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a standard university program with minor changes. The principle of least action is expounded 
in more details, and the Neter theorem is proved. One-dimensional motion is considered 
for the problem of motion of a particle in the field with Eckart potential. The chapter devoted 
to the motion in a central field includes the Binet formula for the trajectory of a particle and displays 
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I. BBEJlEHHE. OCHOBHbIE IIOH5ITH51 H IIPHHUHIIbI 

Pa3yM, HeCOMHeHHO, KaJKeTCH cna6ID'!, Korna MI,I 

nyMaeM o cTo.smm:x nepen HMM 3anaqax, nencTBHTenh
HO cna6ID'!, KOrna MI,I npOTHBOilOCTaBnHeM ero 6e3yM
CTBY H CTpacTHM qenoBeqecTBa, KOTOphle,Hano npn-
3HaTh, pyKoBonxT noqTH nonHOCThID cynh6aMH qeno
BeqecKMMH, KaK B ManoM, TaK H B 6onhlliOM. Ho TBO
peHHH HHTenneKTa nepexHBaroT myMHyro cyeTy noKone
HHH H Ha npOTHXeHHH BeKOB 03apHIDT MHp CBeTOM H 

TennoM. 

A. 3HHlliTeHH 

(cTaThH nnx "Manchester Guardian", 1927 r.) 

Uenhro Been nexTenbHOCTH HHTenneKTa HBnxeTcx 
npeBpameHne HeKoToporo qyna B HeqTo nocTnraeMoe. 

, A. 3HHlliTeHH 

KJiaCCH"lJeCKa.SI MeXaHHKa 3aHHMaeTC5I H3y"CJeHHeM ,llBH)KeHHH MaKpOCKOIIll

"CJeCKHX TeJI, CKOpOCTH KOTOpbIX MHOro MeHbIIle CBeTOBOH, a JIHHeHHbie pa3-

MepbI MHOro 60JihIIle aTOMHbIX. HcTOpH"'IeCKH 3TO rrepBbIH ll3 pa3,lleJIOB Te

opeTH"lJeCKOH <pll3HKH, KOTOpa.51 B03HHKJia KaK "'IaCTb <pll3H"'IeCKOH HayKH BO 

MHOrOM 6naro.uap5I reHHIO H. HhIOTOHa. CaMO Ha3BaHHe "TeopeTH"lJeCKaH <pll-

3HKa" .uaeT JIHIIlh rrpHMepHoe rrpe.ucTaaneHHe o xapaKTepe rrpe.uMeTa. Cy

mecTaeHHOH ,llJIH HCCJie,llOBaHHH (pll3HKa-TeopeTHKa 5IBJI5IeTC5I pa6oTa B .IlBYX 

cne.uy10mHx HanpaaneHH5IX: 

• OCHOBbIBa.SICh Ha pe3yJihTaTax 3KCIIepHMeHTOB B orrpe.ueneHHOH o6naCTH 

<pll3H"'IeCKHX HBJieHHH, ycTaHaBJIHBaTb o6mHe 3aKOHOMepHOCTH ,llJI5I 3TOH 

o6JiaCTllj 

• HCXO,ll5I H3 06IUHX 3aKOHOB, rrpe,llCKa3bIBaTh IIOBe,lleHHe Tex HJIH HHhIX 

<pII3H"'IeCKHX CHCTeM. 
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IlpH perneHHH TaKHX 3ana11, B006rue rOBOp.H, rrpHXO,IlHTC.H CTpOHTb ,IlO

