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Y'le6Hoe noco6ue HanucaHo npopeccopoM 6a3oBoii Kapeopbl MHP3A 
«3JteKmpoHuKa pu3u'lecKux ycmaHOBOK» npu YHLJ OHJIH 
H. H. MemKOBblM (OHJIH) u peKOJ.teHOoeaHo K U30aHU10 

3KcnepmHoii KOMuccueii YHLJ OHJIH 
u peoaKIJUOHHo-u3iJame.nbcKUM coBemoM MHP3A. 

Menm:oB II. H. KnaccHqecKaH MexaHHKa: Yqe6Hoe noco6He.- ):\y6Ha: 
OIUIH, 2003.- 278 c. 

Yqe6Hoe noco6ne CO):{ep)KllT ll3JIO)KeHHe OCHOB KJiaccnqecKOH (HeKBaHTOBOH) 
MeXaHHKll, HaqHHaH C HepeJIHTllBllCTCKOH ll peJIHTllBllCTCKOll MeXaHHK qacTllUbl. 
)1:0 MeXaHIIKll CllCTeM qaCTllU, MexaHuqecKIIX HBJieHllll B cpe):{aX, B T. q_ KOJie6aTeJib
HbiX II BOJIHOBbiX npoueCCOB. 

Iloco6IIe npe):{Ha3HaqeHo ):{JI.!l cry):{eHTOB n acnnpaHTOB TeXHIIqecKHx II QJII3II
qecKnx. cneunarrbHOCTeli. 

Meshkov I. N. Classic Mechanics: Textbook.- Dubna: JINR, 2003.-
278 p. 

The textbook contains a description of the basis of classic (nonquantum) me
chanics beginning with the nonrelativistic mechanics of single particle up to me
chanics of the particle systems, mechanical phenomena in matter, including 
oscillation and wave processes. 

The book is addressed to the students and doctoral students specialized in egi
neering and physics. 
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".n:aneK011 H "6m13K011 H .n:p. lfHb1MH CJIOBaMH, BruKHO 3HaTb ("qyBCTBOBaTb") .IJ:BIDKeHHH He6eCHblX Ten: noKa HaC HHTepecyeT, HanpHMep, .D:BIDKeHHe 3eMnH BOKpyr 

xapaKTepHb1e BenWIHHb1. lJpHBe.n:eM B Ka'leCTBe npHMepa xapaKTepHb1e pa3Mepb1 ConHUa, pa3MepaMH nepBOH MO:lKHO npeHe6pe'lb, T.K. OHH MHOro MeHbllle paCCTOHHIDI 

OKp}')KaiOmHX HaC npHpO.D:HblX 06'beKTOB H npHpO.D:HOH CHCTeMb1, B KOTOpOH Mb1 .D:O ConHUa, H 3eMniO MO:lKHO paccMaTPHBaTb KaK TO'IK}'. 

:lKHBeM: 4. YMeHHe .n:enaTb oqemro no nopROKJI6ellU'IUHbl. O'!eHb '!aCTo .n:n.a BblHCHeHIDI 

BceneHHaH 

ranaKTHKa 

3eMn.K-Conuue 

3eMnH 

A roM 

R.n:po 

3neKTPOH 

.lij>yroii npHMep - MaCUITa6b1 BpeMeHH: 

,lVIHTenbHOCTb CaMOro KOpOTKOro CHrnana, 

.n:ocrynHoro .n:n.a pernCTPaUHH cero.n:H.K 

Bo3pacr BceneHHOii 

B03pacr 3eMnH 

IlpOTH)l(eHHOCTb ro.n:a 

Cpe.n:Hee speMH )l(H3HH HeiiTPoHa 

Cpe.n:Hee speMH )l(H3HH ,r-Me30Ha 

6onee 5-109 nK*> 

-30 KllK ~ 90 Tb1C. CB. neT 

500 CBeTOBblX CeKYH.IJ: 

pa.n:eyc no :JKBaTopy 6378,39 KM 

10-8 CM 

10-13 CM 

< 3·10-16 CM 

yposeHb 10-14 c = 10 <IJeMTOcer{yu.n: = 

= 10 <Pc 

-13 Mnp.n:neT 

- 4,6 Mnp.n: neT 

3,15x 107 c(no'ITH1tx107 c) 

898 c 

26 HC 

3. EollbULue u MaJlble 6ellU'IUHbl. B <IJH3HKe, B OTnWIHe OT MaTeMaTHKH, noHHTHH 

6ecKoHe'IHO 6onblllHX H 6ecKoHe'IHO MaJibiX senWIHH scer.n:a KOHKpeTHb1: BenWIHHa 

Mana (senHKa) no cpasHeHHIO c ... , T.e. scer.n:a cymeCTByeT onpe.n:eneHHa.K mKana, 

ypoBeHb OTC'IeTa H T.n. 0.n:HH H3 npHMepOB npHBe.n:eH HH)l(e, B n. 8: npH CKOpOCTHX Ten, 

MHOro MeHblllHX CKOpOCTH CBeTa, cnpaBeMHBb1 3aKOHb1 HblOTOHOBCKOH MeXaHHKH, 

<IJopMaJibHO 3.D:eCb MO:lKHO C'IHTaTb C = 00 . .lij>yrnM npHMepOM MO)l(eT Cllj')KHTb 3a.n:a'la 0 

·> 1 napceK (UK) "' 3,0857·1016 
M "' 3 CB. ro.M- 31'0 paccroliHHe, c Karoporo op6ma 3eMJIH HMeer 

YrJIOBOH pa3Mep B O.AHY yrJIOB}'IO CeKYHJzy (1" "'4, 848·10..;; plWiliHll} 
8 

OCHOBHblX npo6neM B KaKOH-HH6y.IJ:b Hay'IHOH HnH HH)l(eHepHOH 3a.D:a'le He HY:lKHO 

3HaTb TO'IHOe pemeHHe, a .IJ:OCTaTO'IHO OUeHKH nOpH.D:KOB BenH'IHH OCHOBHblX 

napaMeTpOB. TaKHe oueHKH no3BOAAIOT onpe.n:enHTb rpaHHUbi B03MO)l(HbiX H3MeHeHHii 

napaMeTpOB H .n:aTb npHMepHoe (npH6niDKeHHoe) pemeHHe 3a.D:a'IH. 

3~maqa KaK o~emrn., HaCKOJibKO DpO'IHO rB03,11b OOHT B JI.OCKy? 

}J;onycrHM, JI.llHHll rB03JI.ll f. = 5 CM, Mhl ero B6HBaeM 3a 5 y.MpoB MOJIOTKa, Macca m KOTOporo 

0,5 Kr, CKOp<lCTh MOJIOTKa V- 5 Mfc. 3Ha'IHT 

mv2 

F·f,..N·- N=5 2 , , 

F=5· 0•5"25 625H,.,64Kl' . 
2·5·10-2 

TaKOii rpy:J MO:lKHO noJI.BeCHTL na 3TOM rB03JI.e, s6HTOM B noronoK. 

KoHe'IHO, no.n:o6Ha.a oueHKa .n:ocraro'IHO rpy6a.a H MO)l(eT Hcnonb3oBaTbCH 

nHlllb .n:nH O'leHb npH6nH)l(eHHOro pemeHH.K - HanpHMep, B .n:aHHOM Cny'lae, ecnH 

"3anac npO'IHOCTH" nop.a.n:Ka .n:soiiKH, T.e. sec rpy:Ja - 30 ~- 3To YTBep)l(.IJ:eHHe 

cnpase.n:nHBO .n:nH nl06biX OUeHOK - B HHX onpe.n:en.aeTCH nopROOK 6eJlU'IUHbl, 3HaTb 

KOTOpb1H BCer.n:a O'leHb BruKHO, a TO'IHOe 3Ha'leHHe .n:aeT nocne.n:yromHii TO'IHb1H paC'IeT. 

5. Ilpa6U!IO pa3MepHocmu: nro6a.a MaTeMaTH'IecKa.a <IJopMYna, onHCb1Baroma.a 

<IJH3H'IeCKOe HBneHHe, .IJ:Oll)I(Ha HMeTb npaBHnbHYfO pa3MepHOCTb. HanpHMep, CHna 

.D:OIDrrna H3MepHTbCH B H HnH .D:HHax, CKOpOCTb - B WC HnH CWC H T . .IJ:. 3ro npaBHnO 

'!aCTO no3BOAAeT yra.n:aTb npasHnbHb1H OTBeT. M cosepmeHHO o6.K:JaTenbHO, pema.a 

JI1o6yro. <IJH3WieCKyro 3a.D:a'JY, y6e.IJ:HTbCH, 'ITO . pe3ynbTaT HMeeT npaBHnbHYfO 

pa3MepHOCTb. 

6. "To'IHoe" u npu6Ru;)ICeHHoe peweHue. qro TaKoe "ro'IHOe H3MepeHHe"? B 

<PH3HKe rosopHT, 'ITO 3Ha'leHHe A .n:aHHoii <IJH3H'IecKoii senH'IHHbi scer.n:a H3BeCTHo c 

KOHe'IHOH TO'IHOCTbiO ("OlllH6KOH11
): 
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llpe)J.HCJIOBHe 

Ilpe,WiaraeMoe yqe6HO-MeTO,IVI'IeCKoe noco6Me no.n;roroaneHo K m.n;aHMID 

~a¢e.n;poii :meKTJ)OHMKM ¢mll'leCKIIX ycraHOBOK MocKOBCKoro rocy.n;apcraeHHOro 

JIHCTinyra pa.n;MOTeXHliKM, 3JieKTJ)OHMKH li aBTOMaTMKli (MllP3A), opraHII30BaHHOll B 

r. ,Izy6Ha npM Y'le6Ho-HayqHOM ueHTPe 06be.n;MHeHHOro · MHCTJITYTa H.n;epHbiX 

JICCJie.l{OBaHMii, li npe.n;H!l3Ha'leHO .l{JUI cry.n;eHTOB O'IHOH 4JopMbl ofiyqeHIDI, 

cneUMaJibHOCTb 200600 "3JieKTJ)OHMKa tPM3M'IeCKIIX ycraHOBOK
11

• 

Iloco6Me opMeHTMpoaaHo Ha npeno.n;aaaeMhiii B reqeHMe IDITM ceMecrpoa KYPC 

¢mMKM. TaKoii Kypc tPM3MKM npe.n;nonaraeT 6onee yrny6neHHOe, He:lKeJIM a 

craH.n;apTHhiX Kypcax .n;IDI MH:lKeHepHbiX cnenMaJihHOCTeii, myqeHMe npe.n;MeTa. BMecre 

c TeM, MaTepMan M ypoaeHh ero mno:lKeHIDI He TPe6yiDT cnenMaJihHOii 

BBE,l(EHIIE 

KJiaccll'leCKilll MeXaHMKa - HayKa 0 .l{Bli:lKeHMM MaTepliaJibHbiX TeJI, T.e. 06 

mMeHeHMM co apeMeHeM nono:lKeHIDI 3TIIX ren MJIM IIX 'lacreii a npocrpaHCTBe. B 

Ka'leCTBe npll'IMHbl, Bbl3biBalO~efi .l{Bli:lKeHJie TeJI, B MeXaHMKe BBO,wiT nOIDITIIe CUJlbl. 

lf3yqeHMeM npMpO.l{bl 3TIIX CMJI caMa MeXaHMKa 3aHMMaeTCH Jlllillb .1{0 onpe.n;eJieHHOro 

ypOBIDI ( CM., HanpMMep, § 6.11 ), OCTaBIDIH 3TY 3a.l{a'ly .n;pymM pa3.n;eJiaM tPII3MKM, 

'laCTblO KOTOpOfi OHa HBIDieTCH. WII3MKa ( OT rpe'leCKOro phfsis- npMpO.n;a) - HaYKa 0 

npMpo.n;e, myqaiD~Illl HaJI6onee o6~Me caoiicraa OKpY:lKaiD~ero Hac MaTepMaJihHOro 

-MMpa. CJIOBO MexaHJIKa npOM30illJIO OT rpeqecKoro CJIOBa mechanike - MCKYCCTBO 

nocrpoeHIDI MamMH. 

lf3yqeHMe tPII3MKli II, B 'laCTHOCTJI, MeXaHMKli - nepaoro pa3.n;ena 3TOH HayKM, 

MaTeMaTJiqeCKOll no.n;rOTOBKM, n03TOMY noco6Me MO:lKeT 6hiTb peKOMeH.l{OBaHO !1, CTaBHT ueJiblO 4JopMHpOBaHJie y 6y~IIX liH:lKeHepOB onpe.n;eneHHOH cucmeMbl 

cry.n;eHTaM .n;pynrx MH:lKeHepHbiX cnenMaJibHOCTeii M acnMpaHTaM. 3HaHuii, onMpaiD~eiics Ha 3HaHMe 3aKOHOB npMpO.n;hi M Mero.n;oa aHanma M pemeHID! 

MaTepMan, npe.n;craaneHHhiii B noco6MM, MMeeT pa3HyiD creneHh CJIO:lKHOCTM. pa3JIM'IHOro po.n;a TeXHM'IecKMx npo6neM, B03HMKaiD~IIX a MH:lKeHepHoii .n;eHTeJihHOCTM. 

lJaCTb naparpa4Joa, OTMe'leHHbiX CMMBOJIOM "*", MO:lKeT 6hiTb ony~eHa npM nepBOM lJeMY CJie.l{yeT y.n;eJIHTb rJiaBHOe BHHMaHMe npM 4JopMMpOBaHliM 3TOH CliCTeMbl 3HaHMfi? 
~ ' 

'ITCHMM 6e3 nOTepM ueJIOCTHOCTM aocnpMHTIDI. n I. IIpe:lK.n;e acero - myqeHMlO pU3U'IeCKUX 3aKOH06, a He "npaBMJI 

KOHCTpyMpoaaHIDI". BoT o.n;MH II3 npMMepoa, Kor.n;a 3HaHMe tPII3M'IecKoro 3aKoHa 

AllTop nonb3yeTcs B03MO:lKHOCThlO Bbipa3IITb cao10 rny6oKYID 6naro.n;apHOCTh n03BOID!eT m6e:lKaTb omM6KM. Mo:lKHO JIM nocrpoliTh "mnep6onoll.l{ MH:lKeHepa 

aKa.n;eMMKY Ji.B. lJMpMKOBy, KOTOphiii no3HaKOMMJICH c pyKonMChlO, c.n;enan ueHHbJe rapMHa"? HeT: 3aKOHhi tPM3MKM (onTIIKM, a .n;aHHOM cnyqae) He no3BOIDIIDT TaK npocro 

KpliTJI'IeCKJie 3aMe'laHIDI li .l{aJI MHOroqJicJieHHbie peKOMeH.n;aUMli no .n;opa60TKe ' C:lKaTb JI}"' CBeTa, KaK 3TO nOKa3aHO Ha pMC. 1. TaKall CX~~a npOCTO He pa60TaeT li 

noC06IDI. j peaJibHOM MMpe. 

AllTop 6naro.n;apeH JI.B. Co6oneaoii 3a o6pa6oTKY KOHcneKTa neKUMii M 

T.A. CTenaHoaoii 3a 6onhmoii TPYA no no.n;roTOBKe pyKonMCM K M3.n;~HMID, a TaK:lKe 

M.H. 3apy6MHOii 3a ~aTeJibHOe pe.n;aKTMpoaaHMe pyKonMCM. 

6 

~? ~ 
- ~~~ ; 

-~~-+~v 

PRe. 1. Cxem "mnep6oJIOH.M" lllllKeHepa 
rapHHa" (AH. ToJicroii). 

2~ 3HaHUe nopRiJKa 6eJlU'IUHbl. QqeHb Ba:lKHO 3HaTb "pa3Mepb111 Jll060ro 

ffimiNeCKOm Ofi'heKTa - npOTH:lKeHHOCTb B npOCTpaHCTBe li BpeMeHJI, MaCey ( eCJIJI OHa 

3anac 3HepmM M T. ·.n;., T.e. noHHMaTb, 'fio TaKoe "MHoro" M 'ITO TaKoe "Mano", 
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x=A±~A. 

M '!eM MeHbuie 3Ta oum6Ka, TeM Bbime TO'IHOCTb. 

7. KpumuttecKUii anaJIU3 H meopttecKUii cunme3. Mccne.l{OBan:.rrb o6H.3aH 

r JIABA 1. OCHOBbl HEPEJUITIIBIICTCKOH MEXAHIIKII 

qJ\CT:IIW>I 

KpHTH'leCKH OCMbiCJIHBaTb pe3yJihTaTbi caoHX H 'JYlKIIX n:ccne.l{oBaHJfii, 3HaTb npe.l{eJibi I B MexaHn:Ke npn:wrro Ha3bmaTh MamepuaJlbHOii mottKoii 'lacrn:uy KOHe'IHOii 

If YCJIOBIDI cnpaBe.l{JIMBOCTif, npn:MeHMMOCTJf <Pmn:qeCKIIX Pe3YJibTaTOB. YMeTb Ha IMaCCbi, pa3Mepbl KOTOpoii CKOJib yro.l{HO MaJibi. B <Pmn:Ke,. O.l{HaKO, CHMMaeTCji 

OCHOBe OnbiTHbiX ,l{aHHbiX, 3a'laCTylO HenOJIHbiX, nOCTpOHTb <IJmn:qeCKY~Q MO,l{eJib HeOnpe~eneHHOCTb TaKHX MaTeMaTH'leCKHX nOfij{Tifll, KaK "6eCKOHe'IHO OOJibillag 

n3yqaeMoro ganeHIDI, aapnaHT pemeHIDI npo6neMbi. (Manag) aenH'lnHa" - ~ocraTO'IHO oroaopHTb "6onhmag" ("Manag") no cpaaHeHn:IO c 

8. CnupaJlb no3nanuR. Mccne~oaaTeJib aHann3n:pyeT npupo.l{Hbie ganeHIDI, '!eM. TaK, 'lacrn:ua MO)KeT paccMaTPn:BaTbCji KaK MaTepn:anbHag TO'IKa, ecnn: ee 

nOJib3ygcb. o6pa3HbiMU npe~CTaBJieHIDIMlf If <IJM3M'leCKUMJf MO~eMMII, .l{Jijl Onn:CaHIDI pa3Mepbl MHOfO MeHbille xapaKTepHbiX paCCTOjiHJfll, Ha KOTOpbiX cymeCTBeHHO 

KOTOpbiX lfCnOJib3YeT R3blK MameMamUKU - MaTeMaTn:'leCKJfll annapaT. 0CHOBOH .l{Jijl Jf3MeHIDOTcg CKOpOCTb If YCKOpeHn:e 'laCTMQbi. ,[{aJibille• 3TO nOfij{Tife 6y~eT YTQ'lfij{TbCji, 

nocrpoeHIDI nw6oii: <IJn:3n'leCKoii: Teopn:n: acer~a gaMeTcg 3Kcnepn:Mem·. OH )Ke - Hanpn:Mep, Teno ae~eT ce6g KaK MaTepn:anbHag TO'IKa, ecnn: · HecymecraeHHO ero 

CJI~HT rnaBHbiM KpHTepn:eM npaan:JibHOCTn: Teopuu. • co6craeHHoe apameHn:e. 

ITo3HaHne npn:po~bi U.l{eT no cnn:pann:: 3KcnepnMeHT (onbiTHbie ~aHHbie) - llaCTMua C'IHTaeTcg "nepeRRmU6ucmcKoii", ecnn: ee cKopocrb MHOro MeHbme 

MO~eJib (rnnOTe3a, TeOpiDI) - 3KCnepn:MeHT - CJie.l{yiOmag MO~eJib (YTO'IHeHHag CKOpOCTif CBeTa C. B 3TOM cnyqae CnpaBe,l{JIJfBbi 3aKOHbi MexaHJfKJf 11MaJibiX11
, lfJIJf 

TeopiDI). IIpn: 3TOM ~eiicrayeT npUHlfUil coomeemcmeuR: TeopiDI 6onee BbiCOKoro 

ypoBHjl npn: onpe~eneHHbiX ycnoaHgx (npe~eJibHOM nepexo~e) ~aeT TOT )Ke pe3yJihTaT, 

'ITO .II TeopiDI "npe~bl~ymero", Ha "cryneHbKY" HH)Ke, ypoBHjl. TaK, B KJiaccn:qecKoii 

MeXaHHKe Mbl BU.l{llM, 'ITO MeXaHHKa 60JibillHX CKOpOCTeii (peJij{TJfBllCTCKag MeXaHHKa, 

maaa 2) npH c ~ oo ~aeT Te )Ke pe3yJibTaTbi, 'ITO n: MexaHHKa MaJibiX CKopocreii (qacro 

HMeHHO · ee Ha3biBaiOT KJiaCCH'lecKoii MexaHHKoii). AHanorn'IHO, B KBaHTOaoii 

MexaHHKe, noJIO)KHB nocrogHHYIO llnaHKa h paaHoii H}'JIIO, nonyqaeM Pe3YJibTaTbi 

KJiaCCH'leCKOH <IJll3llKJf. 

9. Kompemnocmb 3Hanuii - TO, 'ITO coaepmeHHO Heo6xo~HMO HH)KeHepy. 

Heo6xo~HMO He TOJibKO 3HaHHe <IJH3n:'leCKHX 3aKOHOB, HO n: YMeHl!e npOH3BO~llTb 

paC'leTbi Ha HX OCHOBe. I10Jie3HO nOMHllTb 3Ha'leHIDI <IJM3H'leCKHX KOHCTaHT, YMeTb 

nOJib30BaTbCji CHCTeMaMH <IJn:3H'leCKHX e~HHHQ, He orpaHH'lllBagCb O.l{HOH Jlllillb· 

~HCTeMoii CM: ~Ho 3HaTb II YMeTb npHMemiTb rayccoay cn:creMy e~HHHU (CrCE + 

+.crcM), aToMeyw cHcreMy e~HHHU. Hy)KHO YMeTb nonb3oaaTbCji HayqHo

~eXHH'lecKoii JIHTepaTYPoii - 3HaTb, "r~e nocMOTPeTb". MaTepHan no 3~aHHOii 

npo6neMe. BoT TaKHe 3HaHIDI II yMeHHe II OTJIH'laiOT cneuHanHcra OT ~lfJieTaHTa. 
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(v <<c) CKOpocreii. MexaHMKa peJij{TUBifCTCKHX CKOpocreii 

~ paccMaTPHBaeTcg B maae 2. 

§ 1.1. Onucauue .D.BIDKeuusr qaCTHQhi (KuneMaTHKa) 

IIOJIO:iKeHHe B npocrpaHCTBe xapaKTepH3YeTCji p~HYCOM-BeKTopoM r(t), 0-

OTC'leTa (Ha'laJIO KOOp.D.HHaT). P~Hyc-BeKTop r(t) onHCbiBaeT TPaeKTopmo 

- rOOMeTPH'leCKOe MeCTO TO'leK, B KOTOpbiX 'laCTn:Qa HaxO~HTCg B pa3Hbie 

IMoMeHTbi apeMeHH. 

CKopocmb: 

- n· & di .:. v=dm-=-=r. 
~-+OM dt 

(1.1) 

llpupaUJenue pai)uyca-eeKmopa (pH c. 1.1 ): & = ~ - ii , ii.2 = r(l.2). 
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r. (tl) t1 t:.r 
0 

;2(t2) t2 

a 

YcKopenue: 

tl 

0 , I - 1 '- P'tfz 

6 

_ . ilv d\i _ 
a= fzm-=-=v. 

M->0 M dt 

PHc. 1.1. lliMeHeiiHe pa,~U~yca

BeKIOpa npH ,ll;IIIDKeHHH TO'IKH: 

a - npJIMoJIHHeiiHoe ,ll;IIIDKeHHe, 

6- KpHBOJIHHeiiHoe ,ll;IIIDKeHHe 

(1.2) 

llpR.Mo!luneiinoe 06U:HCenue (puc. 1.1, a): Llr = r2 -'i. 
KpuBO!lUHeiinoe 06U:J/Cenue. B o6meM cnyqae pa}:(nyC-BeKTOp r(t) H3MeiD!erc}l .. 

KaK no BeJIU'luHe, TaK uno HanpaBJieHuro (puc. 1.1, 6). 

Ha'IHeM co cnyqa» ]{BIDKeHH}I no OKpYJKHOCTu noCTOHHHoro paAuyca. MoAyJI& 

paAuyca-BeKTOpa r B 3TOM cnyqae nOCTO»HeH, a H3MeiD!eTCH yrJIOBM KOOPAUHaTal 

'laCTUQbl <p: 

liil=l~l=r, 

~~~ = 2r · sin <p ~q>->o > r · Ll<p . 
. 2 

Ho Ll<p = <i> · M = ro · M, u npu M --)- 0 npupameHue Llr --)- e'~' · rro · M, rAe e'~'-

e}:(uHWl:Hbiii: BeKTOp, KacaTeJihH&Iii K TPaeKTOpuu - OKpYJKHOCTu, ro -

CKOpOCTb.BeJIU'IUHa 

v=~lilrl=ror 
dt 

- CKOpOCTh, OHa KacaTeJibHa K OKpYJKHOCTU. IJpu :ITOM ycKOpeHue Haii:}:(eM, Bbi'IUCJIUBI 

ii = v. IIocKOJihKY v = e'P · v, TO 

r}:(e (eM. puc. 1.2, a) 

- diq> - - dv a=-·v+e ·-
dt q> dt' 

12 

(I 

deq> . ileq> _ ilq> _ --= fzm--=-e ·-=-e ro. 
dt ~t->0 Lll r Llt r 

(1.5) 

e, 
diq> 

eq> (t) 

ileq> 

a 6 

PHc. 1.2. IlpHpameHHe BeKI"Opa eq> (t) npH ,ll;IIIDKeHHH TO'IKH no OKpYJKHOCrH noCTOJIHHOro pa,~U~yca (a) 

H no Il.liOCKOH KpHBOJIHHeHHOH -rpaenopHH (6) 

B pe:3yJihTaTe nonyquM 

--2 -·--a= -e,ro r +e'Pv = a~c +a1 • 

TaKUM o6pll3oM, ycKopeHue pacna}:(aeTC» mt ABe 'laCTII - paAIIaJihHOe, BKJIIO'laromee 

QeHrpocrpeMIITeJlbHOe ( aijc ), KOTOpOe OpTOrOHaJibHO CKOpOCTll, ll TaHreHQllaJibHOe 

( a1 ), HanpaBJieHHOe B}:(OJlb CKOpOCTll. 

B o6meM CJiy-qae, KOr}:(a r = r(t) MeiDieTC» He TOJibKO no HanpaBJieHIIIO, HO ll 

no BeJIW~uHe, ycKopeHIIe Bhi'IIICMeTC» 'IYTh CJIO)I(Hee. IlpiipameHIIe paAIIyca-BeKTopa 

M CO}:(ep)KllT eme CJiaraeMOe B}:(OJlb r, B03Hl1Ka10mee ll3-3a H3MeHeHH}I r no 

BeJill'IIIHe: 

r(t)=e, ·r(t1 & =e, ·M+eq> ·rro ·M. 

CooTBeTCTBeHHO, cKopoCTb 'laCTIIUhi eCTh 

__ dr _ 
v =e ·-+e ·ror 

r dt q> ' 

a ee npOH3BO}:(HM eCTb nO!lHOe ycKopenue B nJIOCKOM KpllBOJIIIHeHHOM }:(BIDKeHIIU: 

_ dV de, . _ .:: de'~' _ d(ror) 
a=-=-·r+e ·r+-·ror+e --. 

dt dt r dt q> dt 
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il?,nCTaBJIIDI CIO,l.(a ecp lf3 (1.5) II yqiiTbiBaH, lfi'O, aHaJIOrn:qHO (1.3), 

de, _ d!!..cp _ 
-=e ·--=e ·ro dt cp dt cp , 

Haii,neM noll1we ycKopenue qaCTIIQhr: 

a= eAr -ro 2r )+ecp(2rof + ror). (1.6) 

ITepaoe cJiaraeMoe eCTh pa,niiaJihHOe ycKopeHIIe, co.nepJKautee ycKopeHHoe II3MeHeHIIe 

pa,niiyca-aeKTopa r II lfeHmpocmpeMumellbHOe ycKopeHue 

2 
a~c = -ro r. 

BTopoe cJiaraeMoe oniiCbiBaeT TaHreHQIIaJihHOe ycKopeHIIe. 11o.npo6Hee ero crpyJITYPa 

o6cyJKJ.(aeTcH a § 3 .3. 

33,!1a'la 1.1. 0CKOJIKH B30pBaBmeroCJI 3Be3.LIOJieTa pa3lleTIUOTCJI 113 TO'IKH•B3phlB3 CO CKOpOCTJIMH v,. 
3aiD.HTHliJI KaiiCyJia, B KOTOpOH HaXO.llliTCJI KOCMOHaBThl, Jienrr CO CKOpOCTbiO v0 • .liCHO, 'ITO BCe BeKTOphl 

v,, v0 HanpaBJieHLI B.LIOJib pa.z:IHYCOB-BeKTopoa H3 TO'IKH B3pbma. Kaeyro MrHOBeHHYJO CKOp~ 

OCKOJIKa, y.L~aJieHHoro OT KarrcyJILI Ha paCCTOHHHe R , li3MepHT KOCMOHaBThi? 

Orc'IHrhlBall BpeMJI 0T MOMeHTa B3pb!Ba, Haii.z:leM (pHC. 1.3) CKOpoCTb i-ro OCKOJIKa 

OTHOCHTeJibHO KaiicyJILI: 

v, =v, -v0 =~-~=~ t t t 

TaKHM o5pa30M, KOCMOHaBThl 06Hap)')KllT, 'ITO CKOpOCTH OCKOJIKOB 3Be3.LIOJieTa DpOIIOpl(HOHaJibHhl 

paCCTOJIHHIO .LIO KIDI\,II;OrO H3 HHX. 

Vo 

v; PHC. 1.3. Pa3JieT OCKOJIKOB IIOCJie B3phlB3 KOCMOJieTa; 

K - KaiicyJia C KOCMOHaBTaMH 

14 

3Wr pe3YJibTaT li3BeCTeH a acrpo<l>IDHKe KliK 3aKOH Xa56na (EP. Hubble, 1929 r.), no HMeHH 

epHKaHCKOrO aCTJlOHOMa, yCTaHOBHBmero, 'ITO .ll)lll 18 raJiaKTHK CnpaBe.LIJIHBO COOTHOilleHHe 

V=HR. 

o coapeMeHHLIM ,naHHbiM H = 50+100 (1CM/c).1>/nK=l.6+3.2·10-18 c-1
• 3ror 3aKOH JIBJIJieTCJI 

KCriepm.~eHram.HLIM o6ocHoBaHHeM MO.lleJIH paCIDHpJIIOII(eiicJI BceneHHoii (AA. l/>puiJ.Man, 1922 r.). 

"o'IHOCTb, C KOTOpOii BhliiOJIIIJieTCJI 3aKOH Xa56na (V rrporropl(HOHaJibHO R) I"Opa3.LIO BLime, 'leM 

>'IHOCTb, C KOTOpoii li3BeCTHa KOHCTaHTa H. Ilo.!('lepKHeM, 'ITO 3aKOH Xa56Jia CnpaBe.LIJIHB .ll)lll 

§ 1.2. Tpu JaKoHa HLIOTOHa 

B 1687 ro.ny McaaK Hh!OTOH (/.Newton) ony6JIIIKOBaJI caoii aeJIIIKIIii TPY.n 

"MaTeMaTIIqeCKIIe OCHOBbl HaTYPaJihHOH <iJllJIOCO<lJIIII
11

•), r,ne c<lJopMyJIIIpOBaJI TPII 

rJiaBHbie 3aKOHa MeXaHIIKII. 

J-fj 3QKOH. BCHKOe TeJIO npii6hiBaeT B COCTOHHIIII nOKOH IIJIII paBHOMepHOrD 

npHMOJlliHeHHOro ,l.(BIIJKeHIIH ,!.(0 TeX nop, nOKa. ,neifCTByiOII.{IIe Ha Hero CllJibl He 

II3MeHHT :no COCTOHHIIe. 

2-u 3aKOH. 11poii3ae,neHIIe MaCCbl TeJia Ha ero ycKopenue paaHo .neiicrayiOmeii 

Ha TeJio CUJle, a HanpaaJieHIIe ycKopeHIIH coana,naeT c HanpaBJieHIIeM CIIJihi: 

ma=F. 
3-u 3aKOH. ,ll;eiiCTBIIH .nayx TeJI .npyr Ha ,npyra BceziJa paaHhi no aeJIIIqiiHe II 

npOTIIBOnOJIOJKHbl no HanpaBJieHIIIO (CM. 3aMeqaHIIe B KOHI.{e § 1.2). 

lfTaK, CUJIQ BBe,l.(eHa 3,l.(eCb KaK npiiqiiHa II3MeHeHIIH COCmORHUR TeJia. C 

nOMOII.{biO 3TOH BeJIIIqiiHbl OniiCbiBaiOT 63QUMOiJeiJCm6Ue TeJI, T.e. lf3MeHeHIIe 

COCTOHHmi: KaJK,l.(OrD lf3 HIIX nO,!.( ,neifCTBIIeM ,npyriiX TeJI. ,ll;oJiroe BpeMH B MeXaHIIKe 

rocno.ncraoaaJio aae,neHHOe Hb!OTOHOM noHHTIIe iJ(lJlbHoiJeiicmBUR: cqliTaJIOCb, lfi'O 

*l DTMeTHM, 'ITO B pyCCKOH JIHTeparype o5hl'IHO HCIIOJib3yeTCJI 3TOT Hey M'IHhlii rrepeBO.ll C aHrJIHiiCKOI"O 

Ha3BaHHJI pa50TLI HJ.rorosa. IlpaBHllbHO "Nature Philosophy" 03Ha'laeT <l>HmJ.;o<l>HH npHpo.LILI, a He 

HaTypaJibHaJI <i>HJIOCo<i>HJI. 
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,neiicTBne o,nHoro TeJia Ha .npyroe MO)l(eT nepe,naBaThCji qepe3 nycroe' npocrpaHCTBO 

MrHOBeHHO, KaK 3TO HMeeT MeCTO, HanpHMep, B ConHe'IHOH CHCTeMe, r,ne ,neiiCTBYJOT 

CUJlbl mR20meHUJl (zpaBUmat(UU}. Tor,na MO)l(HO BBeCTH CHJIY F(r) - BeKTOpHYJO 

4JyHKUIDO Koop.nnHaT H, Boo6me roBopji, cKopoCTH TeJ1a. Ha6op BeKTOpOB F 

HaJhiBaiOT nolleM CUll (nnn cnnoBhiM noneM). Co BpeMeHeM, o,nuaKo, crano noHjiTHO, 

~0 B3aHMO,l.leHCTBHe nepe,naeTCji C KOHe'IHOH CKOpOCThiO. 3To BhffiCHHnOCh no Mepe 

pa3BHTHjl 4JH3HKH 3neKipOMarHeTH3Ma: 3neKipOMarHIITHOe none B BaK}'YMe 

pacnpocrpaHjieTCjl co cKopOCTbiO CBeTa c. IIonoMY ecnn, HanpnMep, Ha neKoropoM 

paCCTQjiHHH f. OT 3apjl)l(eHHOH 'IaCTHUhi B03llliKH)'f ,npyrue 3apjl)l(eHHhie qaCTHUhi 

(CK~eM, 1\>0TOH HOHH3Hpyer aTOM H B03HUKaiOT HOB H CBOOO,l.lHhiH 3neKipOH), TO 

nepB~ qaCTnua noqyaCTBYeT ux B3anMo.neiicTBne qepe3 HeKOT!?poe BpeMjl 't = £/c. TaK 

BOOHHKnH npe,nCTaBneHHjl 0 3Qna30b16Q11UU 6:JaUMOOeiicmBUii U 6JlU3KOOeiicmBUU: 

B3auMo.neiiCTBHe nepe.naercjl, Kor.na cnnoBoe noJie (nnu ero H3MeHeHne) ,noCTnraer 

qaCTHUhi. Toquee, ee ,noCTHraeT qaCTnua cnnoBoro noM nepeHOC'IHK 

B3aUMO,l.leHCTBHjl. Ilo,nqepKHeM, qTQ 3anaJ,l.lhiBaHHe B3aHMO,l.leHCTBHjl CKaJhiBaeTCji B 

MeXaHHKe 6onhWUX CKOpOCTeii, KOr,na CKOpOCTH 'IaCTHU cpaBHHMbi CO CKOpOCThiO 

nepe,naqu B3auMo.neiiCTBHjl. B cnyqae 3neKipoMamHTHhiX noneii - no cKopoCTh CBeTa, 
' ' 

B CMOWHhiX cpe,nax - CKOpOCTh pacnpocrpaneHHjl BOnH ,ne4JopMauHH, T.e. CKOpOCTh 

3ByKa (rnaBa 10). 

Cero.nHjl H3BeCTHhi 'IeTbipe 4Jyu.naMeHTanhHhie B3aHMo.neiiCTBHjl. HU)l(e OHH 

paJMemeHhi no Mepe B03paCTaHHjl cnnhi B3anMo,neiiCTBHjl. B cKo6Kax ,naHhi 3Haqenlljl 

MaCChi nOKOji 'IaCTHU - nepeHOC'IHKOB B3aHMO,l.leHCTBHjl (,naHHhie 2002 r.). 3HaK "?" 

03Ha'IaeT, qro qaCTnua runoTernqecK~ Hnii ee Macca 3KcnepnMeHTanhHO ueH3BeCTHa. 

3Heprlljl nOKOji,l.laHa B 3JleKmpOH60JlbmaJC (3B): 

1 3B = 1.602177 ~ 1 Mera3neKipoHBonhT (M3B) = 10
6 

3B, 

1 rnra3neKTPOHBOnhT (r3B) = 10
9 

3B. 
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lJeTbipe 1\>yH.naMeHTanhHhiX B3aiiMO,neiiCTBUjl: 

rpaBHTaUIIOHHOe - rpaBHTOHhi ? (Macca paBHa 0) 

cna6oe-6o30Hhi TV' (80,419±056r3B)n ~ (91,1882±0,0022r3B) 

3neKipOMarHHTHOe- 1\>0TOH (< 10-16 3B) 

CHnhHOe -{n=t-Me30H {139,570~8 ± 0,00035 M3B) 

1t
0-Me30H (134,9766±0,0006 M3B) 

rniOOHhi (0) 

XapaKTepHCTHKOH HHepUHOHHhiX CBO.HCTB 'IaCTIIU, T.e. TOro, HaCKOnhKO nerKO 

OHII ycKOpjiiQTCji no,n ,neHCTBIIeM CHn, RBMeTCH MaCCa 'IaCTIIUhi m. 3To TaK 

naJhiBaeM~ UHepmHaR Macca min, KOTOp~ co.nep)l(HTC» B ypaBHeHIIII, oniiChiBaiOmeM 

2-ii 3aKOH HhiOTOHa: 

minii=F. 

~ KpoMe TOro, Macca Tena npiiCYTCTByer II B CIIne T»roTeHHjl. Ee HaJhiBaiOT 

zpaBumaiJUOHHOii Maccoii mg. Ilo3TOMY, crporo roBop», ycKopeniie qaCTIIUhi no.n ~ 
~ ,neHCTBIIeM CHnhi THroTeHHjl cne,nyer 3aniiChiBaTh B Bll,l.le 

'\_ mM-
- g r -(-) mina=y--

2
-·-=mgg r . 

r, r 

IlpiiHUIIniianhHhiii Bonpoc I\>I13IIKII: paBHhi nil min II mg? Ecnii min = mg, TO ycKopeHIIe 

B none CIInhi THI'OTeHUjl He 3aBIICHT OT MaCChi Tena, ~0 yCTaHOBneHO OnhiTHhiM nYTeM 

r. rannneeM (G. Gali/ei, 1564-1642 rr.) c .nocrynHOH B TO BpeMjl TO'IHOCThiO. 

PaBeHCTBo rpaBHTaUIIOHHOii II .IInePTnoii Mace HaJhiBaeTC» npUHIJUnoM 

3KBUB(llleHmHocmu. 3Kcnepi1MeHThi no ero npoBepKe CTaBHTCH .no cux nop, uo 

pe3ynhTaTOB, yKaJhiBaiOIUHX Ha uapyweniie 3Toro npiiHUIIna, He nonyqeno. 

JlBnHIOTC» nil Bee 3 3aKoua HhiOTOHa He3aBIICIIMhiMII? Her! OcnoBnoii II3 

HHX- 2-ii 3aKOH, a 1-ii II 3-ii 3aKOHhi MOrYT 6hiTh nonyqeHhi H3 Hero. ,[{eiiCTBIITenhHO, 

ecnii F=O, TO 

- dV a=-=0 dt • 
OTCIO,na V = COllSt- 3TO II eCTh 1-ii 3aKOH. 

1 HAY.qHo-1~xHn<I£cicA~! 
I 

E~i:SJIHOTEKA i 

QTif qr!l 



3-ii 3aKOH no.nyquM, 3anucas ypasHeHIDI 2-ro 3aKoHa ,I:(IDI ,nsyx B3auMo.neiiCTsyromux 

Ten: 

miai ==Fi2• mii2 ==F2i ==-Fi2· 

CnmKus o6a paseHCTBa, no.nyquM 

miiii +mii2 ==0. 

Bse,neM nowrrue UMnyllbCa .nsiDKYmeiicH qaCTBUbi (momentum- aHrn.): 

p==mv. 

Tor.na paseHCTSO (1.7) MO)J(HO 3anucaTb s su.ne 

djJi djJ2 - -- + -- == 0 , oTcro.na Pi + p 2 == 0, unu Pi == - p 2 . 
dt dt 

(1.7) 

(1.8) 

IhaK, TPeTllii 3aKOH, rnacHmuii, qTO F12 ==-F2i, npuso,nBT K 3aKOHY coxpaHeHIDI . 
uMnynbca 3aMKHYTOii cuCTeMbi (s HameM npuMepe- cuCTeMa u3 ,nsyx qaCTuu). Reno, 

qTQ cyMMa SHYTPeHHllX cun 3aMKHYTOii cnCTeMbi ,noll)J(Ha 6b1Tb pasHa uynro, uHaqe 

CUCTeMa CaMOYCKOpHeTCH. IlpaslillbHee I'OSOpllTb, qTQ 3-ii 30KOH ecmb 30KOH 

coxpaueuu.R UMnyllbCa 3aMKHymoii cucmeMbl. 

CymeCTsyiOT llll <}Jll3llqeCKIIe cuCTeMbi, s KOTOpbiX Cllllbl S3allMO,l.leHCTSIDI 

Me)J(,l.ly qaCTHMll cuCTeMbi ue y.nosneTsopHIOT 3aKouy LF;k == 0? HeT! Muaqe 
ik 

HapymancH 6bi 3aKoH coxpaHennH IIMnynbca. Ho u3seCTHbi napa,noKCbi. HanpuMep, 

CIIna, ,l.ICHCTSYJOIUaH Ha 3apH)J(eHHYJO qaCTIIUy, ,l.ISll~IUyiOCH napannenbHO 

nposO,l.IHIIKY C TOKOM, uanpasneHa nepneH,l.lllKYAAPHO nnOCKOCTli, S KOTOpOH ne)J(aT 

nposo.nunK 11 qaCTuua (cuna Jlopeuua), T.e. He.HanpasneHa oT nposo,nHnKa K qaCTIIQe. 

B qeM .neno? 0rBeT: scer.na HY)J(HO paccMaTPnsaTb 3aMKuyTYIO CIICTeMy, s 3TOM 

npuMepe cne,nyeT yqiiTbiSaTb MaruiiTHoe none n ero IIMnynbC (3TO ".nenaeTCH s 

3nei<TpO,l.lllHaMIIKe ). 

MTaK, see TPU 3aKoHa HbiOTOHa o6be,niiHHeT BTOpoii 3aKoH: 

ma ==F. 

On csH3bisaeT Me~ co6oii IIHepuiioHuyro xapaKTepnCTUKY Tena- Macey n npuqiiuy, 

Sbl3biSaiOIUYlO ycKopeHIIe Tena,- cuny. 
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]3.1(3 '13 1.2. ilpH KllKOM yCKOpeHHH .IJ;OCKH JieJKam;aJI Ha Heii KI!HI'a Ha'IHHaeT CKO.Jib31ITb no .IJ;OCKe? 

~ PHc. 1.4. K 33.1J;a'Ie o .IIB~HXCJI.IIOCKe H KliHI"e 

()qeaH.II;HO, F mp = ma ecn. yCJIOBHe .IIBIDKeHHJI KHHI'H c TeM :a«: ycKopeHHeM, 'ITO H .nocKa. 

llocKOJibKY F mp =lang, nOJIY'IHM ycnoaHe "cpLIBa": a> kg. 

§ 1.3. 3aKOHbl COXpaHeHHSI HMnyJibC8, JHeprHH, MOMeHT8 HMnyJibC8 

3aKOHbl coxpaueuu.R KaKux-nu6o Q>U3nqecKux seJmqiiu B pa3nllqHbiX 

npoueccax (uanpuMep, npu ,nsii:iKeuiiu Ten s MexaunKe) urpaiOT B Q>u3uKe oco6yro 

ponb. 3To ocuosa Hamux 3HaHIIii o npnpo.ne, ee <}lyu,naMeHTanbHbie xapaKTepnCTIIKli. 

3.necb Mbi no3HaKOMIIMCH c nepsbiMII TPeMH 3aKonaMn coxpaueHIDI, .neiiCTBYJOIUIIMII B 

MeXaHBKe npu ,l.IBll)J(eHlill qaCTIIU, B3aUMO,l.lyllCTSYIOIUllX ,npyr C ,npyroM. 

3aKoH coxpaHeHu.R UMnyllbca. 3anuweM 2-ii 3aKOH Hbroroua ,I:(IDI qaCTUUbi, 

B3auMo.neiiCTsyromeii c .npymMII qaCTuuaMn s cuCTeMe, co,nep)J(ameii N qaCTIIU, 

S3aiiMO,l.leHCTBYJOIUliX ,npyr C ,npyrOM B OTCYTCTSUe BHelllHllX Cllll (3aMKHyma.R 

cucmeMa): 

diJ N -
'Pn == LFni. 
dt i=! 

Qqesu,nuo, qTO Fnn = 0 (qaCTuua He .rieii~syeT caMa ua ce6H), a cnnbi B3anMo,neiiCTsiDI 

qaCTuu nonapuo pasHbi no seniiqiiHe n npoTIIBOnonO)J(Hbi no HanpasneHIIIO: 

ft;. ==-Fro. 

IlpocyMMIIpyeM llO BCeM qaCTUQaM. IlOJI)"'llM ,I:(IDI 3aMKHYTOM CUCTeMbi 

d N _ N _ 

dtLPn == LFni == 0, 
n=i n,i=i 

OTCIO,na 
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N 

LPn =canst, 
1 

(1.9) 

a 3T0 H eCfb 3aKOH COXpaHeHWI HMnynbca 3aMKHyrOH CHCTeMbl. 3ToT 3aKOH XBJU!eTCX 

cne.n;CTBHeM ooHopooHocmu npocmpaHcm6a: B mo6oii roqKe npocrpaHCTBa 

LFni = 0 .rlJUI3aMKHYfOH CHCTeMbi (eM. TaiOKe § 11.3). 
nJ 

3aKOH coxpaHeHUR 3Hepzuu. Ilycrb Ha qacrmzy .n;eiicrByer cuna, 3aBHCx~ax 

ronbKO OT KOOpJJ:HHaT npocrpaHCTBa: 

dfJ =F(f). 
dt 

YMHO:>KHB CKaJUIPHO o6e qacrH 3roro paBeHCTBa Ha di = vdt, 3anHIIIeM 

(v dft)·dt=(f. di). 
'dt 

Ho 

(v. ~)=m(v. ~)= ~. d~v) = ~. ~1
2

• 
IIo.n;entBHB noT. pe3ynbTaT B npe.n;b~ee paBeHCTBO, nocne HHTerpHpoaaHWI 

nonyqHM 3aKOH coxpaHenuR3Hepzuu qaCTHIU>I B none cun .F(f): 
2 m; +U(r)=const, U(r)=-J{ft,di). (1.10) 

3.n;ecb nepBoe cnaraeMoe cneBa - KUHemu'leCKaR 3Hep2UR qaCTHQbi, a U(r) - ee 

nOTeHQHanbHM 3HepriD1 B none CHn F(r). 0rcro.n;a H Ha3BaHHe TaKHX CHn -

nomeHlfUaJlbHble HnH KOHCep6amU6Hble (CM. HIDKe). BenH'IHHa 

rz 

A= J(ft(r), di) (1.11) 
1j 

HfbiBaercx pa6omoii CWlbl F Ha nYTH MeJK.ey ro'IKaMH r; 11 ~ . Pa6oTa He 3aBHCHT 

OT Bhi6opa nyTH, ecnH cuna ecrb <PYHKllWI TOnbKO Koop.n;HHaT. ,D;eiiCTBHTMbHO, mo6oii 

nOTeHQHanbHOH CHne ft(f) MQ)I(HO nOCTaBHTb B COOTBeTCfBHe <l>YHKllHIO U{r) TilKYIO, 

qro 
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F=-VU(r), (1.12) 

a ror.na 

Tz Tz J au Tz 

A= J{F,di}=-J~ a;-·dxa =-J dU = -(U(r2 )-U(r1)). 

'i 'i a-1 a 'i 
(1.13) 

IIpu 3TOM nyTb MeJK.ey TO'IKaMH r1 11 r2 MOiKer 6biTb npoH3BOnbHbiM. BenH'IHHa 

P= dA =!!_rJ(ft(r),di)=(F, di)=(F,v) 
dt dt dt 

r 

Ha3biBaeTCX MO~HOCTbiO CHnbi. 

]3,/la'la 1.3. KaxaH poraTKa CTpe.llller .MJILme - iKecTKall WIH MJli'KlUI? 

ECJIH CHJia paCTJDKeHHll ( CHJia "CTpeJIKa") :Ja.ZJaHa, TO 

u- k(xm .. -xoY 
2 

F~ .. =mv; 
2k 2 

H nyJill nenrr TeM 6hlcrpee, 'leM MeHbme k. IloJTh3yiiTec& MJirKoii: poraTKoii:! 

(1.14) 

3aKoH coxpaHeHWI 3HeprnH - cne.n;craHe oouopoouocmu 6peMeuu: B nro6oii 

MOMeHT BpeMeHH I KaPTHHa CHnOBOro n~JUI B npocrpaHCTBe OJJ:Ha H Ta iKe ( CM. TaiOKe 

§ 11.3)! Cunbi F(r) (1.12) npHHHro e~e Ha3biBaTh Koncep6amu6Hb1MU (oT aHrn. 

conserve - coxpaHHTb), T.K. B HX none 3HeprW1 coxpaHHercx. TaKHM o6pa30M, 

KOHCepBaTHBHbie CHnbl - Te, KO"IOpbie 3aBHCHT ronbKO OT KOOpJJ:HHaT qacrHQbi, HO He 

OT ee CKOpOCTH HnH BpeMeHH. 

3aKou coxpaHenuR MOMeHma w.tnyllbca. BBe.n;eM e~e o.n:Hy xapaKTepHCTHKy 

.rlB~~eiicx MarepHanbHOii ro'IKH (qacrHQbi) -MoMemn w.my11bca: 

M = [rxp). (1.15) 

3)l;eCb p - HMnynbC 'IaCTHQbi; r - paccrOHHHe OT TO'IKH, OTHOCHTenbHO KOropofi 

0TC'IHThiBaercx (H3Mepxercx) M. fu (1.15) Bll.z:lHO, ~0 MOMeHT 'IaCTHQbl 3aBHCHT OT 

Bbi6opa "IO'IKH OTC'Ient. 

IIonyquM ypaBHeHHe, onHCbiBaro~ee H3MeHeHHe MOMeHTa qacrHQbi. YMHOiKHM 

o6e 'IaCTH ypaBHeHWI .rlBHiKeHWI p = F(r) CneBa BeKropHO Ha r : 
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[rx p)= [rxft] (1.16) 

II yqreM TO:JK,neCTBO 

fx.V]=[fxf]m=O. 
Tor.na 

[rxp)= ~xp)+[fxp)= !!_[rxp]=M 
dt 

II ( 1.16) MO)l{HO 3aniiCaTb B Bli,l:le 

d.M -
~=N, 
dt 

(1.17) 

r.ne 

N=[rxF (1.18) 

- MOMeHm CU!lbl F OTHOCIITenbHO TQqKII OTCqeTa 0. 

,[Vul AUHaMIIKU TOqKU ypaBHeHUe (1.17) He ,naeT ,nononHUTenbHOH 

uHt}>opMaQUII, ecnu N :f:. 0 . 0Ho uMeeT caMoCTmrrenbHYJO ueHHOCTb npu onucaHuu 

ABU)l{eHU.ll TBep,noro Tena ( CM. rnaBy 6). Ecnu )l{e CYMMa MOMeHTOB CUJI, ,neiiCTBYJOIUIIX 

Ha qaCTIIUY, paBHa HynJO, MOMeHT UMnynbCa qaCTIILibl .l!BJI.lleTC.ll UHmezpaJIOM 

061JJICeHUR: 

M = const npu "'f)i; = 0. (1.19) 

§ 1.4. KaK ycTpoeua MexauHKa 

CxeMaTuqecKu MO)l{HO npe,nCTaBUTb "ycrpoiiCTBo" MexaHUKII, T.e. C'fPYKTYPY 

t}>mn,qecKoii Teopuu, onucbiBaJOmeii MexaHuqecKue .l!BneHIDI, cnenyroiUIIM o6pa3oM: 
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3 3aKOHa fuJOTOHa + KUHeMaTUKa TQqKU (reOMeTpU.ll) 

""' / ,l(uHaMuKa roqKU (Bo BHenmeM none) 

~ 
.ll:uHaMUKa CIICTeMbl TQqeK 

~ ~ -------:_______ 
MexaHuKa MexaHuKa MexaHuKa 

TBep.noro rena raJa )l{ll,l:IKOCTII 

. 
3 3aKoHa HbJOTOHa- 3TO 3KCnep11MeHTaJibHbiii t}>aKT, T.e. aKCUOMbl MexaHUKU. 

§ 1.5. CHCTeMa OTCIJeTa. llpHH.QHD OTHOCHTe.JibHOCTH ramiJieH 

Ilono)KeHIIe qaCTIIUbi B npocrpaHCTBe oniiCbiBaeTC.ll, KaK ~e roBOpUJIOCb, pa.nnycoM

oeKTopoM r(t) (puc. 1.1 ), npOBe,neHHbiM lf3 TQqKII 0 - Haqana OTCqeTa B TOqKy, r,ne 

Haxo,nuTC.ll qaCTuua. Oc11 Koop,niiHaT, CB.ll3aHHbie c Bbi6paHHoii AJI.ll OTCqeTa roqKoii 0, 

o6pa3y!OT CIICTeMy KOOp,nllHaT, Ha3biBaeMyro CUCTeMOH OTCqeTa. CuCTeMa OTCqeTa, no 

OTHorneHuJO. K Koropoii npocrpaHCTBo o.nHopo,nHo Ii 1130TPOnHo, a BpeM.ll - o.nHopo.nHo, 

lla%1BaeTC.ll llllepl(UaJlbHOU. B TaKOH CIICTeMe CKOpOCTb C60600HO ABli~IUeHC.ll TOqKII 

IIOCTOHHHa no oen11q11He 11 HanpaoneHIIJO: v = const (T.e. qaCTIIUa ABII)KeTC.ll no 

IIHepllllll- OTCJO,na Ha3BaHIIe CIICTeMbl). 

Ecn11 BBeCTII ,npyry10 CUCTeMy OTCqeTa, ABII~IUYJOC.ll CO CKOpOCTbiO 

- --, 
V0 = COnSt OTHOCUTenbHO nepBOH, TO npeo6pa30BaHU.ll KOOp,niiHaT II CKOpOCTII 

3anlllllYTC.ll B Bu,ne (p11c. 1.5): 
. . . - -, - - -, -r =r +r0 , r =r +r0 ., 

T.e. V = V1 + V. 
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y y 

!'He. 1.5. ):{Be CHCTeMhl .D;eKapiOBLIX KOOp.D;IDillT 

~~,.- x' 
~..; 

0 X 

TaKHM o6pa:30M, B mo6oii HHepQHaJibHOH CHCTeMe CB060,nHOe TeJIO ,nBH:lKeTC»: C 

noCTO»:HHOH CKOpOCTblO (co CBOeH, HO llOCTO»:HHOH!). KpoMe TOfO, BpeM»: O.l(HHaKOBO 

BO Bcex HHepUHaJibHbiX CHCTeMax: t= t~ B pe3yJibTaTe MO:lKHO 3an11caTb 

npeo6pa:30BaHH»: KOOp,nHHaT-BpeMeHH (OCb X napaJIJieJibHa V )~ 
x=x'+Vt', 

y=y', z=z', (1.21) 

t = t'. 

HTaK, 3aKOHbi cno:lKeH~~»: nepeMell\eHHii" cKopocreii OnHCbiBaJOTC»: paBeHCTBOM (1.21), 

(1.20). 3TO npeo6pa3oeamm TaJlUlleR. 

PaBeHCTBO (1.20) cnpaBe,nJIHBO "B cnyqae, Kor.na cKopOCTb roqKH 3aBHCHT OT 

BpeMeHH - V = v(t). ,lJ;mp<IJepeHQHpy»: llO BpeMeHH paBeHCTBO 

v(t)=v'(t)+v, (1.22) 

nonyqaeM, ~o 

a=a', (1.23) 

T.e. yCKOpeHH»: TeJia B pa:3HbiX HHepQHaJibHbiX CHCTeMax O.l(HHaKOBbl. 3TO 

YTBep:lK,neHHe o6o611\aeT npuHqun omHocumenbHocmu TaJlWleR (1564-1642 rr.): B 

HHepQHaJibHbiX CHCTeMax 3aKOHbl .l(BH:lKeHH»: (3aKOHbl MeXaHHKH) O.l(HHaKOBbl. 

0rMeTHM, qTQ npeo6pa:30BaHH»: ranHJie»: BCer,na y,nOBJieTBOp»::IT npUH1JUny 

nputtUHHocmu, KOTOpbiH rnacHT, qro HnKaKHe nocne.nyiDII\He co6biTH»: He MOryT 

BJIII»:Tb Ha npe,niiieCTByJOII\lle C06biTH»:, HO He HaOOOpOT. ,lJ;eHCTBF!TeJibHO, nyCTb, 

.l(B~HHC»: 06'beKT, HanpHMep, CaMOJieT, HCnyCKaeT BCllbiiiiKH CBeTa C KaKHM-TO 
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mrrepBaJIOM !J.t. B CHCTeMe CaMOJiera 3TU C06biTH»: - BCllbiiiiKll - npOIICXO,n»:T B O.l(HOH 

II TO~ )Ke roqKe X~ = y~ = Z~ = 0, (.nn»: npOCTOTbl), t~ = n· Af'. ,lJ;AA Ha:3eMHOfO 

Ha6JilO,naTeJI»: 3TH C06biTH»: pa:3HeCeHbl B npOCTpaHCTBe II BpeMeHH: 

Xn=V·n·!!..t', Yn=zn=O, tn=t'=n·t'. 

JlCHO, qTQ 

!J.t = fn+l -tn =At' xn+l -xn > 0 
v ' 

T.e. /J.t > 0 He3aBHCHMO 0T BeJif!qliHbl II HanpaBJieHH»: CKOpOCTll (npn V < 0 HHTepBaJI 

Xn+I- Xn TaK:lKe OTPHQaTeJieH!). Il03TOMY llOCJie,noBaTeJibHOCTb C06biTIIH BCllbiiiieK B 

cHCTeMe caMOJieTa " Ha6JilO,naTen»: o,nHa " Ta :lKe. 

CHCTeMa, .l(BII:lKYII\MC»: ycKopeHHO OTHOCHTeJibHO HHepQHaJibHOH CHCTeMbl, 

Ha:3biBaeTC»: HeUHepfJUaJlbHOU. 3aKOHbl .l(BH:lKeHH»: B 3THX CHCTeMaX paCCMOTPeHbl B 

rnaBe 3. 

3eMJI»:, CTpOfO fOBOp»:, »:BJI»:eTCH HeHHepQHaJibHOH CHCTeMOH: OHa Bpall\aeTC»: 

BOKpyr ConHua" cBoeii oc11, TaK qro Bee rena Ha 3eMJie HCnbiTbiBalOT ycKopeHHe. TeM 

He MeHee BO MHOrliX cnyqa»:x HeUHepQHaJibHOCTblO 3eMHbiX CHCTeM MO:lKHO 

npeHefipeqb. 3-fo B03MO:lKHO, HanpHMep, BO MHOrnx 3KCnepHMeHTax B OllTHKe, 

pa,nHO<IJH3HKe, <IJH3UKe 3JieMeHTapHbiX qaCTHQ, r,ne xapaKTepHbie CKOpOCTH 06'beKTOB 

(qaCTHU) paBHbi CKOpOCTH CBeTa HJIH 6JIH3KH K Hell. 
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r JIABA 2. MEXAHIIKA liOJibiiiiiX· CKOPOCTEM

CllEUJIA.JibHMI TEOPIDI OTHOCIITEJibHOCTII (CTO) 

§ 2.1. fipHHIJ;HII OTHOCHTeJibHOCTH 3iiHIDTeHH3 

Anb6ep-r 3HHIIITeHH c<t>opM)'JIHpOBa.JI CBOIO cnel{UaJlbHYJO meopu10 

omHocumeJlbHOCmU (CTO) He Ha "rryCTOM MeCTe". Ee OCHOBOIIOJIOiKHHKaMH IIO npaay 

C'll!TaiOTCji -rpoe: 

XeHAPIIK AHroH JiopeHI.{ (H.F. Lorentz)- ronnaHA., 1853-1928 IT. 

)l{IQnb AHp11 IIyaHKape (J.A. Poincare)- <l>paHI.{., 1854-1912 IT. 

Anb6epT 3iiHIJITeiiH (A. Einstein)- HeM., 1879-1955 IT. 

Ho, KOHe'IHO, npwll{Un omHocumeRbHOcmu c<l>opM)'nnpoaa.n 3HHIJITeHH a 1905 r. •>: 

"Bo acex nHepi.{IIa.JibHhiX cncreMax 

BCe 3aKOHbl npHpO,llbl ,lleHCTByiOT O,lll!HaKOB0
11

• 

0TCIO,lla cne,llcrane: cKopocmb c6ema (cKopocmb pacnpocmpaHeHUR 

3JleKmpOMa2HUmH020 U3!1Y1JeHUR} 6 6Gfo/.YMe OOUHGK06a 60 6CeX UHepl{UaJlbHblX 

cucmeMax .. IlOA'IepKHeM 3AeCh cnoao 6 6Gfo/.YMe, T.K. a cpeAe :no YTBep)K,lleHHe He 

cnpaaeAJIHBO. 

3Ta CKOpOCTb li3MepeHa cero,llHji C BbiCOKOH (- 4·1 0-9) TO'IHOCTblO: 

C = 2. 997 924 58·108 ± 1.2 Mfc ~ 3·101° CMfC. 

KaK 6yAeT BHAHO ,lla.Jlbllle (eM. II.II. 2.3 II 2.5), 3TO CJie,llCTBHe UMeeT 

ocHoaononaraiOmee 3Ha'leHne AJijl CTO. 

AHrnniiCKOe Ha3BaHne npHHI.{HIIa OTHOCHTeJibHOCTll - "The principle of 

-relativity" o6oraTllJIO <l>H3IIKY HOBbiM TepMHHOM: "relativistic mechanics" 

(peJij!Tl!BllCTCK~ MeXaHHKa) - MeXaHHKa 'laCTHI.{, ,llBIDK}'ll.{llXCji C OKOJIOCBeTOBbiMll 

CKOpOCTHMll V- C. 

IlpUHlfUn coom6emcm6UR caH3hiBaeT Me~ co6oH: KJiaccn'leCKyiO n 

peJij!Tl!BllCTCKyiO reopnn: npn V << C "pa60TaiOT11 3aKOHbl KJiaCCH'IeCKOH 

·~.CM. 3iiHmrefui A. CynuiOCTL reopHH omocmem.Hocm: Tiep. c aHrJL M: HHocrp. mrr., 1955. 
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(HepenHTHBHCTCKoH:) MexaHHKn. B 'laCTHOCTH, 

J:"a.nnneH (1.21-1.23). 

cnpaaeAJIHBbi npeo6pa3oaaHUH 

§ 2.2. llpeo6pa3oBaHHSI JlopeHu;a 

Bnepabie OHn 6bmn noJiy'leHbi a 1904 r. X.A JiopeHI.{eM, ncKaBIJIIIM TaKHe 

npeo6pa30BaHIIH KOOp,llHHaT 1Ipll nepeXO,lle B ,llBll:lKYII.{yiOCH CIICTeMy, 1Ipll KOTOpbiX 

ypaaHeHIIH :meKTPOAHHaMHKn - TaK Ha3hiBae~bie ypa6HeHUR MaKC6eJllla - coxpaUHIOT 

<t>opM)' 3aiiHCll B HOBbiX KOOp,llHHaTaX Heli3MeHHOH. 3Tn npeo6pa30BaHUH IIOHBl!Jll!Cb 

AO <PopM)'nHpOBKH A 3iiHIJITeiiHOM npHHQHnoa CTO, n noJiy'leHHhie Ha nx ocHoae 

penHTIIBHCTCKHe 3<l><l>eKTbl COKpall.{eHUH ,llJil!Hbl II 3aMe,llJieHUH XO,lla 'laCOB (CM. HmKe) 

paCCMaT{)HBa.JlllCb KaK napa,llOKCbl (T.e. HBJieHUH, npOTIIBOpe'lali.{He 1IpllHHTbiM 

npe,llCTaBJieHIIHM). 

B 1905 r. A 3H:HIJITei1:H nOJiy'll!JI Te )J(e npeo6pa3oBaHUH Ha ocHoae CTO. 

3):leCb Mbl llCIIOJib3yeM 3TOT IIO,llXO,ll. 

y' 

y 

PHc. 2.1. BLI6op HanpaBneHHii oceii Koop~T 

---- x' 

"z' v 
X 

z 

IlyCTb CHCTeMa (x', y', z') ,llBl!)J(eTCH CO CKOpOCTblO V == exV (puc. 2.1) 

~THOCIITeJibHO cncreMbi (x, y, z). B Aa.JlhHeiiiJieM cncreM)' (x', y', z') AJijl KpaTKOCTn 

Ha3biBaeM 
11

,llBll~ll.{eHCH11 , a CIICTeMy (X, y, z) - "na60fJ\lTOpHOH11, XOTH OHII 

coaepiJieHHO paaHonpaBHbi <Pll3n'leCKn. 
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llpn V<<c cnpaBe,nnnBhi npeo6pa:30BaHim rrumne~ (1.21). B CJIY'Iae 

peiDITHBHCTCKHX CKOpOCTeii: V- C MO)KHO npeAnOJIO:lKIITb, qTQ npeo6pa30BaH~ 

KOOpAHHaT coxpa~ JIHHeii:HOCTb H qro Bpe~ 3aBHCHT OT 3HaqeH~ KOOpAHHaTbl X 

(rum .x'), ecnn CKOpOCTh V nap3JIJienbHa ocn x: 

x =A(x'+ Vn 

y=By~ 

z = Cz~ 

t=D(t'+ ~ x} 

3AeCh A, B, C, D - HeH3BeCTHhie KOHCTaHThi. MHO)KHTeJih 1 /c
2 

B Bbipa)KeHnn ~ t 

A06aBJieH H3 coo6pa)KeHHll pa3MepHOCTH. 

06paTHbie npeo6pa30BaHIIH X~ = j(xm) nOJIY'IHM~ H3MeHHB HanpaBJieHHe 

cKopocrn V Ha o6paTHoe. TorAa MO)KHO 3anncaTb 11enoqKY 

x=A(x'+Vt')=A{A(x-Vt)+n{t-~ x)}=A(A-D ~}+A(-AV +VD)t. 

llpnpaB~B 3AeCh K03cpqmlllleHThi npn x ll t cnpaBa ll cneBa, Haii:AeM 

1=A2 -ADV
2 

2 • 

OTcKma 

AHanornqHo 

' ." 
'ITO AaeT 

c 
O=.A(-AV +VD). 

A=D= J V' 
1-

c2 

y = B'y' = B 2 y, 

z =Cz' =Cz2
, 

B=±l, C=±l. 
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. M.cnoJib3Y~ npuHt.(Un coomeemcmeuR., T.e. ycnoBne y =y~ z =z' npll V<<c, Haii:AeM 

oKoHqaTeJihHO B = C = 1. 

rAe )Ke B 3TOM BbiBOAe npnMeHeH npliHIIlln OTHOCHTeJibHOCTH 3ii:HmTeiiHa? 

QqeBUAHO, KOrAa 3HaqeHne CKOpOCTll CBeTa Bbi6paHO OAliHaKOBbiM ~ np~MbiX ll ~ 

o6paTHbiX npeo6pa30BaHnii, T.e. He3aBliCliMO~b C OT CliCTeMbl QTCqern! 

BBe,neM, KaK 3TO npn~ co BpeMeH :)ii:HIDTeiiHa, o6o3HaqeH~ 

v 
13=-. y= 1 

c J1-132. (2.1) 

llapaMeTp y Ha3biBaiOT 06biqHO llOpeHlf-t/JO'f"'OPOM. 06a napaMeTpa l3 ll y -

6e3pa3MepHbie. 

OKoHqaTeJihHO 3anliiiieM npeo6pmooaHUR JlopeH!fa: 

x = y(x' + 13ct'), 

y=y', 

z=z', 

t ~ {t' + 13 :'} . 

(2.2) 

llo,nqepKHeM npnHIInnnaJihHOe OTJillqne npeo6pa30BaHnii: JiopeHIIa OT 

npeo6pa3oBaHnii: ranliJie~ (1.21): B CTO 6peMR. HeUH6apUaHmHO, OHO 3aBliCHT OT 

KOOpAnHaT HaxO)K,lteH~ Ha6JIIOAaeMOrQ 06beKTa ( qaCTllllbl)! 

§ 2.3. PeJUITHBHCTCKHe 3«<J«<JeKTbi 

"CUHxpOHU30lfUR." H06Jll00eHUU - O,ltliH H3 BeCbMa cymeCTBeHHbiX BOnpOCOB B 

CTO. llpll~ cqliTaTh, 'ITO qacbi A n B, noKo~mnec~ B AaHHoii: cncreMe, liAYT 

CliHXpOHHO, eCJill CBeTOBOH CHrHaJI, ncnymeHHblll 113 TQqKH A B MOMeHT lA (no 

'~_acaM A), .nocrnrneT roqKH B B MOMeHT tn (no qacaM B) TaKoii:, qro 
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eAB 
tB =lA +--. 

c 
(2.3) 

COicpaU{eHue onuHbl. KaK li3MepHTb JUIHHY ~BIDKYwerocH crepiKID!? 

HenpepbiBHaH uenoqKa Ha6JIJO~aTeJieii B Jia6opaTOpHoii CHCTeMe, liMeiOwliX 

CliHXpOHII30BaHHbie qaCbl, Ha6JIIO~aeT 3a ~Bll)l(eHlleM CTep)l(illl, II B ycJIOBJieHHblll 

MOMeHT t = t* Te ~BOe HafiJIIO~aTeJieii, B03Jie KOTOpbiX HaxO~CH 11
rDJIOBa" II 

11
XBOCT

11 

crep)I(HH cooTBeTCTBeHHO, ~enaroT "3aceqKu". PacCTOHHIIe Me~ Ha6nro~aTeAAMll u 

eCTb )UIHHa ~B~erOCH CTep)I(HS! £ , lf3MepeHHaH B JiafiopaTOpHOH CHCTeMe. 

,l(JUIHa CTep)I(HS! B CHCTeMe, r~e OH llOKOliTCH, Ha3biBaeTCH ero C06Cm6eHHOU 

onuHoii eo . 
KaK )l(e COOTHOCHTCH Me~y co6oii £ II £ o? B JiafioparopHOH CliCTeMe 

e = X! - x2 . B CliCTeMe crep)I(HSI, liCllOJib3YH npeo6pa30BaHIIH :ITopeHI.ja (2.2), Haii~eM: 

I I • v 
I I 
I I 
I I 

i i --------
PHc. 2.2. lflMepeHHe rorni!bi crep)Kllll 

_ ___,_X 
XJ, t1 X2, t2 = t1 

x; = y(x1 -l3ct1 ), 

x; =y(x2 -13ct2 ), 12 =11• 

Orcro~a 

£0 =x; -x; =y(x2 -x1)=y£, 

liJill 

f=fo/Y· (2.4) 

'· 
TaKnM o6pa30M, onuHa 06UJIC)IUie2ocR cmepJK:HR 6 y pa3 MeHbtae e2o co6cm6eHHOii 

OJIUHbl. 

3ptjJeKm 6nu3Hel{OB. KaK n3MepHTb IIHTepBan BpeMeHu? B na6oparopHoii 

CliCTeMe Ha6JIIO~aTeJIII 1 II 2 !}>liKCIIpyiOT MOMeHTbl l1 II t2, KOr~a qaCbl npOJieTaiOT , 
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MliMO K~Oro ll3 HliX, II O~HOBpeMeHHO cqJITbffiaiOT llOKa3aHIIH Ha 3TIIX ~B~IIXCH 

· qacax t{ u t; (puc. 2.3). 

(f)-!-(Jj_!_ 
I I 

Puc. 2.3. lliMepeHHe mrrepii3Jla BpeMeHH 
I I 
I I 
I I 
I I 
I I 

'f 'f 
X!, /1 X:z, t2 

~X 

IJOCJie~Hlle CBH3aHbl C KOOp~liHaTaMII II BpeMeHeM HafiJIIO~aTeJieii COOTHOIIIeHIIHMll: 

Orcro~a 

t; =r(t~ -13~} 

t; =r(t2 -13;). 

M' = t; - t; = r( M _ 13 ~) = 

=r( M-pv ~M)= 

=r(I-132}M= M; 
y 

M' = M/y, {2.5) 

T.e. BpeMR B OBU:JIC}'UieiicR cucmeJfte mettem ( c TOqKu 3peHIIH Ha6mo~aTeAA . B 

Heno~Bli)I(HOH CliCTeMe) MeOneHHee - 3TO II eCTb 113ppeKm 6JIU3Hel{0611 • 

,l(pyroii CllOC06: BbiqliCJIIfM KOOp~liHaTbi TQqeK B JiafiopaTOpHOH CliCTeMe, B 

KOTOpbiX _~Bll~llilleCSI qaCbl HaxO~CH, COOTBeTCTBeHHO, B MOMeHTbl t; II t; llO 

. ll0Ka3aHIIHM 3TIIX qaCOB B ~B~eHCH CliCTeMe. 3anuweM: 

Orcro~a 
x1 =y(0+13ct;), x2 =y(O+J3ct;). 
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Ax=x2 -x1 =V·M=yJ3c·At'=yVM', 

'ITO ,naer At= 'Y ·At', T.e. TOT :lKe pe3yJJhTaT (2.5). 

3!1J!IJeKT 6JJH3HeQOB - peaJJhHO Ha6JJIO,naeMOe !IJH3H'IeCKOe HBJJeHHe. llMeHHO 

3T0T 3!lJ!IJeKT 06'hHCHHeT TOT !IJaKT, 'ITO KOpOTKO:lKHBYIQHe 3JJeMeHTapHbie 'JaCTHQbi, 

pa30rHaHHbie .!1;0 OKOJJOCBeTOBbiX CKOpOCTeii, npOJJeTaiDT rpOMa.D;Hbie paCCTOXHHH. 

HanpuMep, 1t-Me30Hhi, po.nuaumecg a aepxHHX cnoxx aTMoc!J!ephi npu 

B3aHMO,neiiCTBHH KOCMH'IeCKHX npOTOHOB C g,npaMH aTMOC!IJepHbiX aTOMOB, .D;OJJeTaiOT 

.no noaepxHOCTH 3eMJJH. Co6crneHHOe apeMX :lKH3HH rrt-Me30Ha 'to= 26 HC, HO OHH 

npOJJeTaiOT nyrh nopg,nKa TOJJ~HHbi aTMOC!IJepbi (-10 KM), T.e. :lKHBYT Ha JJeTy 

't- 10 KMf3·1010 CWC"" 3.3 MKC. 0rciO,na CJJe,nyer, 'ITO HX CKOpOCTb COOTBeTCTByeT 

'Y = 3,3 MKc/26 HC "" 1,3·10
3
, T.e. V/C"" 1 - 3·10-

7
. 

§ 2.4. IIHTepBaJI B CllCIUfaJibHOH TCOpHH OTHOCHTe.TibHOCTH. 

Mnp MHHKOBCKoro 

BenH'IHHY 

-ds2 =dx2 +~2 +dz2 -c2dt2, 

HJJH 

ds2 =c2dt2 -dx2 -~2 -dz2 (2.6) 

Ha3biBaiOT 'lemblpeXMepHblM UHmep6WlOM, HJJH 'leTbipeXHHTepBaJJOM (4-HHTepBaJJOM). 

3Ta BeJJH'IHHa- HHBapHaHT npeo6pa30BaHHll JlopeHQa. IJOKa:lKeM 3TO: 

i' 

( 
dx')

2 
ds2 =c2y2 dt'+J3~ -y2 (dx'+J3cdt')2 -~2 -dz2 = 

=y2 {(dt')2 .(c2 -J32c2 )+(dx')2. ~2 _ 1)}-(~')2 -(dz')2 = 

= c2 (dt')2 
- (dx')2 - (~'Y - (dz'Y = (ds')2 = Inv. 

PeMIJT1u6UcmcKUe UH6afJUaHmbl - aeJJH'IHHhi, He H3MeHHIO~uecx npu npeo6pa30BaHHXX 

JiopeHua. 4-HHTepaan - nepahrii npHMep TaKoro HHBapuaHTa. 3HaK dl - TaK:lKe 

HHBapuam. B 3aBHCHMOCTH oT 3HaKa pa3JJH'IaiDT 
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dl > 0- BpeMenunoiJo6Hblii unmep6Wl, 

dl < 0- npocmpancmBennonoiJo6Hblii unmepBWl. 

Ecnu dl > 0, TO dt > dfjc, r.ne df- pacCTOHHHe Me:>K.lly .nayMX TO'IKaMH 

TPeXMepHoro npoc-rpaHCTBa. B 3TOM CJI¥'1ae .naa co6biTHjj a pa3HbiX TO'IKax 

npoc-rpaHCTBa MO~ 6biTb 3aBHCHMbi, T.e. CBH3aHbi npU'IUHHD-CneiJCm6eHHOU C6Jl3b10. 

KpoMe TOro, cy~eCTByeT CHCTeMa OTClleTa, B KOTOpoii 3TH C06hiTHjj npOH30IDJJH B 

O.D;HOR TOliKe: df = 0, dt > 0. 

Arnr dl < 0 HHTepaan apeMeHH dt< dfjc. 3TO 03Hatiaer, 'ITO co6biTHjj, 

npOHCIDe.D;IDHe B pa3HbiX TOliKax npOCTpaHCTBa, He3aBHCHMhi, H cy~eCTByeT CHCTeMa 

OTClleTa, B KOTOpoii 3TH .D;Ba C06biTHjj O.D;HOBpeMeHHbi: df > 0, dt = 0. 

TaKHM o6pa30M, npH'IHHHO-cne,nCTBeHHhre CBH3H a peJJjjTHBHCTCKHX CHCTeMax 

CymeCTBeHHO OTJJHllaiOTCH OT TaKHX :lKe CBH3eii B "npHBblliHOM11 HaM MHpe MaJJbiX 

CKOpOCTeii, r,ne cnpaBe.!I;JJHB npHHQHll OTHOCHTeJJbHOCTH ranuJJeH (§ 1.5). 

Bee 4-npoc-rpaHCTBo .nenHTCH Ha .nae tiaCTu, B o,nHoii H3 KOTOpbiX 4-HHTepBaJJbi 

apeMeHuno.no6Hhr, a .npyroii - npoc-rpaHCTBeHHono.no6Hhi. IIpoeKQHjj 3TOro 

4-npoc-rpaHCTBa Ha 3-MepH)'IO noaepxHOCTh · x, y, t noKa3aHa Ha puc. 2.4. BHYTPH 

3Toro, TaK Ha3braaeMoro, C6emo6020 Konyca dl > 0, sHe Koeyca dl < 0. 

PHc. 2.4. Csen>Boii Koeyc 

ds2<0 y 

X 

Co6cmBennoe BpeMR- apeMH to B CHCTeMe, r.ne reno nOKOHTCH, T.e. df = 0, 

rirKy,naM = c2 ·(dt0f B 3TOii CHCTeMe 

dto = ds!c, (2. 7) 
OTI<y,na 
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dt 
=-

y 
(2.8) dt0 =!..Jc2 (dt)2 -{v ·dtY 

c 

-TOT :JKe :3<P<PeKT 6mt:meuoB. 

Co6cmBeHHaR onuna - paccrmmRe Me:JK,Jzy ABYWI TO'-IKaMR B CRCTeMe 

KoopARHaT noKmuuerocH Ha6JIIDAaTellil. HanpRMep, AJIRHa crep:JKHH c TO'-IKR 3peHHH 

cRAHmero Ha HeM Ha6JIIDAaTellil (pRe. 2.5). 

Pnc. 2.5. CoKpameHHe ,!UIHHbi .!IBIDK}'Il(erocJI creplKIIJl 

Mbi BRARM, 'ITO npocrpaHCTBeHHbie KOOPARHaTbi '-laCTRUbi R BpeWI R3MepeHHH :3TiiX 

KOOPARHaT o6beARHeHbi B CTO B eARHOe co6&1mue, KOTopoe MO:JKHO npeACTaBIITb B 

BRAe TO'-IKR {x, y, z, t} eARHoro '-leTbipexMepHoro npocrpaHCTBa. TaKoii <PopMaJII13M 

6biJI npeAJIO:JKeH R pa3BIIT HeMeUKRM <Pn3RKOM repMaHOM MRHKOBCKU (H Minkowski, 

1908 r.) R no3BOJIRJI cymecrBeHHO o6oraTIITb MaTeMaTR'-IecKnii annapaT CTO. Ho 

ropa3AO Ba:JKHee, 'ITO 6naroAapH TaKOMY onncaHRIO B03HnKaeT '-leTbipexMepHoe 

<l>IDR'-IeCKOe npoCTpaHCTBO - 11 MRp MRHKOBCKOro", r,ne BpeWI RMeeT TOT :JKe CMbiCJI 

(paCCTOHHJ-ie B,D;OJib '-leTBeproii ocn), 'ITO R npocrpaHCTBeHHbie KOOp,D;RHaTbl. )l;aJibille 

(§ 2.6) Mbl YBRARM, B KaKOM BRAe HY:JKHO BBeCTR :3TY '-leTBePTYIO KOOpARHary, '-ITOfibi 

o6ecne'-IRTb AOCTaTO'-IflYIO OAIIHaKOBOCTb <l>opMbl 3allRCR BCeX '-leTbipex KOOpAIIHaT. 

3a,n;aqa 2.1. Ilapa,n;oKC "KapaiU~am - nenan": so:ii,z:J.er llll .z:IBIDK}'Il(HHCJI K3palUI3ill B nenan, eclll! HX 

C06crBeHHhle ,lUiliHbl £ 0 O~KOBbi? 

H3MepJieM ,mnrny s cncreMe nenana (m6oparopnaJI cncreMa), r):le M'= 0 (pnc. 2.6, a), 

(M')1 =(~t)' -c2 ·(M)1. 

lJro TaKOe M? 3anmneM Jl.lili 
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X1 = x; = 0} ( , V ') '- -+It =y It -2xt =0, 
11 -0 c 

X 2 =x;=t 0 } (' V ') V '- -+12 =y 12 -2x2 =--r2·lo. 
12-0 c c 

~ •~I r. PHc. 2.6. Ilapa,n;oKc "KapalUl3ill- nenan" 

6 

Co6LITHe KacaHHJI "ocrpHJI" B cncreMe KapaiU~ama npomo:ii,z:J.er pam.me, 'leM B cncreMe nenana 

(pnc. 2.6, 6)! Tor :lKe pe3YJibTIIT CJieeyer H3 HHBapnaHTHocrH 4-HHTerpana. 

0):1HOBpeMeHHOCTh .!IByx C06blTHH-H3MepeHHii 03H3'laeT, 'ITO paccroJIHHe Me:lK):ly HHMH BO 

BpeMeHH paBHO nymo. ECJIH COObiTHJI O):IHOBpeMeHHhl B CHCTeMe K3paH):lama, TO A/'=0 H 

COOTBercrBeHHO HMeeM 

(til')' =c2 ·M2 -M2 =-(M')1, 

M' < ~l - K3p3Hil3m "oomen" s nenan. 

' JrOT napa,n;OKC O'lellh llOyqHTeJieH: KOHe'IHO, Jl.lili JIIo60r0 Ha6JUOil3TeJIJI .!IBIDK}'Il(HHCJI MHMO 

nero npe!lMer Kopoqe csoeii co6crseHHoii ,lUiliHbl, HO, 'IT06b1 OTBerHTL ua sonpoc, ananorH'IHblii . 

nocraBJieHHOMY Bblille - "so:ii,z:J.er Hllll ne so:ii,z:J.er" K3palU{3ll B nenan, s CTO scerM ny:lKHO orosop!ITL 

paCCTOJIHHe B npocrpancrse H BpeMeHH B ):13HHOH CHCTeMe. 

§ 2.5. CJioiKeHue cKopocTeii 

llyCTb '-laCTRUa ABR:lKeTCH CO CKOpOCTb!O v' B CRCTeMe, KOTOpaH B CBOIO 

0'-IepeAb ,[{BR:lKeTCH OTHOCIITeJibHO JiafiopaTOpHOM CRCTeMbl CO CKOpOCTb!O 

V = exV (pRC. 2.1 ). 3anRmeM ,D;M npnpameHRM KOOp,D;RHaT II BpeMeHII B ,D;BII:JKylJleMCH 

C!1CTeMe: 
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IIpeo6p830BaHIDI JiopeHua ,na.K>T 

dx' =v~dt', 

dy' =v~dt', 

dz' = v;dt'. 

dx= y(dx' +Vdt')= y(v~ +V)dt', 

dy=dy', 

dz=dz', 

dt=r(dt'+ ~ dx')=r(1+ v;;)dt'. 

OrcJO.na, no.nemm dx, dy, dz Ha dt, cooTseTCTBeHHO Haii,neM 

dx v~ +V 
v =-=---

X dt v'V' 1+-x
C2 

dy v~ 
vy=-=-( v'V)' dt Y 1+_x_ 

c2 

dz v~ 

vz = dt = {
1 
+ v;;). 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

Oco6eHHOCTH TaKoro 3aKoHa CJIO:HCeHUR c«opocmeii HJIJIIOCTpHpyer CJIY'Iaii v'--)> c:. 

ec;m v~ = c , TO lf3 (2.1 0) cne.nyer Vx = c. Ecnn )l(e V--)> c, TO TaK)I(e 

v' +c 
Vx--)> _x __ ' =C. 

