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1. <l>yHKQH.H rpHHa ,ll;JI.H O,ll;HOMepHOrO ypa.BHeHH.H 

TeITJIOilpOBO,ll;HOCTH 

<l>yHKUH.H fpHHa HaxOJ:(HTC.H cneuyIOIUHM crroco6oM. YMHo:lKa.H ypaBHeHHe Tennonpo

BO.lIHOCTH, 3aITHCaHHOe B qiopMe 

u1((, t) = a2u,,((, t), u((, 0) = /((); {1) 

ua ~c:1:v(-i.,\(), HHTerpHpy.s: no ( B npe.lienax -oo < ( < oo, .zm.s: ¢yphe-o6pa3a 

u(.,\,t) = 1 / .j2ir d(u((, t)e-i(>. (2) 

nony•m(!M ofihlKHOBeHHOe .lIHqJqJepeHUHMbHOe ypaBHeHHe H Ha'IanbHOe ycnOBHe 

Ut + a2 
.,\

2u = O; (3) 

u(.,\, O) = f (.,\). 

3.lieCb f - ¢yphe-o6pa3 f. llcnonh3y.s: perneHHe ypaBHeHH.s: u = Jexp(-a2 .,\2t) B 

o6paTHOM npeo6pa30BaHHH <l>yphe, nony'IHM perneHHe 3a,lla'IH TennonpOBO.IIHOCTH B 
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mme 

00 

u(x, t) ~ j d>.u(>., t)eiAt 

-00 

00 00 00 

2

1
7r / dzf(z) J d>.e-a•A•t+iA(x-z) = J dzf(z)G(z,x; t), 

-00 -00 -00 

r)le q>yHKilllll rp1rna JIMeeT Bll.ll 

1 (,-,)2 

G(z,x;t) = ---e- •a, . 
✓4a21rt 

(4) 

(5) 

PelIIHM 3a,lla'ly .llJill cny'lall J(z) = exp(-b(z - c)2), b > 0. Ilonh3Yl1Ch anre6pa-

H'leCKUM COOTHOIIIeHHeM 

2 ( 2 X1 a + x2b 2 ab 2 
a(z - x1) + b z - x2) = (a+ b)(z - · b ) + --b(xi .:.. x2) , 

a+ a+ 
(6) 

IIOJIY'IHM pellleHue 

( t) 
1 b(z-2)

2 

U X, = -;====C-1+4a bt 

✓1 + 4a2bt ' 
(7) 

T.e. pe1IIeHHe rrpe,llCTaBJilleT co6oil: OCe,llaIOlllllH co BpeMeHeM KOJIOKOJI c BeplIIHHOH, 

paCIIOJIO)KeHHOH B TO'!Ke X = c. 

IIocTpOHM q>yHKilllIO rpttHa ,llJI.ll CTep,KHll, KOHTaKTHpyroruero co cpe,llOH rrpH 

Ter-mepaType T = 0 ([3], III, N67). CooTBeTCTBYIOIUal! Kpaeaal! 3a,lla'la cTaBUTCll 

TaK: 

u1 = a2uxx - hu; u(x, 0) = f(x); -oo < x < oo; 0 < t < oo. 

YpaBHeHHC ,llJlll qiypbe-06pa3a 6y)leT uMeTh Bll.ll 

ilt + a2 >.2u(>., t) + hu(>., t) = O; 

u(>.,0) = !(>.); u(>., t) = f(>.)exp(-ht - a2 >.2t). 

(8) 

(9) 

B pe3ynhTaTe qiyHKilHll rpnHa 6y.lleT e-htG(z,x;t), r,lle G(x,z,t) rrpnBe)leHo B (5). 
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2. KoneoaHlUI KpyroBO:H MeM6paHhI, 3aKperrJieH

HO:H Ha KOHType 

Kone6aHu.ll MeM6paHhl onnchrnaroTC.ll cne)lyromeil: KpaeBoil: 3a)la'leil:: 

Utt = c2 .6.u, 0 < r < 1, 0 < t < oo; 

u = 0, r = 1, 0 < t < oo; 

u(r, 0) = J(r), u1(r, 0) = g(r), 0 < r < 1. 

(10) 

llrueM pe1IIem1e B mme (pa3)leJilleM nepeMeHHbie) u(r, 0, t) = U(r, 0)T(t). Ilo.llCTa

BJill.ll B ypaBHeHne, IlOJIY'lllM 

'!:_ = .6.U = ->.2· 
c2T U ' 

r" + >.2c2T = 0; .6.U + >.2U = 0. 

BpeMeHHal! 3aBllCllMOCTb onpe,lleJI.lleTC.ll pellleHlleM O,llHOro ll3 3TUX ypaBHeHuil:: 

T(t) = A sin(>.ct) + B cos(>.ct). 

3anllCb!Bal! JiannacnaH a IIOJillpHbIX KOOp.llllHaTax: 

1 1 
.6.U = Urr + -Ur + 2 Uoo 

r r 

(11) 

(12) 

(13) 

u npnMeHllll BHOBh rrpoue.llypy pa3,lleJieHnll nepeMeHHhlx U(r, 0) = R(r)<I>(0), nony

-qaeM 

<1>" 1 
~ = -R[r2R" +rll +>.2r2R] = -n2

. (14) 

Ilpu'!eM Mbl ,llOJI)KHbl Bb16paTb uenoe 'lllCJIO B Ka'!eCTBe n = 0, 1, 2, 3, ... : 

<1>(0) = A sin(n0) + B cos(n0), (15) 

npu .llpyro11,1 Bhl6ope pe1IIeH11e 6y.lleT HeO.llH03Ha'!HOH q>yHKUHeil: 0. BBO.ll.ll HOByro 

rrepeMCHHYKl :z; = >.r, ypaBHeHue ,llJill pa,llllaJibHOH '!aCTll 3an111IIeM B Bll,lle 

d2 d 
x2

- 2 R(x) + x-d R(x) + (x2 
- n2 )R(x) = 0, 

dx x 
(16) 

R(0) # oo; R(>.) = o, 
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rne Mbl HaJIO:lKlmH qJH3ll'ICCKOe Tpe60Bam1e orpam1qeHHOCTH OTKJIOHCHIUI MCM6pam,1 

OT COCTOHHHH paBHOBCCHH II ycJIOBHe 3aKpenJieHJIH ee Ha rpam1ue. IloCJienHee ypaB

HCHHe eCTh ypaBHeHne BecceJIH. IlnH Ka:lKJ{oro uenoro n OHO 11MeeT nBa pemeHHH 

Jn(x), Yn(x) - COOTBeTCTBCHHO orpam1qeHHOe H Heorpam1qeHHOe npu X = 0. 3To 

npuMep He3JieMeHTapHoii qiyHKUUH. OrpaHuqeHHM IPYHKUIIH npn MaJihIX 3HaqeHUHX 

apryMeHTa nonycKaeT pa3JIO:lKeHue B pHJt: 

Jn(x) = 1;00 (x/2)n+2p 
0 -:---'- . 

p!(n +p)!" 
(17) 

Ilpn 6onhlIIIIX 3HaqeHu.llX aprYMeHTa 

2 1/2 n1r 1T Jn(x) ~ (-) cos(x - - - -). 
1TX 2 4 

(18) 

IlpnBeneM 3HaqeHUH HCCKOJibKIIX nepBbIX KOpHeii <liYHKUHII BecceJIH C HOMepoM n = 
0: 

Jo(koi) = 0, (19) 

ko1 = 2.4; k 02 = 5.52; k 03 = 8.65; ko4 = 11.79; k 05 = 14.93, ... 

C ToqHOCThIO no Bhl6opa Haqana oTcqeTa aJHMYTaJihHOro yrna o6mee pemeHue 

UMeeT BHJl 

u(r, 0, t) = E~=oE:=l Jn(knmr) cos(nO)[An sin(knmct) + Bn cos(knmct)]. (20) 

lfoH npuMepa paCCMOTpHM KpaeByIO 3aJ{aqy O KOJie6aHHHX 3aKpenJieHHOH no KpMM 

MeM6paHbI eJ{lIHUqHoro panuyca c HyJieBOH HaqaJibHOH CKOpOCTblO u HaqaJibHbIM 

OTKJIOHCHIICM OT nOJIO:lKCHIIH paBHOBeCUH, JanaHHbIM <liYHKUHeii 

u(r, 0, 0) = A1Jo(2.4r) + A3 Jo(8.65r), 0 < r < 1. (21) 

PemeHue KpaeBoii Janaqu 6yneT 

u(r, 0, t) = AiJ0 (2.4r) cos(2.4ct) + A3 J0 (8.65r) cos(8.65ct). (22) 
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l-facTOTbI KOJie6aHHH COOTBCTCTBCHHO paBHbI 21rv1 = 2.4c, 21rv2 = 8.65c. 

IlnH HaqaJibHbIX yCJioBnii, He 3aBIICHIUHX OT aJnMyTaJibHOro yrna, 

u(r, 0, 0) = f(r), u1(r, 0, 0) = 0, 0 < r < 1, (23) 

pemeHne nMeeT Bnn u(r, t) = EmAmJo(komr) cos(komct), rne K03qJqJnuneHThI Haxo

JlHTCH no qiopMyJie 

1 

Am= Jf(!om) fr J(r)Jo(komr)dr, 
0 

(24) 

Mbl BOCnOJih30BaJIIICh COOTHOlIICHIICM OpTOrOHaJihHOCTII 

3. 

