HeHyrreBbie KOMnoHeHThi cHMBorra JleBH

YHBHThr paBHhi + 1 HJIH -1. IIocKOJihKY I<a)K.uoe crraraeMoe cyMMhi ecTh 

npOH3Be.UeHHe O.UHHaKOBbiX Cikl> TO HCKOMbill pe3yJihTaT, 6y.neT CYMMOll 

CJiaraeMhiX, Ka)K.UOe ll3 KOTOpbiX paBHO + 1, a qllCJIO TaKHX CJiaraeMhiX 

.UJI5! TpexMepHoro npocTpaHCTBa paBHO 2 · 3 = 3! 

31. 1IoKa3aTh, qTo .UJI5! rrro6oro TeH3opa Ai BhiTIOJIH5reTC5! 

i k I i 
E:iklAmAnAp = E:mnpdetAk. 

32. IIoKa3aTh, qTo B TpexMepHoM npocTpaHCTBe KOMTIOHeHThr aHTIICHMMe

TpnqHoro TeH3opa 2-ro paHra npn BparueHH5IX npeo6pa3yiOTC5!, KaK 

KOMTIOHeHThi BeKTOpa. 
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PerneHn:e: Jiro6oMy aHTHCIIMMeTpHqHoMy TeH3opy 2-ro paHra A;k B 

TpexMepHOM npocTpaHCTBe MO)KHO -conocTaBnTh nceB.UOBeKTOp Ai co-

rnacHO 
A;_ ~E:iklA -2 kl· (32) 

(B 3TOM cnyqae Ai II A;k Ha3hiBaro-r dya.l!b7ibZ.MU .upyr .upyry.) Boo6rue 

roBop5r, Ak1 - TeH3op, a E:ikl - nceB.UOTeH30p, no3TOMY cornacHo o6paT

HOMY TeH30pHoMy npH3HaKy A i - nceB.UOBeKTOp. O~HaKo nocKOJihKY 

5IK06HaH npeo6pa3oBaHHii, o6ycnoBneHHhrx BparueHH5I.MII, I = 1, a npH 

TaKIIX npeo6pa30BaHH5IX E:ikl npeo6pa3yeTC5!, KaK TeH30p, TO BeJillqllHhi 

Ai o6pa3yiOT HCTHHHhiii BeKTOp. 0cTaeTC5! noKa3aTh, qTo B TpexMep

HOM TipOCTpaHCTBe COOTHOilleHHe (f) BbiTIOJIH5IeTC5! .UJI5! JII060rO aHTll

CliMMeTpllqHOrO TeH3opa 2~ro paHra. lleiicTBIITenhHO, TaK KaK A;k 

-Ak;, TO 

A;~= ( -~12 
-Al3 

CornacHo (1) 

A12 

0 
-A23 

Al3) 
A~3 · 

2A 
1 = c1

k
1 
Ak1 = c123 

A23 + c132 
A32 = A23 - A32 = 2A23. 

ToqHo TaK )Ke 

A2 = A31, A3 = A12· 

33. J10Ka3aTh, qTO MaTpHUa 6eCKOHeqHO MaJIOro TIOBOpOTa CllCTeMbi KOOp

.UHHaT MO)KeT 6h!Th 3anncaHa B BH.Ue A = i + i, r.ne M~TpHua i aHTn

CIIMMeTpHqHa. 

PerneHn:e: 11pn noBopoTe Ha yrorr r.p = 0 MaTpnua A = i coBna.uaeT 

C MaTpHUeii TO)K.UeCTBeHHOrO npeo6pa30BaHU5!, a eCJill yron TIOBOpOTa 

Man, TO A= i + i, npnqeM E:;~~;, « 1, Tor.ua : 

i Ai 'kAI' (·d i)'k(J:l I)' X X; = kX ;X! = uk + E:k X u; + E:; Xt ~ 

J:i J:l 'k ,. J:i I 'k ' J:l i 'k ' 
~ ukuiX Xt + ukE:;X Xt + U;E:kX X[. 

IIocKOJibKY .UJIHHa BeKTOpa npll BparueHH5IX Hell3MeHHa: xixi = xkxl, TO 

J:i I -k , J:1 i -k ' 0 -k -1 -k -1 
ukE:iX Xt + uiE:kX Xt = llJill E:ktX X = -E:tkX X ===> E:kt = -E:k!· 

l1TaK, MaTpHua i aHTIICHMMeTpHqHa. BBe.ueM BeKTop, .uyanhlihrii E:ik> 

TaK, qT06bi 
- 1 'kl 

or.p' = -€' Ckl, 
2 
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34. 

ll03TOYIY 

i kli k I k I 2tmni0<P = t tmniCkl = (c5mc5n- c5nc5m)c:kl = Emn - Enm = 2cmn• 

CnenosaTeJihHO, 

c:ik = tiklc5<PI· 

Bmmy Toro, qTo 

xi = ( c5l + c:i)xk = xi + c:ikXk = xi + tiklxkc5<Pt. 