1 
vx +
c 

B TO )l(e speW! Vy, Vz--)> 0, T.K. y--)> oo npH V--)> c. Kor.na v~, v~--)> c ,"HX 3Ha'leHllil B 

na6opaTopHoii cncreMe He npesocxowrr cKopoCTh csera: 

c 
Vy,z--)> {

1 
+ v;;) <C. 

TaKHM o6p830M, 3aKOH CJIO)I(eHHR CKopocreii noK83biBaeT, qro KHHeMaTHKa CTO He 

,li;ODyCKaeT ,D;Bll)l(eHlle CO CKOpOCTbJO, 60Jibiiieii CKOpOCTll CBeTa. 3To yTBep)l(,ll;eHHe 
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nlo{eeT, Ha caMOM .nene, rop83,no 6onee o6m11ii xapaKTep: B npHpo.ne He cymeCTsyer 

B3aHMO,D;eHCTBllH, nepe,nasaeMbiX CO CKOpOCTbJO, npeBbiiiiaJOmeii C, B TOM 'IHCJie 

HeB03MO)I(Ha nepe,naqa llH!l>OpMai{llH CO CKOpOCTbJO, 60Jibiiieii C. 

Herpy,nHo BH,neTh, qro npn BhiBo,ne npeo6p83osaHHii JlopeHua MO)I(HO BMeCTo c 

B3HTh JIJ06yJO CKOpOCTb, HO ~0 ,li;OK83aTh, qTQ 3T3. CKOpOCTb O,D;llHaKOBa BO BCeX 

HHepUHaJibHbiX CHCTeMax. A BOT TaKllM CBOHCTBOM 06Jia,naer TOJibKO CKOpOCTb 

,nBmKeHllR 6e3MaCC06b1X 'laCmU!f - !l>OTOHOB, ll :no 3aKOH DpllpO,D;bi, 06Hap~eHHbiH 

:3KcnepHMeHTaJihHO B 3HaMeHHTbiX onbiTaX MaiiKeJihCOHa (1881 r.), nOBTOpHeMhiX (c 

UOBbiiiieHHeM TO'IHOCTH lf3MepimHii) ,li;O HaiiillX ,D;Heii - DOCJie,D;HHH 113 3TllX . 
3KCDepHMeHTOB DOCTaBJieH B 2002 r.! 

0TMeTllM, 'ITO 3anper Ha npeBhiiiieHlle CKOpOCTll CBeTa B BaKYYMe C He 

HBJIHeTCH a6COJIJOTHbiM: OH cnpaBe,nJillB, DOKa CnpaBe,nJIHB npHHI{llD OTHOCHTeJibHOCTll 

3iiHIIITeiiHa ll ero CJie,D;CTBHe - DOCTOHHCTBO CKOpOCTll CBeTa. rnnOTe3a 0 

cymeCTBOBaHllll B DpllpO,ne 'laCTHI{, ,D;BmKymllXCH CO CBepX3BYKOBbiMH, CKOpOCTHMll, 

cymeCTsyer ,naBHO. KoHe'IHO, TaKHe qaCTHI{bi - maxuoHb1, KaK HX H83biBaJOT, 

HeHa6JIJO,naeMhl B HOpMaJibHbiX YCJIOB~ HO 3aTO, COrJiaCHO rHDOTe3e 0 TaxllOHax, 

,nOJI)I(Hhi 6hiTh Ha6JIJO,naeMbi npo.nYKThi HX pacna.na. ECTb Teopnn, npe,nnHChiBaJOmHe 

onpe,neneHHhie "npaBHJia )l(lf3Hll
11 

(ll pacna,na!) TaxHOHOB, HO DOKa 3KCnepll:MeHTaTOpbl 

6e3ycneiiiHO OXOT.!ITCH 3a 
11
3aKOHOpO)I(,ll;eHHbiMll 11 HaCJie,D;HllKaMll HeHa6JIJO,naeMbiX 

'laCTHI{. 

If eme: HeB03MO)I(Ha nepe,naqa B3allMO,neiiCTBllR (HH!l>OpMai{HH) CO CKOpOCTbJO, 

fiOJibiiieii C, XOTH ll B03MO)I(H0 nepeMeUJeHUe 11 '1erO-T0 11 CO CBepXCBeTOBOH CKOpOCTbJO. 

IIapa,noKc? Her! HanpHMep, c TaKOii cKopoCTbJO MO)I(HO nepeMemaTh JIY'I ("3aii'IHK") 

no 3KpaHy OCI{HJIJIOrpa4>a, 'ITO II ,neJiaeTCH B COBpeMeHHbiX CKOpOCTHbiX 

OCUHJIJiorpa4>ax. Ho npH 3TOM He nepe.naercx HH!l>opMauHR lf3 o,nHoii TO'IKH 3KpaHa B 

.npyryJO: B HllX DpllJieTaJOT p83Hble 3JieKTPOHhl (!), ll03TOMY 3TOT 4>aKT He 

npOTHsopeqm CTO. rnasHoe, 'ITO cne.nyer nonnMaTh: nn o,nnH 4>lf3H'IeCKHii o6beKT 

HJIH 4>lf3H'IeCKaH CllCTeMa (B TOM 'lllCJie CHCTeMa OTC'IeTa) He MOryr ,li;BllraTbCH CO 

CKOpOCTbJO, fioJibiiieii CKOpOCTll CBeTa. BpeW! OT BpeMeHH DOHBJIHJOTCH CeHCai{HOHHbie 

COo6meHHR o6 OrKpbiTHH (o6Hap~eHHH) 34>4>eKTa csepxcBeTOBhiX cKopocreii. 

O,nHaKo ,li;O CIIX nop BCer,na 3a nepBbiM coo6menneM BCKOpe CJie,D;OBaJill 06bHCHeHIIH, 
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llOKa3biBaBIIIHe OIIIH6oqHQCTb 3KCnepHMeHTa rnrn: ero HHTepnperaQHH. 7J.o CliX nop HeT 

cKOJihKO-HH6y.nh cepbe3HhiX ocHoBaHHH COMHeBaThCH B cnpase.nnusoCTH CTO. 

§ 2.6. qeTbipexMepHbiH aeKTop npocTpaucraa-apeMeHH 

Bbiiiie )')Ke rosopunocb o e.n;HHOM qerbipeXMepHOM npoCTpaHCTBe, B KoropoM 

BBO)J;HTCH TPH npocrpaHCTBeHHbie ("o6hiqHbie") KOOp.D;HHaTbi H qerBePTrui, 

x
4

- KOOp.D;HHaTa B)J;OJib OCH BpeMeHH. Tenepb BBe.D;eM qefbipexMepHbiH BeKTOp 

npocrpaHCTBa-speMeHH - .nanee .n;M KpaTKOCTH, 4-seKTop: 

dX4 = {dx, dy, dz, dx4}, x4 =ict .... 

Ksa,npaT MO.D;yM 3TOrD 4-BeKTOpa eCTb, KaK nerKO BH)J;eTb, HHBapHaHT npeo6pa30BaHHH 

JiopeHu:a: 

(dX
4
Y =dx2 +dy2 +dz2 -c2·dt2 =-(dsY =lnv. 

IIpeo6pa3oBaHHH JiopeHu:a .n;M KOMnoHeHTOB 4-seKTopa dX4 HMeiOT su.n 

dx1 =y(dx' +Vdt')=y(dx~ -i~dx~) 
dx2 = dy' = dx; , 

dx3 =dz'=dxi, 

dx4 =icdt =ic{ dt' + ~ ·dx') =y(dx~ +i~dx~). 
(2.13) 

1-haK, KOMllOHeHTbi 4-BeKTOpa npeo6pa3yiOTCH B COOTBeTCTBHH C npeo6pa30BaHHHMH 

JiopeHu:a, KBa.npaT ero MO.nyM - misapuaHT 3THX npeo6pa3oBaHHH. 

MO)KHO He BBO)J;HTb MHHMyiO KOMllOHeHTY X4 = ict, HO TOr,na 'H)')KHO llOMHWrb 

npaBHJIO BblqHCJieHHH (ds)2: nepe,n KBa.D;paTOM qersepTOH KOMUOHeHTbi, eCJIH OHa 

.D;eHCTBHTeJibHaH BeJIHqHHa, a He qHCTO MHHMM, HY)KHO "pyKaMH
11 

BCTaBMTb 3HaK 

',UUHyc. 7J.M KOMIVleKCHOU MempuKU (TaK Ha3biBaiOT Bbi6op CHCTeMbl KOOp.D;HHaT) 3TOT 

MHHYC llOHBMeTCX aBTOMamqeCKII. IJ03TOMY MHIIMM e.n;HHIIU:a 3.D;eCb He 6onee, KaK 

C'lem'IUK 3HQKQ, yqHTbiBaiOII.(HH TeM CaMbiM Bbi.D;eJieHHOCTb speMeHHOH KOOp.D;HHaTbl. 

0TMeTHM, qro B COBpeMeHHOH <l>H3HqeCKOH JIHTeparype qame HCllOJib3yeTCH 
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,neifCTBHTMbHaH MeTPHKa, a .nM TOro, qro6bi "He llOMHHTb11 npaBHJIO nepeMHO)KeHHX 

4-BeKTOpOB, HCllOJib3yiOT cneU:HaJibHO BBO)J;HMbiH TaK Ha3biBaeMbiH Mempu'leCKUU 

meH3op. B CTO 3TO npneM He .naer 3aMeTHbiX npeHMymeCTB, HO oH CTaHOBHTCx 

~BepiiieHHO H006XO)J;HMbiM B o6meii TeOpHH OTHOCHTeJibHOCTH, r,ne MeTPHqeCKHH 

TeH30p CBDaH C KpHBH3HOH npocrpaHCTBa. 

§ 2.7. qeTbipeXMepHbiH BCKTOp 3HeprHH-HMDYJibC3 

ECJIH v'<< C, TO HMnyJihC npeo6pa3yeTCH npH nepexo.ne H3 CHCTeMbi B CHCTeMY 

B COOTBeTCTBHH C 3aKOHOM CJIO)KeHHH CKOpOCTeH HepeMTHBHCTCKOH MeXaHHKH: 

p'=mv', v=v'+V, 

p=p'+mV. 
(2.14) 

IIpe.nnoJIO)KHM, qro 3-BeKTop p sxo.nHT B cocras HeKoroporo 4-BeKTOpa, 

o6pa3yH ero npocrpaHCTBeHHyiO qaCTh: 

Pn = {p, p 4 }, n =I, 2, 3, 4- HOMep KOMnoHeHmbl4-6eKmopa. {2.15) 

Pa3MepHOCTb 4-if KOMUOHeHTbi eCTb [p4] = (E]/(v], T.e. OTHOIIIeHHe 3HepmH K 

CKOpOCTH. lJTO 3TO 3a 3HeprHH H CKOpOCTb, Mbl llOKa He 3HaeM (!). IlyCTb p 4 = i£/c, r,ne 

E - HeH3BeCTHM noKa senuquHa, HMeiOmM pa3MepHOCTh 3Hepruu. Tor.na MO)KHO 

(2.15) 3anHCaTb B BH.D;e 

{
- iE} Pn = p,- , n=l, 2, 3, 4. c, . (2.16) 

.ll.AA BeKTopa Pn, KaK H .nM JII06oro 4-BeKTopa, MO)KHO 3anucaTb npeo6pa30BaHHH 

JiopeHu:a: 

Px =y(p~ +V::). 

Py = p~, Pz = p;, 
E=y(E'+Vp~} 

Ecn11 B .ns~eiicH cucreMe Teno noKOHTCH, TO p' = 0, H ror.na 
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(2.17) 



o E' 
Pr = yV __.!!. 2. 

c 

0 0 
Py = Pz =0, (2.18) 

E0 = yE~. 

3.n;eCb HH.D;eKCOM "0" llOMeqeHbl 3HaqeHIDI KOMnOHeliT BeKTOpa (2.16) ,niDI C.II)"'WI 

qaCTHUbi, noKoHmeiicH B .n;BHJKYIUeiicH cuCTeMe. Ilo.n;CTaBJIIDI nocne.n;Hee II3 paseHCTB 

(2.18) B nepsoe, no.II)"'HM 

P
o= VE0 
r -- (2.19) 

C2 

Mbr no.II)"'HJIH CB.ll3b MeX<.ny napaMeTpOM E u HMnyJibCOM Tena, .nsHJKYIUeroc.ll 

CO CKOpOCTblO V B Jia6opaTOpHOH CHCTeMe (3TO H eCTb TeJIO, llOKOjlll{eeC.ll B CHCTeMe, 

.D;BHJKYIUeHC.ll CO CKOpOCTblO V ): 
- v- E p= -

c2 
(2.20) 

A qro :JKe TaKoe El 3To Bbl.liCHHM, o6paTHBIIIHCb K CJIY'IaiD V < < c, Kor.n;a p = m V . B 

:rroM CJIY'Iae H3 (2.20) cne.nyeT E~mc2. 3HaqHT ecnu TeJio noKOHTC.ll HJIH .n;sH:JKeTC.ll 

co CKOpOCTblO V<<c, ro 

· E=m~ =canst. (2.21) 

CTPoro rosop.ll, E~mc2 npu V --)-0. 3To 03HaqaeT, B qaCTHOCTH, qro B cucreMe, r.n;e 

TeJio noKOHTC.ll, E~ = mc2
, u H3 (2.18) nOJIY'IHM 

p~ =ymV, 

0 0 Py =Pz =0, (2.22) 

Eo =ymc2. 

C1~biCJI senuqHHbi Eo, 6y.n;eT noHHTeH .n;anbrne. HTaK, ,niDI qaCTHUbi MaCChi m {Macca 

.D;aHa B CHCTeMe, r.n;e qaCTHUa llOKOHTC.!I!), .D;BHJK}'II{eHC.ll CO CKOpOCTblO V, HMeeM: 
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p=ymv, E=ymc2, 

y 
J1-v2/c2 

. Mbr nonyqHJIH TeM caMbiM 4-BeKTop :mepruu-uMnyJibca: 

{ iE} Pn = Pa• --;;- • 
n = 1, 2, 3, 4, 

a.= 1, 2, 3. 

Ksa.n;paT MO.D;yAA :noro seKTOpa eCTb 

~(p )2 = E 2 
_ 2 = (ymc

2 J 
~ n 2 P 2 
n=i c c 

(ymvY = y2m2(c2 -v2 )= m2c2 = Inv, 

HJill 
4 

L (pn)2 
= m2c2 . 

n=i 

3-fo :JKe paBeHCTBO MO:lKHO 3aniiCaTb B BH.D;e 

E2 = p2c2 + m2c2. 

(2.23) 

(2.24) 

(2.25) 

llro :JKe TaKoe El KaK scer.n;a, noMoraeT nepexo.n; K HepeJI.liTIIBIICTCKHM CKOpOCT.!IM 

(npiiHUifll COOTBeTCTBIDI): 

mc2 
2_ --_ 

E=ymc - J1-r/ (
. r:~2) mv2 v 

ll<<I )mc2 1-.t:._ =mc2+--, 13=-. 
2 2 c 

TaKIIM o6pa30M, npii CKOpOCTHX, MaJiblX no cpaBHeHIIIO CO CKOpOCTblO CBeTa, Mbl 

nonyqHJiu 

mv2
• 

E,.,mc2 +-- npu V<<C. 
2 

(2.26) 

Bropoe cnaraeMoe - xoporno 3HaKOMax KIIHeTIIqecKax :mepriDI Tena, a nepsoe - HOBWI 

xapaKTepiiCTHKa, 3Hep2Wl nOKOR (T.e. :mepriDI, 3aKJIIDqeHHWI B TeJie MaCChi m). 

3To He npoCTO IIrpa cpopMyn, a OTPa:JKeHIIe 3aKOHa npupo.n;bi. HanpiiMep, npu 

cfoJIICHOBeHHII :3JieicrpOHa H ll03liTPOHa MOryT pO:lK,llaTbCH HOBbie qaCTHUbl. 

CripamusaeTC.ll, npu KaKoii :mepmu CTaJIKliBaiDIUliXC.ll qaCTliU B03MO:JKHO po:lK,lleHne 

naphr nporoH-aHTnnporoH? Ecnn :me~crpoH u n03liTPOH CTaJIKliBaiOTCH, liMe.ll paBHhre 

ll ilpOTliBOllOJIO:lKHO HanpaBJieHHbie CKOpOCTli (T.H. 6Cmpe'1Hble ny'llm), TO peaKUIDI 
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e+ +e p+p 

(e+-:- no3HfJlOH, e-- :JneicrpOH,p- nporoH, p- aHTiinporoH), ao3MO)I(Ha, ecnu 

Ee++Ee =2Ee>Mpc
2

+My,c
2

=2Mpc
2

. 

Macca nporoHa (aHTunpoToHa) M Pc2 ~ 938 M3B, 3Ha'IHT, noporoaaH 3HepriDI· 

peaKQHH Ee=938 M3B. 

ilO,!J;'IepKHeM, 'ITO BCIO,!J;Y BbiUie MaCCa m (HnH M)- Macca 'laCTHQbi B CHCTeMe, 

r,!l;e oHa nOKOHTCH, T.e. co6cmBeHHaR ~~acca 'laCTHQbi. 

H nocne,!I;Hee: 'ITO )Ke TaKoe KUnemu'leCKaR :JnepzuR pellRmUBucmcKoii 

'lacmulfbl? O<IeBH,!I;HO, oHa paaHa pasHOCTH nonHoif 3Heprnu u 3Hepruu noKoH 

'laCTHQbi: 

W=E-mc2 =(y-1)·mc
2

• (2.27) 

3TO H eCTb ee KHHeTH'leCKaH 3HepriDI. fu pa3nO)KeHIDI B (2.26) BH,!I;HO, 'ITO npH V << C 

KHHeTH'leCKaH 3HepriDI W ~ mv2 /2, T.e. OllHTb-TaKH BblllOlliDieTCH npHHQHll 

COOTBeTCTBIDl. 

§ 2.8. Ypaaueuue )J;BH~euuH pe.JIHTHBHCTCKOH qacrHU.bi 

llim v<<C 2-if 3aKOH HhiOTOHa MO)KHO 3anucaTh a nro6oif H3 paaHoQeHHbiX 

¢opM: 

ma=F, (2.28) 

dV -
m-=F 

dt ' 
(2.29) 

djJ -
-=F. (2.30) 
dt 

ti KaKyro ¢opMy ypaaHeHIDI Bbi6paTh npu v~c? llo-BH,!I;HMOMJ, cpasy )Ke cneAyeT 

OTKa3aTbCH OT QJOpMbi (2.29), llOCKOllbKy H npH v~c ypaaHeHHe ,!I;BH)KeHIDI ,!J;OJDKIIO 

HMeTb O,!I;HH II TOT )Ke BH,!I; BO BCeX UHepunanbHbiX CUCTeMax, a CKOpOCTb, KaK Mbl J)l{e 

3HaeM, npeo6pasyeTcH oqeHh cno)KHO (§ 2.5). llo3TOMY "Henpaa,!J;OllOA06Ho", 'IT06bl 
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<fJopMa (2.29) 6hma "no,!J;XO,!l;Hllleii". <I>opMY (2.28) TaK)Ke ncnonb3oBaTb Henb3H, noKa 

Mbl He 3HaeM 3aKOH npeo6pa30BaHIDI YCKOpeHIDI B penHTUBHCTCKUX CliCTeMax. 

ilOCMOTpHM,. KaK 06CTOHT ,!l;eno C (2.30). ilOny'IHM 3aKOH npeo6pa30BaHIDI 

npOH3BO,!I;HOll HMnynhCa no BpeMeHH npH nepeXO,!J;e H3 O,!J;HOH HHepunanbHOH CHCTeMbi 

8 ,!!;pyryro, coxpaHnB Bhi6op nx ocell, KaK 3TO C,!J;enaHo Ha puc. 2.1: 

( 
dE') BE' V y dp' +V-· 1+-·-dpx - x c2 dp: ap: c2 

dt - r(dt' + v dx') dt' · 1 + v:v 
c2 c2 

(2.31) 

3,!J;eCb V, V1
- CKOpOCTH 'laCTHQbi B na6oparopHOH H ,!I;BH)I(JllleHCH CHCTeMaX, 

COOTBeTCTBeHHO, V- CKOpOCTb npeo6pa30BaHIDI. Ho E 2 = p 2c2 +.m2c4
, ll03TOMJ 

BE 
E-= Pxc2

, OTKyAa 
BFx 

BE PxC2 ymvxc2 

--=--=---=v apx E ymc2 x· 

llOACTaBHB no 3Ha'leHne BE/ Bp x a (2.31 ), HaifA eM 

dpx dp: 1 -----,, T.e. Fx =Fx. 
dt dt 

)J;anee, ,!l;nH nonepe'IHb~ KOMllOHeHT HMnynhca aHanOrH'IHO HMeeM 

dpy- dp~ dp~ • 

dt - r(dt' + Vdx'/ c 2
) dt' · ( v~VJ · 

y 1+
c2 

C J'leTOM CllO)KeHIDI CKOpOCTeif (2.11) H paBeHCTBa p y = p~ nony'IHM OTCIO,!J;a 

dpy dp~ vy _ dp: Py Yv• _ dp~ Yv• 
dt = dt' . v~- dt' ·-y:· p~- dt ·-y: 

r,D.e Yv={1-v2/c2)-lf2
. OTcro,!J;a 

d d' rpy = F = rpy • Yv = F'. Yv• 
dt . y dt y v. y y v 

(2.32) 

(2.33) 

lhaK, ¢opMa ypaaHeHIUI (2.30) nHaapnaHTHa K npeo6pasoaaHIDIM JiopeHQa, ecnH 

~OMUOHeHTbi CHnbi (TPeXMepHOH CHnbi!) npeo6pa3yroTCH COrnaCHO COOTHOIIIeHIDIM 

(2.32), (2.33). TaKHM o6pa30M, 3aKOH npeo6pa308aHUR KOMnoneHm CUJlbl B CTO nMeeT 

BIIJl 
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- -, - , - ( 2/ 2\-1/2 
J)=.fi. YvFi=Y'vFJ..• Yv= 1-v c J . (2.34) 

§ 2.9. 3aKOH COXpaHeHHSI :meprHH, HMnyJibC3 H MOI\IeHTa HMnyJibC3 

pe.ruiTHBHCTCKOH qaCTHIJ;bl 

BHaqane noKIDKeM, <ITO cKaiDipHoe npoiDae,neHHe 

(v./i)=t. 
):(eiJCTBJ.rreJibHO, 

(- dfJ) [- d mv J 
v, dt = v, dt . ~1- v2 / c2 = 

= m (v dV)+ m(v, v) _{v, ~L 
~1-132 , dt _{1-1321/2 c2 

mc2 dJ32 1 2 d 1 d ( 2) dE 
= (1.:....132)3/2 "---;j("z=mc dt. ~1-132 = dt ymc = dt. 

(2.35) 

Tor.na, no,nCTaBHB a Hcxo,nHoe paseHCTBO (2.35) 3HaqeHHe p = F (2.30), Haii,neM 

dE = (v. P )= (v, F(r)) = !!...Jr (F(r'1 di') =-dU(r). 
dt dt 0 dt 

3,neCb U(r)- nomeHlfUO.JibHaR 3HepZUR qaCTHUbl B none CHnbl F(r). Orcro,na 

d -(E +U)= 0, HnH E +U = const. 
dt 

RTaK, C}'MMa peJIJl1Tlueucmcxoii 3HeprnH E H nomeHlfUO.JibHoii 

coxpaiDleTCS npH ,nBIDKeHHH qaCTHUbl (cpaBHH (1.10)). 

(2.36) 

u(r) 

' laJJ.a'la 2.2. HaiTH CKopocn. JJICKIJIOH3, npome;:J;~~~ero ycKOpliiOncyiO pa:3HOC'I"b nurelmHliJIOB 1 MB. 

ymc1 = -(e)u +mc1
, mc1 "'O,SlM::~B} 3 -+"("' , 

eU=lM::~B 
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f3 = JI- I _ 2..fi y2 --
3
-"'0.94c. 

}:(ng BbJqHcneHHS pa3JIHqHbiX napaMeTpOB pe.IDITHBHCTCKOR qaCTHUbl npii 

3a,naHHOR KHHeruqeCKOR 3HeprnH y,nofiHO llOllb30BaThCS fie3pa3MepHOR KIIHeTHqecKOR 

3Heprneii 

w ~3n cp--
- mc2 • 

1Jepe3 napaMeTp <p ,nOBOJibHO llpOCTO 3aiTHCblBalOTCS peJISTHBIICTCKIIe BemfqiiHbi: 

y=cp+1, 

E = ymc 2 = (cp+ 1)mc2
, 

pc=.JE
2 
-m

2
c

4 =~cp(cp+2)mc2 . (2.38) 

13 =_L ..jcp(cp+2) 
ymc2 q>+1 

B qaCTHOCTH, OTCIO,na cne.nyer, ~o 'lacmu1fa peliR111U6UcmcxaR, ecnii <p ~ 1 T.e. 

E ~ mc
2

• (2.39) 

BhimenpHae,neHHhiR qiicneHHhiii npiiMep Ha IDhiKe napaMeTpa <p Bhirns,nHT TaK: 

<p = 1M3Bj0,51M3B::.2, 13 =..}2(2+2)/(2+1)::. 0,94. 

ECJIII 3TOT S3biK CTaHeT npiiBbJqHbiM, peJISTIIBIICTCKIIe BbiqiiCJieHHS He COCTaBST ,nJig 

BaCTPy.na. 

IJocne TOrQ KaK Mbl BbffiCHIIJIII IIHBapiiaHTHOCTb ypaBHeHHS (2.30) K 

npeo6pa3oBaHHSM JlopeHua II onpe,neJIHnii TeM caMhiM npaBIIJihHyiO <!JopMy 3aniiCII 

YPaBHeHHS ,nBII)KeHHS qaCTIIUhi, HeTpy,nHo BhffiCHHTh aonpoc o noae,neHIIII nonHoro 

( CYMMapHoro) IIMITyllbCa qaCTIIU 3aMKHYTOR CIICTeMbi. Qqean,nHO, 'ITO BCe CKa3aHHOe B 

Ha'.I~e . § 1.3 OCTaeTCS cnpaBe,nHIIBbiM II B cnyqae qaCTIIU, ,nBII~miiXCS C 

PeJISTliBIICTCKHMII CKOpOCTSMII, II TeM CaMbiM Mbl npiiXO,niiM K 3aKOHy coxpaHeHHS 

IIMITyJibCa 3aMKHYTOR CIICTeMbl (1.9). 

To )Ke IIMeeT MeCTO npii aHaJIIDe MOMeHTa pens:THBHCTCKOR qaCTHUhi: llOKa Mbl 

pafiOTaeM B O,nHOR If TOll )Ke CHCTeMe, HepeJISTHBIICTCKIIe COOTHOWeHHS (1.15) + (1.18) 
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OCTaiOTCH cnpaBe,WIHBblMli li 3aKOH COXpaHeHlij{ MOMeHTa HMnyJibCa ,neiiCTBYeT li AJijl 

peJlj{THBHCTCKOH 'laCTHQbl. rJiaBHbiH. "peQenT" B 3TOM li npe,nb~eM CJIY'lae: 

onpe,neJIHTb 3Ha'1eHlij{ CliJI B TOll CHCTeMe, r,ne li3Mepj{IQTCH liMnyJibC li MOMeHT 

n:MnyJibCa qaCTHUbl. lf eCJili CyMMa CHJI (cyMMa MOMeHTOB CHJI) pasHa HyJIIO, TO 

n:MnyJibC (MOMeHT HMnyJibCa) 'laCTHUbl COXpaHj{eTCH. 

Q6paTHM TaiOKe BHHMaHn:e Ha TOT l}laKT, ypaBHeHlij{ .z:IBn::lKeHlij{ B l}lopMe (2.30) 

TO'lHbie, ecJin: cMa F(r, t) 3a,naHa, T.e. Mbi 3HaeM ee 3Ha'1eHlij{ B K8.)K,l{Oii T0'1Ke 

'llrrbipexMepHoro npocrpaHCTBa {7, t). 3ro y,naeTCH c,neJiaTb .naneKo He scer.na. B 

qaCTHOCTH, npn: .z:IBll)l(eHHli 'laCTHUbl B 3Jie!CTpOMarHHTHbiX flOJlj{X ,npyrn:x (B T.'l; 

.z:IBli~IllliXCH) 'laCTHU npn:xo,nHTCH Y1:fHTbiBaTb 3aDa3.z:lbiBaHn:e nepe,naqn: 

B3an:Mo,neiiCTBlij{ (cKopoCTb cseTa!). B pe3yJibTaTe 3a,naqa pe3KO ycJIO)I(Hj{eTCH. 

§ 2.10. CorryTcTsyrom;ne cncTeMLI 

CTO, BCH l}ln:Jiocol}llij{ Koropoii nocrpoeHa Ha noHHTn:n: n:Hepun:anbHbiX cn:CTeM, 

Ka3aJIOCb 6bl, HCKJIIO'laeT B03M0)1(H0CTb npn:MeHeHlij{ npeo6pa30BaHHH JlopeHQa K 

ycKOpeHHO .l:IBm!CYillliMCH CHCTeMaM. B CBH3li C 3TlfM, B 'laCTHOCTlf, B CBOe BpeMH 

llO,nBepranaCb COMHeHlflO cnpaBe,nJilfBOCTb 3ppeKma 6JIU3He1J06 AJijl aCTpOHaBTOB, 

llYTeiileCTByiOilllfX K 3Be3,naM C OKOJIOCBeTOBbiMlf CKOpOCTHMlf: 3a BpeMH JIX DOJieTa Ha 

3eMJie cMeHHTCH HeCKOJibKO noKOJieHuii. O,nHaKo 3Be3.l:IOJieT Hem6e)I(HO ycKopHeTCH n: 

3aMe,wrneTCH TaK, 'ITO KaKOe-TO BpeMH HBJIHeTCH HeUHepQUaJibHOH CUCTeMOH. Pa6oTaiOT 
b 

JIH B HeM 3aKOHbi CTO? 

Ami pemeHlij{ 3Toii n: no.no6HbiX npo6JieM ucnoJib3yiOT cneun:anbHbiii npn:eM: 

BBO,nHT Ha6op .M2H06eHHO conymcm6Y10UJUX UHepUUaJibHblX CUCTeM - y Ka)l(.z:IOH U3 HHX 
~ 
j! 
CBOH CKOpOCTb .z:IBM)I(eHlij{, COBna,naiOIIIaH C MrHOBeHHbiM 3Ha'1eHHeM CKOpOCTH 

Hen:HepUHaJibHOH CHCTeMbl B O.z:IMH li3 MOMeHTOB BpeMeHH. TaK KaK K8.)K,l{aH H3 

COflYTCTBYIOIIIHX cn:CTeM uHepuuanbHaH, B HHX .neiiCTByiOT 3aKOHbi CTO, u 
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nepecqeTOM li3. CHCTeMbl B CHcTeMY BbNHCAAIOTCH He06XO.l:llfMbie peAATliBlfCTCKHe 

napaMeTpbi. 

3~a'la 2.3. 3a KaKoe BpeMJI flO 'lllcaM: 3e:MJIJIH 3Be3,!l;OJICT p33I"OIIHI'CJI ,!1;0 CKOpoCTH v
0 

""c, ecJIH 

ycKopeHHe B CHCI'eMe 3Be3,!1;0Jler3 flOCTOJIHHO (MOIIUIOCTL ,!I;BHrnTeJIJI flOCTOJIHHll) H paBHO a
0 

? 

B cncreMe pm<:CTLI ee CKopocn., eCTeCTBeHHo, paBna nymo, a yCKopeHHe dv'/ dt' = a
0 

• 

'/-'' I dp' I dp 
Ho(CM. (2.3I)) dv ul =;;· dt' = m · dt, H1pHBH3JibHoemrrerprrpoBaHHe.n;aer 

• c 
!¥- Vo ""Y-. At=--- ~/2 a

0 mao a0vi-VofC 

f.n;e B 3TOM rrpmrepe HCflOJIL30BaHLI MrHOBeHHO COII}'TCTBYfOIIUie CHCI'eMbi? QqeBH,D;HO, KOr.IJ;a Mbl 

o6panumCb K 4x>PMYJie'(2.3I). 
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r JIABA 3. HEHHEPJ..UIAJibHhiE CHCTEMbl OTCqETA 

HeiiHepQHClJibHbiMII Ha3b!Ba.IOTCX CIICTeMbi, JJ,BIDK}'miiCCX yCKOpeHHO, B TOM 

'IRene spamaromRecx (T.K. reno, JJ.BIDK}'meecx no OKp)')KHOCTII, IICIIbrrbiBaeT 

ueHTPOCTpeMIITenbHOe ycKopeHRe). OrrpeJJ,eneHRe HCIIHepuRanbHbiX cltcreM JJ,aHo B 

§ 1.5. 

§ 3.1. CHCTeMhi, ~IDKYID.HeCH npHMOJIHHeHHO H ycKopeHHO 

llyCTb CIICTCMa X', y' (aBTOM06Rnb, HaiipiiMep) JJ,BIDKeTCX YCKOpCHHO B 

na6oparopHOU CIICTeMe (piiC. 3.1 ). 3To 03Ha'laeT, 'ITO B na6opaTOpHOU CIICTCMC 

mi=ma=F, 

y 
PRe. 3.1. YeKopemm JJ;B~eJI aBTOMOOHJib

DpHMep HeHHepu;HllJibHOH eHCTeMhl 

r.ne F - cnna, Bbl3biBarorn:ax yc!CopeHRe. B CIICTeMe aBToMo6nnx mo6oe Teno 

IIOJJ.'liiHXeTCX ypaBHCHIIIO 

mi'=F'; HO x=x'+V, OTKYJJ.a x=x'+a. 

CneJJ,osaTenbHO, 

mi' =mx-ma = F -ma = F'. 

TaKRM o6pa30M, s CIICTeMe ycKopeHHX JJ.BII)K)Iu.t:erocx asroMo6nnx Ha TenO KpOMe 

CRnbi F JJ,eiicrnyeT eme cnna - ma, RMeeyeMax uHep1JUOHHoii CUJIOii, . Rnii cnnoii 

IIHCPUIIII. 
-~ 
(1 

]3,ZJ,a'la 3.1. MaJmmK nOJJ;BemeH B JIHclrre, IllUialOllleM e YCKOpeHHeM a. Haiim nepHOA KOJie6almil 

YpasHeHHe KOJie6amrli M3Jll1111Ka B CHCTeMe JIH4ml (pHe. 3.2) HMeer BHA 
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HJIH 

OTKY.M 

•j 

mipe = -m(g- a )e. sin <p .., -m(g- a )ecp, 

ip+ (g-a) 
l ·<p=O, 

w
2 =~- T=27t --. 

(g-a) . Ji; 
l ' g-a 

PRe. 3.2. :Miumrn:K s yeKopeHHo na.rmroii~eM 

JIHclrre 

§ 3.2. r(eHTpo6eamaH CHJia HHep~HH ao apam.arom.eiicH 

CHCTeMe KOOp)).HH3T 

. PaCCMOipiiM rrpocroii IIpiiMep: KyfiiiK IIOKOIITCX Ha JJ,IICKe, Bpamarou.t:eMCX C 

yrnosoii CKOpOCTbiO n (pRe. 3.3); k - K03!J>!J>IILIIICIIT 'IpCHHX. YpaBHCHIIe JI.BII:>KCHIIX 

KyfiiiKa B na6opaTOpHOU CIICTCMe ( CM. ( 1. 6)) IIMCeT BIIJJ, . 

ma, =m0-n2r)=kmg, 

r,ne !l
2
r - l{eHmpocmpeMumenbHOe ycKopeHue. CIIna 

HarrpasneHnx cKopocrR rrpii cMern:emm Ky6RKa. OTcro,na 

mr = mr' = m!l2r + kmg. 
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ipeHnx HanpasneHa rrpOTIIB 



n 
Puc. 3.3. Ky6HK Ha Bpam;uomeMCJI ,!J;HCKe 

TaK11M o6pa30M, ao 6pazqatoUJeiicR cucmeMe noHBJUH!TCSI 1feHmpo6e:JICHOR CUJla 

uHep1fUU Fw;cn, paBHIDI no Mo.nymo npo113Be,!(eHino MaCChi Ha ueH'I"pocrpeMHTeJihHOe 

ycKOpeH11e B na6opaTOpHOll C11CTeMe 11 HanpaBJieHHIDI B,!(OJlb pM11yCa HapyJKy OT OC11 

apameHliS!: 

FII,EcH =m!12r. (3.1) 

Ky611K He CMemaeTCSI, eCJI11 k > Q
2
r/g. 

§ 3.3. KopnoJincooo ycKopeune 

3TOT B11,!( yCKOpeHliS!, B03H11Kal0ll.{ero np11 ,!(BHJKeH1111 TeJia BO BpamaromeiiCSI 

C11CTeMe, BnepBbie On11CaJI 4JpaHUyJCK11ll <lJ11311K ryCTaB racnap Kop110JlllC 

(G. Corio£ is, 1792-1843 rr. ). 

PaCCMO'I"p11M BHa'laJie 'laCTHblll CJIY'Iaii: 'laCTHUa C nOCTOS!HHOll CKOpOCTbiO V 

,!(B11JKeTCS! B,!(OJlb pa.!(eyCa ,!(llCKa, BpamaiOll.{eroCSI C yrJIOBOll CKOpOCTbiO Q (pllC. 3.4). 

KaK Mbl yme B11.!(eJI11 B § 1.1, 113MeHeH11e CKOpOCTll 'laCT11Ubl B na6opaTOpHOll C11CTeMe 

cKJia.!(biBaeTCSI 113 AByx 'laCTeii: 113MeHeHne HanpaaneHliS! aeKTopa v 11 113MeHeHne 

PM11yca TO'IK11 HaxoJK.!(eHliS! 'laCT11Ubi ( cpaaHn BbiBOA <PoPMYJihi (1.6)): 

11\i = 111v + 11 2\i = e<pv·l1<p+e<pn. M, 

~ = e<p(vn+nv)= e<p2Qv. 
(3.2) 

Ho B HalileM np11Mepe CKOpOCTb 'laCTIIUbl OTHOCHTeJibHO noaepXHOCTll ,!(IICKa v' = V 

i\ HanpaaneHa crporo no pM11ycy, n03TOMY MOJKHO c TeM JKe ycnexoM C'IHTaTh, 'ITO 

~ = 2Qve'P- 3TO 11 eCTh KOp110JI11COBO ycKopeHne, B03HIIKlilee no ABYM npn'lnHaM: 

113MeHeHHe HanpaBJieHliS! CKOpOCT11 II CMell.{eHIIe 'laCTMUbl no pa.!(eycy. 
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PHc. 3.4. KopnoJIHcoBO ycxopeHHe 'lllCI"HIU>I, 

~IDK}'IIIeiicJI no pa!niycy 

Tenepb paccMO'I"pHM o6mnii CJIY'Iaii - 'laCTIIUa Ha apamaromeMcSI AIICKe 

,!(BHJKeTCS! c npoll3BOJlbHOll CKOpOCTbiO. ny,!(eM OTC'IliTbiBaTb PMHYC-BeKTop ee 

nOJIOJKeHliS! OT UeH'I"pa ,!(UCKa r(t) = r'(t). • fu CJIOJKeHliS! CKOpOCTell 11MeeM B 

na6oparopHoii C11CTeMe 

v(t) = v'(t )+ [ n x;]. (3.3) 

llpOAH<iJ<iJepeHUllpOBaB no BpeM~HII, llOJIY'IllM 

a= ~~6 +[ nxr ]+[nxfl (3.4) 

r.!(e V~ - YCKOpeHne B Jia6opaTOpHOll C11CTeMe TeJia, llMeiOmero CKOpOCTb V' BO 

Bpaw:aromeiiCH CllCTeMe. flO,!(CTaBUB F = v(t) ll3 (3.3), 3an11lileM 

ii = ~;,6 +[ nxr ]+ [nxv']+ [nx [nxi]]. (3.5) 

B CBOIO O'lepe,!(b ll3MeHeHliS! v' B Jia6opaTOpHOll II BpamaromeiiCSI CUCTeMax CBSI3aHbl 

3HaKOMblM paaeHCTBOM (CM. p11C. 7.5): 

11v~6 = 1111\i' +11~\i' = 11~j +v'. ~<p·e.L. (3.6) 

Puc. 3.5. K paC'Iety H3MeHeHHll CKopocm 'lllCTil:IU>I v' 
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Orc10.na 

~JIJ16 = Av.:,6 1 = Auv'l +[fixv')=~.pauj +[fixv')=a' +[fixv'). 
At M--+0 At ~HO 

{3.7) 

B pe3yJihTaTe llOJIY'IlfM 

a= a'+ ~xr]+ [fix [ fixr])+2[fixv'). (3.8) 

PacKphiB .nsoiiHoe seKTOpHoe npomse,neHlfe, OKOH'IaTeJihHO lfMeeM 

. a= a' +[ihr]-n2r+2[ fixv'). (3.9) 

Ilepsoe cnaraeMoe eCTh "co6CTseHHO ycKopeHlle" so spamawmeiic.s~ CIICTeMe, BTOpoe

ycKopeHlfe, Bhi3BaHHOe ycKopeHHhiM spameHlfeM, TPeThe - ueHrpoCTpeMIITeJihHoe 

ycKopeHlfe, 'leTBepToe - KOpliOJIIICOBO. Bo spamawmeiic.s~ CIICTeMe MmKHO ror.na 

3alllfCaTh ypaBHeHlfe .l(Blf)l(eHII.II 'laCTIIQhl B Blf.l(e 

ma' =F' +m02r +2m[v'xfi]-m[ nxr]. {3.10) 

C TO'IKII 3peHII.II Ha6JIIO.l(aTeJI.II B. :3TOH ClfCTeMe llO.IIBJI.IIIOTC.II lfHepQIIOHHhie ClfJihi: 

QeHrpo6e)I(HaH CIIJia lfHepQlllf (BTOpOe CJiaraeMOe B {3.I0)), KOpliOJIIICOBa ClfJia (TPeThe 

cnaraeMoe) n ClfJia lfHepQlllf ycKopeHHOro spameHII.II ('IeTBeproe, nocne,nHee 

cnaraeMoe). 

lliseCTHhi npliMepbi npo.s~BJieHII.II CIIJI KopliOJilfca Ha 3eMJie, B03Hl1Kal0mlfe lf3-

3a ee spameHII.II: 

I) peKII B cesepHOM nonywapllll o6hi'IHO no,nMhiBaiOT npashiH 6eper, B IO)I(HOM -

neBhiii (pile. 3.6), no TaK Ha3hiBaeMhiii JaKOH E3pa; 

2) aHBJIOrH'IHO- Ha )l(eJie3HhiX .noporax ClfJihHee CTllpaeTCH {li3HYTPI1) npaBhiii peJihc; 

3) naccaThl- Meplf,Z(IIOHBJihHhie Berpbl- IICKpliBJI.IIIOTC.II (pliC. 3.6). 

Ilpllse,neM HeKOTOphie 'llfCJieHHhie oueHKlf. Yrnosa.s~ cKopoCTh spameHHA 

3eMJin 

n3 27t -- -1 24·3600 c ""0,7 ·I0-4 c-1 , 

KOpliOJIIICOBO ycKopeHlfe aBTOM06IIJI.II, .ns~eroc.s~ co cKopoCThiO 90 KM!q, 

2j[v xn L.ml"" 2·90 Ja.t/'1·0,1 ·I0-4 c-1 ""0,35 CM/c2 ""3,5-I0-4 g. 
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,lVUI peKlf, TeKymeii co cKopoCThiO I KMI'I, KOpliOJilfcoao ycKopeHlfe s 90 pa3 MeHhwe, 

HO :)TO He npOTIIBOpe'llfT 3aKOey D3pa, T.K. B reOJIOrlf'leCKOM MaCWTa6e BpeMeHlf 

npO.IIBJI.IIeTC.II ,neifCTBlfe .l(a)l(e CTOJih MaJIOro YCKOpeHIUI, llOp.ll.l(Ka 10-5 g. IJpll 3TOM 

cymeCTBeHHa eme 6oJihWM Macca so,nhi. TaKoe ycKopeHlfe (eM. TaK)I(e § 8.2 Hlf)l(e) 

co3,naeT ,nasJieHlfe Ha 6eper (h-I 1011- WllpliHa peKn): 

h Io3 I 3 0-s I 2 3 2 -3 p-pa"op' - K2 M xi ·9,8IM c ·IO M-10 IJa,.IO al11M, 

" 3TO ,nasneHlfe .neiiCTsyeT Ha O'leHh OOJihWYIO nnoma.nh 6epera. 
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PHc. 3.6. IlpoJIBJieHHe .neiiCTBWI CHJI 

KopHoJIHca Ha 3eMmo 



~ 

tl 

r JIABA 4. PEUIEHIIE YP ABHEHIIH .LJ.BII:IKEHIDI 

§ 4.1. O.z:t;HOMepuoe .z:t;nua.:euue 

YpaaHeHIIe .!IBII)I(eHllil (2.30) B o,nHoMepHOM CJI)"'ae IIMeer BII,!I 

1 
dp =F(x~ p=rmX. r= J (~)z 
dt 1-

c 

(4.1) 

I-ii uume2paJ1 :noro ypaaHeHIIH, KaK noKa3aHo B § 2.9, eCTb 3aKOH coxpaHeHIDI :mepriiii 

(2.36): 

IIJIII 

CKopocr& 'laCTIIUhi ecr& 

E(x)+U(x)= const, 

ymc2 + U(x) = const = E(O) + U(O). 

dx 
v(x) = dxldt, oTCJo,na t = J v(x) · 

(4.2) 

(4.3) 

. (4.4) 

3TO 2-ii U11me2paJ1 ypaBHeHllil ( 4.1 ). Ilpii ero Bbi'IIICJieHIIII OrpaHII'IIIMCH 

HepeJIHTIIBIICTCKIIM cnyqaeM v<< c. Tor.na II3 (4.2) IIMeeM 

mv
2 

( ) mv
2 

--+U x =--0 +U0 =const=W. 
2 2 

0TCIO,!Ia 

dx =v(x)= /vJ _3..(u(x)-U0 ) 
dt V m 

(4.5) 

HJIH 

X 

t(x)= J dx lmx dx f +to =~2 f r==== 
xo vJ _3..(u(x)-U

0
) 

2 xo~W0 -U(x) · 
(4.6) 

m 

B&Ipa)l(eHIIe (4.6) II Ha3hiBaJOT BmopblM uume2paJ1o.r.t ypaaHeHIDI (4.1). 

OTMerHM HeKoropyro TepMIIHonorii'IecKyro TPY.!IHOCTb. B MaTeMaTIIKe IIHTerpanoM 

.!IIItPtiJepeHUUaJibHOrD ypaBHeHIIH npiiHHTO Ha3biBaTb tPYHKUUIO, o6pa3YJO~YJOCH B 
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pe3YJI&TaTe IIHTerpiipoaaHllil ,niitiJtiJepeHUIIaJI&Horo ypaBHeHllil. TaK, B O.!IHOMepHoM 

ypaBHeHIIII ,!IBU)I(eHllil HepeJIHTIIBIICTCKOU 'laCTIII.(bl 

d 2x 
m-=F(x) 

dt 2 

nepB&Iii_ IIHTerpan Haii,neM, YMHO)I(IIB o6e 'laCTII ypaBHeHIDI 

n:HTerpn:poBaHne, 

Benll'IIIHa 

m(dx)
2 

= fF(x)·dx+C=-U(x)+C. 
2 dt 

dx = f2.Jc-u(x) 
dt ~-;;; 

(4.7) 

dx/dt n: npOH3Be,!IH 

(4.8) 

Ha3biBaeTC.ll nepBbiM HHTerpaJIOM ypaBHeHllil (4.7). 3ro TO )l(e CaMoe, 'ITO II (4.5). 

BTop&IM IIHTerpanoM ypaBHeHllil Ha3biBaerc»: Benll'lnHa 

lmJ dx +to t(x)=-y-z . .Jc-u(x) (4.9) 

(cpaBHU C (4.6)). 

B TO )l(e BpeMH B tPU3IIKe npn:H.HTO BeJIII'IIIHhi, coxpaH.HJO~IIec»: npu .!IBH)I(eHuu 

qacruu, TaK)I(e Ha3biBaTh uume2pWIC1Mu 06UJ/CeuuR. TaKnM HHTerpanoM B 

paccMaTPnBaeMoii 3a,naqe HBJI.Herc»: nonHa.H :meprlli! E + U (4.2). 

([Ju~umuoe u uu¢uuumuoe 06UJ/Ceuue. IlyCT& qacruua .!IBH)I(efC.H B none cnn&I 

TaKOM, 'ITO ITOTeHUHaJibHa.H :meprllil - HeMOHOTOHHa.H tPYHKUllil KOOp,!IHHaTbi X 

(pnc.4.1 ). ' Ecnu llOJIHa.H 3Heprllil • 'laCTHUhl ~Jl) > u!:lx, u!;l_, ,!IBH)I(eHne 

11HtPHHHTHoe (Heonpe,neneHHoe), T.e. o6naCT& ,nBu)l(eHIDI 'laCTHUhi He onpe,neneHa, 

'laCTnua ,!IBH)I(eTCH B,!IOJib Bceii OCH X. B cnyqae w = wo(2) ,!IBH)I(eHue tPHHIITHOe 

(onpe,neneHHoe), o6naCTh ,nBu)l(eHllil onpe,neneHa - oHa orpaHn'leHa TO'IKaMu 

X1 s; X s; Xz , r,ne X 1, 2 - KOpHH ypaBHeHllil 

U(x)=W0 • (4.10) 

roaop.HT e~e, 'ITO 'laCTuua Haxo,nHTC.H B 3TOM cnyqae B nomemfUaJlbuoii Jl.Me, KOTOpa.H 

o6pa3yerca B6nn3u Umm. 
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U(x) 

wo(tl Pile. 4.1. 3asHCHMOCTh 

ITOTCHIUf3JILHOH :meprHH 

OT KOOp;um:lThl 

Umml 1'-. -"1 Wo(2) 
X 

Xt X2 

§ 4.2. ~IDKeHHe JlBYX B33HMO,lleHCTBYJOmHx TeJI 

/m2 
F2t 

Pile. 4.2. CHJIL1 B3aHMO.neiiCTBHJI ,ll;llyx 'lliCllll( 

/~2 
mt 

PaeeMOTpHM ,nBJI)KeHJie ,nByx qacmu, B3aHMo,neiiCTB)'IOIIVIX ,npyr e .np:YroM c 

eliJiaMJI, paBHbiMll no BeJmqJIHe II npOmBOnOJIO)J(HbiMll nO HanpaBJieHJIID (p11e. 4.2). 

IIo-npe)J(HeMY orpaHJiqJIMex HeperurrHBHCTCKoii o6naCTbiD v <<c. CHCTeM8 

3aMKHyrru:I. IlyCTb eHJibl 3aBHeHr TOJibKO OT paCCTOHHIIH Me)J(,lly qaCTJIQaMH: 

Fi2=-F2i=i(r), r=T;-r;. 

3anHmeM ypaBHeHHe ,llBJI)KeHHH Ka)K,llOM 113 qaCTIIQ: 

mi~ =F(r), 

m2~ =-F(r). 
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(4.11) 

(4. 

~ Pile. 4.3. BM6op cucreMM OTC'Iera a :Jan;Ne o ,li;IIIDKeHHH 

,ll;llyx B:laHMO_neiiCTB)'lOII(HX TeJ1 

0 r; m2 

Cno)KJIB ypaBHeHHH ( 4 .12), HMeeM (eM. p11e. 4.3) 

miT; +m2T; = 0, OTKy,na ene.nyer miT; +m2T; = eonst, 

liJill 

Pi + P2 = p = eonst . (4.13) 

llonyqliJIH 3apaHee HeHbiM pe3yJibTaT: nOllHblU UMnyllbC 3aMKHYTOii eHCTeMbl 

nOCTOHHeH, T.e. HBJIHeTeH UHmezpCl!IOM 06UJICeHUJl (eM. § 1.3). 

Tenepb BBe,neM pa.neye-BeKTop: 

R =miT; +m2T; 
mi+m2 

llro 3TO TaKoe? 3anHmeM (4.14) B BH,ne 

r,ne 

AHanornqHo, 

R (mi +m2 -m2)·ii +m2T; 

mi+m2 

- m2 - - -
=lj ·r ==ri +rc, 

mi +m2 

m2 -rc.= ·r. 
mi+m2 

- - mi -R=r2 + ·r. 
mi +m2 

(4.14) 

(4.15) 

Qn:ro,na HeHo, ~0 TQqKa C Jie)KJIT Ha npHMOii, eoe.nHHHID~eii TeJia (eM. p11e. 4.4), II 

OTC'foiiT OT TeJia mi Ha paeCTOHHllll rc. IJpn 3TOM 

mire =m2(r-rc)· (4.16) 
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m2 

PHc. 4.4. IlorroJKeHHe nempa TIDKecTH .z:tByx rerr. 

J.n:eCb r -pa.n:HyC-Be!aOp H3 m 1 Bm2 (CM. (4.11)) 

TaKHM o6pa30M, TO'IK3 C - U:eH1p nrllcecm CHCTeMbl ):IByx TO'Ie'IHblX TeJI. C ,!lpyroif 

CTOpOHbl, CKOpOCTb ):IBIDKeHml TO'IKH C eCTb 

v = R = m~~ + m2r2 ___.!!_ 
c mi +m2 mi +m2 

(4.17) 

HJIII 

p=(m1 +m2)k=(m1 +m2)·vc, (4.18) 

T.e. vc = R- cKopOCTb ):IBmKeHHji Tena c Maceo if m1 + m2 , HIDmMmerocji a TO'IKe C. 

J1Hb!Mll CJIOB3MH, ):IBIDKeHHe CHCTeMbl, K3K u:enoro, CBO):IJiTCji K ):IBJf)KeHHIO 

MaTepHaJibHOH TO'IKH C M3CCOH, paBHOH CYMMe Mace TeJI ll HaxO):Ijill(eHCji B TO'IKe C, 

Ha3biBaeMoif lfeHmpoM Mace. HMnynbc 3aM1mymoii cucmeMbl p u cKopocmb ZfeHmpa 

Mace 3aMKHymoii cucmeMbl nocmoRHHbl (nHTerpanbi ):IBIDKeHJfji). 

Terrepb pacCMOTpHM OTHOCHTeJibHOe ):IBIDKeHHe TeJI. llepemnneM ypaaHeHIDI 

(4.12} B BH):Ie 

.. 1 - .. 1 -ii =-·F(r). r2 =--·F(r) (4.19} 
mi m2 

H Bbi'ITeM aTopoe ypaaHeHHe H3 rrepaoro. llonyqnM 

.. .. .. ( 1 1 ) -ii -r2 =r = -+- ·F(r). 
mi m2 

11 JfJIII 

~i==F(r). (4.20) 
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TaKIIM o6pa30M, Jf3MeHeHIIe pacCTOHHIIe Me)K):Iy TeJiaMH m 1 11 m2 oniiCbiBaeTcx 

a~HeHIIeM ):IBIDKeHJfji a none CllJibi F(r) 'Iacmu;bi c Maceo if yp . 

~ 
mim2 

mi+m2 (4.21) 

Macca (4.21) Ha3biBaeTcx npuBeiJeHHoii Maceo~ CHCTeMbi ,J:~ayx Ten. KaK n ):IJIH mo6oro 

ypaaHeHJfji aroporo nopH,!IKa, pemeHne ypaaHeHJfji (4.20) CO,!Iep)KHT ):IBe KOHCTaHTbi, 

KOTOPbie Hax:O):IHT H3 Ha'lanbHblX ycnoBuii: 

r(o) = ~(o )-r;(o), 

fr(o)= ~(o)-P;(o)= \?, (o)-v2 (o). 

]3JI~'Ia 4.1. 0IlliC3Tb .z:tBHJKeiO!e .z:tByx InapHKOB C M3CC3MH mb m2, coe.n:IDieHHbiX npylKIDIOH JKeCTKOCTH 

k, ecJIH Ha'f3JlbHble CKOpoCTH InapHKOB H3np3BJieHbl B.D:O!Ib OCH X. 

·~ 
m2 m1 

PHc. 4.5. CHcreMa .z:tByx. mapHKoB H3 npYJKHHKe 

3anmneM ypaBHeHHe .z:tBHJKeHllil '13CTI!IIbi c npHBe.n:eiDioii Maccoii: 

JlX=-k(x-x0 ), 

Xo- .ZI:JIHH3 He.n:etjlopMHpOB3IDIOH npYJKHHb!. PemeHHe yp3BHeHllil HMeeT BH.D: 

x{t)=AcosOJt+BsinOJt, OJ=~. Jl= m1m' . 
m1 +m2 

<Y6e.D:mbcH no.n:CTaHOBKoii). KoHCTaHTbl A H B onpe.n:eJIJIIOTCH H3'13JlbHbiMH ycrroBHHMH: 

A =x(O)= x1(0)-x,(O), B= _!_(:i-
1
(0)-x,(o)). 

OJ 

T3KHM . 00IJ330M, InapHKH KOJieOJIIOTCH OTHOCHre!IbHO n;empa M3CC CHCTeMbl, .z:tBHJKyllleiiCH CO 
CKopocnm 

XC 
m1x1 (o)-m,x,(o) 

m1 +m2 

fiOCJie TOro, .K3K ciJ)'HKI(IDI r(!) Haii.n:el!3, pemeHHe .D:JIH KIDI\!(OH H3 '13CTHn MOlKHO 33IIHC3Tb K3K cyMMy 

Pa.n:llyca-Be!aOJ>3 n;empa M3CCR(t) H CMellleHllil '13CTi!IIbl OTHOCHTe!IbHO n;empa M3CC (CM. 4.15): 
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11 

rt,2(t)=R(t)±~·r(t). 
mt +m2 

(4.22) 

3HaKH 3,Il;ecb }"'HTLlB3llT BLI6op HaiipaBJieHIDI BeKrOpa r (pHC. 4.4). CoomerCTBeHHO, CKOpOCTII 'll!CI'i!I{ 

CKJI3,ll;biBlUOT 113 CKOpDCTII nempa MaCC H CKOpOCIH oniOCHreJibHOrO roJIDKeHIDI 'll!CIHn: 

- + m2,t :.1) 
vl,2 =v. ----·rv. 

mt +m2 

CKopocm& qeHmpa Mace 3mnrnyroii cucreMhl onpeJJ;elllieTCJI cyMMapHhiM HMIIYJibCOM 'lliCIHn: 

- _ Pt +'P2 
ve- . 

mt+m2 

B pemrrHBHCTCKOM cn)"'ae 3a,naqa o .QBH:lKeHIIH .QByx B3aHMO.QeiiCTByiDW:HX Ten 

craHOBHTCX ropa3.QO cno:lKHee. Tenepb )')Ke Henb3x cqHTaTh cnpaBe,WIHBhiM 

paBeHCTBO (4.11), T.K. npHHU:HnllaJibHO He06XO,QHMO )"'HTbiBaTb 3ana3gbiBaHHe .. 
B3aHMO,QeHCTBHX. KpoMe TOro, He y.QaeTCX BBeCTH npHBe,QeHHyiD Macey, T.K. B 

peiDITHBHCTCKOM CJI)"'ae p = ymV . 

0rMeTliM TaK:lKe, qro B pe.IDITHBHCTCKOM CJI)"'ae 3a0a'la 0 63aUMoiJeiicm6UU 

06J!X 3apR:JICeHHblX mi!!l ycnO:lKHXeTCX H3-3a nmiBneHHX HeU:e8TpaJibHOH CliJlbl -

MarHHTHOH KOMnOHeHThi CHnbi JlopeHu:a. 

§ 4.3. ,ll;oiDKenue B QenTpaJihHOM noJie 

PaccMOTPHM .QBH:lKeHue HepenHmuBucmcKoii qaCTHU:hi B none u:e8TpanhHhiX CHJI, 

unH qeHmpCl!lbHOM none. 

l(e8TpaJibHbiM Ha3biBaeTCH none CHn, HanpaBneHHbiX B.QOnb,npHMbiX, HMeiOIUHX 

o6rn:uii u:eHTP: 

F(r)=F(r)e,. (4:23) 

r,Qe e,- e,QHHlfqHbiH BeKTOp, HanpaBneHHbiH B.QOnb pa,nuyca cl}JepHqecKOH CHCTeMbl 

KOOp,nHHaT, Haqano KOTOpOfi COBna,naeT C u:e8TpOM nonx. 

3To Ba:lKHbiH CJI)"'aH CliJIOBOro nOJIH, B KOTOpOM MOMeHT CliJI paBeH eyJII(). 

)J;eHCTBIITeJibHO, MOMeHT U:e8TpaJibHbiX CliJI OTHOCHTenhHO lJeHmpa nOAA eCTb 
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Nc = (; xFJ= [e, xe,].rFC = 0. (4.24) 

Cne.noBaTenhHO, B qeHmpCl!lbHOM none MOMeHm •wcmUlJbl omHocumenbHO ezo qeHmpa 

ecmb uHmezpCl!l OBU:JICeHUR ( cpaBHH ( 1.19)): 

Me =const. (4.25) 

Cne,nCTBHe :noro CBOiiCTBa u:e8TpanhHOro nonx: TPaeKTopHX qaCTHI.Ihi B 

u:eflTPaJif;>HOM none - llJIOCKaH KpHBaH. )J;.eHCTBHTenhHO, 113 OIIpe.QeneHHX MOMeHTa 

HMrrynbCa (1.15) H ycnOBHX ero IIOCTOHHCTBa (4.25) cne,nyeT, ~0 BeKTOp r{t) -

paCCTOHHHe OT U:e8Tpa IIOAA .QO qaCTHI.Ibl - B n1060fi MOMeHT BpeMeHH t OpTOroHaneH 

IIOCTOHHHOMY BO BpeMeHH BeKTOpy M , a 3TO ~3HaqaeT, ~0 Bee BeKTOpbi r{t) ne:lKaT B 

o.QHOii 11 roii :lKe nnocKOCTH. 

Terrepb BepHeMcx HeHa,nonro K KHHeMaTHKe. KuHeMaTuKa nnocKoro 

KpHBOJIHHeiiHoro .QBH:lKeHHX MaTepHanbHOii roqKu paccMOTPeHa B § 1.1. KaK Mhi 

BII,QenH (eM. (1.6)), yCKOpeHHe, KaK H CKOpOCTb, HMeeT .QBe KOMIIOHeHTbl- pa,nHaJibHyiD 

H a3HMYTaJibHyiD: 

•• • 2 
a,=r-<P r, 

1 df2·) a =-·-1[ <P . 
"' r dt 

(4.26) 

(4.27) 

<llH3HqeCKHii CMhiCn Broporo cnaraeMoro B (4.26} rrpocr: 3TO 3HaKoMoe )')Ke 

l{eHmpocmpeMumenbHoe ycKopeHue aijc ( cpaBHH ( 1. 6) ). 

Terrepb MO:lKHO 3aiiHCaTh ypaBHeHUR OBU:JICeHUR no ll!lOCKOii mpaeKmopuu: 

mr-mcp2r =F,, 

m d( 2 ·)· F 
;· dt r <P = "'' 

YpaBHeHliiO (4.29) MO:lKHO rrpu,naTb BHA 

· Ho 

~(mr2<P)= F"'r. 
dt 

mr
2

cp =r ·mrcp = rmv"' = j[rx .P]I = JMJ, 
F"'r =lfxFP]I =Jill· 
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(4.28} 

(4.29) 

(4.30) 

(4.31) 



Cne,noBaTenhHO, ypaBHeHHe (4.30)- 3TO ypaBHeHHe (1.17), 3anncaHHoe .I(JUl Mo.nyneii 

BeKTOpOB, BXOAS!IUHX B (1.17), T.e. ypaBHeHHe, OnHCbiBaiOIUee noBe,neHHe MO.!(yn» 

MOMeHTa HMnynbCa. 

Tenepb MO:lKHO BepHYfbC» K iJBu:»CeHU10 Bl{eHmpanbHOM nolle. 3,nech 

F'P=O, M=const=mr2~=m·2dS, 
dt 

r,ne dS- nnOIUa.!(b CeKTopa, KOTOpblll npOXO.!(HT pa,nnyc-BeKTOp r npH nOBOpOTe Ha 

yron d<p = ~ · dt . 3HaqHT 

M 
~=--2' 

mr 

M 
S = const = 2m. 

(432) 

(4.33) 

PaBeHCTBO (433) eCTb He qro HHOe, KaK 3HaMeHHTbiii 2-u 3aKOH Ke1lllepa: noCTO»HCTBO 

CeKTOpHanbHOH CKOpOCTll npH .!(Bll:lKeHHll nnaHeT nO OKOn03Be3AHbiM op6HTaM. 

IIo,nCTaBHB (4.32) B (4.28), HMeeM ypaBHeHHe AM r(t): 

.. M2 F () mr---3 = r r' 
mr 

(434) 

Hnll 

dU,q,q, .. --, mr =- dr r,ne U ( M
2 

31/!1/! =U r)+--2mr2 · 
(435) 

TeM caMbiM 3a,naqa cBe,neHa K 3a,naqe o ,nBH:lKeHHH qaCTHUbi c Maccoii m B none cHnhi, 

noTeHu;HanbHaH 3HeprlfjJ KOTopoii U3q,q, CKJia.!(biBaeTC» H3 "o6hJqHoii" nOTeHu;HanbHOH 

:mepmn U(r) (eM. (1.10)) H "ueHTPo6e:lKHOii" 3HepmH 

M2 M2 
u<p(r)=-J-Jdr=--2. 

mr 2mr 

ll IIepBbiii HHTerpan ypaBHeHlfjJ ,nBH:lKeHlfjJ ( 4. 3 5) eCTb 

mr2 

-+U(r)+U'P(r)=const. 
2 
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(436) 

(4.37) 

]3.113'13 4.2. flpH KaiCOH CKOpOCTH MereopiiT yrul.!l;eT Ha 3eMJ110? 

Vo 

1 =e Pnc. 4.6. Ila.zJ;eHHe Mereopma na 3eMJIIO 

(rpalili'IIIaX -rpaeKrOpHll) 

EcJm npn r =co CKOpoCTb Mereopma paana vo, a paCCTOJIHHe OT Mereopma 

nap3JIJieJILHOH V0 n npoxo.!VImeH: 'Iepe3 neinp 3el\fJIH (puc. 4.6), paauo p (T.H. 

11.0 IIpliMOii, 

npuqell&HbliJ 

napa.Memp), TO const B (4.37) paana mv; /2, H, ~HHo, ycnoune KacaHHJI 3eMJIH -rpaeicropneH: 

IJaJI.eHHll MeTeOpHra ( f = 0 ) HMeeT BHJI. 

r.,;e 

mv~ =-GmM3 +..!!:._ 
2 R3 2mRi' 

mMJ M=mv0 p, G--
2
-=mg. 

RJ 

(4.38) 

3.,;ecL MJ. R3 - Macca H P3JI.IIYC 3eMJIH; G - rrocroJIHHaJI BceMnpuoro TllrOTeHHll. Orcw.zm nali:JI.eM 

ycnoane IJaJI.eHHll Mereopma na 3eMJIIO: 

v~ ~ 2gRJ 
p2 , 
R2 -1 

3 

(4.39) 

HJIH 

p~RJ./1+ 2gRJ 2 • 
vo 

TaKHM o6pa30M, IIOrrepe'IIILrii pa3Mep IIOTOKa MeTeOpHTOB, II3.!1310IJ.U!X H3 3eMJIIO, IIpeBLIIIIaeT ee 

II.HlU!e-rp. 

§ 4.4. 3a,LJ;aiJa KeDJiepa 

3To 3a.!(aqa 0 ,!(Bll:lKeHHll B none CHnbi, nOTeHI..{liMbHaH 3Hepflfji KOTOpOll 

OllHCbiBaeTCH 3aKOHOM 
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t1 

U(r)=- a 
r 

B npHpOAe ll3BeCTHbl ABa HaH6onee BIDKHbiX BllAa KennepOBbiX noneii: 

a ={Gm1m2 -none cun mRZomenuR 

ke1e2 -K)InOH06CKoe none 

B KennepoBOM none 

a M2 

u r/4> = --+--
3 r 2mR2 ' 

(4.40) 

(4.41) 

(4.42) 

rAe M- MOMeiiT HMnyJibCa qaCTll[(bl. <l>yHKUIDI U 3rpp (r) HMeeT MllHHMYM B HeKOTOpOii 

TOqKe r *(pHC. 4. 7): 

U3rpp(r) 

w,(I) 
0 

r* 
M2 

am 

) 
a 2m 

Umin =U3r/4>~· =-2M. 

Pile. 4.7. 3aBHCHMOCTb U.q,q,(r) AJIJ~ 

Kemieposa noJIJI 

~+--.----~--------r 

w,(2) 
0 

I-ii HIITerpan ypaBHeHIDI ABIDKeHIDI (4.2) AJIR KennepoBa noJUI, o•IeBHAHO, ecrh 

W +U(r )= const = W0 . 

(4.43) 

(4.44) 

KoHCTaiiTa W0 - cyMMa KHHeT}iqecKoii H nOTeHQHaJibHOii 3HeprHii - eCTh HIITerpan 

ABH)I(eHIDI qaCTHQbl. B 3aBHCHMOCTll OT 3HaqeHIDI Wo qacrHQa MO)I(eT ABHraThCH B 

orpaHJiqeHHOii o6naCTH npocrpaHCTBa (qmnumnoe, T.e. "onpeAeJieHHoe", ABIDKeHHe) 

mm YAaJIHThCH 6ecKoHeqHo AaJieKo oT CllJIOBoro uempa (umjmnumnoe, 

11HeonpeAeJieHHOe", ABIDKeHHe). JICHO, ~ ABIDKeHHe qaCTHQbl (CM. pHC. 4.7) 
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HHlpHHliTHO, ecnH W0 > 0, 

cpHHliTHO, ecnH W0 <0. 

llepenHCaB (4.44) B BHAe 

·2 

mr +U3rpp(r)=Wo, 
2 

nonyqHM AJIR PMHaJihHOii KOMnoHeiiThi cKopoCTH 

f = jf · ~wo--=-i(rpp (r) . 
KpoMe roro, HCnOJib30BaB (4.32), 3anmneM 

dr dr dcp dr M 
dt = dcp. dt = dcp . mr2 ' 

ll, llOACTaBllB B (4.46), HaiiAeM 

OrcJOAa 

2 mr 
dr ·= f2.~w0 -U3rpp(r)· M · 
dcp v-;;; 

dr 

M 'J ~ . 
cp(r)= &. ~Wo -U3q,q,(r) 

(4.45) 

(4.46) 

(4.47) 

(4.48) 

(4.49) 

Bbipa)l(eHHe (4.49) AJIR sroporo HIITerpana ypaBHeHIDI ABIDKeHIDI cnpaBeAJIHBO AJIR 

n106oro uempanbHOro noJUI. Ami KennepoBa noJUI HIITerpan HMeer BHA 

M {-~) 
CfJKenA(r)= J2; J f a . M2 

w, +----2 0 r 2mr 

BBOA.!J HOBYJO nepeMeHHyJO 

H napaMerp 

1 
~=-

r 

M2 
P=-

am 
, 

npeo6pa3yeM IIOAKOpeHHOe Bblpa)l(eHHe B (4.50): 
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(4.50) 

(4.51) 

(4.52) 



a M
2 

1;2 a [ . 2l W0 +----=W0 +al;-ap-=W0 +-1-(p~-1)} r 2mr2 2 2p 

Tor.u;a 

J¥ I. dE, 
M. . 2 

o{r)=- J2};i J2 p:, +1-(pl;-1) 

C.u;enas eme o.u;ey 3aMeHy nepeMeHHhiX 

p -1 
r 

e 

r.u;e BBe.u;eH eme o.u;HH Ba)!(HbiH napaMerp 

npHBe,u;eM (4.53) K BH.llY 

e = = 1+ o ~ ~ 2M 2W, 

ma2 

<p(r) = -I ~ arccos TJ + const . 
1-TJ 

(4.53) 

(4.54) 

(4.55) 

Y CJJOBIIMC~ OTCqlfTbiBaTb yrOJJ (j) TaK, qT06bi npii TJ = 0 nepeMeHH~ (j) paB~JJaCb 

rt/2. llpii TaKOM Bbi60pe OTCqeTa KOHCTaHTa IIHTerpiipOBaH~ B (4.55) pasHa HYJJIO, If 

ypasHeHHe TPaeKTopiiii oKoHqaTeJJhHO npiiso.u;HTc~ K sH.u;y 11 = cos<p, IIJJII 

r(1+ecos<p)=p=const. (4.56) 

3To eCTh ypaBHeHIIe KOHifqecKoro ceqeH~. B 3aBHCHMOCTII OT 3HaqeHH~ 

3KCQeflTPIICIITeTa e IIMeeM 

e > 1 - mnep6ona ~ Wo > 0; 

e = 1 - napa6ona ~ Wo = 0; 

e < 1 - 3JJJJIInc ~ Wo < 0. 

' l "C/JOK(JJlbHblU napaMemp" p onpe.u;eAAeT nOJJO)!(eHIIe KpiiBOH OTHOCHTeJJbHO Haqana 

KOOp,lliiHaT- QeflTPa nOAA (piiC. 4.8). 
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y 

X 
PRe. 4. 8. IloJIO:JKeHHe KeiiJieposa 3JlJIHIIca 

B npocrpaucme 

llapaMempbl 3n!lunca. 3HaqeHIIe 6onhwoii nonyocii Kenneposa 3JJJJIInca, oqesii.u;HO, 

paBHO 

2a=r(O)+r(rc). 

IIo.u;CTaBIIB c10.u;a r(O) H r(rc) II3 4.56, Haii.u;eM 

p p 2p a 
2a=--+--=--=-

1+e 1-e 1-e2 jW0 j . 

Man~ nonyocb b = y max . 113 Bblpa)!(eH~ 

Haii.u;eM Ymax: 

Orc10.n:a 

. psin rn 
y=rsmcp_= "' , 

· 1+ecoscp 

dy e+coscp =O npu coscp=-e. 
dcp = p (1 +ecoscp)2 

M p =-=-
b = Ymaxlcos<p=-e = .J1-e2 

(4.57) 

(4.58) 

(4.59) 

IlapaMempbl zunep60!Ibl. ,[VtH mnep6oJJhi e> 0. CooTBeTCTBeHHO, MIIHIIMaJJbHOe 

paCCTO~HIIe BeTBeH mnep60JJbl OT QeflTPa nOAA ClfJI (piiC. 4.9) paBHO 

_ _p__=~·(e+1). 
rmin -1±e 2W

0 
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(4.60) 



., 
n 

y 

Pnc. 4.9. KeiUiepoBhl mnep6oJILl 
X 

3a,a;a-.a 4.3. HaHm yp:uiHeHHll aCHMmar KeiUiepoBoii mnep6oJILl. 

110~C'I':Uilm B ypaBHeHHe mnep60Jihl (4.56) Bb!piDKeHHll 

3aJIHIIIeM 3TO yp:UIHeHHe B BMe 

X 

r=~x2+y2, cos<p= ~x2+y2 ~ 

y=±~p2 -2epx+(e2 -l)x2 
• 

IIanOMHHM, 'ITO roil! mnep6oJILl e > 1. 1103TOM)' npH X -7 oo 

y(x)o::i.Je2-l·X- .Je;_J· 
3ro H ecn. ypaBHeHHll acHMmar (nyHKI'HpHhle npl!Mhle Hll pnc. 4.9). 

(4.61) 

KoCMolVlaBaHue. Ilepno.ll o6pameHIDI 'laCTHI.{hi no 3JIJIHIITH'IecKoii op6Irre 

Haii,lleM, BocnoJib30BaBWHCh 2-M 3aKOHOM Kennepa (4.33): 

Orcro.lla 

dS M 

dt 2m 

T = 2mS = 27tmab 
M M' 

r,lle S, a, b -nJIOma.llh n no.nyocn 3JIJinnca. IlO.llCTaBHB 3Ha'leHIDI nocne,llHHX H3 (4.58, 

4.59), Haii,lleM 
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T=1taJ2j~j3 . (4.62) 

]-Jl KOCMU'IeCKaJJ CKOpOCmb- ,llBIDKeHHe nO OKp}')KHOCTH, QeHrp KOTOpOH COBna,llaeT C 

uefffPOM 3eMJin, a Pa.lliiYC npnMepHo paBeH 3eMHOM)': 

TO eCTb 

KpoMeroro, 

fu paBeHCTBa 

Haii.lleM 

a=b =1!.1. 

a M 
IWol = J2miWol, 

OTCIO,lla 

M=mv0R3. 

IWol=2ma2 
M2 . 

a=GmM3 =mgR3 . 

a 
a= IWol =R3 

v1 =~gR3 ~8KM/C. 
KoHe'IHO, 3TOT pesynhTaT nOJIY'IaeTCH ropa3.llO npome: 

mv2 · mM 
--=G-2-~mg. R3 R3 

(4.63) 

(4.64) 

IIpnBe,lleHHhiii rpoM03.llKHii BhiBO.ll ,llaH numb .llJIH Toro, 'IT06bi noKa3aTh, KaK 

nOJib30BaTbCH ofimHM pemeHHeM. 

Ilepuo.ll o6pameHIDI cnyrHHKa 3eMJIH Haii,lleM, no)lCTaBHB B (4.62) 3Ha'leHne a 

li3 (4.63): 

1tgR3 .!!!_ 2 ( )3/2 
TcnymHuxa ~ .J2 . W

0 

(4.65) 

AAA KBa3nKpyroBoii op6IITbi 
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Wo = m;J -mgR3 =- m~R3, 

H TOr,na 

T (R; 
cnymuuKa ::::< 21tvg I':< 85 MUH. (4.66) 

2-Jl KOC.JitU'leCKCZJl CKOpoCmb - npH KOTOpOH KOCMHqeCKHH KOpa6Jib nOKH,llaeT 

oKOJI03eMH)'lO op6nry. lli ycnoBIDI ,naiDKeHIDI no napa6one Haii,neM KpHTHqecKJI<> 

CKOpOCTh: 

OTey,na 

mv2 mM mv2 
0=W0 =l-GR=-

2
--mgR3 , 

3 

v11 = J2gR3 ::::< 11 KM I c . (4.67) 

3-Jl KOCMU'leCKCZJl CKOpocmb - npH KOTOpOH KOCMHqeCKHH KOpa6Jib nOKH,naeT, 

ConHeqH)'lO cnCTeMy: 

O=Wo = mv2 -GmM -GmMc, 
2 R3 Rx 

r,ne Me - Macca ConHQa, R3c ::::< 500 CBeTOBhiX ceKyH.n - pacCTOHHHe 3eMJIH - ConHue. 

Ho 

2 
mM mvop6 . 

G-=--, 
R]c Rx 

r,ne Vop6- op6HTaJibHaH CKOpOCTb 3eMJIII. 

mM 
G-:::<g, 

R]c 

21t . 5 
V

0
p6 =roqp6Rx = 

7 
·500c·3·10 K.M/C:::<30K.M/c, 

. 3,15·10 c 

(mooonhrrHo, qw 1 2oiJ ::::< n-107 
c.). B pe3yJihTaTe 

Vm = J2 · J gR3 + v;p6 ::::< 45 KM I c , (4.68) 

T.e.:·acero Jllllllb B noJITOpa pa3a 60Jibille op6HTaJibHOH CKOpOCTH 3eMJIH! Tio:3TOMy 

OTHOCHTeJibHO 3eMJIH paKeTe H}')KHO C006IIIHTb CKOpOCTb V = Vm - V op6 ::::< 15 K.M I C , 

ecnn ee 3anyCKaTb no HanpaaneHHJO op6HTaJihHOii cKopoCTH nnaHeTbi. ToqHo TaK )l(e 
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npn 3anycKe CnyTHHKOB 3eMJIH MO)I(}{O HCnOJib30BaTb CKOpOCTb BpameHIDI 3eMJIII 

aoKPyr caoeii: ocn: 

v3 =rocym ·R3 
27t 

24 · 3600c · 6378KM ::::< 0,5 KM I c. 

· nepaaH KOCMIIqecKM cKopoCTh cymeCTBeHHa npn 3anycKe CnyTHHKOB 3eMJIH, BTOpaH -

Me)l(llJlaHeTHbiX II Me)I(3Be3,l{Hb!X KOpa6neii:. 

KaK )l(e BhmeCTII CnyTHIIK Ha OKOJI03eMH)'lO op6nry? RcHo, qw o,nHHM ronqKoM 

(6aJIJIIICTIIqeCKM paKeTa) 3TO HeB03M0)1(H0 - paKeTa, npoii,nH no 3JIJIIInTHqeCKOll 

TPaeKTopnii, ape)l(eTCH B 3eMJIJO. H}')KHO, KaK MIIHHM)'M, ,llBe roqKII pa60Tbi ,nauraTeJIH 

- HaqaJibHbiii pa3roH II "noca,nKa" Ha op6nry (puc. 4.10). Co CTapra paKeTa yxo,nHT co 

cKopoCThJO v0 no 3JIJIIInTHqeCKoii op6IIre, anoreii Koropoii. KacaeTcH Kpyroaoii 

op6HThi. B anoree, r,lle CKOpOCTb paKeTbi MIIHHMaJihHa, BKJIJOqaeTcH ,llBIIrarenb 

OOCJie,l{HeH cryneHH yCKOpeHIDI H CKOpOCTb ,llOBO,llHTCH ,!{0 Vl:::<8 KWC. ~ 

ao3apameHIDI Ha 3eMJIJO TPe6yercH o6paTHoe ,neiiCTBIIe - ropMO)I(eHue. 

I 
3eMJUli 

A8J PHc. 4.10. CxeMa 3all)'CKa cnyrHHKa 3eMJIH 

VI 

3:ma'la 4.4. KaK CTbiKOBaTh J:lil3 KOCMH'IecKHX KOpa6Jlll, H3XO,!VIIIUIXCJI Ha O~OH H TOH )ICC KpyroBOH 

OKOJI03CMHOH op6IITe? 

CnpaliiHBaercJI, KaK Kopa6Jib A MOJKCT ,Aornan. Kopa6Jib B, HCIIOJib3YJI MHHHMaJThHoe 

KOJIH'IecTBO (T. e. J:~Ba!) BKJllO'ICHHH ,ABHfaTCJIJI, CCJIH BHa'laJIC o6a KOpa6Jlll ,ABHfaJIHCb no KpyroBOH 

op6HTi: pa.AHYca R? Ilycn. ymoooe paccroJIHHe MCXQJY KOpa6JiliMH Acp. O..ea~o. Kopa6mo A 

Tpe6yercJI HCCKOJThKO OOJThmaJI ymoBaJI CKOpOCTb. A .AJill :rroro ero H)')KHO ycKopHTh, T.e. nepeBCCTH Ha 

3.IIJiHirrn'lecK}'lO Op6JITY (pHC. 4.11), TaK}'JO, 'ITO 'lepe3 HCKOTOpoe BpeMll T 00a KOpa6Jlll COii;zyTcll B 
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n 

O,li;IIOH H TOii: JKe TO'!Ke. 8 npocreii:meM sapruurre e10 JIBJilleTCll HCXO,ll;llllll TO'IKll H3XOlK,!J;eHHJI KOpa6Jill A. 

3ro 03Ha'llleT, 'ITO 

't=nTA = 21tm- ~<p 
roB 

r,~~;e n H m -l(eJILie. Ilo,~~;CTaBJJJIJI CIO.Ita Jsaqelllie TA (4.62) H npHilliMaJI v8 =V:r, Haii:.l{eM 

VA =[----;p]l/3 ·V1. 
m--

21t 

(4.69) 

JicHo, 'ITO .lUlll mOObiX n, m;;:: I TaKoe paBeHCTBO MOlKHO y,~~;oBJiernopHTL. Koaeqao, MHilliMll.lThHLiii 

pacxo,~~; rorunma 6y,~~;cr np11 n = m >> ~<p/21t, Kor,~~;a 

.. ~·v,. VA -VB 67tn 

IlpH llCTJ)eqe KOpa6neii: B TO'IKe A CKOpOCTL KOpa6JIJI A CJie.zzyeT Cffii31ITL ,11;0 HCXO.I{HOro JsaqeHIDI 

v_:" =vB :::::v1 • 

y 

( a!r~d~ x 
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Pnc. 4.11. Cxe.r.~a CThiKOBKH .~tByx 

CnyTHHKOB 3eMJIH: 

J - HCXO,ll;llllll Op6HTa, 2- op6ma 

,~~;oroHJIIOmero Kopa6JIJI A 

r JIABA 5. CTOJIKHOBEHIDI II PACCE$1HIIE l.IACTIII( 

§ 5.1. Ynpyrne croJIKHOBCHHH 

PaccMO'fPHM ynpyroe CTOJIKHOBeHu:e l.J:Byx qacnn.{. B TaKIIX CTOJIKHOBeHlliiX 

coxpaWIJOTCH C}'MMapHbie RMnyJibC R 3HeprRH CTaJIKRBaiOII.{liXCH qaCTRI.{: 

Pr + P2 = -p; + -p; . 

£ 1 +£2 =E; +E;. 

qaCTHblH CJiyqa:ii, KOr,na qaCTRI.{a 2 ,[10 CTOJIKHOBeHRH llOKORTCH, HBJIHeTCH, Ha CaMOM 

,neJie, ,noCTaTOqHO 06Il.{RM: K HeM}' BCer,na MOlKHO CBeCTR 3a,naqy, nepeii,ng B CRCTeMy 

qaCTRI.{bl 2. Il03TOM}' orpaHu:qu:MCH 3TRM cnyqaeM. 

Vo 

mr 

v, 

mr/ 
//. Ilocne 

,..)e · y.napa 

------- ... _..))a. . 
Ao y.napa m2 - ......__ 

m2 

v2 

PHc. 5.1. CxeMa CTOJIKHOBeHHll 

(coy,~~;apeaHJI) .~tByx 'lllC1lll( 

3anu:llleM 3aKOH coxpaHeHRH ,[IJIH npOeKI.{RH RMllYJibCa Ha HanpaBJieHRe HaqaJibHOH 

CKOpOCTR R nepneH,liRKYJIHPHOe K Heif (p~C. 5.1): 

m1v0 = m 1v1 cos8+m2v2 cosa., 

0 = m1v1 sinS -m2v2 sin a. 

- R 3aKOH coxpaHeHRH 3Hepru:u: 

mv~ m1 v; m2 vi 
--=--+--. 