BOnhHO nnHHHhie H cnmKHble uerro11KH norH11ecKHX yMo3aKmo11eHHH. Ha 3TOM 

IIYTH Bp.H.Il nH MO)KHO 6hin0 6bI rrpO,IlBHHYTbC.H ,IlOCTaT0'1HO ,IlaJieKo, ecnH 

6bI He 6hIJIO B03MO)KHOCTH cpopMaJIH30BaTb rrpouecc, HCIIOnh3Y.H MaTeMaTHKy 

KaK OCHOBHOH MeTO,Il TeopeTH'1eCKOH q>H3HKH. TaKa.H MaTeMaTH3aUH.H OKa-

3bIBaeTC.H HaH6onee rrpOCThIM rryTeM OC03HaHH.H rrpHpO.Ilhl q>H3H'1eCKHX .HBne

HHH. OnHaKO He06XO,IlHMO rrpH3HaTh, '1TO xapaKTep paccy)K,IleHHH q>H3HKa

TeopeTHKa BeCbMa crreuHcpH11eH H He Bcerna HCIIOnh3yeMble HM MeTO,IlbI rrpH

eMneMhl C TO'IKH 3peHH.H MaTeMaTHKa. TaKoe paCXO)K,IleHHe B OTHOllieHHH 

K rrpenMeTy HCCne,IlOBaHHH, KOTOpoe Harn.H,IlHO, HO rpy6o OTpa)KeHO B H3-

BeCTHOM acpopH3Me "MaTeMaTHK ,IlOKa3hIBaeT, a .q>H3HK y6e)K,IlaeT"' II0,Il,Ila

eTC.H o6'b.HCHeHHIO . .IleHCTBHTenhHO, MaTeMaTHK caM KOHCTpyHpyeT 06'heKTbI 

HCCnenoaaHHH H. orpaHH'1eH nHllib Tpe6oBaHHeM CTpOrOCTH H norII11ecKOH He

rrpOTHBOpe11HBOCTII CBOHX YM03aKnI0'1eHHH. <PII3IIK )Ke II3y11aeT Ilpnpony -

o6'beKT, cyruecTBYIOIUIIH He3aBHCIIMO OT Hae, II K TOMY )Ke naHHhIH B e,IlIIH

CTBeHHOM 3K3eMrrn.Hpe. Ilo3TOMY rrpIIXO,IlHTC.H 3a60TIITbC.H He CTOJibKO O JIOrII-

11eCKOH CTpOHHOCTH paccy)K,IleHHH II yno6CTBe paCCMOTpeHII.H, CKOnhKO O co

OTBeTCTBHII BBe,IleHHhIX rrpencTaBJieHIIH 3TOMY yHHKaJihHOMY o6'beKTy. Iln.H 

q>II3IIKa-TeopeTHKa MaTeMaTIIKa - BCIIOM,OraTeJihHOe cpe,IlCTBO ( crrpaBe,IlJIHBO

CTII pa,IlII 3aMeTIIM - He06XO,IlIIMOe), Bbipa)KMCb o6pa3HO, MaTeMaTIIKa ,IlmI 

Hero IIO,Il06Ha )KepHOBY, KOTOpbIH rrepeMaJihIBaeT Bee, '1TO IIO.Il Hero 3aKJia,Ilbl

BaIOT. 

B 11eM COCTOIIT IICKYCCTBO q>II3IIKa? Ha Harn B3rJI.H.Il, Ha 3TOT pIITOpII1Ie

CKIIH BOrrpoc MO)KHO OTBeTIITb JIIIllih BeChMa cxeMaTII1IHO: HCKYCCTBO q>H3IIKa 

COCTOHT 

• a crroco6HOCTH paCCMOTpeTb CHTyauIIro, COCTaBIITb MbICJieHHYIO Kap

TIIHKY rrpOIICXO,Il.HIUero II MbICJieHHO )Ke "IIOBepTeTh" 3TOH KapTHHKOH; 

• B yMeHIIII rrono6paTb aneKBaTHYIO 3TOH CIITyaUIIII MaTeMaTH1IeCKYIO MO

,IleJib, T.e. B yMeHIIH rrepeBeCTH q>II3II'1eCKHe 3aKOHOMepHOCTII Ha .H3bIK 

MaTeMaTII1IeCKIIX o6'beKTOB II orrepauHH Ha,Il HIIMIIj 

• B yMeHIIH pa6oTaTb B paMKaX CKOHCTpyIIpOBaHHOH MO,IleJIH, 1ITO Tpe-

6yeT ,IlOCTaT01IHOH TeXHII'1eCKOH IIO,IlrOTOBKH. 

Ilpouecc MaTeMaTH1IeCKOrO MO,IleJIIIpOBaHII.H TOH IIJIH IIHOH q>H3H1IeCKOH CH

TyauIIII Ha30BeM IIOCTpOeHHeM npe.n;cTaBJieHlUI. O6paTHhlll rrpouecc, B pe-

3YJibTaTe KOTOporo TOH HJIII HHOH MaTeMaTII'1eCKOH CTpyKType CTaBHTC.H B 

COOTBeTCTBIIe OIIHChIBaeMa.H ero q>II3H1IeCKa.H CHTyaUII.H, Ha30BeM peaJI113a
:u;11eft MaTeMaT11qecKoii CTPYKTYPhI ( CM. pIIc. 1). lfro6b1 3cpcpeKTIIBHO 
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I 