B BeKTOpHhiX 0603HaqeHIUIX 

c5r = [c5<P. f1. 
TaKIIM o6pa30M, ali:TIICIIMMeTpiiqHal'! MaTpiiua i oniiChmaeT 6ecKoHeqHo 

MaJihiH llOBOpOT CIICTeMhi KOOp.IIIIHaT, a .IIyaJihHhiH eft BE'KTOp c5$ eC:Th 

yron 6ecKoHeqHo Manoro nosopoTa (seniiqJIHa~ 3Toro seKTOpa c:osna

naeT c Oi.p, a HanpasneHIIe - c HanpasneHIIeM 6a3IICHoro seKTopa ocii 

sparueHIIl'l). 

IJoKa3aTh, qTQ e.IIIIHCTBeHHhiM BeKTOpOM, KOMllOHeHThi KOTOpOrO O.IIII

HaKOBhiBO BCeX CIICTeMaX KOOp.IIIIHaT, l'IBJil'leTCl'l HYJih-BeKTOp. 

PerneHne: ITo ycnoBIIIO 3anaqii Ax = Ax, Ay = Ay, Az = Az. 
J11060e npeo6pa30BaHIIe KOOp.IIIIHaT .LlOJI)KHO 6biTh COBMeCTIIMO C 3TIIM 

yCJIOBIIeM. llonyCTIIM, 

.rne 

T= 

A= t(fi); 

( 

cos <P 

- S~lli.p 
sin <P 
cos <P 

0 n 
- MaTpiiua sparueHIIl'l Ha yron <P BOKpyr ocii z. Bhr6epeM <P = n, Torna 

Ax = -Ax, Ay = -Ay, Az = Az, qTo COBMeCTIIMO c ycJIOBIIl'IMII 

3anaqii, TOJihKO ecnii Ax = Ay = 0. Ecnii Bhi6paTh Teneph T TaK; 

'lT06hi OHa npe.IICTaBJil'!Jia BparueHIIe Ha yrOJI i.p = 7r BOKpyr OC:II X, TO 

TOqHo TaK )Ke nonyqJIM Ax= 0. TaKIIM o6pa3oM, A= 0. 

35. IJoKa3aTh, qTO BCl'IKIIH TeH30p 2-rO paHra, KOMllOHeHThi KOTOporo O.IIII

HaKOBhi BO BCeX CIICTeMaX KOOp.IIIIHaT, nponOpUIIOHaJieH Oik· 
PerneHne: IIpoii3BOJihHhiH TeH3op MO)KHO npencTaBIITh B BII.IIe cyMMhi 

ciiMMeTpiiqHoii S;k = T(ik) II aHTIICIIMMeTpii~moii A;k = l[ikJ qac:Teii: 

1 . 1 
T;k = -(Tik + Tki) + -(T;k- Tk;) = 

2 2 
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= T(ik) + 1(ikJ· 

AHTIICIIMMeTpiiqHoii qacTII MO)KHO conocTaBIITh nyanhHhiH ncesnoseK

Top, II cornacHo pe3yJihTaTaM 3anaqJI 34 ero KOMnoHeHThi 6ynyT O.IIII

HaKOBhi BO BCeX CIICTeMaX KOOp.IIIIHaT, TOJihKO eCJIII 3TO HYJih-BeKTOp. 

Bhr6epeM nanee CIICTeMy KOOP.IIIIHaT, B KOTopoii S;k = T(ik) IIMeeT :niia

roHaJihHhiH BII.II 

( 
1 0 0) 

S;k = >,(m)b;k, b;k = 0 1 0 . 
0 0 1 

Ecnii >.<1l =/= >.<2l =/= >.<3l, TO KOMnoHeHThi S;k6Y.IIYT 3aBIICeTh oT Bhr6opa 

KOOp.IIIIHaT, 'ITO npoTIIBope'IIIT ycnoBIIl'IM 3a.IIa'III. OcTaeTCl'l npenno

JIO)KIITh, "'TO 

S;k = >. · c5ik, 

'ITO II 3ai3eprnaeT .IIQKa3aTeJihCTBO. 

36. lloKa3aTh, 'ITO .IIJil'l JII06oii HeBhipO)K.IIeHHOii MaTpii~hi A(x) BhinOJIHl'l

eTCl'l COOTHOllieHIIe 

( 
-1 aA) a ( ) Sp A oxi '= oxi ln(detA) . 

37. lloKa3aTh CJie.IIyiOIUIIe COOTHOllieHIIl'l: 

(a) 9ik,t = rikl + rkit. 
PerneHne: Y'IIIThiBM qacTo IICITOJih3yeMoe o6o3Ha'leHIIe qacTHOii 

rrpOII3BO.IIHOH 

IIMeeM 

8( ... ) ' 
( ... ),t = oxl ' 

( - - ) (- ) - - (- ) rm - - - rm -9ik,t = e;ek ,I = e; ,lek + e; ek ,I = it emek + e; klem = 

= 9mkr~ + 9imrki. 
IIoncTaBIIB shlpa)KeHHhie qepe3 MeTpii'IeCKIIii TeH3op CIIMBOJihi Kpii

CTOcpcpenl'! 

rm- ~ mn(09ni .· 09nk - 09ik) 
ik- 29 oxk + o'Xi oxn ' 

nony'IIIM 

9ik,l = rikl + rk;t, 
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ti. 

r.ne 

r = ~ (ag;k + agil _ agkc) 
zkl 2 8x1 8xk 8xi · 

Y TBep:ac,neHIIe .UOKa3aHO. 