1 

f rJo(komr)Jo(konr)dr = ½Jf(kon)6mn· (25) 

0 

MHHHMH3aI(JiUI q>yHKIJ;HOHaJIOB. 3JieMeHTbl Ba

pHan;HOHHOro HC'CJHCJieHH.sI 

OnHHM 113 cnoco6oB nonyqeHHH nnqi<tiepeHUHaJihHbIX ypaBHCHHH B qaCTHbIX npo

H3BOJ{HbIX HBJIHCTCH MCTOJl MHHIIMH3auuu IPYHKUHOHaJIOB C nOMOUlhIO ypaBHCHIIH 

3iinepa. TunnqHhIM qiyHKUHOHaJIOM HBJIHCTCH UHTerpan 

b 

J[y] = f F(x, y, y')dx. (26) 

a 

PaCCMOTpHM 3aJ{aqy HaxO:lKJ{CHHH <liYHKUIIII y(x), KOTOpM MlIHHMil3HpyeT J[y] B 

Knacce rnanKux qiyHKUHii,. ynoBneTBOpHIOIUHX rpaHnqHhIM ycnoBHHM 

y(a) = A, y(b) = B. (27) 

3anaqa COCTOIIT B HaxO:lKJ{CHIIH TaKoii: IPYHKUHH y(x), J{JIH KOTOpoii: qnCJI0B0e 3Haqe

Hue UHTerpana J[y] npuMeT MHHUMaJihHoe 3HaqeHne cpenu Bcex_ B03M0:lKHbIX IPYHK

uuii: y(x) npu JanaHHhIX rpaHuqHhIX ycnoBnHx. PaccMoTpnM 3HaqeHne IPYHKUHO

HaJia nnH IPYHKUUH y(x), 0TnuqaromeiicH OT y(x) Ha He6onhmy10 Bapuauuro 6(x) -
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rrpOii3BOJlhHYJO qncneHHO MaJiyJO q>JHKUJIJO, J,llOBJieTBOpll!OIUJIO JCJIOBJIJO 8(xa,b) = 
0, T.e. Mbl paccirnTpnBaeM BapnauuJO q>JHKUllll Y, q>llKCllpy.sr ee 3HaqeHilll Ha KOHUax 

llHTepBaJia JIHTerpupoBaHJill: 

b b 

8J[y] = f dx[F(x, y + 8, y' + 8') - F(x, y, y')] = f dx[Fy(x, y, y')8 + Fy18']. 
a a 

(28) 

floJih3Jl!Ch rrepecTaHOBOqHbIM CBOHCTBOM B3l!Tllll Bapuau1rn ll B3llTllll rrpOH3BO,llHO:il:: 

8' = .!!:_5 
dx 

(29) 

11 rrpOBO,llll JIHTerpnpoBaHile no qaCTJIM BO BTOpOM cnaraeMOM B KBa.upaTHbIX CK06-

Kax, IIOJ1yq11M 

b b f dxFy18'(x) = Fy,8(x)I::: - f dx8(x) d~ Fy1. (30) 

a a 

IlepBOe cnaraeime B npaBOH qacTII 3TOrO paBeHCTBa o6parn;aeTCll B HJJlh B CIIJIY 

Ramero rrpe.urroJIO)KeHUll o Bapuaum1. B pe3JJihTaTe ,un.sr BapuauuH q>JHKUUOHana 

IIOJIJqllM 

b 

8J[y] = f dx8(x)[Fy - ! Fy1]. (31) 

a 

MllHllMJI3aUllll COCTOllT B rrpnpaBHUBaHirn 3TOH Bap11au1111 HJJIJO rrpu np0113B0JlhHbIX 

8(x), qTO rrpHBO,llllT K ypaBHeHllllM 8:il:nepa 

aF d aF 
-=--, 
8y dx8y' 

y = y(x), Yx=a = A, Yx=b = B. 

B KaqecTBC rrpuMepa paCCMOTpllM ,llBe KJiaccuqeCKlle 3a,llaqu. 

3a,ua<JH 

(32) 

1. Ha:il:Tu rrnocKyJO KpuByJO y(x), a < x < b, nnorn;a.uh qiuryphl BpameHu.sr 

KOTopoii BOKpyr OCII a6cuucc MllHllMaJibHa. 

8Ta IIJIOIUa,llh Bbipa)KaeTCll llHTerpaJIOM 

b 

J[y] = 21r/ dsy(x), 
a 

8 

(33} 

r.ue ds = J dx2 + dy2 dxJl + (y')2 - 3JieMeHT ,llJillHhl .uyru Kp1rno:il:. 3a.uaqa, 

TaKllM o6pa30M, CBO,llllTCll K MJIHllMJl3auuu q>JHKUJIOHaJia j(y] C IIO,llhIHTerpaJibHOH 

q>JHKUJie:il: F(x,y,y') = yJl + (y')2. CooTBeTCTByromee ypaBHemie 8:il:nepa 

d yy' 
J1 + (y')

2 = dx Jf+<y')2 
(34) 

MO)KeT 6hITb npeo6pa30BaHO K Bll,llJ 

1 + (y')2 = yy", 
d d 

dx ln(l + (y')2) = 2 dx Iny. (35) 

PerneHlleM 3TOro ypaBHeHllll JIBJilleTCll uenHa.sr JlllHllll (KaTeHoll,ll) 

.. X-C2 
, y = y(x) = c1ch(--), 

C1 

IIOCTOl!HHhle llHTerpupoBaHllll HaxO,lll!TCJI JI3 HaqaJibHbIX JCJIOBUH. 

2. 3a.uaqa O 6paxUCTOXpOHe. Ha:il:Tll TaKyJO q>OpMy KpllBOH y(x), qTo6bl BpeMJI 

CKaTbIBaHllll 6e3 TpeHllll no )KeJio6y C q>OpMOH 3TOH KpllBOH 6hIJIO MllHllMaJihHbIM. 

Ilpe.unonaraeM, qTo cuna TJI)KeCTll HanpaBJieHa B.UOJih ocu y. 3a.uaqa CBO.llllTCJI 

K MllHllMll3aUllll q>yHKUllOHaJia 

b ds 
J[y] = I Jy(x)' 

a 

(36) 

IIOCKOJlhKY BpeMJI npoxo:»meHIIll yqaCTKa ,llJlllHbl ds, OTBeqaJOmero opmmaTe Y, eCTh 

ds/v = ds/.,,/2gy. CooTBeTCTByromee ypaBHeH11e 8fmepa 11MeeT Bll,ll 

-(1 + (y')2) = 2yy". (37) 

Ero perncHJWM x/c1 + c2 = arcsinz - zy'l - z, z = JyTc; JIBJil!eTCll ypaBHemre 

UIIKJIOll,llbl .. KpHBOH, OIIIICbIBarorn;e:il: TpaeKTOpll!O TQqKll Ha 060.ue KaTl!IUeHCll no 

ropll30HTaJibHOH npl!MOH OKpJ:lKHOCTU. 

M11H11M111aunll q>yHKUHOHana .ue:il:cTBIIJI S = J Ldx, L = U - T, r.ue U, T -

IlOTeHUllaJihHIUI ll KllHeTllqecKa.sr 3Hepruu, .uaeT He3aJ3llCllMhIH cnoco6 BhIBO,lla .ump

q>cpCHUllaJihHbIX ypaBHeHllH B qacTHbIX IIpOll3BO,llHbIX. 
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1Im1 npm.iepa paccMOTpnM Kone6aHnJI cTpym,1, HaxO.UHIUeii:cJI B nOJIO)KeHnn paa

HOBeCnJI B.UOJib ocn X. 1Iae ee coce,nHne TO'IKU M,M1 c KoopmrnaTaMn x,x + dx 

B npouecce KOJie6aHUJl nepeii:.uyT B TO'IKII M, M1 C (TpexMepHbIMII) KOOp.UIIHaTaMn 

M(x + u, v, w); M1(x + dx + u + du, v + dv, w + dw). PaccTOJIHIIe Me)K.lly TO'!KaMn 

cTaHeT (a npeHe6pC)Kemrn MaJihlMII BTOporo nopJl,UKa) ds = dx(I + ux)- IloTeHUII

aJibHaJI 3HepnIJI eCTb CJMMa 3Hepr1Iii: npO,UOJibHbIX II nonepe'IHbIX .ueqiopMaunii:, a 

TaK)Ke pa60Thl BHellIHIIX CIIJI: 

I 

/ 
[To ( 2 2) E 2 ] U = dx 2 Wx + Vx + 2 ux + uFu + vFv + wFw , (38) 

0 

r.ue T0 , E - HaTJI)KeH1Ie CTPYHhl II ee MO.UJJib ynpyrocTII. KIIHeTII'lecKaJI 3HeprlIJI 

nponOpUIIOHaJibHa KBa,UpaTaM KOMnOHeHT CKOpOCTeii:: 

I 

1/(2 2 2) T = 2p. dx ut +vt +wt . (39) 

0 

CooTBeTCTBYIOllllie ypaBHeHII.ll 3ii:nepa (8L/8v) = (8/8t)(8L/8vt)+(8/8x)(8L/8vx) 

nplIMJT Bll.ll 

-putt+ Euxx = Fu; (40) 

-pvtt + ToVxx = Fv; 

-pwtt +ToWxx = Fw, 

3aMeTIIM, 'ITO nepaoe ypaanen1Ie onlIChlaaeT npo.uonbHhle, a .upyr1Ie .uaa - nonepeq

Hhle KOJie6aHIIJl MeM6panhl. 

4. IIpocTeiimne cnyqan ypaBHeHH.SI 3iinepa 

a) Ilo,UbIHTerpaJibHaJI qiyHKUIIJl He 3aBIICUT OT npOII3B0,UHOii: IICKOMOii: qiyHKUIIII y'. 

Ilp1I 3TOM ypaaHeHne 3iinepa Fy(x,y) = 0 He JIBJIJieTC.11.llliqJqiepeHUIIaJibHhlM. Ecnn 

rpaHII'lHt.le yCJIOBIIJl He Y.llOBJieTBOpllIOTCJI, TO 3KCTpeMaJib - qiyHKUIIJI, ,UOCTaBJIJIIO

IUaJI MIIHIIMYM qJJHKUIIOHany, - He cymecrayeT.' 
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6) B cnyqae nnHeiiHoii JaBIICIIMOCTn OT npmI3BO.UHOii: F(x, y, y') = N(x, y) + 
y' M(x, y) BapnaunoHHaJI 3a,Uaqa TepJieT CMbICJI. 1Ie11:CTBIITeJibHO, B 3TOM cnyqae 

ypaBHeHne 3iinepa IIMeeT BU,ll 8N/8y = 8M/8x n nO,UbIHTerpaJibHOe Bbipa)KeHne 

CTaHOBIITCJI noJIHhlM .unqiqiepeHunanoM N dx+ M 1Y = dq,, a IIHTerpan eCTb pa3HOCTb 

qiyHKUIIH OT Ha'laJibllbIX II KOHe'!HbIX 3Ha'leHnii, KOTOpbie no nocTaHOBKe 3a,Ua'III He 

BapbnpyIOTCJl. 

a) Ecnn nO.UhlHTerpanbHaJI qiyHKUIIJI He JaancnT JIBHO OT x, F = F(y, y'), TO 

ypaanemie 3iinepa npnnnMaeT an.a 

Fy - y'Fyy' - y"Fy'y' = 0. (41) 

Ilocne ,llOMHO)KeHIIJl JieBoii qacTn Ha y' 3TO ypaBHeHne MO)KeT fibITb 3anncaHO B BIi.Ile 

~[F-y'Jy'] = 0,F-y'Fy' = const. 
dx . (42) 

r) 8 cnyqae OTCJTCTBII.11 JIBHOH 3aBIICIIMOCTII OT y nopH,ll;OK ypaBHeHIIJl CHOBa MO)KeT 

fihlTb noHn)KeH: F = F(x, y'); Fy' = 0. 