2 2 2 
(5.1) 

llo,nqepKHeM, ~o ace TPR cKopoCTR v1, v2, vo 3,necb - noJIOlKRTeJibHbre aenu:qnHbi, 

MoOy.llu· 6eK111opo6 CKOpocmeii. HanpaBJieHRH BeKTopoB v,, v2 onpe,~:~eJIHIOTCH 
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3Ha'IeHID!MII yrJIOB 8 II a.. CaMII BeKmopbl cKopocmeii Jle:J/Cam 6 oiJHoii IVlOCKocmu, 'ITO 

TaJOKe CJie.n;yeT II3 3aKOHa coxpaHeHIDI IIMnyJihCa. 0603Ha'IIIB OTHOIIIeHIIe MaCC 'laCTHI.{ 

l;=mlm2, (5.2) 

3aTIIIIIIeM (5.1) B BH.n;e 

v1 cos8 +l;v2 cosa. = v0 , 

v1 sin 8 -l;v2 sin a.= 0, (5.3) 

vf +l;v~ = vg. 

3.n;ecb 4 HemseCTHbiX: v,, v2, 8, a. - II 3 ypasHeHml. Bbipa3nM 3 HemseCTHhie 

BeJIH'IHHbl 'Iepe3 8 - yrOJI paeeeSIHIDI 'laCTHI.{bl 1. qT06bi Haifrn 3asneHMOCTb yrJia 8 OT 

npnl.{eJibHoro napaMeTpa p, Iry')KHO peiiiHTh 3a.n;a'ly o .n;smKeHnn 'laCTHI.{bi c 

npnse.n;eHHOH Maeeoil: s cnJIOBOM noJie (eM., HanpnMep, §§ 5.2-5.4 HH)J(e). ,[(mi. 

3a,!l;aHHOro yma 8 ,!l;OCTaTO'IHO 3aKOHOB eoxpaHeHIDI :meprnH-HMnyJibea, 'IT06bi HaHTII 

3Ha'IeHIISI OCTaJibHhiX napaMeTpOB 'IaCTnl.{ noene coy.n;apeHID!. llepenniiieM (5.3) s sn.n;e 

v0 -v1 eos8=1;v2 eosa., 

v1 sin 8 = l;,v2 sin a. 

II eJIO)J(HM KBa.n;paTbl 3THX paBeHCTB. liMeeM 

vg -2v0v1 cos8+vf =1; 2v~. 

Bbi'ITeM oTero.n;a TPeThe II3 paseHCTB (5.3), yMHO)J(eHHoe Ha I;: 

(vg -vf =l;v~)x~;,. 
llOJIY'IHM KBa.n;paTHOe ypaBHeHIIe ,!l;JISI VJ: 

vf (1 +I;)- 2v1 v0 cos8 + vg(l-1;,)= 0, 

II3 KoToporo ene.n;yeT 

leos8±~1;2 
-sin

2
81 

v1 = v0 • , 
1+1; 

I;= m2 
m, 

(5.4) 

(5.5) 

(5.6) 

3.n;eeb 3HaK MO.n;yAA llOCTaBJieH B eOOTBeTCTBIIJI e onpe.n;eneHIIeM BeJIII'IIIH VJ II V2 KaK 
li 
MO,!l;yJieH V1 II V2. llo.n;CTaBnB (5.6) B (5.5), Hail:.n;eM 

v =v fi. ~l;+sin 2 8+eos8~1;2 
-sin

2
8 

2 ov~ 1+1; 
(5.7) 
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3'fa seJIII'IIIHa BCer.n;a llOJIO)J(HTeJihHa, KaK TOJibKO 'ITO OTMe'IeHO. llo.n;eJIJIB BTOpOe li3 

paseHCTB (5.4) Ha nepsoe, nOJIY'IIIM 

v sine 
tga. = I , (5.8) 

v0 -v1 cos8 

r.n;e v1(8) II V2(8) .n;aHbl eOOTHOIIIeHIDIMII (5.6) II (5.7). TeM eaMbiM 3a,!l;a'la paceeSIHIDI 

peilleHa- 'Iepe3 napaMeTp 8. 0CTaJIOCb TOJibKO Bbi6paTb 3HaKH nepe.n; pa.n;IIKaJiaMII B 

(5.6), (5.7). ,[(mi 3Toro ell.{e pa3 HanoMHIIM, 'ITO v,, v2- MO,!l;yJIII seKTopoa v1 II v2. 

llo::JTOMY nMeeTCSI HeKOTOpaSI Heonpe.n;eJieHHOCTb B BbiOOpe 3HaKa. qT06bi ee CHS!Tb, 

npnxo.n;JITCSI paceMQTPeTb npol.{eee coy.n;apeHIDI '! cucmeMe l{eHmpa Mace (CQM). 

CKopoCTb CQM s HaiiieM CJIY'Iae eCTh (eM. (4.17)) 

- m, -
Vc = Vo. 

m1 +m2 

(5.9) 

B CQM nMnyJihCbi coy.n;apSIIOII.{Iix:CSI 'laCTIII.{ paBHbi no seJIII'InHe II npOTIIBOnoJIO)J(Hbi 

no HanpasJieHHIO (p1Ic. 5.2). 7J.o y.n;apa 

{P,t =m,(v0 -vJ=~vo =-{P2t. 
m1m2 

~=-
m,+mz 

(5.10) 

~ m1 ~ mz 07 0 

PHc. 5.2. Coy.MpeHHe ,ro~yx 'lllCT~ a CHCTeMe ueHrpa 

Mace 

llocne y.n;apa s CQM 3Tn · seKTOpbi nosepHYTeSI Ha yroJI pacceSIHIDI X· llepeilM 

o6paTHO B Jia6opaTOpHYIO CIICTeMY, llOJIY'IIIM 

-· - v- (- iio) p, =~vonx +m, c =~vo nx +~ ' 
(5.11) 

p; = -~v0ii1 +m2Vc =:= ~v0 (-ii1 +ii0), 
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r.n;e iix - e.n;nHWJ.HbiH se~crop s.n;onb uanprumeHWI pacce.HHlUI nepsoii qaCTHQbi, 

ii0 = v0 fv0 . 3-m seKTOpHbie cyMMbi MO)!{HO oro6pa31ITb rpa<IJW!.eCKH (pnc. 5.3). 

a. 

A LCt:f"=lY 1 < r IV r ~ 

a 6 6 

PHC. 5.3. ~ILl pac;qera KHHeAiaTHKH CTO.lii\HOBeHHJI.!(Byx 'll!CTHI( B CHeteMe J:leH1pa Mace: 

a - ITOJIOJKeHHe e~ BeiiTOpoB JJ.O ( ii0 ) H ITOCJie ( ±ii1 ) pacceHHIDI; 

6- s > 1 (m1 < m2 ); «- s < 1 (m1 > m2 ) 

fu -rpeyronbHHKOB pnc. 5.3 uaii.n;eM 

~sinx. 
tgfJ = 1 +~cosx. ' 

a.=n-x. 
2 , 

_Pi_ m2vo IABI- m2v0 ~ 1-1--2cos(n-x.) _ 
VI- - . - • -+ -

ml ml +m2 ml +m2 ~2 ~ 

= 1~~ -~1+~2 +2~:cosx., 

v2 = p; = mlvo ·IBCI= 2vo ·sin.!. 
m2 m1 +m2 1+~ 2 

a 

(5.12) 

Tenepb BepHeMC.ll K auann3y KapTiiHbl CTOnKHOBeHWI B nafioparopHOH CHCTeMe -

COOTHOIIIeHH.ll (5.6)- (5.8)- H paCCMOTJlllM cnyqan B03M0)!{Hb!X 3HaqeHHH ~-

1) m1 < m2, ~ > 1. Yron pacce.HHWI MO)!{eT npnunMaTb 3HaqenWI 

t1 0:$;9:$;1t, 0:$;X,:$;1t. (5.13) 

Tenepb B Bbip~eHHn .n;n.~~ v2 (5.7) cne.n;yer B3.l1Tb sepxunii 3HaK "-", n, 

COOTBeTCTBeHHO, CKOpOCTH qaCTHQ llOCne y.n;apa paBHbl 
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cose+J~2 -sin 2 e 
VI =Vo ' 

1+~ 

_ Jf ~~2 -si~ 29-cos9·~~2 -sin 2 9 
v2 -Vo -· . 

~ 1+~ 

Bocnonb3oBaBIIIHCb puc. 5.3, 6, npnxo.n;nM K Bbiso.n;y, ~o yron pa3nera qaCTifQ 

1t 
a.+9>-, ecnn ~>1. 

2 

IIpn QeH-rpanbHOM coy.n;apeHHH 'X.= 0, e = 1t, TaK ~0 

~-1 _ 2v0 
(v1tent =Vo ~+I' (v2tent - 1 +~ · 

Ilpn :noM seKTOp v1 uanpasneu Ha3a.n;, npOTHB v0 (oTCKOK). 

Ecnn Macca m2 oqeuh sennKa, TaK qro ~>> 1 (y.n;ap o "CTeHKy"), TO 

( 
1-cose) v1 ..,v0 1 ~ , 

2vo . e 
V "="-·Sill-

2 ~ 2, 

sine ( '1 ) e ( 1 ) 
tga."" 1-cose · 1 -~ =ctg2· 1 -~ ' 

n-e 
CJ."=" -

2 

Orc10.n;a cne.n;yer, qro ( c roquoCTbiO .n;o 1/~) yron pa3nera qaCTnQ 

1t+9 1t 
a.+9=-->-. 

2 2 

(5.14) 

(5.15) 

(5.16) 

2) m1 > m2, ~ < 1. B :rroM cnyqae ycnosne v1 > 0 y.n;osnersop.HeTC.ll npn o6onx 

3HaKax B (5.6), a yron 9 He MO)!{eT npeBbiiiiaTb HeKOTOpOe MaKCHManbHOe 3Haqeune, 

npn KoropoM no.n;Kopeuuoe Bbip~eune B (5.6) o6pa~aerc.11 B nynh: 

9:$;9max =arcsin~<~, 
2 

0 :$;'X.:$; 1t. 
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(5.17) 



Yron 8max COOTBeTCTBYeT Ha ,llHarpaMMe (pHc. 5.3, 6) ycnoamo. KaCaHIDl BeKTOpoM 

i1 

AB OKp)')KHOCTH. Ilpn 3TOM 

x(8max)=~· =~+8max. (5.I8) 

0AHaKo 8, KaK cneAyeT H3 puc. 5.3, 6, AOCTIITHYB npH yaenn'leHHn x 3Ha'leHIDl 8max, 

Ha'IHHaeT yMeHhlllaThCji. HeTpy,llHO Bll,lleTh, 'ITO B AByx KpaiiHHX CJIY'I~X, KOr,lla 8 = 0, 

1:m1 =i+I. x=o. 

(5.I9) 

IABI=i-I, X =1t. 

Cny-qaii X= 8 = 0 cooTBeTCTBYeT OTCYTCTBHIO CTOJIKHOBeHIDl ( 'laCTm.{a m1 nponeraer 

CKB03h -qacrmzy m2), a CJIY'IaH x = 1t, 8 = 0 coOTBeTCTBYeT "no6oBOMY" yAapy. TeM 

CaMhiM BhJjiCHjiefCj! CMhiCJI HeO,llH03Ha'IHOCTll pellleHIDl (5.6) npii ~ < 1: 

_ V0 {cos8+~~2 -sin 2 8, 
V1 ---X 

1+~ cos8-~e-sin 2 8, 
o~x~x·, 

x·~x~1t. 
(5.20) 

AHanorn'IHO (5.I4) li3 puc. 5.3, 6 HaiiAeM 

a.+ 8 < 7t/2, ecnn ~ < 1. (5.21) 

C TO'IKII 3peHIDl Ha6JIIO,llaTeiDI B na6opaTOpHOH CIICTeMe ,lleHCTBIITeJihHO npn O,llHOM li 

TOM :iKe yrne paccej!Hilll 8 MOrYT Ha6JIIO,llaThCj! 'laCTIIUhi c 6oJihlliHMH (3HaK "+") n · 

MaJih!Mii (3HaK "-") 3Ha'leHIDIMll Vj. 

B cny-qae O'leHh Tj!:iKenoii Hanerammeii qacrnUhi, KOrAa ~<<I, nMeeM 

8maX,.,~' x*,.,%+~, 

v1 ,.,v0 (I-~±~~2 -82 
)-v0 , (5.22)· 

CT82 
v2 ,.,v0 ..f2·f-rf-~ ·(I-~). 

IIocneAHllH proyJihTaT (v2 ~ 2vo) nMeeT npocroii cpH3H'IeCKIIH CMhiCJI: no OTPa:iKeHHe 

qacrnUhi 2 OT qaCTHUhi I- "creHKn", ABII:iKYmeficji co cKopoCTbiO v0 . 
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IIocneAHHii proyJihTaT (v2 ~ 2vo) nMeeT npocroii cpmll'leCKnii CMhiCJI: 3TO OTPIDKeHne 

-qaCTIII.{hl 2 OT 'laCTiil.{bi 1- 11CTeHKU", ,llBJDKYI.UeHCji CO CKOpOCTbiO Vo. 

HaKOHel.{, OTMeTUM, 'ITO npu x-8<<~ CKOpOCTh VI,.,Vo II tga.-l/8>>I, 

eM. (5.8), T.e. a.-7tl2 - nOKOjill.{~Cji ner~ qacrnua nocne yAapa OTCKaKHBaeT no,ll 

yrJIOM 90°. 3To j!BJieHlle ll3BeCTHO B cpii3HKe CTOJIKHOBeHllll 3apj!:iKeHHhiX 'laCTHI.{ - TaK 

Ha3hiBaeMhie 11,lleJihTa-3JieKTPOHhi11
, B03HUKaiOII.{Ue B,llOJih CJie,lla Tj!:iKeJIOll 

HOHII3Hpymmeii 'laCTHUbl B cpeAe. 

3) m1 = m2, ~= 1.113 (5.12) nMeeM 

X 1t-X 1t 
8=-, a.=--. 8+a.=-. 

2 2 2 
(5.23) 

YCTPeMHB ~~I npu ~>I, n3 (5.13) u (5.7) npn aepxHeM 3HaKe Haii.lleM 

v1 =vocos8, v2= vosin8. (5.24) 

3ToT :iKe proynhTaT JiY:iKHO nOJIY'IIITh n B cny-qae ~ ~I li3 o6nacru ~ < I. Awl 3THX 

3Ha'leHHH ~ 

8 1t • 
max ~2' X ~1t, (5.25) 

'ITO 03Ha'laeT nc'le3HOBeHHe o6nacru 3Ha'leHnii x > x •. 3Ha'IIIT, ecnn ~~I npH · ~ < I, 

u3 AByx pellleHnii ocraercj! nepaoe, Koropoe B npeAene AaeT TOT :iKe proynhTaT (5.24). 

4) Jio6oaoii yAap eme npome paccMQTPeTh B CQM - 3TO cny-qaii x = 1t. 113 

(S.ll)Haii,lleM (iix =-ii0 ): 

_ 2m
1 

_ 

v2 = ·Vo 
m1 +m2 

_ m
1
-m

2 
_ 

VI ·Vo' 
m1 +m2 

(5.26) 

B 'laCTHOCTll, 

v1 = 0, v2 = v0 , ecnn m1 = m2 (5.27) 

- 'laCTIII.{hl paBHOH MaCChi "o6MeHUBafOTCj! CKOp0CTj!Mii11
• 

IIocneAHHii proyJihTaT no3BOIDieT AaTh npocroe ormcaHne ynpyroro 

CTOJIKHOBeHIDl mapos paaHoii MaCChi (puc. 5.4). YAap nepe,llaeTCj! B.llOJih npj!Moii, 
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il 

COe,l(IUUIJOmeii QeHipbl. Ilpii 3TOM KOMnOHeHTa CKOpOCTH 1-ro mapa B):(Ollb 3TOij 

npHMOH nepe.naercH 2-M}' mapy, a Op1'0roHanbHaH :noll: npHMOH KOMnOHelfra 

(KacaTenhHaH K noaepxHOCTII mapa) coxpaHHercH. IIonyqaeM TOqHo pe3ynhTaT (5.24). 

vocos8 

PRe. 5.4. Cxe."dll croJIKHOBCHIDI mapos paBHOii MaCChi 

§ 5.2. Paccesmue qacru~ 

IJoCTaHOBKa 3a):(aqii: qaCTIIQa npHXO):(HT H3 6eCKOHeqHOCTII II yxOAHT B 

6eCKOHeqHOCTb, npOB3aiiMO,l(eHCTBOBaB C HenO):(BIDKHbiM CHnOBbiM QeHipOM. 3TO 

3aAaqa .nayx Ten, cae.neHHaH K 3a):(aqe o ABIDKeHim Tena c npime.neHHOii Maccoii B none 

QeHipanbHbiX CHn. Pe3yJihT1Ipyromee OTKnOHeHIIe BeKTOpa CKOpOCTII (IIMnynhCa) 

qaCTIIQbl B 6eCKOHeqHOCTII Ha HeKOTOpbiH yron 9 {piiC. 5.5) Ha3biBaeTCH pacCeJIHUeM 

Ha AaHHbiH yron. 

PHc. 5.5. Paccemme 'lllCTHn ua CHJIOBOM ~eHipe 

m .._-_. " r;--: 1 

p 

Bae.neM, KaK II B §§ 1.1 II 4.3, noJIHPHYJO CIICTeMy KOOPAIIHaT (r, cp). CBH3b 

Me)K,Liy yrJIOM pacce.HHHH 8 II nOnHbiM H3MeHeHIIeM yrJIOBOH KOOpAIIHaTbi Cne.nyeT ii3 

piiC. 5.5: 

2cp0 +8 = 1t. 
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(5.28} 

Mdr 
"" 2 

f r , 
<!lo = { M2 

,_ 2m(e-V(r))--2 
r 

(5.29) 

r,ne r min - KOpeHb ypaBHeHHH, KOTOpOe 3anmneM, IICnOnb3yH 3aKOH COXpaHeHHH 

311eprn1I B none ueHipanhHhiX cwn II yqTH, ·qro a roqKe r = r min pa.niianbHaH 

KOMnOHeHTa CKOpOCTII o6pamaeTC.ll B eynh (r = 0) : 

M2 
E = V(rmin)+ -

2
-. 

2mrmin 
(5.30) 

Bae.neM npu1JellbHblii napClMemp p (piic. 5.5) - paccroHHIIe Me)K,Liy npHMhiMII, 

napannenhHbiMII BeKTOpy CKOpOCTII npii r=oo, <p=O, O):(Ha H3 KOTOpbiX npOXOAHT 

qepe3 qaCTIIUY, a .npyraH- qepe3 cwnoBoii ueHip. Tor.na 

mv~ 
M=mv0p E=--' 2 , 

II paBeHCTBO (5.29) MO)KHO nepeniiCaTb B BII):(e 

dr 
00 'P2 

<!lo = J r ,_ /1- V(r)- p2 

E r 2 

IlOTOK qaCTIIQ qepe3 KOnbQO p +p +dp paBeH 

{ ~) = j27tpdp = jdcr, 

r.ne j=nvo- OJIOTHOCTb noroKa npii r=oo; <p =0. BeniiqiiHa 

dcr=]·{~) 

(5.31) 

(5.32) 

(5.33) 

Ha3biBaercH OmfxjJepeHIJUWlbHblM Ce'leHUeM pacceRHUJI II qiiCJieHHO paBHa nJIOmaAII 

KOJibQa pa.nnyca p II TOJimiiHbi dp: 

dcr= 27tpdp = 27tp·ldp(8) l·d8 =-..f!-·ldp l·dO., 
d8 sm8 d8 

(5.34) 
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r,ne dQ == 21tsin 8·d8 - 3JieMeHT TenecHoro yrna. ll3 (5.28), (5.30) II (5.32) CJie,nyeT, 

lfi'O <(lo U, COOTBeTCTBCHHO, 8 3aBIICRT OT npmJ;CJibHOro napaMeTpa p: 

8 =1t- 2<p o{rmin) =8 (p) T.K. rmin == rmin(p). 

Haii,nH <p o (rmin) li3 (5.32) II rmin(P) II3 (5.30), TIOJI)"'IIM <lJyHKUlilO 8 {p), a li3 Hee 

<!JYHKUIIIO p (8). TeM caMbiM 6y,neT peiiieHa 3a,naqa Haxo)K):leHIDI da(8 ). 

)l;Ii<lJ<PepeHUllaJibHOe ceqeHIIe da noKa3biBaeT, KaKru~ ,nomr qaCTIIU ll3 HaJieTaromero 

noroKa pacceliBaeTcH Ha yron 8. 

3~maqa 5.1. Haifm ceqeHHe pacceJIHHJI Ha a6coJUOTHo ynpyroM TJIJKeJIOM mape (pHc. 5.6). 

ll 

RcnOJib3Yll pHc. 5.6, 3anmneM 

p=Rsinq>0 =Rcos~. 2 

PHC. 5.6. PaCCCJIHHe Hll ynpyroM TJIJKeJIOM mape 

p * II J /II =:.....r I 

TorM, comacHo (5.34), 

e . e 
dcr p ldp I Rz cos2sm2 pz 
-=--·- =--· -
cJn sine de sine 2 4 ' 

TOT :lKe pe3yJibTliT cne.<zyeT H3 (5.32), ecJIH yqeCTb, qro 

v(r)={oo, .r~R, 
0, r>R. 

TorM 
dr 

p~R. 

<J>o = ~~r- - . p ~ J
~ P2 
R r R smR. 

F?: 
--arcsm-1 =arc. P 

2 

0rcroM p =R sin<po, H npHXO,zntM K (5.35). 
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(5.35) 

HHmezpaJibHOe (no;moe) ce'leHue pacceRHUR, oqeBli,z:tHO, eCTb 

Pmax 

cr == 21t J pdp . (5.36) 
Pmm 

B ~ae TIDKenoro ynpyroro IIIapa TIOJIY'IIIM cr == 2rrR.2
, lfi'O II CJie,noBano mrm,naTb: 

JlOAA qaCTIIU, Bbipe3aeMbiX li3 noroKa, · paBHa TIJIOII.{a,z:tii nonepeqHoro ceqeHIDI IIIapa. 

3TOT )l(e pe3yJibTaT cnpaBe):IJIIIB .nmr JII06oro pacceliBaTemr orpaHlfqeHHbiX · pa3MepoB: 

2 
. eCJili. p :S Pmax ' TO cr == 1tPmax - TIJIOII.{a,z:tb Kpyra pa,neyca Pmax· ECJIII )l(e Pmax ~ 00' TO 

roBOpKr, qro ceqeHIIe paCXO)lliTCH: 

cr~oo. 

~ 5.3. 33)1;3'13 PeJeprllop,ll;3 

PacCMOTpliM pacceHHIIe qaCTIIU B none 

v(r)=~. 
·r 

B 3TOM CJI)"'ae li3 (5.32) Haii)leM 

dr 
<X> p~ 

~, = } ~1- (l -_ p: 
nun Er r 

0 dx 

-[·~=1 +=A=2 ;;; __ =(x=+=A )=2 , 

Orcro,na 

x=pfr, 
(l 

A= 2Ep. 

__ x+A lo ~ A =arccos~ ~I vl+A-
.xm.x 

X +A max . 
arccos .JI+A2 

(5.37) 

(5.38) 

3HaqeHlle Xmax aaii)leM li3 ycnoBIDI paBeHCTBa aynro no,nKopeHHoro Bbipa)l(eHIDI B 

(5.38): 

l+A2 
-{xmax +Af == 0, 

_tfro .naeT 
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xmax = .JI+A2 -A 

Ilo3TOMY 

A 
C!lo =arccos .JI+A2 ' 

HJJH, C }"'eTOM (5.28), 

H 

A 
cosq>o = .JI + A2 ' 

a. e 
p=-·ctg-. 

2E 2 

a. 
ctgq>o = A = 2Ep ' 

(5.39) 

IIo,n:CTaBHB :no-r pe3yJibTaT B (5.34), nonyqHM TaK Hll3biBaeMYJO popMJ!liY Pe3eppopiJa: 

IlpH e <<I 3Ta «<JopM}'Jia ,n:aeT 

dcr ( a. )
2 

I 
dO = 4E . -:-.;9. 

Sin -
2 

dcr (a.)
2 

I 
_dO~ E .84 ' 

T.e. pe3ep4Jop,n:oBo ceqeHHe pacxo,n:HTCg npH MaJibiX ymax paccegH~ (pHc. 5. 7). 

1000 

(::r-: PHc. 5.7. 3aBucHMOCTb pe3ep4Jop.n:oua 
100 

ce'leHHll OT yrna pacceJIHHJI 

10 

In a 
0 lt 

(5.40) 

(5.4I) 

3aBHCHMOCTb ,n:H«<J«<JepeHQHaJibHOI'O ceqeH~ paccegH~ OT yrna paccegH~ 8 

1t (5.40), (5.4I) YKaJbiBaeT Ha roqeqHbJH xapanep pacceHBaromero o6oeKTa. MMeHHO 

TaKM 3aBHCHMOCTb 6b1Jla o6Hap}')KeHa B 3HaMeHHTOM onbrre Pe3ep4Jop.n:a (I9II r.), r.n:e 

H3}"1aJIOCb paccegHHe a.-qaCTHQ, HCnyCKaeMbiX pa,n:HOaKTHBHbiM HCTO~HKOM, Ha 

oqeHb TOHKOH 30JIOTOH «~Jonhre (pHc. 5.8). fu noJIHoro H30Tp0nHOro noroKa a.-qaCTHQ, 
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noKH.n:aiOIQHX HcroqHHK, TPyfioqKoii-KOJIJIHMaropoM Bbipe3ancg TOHKHH nyqoK. B 

«~Jonbre a.-qaCTHQbi pacceHB,anHCb H nona,n:anH Ha JIIOMHHecQeHTHbiH 3KpaH, r.n:e 

BCllbiXHBaJIH '~TOlfKH11 , CBH,n:eTeJibCTBOBaBlllHe o nona,n:aHHH a.-qaCTHQ. 

3KcnepHMeHTaTOp BH3YaJibHO H3Mepgn 3aBHCHMOCTb qHCJia qaCTHQ . OT yrJIOBOH 

Koop,n:HHaThr, T.e. pacnpe,n:eneHHe npome,n:mHX qaCTHQ no yrny paccegH~ (pHc. 5.8). · 

ComacHe N(8) c «<JopM}'noii (5.40) no3BoJIHJJo Pe3ep4Jop.n:y c,n:enaTb BbiBO,n: o ManoM 

pa3Mepe aTOMHOro g,n:pa H npe,n:nO)KHTh rmaHeTapHyro crpYKTYPY aTOMa: ,13_ Ollb!TaX 
,,· .; -

Pe3ep4Jop,n:a a.-qaCTHQbl HMeJIH 3Hepmro OKOJIO I00 K3B, MaCChi aTOMa 30JIOTa H 

a.-qaCTHQbl COOTBeTCTBeHHO paBHbl 

MAu = I97 a.e.M., ma=4a.e.M., 

TaK qTQ npHBe,n:eHHag MaCCa Jl ~ ma. 

Puc. 5.8. CxeMa om.rra 

pacceHBarem, Pe3ep4Jop.n:a 

' K JlaKYYMHOMY H3COCy 

§ 5.4. Paccesume' Ha MaJihie yrJihi 

3a,n:aqy Pe3ep4Jop,n:a MO)KHO pemHTb npH6JIH)KeHHO, He npH6erag K 

rp0M03,l{KOM}' HHTerpHpOBaHHIO, eCJIH OrpaHHqHTbCg 06JiaCTbfO MaJibiX. yrJIOB 

paccegH~. IlonepeqHbiH HMnyJibC, Ha6paHHbiH 3a Bpe~ llOXO)K,l{eH~ MHMO QeHTPa, 

ecrb 

85 



co co dz 2 
P.L = JF.L(t)odt= J F.L(z)o-( )-F(p)o~, 

-co -co V Z Vo 

r.D.e z- KOOP.D.IIHaTa B.D.OJih aeKTOpa v0 ; p - npuu;eJihHhiii napaMeTp (eM. puc. 5.4). 

Tor.D.a yron paccej!HIDJ 

8 
_ P.L = F(p) 

0 

2p = pF(p) 
Ptt Pu vo E ' 

(5.42) 

a .D.H<}><}>epeHUHaJihHOe ceqeHHe 

dcr =_2__0\dpl_£.0\dpl 8<<1 
dQ sin 8 d8 8 d8 ' 

0 
(5.43) 

llO.D.CTaBJIAA d8/dp H3 (5.42) B (5.43), nonyqHM dcrfdQ }J.AA o6naCTH MaJihlX yrJIOB 

paccej!HIDJ 8 <<1. 

3a,naqa 4o2o HaiiTH ce'leHHe MaJioyrnoBoro pacceJ!HHJI 'laCTim Ha none c nOTeHUHaJIOM 

v(r)= a.. 
r" . 

Ilo,~.~;CTaBHB F(r )=- dV = na.., B (5.42), Haii.!l:eM 
dr r•+ 

OTK}',I.J;a 

na.. e--, 
Ep" 

de n2a.. 
dp =- Epn+l ' 

da =.!.(na..)2/• oe-2H). 
dn n E 

IlpHn=l npHXO,I.J;HM K ¢loPMYJie Pe3ep¢lop,~.~;a }.J;JlJI MaJihlX yrnoB (5.41). 

§ 5.5. Ceqeaue H MumeHb. )Viuua CBo6o,lJ,HOro npo6era 

IJyCTh llOTOK qaCTHU HHTeHCHBHOCTblO N qaCTuu/c .D.BH)J(eTCjJ B 

pacceuaaro~eii cpe.D.e nnOTHOCThlO no 'laCTuu/cM
3 

(pHCo 5.9)0 Haii}J.eM 3aKOH, no 

KOTOPOMy H3MeHjJeTCjJ uHTeHCHBHOCTb noroKa, cqHT~, 'ITO paccejJHHbie qaCTHUhi 

Bbi6h!BaiOT H3 llOTOKao 
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..-

l)oo-+-

' l)oo-+- ~ 

l)oo-+-

. . 

z 

. . 

PRe. 5090 PacceJilme nOTOKa 

'laCTim B cpe,~.~;e 

B cnoe cpe~hi, ron~uHa Koroporo &, a nno~a.D.h nonepe'IHOro ceqeHIDI S 

paaHa nno~a.D.H nonepeqHoro ceqeHIDI nOTOKa, co.D.ep)J(aTCjJ No pacceHBaiO~HX 

qaCTHIJ;: 

N0 =n0 o/).zoS. (5.44) 

llpu npoxo)J(}l,eHHH nOTOKa 'lepeJ cnoii l1z paccejJHHe HCnhiTaiOT 'laCTHUhi, 'IHCJIO 

KOTOpbiX paBHO (eM. (5036)) 

crN0 ° N I1N =--oN=cr-on o/).zoS 
pace S S' 0 

' 
T.eo 

dN 
d;=-crn0No (5.45) 

llpo~e BCero 06bjJCHHTb 3TH <}>Opl\,tyJibl "reOMeTpHqecKu": H3 llOTOKa qaCTHIJ; 

N pacceuaaercj! .D.OM, nponopu;HOHaJihH~ cyMMapHoii:nno~a.D.H pacceuaaTeneii, T.e. 

Ka)J(}J.hiii pacceuaaTeJih 3aMeHj!eM Kp~KOM nno~a.D.H cr. 

· fu (5.45) HMeeM 3aKOH y6hiBaHIDI HHTeHCHBHOCTH llOTOKa: 

0() 0(,) J'f.... 1 N z =N,o oe-z , A.=-. (5.46) 
. crn0 

BenHqHHa A. Ha3hmaercj! OJIUHoii cBo6oOHOZO npo6e2a 'laCTuu; nOTOKa B paccenaaiO.~eii 

cpe.D.e. 

87 



-~ o: 

r JIABA 6. KOJIEliAHIDI B MEXAIIHKE qA.CTIIQLI 

Kone6aHllil - BaJKHbiii KJiacc 4JH3HqecKHX npoueccos, s KOTOpbiX 4JH3HqecKax 

CHCTeMa nepHO,l:{JiqecKH, T.e. qepe3 HeKOTOpbie npOMeJKYil<H BpeMeHH, HMeH)'eMbie 

nepuoOOM KOJle6aHUU, npHXO,l:{HT B OAHO H TO :liCe COCTOJIHHe, npJiqeM 3TO yrnep)KAeHHe 

cnpaseAJIHBO AJIH mofioro H3 B03MO:lKHbiX COCTOJIHHH CHCTeMbi. llpocreiiWHH BHA 

TaKOIU ABH:lKeHllil - KOJie6aHllil qaCTHUbi B MeXaHHKe, paCCMaTPHBaeMbie B AaHHOH 

rnase. 

CTPoro rosopH, cneAyeT OTJIHqaTb Kone6aTeJibHOe ABH:lKeHHe OT UHKJIHqecKoro, 

KaK, HanpHMep, Kone6aHllil npoc-reiiwero MaxTHHKa - wapmat, nOABeweHHoro Ha 

sepesoqKe, OT spameHHH :rroro wapHKa BOKpyr TOqKH noABeCKH npH coo6meHHH eMy 

,l:{OCTaTOqHO BbiCOKOH CKOpOCTH. llpH3HaKaMH KOJiefiaTeJibHOIU ABH:lKeHHH HBAAIDTCJI 

02paHU'IeHHOCmb OmKJIOHeHUR CHCTeMbi OT nOJIO:lKeHHH paBHOBeCHH H nepHO,l:{JiqecKOe 

H3MeHeHHe 3HaKa (HanpasneHHH) cKopoCTH. KpoMe TOro, senHqHHa nepHOAa MO:lKeT 

H3MeHHTbCH co speMeHeM. Bee :no Mbi no,l:{po6Hee paccMQTPHM B :noii rnase, 

orpaHHqJiBWHCb, B OCHOBHOM, cnyqaeM OOIIOMepH020 06UJICeHUH. 

§ 6.1. Coo6oJJ;HLie Kone6auHH 

PacCMQTPHM ABH:lKeHHe qaCTHUbi noA AeiiCTBHeM CHJibi F(x), npeACTasneHHOii 

Ha pHC. 6.1. llyCTb B TOqKax Xo H XI CHJia F(x) ofipamaeTCJI B H)'Jlb, npHqeM 

- <0 - >0. dFI dFI 
dx x=Xo ' dx x=x. 

(6.1) 

B o6meM cnyqae MO:lKHO pa3JIO:lKHTb IPYHKUHID F(x) s pHA s6JIH3H npOH3BOJibHOii . 
TOqKJiX: 

F(x)=F(x•}+ :l:c=:c· ·(x-x*)+ ... (6.2) 

ECJIH X. = Xo, TO 
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F(x0 )= 0, dFI =-k<o {k>o). 
dx :c=ro 

3AeCb Mbi BBeJIH 0603HaqeHHe AJ1H npOH3BOAHOH CHJibi no KOOpAHHaTe, qro n03BOAAeT 

s6JIH3H TOqKH Xo 3anHCaTb 

F(x)~ -k(x-x0 ). 

F(x) 

a 
X 

U(x) 

6 

xo XI X 

PRe. 6.1. rpa<fJHK CH.llbl (a) H 

nOTeHU:HliJThHOH :mepnrn ( 6) 

(6.3) . 

B .3TOM npH6JIH:lKeHHH cHJia JIHHeiiHo H3MeHHeTCH c KOOPAHHaTOii, no.3TOMY CHCTeMa 

"qaCTHUa + CHJia" Ha3biBaeTCJl 
11
11UHeU11blU OC1JUllllHmOp" (OT JiaT. oscil/o - KaqaTbCH). 

Km4J4JHuHeHT k 6yAeM Ha3biBaTb JICecmKocm&IO OC1JUllllHmOpa (no aHanonm c 

:lKeCTKOCTbiD llPY:lKHHbi ). 

H~yAHO coo6pa3HTb, ~0 TOqKJi Xo H XI - nOJIO:lKeHlUl paBHOBeCHH CHCTeMbi: 

qaCTHUa, nOMellleHHIUI B OAH)' H3 .3THX TOqeK H JIHWeHHIUI CKOpOCTH, fiyAeT B .3TOH 

TOqKe nOKOHTCH (F(xo)=F(x1)=0). 0AHaKO nOBe,l:{eHHe qaCTHUbi B6JIH3H 3THX ToqeK 

npHHUHDHaJibHO OTJIHqaeTCH. lJaCTHUa, BbiBe,l:{eHHax H3 nOJIO:lKCHHH paBHOBeCHH Xo, 

BepHeTCJI B Hero, T.K. CHJia HMeeT 3.l:{CCb 
11
B03BpalllaiOIUHH

11 
xapaKTep: 

F(x)> 0 npH x < x0 

H F(x)<O npH x>x0 • 
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3To n eCTb ycRoeue ycmoii1Jueo2o paeHoeeCUR. Ero MO:>KHO 3anncaTb TaiOKe qepe3 

npoli3BO,ll;Hbie CliJibi n noTeHLVta.JibHOii :mepnm: 

- dF I = d2~ I > 0. 
dx r=ro dx r=ro 

(6.4) 

06paTHaH clffYa~IDI (n o6paTHbie HepaseHcrsa) nMeeT MeCTO s6.Jili3H roqKn x 1. CliJia 

3,o;ecb yso,o;HT qacrmzy oT nono)KeHIDI pasHoseciDI - TaKoe paeHoeecue Heycmoii'lueoe. 

YpasHeHne ,o;BH)KeHIDI s6nll3n x0 nonyqnM c yqeTOM Bbip~eHIDI ,!UUI CliJibi li3 

(6.2): 

m.X = -k(x-x0 ). (6.5) 

ToqKa Ha,o; x, KaK n scer,o;a, o6o3HaqaeT npoll3BO,o;Hyro no speMeHH. llonyqeHHOe 

ypasHeHne y,o;o6Ho 3anncaTb B sn,o;e 

x+ro~(x-xo)= 0, (6.6) 

. {k 
roo =v;; · (6.7) 

Ero npnwrro Ha3biBaTb ypaeHeHueM llUHeiiH020 OClfU/IJlJIJ1lOpa. 

llpOHHTerpHpyeM (6.6) 11
8 no6", nonO)KHB Xo = 0 (,li;IDI npOCTOTbl) li nOBTOpiD!, 

<flaKTHqecKn, BbiBOA <flopMYnbi (4.6). YMHO)KHB Ha x H npoHHTerpHposas, Haii,o;eM 

x2 +ro~x2 =C. 

r,o;e C- Heli3seCTHaH KOHCTaHTa. 0Tc10,o;a 

dx =~C-ro~x2 
· 

dt 

BTopoii nHTerpan nonyqnM, 3anHcas 

f 
dx 1 . ro 0x 

t= ~ =-arcsm r;:::; +B 
C-ro 2x 2 roo vC 0 . 

r,o;e B.- TaiOKe Heli3seCTHaH (noKa) KOHCTaHTa. llepennmeM 3TO Bbip~eHne a sn,o;e 

x~) =A sin {ro 0 t +cp) = acosro 0 t +bsin ro 0t, (6.8) 

r,o;e A, <p n a, b- nepeo6o3HaqeHHbie napbi KOHCTaHT. Pe3ynbTaT (6.8) noKa3biBaeT, 

qro pemeHHe ypasHeHIDI (6.6) cne,o;yeT HCKaTb a sH,o;e 

x~)=acosrot+bsinrot+C. (6.9) 
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flO,!J;CTaBHM (6.9) B (6.6), Haif,o;eM 

-ro 2 {acosrot+bsinrot)+ro~(acosrot+bsinrot)+ro~C -ro~x0 = 0. 

0Tc10,o;a 

ro2 =ro~' C=xo, 

r,o;e roo- l.lacmoma KOlle6aHuii, KOTOpaH CBH3aHa c Km<fl<f!H~neHTOM k n Maccoii 

qaCTII~bi <IJOPMY.JIOH (6.7). 

11TaK, 

x(t)= x0 +acosro 0 t+bsinro 0 t. 

KoHCTaHTbi a, b Haii,o;eM n3 HaqanbHbiX yc.Jiosiiii: 

OTCIO,ll;a 

B nrore 

npn t = 0 x=xn, x=vn; 

xn=x0 +a, iin=ro 0b. 

x~)=x0 +(xn -x0 )cosro0 t+~sinro0 t. 
roo 

,[lpyrru~ <flopMa 3anHcn pemeHIDI: 

x(t )= x0 + Acos(ro 0 t +cp), 

2 

A= .l(xn -x0 )
2 + v; , 

roo 

VH 
tg<p=-ro X . 

0 H 

(6.10) 

(6.11) 

(6.12) 

lloH••cpKHeM, qro npn aHann3e ,ll;Bll)KeHIDI nHHeiiHoro oc~liJirurropa Mbi orpaHnqnnncb 

ncpnhiM •weHoM pa3no)KeHIDI cnnbi no Koop,o;nHaTaM (6.3). 0Tc10,o;a e~e o,o;Ho 

na·manue Kone6aHnii, KOTOpbie xopomo omiCbiBaiOTCH <flopMynaMH (6.11), (6.12) -

.\lll'lhll.! KOJ/e6aHUJl. KpoMe TOro, TaKne KOne6aHIDI li TaKHe OC~liJ!nHTOpbi Ha3b!BaiOT 

rapMOHH'IeCKHMII (OT rpeq. harmonikos .:_ C03ByqHbiM CTpOMHbiH)- 3TO KOne6aHIDI, B 

KOTOpbiX OTKnOHeHHe OC~pa OT nOJIO)KeHIDI paBHOBeCIDI li3MeHHeTCH _CO 

_speMeHeM no 3aKOHY cneyca. 11 HaKoHe~. YK~eM e~e Ha o,o;ey oco6eHHOCTb pemeHIDI 

(6.11), (6.12)- 3TO KO.Jie6aHIDI c o,o;Hoii onpe,o;eneHHOii qacroroii ro0. TaKne Kone6aHIDI 

Ha3biBaiOT TaiOKe U3oxpoHHblMU ( OT rpeq. isos - paBHbiii, chronos -



BpeWI). fu BIDKHOe CBOiic"mo, Ka.K BH]:lHO lf3 (6.12), - lJRCTOTa KOne6aHHH He 3RBHCHT 

OT HR'IRnbHbiX ycnOBHH, T.e. OT a.MllnlfiY,l(bl KOne6aHHH (CpaBHH C § 6.8 HIDKe). 

lMa'la 6.1. Haiim pemeHHe (6.12) )l.llll M3JITHHKll - mapHK MaCChi m no,nsemeH Ha HIITH .ll)IHHOH I. 

(puc. 6.2), .ll)IHHR HIITH MHOro 6ollbme pa.D;Hyca mapmca. 

3anHcaB BhlpiDKeHHe )l.llll cyMMhl CHJl BeCa H H3TJDKeHHll, ,n:eHCrByiOIIUIX Ha mapmc, 

F, =-mgsin<p"'-mgq>, <p<<l, 

PRe. 6.2. MalrrHHK 

m 

mg 

H ero yCKOpeHHll 

a, =ipl, 

npll,ll;eM K ypaBHeHHIO M3JihiX KOJie6aHHH mapmca no yrJIY <p: 

mipe = -mgq> , 

HJlH 

<ji+ro~<p=O, ro 0 =Jf. 

Orcro,n:a HRH,n:eM 

<p{t)=<p0 cos{ro 0t+a). 

KOHCT3Hihl <po, • a Onpe.ll:eJiliiOTCJI Ha'llllibHhiMH yCJIOBHliMH. 

· 3Ma'la 6.2. OlmcaTh ,n:BmKeHHe mapmca Ha npyxa!HHOM no,!Oleee (puc. 6.3). 

llyCTh X - CMem;eHHe mapHXa OT TIOJIOJireHHll, B KOTOpOM CHJia TliJKeCTH ypaBHOBemeHa CHJIOH 

H3TJDKeHHJI npYJKHHLI, KOr,n:a mapHK TIOKOHTCJI. 
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~c. 6.3. "llp)')KHIIllhlii OCJ.I~p'' 

Tor,n:a ypaBHeHHe M3JihiX KOJie6aHHH HMeeT BH,ll; 

mX=-kx. 

Orcro.n:a 

x{t)=x{O)cosro
0
t+ i(o)sinro

0
t, ro

0 
= fi., 

ffi 0 V-;;; 

BblllHIIIeM OCHOBHbie xapaKTepHCTHKH CB060.l(HOro OCQHnmrropa. 

qacmoma u nepuoiJ KOJie6aHuii: 

Aq>(T)=ro 0T=27t, OTKY.l(a T=27t/ro 0 . 

<!Ja:Ja KOJie6aHuii: 

q>=ro 0t. 

AMrolUmyiJa: 

A= l(x,; -x0Y + x~ , . q>=ro 0t, 
- roo 

,· 

ee BenH'IHHa onpe,l(eiDJeTCjJ: Ha'IRnbHbiMH 3Ha'leHHjJ:MH OTKJIOHeHHjl XH H CKOpOCTH 

xH tJaCTH:Uhi. 

3Hep2UR OClfWUmmopa: ,l(IDI cnyqM Xo = 0 Haii.l(eM 3Ha'leHHjl KHHeTH'IeCKOH JJ:'(~) H 

noTeHQH:RnhHOil U(x) :meprnil: 
. ':..:: 

·2 ( }2 W(x)=mx =m -XHsinro0 t+2_COSOOof ··ro_~"=W(t_), 
2 2 ro 0 _ -

• < . ': •• " ...... . 

(6.13). 

.,· 

( ) kx
2 mro~ ( . . - - · v . · --- J · -() 

U x =2=T ~H cosro 0t+ ro:~mro0t =U t •. · 
.,; (6:14} 

'. ~: ' 
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0rMeTIIM, 'ITO ypaBHeHIIe (6.6) II Bee noeJie):IYJOIIIIIe pe3yJihTaTbl eBO,wrTC.ll K eJI}"'alO 

xo = 0 npocroii 3aMeHoii nepeMeHHoii: y = x- xo. ClJmiiqeeKnii eMbieJI :noro 

npeo6pa30BaHll.ll ,I:IOCTaTOqHo npOCT - Tenepb Mbl OTeqJITbiBaeM KOOp):IHHary qaCTIII.Ibl 

OT nOJIO:JKeHll.ll paBHOBeell.ll Xo. Jb (6.14) eJie):lyeT, ~0 eyMMa KliHeTIIqeeKOH ll 

nOTeHQIIaJibHOll :mepr1Iii OeQIIJIJI.l!TOpa nOCTO.l!HHa - 3TO IIHTerpan ,I:IBII:lKeHll.ll ('ITO 

oqeanAHO m 3aKoHa coxpaHeHll.ll 3Heprnn). To :JKe eaMoe AaeT np.l!Moe eyMMIIpoaaHIIe 

(6.13) ll (6.14): 

W(x)+U(x)=--0 x; +--1- =-0-=E=eonst. mro
2 

[ v
2 J mro

2 
A

2 

2 ro 0 2 
(6.15) 

0TMeTIIM, 'ITO MaKeHMMbHhie 3HaqeHII.ll W(x) II U(x) TaK:JKe paBHbi nonHoii 3Heprnn 

OeQIIJIJI.l!TOpa: 

Wmax = Umax =E. (6.16) 

B 3TOM nerKo y6eAJIThe.ll, nOACTaana B (6.13) Bbipa:JKeHII.ll AAA :X II x B !l>opMe (6.12). 

TaKHM o6pa30M, npii KOJie6aHHHX JIIIHeHHOrO OeQIIJIJI.l!TOpa ero KIIHeTIIqeeKa.ll 3Heprll.ll 

"nepeKaqnaaeTe.ll" B noTeHQHMbHYJO, II o6paTHO. 

§ 6.2. Coo6o.n;Hhie KOJie6auusr B cucTeMe c TpeuueM 

PaeeMOTPIIM noae):leHIIe oeQHJIJI.l!Topa, a KOTopoM Aeiicrayer eiiJia TPeHII.ll, 

nponopQIIOHaJibHa.ll eKOpOCTII 11Ma.l!THHKa": 

Fmp =-av=-ax. (6.17) 

3-ro nepBbiii qneH pa3JIO:JKeHll.ll 4>YHKQHII Fmp(v) no eKopoCTII. Mo:JKHO B ):laHHOM 

en}"'ae eqJITaTb, 'ITO Fmp(O) = 0 - enna TPeHII.ll noKO.ll. Ha eaMOM ,1:\ene, enna TPeHll.ll 

nOKO.ll - BeJinqnHa Heonpe):leJieHHa.ll, liMelOllla.ll JII06oe 3HaqeHIIe B liHTepaane 0 7 F max

IIpii F.HeuLH > Fmax TeJIO e):IBnraeTe.ll, TPeHIIe nOKO.ll "epbiBaeTe.ll" (eM. 3a):laqy 1.2). 

KoHeqHo, Bhi6paHHoe np1I6JIII:JKeHIIe (6.17) - rpy6a.ll MO.z:leJib B3aHMOAeiiCTBll.ll co 

epeAoii. BooMO:JKHbi, KTOMY :JKe, enyqan, KOrAa ene.z:~yroliiiiii qJieH pa3JIO:JKeHll.ll ennbi B 

(6.17), nponopQIIOHaJibHblll KBa,l:\pary eKOpOCTll, CTaHOBliTC.ll cyllleCTBeHHbJM 
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_(eM. § 9.6 n 3aAaqy 9.8), KpoMe roro, eAJia TPeHll.ll· OTJtHqaeTC.ll ellle II HaJIJiqHeM 

60J1blllliX rjJnyK11lya1JUU .(OT naT .. f/uctuatio .- ;KOJie6aH1Ie) ..,- eJI}"'aHHblX OTKJIOHeHIIll 

BeJIIIqliHbl eiiJibl OT ee epe.z:~Hero 3HaqeHll.ll. Oeo6eHHO .lleHO 3TO MO:JKHO Bli,I:IeTb Ha 

npnMepe TPeHll.ll, BOOHIIKaiOII.Iero npii eKOJib:JKeHIIH TBepAoro Tena no noaepxHoCTn 

)lpyroro. 

YpaaHeHne niiHeiiHoro oeQIIJIJI.liTOpa e TPeHIIeM MO:JKHO TOrAa 3ann~Tb B Bll.z:le 

mi=-kx-ax, 

HJIH 

i+2A.x+ro~x=O, 2A= a. 
m 

(6.18) 

Tipii A.~O perneHne 3TOro ypaaHeHll.ll IIMeeT Bll.z:l (6.11): x(t)=acosrot+bsinrot. 

Eenn A. * 0, TO yAo6Hee nenonb3oaaTh perneHIIe B KOMnneKeHoii !l>opMe. HanoMHHM 

oeHOBHbJe COOTHOllieHll.ll ,I:IJI.ll. KOMnJieKeHblX qiieen: 

x =u +iv, ·lxl = .Ju2 +v2
, x = lxl·ei'¥, tg\jl =·v/u, . ~ia = eos'a.:t- sin a. 

cPJI31IqeeKOe perneHIIe eCTb ,I:IeHCTBJITe~bHa.ll qaCTb KOMnJieKeHOIU perneHll.ll: 

Rex=lxleos\jl. 

IIepexo,I:I.ll Tenepb K KOMnneKeHoii !l>opMe, 3aniirneM neKoMoe perneHne B BII.z:le 

() 
a{·r ·r) bfr. ·r) a+b · a-b · x t =-\e"" +e-'"' +-\e'"' -e-'"' =--· ·e'"'1 +--·e-'"'1

• 

2 2 2 2 

llo3TOMY npn A. * 0 MO:JKHO nonhJTaTbe.ll HaiiTn perneHIIe B BHAe 

'x(t)=AeKI, (6.19) 

rAe A, K - HemaeCTHbie II, aoo6llle roaop.ll, · KOMnneKeHbie noCTO.l!HHbie. Iloene 

nO):ICTaHOBKll (6.19) B ypaBHeHIIe (6.18) UMeeM 

(K2 +2A.K +ro~)-Ae~ = 0, 

OTKYAa 

K 1,2 =-A.±~/..2 -ro~ =-A.±iro, ro=Jro~-1..2 . (6.20) 

Eenn A. <roo, ro ro2 = ro~- 1..2 >0- .z:~eiiCTBJITeJibHa.ll aeniiqiiHa. B 3TOM eJI}"'ae IIMeeM 
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x{t)= e-u(Aeioot + iie-ioot )= e-u (A cos rot+ Bsin rot). (6.2I) 

Bbl'IHCJIHB KOHCTaHTbi A H B H3 HaqaJibHbiX ycnosuii (cpaBHH (6.II) BbiiJJe), nonyquM 

x(t) = ( xH cos rot+ :; sin rot} e -l.t. (6.22) 

llpHMep IIOBe,neHIDI OCUHJIIDITOpa C -rpeHHeM ,llJUi: CJiyqall VH=Q, XH;t:Q IIOKaJaH Ha 

puc. 6.4. 3a speMH 't= 1/A. aMnmny.na Kone6aHuii cna.naer s e pa3. BenuquHy A. 

HaJbiBaiOT iJeKpeMeHmoM 3amyxaHuR KOJJe6aHui1 (oT naT. decrementum- YMeHhiiieHue), 

napaMe-rp -c - BpeMR peJJaKca1Juu ( OT naT. relaxatio - ocna6neHue ), UJIU 3aryxaHIDI 

KOJie6aHHH. 

x(t) 

PHc. 6.4. Tiose,~~;eHHe OCI.UIJIJIHTopa c TpeHHeM 

( x. = 0 ). )I{HpHaJI JlHHHJI - :mryxaro!liHe KOJie6aHwJ: 

I \ / "" ,z--= .rot x(t), roHKHe JIHHHH - orn6aro!l1He e-'-• 

PaccMo-rpuM 6wwHc 3Hep2Uu B 3aryxruo~ux Kone6aHIDIX. 06o3Haqus <p =rot, 

3anuiiieM 

W(x)= ~
2 

= ~ {-~ XH COS<p+:; sin <p )+ro( -XH sin q>_+:; COS(jl )f ·e-2"-t, 

( ) kx
2 mro~ { v . }

2 
_2"-U X =z-=-2- XHCOS<p+ ~ smcp ·e 1

. 

OrpaHuquMca cnyqaeM CJJa6o2o mpemm: 

t1 A<<ro0 :::::ro. (6.23) 

HMeeM 
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W(cp)::::: mro~ (-xH sincp+~coscp)
2 

-e-2u, 
2 ro 0 

U(cp)::::: --0 xH coscp+-2!...sin <p -e-2u, mro2 ( v )
2 

2 ro 0 (6.24) 

mro 2a 2 
E(t)= W(cp)+U(cp)::::: f·e-2;v =E0e-2u, 

ag =x;+(vHfro 0 )
2 . 

TaKIIM o6paJOM, npu HaJiuquu -rpeHUH 3HepiWI ocl{UnJIHTOpa yMeHbiiiaerca co 

speMeHeM c .neKpeMeHToM 21.. 

MoUJHocm& CUJJ&l mpeHuR. IIocKOJibKY pa6oTa CUJibi F Ha nyTH dx eCTb 

dA = F·dx, TO MO~HOCTb, pasHall pa6c1Te, cosepiiiaeMoii B e.nuHuuy speMeHu, eCTb 

P A. z::o • ·2 
1J' = =rTI'x=-ax. 

Tio.nCTasus cro.na (6.22), .niDI cnyqall cna6oro -rpeHIIH Haii.neM 

P'IJ':::::-aro~(xHsinq>+ :: cosq>J·e-n
1

, A<<ro 0 . 

Haii.neM cpe.nHee 3HaqeHue 3TOii MO~HOCTH 3a nepuo.n. Ilpu 3TOM yqTeM, ~o cpe.nHue 

3HaqeHIDI KBa.l{paTOB CHHyCa H KOCHHyCa <lJaJbl 3a nepHO.l{ paBHbl 

--T IT I 2x I 
sin 

2 
<p =-J sin 

2 
ro 0t·dt =-- J sin 2 <p·d<p =-, 

T 0 Tro0 0 
2 

--T I 2x I T 

COS
2

q> =--Jcos2<p·d<p=-, 2sinq>·COS<p =0. 
Tro 0 0 

2 

B Pe3YJibTaTe nonyquM 

p =-a.ro2 x2+_H_ ·-e-2AI =2A.mro2....Q..e-2At =-2AE e-2A.t -r ( v
2

) I a2 
1p 0 H ro~ 2 0 2 0 ' 

(6.25) 

T.e. (eM. (6.24)) 

pT- dE 
1p ---dt. (6.26) 

TaKHM o6paJoM, MO~HOCTb CHJibi -rpeHIIH pacxo.nyerca Ha raiiieHue 3Hepruu 

OCI.{HJIIDITOpa. 
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§ 6.3. CaHJaHHLie cao6o.n;HLie KoJie6aHHH. BIIyTpeHHHii peJoHaHc 

)];sa npHMepa CB.II3aHHhiX OCQIUIIDITOpOB OOKaJaHbl Ha pHC. 6.5 ll 6.6 - :no 

OCQHJIIDITOpbl, KOTOphie MOryT 06MeHHBaTbCH CBOeiJ: :meprnell: '1epe3 CB.II3h. 

Pnc. 6. 5. IIIapHK, rro,llllemeHllblil: Ha 

rrp}'iKHIIax, - qerh!Jle, aoo6me 

roaopJI, CBJI3aHHhiX OCIJ;IIJI.IIJITopa 

mz 

Pnc. 6.6. ~ CBJI3aHHh!X MlUITHHKa 

PaccMOTPHM ~BH:JKeHHe ~syx MasiTHHKOB, CBH3aHHhiX npy:JKHHoll: :JKeCTKOCTH k 

(pHC. 6.6). 3anmneM ypaBHeHHH ~BH:JKeHHH: 

.. XI k( ) mixi =-m~g-- xi-Xz ' 
£1 

•• X 2 k( ) m2x2 =-m2g-- x2 -xi ' 
£2 

IUIH 

•• 2 
XI +col XI= CX.IX2, 2 - g k 001.2 ---+--£ ' 1.2 ml.2 

x2 +co;x2 = a.2xl ' 
k 

a.l.2 = mi.2 . 

OrpaHH'IHMCH npocreiiiiiHM CJIY'IaeM o~HHaKOBhiX MasiTHIIKOB: 
\ 

m1 =m2=m, a.1 =a.2=a., 001 = ro2= roo. 
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(6.27) 

(6.28) 

JfMeHHO TaKoll: CJIY'Iall: MaHTHHKOB c o~HHaKOBhiMH napaM~aMH HaH6onee 

mrrepeceH: :rro TaK Ha3hmaeMhiii BHJ1111pennuii pe3onanc, JUIH pe3onanc CBJI3U ( OT naT. 

resonans - "~ruomHll: 3BYK"). II 6y~eM HCKaTh peiiieHHe CHCTeMhi ypasHeHHll: (6.28) s 

sMe 

x1•2 (t ):::;: A1.2eKt. 

IIo.ncraBHB (6.29) B (6.28), OOJIY'IHM CHCTeMy ~syx ypasHeHHll:: 

A1(K
2 +ro~)=a.A2 , 

A2(K2 +ro~)=a.AI' 
KOTOpaH HMeeT Heeynesoe peiiieHHe, ecnH ee ~eTepMHHaHT paseH eymo: 

IK2 :co~ a. I =0. K2 +co~ 
OTcro~a 

2 2 + +"~ K +roa=-a., K=:tlvroa+a.. 

0603Ha'IHM 

n=Jro~+a., ro=Jro~-a.. a.<ro~. 
PeiiieHHe (6.29) COCTOHT H3 'leTbipex CJiar'aeMhiX: 

xl(t)=Ale;nr +Bie-iOt +Cleicot +Dle-icot = 
= a1 cosnt +h1 sin D.t +c1 cosrot +d1 sin rot, 

(6.29) 

(6.30) 

(6.31) 

(6.32) 

(6.33) 

II aHaJIOrii'IHO ~ X2(t). Ami HaxO~eHIUI KOHCTaHT IICIIOJih3yeM Ha'laJihHhie yCJIOBHH: 

xt = al + cl ' x; = D.bl +rod! ' 

xi =a2 +c2' xi =0.b2 +cod2 0 

(6.34) 

1.ne B3HTh eme 4 ypasHeHHH? IIo~CTaBHM peiiieHHH (6.33) s H~xo~Hhie ypasHeHHH H 

IIpnpaBHHeM K03<}J<}JHQIIeHThl IIpH sin H COS: 

ai (co~ -0.2 )= a.a2 ' hi (co~-0.2 )= a.b2 ' 

cl {co~ -ro2 )= a.c2 ' di (co~ -ro2 )= a.d2. 
(6.35) 
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3-m 4 ypaBHeHIDI llOCJie llO~CTaHOBKH 3HaqeHHH Q, OJ ~aK>T: 

a1 = -a2 =a, b1 = -b2 = b , 

c1 =c2 =c, dl =d2 =d. 
(6.36) 

M3 (6.36) H (6.34) MO)J(l{O Haifru 3HaqeHIDI aMllJIIlT)'~ qepe3 HaqaJibHbie KOOp~nHaTbi ll 

cKopocm. B qacrHOCTif, ecnu x~ = x 0 , x~ = x~ = 0, x~ = 0, T.e. npu t = 0 nepabiH 

MlUITHHK OTKJIOHeH, a BTOpOfi HaxO~HTCH B llOJIOX<eHHH paBHOBeCIDI, IIMeeM: 

a+c=x0 , Qb+OJd=O, 

-a+c=O, -Qb+OJd=O. 

Orc10~a 

a=c=x0 j2, b=d=O. 

Perneuiie ~ :noro qacruoro c.nyqaH IIMeeT au~ 

x1(t)= Xo (cosilt+cosOJt}, 
2 

x2 (t)= Xo (-cosilt+cosOJt}. 
2 

3ToT pe3yJibTaT oco6euuo Hceu a c.nyqae cna6oii CBH3II: a.<< OJ~. Tor~a 

Q ,_, OJo + (a./20Jo), OJ,_, OJo- {a./20Jo), ll peiiieHIIe npiiHIIMaeT BII~ 

x1 (t) =·x0 cosOJ 0 t ·cos~, 
20Jo 

{) . . a.t x2 1! =x0 smOJ 0t·sm--. 
20J 0 

(6.37) . 

llo.nyqaeM 6IIeHIDI c qacroroii a./20J 0 << OJ 0 (piic. 6.7). (}rqernuao B~Ho, KaK 

:meprllil KOJie6aHIIH O~HOro MlUITHHKa nepeKaqiiBaeTCH B :meprH!O KOJie6aHHH 

,o;pyroro. llpii 3TOM cyMMa 3Hepriiii MlUITHIIKOB nocrOHHHa u paaua 

2 2 

E -E E - mOJoXo - 1+ 2----. 
. 2 

(6.38) 

TaKoaa xapaKTepHaH oco6eHHOCTb pe3ouauca CBH3H: aMllJIIlT)'~bi Kone6auuii MlUITHHKa 

orpauuqeHbi, T.K. orpauuqeua3HepriD1, 3anaceHHaH a ocUJl.)IlliiTOpax (cpaauu § 6.4). 
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XJ(t) 

Puc. 6.7. Kone63HHll (6neHIDI) CBJI33HHbiX MllllTHllKOB 

§ 6.4. Bbi~ennhie KOJie6annH 6eJ TpennH. Bnemnuii peJonanc 

PaccMOTPHM ~auX<eHIIe ocuiiJIJIHTOpa no~ ~eiicraiieM auernueii nepiio~uqecKoii 

CliJibi: 

lnX+kx = F(t)=F0 sinO/. (6.39) 

Perneuiie 3Toro ueo~uopo~uoro ~u<P<PepeHUIIaJibHOro ypaaueHIDI ecrb CyMMa o6mero 

perneHIDI O~HOpO~HOro ypaBHeHIDI II qaCTHOrD perneHIDI HeO~HOpO~HOro ypaaHeHIDI: . . 

x{t)= acosOJ 0t +bsinOJ 0t + xAt). (6.40) 

B ,o;aHHOM c.nyqae npome ucnoJib30BaTb perneHIIe a ~eiicraHTeJibHOii ljlopMe. ,ZV!a 

nepBbiX CJiaraeMbiX B (6.40) OlliiCb!BaJOT CBOOO,l:IHbie KOJie6aHIDI, aMnmny,o;a KOTOpbiX, 

KaK ll npe~e, Onpe~eJIHeTCH HaqaJibHbiMII YCJIOBIDIMH (eM. (6.11) II (6.12)). 3TII 

KOJie6aHIDI 3aT}'XHYT co apeMeHeM, ecnii ecrb TPeHne. Perneuiie xF(t) umeM a a~e 

x(t)=asin{Ot+ '1'}. (6.41) 
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flo'leM)' Q? lli-3a TOro, 'ITO xF(t) OlliiCbiBaeT BbiH)')I(.I{eHHOe ,nBII)KeHIIe no,n ,neii:CTBIIeM 

sHenmeii: CIIJibi. CooTBeTCTBeHHO II 'laCTOTa II3MeHeHIDI x(t) cosna,naer c 'laCTOTOii: 

BbiH)')i(.I{aiOillell CIIJibi. llepeniiCaB (6.39) B BII,lle 

•• 2 Fo · n. x+ro 0x=-StnHJ 
m 

II no,nCTaBIIB B Hero (6.41), llOJIY'IIIM 

- Q 2asin(nt + 'P)+ro~asin(nt +'I')= Fo sin nt. 
m 

(6.42) 

PacKpbiB sin(nt +'I') II npiipasiDIB Km<l><PIIuiieHTbi npii sinilt II npu cosilt, IIMeeM 

Orcw.na 

Bo3MO)KHbi .nsa c.nyqasr. 

1) Q :;t:roo. Tor.na 

-Q2acos'P +ro~acos 'I'= F0 jm, 
- Q 2asin 'I' +ro~asin 'I'= 0. 

. F. 
acos'P = ( 2 ° 2 ), 

m ro 0 -Q 

asin 'I' -(ro~ -02 
)= o. 

sin'P=O, T.e. \j/=0, ±It. 

(6.43) 

(6.44) 

T.K. no onpe.neneHIIlO aMllJIIITY.lla KOJie6aHIIll scer,na llOJIO)KIITeJibHa (He nyraTb c 

OTKJIOHeHIIeM!), T.e. a>O, TO II3 BTOporo ypasHeHIDI (6.44) CJie.nyer 

a li3 nepsoro ypasHeHIDI 

{
0, il<ro0 ; 

'I'= 
±1t, n >roo, 

Fo .. 
a(n)= m·lro~ -n 

(6.45) 

'c 

(6.46) 

;. 

Ta'imM o6pa30M, eCJIII 'laCTOTa BHeiimeii: CIIJibi n MeHbiiie co6CTBeHHOll 'laCTOTbi 

OCQIIJIJUITOpa roo, OH KOJie6JieTCH C 'laCTOTOll Q II ero CMem:eHIIe BCer,lla HaxO,niiTCH B 

TOll )Ke <l>a3e, 'ITO II CIIJia (\j/ =0). B 'laCTHOCTII, npii Q~O npOCTO CMem:aeTCH 

llOJIO)KeHIIe paBHOBeCIDl, nepeXO,llH li3 TO'IKII Xo = 0 B TO'IKY 
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Xo =a(O)= Fo 
mror 

ECJIII )Ke Q >roo, OCUIIJIJUITOp KOJie6JieTCH C 'laCTOTOH Q, HO ero CMem:eHIIe HaxO,llliTCH 

B npOTIIBO<l>a3e C CIIJIOll (\j/ =±It). llpiiMep TaKOro p0,ll3 OCI.{IIJIJUITOpOB - CIICTeMa 

no,nseCKII pa3JIII'IHbiX 3KIIll~eii: (aBTOM06IIJII:ii:, sarOHOB II T.n.). )KeCTKOCTb peccop II 

np~IIH aMOPTII3aTOpOB Bbi6IIpaeTCH TaK, · 'IT06bi C06CTBeHHasl 'laCTOTa KOJie6aHIIll 

oculiJIJUITOpa "aBTOM06IIJib - np~Hbi" 6bma ,noCTaTO'IHO HII3Koii:. Tor.na np11 y,napax 

o HeposHOCTII aBTOM06IIJib "no,n6IIpaer no.n ce6»" Koneca, a ero canoH He cMemaercH. 

TOT )Ke npiiHQIIn IIcnoJib3YeTCH B ceii:cMII'IeCKIIX npii6opax, r,ne rpyJ, no.nseiiieHHbiH 

Ha np~IIHe, IIMeeT Macey, o6pa3YffiiiiYI0 C npy)KIIHOll HII3KO'IaCTOTHbill OCI.{IIJIJIHTOp, 

C06CTBeHHasl '13CTOTa KOTOpOro MHOro MeHbiiie xapaKTepHbiX. 'laCTOT KOJie6aHIIll 

nO'IBbi. Tor.na npii 3eMJierpHceHIIHX rpyJ npocro He ycnesaer cMeCTIITbCH, Korona II3-

no.n Hero "yxo,niiT 3eMJIH", 11 crpenKa caMoniicua, pa3MemeHHasr Ha rpyJe, piicyer 

KpiiBYIO cM:emeHIIH Ha neHTe, coe.niiHeHHoii: c Kone6nwmeii:c» onopoii: - "3eMJieii:". 

2). n =roo. B 3TOM c.nyqae \jl :;t: 0, ±It, II aMnJIIITY.lla a = 00. 3To c.nyqaii: 6Heume20 

pe30Hanca. 3aBIICIIMOCTII aMllJIIITY.llbl a(ro) II <l>a3bl \j/(ro) BbiH)')K.lleHHbiX KOJie6aHIIll OT 

'laCTOTbi BbiH)')I(.I{aiOillell CIIJibi ro llOKa3aHbi Ha piiC. 6.8. 

~·)~ I~ 
'P(ro) ro n 

n r---------
n 

-n 

PHc. 6.8. Ilo~eHHe 3MIIJIHIYro.I H clJa3b1 

Bblli)')K,!IeHHhiX KOJie63HHH B6JIH3H Jle30H3HC3 

n=roo 

Jlepexoi'J K pe30Hancy. flyCTb Q ~roo. ,lVui onpe.neneHHOCTII llOJIO)KIIM 

Q =roo-Llil, iln>O, ror,na 'P=O. 

3aniiiiieM peiiieHIIe (6.41), (6.45), (6.46) 11 pa3JIO)KIIM ero no MaJIOM)' Lln: 
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x(t)= F 0 sinOt ""F 0 sinro0t-cosro0toAQ/ 
m ro~-0 2 m 2ro 0 oAQ 

IIpu t~oo (Toeo npu 1>> 1/An) 3TO BhrpiDKeHue .naeT 

x(t )"" _ ___!}__cosro 0t = ___!}__sin(ro 0- ~) 0 

2mro 0 2mro 0 2 
(6.47) 

TarrnM o6pa:30M, B pe3oHaHce aMrunny.na JIHHeiiHo paCTeT co speMeHeM, a Kone6aHIDI 

C.l{BliHYfhl no lf>a:3e Ha -rc/2 OTHOCUTeJihHO CliJihi: 

a(t)= ___!Y__, '¥ = -~ 
2mro 0 2 

(6.48) 

JfTaK, aMnmny.na B03paCTaeT HeorpaHWJeHHO npu Q ~ roo, ToKo OCQliJIIDITOp nO.nytiaeT 

:meprmo OT BHeiiiHero HCTQqHIIKa CliJihi. IJpu 3TOM B TQqHOM pe30HaHCe CKOJih yrO.l{HO 

MaJIOe B03MYIQeHue Bhl3hiBaeT HeorpaHuqeHHhrH pOCT aMnJIHI)'.l{hl. 0r aMnJrrny.l{hl 

B03MYIQeHIDI, KaK CJie.l{yeT H3 (6.47), 3aBUCliT CKOpOCTh poCTa aMnJIHI)'.l{hi 

OCQliJIIDITOpa: 

dxmax F --=---
dt 2mro0 

3Ma'la 6o3o Ilpn .ll)!IDKeHIIH O,!UIHaKOBbiX TIDKeJIO rp}')KCHllbiX aJITOMOOHJieH no rpymoBbiM ,1:\0poraM 

MO)I(HO Ha6JUO.llilTI> pe:JoHaHc IIX cncreMr.r iiO.Il)!eCKH c liMliMn, nr.r6HThiMn asroMo611JIJIMHO Onemrrr. 

xap:ucrepHoe paccromne Mel!Gzy HMaMHo 

TaK K3K CKOpocn. Bcex 3BTOMOOHJieH Vo Ha TaKOH nJIOXOH ,~:~opore npHMepHO 0,1:\Ha H Ta X«:, TO 

BWHBaeMr.Ie HMH HMr.I CJie;zyiDT c nepno,~:~oM L=v0 o(21t/ro
0
), r,~:~e roo-'lllcroTa co6CTBeHllbiX 

KOJie6amrli CHCTeMbi "aBTOMOOHJib - np)?IG!Hbi nO.Il)!eCKH" 0 

§ 6.5. BLIHY'KJI.eHHLie KOJie6aHHSI C TpeHHeM 

YpasHeHue Kone6aHuii ocQliJIIDITOpa c TPeHueM no.n .neiiCTsueM 

BhiHyiK.!{aiOIQeif rapMOHHqecKOH CliJihi HMeeT Bll.l{ 

mi+a.x+kx=F0 sinOt, 
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(6.49) 

lT 
li 

1\ 

!~ 

I 
I 
I 

l 

r,n:e Q - qaCTOTa Bhlli}')K.!J;aiOIQeH CHJihl. llepenHIIIeM ero B Bll.l{e 

i+2A.x+ro~x= Fo sinOt, 
m 

Hac HHTepecyroT, KaK u s no 6.4, yCTaHOBIIBIIIuecx BhiH}')K.!J;eHHhre Kone6aHIDI: 

x(t)=asin(Ot+ '¥)0 

(6.50) 

(6.51) 

3.nech \jl - C.li;BHr lf>a:3hl KOJie6aHIIH OCQllJIJUITOpa OTHOCIITeJihHO lf>a:3hl CliJihi f!to 

IIo,n:CTaBIIB (6051) B (6.50), uMeeM 

aQ2 sin(nt + '¥)+2A.Oacos(Ot + 'P)+ro~asin(nt+ '¥)= Fo sin nt. 
• m 

Orcro.na, npupaBIDIB K03!f>!f>uQueHThr BHaqane npu sinOt, a 3aTeM npu cosOt, Haii,n:eM 

a= Fo/m 
(ro~ -02 )cos'¥- 2A.ro sin'¥, 

a{(ro ~ - n 2 ~in '¥ + 2A.ro cos'¥}= 0 . 

fu BTOpOI'O ypaBHeHIDI CJie,n:yeT 

tg'¥ = 
2A.Q 
z-;:;.2 , 

roo-:~..~; 

a no.nCTaHOBKa 3Toro pe3yJihTaTa B (6052) .naeT 

F0 /m a 

J(ro~ -02 j +(2W)
2 

(6.52) 

(6.53) 

(6054) 

(6.55) 

Haii,n:eM MaKCIIMYM 3TOii lf>YHKQIIH 0 a(Q). llpo.nu!f>!f>epeHQupoaaa no,n:KopeHHOe 

BblpiDKeHIIe B (6.55) nO Q, nO.nytiliM ypaBHeHUe .l{JUI HaxO)K.l{eHIDI 3KCTPeMaJihHOI'O 

(pe30HaHCHOI'O) 3HaqeHIDI Q: 

-2(ro~ -02 )o20+20(2t.Y = oo 

Orcro.na 

n = 1ro 2 -2'A.2 pe3 vo , 
UJiu, B c.nytiae cna6oro TPeHIDI A.<< ro 0 , 
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f..? n ""roo--· 
Pe:J roo (6.56) . 

3Ta qaCToTa Hll3biBaercJI pe3oHaHcHoii. CooTBerCTBeHHo, aMruuny.lla a pe:3oHaHce eCTb 

F0 /m A.«roo Fo 
ape3 = 2~ 2mA.ro

0 
(6.57) 

lli (6.55) U (6.57) CJie.llyeT, qro B OCIJ;UJIIDITOpe C MaJibiM rpeHUeM OTHOIDeHue .. 

aMIIJIHTY.llllpU n = nPe:J u n ~ 0 paBHO 

ape3 ro 0 

a(n=o( 2A. (6.58) 

11TaK, pe:30HaHC B OCIJ;UJIIDITOpe C rpeHUeM .llOCTU~aeTCJl rrpu HeKOTOpOM 

3HaqeHUU qaCTOTbl BbiHY)K,!IaiO~eii CliJibl npe3 (6.56). AMIIJiury.lla B pe:30HaHce 

orpaHuqeHa (6.57), a <!>aJa Kone6aHuii (eM. (6.54)) scer.lla orpuu;aTeJibHa, T.e. OTCTaer 

OT <!>aJbl CUJibl. B TQqHOM pe:30HaHce OHa, KaK U rrpu pe:30HaHCe B OTCYTCTBUe rpeHHJl, 

C.llBUHYTa Ha -1t/2 OTHOCHTeJibHO <!>aJbi CliJibl. 

KpuaaJI a(n), u3o6piDKeHHaJI Ha puc. 6.9, HaJbiBaercJI pe3oHaHcHoii KfJUBoii, ee 

BIDKHOH xapaKTepuCTUKOH llBJIJleTCJI nOJI)'UlUpuHa 2on - mupuHa Ha ypOBHe, r.lle 

KB~paT aMIIJIUTY.llbl £?(n) B.llBOe MeHbiDe CBOero MaKCUMaJibHOro 3HaqeHHJl a~ 

(puc. 6.10). qepe:3 on orrpe.lleJIJIIOT e~e O.llHY Ba)KeyiO xapaKTepUCTUKY OCIJ;liJIIDITOpa 

C rpeHUeM- ero 006pomHOCmb: 

roo 
Q= 2on · (6.59) 

JlCHO, qTQ on - A, TaK qro Q = CD 0 /A.. 3Ta BeJiuquHa xapaKTepu3yer KaqeCTBO 

(".ll06pOTHOCTb") OCIJ;liJIIDITOpa. 

t1 
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a(O) 
a(OYaP"' 

l. 

I/.fi. 
I : ~ 0 

0 'lp<> 

'l'(ro) 

'l' 

-lt 

0 

PHc. 6.9. nose.n:eHHe aMrunny.!lhl 

(pe30Hl!HCH3JI KpHBaJI) H <l>33hl OOJIH3H 

pe30HllHC3 B OCIUIJlllliTOpe C TpeHHCM 

0 
. -o 

• OJ'<' 

Puc. 6.10. Pe30HllHCH3JI KpHBaJI H 

ee "rrOJIYIIIHJJHHa" 2on 

3Ma'la 5.4. Bhi'IHc.rnm. on u Q ro'IHo. 

}:{rul: 3TOI"O Haii.neM on H3 yCJIOBIDI 

a2 =2a2J . 
pe3 Cl=Clpn+i50 

3arrHmeM 

[ ]
2 ]2 2 

2 Fo/m -2 Fo/m -2 Fo/m 
ap<> ,.,[ 2A.c,J - ~(n2 -ro~f +(2t..nf - [ ~(2ro0 -onf +(2Anf , 

OTKyM 

4(Aro.Y = 4 ro~(on)+(Aro.Y 2 , 

'ITO .n:aer 

on=:U, 

roo 
Q= 2A. 
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i1 

3TOT pe:3ynbTaT n03BOJllleT ,n:aTb eme ,l(Ba 06bHCHeHHH <}>H3WieCKOI'O CMbiCna nOIDITHli 

.n:o6pomoCTII. Bo-nepBbiX, H3 (6.59) cne.n:yer, 'ITO 

(6.62) 

Bo-BTOpbiX, H3 (6.22) cne.n:yer, 'ITO speMH r, 3a KOTopoe aMIIJilfJ)'.n:a co6CTBeHHbiX 

Kone6aHn:u OCUHnJUITOpa c TPeHn:eM cna.n:aer B e pa3, pasHo 't=A.-1. 3a no speW! 

OCUHnJUITOP cosepiiiHT Ne Kone6aHn:u, r.n:e 

N =~=~=Q 
e T 21tA. 1t . (6.63) 

~o cn:x nop Mbi paccMaTPHBann: cnyqau BHeiiiHeii Bbili}')I<.n:aiOmeii CHnbi, 

H3MeHIDOmeiicx so speMeHn: no 3aKoey cn:Hyca (Kocn:eyca}, - no TaK Ha3biBaeMax 

zapMOHU'leCKaR CUJla (eM. (6.39), {6.50)). B o6IIteM cnyqae npoH3BOnbHOii 

3asn:cn:MOCTII cn:nbi OT speMeHn: <}lyHKQIDI: F(t) MO)l(er 6biTb npe,n:CTasneHa a <}lopMe 

px,n:a (pRiJ (J>yp&e) n:nn: HHTerpana (uHmezpaJl c[Jyp&e) no rapMOHn:qecKHM <l>YHKUIDIM

sinrot, cosrot. Ecnn: <}lyHKQHH F(t) - nepn:o,n:WieCKaH, c nepn:o,n:OM T (Ho He 

rapMOHn:qecKax!}, npOH3BO,l(HTCX pa3nO)l(eHHe B px,n: <l>ypbe: 

F(t)= ao + Lancosnro0t+ Lbnsinnro0t, 
2 . 

21t 2 T 

00 0 =-, an·=-JF(!;)·cosnro 01;~, T T
0 

2T 
bn =-J F(!;)· sin nro 01;~. 

To 

lJ.rreHbi px,n:a Ha3biBaiOT zapMOHUKaMU · <}lyHKQn:n: F(t). B cnyqae anepn:o,n:n:qecKoii 

3aBHCHMOCTII HCnOnb3yerCX pa3nO)l(eHHe B HHTerpan <l>ypbe: 

r.n:e 

.., 
F(t)= JF.,(ro)·e;"'1dro, 

F.,(ro)=-
1 fF(!;)·e-;~~ 

21t ...., 

- cneKmPaJI&HaR Wlu aM1lllumyoHaR PYHKlfUR cllnbi F(t). 
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Ilo.n:crasnxx 3TH Bbipa)l(eHIDI .l(Jlll cn:nbi a ypasHeHn:e ocun:nnnopa (6.50), n:meM 

peiiieHn:e x(t) TaK)l(e B <}lopMe px.n:a n:nn: HHTerpana <l>ypbe. HeTPY.O:HO BH,n:eTb, 'ITO B 

pe:3ynbTaTe nonyqaeM ypaBHeHHH ,l(Jlll aMllnlfTY,l( rapMOHHK Hnlf aMllnlfTY,l(HOH 

<}lyHKUHH, cosna,n:aiOmn:e c (6.52). TeM caMbiM 3a,n:aqa .l(Jlll npOH3BOnbHoii cn:nbi F(t) 

cse.n:eHa K 3a,n:aqe .l(Jlll rapMOHWiecKoii CHnbi. 

Bo MHorn:x 3a,n:aqax y,n:o6Ho n:cnonb3oBaTb o6my10 <}lopMY peiiieHIDI: ypasHeHIDI: 

BbiJI}')I<,l(eHHbiX KOne6aHHH (6.50): 

-A.t t 

x{t)=-e -·JF(!;)·e"-; ·sinro(t-1;)·~, 
moo -0 , 

ro=~ro~-1..2 , A.<ro0 . 

B cnpase.n:nn:socrn: 3TOro peiiieHHH HeTPY.O:HO y6e.O:HTbCX no.n:craHOBKOii ero B 

ypasHeHHe {6.50). 

§ 6.6. llapaMeTpHqeCIOIH pe30H3HC* 

PaccMOTPHM ocun:nJUITOp c . nepeMeHHOii )l(eCTKOCTbiO k(t), Bbi6pas 

cneQHMbHbiH BH.O: <}lyHKUHH k{t): 

mi+k(t)-x=O, k(t)=k0 (1+hcosnt~ h«I. (6.64) 

3To ypasHeHn:e, 3ann:caHHoe B <}lopMe 

x+ro~(1 +hcosnt)x = 0, roo= .Jko/m, (6.65) 

Ha3biBaercx ypaeHeHueM Mam&i!. IlpHMepoM TaKoro ocun:nAATOpa MO)l(eT cn~HTb 

MUTHHK B sn:.n:e IIIapa Ha crep)l(He, KOTOpblli npHKpenneH K IIIapHn:py, cosepiiiaiOmeMY 

BePTHKMbHbie KOne6aHHH (pn:C. 6.11). 
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I~~= X 
1, ,. ,, ,, ,, ,, ,, ,, ,, 

I 

r"'<, 
\.j 

mg 

Pnc. 6.11. MaJrnrnK - map co creplKI!eM, 
IIp:mq>eii.IIellllhlM K BepnlKlllThHO KOJie6JnO~eM)'Cll 
mapHHpy 

3a,naqa 6.5. TIOJIY'IIITb ypaBHeHHe Kone6311Hii: MllJITHHKll, mo6p3)KeHHoro H3 pnc. 6.11. C'illTIITh, 'ITO 

AJll!Ha creplKHll f. 1\.moro 6oJibwe p3,1ll!yca mapa. 

Bae~eM OCR KOOp~HHaT ( CM. pnc. 6.11 ), OTC'UITbiBllll 3HaqeHHe y OT llOJIOJKeHHJI HeCMe~eHHOrO 

no~eca, T.e. 6y~eM C'll!T3Th, 'ITO TO~ no~eca KOJie6JieTCJI no 3liKOHY 

Yo (t) = b cosru. 

IIpeHe6peraJI Maccoii creplKHll, 3allHWeM ypaaHeHHll ~IDKeHHJI wapHKa: 

my= -mg + Tcos<p, 

mi=-Tsin<p. 

KpoMe Toro, yqTeM oqeB~Ie reoMcrpnqecKHe coomoweHHJI: 

Y =Yo (t )-f.· COS<p, X= f.· sin<p. 

IJo~CTaBHB (6.66) H (6.68) B (6.67), llOnyqHM CHCTeM)' yp3BHeHHH ,!Vlll <p(t) H T(t): 

d 2 sin<p T . 
df=- mf.·sm<p, 

d 2 COS<p bQ.2 g T 
---= ---·cosru +---·cos<p. 

dt 2 f. f. mf. 

(6.66) 

(6.67) 

(6.68) 

YMHOlKHB nepBoe ypaBHeHHe H3 COS<p, a BTOpoe H3 sin<p H Bbi'JTJI H3 nepBOrO BTOpoe, HCKJllOqnM B 

11 

pe3yJibmre T, a npo~clJclJepeHIUIPOBaB sin<p n cos<p, nonyqnM ypaBHeHHe ,!Vlll <p: 

ip+ oo~ (1 + h ·cosnt)· sin<p = 0, 

Olo =J.f, h =- b~2. 
B ceyqae MaJibiX KOJie6aHHii, <p << 1, 3TO ypaBHeHHe COBll3,1laeT C (6.65). 