MaTeMaT"1'-16CKaf! Q)lll31114eCK8s:I 

CIIITY8L\llls:I 
crpyKrypa 3 

.__ _ _____,1 ~ _l_ 
pean 11138L\llls:I 

Pn:c. 1 

KOBap~aHTHOCTb 

pa6oTaTh c 061,eKTaMn: cpn:3n:qecKoro Mn:pa, o6blqHo Haxo.n;HT a,n;eKBaTHoe Ma

TeMaTn:qecKoe rrpe,n;cTaBJieHn:e. 3aMeTn:M, qTo MaTeMaTn:qecKn:e o6'beKThI, B 

CBOIO oqepe.n;h, TaK)Ke o6na,n;aIOT rrpe.n;CTaBneHHHMH, n: B TaKOM cnyqae CTaHo

BHTCH Ba)I(HOH CTerreHh pa3nn:q1151 Me)K,n;y 06'beKTOM II ero rrpe.n;cTaBneHHHMH. 

Harrpn:Mep, KBa.n;paTHYIO MaTp11uy MO)KHO HCIIOnb30BaTb .n;nH Toro, qT06bI 3a

.n;aTb nn:Heii:Hoe rrpeo6pa30BaHHe, a ee .n;eTepMHHaHT paccMaTpHBaTb 11n11 KaK 

Ha6op orrpe,n;eneHHbIX orrepau11ii: Ha,n; :=meMeHTaMH MaTpHUhI, HnH KaK q11cno, 

IIOKa3bIBaromee, BO CKOnbKO pa3 nHHeHHOe rrpeo6pa3oBaHHe H3MeHHeT o6'beM. 

B rrepBOM cnyqae YTBep)K,n;eHHe O TOM, qTO ,n;eTepMHHaHT rrpOH3Be.n;eHHH paBeH 

rrpOH3Be.n;eHHIO ,n;eTepMHHaHTOB, .n;OKa3bIBaeTCH 'rryTeM ,n;OBOnhHO 3arryTaHHbIX 

Bblqn:cneHHH, a BO BTOpOM HBnHeTCH oqeBH,n;HbIM. 

lfaMepeHn:e - OCHOBa (pH3HqecKoii: iiayKH. He cymecTByeT OIIbITOB, KOTO

pbie II03BOnHnn: 6hI H3MepHTb rrono)Kemre Tena B IIpOCTpaHCTBe n:n11 MOMeHT 

BpeMeHH, Kor.n:a rrpOH30IIInO HeKOTopoe co6bITHe. 3Kcnepn:MeHT8.JibHO 1'13-

Mepl'IMbl Jil'Illib paCCTOSIHl'ISI Me)K,n;y TeJiaMn: l'I npoMe)KyTKl'I BpeMeHn: 

Me)K.n:y C06bITl'ISIMl'I, qTO II 6y.n;eT rrpn:HHTO B KaqecTBe O,n;Horo 113 IIOCTyna

TOB. 

<f>n:311qecKHe HBneHHH .n:ocTaTOqHo CJIO)KHbl H .n;OBOnhHO TeCHO B3aHMOCBH-

3aHbI, qTO .n:enaeT rronHoe paCCMOTpeHHe Bcex CTOpOH H oco6eHHOCTeii: 3THX 

HBneHn:ii: rrpaKTHqecKH HeocymecTBHMbIM. Ilo3TOMY TeopeT11qeCKM {plI3HKa 

3aHHMaeTCH Herrocpe.n;CTBeHHO He CTOnbKO caMHMH 06'heKTaMH Ilp11po,n;b1, CKO

nhKO HCKYCCTBeHHO CKOHCTpy11poBaHHhIMH MO.n;enHMH, coxpaHHIOIUHMH Te 11n11 

HHbie oco6eHHOCTH ,n;aHHOrO 06'beKTa (Harrp11Mep, MaTep11anbHM TOqKa, a6co

nIOTHO TBep,n;oe Teno, HeC)KHMaeMM )KH,n;KOCTb 11 T .,n;.). IlocTpOeHHe nro6oii: 

MO,n;enn: B KOHeqHOM HTOre CBO.n;HTCH K rrpeHe6pe)KeHHIO BTOpocTerreH~bIMH 

CBOHCTBaMH, HecymecTBeHHblMH .n;nH paCCMaTpn:BaeMoro Knacca HBneHHII .n:e

TanHMH, T.e. K KPYIIHOMaCIIITa6HOMY ycpe.n;HeHn:IO; pa3yMeeTCH, .n;nH pa3n11q

HbIX Mo.n;eneii: CTerreHh 3TOro ycpe.n:HeHHH pa3nHqHa. 
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B mo6on: q>II3II'1eCKOll Te0pIIII HanII'leCTBYIOT :meMeHTapHbie npe;::i;cTaBne