5. OooomeHne npocTeiimeii 3a.n;aqn Bapnau;noH

Horo HCqHcJieHH.SI 

1. <l>yHKUIIOHaJihl, 3aBIICllIUIIe OT npOil3BO,UHbIX BhlClliero nopHJlKa: 

x, 
J[y] = f F(x, y(x), y', y", ... , y(nl)dx, (43) 

:ro 

rne qiyHKUIIJI F npe.nnonaraeTcJI nnqiqiepenunpyeMoii n+2 pa3a no CBOIIM apryMeH

TaM, a rpaHII'lHble YCJIOBIIJI IIMeIOT BIIJl 

y(xo) = Yo, y'(xo) = Y~, 

y(x1) = Y1, y'(x1) = Y~, 

... , 

... , 
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y<n-l)(xo) = Yt-I>; 

y<n-l)(xi) = Yin-I)_ 

(44) 



3KcTpeMaJUIMII .KBJI.KJOTC.K pemeHIIll ypaBHeHIIll 3ii:nepa - IlyaccoHa: 

d <fl dn 
Fy - dxFy' + dx2Fy" - ... + C-lt dxnFy(n) = 0 

C rpaHII'IHhlMII ycJI0BIIllMII, npHBe,neHHhlMII Bhlllle. 

2. <l>yHKUIIOHaJihl, 3aBUC.KIUIIe OT HeCK0JihKIIX q>yHKUUii:: 

Xi 

J[y1,Y2,••·,Yn] = f dxF(x,y1(x), ... ,yn(x);y~(x), ... ,y~(x)] 

xo 

npll rpaHJI'IHhlX ycJI0BIIllX 

Yk(xo) = Y2; Yk(xi) = Yk1
), k = 1,2, ... ,n. 

3KCTpel\Iaml Haxo,n.aTC.K pemeHJieM CIICTeMhl ypaBHeHIIll 3ii:nepa: 

d 
Fyk = -d Fy', k = 1,2,3, ... ,n. 

X k 

3. <l>yHKUIIOHaJI, 3aBIIC.Klllllll OT q>yHKUIIll HeCK0JihKIIX nepeMeHHhlX: 

J[z(x1,x2, ... xn)] = f ... f F(x1,X2, ... xn;z;p1, ···Pn)dx1.-•dxn, 
D ' 

(45) 

(46) 

, (47) 

(48) 

(49) 

r.ne Pk = 8z/8xk. Heo6xo,nJIMOe ycJI0BJie 3KCTpeMyMa Bhlpa:lKaeTC.K ypaBHCHileM 

3ii:nepa - OcTporpa,ncKoro 

Fz = I:?=1 !;18 Fv;. 
uX; 

(50) 

PemeHJie 3Toro ypaBHeHIIll - q>yHKUIIll z = z(x1, x 2 , ... , xn) Ha rpaHIIUe ofinacTn D -

,U0JI)KH0 y,noBJieTB0p.KTh 3a,naHHhlM rpaHH'IHhlM ycJI0BH.KM. 

6. Y CJIOBHblH 3KCTpeMyM. J,13orrep11MeTpH"CJeCKruI 

3a,n;aqa 

PaccMOTpHM 1a,na<1y 06 0ThICKaHJIH 3KCTpeMaJin q>YHKUII0HaJia 

x, 
J[y(x)] = f F(x, Y1, ... , Yn; Y;, ... , Y~) (51) 

xo 

12 

rrp11 HMil'lllll ll30llepnMeTpll<IeCKHX ycnoBnii: 

Xi f G;(x, yi, ... , Yn; y~, ... , y~) = l;, i = 1, 2, ... , m, (52) 

xo 

r.ne l; - rrocTo.aHHhle. 8Ta 3a,na<1a Ha3hlBaeTc.a 113onepnMeTp11<1ecKoii:. lln.a ee peme

Hirn C0CTaBJI.KJOT BCilOMoraTeJihHhlll q>yHKUIIOHan 

Xi 

<I>[y] = / (F + Er A;G;). (53) 

XO 

Ero pemaJOT C ll0M0IUhJO ypaBHeHnll 8ii:nepa, a rrpOII3B0JlhHhie Il0CTO.KHHhle II napa

MeTphl A; Hax0,UllT ll3 rpaHII'IHhlX II ll30ilepnMeTpH'leCKIIX ycnom1ii:. 

7. 3a.n;a~n1 no TeMe "BapHaIJ;l{OHHOe HC"CJHCJieHHe" 

1. CYllleCTBYJOT JIH 3KCTpeMann .nn.a q>yHKUII0HanoB 

1 

a) J[y] ~ J [3x - y]ydx, y(O) = O; 

0 
2,r 

6) J[y] = f [(y')2 - y2]dx, y(O) = 1; 

0 

2. Haii:Tn 3KCTpeManll q>yHKUIIOHMOB 

b 

a) J[y] = / Jl : (y')
2 
dx 

a 

y(l) = 1; (54) 

y(27r) = 1? (55) 

(56) 

(Mo,neJih IlyaHKape reoMeTpllll JI06a<1CBCKOro Ha llJI0CK0CTII ceMCllCTBa nonyoKpy:lK

HOCTeii C UCHTpaMn Ha ocn x). PemeHne IIMCCT BU.U yJl + (y')2 = c, y2+(x-c1)2 = 

c2· 
' 

a 

f y(y')3 
6) J[y] = l + (y')2dx, y(O) = O; y(a) = R (57) 

0 
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(3a,naqa HblOTOHa O q>opMe IlOBepXHOCTJI MJIHIIMaJlbHOro conpOTIIBJiemrn: IlOTOKy). 

Pemem1e nMeeT mm y/R = (x/a) 3l4
_ 

3. Hall.TH 3KCTpeMaJIII q>yHKUHOHaJIOB 

1 

a)J[y] = j((y')2-2xy)dx, y(-1)=-1, y(l)=l; 

-1 
e 

6) J(y] = / (x(y')2 + yy')dx, y(l) = 0, y(e) = 1; 

1 

1 

B) J(y] = / (y2 + 2(y')2 + (y") 2 )dx, 
.o 

y(0) = y(l) = O; y'(0) = 1; y'(l) = -shl; 
0 

r) J[y] = .. f (240,- (y"')2)dx, y(0) = y'(0) =;= y"(0) = 0;. 
-1 

(-1) = 1, y'(-1) = -9/2, y"(-1) = 16. 

4. 3anaqJI Ha ycJIOBHblH 3KCTpeMyM 

(58) 

a) Ha:iJ.TII nnHHIO y(x), y(-a) = y(a) = 0, KOTopaJI npn Ja.ItaHHOH nnIIHe l > 2a 

orpaHn:qnBaeT Han60JibIIIYIO IlJIOllla.Itb: 

a 

J[y] = f y(x)dx, 
-a 

a 

K[y] = f J1 + (y')2dx = l. 
-a 

6) Ha:iJ.TII 3KCTpeMaJIH J[y] npn ycnoBnn K(y]: 

1 

J[y] = f (y')2dx, y(0) = 1, · y(l) = 1/4; 
0 

1 

K[y] = I (y - (y')2))dx = 1/12. 
0 
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(59) 

(60) 

B) Hall.TU MHHIIMYM q>yHKUIIOHaJia 

I[v] = { [v; + v; + ~]dxdy, la x2 + y2 
(61) 

v(x2 + y2 = 1) =: v(x2 + y2 = 9) = 0. 

YKaJaHne. 

Ilepexon K nom1pHbIM KOopnnHaTaM II MHHHMII3aum1 q>yHKUHOHaJia np1rnomIT K 

KpaeBo:iJ. 3a,naqe 

2 
L.\u = -, u(r = 1) = u(r = 3) = 0. 

r 
(62) 

PemeHIIeM ~rnmi:eTcx 3KCTpeMaJih u = 2(r - 1) - 1: 3 ln r. Bhlq11cm1x KBanpaT rpa

nneHTa I V ul2 = (2 - ri! 3)2, rroncTaBJIJieM 3TH BenuqnHhI B Bhlpa)KeHne nnx q>yHK

uuoHana, rronyqaeM 

1 
I[u] = -327r(l - ln

3
). (63) 

8. Pa3,ll;eJieHHe rrepeMeHHhIX )];JI.SI ypaBHeHHH Jla

rrnaca H IIyaccoHa 

PacCMOTpllM KpaeByIO 3a,naqy .llIIpHXJie nnx Kpyra. <l>yHKUHH u(r, </>), ynOBJieTBOpH

lOlllaJI ypaBHeHUIO Jlannaca L.\u = 0 BHYTPH (BHe) Kpyra ll rrpHHUMaIOlllaJI 3anaHHOe 

3HaqeHue Ha ero rpaHm~e ulr=R = /(</>), Ja.l{aeTCJI pHnoM 

rn 
u(r,<f,) =C+:Ej"' Rn(Ancos(n</>)+Bnsin(n<f,)), r < R, 

nm1 BHyTpeHHeH 3a,naqn .llnpuxne ll PMOM 

Rn 
u(r, </>) = C + :Ej"'-(An cos n<f, + Bn sin n<f,), r > R, rn 

nnx BHeurne:iJ. 3a.l{aqn .llnpuxne, rne 

(64) 

(65) 

11" C = -
2 

dxf (x); 
7r -,r 

11" An= - dxf(x) cosnx; 
7r -,r 

11" Bn = - dxf (x) sin nx. (66) 
7r -,r 
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Pememi:e 3a.uaqu Ilupuxne .umr o6nacTn B nu.ue KOJibUa R 1 < r < R2 c rpam1qHb1Mn 

ycnomrnMn u(R1, ¢)=Ji(¢), u(R2, ¢) = h(¢) nMeeT nn.u 

Tn Rn Tn Rn 
u(r, ¢) = C + :Ef[(An- + Bn-1) cosn</J + (Cn Pfi + Dn-1 ) sin n¢) RJ], rn .1._; r" 

(67) 

+aln(r/R1) + b. 

3a.uaqa Heih,i:aHa COCTOIIT n HaxO)KJleHirn rapMOHnqecKoii !pJHKUillI (y.UOBJieTBOp.sr-

101ueii ypaBHeHUIO Jlarrnaca) BHe IIJIII BHYTPII HeKOTOpoii o6naCTII C 3a.uami:eM Ha 

rpaH11ue HOpMaJibHOii rrpon3BO.UHOH (n cnyqae Kpyra 3TO 8u/8rlr=R = !(¢). Peme

mi:e 3a.uaqu HeiiMaHa orrpe.ueneHO C TOqHOCTblO .uo IIOCTO.sIHHOii, npnqeM q>JHKUIIH, 

3a.uaHHM Ha rpaHmie, .uom1rna y.UOBJleTBOp.sITb ycJIOBIIIO fo2
" J(x)dx = 0. 

3a,lla'l:u 

1) HaiiTII <pyHKUIIIO, rapMOHnqecKyIO BHYTPII e)lUHlfqHoro Kpyra, npUHil!l,IaJO

ruyIO Ha rpaHnue 3HaqeHne u(r = 1, ¢) = !(¢), rJle 

a)J(rp) = sin3 ¢; 

6)J(¢) = cos4 ¢. 