(6.69) 

0rMeTHM, 'ITO B QTnnqne OT MllJITHHKll C HHThiO (pHC. 6.2) mecb HeOOXO~HM JKeCTKHH 

crepJKeHb, T.K. IIpH ~OCTaTOqnO 6biCTpOM ~IDKeHHH TO~ llO~ca BHH3 HHTh MOJKeT npoBHCHYTh H B 

ypaaHeHHJIX (6.67) T o6pamTCll B HYJib- ~HJKeHHe MllJITHHKll CTaHeT 6onee CJIOlKIIbiM. 
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llpH orrpe.l{eJieHHOM 3HaqeHHH qaCTOTbl Q KOJie6aHIDl OCQIIJIIDITOpa C 

rrepeMeHHOH X<ecTKOCTblO (6.64) COI1pOBOX<,l{aiOTC.ll 6hiCTpbiM HapaCTilHHeM 

aMI1JilffYAhi. 3To .HBJieHHe H Ha3hiBlUOT napaMemputtecKUM pe3oHaHcoM. IToiDITb 

rrpuqHH)' TaKOrO Ha3BaHIDl 1103BOJI.lleT ynpomeHHOe paCCMCYrpeHHe, C KOTOpOro HaqHeM 

aHaJIH3 .HBJieHIDl. 

ITpeACTaBHM (6.65) s BHAe 

i+ro~ = -hco~x· cosru. 

llOCKOJibK}' h<<1, B HyJieBOM 11pH6JIHX<eHHH OCQUJIIDITOp- CB060AHbiH H, rrpHIDIB AJI.ll 

rrpOCTOTbl xlt=O = 0, AJ1.H CB060.l{HbiX KOJie6aHHH Xo(t) HMeeM 

x0 {t) =A cos (ro 0t +cp), 

rAe A - HeKOTOpa.H aMI1JilffYAa Kone6aHHii. lloACTaBHB x0(t) s npasyro qacrh, 3arrmneM 

AAA cneAyromero rrpH6JIHX<eHIDl x1 (t): 

i 1 +ro~x1 ""-hro~Acos(ro 0t+cp).cosru= 
hco2A 

= --0
-· {cos[(ro 0 +il)t+cp]+cos[(ro 0 -n)t+cp]}. 

2 
' Mbi rronyqHJiu ypasHeHHe BbiH)'X<AeHHhiX KOJie6aHHii c rrepHOAHqecKoii cHJioii . .HcHo, 

lfi'O rrpu roo- n =-roo HMeeT Mecro pe3oHaHc. TaKHM o6pa30M, rrepeMeHHa.H X<eCTKOCTh 

ocQHJIIDITOpa pe30HaHCHO pacKaqusaeT ero Kone6aullil, ecJIH 

il=2roo. (6.70) 

3To pe30HaHC OCQHJIIDITOpa C O,l{HHM H3 ero rrapaMeTpOB - B ,l{aHHOM cnyqae C 

rrepeMeHHOH CHJIOH T.HX<eCTH. 0rCJO,l{a H Ha3BaHHe- rrapaMerpHqeCKHH. 

Terrepb rrposeAeM 6onee crporuii aHaJIH3 ypasHeHIDl MaThe. Ero peweHne 

HIIIeM B BH,l{e 

x(t)=a(t)·coscot+b(t).sincot, (6.71) 

rAe co- HeH3BeCTHa.H (rroKa!) qacroTa. lloACTaBUB (6.71) s ypasHeHHe (6.65), Haii.l{eM 

Ylfl'eM, ~ 

iicosrot- 2Qro sin rot- ro~acosrot + b sin cot+ 2bro cos rot

-ro2bsinrot +ro~(1 +hcosnt)· {a cos rot +bsinrot)= 0. 
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·~ 
It 

cosOt·cosrot = .!.[cos(O+ro)t+cos(O-ro)tJ, 
2 

cosOt· sin rot= .!.[sin(O+ro )t-sin (n-ro)t ]. 
2 

,lJ;oMHO)l(HM ypaaHeHIIe ( 6. 72) Ha sinro t II ycpe,nHIIM no apeMeHII. 3aTeM npo.nenaeM TO 

:lKe caMoe, ,noMHO:lKIIB Ha cosro t. Ilpii 3TOM acnOMHIIM, 'ITO cpeiJnee 3HU'lenue PYHKlfUU 

fit) no OTpe3K)' apeMeHII 't paaHo 

_, 1J' 
J(t) =- J(t)dt 0 

•o 
(6.73) 

KpoMe TOro, 6y,neM cqiiTaTh, 'ITO aMIUilfTY.r.lhi a(t) II b(t) Me,nneHHO lf3MeiD!lOTCH co 

apeMeHeM, TaK 'ITO IIX MO:lKHO BhiHeCTII lf3-no.n mrrerpana {6.73) npii ycpe.nHeHIIII. 3To 

cnpaae.nniiao,ecnii • J 
1 da 1 db :i 
-·-, -·-<<ro. '! 
adt bdt ; 

B KaqeCTae OTpe3Ka apeMeHII 't, J)O KOTOPOMY npo1I3BO.r.IIITCH ycpe.nHeHIIe, Bhi6epeM 

nepiiO.r.l Kone6aHIIii T = 2rc/ro. Herpy.nHo y6e.niiThCH, 'ITO 

--T -.--T 

!I 
~ 

~ cosrot = smrot = 0, 

--2-T -.-2--T 1 
cos rot =sm rot =-

(6.74) ! 
2 

C yqeToM 3TIIX pe3ynhTaTOB Haxo.niiM, 'ITO cnaraeMbie, co.nep:lKamiie h, He 3aHYAAIOTCH 

TORhKO a TOM cnyqae, ecnii 

0=2ro, 

'ITO COBna,l.laeT C yCROBlfeM pe30HaHCa (6.70). IJpeHe6peraH Q nO cpaBHeHlfiO C ro
2a 

(cnpaae,l.lniiBOCTb 3TOI'O npoaepiiM HIDKe), nORyqlfM CIICTeMY ypaaHeHIIH: 

IlonaraH 

-----T 
npu sin 2rot 

---T 

npu cos2rot 

-aro- ro
2
b + ro~b _ ro~bh =O 

2 2 4 , 

2 2 2 h 
_ro a+bro+ro 0a+ro0a =O. 

2 2 4 

a(t) = a0eAI , b(t) = b0eAI , 

nORyqlfM CIICTeMY ,l.IByx ypaBHeHIIU ,l.IAA Helf3BeCTHhiX a0 H bo: 
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(6.75) 

(6.76) 

( 
2 2 ro~hJ 2ao')..ro+bo ro -roo+2 =0, 

( 
2 2 ro~hJ -a0 ro -ro 0 -

2 
+2b0')..ro = 0. 

llpiipaBHIIBaH ee .neTepMIIHaHT eymo: 

Det=4t-?ro
2 

+{(ro
2 -ro~J- ro~

2

}=0, 
IIMeeM 

').} =-1-{-fro2 -ro2\2 + ro~h2 } 
4ro2 ~ o) 4 . 

Bao,T.~H paccmpoiiKJI 'lacmom&z 

.nnH Aro <<roo IIMeeM 

n 
Aro=ro-ro 0 =--roo, 

2 

2h2 
~2 (A' )2 roo 
II. ~-Llro +--. 

16 

(6.77) 

{6.78) 

{6.79) 

0rCK>,l.la HCHO, 'ITO ').} > 0 If aMIUilfTY.r.lbl ( 6. 76) HapaCTaK>T BO BpeMeHII, eCRlf 

IArol<rooh 4 . (6.80) 

BenlfqlfHa Aro Ha3hiBaeTCH mupunou pe3onanca. Ilpii 3TOM unKpeMenm HapaCTaHIIH 

( OT naT. incrementum - yaeniiqeHIIe) aMIUilfTY.r.lhi Kone6aHIIH eCTh 

h2 Aro J.~roo,/16-( ~ J
2 

a pe30HaHCHaH qaCTOTa B03MYmeHIIH pasHa 

r. r A ) ro 0h ro 0h u=2\roo±Llro, --<Aro<-. 
4 4 

HTaK, IICTOqHifKOM pacKaqKif Kone6aHIIii HBAAeTCH o.nnH lf3 

OCQMAATOpa- nepeMeHHaH BO BpeMeHII :lKeCTKOCTb k{t) (6.64). 
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(6.81) 

(6.82) 
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0rMeTIIM, 1ffO ll3 (6.81) cne.nyer MaJIOCTh A. no cpaBHeHIIIO c co0: A.-h, 

Llco < < coo. TeM caMbiM nowaep)KJ(eHa cnpaae,liJIIIBOCTh npe.nnoJIO)!(eHIIH, c.nenaHHhiX 

npii nOJJY'IeHIIII CIICTeMhl ypaBHeHIIH (6.75). 

IIapaMerpWieCKIIH pe:3oHaHc 'faCTo acrpe'laercx B TeXHIIKe, B 'laCTHOCTII a 

I.IIIKJIII'IeCKIIX yCKOpllTeJIXX 3apX)!(eHHbiX 'laCTIII.I. 

§ 6. 7. llepeBepuyThiH M3SITHHK* 

ECTeCTBeHHO 3a.naTh aonpoc o noae.neHIIII ?CllllJIMTOpa, paccMOTPeHHoro B 

npe,llhi.llYIUeM naparpa<J>e, npii ll3MeHeHIIII 'laCTOTbl Q BO ac"f:M ,lliiana30He 3Ha'leHllH, OT 

HYM (Q <<coo) .no 6ecKOHe'IHOCTII (Q >> coo). 

0rBeT ,llM 06JiaCTII MaJibiX 3Ha'leHIIH Q ,llOCTaTO'IHO O'leBII,lleH: 3,lleCh He 

npOIICXO,llllT 11HII'Iero IIHTepeCHOro" - MaxTHIIK, COBepwax KOJie6aHHX C 'laCTOTOH COo, 

Me,llJieHHO CMeiUaeTCX BBepX-BHII3 no BepriiKaJIII B COOTBeTCTBIIII C 3aKOHOM (6.66). 

CoaepweHHO IIHa'le Be.ner ce6x MaxTHIIK Il3 3a,lla'III 6.5 np~ n >>COo. ,Ami 

aHaJIII3a erO nOBe,lleHHX BOCnOJib3yeMCX ypaBHeHIIeM (6.69), C'lliTaH b MaJibiM, a 

qaCTOTY n OOJibiiiOH: 

h << 1, Q >> COo. (6.83) 

liy.neM IICKaTh peweHIIe ypaaHeHHX (6.69) B aii.ne cyMMhi .nayx <l>YHKI.IIIH 

<p(t) = ct>(t )+~;(t ), l~;(t )I« lct>(t) 1; (6.84) 

Me,liJieHHO, cl>(t), II 6biCTpO, /;(1), II3MeHXIOIUllXCX CO BpeMeHeM, C'lllTaH BTOpyiO MaJIOH 

(no MOJzyJIIO) no cpaaHeHIIIO c nepaoii. IIo.nCTaBIIB (6.84) B ypaBHeHIIe (6.69), 

npoi13Be.neM pa3ll001CeHue sin<p no ManoMy napaMempy - npiieM, 'faCTo II ycnewHo 

11 npiiMeHXeMhiH B <J>Ii3IIKe. lJpii 3TOM orpaHII'IIIMCX 'IJieHaMII, JIIIHeHHbiMII no /;. 

IlOJIY'IIIM 

<I>+~ +co~(1 +hcosnt)· sin cl> +co~!;· coset> +co~ ·hi;· cosiltcoscl> = 0. (6.85) 
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Teneph MO)!(HO OT.lleJillTh Me,liJieHHhie cnaraeMhie, co.nep)!(amiie cl>(t), OT 6biCTpO 

MeHXIOIUllXCX co apeMeHeM, co.nep)!(amllX l;(t). ,[(ml: 3Toro npoll3ae.neM ycpe.nHeHIIe no 

apeMeHII - no nepiiOJzy 6biCTpbiX KOJie6aHIIH 'laCTOTbl Q. IlOJIY'IIIM 

- 2 2 Q 
cl>+co 0 ·sin cl>+hco 0 ·coscl>·l; · cosnt = 0. (6.86) 

YpaaHeHIIe .llM 6biCTphiX Kone6aHIIii l;(t) Haii,lleM ll3 (6.85), Bhl.lleJIIIB 6biCTphie 

cnaraeMhie nepaoro nopx.nKa MaJIOCTll no I; II h: 

~+co~· coset> ·I;"" -hco~ sin cl> · cosnt. (6.87) 

YpaaHeHIIe (6.87) .llM I; eCTb He 'ITO IIHOe,. KaK ypaaHeHIIe MaxTHIIKa, Ha Korophiii 

,n:eiiCTayer nepeMeHHax BHeiiiHXX CllJia (npaaax 'laCTb ypaaHeHirn). OrciO.na xcHo, 1ffO 

1;(1) II3MeHXeTCX C 'laCTOTOH BbiHy)i(J(aiOIUeii CIIJibl Q, 1ffO Mbl II npe.nnonaraJIII BHa'lane 

(eM. (6.84)): 

r) hco~ . sin ct>(t) hco~ . 
1;\t 2 2 ()·cosnt,-2 ·smcl>cosnt. n -coo ·coset> t n (6.88) 

IIo,n:CTaBJIAA (6.88) B (6.86) II npoll3ae.nx ycpe.nHeHIIe no 6hiCTphiM Kone6aHHXM 

(CM. 6. 74), npllXO,lliiM K ypaBHeHIIIO ,llM <l>(t) 

•• 2 ( h
2

co
2 

) cl>+co 0 1+ 20~ ,coset> ~sincl>=O. 

3-ro ypaaHeHIIe no3BOMer c,n:enaTb Ba)!(Hhiii BhiBO.ll o6 yCToii'IIIBOCTII TaKoro 

MaxTHIIKa, .n:M 'lero y.no6Ho nepeniicaTb ero B <J>opMe 2-ro 3aKoHa HhiOTOHa: 

.. ( h2co
2 

) 
cl> =-co~· sin cl> 1 + ----f- ·coset> = J(cl> ). 

0 2!1 

Bbipa)!(eHIIe B npaaoii 'laCTII IIMeer CMhiCJI HeKoropoii "cllJibi" (roqHee, 3TO Flmf.). 

Ilo3TOMY nono)!(eHIIe yCTOH'IIIBOro paaHoaecHX MaxTHIIKa Haii,n:eM ll3 ycnoBHX (6.4): 

liJIII 

df <0 
del>- ' 

h2co2 
coset> +----f-· cos2cl> ~ 0. 

2!1 
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Orcro.n:a BH.n;HO, 'ITO roqKa ct> = 0 scer.n:a ycroiiqnsa. Ho npn 3TOM nojjBIDieTCjj BTOpM 

TOqKa ycroiiqlfBOCTlf: 

h2ro2 
0 

2!12 >1. ct> = ±1!, (6.89) ec;m 

Ami MMTHnKa lf3 3a.n;aqn 6.5 3TO 03HaqaeT, 'ITO npn .n;ocraroqHo 6oJihiiiOii aMnJinry.n;e 

KOJie6aHnii roqKn no.n;secKlf 

h> J2gf. 
n 

(6.90) 

MMTHlfK nepesepHeTCjj BBepX lf 6y.n;eT COBepiiiaTb KOJie6aHlfjj BOKpyr BTOpoii TQqKlf 

ycroiiqnsoro pasHoseclfjj. 

BnepBbie TaKoe nose.n;eHne MMTHHKa 6hmo onncaHo H.H. lioronro6oBhiM, a 

3KcnepnMeHTaJibHO npo.n;eMoHcrpnposan 3<l><l>eKT "nepesopoTa" II.JI. Kannua. 

Ilo3TOMY B JIHTepaTYPe MO)I(HO BCTpeTHTb Ha3BaHne MaHlliHUK Kanulf&l, XOTjj 

npaslfJihHee 6hiJIO 6hi Ha3BaTb ero MamnHUKOM EozoJllo6oea-Kanulf&l. 

qHTaTeJiro .n:ocrasHT y.n;osoJihCTBne y6e.n;HTbCjj, qro TaKoii )l(e 3<l><l>eKT 

nepesopoTa B03HHKaeT npn KOJie6aHlflf roqKn no.n;seca no ropiDOHTaJilf n npn 

.n:sn)l(eHnn no Kpyry (cynepno3lfUlfjj sepTHKaJibHbiX n ropiDoHTanbHbiX KOJie6aHnii). 

Ilocne.n;Hee no3BOIDieT npe.n:no)l(lfTb npocreiiiiiyro peann3aunro nepesepHYToro 

MMTHnKa: crep)l(eHh c IIIapnKOM, npnKpenJieHHbiii IIIapHnpHo K o6o.n:y spamaromerocjj 

KOJieCa. lf3 yCJIOBlfjj (6.90) HeTpY.D:HO nOnyqHTb, qro npii .n;JIIIHe crep)I(Hjj f = 10 CM 

(roo= 9,9 c-1) lf pa.n;nyce KOJieca b = 2 CM 1IaCTOTa BpameHlfjj n .D:OJI)I(Ha 6biTb OOJibiiie 

70 c-1, IIJIH 6oJihiiie 700 o6oporos/MIIH. 

IJepesepHYTblll MMTHIIK, 3a6aBHM, Ha nepBblll B3riDI.n;, HrpYIIIKa, II03BOIDieT 
'0 

IIOHj!Tb Ba)I(Hblll <l>IDnqeCKIIll 3<l><l>eKT - IICKYCCTBeHHOe o6pa30BaHlfe IIOJIO)I(eHlfjj 

ycroiiqiiBOro paBHOBeClfjj OCUIIJIIDITOpa C nOMOIIIbiO 6biCTpOro rrepiiO.n;IIqeCKOro 

lf3MeHeHlfjj CO BpeMeHeM (MO.D:YIDIUIIll) O.D:HOro lf3 ero napaMeTpOB. IlpiiMep TaKOll 

'~ ~ ~ 
\l CIICTeMbl - UIIKJIIIqeCKlfii ycKOpliTeJib 3apjj)i(eHHbiX qaCTIIU C TaK Ha3biBaeMOII 

JtCecmKoii pmrycupooKoii. B TaKOM ycKOpiiTene CIICTeMa MarHHTHbiX JIIIH3, 

ycraHosneHHbiX no ero nepiiMeTpy, Bbi~aeT qacrnuy cosepiiiaTb qacrbie II 

"MeJIKlle" Kone6aHlfjj BOKpyr ycroiiqiisoii paBHOBecHoii TPaeKTOpiiii. 
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§ 6.8. CBo6o.D.HLie ue.rmueiiHLie Kone6anmi* 

HeJIHHeHHbie KOJie6aHlfjj lfMeiOT MeCTO, eCJilf yrrpyrM ClfJia OCI.(lfJIJijjTOpa 

HeJilfHeiiHO 3aBlfCHT OT CMeiiieHlfjj. KaK npaBlfJIO, TaKIIe KOJie6aHlfjj aH2apMOHU'leCKUe 

(HerapMOHnqecKIIe) II HeU30xpOHHble. IlpiiMepOM HeJIIIHeiiHOro OCUlfJIIDITOpa jjBIDleTCjj 

MMTHlfK (pnc. 6.2) npii .n:ocraroqHo 6onhiuiiX aMnJinry.n;ax: cyMMa ClfJI Tjj)l(eCTII. n 

HaTjj)l(eHlfjj HlfTlf, B03BpaiiiaiOIIIIIX M~HlfK B nOJIO)I(eHIIe paBHOBeClfjj, 

rrporropunoHanbHa OTKJIOHeHIIIO TOJibKO npii MaJibiX ero 3HaqeHlljjX: 

F, =-mgsincp=-mg( cp- cp: +··} 
C pOCTOM cp BCe 60Jibiiie npOjjBIDI.eTCjj HeJIHHellHOCTb ClfJibi. 

B 06IIIeM CJiyqae 3aBlfClfMOCTb CIIJibl OT CMeiiieHlfjj X MO)I(HO IIpii X ~ 0 

rrpe.n;craBHTb B sn.n:e pjj.n:a 

J(x)=-kx-max2 -mj3x3
. (6.91) 

BTopoe n TPeThe cnaraeMbie - TaK Ha3biBaeMbie KBaiJpamu'IH~ u KY6uwcK~ 

ne;mneiinocmu ClfJibi. B 3TOM cnyqae ypasHeHIIe KOJie6aHIIll 3anniiieM B sn.n:e 

X+ro~x=-CJ..X2 -j3x3
. (6.92) 

B aHaJilfTIIqecKIIX <l>YHKUlljjX 3TO ypasHeHIIe He HHTerpiipyeTcjj. O.n;HIIM II3 

HCKJIIOqeHIIll jjBIDleTCjj M~HIIK, ypaBHeHlfe KOJie6aHIIll KOTOpOro ( CM. 3a.n;aqy 6.1) 

ecrb 

f.Q>;gsincp=O, 

a ero nepBbiii IIHTerpan IIMeeT BII.n; 

<i>2 -2 g ·coscp = const. 
f. 

3-ro ecrh see TOT )l(e 3aKOH coxpaHeHlfjj 3Heprnn (6.15), Tenepb - .D:IDI HeJIIIHeiiHoro 

oculfJIJijjTQpa. Bhi6pas HaqanhHbie ycnoslfjj TaK, qro cp le=o = o, nonyqnM 

cp2 = cp~ - 2ro~ (1- coscp ), (6.93) 
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t1 

r.z:~e <Po = <i>lt=O - HaqaJihHOe 3Haqemte yrnoaoii cKopocm: MaHTHHKa. Tenepb MOlKHO 

nocrpomh 3aancnMOCTh yrnoaoii CKOpocrn MaHTHHKa <i> OT CMemeHIDI q>. IIonyqnM 

KpllBbie, onnchiaaromne .llBlllKeHne MaHTHnKa a Koop.z:~nHaTax <i>. q> - ero TPaeKTopHH 

Ha TaK Ha3hiBaeMoii pmoeoii WIOCKocmu, nnn pmoeb?e mpaeKmopuu. 06hNHO 

<jJa30BOll nJIOCKOCTbiO nplliDITO Ha3biBaTh fiJIOCKOCTb nepeMeHHbiX 11llMnyJihC - <jJa3a". 

,[(rur MaHTHHKa BeJilfqHHa <i> eCTb ero yrJIOBIDI CKOpOCTb, CBH3aHHIDI C HMnyJihCOM 

QqeBll,llHbiM COOTHOIIIeHHeM p = m£<P. IJ0:3TOMY C TQqHQCTbiO ,llO llOCTOHHHOro 

MHOlKHTeAA m£ fiJIOCKOCTb ( Cj), <i>) TaKlKe MOlKHO Ha3biBaTh <jJa30BOll. 

<I>YHKQHH (6.93), onHChiBaiOmHe <jJa30Bhie TPaeKTopHH, y.no6Ho npe.ncraBHTh a 

6e3pa3MepHOll <jJopMe 

}£_=±~A -2+2cosq>, A =(<Po )
2 

roo roo 
(6.94) 

(pnc. 6.12). IIo.nqepKHeM, ~o nonolKeHne TPaeKTopHH Ha <jJa3oaoii nnocKocrn 

onpe.nenHeTCH .llBYMH HaqanhHhiMll ycnoBIDIMH: q>J1=0 H <i>Jt=O = <i>o· Mbi Bhi6pann 

Cj)'t=O = 0. 

EcnH HaqanhHIDI cKopoCTb MaHTHHKa <Po Mana, TaK ~o A<4, cMemeHHe q> 

MOlKeT npllHllMaTb JIHIIIb OrpaHnqeHHhie 3HaqeHIDI (nO,llKOpeHHOe BbipalKeHHe ,llOJilKHO 

OCTaBaThCH fiOJIOlKIITeJihHbiM!): 

-1t :o;; -arccos(1- A) :o;; q> :o;; arccos(1- A) :o;; 1t 
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I 
I 
II 

~ 
I 
rt 
ll 

11 

'l 
I~ ! 

!l 
.! 

~ 
•l 

:.:~ I =f_f -Pf.Ji I ~ 
2 r---~---·r;::r:-1~ 

0~ / 

I 

\ 
rt'\ I''? 

·- ---

~/ 

-· 
-2 r -- -~- ---k ·t-·· ·. I "' ----1······ I e- - =1- - - d 
-3 t·--·-- --- ... _ -- -~--·- ••• - -r-- ---. • 

·-----.L~---- --· 
I q> 

-J -2 -1 0 2 3 4 

PRe. 6.12. ~IDKeHHe M3JlTIIl!I(3 n:a cfla3oooii IIJIOCKocrn: clJa3<>BLie -rpaeiiTopHH (6.86) 

.niDI A =0,5 (J); 2,0 (2); 4,0 (3); 7,0 (4); 11,0 (5) 

H fjJCl306aR mpaeKmopUR llMeeT Bll,ll 3aMKHyTOil: KpHBOll (KpllBIDI J Ha pHC. 6.12). IJpH 

A >4 3HaqeHIDI <p He orpaHHqeHbi n Kone6aTeJihHOe .llBlllKeHne MaHTHHKa nepexo.nHT 

BO apameHlle B BepTHKaJibHOll nJIOCKOCTH, KOr,lla HaqaJibHIDI KHHeTHqecKaJI 3HepriDI . 

MaHTHHKa m(<i>0£)2 
/2 ,llOCTaTOqHa, ~06bi 3a6pOCIITb ero rpy3llK Ha BbiCOry 2f. (3TO H 

ecrb ycnoaHe A >4). Ha pHc. 6.12 3TOMY pelKHMY MaHTHnKa cooTBeTCTByiOT KpnBhie 

3-5. 

KpnaaJI 3, pa3.neMIOUlaJI o6nacrn Kone6aTeJihHoro n apamaTeJihHoro 

.llBHlKeHHii, Ha3hiBaeTcH cenapampucoii (oT naT. separabu- OT,lleJIHTb). ,[(rur MaHTHHKa 

ypaaHeHne cenapaTPHChi nonyqnM H3 (6.94) npnA =4: 

<i> = ±2ro0 ·cos~ 
2 

TaKoe noae):{eHne - <jJa30Bhie TPaeKTopnH, pa3.neJieHHhie cenapaTPncoii, - xapaKTepHo 

LIM MHOrllX HeJIHHeHHbiX OCQllJIJIHTOpOB. B TQqKax cenapaTPHCbi, r):{e yrnOBIDI 

CKopocrb MaHTHHKa o6pamaeTCH a eynh ( <i> = 0 ), HanpaaneHne .llBlllKeHJm MaHTHHKa 

119 



(1 

MO)KeT R3MeiDITbCJJ. 3To TQqKII OCTaHOBKII q> = ±7t, OC06bie ·roqKII Ha <Pa30BbiX 

-rpaeiiTOpWIX. cl>lf3l{qeCKII 3TO O,l{Ha II Ta )Ke TOqKa - nOJIO)KeHIIe MaHTHIIKa 

"BePTiiKaJibHO BBepx". B Hell MaJJTHIIK MO)KeT nOKOIITbCH, a CKOJib yro,llHO MaJible 

BOO~eHIIH BbiBO,l{HT ero R3 3TOrD COCTOHHIIH. C-rpeJIKII Ha KpiiBbiX piiC. 6.12 

yKa3biBaiOT HanpaBJieHIIe .llBII)KeHIIH no <Pa3oBoii -rpaeKToplili: B BepXHeii 

nOnynJIOCKOCTII <P > 0 II Mal'ITHIIK ,l{Bl{)KeTCH BnpaBO no q> (q>(t) paCTeT), B Hl{)KHeH 

<P < 0 II MaJJTHIIK ,l{Bl{)KeTCH BJieBO (q>(t) y6biBaeT). 

B o6nacrii MaJibiX Kone6aHIIH <Pa3oBaJJ -rpaeiiTopiiH IIMeer <PoPMY 3JIJIIInca. 

.l(eHCTBIITeJibHO, npii q> << 1 ( COSq>"" 1--q>2 /2) ypaBHeHIIe <Pa30BOH -rpaeiiTOpiiii (6.93), 

(6.94) npiiHIIMaer BII.ll ypaBHeHIIH 3nmmca: 

• 2 2 
q> q> -
~+-2--1, 
(j>o q>max 

CfJo .. 
q>max =roo. (6.95) 

BepHeMCH K o6meMy cnyqaro (6.92). Mo)KHO HaHTII npii6JIII)KeHHbie peiiieHIIH 

,l{JIJJ CJI)"'al'! MaJibiX HeJIIIHeHHbiX qJI~HOB a-f II p;. IJpiiMeM 

2 2 I 
1
3 ro 0 >> axmax >> 13 xmax 

II 6y)leM IICKaTb peiiieHIIe B Bli,lle 

x(t)=x0 (t)+x1(t)+x2 (t), x2 «x1 «x0 , 

x0 (t)=acosrot, ro =roo +ro1 +ro2, ro 2 <<ro1 <<ro 0 , 

(6.96) 

(6.97) 

r,lle ro - TOqHoe 3HaqeHIIe qaCTOTbi oculiJIJIJJTOpa. YpaBHeHIIe (6.92) npeo6pa3yeM K 

TaKOMY Bli,lly, qro neBaJJ qacrb o6pamaercH B HYJib npii no,llCTaHOBKe x=xo(t): 

:~ i+ro~x={1- :~}-a.x2 
-J3x

3
• (6.98) 

PeiiieHIIe B nepBOM npii6mt)KeHIIII ill.ueM B Bli,lle 

x1(t)=x0(t):x1(t)=acosrot+x1(t), ro =ro 0 +ro1, Jx1l<<a, rol <<roo. 

OrpaHl{qiiBIIIIICb KBa,llpaTl{qHbiM qneHOM a:C B npaBoii qaCTli, 3anliiileM TaK 

ypaBHeHIIe ,l{JIJJ X1(t): 
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~ • I 

lj 
!l 
H 
u 
~ 
fl 

I 
II 

I 
I 
I 
I 

~ 

ro~ .. 2 { ro~ )·· 2 ro 2 x1 +ro 0x1 "" 1- ro 2 x0 -ax0 • (6.99) 

IJO)lCTaBIIB B npaByJO qaCTb 

x0 =acosrot, ro =ro 0 +ro1, 

nOJiyqiiM II3 (6.99) ypaBHeHIIe 

2 2 

ro~ x1 +ro~x1 = (ro 2 -ro~)-acosrot-a.~(1+cos2rot), 
ro . 2 

KOTOpOe IIMeeT BII,ll ypaBHeHIIH Bbi~eHHbiX KOJie6aHIIH. IfmeM ero peiiieHIIe B BII,lle 

x1(t)= A+ Bcosrot+Ccos2rot . 

Ilo,llCTaHOBKa 3roro Bbipa)KeHIIH B npe,llbiJlYmee ypaBHeHIIe ,llaer 

a2 
A=-a~-2, 

2roo 

C=aa2 
6 2' roo 

a ,l{JIJJ cnaraeMbiX, co,llep)KamiiX B, nonyqiiM TO)K)leCTBeHHbiH HYJib cneBa. 3To 

o3Haqaer, qro II cnpaBa ~o npiiiDITb 

ro2 -ro2 <<aa 
' 0 , 

a nOCKOJibKY ro 2 - ro ~ "" 2ro 1 roo , TO nonpocry nOJIO)KliTb 

rol = 0. 

Tor,lla BblllOJIHHeTCJJ -rpe6oBaHIIe "IIepapxiiii" qJieHOB pa3JIO)KeHIIH (6.97), II ,l{JIJJ 

IIepapxiiii x1 (t) Haii)li!M 

x
1 
(t) = _ aa

2 
( 1- cos2rot) 

2ro2 3 · 
• 0 . 

(6.100) 

IIepeii)leM KO BTOPOMY npii6JIII)KeHIII:O 

x11 (t)= x0 +x1 +x2, ro = ro 0 +ro 2 . . (6.101) 

Tio,llCTaBIIM (6.101) B (6.98) II coxpaHIIM renepb KY6IIqecKnii qneH B npaBoii qacrii. 

Tipn 3TOM · cnaraeMbiMII, CO,llep)KamliMII x2, B npaBoii qacrn npeHe6peraeM (B 

COOTBeTCTBIIII C aJirDpliTMOM nO)l06HbiX IITepaQIIOHHbiX BblqlfCJieHIIH). ilOJiyqiiM 
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ro~ .. 2 ro~ .. 2 
2xi +rooXI +-2 x2 +roox2 = 
ro ro 

=-(1- :~}<x0 +xi)-a(x0 +xi)
2 -~(x0 +xS. 

H B 3TOM BH)J;e ypaBHeHHe MO)I(HO cymeCTBeHHO yrrpoCTHTb. Bo-rrepBbiX, yq-reM 

ypaBHeHne (6.99) rom x~, 'ITO rro3BOIDieT coKpaTllTh cnaraeMbie c .XI, XI B neBoii 'laCTn c 

cooTBeTCTBYJOIIIHMH cnaraeMbiMn c x0 n ax~ B rrpaBoii. 3aTeM, rrpeHe6pe)l(eM 

'IJieHaMn c ro~, ax~, l3xi n Bbiiiie B rrpaBoii 'laCTn, 'IJieHOM rrop.s~nKa ro 2.XI B rrepBOM 

cnaraeMOM TaM )l(e, a TaK)I(e rrpHMeM ro"'" roo B cnaraeMOM ro~x2 /ro 2 B neBoii 'laCTH: 

HaKoHeu, rroJIO)I(llM x0 = a cos rot B rrpaBoii 'laCTll. B HTOre !IOJIY'IHM 

x2 +ro~x2 "'"
2

ro 2 (-ro~acosrot)-2ax0XI -~a3 COS3 rot. 
roo 

IIonCTaBHB cwna XI n3 ( 6.100), nMeeM 

.. 2 a
2
a

3 
( cos2rot) 3 3 x2 +ro

0
x2 =2ro2ro 0 cosro 0t+--2- 1---- ·cosrot-~a cos rot. 

ro 0 3 

IIpon3BeM O'leBH)J;Hbie TPHrOHOMeTpH'IecKne rrpeo6pa30BaHllH: 

1 ( ) 3 1 ( ) 3cosy cos3y cos2y·cosy=- cos3y +cosy u cos y=-cosy1+cos2y =--+--, 
2 2 4 4 ·. 

nMeeM 

.. 2 a 2a 3 
( cos3rot cosrot) x

2 
+ro 0x2 =2ro 2ro 0acosro 0t+--2- cosrot-------. -

ro 0 6 ? 
~a3 

( cos3rot. cosro. t) --- cosrot+---+--. 
2 2 2 

i1 H, OKOH'IaTeJibHO, 
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.. 2 ( 5 a2a2 3j32a2) 
x2 +ro 0x2 =a 2ro 2ro 0 +-·--2---- ·cosrot-

6 ro 0 4 

( a
2 

13J -a3 --+- ·cos3rot. 
6ro~ 4 

(6.102) 

AHanorll'IHO TOMY, KaK 3TO cnenaHo . rrpn BbiBone ( 6.1 00), Bo m6e)l(aHne 

6eccMbiCJieHHOCTll Pe3YJibTaTa ~o IIOJIO)I(llTb 3)1;eCb paBHbiM HYJilO Bbip~eHne B 

· cKo6Kax B rrepEOM cJiaraeMOM rrpaBoii 'laCTn, OTKYAa 

( 
3j3 5a

2 J 2 
ro 2 = 8ro

0 
- l2ro~ . a · (6.103) 

TaKllM o6pa30M, rom X2 Mbl IIOJIY'IllJill ypaBHeHne BbiHY)I()J;eHHbiX KOJie6aHllll (6.102), B 

KoropoM "BbiHY)I()J;aJOIIIa.H cnna" rrporropunoHaJibHa cos3rot : 

. 3 (A 2 J •• 2 a .., a 
x2 +ro 0x2 =-- -+--2 ·cos3rot. 

2 2 3ro 0 

IIonCTaBHB cwna x2(t)=Acos3rot, HaiineM 

x2 (t)= --· -+- ·cos3rot. a
3 

'( a
2 

13J 
16ro~ 3ro~ 2 

Terrepb MO)I(HO 3arrncaTb OKOH'IaTeirbHbiii pe3yJihTaT: 

ro =roo +ro2 =roo +Ka2, 

3 13 5a2 

K=-·----
8 ro 0 · 12ro~ ' 

x(t)=acosrot+b0 +hi cos2rot+b2 cos3rot, 

ho =- aa2 
2ro~' 

b 
_ aa2 

I--6 2' roo 
a

3 

( a
2 

13J 
b2 = 16ro~ 3ro~ +2 · 

(6.104) 

(6.105) 

liTaK, Mbl IIOJIY'IllJill, 'ITO 'laCTOTa HeJillHellHOrO OCl{llJIIDITOpa HMeeT C)J;Bllr, 

nponopunoHanbHbiii KBanpary aMIIJIHTYAbi. 3To n eCTb OTMe'leHHa.H B Ha'lane 

_ naparpacpa ueu3oxpouuocmb uenuueiiuo2o OClfU!UIRmopa. CMemeHne x(t) conep)I(IIT 

rapMoHnKn ro, 2ro, 3ro. Mbr rrpoBenn aHanm no 'IJieHa x2(t) p.s~.na (6.97). HeTpynHo 

npocne.nHTb, 'ITO B 6onee BbiCOKIIX rrop.s~.nKax x3(t), . . . xn(t) IIOHBIDIJOTCH n 6onee 
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i1 

BbiCOKIJe rapMOHIJKlJ. TaK, B HameM aHaJIIJ3e BTOpa.H rapMOHIJKa DOHBIIJiaCb B 

pe3ynhTaTe no,l{CTaHOBKH B HeniJHeUHhiii lJJieH a.:? Heeynesoro npiJ6mDKeHIJH Xo(t). B 

cne.l{y!OI!IeM npiJ6nmKeHIJIJ lJJieHbi a.:? IJ 13~ ,l{a.JIIJ TPeTbiO rapMOHIJKY. JlcHo, 'ITO 

npll DO,l{CTaHOBKe pH.l{a 

x0 (t )+x1 (t )+···+xn(t) 

B lJJieH 13~ DOXBHTCX lJJieHbi x~(t), KOTOpbie ,l{a.l{YT rapMOHIJKii 3nro0 (eM. 110'IeBIJ,l{Hhie 

TPnroHOMeTpiJ'IecKIJe npeo6pa3osaHIJH" Ha CTp. 122). 11, KOHe'IHO, aMnniJTy.l{hi 

rapMOHIJK fihiCTpO yfihiBaiOT C pOCTOM 1iX HOMepa. 

]3,1la'la 6.5. Haifm rraplUieTphl (6.105) Mll MaJITHHKa IIpiiOOJibllliiX aMII.JIHIYMX ero KOJietialmH. 

BocnoJIL3oBaBmnc& ypaBHeHIIeM ,!UliDKeHIIJI MaJITHHKa (33.M'ill6.1), 113iip;eM 

.. . ( <p3 ) mf<p=-mgsm<p"'-mg <p-6+··· , 

IIJIII 

<p··+m2<p=~-<p3 ro = K. 2 ~ 
0 6 , 0 £ 

Cprunnmaa:no ypaBHeHne c (6.92), 113iip;eM 

a. =0, f3 =- ro~ 6, 
ffio 

lC=-16, 

<p~ 
b0 = b• = 0, b2 =- 192' 

<Jlo- aMII.lllfl)'ml KOJIC6amrli MaJITHHKa. 

§ 6.9. HeJIHHeiiHLIH peJoHaHc: ycTaHosusmuecH KOJie6aHHH* 

PaccMOTPIJM nose,l{eHIJe OCU:IUinHTOpa DO,!{ ,l{ellCTBIJeM BHemHeii 

nepiJO.l{lf'lecKoii CIInhi F0 sin D.t. lJ.o KaKoii seniJ'IliHhi soopacraeT aMDniJTy,l{a ero 

KOnefiaHIJll, ecnn 'laCTOTa f! finli3Ka K pe30HaHCHOll 'laCTOTe OOo? IJO,l{'lepKHeM, . 'ITO 

3,l{ech Mbi paccMaTPnBaeM ycmaHOBUBtUuecR KOJle6anuR, He o6cpK.lla.H nepexo,l{HbiH 
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npou:ecc, KaK :no ,l{enarrocb B § 6.4 (lf>opMYnbi (6.47), (6.48)). Ilo3TOMY, rosopx o 

803paCTaHllll aMnniJTy.l{hi, Mbi cpasHIJsaeM ycraHosnsmnecx 3Ha'leHIJH aMnniJTy,l{ Ha 

'laCTaTe n~roo H B,l{aJlli OT pe30HaHCa, f!>>roo H f!<<roo. lJ.ofiaBIJM B 

ypasHeHne (6.92) BhiHpK.llaiOI!IyiO cnny n TPeHne, 3aniJmeM ypasHeHIJe BhiHpK.ZleHHhiX 

KOne6aHllH HenllHellHOro OCU:IUinHTOpa B ifl?pMe, aHaJIOrli'IHOH (6.50): 

x+A.x+ro~x = Fo sin D.t-a.x2 -l3x3
• 

m 
(6.106) 

KaK y..eCTh HennHeiiHOCTb? IlpOI!Ie scero nepeHeCTnlJJieHhi a.x2 +f3x3 cnpasa Harreso 

11 o6be,l{HHHTh c ro~x, ncnonb3osas pe3ynh~T (6.1 05): 

ro~x+a.x2 +13x3 =ro 2 (a)·x, ro(a2 )=ro 0 +Ka2
• (6.107) 

3,l{eCb nepeMeHHruJ 'laCTOTa OO(X) 3aMeHeHa ee npnfinn:lKeHHbiM 3Ha'leHlleM lJ3 (6.105). 

Tor,l{a ypasHeHne (6.106) MO:lKHO npe.l{CTaBHTb a Bll,l{e 

x+A.x+ro 2(a)·x= Fo ·sinD.t. 
m 

B .l{anhHeiimeM orpaHn'lnMcx Cny'laeM cna6oro TPeHIJH 

!..<<roo. 

(6.108) 

(6.109) 

IlO,l{CTaBllB B (6.108) pemeHIJe B Bll,l{e (6.51), Hall,l{eM, aHaJIOfll'IHO (6.55), ypaBHeHne 

.l{nH aMnniJTy,l{bi a: 

BseM paccmpoi1KJ1 

F0 /m a 

[(roo +~a2) -0.2 r +(21..0.)2 

!;=D.-roo <<roo, 

npiJ6niJ:lKeHHO MO:lKHO 3anncaTb 

F0 1 
a~ --·----r.:=====;=== 

2mro 0 ~(Ka2-I;J +1..2 

fu nonyqeHHOrQ Bblpa:lKeHHH HeMe,l{neHHO MO:lKHO C,l{enaTb ,l{Ba BbiBO,l{a. 
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(6.111) 

(6.112) 



.~ 

Bo-rrepBbiX, MaKCRMaJibHOe 3Ha'leHne aMrrmrry.z:lbi ,~:~ocrnraercH rrpn ~ = K£1, T.e. 

rrpn 'laCTOTC, OTJIR'IHOM OT roo: 

a - Fa max - 2mrooA npn ~ = Ka2 (6.113) 

3Ha'ICHRC amax COBTia):laeT C BCJIR'IRHOM aMTIJIIrry):lbl JIUHeUH020 OClfUJIJlH11lOpa C · 

mpeHUeM B pe30HaHCe (6.57). 3To HCY.z:IRBRTCJibHO, IIOCKOJibKY Mbl 3aMCHRJIR 'laCTOTy 

HCJIRHCMHOro OCURJIJIHTOpa TIOCTOHHHOM BCJIR'IRHOM ro (~) Ii Bbi6pann 'laCTOTY 

BbiH)')K,!IaiOW:CM CRJibl paBHOM :noii BCJIR'IRHC: f! = ro(a2
). 

Bo-BTOpbiX, rrpn ~=A= 0, T.e. B pe3oHaHce .z:IAA JIRHeiiHoro ocunJIJIHTOpa B 

OTCYTCTBRC TPCHRH ( n =roo, § 6.4), aMIIJIIrry):la KOJie6aHnii pasHa 

a(ro 0 ) = ao ~ ( 2K~roo J 
Ecnn )I(C TPCHne rrpRCYTCTByeT, A :t:- 0, TO 

a(ro 0 )<amax. 

lf3 
(6.114) 

B cny'lae CWlbH020 mpeHUR A>> Ka
2 

MO)I(HO orrpe,~:~eJIRTb noRyzaupuHy 

pe30HaHCHOU KpU60U 2~.Q, aHaJIOrR'IHO TOMY, KaK 3TO C,l:ICJiaHO ):IJIH JIRHCMHOro 

OCURJIJIHTOpa B § 6.5. IlOJIO)I(IiB B (6.112) a= amax/2, 3aiiRIIICM ypaBHCHRC ):IJIH ~ *, 

npn KOTOpOM aMTIJIRry,l:la YMCHbiiiaeTCH B,l:IBOe: 

(
Ka!ax -~~J2 +A2 =__!1__=amax~(KamaJ2 +A2. 

4 2mro 0 

a max 
2 

0rCIO,l:la HaXO):IRM ~· = .J3A, Ii IIOJIYIIIRpnHa pe30HaHCHOM KpRBOM, COOTBCTCTBCHHO, 

pasHa 

2~.0=2~· ~2.J3A (6.115) 

(cpaBHR C (6.60)). 

n HccReoyeM 3a6UCUMOCmb cutllJlumyobl KOJle6aHuii om paccmpoiiKU ~-

YpaaHeHne (6.112) - ey6n'leCKoe ypaaHeHne MH aMTIJIIfi'Y.z:lbi a(~). ,ll;eiiCTBRTCJibHbiC 

KOpHR 3TOrQ ypaBHCHRH ,[laiOT RCKOMbiC 3Ha'ICHRH aMTIJIIrry):lbl. Y ):106HO BBCCTR 

6e3pa3MCpHbiC nepeMCHHbiC 
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a 
y=-, 

ao 
~ A 

l;;=-2, p=-2. 
Ka0 Ka0 

(6.116) 

flo):l'lepKHCM, 'ITO aMTIJIIrry,~:~a ao, onpe,~:~eneHHM B (6.114), eCTb xapaKTCpnCTnKa 

aMIIJIIfi'Y.z:lbi CRJibi n HCJinHeiiHoro ocuiiJIJIHTOpa B OTCYTCTBne TPCHRH. B nnx 

nepeMCHHbiX ypaBHCHRC ):IJIH aMTIJIRry,l:lbl (~.112) rrpRHUMaeT Bn,n: 

.1 
y 

~(v2-l;;r +p2 

Pa3pCIIIRB (6.117) OTHOCRTCJibHO l;;, TIOJIY'IRM 

l;;=y2±1 \ -p2. 
y 

(6.117) 

(6.118) 

HCTPY.z:IHO y6e,~:~RTbCH, 'ITO no,~:~KopeHHOe Bbipa)l(eHne 3,l:ICCb acer,~:~a IIOJIO)I(RTCJibHO, T.K. 

ycJIOBRC 

y$;.!. 
p 

03Ha'laeT acero JIIIIIIb (eM. o6o3Ha'leHRH (6.116) n (6.114)), 'ITO 

a< Fa - -- =a 2mro
0
A- max· (6.119) 

1Jro6bi HaiiTn 3a6uCUMocmb cut1mumyob1 OClfWlllmnopa om paccmpoiiKU, TIOCTPORM 

lPYHKUIIIO y{Q ITO lPOPMYJIC (6.118). ,li;JIH 3TOro npOW:C BCero IIOCTPORTb 3aBIICRMOCTh 

l;;(y), TIOCJIC 'lero TIOBCPHYTb pncyHOK BOKpyr ocny Ha 180°, 3aTeM BOKpyr TPCTbCM OCR 

Ha 90°. IlOJIY'IRM KpRByiO, KOTOpaH cyw:eCTBCHHO MCHHCT CBOM BR,n C pOCTOM TPCHRH 

(pnc. 6.13). B omcymcm6ue mpeHUR, T.e. p = 0 (pnc. 6.13, a), aMTIJIRry,l:la a(~) pacrer 

npn R3MeHeHnn paCCTPOiiKn ~ m o6nacrn OTPRUaTeJibHbiX 3Ha'leHnii K eyniO - 3TO 

l<pliBaH ] Ha pnc. 6.13, a, COOTBCTCTBYIOW:M 3HaKY "-" nepe.z:~ KOpHCM. 
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PHc. 6.13. 3aBHCHMOCTb aMrunrry.l(bl 

B~eHHhlX KOJie6amlii HeJIHHeiiHoro 

OCUH.JIJIJITOpa OT paccrpoiim: 

a - p = 0; KpHBLie 1, 2 COOTBeTCTBYJOT 

3HaKaM 

"-" {J) H "+" (2) B (6.110); 

6 - 3HaqeHHJI p ,ll;JIJI KpHBLIX 1 - 4 paBHLI . 
COOTBeTCTBeHHO 2,0 (J); 1,0 (2); 0,8667 (3 -

KplfiWiecKaH KpHBaH); 0,5 (4). 

.() af~) ~ A. 
y s =-~-; t; =-2; p=-2. 

aa Kaa =a 

Ilpii noJIO:>KIITeJihHOH II ,n;oCTaTO'IHO OOJihlllOH paec-rpoiiKe C: > f:,q,um noHSJIHeTeH sropaH 

SeTSb KpiiSOiiy{l:), KOTOpM eOOTSeTCTsyeT 3HaKY "+" nepe,n; KOpHeM S (6.118): 

2 1 
l:=y +-. 

y 

Kp1Ishie 1 II 2 IIMeiOT o6~y10 aeiiMmory y OCUMn (C:) = ~, a KpiiSaH 2, KpOMe Torn, eme 

-~ (2) -
( 1 II aeiiMnTOTy y aCUMn - 0 . 

3Ha'leHIIe KpHTnqeeKoii TO'IKII D Haii.n;eM II3 oqesii,ll;HOro yenosHH 

d[, -2y--1 =0, -- 2 
dy y 
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'ITO ,n;aer 

- '-1/3 - 3 - {, ) -YKpUm -2 , l:xpum - 2213 -1,8899, a\~KpUm - 0,7937a0 . (6.120) 

OrMeTIIM, 'ITO 3Ha'leHIIe y(Q KpiiSOH 1 s TO'IKe B (T.e. npii C: = ~m) paslio 

YB = 22/3 = 1,5874. 

B o6naCTII l; > ~m (~ > ~KpUm) see TPII Kopilll ypasHeHHH ( 6.117) ,n;eiiCTsHTeJibHhie, a 

pellleHIIe ypasHeHHH (6.118) Heo,n;H03Ha'IHO - s03MO:>KHhi TPII 3Ha'leHHH aMnJIII'fY,ll;hi 

y(Q, T.e. a(~). fu cp1I31I'IeeKHX eoo6pa:>KeHIIH HeHO, 'ITO see TPII pellleHHH He MOI)'T 

6hiTh yCToii'IIISbi. Mo:>KHO noKa3aTh (eM. 3a,n;aqy 6.7 s § 6.10), 'ITO pellleHIUI, 

cooTseTCTByiOmiie Kpnsoii 1 (ABC) II se-rsii DE Kp1Isoii 2 pne. 6.13, a, yCToifqnshi. 

PellleHne, cooTseTCTByK>mee seTBn DF Kpnsoii 2 (nyHKTIIp), - HeyCToii'IIISO. TeM He 

MeHee OCTaeTeH HeO,ll;H03Ha'IHOCTb ,n;syx yCTOH'IIISbiX pellleHIIH S 06JiaCTn l; > ~m 

(se-rsn BC n DE). 3Ta Heo~H03Ha'IHOCTh He yc-rpame-reH s eJIY'Iae oeuiiJIJIHTOpa 6e3 

TPeHHH. HII)I(e Mhi ysii,ll;IIM, 'ITO ,n;oCTaTO'IHO np1IeYTCTSHH ena6oro TPeHHH, 'IT06bi 

HeO,ll;H03Ha'IHOCTb IIC'Ie3Jia. 

Heorpa~eHHhiii poCT y(Q e pocroM l; Ha Kp1Isoii 1 p1Ic. 6.13, a He 03Ha'laeT, 

'ITO HeJinHeiiHhiii oeuiiJIJIHTOp MO:>KHO s OTCYTCTSIIe TPeHHH paeKa'laTb ,n;o 6eeKoHe'IHOii 

aMllJIII'fY,ll;bi. EeJIII Mbl 11 SKJIIO'IIIJIII11 eiiny epa3y Ha 'laCTaTe n, ey~eCTseHHO 60Jibllleii 

COo (l; >> ~m), y OeUIIJIJIHTOpa 11HeT maHCOS 11 nonaCTh Ha KpiiSyiO 1- OH paeKa'laeTeH 

,n;o aMnJIII'fY,ll;hi, eoOTBeTCTsyK>meii se-rsii ED. Eenii :>Ke sKJIIO'IHTb eiiny Ha qaCToTe 

n"" COo (l: < CKpUm) II, ",n;o6pasm1Ieb" ,n;o KpiiSOH 1, Ha'laTb yseJIII'IIISaTb qaCTO'fY s 

o6naCTh l; >> ~m, paHO HJIII no~,n;Ho sc-rynHT_ s enny ,n;pyroe orpaHII'IeHIIe -

"no,n;paCTYT" II CTaHYT ey~eCTseHHhi ene,n;yiOmiie HeJIIIHeiiHhie 'IJleHhi pa3JIO:>KeHHH 

( 6.1 07), T.e. Ha'IHer paCTII :>KeCTKOCTh oeUIIJIJIHTOpa. IIo:noMY, s qaCTHOCTII, e poeroM a 

np1I6JIII)I(eHIIe (6.108) nepeCTaeT pa6oTaTh II HeT OeHOSaHIIH e'IHTaTh, 'ITO aMnJIII'fY,ll;a 

6y,n;e-r HeorpaHII'IeHHO so3paCTaTh e yseJIII'IeHIIeM paec-rpoiiKII. TaKHM o6pa30M, ,n;a:>Ke 

s oTCYTCTSIIe TPeHHH 3Ha'leHHH aMllJIII'fY,ll;hi B6JIII31I pe3oHaHea orpaHnqeHhi. 

PaeeMQTPIIM Teneph eJIY'Iaii Clla6ozo mpeHUR. Kp1Ishie y(Q (piie. 6.13, 6), 

noc-rpoeHHhie 'IIIeJieHHO no cpopMYJie (6.118) TaK :>Ke, KaK :no e,n;enaHo ,n;JIH p1Ie. 6.13, a 

(eM. sblme), IIMeiOT xapaKTepHhiii SII,ll;. Ilp1I 6oJlbmOM TPeHIIII A. HJIII MaJIOii eHJie Fo 
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., 
11 

(KpHBrui J) 3aBHCHMOCTb a(l;) He OTJJHqaeTCH npHHUIIDHaJibHO OT aHanornqHQll 

3aBHCHMOCTH mrn: JIHHeiiHoro OCQHJ1JlliTOpa c TPeHHeM (pHc. 6.1 0). Ee nonyiiTHpHHa 

2 · Lil;; ::::: 6, qro COBIIll,!{aeT C OQeHKOll ( 6.115) .niDI p = 2 (2.J3p =: 6,9 .niDI p = 2 ). C 

yMeHhiiTeHHeM TPeHHH MaKCHMYM pe3oHaHcHoii KpHBoii paCTeT n c,naHraeTCH anpaao . 

(KpHBrui 2). HaKOHeQ, npH YMeHhiiTeHHH TPeHHH HH:lKe HeKoropoii KpHTHqecKoii 

BeJIHqHHbl p* (CM. HH:lKe) y KpHBOll a(l;) 11 0TPaCTaeT" BepXHHH npaBrui BeTBb- nelTlJIR, B 

pe3yJihTaTe qero npH l;;>l;;* 3HaqeHHe a(l;) CTaHOBHTCH HOO.IJ:H03HaqHhiM (KpHBrui 4). 

llpe)f()l;e qeM o6cy,nHTh 3TY npo6JieMY, Haii,neM napaM~hi KpHTHqecKoii 

KpHBOll (KpHBrui 3 Ha pHC. 6.13, 6). QqeBH)l;HO, Ha KpHBOll C IleTJiell (KpHBaR 4) )l;QJI)f(Hbl 

cy~eCTBOBaTb .nae roqKH ( C H D Ha pH c. 6.13, 6), r.ne 

dy =oo. 
dl;; 

Ha KpHTHqecKoii KpHaoii, pa3,neJIHIO~eii KpHBhie c neTneii (p < p *) H KpHBhie 6e3 IIeTJIH 

(p < p*), 3TH TQqKH CJIHBaiOTCH, COBila)l;rui C TQqKQll nepern6a KpHBOiiy{Q IIpH p ~ p*. 

IIonhiTKa peiiTHTh 3a,naqy "a no6" IIYTeM BhiqHcJieHHH d(,ldy H3 (6.118) 

npHBO)l;HT K anre6paHqeCKOMY ypaBHeHHIO, Hepa3peiiTHMOMY B IIpOCTbiX 

aHaJIHTH<iecKHX tPYHKQHHX. llo3TOMY nepenHIITeM (6.118) B BH,ne 

. y2[&-2-l;;J +p2]=1. 

,lJ;HcpcpepeHQHpyH 3TO paBeHCTBO IIO l;;, Haii,neM 

2y ~[(y2 -l;;J +p2 ]+ y2 ·2&-2 -l;;)[ 2y ~ -1] = 0. 

0Tc10.na 

dy- y.(y2 -l;;) 

dl;;- &-2 -l;;r +p2 + 2y2&-2 -l;;r 

lli (6.121) CJie.nyeT, B qaCTHOCTH, YCJIOBHe MaKCHMyMa aMIIJIHry)l;bl npn p 7; 0: 

dy =0 npH l;;=l;;max =y~, p7;0. 
dC, 

IIo,nCTaBHB 3TO 3HaqeHne l;,ru.x B ( 6.117), Haii.n;eM Ymax· B pe3yJihTare nMeeM 

130 

(6.121) 

{6.122) 

1 Fo r =-1 . Y fr )-- a =--, ~max 2 Ymax = \Smax - p' max 2mro
0

"A. P (6.123) 

TaKHM o6pa30M, QenoqKa BhiqHcJieHHii "3aMKHynacb": MaKCHMaJihHOe 3HaqeHHe 

aMIIJIHry.IJ:bl HeJIHHeiiHoro OCQHJ1JlliTOpa c TPeHHeM amax COBilaJIO c paHee Haii.n;eHHbiM 

(6.119). 

Tenepb MO)f(HO aepHYThCH K aHan.H3Y KpHBoii y{Q, HJIH a(l;). 3aMernM, qro 

dyjdl;; = oo B roqKax, r.ne 3HaMeHaTeJib B (6.121) o6pa~aeTCH B HYJih, T.e. 

l;;2 -4y2l;;+3y4 +p2 =0. 

3TO ypaBHeHHe MO:lKHO pa3peiiTHTb OTHOCHTeJihHO l;;: 

l;;=2y2±~y4-p2 

- H OTHOCHTeJibHO y: 

y2 =~(2l;;±Jl;;2-3p2). 

KpHTHqecKoii KpHBoii 3 Ha pnc. 6.13, 6 cooTBeTCTBYeT cnyqaii, Kor.na roqKH C H D 

CJIHBaiOTCH, T.e. roqKa (y*, l;;*), r.ne dyjdl;; = oo, e,nHHCTBeHHrui. A 3TO 03HaqaeT, qro B 

3Toii roqKe o6a KOpHH a nonyqeHHhiX Bbipa:lKeHHHX .non:lKHhi o6pa~aThCH B eynh, ~o 

HMeeT MeCTO npH 

y• =JP. l;;* =Jip. (6.124) 

A Teneph IIOTPe6yeM, ~o6bi roqKa (6.124) Jie:lKana Ha Kpnaoiiy(l;;) (6.118). IIo,nCTaBHB 

B ypaBHeHHe (6.118) 3HaqeHHH y*, l;;* (6.124), IIOJiyqHM ypaBHeHHe .niDI KpHTHqeCKOrQ 

3HaqeHHH napaM~a p: 

J)p• = p* + ~ ;. - ~· j . 
3HaK "+" nepe.n KOpHeM 3,nech Bhi6paH H3 Tex coo6pa:lKeHHii, qro pacnoJIO:lKeHHe roqKH 

(y •, l;; *) cne,nyeT O)f(H,naTh a o6naCTn l;; > 0. Pa3peiiTHB nonyqeHHOe ypaaHeHHe mrn: p •, 

Haii.neM 

p· =[(.J3 -1r +1rl/3 =0,8667. 
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IJO,llCTaBIIB :no 3HaqeHIIe p* B (6.124}, Haii)leM napaMempbl KpUmU'IeCKOfi K[JU80fi: 

y* =0,9310; C.* =1,5011; Ymax~·)=1/p* =1,1537. (6.125) 

IJO,llCTaHOBKOH 3TIIX napaMeTpOB B (6.118} nen<O y6eAIIThCH, 'iTO TQqKa {y*, l:*) ne:lKI~ 

Ha 3TOH KpiiBOH npii p = p • II 3HaKe "+" nepeA KOpHeM. 

IIo~epKHeM, 'iTO KpiiBhie B nepeMeHHhiXY, C: HBIDIJOTCH YHIIBepcanhHhiMII, T.e. 

3aBIICXIIIIIMII OT 6e3pa3MepHbiX napaMeTpOB OC~IInnXTOpa. 

06cyAIIM eme pa3 oco6eHHOCTII pe30HaHCHoii KpiiBoii (piic. 6.13, 6). Ecnn 

(oqeHh Me,lllleHHO) ysennqiiBaTh qaCTOTY BhiH)I)KAaiOW:eii CIInbl Q II3 o6naCTII 

C: < 0 (n < ro 0 ), TO npii <IJIIKCIIposaHHOM 3HaqeHIIII Fo aMnniiryAa Kone6aHnii 6yAeT 

MOHOTOHHO B03paCTaTh {yqaCTOK AB) AO TeX nop, llOKa C: He llOlla,lleT B o6naCTh 

3HaqeHIIH C:>C:*. 3,lleCh, KaK II ,llllX OC~IInMropa 6e3 .:rpeHIIH {piiC. 6.13, a, yqaCTOK 

C> ~um}, <IJopManhHO B03MOJKHhi TPII pa3HhiX 3HaqeHIIH aMnniiryAhi y{Q, cpeAHee II3 

KOTOphiX (yqacroK CD, nOKa3aHHhiii "YHKTIIPOM) HBAAeTCX HeycroiiqiiBhiM (eM. 

3a,llaqy 6. 7 B § 6.1 0). 3To ,llOCTaTO'IHO HarAA,llHO BIIAHO npii ,llanbHeiiiiieM yseniiqeHIIII 

C: OT TOqKII B: no ,llOCTIIJKeHIIII TOqKII C OC~IInnXTOpy "npOCTO HeKYAa AeThCX11 II OH 

CKaqKOM c6paChiBaeT aMlllliiryAY AO ypOBHH BeTBII EF, r,lle OHa MOHOTOHHO y6hiBaeT C 

pocroM OTCTPOHKII qaCTOThi C. llcroqHIIK CIIJihi socnpnHIIMaeT :rroT cKaqoK KaK 

MrHOBeHHOe yseniiqeHIIe JKeCTKOCTII. oc~IInMTOpa {piic. 6.14). Ecnii JKe YMeHhiiiaTh ~

OT TOqKII F BJieBO, TO aMlllliiry,lla MOHOTOHHO B03paCTaeT AO TOqKII D, r,lle CKaqKOM 

yseniiqiiBaeTCx AO ypoBHH BeTBII BA. BeTBh CD Kpnsoii 4 He peaniDyeTCH, TaK KaK 

COCTOHHIIe OC~IInMTOpa Ha HeH HeyCToiJ:qiiBO: ecnii OC~nMTOp cnyqaiJ:HO llOlla,llaeT B 

:no COCTOHHIIe, OH llOA ,lleHCTBIIeM CKOJih yro.n;HO ManhiX B03MYl!leHIIH nepeXO,ZJ;IIT B 

OAHO II3 .n;syx ycroiJ:qiiBhiX cocroHHIIii Ha BeTBxx BC IInii DE. TaKoe nose.n;eHIIe 

oc~IInMTOpa, onnchmaeMoe .n;IIarpaMMoii A ~ B ~ C ~ E ~ F ~E ~ D ~ B ~A, 

TIIllnqHo )lllX HeJIIIHeHHbiX CIICTeM II Ha3hiBaeTCH 2UCmepe3UCOM ( OT rpeq. hysteresis -

3ana3AhiBaHIIe ). B .n;aHHOM cnyqae "3ana3AhiBaeT" cKaqoK aMnniiryAhi. 

BaJKHhiii BhiBOA, KOTOphiii cne.n;yeT II3 paccMQTPeHIIH, npose.n;eHHoro B :rroM 

naparpa<~Je: aMnniiryAa Kone6aHIIii HeniiHeii:Horo oc~IInMTOpa B pe3oHaHce 
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0rpaHIIqeHa AaJKe B OTCYTCTBIIe TPeHIIH. K 3TOMY sonpocy Mhi sepHeMCH B .n;syx 

cne.zzyrom:HX naparpa<IJax. 

a 

PHC. 6.14. IlOBe,ZJ;eHHe HeJIH-

Hefuioro OCIJ.HJillliTOpa c 
TpeHHeM npH H3MeHeHHH 

'IaCI'OTbl Bb~IIIeii CHJibl: 
6 PA <!.1c""Oe 

6 

§ 6.10. He.mmeiiHbiii peJonauf: nepexo)J.Hbiii peamM, cenapaTpHca* 

Ao CII.X nop Mhi paccMaTPIIBanii ycraHOBIIBIIIIIeCH Kone6aHIIH, cqiiTaH 

aMllJIIIryAY II qacrory KOne6aHIIH HeJIIIHeHHOro OC~IIJIIDrropa XOTH II CBH3aHHbiMII 

,npyr C ,npyrOM, HO Hell3MeHHhiMII BO BpeMeHII. Ha caMOM ,Ilene o6a 3TII napaMeTpa 

II3MeHHIDTCH, ecnii ocmmMrop Haxo,niiTCx s6nn3II pe3oHaHca. Ilpii 3TOM, KaK 

ll0Ka3aHO Bhiiiie, CBH3h MeJKAy aMlllliiry,llOH II qaCTOTOH B CTa~IIOHapHOM peJKIIMe 

(yCTaHOBIIBIIIIIeCX KOne6aHIUI C llOCTOHHHhlMII aMlllliiry,ZJ;OH II. <IJa30H) OlliiCbiBaeTCH 

COOTHOIIIeHIIHMll (6.117}, {6.118) II KpiiBhiMII piiC. 6.13. 

PacCMQTPIIM renepb nepexo,nHhiii peJKIIM, Haqas c KaqecrBeHHOro onucaHIIH 

nose.n;eHIUI MaHTHIIKa no.n .neii:CTBIIeM nepeMeHHoii CIInhi co CTPOro pe30HaHCHOii 

qaCTOTOH. ECJIII BHaqane MaHTHIIK llOKOIInCH, TO llOCJie BKJIIDqeHIIH CIInhl OH HaqHeT 

Kone6aTbc.il c aMnniiryAOii, niiHeiiHo B03pacraromeii _co speMeHeM {eM. (6.48)). Ilo 

Mepe pOCTa aMnniiry,llhl BCe 6onee 3aMeTHOll CTaHOBIITCH HeJIUHellHOCTh MaHTHUKa, a 

:no 03HaqaeT, lffO ero C06CTBeHHaH qacrOTa HaqiiHaeT U3MeHHThCH B COOTB~I'CTI!llll C 

cooTHorneHIIHMII (6.105). B pe3ynhTaTe MaHTHIIK "yxo.n;IIT" II3 TOqHoro pe3oHaHca, 
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nOHBID!eTCH C):lBIIr cpa:3 Me)K)zy OTKJIOHeHIIeM MaJITHIIKa x(t) II CIUIOll F(t) = F0sin!lt, II 

3TOT CABlir Hapacraer no Mepe poCTa aMnJUfi)'Abl KOJie6aHHll MaJITHIIKa a(t). HaKOHeQ, 

Hacrynaer MOMeHT, KOr):la C):lBIIr cpa:3 AOCTHraer 3Ha'leHIIH, npu KOTOpOM CIUia 

Ha'luHaer ropM03HTb ero ABII:lKeHue. 3To Bbl3biBaer yMeHbiiieHIIe aMnJIJITYAhi, a c 

Hell II noCTeneHHblll B03BpaT 3Ha'leHUH 'laCTOTbl KOJie6aHUll K IICXO):lHOMY 3Ha'leHIIIO. 

Ho rorAa ciUia CHOBa CTaHOBIITCH ycKopxromeii, BbObiBaH pocr aMnJIJITYAhi, u T.A. TeM 

CaMbiM Mbl npHIIIJili K Me):lJieHHbiM KOJie6aHUHM aMnJIJITY):lbl li C):lBHra cpa:3bl. 

llCCJie):lyeM 3TO HBJieHue, IICnOJib3YH IIOAXOA, 3Ha4HTeJibHO ynpOilleHHbrn no 

cpaaHeHuiO c pa:3BliTbiM B coapeMeHHoii Teopuu KOJie6aHuii. BepHeMcx K ypaaHeHHIO 

( 6.1 08) II OrpaHII'liiMCH C!l)"laeM 6e3 mpeHUR (A= 0). JiyAeM IICKaTb peiiieHHe B BH):le 

(6.51): 

x(t) = a(t). sin(Ot+ \jl(t)), • (6.126) 

HO aMnJIJITYAY a(t) li cpa:3y \jl(t) C'lUTaeM Tenepb 3aBIICHiliiiMII OT BpeMeHII. Bbi'liiCJiliM 

BTOpyiO npOII3BOAHYIO no BpeMeHII cpyHKQlili x(t) (6.126), BBe):lH AID! KpaTKOCTII 3anHCII 

o6o3Ha'leHue 

<p(t) = Ot + \jl(t) . 

Hai1AeM 

x(t) = ii. sin <p + 2a(o + ljl)· cos<p- a(o + ljJ )2 
·sin <p + a\Ji · cos<p. 

floJICTaBHM :no Bbipa:lKeHue B ypaaHemie (6.108). Ilonyq11M 

(6.127) 

~ ii- a(O + 1jJY +a(ro 0 + Ka
2 J} sin <p+ [2a(0 + ljl)+a\Jil COS<p = ~ ·sin 0t. (6.128) 

Tcnepb paCKpOeM COS<p II sin<p II npiipaBHHeM COMHO:lKHTeJIII np11 cosQt B JieBOll ·u 

npaBOH 'laCTHX, a 3aTCM nOBTOpiiM TY :lKe npoQeAypy C COMHO:lKII1eiDIMII npii sin!lt 

( KaK 3TO Aenanoch B § 6.5). B pe3yJihTaTe npiiAeM K cucreMe 113 AByx 

JIHcpcpepCHQliaJibHbiX ypaBHeHIIH: 

me BBeAeHhi o6o3Ha'leHHH 

A B 
. Fo 

· cos \jl - · sm \jl = -, 
m 

A · sin \jl + B · cos \jl = 0, 
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A(t)=ii+[(co0 +x:a2J -(0+\jl)2 Ja. 
B(t)= 2a(O+w)+a· \V. 

HanpaiiiiiBaercx npeo6pa:3oBaHIIe 3TIIX ypaBHeHIIii K BII,ny, 6onee YA06HOMY AID! 

aHaJili3a. YMHO)I(IIB nepaoe ypaBHeHIIe Ha COS\jl, a BTOpoe Ha sin\jl, CJIO:lKIIM liX II 

nonyqiiM 

A(t)= Fo ·COS\jl. 
m 

AHanoni'lHO, YMHO:lKIIB nepaoe ypaBHCHIIe Ha sin\jl, a BTopoe Ha cos\jl, nocne 

Bbl'lliTaHHH O):lHOro li3 Apyroro HaH):leM 

B(t) = - Fo ·sin \jl . 
m 

B 3TOii cpopMe 3an11c11 npome pa:3AeJIHTb MaJibie II 6oJibiiiHe aeJIH'liiHbi. liyAeM 

C'lHTaTb, 'lTO aMnJIJITY):la a(t) II cpa:3a \jl(t) II3MeHHIOTCH CO BpeMeHeM AOCTaTO'lHO 

MCAJICHHO, TaK 4TO 

Ia 1-lo/ I« roo- 0, Ia 10 » aliJi 1. Iii I« roolo/ I· a . 
(6.129) 

KpoMe roro, aaeAeM OIIHTb paccrpoiiey (6.111), C'lHTaH ee TaK:lKe Manoii: 

1;=0-roo -Ka
2 <<roo- 0. (6.130) 

Tor):la B Bbipa:lKeHHHX AID! A u B MO:lKHO coxpaHIITb TOJibKO crapiiiiie no nopHJIKY 

BeJIU'lliHbl 'lJieHbi: 

A(t),.,2co0 (x:a 2 -1;-ljl)a, 

B(t) ... 2aO. 

B cnpaaeAJIIIBOCTII 3TOro npii6JIII:lKeHHH Mbi y6eAIIMCH e111e pa:3 mwe (eM. (6.137)). B 

Pe3YJibTaTe c yqi!ToM paaeHCTBa ( 6.114) CIICTeMa ypaaHeHIIii MO:lKer 6biTb 

npe.ncraaneHa B BIIAe 
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Kag d\jl = Ka2 -/; ---· COS\j/, 
dt a 

da 3 · _ =-Ka0 ·sm \j/, 
dt (6.131) 

3 _ ____f2_ 
Ka0 = 

2mroo 

lMa'la 6.6.l10JIY'IIITb ypaBHeHHll (6.131) H3 ypaBHeHHll (6.128), HCIIOJ'IL3Yll MeTO~ ycpe~eHHJI. 

YMHO)f(HM o6e 'lllCTH ypaBHeHHll (6.128) Hll Sin<p H ycpe,!IHHM no 6.LICTphiM KOJie6aHHJIM C 

'lllCTOTaMH 0 H Bhiiiie. 0nrraJr cllYJlKIIHH a(t), ljl(t) H HX IIpOH3BO~Hhle Me~eHHO MeHJI!OfliHMHCJI BO 

BpeMeHH, B.LIHeceM nx H3 no~ mrrerpaJia npn ycpe~eHHH. HanpHMep: 

-.. -.-~ I JT.. . afT . a 
a ·sm

2 
<p = T a ·sm

2 
<p·dt"' T sm

2 
<p·dt =-z· r.zte T = 2n/0.. 

0 0 

Y'IHTLlllaJI, 'ITO cos <p ·sin <p 
1 

= 0 H 

• ,.... ' I ~I ' ,...., • ,.... I COSijl 
Sinui·Sin<p "'C0Siji•.Sin •<I +Sinlji·COS•.u·Sinul =--, 

2 
IIpHXO~HM K nepBOMy H3 ypaBHeHHif (6.131). 

YMHO)f(llll o6e 'lllCTH ypaBHeHHll (6.128) Hll COS<p H IIpOH3BO~ OTiepa!UnO yC~HeHHJI, 
aHaJIOrH'IHO nOJIY'IaeM BTOpoe H3 ypaBHeHHif (6. 131 ). 

TaKHM 00pa30M, IIpOB~eHHaJI Bhiiiie OTiepa!IHJI pameJieHHll no «<laJoBLIM COMHOlKHTeJIJIM 

JKBHBaJieH'I'Hll oneprunm y~HeHHll c B~MeHneM M~eHH.LIX nepeMeHH.LIX-aMnmny~ a(t) n «<laJ.LI 

ljl(t). 

IJpe)KJ(e BCero, OTMeTiiM ~Ba qaCTHbiX pemeHIUI CHCTeMbi ypaBHeHnii: (6.131 ). 

Peweuue 1. BTopoe li3 ypaBHeunii (6.13 I) ~aer 3aKOH poCTa aMumrry~hi nnueiiuoro 

oc~IUimrropa B pe3ouauce (6.48), ecnn QJa3a \jJ Bhi6paua cooTBeTCTByrorhnM o6pa3oM: 

1t 
\jJ = --. 

2 
a(t)= Fat 

2room. (6.132). 

3aMeTHM, qro BO BTOpOM ypaBHeHim HMHHeifHOCTb K QJaKTnqecKH OTCyrCTBJeT. 

Il03TOMy, IIOHO)KifB K = 0, Mbl He liJMeHHM pe3ynhTaT (6.132). Tor~a IIpli /; = 0 ofie 

qaCTn uepBoro ypaBHeHIDI (6.131) o6pamruoTCx TO)KJ(eCTBeuuo B eynh. TaKnM 
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o6pa30M, peweune 1 ypaBueunii (6.131) ounchiBaer . uoBe~eune nnueiiuoro 

ocun:nnxropa B roquoM pe3ouauce. 

Peweuue 2. IIpn eyneBoii: n IIOCTOHHHOii: QJa3e (\j/ = 0, \jJ = 0) n upn uocroxuuoii 

aMumny~e (a= 0) BTOpoe ypaBueune ~aer TO)KJ(eCTBeHHhiii eynh, a uepBoe 

upn:HnMaer Bn~, roquo COBII~aiOmHii c ypaBHeHneM ~ aMunury~hi uennHeii:uoro 

oc~n:nnxropa (6.112) B OTCJTCTBHe rpeHIDI (A.=O). 3To 03Haqaer, qro CHCTeMa 

ypaBHeHHH ( 6.131) ~aer IIpaBHnbHOe 3Haqeune aMIInliTJ~bi JCTaHOBiiBUIIIXCH 

Kone6aunii HMHHeiiuoro oc~nnnHTOpa B6nli3n pe3ouauca (pnc. 6.13, a). 

Teuepb MO:>KHO OIIHCaTb Kaprney IIepe~O~HOI'O IIpouecca B OCUHnnHTOpe IIpli 

BKmoqeunn uepeMeuuoii CHnbi, nMeromeii qaCTOTy, 6niDKyro K co6CTBeuuoii: qacroTe 

oc~unnxropa roo . :Sy~eM cqmaTb, qro aMunury~a cnnhi F0 ~oCTaroqHo Mana, .TaK qro 

poCT aMIInHJY~hi Kone6aHnii. a(t) uponcxo~m MeMeHHO n ycnoBne (6.129) 

BbiiiOHIDieTCH . 

IlyCTb qaCTOTa li3MeHeHIDI CHnbi n roquo COBII~aer c qaCTOTOH roo. Tor~a 

Buaqane aMunury~a Kone6aunii: a(t) paCTer nnueii:Ho co BpeMeHeM, B COOTBeTCTBnn c 
' 

peweHHeM I. Kor~a aMunury~a a(t) ~oCTnraer 3HaqeuiDI, upn KoropoM CTaHOBHTCH 

C~eCTBeHHOH HennHeHHOCTh OC~nnnHTOpa, T.e. 

Ka
2 -ro0 /3, 

oc~unnxrop uepexo~HT B pe:lKnM Kone6auHii:, B upe~ene OIIHChiBaeMbiii: peweHneM 2 

IIpH \j/=0: 

a(t) ~ a0 , \jJ ~ 0 , 

nJ.e ao- KopeHb uepBoro li3 ypaBHeunii: (6.131) upn \j/=0, 1;=0 (eM. (6.114)). ,lVui 

TaKoro uepexo~a QJa3a Kone6aunii ocuHnnxropa ~On:lKHa IDMeHiiTbCH oT -rc/2 ~o eynx. 

a 3TO 03Haqaer, qro Hen:36e:lKHO B03HHKaeT pe:lKHM KOnefiaHHH, B KOTOpOM \jl(t) * 0 , a 

3aKOH pOCTa aMIInury~bi OTnn:qaeTCH. OT Hf!HeHHO~ 3aKOHa. 

Mo:lKHo uaiiTn peweune cnCTeMhi ypaBHeHnii: (6.131) ~ a(t), 6niDKOro K 

a~unury~e ao (6.114). ,lVui 3roro up~~n<fl<flepeHunpyeM uepBoe Il3 ypaBHeunii: (6.131) 

lf fiy~eM y~ep:lKHBaTb qneHbi IIOp~Ka \jl, a, T.e. IIpeHefipe:lKeM qneHaMII IIOp~Ka a/; If 
• :, 0 ' - H 
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T.n. Y'ITeM TaiOKe, 1fTO B paccMa'IpnBaeMoii 3a,naqe !; = const, · T.K. 3TO 3a,naHHM 

pacCTpoiiKa. B pe3ynhTaTe nonyqnM 

a\fl :oo 3Ka2 ·a- mg ·sin \jl· \jl. 

IlO):ICTaBliM CID):Ia a ll3 BTOporo ypaBHeHWI (6.131) ll nonOiKIIM a=ao. B Pe3YllbTaTe 

npii):IeM K ypaBHeHIIID 

w + Kag (w + 3Kag). sin 'V = o. (6.133) 

CnaraeMoe \jl Aa€!T npii \jl <<I Manhiii qneH 'VW . Il03TOMy rpy6o npii6niiiKeHHO 

npiiMeM ypaBHeHIIe .IliDI \jl B BII):Ie 

\fl + 3(Kag J ·sin \jl = 0. (6.134)_ 

A 3TO 3HaKoMoe Y"'e ypasHeHIIe HennHeiiHoro "MMTHIIKa" (eM. § 6.8). qacroTa ero 

MMbiX (niiHeMHbiX) KOne6aHIIM eCTb, oqeBII):IHO, 

O.q, = .f3Kag = .fjKI/3(~)
2

/
3 

2mro 0 

(6.135) 

3To TaK Ha3biBaeMM t~acmoma pmoe&lX Kone6aHuii HeniiHeiiHoro oculiJIJUITOpa 

s6nii3II pe3oHaHca. IlpoAenas c ypasHeHIIeM (6.134) ry iKe onepauiiiD · 

IIHTerpiipOBaHWI, 1fTO II ):IJUI HelliiHeHHOro MMTHIIKa, npii):IeM K COOTHOilleHIIID, 

aHanomqHOMY (6.93): 

\jl2 = \jl~ - 20.~ (1- cos \jl) 0 (6.136). 

KoHCTaHTa \jl 0 ecrh 3HaqeHIIe \jl npii \jl = 0, ee seniiqiiHa onpeAellileTCji 

"npeAhiCTOpiieii" npouecca pocra aMnniiryAhi ocuimlli!TOpa noA AeiiCTBIIeM 

npiiey)K):Iaromeii CIInbi. 

3AeCh YMeCTHO oueHHTh cnpaBeAniiBOCTh CAenaHHhiX " npii6niiiKeHIIii .• 

IlOCKOllbKY O.,p - Ka5, TO 

lwl :s; O.,pi'Vmax I :s; O.,p ·7t, Ia I :s; O.q,ao, Iii I :s; O.~ao · {6.137) 
1 
lJierKo nposepliTh, 1fTO ypasHeHWI (6.131) nonyqeHhi c AOCTaTOqHo xopomeii 

TOqHOCTbiD. 

Ami HaxO)K):IeHWI aMnlliiry):lbl a(t) nonOiKIIM B nepBOM ll3 ypaBHeHIIM (6.131) 
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a(t)=a; +B(t1 lo{t)l «a;, (6.138) 

rAe a4 - ycraHOBIIBmeecg 3HaqeHIIe aMlllllfTYAhi s6nli3n pe30HaHca B OTCyTCTBIIe 

1peHllil, KOTOpOe eCTb pemeHIIe ypaBHeHllil (6.118) npii A=0 (p = 0). Ilpii 3TOM Mbl II3 

):IByx B03MOiKHbiX pemeHIIM I;( a;) Bbi6IIpaeM TO, KOTOpOe COOTBeTCTBYeT BepxHeif: BeTBII 

pe30HaHCHOH KpliBOH (piiC. 6.13, a), T.e. p~CCTpOHKa He npeBhlillaeT KpHTlfqeCKOro 

3HaqeHWI (6.120): 

2 Kag 2 
!; = Ka; ---;;--, !; < !;KJ7U~ = 1,8899Ka0 . 

!; 

(6.139) 

C yqeTOM 3TOro paBeHCTBa li3 nepBOro ypaBHeHFJI (6.131) HaiiJ:IeM, B lliiHeHHOM nO 

Aa(t) npii6nliiKeHIIII, 

\jl a3 
o{t) :oo -----%-(1- COS\jl). 

3Ka; 3a; 

3aTeM nOACTaBIIM CIDAa \jJ li3 (6.136). B pe3ynhTaTe IIMeeM 

( 
a3 # a2 ) a( 'V) =a; +B('V) :oo a; 1-~(1- cos\jl )± - · ....!}· .Jc -I+ cos 'V , 
3a; , 3 a; 

C=.!..(~J2· 
6 Kag 

(6.140) 

B TOqHoM pe3oHaHce {1; = 0, a; = a0 ) 3TO BbipaiKeHIIe npiiHIIMaeT BIIA 

a,e.('V):oo ao( 
2 +~os\jl + ~.Jc -1 + cos\jl} {6.141) 

B IITore Mhi nonyqiinii BbipaiKeHIIe, aHanomqHoe (6.94), 'ITO 03HaqaeT cymecrsosaHne 

Ha nnOCKOCTll (a( \jl ), \jl) B6llli3II pe30HaHCa HeKOTOpOH o6naCTll, B KOTOpoif: 

aMnniiryAa n cpa3a orpaHnqeHhi no sennqnHe (pnc. 6.15). KaK n B cnyqae (6.94), Mbi 

HMeeM cenapampucy, OTAeAAIDmyro o6naCTh orpaHnqeHHhiX 3HaqeHnii cpa3bi \jl OT 

o6nacrn, rAe cpa3a li3MeHjieTCji HeorpaHIIqeHHO. Cenapa1pnca onnchiBaeTcg 

COOTHOmeHWIMII ( 6.140), ( 6.141) npll C = 2, 1fTO COOTBeTCTBYeT He01plll.{aTenbHOMY 

3Ha'IeHliiD nO):IKOpeHHOro BblpaiKeHWI (KpliB!UI 4 Ha pnc. 6.15). 0):1HaKO B 3TOM cnyqae, 
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PHc. 6.15. ",[{BIDKeHHe" HeJIHHeiffioro OCIJ,HJIJlllTOpa Hll «l>aJoBOii IlliOCKOCTH (a('!'), 'I') Bfi.JIH3H 

pe30Hl1Hca (6.132): a -I;= /;min= 0,0795Ka~ (a~ = 1,0746a0 ), 

6 -I;= 1,5833Ka~ (a~ = 1,5a0 ), 

C=0,25(1); 0,5(2); 1,5(3); 2(4-ceuapaTpuca); 3(5); 4(6) 
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B OTJIII'Ilie OT (6.94), Ha KpHBOH a(\jl) cymeCTByeT, BOOfillle I'OBOpH, OfiJiaCTh 

OTPHUaTeJihHhiX 3Ha'leHnii aMnJIHTY,nhi, 'ITO 4>IDH'IeCKH 6eccMhiCJieHHO: aMllJIHTY.na no 

onpe.neneHHIO eCTh noJIO)KHTeJihHM senwmHa. 31-o yKa3hiBaeT Ha npn6JIH)KeHHhiii 

xapaKTep npose,neHHOro paccMQTPeHHH. AeiiCTBHTeJihHO, ycnosne In I<< a; 

BblllOJIHHeTCH ,nJIH (6.131) ,naneKO He BO BCeii ofiJiaCTH B03MO)I(HblX 3Ha'leHHH a(\jl). TeM 

He MeHee, nOJIY'IeHHhie pe3yJihTaThl n03BOJIHIOT ,naTh Ka'leCTBeHHO npaBHJibHOe 

onncaHHe nose,neHHH HeJIHHeiiHoro ocuHJIJIHTOpa s6nn3n pe3oHaHca n c.nenaTh oueHKH 

no nopH.nK}' BenH'IHHhi, cosna.n;aiOIIIHe c Pe3YJihTaTaMH 6onee CTPOroro aHaniDa. 