(b) g;k(gk1),m = -gk1gik,m, 
PerneHHe: IIpo.nii¢¢epeHuiipoBaB II3BeCTHOe cooTHOIIIeHIIe 

ik i g gkt =eSc 

ITO Xm II IIMe5I B BII.UY paBeHCTBO Hymo IIpOII3BO.UHOH OT e.niiHIIqHOrO 

TeH30pa Jf, rronyqiiM IICKOMhiH pe3ynhTaT. 

(c) (gik),l = -r:r,lgmk- r~lgmi, 
PerneHHe: <l>yH.naMeHTanhHhiH (MeTpiiqecKIIii) TeH30p KOBapii

aHTHO IIOCT05IHeH, T.e. 

ik 
\1 gik = 8g + ri gmk - rk gim = 0 

I 8xl lm lm · 

Ecnii IIcrronh30BaTh o6o3HaqeHIIe 

rronyqiiM 

(gik) = 8gik 
,c-~· 8xl ' 

(gik) = - ri gmk - rk gmi 
,I ml ml · 

(d) g,;=ggk1gkc,;, g=detg;k, 

. (e) rjk =(In ,j§),k = _)g(,j§),k, 

(f) (A·;);;= _)g(,j§Ai),;, 

(g) (A~h = _)g(,j§Af);k- fi,'.A~, 

(h) (Aik);k = _)g(,j§Aik);k (Aik = -Aki), 

(i) 6.S = (S;Y = _)g(,j§gikS,k),;. 

38. IIycTh A = det A;k, r.ne A;k - TeH3op 2-ro paHra. lloKa3aTh, qTo A 
He CKan5Ip II II03TOMY KOBapiiaHTHYIO IIpOII3BO.UHYIO Henb35I OIIpe.nen5ITb 

KaK \l;A =A;; =A,;. KaK HY:lKHO orrpe.nen5!Th A;; (qepe3 A,; II A)'? 
PerneHHe: TeH3op 2-ro paHra A;k rrpeo6pa3yeTC5I cornacHo 

A;k = axt ax"' , 
8xi 8xk Atm 
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IInii ecnii BBeCTII MaTpiiUY 51K06II Xf = 8i1 I axi' TO B M~l.TpiiqHbiX o6o-
3HaqeHII5IX 

A=XAxr. 

IT03TOMY 
det A = det X det A det xr = Y2 det A. 

TaKIIM o6pa30M, A= det(A;k)- TeH30pHM nnoTHOCTh Beca 2. 

KaK II nro6M KOBapiiaHTHM npOII3BO.UHM, A;; .non:acHa 6biTh mmeiiHOH 

no A,; II A:. 
A;; = A,i + K;A, . 

3,necb K; - Heorrpe.neneHHhie K03¢¢IIuiieHThi. 

Orrpe.nemiTenh g MeTpiiqecKoro TeH3opa, KaK II A, 5IBn5IeTc5I TeH30p

HOH nnOTHOCTbiO BeCa 2, a KOBapiiaHTHM rrpOII3BO.UHM g ,non:lKHa 6biTh 

paBHa Hynro, T.e. 

K . 2 rk K.. . 0 'K k · g;i = g,; + ;g = g ik + ;g = ===> · i = -2rik· 

39. lloKa3aTh, qTo 

(a) [a· bj2 = a2b2
- (a· b)2, 

Perneime: [a. b]2 = [a. b][a. b] = b[[a. b]a] = a[b[a. b]] = 

= a(a(b. b)- b(a. b))= a2b2
- (a. b) 2

• 

(h) [a. [b. C]J + [c. [a. bJJ + [b. [c. a]] = o . 
PerneHHe: [a. [b. C]] + [c. [a. b]] + [b · [c · a]] = . 

= b(aC) - c(ab) + ~(ii) - b(ca) + c(ba) - a(bC) = o. 

40. lloKa3aTh, qTo 

grad( cp ·1/J) = cp · grad'ljJ + 1/J • grad cp, . 

grad( a· b)= (a· V)b + (b · V)a +[a, rot~+ [b, rota]. 

PerneHHe: (gradcp); = 8cpj8xi, no3TOMy 

(gradcp . 1jJ )i = 1/J 8cp. + 81/J ax• cp 8xi. 
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BocnoJih30BaBIIIHCh nonyqeHHhiM B TeKCTe coOTHOIIIeHHeM 

oak oa· ~ . 
oxi - oxk = fikl(rota)

1
' 

HMeeM 

~ k ~I obi 'kl oai 
(grad( a· b))i ~a (Eikl(rotb) + oxk) + bk(t:.' (rota)l + OXk) = 

41. iloKa3aTb1 qTO 

k obi oai ~ ~ ~ ~ 
= a oxk + bk oxk + [a, rotb]i + [b, rota]i· 

div( rp · a) = rp · diva+ a· gradrp, 

div[a · b] = b · rota- a· rotb. 

42. I1oKa3aTh, qTo H3 o6ruero onpe.ueneHHH poTopa cne.uyeT 

~ 1 II ef 
ex2 ex3 
8 8 

rotA = .j9 .t, qx2 8x3 
Ax2 Ax3 

43. iloKa3aTh, qTo 

rot( rp · a) = rp · roti{- [a· gradrp], 

rot[ a· b] =a· divb- b ·diva+ (b · V) ·a- (a· V)b. 