(68) 

2) HaiiTII q>JHKUUIO, rapMOHnqecKyJO BHe e)lIIHllqHoro Kpyra, HOpMaJibHM npmn

BO)lHa.sr KOTopoii np11H11MaeT Ha rpami:ue 3HaqeHIIe uK(r,;,, i:¢) = !(¢), ·r.ue 

a)J(<P) = sin2 ¢; 

6)J(¢) == cos5 ¢. 

(69) 

Pcmemi:e Ja)laq Ilupuxne Jlll.sI cqiephl u maponoro cmrn R 1 < r < Hi B cJ1y•1a.1•, 

KOr)la KpaeBhle ycJIOBil.sI He 3aBIIC.sIT OT a3IIMJTaJibHOro yn1a, 11MP(~'I' 11111( 

u(r, 0) = I;r[An(r/ R 1t + Bn(R2/rt+ 1]t~.(rns 0), {711) 

r)le Pn(z) - IIOJlIIHOMbl Jie:arnHJlpa: 

Po(z) = 1; Pi(z) = z; (71) 

P2(z) = (3z2 
- 1)/2; P3 (z) = (5z3 - 3z)/2, ... , 
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a K03!pq>IIUIIeHThl HaxO)l.SITC.sI 113 rpaH11qHblX JCJIOBIIH u(r = R1,0) = !1(0), u(r = 

R2 , 0) = h(0) no qiopMyJI~I 

3a.lla'IH 

1 

An(Bn) = - 2-f dzPn(z)fi(2)(z). 
2n+l 

-1 

(72) 

1) HaiiTu <pyHKUUIO, rapMOHuqeceyro BHJTpn mapa pamryca R, TaKyro, qTo 

u(r = R, 0) = f (0), 

a)f(0) = cos0; 6)J(0) = sin0; 

n) J(0) = cos(20); r) J(0) = cos2 0; 

2) Pa3pemuMa nu BHJTpeHH.sr.sr 3a)laqa Hei1MaHa .nn.sr rpamrqHblX ycnon11i1 

a)urlr=R = Acos0; 6)urlr=R = Asin0? 

(73) 

(74) 

3) HaiiTII TaKyIO rapMOHIIqecKyIO BHYTPII maponoro CJIOH 1 < r < 2 q>JHKUIIIO, qTo 

Ur=l = f1(0); Ur=2 = h(0): 

a) 

6) 

n) 

r) 

.n) 

1 
!1 = cos2 0; h = 8(1+cos2 0); 

4 
j 1 = cos2 0; h = 4 cos2 0 - ·f 
Ji= 1- cos(20); h = 2cos0; 

1 
Ji = 2 cos 0; h = 1 + cos(20); 

!1 = 9cos(20); h = 3(1 - 7cos2 0) . 

(75) 

PacCMOTplIM )lBC 3a,lla'III Ha HaxO)KJlCHHC IlOTCHUUaJia CKOpOCTCil rrpu 06TeKamrn 

TCJI IIOTOKOM HeC)KIIMaeMoii )KH)lKOCTH (3) (rn.IV, N 73-75). 

1 )BecKOHCqHO JllllIHHhlll UHJIHH,llp pa,llHyca a o6TeKaeTC.sI rreprreH)lllKYJI.sipHO CBOeii 

OCH IIOTOKOM Heorpam1qeHHOH )Kll.llKOCTU co CKOpOCTblO v. HaiiTn IIOTeHUIIaJI CKO

pocreii: )KlI}lKOCTU. 

/ H .\ Vt;".! n 5P;flri,ruEc1-r > ~ 
· A.-4..C-~... -.l1. J J. L.1.1.~iA ..... ~ 4,. • \..£\...-

EhBJTHO':;:'EI(A 
n 'f;:- G"VJT 

~-✓ ;~ .2'~, 'f/ ! 



Pemem1e. 

IloTeHuIIaJI npencTaBHM cyMMOii IlOTeHUIIaJia HeB03MymeHHOI'O nBH:lKeHHH :acnn-

KOCTU (Hanpaanemrn ee nau:aceHua: BhI6epeM 3a ocb x): u = vx + u 1. Ilna: BTOporo 

cnaraeMoro, aaona: uIImrnnpuqecKyro CIICTeMy KoopmrnaT c OChIO z, HanpaBJieHHOii 

anonh ocII uumrnnpa, HMeeM KpaeByro 3anaqy 

L\ui(P, ¢,, z) = 0, p >.a; 
au1 
ap = vcos¢,, p = a. 

(76) 

BTopoe ycnOBIIe 03HaqaeT HeB03MO:lKHOCTb BTeKaHIIH :lKIInKOCTU BHYTPh UUJIUHnpa. 

MhI nMeeM BHemHroro Janaqy HeiiMaHa. Pememrn nMeeT BIIn 

a2 
u(p,¢,) = -v(p+-cos¢,). 

p 
(77) 

2) Taepnhlii map panuyca' a nBII:lKeTCH co CKOpOCTbIO v B HeC:lKIIMaeMOll :acunK~ 

CTll. HaiiTll IlOTeHUIIaJI CKOpOCTeii :acnnKOCTU. 

PemeHIIe. 

B CIICTeMe IlOKOH mapa IIMeeM Kpaeayro Janaqy 

flu= O; au' an = vcos0. 
r=a 

(78) 

3nech MhI BhI6panu och z anonh HanpaaneHIIH nBn:aceHm1· mapa, n o6o3HaqaeT Ha-. . 

npaaneHIIe HOpMaJIII K IlOBepXHOCTH mapa. IloJib3YHCb o6I.llllM BMOM pemeHHH nna: 

cnyqaa: TpexMepHoro npocTpaHcTaa, npIIaeneHH.hIM Bhlme, nonyqIIM 

a3 
u(r, 0) = 2 cos 0, r > a. 

2r .. 
(79) 

Ilone CKOpOCTeii :lKIInKOCTH MO:lKHO nonyqIITh, BblqlICJilIB rpanIIeHT IIOTeHUHaJia ii = 
-vu(r,0). 
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9. PerneHHe JHIHe:HHbIX HeO.[{HOpO,nHbIX .[{l!Hpq>e

peHu;HaJibHbIX ypaBHeHH:H C rrpOH3BOJibHO:H rrpa

BO:H -qaCTblO. MeTO.[{ q>yHKU:HM rpHHa 

PemeHne Kpaeaoii Janaqu 

Lxu = f, BulxES = 0, (80) 

rne L, B - nnHeiiHhie nmpcpepeHunanhHhie onepaTophI, Bhipa:acaeTca: IIHTerpanol\1 

.IIroaMena: 

u(x) = f G(x, z)f(z)dz, (81) 

rne G(x, z) - cpyHKuna: rpIIHa Kpaeaoii 3anaq11, ynoaneTaopa:romaa: ycnoaIIa:M 

LxG(x, z) = o(x - z), 

BG(x, z)lxES = 0. 

PaccMOTpIIM nna: npnMepa KpaeByro Janaqy 

LxY = -y" = f(x), 0 < x < l, y'(0) = y(0); y(l) + y'(l) = 0. 

(82) 

(83) 

PemeHIIe onHoponHoro ypaaHeHHH, KOTOpOMY ynoaneTBOpa:eT <pyHKUIIH rp1rna BHe 

TOqKu x = z, IIMeeT BIIn y =Ax+ B. Hanaraa: rpaHnqHhre ycnoana:, nonyqaeM 

G(x,z) = A(x + 1), x < z; 

G(x,z) = B(x - 2), x > z. 

(84) 

l.fro6hI HaiiTU IlOCTOHHHhie A, B, BOCITOJ1b3JeMCH HenpephIBHOCTbIO <pJHKUHH rpHHa 

B TQqKe X = Z II TeM, qTQ pa3HOCTb ee npOH3BOnHhIX cneaa II cnpaaa OT TQqKll 

x = z paaHa ennHIIUe. IIocnenHee cnenyeT n3 ypaaHeHHa: nna: cpyHKUHII rpHHa, 

npOIIHTerpnpoBaHHOro B OKpeCTHOCTII 3TOii TQqKH: 

A(z + 1) = B(z - 2); A - B = l. (85) 
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Pelllrui: :ny cncTeMy, rronyqaeM 

1 
G(x, z) = -(2 - z)(x + 1), x < z, 

3 . 
1 

G(x, z) = -(2 - x)(z + 1), x > z. 
3 . 

PellleHIIe KpaeBon: 3a,uaqn IIMeeT Bll.U 

I X 

y(x) = ~(x + 1) / f(z)(2 - z)dz + ~(2 - x) J f(z)(l + z)dz. 

3aAa'IH 

1) 

2) 

3) 

4) 

5) 

6) 

7) 

X 0 

Ly=-y
11

, 0<x<l, y(0)=y(l)=0; 

Ly= -y", 0 < x < l, y(0) = hy' (0); h > 0; y(l) = 0; 

Ly= -'y
11 

- y, 0 < x < l, y(0) = y(l) = 0; 

Ly= -y", 0 < x < l, y(0) = y' (0); y(l) = y'(l); 

Ly = -y" + y, 0 < x < l, y(0) = y(l) = 0; 

Ly= -y" + y, 0 < x < l, y'(0) = y' (1) = 0; 

Ly= -x2y
11 

- 2xy', 1 < x < 2, y' (1) = 0; y(2) = 0; 

8) Ly= -xy" - y', 1 < x < 2, y'(l) = 0; y(2) = 0. 

(86) 

(87) 

(88) 

10. C1-1cTeMhI ypaBHeHHH B -ciacTHhIX rrpoH3Bo,n;-

HhIX 

YpaBHeHIIM 2-ro n 6onee BbIC0KIIX II0pM,UK0B M0ryT 6bITh rrpIIBe,!leHhI K CIICTeMe 

ypaBHeHIIM rrepB0ro rropM,UKa. 