HIIa {IInII nepBII'1Hhie noHaTIIa), KOTOphie ycBaIIBaIOTCa B pe3ynhTaTe Harnan

HOH ;::i;eMOHCTpaUIIII nII60 npe;::i;nonaraIOTCa II3BeCTHhIMII II3 6onee cpyH;::i;aMeH

TanhHOll TeopIIII. OrpaHII'1IIBaach 3TIIM 3aMe11aHIIeM, nepen:;::i;eM K onpe;::i;ene

HIIaM HeKOTOphIX OCHOBHhIX noHaTIIll. 

Ma.TepliaJihHruI TOqKa (B ;::i;anhHen:rneM T0'1Ka, qacTIIUa) - Teno, pa3Me

paMII KOToporo MO)KHO npeHe6pe11b no cpaBHeHIIIO C pa3MepaMII, xapaKTepII-

3YIOIUIIMII llBII)KeHIIe 3TOro Tena. lfa6IIThIH, HO apKIIll npIIMep - npII paCCMO

TpeHIIII llBII)KeHIIa 3eMnII BOKpyr ConHua KaK 3eMn10, TaK II ConHue MO)KHO 

C'1IITaTh MaTepIIanhHhIMII T0'1KaMII BBIIllY Toro, '1TO paCCTOaHIIe 3eMna -

ConHue MHOro 6onhrne pa3MepoB II 3eMnII, II ConHua. B TO )Ke BpeMa B 

3a;::i;a11ax, CBa3aHHhIX C BpameHIIeM 3eMnII BOKpyr co6CTBeHHOll OCII, 3eMnIO 

Henh3a nonaraTh MaTepIIanhHOH T0'1KOH. 

IIono)KeHIIe MaTepIIanhHOll T0'1KII B npOCTpaHCTBe ecTeCTBeHHO 3a;::i;aTh B 

no;::i;xonamen: CIICTeMe KOOPllIIHaT. Ho npe)K)];e He06XOllIIMO yT0'1HIITh, KaKOBhl 

reoMeTpII11eCKIIe CBOHCTBa npocTpaHCTBa, B KOTOpOM pa3BIIBaIOTCa C06bITIIa 

KnaccII11ecKon: Mexa:aIIKII. IIocTynIIpyeM: rrpocTpaHCTBO KJiacc11qecKoii 

MeXaHHKH TpexMepHO H eBKJIH.D;OBO. 3To, B '1aCTHOCTII, 03Ha11aeT, '1TO 

BeKTOphI B KnaCCII'leCKOll MeXaHIIKe CKna,lJ;hIBaIOTCa no npaBIIny napanneno

rpaMMa, KpOMe Toro, 3TO 03Ha11aeT, 11To nna onpe;::i;eneHIIa nono)KeHIIa B npo

cTpaHCTBe ecTeCTBeHHO BBe;::i;eHIIe ;::i;eKapTOBOll CIICTeMhl KOOPllIIHaT, B KOTO

pon: c 11acTIIuen: {MaTepIIanhHOH T0'1Kon:) cBa3hIBaIOT Koop;::i;IIHaThI x, y, z IInII 

pa;::i;IIyC-BeKTOp f' = f'( X, y, Z). 

BBe;::i;eM TaK)Ke noHaTIIe co6hlTH.SI. Co6hITIIe onpe;::i;enaeTca MecToM, rne 

OHO npOII30lllnO, II MOMeHTOM BpeMeHir, KOr;::i;a OHO npOII30lllnO. CoBOKynHOCTh 

C06hITIIll KnaCCII'leCKOll MexaHIIKII 06pa3yeT 4-MepHoe npOCTpaHCTBO, KOTO-. 

poe Ha30BeM raJIHJieeBbIM. f anIIneeBO npOCTpaHCTBO ecTeCTBeHHO pacmen

naeTca Ha 3-MepHoe eBKnII,lJ;OBO npocTpaHCTBO II OCh BpeMeHII. IlpII'1eM B Ka-

11eCTBe eme OllHOro nocTynaTa npIIMeM: BpeM.SI B KJiacc11qeCKOH MexaHHKe 

O.D;HOpO.n;HO. 3To 03Ha11aeT, '1TO 0.l];IIH II TOT )Ke 3KCnepIIMeHT, nOCTaBneH

Hhlll B pa3Hhie MOMeHThl BpeMeHII npII OllHIIX II Tex )Ke Ha11anhHhIX ycnOBIIax, 

;::i;acT 0.l];IIHaKOBhie pe3ynhTaThl. IlpOCTpaHCTBeHHO-BpeMeHHaa "IICTOpIIa" qa

CTIIUhl (Tena) II306pa)KaeTCa KPIIBOH B npOCTpaHCTBe co6bITIIll (ranIIneeBOM 

4-MepHOM npocTpaHCTBe), KOTOpM Ha3hIBaeTca MHpOBOH JIHHHeii, a Bee ee 

T0'1KII COBna;::i;aIOT C co6bITIIaMII' npoIIcxonaIUIIMII C '1aCTIIuen: ( TenoM) . 