PeweHne: 

( [ ~ b~])i ikl o(ambn) (·d s;k s;i rk) ( m obn bn oam) 
rot a. = f flmn oxk = umun- unum a oxk + oxk. = 

ai(Vb)-bi(Va)+ (bk o~k )ai- ( ak o~k) bi = adivb-bdiva+(b·V)a-(a· V)b. 

U 44. I1oKa3aTh, qTo 

• divgradrp = 6rp, 
• rotrotA = V · {V · A') - 6A, 

• rotgradrp = 0, 

86 

• divrotA = 0 . 

PeweHne: 

• divgradrp = V{Vrp) = (V · V)rp = V 2 rp = 6rp, 
• rotrotA = [v, [v, A]]= v(v. A)- (v. V)A = graddivA- .6.A, 

• rotgradrp = [V, Vrp] = 0, 

• divrotA = v[v, A] = [~, v]A = o. 

45. HaiiTH gradf(r), divr, rotr. 
P d . ~ uri 3 eweHne: zvr = ax; = . 

rotT= 
k ·~ ~ 

i j 
8 8 8 
ax ay az 
X y z 

=0. 

46. HaiiTH "cpH3HqecKHe~' KOMllOHeHThl 6a3HCHhiX BeKTOpOB B 

(a) UHJIHH.!lpHqeCKOH CHCTeMe KOOp.!lHHaT, 

(b) ccpepHqeCKOH CHCTeMe KOOp.!lHHaT. 

4 7. HaiiTH "cpH3HqecKHe" KOMnoaeHThl rpa.uHeaTa B UHJIHH.!lpHqecKHX H 

ccpepHqeCKHX KOOp.!lHHaTax. 

48. IJoKa3aTh
1 

qTO "cpH3HqeCKHe" KOMllOHeHTbl BeKTOpHOrO npOH3Be.!leHHH 

a li b B llpOH3BOJlbHOH KOOp.!lHHaTHOH CHCTeMe HMeiOT BH.!l 

·i f!ii ikl b c = - · f ak I· 
g 

49. KaK npeo6pa3yiOTCH KOMnoaeHThl rota H BeKTOpaoro npoH3Be.ueHHH 

[a· b] npH BparueHHHX li OTpa:1KeHHHX1 eCJIH 

(a) a, b- HCTHHHbie BeKTOphl; 

{b) a - BeKTOp, a b - nceB.!lOBeKTOp; 

(C) a, b - nceB.!lOBeKTOpbl. 

50. IJoKa3aTh
1 

qTQ llOTeHUHaJI COJieHOH.!laJihHOrO li O.!lHOBpeMeHHO llOTeHUH

aJibHOrO BeKTOpaoro nOJIH onpe.uenHeTCH ypaBaeaHeM Jlannaca. 
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t1 

51. BhlqiiCJUITb 

52. lloKa3aTh, qTo 

9rad(A(r) . f'), A. r = <p(r), 

grad(A(r) · E(r), 

div(<p(r) · A(r)), 

rot(<p(r) · A(r)), 

A(r) = r, 
A(r) = r. 

[[v, A]EJ = A. divE - (A. V) . E - [A, rotE] - [E, rotA], 

[[A, V]EJ =-A. divE+ (A. "\7). E +[A, rotE]. 
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BliiOPPAcf>JilqECKliiE CBE.UEH1i1.51 

• r AMliiJibTOH BHJibHM PoyaH (1805 - 1865) - llpJiaH.UCKIIll Ma

TeMaTIIK 11 cp11311K, npe311.lleHT MprraH.UCKo:ii aKa.ueMIIII HayK B lly6rriiHe. 

0KoHqiiJI TpiiHIITII-'Korrrre.u)I(, c 1827 r. npocpeccop lly6rriiHCKoro YHII

BepciiTeT'a II .llllpeKTOp acTpOHOMIIqecKOll o6cepBaTOpllll. Pa3BIITM ra

MIIJibTOHOM aHaJIOrii}l MeM.llY BOJIHOBOll II KOpnycKyJI}lpHOH.OllTIIKOll llO

qTII qepe3 CTO JieT ·6biJia IICITOJib30BaHa IIIpe.UIIHrepoM npll cpopMyJIII

pOBKe OCHOB KBaHTOBOll MeXaHIIKII. raMIIJibTOH ycTaHOBIIJI· aHaJIOriiiO 

MeM.llY KJiaCCIIqecKOll MexaHIIKOll II reOMeTpllqecKOll OllTIIKOll, BBeJI llO

HJITIIe rpynnOBOll CKOpOCTII, pa3pa60TaJI BapllaniiOHHhlll llpiiHfiiill Haii

MeHbiiiero .lleiicTBII}l 11 aHaJIIITIIqecKII:ii annapaT KrracciiqecKo:ii Mexa

HIIKII . 