PacCMOTpIIM KpaeByIO 3a,uaqy Utt - l6Uxx = 0, -00 < X < oo, 0 < t < oo, 

C HaqanhHbIMII ycn0BIIMMII u(x, 0) = g(x); Ut(X, 0) = - f'(x). OHa 3KBIIBaneHTHa 
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3a,uaqe C CIICTeMOII ,umpcpepeHUIIanhHhIX ypaBHeHIIM 

8u1 8u2 at + Sfu = 0, 0 < t < oo, (89) 

8u2 8u1 at + 2 Bx = 0, -OO < X < OO, 

C HaqanhHhIMII ycn0BIIMMII 

u1(x, 0) = f(x), u2(x, 0) = g(x), -oo < x < oo. (90) 

:::hy CIICTeMy M0:lKH0 3an11caTh B MaTpIIqHOM cpopMe, BB0,UM BeKTOp-cTon6eu u = 

(u1, u2) II KBa,upaTHYIO ,UByMepHyIO MaTpnuy A C ::meMeHTaMII rrepBOM II BTOpon: 

CTp0K C00TBeTCTBeHH0 (0, 8); (2, 0): 

Ut +AUx = 0. (91) 

Co6CTBeHHhle 3HaqeHnM MaTpIIUhl Haxo,uMTCM n3 ycnoBIIM detllA - >.Ell = 0, 0HII 

paBHhl -4; 4. Co6CTBeHHhie BeKT0pbI, IIM C00TBeTCTBy10rune: (4, 1); (4, -1). BBO,UM 

HOBbIM BeKTOp-CTOn6eu u = PV, r,ue MaTpnua p C0CTaBneHa 113 BeKTOp-CTOn6uoB 

co6CTBeHHhIX BeKT0p0B, M0:lKH0 y6e,uUThCM, qT0 :\IaTJ>Il'IH0C' ypaBHeHIIe 

Vi+ p- 1APvx = 0 (92) 

eCTh ,UBa HeCBM3aHHhIX ypaBHeHIIM 

Vu - 4v1x = 0; V2t + 4V2x = 0; · V1(x, t) = ¢(;r + 4t): l':2(.r, t) = ij1(x - 4t). (93) 

HaqanhHble ycnomIM II03B0llMIOT HaMTII cpyHKUIIOII1\nhllhlll BII,U rrpOI!3B0llhHhIX cpym..:-

unn: ¢, 'I/;: 

U1 
1 1 

2[f(z+) - 4g(z+)I + 2[f(z_) + 4g(z_)]; (94} 

U2 
1 1 - 8[f(z+) - 4g(z+)J + 8[f(z_) + 4g(z_)], Z± = .T + 4 ± t. 

3TOT pe3JllbTaT M0:lKH0 6blnO 6bl rronyqIITh II C II0l\IOIUhlO cpopl\!Jllbl .ll 'AJiaM6epa. 
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O6mero mma MaTpIIqHoe ypaBHemie nepnoro nopSinKa Ut + AUx = 0 3KBIIBa

JieHTHO cncTeMe ypanHeHIIH BToporo nopSIJlKa Utt-A2Uxx = 0. HaxonSI co6cTneHHhle 

3HaqeHIISI 11,!aTpIIUhl A, >.1,2 II ee co6cTBeHHhle BeKTOphl, CTpOIIM II3 HIIX MaTpnuy p II 

y6e:iKnaeMC}I, qTO MaTpIIua p-l A2 p nIIaroHaJibHa C nIIaroHaJibHhlMU MaTpIIqHhlMII 

:ineMeHTaMII >-i, >.~. IlnSI Honoro neKTop-cTon6ua v = p- 1u CIICTeMa ypanHeHHH 

pacnanaeTCSI Hanna HeCB}I3aHHhlX ypanHeHH}I Vitt - >.;vixx = 0, i = 1, 2. 

IIponeMOHCTpupyeM CKa3aHHOe Ha npIIMepe MaTpHUhl A: 

A- (: ~) 

XapaKTepucTuqecKoe ypanHeHue uMeeT nun >.
2 

- 7>. + 6 = 0, >.1 

Co6CTBeHHble BeKTOphl HaxOJl}ITC}I II3 ypaBHeHHH 

C ~) (::)-~(:) 
MaTpuua p, IIOCTpOeHHM ll3 co6CTBeHHhlX BeKTOpOB, HMeeT BHJl 

P- ( ~I : ) 

CTpouM o6paTHYIO MaTpnuy no peuerrTy 

A- · A- ---
(

ab) 1 1 ( d 
- c d ' - ad - be -c ~b) • 

cnenySI eMy, rronyqIIM 

p-1 = ! ( 4 -1 ) . 
5 1 1 , 

p-'AP- C : ) 
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(95} 

1, >.2 = 6. 

(96) 

(97} 

(98) 

(99} 

J' 

J' 

'1 

11. YpaBHeH1u1 rrepBoro rrop.s1,n;Ka. MeTo,n; xapaK-

TepHCTHK 

PacCMOTpHM OJlHOpOJlHOe JIHHeHHOe ypanHeHHe B qaCTHhlX rrpOH3BOJlHhlX nepnoro 

nopSinKa: 

au au au 
U1 -a+ a2-a + ... +Un-a = 0, 

X1 X2 Xn 
(100} 

rne (H3BeCTHble) q>yHKUHH lli II HeII3BeCTHM q>yHKUIISI U 3aBIIC}IT OT n rrepeMeH

HhlX X1, X2, ... , Xn- BneneM JlOIIOJIHIITeJibHhlH rrapaMeTp t, 3aBIICIIMOCTb OT KOTOporo 

3anaeTCSI CIICTeMOH 06blKHOBeHHhlX JlIIq>q>epeHUIIaJibHhlX ypaBHeHIIH (ypaBHeHIIH xa

paKTepHCTIIK): 

d 
dt Xi = ai(X1, X2, ... , Xn), i = 1, 2, ... , n. (101) 

PeweHHe CIICTeMhl eCTb rrpOII3BOJibHM q>yHKUIISI IIHTerpaJIOB 3TIIX ypaBHeHIIH Fi, 

dFi/dt = 0: 

u(x) = <I>(F1, F2, ... , Fn)- (102) 

Ileii:CTBIITeJibHO, IIOJlCTaBJISISI 3TO Bblpa:iKeHIIe B OCHOBHOe ypaBHeHIIe, nonyqIIM 

a, a<I> aF; = dxi a<I> aF; = a<I> dF; = du = O. 
aF; axi dt aFi axi aF; dt dt 

(103) 

3necb rrpIIHSITO cornaweHIIe: non IlOBT0pSIIOIUHMHCSI HH,D;eKCaMH nonpa3yMeBaeTCSI cyM

MIIponaHIIe. MbI BlIJlIIM, qTO peweHIIe IIOCTOSIHHO Ha xapaKTepIICTIIKax. 

3a,na•rn 

PernIITb CIICTeMbl ypaBHeHIIH 

uu + au1x + bu2x = 0, 

U2t + CU1x + du2x = 0, 

u1(x,0) = fi(x), u2(x,0) = f2(x), 

-00 < X < 00, 0 < t < 00, 
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(104} 



nmr crreny10mHx Ha6opoB: 

( 
4 2 ) ( 6 -1 ) ( 1 -2 ) 

a) 1 3 ' fi) 3 2 ' B) 2 6 ' 

r) ( 
7 4

) , n) ( 3 1 ) , e) ( 7 2) , 
-2 1 12 7 3 6 

)K) ( 2 2 ) ' 3 ) ( 0 8 ) ' lI) ( 0 4 ) . 
711 20 40 

HaftTlI xapaKTCplICTlIKlI onHoponHhlX ypaBHCHlIH lI penmTb 3anaqy KornlI: 

1) 

2) 

3) 

4) 

5) 

PerneHm1: 

COOTBCTCTBCIIHO. 

au au 
2--y2-=0; u(x,oo) = cosx; 

ax By 
au au 

u(x 1) - x2
• 3 ax + 2y By = O; ' - ' 

au au 
u(l, y) = y2

; 3x- -4y- =0; 
Bx By 
au au 

u(0,y) = cosy; 2y--3x- =0; 
Bx By 

au au 
--y-=0· 
ax By ' 

u(0,y) = cosy. 

u(x,y) = 
2 

1) cos(x - -); 
y 

3 
2) (x - 2Iny)2; 

3) y2xBl3; 

4) cos( ✓y2 + ~x2
); 

5) cos(yex) 
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(105) 

(106) 

(107) 

(108) 

(109) 

12. YpaBHeHHe MaJihIX KOJieoaHHH HHTH B IIOJie 

T.H)KeCTH 

IT penrrorrarasr nBlI)KCHlIC HlITlI · IIJIOCKUM, BhlBeneM ypaBHCHlIC MaJibIX KOJie6aHJIH 

HlITII B none T.8)KCCTlI, crrenya [2]. 

PaccTOl!HlIC x no ToqeK BIIClllllCH Tll)KCJIOH HIITII 6yneM OTCqllTbIBaTb OT ee 

KOHua. ToqKe rronBeca OTBeqaeT x = l. OTKJIOHCHIIC TOqKn HIITII OT llOJIO)KC

HlI.8 paBHOBCCHll o6o3HaqnM HCil3BCCTHOH qiyHKUIICH u(x, t), KOHCU BUClllllCH HUTII 

llOJiaraeM CB06onHhlM. 3rreMeHT nrrnHbl HUTU Me~y TOqKaMn C KOopnnHaTaMn 

M(x, u), M1(x + dx, u + du) 6yneT ds = JI+ ux2dx. Ilarree MbI 6yneM rrpenrro

rraraTb OTKJIOHCHIIC MaJihlM u BCJienCTBUC 3TOro u; << 1, ds = dx. HaTll)KCHne, 

co3naBaCMOC BCCOM HUTU B ToqKe M, 6yneT pgx, rne p,g - llJIOTHOCTb BClllCCTBa 

HUTU n ycKopeHne CllJlhl Tll)KCCTU. IlpoeKUilll CUJibl HaT.8)KCHllll Ha OCb u 6yneT 

uxpgx. Pa3HOCTb npoeKum1 cnrrbI HaTl!)KCHIIll B cocenHux TOqKax M, M1 6yneT 

au au a 
(gpx 8x )M - (gp ax)M, = gpdx ax (xux)- (110) 

Pe1yrrbTI1py10mM KOMllOHCHTa CUJI HaTl!)KCHllll KOMIICHCnpyeTCll c1maMI1 1rnepu1rn. 

y crronne 6arraHca 3TUX CUJI naeT ypaBHCHIIC nonepeqHbIX KOJie6aHUH T.8)KCJIO!I HIITU 

a 1a2u 
-a (xux) = --a 2. 

X g t 
(111) 

B Ka'ICCTBC rpamfqHoro ycrrOBllll npnMeM u(x = l, t) = 0 - ycrrOBIIC )KCCTKOro 3a

KpCIIJICHlfll: B ToqKe rronBeca. Pa1nem1ll nepeMeHHhle u(x, t) = U(x)T(t) n nepexonll 

K nepeMCHHOll Z = ,/x, perneHne ypaBHCHIUI MO)KHO Bhlpa3IITb B Tepr.nmax qiyHKUIIII 

Eeccerrll. 

13. IlorrepeqHhle KorreoaHH.H Bpa.IIJ;aroUJ;eiic.si HHTH 

IlpennorraraeM, qTO HUTb BpamaeTCll C yrJIOBOii: CKOpOCTblO w BOKpyr BepTIIKaJibHOll 

ocn, n HC Y'llIThIBaCM CUJI T.ll)KCCTU [2]. B TOqKe M, Haxon.silllC!IC.lI Ha paCCTOllHUll 
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X OT OCH apameHmI, UCHTpo6e:lKHhIC CHnhI CO3]:laIOT HaTH:lKCHUe 

T = 11

(xw)2p(dx/x) = (w2p(z2 - x2)/2. {112} 

3nech MhI cquTaeM, qTo nnoTHOCTh MaTepuana HUTH onuHaKoaa ao acex ee ceqe

Huax, cquTaeM TaK:iKe nonHyIO nnuHy ee paaHoii: l, a ee nanhHHii: KOHeu cao6onHhIM. 