.Una q>IIKCaUIIII Toro IInII IIHOro C06hITIIa He06XOllIIMO IIMeTh '1aCbl II CII

CTeMy KOOPllIIHaT. O;::i;HaKO BOnpoc O TOM, rne noMeCTIITh qaChl II Ha11ano CII

CTeMhl KOOPllIIHaT, OCTaeTca OTKpbIThIM llO Tex nop, noKa He BBe;::i;eHO noHaTIIe 

TeJia OTcqeTa. IIpe;::i;nonO)KIIM (eme 0.l];IIH nocTynaT), '1TO Teno OTC'leTa He 

OKa3hIBaeT BnIIaHIIa Ha C06hITIIa, npoIIcxonamIIe B ero OKpeCTHOCTII, mm )Ke 
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3TO BJUUIHHe MO)KeT 6b1Tb y-tITeHO. CquTa5I TeJIO OTcqeTa MaTepHaJihHOII Toq

KOII, COBMeCTHM C HMM qacbl II HaqaJIO CHCTeMbl KOOp,UHHaT. Teno OTC~IeTa, 

CHCTeMa KOOp,n;HHaT C HaqanoM, COBMemeHHhIM C TenoM OTcqeTa, H 

qachl B Haqane KOOp,ll;HHaT B COBOKYIIHOCTH o6pa3yIOT CHCTeMy OT

cqeTa (co) - O,ll;HO H3 OCHOBHhIX IIOH.SITHH KnaccnqecKOH MeXaHHKH. 

IloJIO)KeHHe MaTepHaJibHOII TOqKH B npocTpaHCTBe 3a,naHO, eCJIH 3a,naH ee 

pa.nuyc-BeKTOp r = r(x, Y, z). IloJIO)KeHHe N qaCTHU, oqeBH,UHO, onpe,neJIHTC5I 

3a,naHHeM 3N .neKapTOBbIX KOOp.UHHaT (no 3 Ha Ka)K.UYIO TOqKy), O,UHaKO eCJIH 

Ha cucTeMy N ToqeK HaJIO)KeHbl caa3H, TO H3 3a,na10r.u;Hx ee noJIO)KeHHe 3N 
aenHqHH He ace aana10Tca He3aBHCHMhIMH. 1leI1:cTBHTeJihHO, 

1. IlyCTb npH nepeMer.u;eHHH .nayx TOqeK a II b paCCT05IHHe Me)K.ny HHMH 

OCTaeTC5I HeH3MeHHbIM. Mx nOJIO)KeHHe B npOCTpaHCTBe onpe.nenaeTC51 

3a,UaHHeM 6 .neKapTOBblX KOOp,UHHaT 'Ta II iii, CB5I3aHHbIX ycJIOBHeM He

H3MeHHOCTH paccT05IHH5I Me)K,ny TOqKaMH 

Ilo3TOMY He3aBHCHMhIX aeJIHqHH, onpe.nena10r.u;Hx noJIO)KeHHe 3TOII CH

cTeMhI, OCTaHeTC5I TOJibKO naTb. B 3TOM KaqecTBe MOI'YT CJIY)KHTb 3 
,neKapTOBbl KOOp.UHHaTbl TOqKH a, a eCJIH 3acpHKCIIPOBaTb HX, TO TOqKa 

b MO)KeT HaXO,UHTbC5I TOJibKO Ha noaepxHOCTH ccpepbl pa.nHyca lab II ee 

nOJIO)KeHHe orrpe,neJIHTC5I 3a,naHHeM .nayx ·yrJIOB 0 II cp ccpepHqecKHX KO

Op.UHHaT. 