• r AYCG KapJI <l>pH,npHX (1777- 1855)- HeMenKIIll MaTeMaTIIK, Ha-

. 3BaHHhi:ii coBpeMeHH~KaMII KoporreM MaTeMaTIIKII .. ' Po.uiiJIC}l B BpayH

IIIBe:iire B ceMhe so.uonpoBO.llqiiKa. Ero Y.lliiBIITeJihHhle MaTeMaTIIqecKIIe 

cnoco6HOCTII o6HapyMIIJIIICh, Kor.ua eMy IICITOJIHIIJIOCh TPII rona: Bhi

qiiCJIIITeJibHYID TeXHIIKY, B KOTOpo:ii OH 6hiJI HenpeB30ll.lleHHbiM MaCTe

pOM, raycc COBepiiieHCTBOBaJI BCIO )1{113Hb. Ilocrre o6H:apy)l(eHII}!Marro:ii 

. nrraHeTbl Uepepa, npe,llBblqiiCJieHHOll rayccoM, OH CTarr'cq:iuaTbC}l Be

JIIIqa:iiiiiiiM MaTeMaTiiKoM Mllpa 11 norryq11n noqeTHoe 3BaHIIe ;'reTTIIH

reHcKoro KOJIOCCa". raycc BOIIIeJI B IICTOplllO MaTeMaTIIKII KaK'O.lliiH 113 

C03.UaTerre:ii HeeBKJIII.llOBO:ii reoMeTpllll. Tpy.um:i yKa3aTh TaKyiD o6rracTh 

qiiCTOll II ~piiKJia,llHOll MaTeMaTIIKII, B KOTOPYIO 6bl raycc He BHec cy

mecTBeHHOro BKrra.ua. 

• PPliiH .U)Kop,n>K (1793- 1841) - anrrr11:iicKII:ii Ii.mTeMaTirK-caMclyqKa. 

rpiiH ·nocTyniirr B KeM6p11,ll)I{CKIIll YHIIBepCIITeT B copoKaJieTHeM B03-

pacTe II OKOHqiiJI ero B 1838 r. B 1828 r. rpiiH ony6JIIIKOBaJI KHIIry 

"OnhiT npiiMeHeHII}l MaTeMaTIIqecKoro aHaJIII3a B Teopllll 3JieKTpllqe

CTBa 11 MarHeTII3Ma". B He:ii OH BnepBbie BBerr s HayKy nOH}!TIIe 11 

TepMIIH "noTeHniiarr" 11 pa3BIIJI TeopiiiO 3JieKTpoMarHeTII3Ma. KHil:ra 

rpiiHa, Bbiiiie,lliiiM He:maqiiTeJibHbiM TllpaMOM, OCTaBaJiaCb Heii3BeCT

HOll .llO ee nepe113.llaHII}l (1845) .llaMe B caMo:ii AHrJIIIII. 3a 3TO speM}l 

.llpyrHMH yqeHbiMII 6biJIH nepeOTKphlThl He~OTOphle pe3yJihTaThl rpnHa. 

• .UEKAPT PeHe- Bhl.uaromll:iic}l cppaHnY3CKII:ii MaTeMaTIIK; cp113HK, cpll

rrococp, cp113IIOJior. Po.UIIJIC}l B 1596 r. B .llBOp}!HCKO:ii ceMhe. C 1629 no 

1649 r. )I{IIJI B ronJiaH.UIIH. YMep B 1650 r. B CTOKrDJihMe. MaTeMa

TIIqecKIIe IICCJie,llOBaHII}l lleKapTa TeCHO CB}l3aHhl C ero cpiiJIOCOcpCKIIMII 
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l1 

M <lJM3H'leCKMMM · pa60TaMM. lleKapT BIIepBbie BBeJI, noHgTJI(' KOOpnH

HaT, nepeMeHHOH BeJIM'lllHhl M <lJyHKUHH, 'ITO COCTaBHJIO ero OCHOBHJIO 

1acnyry B MaTeMaTnKe. 

•, EBKJIM.Il ~ npeaHerpe'IeCKHH MaTeMaTnK, aaTop nepaoro In nowen
wnx no Hac TeopeTn'leCKHX TpaKTaTOB no MaTeMaTnKe. Ero Hay'IH<UI 
negTeJihHOCTh npoTeKana B AneKcaHnpnH B Ha'lane III B. no H.3. rnaa
Hag pa6oTa EaKnnna "Ha'lana" cocTaanna uenyro :moxy a pa3BHTMH 

3JieMeHTapHoft reoMeTpnH. B "Ha'lanax" EaKJIMna, cocTogiUHX n3 13 
KHllr, naH o6pa3eU nenyKTllBHOrO M3JIO)KeHH.KTeOMeTpH'IeCKOrO-MaTepn

ana Ha OCHOBe npennocnaHHOH· CUCTeMhl aKCHOM. ITo CBMneTeJihCTBaM 

coapeMeHHHKOB, EaKnnn 6hm MgrKMM, O'leHh CKpOMHhiM n ,He3aBMCH

MhiM 'leJIOBeKOM. 

• KAPTAH 3m'I (1869- 1951) - <lJpaHUJ3CKHH MaTeMaTnK; npenona

aan a JinoHe, HaHcn, c 1912 r. - B Tiapn)KCKOM yHnaepcnTeTe. C. 1931 
r. <IJieH TiapH)KCKOH aKaneMnn HayK. AaTop MHOrO'IMCJieHHhlX pa6oT no· 

TeOpllll HenpephiBHhiX rpynn, TeOpHll OTKpbiThiX llM CnMHOpOB H. TeOpHH 

OTHOCMTeJihHOCTll. 