::ha cuna HanpaaneHa no KacaTenhHoii: K HUTH a TOqKe x. IlpoeKuua 3Toii: cunbl 

Ha HanpaaneHue, napannenhHOe ocu apameHua, nonyquTca yMHO:lKCHHCM Ha Ux, rne 

u(x, t) - OTKROHCHHC HUTH OT nnOCKOCTH apameHUH. IlpupaBHHBM pa3HOCTh TaKUX 

npoeKuuii: a cocenHux ToqKax M(x), M1(x + dx} npoeKuuu cun nHepuuu: 

82u 
p at2 dx, {113} 

nonyquM 

. a2u I [ 2 2 2 l [ 2 2 2 l pdx at2 = 2 W p(l - X )ux x+dx - w p(l - X }ux x, {114} 

nocne nepexona dx -+ 0 nony'IHM nmpcpepeHunanhHoe ypaaHeHne nonepeqHhIX KO

ne6aHnii: 

_ w
2 

!!._({l2 _ x2)ux] 
Utt- 2 8x 

C rpam1qHhIMH H HaqanhHhIMH ycnOBHHMH 

{115} 

u(t, x = l} < oo; u(t, 0} = 0; u(t = 0, x) = f(x); ut(t = 0, x) = F(x). {116} 

14. II po,n;OJihHbie KOJieoaHlUI CTep)KHSI 

HanpaBHM OCh X B)lORb CTCp:lKHH C HaqanoM OTCqeTa B HCKOTOpOft TOqKe X = 0. 

PaccMoTpuM nae cocenHue TOqKH M, M1 c KoopnHHaTaMH x, x + dx: 'B pe3ynLTaTe 

BO3MYlllCHHH ceqeHue CTep:lKHH C KOopnHHaToii: X nepeii:neT B TOqKy u, a cocenHHH 

TOqKa - a u + du = u + uxdx. BoJHHKa10mee npu 3TOM HaTa:iKeHue Bhlpa:iKaeTca 
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no 3aKOHY fyKa qepe3 OTHOCllTCRhHOe ynnHHCHlle CTCp:lKHH Ux: T = Eux, rne E 

- Monynh ynpyroCTII CTCp:lKHH. IlpupaBHIIBM pa3HOCTh Clm HaTH:lKCHirn B cocen

HHX TOqKax CHnaM IIHCpUIIII, neii:CTBYIOlllIIM Ha 3TOT yqacTOK, nonyqaeM ypaBHCHIIH 

]:lBII:lKCHllH nna B03MYlllCHHH u(x, t): 

E 
Utt= ~uxx· (117} 

p 

fpaHII'IHhle ycnoaIIa JaBIICHT OT xapaKTepa JaKpenneHIIH cTep:lKHH. .Una cnyqaa, 

Korna onIIH ero KOHeu x = 0 :iKeCTKo' JaipenneH, a npyroii: cab6o.U:eH, rpaHnqHhle 

ycnOBHH 6ynyT 

u(x = 0, t) = 0; ux(x = l, t) = 0. {118) 

HaqanbHhIC ycnOBHH JanaIOTCH necpopMaUHCll II CKOpOCThIO B HaqanhHhlll MOMCHT 

apeMCHII: 

u(x, o) = J(x), Ut(x, 0) = g(x), 0 < x < l. (119) 

8TII ypaBHCHIIH MOI'YT 6bITh BhIBC)lCHhl TaK:lKe H3 npHHUIIna faMIIRhTOHa. ,Ileii:

CTBIITCRhHO, nnOTHOCTh nOTCHUHaRhHOii: 3HeprIIII, npIIHIIM3JI TaK:iKe ao BHIIMaHIIe 

pa6oTy BHCIIIHIIX cIIn, MO:lKHO npenCTaBIITh a anne U = (E/2}u; + F(x, t)u. IlnoT

HOCTh KIIHCTIIqecKOll 3Hepruu 6yneT paBHOll puf /2, rne p - nnOTHOCTh aerueCTBa 

CTep:iKHa, II Mhl npennonaraeM, qTo nnomanh ce~1eHua CTep:iKHa onxrnaKoaa ao acex 

TO'!Kax. YpaBHCHHH 8ii:nepa HMCIOT aun 

E 
Utt = -uxx + F(x, t). 

p 
{120) 

PaccMOTpIIM cnyqaft, Korna nonepe'IHM nnoruanh c'i'ep:lKHH MCHHCTCH OT TO'IKH 

K TO'IKC. ,Ilm1 CTep:lKHH KOHII'ICCKOll cpopMbI nnoruanh CC'ICHHH, pacnonO:lKCHHOI'O 

Ha paCCTOHHIIII x OT 6onee IIIIIpOKOI'O KOHUa c nnoruanhIO nonepeqHOI'O ceqemrn So, 

6yner S,,JS0 = I-(x/h)2. IlpIIpaBHIIBM paJHOCTh HaTa:iKeHHii: Ha KOHuax 3neMeHTa 
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A1(x), M1 (x+dx) 1rnepunoHHhIM cunaM, .ueii:cTBYIOI.IllIM Ha 3TOT y-ciacToK, n nepexo.ux 

K npe,ueny dx-+ 0, nony-ciaeM 

a x2 au p x2 a2u 
ax[(l - h2 ) ax1 = E(l - h2 ) ax2 • 

(121) 

3aMeHm'i nepeMeHHOii: v = (h-x)u 3TOypaBHeHne npHBO.UllTC.K K BU.UY vu-(E/ p)vxx = 
0 . .IlanbHeii:urne rnarn cTaH,uapTHhl. 

15. HenHHeHHhie ypaBHeHHll nepBoro nopll.n;Ka 

TIITIH'IHble KpaeBble 3a,ua'II1, npHBO,U.llllllle K HenHHeii:HblM ypaBHeHII.lIM nepBoro no

px.uKa .unx .UBJX nepeMeHHhlX, HMeIOT BU.U 

Ut + g(u)ux = 0, -oo < x < oo; 0 < t < oo; 

u(x,0) = f(x), -oo < x < oo. 

Ilp.KMOii: IlO,UCTaHOBKOii: MO:lKHO y6e,uHTbC.K, 'ITO pernemrnM .KBn.KeTC.ll 

u(x, t) = f (x - tu(x, t)). 

(122) 

(123) 

PerneHHe, TaKHM o6pa30M, 3a,uaHo B He.KBHOii: q>OpMe. HeKOTopyIO HHq>OpMau1110 

MO:lKHO nony'IHTb, Bbl'IHCR.ll.ll 'laCTHJIO npOI13BO.UHYIO uo x: 

Ux = J'(z)[l - tux], 
f'(z) 

Ux = l + tf'(z), z = x - u(x, t)t. (124) 

Ilo cpaBHeHIIIO C RHHeii:HbIMII ypaBHeHII.lIMII 3,UeCb IlO.lIBIIRIICb npe.uenbHhle 3Ha'leHH.ll 

BpeMeHII II KOOp.UIIHaT, np11 KOTOpbIX 'laCTHble npOII3BO,UHbie o6pamaIOTC.ll B 6ecKO

He'IHOCTb: 

1 + tcf'(zc) = 0. (125) 

.Ilnx rrpIIMepa paCCMOTpIIM ypaBHeHIIe Xonq>a, OilllCbIBaI01Uee I13MeHeHlIC CKOp0CTH 

u(x, t) CKOrrneHII.ll HeB3allMO.ueii:CTBJIOlllllX 'laCTHU, ,UBlI:lKJlUHXC.ll B HarrpaBnCHHll OCH 

x: 

Ut +uux = 0 (126) 
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c Ha'IMhHhIM pacnpe.ueneHIICM u(x, 0) = u0 (1 - thx). Pernem1e B .He.KBHoii: qiopMe 

llMCCT BIIJl 

u(x, t) = u0 (1 - th(x - tu(x, t))) . (127) 

.Ilnx npOII3B0,UHOH nony'IIIM 

Ux = uot - ch2(x - tu(x, t)) · 
Uo 

(128) 

MoMCHT onpOKll.IlblBaHII.ll BORHbl OTBC'laeT o6pameHIIIO B HYRb 3HaMeHaTenx. <PII3ll

'ICCKll OH OilllCbIBaeT YKPJ'ICHIIC rpe6H.K BORHbI, nponcxo.uxmec 3a c<ieT OTCTaIOlUHX 

'laCTIIU CKonnem1x, .uorOH.KIOUIIIX 6onee Me,uneHHO ,UBil:lKyIIIIICC.ll. 

16. HenHHeHHhie ypaBHeHHll. 06m11ii cnyqaii 

O6mIIx MeTo,uoB · nnx peIIIeHH.K HennHeii:HbIX ypaaHem1ii: He cymecTByeT [ 8, 9]. 

11:Hor.ua MO:lKHO IlOCTpOiITb narpaH:lKIIaH, MllHllMII3auneii:. KOTOl)0rO l\10:lKHO rrony

'IIITb 3aJlaHHOe IIHTerpanbHOC ypaBHCHIIe. B Ka'ICCTBe rrpn~tepa rrpllBCJlCM l\10,UCRb 

)Ka6epa - IIla6aTa - Mnxaii:noBa 

L(x,t) = 1/2(U; + U;)- m(exp[,U] + 1/2exp[-2-yU] - 3/2). 
'Y 

(129) 

3TOMY narpaHJKIIaHy MO:lKH0 IIOCTaBIITb B CO0TBCTCTBIIe cne,uy10mee peUICHHe: 

Utt - Uxx + m 2 (exp[U-y] - exp[-2U-y]) = 0 . (130) 

.Ilpyrni', np1u.1ep - ypaBHCHHC "CIIHYC - ropnoHa" 

Utt - Uxx + m 2 sin(o:U) = 0, (131) 

111 lJIY 'liUOI I ll'('("ll MIIHHMII3aUIIeii: narpaH:lKIIaHa 

/.(.r, t) = 1/2(U; - U;) - m (1 - cos[o:U]). 
Q 

(132) 
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Ha:iiTII )Ke narpam1maH, ypaBHCHII.II 3ii:nepa .zm.a KOTOporo npIIBOJUmll 6hl K ypaB

HeHII.IIM 

Ut = Uxx + 2UU,, + Uxxxx (133) 

(ypaBHeHue KopTeBera - ne Bp113a) unu 

Ut = Uxx + 2UUx (134) 

(ypaBHeHHe Eroprepca), ·He ynaeTc.a. HanoMHHM, 'ITO no6aBneHHe K narpamrmaHy 

cnaraeMhlX, npencTaBn.lIIOI.QHX co6o:ii nonHhle npOH3BO.llHhle BM.Ila (f(U, Ux, U1))x, 

(f(U, Ux, U1))1, He MeH.aeT B11.lla ypaBHCHH:ii 3iinepa. Mhl paccMoTpHM 3.lleCh .llBa 

MeTO.lla, KOTOphle IlO3BOll.lIIOT B HeKOTOphlX cnyqa.ax CBCCTH HemrneiiHhle ypaBHCHH.II 

K 06hl'!HhlM ,llHCp4>epeHuHanhHhlM ypaBHeHH.IIM. 