0rMeTHM, 'ITO B TO'IHOM Pe3C1HaHce (6.141) MIIHIIMaJihHoe 3Ha'leHlle 

aMllJIHTY,nhi Ha cenapaTPHCe OTPIIUaTeJibHO: 

aminl;=o =aH(o)i;- =a0(1- ~J=-01547. 
C=2 c-:?2 v3 ' 

AJIH TOI'O, 'ITOfihi nOBe,neHlle HeJIIIHeHHOI'O OCI.{HJIJIHTOpa nOBTOpHJIO nOBe,neHlle 

MaHTHHKa (6.94), nQTPefiyeM BblllOJIHeHHH YCJIOBHH 

(amin )sep > 0 · 

31-o ,naeT HaM MUHUMaJibHOe 3HQ1lemle a4, npu KomopoM cenapampuca CJlUJeCmByem. 

fu (6.140) HaxO,l:IIIM 

H -a 1--·- · 
( 

2 a~) 
amin l;:_o =a (o )l; .. o - ; lJ a?: 

C-2 C=2 '\15 ., 

3Ta BeJIII'IIIHa nOJIO)KHTeJihHa, eCJIII 

(
3)1/4 

a;> ~ -a0 ~1,0746a0 . 

Tor.na H3 (6.139) HaxO,nliM zpaHU'IHOe 3HQ1leHue 1; (p = 0): 

!;min = 0,224· Ka~. 

(6.142) 

(6.143) 

KaPTHHa 4>a3oaoro ,l:IBII)KeHHH ocuHJIJIHTOpa B 3TOM CJIY'Iae npHae,neHa Ha pile. 6.15, a. 

Cne.nosareJihHO, ~o coaceM HeMHOro c,nBHHYTh 'laCTOTY OT TO'IHOro pe3oHaHca, 

'IT06hi nOJIY'IHTh cenapaTPHCy. Pa3Max cenapampucbl no W.11VlUmyi>e paaeH 
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&l=a(+)(o)-aH(o)=-· ao ~2· - ·a0 ::.:2,48a
0

. 
4 2 (4)3/4 

.J3 a; 3 
(6.144) 

llpii }'BeJIIIqeHIIII paecrpoiiKII aMnmrry~a a; B03paC'Iier eor.riaeHo ypaBHeHIIIo 

{6.118) II sepXHeii BeTBII KpiiBOii a;(~) Ha piie. 6.13, a. CooTBerCTBeHHo, Kap-riiHa 
11

~BII:lKeHIDI 11 

OeQII.IIIDITOpa Ha Q>a30BOH llJIOeKOCTif CTaHOBIITeH Bee 6onee llOXO:lKeH Ha 

llOJiyqeHHYIO ~ MasiTHIIKa (epaBHII pne. 6.12 II 6.15, 6). · 

EcrecrBeHHO 3~aTb Bonpoe o B03MO:lKHOCTII eymecrBOBaHIDI eenapaTPIIebi npii 

~ > ~Kpum, T.e. B o6nacrn Heo~H03HaqHoro pemeHIDI a;(~). KaK YJKe eKa3aHo Bhiiiie, B 

:noii 06JiaCTII 3HaqeHIIH ~ ycroifqnBOH HBJIHeTeH HII:lKHHH BeTBb KpiiBOH, Ha KOTOpoif 

a;(~)~ a;(~Kpum) = 0,7937 ao {eM. (6.120)). A ~JIH TaKIIX 3HaqeHIIii a;, KaK Mhi TOJihKO 

qro BhiHCHIIJIII, eenapaTPIIea He eymecrByer (eM. (6.142)), TeM .caMbiM Mhi no.rryqaeM 

oueHry pa3Mepa eerrapaTPnehi no qacroTe: 

0.0795Ka~ =~min ~ ~ ~ ~Kpum = 1,8899Ka~, 

A~-2m;. {6.145) 

3ry BeJinqiiHY Ha3hiBaJOT mupuuoii pe3ouauca. A eaMa o6Jlacmb uelluueiiuozo 

pe3ouauca paerronaraereH neBee o6nacrii Heo~H03HaqHoro pemeHIDI (piie. 6.13, a). 

lJ,eHTP o6JiaCTII (UeHTP eerrapaTPIIehi) HaxO,liiiTeH, KaK ene.r~yer II3 (6.140) II piie. 6.15, B 

TOqKe 

C = O(ljl = 0 ), \jl = 0, a center =a~· {6.146) 

l~aqa 6. 7. Mccne,ll;OBan ycroiNimocn HemiHeiiHoro OClUfJlJIJITopa · 6e3 rpemrn npu H3MeHeHHH 

qacrorhl Bblli)'II\!UilOmeif CHJihl, HCTIOJib3YH ypaBHCHHH ( 6.131 ). 

IJycn B HaqaJibHhlif MOMeiiT OCI(IL'JJIJITOp COBepman cral(HOHapHhle KOJie6aHHH C aMTIJIHI)'JJ.OH 

\:a(s) "'a~ H ero COCTOHHHe C00'11lCTCTBOBaJIO TO~e (ao,, S), pacnOJIOJKeHHOH Ha OJJ.HOH H3 JJ.BYX KpHBhiX. 

puc. 6.13, a. PaccMOTpliM noBe,ll;eHHe OCI(IIJL'IJITOpa noCJie someilcrsHH Ha Hero MrnoseHHoro 

B03MYII(eHHH - HanpliMep, KaKOrO-TO BHemHero TO~, B PeJYlThTaTe 'lero aMTIJIHI)'.!Ul H lfla3a 
KOJie6aHHii TIO.Il}"'IIJJII MaJihle npupameHHH: 
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a~ ~a~ +Aa, '1'~'1'+.1-ljl. 

flO,lJ;craBIIM B03MYII(eHHhle 3Ha'leHHH B (6.131), yqHTbiBali, 'ITO ,ll;O "TO~" KOJie6aHHH COBepmaJIIICJ>C 

noCTOHHHOH aMTIJIHI)'JJ.OH (at= 0) H lfla3oii (lj! =0). IlpoH3BeJJ.H COOTBeTCTBYJOII(He pa3JIOJKeHHll, 

nOJIY'IIIM s JIHBeiiHoM no Aa, .1-ljl npH6JIIIJKeHHH 

d.1.1j1 2 Ka~ ( · a~ ) Ka~ . --=Ka -s--·COSijl+lC 2a +-•COSijl ·Aa+-·Slllljl·61j1, 
dt t a t a 2 a 

t . t t 

dAa 3 • 3 
--=-Ka0 •Sllllji-Ka0 •COS1j1·61j1. 

dt 

(6.147) 

Ha'IHeM CO CJJy'lall, KOrM TO'!Ka (a~, S) HaXO,li;HJJllCL Ha KpHBOH 1 (ABC) puc. 6.13, a, T.e. a~ II S 
CBH3aHhl ypaBHeHHeM (6.147): 

s(1)={a~-::}- (6.148) 

Cpa3Y JKe OTMeTUM, 'ITO JJ.JIH JTOii KpUBOii 

!:!5_ = lC 2at + -2- > 0. 
• (1) ( lCa~) 

dat at 

B nepBOM H3 ypasHeHHii (6.147) TPH nepsLIX '!JieHa s npasoii qacrn onuchiBaJOT HeB03MYII(eHHoe 

COCTOHHHe, HX cyMMa J).OJIJKHa 6hiTh TIOJTOMy pasHa eyJIIO. 0rcJoM 

'ITO JJ.JIH KpUBOil1 COrJiaCHO (6.148) MeT 

1Ca2 -s 
COSijl=-t--·at, 

Ka~ 

COS1j1(1) =1, 1j1(1) =0, 

(6.149) 

(6.150) 

KaK H ,ll;OJIJKHO 6hiTb J).JIH pemeHHH 2. TOrM ypaBHeHHH (6.147) ,li;JIH "B03MYII(eHHOro" COCTOHHHH B6JIH3H 

Kj)IIBOH 1 npHHUMruOT BHJ). 

d.1.1j1 ( a~) . ---K 2a,+- ·.1-a=O 
dt ' a: ' 

(6.151) 
d.1.a 3 --+Ka0 ·.1-lji=O. 
dt 

MLI no.ll}"'IIJJII cucreMy JIHBeiiHhlx OJJ.HOPOJI.HLlX JJ.H<!JcllepeHI(HaJibHhiX ypasueHHii, CTaHJJ.aPTHLiil cnoco6 

pemeHHH KOTOphiX COCTOIIT B IIOHCKe pemeHHH B BHJ).e 3KCIIOHeiiT 

.1-ljl(t)=AeP', .1-a(t)=BeP'. 

IlOJJ.craHOBKa 3TOro pemeHHH B (6.151) npliBOJJ.HT K CHCTeMe JIHBeiiHhlx OJJ.HOpOJI.HLlX anre6paH'IeCKHX 

ypasueHHii JJ.JIH xo~Hl(HeHTOs A H B, KOTOpaH UMeeT ueeynesoe pemeHHe, eCJIH 
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Det=l P -K(2a~ + a~J _ a~ 1-0. 
Kal 0 p 

Orcio.!l.ll HaXorow JHaqeHHll xapaxrepHcrnqecKHX ~ceJI Mll CJiy'lall KpHBOii I: 

P1.2 =±ipo, Po =K.{2a~ + :D·ag. (6.152) 

JlcHo, 'ITO Po - .neiicrnmem.Hoe ~CJIO, rronoey pemeHHe OIIHChlll3erCJI C}'MMoii KOMIIJieKCI!hiX 

JKCIIOHeliT 

&l{t)=~e'N +B2e-'M. 

«llHJ~ecKoe pemeHHe ecn,, KaK HJBecTHo, .neiicrnmem.HllJI 'lllcn. KOMIIJieKCHOro pemeHH.q 

Aa(t)= Re {Aa(t) }= c, cosp0t +C2 sinJlof. (6.153) 

KOHCTaHTbl C, H C2 Orrpe.lleJIJIIOTCJI H3 Hll'lllJibHhiX YCJIOBHii - BeJIH'IHHLI !J.a(O) H CKOpOCTH CKa'IKll 

aMIIJIIITY.IJ.hl. ,[VIJi HaC B .!l,llHHOM CJIY'Ille 3HllTh HX Be~ HerrpHH~HllJThHO. ,[VIJi BhlliCHeHHll BOrrpOca 

o6 ycro~OCTH KOJie6amrii .nocr:no~o JaMermr,, qro 

IAa{t )I= ~C12 +Ci 

HMeer KOHe~oe JHaqeHHe. TeM caMb!M rroKa33Ho, qro B peJyJibTare "roJI'IKll" roqKa (a~, ~) CMemaercJI 

Hll OrpliHH'ieHHoe paccrOJIHHe OT KpHBOH I, COBepiiillJI B .!l,llJibHeiimeM KOJie6aHHJI C 'lllCfOTOH Po BOKpyr 

JTOii . KpHBOii. CJie.nonareJibHO, Mid BhlliClm.Jm, qro BblHy.JICOeiiHble Ko.ne6aHWI OC1JU!Wimopa 11a 

pe3qHaHcn,oa KpuB?~ I Bcezi>aycmoiJ'IU6b!. 

IlepefmeM rerrepr, K c.rryqaro KpHBOii 2, Mll Koropoii 

~(2 ) = K( a~ + :: J. 
Terrepr, rrpoH3BO.ll:HllJI 

d~(2) = K(2a - ag J 
da~ ~ a; 

n HMeer pa3Hblii 3HllK Ml!.nByx BeTBeii KpHBOH 2: 

df,(2) 
-- > 0, BeTBI> DF, 
da~ . 

df,(l). . . 
-- < 0, BeTBb DE. 
da~ 
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(6.154) 

(6.155) 

(6.156). 

IloBTOplleM IIpOI{e.nypy, IIpO.ll:eJJaHHylO C pemeHHeM Mll KpHBOH I: IIO.ll:CTaBHM ~(2) H3 (6.154) B 

ypiD!HeHHe (6.149). Haxorow 

COS1j1(2) = -1, OTKY.!I.ll '1'(2) = ±1t. 

Tor.!l.ll ypaBHeHHJI (6.14 7) .ll:3lOT HaM 

d!J.Ijl -K 2a~ -,.-f ·Aa-0, 
( 

a
3

) _ 

dt a~ 

d!J.a -Kag ·Aiji=O. 
dt 

)l;aJiee, aH3JIO~O (6.152), HliXO,lliiM JHaqeHHll xapaKrepHCI1f'{eCKHX ~CeJI Mll CnyqaJI KpHBOii 2: 

q1.2 =±q, q=K1{2a~- :D·a~. (6.157) 

3ror pe3YJibT3T rrp~HllJn.HO OTJIH'IlleTCJI OT (6.152): IIO.ll:KOpeHHOe Bblp3lKeHHe, KllK CJieeyer H3 

(6.155) H (6.156), rroJIOXGITeJibHO Mll BeTBH DA H orpHWITeJibHO Mll BeTBH DE, T.e. 

q = {lql, BemB& DF, 

ilql, BemB& DE. 

Jro 03Ha'l3er, qro pemeHHe B clJopMe KOMIIJieKCHhiX.JKCIIOHeliT HMeer MecrO TOJibKO Mll BeTBH DE. ,[VIJi 

BeTBH DF pemeHHe ecn, JIHHeiiHaJI KOM6HHai{HJI _nnyx ,n:eil:CrBHTeJibHhiX JKCIIOHeliT, H3 KOTOpbiX 

IIOJIOlKIITe.JihHllJI .!l,lleT Heorp3HH'ieHHblii pocr B0 BpeMeHH Hll'lllJibHOI"O B03MYffieHHll. 

TaKHM 00pa30M, Mid IIOKa3aJIH, qro COCfOJIHHJI OCI{IIJIJIJITOpa B TO'IKaX (a~,~) 

ycro~id Ha KpHBoii 1 u BeTBH DE KJ>HBOii 2, 

Heycroil:qHBid Ha BeTBH DF KpHBOii 2. 

IlonyqeHHoe pemeHHe He .!l.lli!T OTBeTa Ha norrpoc o rrone,n:eHHH OCI{IIJIJIJITOpa B o6JiaCTH ~ > l;.p..., r.n:e 

cymecrnyror .nBa ycrO~biX COCfOJIHHJI. KaK Mid BH.ll:eJIH B rrpe,ll;bi,Izyii{eM rraparpaclJe, Bbl6op COCfOJIHHJI 

Orrpe,n:eJIJieTCJI Hll'lllJibHbiMH yCJIOBHJIMH- JHaqeHHJIMH 'lllcrOTbl H BblH)'ll\lUUOmeii CHJibl IIpH ( = 0. 
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§ 6.11. He.JiuueiiHLiii peJouauc npu 6onLmoii paccTpoiiKe. 

fiepeKpbiTHe pe30H3HCOB* 

B HeJIHHeHHOM Oei.(HJIIDITOpe B03MQ)KHbl pe30HaHeHbie HBJieHW! H IIpH 

60JibiiiOM pa3JIH'IHH (paccmpoiiKe, {6.111)) 'laCTOTbl Bbifi}')lmaiOmeu eHJibl Q H 

eo6CTBeHHOH 'laCTOTbl Oei.(HJIIDITOpa roo. 

Mbl BH,!(eJin Bbiiiie (§ 6.8), 'ITO eB060.!(Hbie KOJie6aHW! HeJIRHeHHOro 

Oei.(HJIJUITOpa MO)KHO OIIReaTb B BH,l(e cyMMbl rapMOHHK 'laCTOTbl ro(cr) (6.105): 

nro(a) a-+O nro, n = 1, 2, ... (6.158) 

KaK IIOKa3aHo B rrpe.!(bi.IzymeM rraparpacpe, aMrrnrrry.na Kone6aHni1 HemmeiiHoro . 
OeQHJIIDITOpa B6JIH3H pe30HaHea B OTeyrCTBRe TPeHW! OIIHebiBaeT Ha cpa30BOH 

IIJIOeKOCTH 3aMKH)'TYIO KpHB}'IO a(\jl) (6.140), He BbiXOMm}'IO 3a rrpe.neJibl 

eerrapaTPnebi, eenn Ha'laJibHbie yenoBnH TaKOBbi, 'ITO 

C ~ 2, T.e. ljl0 ~ 2.fiKag. 

roBOpHT, 'ITO B 3TOM enyqae Oei.(HJIAATOp 3ax6a'leH 6 He!IUHeUHblU pe30HaHC. 

lJT06bi eiiiHTb OIIHeaHHH, .!(aHHbie B 3TOM H rrpe.!(bl.!(ymeM rraparpacpax, 

.nocraTO'IHO BBecrn ena6oe TPeHne. Ero .neiicrBne rrpnBO.!(HT K rrocrerreHHOMY . 

eBepTbiBaHniO KpnBoii (6.140) K ee ueHTPy, B pe3yJibTaTe qero aMrrnrrry.na n cpa3a 

KOJie6aHHH ,!(OCTHfaiOT yCTaHOBHBIIIHXeH 3Ha'leHHH: 

a(t) ~a center =a;' \jl(t) ~ 0. 

0reiO.!(a MO)KHO 3aKJIIO'IHTb, 'ITO IIpH B03.!(eHCTBHH Ha HeJIHHeHHbiH OeQHJIIDITOp 

rrepeMeHHOH eHJibl Fo sin ru aMIIJIIITy.!(a KOJie6aHHH 6y.neT rrpRHHMaTb MaKeHMaJibHbie 

3Ha'leHW! an Ha 'laCTOTax 

·~ u il=nro. 

KoHe'IHO, 3Ha'leHW! an eymecrBeHHO y6biBaiOT e pocroM HOMepa rapMOHHKH n, B 

eOOTBeTCTBHH e TeM, KaK y6biBaiOT aMIIJIIITy.!(bl rapMOHHK eBOOO,!(HbiX KOJie6aHHH 

(eM. (6.105), K03cpcpHI.(HeHTbl bo, b1, bz, ... ). 

146 

llpoHJIJIIOCTpnpyeM 3TO Ha rrpnMepe HennHeiiHoro oei.(HJIIDITOpa 6e3 TPeHW! 

(ypaBHeHHe (6.108) IIpH /..=0). Jiy.neM, KaK H B § 6.8, HeiiOJib30BaTb MeTO.!( 

uoene,noBaTeJibHbiX npn6nll)KeHnii, T.e. neKaTb peiiieHne B BH,l(e pMa y6biBaromnx 

'IJleHOB 

x(t}= x0 (t}+x1 (t }+x;z(t}+ ... + xn(t), 
(6.159) 

lxn I » lxn+d ' 

r.ne x0 (t) - BbilfY)K.II;eHHoe peiiieHne .nAA nnHeiiHoro oei.(HJIIDITOpa. B 3TOM pa3,nene 

y,no6HO HeiiOJlb30BaTb KOMTIJieKeH}'IO cpOpMY p_:IIIeHWI {eM.§ 6.2), 3arrneaB ypaBHeHHe 

.nJIH oeuHJIJIHTOpa B Bn.ne (epaBHH (6.106)) 

x+ro2(a}·x= Fo ·e;o.t -a.x2 -j3x3. 
m 

(6.160) 

3.neeb, KaK n paHbiiie, Fo n Q.- aMrrnrrry.na n qacroTa BbiHy~ammeii enJibi, m -

"Maeea" oei.(HJIIDITOpa (Kone6n10meroeH Tena), ro 2{a) - eo6crBeHHaH qacroTa 

' 
HeJIHHeHHOrQ Oei.(HJIIDITOpa, KOTOpaH OIIHebiBaeTeH eOOTHOIIIeHHeM ( 6.1 05). B eyneBOM 

rrpn6JIH)KeHHH, rroJIO)KllB B ( 6.160) a. n 13 paBHbiMH eyn10, Haii,neM 

' 

Xo(t)= ~o/m 2. e;o.t. 
0) -Q 

}:(mi x
1
(t) IIOJIY'IHM IIpH6JIH)I(eHHOe ypaBHeHHe, IIO,!(CTaBHB B IIpaByiO 'laCTb (6.160), 

KaK n B § 6.8, x(t}=x0 (t). 3arrniiieM 

•• 2 Fo iO.t 2 n 3 () ( ) ( ) X1 +ro X1 =-e -a.X0 -pX0 , X1 f =Xo f +X1 f . 
m . 

(6.161) 

lJaCTHOe peiiieHHe 3TOrQ ypaBHeHWI, OIIHebiBaiOmee BbilfY)K.II;eHHbie KOJie6aHWI, HMeeT 

BH,l( 

F0 /m ·eiO.t -a.(F0 )

2

• 1 . 1 ·e2iO.t 
00 2 _ 0 2 m (00 2 _ 0 2 j 00

2 -(znY x1(t) 
(6.162) 

F0 1 1 3JO.t ~ )

3 

- -;;; ~2 _ 0 2} ro 2 -(30)2 ·e · 
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OreJOAa, B qaCTHoCTH, ene.zzyer, 'ITO KpoMe IIeeneAoBaHHoro a npeAbiAymeM pa3Aene 

pe30HaHea Ha 'laCTOTe Q ~ CO B03MO)JQ{bl pe30HaHebi Ha 'laCTOTax Q ~ co/2 II Q ~ co/3 . 

Bonpoe o 3Ha'leHIDIX aMnJil!T)'A Bbill}')KAeHHbiX Kone6aHIIii Ha TIIIX qacroTax: o6eyAIIM 

no3JKe (eM. (6.169)). 

B ene.zzyJOmeM npii6JIIIiKeHIIII IIMeeM ypasHeHIIe AID~ xu(t), aHanorli'IHOe 

(6.161): 

.. 2 Fo ;or ( )2 rt( )3 
Xn +CO Xn = - e - CX X0 +XI - p X0 +XI , 

m 
Xn (t) = x 0 (t )+ x1 (t )+ x 2 (t). 

B npaBOH 'laCTII COAepiKaTe.H HeJIIIHeHHbie no Xo, XI 'IJieHbl, KOTOpbie II Bbi30B)'T 

B03HliKHOBeHIIe pe30HaHea Ha 'laCTOTax 

nil=co, n=1,2, ... ,9. (6.163) 

Haii60Jibmee 3HaqeHIIe n = 9 B03HIIKaer OT noeneAHero enaraeMoro B BbipaJKeHIIII AIDI 

x 1{t): npii B03BeAeHIIII B KY6 OHO AaeT e;901
. B eJieAyiDmiiX rropHAKax rrpii6JIIIJKeH-~ 

IIOHBJIHIOTC.ll KOJie6aHIIH Ha eme OOJiee BbieOKIIX 'laCTOTax: 

n~oo. an~O. 

3-riiM "qyAeea" HeJIIIHeiiHoro pe3oHaropa He orpaHIIqiiBaiOTex. lJ.o eiiX rrop, rrepeHeex 

HeJIIIHeiiHbie 'IJieHbi cxx2 
II l3x3 

B rrpaBYIO qacrb ypasHeHIIH (6.106), Mbi 

paeeMaTJ)IIBaJIII liX KaK HeKYIO ioBHeillHIOIO eiiJiy", AeHCTBYIOmYIO Ha "HeJIIIHeHHbiH'1 

pe30HaTOp. C TeM iKe yerreXOM MOiKHO, COXpaHIIB 3TH 'IJieHbl B JieBOH 'laCTII, 

06beAIIHIITb liX e JIIIHeHHbiM eJiaraeMbiM: 

i+co2 ·(l+~-x2 +1._·x3)= Fo e;or. 
00 2 00 2 m (6.164) 

IJoeKOJibKY X= x(t), TO, KaK HeTJ)YAHO BlfAeTb, Mbl IIpiiiDJIII K ypaBHeHIIIO (6.65) AJU1 

OeQliJIJIHTOpa e rrepeMeHHOH JKeCTKOCTbiO, Ha KOTOpbrn AeHCTByeT BHemHHH eiiJia. 0Ha, 

-~ KaK Mbl TOJibKO 'ITO BIJAeJIJI, MOiKeT B036YJI<AaTb KOJie6aHIIH 3TOI'O OeQIIJIJIHTOpa Ha 
(I . 

qacroTax nO. Mo)KHO rrposeCTII e (6.164) npoQeArpy IITepaQIIii (rroeneAOBaTeJibHbiX 

rrpii6miiKeHIIH), aHaJIOrii'IHYJO TOJibKO 'ITO npOAeJiaHHOH e ypaBHeHIIeM (6.160). 

He1J>YAHO llOJIY'IIITb, 'ITO B eK06Kax IIOHBHTe.H CJiaraeMbie e 'laCTOTaMH 
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n,2n,3n, ... 

fipRMeHHH K HIIM yeJIOBIIe rrapaMeTJ)lf'leeKOI'O pe30HaHea (6.70), IIOJIY'IIIM eme OAIIH 

Ha6op pe30HaHeHbiX 'JaCTOT: 

nn =2co. 

fiaM.lfTYH, 'ITO eB06oAHbie KOJie6aHIIH HeJIIIHeHHOI'O OCQliJIJIHTOpa eOAepJKaT Ha6op 

rapMOHIIK e 'JaCTOTaMII nco, MOiKHO 3aKJIIOqlfTb, 'ITO B03MOiKHbl rrapaMeTJ)II'IeKIIe 

prooHaHebi Ha qacroTax 

m0=2£co, rAe m, £- QeJibie. 

HaKoHeQ, Y'JIITbiBaH, 'ITO rroJIOBIIHa scex 'IIICeJI m - qt!THbie, OKOH'IaTeJibHO HaxOARM 

3Ha'leHIIH pe30HQHCHblX ttacmom HeJIUHeUH020 OC1fWlllJllllOpa: 

n=E..·co, 
q 

(6.165) 

rAe p, q - JII06bie QeJibie 'JIIeJia. Pe30HaHC Ha qaCTOTe n = co (p = q =I) qacro 

Ha3b!Ba!OT 2JlQ8HblM. 

B OTeyrCTBHe TJ)eHHH aMnJIIITYAbi BbiHYJKAeHHbiX KOJie6aHHH OCQliJIJIHTOpa, 

Ka3aJIOCb 6bl, AOJiiKHbl HeOrpaHII'IeHHO B03paCTaTb IIpii Q ~pCO fq. 3TO BHAHO Ha 

rrpiiMepe pemeHIIH (6.162) IIpii Q ~CO, CO /2, CO /3. 0AHaKO B AeHCTBIITeJibHOCTII 3TO He 

rrpOReXOAIIT, T.K. C06CTBeHHaH 'laCTOTa HeJIIIHeHHOI'O OCQHJIJIHTOpa 3aBIIeiiT OT 

aMIIJil!T)'Abl KOJie6aHIIH (eM. (6.105)): 

co(a)~ co 0 +Ka2
. 

Ilo3TOMY e pocroM aMnJil!T)'Abi yenosiie pe30HaHea Hapymaerex H pocr aMnJil!T)'Abi 

rrpeKpamaeTCH. Bee 3TO Mbl BIIAeJIII B.§ 6.10 B cnyqae rnaBHOro pe30HaHca n ~COo. 

IloBeAeHHe OeQIIJIJIHTOpa B6Jill3li HeJIHHeHHOI'O pe30HaHea (6.165) MOiKHO 

I1pii6Jili3IITeJibHO OIIHeaTb, HeiiOJib30BaB TOT JKe IIpReM, 'ITO II § 6.10 - rrpeACTaBRB 

3TOT OeQliJIJIHTOp B BIIAe JIHHeHHOro e co6CTBeHHOH 'JaCTOTOH 

coP= pco(a)~ pco0 + pKa2
, (6.166) 

3asHexmeii OT aMllJiliT)'Abi. CooTBeTCTBeHHO, ypaBHeHRe ero Bbill}')KAeHHbiX 

KOJie6aHIIH 3aiiHlleM B BIIAe, aHaJIOrii'IHOM {6.108): 
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x+pzroz(a)·x=A Fo ·e;qo.t pq m (6.167) 

r~e Apq - KOHCTaHTa, 3aBHC.HID:lUI OT napaMerpOB p II q. TaKoii nOAXO~ 03HaqaeT, ~ ll3 

'IJieHOB p.H~a ( 6.159) Mbl OCTaBllJill TOJibKO HaH60Jiblllllll, COOTBeTCTBYIOID:llll 

pe3oHaHcHoii qacrOTe. qrofibi no.nyqmb 3HaqeHHe Apq, H)')KHO Mero~oM 

nOCJie~OBaTeJibHbiX npHfiJIH:>KeHHll "~o6paTbC.H11 ~0 rapMOHHKll proo, KaK 3TO ~eJiaJIOCb 

B § 6.8. B03~ep:>KHMC.H OT 3TOll npou:e~ypbl BBH.Izy ee oqeBH,!:IHOll HeBblllOJIHllMOCTll ~ 

fiOJibiiillX (II, TeM fionee, npOH3BOJibHbiX) p. 3KcrpanOJIHpy.H pe3JJibTaT (6.1 05), MO:>KHO 

YTBep~aTb, ~ 

Apq ex: a., p << 1 

II y6biBaeT c pocroM p, q. 

B6JIH3H HeJIHHeiiHoro pe3oHaHca (6.165) MO:>KHO nono:>KHTb 

II llCKaTb peiiieHHe ( 6.167) B Bll,!:le 

IJO~CTaHOBKa B (6.167) ~aeT 

n=E.(roo +~) 
q 

x(t) = a e;qO.t p . 

a =A Fo. 1 ""'A Fo . -
P pq m lq2Q 2 - p2ro 2 (a)l pq 2p2mro 0 IKa! -~~· 

(6.168) 

(6.169) 

3To Bbipa:>KeHHe eCTb He ~o HHOe, KaK ypasHeHHe ~ aMnJilfTY~bi a, aHanorHqHoe 

no.nyqeHHOMY B § 6.9 ~ rnasHoro pe3oHaHca (eM. (6.112), A. = 0, Apq = p= q= 1). 

IJ03TOMY BCe CKa3aHHOe 0 HeJIHHeiiHOM pe30HaHCe B §§ 6.9 II 6.10 MO:>KeT fibiTb 

nepeHeceHo c10~a, ecJIH npoH3BeCTu 3aMeey 

Fo 
F0 ~Apq-2 . (6.170) 

p 

.~ llpH 3TOM aMnJIHTY~a ao yMeHbiiiaeTC.H (eM. (6.114)) KaK Al/3 
p-

2/3. B qaCTHOCTH, 
u 

coxpaH.HeTC.H xapaKTep noae~eHH.H aMnJilfTY~bi KOJie6aHuii s6nroH pe3oHaHca prolq -

OH no-npe:>KHeMY OnHCbiBaeTC.H KpHBbiMll, n0~06Hb!Mll ll306pa:>KeHHbiM Ha pHC. 6.13, a, 

6.15. ,IVi.H pa3MepOB OfiJiaCTH pe30HaHCa OCTaiOTC.H CnpaBeMHBbiMll, C yqeTOM 3aMe~bl 
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(6.170), OU:eHKll (6.144), (6.145). 3TO OOHaqaeT, ~ C pOCTOM qlfCJia p IIIHpHHa 

aeJIHHeiiHoro pe30HaHcapro/q YMeHbiiiaiOTC.H no KpaiiHeii Mepe KaK 

!:Ja cx:p -2/3' M, cx:p -4/3 . (6.171) 

JlMeHHO n03TOMY napaMerp p npHH.HTO Ha3biBaTh nopRDKWU pe30HaHCa. 

Bee CKa3aHHOe o HeJiuHeiiHOM pe30Haf!Ce npH 6oJibmoii paccrpoiiKe no3BOJI.HeT 

3aKJIIOqlfTb, ~ MHO:>KeCTBO HeJIHHellHbiX pe30HaHCOB ~llCKpeTHOe II BCIO.Izy llJIOTHO, 

xoT.H HX npo.HBJieHHe CTaHOBHTC.H ace MeHee 3aMeTHbiM no Mepe pocra · nop.H~Ka 

pe3oHaHca p. Ba:>KHo, ~ aMnJilfTY~a KOJie6aHHii a6JIH3H pe3oHaHca orpaHH'IeHa: ecJIH 

aaemHee B03MYID:eHIIe CTpOrQ rapMOHHqeCKOe, C QJIIKCHpOBaHHOll qaCTOTOii, TO ee 

~eiiCTBHe B pe30HaHCe CTa6llJIH3llpJeTC.H HeJIHHellHOCTbiO, KaK Mbl Bll,!:leJIH B ~Byx 

npe~bi~ym:HX naparpaQ>ax. 

C pOCTOM p II q paCCTO.HHHe Me~y COCe~HllMll pe30HaHCaMll yfibiBaeT: 

llQpq =(PI _P2)·roo =>~·roo npH PJ =p2+1, % =q2 =q. 
ql q2 q 

IJpH 3TOM B03MO:>KHbl TaKHe 3HaqeHH.H BeJilfqlfHbl Bbl~aiOm:eii CllJibl II napaMerpOB 

OCU:HJIJI.HTOpa, ~ 3TO paCCTO.HHHe CTaHOBHTC.H MeHbiiie IIIHpHHbl pe30HaHca: 

llQpq <Ll~, 

liJill 

p7/3 2Ka~ 
--<--
q2 roo 

TaKoe coCTO.HHHe Ha3biBaiOT nepeKpblmueM pe3onancoo. B 3TOM cnyqae ocu:llJIJI.HTop, 

3axaaqeHHblll B 3aBHCHMOCTll OT HaqaJibHbiX JCJIOBllll. B TOT illlll llHOll HeJIHHellHblll 

pe3oHaHc, MO:>KeT nepexo~HTb B o6naCTb coce~Hero pe3oHaHca - npoHCXO~HT 

"finy~aHHe" OCU:llJIJI.HTOpa OT O~HOro pe30HaHca K ~pyroMy. IJpou:eCC TaKOrQ 

fiJI~aHH.H HOCHT HeperyJI.HpHblll xapaKTep, KaK 6y~ Ha OCil:llJIJI.HTOp ~eiiCTByroT 

KaKMe-TO cnyqaiiHbie Cilllbl, XOT.H Ha CaMOM ~eJie HllKaKIIX Cilll ReT. I103TOMY TaKOll 

pe)KJfM no.nyqilll Ha3BaHHe cmoxacmu'lecK020. ,lVI.H Hero xapaKTepHa JlOKaJlbHaR 

neycmoii'luBocmb: TPaeKTOpHH TOqKll (a, \jl) Ha !}>a3oaoii nJIOCKOCTM pacxo~.s 

3I<cnoHeHU:UaJibHO so speMeHn. B coapeMeHHoii Teopuu Kone6aHnii TaKlle npou:eccbi 

nccne~oaaHbi ~OCTBTOqHO rny6oKo. B qaCTHOCTU, pa3BHTne TeOpnH HeJIUHeiiHbiX 
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i1 

pe:30HaHCOB H CBH3aHHbiX C HHMH CTOXaCTJiqeCKHX npo~eCCOB n03BOJilfJIO .n:aTb 

OfibHCHCHHe npnpO.ll:bi TaKOro HBJICHHH, KaK Cll)"'aiiHOCmb 6 KJIQCCU'IeCKoU MeXQHUKe. 

§ 6.12. AsTOKOJie6aHHSI. PeJiaKcau.uoHHLie KOJie6aHuSI* 

ABmoKone6anuRMu Ha3biBaiOT KOJie6aTeJibHOe .li:BIDKeune, KOTOpoe MOJKeT 

B036}'JK.n:aTbCH n no.n:.n:epJKHBaThCH B cnCTeMe 3a cqeT "no.n:KaqKn" 3Hepnm H3BHe. B 

3TOM CJiyqae B CHCTeMe npncyrCTBYeT aKTHBHbiH 3JICMCHT, KOMneHCHpyiOmnii nOTepn 

3Heprnn (uanpnMep, npyJKHHa B MexaunqecKmc qacax). c Pa3HOBM.li:HOCTbiO 

aBTOKOJiefiaHHH HBJIHIOTCH penaKCQ1JUOHHble KOJle6aHUJl. 3To cymeCTBCHHO 

HCJIHHCHHbiC KOJie6aHWI, aurapMOHuquOCTb KOTOpbiX 3aJIOJKCHa B yCTpOHCTBe 

CHCTCMbl. IlpnMepOM TaKoro peJiaKCa~HOHHOI'O OC~lfJIJIHTOpa MOJKeT CJIYJKHTb 

"CaMOOnyCTOIIIaiOmHHCH11 BOMHOH 6aK (puc. 6.16): BO.ll:a, 3anOJIHHB 6aK .li:O ypOBHHA H 

BCIO CJIHBHyiO TPY6y, uaqnuaeT BbiDHBaTbCH co cKopoCTbiO, KOTOpax onpe.n:eJIHeTCH 

pa3MepaMn cnnBHoii TPY6bi. Ecnn CKopoCTb CJIHBa npeBbirnaeT cKopoCTb nocrynneuHH; 

ypoBeHb BO.ll:bi B 6aKe uaqnuaeT nouiDKaTbCH. Ilo .n:oCTIDKeHHn ypoBHH E CTOJI6 BO.ll:bi B 

TPY6e pa3pbiBaeTCx, B uee npounKaeT B03.n:yx n cnnB BO.ll:bi npeKpamaeTcH. 

,lVm onncaHHH aBTOKOJie6aunii (B TOM qncne penaKca~nOHHbiX) rnnpoKo 

HCnOJib3YIOTCH MeTO.ll:bl, pa3BHTbiC B TeOpHH rapMOHnqeCKHX H ( OC06CHHO) 

HCJIHHCHHbiX KOJiefiaHHH (§§ 6.1 - 6.11). 

h(t) 
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PHc. 6.16. PeJJaKCaiU~OHHhle KOJie6aHHJI 

ypoaiDI BO.llhl B 6aKe 

§ 6.13. ~Ha6aTWieCKHH IIHB3pHaHT* 

B KOJie6aTeJibHOM .n:BnJKeunn cymeCTBYeT Bennqnua, KOTOpax npn6nnJKeHHO 

coxpaHHeTCH npn .li:OCTaTOqHO MC.li:JICHHOM H3MCHCHHH KaKOI'O-JIHOO H3 napaMt:TPOB 

ocuHJIJIHTOpa - TaK Ha3biBaeMbiii aoua6amuwcKUi1 unBapuanm ( oT rpeq. adiabatos -

HenepeXO.li:MMbiH). 0co6eHHOCTb 3TOI'O HHTerpana .li:BMJKCHHH B TOM, 'ITO OH 

npn6JIIDKeHHbiH, T.e. coxpaHHeTCH BO BpeMeHH C HCKOTOpoii TOqHOCTbiO. TeM He MeHee 

:3TO BaJKHaH xapaKTepHCTHKa KOJie6aTCJibHOI'O npo~ecca, n03BOJIHIOmax cymeCTBeHHO 

o6nerqHTb ero onncaune B TOM cnyqae, ecJin}aKoii nHTerpan .li:BIDKeHHH cymeCTByeT. 

HaqueM paccMOTPeHne c .n:oCTaToquo o6mero cnyqax. IlyCTb 11 - KaKoii-TO 

napaMt:TP OC~lfJIJIHTOpa, HanpnMep, k, m lfJIH roo, MC.li:JICHHO H3MCHHIOmHHCH BO 

BpCMCHH, TaK 'ITO 

drt 
T-<<11, 

dt 
(6.172) 

r.n:e T- nepno.n: Kone6aunii oc~nnJIHTOpa. IIocMQTPHM, KaK B 3TOM cnyqae H3MCHHeTCH 

BeJinqnua 

/=-
1 

fpdx, p=mx, 
27t 

(6.173) 

r.n:e § - nHTerpan no nepno.n:y Kone6aunii. CqHTaeM, ~o 3a nepno.n: nonuax 3HeprHH 

OC~HJIJIHTOpa E H3MCHHeTCH npeue6peJKHMO MaJIO H ee BCJIHqnua 3aBHCHT OT 

napaMt:TPa 11· B 3TOM cnyqae MOJKHO 3anncaTb 

dE dE d11 -=-·-
dt d11 dt 

KpoMe TOI'O, cqHTaeM, 'ITO HMnyJibC KOJIC6JIIOmerOCH TeJia CCTb $yHK~HH KOOp.li:HHaTbl, 

3Heprnn n napaMt:TPa 11: p = p(x, 11, E), nocKOJibKY 

p2 kx2 
E=-+-

2m 2 

Tor.n:a npomBO.li:HaH no BpeMeHn napaMt:TPa I eCTb 

d/ =-1 t{Op. dE+ Op. drt}·dx=-1 t{Op. dE+ ()p}drt·dx. 
dt 21t BE dt BTl dt 21t BE dt BTl dt 
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(6.175) 



Ho E = const, T.e. 5~BHO He ll3MeHjleTC5~ BO BpeMeHII 3a npoMe:a<yi'oK l!J - T . Ilo3TOMy 

E(p( '111 x, '11) = const, TaK 'ITO MO)I(HO 3aniicaTb 

0rCIO)la 

II, COOTBeTCTBeHHO, 

dE= oE + oE. iJp =O. 
d'll iJtl iJp iJtl 

a£ a£ ap 
-=--·-
Otl iJp iJtl 

ap a£ ap a£ ap ap 
-·-=--·-·-=--
()£ iJtl a£ ap iJtl iJtl 

lJO)lCTaHOBKa 3TOI'O pe3yJibTaTa B llOCJie)lHee Bbipa)l(eHIIe B (6.I75) )laeT 

TaKIIM o6pa3oM, Mbi noKa3aJIII, 'ITO 

dJ =0. 
dt 

I=....!....§ pdx= const, 
27t 

(6.I76) 

T.e. 51BJI51eTC51 IIHTerpanOM )lBli)I(eHHjl npii yCJIOBlili llOCT051HCTBa £('11). ~ JIIIHeHHOI'O 

OCQIIJIJljiTQpa 3Ta BeJIII'IIIHa MO)I(eT 6b1Tb Bbl'lliCJieHa )lOCTaTO'IHO npocro: 

I I T I T 
I=-§ pdx = -J lflXdx = -mro 0a2 J sin 2 ro 0dt = 

27t 27t 0 27t 0 

I 2 mro 0a2 E 
=-mro 0a n=---=-. 

27t 2 ro 0 

3)leCb a - aMnniiry)la Kone6aHlJ:jl. Mbi nonyqiiJIII 

I=!:_ (6.I77) 
roo 

C )lpyroif CTOpOHbl, Bbipa)l(eHIIe )lM 3Hepmii (6.I74) MO)I(HO paCCMaTPIIBaTb KaK 

11 ypaBHeHIIe 3JIJilillCa B KOOp)liiHaTax p, X: 

Ero nnoma)lb eCTb 

p2 x2 
--+--=1. 
2m£ 2£/k 

I 54 

r 
! 

,-;:--;: #E * E · S=nvL.ml!-· -=2n -·E=2n-=2ni. 
k k ro 0 

3TO 03Ha'laeT, 'ITO Ha llJIOCKOCTli KOOp)lliHaT p, X (q){l3060e npocmpaHCmBO) 

ocQIIJIMTOP )lBII)I(eTC5~ no 3JIJIII~ecKoii TPaeKTopmt, a nnoma)lb 3Toro pmoBozo 

3JIJiunca coxpaHjleTC5~ npn: Me)lJleHHOM ll3MeHeHIIII napaMeTPa OCQHJIJljiTQpa. 

3Ma'la 5.6. Haifrn 33KOH H3MeHeHIDI aMnrrmyro.I KOJie6aHHii: M3JITHHK3 C Me,zo:IeHHO H3MeHJIIOII(eHCJI 

AJIHHOH i(t) (pHC. 6.2). 

3amnneM a,zuta6aTII'IecKHH HHBapHaiiT )l)IJI M3JITHHK3: 

I=.!:_= mro~a2 
=!!!..·a 2 ro

0 
=!!!..·a2 fi =const. 

ro 0 2ro 0 2 2 V£ 
3~eCb a- aMrunrryM KOJieOOiillJI B~OJib OCH X (ropH30HI3Jib H3 pHC. 6.2). 0rcroM 

a{t)= a{O)·( t(t))l/• 
£(0) , 

T.e. aMrunrry,M KOJieOOHHH yae.llli'IHBaeTCJI C ~OH M3JITHHK3 rrponopU:HOHaJibHO £1/
4

• IlpH 3TOM 

aMIIJDITYM ymoaoro OTKJiouelillJI M3JITHHK3 

t - a(t) 0 ·(£(0)J3f• 
<Jlm"'O- £{t)<Jlmox~) i{t)) 

YMeHbmaeTcll c pocroM £ KaK t3f•. 

AM cpaauelillJI )'Ka)KeM, qro npH MmOBeHHOM H3MeHeHHH AJIHHbl M3JITHHK3 Be.llli'IHHa 

H3MeHelillJI aMrunrryro.I 33J!HCHT OT TOTO, B KaKOH clJa3e KOJie6aHHii: 3TOT CKa'IOK AJIHHbi IIliTH 

llpOH30illCJI. True, HanpHMep, ecJIH ~ H3MeHHJiaCb B MOMeHT, KOfM M3JITHHK npOXO~ llOJIOJKeHHe 

paBHOBecHJI, aMrunrryM OTKJIOHeHHJI H3MeHHTCJI B COOTBeTCTBIDI C 33KOHOM coxpaHeHHJI3HeprHH: 

OTK)'M 

2 
mvmax 

2 

mro~(o)a2 (0) mro~(t)a 2 (t) 
2 2 

a(t)=~·a(O)=~-#fJ ·a(o). 
ro 0 1JJ £\OJ 

3nrr lKC pc:ly Jib TaT JierKO llOJIY'IHTb H3 reOMeTpH'IecKHX COOTHOmeHHii: )l)IJI M3JII1IHK3, Y'JHTLIB3ll, qro 

BLICOTa CfO no~l>i:Ma llll,l\ llOJIOlKeHHeM paBHOBeCHJI B 3TOM CJiyqae He H3MeHlleTCJI. EcJIH JKe ~ 

H3MCHHJI3Cb npH MaKCHMaJibHOM OTKJIOHeHHH M3JITHHK3, TO aMrunrry,M yrJIOBOTO OTKJIOHeHHJI, 

O'ICBII.ll.HO. nOCTOJIHHJI, a aMrunrryM JIHHeii:Horo OTKJIOHelillJI H3MeHJieTCJI KaK 

a"" a.·l. 
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, 
(1 

IJpH 3TOM 3Hepi'Hll KOJie6rumH B03pacraer: 

2 2 (12 
mro0 a =-·mgl. E= -

2
- 2 

,ll;oKa3aTeJibCTBO cymecrsosaHIDI ~mua6aTJNecKoro HHBapuama He YKa3biBaeT 

HBHO Ha ero npu6nmKeHHbiii xapaKTep. Cl>lJ3uqecKH 6onee HCHbiM HBJijieTCji noroco~, 

pa3BHTblii a csoe speMH a KBaHTOsoii MexaHuKe. 3~ecb Mbi npuse~eM ero ynpomeHHoe 

Il3JIO:lKeHue. 

IlyCTb 'laCTOTa JIIlHeHHOI'O OCQilJIJijiTQpa MeMeHHO Il3MeiDieTCH C xapaKTepHbiM 

BpeMeHeM 't, T.e. 

l

dml m 00
2 

- <<-=-, T.e. 't>>T, 
dt T 21t * 

(6.178) 

r~e T = 2rrlm - nepuo~ Kone6aHuii ocuilJIJijiTQpa. 3To ycnosue 03Ha'laeT, 'ITO 3a speMH 

T qaCTOTa Kone6aHuii Il3MeiDieTCH Mano. 

B Bil~e 

liy~eM ucKaTb pemeHue ypasHeHIDI 

x+m 2 (t)·x=O 

x(t) = a{t )·sin \lf(t). 

EcrecrseHHO O:lKH~aTb, 'ITO <IJa3a ecri. 

t 

\lf(t) lOO J m(t')· dt' +\If 0 
0 

Il aMllJifiTY~a a(t) - MeMeHHO Il3MeiDIIOmaHCH <IJyHKUIDI BpeMeHH: 

ldal<<:!._, T=21t. 
dt T m 

(6.179) 

(6.180) 

(6.181). 

B cnpaBeMHBOCTil 3THX O:lKil~aHuii Mbi y6e~HMCH, no~CTaBHB pemeHue ( 6.179) B 

ypasHeHue Kone6aHuii. Ha~eM: 

ii· sin \If+ 2Q. \jJ • cos\lf+a· COS \If· \ji -a· sin \If· (\If )2 
+m

2 ·a· sin \If= 0. 
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UpupaBIDIB HYJIIO cyMMbi K03<lJ<IJuuueHTOB npu sin\lf u COS\lf, nonyquM cucreMy 

ypasHeHuii ~ a(t) u \lf(l): 

If3 BTOpOro ypaBHeHIDI Haii~eM 

oTKY~a 

ii+a(m 2 -(\j/)2 )= 0, 

2ffijJ + a\il = 0. 

a \If 
-;=- 2\lf, 

t 
a=~· 

r,ne C- Heil3seCTHaH noKa KOHCTaHTa. Ilepsoe ypasHeHue ~aer 3Ha'leHue \jJ : 

.G"7 
\If= vm +-; lOO (jj. 

(6.182) 

(6.183) 

(6.184) 

Tiocne~Hee npu6nu:lKeHne nonyqeHo m ycnosuii MeMeHHOCTil a(t) ( 6.172). B 

Pe3YJibTaTe OTCIO~a n3 (6.183) uMeeM 

al'O_s__ t 
Jm(t)' \If= [m(t')·dt'+\lfo· 

(6.185) 

A Tenepb HeTpy~HO y6e~urbCH B cnpaseMHBOCTil y~JIOBIDI ( 6.181 ), Bbi'IHCJIHB 

I1p0Il3BO~HYIO a(t) 113 (6.185) Il yqTH ycJIOBile (6.178): 

l
dal C .ldml C . 1 a 
dt = 2m 3; 2 • dl « 2rro·-r= r · 

TaKHM o6pa30M, Mbi IIOJIY'IIlJIIl pemeHue B s~e 

x(t)= ~~(t)"sin[!m(t')·dt'+\lfo l (6.186) 

KoHCTaHTbi C u \lfo Ha~eM u3 Ha'laJibHbiX ycnosuii: 
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.... 

0rCIO,lla 

c .. 
x(O)= ern\ ·sm 'J10 , 

vro\OJ 
x(O)= C .roo; ·COS'Jio· 

c = V[x(o)P+[ ~~~r ·..Jroro5 = a(o)-..Jro(Oj, 

r,lle a(O)- aMTIJIJITY.lla KOJie6aHuii B MOMeHT t = 0 (eM. (6.12)). B pe3yJihTaTe Mhi Hanmu 

6oJihiiie, 'leM ucKaJiu: He TOJihKO 3Ha'leHue KOHCTaHThi C, HO u ycJiosue 

a(t)·Jro(t) = C = a(O)·Jro(o), 

T.e. HeKuii uHsapuaHT. Y'IHThiBIDI CBH3h :meprnu ocuuJIJIHTOpa c ero aMllJIJITY.llOH 

(6.15), OTCIO,lla Hax:O,llllM ,llJIH a,llua6aTU'IeCKOro llHBapuaHTa: 

1 
_ E(t) _ mroa2 _ mC2 
- ro(t) __ 2 ___ 2_ 

eCTh KOHCTaHTa. 

0CTaJIOCb BbiHCHHTb BOllpOC 0 TO'IHOCTU, C KOTOpOH 3TOT llHBapuaHT 

coxpaHHeTCH. ,lVIH3TOro sepHeMCH K paseHCTBY (6.184) u coxpaHuM MaJiyiD nonpasey 

K ro: 

. I ii 
\j!R<ill+-·-. 

2ro a 

Ilo,llCTasus 3TOT pe3yJihTaT s (6.183), Haii.lleM 

a(t)"" 1 - 1--·!: . c ( 1 .. ) 

vro 4ro 2 a 

B pe3yJihTaTe, onpe,lleJiuB UHBapuaHT KaK OTHOIIIeHue 3Hepruu ocullJIJUITOpa K ero 

n 'laCTOTe, Bll,llllM, 'ITO OH paBeH CyMMe KOHCTaHThl ll MaJIOH nonpaBKII, 3aBUCHII{eH OT 

speMeHu: 
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..... 
I(t) mro(t)·a2(t)=lo+M(t),. 

2 

I _ mC2 
_ _ mro(O)·a2 (o) 

0 --- const- -..>.....<....----''"""'" 
2 2 ' 

1 .. 
M(t),.,-10 ·-·~. 4ro2 a 

,[(mi OUeHOK MO"lKHO npUHHTb 

a 
ii-2· 

't 

TorAa OTKJIOHeHne l(t) OT noCTOHHHoro 3Ha'leHUH eCTh 

IM(t)l 1 
4- (2ro•f. 

Crpornii aHaJIII3 nOKa3biBaeT, <ITo 3TO OTKJIOHeHne nopx,llKa e-rot. 
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rJIABA 7. MEXAHHKA TBEP,ll;OrO TEJIA 

§ 7.1. TBep~oe TeJio. YpaBueHim: ~BIDKeunH 

A6COJUOTHO TBep,!I;Oe reno eCTh CHCTeMa qaCTHQ, paCCTO.llHIDI M~ KOTOphiMH 

HeM3MeHHhl. 3To MO,!I;enh peaJihHOI'O Tena, ,!J;eQ>OpMaQIDIMH KOTOpOI'O MO:lKHO 

npeHe6pe%. 

Jiy,!l;eM OnHChiBaTh ,!I;BH:lKeHHe qaCTHQ rena C nOMO~hiO pa,!l;lfYCOB-BeK'I'OpOB R;, 
CB.l13aHHhiX C HeKOTOpoii, ,!I;OCTaTQqHo npOI13BOnhHO Bhi6paHHOii, CHCTeMOH OTCqeTa, H 

paCCTO.llHHH f; BHYTPH Tena, OTCqlfThiBaeMhiX OT KaKOH-TO QJHKCHpOBaHHOH TQqKif 0 
\ 

BHYTPH Tena (pH c. 7 .I): 

X 

0 
_/ 

y 

R;=Fo+T;. (7.1) 

Pnc. 7.1. BLI6op cncreM OTC'Iera 

YpaBHeHHe ,!I;BH:lKeHIDI i-ii qaCTHQhi, BXO,!I;.ll~eii B COCTaB TBep,!I;OI'O Tena, HMeeT 

BH,!I; ( CM. (1. 7)) 

. . - -
P; =m/v; =F; + /;, . (7.2) 

r,!l;e F;- BHeUIH.ll.ll CHJia, ,!l;eHCTBYJO~a.ll Ha qaCTHUy; ]; - BHYTPeHH.ll.ll CHJia - CHJia CB.l13H 

t1 Me)K,IJ;y qaCTHQaMH Tena. BHYTPeHHHe CHJihi, ,!l;eiiCTBYJO~He Me)K,IJ;y mo6hiMH ,!J;BYM.ll 

qaCTHQaMH TeJia, paBHhi no BeJIHqHHe If npOTHBOnOnO:lKHhi no HanpasneHHIO: 

- -hn =-Jni• 
- N -
/; = Lhn• hi =0; (7.3) 

n=i 
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....... 

i, n - HOMep qacrHu; N- qlfcno qacruu, o6pa3yiD~HX Teno; f; - nonHa.ll BHYTPeHH.ll.ll 

cHJia, ,!l;eiiCTBYJO~a.ll Ha i-10 qacrHey. IIpocyMMHposaa (7.2) no seeM qacrm~aM c 

yqeTOM (7.3), nonyqHM ,!I;JI.l1 nOnHOI'O llMllYnhCa rena p : 
N N 

fi= "Lfii, ft= L.f;, dp -
--=F, 
dt 

(7.4) 
i=l" i=l 

r,!l;e F - nonHa.ll BHeUIH.ll.ll cHJia, ,!l;eiiCTBYJO~a.ll Ha Teno. 

IIocKOnhKY 

- .:. d -
p= "Lm;R; =.dtLm;R;. 

I I 

(7.5) 

TO, BBO,!I;.ll pa,!~;lfYC-BeKTOp r0 

"Lm)?; 
- i ro -'---

m 
m = "Lm; - Macca Tena, (7.6) 

M3 (7.4) nonyqnM 

mro =F. (7.7) 

TaKHM o6pa30M, nO,!I; ,!l;eHCTBHeM BHeUIHeii CHnhi ft. Teno ,!I;Bll:lKeTC.ll KaK"'aCTHQa MaCChi 

m, HaxO,!I;.ll~a.llC.ll B roqKe ~(t) (7.6). TeM CaMhiM 3a,!l;aqa 0 ,!I;BH:lKeHHH Tena CBe,!l;eHa K 

H3BeCTHOH Y:lKe 3a,!l;aqe 0 ,!I;BH:lKeHHH qaCTHQhi. Ilo:lTOMY TOqKY 0 C KOOp,!I;HHaTaMH f,(t) 

· Ha3hiBaiDT qeHmpoM Mace Tena ( cpaBHH ( 4 .14) ). 

0CTaJIOCh OnHCaTh ,!I;BH:lKeHHe .qaCTHQ TeJia OTHOCHTenhHO em QeHTpa MaCC -

TOqKH 0. IIpe:lK,!I;e acero, OTMeTHM, qro H3 (7.1) u (7.6) cne,!l;yeT 

"Lm;T; =0 (7.8) 

(:no "cpa3y .l1CH011
, T.K. TaKa.ll CYMMa paBHa npOH3Be,!l;eHHIO MaCChi TenaHa paCCTO.llHHe 

,!I;O ueHTpa Mace OT • • • ueHTpa Mace!). 

liOCKOnhKY TOqKa 0 3aKpenneHa BHYTPH Tena, TO qaCTHI.{hl MOryr TOnhKO 

Bpa~aThC.ll OTHOCHTenhHO :noii TQqKlf, OCTaBa.llCh OT Hee Ha HeM3MeHHOM paCCTO.llHHH: 

T; =F;(t), IF;(t~=const. (7.9) 
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,lVul OniiCaHIDI 3TOrQ OTHOCIITenhHOro ,IIBIDKeHID! )'MHOJKHM o6e •uicm (7.2) BeKTOpHO 

Ha F; II, npOCYMMIIpOBaB no BCeM 'laC'rHI.{aM, COCTaBJUIIOIUIIM Teno, nOnyqiiM 

"L[F; xp;]= "L[F; x};]+ "L[F; xi;]. (7.10) 

JleByK> 'laCTh paBeHCTBa MO)KHO npeo6pa:30BaTh K nOnHOH npOH3BO,IIHOH. ,lVul :noro 

3aniiiiieM TO:lK,neCTBO 

·'I 
(1 

d [- - ] [.:. - ] [- .:. ] dt 1j x P; = r; x P; + r; x P; . 

Ho 

P; = m)l.; = m;i; + m;Fo. (7.11) 

Ilo.ncraBIIB 3TO Bbipa)KeHIIe B nepBoe cnaraeMoe cnpaBa II cyMMIIPY» no i, Haii,neM . 
L [i; x P; ]= 'Lm; [i; xi;]+ [Lm;i; xf0 ] = 0, 

I I I 

nOCKOnhKY nepBOe cnaraeMOe TO:lK,neCTBeHHO paBHO HYJII:O ("BeKTOpHbiH KBa,npaT" 

mo6oro BeKTOpa paaeH eymo, a BTopoe cnaraeMoe co.nep)KIIT eyneBoii coMHO)KIITenh -

npo1I3BO.IIH)'Kl no BpeMeHII cyMMhi (7.8)). TaKIIM o6pa30M 

B CBOIO oqepe,nh, 

!'L[F; xpJ= "L[F; xpJ 
I I 

d d -- "[- - 1- 'L - dM 
d 

L, ljXP; -- M =-
1; df; I dt' 

r.ne M;, M- MOMeHThi IIMnynhca i-ii 'laCTIIUhi II Tena coOTBeTCTBeHHO (eM. (4.26)). 

TaKIIM o6pa30M, neBa» 'laCTh ypaBHeHIDI (7.10) paBHa nonHoii ppomBo,nHoii no 

BpeMeHII OT MOMeHTa IIMnynhCa Tena. Tenepb yqTeM CBOHCTBO BeyTpeHHHX CIIn (7.J). 

113 Hero cne,nyeT (CM. p1IC. 7.2), ~0 ,nJIH ,nByx ni06hiX 'laCTIIU 1 II 2 CyMMa MOMeHTOB 

BeyTpeHHIIX CIIn, ,neifCTByKliUIIX Me:lK,ny 3TIIMII 'laCTIII.{aMII, paBHa 

[ii x ~2]+ [12 x J21l= [Cr2 -ii)x J21l= [c x l21l= o, 

T.K. f. = r2 - ii - BeKTOp, napannenhHb1H BeKTOpy f21. 
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2 

1 

12 

Pl!c. 7 .2. K pacqery MOMCIITOB BH}'TlJellliHX CHJI, 

,!I;CHCTByiOntHX Ha 'lllC"I11Wd TC.'Ill 

0 

B HTOre m (7.1 0) nonyqiiM ypaBHeHue MOMeHmOB 

dM --=N 
dt ' 

N N 

M = 'L[F; x]i;], N = "L[r; xi;], 
(7.12) 

i-1 i-1 

N- cyMMapHhiii MOMeHT BHeiiiHHX cHJI. 

lhaK, 3aOa'la o oBu;HCeHuu mBepoo2o mella B none BHeiiiHHX CIIn cBe,neHa K 

llBYM BeKTOpHbiM ,IIIIc}lc}lepeHI.{IIaJibHbiM ypaBHeHIDIM: ypaBHeHIIIO ,IIBII)KeHIDI QeHTpa 

Mace (7.7) II ypaBHeHIIIO MOMeHTOB (7.12), OniiCbiBaiOmeMY BpameHIIe BOKpyr QeHTpa 

Mace (7.6). 

0rMeTIIM, qTQ npii TaKOM pa3,lleneHIIII 3a,lla'III Ha 'laCTII ypaBHeHIIe (7.12) 

MO)KHO eme ynpOCTIITb. IlOCKOnhKY ro = Vo - CKOpOCTh ueHTpa Mace rena, TO, 

Y'IIIThiBaH (7.11) II (7.8), Haii,lleM 

M = :Lm; ~Xi; l+['Lm;r; X va] = 'Lm; [r; Xi;]. 
I I I 

(7.13) 

B CBOIO oqepe,llh, CKOpOCTh F; MO)KHO CBH3aTh C MrHOBeHHOH yrnOBOH CKOpOCTbiO Q 

(piic. 7.4)- KIIHeMaTnKa TO'IKII i Bpamaromeroc» rena: 

- - .:. &;I ·-&; =r; ·Ll\jl·e.L, 1"; = M =r;'Jie.L. 
M-+0 

(7.14) 
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n & 

~:k(t+!l.t) 
i(t) 

r(t+M) 

PHC. 7.3. K pacqery KHHCM3THKH TO'IKH 

Bpamruo~erocJI = 

Ilo~craana F; OTCIO~a B (7 .13 ), nonylfRM MOMeHm UMnyllbCa meJla omuocumellbHO 

lfeHmpa Mace: 

M = Lm;~ x[nxr;]]. (7.15) 

YpaaHeHIDI ~BR)I(eHIDI TBep~oro Tena (7.7) n (7.12) no3BOIDIIOT cti>opMyJIRpoaaTh 

YCJI06UR pa6H06eCUR TBep~Oro TeJia: TeJIO HaxO~RTCH B COCTOHHRR llOKOH RJIR 

paBHOMepHOro npHMOJIRHeHHOro ~BIDKeHIDI, eCJIR CYMMa BHeiiiHIIX CRJI, ~eHCTByiO~IIX 

Ha Teno, n cyMMa RX MOMeHTOB paBHhi HYJIIO. PaaeHCTBO eynw TOJihKO BHeiiiHeii CRJihi 

He RCKJIIOlfaeT apa~eHID! Tena, ecnn N 7:- 0 , If, Hao6opOT - npn eyneaoM MOMeHTe cnn 

Teno, He apa~aHCh, ~BIDKeTCH ycKopeHHO R npHMOJIRHeiiHo, ecJIR F 7:- 0: 

F = 0 - omcymcm6Ue ycKopeHH02o nocmynamellbH020 06UJICeHUR, 

(7.16) 

N = 0 - omcymcm6ue BpazqeuuR meJla c ycKopeuueM. 

§ 7.2. lliocKoe }J.BIDKenue 

~BR)I(eHRe, npR KOTOpOM OCh ~BIDKeHIDI TeJia HenO~BR)I(Ha (B TOM lfRCJie 

3aKpe11lleua) RJIR nepeMe~aeTCH napaJIJieJihHO caMoii ce6e, Ha3hiBaeTCH 11JIOCKUM. B . ~ 
11 

3TOM CJIYlfae TPaeKTopiD! K~oii qaCTRIU>I Jie)I(RT a tl>nKcnpoaaHHoii nnocKocrn, 

oproroHaJihHOii ocn apa~eHID!. Ecnn OCh K TOM)' )l(e 3aKpenneHa, TO TPaeKTopnn 

lfaCTRQ TeJia - OKp~HoCTn. B nnocKOM ~Bn)l(eHnn y~o6Ho xapaKTepR30BaTh 

llOJIO)I(eHRe lfaCTRQ TeJia IIX paCCTOHHIDIMR l;; OT OCII Bpa~eHID! (pnc. 7.4): 
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PH c. 7. 4. lliocKoe .n;BIDKeHHe TeJia 

_I;; = r; sin 8 = i[en xr; ]I, n 
en= n· 

B KOOp~RHaTax (/;, q>) Bhipa)l(eHne ~llil (7.15) MO)I(HO ynpOCTRTh, pacKphiB ~BOHHOe 

aeKTopHoe npOR3Be~eHne: 

M = Lm; (fir/- r; (n, r; ))= 
; 

= fiLm;r/ -QLm;r; cos8·(enr; cos8+e;'i sine), 

(7.17) 

r~e en , el; - e~IIHRlfHhie BeKTOphi, HanpaBJieHHhie B~OJih OCR Bpa~eHIDI II B~OJih 

KOOp~RHaThi /;; COOTBeTCTBeHHO. 

B ~Byx CJIYlfaHX cyMMa, co~ep)l(a~M e;, npn cyMMRpOBaHRII o6pa~aeTCH B 

HYJih. 

1) Tello JUJJIRemcR CUMMemput~HblM u ocb BpaUfeHuR coBnaoaem c ocb10 

CUMMempuu. Tor~a K~oii qacrnQe MaCChi m; Ha~eTCH pacnoJIO)I(eHHaH 

~IIaMeTpaJihHO npOTIIBOllOJIO)I(HO lfaCTRQa TaKOH )l(e MaCChi m;, HO npR 3TOM el; = -el; 

R cnaraeMhie B3aRMHO yHIIlfTO)I(aTCH . 

2) Oc& BpazqeuuR JICecmKo 3aKpe11JleHa. Ecnn CRMMeTpiDI OTHOCRTeJibHO ocn 

Bpa~eHIDI He RMeeT MeCTa, CYMMa C el; ~aeT HeeyJieByiO COCTaBIDIIO~yiO, 

nepneH~IIKYIDIPHYIO ocn Bpa~eHID!; M J...- aeKTop, apa~aw~niicH BMecre c TeJIOM. 
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3To Harpy:3Ka Ha 3aKperuieHHYJO OCb, He BJIIDIIO~aJI Ha Bpa~eHHe, eCJIJI He 

paCCMaTJ>HBaTb .ne<IJopMaiUIIO OCJI, 1peHHe B ee llO,l:IBeCKe Jf T.ll. 3<IJ<IJeKTbi. 

BoT TaKoe .z:IBIDKeHHe, y.noBJieTBOpHIO~ee O.z:IHOMY Jf3 3THX ycnoBHfi, H 6y.neM 

Ha3biBaTb lVIOCKUM. B 3TOM cnyqae BbipiDKeHHe (7.17) npHHHMaeT Blf.z:l 

-- 2·2 - 2 M = QLm;rt sm 8 = QLm;~; , 
i 

JIJIJI 

- - 2 f 2 M =IQ, I= Lm;~; = P~;dV. (7.18) 

BeJIH'IHHa I Ha3biBaeTCH MOMenmoM uneplfUU me11a omnocumellbHO oannoii ocu 

Bpall/eHUR, p- nnoTHOCTb Tena. YpaBHeHHe (7.12) .z:IJIH cny'laJI lVIOCK020 Bpall/eHUR 

TeJia npHHJIMaeT npOCTOM BH,l:l: 

I·dn=N. 
dt 

(7.19) 

BeKTOpbi n, n Jf N napanneJibHbl .npyr .npyry Jf HanpaBJieUbl B,l:IOJib OCJI Bpa~euiUI· 

MoMeHT HHepuHH - xapaKTepHCTHKa TBep.noro Tena., HrpaiO~aJI B ypaBHeHHH 

MOMeHTOB (7.19) ry )l{e ponb, 'ITO H Macca B ypaBHeHHH .z:IBH)I{eHIDI 'laCTHUbi. B 

OTJIJI'Ilfe OT MaCChi, MOMeHT JIHepUHJI, llO,l:l'lepKHeM e~e pa3, 3aBHCJIT OT llOJIO)KeHHH 

OCJI Bpa~eUID!. 

33J{a'la 7.1. BWIHCJIIfTh MOMeiiTLI HHepJUIII CIIMMeTpii'IHLIX TeJI. 

I). faiiTeJ!b - .!lila "TO'Ie'IHb!X" mapmca Macchi m n pa.ziHYca R KIDIGI.biii, coe.zumeHHhiX 

HeBecOMhiM crep:lKHeM .zvnnn,~ l. Ocb BpaiiJeHHJI nepneli,IUiK)'JIJqlHa crep:lKHIO ~ npoxo,!IIIT qepe3 ero 

cepe.zumy, R << l. 

I=2xm(!..)2 

=me 
2 2 ' 

R<<l. 

i1 2). llaJio'IKll .zvnnn,~ l. Ocb BpaiiJeHHJI npoxo).l.IIT qepe3 cepe.zumy naJIO'IKH n nepneH,!I;m<yJIJIPHll 

eeocn. 

l/2 2 

I =!!!. J x2dx= !!!!...._ 
0 l -t/2 12 . 

(7.20) 
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3). llaJIO'IKll, OCb IIpOXO,!IIIT 'lepe3 Kpaii naJIO'IKH H nepneli,IUiK)'JIJipHll ee OCH. 

(7.21) 
t 2 

I =!!!.Jx2dx=!!!!_ 
I f 0 3 . 

4 ). ,AHCK pa.ziHYca R H TOJIIIJHHhl h. Deb BpaiiJeHHJI COBITaJ{aeT C ero OCbiO. 

Io = mR J 2 1tR2h. s ·dz·s·ac·drn= mR2 0 ':> ..- --2 

5). Tor :are ,D;HCK Bpama= BOKpyr ,!l;lla"deUJa (h < < R). 

I - m R .[iil;;l 
v-1tR3h·ldz r dx·x2·h=mR2 _.Jb 4 . 

6). Illap p3,!1H)'ca R, OCb BpaiiJeHHJI COBITaJ{aeT C OCbiO mapa. 

BOCITOJ!b3yeMCll IIpeJU>I.lJYIIJIIM pe3yJ!bTaTOM Mli BWIHCJieHHJI MOMeHra mapa OTHOCHTe.'lbHO 

WffiMerpalibHOH OCH: 

m R {R2-z2f· 2 2 
I=--· ftiz·rt =-mR . 

~7tR3 -R 2 5 
3 

lMa'la 7.2. HaHrn yCKopenne rpy30B, CBll3aHHh!X nenpocKalib3b!Ba10IIJeii IOITbiO qepe3 HHepi.(HoHHblii 

neno,li;IIH:lKHhlii 6JioK (pnc. 7 .6). 

T1~~ ,-- {2 

T ~m, 
m,l t~~Tm.-

Puc. 7 .5. J1Hepi.(HOHHbJii HeiTO.!IBH:lKHhlii 6JIOK C 

rppaMH 

CnCTeMa ypaaneHHii, ,nonoJIHeHHall KHHeMaTH'IecKIIMH ypaBHeHHliMH, IIMeeT BH,!I; 
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m1a1 =m1g-T1, 

mlal =-m2g+T2, 
dQ. 

I-= 1T. -T )R dt \I 2 ' 

dQ. 
a1 =a2 =a=Rdt, 

r.z:~e T., Tz - HliTJDKeHHe HHTH CJiesa H cnpa:sa or 6noKa; a., a2 - yCKopeHIDI rpy:30s; m1, m2 - MaCCLI 

I'py:30B; Q.- yrnoBaJI CKOpOCTh 6noKa; I- ero MOMCHT HHepD;HH; R- pa.!\HYC. YCKOpeHID13,!1CCb HMCIOT 

O,!IHH H Tar JKe 3HaK, TaK KaK rumpasneHbl "B.!IOnb HHTH". lf3 CHCfCMbi ypaBHCHHH Haii..z:leM 

orKy.!la 

(m1 +m2)·a=(m1 -m2 )og-(:z; +T2 ), 

a 
IR_l=T1 -T2 , 

m1 -m2 a= I og o 

m, +ml + Rl 

TaKHM o6pa30M, HHep~OHHOCTb 6noKa }'BCJIH'IHBaeT J!jlclJeKiliBHYJO Macey CHCTeMM sa BeJIH'IHIIY 

I/R 2
• 

Haii,neM Tenepb KHHeTMqecicyiO 3HeprniO Tena, coBepwaiOm:ero nnocKoe 

.ZJ;BHJKeHMeo ,[Vul noro npocyMMHpyeM 3HaqeHJffi KliHeTllqecKOH 3HeprnH qaCTMI.{, 

COCTaBIDIIOIUliX Teno, 

. 2 2 
Wo=Lmivi =Lmi~i oQz=IQ2 

j 2 j 2 2 0 

(7022) 

3aKOH COXpaHeHIDI 3Heprnll B nJIOCKOM .ZJ;Bli)KeHMll, oqeBM.ZJ;HO, MMeeT Bli.ZJ; 

W+Wo+U=E, (7023) 

r.ne w, Wo - KHHeTllqecKa»: 3HepriD1 llOC1)'IlaTenbHOro ll BpamaTeJibHOro . .ZJ;Bli)KeHJffi 

rena COOTBeTCTBeHHO; U- llOTeHQllaJibHIDI :mepriD! B none BHeWHliX CliJio 

(t 33,!\a'la 7.3. ,An:CK CBo60.z:IHO Bpam;!eTCJI BOKpyr 3aKpCDnCHHOH OCR, nepnCH.!IHKYJlliJ>HOH DnOCKOCTH 

,!IHCKa H npoXO.!IllmCH 'Iepe3 ero ~emp. flo CnH~e-pa,!IHycy CKOnb3HT 6e3 TpeHHJI 6yCHHKa MaCCLI m 

(pHCo 706)0 Haii:m CKOpOCTh 6yCHHKH B. MOMCIIT ee COCKanb3biB3HHJI CO CIIlii(bi, CCJIH BHa'lanC 6yCHHKa 

HaXO,!\HnaCb Ha paccroJIHHH ro or OCHo Macca ,!IHCKa mo, MOMCIIT HHep~H I, yrnOBaJI CKOpoCTh ,!IHCKa ilo, 

Ha'lanbHall pli.!IHaJibHall CKOpoCTh 6yCHHKH pasHa H}'JnO. 
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I'Hco 7.6. K 33,!\a'le 7.3 

TaK KaK MOMCIIT HMfiYnbCa H KHHeTH'ICCKllll JHCpiWI E CHCTeMbi nOCfOJIHHbl, TO 3aiiHIIIeM 

M =(I +mr0
2)on0 =(I +mR 2 )·n, 

Q.2 • Q.2 mv2 

E=''+m~l\Uo =I-+--
1! 0 '2 2 2 ' 

r,!IC V - CKOpoCTh 6yCHHKH, HMCIO~ B MOMCIIT orpbiBa or ,!IHCKa pa,!~Hanbii)'IO V r H TaHrC~Hanbii)'IO V r 

KOMUOHCHTbl (pHC. 706). O'IeBH,!IHO, 

v2 =v; +v;, 
v, =nR. 

Orclo.z:~a Haii,!!eM napaMeTpbi CHCTeMbl B MOMCHT orpbiBa 6ycHHKH: 

I +mro2 r. 
n----o·· 

- I+mR 2 0
.' 

vl =v2 -(nR)l =I +mro2 o{Rl -ro2)on~, 
' I +mR2 

v,. /I+mR
2 

( r0
2

) 
tga.=;;:=v I +mro2 0 1-R' . 

Yron Bblnera 6ycHHKH a He 3aBHCHT or CKOpoCTH spameHIDI ,!IHCKa no. EcnH 6yCHHKa nerBaJI, TaK 'ITO 

mR2 <<I, H, KpoMe TOro, R >> r 0 , TO 

T.e. yron a. 6nH30K K 45°. 

mR2 ro2 
tga.::::l+u- 2R2 •. 

§ 7.3. Bparn:eHue TeJI BOKpyr JaKpenJICHHOH OCU 

EcnM CYMMa MOMeHTOB CIIJI, .neiiCTByiOIUMX Ha reno, paBHa eyniO, T.e. N = 0, 

TO coxpaHHeTCji MOMeHT MMnynhca rena: /Q = const 0 3ToT MHTerpan .ZJ;BM)KeHiffi 

cym:ecrBeHHO ynpom:aeT onncaHMe ,nBn)KeHiffi rena, Bpam:aiOm:erocji BOKpyr 

3aKpenneHHOH OCll (eM. 3a,naqy 7.4). 
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., 
(1 

l:maqa 7.4. lJaC'I'Hml MaceLI m nepeMemaercll m TO'IKH r1 B TO'IK}' . r2 no .nscey, cso6o.zmo 

BpllmalOIQCM)'CJI BOKpyr :Jaiq>eruiCHHO:ii OCH (.& = 0 ). Haifrn H3MCHCHHC YI'JIOBO:ii CKOpoCTH CUCTCMLI. 

fu yCJIOBHJI COxpaHCHHll MOMCiml HMnJJILCa CHCTCMLI 'lllC'I'Hml·p;HCK 

~o +mr,.2 )-n~ = ~o +mr22).n2 

HllXOp;HM 3llBUCHMOCTb YI'JIOBOH CKOpOCTH CUCTCMLI OT llOJIO)KCHHll 'lllCTHIILI 02(r2). 

Haii.n;eM Tenepb H3MeHeHne MOMeHTa nHepr.um Tena npn napaJIJieJibHOM 

nepeHOCe OCll BpameHIDI (piiC. 7.7). llyCTb ll3BeCTeH MOMeHT IIHepUIIll TeJia 

OTHOCHTeJibHO llCXO,nHOH OCII 0: 

I= Lm;l;i · 

Ilpii napaJIJieJibHOM nepeHOCe OCII Ha paCCTQj!Hlle a, 
~;.;=I;; +ii, 

MOMeHT IIHepUIIll IlpllHIIMaeT 3HaqeHIIe 

I'= Lm;(1;;)
2 

=Lm;l;; +2Lm;(~;,a)+ Lm;a2 =I +2·(Lm;~;,ii)+ma2 . 
I I l l l 

Y~eM, ~o 

Lm;~; =m~'~". 

Puc. 7. 7. K BLIBOJzy "reopeMLI IIIu::iiHepa" 

Ecnu ucxo,nHrur ocb 0 npoxo,niiJia qepe3 ueHTp Mace Tena, TO ~'~" = 0 . B pe3yJibTaTe 

nonyqiiM 
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I =I0 +ma2
• (7.24) 

9'fOT pe3YJibTaT ll3BeCTeH IlO,n Ha3BaHIIeM "meopeMa ll/mei1Hepd': MOMeHT IIHepUIIll 

-rena OTHOCHTeJibHO IlpOll3BOJibHOH OCII OTJIIIqaeTCJI OT MOMeHTa IIHepl{lm 

()THOCHTeJibHO ocu, napaJIJieJibHOii nepBoii, Ho npoxo.nJimeii qepe3 ueHTp Mace, Ha 

11enuquey m~. 

]a,aa'la 7.5. BLI'IHCJIHTL MOMCHT HHepn:HH l'llliTCJIH m 3a.M'IH 7.1, n. 1 a CJIY'Ille R- L (puc. 7.8). 

yl(33aHHe: socno.Jib30saTbCll IJC3YlThTaTaMH 33)J,a'IH 7.1, n" 1 u reopeMo:ii Illre:iiHepa. 

PemeHHe: 

{
2 2 (£)2

} (4R
2 t2) 1=2x 

5
mR +m 2 =m -

5
-+'2 . 

3a,aa'la 7.6. To :nre MJI CJiy'lllll ocu, npoxo.wnne:ii '1epe3 nemp op;uoro H3 mapos (puc. 7.8). 

PemeHHe: 

2 {2 (£)2
} (4R2 £2) 1=5mR2+ 5mR2+m 2 =m -5-+4 . 

0 £, . 

R I 2o 
m i : m 

Puc. 7 .8. K paC'ICTy MOMeiiTa HHepn:HH l'llliTCJIH 

0 0' 

3:maqa 7.7. TCJio MaceLI m onHpaeTCJI o CTOJI a op;uo:ii TO'IKC (HanpHMep, sepereHO, puc. 7.9). IIOTepJIB 

jlaBUQBCCHC, TCJIO Hll'IHHllCT n:ml!Tb. Haifrn 3llKOU ;:niH)KCHHJI IICHTpa Mace TCJia ( TO'IKH C, C 1 Hll 

PHC. 7.9), C'IHTllll, 'ITO TpeHHC 0 CTOJI OTCyTCTByCT, a MOMCHT HHepn:HH TCJia OTHOCHTeJThHO OCH, 

I!poxo.wnne:ii 'lepe3 nemp Mace TCJia u nepnCH.zmKYJIJIPHO:ii ruiOCKOCTH (:r, y) Ha puc. 7.9, paseu Io. 
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PHc. 7.9. Ilap;eHHe = ua noJI 

('rpeHHe OTCyTCTByer) 

R 
TN 0 X 

IIepsoe ypaBHeHHe MOlKHO 3aiiHcan. cpa3y: TaK KaK TpeHHe orcyrCTByer, no.liiiliJI JHepl'Hll 

COxpaHlleTCJI, T3K 'ITO 

m{.Y)
2 

+Io(<Pf =mg(l- y), 
-2- 2 (7.25) 

r.n:e l - paccroliHHe or uempa Mace .n:o roqm KacaHHll. croJia B Ha'll!)Thm.rii: MOMeHr, y(t) - Koop.n:HHaTa 

uempa Mace B MOMe!IT t. J,n:ecL }"'TCHO TaiOKe, 'ITO B OTCyTCTBHe TpeHHJI cyMMa ropH30JITaJILHLIX 

COCTaBJIJIIOID.HX CHJI, .n:eiicrByroiD.HX ua TeJIO, paBua uymo, B pe3}'JILTaTe ueHrp Mace na.n:aer no 

BepTHKaJIH ( x = 0, x = 0 ). TenepL noeyqHM JTO ypaaueuue HJ ypaBHeHHii .n:BIDKeHIDI: 

mji = -mg + R(<p~ 
10cp = -R(<p)·lcos<p. 

Bropoe ypaBHeHHe OnHCLIBaer BpallleHHe TeJia orHOCHTeJILHO ero ueHrpa Mace. .Il:o6aBHM CIOM 

yCJIOBHJI na.n:eHIDI uempa Mace no BepTHKaJIH: 

y = lsin<p, x{t) = 0. 

H3 nOCJie,n:uero ypaBHeHHJI CJie.n:yer 

y=lCOS<p·<P. 

HCKJUOqua CHJIY peaKUHH onopw R( <p) HJ nepBLIX .n:Byx ypaBHeHHii, noeyqHM 

10 cp = -m(Y+ g)·lcos<p. 

YMHOlKHB o6e qaCTH JTOro ypaBHeHIDI ua q, H }"'HTLlBaJJ (7.26), 3aiiHIIIeM 

10cp·<P = -m(Y+ g)· y, 

OI'KY.ll:a 

(7.26) 

~-(<PY =-~(.YY -mgy+c. (7.27) 
i1 2 2 

IIput=OHMeeM q,(o)=O, y{o)=O, y(O)=l, 'ITO,n:aer C=mgl,uMWnpHXO.n:HMKypaBHemno 

(7.25). lJro6w uaiiTH :JaKOB na,n:eHHJI y(t), <p(t), no.n:craBHM q, HJ (7.26) B ypaBHeHHe (7.25), 3aiiHCaB 

npe,n:BapHTeJILHO 
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flo~ ypaBHeHHe .ll:Jllly{t): 

OTKY.ll:a 

. _ _L 
<p- lcos<p 

y 

l~1-Y2 

£2 

y 
~£2 -y2 

(~+m)(dy)
2 

=2mg(l-y), 
l -y dt 

r:t=·t=JY /_1 ·(-Io +m)·d~ 
v.<.mg i v l-~ e -~2 , 

~ - nepeMeHHlll! HHTerpnpoBaHHJI. 

(7.28) 

BLI'IHCJieHHe HHTerpaJia no3BOJIJier uaiiTu ll>YHKI(HlO t(y), a o6paTHllll eii !l>YHKUHJI Jiaer y(t). ML1 

ue 6y,n:eM 3aHHMaTLCJI JTHM BLI'IHCJieHHeM, KOTOpoe .n:ocrnroquo Tpy.n;oeMKO, a OrpaHHquMCJI oueHKaMH. 

IIpeJK.n:e BCero OTMerHM, 'ITO B6JIHJH BepXHero npe,n:eJia, ~ ~ l, llO,n:.blHTerpaJILHall !l>YHKUHll 

CTpeMHTCll K 6ecKouequocrn H HHTerpaJI pacxo.n;HTCJI . .D:eiicrBHTeJILHO, 

fy /_1 (-I_o )·d~~ (I;fy_1_·d~= fl:.en(e-~)~~ 
~~e-~ e2 -~2 ·ru 1 (e-~) v-u · 

y 

'ITO .n:aer 6ecKouequocn. npu ~ = l. 3ror pe3yJILTaT ue ceyqaeu, a OTpaJKaer TOT !jlaicr, 'ITO npu t= 0 

TellO HaXO,n:HTCJI B COCTOJIHHH paBHOBCCHJI, Xorll H Heycro~rO, HO COxpaiDIIOmeroCJI ,n:O MOMeHra 

B03,Zl;eiicrBua KaKOro-ro B03MYIUeHHJI. IIycn., uanpHMep, npu t = 0 TeJIY coo6meua ue6oJILIIIliJI ymoBaJI 

CKOpoCTh BpameHIDI OTHOCHTeJILHO UeHrpa Mace 

cj>(O)= ro0. 