• KJIEMH <l>emiKC (1849 - _1925) - HeMeUKMH. MaTeMaTMK: o6y'Iancg B 

bOHHe, npo<lJeccop MaTeMaTMKll B 3pnaHreHe, MroHxeHe ll reTTMHreHe. 
AaTop pgna <lJyHnaMeHTanhHhiX pa6oT no HeeaKnnnoaoft reoMeTpnu, Te

opHn HenpephiBHhiX rpynn n pa3JIM'IHhiM aonpocaM reoMeTpnn. B caoerr 
pa6oTe non HaJaaHIIeM "3pnaHreHcKag nporpaMMa" (1892) KneiiH pa3J 

pa6oTaJI 06IUyiO CXeMy reoMeTpH'IeCK~rO llCCnenoaaiUig.. 3Ta pa6~Ta 
oKaJana cnJihHOe anngHne Ha nanhHerrwee pa3BIITne reol\1eTpnn, 

• KPMCTO<I><l>EJih 3JibBHH BpyHo- HeMeUKMH reoMeTP• PoniiJIC>I 

a MoHTya (Ha PeiiHe) a 1829 r., yMep B CTpac6ypre B 190Qr. Tipo<lJec

cop IIonHTeXHM'IeCKOrr wKOJihi. B U10pnxe, EepnnHCKOH npOMhiWJieHHOH 

aKaneMIIH n CTpac6yprcKoro yHnaepcnTeTa~ Y '-IeHMK llnpnxne, a B 
wiipOKOM CMhrcne II PnMaHa. lh_aecTeH JaMe'laTeJI~HhiMM nccnenoaa-

. HllgMll anre6paii'leCKHX ll a6.eJieBhiX <lJJHKUHH, yp,aBHeHMH B 'laCTHhiX 

npOH3BOnH.hiX ll nn<lJ<lJepeHUllaJibHOll reoM.eTpllll. 

• KPOHEKEP Jleorro.rlh.il (1823 1891)- HeMeuKnii MaTeMaTnK. YneH 

Eepmi:HeKoii aKaneMnn HayK ·n npo(peccop EepnnHcKoro ymmepcll:'ieTa 
(c 1861 r.). OcHOBHhie pa60Thi Kpoij:eKepa oTHocgTcg, K anre6pe II 

Teopnii 'lncen, Teopnn:KaanpaTII'IHhiX <lJopM .H,Teopnii· ~;py~n •. Kpo-
, He.Kep 6biJI CTOpOHHHKOM "apH<lJMeTM3aUHll" MaTeMaT~lKM,. KOTOp<U!, no 

ero MHeHnro, .non)KHa 6hiTh caeneHa K apJI<lJMeTHKe u;enhiX 'IIICen, TaK 
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KaK TOJibKO IJOCJie,llHJJJJ, KaK OH JTBep)K.llan, 06nanaer nO.D;JIHHHQH pe

~bHOCT~IO. 3~mM 3~n B3I"JIJI.llhl, KpoHeKepsen ynopayro 6oph6y c 
: nocnenoaaTeJIJJMM TeopeTnKo-<PyaKnnoHaJibHOH wKOJihl Beii:epw:l'pacca 
-~ Teope':['MKG-MHO)KeCTBeHHO~ IllKOJibl KaHTopa. 

• JIAllJIAC llbep CnMOH - l}lpaH!lY3CKHii l\1aTeMaTnK n_ MexaHHK.; Po
nnncg a EoMoHe B 1749 r., yMep .B Tiapu)Ke B 1827 r. YneH Tiapn)KCKoii: 

aKaneMnn HayK, onnH n3 ocH:oaaTeneii: HopManhHOft n . TionHTexHH'le
cKOH WKOJI. OcHOBHble · pa6oT:bi Jlannaca OTHoc.srTCJJ K. o6nacTn He6ec

HOH MexaHnKn. EMy npnHanne~HT pJI.ll l}lyH.llaMeHTaJihHhlX pa6oT no 

nn<PI}lepeHI(MaJihHhlM ypaaHeHHJJM H Teopnn_ aepoHTHOCTH .. Mccnenqaa
H.H>I Jlannaca no <lJH3MKe KaCaiOTCJJ~ BOnpOCOB TeOpHH KanHJIJIJJpHOCTH, 
aKJCTHKH H 3JieKTpOMarHeTH3Ma. 

• JIEBH-t.HfBHTA TyJIJIHO (1873- 1941) - nTaJihJJHCKHH MaTeMa

TMK H MexaHHK, npol}leccop a Tianye n PnMe. AaTop nccnenoaaHnii: no 

Teopnn nnl}ll}lepeHnnanhH~ ypaaHeHnii:, He6ecHoil. MexaHnKe, rnnponn

HaMnKe; HM pa3pa60TaH TeH30pHbiH aHaJIH3, 060CHOBaHa TeOpHJJ a,llHa-
6aTM'leCKHX HHBapHaHTOB; eMy npHHa,llJie)KaT pa60Thl no MexaHHKe H 

reoMeTpHH. Hei"OJIOHOMHhlX CHCTeM ll pe!IJJTHBHCTCKOH MexaHHKe. 