IloHCK perneHH.II B B11.lle 6erYI.Qeii BOllHhl HaMH y2Ke 6bln OIIHCaH nn.a ypaBHeHII:ii 

KopTeBera - ne BpH3a H ypaBHeHH.a Eroprepca B nepBo:ii qacn1 noco6H.a. Mhl noKa-

2KeM 3,llCCh eme O,llHH npHMep ero npHMeHeHH.II ,llJI.II peIIICHH.II ypaBHCHH.II Hemrne:iiHOii 

CTpyHhl ([6], C. 104). 

HaiiTH perneHHe THna Ye.llHHCHHOii 6erYI.Qe:ii BOnHhl ypaBHCHH.II HenHHe:iiHo:ii CTpyHhl 

Utt - Uxx + ( u2 )xx + Uxxxx = 0. (135) 

11:I.QeM peIIIeHHe B mme u(x, t) = J(x - Vt) = J(z). IIoncraBn.a.a 3TO Bhlpa2Keirne B 

ypaBHCHHe B qacTHblX npOil3BO,llHblX, nony'IHM 06blKHOBeHHOe nn<t><t>epeHUHanhHOe 

ypaBHeHHe 

- f' (1 - V2) + (/2)" + J<IV) = 0. (136) 

Ilocne .llByKpaTHOro HHTerp11poBaHH.II nony'IHM 

J" + / 2 - /(1 - V2) + C1z + C2 = 0. (137) 

IIocKOnhKY <l>YHKUH.II J(z) BMeCTe co CBOHMH npOH3BO.llHhlMH o6paI.QaeTC.II B Hynh Ha 

6ecKoHe'IHOCTH, nonyqaeM C1 = C2 = 0. YMH02Ka.a 3TO ypaBHeHHe Ha/' Heme pa3 
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HHTerpnpy.a, nonyqaeM 

~(!')2+ ~ /3 - ~(1- V2)/2 = C3. 
2 3 2 

(138) 

IIo TeM )Ke npH'IHHaM nonaraeM C3 = 0. PerneHue nony'leHHOro ypaBHCHH.II HMeeT 

<l>H3H'ICCKII:ii CMhICn TOnhKO nn.a V2 < 1 ( 'ITO COOTBCTCTByeT TOMY, 'ITO CKOpOCTh 

pacnpOCTpaHeHII.II BO3MYI.QCHH.II He npeBhlIIIaeT CKOpOCTII 3ByKa): 

17. 

3 l-V2 
J(z) = 2 h2("'1=v2(z-zo)). 

cos 2 

PerneHu:e ypaBHeHU:.SI Broprepca MeTO.IJ;OM 

rro.z:i;cTaHOBKH Koyna - Xonq>a 

(139) 

3nech Mhl noKa2KeM, cneny.a [7], cnoco6, KaKIIM HenHHe:iiHoe ypaBHeH11e, on11chrnaro

mee pacnpoCTpaHeHIIe cna6blX ynapHblX BOnH, MO2KeT 6hITh CBe,lleHo K nnHe:iiHOMY 

.llII<t><t>epeHUHanhHOMY ypaBHCHIIIO B 'laCTHblX npOH3B0,llHblX. YpaBHCHHe IIMCeT Bll.ll 

Ut = Uxx + 2uux. 

EyneM IICKaTb perneHHe B B11.lle 

Zx 
U=z, 

3anIIChlBa.lI ypaBHeHIIe B BIi.Ile 

Ux = Zxx - (Zx)2. 
z z 

(lnZ)xt = [Z;x - (i')2]x + [(i')2]x 

11 npoBon.a IIHTerp11poBaH11e no x, nonyqaeM n11He:iiHoe ypaBHCHIIe nn.a Z(x, t) 

Zt = Zxx + f (t). 
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18. PerneHHe ypaBHeHH.sI Jlannaca Ha ITJIOCKOCTH 

MeTO.l(OM KOHq>OpMHhIX OTOOpa)KeHHM 

OTo6pa:iKeHIIe w = f ( z) KOMimeKCHOH IIJI0CK0CTII z Ha K0MIIJieKCHYIO . IIJI0CK0CTh w 

Ha3hIBaeTCSI KOHq>OpMHhIM B T0tJKe Zo IIJI0CK0CTII z, eCJIII rrp0II3B0,llHaSI f'(zo) =I- 0. 

ECJIII OT06pa:iKeHne w = f(z) SIBJISieTC.ll KOHQ)OpMHhIM B o6JiaCTII, r,ne 3a,naH0 ypaBHe

HIIe 4>xx + 4>yy = _o, TO Hoaoe ypaaHeHne TaK:iKe 6y,neT ypaaHeHneM Jlarrnaca a K0op

.llIIHaTax u II v: 4>uu + 4>vv = 0. Tak MhI rrpIIX0,lllIM K n.nee HaHTII TaKoe KOHq>OpMHOe 

OT06pa:iKeHne, KOT0poe rrepeB0,lllIT o6naCTh co CJIO:lKHOH rpaHnue11 B o6JiaCTh C rrpo

CTOH rpaHIIueii:. Cne,nysz -[4], rrpo.neM0HCTpnpyeM CKaJaHHoe Ha rrpIIMepe perneHII.ll 

Ja,natJn IlIIpIIxne B aepxHeii: rronyrrnocK0CTII: 

</>xx + </>yy = 0, -oo < X < oo; 0 < y < oo; 

</>(x, 0) = a, lxl < 1; </>(x, 0) = b, lxl > 1. 

(144) 

K 3TOH 3a,natJe CB0,lllITCSI, B tJaCTH0CTII, 3a,natJa 06 OThICKaHHH 3KBHII0TeHUHaJihHhIX 

KpIIBhIX .nnsz cnytJasz, Kor.na tJaCTh rpaHIIUhI - ytJaCT0K y = O; lxl < 1 IIMeeT rroTeH

unan a, a 0CTaJihHaSI ee tJaCTh - II0TeHUHaJI b. 

Ilnsz 3TOii: uenn rrpoae,neM K0Hq>opr.rnoe rrpeo6pa3oBaHne, 0To6pa)Ka10mee aepx

HJOJO II0JIJIIJI0CKOCTh Ha rronocy: 

I 
z -1 . . 

w = n -- = u + iv; z = x + zy. 
z+l 

(145) 

ITepeIIIIChIBaSI rrpeo6pa3oBaHIIe B BII,lle eu+iv = :~!' M0)KH0 y6e,nHThCSI, 'ITO ytJaCTKY 

y = 0, x > 1 a IIJI0CK0CTII u, v C00TBeTCTByeT tJaCTh rpaHIIUhI II0JI0ChI v = 0, u < 0, 

ytJaCTKY y = 0, x < -1 C00TBeTCTByeT v = 0, u > 0 H, HaK0Heu, ytJaCTKY y = 0, 

-1 < X < 1 C00TBeTCTByeT V = 7r' -00 < u < oo. Ilnsz II0JI0ChI MhI IIMeeM 3a,natJy 

IlIIpnxne 

<f>uu + <f>vv = O; -00 < U < oo; 0 < V < 7fj (146) 

<f>(u, 0) = a; </>(u, 1r) = b. 
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PerneHne 3TOH 3a,natJu B KJiacce orpaHntJeHHhIX q>yHKUHii:: </>(u, v) =a+ v(b - a)/1r. 
. . . ' 

Terreph Ha.no ero Bhipa3IITh a rrepeMeHHhIX x, y. 11:MeeM 

z-1 z-1 z-1 
u +iv= In -- = In 1--1 + iarg--, 

z+l z+l z+l 
(147) 

X + iy - 1 x2 + y2 - 1 + 2iy 2y 
v = arg---- = arg--'------- = arctan ----. 

x + iy + 1 (x + 1)2 + y2 · x2 + y2 - 1 

B KatJeCTBe .npyroro rrpnMepa. paCCM0TpllM 3a,natJy IlnpIIXJie B o6JiaCTII D Me)K,lly 

,llBJM.ll HeK0HUeHTPIItJeCKHMU 0KpJ:lKH0CTSIMII: 

<f>xx+</>yy = 0 (148) 

BHYTPII o6JiacTn D c rpaHIItJHhIMII ycnoBIISIMH 

</>(x,y) = A (149) 

Ha KpHBOH x 2 + y2 = 1; 

</>(x,y) = B (150) 

Ha KpHBOH (x-1)2+y2 = 9. I1oJib3JSICh crrpaB0tJHHKaMH KOHQ)OpMHhIX OT06pa)KeHIIH 

[1], Haxo,nnM, 'ITO rrpeo6pa3oBaHne 

z-s 
w = 2t--, s = -0.146, t = -6.85 

z-t 
(151) 

rrepeB0,llllT o6JiaCTh D BO BHJTpeHH0CTh .llByx K0HUeHTpIItJeCKIIX OKpJ)KHOCTeii 

u2 + v2 = 1; u2 + v2 = 6.86. (152) 

PelllCHIIe 3a,na•rn IlIIpnxne .nnsz 3TOH o6nacTH HMeeT Bll.ll </>( u, v) = a In( u
2 + v 2

) + b. 