B JTOM ~e KOHCTaHra C B (7.27) orJIHqHJI or uyJIJI: 

lo 2 C.=-ro0 +mgl, 
2 

H, K3K Herpy,n:HO npOCJie.n;HTL, HHTerpall (7.28) npHHHMaer BH,n: 

Y~ 1 ( 10 J fro~ r:t=·t=J . -2--2 +m ·d~, lo =-2-
v.<.mg t l+lo -~ l -~ mg 

TenepL ua BepXHeM npe.n:eJie HHTerpall }?Ire ue pacxo.n:HTCJI, xorll no,n:.blHTerpaJILHaJI !l>YHKUHJI H 

C1peMHTCJI 3,Zl;CCL K 6ecKouequocrn . .D:eiiCI'BHTeJILHO, npOOJIIDKeHHO MOliCHO 3aiiHcaTh 

~2mg·t""~ 10 .J~= Wo".~£-y- f24, 
2lol ,~l-~ vl;;l vio 
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·~ 
\l. 

H speMll Illl,ll.eHHll rena 

~=~m;l 0 = ~ · 
TaKHM o6pa30M, BpeMll Illl,ll.eHHJI rena OIIpe,zl;eJilleTCJI, B OCHOBHOM, Hll'13.1ThHOH ymOBOH CKOpOCTb!O, 'ITO 

~ecTBeHHO OTJIH'IlleT JT0 ,zu~IDKeHHe OT CsOOO.LUIOTO Illl,ll.eHHJI. 

CKOpOCTb ~eHTPa Mace V H CKOpOCTh Bp~eHHJI W IIpH y.llllpe rena 0 CTOJI HlliiJ:\eM, nO.IICT:II3HB B 

(7.25)y=£ H B (7.26) q>=O. TIO;zyqHM: 

V = y(q> = 0) = l<j>(cp = 0) = lro, 

Jro 2 mV 2 

-+--=mgl 
2 2 ' 

OTKY.llll 

V =rol = (7.29) 

TaKHM o6pa30M, B~eHHe Terra, Bb13BaHHOe BJIHliHHeM onOpbi Ha CTOJI, IIpHBO.IIHT K TOMY, 'ITO CKOpOCTb 

rena, ynasmero c BbiCOTbl £, YMeHbmaercJI TaK, KliK 6y.ATo ycKopeHHe cso6o.I~Horo Illl,ll.eHHJI 

YMeHhmHJIOCb: 

g~ _g_. 

1+~ 
me 

Ha caMOM .r~ene KHHeTWieCKaJI 3HeprHJI Terra, ynasmero c BbiCOTbl l, nepepacnpe.r~eJIJiercJI Me~ 

.IIBIDKeHHeM rena KliK ~enoro (,zu~IDKeHHeM ~empa Mace) Hero sp~reJibHbiM ,zu~IDKeHHeM. 

3Ma'la 7.8. PaccMOTpeTh TY JKe 33.!1ll'IY s npHCYTCTBHH TpeHHJI TeJia o non (K03$$~HeHT TpeHHll k). 

JlerKo noHJITb, 'ITO s noM cnyqae ~eHTP Mace ,zu~IDKeTCJI He no seprHKaJIH, a cMem.aercJI s 

o6JiaCTb x < 0 (pHc. 7.1 0). CHcreMa ypasHeHHil .IIBIDKeHHJI s IIpHCyrCTBHH roprooHTaJibHOH CHJibl TpeHHJI 

HMeeT BH.Il 

mji = -mg + R(cp ~ 
10cp = -R(cp)· lcosq> + F"' ·lsinq>, 

mr=F"'(cp~ F"'(cp)=-kR(cp~ 
y = lsinq>. 
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(7.30) 

R(<i>) 

FTP X 

PRe. 7.10. :ria,neHHerenaHanOJI 

(rpeHHe IIpHcyTCTByer) 

JiCJ(JIIO'IHB H3 nepsoro, aroporo H TpeTI>ero ypasHeHHil R( q>) H no.t~CTaBHB ji H3 nocne.LUiero ypasHeHHJI, 

no.II)"'HM ypasHeHHe .IlJIJI q>(t): 

[1
0 

+ml2 
{ cos2 q>+~·sin2q> )}cp-m£

2 
{ si~q> +ksin

2
q> }4>2 

= 

= -mgl(coscp+ksincp} 

:fie HeJIHHeHHOe .LUI$$epe~HOe · ypasHeHHe, KOTOpoe He HHTerpHpyeTCJI B 3Hll.liHTH'lCCKHX 

ljlymantl~X. 3a HCKJIIO'IeHHeM CJIY'faJI HeOrpaHH'IeHHO 60JibillOTO K03$$~HeHT:I TpeHHll, KOT.Ila mO'IKU 

onopbl ne npoc1<allb3bl8aem sosce (pHc. 7.11). PaceMoTpHM 3TOT KpaHHHil cnyqail. 

EcJIH noJIOJKeHHe TO'IKH onopbl $HKCHpOBaHO, ~eHTP Mace ,zu~IDKeTCJI no .!lYre pa.LUIYca l, a yron 

ql H3MeHJiercJI BO BpeMeHH B COOTBeTCTBHH C ypaBHeHHeM 

Iij>=-mgl·cosq>, I=l0 +me (7.31) 

- MOMeHT HHep~ reJia OTHOCHTeJibHO TO'IKH OnOpbi. TIOJIY'IHM JT0 ypasHeHHe H3 ypasHeHHH 

iiBIDKeHHJI (7.30) IIpH yCJIOBIIH llOJIHOro· C~ellJieHHJI B TO'IKe OllOpbi, KOr,ZIIl X-KOOp.LUIHaTa ~eHTPa 

TJOKCCIH CBJI3aHa C yrJIOM q> paseHCTBOM 

y 

R(<p) 

0 X 

x = -lcosq>. 

PRe. 7 .11. :ria,neHHe rena Ha non 

(noJIHoe c~enJieHHe B TO'!Ke onopbi) 

(7.32) 

lierseproe ypasHeHHe s (7.30), CBJI3Lmal0mee FTP H R(q>), renepb TepJieT CMbiCJI, TaK KaK Koo<l><l>~em 

TpeliHJI npHHHMaeT TaKOe 3Ha'leHHe, 'ffo6LI HCKJIIO'IHTb npoCKaJib3biBaHHe (yCJIOBHe (7.32)). 

HCKJIIO'IHB H3 nepBLIX TpeX ypasHeHHH R( q>) H FTP( q>), noJIY'IHM 

1
0
cp= -ml(isin<p+ jicoscp)-mgl·cos<p. 
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lli nocn~ero ypasHeHHJI s (7.30) u ypaBHeHHJI (7.31) nOJIY'IHM 

xsin<p + jicos<p = l·iP. 

IlO.D;CTaBHB 3TOT pe:3yJibTaT B npe.zn.l.Zzymee ypaBHeHHe, llpHXO.D;IIM K ypaBHeHHIO (7.31). 3ror BI>IBO,l{ 

npHBe.D;eH 3.D;eCb, 'IT06hl CBJI3aTh p;sa nO,Zl)!:O.ZJ;a K pemeHHIO 3TOH 3a.D;a'IH - 'lepe:3 ypaBHeHHe IIJIOCKOro 

sp~eHHJI TeJia (7.19) u 'lepe:3 CHcreMY ypasHeHHii .D;BIDKeHHJI neHipa Mace u ~eHHJI soxpyr Hero. 

]a.ZJ;aqa 7.9. IJpu KaKOM YCKOpeHHU Jiii1HK C necKOM, CTOJIIIIHii Ha nOJIY 3BTOMOOHJIJI, nepesepHi!TcJI 

(puc. 7.12)? BLICOTa llillHKll h, .MHHll pe6pa B.D;OJib H3.np3BJieHHJI.D;BIDKeHHJil, necoK 3aiiOJIHlleT JIIIIHK.l{o 

KpLIIIIKH, IIpOCKaJib3hiBaHHe liWliKll IIpe.D;OTBp~eT 6pycoK, 3aKpeiiJil!HHLiii: Ha miey 3BTOM06HJIJI 

(TO'IKa 0). 

.e 

Puc. 7.12. K 3a.D;a'le 7.9 

W@ I Q 
I I____. 

O'!eBH.D;HO, 'ITO JiiiiHK C Tpy.D;OM Ha'IHl!T nepeBOpa'IHBaThCJI, ecJIH MOMeHT CHJihl HHepiiHU 

OTHOCHTeJibHO TO'IKH 0 (puc. 7.12) ITpeBLICHT MOMeHT CHJILI TJDKeCTH OTHOCHTeJibHO TOH lKC TO'IKH; 

flpeHe6perall BLICOTOH 6pycKa, 3aiiHilleM: 

h l 
F ·->m<>·- F =ma. m 2 0 

2
, In 

Ho no Heo6xo.znwoe ycJIOBHe. 0Ho lKC JIBJilleTCll u .D;OCTaTO'IHLIM, T.K. no Mepe nosoporn .IIIIIIOOI 

MOMeHT CHJihl F,. yseJIH'IHBaeTCll (yseJIH'IHBaeTCll ITJie'lo noii CHJILI), a MOMeHT CHJILI. TlllKCCTH 

yMeHbmaeTCll (yMem.maeTCJI ITJie'lo). TaKHM o6pa30M, npH 

JiiiiHK nepesopa'IHBaeTCll. 

l 
a>h·g 

CnpamHBaeTCJI, KaKall CHJia cosepmacr pa60Iy no no,!I.'LCMY neHipa TJDKeCTH .IIIIIIOOI? 

.~ O'!eBH.D;HO, 'ITO 3TO BCl! Ta lKC CHJia HHepnHH, H3MeHli!OillllJI BeliJi'IHHy U Hanp3BJieHHe CHJihl peaKIIHH 
ll 

onopLI s TO'IKe 0. 
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§ 7.4. KaqeHne Te.JI 

B o6meM cnyqae KaqeHue Tena no noaepxHOCTu .llpyroro Tena npe,llCTRBID!eT 

co6oii KOM6uHaumo nocrynaTeJihHoro u apamaTeJihHoro ,llBmKeHuii, npuqeM 

nocne,llHee MO)I(eT coaeprnaThcH TaK, ~o och apameHHH MeHHeT caoe noJio)l(eHue a 

npOCTpRHCTBe. 3.1leCb Mbl paCCMOTPHM TaKOH qaCTHbiH cnyqaii: KG'IeHUR 

lfUllUHOpU'IeCKUX meJI, npu KOTOpOM OCb TeJia nepeMeiUaeTCjj napanneJibHO CRMOH ce6e. 

B :rroM qaCTHOM cnyqae Y.ll06Ho aaec-ru noHj!Tue M2Hoeennoii ocu 6pall/eHUR. 3To ocb, 

BhifipaHHasl TllK, ~0 MrHOBeHHOe ,llBH)I(eHHe BCeX ToqeK TeJia MO)I(HQ npe,llCTRBHTb KRK 

apameHue BOKpyr Hee . 

O.llHH U3 npuMepoa TaKoro ,llBII)I(eHUH - KaqeHue 6e3 npocKaJib3hiBRHUjj 

(puc. 7.13, a). MrnoaeHHasi CKOpOCTb mo6oii roqKH Tena a 3TOM cnyqae eCTb 

v(r)=[nxr], 

r,lle T- paCCTOjjHUe OT MrHOBeimoii OCU O(t) ,llO TOqKu; Q - yrJIOBasi CKOpOCTb 

apameHHH. IIpu 3TOM fi O.llHHaKoaa, Ko~eqHo, .lliDI acex ToqeK. HanpuMep, .lliDI roqeK 

CuA Haocu Y 

n(y)= v, =={ i=no. y=R, 
Y 2v 

2R = 0 o· y=2R, 

r):le no - KOHCTaHTa, O):IHHaKOBasi .lliDI ~no6hiX y. AHanorn.qHo, .lliDI npOH3BOJibHOro r 

(roqKaB) 

v, =00rcoscp=00y, vy =00r(-sincp)=00r(-x). 

B TQqKe B I HMeeM q> == 0 u, COOTBeTCTBeHHO, Vr == n r, Vy == 0. . 
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y a 6 6 

A 2v A v A 

-v 
O(t) O(t) 

PHc. 7.13. J<aqelllle .li.HCKa no crony: a- 6e3 IIpOCK3JTh3LIBaHIDI, Jia6oparopHall CHCTeMa; 

6 - TO JKe - B CHCTeMe ,li.HCKa; 6 - Kaqelllle C IIpOCK3JTh3LIBaHHCM, Jia6oparopHall CHCTCM3 

B cnCTeMe .nncKa (r.ne ero ueHrp rroKoiiTcH), nMeeM spameHne soKpyr ocn .nncKa 'c 

yrJIOSOH CKOpOCTblO no (pnc. 7.13, 6). 

ECJill llMeer MeCTO IIpOCKaJib3biS3Hlle ,nHCKa, MrHOSeHHaH CKOpOCTb S TO'IKe 

O(t) He pasHa HYJIIO n OlpllQaTeJibHa. To'IKa, r.ne MrHoseHHaH CKopoCTb pasHa HYJIIO, 

CMeCTIITCH ll3 IIOJIO)KeHHH y= 0 ssepx IIO pa,nnycy S TO'IKY O'(t) Ha pHC. 7.13, 6. JICHO, 

~0 rrpH rrpOCKaJib3biSaHllH CKOpOCTb IIOCTyiiaTeJibHOro _nsH)J{eHHH rra,naer (rrpH 
' ' 

3a,naHHOH CKOpOCTll spameHHH f!o). )J,eiiCTSHTeJibHO, CKOpOCTll TO'IeK A ll 0 S 

Jia6opaTOpHOH CllCTeMe paSHbl 

VA =Vnocm+noR~O, Vo=Vnocm-noR~O · 

0TCIO,na 

n0R I 
't=--·---

kg I +mR2 

la,l3'13 7.1 0. Ha KOJiece aBTOMOOHJIJI, ):UIIDK}'lliCI'OCJI C nOCTOJIIlliOH CKOpOCTLIO 90 KMfq, 3llKpeiiJICH 

(t 6uaHCHpoBOqHLIH Ip}'3HK M3CCOH 50 r. Haftrn C03,WlBaCM)'10 HM Halp}'3K}' Ha OCL, paCCTOJIIlllc ,!(0 

Kmopolf 2() CM. 

00CKOJILK}' npH HOpMaJILHOM C~CIIJICHHH KOJICC C .l(OpOrOH npocK3JTh3LIBaHIDI npaKI1i'ICCKH HeT, 

yr.1osall CKOpOCTL apameHHJJ Konec ro = v 0 / R, n CIIJlll, .l(CHCTBYIOmaJJ Ha ocL BCJie.l(CTBHC 

opam;nc.lbHOro ):UIHJKeHHJI Ip)'3HKa, paBHa 
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mv~ 50·10-3 KZ·~0·103 
/3600 Mjcf -156,25 H = 15,9 Kf' · 

F=R= 0,2M 

TpeHHe nrpaer cymeCTseHHyiO poJib I!PH Ka'leHnn - s ero OTCYTCTsne Ka'leHHe 

soo6me Heso3MO)J{HO. Ho Terrepb ~o rroHHTb, ~o TaKoe mpeHue Ka'leHUR. )J,eJio B 

TOM, qTQ CU!la mpeHUR CKOJib:JICeHUJl - BeJill'lllHa SIIOJIHe Orrpe,neJieHHaH, OHa 

HarrpasJieHa rrpoTHB cKopoCTn n pasHa Fmp = -kP, r.ne P- cnJia ,nasJieHHH reJia Ha 

orropy. CU!la mpeHUR Ka'leHUR s OTCYTC"fSlle rrpocKaJib3biBaHHH seJin'lnHa MeHee 

orrpe,neJieHHaH. PacCM01pllM ,neiiCTsne cnJibi 1peHHH Ha cJie,nyromeM rrpnMepe. KoJieco 

paCKPYTHJill ,no CKOpOCTH no ll IIOCTaSllJill Ha CTOJI. Ko3!J>!J>nuneHF 1peHHH CKOJib)KeHHH 

k. Hali,neM CKOpOCTb, C KOTOpoii. IIOKaTIITCH KOJieC?. 

BHa'laJie, rroKa eCTh rrpocKaJib3bisaHne, ,neiiCTsyer cnJia 1peHHH, HarrpasJieHHaH 

rrpoTHs spameHHH. 0Ha-TO n ycKopHer KOJieco srrpaso (pnc. 7.14). 

3arrnmeM ypasHeHHH ,nsn)J{eHHH: 

mv=Fmp ='kmg, 

IQ=-F ·R=-kmg·R mp ' 

fl~e V - MrHOSeHHaH CKOpOCTb QeHrpa MaCC KOJieca; n - MrHOSeHHaH CKOpOCTb ero 

spameHHH. 

ll 
Fmp 

Orcro,na Haii,neM 

PHc. 7.14.' ~HJKelll!e KOJieea no crony: Kaqelll!e c 

IIpOCK3JTh3LIBaHHCM 

v(t)=kgt, 

n(t)=no -kmgR ·t I . 

MoMeHT t='t, Korona ncqeJaer rrpocKaJib3biSaHlle, COOTBerCTByer paaeHCTBY 

179 



-~ 
ll 

v(r)= n(r)R, 

T.e. 

noR I 
't---·--

- kg I+mR2 ' 

ll, COOTBeTCTBCHHO, 

I 
v""" = v('t)= noR· I +mR2 . 

IlOCKOJibK)' 0 ~I ~ mR2
, TO, KaK JierKO y6e,niiTbCX, MaKCHM}'M CKOpOCTll AOCTHraeTC$1 

npu I= mR2
, T.e. Kor.na Macca Koneca cocpe,noro'leHa B o6o.ne: 

n0R 
vmax = -- npu I- mR2 

2 -

KuHeTH'IecKax :meprux Koneca YMeHhwaeTCx 3a apeMX 't·oT BeJIH'IHHhi 

.no 

In2 
E(0)=-0 npu 1=0 

2 

() In
2
('t) mv

2
('t) _ {. +mR2 )n

2
('t) = I

2 
. n~ = I ·E(O) npu l='t. 

E't=-2-+-2--\;1 2 l.+mR2 2 I+mR2 

Ilorepu :mepmu Ha TPeHue 3a apeMX 't COCTaBIDIIOT 

mR2 

!ilinomep• =e(O)-e('t)= 
2 

·E(O). 
I+mR . 

Tenepb Bhi'IHCJIHM "a no6" pa6oTy CHJI TPeHux B pexuMe npocKaJib3hiBaHux: 

!ilimpeHUR = J(v(t)-n(t)·R)Fmpdt = J kgt-n0R+kgt!!!._ dt·kmg = ' '( R2) . 
o o I 

[ 't2( mR2) ] = kg2 1+-I- -n0R't ·kmg. 

IIo,nCTaBHB 3Ha'leHue 't, nonyqeHHoe Bhiwe, Haii.D;eM 

mR
2

n~ I = mR
2 

·E(O)= -!ilinomepb• Al:' - • 2 I ' R2 I.J.LmpeHWl - 2 I +mR +m 

T.e. CHJia TPeHux racm :meprmo Bp~eHux KOJieca Ha BeJIH'IHHY !ilinomepb. 
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KHHeTH'IeCKM 3Heprux KOJieCa, KaTllmerocx 6e3 npOCKaJib3biBaHHX, COCTOHT ll3 

3Heprnu noC'I)'IlaTeJihHOro ABH:lKeHux Enocm H3Hepmu apameHux EepaUJ: 

EKUH = Enocm + EepaUj; 

E = mv
2
(r) = m R 2n 2(. I )

2 
= mR

2
I ·E(o) 

nocm 2 2 ° I +mR2 (I +mR2)2 ' 

E _In2(r)_Iv2(r) __ I_·E- I2 ·Efo) 
•PQUJ- 2 - 2R2 - mR2 nocm- (I +mR2)2 \: , 

I . 
EKU, = 2 ·E(o). 

I+mR 

EIE(O) 

1141 ¥ff Y/6.;; 
1/811~ 

1/ l/18pOJI# 

Pnc. 7.15. 3aBHCHMOCTb Enocm H EepaUj OT 

KOHCTp}'KIIHH KOJieca ( OTHOmeHHe 1/mR2
) 

1116~ 

0 112 1/mR2 1 

Orcro,na BH,nHO, 'ITO liX COOTHOWeHue 3aBHCliT OT KOHCTPYKUHH KOJieca, T.e. 

OTHoweHux I/mR2 
(puc. 7.15). Ilpu I =mR2 (Koneco npe,nCTaBAAeT co6oii o6pyq 6e3 

CnHQ ll OCH) o6e BeJIH'IliHbl AOCTHraiOT MaKCHM)'Ma, HX CYMMa paBHa nOJIOBHHe 

Ha'laJihHOii 3Hepruu apamaromerocx Koneca, a nonoBuHa 3Heprnu pacxo.nyeTcll Ha 

TpeHue. MHTepecHo, 'ITO npu I<< mR (nerKuii o6o.n u MaccuaHax ocb) Koneco 

OCTaHaBJIHBaeTCx 3a apeMX 

noR I 
't;:::::--·--

kg mR2 ' 

CToJib KOpOTKoe, 'ITO cHJia TPeHliX 6YKBaJihHO "He ycneaaeT'' pa3orHaTh KOJieco .no 

CKOJib-HH6y,nh 3Ha'IHTeJihHOH CKOpoCTH: V('t) 6ml3KO K HYJIIO. IJpu 3TOM npaKTH'IeCKll 
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BCH KIIHeflfqecKaH 3HeprHH pacKpyqeHHOro KOJJeca raCHTCH CIIJJOH 1peHHH, T.e. yxO,l{lfT 

a Teruio. 

PacCM01peHHhiii npHMep n03BOJJHer nOHHTb MexaHHK)' nepe.l{aqH MomHoCTII OT 

,l{BifraTeJJH K KOJJeCaM B "caMO,l{Bif)f()'IIIIIXCH 3KHniDKax" - aBTOM06RJIHX, napOB03ax 

(Teruio- II 3JJeK1pOB03ax) II T.n. yC'IpoiicTBax, KOTOpbie nepeMemai<>TcH 6naro.l{ap.~~ 

Cl.{eruieHHIO BpamaiOmHXC.II KOJJeC C nosepXHOCTblO OnOpbl (pHC. 7.16). YCKOp.ller 

3KHniDK, KaK If B npHMepe C KOJJeCOM Bblille, CUJJa 'IpeHHH CKOJJblKeHHH If KaqeHHH, B 

3aBHCIIMOCTII OT pelKHMa ,l{BHlKeHHH. B OTcyTCTBHe CKOJJblKeHHH yCKOpeHUe 3KifniDKa a 

If yrnosoe ycKopeHHe spameHHH KOJJec n CB.II3aHbl ypaBHeHUeM a= OR. 

Pnc. 7.16. CxeMa.D.eii:CTBIDI . v -..£..,_ 
caMO.!IB~erocH 3KHIIIDKa 

Fmp 

YpasHeHHH .l{Bif)f(eHHH 3KHnalKa HMeiOT BU.!{ 

ma = Fmp' /Q = -FmpR + N DBU2' 

r,l{e Fmp - CHJJa 1peHHH; m - Macca 3KHnalKa; Nosuz - MOMeHT cun, pa3susaeMbiH 

.l{BHraTeneM u nepe.l{asaeMbiH Ha ocu spameHHH Konec, HMeiOmHX pa.l{Hyc R. B cnyqae 

,l{BiflKeHHH 6e3 npOCKaJJb3biBaHHH lf3 3TIIX 1pex ypaBHeHHH Haif.l{eM 

N OBU2 I N OBU2 a=--· :::::--
mR l+mR2 mR ' 

T.K. o6bJqHo Macca 3KUniDI<a m >> IICoRec / R2 
. I13MeHeHHe 3HeprnH .nocrynaTeJJbHOro 

,l{BlflKeHHH 3KHniDI<a paBHO 

dE =mva:::::mQR. Nosuz =QN,_ =P, ___ . 
dt mR ""uz "".., 

TaKHM o6pa30M, MOmHoCTb .l{BHraTeJJH npH .l{BHlKeHHH 3KUniDI<a c ycKopeHHeM 

pacxo.l{yercH Ha KOMneHcauHIO MomHOCTH CIIJJbi. 1peHI1.1I KaqeHII.II. ConpOTusneHueM 

B03.l{yxa II noTep.IIMU B MexaHII3Me (.l{BHraTeJJb, nepe.l{aqa II T.n.) Mhi 3.l{eCh' 

npeHe6pernH (cpaBHH 3a.l{aqH 7.11 u 9. 7 Hlf)f(e). 
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ECTeCTBeHHO, B03HHKaer sonpoc: KaK npu ycKopeHHU 3KUnalKa BblllOJJHHerC.II 

3aKOH coxpaHeHHH nMnynhca? Orser oqeslf,l{eH: caMO.l{BnlKYmHiiC.II 3KUniDI< He 

gaJUieTC.II 3aMKHYTOH CHCTeMOH, OH B3aHMO.l{eHCTByer C 3eMJJeii, OTTaJJKIIBaHCb OT ee 

nosepXHOCTU c CIIJJoii, pasHoii II npoTHBononolKHoii CIIJJe 1peHHH. Ilo3TOMY 

cyMMapHbiH HMnyJJhC CHCTeMhi "3eMllil' -·3KHniDK" coxpaHHerc.II. ECTeCTBeHHO, 

113MeHeHue cKopoCTH .l{BHlKeHHH 3eMJJU Av HCqroaiOme Mano: 

M 3eAUlU • Av 3eAUlU + mv = 0, OTCIO,l{a _m_ ·v. 
Av 3ewzu = - M Jewzu 

K TOMY lKe ycpe,l{HeHHe no MHOlKeCTsy 3KHniDI<eii, xaoTHqecKH .l{BHlKYmHXc.II no Hameii 

!1JiaHere, CBO.D.HT 3HaqeHue dVJewzu npaKTHqecKH K HYJJIO. 

CoxpaHeHue MOMeHTa uMnynhca 3KHnalKa TaKlKe · npo.IIBJJHeTC.II npH 

ycKopeHHOM ,l{Bif)f(eHim: lf3MeHeHue CKOpOCTII JlBHlKeHHH KOJJeC Bbl3hmaer 

npOTIIBOnOJJOlKHOe BpameHUe 3KifniDKa KaK l.{eJJOrO. IJ03TOMY, HanpHMep, npH pe3KOM 

rporaHHII C MeCTa aBTOM06HJJb "npHCe,l{aer" Ha 3a,l{Hife KOJJeCa ( ClKIIMaiOTC.II 3a,l{HHe 

aMopm3aTOpbi) "· Hao6opoT, Ha nepeJlHUe npH TOpMOlKeHHH, pHCK)'.II 

rrepesepHYTbC.II. 

Cuna 1peHI1.1I no3BOJJHer TaKlKe ynpaBJJ.IITb HanpasneHHeM ,l{Bif)f(eHHH 

aBTOM061IJJH: npH nOBOpOTe KOJJeC CIIJJa 1peHII.II, npell.IITCTBY.II lfX 60KOBOMY 

IIpOCKaJJb3biBaHHIO, 3aCTaBJJHeT aBTOM06UJJb nOBOpaqHBaTb 

HarrpasneHHe seKTopa v. 
OHa li3MeHHer 

]l!Jiaqa 7.11. a) Haii:rn: M3KCHM3JThHOC 3HaqeHHe ycKOpeHHH 3Kiiii3)Kll, npH KOTOpOM OH em;e .!IBIDKefCH 

6e:J fiPOCK3JTh3hlllliHHll npn 3a,ll;IHHOM K03<jJ<!JH!lHeHre TpeHIDI CKOJThJKeHHH k. 6) O~eliiiTI> nOTepn npn 

.$HJKe11HH aBTOMOOHJIJI C ITOCTOHHHOH CKOpOCThiO Ha ITO,!I"LeMe C yrJIOM HaKJIOHa Ct. 

a) llpn .!IBHlKeiiHH 6e3 ITpOCK3JTh3hlllliHHll BeJIH'IHHa CHJihl TpeHHll KaqeHHH He MOJKer 

llpeBOCXO,!IHTh 3HaqeHHe CHJihi TpCHHll CKOJThlKeHHH: 

F,.$kmg, 

f.!J.e m - Macca JKHIIlllK3. llpn npeBidllieiiHH JI'Oro npe.D.eJia naqnna= ITpOCK3JTh3hiii3HHe. ll031'0M)' 

amax = (F ... )max =kg . 
m 

183 



CoonlerCTBeHHO, BO,IJ;HTeJih 3KIIIIlVKa Ha CKOpocrn V He ,D;OJDKeH "pa:JroHJITb" .iiBHTaTeJTh ,D;O MOID;HOCTH, 

npeuwmuo~eii BeJlH'IHHy 

Pnua""mva,..,=kmgv. 

Tax, npH KOJ<f!<f!HIUieHTe 'I]JeHHll k=0,1; m =1m H v=90 KMI'I ..,25 .We 

Pmax = 0)·10
3 

KZ·9,8 M/c2 ·25 M/c ""25 KBm ""34 ll. c. 
J • 

6) .ll:OCTHrHyB JKeJJaeMOH CKOpocTH, BO,li;HTeJTh, Ka33JIOCL 6hl, MOllreT BLIKJIIO'IHTL ,li;BHTaTeJII,; 

CHJia 'I]JeHHll Ka'ieHIDI Hai!p3BJieHa no cKopocrn aBTOMo6HJIJI, a He npOTHB He!! (pHc. 7.16). O,li;BaKO .lWI<l: 

B arcyrcnme conpOTHBJieHIDI B03,lzyXa MOID;HOCTL pacxo.zzyercJI Ha npeo,D;OJieHHe MOMema CHJihl TpeHHJI 

Ka'ieHHJI, ropM03JIID;ero u~eHHe KOJieca: 

N""' =F""' ·R =k· ·mgR. 

Ho KOJ<fJ<fJHIUieiiT lpeHHJI CKOJII.:HCeHHll ('I]JeHHll nOKOll) B O'l'cyTCTI!He CKOJih:HCeHHll k• ecTL BeJIH'iBHa 

Heonpe,D;eJieHHaJI: 

0:5: k·~ k, 

OH npHHHMaer 3Ha'ieHHll B 3TOM HHTepBaJie B 3aBHCHMOC'TH 0'1' ciJH3H'IecKOH CHiyaiV111. Il031'0My ecJIH 

aJITOMOOHJib KaTIITCJI C fiOC'TOJIHHOH CKOpOCTLIO H CHJihl TpeHHll B OCJIX, COnpOTHBJieHHll BO:myxll H T.n. 

npeHe6pe:lKIIMO MaJihl, TO k•.., 0 H paCXO,D;a MOID;HOCTH Her. CTOIIT, O,li;HaKO, fiOJIBHTLCJI TaKOMy 

COnparHBJieHHIO, KaK ,li;BHTaTeJTh Ha'iHHaer paCXO,ll;OBaTb MOID;HOCTb. 

EcJIH yroJI HaKJIOHa ,ll;OpoTH a. H aBTOMOOHJih H,D;er B fiO,ll;'heM, ,li;BHTaTeJTh ,ll;OJDKeH pa3BHBaTh 

MOID;HOCTb 

P=mg·sina.·v. 

IlpH JTOM F""' =k·mg = mg·sina., T.e. k• =sin a :5: k. Tax, ecJIH a.-0,05 pai> H Macca aBTOMOOHJIJI 

m -1,5 m, pacxo.zzyeMaJI MOID;Hocn. ,D;BHTaTeJIJI Ha CKopocm 90 KMI'I COC'TaBJIJier 

P -1,5 ·10
3 

KZ · 9,8 Mjc2 · 0,1· 25 Mjc.., 37 KBm.., 50 Jl. c. 

ConpOTHBJieHHe B03,lzyXa BHOCIIT npHMepHO TaKHe :IKe 3aTpaiLI MOID;HOCTH ( CM. 3a,ll;a'l}' 9. 7). 

§ 7.5. TpexMepuoe JUJIDKeHHe 

PaccMOlpliM -rpeXMepHoe (npon3BOJihHoe) .l{BIDKeHne Tsep.l{oro Tena, Bhi6pas 

Haqano OTC'IeTa BHYJPII Hero (puc. 7.17}, r; eCTb pa.l{nyc-seKTOp i-ii qacrnQI>I TeJia. 
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~ 

PHc. 7.17. Bbl6op CHC'TeMbi KOOp,li;HHaT 

7 y 

'---" 

X 

MoMeHT lfMnyJihca (7.15) TeJia eCTh seKTopH!UI cyMMa MOMeHTOB nMnyJihCOB 

N qacrnu:, o6pa3yK>IIUfX Teno: 

M = fm;[f; XV;]= fm;[F; x[nxr]]= fm;(01;2 -r;(n, r;)), (7.33) 
i=! i=! i=! 

r,l{e Q - MrHOBeHH!UI yrJIOB!UI CKOpOCTb Bpai.IleHIDI TeJia BOKpyr OCII, II3MelliiiOI.IleH, 

soo61.Ile rosopH, csoe HanpasneHne co speMeHeM. KoMnoHeHTbi M, cooTBeTCTBeHHO, 

paBHbi 

M" = :Lm; {nxr/ --:;(nx:x; +Oyyi +Ozz;)}= 
i 

= :Lm;{nx&;2 +z?)-nyx;Y; -nzx;z;}, 
i 

MY= :Lm;{-nx:Y;X; +nAx; +z;}-nzz;y;}, 
i 

Mz = :Lm; {-n"x;z; -nyy;z; -nz(x? + y[ )}. 

(7.34) 

JriiM COOTHOIIIeHIDIM MO)KHO npH.l{aTh Q>OpMJ npOII3Be,l{eHIDI HeKOTOpOii MalpHU:bi Ha 

CTOJI6eu:, CO.l{ep)K3Ill1IH KOMllOHeHTbi BeKTopa Q: 

3 

Ma =:Lla~Q~, 
~I 

(7.35) 

r.l{e <X, J3 = 1, 2, 3 - IIH.l{eKCbi X, y, Z - KOMnOHeHT COOTBeTCTBeHHO, a BeJIH'IHHa /<41-

MaTpnu:a 

[ 

2 2 
N Y; +z; -X;Y; 

(!a~)= ~m; -X;X; X;2 +z; 

-Z;X; -Z;Y; 

-X;Z;] 

x-:~~;2 • 

(7.36) 
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3JieMeHTbl MaTJHU(bl /<43 MOiKHO 3aiiHCaTb B BHJ(e 

3 N ! 3 

/<43 = :L:Lm;\(x1;}
2
oaf. -xa;xpJ= :LfpdV~~oaf. -xaxfl}. (7.37) 

r=I i=l r=I 

3.!1eCb {Xa;, Xp;, Xy;} ={X;, y;, Z;}- KOOp.!IIfHaTbl i-ii qacniQbl, a., l3, y- HO_Mepa 

KOOp.!IHHaT, KaK H B (7.35). Bropoe HHTerpanbHOe BblpiDKeHne D03BOID!eT BblqfiCJIHTb 

:meMeHTbl Ma'rpHQbl .!liD! HenpepbiBHOrD pacnpe,!leJieHIDI MaCChi, T.e . .!liD! CDJIOIIIHOI'O 

TeJia C DJIOTHOCTbiO p(x, y, z). 

Ma-rpnua /<43 XBID!eTCX TeH30pOM BTOporo paHra (Ma-rpliua BTOporo paHra), ero 
Ha3biBaiOT meH30pOM MOMeHmOB UHep1JUU (KOpOTKO - meH30p imep7JUU). 3roT TeH3op 

CHMMe'rplfqHbiH: 

/<43 = lpa. (7.38) 

KaK H3BeCTHO, JII06YIO CHMMe-rpnqeyiO Ma-rpmzy (cnMMe-rpHqHbiH TeH3op) ·MO:>KHO 

npnBeCTH K ,!IHarDHaJibHOM)' BH,!Iy: 

{ 
0, a. 7:-13. 

/a(l:::: -
. faa, a.-13. 

•.': 

(7.39) 

' 
Ocn KOOp,!IHHaT, B KOTOpbiX TeH30p llHepQllll ,!lllarDHaJieH,. Ha3b!BaiOT 2/lQBHblMU OCJIMU. 

B rJiaBHbiX OCXX MOMeHT HMnyJihCa TeJia, KaK Bll,!IHO ll3 (7.35), OllllCbiBarrcg 

Bbipa:>KeHneM 

-------
M =Mx+My +Mz =lxD.x +lyD.y +lzD.z, (7.40) 

r,!le yrJIOBa.R CKOpOCTb Bpai.QeHIDI TeJia eCTb 

- - -- -n = nx +D.y + nz. (7.41) 

,Ami TeJia, 06Jia,!laiOI.Qero CHMMe'rplleH, ero rJiaBHble OCH COBlla,!laiOT C OCXMll 

cnMMe-rpnn. Ilo.r~qepKHeM, qro B o6meM cnyqae 

M:t:-!6., (7.~2.) 
T.K. Hen3BeCTHO, qro TaKoe I B -rpexMepHOM .!IBlf)KeHnn. .. · ~ : ~~ ~ 

]3,lla'la 7.12. JlerKHii: mapHK MaCChi m CO CKOpoCTbiO V Heynpyro COyMpHercH C TIDKeJIOii. KOpOOKOii..· 

CKOpOCTb V rrapaJIJiem.Ha caMOH KOpOTKOH CTOpoHe KOpo6KH (pmi. 7.18). Harrrn CKOpOCTb Bp:llileHHJI 

KOpOOKH nocJie YMpa. 
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3anmneM ypaBHeHHJI COxpaHeHHJI HMII)'JILCa H KOMfiOHeHT MOMeiiTa HMfiYJILCa OIHOCHTeJibHO 

oceii, npoxo.wnnux 'lepe3 u:emp Mace Kopo6KH H rrapaJIJiem.HLIX cropoHaM Kopo6KH. C'IIITaJI, 'ITO noCJie 

y~p3 mapHK "npHJIHIIaeT" K KOpOOKe: 

z 

2b 

X 2c 

m 

mv=m0V, 

mva=I,n,, 

mvb=I,n,. 

Puc. 7.18. CoyMpeHue mapHKa c Kopo6Koii. 

J.~~:ecb npHHHTO, 'ITO Macca Kopo6KH m0 >>m, H BBe.ll:eHhl o6o3Ha'leHHJI: V- cKopocn. u:empa Mace 

ITOCJie yMpa; I,,., Q.,.- MOMeiiTbl HHepu:HH H KOMfiOHeiiTbl ymOBOH.CKOpOCTH BpameHHJI OIHOCHTeJibHO 

3TIIX oceii. (eM. JaMqy 7.1, n. 2): 

I,,;, mob2 
12 ' 

I "'moa2 
z 12' a>b>>c. 

BeliH'!HHld Q., Q,, VnOJIHOCTbiO OnHCbiB310T ,I:IBIDKeHHe KOpOOKH nocJie yMpa. 

0Ka3biBaeTCx, qro H3 mpex 2/laBH&IX oceii moll&KO O!IR iJByx BpaUJenue 

ycmoiittuBo. IloKIDKeM, KaK 3TO cJie.!IYeT H3 3aKOHOB coxpaHeHIDI 3Hepmn n MOMeHTa 

HMnynhca npn CBOOO.!IHOM .!IBn:>KeHnn TBep.r~oro rena: 

1 n.2 I 0.2 1 n.2 

E = 2___..£ + __I___L + __L__L = const 
2 2 2 ' 

M 2 M2 M2 M2 2 = x + y + z = const=M0 • 

DepenniiieM nepBoe ypaBHeHne B BJme 

M2 M2 M2 
E = _x_ +-Y-+ _z_ = const. 

2/:r 2/y 2/z 

Oycrb .!liD! onpe.r~eneHHOCTII ocn Koop.r~nHaT Bhi6paHbi TaK, qro 
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Ix < Iy < Iz (7.45) 

(KaK, HanpHMep, mm Kopo6KH Ha pnc. 7.I8). 3annmeM paBeHCTBa (7.43), (7.44) B BH.l{e 

M2 M2 2 
2E=-x +__r_+Mz M2=M2_f .... 2+M2). 

I I I , X 0 \!Wy z 
X y Z 

ECJIH BHaqane Mo = Mx, MJ() = Mza = 0, TO npH nepepacnpe.neneHHH 3HeprnH no .npyrnM 

creneHHM cBo6o,nbi HMeeM 

M2 M2 _(, ..-2 +M2) M2 M 2 
2E=-o = o \!Wy z +-Y +-z 

Ix Ix Iy Iz . 

Orc10,na 

M;(..!__..!_)+M;(..!_ _ _!_) = 0. 
IY Ix Iz Ix • 

(7.46) 

B 3TOM paBeHCTBe M; H M; Bcer.na noJIO)I(HTeJibHbi HJIH paBHbi H}'JIIO, a pa3HOCTH 

B CK06Kax npn Bbi6ope (7.45) Bcer.na OTPHI.{arenbHbi. Ilo3TOMy paaeHCTBO (7.46) 

BbinOJIHHeTCJI· TOJibKO B o,nHOM ·c.rryqae - Kor.na My =Mz=O. 3To 03HaqaeT, 'ITO 

apameHHe BOKpyr ocH X yCToiiqHao! AH:itrrornqHo, noaropAA BbiKJia.l{KH mm cnyqag 

Mo =My. Mxa = Mza = 0 ( HJIH npOH3BO.l{li QHKJiifqecKYIO nepeCTaHOBKy X, y, z ---). y, z,. x), 
npH,l{eM K paBeHCTBy 

(
I T) ·[I· I) . . M; Iz- Iy. +M; Ix- IY =O, 

Koropoe .nonycKaeT He paBHbie HYJIIO 3HaqeHHJI Mx.H Mz. Orc10,na cne,nyeT, ~o npH 

HaqaJibHOM BpameHHH .TeJia BOKpyr OCH CO cpeOHliM 3HaqeHHeM MOMeHTa HHepQHH · 

.l{BH)I(eHHe neycmoii'IU60 - npH MaJibiX B03Myll.{eHlliiX B03HHKaeT .BpameHHe BOKpyr 

o.n;Hoii HJIH o6eHX .n;pyrHX oceii. HaKOHeQ, cnyqaii Mo = Mz, Mxa = Mya = 0 npHae,neT K 

ycnoBHIO (nepeCTaHOBKe x, y, z---). z, x, y) 

M2(_!_- _!_) + M2(..!_- _!_J = 0 :s:I I YI I , 
X Z y Z 

(7.47) 

aHanornqHOMy (7 .46). Orc10,na cne.n;yeT Mx =My= 0, qro 03HaqaeT ycroiiqHBOCTb 

Bpall.{eHHJI BOKpyr OCH C HaHMeHbillHM MOMeHTOM HHepQHH. 

I88 

Y croiiqHBOCTb HJIH HeyCToiiqHBOCTb apameHHH Tena BOKpyr o.n;Hoii H3 TPex 

rnaBHbiX oceii JierKO npo.n;eMOHCTPHPOBaTb, 3aKpYTHB If IIO)J;KHH}'B, HaiipHMep, KOp06Ky 

HJ!ll KHIIry. Ilpii BpameHIIH BOKpyr OCeii X If Z (piiC. 7.18) KOp06Ka 6y.n;eT BpamaTbCJI 

yCTOllqiiBO, a IIpii 3aKpyqiiBaHIIIf BOKpyr OCII y- KYBbipKaTbCJI. 

§ 7.6. rnpOCKOll 

riipOCKOIIOM Ha3biBaiOT CIIMM~llqHQe TBep.n;Oe TeJIO, Bpall.{aiOII.{eeCJI C 

60Jibill0ll CKOpOCTbiO BOKpyr OCII CIIMM~llll (piiC. 7 .I9) - OT rpeq, gyros - Bpall.{aiOCb 

H skopeo- CMQTPIO. IlpiiMep rnpOCKOIIa- H3BeCTHaJI IIrpymKa-BQJiqQK. 

z 

PHc. 7.19. rHpOCKorr 

y 

X 

PaccMOTPHM .n;BII)I(eHHe rnpocKorra rro.n; .n;eiiCTBIIeM cHJI aeca Fg II pea!CQIIII 

onopbi FR. IlyCTb 0 - 3aKpeiiJieHHaJI TOqKa orropbi rnpocKorra. MoMeHT IIMnyJibCa 

I'HpOCKOIIa, apamaiOmerocJI co CKOpOCTbiO ro BOKpyr CBOeii OCII CIIMM~IIII, M = rro , 
lf3MeHHeTCJI IIO.l{ ,neiiCTBIIeM MOMeHTa CHJibl B COOTBeTCTBHH C ypaBHeHHeM {pHC. 7.20) 

tiM =-ecpsinS·dcp, 

OTKy,na 

I89 



dM =-[MxQnp], 
dt 

(7.48) 

r,ne Qnp ::::: e.<i> - yrJIOBlUI CKOpOCTb Me,liJieHHOro BpameHIDI mpOCKOna BOKpyr OCH z. 

TaKoe BpameHIIe Ha3biBaeTcH npeqeccueii (oT naT. praecessio- ,nBmKeHIIe Bnepe..n). C 

,npyroii CTOpOHbi, II3 ypaBHeHIDI MOMeHTOB (7.12) IIMeeM 

tiM= [ext], 
dt (7.49) 

r,ne f - paCCTOHHIIe OT TQqKII OnOpbl ,liO Qe8Tpa TH)I(eCTII. QqeBII,liHO, BeKTOp f. 

napanneneH ocii mpocKona II, CTaJIO 6b1Tb, napanneneH M. IlpiipaBHHB (7.48) II 

(7.49), IIMeeM 

- f. -
Qnp=-MF. (7.50) 

C.nenaHHbiH BbiBO.ll cnpaBe,nniiB B npii6JIII)I(eHIIII Me.nneHHoii npeu:ecciiii Onp<<ro. 

z 

tiM. 

'f H~\•f y 

X 

PHc. 7.20. K pac;qery rrprrpameHHll dM rrpn 

IIpel(eCCHH 

CyllleCTBeHHO, qro no.n .neiiCTBIIeM CIIJibi Beca BonqoK He onpOKif.llbiBaeT~H 

(nOKa (0 BeJIIIKa), a CTpeMIITCH COxpaHIITb CBOe llOJIO)I(eHIIe B npoCTpaHCTBe, Me,liJieHHO 

II3MeHHH HanpaBJieHIIe OCII, TaK ~0 OHa "KaTIITCH 11 llO llOBepXHOCTII KOeyca BOKpyf 

BepTIIKaJIII (piiC. 7,20). 

t1 
CBoiiCTBo mpocKona coxpaHHTb nOJIO)I(eHIIe CBOeii OCII B npoCTpaHCTBe 

IICnOJib3YeTCH B HaBIIraQIIOHHbiX npii6opax - mpoKoMnacax. B :rrn:x yCTpoiiCTBax 

o6biqHo ropii30HTaJibHO pacnoJio)l(eHHbiii rn:pocKon KpeniiTCH Ha no,nBecKe, 

,nOnyCKaiOIIlell BpallleHIIe BOKpyr BepTIIKaJibHOll OCII (piiC. 7.21). 
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(0 

/ 

PHc. 7.21. CxeMliTII'IecKoe H306piDKeHHe 

rnpoKOMnaca 

§ 7.7. Pauaouecue H craTHKa 

YcnoBIDI paBHOBeciDI T_Bep.noro Tena (7.16) Jie)l(aT B ocHoBe pemeHIDI 

craTHqecKIIX 3a,naq MexaHIIKII. IlpiiMep TaKoro pacqe-ra npiiBe,neH B 3a,naqax 7.12, 7.13. 

3Ma'la 7.12. Haiim, rrpn KaKOM 3Ha'leHHH yrna cp (pnc. 7.22) naJIO~ mnurn 2£, onrrparoiiWica o creey 

H llOJI, HaXO,ZJ.KrCll B COCTOliHHH UOKOll. 

~ 

2 

I T( ~ X 

ft2 

Pnc. 7.22. K pac;qery yCJIOBHll paBHOBeCHll 

naJIO'IKH, nOCTaBJieHHOH B yrOJI 

IlyCTb MaKCHMliJibHble 3Ha'leliHJI K03cjlcj>HI(HeiiTOB "IpeHHll 0 CTeHY H UOJI paBHbi kt H k2 

COOTBeTCTBeHHo. YCJIOBHll paBHOBecHll HMeiDT BH,IJ; 

R,·-F2 =0, 

F; +R2 -mg=O, (7.51) 

F;lcoscp+ R1£sincp- R2lcoscp + F2lsincp =0. 

KpoMe roro, 3Ha'leHHll CHJI -q>eHHll ue rrpenbiill310T BeJIH'IHIIhl, 33IIHcaHHhle B rrpaBhiX 'IllCTliX 

HepaBeHCTB: 

F; $ k 1R1, F2 $ k2R2 • (7.52) 
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RCKJUO'Illll H3 yprumemrli (7.51) ~Rio R2, F~o F2, c yqeroM (7.52), ~eM 

(1-kk) <p ~ <p max = Arctg 2~2 2 • 

TaKHM o6pa30M, JmqeHHe yrna <p He 33BHCHT or .zonnn,~ II3JIO'IKH. Ilo~epKHeM, 'ITO HepaneHCTBO 

<p ~ <p,., arpaliCller B3llCHhlii clJm~ecKHii JclJclJen: KOJcllclJ~em -rpeHHll noKOll Mom HMen. 3HaqeHHe 

Meli<;Zzy 0 H k,_ B 33BHCHMocrH OT BeliH'IHHhl CHJI peaKnHH OnOphl. 

06paTHM T3IOire BHHMllHHe Hll TOT <jJalcr, ~0 B OTCyTCTBHe TJleHHll 0 non (k2 = 0) 113J10'1Xa 

MO:l!CeT OCT3B3TbCJI B flOKOe TOJILKO B BepTIIKllJILHOM non01KeHHH ( <p = 1t/2), a YpeHHe 0 CTeH}' n03BOnller 

liHlllb }'MeHbnnm. yron HaKnOHa <p. 

3liJJ.aqa 7.13. HaKm 3HaqeHHe KOJcllclJimHeHTa -rpeHHll II3JioqeK .zonnn,~ 2l ~ o6 onopy (puc. 7.23), 

npH KOTOJlOM CHCTeMa H3 JlByx II3JioqeK, CBli33HHhiX OCblO ("IUIPKYJIL"), HaXO,!I,liTCJI B paBHOBecHH. 

TpeHHe s ocu OTCyTCTByer. 

R 
Puc. 7.23. K pacqery ycnoBHll paBHOBeCHll 

"IUIPKYnll" 

---F. 
Fmp mp 

lli-33 ~ OCH flOJIMJierCJI CHna T. ,a;eiiCTByJOIII,3JI CO CTOJlOHhl O,li;HOH II3JIOqKH Hll ,li;JlyryJO 

(puc. 7.23): T = R ·cosa.+F.., ·sin a.- P·cosa.. YcnOBHllpaBHOBeCHJI H01KKH "IUIPKYnll" HMeroT BH,ll; 

R-P+T·cosa.=O, -F..,+T·sina.=O, 

R£-sina. -F..,l-cosa. -Tl·sin2a. = 0. 

Ilocne,!J;Hee ypasHeHHe CO,ll;ep1KHT C}'MMY MOMeHTOB CHn OTHOCHTeJILHO neHTJl3 MaCC H01KKH "IUIPKYnll" • . . . 
Ilo,a;CTaBHB B JTH ypasHeHHJI Fmp = kR, H3lJ.BYX nocne,li;HHX Haii.a;eM ycnosue paBHOBeCHJI: 

k = tga. 
3 . 

~ nepsLIX ypasHeHHJI H}'1KHhi .a;nJ~ HaXO)f(,ll;eHHJI 3Haqemrli T H R: 

T=P· tga.·sina. R=L1+cos
2

a. 
2(cos 2 a.+2}' 2 2+cos

2 
a. 
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§ 7.8. ,Ueci>opMaU.HH mep,IJ;oro TeJia 

OcHOBHbie BHAbi .z:~e!\>opMaunn - paCTIDKeHne (C)KaTne), c.z:~anr n Kp)"'eHne -

cxeMaTH'IeCKH R3o6pa1KeHbi Ha pnc. 7.24. 

FBM u 
~ft 

aJ Cj)D-;E-
1 I 

I I 
-L 

F 

JluneUHaR OepopMal{UR: 

Af. =&f.o, E =const, 

Puc. 7.24. Tpu BH,ll;3 .a;eclJopManuii: 

a) paCTJDKeHHe; 

6) C,llBHr, 

6) Kp}"'eHHe 

r.z:~e E - OTHOCHTeJibHOe y,nnnHeHHe (~:lKaTHe). BeJIH'IHHa E 

(c:lKaTneM) o6pa3ua 3MnnpnqeCKHM 30KOHOM FyKa: 

CBH3aHa C HaTH:lKeHHeM 

M 1 F 
&=-=-·-

- £
0 

E s' 
(7.53) 

r.z:~e napaMeTp E - MOOy.llb !Onza, xapaKTepn3yromnii caoiicraa MaTepnana, H3 

KOTOpOro R3rQTOBJieHO TeJIO. 06bi'IHO (7.53) 3anHCbiBaiOT qepe3 HanpiDKeHHe 0: 

o F 
&=-, o=-. 

·E S 
(7.54) 

C:lKaTne (paCTH:lKeHne) rena no OAHOMY HanpaaneHHID conpoao)l(.z:laeTCH paCTH:lKeHHeM 

(c:lKaTneM) no .z:~pyroMY, oproroHanbHOMY K nepaoMY. CaHJb Me)l(.z:ly 3THMH 

.z:~e!\>opMa:UHHMH cne.z:IYeT R3 R3MeHeHHH o6'beMa .z:~e!\>opMnpoaaHHOro Tena. ,[(m! 

npHMoyroJibHoro napaJIJienennne.z:~a (pnc. 7.25) Haii.L\eM: 

V=abf., 

AV Aa Ab M -=-+-+-=2E.l +&11 . 
V a b f. 

(7.55) 

193 

l'i. l 

I'll ,. 
~ i I 

IV 
j )~ 

i 

I 
\ 
I 
\; 
!i 

1: 



z 

Pile. 7.25. K paC'Ifuy 3Ha'IeHHJI KOJ4J4JHW~ema TiyaccoHa 

X 

Ecm1 Teno HeCJKIIMaeMo, TO .1. V = 0 II E
11 

= - 2E .L. 

0rHOIIIeHIIe 

E 
f.!=--.!.. 

Ell 
(7.56) 

Ha3biBaJOT K03£/HjJU1fUeHmOM IJyacCOHa. JlCHO, lfTO OH IIMeeT lpii B03MOJKHbie 06JiaCTII 

3Ha'ieHIIH: 

{

= 1/2 -" Il.n;eanbHoe" TBep.n;oe Teno; 

l.l = < 1/2 - o6neM yMeHbiiiaeTCH; 

> 1/2 - o6neM yseJIII'IIIBaerc.H. 

Mooyllb ciJBuza G onpe.n;eAAIOT KaK (eM. pile. 7.26) 

I F • tg<p=cr-s= G; (7.57) 

S- nnorn:a.n;b nosepxHOCTII, s.n;onb KOTOpoii: .n;eii:crsyeT ciiJia F; -r = FIS -

nosepxHOCTHoe HaT.HJKeHIIe. 

Mo.n;yJib c.n;BIIra,.MO)J;yJib IOHra II K03<jl<jllll.IIIeHT IIyaccoHa B Ioo-rponHbiX TeJiaX 

CB.HJaHbl Me)K.l{y C060H COOTHOIIIeHIIeM, KOTOpOe MOJKHO llOJiy'IIITb, paCCMalpiiBa.H 

.n;e<jlopMaQIIIO ey6IIKa npii C.l{BIIre (piiC. 7~26, a). 

t1 

194 

't 

b 

A D A 

a 6 

PHC. 7.26. K paC'Ifu"y CBJI3H MO.llYJilliOHra, MO.llYJill c.znnrra H KOJ4J4JHIUICHI'll TiyaCCOHa 

ITycrb no.n; .n;eii:CTBIIeM HaT.HJKeHIDI 't ey6IIK c rpaHbiO ABCD .n;e<jlopMI1posanc.H TaK, lfTO 

yroJI C.l{BIIra paBeH HeKOTOpOMy q>. PaCCMOlpiiM BHaqane paBHOBeCIIe CIIJI Ha 

TPeyronbHIIKe ABC (pile. 7.26, 6), C'IIITa.H noKa, 'ITO rpaHII ey6a pa3Hbie: a ~b. Tor.n;a, 

oqeBIIAHO, paseHCTBO npoeKQIIii: ciiJI HaT.HJKeHIIH Ha HOpManb K .n;IIaroHanii AC II CIIJibi 

,llaBJieHllil Ha .n;IIaroHaJib o1.xAC .n;aeT 

Ta· sin a +tb· cos a= o l. · AC = o l. (a· cos a +b· sin a). 

Ilpi13TOM IIMeeM CL=45°, TaK lfTO 

-r=o1.. 

AHanorii'IHO ll3 paseHCTBa npoeKQIIH CIIJI Ha .n;IIaroHaJib A C Haii:.n;eM 

-ra·COSCL+W·Sina =On ·AC = ou(a·cosa+b·sina), 

OTKY.D.a 

-r=ou. 

(7.58) 

(7.59) 

Tenepb paccMOlpiiM .n;e<jlopMaQIIIO "nano'IKII" - .n;IIaroHaJIII AC no.n; .n;eii:CTBIIeM 

o II II 01.. lli reoMelpiiii (pile. 7.26, a) .HCHO, lfTO y.n;niiHeHIIe .n;IIaroHaJIII npii q> << 1 eCTb 

.1.£ ,.,cc·. cosJ3 ""CC'. COSCL"" <ph. COSCL = q> :i2, a= b, CL = 45°. 

3-ro YAJIIIHeHIIe cKJia.n;biBaeTC.H ll3 .n;Byx qacreii:: 

1) paCT.HJKeHIIe no.n; .n;eii:CTBIIeM o 11 -
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i1 

Ml _ 011 _ •. 

-£--E- E' 
0 

(7.60) 

2) Y.ztJIHHeHHe a pe:3yJJhTaTe e:acaTIDI A.L nonepeqHoro pa3Mepa "nanoqKH" noA 

.n:eiiCTBHeM O.L-

't Mz __ AJ. ·(-J..L)=J..L E. £;- fo 
(7.61) 

):V!a 3HaKa "MHHye" oopiPKIDOT HanpaaneHHe eli.JJ {e:>KaTHe) H 3HaK a (7.56). CyMMlf.PY.ll 

(7.60) H (7.51), nonyqHM 

M =(1+J..L) ~
£ 

(7.62) 

IIo.n:crnBHB a (7.57) 3HaqeHHe <p {eM. Bbime) H A£ ll.3 !7.62) H yqHThiBa.ll paaeHCTBO 

f 0 = ..fia, OKQHqaTeJJbHO Haii.n:eM 

li.Jlll. 

~=<p= ..fi.M = ~fo (1+J..L) ~ =2(1+J..L) ~· 
G a 

E 
G= 2(1+J..Lr 

(7.63) 

CaoiiCTBo TBep.U:biX Ten .n:ecpopMHpoaaThex a.n:onh HanpaaneHIDI, OPTQI'OHaJJhHoro 

HanpaBJJeHHIO npli.JJO:>KeHHOH eli.Jlbl (eM. 7.56), MO:>KHO OnHeaTb B cpopMe HeKOTOpOI'O 

MaTPHqHoro (reH3opHoro) paaeHCTBa. IlyCTh aHaqane Hanp.li:>KeHHe B HanpaaneHo 

a.n:onh oeH x H .n:ecpopMHpyer npxMoyroJJhHhiii mipaJJJJenenHne.n: ax b x £ (pHe. 7.25). 

Tor.n:a B03HHKHYT .n:ecpopMal.\HH: 

Aa 0 
-.-=& -...3.. a- :r:- E' 

M M 
-=& =-=& =-"". b y £ . z ,......" 

(7.64) 

EcnH HanpX:>KeHHe B HMeer y- H z-KoMnoHeHThi, Ka:>K.n:a.ll ll.3 HHX Bbi30BeT 

eoOTBeTCTBYJOmHe .n:ecpopMaQHH aHanomqHo (7.64). HanpHMep, .n:ec}lopMal.\HX BAOJJh 

oeH x 6y.n:er eKJJap;bmaTbex in paCTX:>KeHHX nop; p;eiiCTBHeM Ox H e:>KaTHX no.n: .n:eiiCTBHeM 
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11
onepeqHbiX K oeH x Hanpx:>KeHHii Oy H Oz. B pe:3YJJbTaTe .n:nx U3omponnozo Tena 

uonyqHM 

&x = ~(ox- J..L(oy + oz}], 

&y = ~ (oy -J..L(Ox +oz)], 

&z = ~(oz-J..L(ox +oy)]. 

(7.65) 

Ho TaK npoCTO o6CTOHT p;eno, eenH HanpX:>KeHHe B noqeMY-TO HMeer TOJJhKO TPH 

coCTaBJJXIOinHe, OPTQI'OHaJJhHbie nnoeKoCTi'M (x, y), (x, z) H (y, z). Ha eaMoM :>Ke p;ene 

ruo6oe Hanpx:>KeHHe B epep;e e03p;aer, soo6me rosopx, He TOJJhKO e:>KHMaromHe

paCTXmsaromHe ye~HX, HO H ep;sHraromHe. 3To 03Haqaer, qTQ, HanpHMep, Ha rpaHh 

a X b {pll.e. 7 .25) MO:>KeT _p;eHCTBOBaTb eli.Jla p;aBJJeHHX B)I;OJJb Oell. Z ll. )!;Be 

COCTaBJJXIOinll.e 11 eli.Jlbl ep;Bll.ra" - B)I;OJJb oeeii X ll. y, JJe:>KamHe B llJJOeKOCTll. rpaHH a X b. 

B o6meM enyqae MO:>KHO onpep;eJJHTh meH3op nanpR:J~Cenuu, p;eiiCTsyromiix B epep;e, 

3JJeMeHThlKOTOpOI'O 

a/; 
o;k =ask 

(7.66) 

- i-x KOMllOHeHTa eHJJhi, p;eiicrsyromeii Ha ep;HHllQY nosepXHOCTll., nepneH)I;HKynxpHyiO 

K oeH "~' (x, y li.Jlll z). Ilo3TOMY Hanpx:>KeHHX Ox, Oy, Oz B (7.66) enep;yer niieaTh e 

)I;ByWI IIH)I;eKellMll - 3TO )l;ll.ai'OHaJJbHbie 3JJeMeHTbl TeH30pa (MaTPIIU:a) Hanpx:>KeHHM. 

AHanorJ~.qHO o6CTOHT .n:eno H e p;ecpopMaQHXMH. 

)l.ecpopMaQHIO npH pacmR:J~Cenuu npHHXTO xapaKTepii30BaTh 3aBHeHMOCThiO 

HaTX:>KeHHX OT OTHOeli.TeJJbHOI'O y.ztJIHHeHHX o(&) (pHe. 7.27). BenHqllHa &ynp = OA' 

Ha3biBaerex npep;enhHbiM ynpyntM Hanpx:>KeHIIeM. Ha seeM yqaCTKe AD noene eHXTHX 

HanpX:>KeHHX o >oynp reno He ao3spamaerex K Hexop;HOMY pa3Mepy, a eoKpamaeTCx p;o 

nyHKmpHoii npxMoii CE, no~H napaJJJJeJJbHOii yqaCTKY nponopQHOHaJJhHOCTll OA -

HMeer MeCTO ocmamottnaR p;ecpopMaQHX Oocm = OE. }J.rul ee yCTPaHeHIIX flY:>KHO 

npli.JJO:>Kli.Tb HanpX:>KeHHe o6paTHOI'O 3HaKa (e:>KaTHe). B pe:3yJJbTaTe 3aBlleli.MOCTb o(&) 

6yp;er ll.306pa:>KaTbeX 3aMKflYTOH KpllBOii, li.MeiDmeii cpopMY ne1WIU zucmepe3UCa 

(nyHKTHp co CTPeJJKaMH Ha pHe. 7.27). 
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0 
Pnc. 7.27. KpHBlUI:JaBHCHMocm ~e$opManHH OT 

HaTJDKeHHJI. 

8•po• - npeiJeJI nponopiJUOHOJ/bHocmu: HaiipJDKeHHe, ~o 

KOTOpOrO BhiiTOJIHJieTCH 3aKOH f}'Ka (7.53); 

Oynp - npeiJeJI ynpyzocmu: M3KCHMaJThHoe HaiipJDKeHHe, 

IIpH KOTOpOM TeJJO COKpallllleTCH ~0 HCXO~OrO pa3Mepa 

& IIOCJie CHJITH3 HaiipiDKeiUIJI 

;> 

Y CJIOBHO npnmrro c•nrraTh, 'ITO pa:3Mep nocne CHHTIDI Oynp He npeBbiiiiaeT 
5 . 

llCXO,liHOro 3Ha'leHID! B npe.nenax &ocm ~ 2 + 5·1 o- ; 'laCTo npllHllMaiOT Oynp = Onpon· AB-

Ha'laJIO yqacTKa 3aBllCllMOCTll 0{&), r.ne OCTaTO'IHbie .ne!}JopMaQllll }')Ke 3Ha'IHTeJibHbi; 

mrn px.na MaTepnanoB (HanpnMep, .z:IAA Hll3Koymepo.nncroii CTann) npn .z:IOCTH)l(eHllll 

HeKoroporo ypOBIDI Hanp~eHnii .ne!}>opMan;ID! & yBeJIH'IHBaeTCx .nruoce npn 

nocroxHHOM o - :no TaK Ha:3hiBaeMax fiJlO!llaOKa meK)l'lecmu, ropn30HTaJibHhiii yqac;roK 

KpllBOM 0{&) B6Jill3ll TO'IKll B. 3Ha'leHlle 0, COOTBeTCTBYIOIUee TIOH llJIOIUll.z:IKe, 

Ha:3hiBaJOT npei>ellOM meK)lttecmu Om. MHorne MaTepnanbi He llMeJOT nnoma.nKn 

TeKyqeCTll. ,LVui HllX Om onpe.neAAJOT H3 ycnOBIDI paBeHCTBa OCTaTO'IHOii .ne!}>opMan;nn 

&ocm = 0,2%; ycJIOBHhiii npe.nen TeKyqeCTll o6o3Ha'laJOT Oo.2. 

,LVui yBenn'leHID! & 3a npe.nenoM TeKy'leCTn Tpe6yeTCx ox:urrb yBeJIH'leHne 

Hanpx:lKeHIDI, ll npn .z:IOCTll:lKeHllll HeKoroporo MaKCllMaJihHoro 3Ha'leHID! Oe o6pa:3en; 

pa:3pYIIIaeTcx. Hanp~eHne o e Ha3biBaJOT npe.nenoM npO'IHOCTll mrn pa:3Jill'IHhiX 

CTaneii. Hn:lKe B Ta6nnn;e 7.1 npnBe.neHbi npo'IHOCTHbie xapaKTepHCTllKll HeKoropbiX 

l,MaTepnanoB. TiocKOJibKY e.nnHnn;a .naBJieHIDI nacKanh {lla) B Cll O'leHb "MenKax", 

qaCTo nonb3YJOTCH 6one KpynHhiMll e.nnHnn;aMn MeranaCKaJIHMll (Mila) . ll 

mranacKaJIHMll (ITia): 
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1 lla::1H/M2 ::ol0-5 aTM::o10-7 Kf'/MM2
; 

1 illa ::109 lla::o104 aTM::o102 Kf'/MM2
; 

1 Mila ::106 lla::o101 aTM::o10-l Kf'/M~; 

Ta6nnn:a 7.1. TipoqHOCTHbie xapaKTepnCTHKll HeKoropbiX MaTepnanoB (ITia) 

r-:MaTepuaJI E G Om Oe ll 

CTaJib 200 80+90 0,2+1 0,3+ 1,2 0,11+0,25 

Me.nh 90 40 - 0,12 0,125 

Bonh!}>paMoBax . 
npOBOJIOKa 42 - 3,8 -

AmoMnHnii 75 27 2,0 0,05 0,39 

fpa!}JHT (HHTeBll,liHbiR 

KpllCTaJIJI) 1000 - 16 24 -

~6 10 - - 0,02 -

HeiinoH - - 0,3 0,5 -
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rJIABA 8. rlf,[(PO- II A3POCTATIIKA 

GrarnKa U3}"1aer noKomeyrocx :JICH.nKOCTb (ra3). Hec:lKnMaeMax :JICH.nKOCTb _ 

.IlOCTaroqao xopornee npu6nlf:lKeaue. C:lKifMaeMOCTb ra3a a 3~aqax 3.3pocrarniCJt 

c~ecTBeaaoii ponu ae urpaer. 

§ 8.1. 3aKOH llaCK3JISI 

0CHOBHOH 3aKOH m,npo- If 3.3pOCTaTHKH, macxmuii, qro .IlaBJieHHe Ha 

noBepXHOCTb :lKif.IlKOCTH HJIH ra3a nepe.IlaeTCX nO BCeM HanpaBJieHHXM O.IlHHaKOBO, fibiJI 

ccpopM}'JIHpoaaa cppaHQY3CKHM ecrecraoucnbrraTeJieM IIacKaneM (B. Pascal) u. . 
ony6nnKoBaH B 1663 r. nocne ero cMePT"· ,ll;eiicraue :noro 3aKoaa lfJIJIIOCTpupyer 

puc. 8.1: TeJIO norpyxeHO B :lK~KOCTb, HaxOMmyiOCX B UHJIH~pe C nO.IlBif:lKHbiM 

Pnc. 8.1. ,L(aBneHHe Ha Te.IIO, 

fiOip}')KeHHoe B ~OCTh 

noprnHeM, aa Koropbiii .Ileiicrayer aaernaxx cHJia. ,ll;aaneaue aa nro6yro qaCTb 

noaepXHOCTH TeJia O.IllfHaKOBO If paBHO 

·'I 
ll 

dF 
Po= dS =~ =Pz =~ =~. 

§ 8.2. rH,ZJ;pOCT3THKa, 33pOCT3THK3 H 33KOH ApxHMe,ZJ;a 

(8.1) 

3aaMeHHTbiii 3aKoH ApxuMe.Ila (Archimedes) 6bm U3Becrea eme 3a 250 ner 

.IlO H.3. Comacao 3roMY 3aKoay aa TeJIO, norpy:lKeaaoe B :lK~KOCTb (ra3), .IleiiCTByer 

BbiTaJIKHBaiOmax CHJia, paBHaH Becy :lK~KOCTH (ra3a), BbiTeCHeHHOH 3THM TeJIOM. 
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Hmepecuo, ICaK ApXHMeA (287 - 221 rr. AO H.3.) npmne.:x K CBoeM)' 3aKoey. Comacuo JiereUAe, 

Oil 33,ZcyMaJICJI, fiO'leM)' TJIJKeJIOip)"Ki:Hhlii KOpa6JIL He TOileT. If ,Mllbme paCC)'lKmlJI TaK: ecJIII MblCRelll/0 

y)l;liJIIITb KOpa6.llb H3 BOALI, nyCToe npOCTpaHCTBO 6yAeT 3aiiOJIIIeHO BOJ{OH J{O ypoBHll Mop!!, H 3TOT 

o6'i>CM BO.ll.l>l "He YTOHeT". A 3TO 3Ha'IHT, 'ITO CO CTOpoHLI OKp}'lK310meii BO.ll.l>l Ha Hero AeiiCTByeT 

seprBKll.llbHall CHJia, pasHall secy noro o6wMa BOALJ, T •. e. o6wMa BOALJ, BblTeCHeHHoro KOpa6Jil!M. 

fio,no6llble "YM03pHTe.llbHLie 3KCnepHMeiiTbl" 6biJIII OABHMH H3 rJiaBHLIX MeTOJ{OB aHTH'lHLIX $IOHKOB. · 

Tenepb Mbi noanMaeM, qro 3aKOH ApxuMe.Ila HBJUiercH npHMbiM CJie.IlCTBIIeM 3aKoHa 

IIacKaJUI (Koropbiii ApxnMe.Ily 6hm aeu3aecrea). IloKa:lKeM :ITo. 

BbmenuM B :lK~KOCTII, nJIOTHOCTb Koropoii p, 3JieMeHT o6beMa -

npxMoyrOJibHbiii napaJIJienenune.Il BbiCOToii M c rmom~bro ropU30HTaJibHOii rpaHu S, 

Ero aec mg= pg!J.hS; .IlaBJieHne cron6a :lKH.IlKOcrn BbiCOTbi h Ha aepxHroro u HH:lKHIOIO 

rpaHH paaHO COOTBerCTBeHHO 

p=pgh, 

p+!J.p =pg(h+!J.h} 
(8.2) 

TioJIHaH cHJia, .IleiicrayromaH Ha 3JieMeHT o6beMa no BePTUKaJIU, paaaa 

F =S·{(p+!J.p)- p}=S·pgM= pgV, V =S·!J.h. 

06o6meaue aa Teno npon3BOJibHOii cpopMbi nepeHecru npocro - ayxao 3aMeHHTb ero 

aa6opoM .IlOcraroqao MaJibiX KY6HKOB, cyMMapHbiii o6beM KoropbiX paaeH o6beM}' 

rena. IIOJI}"IHM cuny ApXUMei>a: 

, , 

I :h 
I 
I 
I 

:M* I v 
I 
I 
I ,=------------

FArchimedes = pgVmena• (8.3) 

Pnc. 8.2. K sLIBO.rzy 3aKOHa ApXHMeM 

l~a'la 8.1. Haii:TH CHJiy, ueo6xoAHMYID .IIJill OTpLIBa KaMHll OT A!lll BOAOeMa H ero no~eMa . Ha · 

flOBepXHOCTb. 
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EcJIH KaMeHL JlelKIIT Hll .znie, ero npiDKHMaer K rpyHTy CHJia mmJieHIDI croJI6a BOIU>I ~ KaMHeM 

F,. =S·pgh+mg>mg, 

r.~te h - rny6HHa BO.ItoCMa. Ilocne OTJlhllla OT rpyma ua KaMeHL .~teii:crnyer CHJia 

F2 =mg-pgV <mg. 

IlOJTOMY, B 'lllCTHOCTH, llO,IJ;BO.lnlllJI JIO)J;Ka, OnyCTHBIIIlliiCJI Hll MJII"KHii: (HJIHCTLiii) rpy!IT, pHCKYeT He 

BCIIlThiTb ("nC'Ie:Jaer" CHJia ApXHMeM!). 

3Maqa 8.2. IlapMoKc :lKyKoscKoro. IloMecrHM a 6oKosoii: creHKC cocyM c BO.~toii: (puc. 8.3) 

.ltepeBllllllhlH l(HJIHII.!ql, nJIOTHO llO,IJ;OI'HllB ero K CTeHKe TaK, 'fT06hl He BLITeKaJia BO,IJ;a ('ITO TCXIIH'IecKH 

HCCJIOlKHO ). TOr,IJ;a, Ka3aJIOCb 6bi, pa:3HOCTb apXHMC)J;OBbiX CHJI, DpHJIOlKCHHbiX K I:(eHip:nt MaCC 

llOJIOBHHOK l(HJIHII.!ql3, C03)J;aeT BpaimUOII:(Hii: MOMeiiT, T.K. 

(FApx)xuo< > > (FApx)z"'. 

Ilo'leMY TilKOH "se'lHL!ii: )J;HffiTCJib", KaK H BCJIKHii ,~J;pyroii:, BCe-TilKH He pa60Taer? . 
Ha ClL'IlOM .~tene (pnc. 8.3, 6) CHJihl ,IJ;aBJieHIDI npHJIOJKCHhl no aopMaJIH K nosepxnocrn 

I:(HJIHH)J;pa 11 ae co:mru<rr upaii:(aiOmerocJI MOMeiiTa! Herpy.znio coo6pa311Tb, 'ITO :JaMeaa I:(l~Jllllfiq>a 

KOJieCOM C JIOnaCTJIMH ~ero He )J;aer. 

Pnc. 8.3. IlapMOKC :lKYKOBCKoro 

a) 6) 

§ 8.3. ll.z(eaJihHbiHT33. JiapoMeTpH"lleCK3SI «<JOPMYJI3 

HaiiAeM AaBJieHne Ha CTeHKll o6neMa, 3arronHeHHOro ra30M, MOJieKyJibi 

(1 KOTOporo llMefOT llMIJYJibC 

Pv =J.l.V. 

· N MOJieKYJI B pe3yJibTaTe yrrpyroro coyAapeHIDI c HeiiOABIDKHOii CTeHKoii rrepeAaiOT eii 

llMIJYJibC 
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Apv =2J.l.VnN, 

r.lle Vn- KOMIIOHeHTa CKOpOCTll, HOpMaJibHaJI K CTeHKe. B llTOre CllJia, ,l(eHCTBYIOmaH Ha 

creHKY OT IIOTOKa MOJieKYJI, eCTb 

F = Apv = 2J.l.vnN, 
n At 

N=N At. (8.4) 

Pnc. 8.4. CoyMpeHne MOJieKYJihl =co creHKoii: 

o6~Ma 

qHCJIO coy.l(apeHllH B e,l(llHllQY speMeHll C IIJIOmMKOH S Haii,l(eM, 3amtCaB BblpiDKeHlle 

WUi KOJlll'leCTBa MOJieKYJI, CO.l(ep)IGlmlfXCH B CTOJI6e ra3a AJIIIHOH Vn·f1t; 

AN=vn·At·S·n, N=nvnS, (8.5) 

r.ne n - qncno MOJieKYJI B eAnHnue o6neMa. 

Pnc. 8.5. K paC'Iery nOTOKa l'a3a Hll CTeHKY 

IIo.ncrasns (8.5) s (8.4), rronyqHM 

Fn =2J.l.VnSnvn. (8.6) 

Orc10Aa AaBJieHne ra3a Ha CTeHKY cocyAa pasHo 

F 
P = __!!_ = 2n••v2 

S ,_ n. (8.7) 

KoHe'IHO, MOJieKYJibi ra3a nMefOT pa3Hbie CKopoCTH, n H}')KHO ycpeAHHTb CIIJIY Fn c 

-}"ieTOM pacrrpe,l(eJieHIDI MOJieKYJI ITO CKOpOCTHM. Arui HaillllX l{eJieH :rroro ,l(eJiaTb He 

Tpe6yeTCH, T.K. yx<e ,l(OCTaTO'IHO TOro, 'ITO Mbl IIOJIY'lllJill IIpOIIOpUllOHaJibHOCTb 
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·~ 
It 

):laBJieHIDI DJIOTHOCTU ra3a If KUHeTif'leCKOH :meprnu MOJieK}'JI, cpe):lHee 3Ha'leHJie 

KOTOpoii pasHo reMnepaTYJ>e ra3a T: 

pocnW ocnT. 

Crpornii BbiBOA c yqeroM pacnpeAeJieHIDI no cKopoCUIM AaeT 

p=nkT, 

{8.8) 

(8.9) 

rAe k - TaK Ha3biBaeMasi nocmommcm EonblfMaHa, }"'IITbiBaK>ID:asi <}laKTif'leCKH Bbi6op 

e):lUHUU U3MepeHIDI If BKIDO'IaK>ID:asi 'IHCJieHHbiH K03<}J<}JuuueHT, B03HliKaK>ID:uH llpH 

ycpe):lHeHUU {8. 7) no pa36pocy CKOpOCTeii Vn. lfuCJIO MOJieK}'JI B e):lUHUUe OtTheMa 

paBHO 

n=m_NA 
Jl v , 

rAe m, V. Jl - Macca, o6beM u MOJieKYIDIPHbiH sec ra3a; 

NA = 6,0221367(36)·1023 MO!lb -l 

- noCTOmHasi, UJIH, 'IUCJlO ABozaiJpo (A. Avogadro), 1811 r. CospeMeHHOe 3Ha'leHue 

NA npuse):leHo no AaHHbiM 1991 r. 

C }"'eTOM Bbipll)KeHIDI AJU1 11 U3 (8.9) nOJIY'IUM U3BeCTHOe ypa6HeHUe 

cocmoRHUR uiJeanbHOZO zma: 

m NAk·T. p=-· v 
Jl 

3-roMY ypasHeHUIO MO)I{HO npn):laTb BOA 

m 
pV=-RT, R=kNA, 

Jl 

rAe R- nocmoRHHaR MeHiJenee6a-!VIaneupoHa. 

(8.10) 

fu ypaBHeHIDI COCTOHHIDI (8.10) CJie):lyeT, 'ITO DJIOTHOCTb ra3a 

nponopuuoHaJibHa p;asneHUJO B HeM: 

m 
p= V ocp, 

T.e. 

.P_=.f!_ 
Po Po 
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Ilo npu BbiBOAe 3aKoHa ApxnMep;a 6bmo noKa3aHO, 'ITO ):laBJieHne noA CTOJIOOM ra3a 

SbiCOTbl h paBHO 

Ap=pgh. 

3HaliiiT 

dp =-p(h}gr:::-po.f!_·g, 
dh Po 

rp;e uMeKCOM "0" oTMet~eHbi 3Hat~eHuH napaMeTpOB npu h = 0. Orc10p;a 

dp =-PoK -dh. 
p P_o 

MHTerpupy»:, Haii):leM 

f.np = f.nC- PoKh . 
Po 

IloTeHunpy»: u yqiiTbiBasi, 'ITO. C = po, nonyqaeM 6apoMempu'leCK)'IO <}lopMyny 

p(h)= Po -e-hf"A., A.= Po . 
PoK 

(8.11) 

,[(asneHue aTMoc4Jepbi 3eMJill Ha ee nosepxHOCTH coCTaBMeT (s cpeAHeM no speMeHu) 

760 MM pryTHOrD CTOJI6a, T.e. 

Po =1amM=0,760M·9,81 M/c2 ·13,6·103 
KZ/M

3 
""'1,014·10

5 
Ila. 

IlJioTHOCTb aTMoc<}lepbi y nosepxHOCTll 3eMJIH p0 = 1,29 Kr/M
3

. CooTBeTCTBeHHO, U3 

(8 .11) nonyquM 

A.= 1,14·10
5 

Ila ""' 8,0l3 _103 M, 

1,29Kz/ M3:9,81 M/c
2 

. 

TaK 'ITO p;aBJieHue C BbiCOTOH y6biBaeT y nosepxHOCTU 3eMJill no 3aKOflY 

p =Po -e-h/8""'. 
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r JIABA 9. rJI,WO- II A3PO,lUIHAMIIKA 

§ 9.1. lloToK arn):{KOCTH (raJa). Ypaaueuue uenpepbiBHOCTH 

CTaQnoHapHbiH noTOK :arn.z:IKOCTH (ra3a)- yqacroK npocrpaHCTBa, 3anOJIHCHHLiii 

IJ:aCTnQaMH, CKOpOCTH KOTOpbiX B KaJK,!(OH 33,Il;aHHOH TO'IKC HMCIOT O.l{HO H TO 'KC 

3Ha'1CHHC B mo6oii MOMCHT BpCMCHH. llHa'IC rOBOpj{, CKOpOCTH pa3HbiX IJ:aCTH~ 

npHXO.l{j{IQHX B O.l{H}' H TY 'KC TO'IK)' npocrpaHCTBa B pa3HbiC MOMCHTbi BpCMCHH, 

O.l{HHaKOBbi H 3aBHCjiT TOJibKO OT nOJIO'KCHHj{ :noii TO'IKH. TpaeKTOpHH IJ:aCTHQ 

o6pa3yiOT !IUHUU moKa- npocrpaHCTBCHHbiC KpHBhiC, B KaJK,!(OU TO'IKC KOTOpbiX BCKTOp 

CKOpOCTH IJ:aCTHQhi HanpaBJICH no KaCaTCJihHOH K HCH (pnc. 9.1 ). 3-fa !}lOPMYJIHpOBKa 

cosn3,Il;aeT c onpe.z:teneHneM TPaeKTopnn, HO Teneph cymecrseHHO, 'ITO no Heii 

.l{BH'KeTCji HCnpepbiBHM QCnOIJ:Ka IJ:aCTHQ. 

(t 

PHC. 9.1. .Jbunni TOKa B ~OIIllpHOM nOTOKe 

:liGI,IU<OCTH 

Ha6op JIHHHH TOKa H o6pa3yeT nOTOK. B nOTOKC MO'KHO Bhi.l{CJIHTh mpy6KU moKa -

06JiaCTH nOTOKa, orpaHH'ICHHbiC 3aMKHYThiMH nOBCpXHOCTj{Mli, KOTOpbiC HC 

nepeceKaiOT IJ:aCTnQhi noTOKa (pnc. 9.2). 

PHc. 9.2. Tpy6KH TOKa B ~oHapHOM noroKe 

:liGI,IU<OCTH 

Macca :lKH.z:tKOCTH, npoTCKaiOIQM qepe3 nonepeiJ:Hoe ceiJ:eHne S TPY6KH TOKa s6nron 

TO'IKH X 3a BpCMj{ 1J.t, O'ICBH.l{HO, CCTb 

1lm = p(x)·S(x)·v(x)· M. 
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(9.1) 

_BcJIII qaCTHQbl HC HC'1e3aiOT H HC HaKaiiJIHBaiOTCj{, TO 

t!m(xi) = 1lm(x2). 

()rCIO.z:ta II H3 (9.1) nOJiyqHM 

p1S1 vi = P2S2 v2 · (9.2) 

:Mo)!(liO n03TOMY BBCCTH nOHj{THC nomoKa m H tvlOmHOCmU nomoKa j(x) :lKH.l{KOCTH 

(~a) 

dm =p(x)-S(x)-v(x1 
dt 

J(x)=-(1 
). dm = p(x)-v(x). 

S X dt " 

(9.3) 

Teneph CHHMCM orpaHniJ:eHne Ha OTCYTCTBHC HaKonneHHj{ (nciJ:e3HOBCHHj{ qacrnu 

)l(II.l{KOCTII). Tor.z:ta o6mee KOJIHIJ:ecrso :lKH.z:tKOCTii, KOTOPM BTCKaeT s o6»eM qepe3 

oxsaThiBaromyro ero nosepxHOCTl! S, eCTh 

dm = Upv·dS = _U(J tiS) 
dt )1 )1 ' 

(9.4) 

3HaK MHH}'C CBj{3aH C 11.l{OrQBOpCHHOCThl0
11 

Bbi6opa HanpaBJICHHj{ BCKTOpa dS: 

dS=~·dS, (9.5) 

r.n;e n - C.l{HHHIJ:HbiH BCKTOp HOpMa..TIH, HanpaBJICHHhiH Hapy:JICy H3 06neMa. 0r 6anaHCa 

llO o6nCMY (9.4) nepCH.l{CM K 6anaHCY B TO'IKC, CTjirHBM 06"hCM. K TO'IKC p (pnc. 9.3). 

Ilpn :noM scer.z:ta MO:lKHO 3aMeHHTh o6»eM ey6nKOM c rpaHj{MH dx, dy, dz. 

z 

dy 

1--t---y 

PHc. 9.3. K sb!BO.!IY ypasHeHHJI 

Henpepb!BHOCTH 

3arrnrneM noJIHhiii nOTOK qepe3 6oKOBhiC rpaHn Ky6nKa: 
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ii. 