2. IlycTb rrpH rrepeMer.u;eHHH Tpex ToqeK a, b, c, He Jie)Kar.u;Hx Ha O.UHOII npa

MOII, paCCT05IHHe Me)K,ny HHMH OCTaeTC5I HeH3MeHHbIM ( TBep.noTeJihHbIII 

TpeyroJihHHK). Mx nOJIO)KeHHe B npOCTpaHCTBe MO)KeT 6b1Tb 3a,naHO 9 
,neKapTOBbIMH KOOp,UHHaTaMH 'Ta, 'Tb, 'Tc, KOTOpbie CB5I3aHbl TpeM5I co

OTHOIIIeHH5IMH lab, lbc, lea, qTo yMeHhIIIaeT KOJIHqeCTBO He3aBHCHMbIX 

BeJIHqHH .no IIIeCTH. B 3TOM KaqecTBe MO)KHO Bb16paTh 3 .neKapTOBbl 

KOOp,UHHaTbl TOqKH a. EcJIH 3a<pHKCHpOBaTb 3TY TOqKy, TO ToqKa b 
MO)KeT HaXO,UHTbC5I TOJibKO Ha noaepxHOCTH ccpepbl pa.nHyca lab, a ee 

IIOJIO)KeHHe orrpe,neJIHTC5I 3a,nairneM .nayx yrJIOB 0 II cp ccpepHqecKOII CH

CTeMbl KOOp.UHHaT. EcJIH 3acpHKCHpOBaTb TOqKH a II b, TO TOqKa C MO)KeT 

rrepeMer.u;aTbC5I TOJibKO no OKpy)KHOCTH, a ee nOJIO)KeHHe orrpe,neJIHTC5I 

3a,naHHeM HeKoero yrna 'lj;. 

IloH5ITHO, qTo npe.nnoqTHTeJihHee 3a,naBaTh IIOJIO)KeHHe CHCTeMbl B npo

CTpaHCTBe, HCIIOJih3Y5I He3aBHCHMbie BeJIHqHHbl. 9:HCJIO He3aBHCHMbIX BeJIH

qHH, IIOJIHOCTbIO orrpe,neJI5IIOI..UHX nOJIO)KeHHe CHCTeMbl N MaTepHaJihHbIX TO

qeK B rrpOCTpaHCTBe, Ha30BeM qncnoM CTeIIeHeH CB06o.n;hl. O6o3HaqHB 3TO 
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qncrro qepe3 s, 3aMeTIIM, qTo s :S 3N. JI106ble He3aBIICIIMhie aerrnqIIHhl, orrpe

.uem110uwe IIOJIO)KeHIIe CIICTeMbl N MaTepnaJibHbIX TOqeK B rrpOCTpaHCTBe, 

Ha30BeM 0606:m;eHHbIMH KOOp.n;HHaTaMH. OTMeTIIM, qTo o6o6meHHbie KO

op,UIIHaThl He ofoI3aTeJihHO IIMeIOT pa3MepHOCTb .UJIIIHbl ( CJIOBO "mo6bie" B 

orrpe.uerreHIIII!). TaKIIM o6pa30M, IIOJIO)KeHne CIICTeMhl N MaTepnaJibHbIX TO

qeK B rrpOCTpaHCTBe MO)KHO orrpe,ueJIIITb 3a,uaHIIeM s :S 3N o6o6meHHbIX 

KOOp.UIIHaT ql, q2, ... , qs. 
KrraccnqecKax MexaHIIKa 3aHIIMaeTCX n3yqeHIIeM ,UBII)KeHIIX CIICTeMbl Ma

TepnaJihHbIX TOqeK. IlamI<:eHIIe HeB03MO)KH0 OIIIICaTh O,UHIIM JIIIlllb 3a,UaHIIeM 

IIOJIO)KeHIIX CIICTeMbl (nHor.ua IICIIOJib3JIOT 3KBIIBaJieHTHbIM TepMIIH - 3a,UaHIIe 

KOHcpnrypaunn cncTeMhI). IleftcTBIITeJihHo, TOqKa, nMeromax a cpnKcnpoaaH

HhIM MOMeHT apeMeHII orrpe.uerreHHhie KOOp,UIIHaTbI, crrycTx 6eCKOHeqHo MaJibIM 

rrpoMe)KyTOK apeMeHII MO)KeT OKa3aTbCX B JII060M II3 ToqeK ccpepbl 6eCKOHeqHo 

Marroro pa.un:yca. M TOJibKO eCJIM BMeCTe C KOOp,UIIHaTaMM B TOT )Ke MOMeHT 

apeMeHM 3a,uaH TaK)Ke BeKTOp CKOpOCTII, crryCTX apeMx dt ToqKa OKa)KeTCX B 

orrpe.uerreHHOM MeCTe, rrpe.urrn:caHHOM BeKTOpOM CKOpOCTM. MTaK, .UBM)KeHMe 

CMCTeMhl MaTepnaJibHbIX TOqeK MO)KHO OIIMCaTb, eCJIM B orrpe,ueJieHHhlM MO

MeHT apeMeHM 3a,uaHbl KaK ee IIOJIO)KeHIIe B rrpOCTpaHCTBe, TaK M CKOpOCTM Ka

)K,ZlOM M3 N ToqeK. Bae.ueM rroHsiTn:e cocTO.SIHH.SI MexaHH"tJecKoii CHCTeMhl: 