• llY AHKAPE AHpH - KpynHeiiwHil l}lpaHu;y3CKHH MaTeM~l.THK. Po
nnncg a HaHCH B 1854 r·., yMep B Tiapu)Ke B 1912 r. ,06y'lanc.sr a Tio

nnTeXHH'leCKOH ll ropHOH WKOJiax B TiapH)Ke. C 1886 r. npo<lJeccop 

TiapH)KCKoro JHHBepcnTeTa. YneH Tiapn)KCKoil aKaneMnn HayK. Ero nc

cnenoaaHH.sr o6 ycTOH'IHBOCTH nBH)KeHHJJ n. o I}>Hrypax paaHoaecH.sr )Kll.ll

Koil BpaiUaiOIUeHCJJ MaCChi OTKpbiJIH HOBble ropH30HThl B acTpOHOMllll H 

KOCMOI'OHHH, n03BOJI.K.K npHMeH.KTb 6onee COBepweHHhie MeTOnbl COBpe

MeHHOI'O aHaJIH3a. OH HBJIHeTCH TaK)Ke onHnM H3 .ocHoaaTeneii cnenH

anhHOH TeOpHH OTHOCHTeJihHOCTH. lfccnenoBaHHH TiyaHKape OXBaTbi
BaiOT nO'ITH BCe pa3neJihl Ma~eMaTHKH H MaTeMaTH'leC-KOH <lJI'I3llK~.' 

• PHMAH reopr <l>pn.n;pnx BepHXap.n (1826- 1866) - Bhl.llarouririlc>I 

neMenKHil MaTeMaTHK~ PonnncH a EpeJeneHne (raHHoaep), yMep oT 

Ty6epKyJie3a B MTaJIHH. B reTTHHreHCKOM YHHBepCHTeTe cnywan neK

I(HH raycca, MHOr:He HJleH KOToporo 6h!JIH pa3BHThl MM n03)Ke. TaM )Ke 

c6JIH3HJICH c I}>H3HKOM Be6epoM, KOTOpbiii: npo6ynHn B HeM rny60KRH 

uuTepec K aonpocaM MaTeMa':fuqecKoro eCTeCTB03HaHH.sr. PHMaH nono
)KUJI Ha'laJIO HOBO MY HanpaBJieHHIO , 'i'eopHU aHaJIUTM.'leCKUX <lJYHKI(UH H 

WHpOKOMY npHMeHeHUIO ruxeii: H MeTO.tiOB MaTeMaTU'leCKOH l}llf3UKH, nan 
OCHOBHhle uneu TOnOJIOrHH. Oa paccMaTpHBaJI reOMCTpUIO B ae'cbMa 
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umpoKOM CMhiCJie, KaK yqeHite o HenpephiBHhiX MHoroo6pa3Iurx. Bnene
Hne 'puMaHOBhlx npocipaHCTB ·pacKpbUIO HOBbie nyTH B pa3BliTllll MaTe
MaTHKll. Eonimoe JimqeHne nn.ir cpn3nKn XX B. nMen pa3pa6oTaHHhiii 
PnMaHOM (1861) annapaT nncpcpepeHJ:~nanhHhiX KBanpaTnqHhiX cpopM. 

• PIIIGGIII·KypoacTpO rperopHO (1853 -'1925)- HTanMIHCKliR reo
MeTp. Ilpocpeccop IIanyaHcKoro yHnBepcnTeTa. Pnqqn .siBmreTCH on

.· 8nMH3 oclioBai-e.1leii TeH3opHoro ncqncneHnH;· B pa6oTe "MeTonhi a6co
nroTHOro nncpcpepeHUHanhHOrD J1CqJ1CJieHJI5I ll HX npliJI02KeHH5I" (1901), 

· HanncaHHOii HM coBMeCTHO c Jlenn~'llnBnToii, naHo He TOJihKO nepBoe 
cnci'eMa~w!ecKoe n3JI02KeHne ·TeH30pHoro ncqncneHnH, HO n ero npnno

. 2KeHH5I K KnaccnqeCKOR MexaHUKe, TeopeTnqeCKOR cp1I3JIKe II pnMaHOBOR 

reoMeTpnn . 

• CTOKC ll)l(op.n)l( raopneJih (1819 - 1903) - aHrnniiCKHR cpH3llK ll 
M:aTeMaTHK, qneH JloHnoHcKoro KoponeBcKoro o6mectBa. Tpynhl CToKca 

· OXBaTbiBaiOT pa3JIJiqHbie BOIIpOChl OnTHKll, rHnponHHaMHKH ll MaTeMa
TnqeCKOR cpn3nKn. Cpenn rnnponHHaMHqecKHX pa6oT HaH60nhri:Iee JHa
qeHne nMeiOT Tpynhl no Teopnn nBn2KeHnH B513KOii 2KHnKOCTH (ypasHe
Hne Hashe- CToKca). CTOKC- asTop pHna KpyrrHhiX MaTeMaTnqecKnx 

nccnenosaHnii. 

• 3HHillTEHH AJihOepT- onnH H3 BhiJiaiOIUHXCH cpH3HKOB co speMeH 

·HbiOTOHa. PonnncH B 1879 r. B YnhMe (fepMaHHH), yMep B 1955 r. 
B IlpnHCTOHe (CiliA). 0KoHqnn UIOpnxcKHii nonnTeXHHKyM. Haqan 

pa6oTaTb 3KcnepTOM s naTeHTHOM 610po, JaTeM pa6oTan s UIOpnxcKOM 
nonnTexHnKyMe, Ilpa2KCKOM n Eepnli:HCKOM yHnBepcli:TeTax. B 1933 r. 
nepeexan B IIpnHCTOH (CiliA). 