ITocTOSIHHhie a, b HaX0,ll.lITCSI H3 rpaHHtJHhIX ycJIOBHH, a rrepeMeHHhie u, V Bhlpa)Ka

lOTCSI cne,nyJOIUIIM o6pa30M: 

U + iv = 2t X + iy - S 
· x+iy-t; 

u = 
2

t (x - s)(x - t) + y2 
(x- t)2 +y2 i 
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V = 2ty 
(x - t)2 + y2 · 

{153) 



19. MeTo.n; ofipaTHO:ii 3a,n;aqH pacce.SIHH.SI 

O)lHllM 113 c11oco60B amur113a HemmeiiHhIX ypaBHeHIIH »:BmieTCH llX 11pe,ncTaBJieHIIe 

B BII)le KOMMyTaTopa )lByx 011epaTOpOB II 11p11MeHeH11e MeTO)la o6paTHOH 3a)la1111 

pacce»:HII»:. IIpo)leMoHCTp11pyeM 3TO Ha 11p11Mepe ypasHeH11»: KoPTesera - )le Bp113a 

(KJlB), 0llllChIBaIOruero pac11pOCTpaHeH11e BOJIH Ha IIOBepXHOCTll B Y3KIIX KaHanax: 

Ut -. 6uux + Uxxx = 0, u(x, 0) = cp(x), (154) 

rne u(x, t) - OTKJI0HeHIIe IIOBepXHOCTll BO)lhl OT paBHOBecHoro COCTOHHIIH, x, t - KO-

0pJlIIHaTa B)lOJib OCll KaHaJia II BpeMa:. PaCCMOTpllM )lBa JIIIHeHHhIX nmpqiepeHI~ll

aJibHhIX 011epaTopa L, A, 011peneneHHhIX Ha KOMIIJieKCH03Ha'lHhIX q>yHKUIIa:x w(x), 

-00 < X < oo: 

cP 
L = - dx2 + u(x, t), 

d3 d d . 
A= -4i-+3i(u-+-u). 

dx3 dx dx 

MmKHO y6e,nIITbCa:, 'ITO c11paBe)lJlllBO COOTHOWeHIIe 

[L, A] = LA - AL= -i(6uux - Uxxx), 

TaK 'ITO ypasHeHIIe KJlB B 011epaTopHOM Bll)le 3allIIWeTCH 

aL =i[L,A]. 
at 

PacCMOTpllM 3a)la'ly Ha co6CTBeHHhle 3Ha'leHIIa: JlJIH 011epaTopa L: 

cPw 
LW = - dx2 +u(x,t)w = AW, 

(155) 

(156) 

(157) 

(158) 

3necb BpeMa: Mhl paccMaTp1rnaeM KaK 11apaMeTp. Ecn11 lu(x, t)I < lxi~+•, a > 0, lxl ➔ 
oo, T.e. u(x, t) JlOCTaTO'lH0 6hICTp0 y6hIBaeT Ha 6eCKOHe'lHOCTll, T0rna 011epaTOp L 

IIMeeT K0He'lHOe 'lllCJIO JlllCKpeTHhIX C0CT0HHHH An= -11:! H He11pephIBHhIH c11eKTp. 
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IloseneHIIe BOJIHOBOH q>yHKUllll Ha 6ecKOHe'lHOCTlI 

Wn(x) ➔ e-l<nX' X ➔ +oo; 

Wn(x) ➔ c,.el<nX, X ➔ -oo; 

w(x, k) ➔ eikx, X ➔ +oo; 

w(x, k) ➔ a(k)ikx + b(k)e-ikx, X ➔ -00 

011pe,nen»:eTCH )laHHhIMll pacce»:HllH 

An, c,., a(k), b(k). 

(159) 

(160) 

CyruecTByeT HeKOTOphlii 06m11ii q>OpMaJill3M, 1103B0JIHIOIUHH HaHTll peweHne HeJIII

HeiiHoro ypaBHeHIIH, eCJill ynaeTCH HaiiTH ero 11pencTaBJieHne B TepMHHax LA-11aphl. 

IlponeMoHCTpnpyeM ero )lJia: ypasHeHn»: KnB. IlponnqiqiepeHunpyeM 110 BpeMeHn 

ypasHeHiie Ha co6cTBeHHhle 3Ha'leHn»: LWn = An Wn: 

aLw Lawn= aAnw A awn 
at n+ at at n+nat' (161) 

II0Jib3YHCb 011epaTOpHhIM ypaBHeHneM ll ypaBHeHlleM Ha co6CTBeHHhle 3Ha'leHIIH, pe-

3YJibTaT M0}KH0 11epe11ncaTb B Bll)le 

( )(
awn . ) aAn 

L - An at+ iAwn = at Wn- (162) 

IloKa}KeM, 11To 11pasa»: 11acTh 3T0ro ypaBHeHna: ecrb H0Jih, T.e. ~ = 0. Iln»: 

3TOro YMH0}KHM o6e 11aCTH 3T0ro ypaBHeHllH Ha w•(x, t) JI 11pO.llHTerpnpyeM 110 x. 

YTBep}KJleH.IIe cne,nyeT 113 3pMnTOBOCTH 011epaTopa L, 11ocKOJihKY w~(L- An)¢= 0. 

TaK.IIM o6pa30M, Mhl y6e,n.IIJI.l1Cb, 'ITO An - .llHTerpanhl JlBJI}KeHHH, II, KPOMe Toro, B 

TOM, 'ITO KOM6.IIHauna: ~ + iAWn »:BJI»:eTc»: co6cTBeHHoii q>yHKu11eii 011epaTopa L: 

awn + 41l1"' - 6ull1' - 3u'w = r(t)w at n n n n (163) 

nn»: n106oro r ( t). 
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PaccMOTpHM cHa<Jana .IlllCKpeTHhlii: crreKTp An = -1.! < 0. Bhl6epeM r(t) TaK, 

'IT06hl Y.IlOBJICTBOpHJiaCb aCl!MIITOTl!Ka rrpn X ➔ +oo: 1Pn = exp(-1.nx). Ilpl!Hl!MM 

BO BHIIMaHne 

o1Pn(x, t) = 0; u(x) = 0, x ➔ +oo, at (164) 

HaxomrM r(t) = -41.3. Ilpe.n;en x ➔ -oo, w((x, t) = c,,(t)exp(x1.n) .naeT ypaaHeHne 

,llJIH c,,(t): 

d~?) + 8c,,(t)1.~ = 0, c,,(t) = Cn(0)e-8"'!t_ (165) 

linH HerrpepbiaHoro crreKTpa rronaraeM A = k2 > 0, w(x, k) = exp(ikx), x ➔ +oo, 

rronyqaeM r( t) = -ik3. 1I1rn acHMIITOTIIKH X --t -oo HMeeM rrpowe.nwyJO II OT

pa)KCHHJ!O aonHhI: w(x,k) = a(k,t)exp(ikx) + b(k,t)exp(-ikx). IIo.ncTanoaKa a 

ypaBHenue ,llJIH co6CTBCHHOH cpyHKUIIII .naeT 

a(k, t) = a(k, 0) = a(k); b(k, t) = b(k)exp(-8ik3t). (166) 

CxeMa peweHnH ypaaneHHH K.nB TaKoaa. 

1) Cnaqana pewaeTcH ypaaHeHne £\[I = AW .nnH rroTeHunana u(x, 0) = ¢,(x). 

Haxo,nHTCH .naHHhle pacceHHHH An, c,,(0), a(k), b(k, 0 = b(k)). 

2) C rroMOIUhJO rro.n6opa LA - rraphl Haxo,nHTCH .naHHhle pacceHHHH .nnH mo6oro 

MOMCHTa apeMeHn t: An, Cn(t), a(k), b(k, t). 

3) Ilo 3TIIM .naHHhIM pacceHHIIH CTpOIITCH C IIOMOIUh!O MCTO,lla o6paTHOll 3a,naqn 

Map<JeHKO rroTenuuan u(x, t). 

MbI rrpuae,neM 6e3 .ilOKa3aTCJihCTBa peuerrT naxO)K,llCHIIH IIOTCHUHaJia B ypaanc

HIIII Illpe.n;nHrepa B TepMHHax .nanHhIX pacceHHIIH. 

PaccMOTpnM ypaaHeHne Illpe,nnHrepa 

d2 
- dx2 \[I+ u(x)w = AW. (167) 
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IIpe,nrronaraeM crreKTp COCTOHIUHM ll3 KOHC'IHOro "IHCJia ,llllCKpeTHhIX ypoaneii H He

rrpepbIBHOro CIICKTpa: 

A = _,_2 \[I (x) = C-KnX X --t +oo· , n , , (168) 

\[I (x) - ,. e"'nX X --t -oo· n -'-'fl , , 

A = k2 w(k x) = eikx X --t +oo· 
' ' ' ' 

w(k, x) = a(k)ikx + b(k)e~ikx, X --t -00. 

IloTeHUHaJI u(x) HaxO,llHTCH ll3 peweHHH ypaBHCHl!H Map'IeHKO: 

d 
u(x) = -2dxK(x,x), (169) 

00 

K(x, y) = F(x + y) + J K(x, s)F(s + x)ds, 
X 

r.ne cpyHKUIIH F(z) CTpOHTCX 110 .nanHhIM paccexnnx: 

00 

F(z t) = -:E M2(t)e-"'nz + _!__ J b*(k, t) eikzdk· 
' n n 21r a(k) ' 

(170) 

-DO 

00 

M;;2 = 21.n J w~(x, t)dx. 
-DO 

linx ypaBHeHnx K.nB cpyHKUIIX F(z, t) y.noaneTBOpHeT ypaanennJO 

. oF a3F 
at +8 oz3 =0 . (171) 

linH CJIJ"IM b(k) = 0 (oTCJTCTBIIX OTpa)KCHHOii BOJIHhl rrpu paccexmm 111IOCKOII 

BOJIHhl B l!OTCHUUaJie u(x)) cymeCTBJIOT COJIIITOHHble pewennx ypaBHCHIIX K.nB. 

PacCMOTpHM CJiyqaii, Kor.na B .lllICKpeTHOM CIICKTpe IIMCCTCX O,llHH ypoaenh. B 3TOM 

cny"Iae F(z, t) = -M~(0)exp(-1.z + 81.3t). Pewemre ypaaHeHnx MapqenKo umeM a 

au.ne 

K(x, y, t) = ¢,(x, t)e-"'Y, ( I 72) 
00 

¢,(x, t) = -M~(0)e8
"'

31 [e-"'x + ¢,(x, t) J e-2"'Ydy]. 

X 
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YpaBHeHIIe nerKo pernaeTc.a:, II .un.a: noTeHuIIana u(x, t) = -2dK(x, x, t)/dx nony

qIIM COJIIIT0HH0e perneHIIe (.UBII:lKymIIHC.S: "nepeBepHyThIH KOJIOKOJI"): 

2,,;2 
u(x, t) = ch2K-(x - vt - xo)' (173) 

2K. 
V = 4"-2, e-xo = M~(O)" 

PaccMOTpeHIIe cnyqa.a: OTCYTCTBII.S: OTpa:lKeHHOH B0JIHhl npn HaJI1Iqm1 HeCK0JibKIIX 

,UIICKpeTHhIX ypoBHeii Il03B0JI.S:eT npoaHaJIII31Ip0BaTb ,UIIHaMIIKY II xapaKTep B3alI

MO,UeHCTBII.S: C0JIJIT0H0B. HeCMOTp.S: Ha 60JibllIOH nporpecc Il0CJie.zlHIIX JieT B 06JiaCT1I 

HeJIIIHeHHhIX ypaBHeHm'i, 3,UeCb IIMeeTC.S: 60JibllIOH np0CT0p .UJI.S: ,UaJibHeHllIIIX IICCJie

,UOBaHIIH. 
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