3a,UaTh COCTOXHMe MexaHn:qecKOM CMCTeMbl 03HaqaeT 3a,UaTb B orrpe.uerreHHbIH 

MOMeHT apeMeHII 3HaqeHIIX CTOJibKMX rrepeMeHHbIX, CKOJibKO HJ)KHO, qT06hI 

O,UH03HaqHQ rrpe,ucKa3aTh 3HaqeHIIX acex ,UMHaMMqecKMX rrepeMeHHbIX B rrpo

II3BOJibHbIM MOMeHT apeMeHM. OrrbIT IIOKa3bIBaeT, qTo COCTO.SIHHe MexaHH

"tJeCKOH CHCTeMbl onpe.n;eJI.SieTC.SI 3a,n;aHHeM Bcex 0606:m;eHHbIX KOOp

,ZJ;HHa T II BCex 0606:m;eHHbIX CKOpOCTeii B .n;aHHbIH MOMeHT BpeMeHII, 

T .e. ,UJIX CIICTeMbl N TOqeK B MOMeHT BpeMeHM to ,UOJI)KHbl 6hITb 3a,UaHbl 2s 
He3aBIICIIMbIX BeJinqnH 

ql, q2, ···, qs; 
. . . 
qi, q2, ···, qs; 

. d 
( ... ) = dt ( ... ). 

3To IIOHXTMe II03BOJIXeT ccpopMyrrnpoBaTb OCHOBHYIO 3a,n;aqy MexaHIIKH -

no 3a,n;aHHOMY B ,n;aHHbIH MOMeHT BpeMeHII COCTO.SIHIIIO npe.n;cKa3aTb 

( onpe,n;eJIIITb) COCTO.SIHHe MexaHII'tJeCKOH CIICTeMbl B npOII3BOJibHblH 

MOMeHT BpeMeHH. PellIMTb OCHOBHYIO 3a,uaqy MexaHIIKII 03HaqaeT orrpe.ue

JIMTb .UBII)KeHue cncTeMhI, T.e. HaMTII qi = qi(t), i = 1, 2, ... , s. Ilrrx Toro 

qTo6hl HaHTII cpyHKUIIII qi = qi(t) ITO 3a,UaHHOMY COCTOXHMIO CIICTeMhl, He

o6XO,UMMO pellIIITb CIICTeMy .uncpcpepeHUIIaJibHbIX ypaaHeHMM, KOTOpbie ecTe

CTBeHHO Ha3bIBaTb ypaBHeHH.SIMII ,ZJ;BH)KeHII.SI. TaKIIM o6pa30M, pellleHIIe 

OCHOBHOH 3a,uaqn MexaHIIKM CBO,UIITCX, BO-rrepBbIX, K ycTaHOBJieHIIIO BII,Ua 

ypaBHeHIIH .UBII)KeHIIX MexaHuqecKOM CIICTeMbl II, B0-BTOpbIX, K MHTerpnpoaa-
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HIUO 3THX ypaBHeHHM )lJUI Toro, qTo6bI B HBHOM BH)le orrpe,lleJIHTh )lBlDKeHHe 

CHCTeMhl, T.e. HaMTH 3aBHCHMOCTh 0606.meHHhIX KOOp,llHHaT OT BpeMeHH. 