-{f(/,tiS)= Jf(ix(x)- jx(x+dx))·dy·dz+ Jf{iy(y)-jy(y'+dy)}dr·dz+ 

+ fJ(iz(z)- jz(z+dz)).dr·dy= (9.6) 

=-JJJ(~ + ~ + ~ }ttr·dy·dz=-fJfdi~]·dV, 
r.ne div] -Ou6epzeHlfUR BeKTOpa l (eM. HIDKe). 3.nech 3HaKH Bhi6paHhi TIUC, 'IT() 

KOMnOHeiiTa jx, HanpHMep, HanpaBJieHa B,ZI;OJih OCH X, T.e, BTeKaeT B 11Icy6HK11 qepe:J 

rpaHh x 1:1 BhiTeKaeT qepe3 rpaHh x+ dr; aHanornqHo jy 1:1 jz. lliMeHeHHe MaCChi BHyrpH 

o6MMa Icy6HKa eCTh 

dm a 
dt. = a)ffp(x,y,z)·dV. 

fiO,ZI;CTaBHB (9.6) ll (9. 7) B (9.4), nO.rryqHM ypaBHeHHe 6aJI¥Ica MaCChi B TQqKe: 

div] + 8p =0, 
iJt 

(9.7) 

(9.8) 

3To eCTh ypaBHeHue Henpepbl6Hocmu. 0Ho :lKe noHCIDieT CMhiCJI oneparopa 

.li:HBepreHUHH (OT naT. divergere - pacxo:lK,ZI;eHHe) - 6anaHc B roqKe "MaCChi", 

nepeHOCHMOii BeKTOpOM ] . CnoBo "Macca" 3,ZI;eCh B3HTO B KaBhNKH, T.K. noHHTHe 

,ZI;HBepreHUllll MO:lKeT 6hiTh npHMeHeHO K -JII060MY BeKTopy, B TOM qliCJie HliKaK He 
l . 

CBH3aHHOMY, B006IQe roBOpH, C peaJihHOH MaCCOH (HanpHMep, B 

:mei<TpoCTaTHKe ypaBHeHHe divE·= 47tp .naeT 6anaHc 3apH.na nJIOTHO~ p H 

co3.naBaeMoro liM noroKa BeKTOpa noM E). 3an~:~weM onpe.neneHHe .li:HBepreHUHH 

BeKTOpa A B .neKaPTOBhiX Koop.nHHaTax: 

divA = iJAx + iJAY + iJAz . 
ax ay az 

YpaBHeHHe HenpephmHOCTH.ZI:JIH Hec:lKHMaeMoii :lKH.li:KOCTH (p = const) .naeT 

div]=O, ff(J,tiS)=o. 

(9.9) 

OTcro.na .ZI:JlH noroKa :lKll.li:KOCTH I (6oKoByiO nosepxHOCTh Koroporo He nepeceKaiOT 

Jll!Hllll TOKa) 

/1 = fJ(J,tiS)= Jf(J,tiS)=l2, (9.10) 
S1 S2 
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'f. e. noJIHhiH llOTOK :lKH,ZI;KOCTll 

/(x)=const 

Q'J'CJO.ZI:a CJie,ZI;yeT CBH3h Me:lK,ZI;y llJIOIUa,ZI;hlO ceqeHHH llOTOKa H CKOpOCTblO :lKH,ZI;KOCTH: 

1'.K. /(X)"" p·v(x)·S(x), TO .ZI:JlH HeC:lKHMaeMOH :lKli,ZI;KOCTll (p =const) 

v(x)·S(x)=const, (9.11) 

liJlll 

VI S2 -=- (9.12) 
v2 sl 

- B MeCTax CY:lKeHHH (S1 <S2) CKOpOCTh nOTOK_!lOOJlhWe (vi >v2). 

§ 9.2. YpaBHeHHe liepHyJIJIH 

3aKOH coxpaHeHHH 3HeprnH ll ypasHeHHe HenpephiBHOCTll n03BOJIHIOT 

llOJIY'IHTh O,ZI;IIH ll3 OCHOBHhlX 3aKOHOB ,ZI;JIH nOTOKOB )Kli,ZI;KOCTII ll ra3a. 

' 3anHWeM 3aKOH COXpaHeHHH 3HeprnH .Z1:JIH 3JieMeiiTOB paBHOH MaCChi /lm, 

BTeKaiOIUHX B TPY6KY TOKa 1:1 BhiTeKaiOIUHX 1:13 Hee, cqiiTIU~, qro Bxo.n 1:1 BbiXO.ll: TPY6KII 

pacnono:lKeHbi Ha pa3HhiX BhiCOTax (piic. 9.4). CqmaeM, ~o mpeHue 6 JICUOKocmu 

omcymcmByem. Tor.na 

A+ W + U = const, 

r.ne A - pa60Ta .naBJieHHH no nepeMeiQeHHIO 3JieMeiiTa !lm: 

A = p1Si · !lx1 - p2S2 · ;1.x2, (9.13) 

U = Llm · gh - nOTeHUHaJihHaH :meprHH 3JieMeHTa MaCChi !lm, no.niDITOro Ha BhiCO:ry h. 

OTcro.na HMeeM 

Llm·v2 Llm·v
2 

---1 +Llm·gh1 +A=---2 +Llm·g~. 
2 2 

(9.14) 

KpoMeroro, 
!lm = p • !lV = p1S1 · !lx1 = p2S2 · llx2. (9.15) 
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PRe. 9.4. K BLIBO.zzy ypaBHeHIDI EepuyJIJIII: 

TJly6Kll TOKll B lKH.Z(KOCTH 

h2 

Ilo.ncrasHB s (9.13) 3HaqeHIDI (s · !t.x A. 2 H3 (9.15), T.e. 

IIOJIY'IIIM 

!!.m !!.m 
St·!!.xt =-, S2 ·!!.x2 =-, 

Pt P2 

A = !!.m. (P1 _ P2 ), 
Pt P2 

a IIO.l{CTaHOBKa :noro BblpiDKeHIDI B (9.14) .o:aeT 

~ p ~ p 
~+~+~=~+~+-2, 
2 ~ 2 ~ 

mm 

v2 p 
-+ gh+- = const. 
2 p 

(9.16) 

3To H eCTh ypasHeHHe IiepHynnH (1738 r.). ABTop :noro ypaBHeHIDI wseiiuapcKHii 

yqeHhiM ,ll;aHHHn Iiepeynnn (D. Bernoulli) B 1725-1733 rr. pa60Tan B PoccHH, 'IJieH 

CaHKT-IleTep6yprcKoii AKa.neMHH HayK. 

113 ypasHeHIDI IiepeynnH cne.o:yeT, ~o .o:asneHHe B rrori>Ke .nsmeymeiicR 

JKII.O:KOCTII MeHbWe .l{aBneHIDI B pe3epsyape, li3 KOTOporo BbiTeKaeT JKif.ll:KOCTb 

(pHc. 9.5, a). ,ll;eiiCTBHTenhHO, .o:asneHHe Ha sxo.o:e B TPY6Y Po= pgho, a B IIOTOKe 

lt pv2 

JKH.l{KOCTH p = Po ---, OTey.o:a h1 < ho. 
2 

210 

3To COOTHOWeHlle II03BOAAeT IIOHRTb IIpllHIIIfii .l{eMCTBIDI rrynhBepii3aTOpa 

(pJlC. 9.5, 6), B KOTOpOM CTPYH so3.o:yxa, rrpoKaqHsaeMoro li3 - "rpywH" 1 qepe3 

TPy6KY 4, 3acachiBaeT JKif.ll:KOCTb li3 cocy.o:a 2 no TPY6Ke 3. 

ho ht 

~"'I;" .... 
- --r---
-=-=--' 

a 

2 

----
6 

PRe. 9.5. IlpHMephl ~eHCTBIDI 

ypaBueHID! Eepuy=: ):laBJieHHe B 

ITOTOKe lKH,Z(KOCTII, BbiD:KlllO~eii: 113 

cocy.zm (a); nyllbBepli33TOp (6) 

"31j>ljleKT rrynbsepii3aTopa" rrpHBO.O:HT K TOMY, ~o s saroHe (aBTOM06Hne), OKHa 

KOTOporo OTKpbiThi, rrpH B'he3.0:e s TOHHenh rra.naeT .o:asneHHe H y rracciDKnpos 

"3aKna.l{hiBaeT" ywH. TOT JKe "31j>ljleKT, rrynhsepii3aTopa", RBAAeTCH rrpnqHHOM 

IIm!BneHIDI IIO.O:'heMHOM Clinbl IIpll .O:BIIJKeHHll Tena B JKII.ll:KOCTH llilll ra3e -. TaK 

Ha3hiBaeMbiM '3fjJpeK111 MazHyca (eM. § 9.6) 11 o.o:Hoii li3 rrpnqnH B03HllKHOBeHnH THrn · 

'-1epe3 rreqeyro TPY6Y (3a.naqa 9.1 ). 

l3JJ.aqa 9.1.fuBeCTHO, qro .zmx<e B XOJIO~Oii: neqKe {pHe. 9.6) ~eCTBYeT TJml. Oua B03HHKlleT, ecJIH 

1py6a o6.zzyBaeTCJI BeTpOM. Q~eHHTb eKOpoCTb :serpa, npH KOTOpOii: B03HHKlleT TJml. 

ECJIH eKOpoCTb Vo, TO ~JieHHe ~ TJly60ii: P2 MeHbme mtBJieHIDI Pt B XOJIO~OH TOITKe (1) H 

OOM)'B3Jie (2) H3 BeJIH'IHIIY 
2 pvo 

Pt-P2 =2. 

-3amnneM ypaBHeHHe Eepuy= (9.16) ~ neqnoii: TJly6b1: 

211 

(9.17) 

tii 

';_i\ 

ll! 

"l 



Vo 

PHc. 9.6. CxeMa TOIIKII"pyCCKoii ne'IH": 

I - romca, 2 - -rpy6a, 3 - no.zmyB3Jlo 

P-'2 pv2 
Pt +-• = P2 +-2 +pgh, 

2 2 

r,ne Pt. 2, Yt, 2 - .naBJieHHe H CKOpOCTh BOJ.ZzyXa B TOnKe (1) H Ha Bh!XO.l(e tpy6LI (2) COOTBeTCTBeHHO. 

IlOCKOJihKY CKOpOCTh BOJ.ZzyXa B (IIIHJXlKOH) TOnKe MHOro Mem.me, 'leM B (y3KOH) 1py6e, T.e. Vt <<v2, H3 .. 
(9.I7) H (9.I8) Haii,neM 

pv2 (v2 } T"" Pt- P2 -pgh=p t-gh (9.I8) 

OrCio,na CJie.zzyeT, 'ITO XOJIO,nHllJI TJII'a nOJIBJUieTCJI yx<:e npH 

Vo >./2ih. (9.I9) . 

~ TH1111'1HL1X pa3MepoB "pyCCKOH ne'IH" (h- 5 M) Haif.neM Vo > IO Mfc. KoHe'IHO, 3TO BLICOKliJI CKOpoCTb 

H H3 (9.I9) CJie.zzyeT, 'ITO BLirO,nHee ClpOHTh HH3KHe tpy6LI. Ha C3MOM ,nene ropa3.!l;O 60JihllfY1\l poliL 

I!Tp3eT 3cMJeKT HarpeBa BOl!zyXa, H ero M())KHO nOHHil> (33.!1a'lll 9.2), BOCn0Jih30BaBmHCL nOJiy'leHHLIM 

Bldiiie yprumeHHeM cocrol!HIDI (8.I 0). 

13,1(3'13 9.2. Q~eHHTh CKOpOCTh nOTOKa B ne'IHOH tpy6e npH CKHr3HHH B ne'IH TOIL'IHBa. 

IlocKOJihKY ra3 H3 TOllKH yxo,nHT B tpy6y (a He B KOMHary!), eCTecrBeHHO 3aKJIIO'IHTh, 'ITO 

.naBJieHHe s ronKe pasHo aTMocclJepHOMY, a nJIOTHOCTL r:na, s COOTBeTCTBHH c (8.IO), na.naeT o6paTHo 

nponop~OHaJILHo reMneparype: 

m ~p T0 
p=v= RT =poT· (9.20) 

(t Pa3HOCTh .naBJieHHii B TOnKe H Ha Bh!XO,l(e tpy6LI COJ,naeTCJI BeCOM CTOJI6a BOJ.ZzyXa BHe tpy6LI: 

P1- P 2 = P0gh. Onrrall no-npelKHeMY Yt <<v2, H3 (9.I8) nOJIY'IHM 

pv~ (p )g ( T0 ) 2""Pt-P2-pgh= 0 -p h=pgh I-T. 
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()rCIO.M 

V2 "',/2gh(I- ~), (9.2I) 

T.e. CKOpoCTh nOTOKa CKB03L ne'IL pacreT KaK .Jh H BLICOKliJI tpy6a o6ecne'IHBaeT 66JihmyiO TJiry. 

IIpHIDIB reMneparypy so:myxa s ronKe T = 500°C, ~ h = 5 M Haii,neM 

{ 
303) v2 -,j2·9,8 I-- ""8Mic. 
773 

06paTHM sHHMaHHe, 'ITO nepena.nLI ,nasneHIDI, o6ecne'IHB3IOmu:e ne'IH)'lO TJirY, o'leHL MaJihl: 

/:J.p = pgh -1,29 KZf M 3 ·9,8I Mf c 2 ·5 M = 63Jia = 6,3 ·10
4 

amM. 

11To6LI "noKOH'IHTL" c ne'IKoii, sepHeMCJI eme pa3 K "xono,nHoii" Txre. C'IIITI!eTCJ!, 'ITO 

pa:3lKIII'3Th neqey B rennyro noroey ropaJ.no tpy.nHee, 'leM B xono,li;H)'lO. Ha C3MOM .nene no TaK, ecJIH B 

KOMHare TenJIO H pa60TaeT pa3HOCTh TeMllepa'I)'P (9.2I), KOTOpall yCHJIHBaeT "3clJ«lJeKT nyJihBepH3aTOpa" 

(9.I9). Kor.na, HanpHMep, s KOMHare +l5°C, aHa y~e -I5°C, ro ,nJIJ~ v2 H3 (9.2I) H h= 5 M noJIY'IHM 

v 
2 

"' 3,2 M I c . Kor.na liCe KyxiDI H y.!IHWl nporpem ( HliH oXJili)I(JI;eHLI) .no 6JIH3KHX TeMnepa'I)'P, Txra 

(9.2I) HC'Ie3aeT ( v2 ~ 0 ). 

1a,naqa 9.3. ~ tpy6KH - nepBaJI (1) c 6oKoB,LIM, BTOpax (2) c rop~eBLIM OTBepcrHeM - no,ncoe,nHHeHLI 

K M3IIOMetpaM H nOMemeHLI B nOTOK lKH,z:lKOCfH HliH raJa, 'Ill~ KOTOporO HMeiOT CKOpocrL Vo 

(pHC. 9.7). HaiiTH pa3HOCTh nOKaJaHHH MaHOMeTpoB. 

MaHoMetp I noKaJLIBaeT craTH'IeCKoe .naBJieHHe B etpye raJa [Jo, a MIDIOMetp 2 - noJIHoe 

.nasneHHe, KOTOpoe cornacHo ypasHeHmo EepeyllliH paBHO 

pv2 
p=po +-o-. 

2 

K MOHOMempaM 

JiomoK 
:HCUOKocmu~ 
WIU ZCl3ll 

PHc. 9.7. CxeMa tpy6KH Thrro-IlpaiUJ;I'liJ! 

OrCio,na BH,nHO, 'ITO no pa3HOCfH noKaJaHHii MaHOMetpa MOlKHO Ollpe.l(eJIHTh CKOpOCTh nOTOKa. TaKOC 

YClpOHCTBO Ha3LIBaeTCJI mpy6Koi1 Jiumo-lJpanOmJIJI no HMeHH HX H3o6peTaTeJieil 0HO CliYJKHT ,nJIJI 
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t1 

onpe.n:eJielillJI CKOpoCTH .ll:BIDK)'IllefOCJI ITOTOKa JKH,ZU(OCTH, ra3a HJIH ,ofu,eKf3 OTHOCHTeJILHO 

0Kp)')K310llleii cpe.ll:hl - JKH,ZU(OH HJIH ra30o6pa:JHoii, HanpHMep caMOJiera, ITO.n:BO.n:HOH JIO.n:KH H T.IT.. )lnx 

caMOJICfa xapaKrepHall pa3HOCTh noKa3aHllii MaHOMeTpoB Ha CKOpoCTH nOpJI.ll:Ka 1000 KMfq::: 300 M/c 

COeraBJIJieT 

1 ( )2 4 Ap-- ·1,29 · 300 "' 5,8 ·10 ITa "'0,6 amM. 
2 

Ami aTOMHOH ITO.n:BO.n:HOH JIO.n:KH, .n:BIDK)'IlleHCJI CO CKOpoCTb!O 50 KMf'I::: 15 MfC, 

Ap-.!..103 
Kz/.M

3 ·(15)2 :::1·105 Ila:::1amM, 
2 

'ITO 3KBHBaJieHTHO norp)'JKl!HHIO Ha rJIY6HHY 10 M. 

113 ypaBHeHIDI JiepH}'JIJIH cne~yeT TaJOKe Ol..{eHKa KpliT11'1eCKOll CKOpOCTI1, ITp11 

KOTOpOii CTaHOBIITCH CyllleCTBeHHhiM C)!(aTI1e raJa: 

pvz ~ 
2- p, v.pum- vr;· 

,ZJ;anee Mbl YBI1~11M, 'ITO 3TO He 'ITO 11HOe, KaK CKOpOCTh 3ByKa B ra3e ( CM. (10.32)). 

§ 9.3. BHJKOCTb. BHJKoe Teqeune 

(9.22) 

,lJ;BI1)!(eHI1IO ITnaCTI1HKI1 ITO BO~e ITpeiiHTCTBYeT HeKOTOpaH Cl1na, B03HI1KaiOlllaH 

113-3a TOro, 'ITO ITnaCTI1HKa ysneKaeT 3a co6oii ITp11neraiOIIII1H K Heii cnoii so~hi, TOT, a 

csoro oqepe~h, c~s11rae-r cne~yK>lll11ii, Hl1)!(ene)!(allll1ii cnoii, 11 T.~. (KoHe'IHO, ITOHHTne 

cnoii 3~ech ~ocraTO'IHO ycnosHo ). B pe3ynhTaTe a )!(11~KOCTI1 so~HI1KaeT cMellleHI1e, 

aHanOrn'IHOe ~etl>opMal(l1ll C~B11ra (pnC. 9.8). Il03TOMJ, KaK 11 ~H C~B11ra, MQ)!(HQ 

3aiTI1CaTh 

M F 
h=tgq>= G,S' (9.23) 

r~e F - c11na, ITpiiBOMlllaH ITnacrnHKY B ~BI1)!(eHne c ITOCTOHHHOii CKOpOCThiO 

v=MfM. 
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r 
Vo -

UepeiTI1CaB (9.23) B sn~e 

F 
Pl!c. 9.8. AJ!IDKeHHe ITJiaCTHHKH 

no noBepXHOCTH BO.ll:hl 

h 

F , v dv 
-=cr=(r·At·"-OC-
S h dx' 

npHXO~I1M K Ko:JqHjmquenmy 6Jl3Kocmu l"J, sse~eHHOMY HhiOTOHOM: 

ov 
cr = 11-· OX 

(9.24) 

3.uech 
OvjoX-KOMITOHeHTa rp~11eHTa CKOpOCTH )!(11~KOCT11, ITOITepe'IHaH 

HanpasneHI1IO ~BI1)!(eHIDI rrnaCT11HKU. fu ITp11Be~eHHOrQ pacc~eHIDI HCHO, 'ITO TaKOe 

JKe 6Jl3KOe HanpR:JICeHUe B03HI1KaeT Me~y CnOHMII )!(~KOCTH. 

Ko3tPtP11QI1eHT BH3KOCTn (Ta6n. 9.1), KaK cne~ye-r n3 (9.24), 11MeeT pa3MepHOCTh 

FT / L2 = m/ iT n n3MepHeTCH B ITacKrurnx a ceKyH~Y B cncreMe ell, a rryaJax a 

CliCTeMe ere: 
1 IJym = 1 0UHa·cfCM2 

= 0,1 IJa·C = 0,1 KziM·C. 

Ilo~ ~eHCTBUeM cnn BH3KOCTII B )!(U,UKOCTU ycTaHaBnnsaeTCH JUJJWUHapHblU 

pe:JICUM Te'leHIDI (OT naT. f.amina - ITnaCTnHa): CnOn )!(U~KOCTU CKOnb3HT 0~11H ITO 

.upyroMy, He ITepeMerunBaHCh. HaiTpnMep, ~AA naMnHapHoro ITOTOKa )!(U~KOCTn a TPY6e 

CKOpOCTh 'laCTUI..{ MOHOTOHHO CITa~aeT OT OCU K CTeHKe TPY6hi. 
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t1 

Ta6JIHQa 9 .1. BH3KOCTb XGmKOCTeii H ra30B 

BemecrBo 

Bo.na 

rnHQepHH 

PTyrb 

B03,nyx 

Bo,nsmoii nap 

Bo.nopo.n 

0 15 

BH3KOCTb 

:>KimKoCTb (Mlla·c) 

1,8 1,1 

4600 1500 

1,7 1,6 

rll3 (MKila·C) 

17,1 18,1 

9,0 9,7 

8,6 8,9 

99 

1,2 

22 
13,1 

10,6 

Haii,neM 3TO pacnpe.neneHHe cKopoCTH v(r). Ami 3Toro Bhi.D.eJIHM B QHJIHH.nPW.J.eCKOM 

noroKe cnoii (r, dr) ,I(JIHHbi £ H 3anmneM 6anaHc CHJI BH3KOCTH F(r) H ,naBJieHHll p, 

,neiiCTByiDIQHX Ha 3TOT CJIOH (pHC. 9.9): 

F{r+dr)+F{r)+(p!- Pl)·Smop~a = 0, 

F{r)=111~~1-s6oK• (9.25) 

s = 2rtr • dr, s6oK = 2rtr£. moJ'14a 

F(r+dr) 
Pnc. 9. 9. K pac'Iery pacnpe.!l.e.neHHll CKopocm 'lliCTJIII 

B JJaMHHapHOM noroKe 
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3HaK dv/dr Bbi6HpaeM H3 <\>H3H'leCKHX coo6piDKeHHii: 

v(r=O)==v
0 

>0, oTcro.na dv <0. 
dr 

flo3TOMY (9.25) MO:lKHO 3anHCaTb B BH,I(e 

F(r +dr)= -11\~v\· s6oK\r+dr = 11(:) . 2rt(r +dr)- £, 
r r+dr 

F(r)=11\dv\·Soo<\ =-11(dv) ·2rtr£. 
dr r dr r 

Y'IHTbiBasl, 'ITO 

(
dv) =(dv) +(d

2

vj·dr, 
dr +d dr dr

2 

r r r 

no,nCTaBHM (9.26) B (9.25) H Ha~eM 

2rt11£ -+-·dr ·l[+dr --·r +tip·21tr·dr=0. ~(dv d
2
v J t ) dv } 

dr dr 2 dr 

C TO'IHOCTbiO ,!(0 (dri OTCIO,I(a nOJI)"lHM 

rv" +v' +tip ·r = 0. 
11£ 

IIepenHcaB 3TO ypaBHeHHe B BH.ne 

~{rv')=- tip ·r 
dr 11£ 

H ,I(Ba:lK.I(bi npOHHTerpHpOBaB, Haii,neM 

tip r 2 

v=----+Afnr+B. 
11£ 4 

(9.26) 

(9.27) 

(9.28) 

CKopoCTb Te'leHHll )l{H,I(KOCTH KOHe'IHa (v<oo), no3TOMY noCTOHHHyiD A cne,nyer 

nono:lKHTh paBHOii HYJIIO (HHa'le npH r ~ 0 noJIY'IHM £nr ~ oo, T.e. v ~ oo ). llo3TOMY 

H3 (9.28) cne.nyer 

A=O, v(r)=B-tiP.C 11£ 4. 

llocKOJihKY y creHKH TPY6hi cKopoCTh :lKMKOCTH no onpe.neneHHIO paBHa HYJIIO, 

n.OJIY'lHM 
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i1 

( ) 
ll.p R2 ll. R2. 

vR =B-~·4=0,. T.e. B= 11~·4 

0KOHqaTeJihHO IIMeeM 

v(r)=va(1- ~: J _ll.p ·R2 
Vo- 4rt£ (9.29) 

TaKIIM o6pa3oM, CKopoCTb )!(II.li.KOCTII y6hmaeT no 3aKOHY napa60Jihi (9.29) OT 

3Haqemm Vo Ha OCII TPY6bi .!1.0 HYIDI y ee CTeHKII. 

PaccMOTPIIM Tenepb 6Clllanc :Jnepzuu 6 6Jl3KOM me'lenuu. IlocKOJibKy CKOpocn. 

noCTO.HHHa Bo BpeMeHII, pa6oTa CIIJI .n.aBJieHirn pacxo.n.yeTc.H Ha npeo.n.oneHIIe TPeHIDI. 

Ha .D.JIIIHe TPY6hi :na pa6oTa no nepeMeiiieHmo QIIJIIIH.D.piiqecKoro CJIO.H (r, dr) eCTb 

dA = ll.p·2nr·dr·f. 

KIIHeTIIqecKa.H 3Heprii.H 3Toro CJIO.H paBHa 

dW = p·21tr·dr·f· v
2
(r) 
2 

(9.30) 

(9.31) 

fu cpaBHeHII.H (9.30) II (9.31), CJie.D.yeT, ~0 noTepii MOIIIHOCTII CIIJI .D.aBJieHII.H Ha 

npeo.n.oneHIIe. CIIJihi TPeHII.H MaJihi, ecJIII 

dW»dA, IIJIII V2>> fl.p. 
p 

IlocKOJihKY v 2 (r) ::<;; v~, ro ycnoBIIe Ma.rroii B.H3KOCTII .li.JUI noroKa )!(II.D.KOCTii B TPY6e 

MO)!(HO npe.n.CTaBIITb, C yqeTOM 3HaqeHII.H Vo Il3 (9.29), B BII.D.e 

2 
pvoR >> 1. 

rtf 
(9.32) 

3ToT KpiiTepiiii MO)!(HO 3aniicaTh qepe3 6e3pa3MepHbiH napaM~ - 'IUCJIO PeiinoRbiJca 

(0. Reynolds, 1885 r., aHm): 

Re= pvL 
rt' 

. . (9.33) 

r.n.e L - xapaKTepHhiH JIIIHeHHbiH pa3Mep noroKa. liiiCJIO PeiiHOJib.D.Ca - 6e3pa3MepHhlii 

napaM~, nOOBOAAIOIIIIIH OQeHIITb pe)!(IIM TeqeHII.H )!(II.D.KOCTII: 
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Re- 1- BR3KOe me11enue; 

Re >> 1- me11enue 6e3 nomep& (eR3KOCm& npene6pe:JICUMO AIOJ!a1 (9.34} 

cnpaeeiJJIUBO ypaenenue EepnyJIJiu. 

:3'f01" napaM~ CJIY)!(HT KpiiTepiieM no.n.o6II.H npii cpaBHeHIIII pe)!(IIMOB TeqeHII.H 

nO'fOKOB c pa3JIIIqHbiMII napaM~aMII p, fl, v, L (eM. § 9.5}. 

3
3Jia'la 9.4. One:mrn. 'IHCJIO Peiffiom..ZJ.ca .Zl.Jlll noroKa BO.ZJ.hl m BO.ZJ.OIIpOBO.ZJ.ll. 

BO.Zl.ll B BO,Zl.OIIpOBO,li,HOH 'l'py6e ,li,HliMe'l'pOM 1 CM, le'leT CO CKOpOCTbiO 0,1 n/c (B 'leM Jiei'KO 

y6e,nlfl'bCJI, OTiqlbiB BO,Zl.OIIpOBO,li,HblH KP3H), T.e. OKOJIO 1 Mfc. ,IVui JTOro llOTOKll 

Re-10
3 

KZ/ M
3 

·1M/ c·10-
2 

M = 104 
10-3 KZIM·C ' 

r.e. n T3KOM re'leHHH BJI3KOCTb cy~ecrne~o He BlllilleT Ha CKOpOCTb rroroKa. HIDKe Mbi ysH.li.HM, 'ITO JTO 

T3K H33bllllleMblii: myp6y11e11m11blii pelKHM. EcJIH xre BO.ZJ.Y 33MeHHTb rJ1HllepnHOM, nOJIY'IHM Re = 6 -

no'ITH BJI3Koe re'leHHe. 

BepHeMC.H K B.H3KOMY TeqeHIIIO II Hli;H.D.eM CKOpocmb ucme'leHUR JICUOKOCmU U3 

mpy6bl, T.e. o6beM )!(ll.li.KOCTII, BbiTeKaiOIIIeii B e.n.IIHIIQY BpeMeHII qepe3 TPY6Y 

p~uyca R. C yqeToM (9.29} 3anmneM 

HJIII 

dV 

dt 

R R( 2 J J v(r).dSmopqa = Jv(r).2nrdr =27tV0J 1-;- ·rdr = 1tR
2 

· Vo, 
s o o R 2 

mDpOID 

dV i::.p rrR4 

-=-·-- (9.35) 
dt e 8rt 

3-ro ecrb 3aKOH Ilya3eiilm (Gan Luis Poiseulle, 1799-1869 rr.) .li.JUI naMIIHapHoro 

nomKa )!(ll.li.KOCTII qepe3 TPY6y. 

ITo aHa.rroriiii c 3aKOHOM 0Ma .li.JUI 3JieKTPIIqecKoii Qenii MO)!(HO BBeCTII B 

~OL\UHaMIIKe nomrrne zuopa6llU'IeCK020 conpomu6JleHUR. CJIOBO zuopa6llUKa 

npOIICXOL\IIT OT rpeq. hydor- Bo.n.a 11 aulos- TPY6Ka. TaK Ha3hiBaiOT pa3.D.eJI MexaHHKII, 

II3yqaroiiiiiH reqeHIIe )!(ll.li.KOCTeH no TPy6aM. BhmmneM aHaJIOrlfqHbie Bbipa)!(eHIUI 

0PHMeHIITeJihHO K 3JieKTPuqeCTBY n ru.n.paBJinKe 
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·'I 
ll 

3JieK1pH'IeCTBO rH,Z:IpaBJIHKa 

ToK(noroK) I =dqfdt V=dVJdt 

3aKOH 0Ma U=RI fvJ=RV 

ConpoTHBJieHHe R=P,./ R=___!L 
s 7rR•js 

fu (9.34) CJie,nyer, 'ITO )I(Jf)lKOCTb HCTeKaer H3 TPYfibi a JiaMHHapHOM nOTOKe co 
Cpe,nHeii CKOpOCTbiO V . 

V. S - - Vo = ·V, v=-
2 (9.36) 

33JI:a'la 9.5. B 3:l,M'Ie 9.4 33KOH Ily:neiiml: npHMeHHM TOJILICO .lVIll rmmepHHa (BJ13Koe Te'leHHe). ,nn. 
BO,li;LI X«: Te'leHHe CT3HeT BJI3KHM, ecJIH }'MeHLWHI'L .IUfllMeip l]ly6LI. Ol(eHHrL, npH K3KOM 3Ha'leHHH 

.IUfllMel]Ja l]JY6LI H rrepe~e ./UUIJieHHll 1!1 pIe -I OTIIM I M ""lOS Jla I M Te'leHHe 6y.n;er BJI3KHM. 

IlO.D;CTliBHB B (9.33) 3H3'leHHe CKOpOCrH BJI3KOro Te'leHHll (9.29) H IIOJIO:lKHB Re= I, llaii.n;eM 

YCllD«Ue 6Jl3Kozo me'leHW! B BH.D;e 

pR'. llp -I 
4112 e . 

.[(rul BO,li;LI (11"" I Mila· c) npH llp/ e =lOS Jla I M Haii.ll:eM 

R -( 4-Qo-3 
Ila·c)' )

113 

..,. 3 10 KZIM 3 ·IO' JlaiM =34MKM . 

(9.37) 

0rcro.n;a MO)KHO 3aKJIIO'IHI'L, 'ITO pe)KHM BJI3KOro Te'leHHJI BO,li;LI yCTaHaBJIHBaeTCH B Kaiiiill.llliJlHWX 

l]ly6KaX • .[(rul rmmepHHa pa.n;eyc "BJOICOro l]ly6onpoBO.n;a" B03paCTaer B 11 213 -102 pa3. 

TaKHM 00pa30M, 33KOH Ily:neiimJ: CIIpliBe.D;JIHB .lVIll BJI3KHX )KH.D;KOCTeii: B l]ly6KaX MaJIOfO 

.IUfllMeipa. 

§ 9.4. YpaBHeHHe HaaLe-CToKca* 

IJonyqeHHbie B § 9.3 COOTHOWeHIUI ,lUUI BH3KOro Te'leHHH cnpaae,nllHBbi, K8JC 

BH.nHO H3 Bbmo,na (9.29), a .nocraro'IHO ma.nr<IIX 1py6ax c Me,nneHHo M:emnOmit:MHCJI, 
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napaMe'I'paMu noroKa no MHHe 1py6bi. CHHMeM 3TO orpaHH'IeHue u paccMO'I'pHM 

, 3neMeHT dV OfibeMa HeCJKHMaeMOH JKH,llKOCTH, HMeiOIUHH <l>OPMY npHMOyrOJibHOro 

napaJIJieJiemme.na u Macey 

dm=p·dV 

u )lBJiJKYIUHHCH a,nOJib ocu z (TaK Bbi6e~eM HanpasJieHHH oceii). CyMMa CHJI, 

)leHCTByiOIUIIX Ha 3TOT 3JieMeHT (puc. 9.1 0), B,li;OJib OCH Z, eCTb 

X 

Ll' = !t..p · dS +Fmp + ft.Hf!IU, 
dS=dx·dy. 

(9.38) 

PHc. 9.10. CHJILI, .n;eii:cTByroi!Uie Ha JJieMeHr o6J.eMa 

z 
B,ZJ;OJIL HanpaBJieHHll ero .D;BIDKeHHll 

3anucaa 

!t..p·dS =(p(z)- p(z+dz))·dS =-: ·dV, 

[(av) (av) l a
2

v Fmp =11 ax x+dx- ax X ·dy·dz=11ax2 ·dV, 

H3 ypaBHeHHH ,llBHJKeHHH 

C YlfeTOM (9.38), (9.39) Haii,neM 

dv -
dm·-=:LF 

dt 

dvz = _!.(- (}p + 11 a
2
v + aFsHem J· 

dt p dz ax2 av 

(9.39) 

(9.40) 

-llOCKOJibKy npH npOH3BOJibHOM HanpaBJieHHH BeKTOpa CKOpOCTli V TaKHe JKe 

ypaaHeHHH HMeiOT MeCTO ,lUUI X- H y-KOMllOHeHT CKOpOCTli, B o6rneM 'I'peXMepHOM 

.nonyquM 
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dv __ Vp +.!!.M+ 1. 
dt- p p 

3.necb V, A- oneparopbi rpa.nueHTa u Jlaruiaca: 

n _iJ _iJ -0 
v =e -+e -+e -· 

x ox Y iJy z iJz' 

02 02 02 
A=-+-+-· 

iJx2 iJy2 iJz2 ' 

(9.41) 

1 = aF..ew I ain- BHeiiHUIJl CliJia, .neiiCTB)'lOII{aJI Ha e.nuHmzy MaCChi :lKli.z:tKOCTli. 3To 

ypaBHeHue eme YCJIO:lKID!eTCJ!, eCJili yqeCTb, 'ITO TIJIOTHOCTb li BJI3KOCTb :lKli.z:tKOCTII 

(raJa) 3aBuc.srr OT TeMneparypbi. YpaBHeHue (9.41) eCTb TaK Ha3biBaeMoe ypaBnenue 

HaBbe-CmoKca (A. Navier, 1827 r., J.G. Stokes, 1845 r.), J~BJijjJOII{eecJ~ OCHOBHbiM 

ypaBHeHUeM rH.z:tpO.z:tHHaMHKli. *) 

B OTCYTCTBue BJ~3KOCTu ( 11 = 0 ) nepBbiii uHTerpan O.z:tHOMepHoro ypaBHeHIDI 

(9 .40) ,naeT 3aKOH liepHyJIJili. .ll:eiiCTBHTeJibHO, TaK KaK V = v(z, t) li nOTOK 

CTal(liOHapHblll, TO iJv/iJt = 0. lfMeeM 

dv iJv 8v dz iJv I iJv2 
-=-+-·-=-·v=-·--
dt at az dt az 2 az . 

Ecnu K TOMY :lKe F. •• ., = 0, H3 (9.40) HMeeM 

p av + iJp =0, 
iJz iJz 

'ITO npu nHTerpupoBaHuu no z .naeT (9 .16) npu h =con st. BJ~3KOCTbJO MO:lKHO 

npeHe6pe'lb,ecnu 

IVPI»lliAvl, unu IP1-P2I» 11v; 
L 

(9.42) 

L - npoTJ~:lKeHHOCTb noroKa. IlocKOJibKY (eM. (9.16)) B 3TOM cnyqae .z:lJijj 3JieMeHTa 

o6oeMa dV=S·f MO:lKHO 3anucaTb 

"l IlpHBe,Zl;eHHblii BLIBO.z:l He }"111TL1llller 'IJieHhl nopll,llKa rpMHema Kllll.!q)am cKopocm )KH,!UCOCTH, 

CBll3aHHhle c nepe)mqeii: HMnyJihca OT Ha6erruOJ:I(ero noroKa 3JieMemy o6'Li!Ma (eM. § 9.6). Hx yqer 
llpHBO~ K llOJIBJieHHIO B npaBOH 'laC'I'H ypaBHeHHJI (9.41) 'llleHa -(v, V)·v. IlpH Te'leHHH C MaJihiM 
'IHCJIOM Peii:HoJih.nca 3THM 'IJieHoM MOlKHO npeHe6pe'lb. 
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(p1 - p 2)· Sf- pSfv2 /2, T.e. IP1 - p 21- pv2, 

TO (9.40) OTI.l!Tb npHBO.z:tliT K YCJIOBliJO MaJIOH Bj!JKOCTli (9.34): 

pvL 
--=Re>>l. 

l1 

§ 9.5. Typ6yJieHTH()e TeqeHHe* 

(9.43) 

Typ6yneHTHbiM (oT naT. turbulentus -~6ypHbiii) Ha3biBaeTCJ~ Te'leHue, npu 

KOTOpOM B :lKU.z:tKOCTii B03HliKaJOT BuxpU, JiaMUHapHOe .z:tBII:lKeHne pa3pywaeTCJI, a 

.z:tBn:lKenue 'laCTnl( :lKH.z:tKOCTn npHo6peTaeT 6ecnopJ~.z:tO'IHbiii (xaOTn'lecKuii) xapaKTep. 

B ryp6yneHTHOM pe:lKIIMe Te'leHUjj pacnpe.nenenne cKopocrn . no ceqennJO TPY6bi 

craHOBHTCJ~ 6onee o.nnopo.z:tHbiM (pnc. 9.11 ). Cpe.z:tHjjjj no ceqenuJO cKopoCTb :lKli.z:tKOCTH 

B l(liJiliH.z:tpli'IeCKOH 1'py6e paBHa 

__ { Vo - na;wuuapuoe mewuue (9.35), 
V- 2 ' 

- 0,8v0 - myp6ynenmuoe mewuue. 
(9.44) 

~ m
nocp 

-- -
- ·- v 

PH c. 9 .11. Pacnpe.neneHHe CKopocm no 

ce'leHHIO 'Ipy6M: 
·-· . 

a - Re < Re"~'"'"' 6 - Re >Re,pum 
-- --

a 6 

B 1'yp6yneHTHOM pe:lKHMe Te'leHllll B6JIH3H crenKn TPY6bi o6pa3yeTcJ~ JiaMnnapHbiii 

norpaHli'IHblll CJIOH, B KOTOpOM CKOpOCTb HapaCTaeT no Mepe npO.z:tBli:lKeHUjj BHyTPb 

TPY6bi OT 0 .nov,., vo (puc. 9.11, 6). Tonmnna 3TOro CJIOJ~ 

R 
f>nozp -100-. 

Re 
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3To 3MUHpir'leCKaJI 4>0pMyna, T. K. paC'IeTbi 3~eCb BeCbMa CnO)KIJbi. IJepexo~ 0T 

naMHHapHoro ~BH)I(eHim K Typ6yneHTHOMy npoHcxo~HT, Kor~a 'IHcno PeiiHOJib~ca 

~OCTHraeT HeKOTOporo KpHTH'IeCKOI'O 3Ha'leHIIll 

ReiCJ'Um ""'1300. (9.46) 

3To npH6JIIJ)I(eHHbiH KpHTepHif. lfHor~a y~aeTcx UOny'IHTb naMHHapHbiH pe)I(HM 

Te'leHHH BunOTb ~o Re = 50000. II pH 3TOM pe)I(IJM Te'leHHH HeyCTOH'IHB, O'lem. 

qyBCTBHTeneH K B03MyllleHHHM nOTOKa Ha BXO~e B -rpy6y. 

MaTeMaTH'IeCKHH KpHTepHif Typ6yneHTHOro Te'leHHH n03BOnHeT O~HOBpeMeHHO 
~aTb Har~HOe TOnKOBaHHe Ba)I(HOMy nOHHTHIO: ecnH Te'leHHe myp6yReHmHO, TO') 

rotv :t:- o, (9.47) . 
r~e rot- BeKTOpHbiii oneparop, Ha3biBaeMbiH pOTopoM (OT naT. roto- BpalllaiOCb) H 

onpe~enHeMbiH B ~eKaPTOBbiX KOOp~HHaTax KaK 

ex ey ez 
-

1 
a a a rotv=- - _

1 ax ay az· (9.48) 

vx vy vz 

HanpHMep, cKopoCTb 'laCTHI.lbi, ~~~IIleiic.ll no OKp~HOCTH, paBHa v =ooR, a 

KOMUOHeHTbl CKOpOCTH (pHC. 9.12), Bblpa)l(eHHbie '1epe3 KOOp~HHaTbi 'laCTHI.(bl (x, y), 
eCTb 

. v 
vx =vsmcp=-R·y=-ro·y, 

v 
V =VCOS"'=--·X=OO·X 

Y 't' R ' 

vz =0. 

•) YCJIOBHe (9.47) JIBJilleTCJI HeOOXO.D;IIMLIM, HO He .ll:OCTaTO'IHLIM yCJIOBHeM l)'p6yJieHTHOCTH, T.e. He 

IICJIKHii: UOTOK, B KOTOpOM JTO YCJIOBHe BLillOJIHCHO, JIBJilleTCJI l)'p6yJICHTHLIM, H}'JKIIO eme 
Y.D:OBJICTBOp.lrrb YCJIOBIOO (9.46). 
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Pnc. 9.12. K BLl'IHCJieHIOO pOTopa cKOpocm 

'lllCTHULI, .D:BIIli\}'ID;CHCJI no OKp)')KHOCTH 

v JT I I X 

,l(rui 3TOro Cny'laJI 

rotv= 

ex 
a 
ax 

-roy 

ey 
a 
ay 
oox 

~~=e (aoox az z ax a(-ooy))=2ezoo =205. 

0 

TaKHM o6pa30M, pOTOp CKOpOCTH 'laCTHUbi, BpalllaiOIIleRC.ll no OKp~HOCTH, paBeH ee 

y~BOeHHOR yrnOBOR CKOpOCTH. 0rciO~a .l!CeH CMbiCn ycnOBHH (9.47): pOTOp CKOpOCTH 

He paBeH eyniO, ecnH 'laCTHUa ~BIJ)I(eTC.ll no KpHBOnHHeRHOH -rpaeKTOpHH. 

IJpH Typ6yneHTHOM Te'leHHH, KaK H•UpH naMHHapHOM, MO)I(HO BBeCTH nOIDITHe 

~paBJIH'IeCKOI'O conpOTHBneHHH. 0AHaKO B rH,l:lpaBnHKe ero npHH.liTO BBO,[{HTb 

HeCKOJibKO HHa'le, 'leM 3TO C,[{enaHO Bbiiiie. KaK CB.ll3aHO conpOTHBJieHHe CO CKOpOCTbiO, 

IIO,[{CKa3biBaeT 3aKOH JiepeyJIJIH. fu (9.16) MO)I(HO 3aiiHCaTb ypaBHeHHe, CB.ll3biBaiOIIlee 

llapaMe-rpbi nOTOKa llepe,l:l BXO,[{OM B -rpy6y, 110 KOTOpoii Te'leT IIOTOK, H B -rpy6e: 

IJpHH.liB VI <<Vz ::v, nOny'IHM 

v: Pt vi· P2 -+-=-+-. 
2 p 2 p 

P
- - pv2 

I P2=1lp=-2 . (9.49) 

IJepe11~ BbiCOT MO)I(HO C'IHTaTh BKJIIO'IeHHbiM B /l.p, ,[{nH qero ,[{OCTaTO'IHO /l.p 

3aMeHHTb Ha /l.p+pgl!h. 0,[{HaKO 3aKOH JiepeyJIJIH - 3aKOH COXpaHeHHH 3HeprnH ,[{nH 

nOTOKa ~KOCTH. B TyJ>6yneHTHOM pe)I(IrMe 'laCTb 3HeprHH pacxoAyeTC.ll Ha C03AaHHe 

BHXpeii, 1103T0My B (9.49) cne,l:lyeT ~06aBIITb 6e3pa3MepHbiH K034>4>HUHeHT H 3aMeHHTb 

V Ha Cpe,l:lHIOIO 110 Ce'leHHIO IIOTOKa CKOpOCTb {v): 
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~p = J p((v))2 
2 . 

,l.(a.nhiiie pa60TaiDT npiiHl.IIIIIhi no.z:to6IDI II pa3MepHoCTeii: aao.zvrr eme O.z:IIIH napaMerp 

\jl, TaKOH, lffO 

f. 
J=\j!R, ~p = 'l'i. P((v))

2 

R -2 , (9.50) 

r.z:te f., R - .z:l.liiiHa II TaK Ha3hiBaeMhiH 2uiJpa6Jlu'lecKUii paouyc KaHaJla. ,l.(mr 

l.lillllfH.z:tpiiqecKoii TPY6hi 3TO npocro ee pa,~:~nyc, ,!:liDI Kopo6qaToii - HaiiMeHhiiiiiii I? 
,~:~ayx nonepeqHhiX pa3Mepoa n T . .z:l. (Boo6me cne.z:tyeT CKa3aTh, ~o r~I.z:~paBJIIIqecKIIe 

pacqeTbi acer.z:ta .z:toCTaTOqHo npii6JIII3IITCJihHhi: cooTHOIIIeHIIe (9.50) - cKopee 

OTPruKCHIIe 3Kcnep1IMeiiTa.nhHhiX <l>aKTOB, He)KeJIII rny6oKo TeopeTIIqecKIIii BhiBO.z:t). 

lie3pa3MepHhiii napaMCTP 'l' Ha3hiBaiOT TaK)Ke conpomu6JleHueM KaHWla. Ero 

3HaqeHIIC 3aBIICIIT OT <PopMbl ceqeHIUI KaHana, IIIepOXOBaTOCTII CTCHOK II, rJiaBHOe, OT 

qifcJia PeiiHOJih.z:tca (p1Ic. 9.13). 

IIIepoxoBamocmb mpy6bl o6hiqHo xapaKTepii3YIOT 6e3pa3MepHbiM napaMerpOM 

8 
f.= R' 

r.z:te 8 - cpe.z:tHIIii pa3Mep IIIepoxoaaTOCTII, R - pa.z:tiiyc TPY6hi. Tpy6hi cqiiTaiOTC.R 

m.z:tpaBJIIIqecKII 2JlaOKUMu, eCJIII 8<8nozp, CM. (9.45). 

Ha piic. 9.13 o~eTJIIIBO BII.z:IHhi.z:tBe o6naCTII pa3HhiX pe)KIIMOB TeqeHIDI: 

naMIIHapHoe TeqeHIIe- Re< 1000 (f.gRe<3); 

ryp6yneiiTHoe TeqeHIIe- Re> 1000. 

Amr naMIIHapHoro TeqeHIDI \jl 6hiCTPO na.z:taeT c Re, TOr.z:ta KaK B o6i:IaCTII 

ryp6yneiiTHOro \jl no~ noCTOHHHO. CymeCTBYeT o6naCTb nepexo.z:tHoro pe)KIIMa, r.z:te 

\jl MIIHIIMaJibHO. B 06JiaCTII 2·103 <Re< 1·104 MO)KHO llOJib30BaTbCJI np1I6JIII)KCHHOH 

<i>OPMYJIOH bJia3eyca: 

2\j/""0,3(Ret114
, 2·103 <Re<l-104

. (9.51) 
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1.0 

0.8 

0.6 

lg(21j1) 
PRe. 9.13. 3aBHcHMocn. conpOTHBJieHHll 

KaHaJia or 'IHCJia Peilliollb)l;ca 

(norapH!}>MH'!ecmii Macmra6): 

1- OOJiaCTb JiaMHHapHOI"O Te'leHIDr, 
......._ _ __.c;.-.-L0.008 

0.4 • 0.004 11 - w6yneliTHoro 

0.2 •• 0.002 

2.6 3.0 3.4 3.8 4.2 lgRe 

3:ma'la 9.6. IlpH pacqere BO)l;OllpOBO)l;a OObl'IHO 3ll)l;a1liii pacxo)l; BO)l;hl v ' mnrna BO)l;OllpOBO)l;a £, 

neperum )l;aBJieHHH, KOTOphiM MOJKeT pacnoJiai"3Tb KOHC1JlYIITOP. Tpe6yeTCJI HaiiTH )l;HaMerp 

BO)l;OllpOBO)l;HOH 1py6b1. 

8Ha'llllle BbiiiHllleM BCe Heo6XO)l;HMble COOTHOIDeHHJI: 

v =nR2v, 
l p((v))2 

ap = IJI(x)·}t-2 -, 

p{v)£ 
x=Re=--, 

11 

IJI(x) - IDBeCTIIlUI !}>yHKUHll (pHc. 9.13).fu nepooro wrperwro ypasHeHHii Haii)l;eM 

v p - 1t112 2 
R=-·-, v=-.-·x. 

X 1t11 Vp2 

(9.52) 

flO)l;CTaBHB 3TH Bb!pliJKeHHll BO BTOpoe ypasHeHHe, llOJIY'IHM 1paHCUeH)l;eliTHOe ypasHeHHe )l;llll 'IHCJia 

PeillioJib)l;ca x: 

c 2 J"i'3p4 
IJI(x)=-, C=-·-·ap. (9.53) x5 • n;3 115£ . 

3ro 1paHCUeH)l;eliTHOe ypaBHeHHe MOlKHO pemiiTL, HanpHMep, rpa!}JmecKH, IICll0Jlb3Yll rpa!}JHK \jl( X) , 
pnc. 9.13, Hlili !f>oPMYJIY (9.51). HanpHMep, Bbl6pas11!IIH'IIIble 31Ia'leHHll napaMerpoB BO)l;OnpOBO.M 

Hail:)]; eM 

V = 100.11/c =0.l.M3/c, 

11 = 10-3 lla·c, p = 103 
KZIM

3 (aooa1 

ap = 5 ani.M.., 5 ·105 lla, 

£=100M, 

c-_3_.(0,l.M3/cY ·(103 KZ/.M3)' 5·105 KZI7.t·C2 :.<3·1026. 
- n:3 (w-3 Kzi.M·cY ·102

M 
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YprulHeHHe 'l'(x) = 3·1026·x-5 HMeeT pemeHHe x=Re.,4·105. Tor~ ro 'I'peTbero ypaBHeHHll s (9.52) 

Haii.zteM v "'5 M I c H, no;J;CTaBHB s nepsoe, nOJIY'IHM R"' 8 CM. 

KoHeqHo, pacqer, npuse.neHHbiii. B 3aAaqe 9.6,- cpM3uqecKMii. ,lVul mDKeHepHbiX 

pacqeros o6bJqHo ucnonb3yiDTCH 6onee roqHbie 3MnupuqecKMe -ra6nuQbi u cpopM)'nbt 

llpuMep TaKOU npu6mm:eHHOU cpOpM)'nbi, npuMeHUMOU B orpaHuqeHHOM AUalla30He 

3HaqeHUU Re, npuse.neH BbiiDe - 31'0 COOTHOIDeHMH (9.51). llonb30BaTbCH HMH 

y.no6Hee, He)J{enu rpacpuqecKMM pemeHueM ypasHeHMH. TaK, B npuse.neHHOM npuMepe 

cpopM)'na (9.51) .naer 6nJI3Koe 3HaqeHue x=5,58·10s, xoTH 3Ta cpopM)'na, crporo 

rosopH, AnH 3aAaHHbiX 3HaqeHMii Re ~e HenpuMeHuMa, T.K. Re> 10
4
. 

§ 9.6. ,lJ;BIDKeHHe Te.JI B arn)J.KOCTH H ra3e 

llpu ABU)J{eHUU Tena B )KJIAKOCTU B03HUKaeT, npe)J{Ae Bcero, CUJla JI0606020 

conpomu6JleHUR. Ee MO)J{HO oueHMTh, nepeii.AH B cncreM)' .nsu~erocH rena, r.ne 

IIMnynbC p, nepe.nasaeMbiU Ha6eraJOIUUM llOTOKOM B e.nnHuey BpeMeHU, C03AaeT CIIJIY 

F = dpv =vdm -v·pvS =pv2S, 
conp dt . dt 

(9.54) 

r.ne S - nnomaAb nonepeqHoro ceqeHMH rena. C10.na cneAYeT .no6aBMTb eme cuny 

TPeHMH noroKa o 6oKosyJO nosepxHOCTb u cuny, B03HMKaJOIUyJO Jl3-3a 

nepepacnpe.neneHMH .nasneHuH cpe.nbi B OKpeCTHOCTII .ns~erocH Tena. M3 (9.24) 

AnH MMbiX CKOpOCTeii. (Re- 1) UMeeM 

F =crS6o•• mp 
Ov v 

cr=11ax - 11"R· (9.55) 

r.ne R << R. - xapaKTepHbiii. nonepeqHbiii. pa3Mep Tena (puc. 9.14). Tor.na, npuHHB 

·~ 
ll S00K-27tRR., nonyqnM 

Fmp - 27t11£V. 

Cuny, csH3aHHyJO c B03HUKHOBeHueM rpaAneHTa .nasneHMH, MO)J{HO oueHHTb B 

cnCTeMe .nsn~erocH Tena. 0Ha, no nops.nKY sennquHbi, coCTaBAAeT 
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FP -Bp·S. 

3,necb Bp - nepenaA ,nasneHMH Ha pa3Mepe Tena £. Ero MO)J{HO Haii.Tn, 

BOCllOnb30BaBIDliCb ypaaHeHUeM Hasbe-CTOKCa (9.41). llpu llOCTOHHHOU CKOpOCTll 

Tena (T.e. CKOpOCTU llOTOKa B CUCTeMe Tena) nMeeM 

B pe3ynbTaTe Haii..neM 

Bp-lVPl·R. -111Avl·£ -11~£ 

R2 
Fp -1t11-·V. 

R. 

PHc. 9.14. Q6reK3HHe rena nOTOKOM 

lKH,lUCOCTH HJIH ra3R 

Ami mapa R. = R, SooK = 47tR2, S = 7tR
2 

n T~Koii no.nxo.n ,naer 

1Fmn) - 51t11RV, 
\ r tuapa · 

(9.56) 

Tor.na KaK ToqHaH popM)!Jla CmoKca (G.G. Stokes, 1851 r.) co.nep)J{MT MHO)KJITenb 61t 

(eM. 3aAaqy 9.9 HU)J{e): 

Fcmoxca = 61t11RV. (9.57) 

Ecnn Teno uMeer HeCUMMeTP~qHyJO cpopMY •. B03HUKaer noi>oeMHaR CUJla. Ee 

npoucxo)J{AeHue - cne.ncrsne 3aKoHa liepeynnn: ecnn Teno uMeer acnMMeTPnqeyJO 

cpopM)', KRK B npnMepe HR puc. 9.15, CKOpOCTb llOTOKR HaA II llOA HUM cymeCTBeHHO 

pa3HM, 3TO cneAYeT Jl3 ypaaHeHMH HenpepbmHocru: {v · S = const 1 nnomaAb TPy6oK 

TOKR Me~ TQqKaMU AB Ha puc. 9.15 yMeHbiDaeTCH npu o6reKaHIIII llOTOKOM Tena, 

ll03TOMY 3,neCb CKOpOCTb B03pacraer - V2 > V0 , TOr,na KaK llnOJUR.nb TPY60K TOKa 

Me~ ToqKaMII B n C no~u HeJI3MeHHa, TaK ~o v2 ~ v0 • Kpaii.Huii cnyqaii., Kor.na 

CKopoCTb vo= 0, IIMeeT MeCTO B nynbsepM3aTope (pnc. 9.5). 
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P2 
-