B ncTopnll: ecTeCTB03HaHnH JaHni-.taeT coBepmeHHO oco6oe MeCTO. COJ
naH:neM cneunaJihHOii n o6meii Teopll:n OTHOCHTeJihHOCTH 8iiHmTeiiH Ja
Bepmilri KJiaccuqeCKYIO cp1I3HKY II: onHOBpeMeHHO 3an0)l{UJI OCHOBhi HO
BOrO yqeHnH o npocTpaHCTB~, speMeHn n THrOTeHnn. Ero cpyHnaMeH
TanhHhie nccnenosaHnH no KBaHTOBOii Teopnn cBeTa, pa3BHsatomne.n3-
secTHYIO nne10 IInaHKa o nncKpeTHOii npnpone TennoBoro nJnyqeHnH, 
non02Kll~ll Haqano HOi30ii 3pe - 3pe cp113li:Kll aTOMa II aTOMHOrO Hnpa. 
McxonH H3 KBaHTOBhiX npencTanneHnii, 8:iiHmTeiiH o6'hHCHHJI y~eHhiiie- ~-
Hne TennoeMKOCTH TBepnhiX Ten npn HH3KHX TeMnepaTypax. Ilpen- · 
CKaJan HBneH~e nH:nyunpoBaHHOro nJnyqeHnH. Pa~BHJI MOJieKynHpHo-

. cTaTncTnqecKyiO TeopniO 6p~yHoBc~oro nsn2KeHnH n cOJnan KBaHTOBYIO 

CTaTHCTHKY qaCTHU C UeJibiM CUUHOM~ 

3a o6'bHCHeHne cpoT03cpcpeKTa ynocToeH Ho6eneBcKoii npeMHll (1921). 
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• 5IKOBIII KapJI rycTaB 5!Kb5:. He~eu~HR
1 

MaTeMaTJIK.' PonnJIC5I B 
IloTcnaMe B 1804 r., yMep s EepmiHe s 1851 r. Ilpocpeccop BepnnH
CKoro yHnsepcnTeTa. C 1827 r. qneH BepnHHCKoii aKaneMnH HayK. 
lfM nonyqeHbl cpyH:naMeHTaJibHbie pe3yJibTaTbl B 06JiaCTH ypaBHeHJIR C 
qacTHhiMII J;IponJsonHhiMH. B csonx neKunHx no nnHaMnKe n_ B pHne 
HccnenosaHnii no Teopnn 3nnHnTn~eCKHX cpyHKUHii 51Ko6H · peiiinn pHn 
Ba2KHeRIIIHX BOnpOCOB qnCTOR II npllKJJanHOR MaTeMaTHKll.- .0H yco
sepiiieHCTBOBaJI npenJI02KeHHbiR faMHJibTOHOM MeTon UHTerpnpOBaHH5I 
nncpcpepe'HunanhHhiX ypaBHeHnii nnHaMnKn, nJBeCTHhrii KaK, MeTon 'fa:. 
MllJibTOHa - .5JK06H. · 

'\ 
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IIPOIIICXO)I(,ITEHIIIE HEKOTOPbiX. TEPMIIIHOB 

• BeKTOP - oT naTHHCKOro cnoBa "vector" -nepeHOCHTeJih. 

e rpa,nHeHT - OT naTHHCKOfO CJIOBa "gradiens" ·· ruaraiD1U11Ii. 

e ,ITHBepreHD;H.SI - OT JiaTHHCKOfO CJIOBa "diverge" - paCXO.llliTbCa. 

e ,ITHq>q>epeHD;HaJl·- OT JiaTHHCKOfO CJIOBa "differentia" - pa3HOCTh. (BBC
.ueH J1e:ii6HHUeM, a TepMHH "npOH3BO.llHaa" - J1arpaH:lKel\1.) 

• JIIHTerpan - oT naTHHCKoro cnoBa "integer" - ueJihiii. 

• Koop,nHHaTa - oT naTHHCKHX cnoB "co" - c, "ordinata" -- ynopa.uo

qeuHaa. 

• Ha6na .una CHMBona "V - oT 6H6ne:iicKoro Ha3BaHHH "Ho6en" - MY3hi
KaJihHOro HHCTpyMeHTa THTia aptlJbi, HMel01UefO tlJOpMy TpeyrOJihHIIKa. 

• PoTop oT naTIIHCKoro cnoBa "rota" - Bpamaro. 

• CHMMeTpH.SI - oT rpeqecKoro cnoBa "symmetria" -- copa3MepHOCTh 

("sym" - c, "metria" - H3MepHTh). 

• CKan.s~p - OT naTHHCKQro cnoBa "scala" - necTHHua, .una o6o3HaqeHHH 
BemecTBeHHhiX qJlcen, pacnono:lKeHHhiX KaK cTyneHhKH necTHIIUhi. 

• TeH30P -- OT naTHHCKoro cnoBa "tensor" - pacTarHBaTeJih. 
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