A;; ~2 -

~~~ 
PHc. 9.15. Bo3HlOOIOBeHHe rro.zn.eMHoii cWILI rrpH . _ 

ofueKlUIHH Te.lill IIOTOKOM ~OCfH HJ1H I"33a 

B ~ 
PI I J: c 

3anncaa m ypaaHeHIDI EepHynnn paaeHCTBa 

P1 v1
2 

Po v; P2 vi -+-=-+-=-+-
p 2 p 2 p 2' 

c yqeroM HepaaeHCTBa v2 > v1 nMeeM 

P - _P(2 2) 
1 P2-2V2 -V1 >0. 

33.113'13 9. 7. O~emrn. MOII(Hocn., pacxo.rzyeMyiO rren<OBLIM: 3BTOM06HrreM Ha rrpeo.I(OJieHHe CHJIM 

rro6oaoro corrpOTHBrreHIDI. 

Ilrronm.zn, rrorrepe'IHOro ce'IeHIDI rren<oaoro aBTOM06HJill S-2,5 Al. Ha cKopocrn 

90 KMf'laC = 25 Mfc HCKOMaJI MOII(HOCTh paBHa 

p = F,onp •V -1,29 Kz/M
3 

·(25M/c)
3 

• 2,5.M2 "'50KBm"' 68JI.C. 

(CpaBHH c 3a.l(a'IeH 7.11 ). 

33.113'13 9.8. O~emrn., rrpH KaKHX pa3Mepax Ml!JITHliKa "mapHK Ha mrrn" (pHc. 6.2) rro6oooe 

COn:pOTHBJieHHe B03.rzyX3 IIpeBMmaeT BJI3Koe YpeHHe 0 B03.rzyX. 

rrorraraJI (F mp L,., - F,onp H aocrroJIL30BaBWHcL fl>oPMYJiaMH (9.54 ), (9 .56), Haii.l(eM 

(1 IlO.I(CTaliJIU CI0./(3 ( CM. 3a.i(a'I}' 6.1) 

vR"' 6TJ 
p 

vmax =roo<J>o ·l=..fii·<J>o, 

r.l(e l - .IUlHHll mrrn. IlO.I(CTaBHB B IIpeJILl.!lyil( fl>opMJJIY, IIOJIY'IIDI COOTHOmeHHe Me:lKJIY R H l: 

t~(~J2·-. 
I'<Po gR 2 

BJI3Kocn. B03JIYX3 rrpH 15°C TJ = 18 Mila·c (1 Mila= 10-2 .I(HH!CJil). IloJiaraJI <po = 0,2 (MaJIMe 

KOJie6aHIDI), ,liJill mapHKa PMJIYCOM 5 CM Haii.l(eM 

f ~ 7,14M. 

HaH6onee ll:pKoii ~eMOHCTpal.{neii ~eii:CTBIDI no~beMHOii CHJihi ll:BJijiefCll: 3<P<IJeKT 

Marnyca (H. G. Magnus, 1852 r.): apamruomniicli UMJIMH~p (pnc. 9.16), ~BIDK}'IUMllCll: 

ropli30HTaJihHO CO CKOpOCThiO, nepne~MKYJij!PHOH ero OCII, liCllhiThiBaer ~ellCTBlle 

BeJYfliKaJihHOll CHJihl. 0Ha B03Hl1Kaef ll3-3a TOro, 'ITO B03JzyX, ofueKaiOIUllll l.{HJIH~p, 

yaneKaercll: ero apamruomeiicli noaepxHOCThiO. AHanorn'IHhiii 3<lJ<IJeKT npoliBJilierCli a 

Hrpax C Mll:'IOM- pe3aHhlll y~ap B TeHHMCe, y~ap "cyxoii JIIICT11 B <!Jyr6oJie II T.~. 

~ . v, 0 
~--·-·-·-·-----~----·-·-

VI ~ V 

V1>V2 ~ 
1 

a ~<~ 
6 

PHc. 9.16. 3cl>$eKI" Marnyca: BpanmKJII(HiiCJI ~ .I(BIDKeTCJI C IIOCiyiiaTeJILHOH CKOpOCTh!O Vo; 

B 3aBHCHMOCTH OT HarrpaBJieHIDI BpameHIDI ~ rra.l(3eT BHH3 (a) HJIH B3JieTaeT BBepX (6) 

B 3<P<PeKTax c apamruomnMMCll: TenaMn cymeCTaeHHyiO ponh nrpaer Bll:3KOCTh 

ofueKruomeii cpe~hr. B cnyqae acnMMerpH'IHOro TeJia, ~BmKYmerocll: TOJihKO 

llOCTynaTeJihHO, llO~beMHM CHJia llOll:BJijieTCll: H B OTCYTC"fBHe Bll:3KOCTII. 

AHanorM'IHhi npM'IMHhi npoll:BJieHIDI "no~beMHoii" CMJihi npn ~Bli)KeHnu B 

)I(H~KOCTU. HanpuMep, ~Ba Kopa6Jlji, ~BH:>KYIUMecli napanneJihHhiMU KypCaMM, 

"npHTll:rliBaiOTCll: 11 ~pyr K ~pyry, eCJill paCCTOliHHe Me~ HIIMII ~OCTaTO'IHO MaJIO 
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it 

(nop}!)l;Ka ux nonepe•moro ce'leHIDI}, 'ITO ll3BeCTHO, K co)KliJieHmo, ll3 HCTOPHH 

KOpa6neKpymeHHH. 

l:maqa 9.9. ITOJIY'IHTh cf!OPMYJIY CroKca (9.57) AJili CHJlLI, .o;eiiCTByrom;eii H3 map, ,!!;BlDK}'ll{HiiCll B 

BJI3KOH cpe.o;e (lKif,li)COCTh, raJ) c rrocroJIHHoii cKOpocn.ro v0 • 

YK333HHe: BOCIIOJib30Ba:n.cJI ypasHeHIDIMH HerrpepLIBHOCTH (9 .8) H HaBLe-CTOKCa (9 .41 ). 

B CHCieMe mapa CKOpOCTh HllJler3IOmero IIOTOKa IIOCTOJIHHa IIO BpeMeHH, IIOJTOM)' ypaBHeHHJI 

(9.8) H (9.41) IIpHHHM310T BH,Zt 

'Vp- 11.!\v = 0, 
diw =O. 

(9.58) 

3,o;ecb IIpHHliTO TaiOKe, qro BHCIDHHe CHllbl f OTC)'TCTBYJOT HJIH HX p;eHCTBHe rrpeae6pe)I(IW0 MallO. 

KpoMe TOrD, CKOpOCTh IIOTOKa H .o;aBJieHHe B cpe,o;e H3 6ecKOHe'IHOM y,:mneHHH OT mapa paBHbl 

v{r~oo)=-v •• p(r~oo)=Po- (9.59) 

CKOpocn. rroroKa o6pam:aercJI B HYJib Ha rrosepXHOCTH mapa: 

v~=R)=o. (9.60) 

06paTIDI BHHMaHHe H3 TO, qTQ ,!l;aBJieHHe - CKliJIJip B COOTBeTCTBHH C 3aKOHOM llacKaJIJI. 

3anmneM rroKoMrroHeHTHo ypasHeHHJI (9.58) a ccflepH'IeCKOii cHcreMe Koop,!!;HH3r c ~empoM 8 

~empe mapa H IIOJIJIPHOii OCbiO s.n;oJib seKTOpa v0 (pHc. 9.17). Y'fli:M, qro rrpH TaKOM sLI6ope oceii 

33,Wl'la aKCH3JibHO-cHMMerpWIH3, T.e. cflya~H v{r) H p(r) He 3aBHCJIT OT a:nruyraJibHOrO )lrJia q>. 

ITOJIY'IHM 

1 a12) 1 Be ) -·-'{ v +--·-,sm8·v =0 r2 ar r rsin8 ae • , 

~~ - 11(av). = o, 

.!.. ap _11(av). =O. 
r ae 
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(9.61) 

PRe. 9.17. B cHcreMe ,!I;BlllK)'lnerocJI mapa 

IIOTOK lKif,li)COCTH (raJa) OMLIBaeT ero CO 

CKOpocn.IO v{r,8) 

Jp;ecb H H3'1HH310TCJI OCHOBHble MaTeMaTH'ICCKHe rpy,!!;HOCTH - Bbl'iHCJieHHe f- H 8-KOMIIOHeHT BeKropa 

L\v (pe:lyJibTaT .o;eHCTBHJI JiaiiJiaCH3H3 H3 BeKTOpHYJO cP~). qro6bl IIpOH3BeCTH 3TH .n;eiiCTBHJI, 

CJieJcyeT 3311HcaTb CKOpDCTh 'Ia~ IIOTOKa B BH,Zte 

v = e,.v,. +eave 

H IIpOH3BeCTH ,!I;HcfJcflepe~OsaHHe B CcflepH'IeCKHX KOOp,!I;HHarax: 

.- 1 a(2av) · 1 a(. 8 av) LJ.V =-·- r - +--·- sm - . 
r 2 8r 8r · r 2 sinS 00 00 

3.o;ee& Mbl )"'l''H )'iKe aKCHllJlbeyJO CHMMerpHIO BeKTOpa V, IIOJIO)I(H]l V,. = 0. KpoMe TOrO, H}')KHO em;e 

)"IeeTh, qro BeKrOpbl e, H e
9 

Tai0Ke IIO,!I;JiellGlT ,!I;HcfJcflepeHIIHPOBaHHIO B ccflepH'ICCKHX KOOp,!!;HH3TaX 

(aHllJIOI'H'IHO TOM)', KaK Mbl3TO ,!l;eJiaJIH B § 1.1. - CM~ (1.4), (1.5)): 

a-e, -ae=e., ae. = -e, 
ae 

H T . .D;:) B pe:!YJibTaTe BTOpoe H rper&e ypaaHeHHJI B (9.61) npHHHM310T BH,Zt 

_.!._.~(r2 av,)+-1-·_£_(sin8· av,)_2-.v --2
-·_£_(sin8·v )=.!... ap 

r2 8r or r2 sinS 88 88 r2 ' r2 sinS 88 
9 

Tl or ' 
1 0(20va) 1 0(· OVa) V9 2 OV, 1 Op -;:r·ar r a; +r2sine'ae smS·ae -r2 sin2 8+;;-·ae=w·ae· 

Ey,o;eM HCKaTb pemeHHe B BH,Zte 

v,(r,e)=Ar" ·cose, 

v
9
(r, 8)= Brm ·sinS, 

p(r, 8)= Po +Crk · /(8), 

(9.62) 

(9.63) 

rp;e Po - IIOCTOJIHHDe p;aBJieHHe B cpe.o;e (B TOM 'iHCJie H B OTC)'TCTBHe ,!I;BIDKeHHJI mapa), }(8) -

HeH3BeCTH3JI IIOKa CKaJIJIPH3ll cf!YH~· Cnep;yer OTMeTHTb, qro 3aBHCHMOCTh CKOpOCTH OT yrna 8 Jiei'KO 

yra.n;LIBaeTCll: B CHCieMe mapa CKOpOCTh .'Ia~ B HafieraJOmeM IIOTOKe replier CBOIO pa,!J;HaJI&HYJO 

KOMIIOHeary, KOr,!l;ll IIOTOK "pa:36HBaercJI" 0 map, a IIOJIBJIJiercJI 8-KOMIIOHeHTa CKOpOCTH, KacaTeJibHaJI K 

IIOBepXHOCTH mapa (HJIH KOHIIeHipH'ICCKHM C HHM ccflepH'IecKHM IIOBepXHOCTJIM). KOMIIOHeHTa Va 

,!I;OCTHJ'aeT MaKCHM)'Ma npH 8 = 7tfl H BHOBb y6b1Baer ,!1;0 HYJIJI IIO Mepe npH6JIIDKeHHJI 8 K 1t. Pa,!J;HaJI&H3ll 

KOMIIOHeHTa, HaoOOpDT, MaKCHMaJibH3 IIO MOJIYJIIO npH 8 = 0, 1t. 

IIo.n;crasHM pemeHHJI (9.63) a rrepsoe H3 ypasHeHHii (9.61) H s ypaaHeHHJI (9.62). Haii.AeM 

•> CM. no.o;po6aee: B.B. EaThlrHH, H.H. ToiiTblfHH. C6. 33.Wl'l no Jnenpo,!I;HH3MHKe, M.: HayKa, 1976, 

33.Wl<m N2 4 7. 
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Kn + 2}Ar•-l +2Br"'-1 }·cose = 0, 

Kn(n+I)-4)Ar"-2 4Brm-l }.cose =! ·Cr*-1 • J(e1 
T] 

· I of 
Km(m+I)-2)Br-2 -2Ar"-2 }·sine =-Cr*-1-. 

Herpy.!UIO B~e"Th, 'ITO H3 3TOH CHCTeMLI yprumeHHif CJie.zzyeT 

n=m=k+I, 

J(e)=cose. 

TJ ae 

C J'leTOM JTOro o6crOHreJILCTBa ripmm,!UIM K CHCTeMe 3Jire6p3H'IecKHX ypaBHeHHif ,1UIJI KOJfll«l>HI~HeiiTOB 
A,B,C: 

(n+2)A +2B =0, 

k 
(n(n+I)-4)A -4B--·C =0, 

T] 

2A- (n(n + I)-2)·B _ _!_ ·C = 0, 
T] 

KOTOpaJI, KaK H3Becrno, HMeeT HeeyJiesoe pemeHHe, ecJIH ee onpe,lleJIIITeJib paseH eyJIIO: 

n+2 2 0 

n(n+I)-4 -4 -~1=0. 
T] 

2 -n(n+I)+2 _ _!_ 
T] 

0rcro,!13 ITOJIJ'I3eM JPaBHeHHe ,IUlJI IT0Ka3aTeJlll n: 

EroKopHH: 

n(n+3}:0 2 -n-2)=0. 

j 
1, 

0, 
n= -1, 

-3, 

(9.64) 

B CJiy'lae n = I pemeHHe (9.63) HeOrpaJrnqeHHo B03paCTaeT c pOCTOM p3.!UfYca r, 'ITO cl>HJH'IecKH 

6eccMLICJieHHo, noJTOMJ JTOT KOpeHL cJie.zzyeT OT6pocmL. B pe3yJibTare pemeHHe (9.63) npHHHMaeT 

B~ 

. ( ) ( A1 A2) v, r,e = A0 +-;-+;> -case, 

( ) ( B1 B2) . v9 r,e = B0 +-;-+;> ·sme, (9.65) 

( e) (
co C1 C2 ) pr, =p0 + -+-+- ·cose. 
r r 2 r 4 
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lJHCJIO KOJcl>cl>HIUieHroB JMeHbmHM, ITO,liCTaBHB DOO'Ie~O 3Ha'IeHHll n B CHCTe~l)' ypaBHeHHif (9.64). 

):LiiJI n = o Haii.lleM 

AJilin =-I 

AJill n = -3 

A0 =-B0 , C0 =0, 

I 
AI =-2BI =-CI, 

"1 

A2 =2B2 , C2 =0. 

COOTBeTCTBeHHO, pemeHHe (9.65) npHHHMaeT B~ 

( ) ( 
AI .,4.2) v, r, e = A0 +7 +7 ·cose, 

1 ) { A1 A2 ) • v9 v-, e = A0 +---
3 

·sme, 
2r 2r 

A 
p(r, e)= Po +1]-+·cose. 

. r 

fu yCJIOBHll (9.59) HaXO,!UIM (CM. pHC. 9.I7): 

OTKJ,lla 

v,~v0 ·cose=A0 ·case, 

v9~-v0 ·sine =-Ao ·sine, 

Ao =Vo· 

OCTaJIOCb BOCITOJib30BaThCJI JCJIOBHeM (9 .60), 'ITO ,llaet 

H, COOTBeTCTBeHHO, 

0KOH'IaTeJibHO 33liHWeM 

AI A2 
v0 +-+3 =0, 

R R 

v +AI -~=0 
0 2R 2R3 

' 

3 I 3· 
A1 =--·v0R, A2 =-·v0R. 

2 2 

V (r e)=v0 I--·-+- ·cose ( 
3 R R

3
} 

r , 2 r 2r3 , 

V (r e)=-V I--·--- •SIDe ( 
3 R R

3
} • 

9 
' 

0 4 r 4r3 ' 

3 R 
p(r, e)= Po --·TJVo 2 ·cos e. 

2 r 

(9.66) 

(9.67) 

OCTaJiocL BLI'IHCJIHTh CHJIY, ,lleHCTBJIOmyJO Ha map. ORa, KaK }?Ke CKa33l!O (eM. (9.55), (9.56)) m1eeT ,~~Be 

COCTaBJIJilOIII.IIX - CHJIY TpeHHll 
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it 

F =-ll.r.cavel ·sinS·dS 
mp J1 ar 

S r=R 

H CHJiy, B03HHKa!OnzyK> H3·3a nepeua,na ;:mBJICHIDI: 

Fp = ff p(R, e)-cosS·dS, 
s 

r)];e S- UOBepXHOCTh mapa. IlO)];CTaBJIJIJI CIO,M 3HaqeHHJI Ve H p H3 (9.67), uaif.zr.eM CHJIY, mmpaw!CHH}'IO 

IIJXlTHB CKopocm mapa: 

F, =-p2fsin9·aBfa ~ llVo sin2 9+p0 ·cos9+~ llVo ·cos2 9 =-6mjv0R. . 2•1 } 
0 0 

2R 2R 

TaKHM o6pa30M, Mw npHIWIH K Bwpali(CHIDO AJill CHJILl CroKca (9 .57). 

0rMCTHM HCCKOJibKO BIDKHhiX o6croxreJibCTB. 

Bo-nepBhiX, BKJlll,ll; nocroJUIHOro (craTWICCKOro) ,MBJieHIDI B JIBHOM BH)];C B «lx>PMYJIC (9.57) 

o:rcyrcmyer. TeM He MCHCC OHO 0Ka3LIB3er BJIHliHHC qepe3 )];HHllM~ec!'oe ;:mBJICHHC (BTOpoe CJiaraCMOC 

B «lx>PMYJIC p(r, 9), KOTOpoe ycHJIHBaer cyMMapHoe .MBJICHHC "Hll BXO)];e", T.e. CnpaBa OT mapa 

(pHC. 9 .17), H OCJia6Jlller ero "Hll BhiXO)];e", CJICBa OT mapa. 

Bo-BTOphiX, XOTJI CKOpOCTh nOTOKa H OOpalmleTCJI B HYJib Hll 

npoH3BO)];HllJI3)];CCb OT~ OT HYJIJI, qro H C03MeT CHJiy TIJCHIDI (CM. (9.55)). 

nosepXHocm mapa, ee 

If, B-Tpe'Il>HX, YJKe H3 npHBC)];eHHOro BhiBO.M CJIC)];yer O)];HO H3 yCJIOBHii: npHMCHHMOCTH 

«lx>PMYJILl CroKca: .MBJICHHe Po nOCToJIIIHo Hll pa3Mepe mapa, T.e. 

Po >>pg·2R. 
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r JIABA 10. BOJIHbl B MEXAHINECKIIX CIICTEMAX 

BOJIHOH B <lJH3HKe H83biBaJOT H3MeHeHHe COCT051HIUI <lJH3n'l.eCKOH CHCTeMhl 

("sooM}'meHne"), nepeMemaromeec5~ B npoc-rpaHCTBe. IIpnMephi BOJIHhi: cKa'I.OK 

llllOTHOCTH B cpe,ne, OTKJIOHeHne 3neMeHTa CTpyHhl, 3neKTPOMarHHTHhie BOllHhl, 

pacnpoc-rpawnomnec5~ B npoCTpaHCTBe. 

Awl oonoMepnou 60J1Hbl no nepeMemaromeec5~ B03M)'meHne 3asncHT oT 

KOOp,nnHaT li BpeMeHH KaK 4JyiJKUH51 

J(x, t)= J!x-vt) (10.1) 

Benll'l.nHa 

<P = x-vt (10.2) 

H83hiBaeTc5~ pmou 60JIHbl. lli ycnOBH51 noc-ro5~HCTBa <lJ83hi q> = const cne,nyeT 

BbipiDKeHne ~ pmooou cKopocmu 60l1Hbl: 

dx v=-. 
dt 

(10.3) 

IJo,n'lepKHeM, 'ITO 3,neCh X - KOOp,II;HtfaThi TO'I.eK npoCTpaHCTBa (TaK H83biBaeMhie 

3HnepOBbl KOOp,nnHaTbl), a V - CKOpOCTh, C KOTOpOH nepeMell{aeTC51 TO'I.Ka ll0CT051HHOH 

<l>83bl. 3To OC06eHHO ll0851THO Ha npnMepe 2apMOHUtteCKUX (MOHOxpOMamutteCKUX) . 

60JIH: 

J(x, t)= A sin(kx- rot+ <Po) (10.4) 

3-ro H83BaHHe npOH30IIIn0 OT rapMOHH'I.eCKIIX <i>YHKQHH, KOTOpblMH TaKHe BOllHbl 

onnchiBaJOTC5~. B 3TOM cny'l.ae H3 (10.4) nMeeM 

q> = kx- (f) t + q>0 , li ~ <i> = 0 llOny'I.HM xj~ = V = ~ . (10.5) 

/JllUHoU 60/IHbl H83b!BaJOT paCCT051HHe Me)K]zy ee TO'I.KaMH, B KOTOpbiX <lJ83a B ,naHHbiH 

MOMeHT BpeMeHH OTnll'l.aeTC51 Ha 21t: 

<t>(Xj)-<t>{x2 )=k(x1 -x2 ) 2, =21t, 

(x1 -x2 ) 2, = 1.. = 21t/k, 
(10.6) 

r.ne 1.. - oRuna 60J1Hbl. 0rpe30K speMeHH, 3a KOTOphiii 4>a3a BOJIHhi B ,naHHOH (mo6oii!) 

<l>nKCHpOBaHHOH TO'I.Ke npoCTpaHCTBa H3Me851eTCX Ha 21t, H83hiBaeTCX nepuoOOM 

Kolle6anuu 6ol1Hbz: 
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cp(t2 )- cp(t1 ) = co(t2 - 11 ) 2,. = 21t, 

(tz - ti )z,. = T = 21t . 
co 

(10.7) 

Benii'IIIHa co eCTb 11acmoma 3mux KOJle6aHui1. IIapaMeTp k Ha3hiBaeTcx 60JIH06blM 

'IUCJIOM. 

fu (10.5) II (10.6) IIOJIY'IIIM <}>OpM)'Jibi, CBH3biBaiOmiie ,lVIIIH)' BOJIHbi, <}>a30Byro 

CKOpOCTb, 'IaCTO'fY II nepiiOA KOne6aHIIi1: 

21t 21t 
A=-=-·V=VT. 

k co 

Bee 3TII COOTHOIIIeHllil H)')KHbi npH aHanll3e BOJIHOBbiX npouecCOB. 

(10.8) 

qaCTOTa ll ,lVIHHa rapMOHII'IeCKOH BOJIHbi <}>IIKCHpOBaHhi, OTCIOAa BTOpOe 

Ha3BaHIIe TaKOH BOJIHbi- MOHOXpOMamu'leCKaR, T.e. 
11
0AHOI..{BeTHaH

11 
(naT.). 

BIDKHoi1 pa3HOBHAHOCThiO aonH a cnnoiiiHoi1 cpene (T._aepnoM Tene, )KHAKOCTII; 

ra3e) HBMIOTCH 60J1Hbl ynpyzoii iJeqJOpMGlfUU, IIJIH 36YK06ble 60Jlllbl. 

§ 10.1. flpO,ZJ;OJibHbie BOJIHbl B TBep,ZJ;OM TeJie 

PacCMOTPHM BHaqane ABH)KeHHe CKa'IKa IIJIOTHOCTH B ,lVIHHHOM ll TOHKOM 

l{liJIHHApe (crep)I(He). IJyCTb, HaiipHMep, Ha KOHI..{e TaKOro HeiiOABli)KHQrQ 

(3aKperrneHHoro) crep)KHH 3neMeHT .lVIIIHhi Ax rronaepraeTcx MrnoaeHHOMY 

paCTH)KeHHIO 

Llx ~ Llx+ox. 

Bo3HHKaromee a crep)I(He HarrpH)KeHne rrepenaeTcx oT onHoi1 TO'IKH K npyroi1 c 

HeKOTOpOH KOHe'IHOH CKOpOCTblO C, B pe3yJihTaTe qero yqaCTOK ne<}>opMal{HII 

rrepeMemaeTCH IIO CTep)KHlO C TaKOH )Ke CKOpOCTblO C (pHC. 10.1) Il3a apeMH 

q~pe3 ceiJeHwe AA. "rrpoTeKaeT" Macca 

A Llx 
LJ.I=-

c 

om=(p-p0 )S·Llx, 

(10.9). 

(10.10) 

me Po H p - HaiJanhHaH (HeB03M)'meHHax) II B03M)'meHHaH nnOTHOCTH crep)KHH: 
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Llm Am 
Po= S-Llx' p= S(Llx+ox)" 

}'He. I 0 .I. }l,BIDKeirne CKa'IKll IIJiomocm 

no crep)Kfll() 

CymecraeHHO, 'ITO, ecnw rrepaoHa'IanhHO 3neMeHT Ax pacrxHyT, TO, C)KHMaHCh, OH 

THHeT Macey "Ha ce6x", li Ha pHC_. 10.1 MaCCa 
11
TelJeT

11 
Crrpaaa HaneBO, II03TOM)' Om< 0 

rrpw rrono)KHTeJibHOM ox, qro II cneAYeT 113 (10.10) rrpn MaJIOM ox: 

Llm ox ox 
om:::>---·-=-po·-. 

S · Llx Llx Llx 

C 3TOH ABII~eifcx MaCCOH 0 m CBH3aH H~rryJibC 
OX 

0 p = om. c = -poe. Llx. (10.11) 

KOTOpbiH rrepenaeTCH BAOJib crep)KHH ll3-3a pa3HOCTII CHJI, neifcrayromHX Ha 

Hene<}>opMnpoaaHHhii13neMeHT Llx' crrpaaa oT ceqeHIIH AA: 

M'=-crS=-E& S=-EScrx 
. " .Llx · 

(10.12) 

3HaK MIIH)'C KaK pa3 ll orpa)KaeT TOT <}>aKT, 'ITO CHJia, IIp!iJIO)KeHHaH K Llx', HarrpaaneHa 

IIpOTliB CKOpOCTH: lJT06hi CKa'IOK yMeHbiiieHHOH IIJIOTHOCTH 6e)Kan Harrpaao, H)')KHO 

crep)KeHh THHYTh Haneao. 3To MO)KHO rrponeMOHGrpiipoaaTb Ha uerro'IKe IIIapHKOB, 

coeniiHeHHhiX onwHaKOBbiMH rrp~nHaMH (pnc. 1 0.2). Ecnw B HepaCTHHYTOi1 

_uerro'IKe (1) MrnoaeHHO (T.e. 6hrcrpo no cpaaHeHHIO c nepwonoM Kone6aHHi1 

OCUiiJIMTOpa "IIIapHK-IIp~HHKa") paCTHHyTb KpaHHIOIO neByro rrp~HKY (2) ll 

OTrryCTIITb, IIO l{eiiOlJKe II06e)Klff BOJIHa ne<}>opMal{HU (3, 4). 
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m k m m m 

2 

3 

4 

PRe. 10.2. Mo.D;em. pacnpocrpaHeHHll 

CKa'IKll IUIOTHOCTH B CYep)KI!e 

BepHeMcx K 3a.l:(aqe o BOJIHe B crep:ame. 3aniiCaB ypaBHeHIIe ,I:(BII:aceHliH ,I:(JIH 

MaCChi Om 

op =M' 
111 

II nO,I:(CTaBIIB B Hero Op Il3 (10.11), 111 (10.9) II /lF (10.12), Hall,I:(eM 

c=g:. 

{10.13) 

{10.14) 

TaKHM o6pa30M, cKaqoK Ae<flopMaQIIII nepeMemaercx B crep:acHe co cKopoCThJO c 

{10.14). 
' qro :ace li3MeHJrrcx, ecnii crep:aceHb TOJICThiii? B 3TOM cnyqae cne,I:(yer yqeC'fb 

/ 

li3MeHeHIIe nonepeqHoro pa3Mepa c-rep:acHH npii pacrx:aceHIIII-c:acaTIIlf, qro B. cBoro 

oqepeAb cKa:acercx Ha npOAOJibHOM ABII:aceHIIII :meMeHTa. IIpome Bcero 3TY CBIDb 

npO.l:(eMOHCTpiipOBaTb Ha npiiMepe rena HeOrpaHIIqeHHbiX pa3MepOB, B KOTOpOM .no 

O,I:(HOMY li3 HanpaBJieHIIH (HanpaBIIM B,I:(OJib Hero OCb x) ,I:(BII:lKeTCX CJIOH ,I:(e<flopMaQIIII 

TOJIII{IIHOH /)X+ Ox, pa3Mepbl KOTOpOro He orpaHIIqeHhl no y II Z. 3To npiiMep 

oonoMepnoii 3aOa'lu. B 3TOM cnyqae npu paCTH:aceHIIII 3JieMeHTa l:!.x ~ l:!.x + Ox 

B03HUKaJOII{IIH .l:(e<fJIIU:UT nJIOTHOCTII 3anOJIHHeTCX MaCCOH, "BTeKaJOII{eii" no y- II Z-. 

HanpaBneHiiHM. 0AHaKo li3-3a 6e3rpaHWIHOCTli nonepeqHbiX pa3MepoB .l:(OJI:lKHhi 
:t 

.OTCYTC'fBOBaTb nonepeqHbie .l:(e<flopMaQIIII, ,I:(JIH qero Heo6XO,I:(IIMbl ,I:(OnOIDIUTeJibHbie 

nonepeqHhie Hanpx:aceH~ cry, crz. OHII, B CBOJO oqepe.l:(h, Bbl3biBaJOT ,I:(OnoJIHJITenbHbie 

Ae<flopMau:uu BAOJih nonepeqHoro K HUM x-HanpaBJieHliH (eM. 7.56) II (7.65)). IianaHc 

Ae<flOpMaQIIH II Hanpx:aceHIIH B 06Il{eM CJiyqae OniiCbiBaeTCX COOTHOIIIeHliHMII (7.65). 
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IlOJIO:lKliB B (7.65) 8y=8z=0, nonyquM CIICTeMY ypaBHeHIIH 

Ee, = cr,- J.L(crY +cr,} 

0 =crY- J.L(cr, +cr.), 

0 = cr, - J.L(cr" + cr J 
KOTOPYIO pa3pe1IIIIM oTHOCIITeJibHO Hanpx:aceHII~. Haii.l:(eM 

J.1 crY =cr, =--cr..,, 
1-J.l 

_ (1+J.L}(1-2J.L) cr, 
8,- ·-. 

1-J.l E 

(10.15) 

(10.16) 

Tenepb MO:lKHO noBTOpUTb BhiBO,I:( <flopMYJibl Anx CKOpOCTU, aHanomqHbiH (10.9) -

(10.14): 

Op =Om ·elf'-"'- tim ·Crex =-poSc\f (1+J.1)·(1-2J.L). Ox' 
111 !ix ~x 1-J.l E (10.17) 

!l.F=-cr,S. 

Ilpi1paBHHB cornacHo ( 10.13) o6a nonyqeHHhiX ypaBHeHliH, Haii.l:(eM 

1-J.l E 
ll+J.1)·(1-2J.1)" Po. 

(10.18) 
en= 

3HaqoK "II" noAqepKHBaer, qro c - cKopoCTh pacnpocrpaHeHliH Ae<flopMaQnii, . 

napanneJibHaH Ae<flopMaQIIU. 

Bbiiiie B o6QIIX cnyqaxx 6bm IICnOJib30BaH TepMIIH "cKaqoK Ae<flopMaQIIn", a 

KaK :ace 6biTb c BOJIHaMII? HerpyAHO y6eAUTbCH, qro cKopoCTII (10.14, 10.18) Te :ace II 

,I:(JIH Ae<flopMaQIIH, npOI13BOJibHO 3aBIICXII{liX OT BpeMeHII, TaK KaK nOCJie,I:(HIIe MO:lKHO 

npe.l:(CTaBliTh B BHAe cynepn03IIQIIII (Hano:aceHiiH) CKOJib yro.l:(HO MaJibiX 3JieMeHTOB dX. 

TeM He MeHee noKa:aceM, KaK B cnyqae OOHOMepHOU u npoOOJlbHOU oepopMaiJUU 

npiiHTII K BOJIHOBOMY ypaBHeHIIlO. )J.rul3TOro ,I:(OCTaTOqHO npiiBeCTII ypaBHeHIIe {10.17) 

B AU<fl<flepeHQIIaJibHOH <flopMe II yqeCTh ypaBHeHIIe Henpepb!BHOCTII (9.8). 

Ilpome HaqaTb c ypaBHeHliH ,I:(Bu:aceHliH (10.13), no.l:(eJIIIB ero Ha o6beM 

3JieMeHTa !i V = !ix .S. To, qro S = oo B paccMaTPIIBaeMOM cnyqae, He AOJI:lKHO cMYII{aTh, 

TaK KaK B HJIOCKOH O,I:(H~MepHOH ,I:(e<fJopMaQIIII OT 3HaqeHliH S BeJIIfqiiHbl He 3aBIICHT, K 

TOMY :ace B .l:(aJibHeiiiiieM napaMerp S npocro coKpaTIITCX. KpoMe roro, yqreM, qro Ha 

3JieMeHT !ix ,I:(eiiCTByiOT CliJihi, paCTHmBaJOII{IIe ero HanpaBo II HaneBO, TaK qro 
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t1 

llF=F+-F-. 3TO o6crmrrenbCTBO OTMeqaJIOCb Bbiiiie (eM. (10.12)), HO Tenepb, npH 

nepexo,ne K npe,nenbHO MaJibiM (,nmp<lJepeHUHaJibHbiM) paBeHCTBaM, CHna MeHHeTC$1 

BAOllb OCH X MOHOTOHHO, a He CKaqKaMH, KaK B npHMepe Ha pHC. 10.2. 

llTaK, 3anHIIIeM BblpiDKeHHH ,nnH Ben~HH, BXO,nHmHX B ypaBHeHHe (10.13), 

pa3,nenHB HX Ha fiV: 

o(fim ·v) 
__ op = fiV Ll.x~O 

fiV M 

fiF fiF 
-=-
fiV S-fix 

At 

Ll.x~O ) acr.., 
ax 

a(pv) 
~ -

at • (10.19) 

3,neCb V- MrHOBeHHaH CKOpOCTb :meMeHTa dx. BTOpOe H3 paBeHCTB (10.16) C yqtrrOM 

(10.18) npe,nCTaBHM B BH,ne 

2 ox 
2 -p cficr x = PoCII 8 x - 0 II fix (10.20) 

H Bblpa3HM npHpameHHe ,nllHHbl OX qepe3 npHpameHHe nnOTHOCTH :meMeHTa flx: 

fim = p0SL\x = (p0 +op)·S ·(L\x+ox). 

Orc10,na B llHHeHHOM no OX, Op npH6nH:>KeHHH Haii,neM: 

ox op 
-=--
fix Po 

Tio.ncranosKa 3TOro pe3ynbTaTa B (10.20) ,naeT 

L\cr x = -c1~ • op. 

HaKoHeu, no.nenHB 3TO paseHCTBO Ha flx, B npe.nene npH flx~ 0 nonyqHM 

acr.., 2 ap ----c-ax - II ax 

, 
. (10.21) 

(10.22) 

Ocranocb co6paTb nonyqeHHbie BbipiDKeHHH BMeCTe. HaqneM OnHTb c paseHCTBa 

(10.13), .nenenHoro HafiV: 

1 Op 1 
-·-=-·L\F. 
L\V M fiV 

llpH f1x ~ 0 neBaH qaCTb crpeMHTCH K a(pv )/at (I 0 .19), a npaBaH - K au X I ax 

(IO.I9): 
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a(pv) = acr.., 
at ax 

flo,nCTaBHB CIO,na 3HaqeHHe acr ..,;ax 113 (10.22), OKOHqaTenbHO 3anHIIIeM 

a(pv) +c2 ap = 0. 
at I! ax 

BMecre c ypasneHHeM HenpepbiBHOCTH (9.8), Koropoe B 

OAHOMepHOM cnyqae MO:>KHO 3anHCaTb B BII,ne 

a(pv) + ap =O 
ax at , 

(10.23) 

paCCMaTPIIBaeMOM 

(10.24) 

nonyqaeM CHCTeMY TaK Ha3biBaeMbiX meRezparfmblX ypaBnenuii (na3BaHIIe npHIIIno H3 

TeOpHH 3lleKTPOMarHHTHbiX BOllH, r,ne 3TII ypaBHeHHH BnepBbie 6binH nonyqeHbl ,nnH 

sonH, pacnpocrpaHHIOmHXCH no nposo,naM). 

CIICTeMa Tenerpa<lJHbiX ypasneHnii nepsoro nopH,nKa MO:>KeT 6brrb cse.nena K 

ypaBHeHIIIO BTOpOro nopH,nKa ,nnH O,nHOH H3 HeH3BeCTHbiX pv HnH p. }:(rur 3TOrO 

npo,nH<lJ<lJepenuHpyeM, HanpHMep, (10.23) no x, a (10.24) no t H BbiqTeM o.nno 

ypasHemte II3 ,npyroro. TionyqHM oiJno':'epnoe 60JIH060e ypaBnenue ORR wwmnocmu p. 

a2p · I a2p 
-----=0 
ax2 c2 at2 

II 

(I0.25) 

Cosepiiienno ananoriiqHbiii BH.n 3TO ypasuenHe nMeeT II .nnH nnoTHOCTn noroKa pv. 

AHanm sonnosoro ypasneHHH oTnO:>KHM .no § I0.4. Tio,nqepKHeM, qTO TaKoii 

npocroii BH,n ypaBHeHIIe IIMeeT TOllbKO 6naro.napH o,nnoMepuocrn 3a,naqH - nnocKaH 

.ne<lJopMaUHH B 6e3rpauiiqnoM TBep,noM Tene. B . o6meM TPexMepnoM cnyqae 

nonyqaeTCH ropa3,no 6onee cno:>Knoe :yPasneune. 

BbmCHHM ycnosHH npHMeHHMOCTH <lJopMYn (10.14) II (I0.18). Qqesu,nHo, 

snHHHneM nonepeqHbiX pa3Mepos crep:>KHH MO:>KHO npeHe6peqb, ecnH TOnmHna 

crep:>KHH MHOf'O MeHbiiie xapaKTepHOH ,nllliHbl ,ne<lJopMIIpOBaHHOf'O 3lleMeHTII, KOTOpaH 

no nopH.nKY sennqHHbi pasHa .nnnne BOllHbi (10.6), T.e. 

.el. -JS <<!... (10.26) 
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§ 10.2. llorrepe~mLie BOJIHbl B TBep.l{oM TeJie 

KaK B c.nyqae npo,~:tOJibHbiX BOJIH, Ha'IHeM o6c}')K.neHHe c npocroro - · c 

pacnpOCTpaHeHIDI KOpoTKOI'O nonepe'IHOI'O OTKJIOHeHWI B TOHKOH CTp)'He, 

3aKpenJieHHOH Ha KOHQax {pHC. 10.3). 

~~ PHc. 10.3. PaCIIpOCTpaHeHHe OTKJIOHeHHJI crpym.~ 

RI R2 . 

<XI <X2 

IlpH OTKJIOHeHHH yqacrKa crpyHhi cHJia HaTH)KeHIDI T B03BpamaeT ero o6paTHO. 

MO)KHO C'IHTaTb, 'ITO 3JieMeHTbi CTp)'Hbi A£1, A£2 .l:tBJDKYTCH no KpHBOJIHHeiiHoii 

-rpaeKTopHH, pa,~:tHyc KpHBH3Hbi Koropoii R1 Ha yqacrKe Af.~, R2- Ha yqaCTKe A£2. EcnH 

CKOpOCTb ,l:tBH)KeHIDI 3THX 3JieMeHTOB pasHa C, TO CYMMa npOH3Be,~:teHHH MaCChi 

3JieMeHTa Po · S · A£ 1•2 Ha QeH1pOCTpeMHTeJibHOe ycKopeHHe c 2 / R 1,2 paBIDI~ 

CYMMe pa,~:tHaJibHbiX KOMllOHeHT CHJibl HaTH)KeHIDI: 

c2 c2 . . 
p0S·M1 ·-+p0S·M 2 ·-=T(sma1 +sma2 ). 

RI . ~ 

3.~:tecb s llJIOIQa,l:tb nonepe'IHOro Cel.feHIDI CTpyHbl. IlOCKOJibKY 

sin <XI "='<XI,2 ={Af./R)l,2, llOJiyq:HM 

c=~p~s· {10.27) 

CYIQeCTBeHHO, 'ITO Bbi6op 3Ha1.feHHii .l:tJIHH 3JieMeHTOs H pa,~:tHyCOB KpHBH3Hbi He BJIIDieT 

Ha OKOHl.faTeJibHbiii pe3yJihTaT. 

PaccMo-rpeHHhiii npHMep no3BOJIHeT noiDITb MexaHH3M pacnpocrpaHeHIDI B 

TBep,~:tOM TeJie CKa'IKa nonepe'IHOH .~:te<PopMaQHH. KaK H B § 10.1, 6y,~:teM Cl.JHTaTb cpe,~:ty 

6e3rpaHH1.fHOii, a C03.1:taHHoe B Heii B03MYIQeHHe nnocKHM (pHc. 10.4): cnoii Ax cMeiQeH 

B HanpaBJieHHH OCH y Ha BeJIH'IHHY oy. ITo CBOeMY xapaKTepy 3TO .~:te<PopMaQIDI 
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C,l:tBHra, ll03TOMY yroJI C,l:tBHra Cj) H HanpH)KeHHe B TeJie 't CBH3aHbl Me)K):ty co6oii qepe3 

MO):tyJib c,~:taHra G (7.57). IlpH C,~:tBHre nJIOTHOCTb Tena He H3MeHHeTCH (.~:tJ~H MaJibiX q>), 

'ITO BH,l:tHO ~e H3 reOMClpHH pHC. 10.4: llJIOIQa,l:tb .~:te<l>opMHpOBaHHOI'O 3JieMeHTa paBHa 

Ax·Ay. 

Pnc. I 0.4. PacnpocrpaaeHHe .r~e<l>opMlU(HH C.z:tBHrn 

B TBCp.li;OM TCJie: C,LIBHr CJIOJI B HliiiJl3RliCHHH OCH y 

C-rpornii BbiBO.l:t ypaaHeHIDI .l:tJIH C,~:tBHroBbiX BOJIH ,~:tocraTO'IHO cJIO)KeH, no3TOMY, KaK H 

B npHMepe CO CTpyHOH, ,l:ta,l:{HM ynpOIQeHHOe (Kal.feCTBeHHOe) paCCM01peHHe. ,lVui 

3JieMeHTa AV =Ax·Ay·Az MO)KHO 3anHcaTh ypaaHeHHe ,~:tBH)KeHIDI - ypaaHeHHe 

nnocKoro apaiQeHIDI (7.19) BOKpyr ocn, npoxo,~:tHIQell: qepe3 QeH1p TH)KeCTH 3JieMeHTa H 

napaJIJieJibHOH OCH z: 

Iif>=N. 

Ami cnyqax Ay-AxHMeeM (pHc. 10.4) 

(AxY (AxY I -Am·--=p ·Ax·Ay·Az·--
2 ° 2 • 

( ) 
Ax Ax 

N = 't2 -1:1 ·Sj_ ·-"=' A't·Ay·Az·-. 
2 2 

Ilo,~:tCTaBHB 3Ha'leHHH I H N B ypaBHeHHe ,~:tBH)KeHirn, nonyq:HM 

a2 cp I A1: G Acp 
at2 =-p:-· Ax2 =;· Ax2 

t.x-+0 G a2
cp 

) ·-p ax2 . 

KoHe'IHO, npe,~:teJibHbiH nepexo,~:t 3,l:teCb C,l:teJiaH CKOpee H3 coo6pa)KeHHH pa3MepHOCTll H 

BbirJIH,l:tHT KaK 11 llO,l:trQHKa llO,l:t OTBeT11
, T.K. ~HO OOOCHOBaTb OOHBJieHHe BTOpOro 

.~:tH<I><I>epeHQHana a2cp. TeM He MeHee <I>H3Hl.feCKaH KaPTHHa HBJieHIDI ,~:taHa ,l:tOCTaTO'IHO 

HCHO: C,l:tBHr O,l:{HOI'O 3JieMeHTa 11THHeT11 (B npHMOM CMbiCJie CJIOBa) 3a COOOH C,l:tBHr 
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,npyroro 3JieMeHTa u T. .n. 0KoHqaTeJibHO 60JIH06oe ypaeHeHue OJIR OOJIOMepHblX 

nonepe'IHblX (C06U206blX) BOJIH HMeeT BH,n: 

az<p _ _!__ az<p = 0 c = ~ 
fJx2 c 2 ot2 • j_ p . 

j_ 0 
(10.28) 

§ 10.3. BoJIHLI B ra1e H arn:.z:.KoCTH 

KaK H B TBep,nOM TeJie, ,I{llii raJa MO)f(HO 3aiJHCaTb COOTHOIIIeHIDI, aHaJIOrHqHbie 

(1 0.9)-{1 0.13). qT06bi pa3JIHqaTb .naaneHue u nMrryJibC ( o,nuHaKOBbie o6o3HaqeHID1), 

nocne,nHuii o6o3HaqnM Pv· llMeeM 

dpv = op ·PaSc2 =F =op·S; 
dt Po 

{10.29) 

S - llJIOilla,llb nonepeqHoro ceqeHID! CTOJI6a raJa; op - OTKJIOHeHHe ,naBJieHID! OT 

paBHOBeCHOro 3HaqeHIDI. B uoeaJ/bHOM 2a3e ,I{llii 6biCTpOnpOTeKaiOillHX npoueccoB (B 

KOTOpbiX Tennonepe,naqa He ycneaaeT "cpa6aTbiBaTb") .naaneHue u o6beM 3JieMeHTa 

MaCChi CB.ll3aHbi Me)f()ly C060ii ypmJHeHUeM aoua6ambl 

pV1 =const, {10~30) 

r.ne y - noKa3aTeJib a,nua6aTbi, 3HaqeHue Koroporo 3aBHCHT OT su,na ra,Ja. ,z:vur 
H,I{eaJibHOro raJa ,nayxaTOMHbiX MOJieKYJI y= 7/5 (3TH CBe,neHID! H3 CTaTHCTHqeCKOll 

Q>H3HKH H TepMO,I{HHaMHKH 3)leCb MO)f(HO npHH.liTb KaK OllbiTHblll Q>aKT, OTJIO)f(HB ero 

llOHHMaHHe ,!{0 COOTBeTCTByroillero KypCa). fu {10.30) CJie.nyeT 

(po + op )· (vo + oV)1 = PoVJ, 

HJIH 

op ov op _,_y-=y-. 
' P Vo Po 
ll-

(10.31) 

Tio,nCTaBHB Op H3 (10.31) B {10.29), Haii,neM CKOpoCmb 60JIHbl6 2a3e: 

cr = ~YPo. 
Po 

(10.32) 
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,lJ.rui ao3.nyxa npu aTMocQ>epHOM ,naaneHHH (po"' 105 II a, Po= 1.29 K21Al, y = 1.4) 

c1=334M/c. 

llo,nqepKHeM, qTQ 3TO - npOOOJlbllble 60Jlllbl CJICamUR-pa3peJICeHUR, 

aHaJIOrnqHbie paCCMOTPeHHbiM B § 1 0.1. 

B peanbHbiX ra.Jax npu noBbiiiieHH~ llJIOTHOCTH H TeMnepaTYPbi Ha6mo,naroTC.ll 

OTKJIOHeHIDI OT 3aKoHa {10.32). B 3TOM c.nyqae npoH3ae,neHHe napaMeTPOB ypo ~o 

3aMeHHTb Ha TaK Ha3bmaeMbiii a,nua6aTnqecKHii MO.IlYJib o6beMHoro C)f(aTIDI KAJ!. B 

3TOM BH,I{e Q>opMYJia CnpaBe,I{JIHBa H ,I{llii )f(H,I{KOCTH: 

CK =~.KA/J. 
Po 

{10.33) 

llonepeqHbie (c,nBHroBbie) BOJIHbl B ra.Je II )f(H,I{KOCTII He C)'illeCTBYIOT, T.K. 3TOT 

BH)l BeilleCTBa He o6na,naeT C,I{BIIroBOll ynpyrOCTbiO. 

§ 10.4. IlJIOCKHe BOJillbl. 3ByK 

O,nHoMepHa.H BOJIHa, KaK y)f(e roaopliJIOCb Bbiiiie, Ha3biBaeTC.ll nnocKoii, ecJIII ee 

napaMeTPbi - aMllJIHTY)la, qaCTOTa, ,I{JIIIHa BOJIHbl - He 3aBIIC.liT OT KOOp,lliiHaT II 

BpeMeHII (HallpiiMep, cQ>epiiqeCKa.ll BOJIHa MQ)f(eT 6biTb O,I{HOMepHOll- 3aBIICeTb TOJibKO 

OT pa,niiaJibHOll KOOp,niiHaTbi, HO OHa He llJIOCKa.ll, ·T.K. ee aMllJIHTY)la y6biBaeT KaK 

KopeHb Kaa,npaTHbiii H3 pa.niiYca). YpaaHeHIIe nnocKoii BOJIHbi (10.25, 10.28) 3amriiieM 

,I{JI.ll npOII3BOJibHOro napaMeTPa BOJIH.bl (nnOTHOCTb p, llJIOTHOCTb llOTOKaj II ,np.): 

821; 1 821; 
---·-=0 
8x2 c2 812 

' 

(10.34) 

r,ne C- CKOpOCTb BOJIHbi, pa3Ha.ll ,I{llii pa3HbiX cpe,n- CM. (10.14), (10.18), (10.28) II 

(10.32). B TO )f(e BpeM.ll Q>opMa ypa6HeHUR WIOCKUX 60Jlll O,I{Ha II Ta )f(e - (10.34). 

PeiiieHIIe 3TOro ypaaHeHIDI.liBMeTC.ll Q>yHKI.IIIeii o,nHoii nepeMeHHOH- Q>a3bi (10.2): 

1;(x,t)=!;(<p1 <p=x-vt. (10.35) 

)l.eiiCTBHTeJibHO, 
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ti 

a2~; - a2~; a2~; - a2~; (ac:p)2 - 2 a2~; . 
--- ---· - -V -
ax2 ac:p2 , at2 ac:p2 at ac:p2 0 (10.36) 

Ilo~crasrum (10.36) B (10.34), HMeeM 

v=±c, (10.37) 

T.e. ~Ba 3Ha'leHIDI IJ!a30BOH CKOpOCTU )Vlll BOJIH, pacnpOCTpaiDIIO~HXCH B 

nOJIO)I(HTeJibHOM (+c) U OTpUQaTeJibHOM (-c) HanpasJieHIDIX OCU X. IJoqeM}' TaK? fu 

YCJIOBIDI <p = const uMeeM 

dc:p =x-(±c)=O, 
dt 

x=c>O, eCJlu <p=x-ct, 

x = -c < 0, eCJlu <p = x+ct. 
(10.38) 

,lVUI MOHOXpOMaTH'IeCKOH BOJIHbi (10.4) IJ!a30BM CKOpOCTb O~H03Ha'IHO CBH3aHa C 

BOJIHOBbiM 'IUCJIOM U 'laCTOTOii (CM. (10.5)-(10.8)): 

co 
v=-=+c k -· (10.39) 

IJpu HaJIO)I(eHHU HeCKOJibKHX BOJIH, ~B~~UXCH C pa3HbiMU IJ!a30BbiMU 

CKOpOCTHMH, B03HUKaeT rpynna BOJIH - 60RH06oU naKem. IJOK~eM 3TO Ha npHMepe 

~Byx MOHOXpOMaTH'IeCKHX BOJIH C O~UHaKOBOH aMnJIHTy~Oii: 

!;(x, t)= 1;0 • cos(k1x-ro1 t)+/;0 • cos(k2x-ro 2 t)= 

=2/;0 ·COS -
1--2 X--1--2 t ·COS - 1--2 X--1--2 t . (

k +k co +co ) (k -k co -co } 

"2 2 2 2 

Ecnu k" k 2 u co,, ro2 6JIH3KH no BeJiuquue, T.e. 

UMeeM 

k, +k2 ':>:!2k, k,-k2 =llk<<k, 

co, +ro 2 ':>:! 2ro, ro 1 -ro 2 = Aro <<co, 

!;(x, t)= 21;0 ·cos( ll: ·x- A
2
ro ·t}cos(kx-cot) (10.40) 

B Pe3YJibTaTe cyMMapuaa: sonua uMeeT "sonuosyro" aMnJIHTy~, KOTOpaH 

nepe~suraeTCa: no BOJIHe c co6CTBeuuoii CKOpOCTblO (puc. 10.5). 

Am 
vg =Ilk. 
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(10.41) 

""'~~if 

I 

I 
I 

l;(x, It), 

·~· PHc. 10.5. AsiDKeHHe I!llKeTa, COCTOlllll:ero 

H3 roJyx MOHOxpOMaTH'iecKHX BOJIH ( 10 .40), 

MOMeliTbl BpeMeHH It (a) H l2 (6), l2 >It 
lz >It l;(x, lz) Ozu6aloU4W1 

·~· 
B BOJIHOBOM naKeTe, COCTOH~eM H3 60JibiiiOfO 'IUCJia BOJIH, HX aMnJIHTy~bi ~OJI)I(Hbl 

y6biBaTb no Mepe yseJIU'IeHIDI OTKJIOHeHJUI napaMeTpOB CO, k BOJIHbi OT Cpe~HHX 

3Ha'leHUH COo, ko. HanpuMep, B MOMeHT BpeMeHH I= l1 IJ!yuKQIDI /;(x, t) UMeeT BU~, 

nOKa3aHHbiii ua puc. 10.6, a. CnyCTa: ueKOTopoe speMH 3TOT naKeT cMeCTHTCH ua 

pacCToa:uue Ax = v g • (t 2 - 11), r~e 

dco 
vg = dk 

(10.42) 

- zpynnoBaR cKopocm& 60RHbl. 3-ro Bbip~euue nonyqaeTCH H3 (1 0.41) npu nepexo~e K 

naKeTY C 60JibiiiUM 'IUCJIOM BOJIH. 

) ~
l;(xt1) 

l;(x, t2) 

fl>t, 

CnpaiiiuBaeTCH 

a 

X 

6 

PHc. 10.6. A5IDKeHHe naKeTa, COCTOl!~ero ro ua6opa 

MOHOxpOMaTH'iecKHX BOJIH pa:lHOH. aMrunrry,!(bl; 

MOMeliTbl BpeMeHH It (a) H l2 (6), l2 >It 

'ITO )l(e TaKOe IJ!yHKQIUI ro(k), KOTOpYJO H~e)I(HT 

npo~u«<JIJ!epeuuuposaTb, 'IT06bi uaii:Tu vg? 3-ra IJ!yuKQIDI 3MaeTCH csoiiCTBaMn cpe~bi: 

CKOpOCTb 3BYKa B cpe~e 3aBUCHT OT MUHbi BOJIHbi 3BYKOB0f0 CIIrHaJia - 3TO HBJieuue 

~a3biBaeTCa: i)ucnepcueii cKopocmu 36)'Ka ( OT naT. dispersus - paccea:uue, pa36poc, B 
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}:(aHHOM cnyqae- pa36pOC no AJHiHaM BOJIH). 3HIUI 4JyHKQIHO e(A.), ll3 (10.39) C )"'eroM 

(10.8) HMeeM 

It 

ro = e(A.)- k = e(k )·k, 

k = 2rt/A., 

de de 
v =e+k-=e-A.·-. 

g dk dA. 

(3}:(eCb Mbl )"'JJH, IJTO dkjdf.. = -2rt/A.2 
). 

(10.43) 

'lf3 (10.43) CJie}:(yeT, 'ITO Vg TaiOKe ~BID!eTC~ 4JyHKQHeii k. llOBTOp~ 

npe}:(bi}:(YIUee paCC}')K}:(eHHe, npHXO}:(HM K Bb!BO}:(y, 'ITO B naKeTe MO)KHO BbiJ.(eJIHTb 

rpynnhi BOJIH, AB~muec~ c pa3HbiMH rpynnoBhiMH cKopocr~MH. A :no 03Haqaer, qro 

pa3Mep (npoT~eHHOCTh no x) naKera P(t) 6y}:(er H3MeHflbC~ co speMeHeM. B 

3aBHCHMOCTH OT HaqaJibHbiX YCJIOBHH naKeT Cpa3y paCUUip~eTC~ HJIH, C)KaBIIIHCb 

BHaqaJie }:(0 HeKOTOporo Pmin, HaquHaer pacUiup~bC~. llpu pacUiupeHHH 

() 
dvg 

P t -£ 0 +-·llk·t. 
dk 

(10.44) 

3}:(eCh KaPTHHa noJIHOCTbiO aHaJIOruqHa TOii, IJTO HMeeT MeCTO B 3a6ere Ha }:(JIHHHYJO 

}:(HCTaHQHIO: npu o6meM CTapTe "naKeT11 6eryHOB HaqHHaeT paCT~HBaTbC~ Cpa3y )Ke 

nocJie crapTa; npu pa3}:(eJihHOM "craPTe c raH}:(HKanoM", KOr}:(a paHhllle CTaP'fYIOT 

cJia6hie 6eryHhi, naKeT BHaqaJie C)KJJMaerc~, a 3aTeM pacr~rnsaerc~. 

PaccMOTPeHHbie 3aKOHOMepHOCTH pacnpoCTPaHeH~ llJIOCKHX BOJIH noJiHOCThiO 

npHJIO)KHMbl KO BCeM BH}:(aM BOJIH ynpyroii l.(e4JopMaQIIH B CnJIOIIIHOH cpe}:(e - TaKHe 

BOJIHbl H Ha3biBaiOTC~ 36YK06blMU HJIH 36YKOM. 06JiaCTb 4Ju3HKII, ll3)"1aiOIUIUI3BYKOBbie 

BOJIHbi, Ha3biBaeTC~ mryemUKOU ( OT rpeq. akustikos - CJiyxoaoii, CJibiiiiHMblH). 

~llana30H qaCTOT 3BYKOBbiX BOJIH npu~ pa3}:(e~b Ha qeTbipe o6Jiacru: 

0 - 16 r1.1 - HH4Jpa3BYK (JiaT. infra - HH)Ke, no}:(); 

16 rl.l- 20 ~l.l- aKYcruqecKHH J.(llana30H; 

20 ~ll- 1 ITQ - YJihTPa3BYK (JiaT. ultra - 6oJiee, csepx); 

1 IT1.1- 10 IT1.1- nmep3BYK (JiaT. hyper- 6oJiee, csepx). 

lJeJIOBeqecKOe yxo CnOC06HO BOCnpHHliMaTb TOJibKO 3BYK aKYCTHqeCKOI"O J.(Hana30Ha. 

lloqeMY )Ke Mbl CJibllliHM O}:(HHOqHbie CHrHaJibl (y}:(apbl, B3pb!Bbl H T.n.) liJif! 
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nepHO}:(lJqecKIIe, CJie}:(y!OmHe c qaCTOTOH HH)Ke 16 rl.l? Bee }:(eJIO B TOM, qro 

nepHO}:(lJqecKIIe CllrHaJibl He scer}:(a (sepHee, scer}:(a He-) rapMoHuqecKue. TaK, 

nocJie}.(osareJihHOCTb CTPOro nepuo}:(uqecKHX 3BYKOBbiX curnaJIOB, TaKliX, HanpuMep, 

KaK ll306p~eHHbie Ha puc. 10.12 HH)Ke, MO)KeT 6biTb npe}:(CTaBJieHa B BH}:(e 

cynepn03HQHH rapMOHHqecKHX CHrHaJIOB - p~a Cllypbe llO rapMOHUKaM OCHOBHOH 

qaCTOTbl 

J(x0 , t)= i:Jn cos(ront +<pnt 
n=O 

2rt 
ro -- n-O 1 2 o-T., _-,,, 

o• 
ron= nroo, ... , 

rAe To- nepuoA cJie}:(OBaH~ 3BYKOBbiX cllrnaJIOB (uMnyJihCOB). Ha6op aMnJIHry}:(j, u 

4Ja3 <pn o6pa3yeT aMWIUmyOHblU U r/Ja306biU eneKmpbl CU2HW1a, a 4JyHKQIIll 

fncos(ront+<pJ Ha3biBaiOTC~. zapMOHUKaMU UJIH (TOJibKO B aKYCTHKe) o6epmoitaMu 

(HeM. ober - Ha}:(). Te ll3 rapMOHHK, qaCTOTa KOTOpbiX Oln nona}:(aeT B aKycruqeCKHH 

.[(Hana30H, li BOCnpliHHMaiOTC~ Ha CJiyx. 0}:(liHOqHbie CHrHaJibl (uMnyJibCbi) UMeiOT 

HenpepbiBHbiii cneKTP (uHTerpaJI Cllypbe). 

CKopoCTb 3BYKa a pa3JIHqHbiX cpe}:(ax, onHCbiBaeM~U~ 4JopMYJiaMu (10.14), 

(10.18), (10.28), (10.32), uMeeT cymecrseHHO pa3Hbie 3HaqeH~, HeKOTOpbie Hau6oJiee 

xapaKTepHbie ll3 KOTOpbiX npe}:(CTaBJieHbl B Ta6JI. 10 .1. 

HeMaJIOBR)KHhiii aonpoc - qeM onpe}:(eiDieTC~ }:(JIHHa BOJIHhi 3ByKa? M3 

Bbipa)KeHHH }:(IDI CKOpOCTll 3ByKa CJie}:(yeT, 'ITO CKOpOCTb 3ByKa B nepBOM npu6JIH)KeHHH 

He 3aBHCHT OT qaCTOTbl (}:(JiliHbl BOJIHbl). ll03TOMY B }:(UCnepCliOHHOM COOTHOUieHHH 

(10.39) MO)KHO cqHTRTb CKOpOCTb e 3a}:(aHHOH Ta6JIHqHOH KOHCTaHTOii, TaK IJTO 

A.= 2rt = 2rte = ~ 
k 0) j' 

r}:(e J= liT- JlUHeiiHOR 11aemoma. TaK, Hll.npuMep, }:(JIHHa 3BYKOBbiX aoJIH a so3.nyxe a 

aKYCTllqeCKOM ,nuana30He Jie)KJIT B HHTepBaJie 1,5 CM (20 ~ll) - 200M (16 r1.1), 

yJihTPa3BYK a )KeJie3e uMeer }:(JIHHhi BOJIH OT 6 MKM (1 IT1.1) }:(0 30 eM (20 ~ll), a CaMIUI 

KOpOTKIUI ):(JIUHa BOJIHbl nmep3BYKR B )KeJie3e CpaBHUMa C Me)KRTOMHbiM paCCTO~HUeM 

-5·10-8 CM. 
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Ta6nnua 10.1. 3Ha'ieHne cKopoc-rn 3ByKa s pa3nlf'iHbiX cpe,nax (KM!c) 

Marepnan I c,, I C.t I c 
Tsep,nhie semec-rsa 

)l{ene3o 5,83- 5.,5 3,4 5,03 

Me,nh 4,5 2,1 3,45 

AmoMlfHlfH 6,3 3,2 5,2 

DeTOH 4,2 - 5,3 

OprcreKno 2,7 1,1 1,8-2,0 

CreKno 3,76-4,8 2,38-2,56 3,5-4,0 

)l{u,nKOCTlf {20°C) 

Bo.na 1,49 

Cnnp-r 3TlfllOBhiii 1,18 

PTyrb 1,45 

rnnuepnH 1,92 

ra3bl {0°C, I aTM) 

Bo3,nyx 0,331 

A.30T 0,334 
l \ 

Bo.nopo.n 1,281 

AMMnaK 0,415 

§ 10.5. 3neprHH npo.lJ.OJibHoii BOJIHLI B TBep)J.OM TeJie. BeKTop YMoBa 

Ami onncaHIDI :meprnn .ll:lllfHHOii nnocKoii sonHhi s Tsep,noM rene npome scero _ 

socnonb3oBaTbc.a npe,nc-rasneHIDIMn o Kone6aHW!X 3neMeHTa o6oeMa S-!ix no.n 

JieiiCTBneM BOnHbi ynpyroii ,ne<J!opMaunn l;(x, t) OTHOCHTenbHO HeKOTOporo 

HesooMYmeHHoro nono)l{eHIDI (nono)l{eHIDI pasHoseciDI). KnHeTlf'lecKa.a 3HepriD~ 

3neMeHTa o6oeMa eCTh 
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~2 
!iW =p0S-!ix·-. 

2 
(10.45) 

Arul Bbl'ilfCneHIDI llOTeHUlfallbHOH 3Heprnn BOCllOnb3yeMC.Il 3aKOHOM rYKa, llO.li:CTaBIIB 

s (7.53) £0 = !ix, 1'1£ =!;: 

F=-ES5_ 
!ix" 

(10.46) 

3,nech 3HaK "-" yqiiThiBaeT HanpasneHne cunhi, ,neiic-rsyromeii Ha qaCTlfUY s sonHe co 

c-ropoHbi ,ne<J!opMnpyeMoii cpe,nhi - nonHa.a aHanormi pac-r.arnsaeMoii npyxiiHhi 

(cpasHn (10.12) II no.acHeHne s npHMepe K _!leii). Tor.na, KaK n .li:M noTeHuiianhHOii 

3Heprnn oculfllll.IITOpa, MO)I{eM 3anncaTh 

)1;anee yqTeM, 'iTO 

I; !; 2 

!iU =-J F(!;')- d!;' = ES -. 
0 

2!'1x 

ol; =!;ok·cos(kx-cot+<po). ax 
o!; =-!;oro. cos(kx- cot+ <Jlo) 
at 

(10.47) 

IIo,nc-rasnAA 3TH Bbipaxemm s (10.45), {10.47) II yqiiThiBaH, 'iTO cofk = c11 , • 

{eM. (10.39)), Haii,neM 

!iW + !iU = p0co 2 !;~S · !ix-cos2 (kx-cot + <p0 ). 

CoOTBeTCTBeHHO, wwmnocmb no;moii 3Hepzuu 6 lVIOCKOii ynpyzoii 60JIHe eCTb 

!iW +liU _ ~'2 00 2 ·cos2 (kx-cot+<po)-w= -Po-.o 
S-!ix 

(10.48) 

KaK Blf.li:IIM, B OTllii'iiie OT OCUlfllll.IITOpa nnOTHOCTb nonHOH 3Hepriilf BOllHbl 

HenOCTO.IIHHa. 3To 06bHCH.IleTC.Il TeM, 'iTO 3Heprllil "6e)I{IIT11 C BOllHOH, TO'IHee, BOnHa 

nepeHOCIIT 3Heprmo. 3a speMH !it qepe3 nonepeqHoe ceqeHne S sonHosoro nOTOKa 

nporeKaeT3HepriD1 

.6s =w(x, t)· Sv· !it. 

OTcro.na lVIOmnocmb nomoKa 3Hepmu 6 lVIOCKoii ynpyzou 60JIHe pasHa 
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~& =W·V. 
jw= S·M 

(10.49) 

BeJUI'IIIHa lw = wv Ha3brnae-rca eeKmopoM YMoea (H.A. YMOB, 1874 r.). Ana OJIOCKOii 

npo.n:onbHOii aonHbi v=cn (10.18). 

it 

§ 10.6. CToH'IaH aoJiua 

llpii pacnpocrpaHeHIIII BOllH B orpaHIIqeHHOM npocrpaHCTBe MO)!(eT 

npOIICXO,O:liTb llX O'rpaxeHIIe OT rpaHII~ npocrpaHCTBa II HanO)!(eHIIe npaMOH .II 

orpaxeHHOii aonHbi c qaCTII'IHbiM ocna6neHIIeM IInii yciineHIIeM - unmepr/JepeHlfUR . 
BOJIH (oT naT. inter - Me~. feren - Hecymiiii). B pe3ynbTaTe TaKoro HanO)!(eHIIH 

MO)!(eT o6pa30BaTbCH OC06biH TIIll BOllHbl - CTOH'IaH BOnHa. TaKaH BOnHa B03HIIKaeT, 

HanpiiMep, B CTep)!(He, 3a)!(aTOM Me)!(.ll:y ,n:ayMH He.n:eqJOpMIIpyeMbiMII onopaMn 

(piic. 10.7, a). 

I~< *5 $~ 5$1 !IIIII 

I*~$? %S ))) $ 
PHC. 10.7. 06p330Balllie 

CIOl!'IeH BOJIHhl B creplKHe: 

a - o6a ropna 3al<p(:nneHhl, 

6-o~ ropen cao6o~eH 

~(x) ~(x) 

r \ t \ 1 x 

a 6 

lloKa)!(eM o6pa30BaHIIe CTOaqefi npn HanO)!(eHIIlf ,n:Byx MOHOXpOMaTIIqeCKIIX 

aonH - npaMoii H O"rpaxeHHOii. CyMMa napaMerpoa ~(x, t) ,n:na 3TIIX aonH paaHa 

~(x, t) = ~0 cos(kx-rot +<Pi)+/;0 cos(kx -rot +<t>2 )= 

= 2~0 cos(kx+ <Pi ~<P2 }cos( rot+ <P
2 

;<Pi} 
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cDa3bi <PI. q>
2 

3aBIICHT OT rpaHIIqHbiX ycnoaiiii. Tru<, B cnyqae piic. 10.7, a Aec}>opMa~IIn 

CTep)!(HH paBHbi HYniO Ha ero KOH~ax: 

OrciO.n:a 

~(o, t)= ~0 cos <Pi ~<P2 ·co{ rot+ <Pi ;<Pi)= o. 

<Pi +<t>2 = (2n+ 1)1t, n = 0, 1, 2, .... 

~(L,t)=2~0 co{kL+ <PI~<P2 }co{ rot+ <P
2 

;<Pi)=o. 

CooTBeTCTBeHHO, 

kL+ <Pi +<t> 2 =(2m+1)7t, kL=(m-n)1t, m=1,2, .... 
2 

B cnyqae, Kor.n:a OAlfH rope~ crep)!(HH cao6o,n:eH (piic. 10.7, 6), aHanornqHo IIMeeM: 

~(o, t)=O, <Pi +<t>2 = (2n+ 1)1t, n = 0, 1, 2, .... 

'ITO ,n:ae-r 

~(L,t)=~max• oTKy.n:a co{kL+ <Pi ~<P2 )=1, 

kL +<Pi + <P2 = 2Jtm 2 , 
kL = 2Jtm-(2n+ 1).?:, 

2 
m=1,2, ... 

B pe3yllbTaTe crpyKrypa CTOH'IeH BOllHbl B CTep)!(He 3aBIICIIT OT TOTO, KaK 3aKPenneHbl 

erorop~bl. 

a) 06a KOH~a 3aKPenneHbi. 

~(x, t) = ~0 ·sin kx· cos(rot + ~<t>), 
. . £1t A. 

kL =£1t, £ =1, 2, ... , L=k= e2. 

lloCTOHHHbiH c,n:BIIr c}>a3bi ~<P = const onpe.n:enae-rca Bbi6opoM Haqana oTC'IeTa 

apeMeHn. Ha MIIHe crep)!(HH B cnyqae "a" YKlla.O:biBae-rca ~enoe qiicno nonyaonH. 

6) O,n:IIH rope~ cao6o,n:eH. 

1;(x, t)= ~0 ·sin kx· cos(rot + ~<P1 
1t ( 1)1t ( 1)1.. kL=£1t+
2
, £=0,1,2, •.• , L;= £+2 k= £+2 2. ~q>=const .. 
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Ha ,nnuHe crepjKIDI yKJia.o;biBaeTCJI Qenoe 'IUCJIO nonyaonH rrmoc 'leTBeJITb BOJIHbi. 

Ecnu c.nenaTb MrnoaeHHbie "cHUMKU" pacnpe.neneHHJI .ne<}lopMaQuii no ,nnuHe 

crepjKID[, ro a CJIY'lae "a" nOJIY'IUM cueycon.ny sinkx c aMITJIUTY.noii !;0 ·cos{rot+Llq>) 

(puc. 10.8). 

~(x, t) 
1I<t2<t3 

JC ~:X'=') X 

PHc. 10.8. CroJI'IaJI BOJIHa.nelfx>pMaiJ.IIH B crepJKHe 

C 3lllqleiiJieHHhiMH TOpWJMH (MOMelfl'hl BpeMeHH 

ft <(2 <t3) 

Tenepb MO)KHO c<}IOpMYJIUpOBaTb OCHOBHOe pa3.liH'IUe Me:JKJzy 6erymeii U CTOJI'leii 

BOJIHaMU: 

- B 6erymeii BOJIHe aMITJIHTY,nbi KOJie6aHIIH pa:!HbiX TO'leK CTepJKHli o,nuHaKOBbi, a 

<}la3bi B KaJK,nbiH MOMeHT apeMeHU pa3JIU'IHbi; 

- B CTOJI'leH BOJIHe aMITJIHTY,nbi KOJie6aHUH pa3HbiX TO'leK CTepJKHli pa3JIU'lHbi, a <}la:!bi B 
l 

KaJK,nbiH MOMeHT apeMeHU o,nuHaKOBbi. 

~ 
j 

Herpy,nHo BII.neTb, 'ITO B CTOH'leii BOJIHe He npoiicxO,nHT nepe,na'lu 3Hepmu OT . 

TO'IKU K TO'IKe B,nOJib OCU X. 

§ 10. 7. BoJIHbl ua BOJJ.e 

B 3TOM pa3,nene Mbl orpaHH'IUMCli OQeHKaMU, UCITOJib3Yli MemoiJ . 

pa3MepHocmeu. 

BollHbl Ha noeepxHocmu 2lly6oxou BOObl MO)KHO pa:!,nenHTb Ha ,naa cymecraeHHO 

pa3HbiX BII.na - c 6onbmoii II Manoii ,nnuHaMU BOJIHbi. 

BollHbl 6ollbutOii OllUHbl, HJIH zpaBUmtllfUOHHble, <}lopMupYfOTCH no.n 

.neiicraueM CHJibi TJiroTeHHJI. Ha 3JieMeHT o6beMa ilV .neiicrayer cHJia 
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Fl. =-pg·ilV, 

ll03TOMY ,nJili 3JieMeHTa MaCChi Llm UMeeM 

Llm·i=Fl. =const, 

'ITO ,naer npocro cao6o,nHoe na,o;eHIIe c ycKopeHueM g: 

g't2 
--h 2. ' 

r.ne 't - xapaKTepHoe apeMH cna.o;a BbiCOTbi h BOJIHbi. IIpuHUMaJI h- A., uMeeM 

[ 1 c;: 27t 't-Vg' ro-~--vgk, r.ne k=-;;:· 

(10.50) 

(10.51) 

(10.52) 

(10.53) 

3aKOH ,nucnepcuu ro(k) (10.53) .nJili rpaaHTaQUOHHbiX BOJIH n03BOJIJieT onpe,neJIHTb nx 

<}la30ByiD CKOpOCTb: 

c=~- /g Gl k ~k--vgA.. (10.54) 

,t(mi A.-10M 3Ta oQeHKa ,naer c-10 Mlc. 

BollHbl MallOii OllUHbl cymecraeHHO no.naep)KeHbi ,neiicramo CHJI 

noaepxHOCTHoro HaTJIJKeHHJI. Ecnu npuHJITb BOJIHY a BII.ne cpe3a QunuH,npa ,nmiHbi L 

(puc. 10.9), TO MOJKHO C'IHTaTb Fl.= 2crL ""const, u aHanom'IHO (10.52) uMeeM 

r.ne 

crL~L 

f. 

B pe3yJibTaTe nonyquM 

2 
a't -h-A., 

2 

Fl. cr a-----
ph£L pA.2. 

PHC. 10.9. BJIIDilllle HllTIDKeHHll Hll lfx>pMHpOBaHHe BOJIH 

MaJIOH .nJIHHbl Hll nosepXHOCTH BO.ZJ;hl 
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t-~p/.3, ro-_!-~cre, 
cr 't P 

c-ff-Hi· 
(10.55) 

B o6meM cnyqae BOJIH npoR3BOJibHOii .mumbi MO:lKHO 3anHcaTb 

ro(k)- ~gk + 
0~

3

. (10.56) 

Orcro):la cne):lyeT Kpumepuii AtaJIOii OJIUHbl BOJIHbl 

e >> pg, IIJIH J. << ~-
CJ vPi (10.57) 

Ami BO):Ibi (cr =72 HIM) KpHTepHii (10.57) ):laeT !.« 0,27 CM. TaKHM o6pa3oM, 

KOpOTKHe BOJIHbl- MHJIJIHMeTpOBbJe, a HX CKOpOCTb (10.55) c-30 CWC ):IIDJ/.-1 MM. 

AruJ 60JIH Ha MeJIKOU 600e llOHBIDIIOTCH OC06eHHOCTH, CBH3aHHbie C BJIHHHHeM 

):IHa. 

§ 10.8. Y,ZJ;apHLie BOJIHbi 

IlpH 06UJ/CeHUU meJla B )Kll):IKOCTH HJIH ra3e CO C6epX36YK060U CKbpocmblO V ~ C 

B cpe):le MOryT B03HHKaTb yoapHble 60JIHbl. lfx <flopMHpOBaHHe llOHCHHeT pHC .. 10.10: 

Kli)J():laH TOqKa rpaeKTOpHH CBepX3BYKOBOro 06beKTa HBIDJeTCH ueHrpOM paCXO):IHmeiiCH 

c<flepHqeCKOH BOJIHbi; HHTep<flepHpyH, 3TH BOJIHbl o6pa3yiDT <flpoHT llJIOCKOH BOJIHbl, 

pacnpOCTpaHHIOmeiiCH llO):I HeKOTOpblM YrJIOM 8 K CKOpOCTH 06beKTa. 3HaqeHHe 8 

HaH):IeM, 3anncaB oqeBH):IHbie COOTHOIUeHHH (pHC. 10.10). 

n 
A 0 

v 
Pnc. 10.10. 06p330BaHHe y,zmpHoii BO.IIHhl a 

)J(ll)l;KOcrH HJill ra3e npn ,!(IUDKeHHH TeJill CO 

CBepX3B)'KOBOH CKOpOCTb!O 
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AD= c·M = AO·cos8 = v·At·cos8, cos8 =~<1. 
v 

(10.58) 

Yi:~apHaH BOJIHa B03HMKaeT, HanpHMep, npH nonere caMOJieTa co csepX3BYKOBOii 

CKOpOCTblO. IJOKOjflJ{HHCH Ha6JIIO):IaTeJib BOCllpHHHMaeT ee npHXO):I B TOqKy, r):le OH 

HaxO):IHTCH, KaK B3pbiB HJIH XJIOllOK - 3TO _):leHCTBHe CKaqKa ):laBJieHHH Ha <flpoHTe 

BOJIHbi. (0rMeTHM, qro COBepiUeHHO llO TOll :lKe HHTep<flepeHUMOHHOH CXeMe 

<flopMHpyeTCH y):lapHaH CBeTOBaH BOJIHa npH ):IBH:lKeHHH 3apH:lKeHHOH qaCTHUbl B cpe):le 

CO CKOpOCTblO, · npeBbiiUaiOmeii <fla30ByiD CKOpOCTb B cpe):le - 3TO TaK Ha3biBaeMOe 

u3ll)"leHue BaBUJI06a-IfepeHKOBa). 

Yi:~apHbie BOJIHbi MOryT B03HHKaTb. H B orpaHnqeHHOM npoCTpaHCTBe, 

HanpHMep, B rpy6ax c ra30M HJIH :lKH):IKOCTblO. Ecnn coo6mHTb cnoro semeCTBa, 

3allOJIHHIOmeMY rpy6y, CBepX3BYK0ByiD CKOpOCTb, o6pa3yeTCH y):lapHaH BOJIHa 

(pH C. 10.11) - CKaqOK ):laBJieHHH, nJIOTHOCTH If TeMneparypbi, ):IBH:lKYmeiiCH CO 

CBepX3BYKOBOH CKOpOCTblO. Ilpome BCero 3TO C):leJiaTb, ):IOCTaTOqHO 6biCTp0 pa3pyiUHB 

neperopOi:~KY, pa3):1enmomyro rpy6y Ha ):IBe qaCTn c pa3HbiMH ):lasneHMHMH p2 >PI· Ilpn 

3TOM TOJIIIlHHa nepeXO):IHOro CJIOH .0 Ha <flpoHTe y):lapHOH BOJIHbl o6paTHO 

nponopUHOHaJibHa pa3HOCTH ):laBJieHHii: p2-P1- n npHMO nponopunoHaJibHa smKoCTn 

cpe):lbi. 

J?&i?MBi® ifVf ~ r 
a 

Pnc. 1 0.11. PacnpocrpaHeHHe y,zmpnoii BO.IIHhl 

B ypy6e, 33UOJIHeHHOH ra30M 

§ 10.9. HeJinHeiiHbie BOJIHbi 

C pOCTOM aMnJIHTY):Ibi BOJIHa CTaHOBHTCH HeJlUHeiiHoU - ee CBOHCTBa 3aBHCHT OT 

aMnJIIfTY):Ibl. ECJIH JIHHeHHaH BOJIHa MOHOXpOMaTnqeCKaH (10.4), TO B BOJIHe C 60JibiiiOH 
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aMillllfiY.z:lOH llOHBJllllOTCH BOJIHbi-",no6aBI<H
11 

C .z:lBOHHOH, 1p0HHOH If T.,n. n-KpaTHbiMII 

qaCTOTBMII If, COOTBeTCTBeHHO, B n pa3 6onee KOpOTKHMII MIIHaMII BOllH - TaK 

Ha3biBaeMbie MoObl. 0HII B036yx<,u.aiOTCH B pe3ynhTaTe HeniiHeHHOCTII KOne6aHIIH 

qaCTlfQ cpe,nbi npii OOllbWOH aMrmmy,ne TaK JKe, KaK If B HeniiHeHHOM OCQlfJIJUITOpe. 

Y ,napHaH BOnHa - KpaHHIIH Cnyqaii HeniiHeHHOH BOllHbi. llo Mepe pocra aMillllfiY.z:lbi 

BOllHbi BCe CIInbHee npOHBllHIOTCH KOpOTKOBOJIHOBbie MO.z:lbl If ClfHYCOII.z:la 

rapMOHINeCKOH BOllHbi 060C1pHeTCH (piic. I 0.12}, npeap~aeTCH B 

llOCJie,noBaTenbHOCTb KOpOTI<HX IIMnyllbCOB, 6eryll{IIX C qaCTOTOH OCHOBHOH MO.z:lbi ()). 

'Mil PRe. 10.12. HemmefuraJI BOJIHa 

mtBJieHIDI s = 
X 

Ecnii OCHOBHaH qacrOTa oqeHb Hlf3KaH ( ro ~ 0, T ~ oo }, B03HIIKaFOIL{IIe HeniiHeiiHhie 

BOllHbi COCTOHT lf3 nocne,nOBaTellbHOCTII ,naneKO OTCTOHIL{IIX IIMnynhCOB - CORUmOH06 

( OT aHrn. solitary- O.z:llfHOKHH). 

Arur HelliiHeHHbiX BOllH B03MOJKeH TaKJKe peJKIIM C MO.z:lYnHQIIeH aMillllfTY.z:lbl , 
l 

Hlf3KoqaCTOTHOH 4>YHKQIIeii A(t) = A sin ru, n < ()) : BOnHa, 11HaKaTbiBaFOIIlaHCH 11 Ha 

Ha6nFO,naTenH, IIMeeT nepeMeHHYFO ao apeMeHII aMnnmy.ny. 3To HBneHIIe xopowo 

lf3BeCTHO .z:lllH MOpCKIIX BOllH - OTCFO,na TaK Ha3hiBaeMbiH ",neBHTbiH Ban": 

nepiiO.z:llfqeCKII B llOCne,nOBaTellbHOCTII Ha6eraFOIIllfX BOllH llOHBllHeTCH BOllHa 

llOBbiWeHHOH aMDJilfiY.z:lbl (HO He 06H3aTenbHO KaJK,naH ,neBHTaH!). 

260 

r JIABA 11. 3JIEMEHThl TEOPETMqECKOH MEXAHIIKM 

B noM pa3,nene lf3llaraFOTCH Haqana meopemuttecKoii MexaHUKU. Tpa,niiQIIOHHO 

lf3llOJKeHIIe TeOpeTINeCKOH MexaHIIKH HaqiiHaiOT C llOCl)'lliipOBaHIIH npuH!JUna 

HauMeHbUJeZO ~eiicm6UR, Ha OCHOBe KOTOpOro 3aTeM II3yqaFOT ypaBHeHIIH .z:lBIIJKeHIIH. *) 

Bhiwe Mhi YJKe o6cYJK,nanii aonpochi noCipoeHIIH cpii3INecKIIX Teopuii (eM. Bae,neHne) 

If MeXaHHKH B qaCTlfOCTII (§ 1.4). 3,neCb Mbl llOKaJKeM, KaK MOJKHO nplf.z:lTU K TeM JKe 

ypaaHeHIIHM TeOpeTINeCKOH MexaHHKH Ha OCHOBe BTOpOro 3aKOHa HbFOTOHa, 

HBnHFOIL{ei"OCH 0006IlleHIIeM Ha6nFO,neHIIH II 3KCnepiiMeHTOB. 

§ 11.1. llpHH~ll H3HMCHhmero Jl:CHCTBHSI H ciJYJIK~HSI JlarpaiDKa* 

,l(BHJKeHIIe qaCTHL{bl, KaK Mbl YJKe 3HaeM, y,no6HO OlllfCbiBaTb C llOMOIIlbiO 

pa.nuyca-BeKTopa ee MrHOBeHHOro nonoJKeHIIH: 

; = r(q., q2 , qJ, (11.1) 

r.ne q1, q2. q3 - Koop,nnHaTbi qacrnQhi B -rpeXMepHoM npoCipaHCTBe. CIIcreMa 3TIIX 

KOOp,nnHaT He 06H3aTellbHO ,neKaPTOBa, HO OpTOI"OHanbHaH. llpuMepaMH TaKIIX CHCTeM 

KOOp,nnHaT HBnHFOTCH ccpepiiqecKa» u QIIlliiH.npuqecKa». CucreMa N qacrnQ nMeeT 

3N creneHeii cao6o,nhi IInii MeHbwe, ecnii ecrh CBH3H. TaK, TBep.noe Teno, KaK cucreMa 

qaCTIIQ, nMeeT, aoo6Il{e roaop», 9 creneHeii cao6o,nhi: 3 noCl)'naTenhHbie, 

3 apamaTenbHbie u 3 Kone6aTenhHhie. PaccM01piiM cncreMY lf3 N qacrnQ, KOTOpbie 

B3aHMO,neHCTBYfOT ,npyr C ,npyrOM • If HaxO,nHTCJl, KpOMe TOI"O, llO.z:l ,neHCTBHeM 

HeKOTOpOH BHeWHeii Clfllbl, 3aBHCHIL{eH OT KOOp.z:liiHaT. Cllllbl, C KOTOpbiMH qaCTHL{bi 

B3aHMO,neiiCTBYfOT ,npyr C ,npyroM, 3aBHCHT OT paCCTOHHIIH MeJI(.z:ly HHMH - 3TIIM 

cnyqaeM Mbl If OrpaHINIIMCH: 

.Fkn(rkn)=-Fnk(rnk). (11.2} 

TaKnM o6pa30M, nonHa» CIIna, ,neiiCTBYFOIIlaH Ha ,naHHYFO qacrnQy (o6o3HaquM ee 

HOMepOM k}, 3aBHCUT OT llOllOJKeHIIH BCeX qaCTHL{ B CHCTeMe: 

"> CM., mmpHMep: JI.]:{. JlaH,nay, E.M JlHcll~ TeopemqecKaJI clJH3HKll, MeXllHHKll, M.: Hayxa, T. 1, 
1975 
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Fk =Fk(rl' r2, ... ~ •.• .TN, t), (11.3) 

rAe 

rn = {qnl• qn2• qn3 (11.4) 

:.... paAnyc-aeKTop n-ii 'laCTHQhi. Ecnn K TOMY :>Ke 3TH cnnhi He 3aancwr OT apeMeHII, TO 

OHll Ha3biBaiOTCH nomeH7JU(J]lbHb1MU, T.K. )UUI HIIX MO:lKHO BBeCTll nomeHIJU(J]lbHYIO 

3Hep2U10- QJYHKQlllO KOOp,l:lnHaT 'laCTllQ (cpaBHll (1.10), (1.12)): 

av 
Fka. = ---, a.= I, 2, 3, 

aqka. 

v = v(~, ;2, ... , ;N )= v(ql, q2, ... , q3N ). 

Y CnOBllMCH Tenepb uyMepoBaTb BCe KOOp,l:lllHaThi nO,l:lpH.Z:J:: 

q1, q2, q3 - KOOPAHHaThi nepaoii qacrnQhi, 

q4 , q5 , q6 - KOOp,l:lllHaTbl BTOpOH 'laCTllQbl~ 

q3N-2• q3N-l• q3N- KOOp,l:lllHaTbiN -ii: 'laCTllQbl. 

(11.5) 

(11.6) 

Ha6op Koop,~:~nHaT q1 , q2 , ••• , q3N Ha3biBaiOT o6o6111eHHblMU Koopouuamw.tu. CncreMa 

3TIIX Koop,~:~nHaT nMeeT, aoo6me roaopH, 3N creneHeii cao6o,~:~hi (T.e. "oceii"), KaK y:>Ke 

OTMe'IMOCb. Tor,l:la BMeCTO (11.5) MO:>KHO 3anncaTb 

F =- av n --

aqn 
(II. 7) 

- 3TO KOMnoHeHTa cnnhi, ,~:~eii:crayiOmeii: Ha qacrnuy c Koop,~:~nHaroii: qn, HanpaaneHHaH 

B,l:IOnb KOOp,l:IIIHaTHOH OCll HOMep n. AuanOrn'IHO MO:>KHO BBeCTll 0606Uiellllb1e 

UMnyllbCbl: 

Pn =mniJ.n (11.8) 

- KOMnoHeHTa nMnynbca qacrnu;hi c KOOpAnHaroii qn (Macca mn), HanpaaneHHaH a,~:~onh 

3Toii Koop,~:~nHaThi. Tenepb MO:>KHO 3anncaTh ypaaHeHne ,~:~an:>KeHnH 'laCTnQhi c Maccoii 

mn: 

dpn =Fn, 
dt 

nnn 
d 2qn 

mn dt2 
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av 

aqn 
(11.9) 

-..... 
'! 

3To, KaK HerpyAHO nOIDITb, ypaBHeHne WUi O,l:IHOH ll3 'TpeX KOOp,l:IHHaT 'laCTIIQbl m~. 

AaJ!bme MO:>KHO npoaecm npou;e):{ypy HHTerpupoBaHIDl ypaaHeHnii: (11.9) (a TaKHX 

ypaaHeHnii acero 3N), aHanorwmo TOMY, KaK 3TO CAenaHo B § 1.3 npn BbiBO,l:le (1.10). 

YMHO:lKllM o6e 'laCTll (11.9) Ha qn ll CnO:>KllM BCe 3N ypaBHeHHH. IlOny'IHM 

3N d2q dq 3N av dq 
Lmn---:f-·--n =-2:--·--" · 
n=l dt dt . n=l aqn dt 

3areM y<rri!M, 'ITO 

.. • 1 d I. )'- dqn d d 
qn·qn=2·dt\.qn ' dt. t= qn, 

n nponHTerpnpyeM o6e 'laCTn paaeHCTBa no apeMeHn: 

d (3N m q2) 3N av J- L __IL!!_ ·dt=-Jl:-·dqn. 
dt n=l 2 n=l aqn 

Cnpaaa CTOHT nHTerpan OT nonHoro ,~:~n<}J<}JepeHQnana QJYHKQllll V(ql' q2 , ••• , q3N ): 

3N av 
Jl:-·dqn = JdV = V +const. 

n=l aqn 

Cneaa nO,l:lbiHTerpanbHaH QJyHKUHH ecrh 'nporoao,~:~HaH no apeMeHn <}lyHKUllll 

3N m q·2 3N p2 
W=l:~=:L-n' 

n=l 2 n=l2mn 
(11.10) 

KOTOpaH eCTb He 'ITO llHOe, KaK cyMMapHaH KllHeTll'leCKaH 3HeprHH CllCTeMbl ll3 

N qacrnu. B pe3ynhTaTe npliXO.z:lllM K 3aKouy coxpaueuUR 3Uepzuu (TO'IHee - nonHoii 

3Heprnn) 3TOH cncreMhi: 

E=W +V =const.· (11.11) 

fu paBeHCTB (11.10), (11.11) Cne):lyiOT Bblpa:>KeHHH )UUI KOMnOHeHT UMnynbCa II 

cKopocrn: 

aE 
- - ·mn, Pn- apn 

1 aE 
iin =-;;;· aqn. 

n 

3TH COOTHOilleHHH nOHa):{06HTCH B ,l:IMbHeii:meM. 

Tenepb noCTaBllM 3aAa'IY Haii:Tn TaKYIO 

( 11. I~) 

QJYHKQlllO L(qn• cj,..t). 

,l:IIIQJQJepeHQllpOBaHlleM KOTOpOH MO:>KHO nOny'IHTb ypaBHeHHH ,l:IBII:>KeHHH ( 11. 9). 
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QqeBH,llHO, 3Ta cpyHKUWI ,llOJDKHa CO,llep)KaTb KOM6HHaUHIO KHHeTHqeCKOH W H 

llOTeHUHaJibHOH V :meprnii. ~eHCTBHTeJibHO, lf3 (11.12) CJie.IzyeT 

dpn d BE d aw 
--=mn-·--=-·--. 
dt dt apn dt aqn 

IIo.ncraBHB :rro Bbip~eHHe H cpopMYJIY (11. 7) .IliDI Fn B nepsoe lf3 ypasHeHHii (11. 9), 

3annmeM 

d aw av 
(11.13) 

dt aqn aqn 

Tor.na MO)KHO BBeCTII cpyHKUIIIO, CO,llep)KamyiD JIHHeHHyiD KOM6HHaQIIIO W H V, 

KOTOpaH YAOBJieTBOpHJia 6bi ypaBHeHHIO (11.13). QqeBIIAHO, TaKOH clJYHKUHeii HBAAeTCH 

pa3HOCTb W H V: 

L=W-V, (11.14) 

llOCKOJibKY OHa YAOBJieTBOpHeT ypaBHeHHIO (11.13), npHHHMaiOrneMY Tenepb BRA 

d aL aL 

dt oqn aqn 
(11.15) 

3Ta <PYHKUIUI Ha3biBaeTCH PYHKlfueii JlmpaH;)ICa (J.L. Lagrange, 1788 r.), a ypasHeHWI 

(11.15) - ypaBHeHWI.MU Jla2paH;)ICQ. 

33J{a<Ja 11.1. 3amtcaTL <IJYHKI(HIO liarpaiDKa .MJI mapHKa MaCChi m, JI~ero Ha CTOJie H 

npHKpenJieHHoro K npyxarne :H«:CTKOCTH k. IToll)"'llTL H3 <IJ)'HKI(HH liarpaiDKa ypaBHeHHe Jn!HX<eHHll 

mapHKa. 

B ~OM CJiy'llle Jn!IDKeHHe O~OMepHOe, KOOp~Ta 0~-X- H 0~ 'lllCTHim. 3ammJ:eM 

W=mxz 
2 , 

V= kxz 2' OTCIOM L = mxz- kxz 
2 2' 

.!!.._. aL = mx aL = -kx 
dt ax ' ax ' 

H ypaBHeHHe (11.15) MeT xopomo H3BeCTBblii pe3ym.mT 

mx=-kx. 

K TOMY )Ke ypasHeHIIIO ( 11.15) npHBOAHT npumpm HaUMeHbWezo oeiicm61m, 

liJIII npuHlfUn FCIMWlbmOHa (W.R. Hamilton, 1834 r.), KOTOpbiH rnacHT, qrQ oeiicmeue 

S(ti. t2), onpe.ne.neHHOe KaK 
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t, 

S(t1'12)= JL(qn,iJn,f)·dl, (11.16) 
t, 

HMeeT HaHMeHhmee lf3 B03MO)KHbiX 3HaqeHHii s.nonh TPaeKTopHH qaCTHUbi: 

S(t1, t2) =min. (11.17) 

IIo~eM, qrQ npHHUHll raMHJibTOHa npHBO,llHT K ypasHeHWIM JiarpaH)Ka 

(11.15). IlyCTb qacrHua nepeMemaeTCH lf3 roqKH qn(t,) s roqey qn(t2) (pHc. 11.1). 

~onyCTHM, qro Ha HCTHHHoii TPaeKTopnn qn(t) .neiicrsne S(t1, 12) =min. Tor.na npn 

nepexo.ne Ha KpiiByiD qn(t) + o qn(t) cpyHKUWI S TOJibKO B03paCTaeT. CqHTaeM 

OTKJIOHeHWI oqn(t) OT HCTIIHHOH TPaeKTopnn Ma.JibiMII. KpoMe roro, B TQqKax t, II 12 

OHn, oqesn.nHo, paBHbi eymo (eM. pHc. 11.1 ): 

qn(l) 
qn(t) + oqn(t) 

1 

t, lz 

Oqn(tJ = 8qJtJ = 0. (11.18) 

PRe. 11.1. Bo3MO)I(Hhle -rpaeKTOpHH 'lllCTBI( CHCTeMbl 

flPH nepexo~e ~3 TO'IKH 1 B TO'IKJ 2; Ha KpHBOH q.(t) 

~eiiCTBHe MHHHMam.Ho. IToKll3llHll o~ H3 JN KpHBbiX 

fuseCTHO, qro ycJIOBHe MHHIIMYMa B TQqKe X
0 

AAA npOII3BOJibHOH 

(AIIcpcpepeHQIIpyeMOH) cpyHKUHII j(x). eCTb 

aJ' =O . ax . 
x=r 

CosepmeHHO aHanOrfiqHQ paBHO HYJIIO npnpameHIIe .neiiCTBWI oS npH C,llBIIre Ha 0 qn 

OT KpiiBOii, Ha KOTOpoii S =S(qn(t)) =min, T.e. 

tz tz( aL aL ) 
oS=oJLdt= I -·Oqn+-. ·OiJn dt=O. 

t t aqn aqn 
I I 
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BeJIRqRHa oS Ha3biBaerCH 6apua1Jueii PYHKIJUU S. <l>aKTIIqeCKII :ho eCTb llOJIHbiH 

AR¢¢epeHURaJI ¢YHKURII S(qP ... , q3N, tjp ... , tj3N ), 3AeCb TOJibKO AR¢¢epeHUIIaJibi 

KOOPAIIHaT 3aMeHeHbl liX npRpameHRHMII 0 qn, 8 q n • CMemeHRH 0 qn, oq n He3aBIICIIMbl. 

Bo3bMeM HHTerpan OT sroporo cnaraeMoro no qaCTHM, HHTerpHpyH o q. · dt = o q : 

12 ar . ar 1
12 12 

d ar J-. ·oqn·dt=-. ·oq - Joq·-·-. -dt. 
I, aqn aqn II II dt aqn 

IIepBbiii qneH o6pamaercH B HYJib npR noACTaHOBKe npeAeJIOB a cooTBerCTBIIII c 

ycnosReM (11.18). B pe3yJibTaTe RMeeM 

_ 3N 
1
J2( ar _!!..__ a~ )oqn ·dt. 

O=oS- L aqn dt aqn 
n=l11 

ll3 paBeHCTBa HHTerpana HYJIIO CJie):{yer, ~0 ll llO):{biHTerpaJibHOe BblpiDKeHHe paBHO 

HYJIIO. IlOCKOJibKY oqn He3aBIICIIMbl, TO OTCIO):{a CJie):{yer paBeHCTBO HYJIIO Ka)KJlOrO 

qneHa cyMMbi. TeM caMbiM Mbi npHIIIJIII K ypasHeHRHM JiarpaH)J(a (11.15). 

<l>yHKI..{JUI · JlarpaH)J(a ll03BOJ!Hef nOnyqHTb ypaBHeHRH ):{BII)J(eHRH qaCTIII..{bl 

):{OCTaTOqHO npOCTbiM nyTeM, TOJibKO AR<iJ<!JepeHI..{llpOBaHReM, ~0 cymeCTBeHHO 

06Jierqaer 3a):{aqy 3alliiCII 3TIIX ypaBHeHIIH B CJiyqae CJIO)J(HbiX CIICTeM C 60JibiiiiiM 

qRcJioM creneHeii cso6oAbL 3To RJIJIIOCTpRpyer JaAaqa 11.2. 

3;maqa 11.2. IlOJib:JyliCb MeTO~OM cpyHKUHH JlarpaiDKa, ITOJIY'IliTh ypmmelillll ):IBIDKeHIDI "):IBOHHOrO 

IIJIOCKOro MaHTIIKKa" (pHC. 11.2) H Haifrn HX pemelillli,Mll C.JIY'Iall MliJibiX KOJie6aHHH. 

·'I 
~~ 

y 

m2 

PHC. 11.2. ,l(Boil:Hoii IIJIOCKHH MaTeMaTif'lecKHii MaJITHHK 
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Bbl6epeM ,Mll OITHcalillll ):IBIDKelillll MaHTIIKKa KOOp~Tbl <p,(t) H <Jl;!(t) B COOTBeTCTBiill C pHC. 11.2. 

Tor,rm KHHeTH'IecK}'IO H nOTeHIUlallbli)'Kl 3HepmH rpyJHKOB m1 H m2 MaHTIIKKa MOlKHO ~CTaBHTb B 

BMe 

m1l~<P: W
1 
=---, V1 =-m1gl1cos<p1, 

2 

w: _ m2 (r~ + .Y~) v _ 
2-

2 
• 2-m2gy2, 

x2 = £1 sin<p1 +l 2.sin<p2, 

y
2 

= £, cos<p1 +£ 2 cos<p2. 

Tenepb cpymmmi JlarpaiDKll OITHCbiBaeTCll BbipiDKeHHeM 

L 
m, + m2 ,2 • 2 m2 ,2 • 2 • • • • 1 ) r ) • • y = --2--~ ,<p, +2~2<p2 +m2~,~ 2<p1<p2 cos\<p1 -.<p2 +~1 +.m2 g~, cos<p1 +m2g< 2 cos<p2. paBHe 

HHll ):IBIDKelillll (11.11) ,Mll MliJibiX KOJie6aHHii IIJIOCKOrO MallrHHKa (<pJ,2 << 1) HMe!OT BII,I( 

(m
1 

+m2)t1ip1 +m2l 2ip2 +(m1 +mJg<p1 =0, 

l,ip, +l2ip2 +g<p2 =0. 

YMHOlKHB BTOpoe ypaBHeHHe Ha m 2'H Bbi'llffilll ero H3 nepBOro, npHBe~eM CHCTeMY ypaBHeHHH K B~ 

cp
1 
HD~(1+a)<p1 -ro~a<p2 =0, 

q,, + f3iP~ -i-ro~<p 2 = 0, 

[i m2 l2 
roo =ve:: a.=-;;;;· (3=£;". 

Ilo~CTaBHB CIOM pemeHHe B BII,I(e 

<p
1
,
2 

= a 1•2 cos rot +h1•2 sin rot, 

no.JIY'IHM xapaKTepHCTil'lecKoe ypaBHeHHe 

- 0
2 

-
2 

° 2 =f3ro 4 -ro 2ro~(1+a.)·(1+f3)+ro~(1+a)=0. I ro
2 +ro 2 (1+a) aro

2 I 
-ro -f3ro +ro 0 

Orc!OM 

(1+a.)·(1+f3)±~aY(I+f3)2 
-4f3(1+a) 

ro =±roo ·,1 ; 2(3 

(11.19) 

llaJmqHe qerblpeX KOpHeH- npH3HaK CBl13aH11biX KOJie6aHHH (eM. n. 6.3). B 'lllCTHOCTH, eCJIH HHlKHHH 

mapHK oqeHb JierKHH (a.<< 1), ua6op 'lllCTOT COBna.zmer C 'lllCTOTaMH ):lllyx He3aBHCHMbiX OCUHJlllliTOPOB: 

-± /1+(3±(1-(3) -±{~g/l,. 
ro - roo - r:::/0 

• 2f3 vgf£2 · 

EcJIH :are HHlKHHii mapHK oqeHb 1'lDI<eJlbiii (a.>> 1 ), ro ua6op 'lllCTOT co~eplKIIT 'lllCTOTY MaHTIIKKa ~ 

l
1
+l

2 
H BbiCOK}'IO 'lllCTOTY "~lKllHIDI" MaHTIIKKa C np~eHHOH~OH lnpua=ltl2/(l,+ll): 
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Ami cpaBHeHHll .li3.!I;HM BLIBO~ ypaBHeHHii (11.19) B3 "npHBLl'UILIX" ypaBHeHHii ~IDKeHHJI. B 

npH6JIIDKeHHH MaJlldX KOJie6aHHii q>1, q> 2 << 1 HMeeM 

mJl~ipJ = -mJglJq>J +T2lJ(q>2 -q>J), 

m2'i2 ""m2 d: (lJq>J +l2q>J=-T2q>2, 
dt 

T2 =-m2g. 

lfCKJIIO'IHB h TIOJIY'IHM CHCTeM)' ypaBHeHHii ( 11.19). 

. 
§ 11.2. JlarpamKH3H If o6o6IQeHHhie HMllYJibCbi* 

lf3 (11.12) H {11.14) CJJe,llyeT CBR3b HMnynbca qaCTHIJ;bl, BXO,llHllleH B COCTaB 

CHCTeMbl, C ee cpyHKQHeif JlarpaH)Ka: 

Ho ror,lla m (11.15) cne,llyer 

aw aL 
Pn =a:-=a:-· qn qn 

dpn BL 
--=-
dt aqn 

(11.20) 

3To 03Haqaer, 'ITO eCJlu ¢YIIK1JUR Jla2paH:HC.a 11e 3aeucum om o6o6UJemwii 

KoopiJullambl qn, mo coomeemcmeymUJuii o6o6UJellllblii UM17YllbC Jl6JIRemcR 

UHme2paJIOM 06Wfee11UR: 

aL 
ecnu --= 0, TO Pn = const. 

aqn 

HanpuMep, narp~aH qaCTHQbi s u:eHTpaJJbHOM none eCTb 

L=mf
2 

+m(r<PY -V(r). 
2 2 
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(11.21) 

(11.22) 

--
.HcHo, 'ITO BL/8~ = 0, 3HaqiiT o6o6meHHbril: uMnynbc p'P> coOTBeTCTByK>lllHii ~

Koop.zumaTe, - uHTerpan .llBIDKeHIDI. qro TaKoe p'f'? CornacHo (11.20) m (11.22) 

Haii)leM 

BL 2- M 
p'{J = aq, =mr ~= =const. 

TairnM o6pa30M, MOMellm IJacmUlfbl Jl6JIRemCR o6o6u1e1111blM ~-UMnyllbCOM, TO eCTb u 

OH COXpaW!eTCR B none CHJJ, He 3aBHCHlllHX OT ~-KOOp,llHHaTbi. 3To H eCTb 3aKOH 

coxpaHelluR MOMeHma eqe11mpaJ1bHOM no11e. 

§ 11.3. 3aKOHbl COXpaHeHHSIJHeprHH If HMnyJihCa* 

OiJHopoiJ11ocmb epeMeHu 03Haqaer, 'ITO cpyHKU:IDI JiarpaH)Ka 3aMKHYTOii 

CHCTeMbl He 3aBHCIIT RBHO OT BpeMeHH, T.e. 

BL=O. 
iJt 

Tor,lla ee nonHM npomso,llHM no BpeMeHH eCTb 

dL = ±( 8L ·iJn + BL ·iin)· 
dt n=l aqn aq_n 

llO,llCTaBHB B (11.24) 3HaqeHIDI 8Lfi)qn ill ypaBHeHHH JlarpaH)Ka (11.15): 

aL d aL 
.aqn = dt. aqn·, 

nonyquM 

dL=±{(!!...·~)·q +~·ij }=f!!...(~-q )· 
dt n=l dt aq_n n aq_n n n=l dt aq_n n 

Orcro,lla 

d( N 8L . ) - L-:L-. ·qn =0. 
dt n=l aqn 

Ho 
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(11.23) 

(11.24) 

(11.25) 



3N mil 
L =W -V = L __!!__!!_-V(qn). 

n=l 2 

Tor.na 

NaL N,N 
L-a. ·tin= L,L,mA~ · 
n=l qn i=l n=l 

Ilo.ncrasns 3TOT pe3yJihTaT B (11.25), nony'IHM 

O=~(L-L. a~ ·qn)=~[-v -L.m;q~). 
dt n aqn dt i,n 2 

T.e. 

d dE 
-(W +V)=-=0, E=const. .. 
dt dt (11.26) 

TaKHM o6pa30M, oiJnopoiJnocm& BpeMenu npu6ooum K 3aKony coxpanenuR 3Hepzuu 

3llMKHymoii cucmeM&l. 

AHanorn'IHO H3 o,nHopo,nHOCTH npoCTPaHCTBa cne,nyeT, 'ITO csoiiCTBa 

3aMKHYTOH CHCTeMbl He H3MeHHIOTCH npn npOH3BOJibHOM napanJieJibHOM nepeHoce ee B 

npOCTPaHCTBe, T.e. npn npeo6pa30BaHHH 

F;~F;+a; 

- HOMep 'laCTHUbi, BXO,nHID;eii B CHCTeMY. TaKoe npeo6pa30BaHHe He .Z{OJDKHO 

H3MeHHTb BH.Z{ <j>yHKUHH JlarpaH)Ka 3aMKHYTOH CHCTeMhl, T.e. 

N3aL N3aL 
oL= L,L,-·or;a = L,L,-·aa =0. 

i=l a=! a'ia i=l a=l a'ia 

3.necb a. =I, 2, 3- HOMep Koop,nnHaThi (x, y, z); i= 1, 2, ... ; N- HOMep 'laCTHUbi. 

Orc10,na, llOCKOJibK}' BeKTOp a - npOH3BOJibHbiH, HMeeM 

N, aL o 
L.-=. 
i=l alJa 

(11.27) 
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--
Ho, ncnonb3yH ypasHeHHH JlarpaiDKa (11.15), MO)I(HO 3anncaTb 

L. aL =L.~( a~ )=~L. a~. 
i a'ia i dt a'ia dt i . a'ia 

(11.28) 

C .npyroii CTOpOHbi, nocKOJibKY L= W- V (11.14), TO 

aL aw. . 
·-a· =-a· =m;r;a=P;a• 

lJa 'ia · 
(11.29) 

r.ne p;a eCTh a.-KoMnOHeHTa HMnyJihca i-ii 'laCTHUbi. IIo,nCTaBHB (11.29) B (11.28) n 

3aTeM yqTH (11.27), HMeeM 

N, • 
LP;a =const, 
i=l 

T.e. 0.-KOMTIOHeHTa llOJIHOro HMnyJibCa 3aMKHYTOH CHCTeMbl COXpaHHeTCH. IlOCKOJibK}' 

npe.nnaraeMbiH BbiBO.Z{ cnrase,nJIHB ,nJIH mo6oii H3 TPeX KOMllOHeHT HMnyJihCa, 

npnxo,nnM K 3aKOHY COXpaHeHHH HMnyJihCa 3aMKHYTOH CHCTeMhi: 

N, 

LP; =coost. (11.30) 
i=l 

TaKHM o6pa30M, U3 yCJio6UR oiJnopoiJTiocmu npocmpancmBa non)"--eH 3aKoH coxpanenUR 

nonno2o UMnyn&ca 3llMKnymoii cucmeM&l. 

§ 11.4. CllyHKQHH raMHJibTOHa* 

IIonHYIO 3HeprHIO CHCTeMhi MO)I(HO paccMa-fpnsaTb KaK <j>yHKUHIO Koop,nnHaT H 

HMnyJibCOB BXO.Z{HID;IIX B Hee 'laCTHU: 

N1 3 p2 
E= LL _..!!!..+V(r;)=W +V =H(pn, qn, t), 

i=l a=! 2m; · 
(11.31) 

r.ne n = l, 2, ... , 3N- nonHoe · 'lnCJio creneHeii cso6o,nhi cncreMhi H3 N 'laCTHu. 

cllyHKUHH H(pn. q, t) Ha3bmaeTCH PJ'HKlfUeii TllMU!lbmona CHCTeMhi, IIJIII, KpaTKo, 

2llMU!lbmOHUQHOM. 

lf.3 ( 11.31) CJie.nyiOT paBeHCTBa 
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an Pn dqn --=-=-
apn m dt 

(11.32) 

lJOCKOJibK}' L = W- V, TO OTCIO,lla H K3 (11.31) HMeeM 

L=2W-n, (11.33) 

a T.K. W He 3aBHCHT OT KOOp,llHHaT qn, TO 

aL an 
aqn aqn 

(11.34) 

Ho K3 ypasueniDI JlarpaiDKa ( 11.15) u coomoweHIDI ( 11.29) cne.eyeT, 'ITO 

aL =!!:._(aLJ=dpn 
aqn dt aqn dt . 

(11.35) 

lJO,llCTaBHB nOCJIC,llHCC BbipiDKCHHC B (11.34), nOJIY'IHM 

dpn an 
--=--
dt aqn 

(11.36) 

YpasueniDI (11.32) H (11.36) o6pa3YJOT CHCTeMY, Koropyw Ha3hiBaiOT ypaeHeHURMU 

FQMWl&moHa HJIH KaHoHuttecKUMu ypaeHeHuRMu: 

dpn an -=--, 
dt aqn 

dqn =-an 
(11.37) 

dt apn 

KaK H ypaBHCHIDI JlarpaH:lKa, OHH paCWHpHIOT BOOMO:lKHOCTH peWCHIDI 3a,llaq MexaHHKH 

H n03BOJIHIOT, B qaCTHOCTH, ,lleJiaTh onpe,lleJICHHbiC BbiBO,llbl 0 XapaKTepe ,llBH:lKeHIDI 

CHCTeMbl (HHTerpaJiax ,llBH:lKeHIDI H T.n.), He aHaJIH3HpyH ,lleTaJibHO ,llBH:lKeHHe 

OT,lleJibHbiX ee qacreii. IJpHMep TaKOI'O 
11
HHTerpaJibHOI'0

11 
nO,llXO,lla K aHaJIK3Y 

,llBH:lKeHIDI - CK06KU flyaCCOHQ, KOTOpbie Mbl paCCMOTpHM B 3aKJIIOqeuHe Kypca. 

lJyCTb ./{p,., q,., t) - HeKOTOpaH cpyHKQIDI HMnyJihCOB, KOOp,llHHaT H BpeMeHH, 

OnHCbiBaiOIQaH KaKyiD-TO xapaKTepHCTHJ<Y CHCTeMbl (uanpHMep, CKOpoCTb O,llHOll K3 ee 

qaCTHQ). 3anuweM nOJIHyiD npOK3BO,llHyiD 3TOll cpyHKQHH no BpeMeHH C yqeroM 

ypaBHeHHll raMHJibTOHa (11.37): 
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~ 

r,lle 

df BJ 3N{ aJ . Bf· . } -=-+2: -·p +-·q = 
dt at n~I apn n aqn n 

= ~ + ~ {- ;~n. ;~ + a~n . :~} = 

=: +{n.J1. 

{n,J}= ~{an _Yi.__ an. a1 } 
n~I apn aqn aqn apn 

(11.38) 

(11.39) 

- CK06KU flyacCOHQ. ECJIH cpyHKQIDI j HBHO He 3aBHCHT OT BpeMeHH ll ,llJIH nee CK06KH 

Ilyaccoua paBHhi uynw, TO TaKM cpynKQIDI, oqesH,llHO, HBJIHeTCH nHTerpanoM 

,llBH:lKeHIDI: 

df =O, f=const. 
dt 

TaKHM o6pa30M, O,llHO JIHWb 3HaHHe BH,lla cpyHKQHH H raMHJibTOHHaHa CHCTCMbl 

no3BOJIHIOT onpe,lleJIHTh, HBJIHeTCH 'JIH :na cpynKQIDI HHTerpanoM .llBmKeHmi. B 

qaCTHOCTH, .llJIH caMOll cpyHKQHH raMHJibTOHa {n, n}=O. Ilo3TOMY eCJIH n HBHO He 

3aBHCHT OT BpeMeHH (nOJIC KOHCepBaTHBHbiX CHJI HJIH 3aMKnyTM CHCTeMa), TO 

n = const, T.e. 3HepriD1 CHCTCMhi coxpaiDieTCH. 
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