1. OcHOBHruI 3a,na~ia BapHaIUIOHH0r0 ucqucJieHHH. IlpHHIJ;HII HaH

MeHbmero .neii:CTBHH. YpaBHeHHH JiarpaH.>Ka. Cne)lyH HCTOpnqe

CKOM Tpa,llHJlHH, Mhl MOrJIH 6hl, BCJie)l 3a HhIOTOHOM, IIOCTYJIHpOBaTh 

ypaBHeHHH ,llBH)KeHHH MexaHHqecKOM CHCTeMbI. O.llHaKO TaKOM IIO,ll

XO)l HMeeT orpaHHqeHHYIO paMKaMH KJiaCcHqecKOM MexaHHKH rrpnMeHH

MOCTh. CymecTByeT ,llpyraH B03MO)KHOCTh - ccpopMyJIHPOBaTh 06.mnn: 

)lJIH Bcex pa3,lleJIOB TeopeTnqecKOM q:>H3HKH rrpHHJlHII, KOTOphIM Ha3hI

BaeTCH IIpHHIJ;HII0M HaHMeHbmero .neii:CTBHH H KOTOphIM II03BOJIHeT 

BhIHCHHTh, KaKHe HMeHHO orpaHnqeHHH HaKJia,llhIBaIOT cpH3HqeCKHe Tpe-

6oBaHHH Ha BH)l ypaBHeHHM ,llBH)KeHHH, H BhIBeCTH 3TH ypaBHeHHH, IIe

pen:)leM K cpopMynHpOBKe 3TOro rrpHHJlHIIa. 

• CocTOHHHe MexaHHqecKOM CHCTeMbI orrpe,lleJIHeTCH 3a,llaHHeM <py

HKIJ;HH JiarpaH.>Ka, KOTOpM HBJIHeTCH cpyHKilHen: IIOJIHOrO Ha6opa 

0606.meHHhIX KOOp,llHHaT H 0606.meHHhIX CKOpOCTeM (.llJIH CHCTeMhl 

C s CTerreHHMH CB060)lhl 2s BeJIHqHH - qi H <ii, i = 1, 2, ... , s): 

• BBO.llHTCH rroHHTHe .neii:CTBHH - 3T0 orrpe.lleJieHHhIM HHTerpan no 

BpeMeHH OT cpyHKilHH JiarpaH)Ka B rrpe,lleJiax OT t1 ,llO t2: 

t2 

S = J L(q1, q2, ... , qs, <ii, <i2, ... , <is, t)dt. 
t1 

• y TBep)K,lleHHe rrpHHilHIIa HaHMeHhIIIero )leHCTBHH COCTOHT B CJie

.llYIOI.UeM: .D;BH.>KeHHe MexaHuqecKOll CHCTeMbl Me.>K,ny <pHK

CHP0BaHHbIMH B M0MeHTbl t1 H t2 II0JI0.>KeHHHMH rrpoucxo

.D;HT 110 TpaeKT0pHH, Ha KOTOpoii: <pyHKIJ;HOHaJI ,neHCTBHH 

HMeeT 3KCTpeMyM. IIpaKTHqeCKH 3TO 03HaqaeT He06XO,llHMOCTh 

cpaBHHTh 3HaqeHHH ,lle:RCTBHH Ha Bcex MhICJIHMhIX (BHpTyaJihHhIX) 

TpaeKTOpHHX Me)K,lly q:>HKCHpOBaHHhIMH B MOMeHThI t1 H t2 IIOJIO

)KeHHHMH H BhI6paTh TY, Ha KOTOpon: )leU:CTBHe 3KCTpeMaJihHO, IIO

CJie)lHHH H 6y)leT COOTBeTCTBOBaTh HCTHHHOMY ,llBH)KeHHIO. 

3KCTpeMaJibHhie 3HaqeHHH HeKOTOpOH cpyHKJlHH orrpe,lleJIHIOT' IIpHpaB

HHBaH HYJIIO ee rrepByIO rrpOH3B0.llHYIO, l1Haqe rOBOPH, IIPH cpaBHeHHH 

3HaqeHHII cpyHKilHH B TOqKe 3KCTpeMyMa H B 6eCKOHeqHo 6JIH3KOII TOqKe, 
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T .e. B pa3JiO)KeHIUI cpyHKIJ;IIll B P.SI.U Teihmpa BOKpyr 3KCTpeMaJibHOH 

ToqKn, crraraeMoe, JIHHeiIHoe no 6ecKoHeqHo MarroMy rrpnparn;eHHIO ap

ryMeHTa, OT6paCbIBaeTC.SI, qTo n .SIBJI.SieTC.SI OTJIHqnTeJibHbIM CBOHCTBOM 

ToqeK 3KCTpeMyMa. B OCHOBHOH 3a,uaqe Bapnaun0HH0r0 ncqncrreHH.SI 

C.TaBHTC.SI Borrpoc 06 3KCTpeMaJibH0M 3HaqeHHll HeK0T0poro cpyHKUHO-

Hana 
t2 

I= j F(Q, Q, t)dt, (1) 
t1 

3a,uaHHoro B Bn,ue orrpe.uerreHHoro HHTerparra. B ( 1) cpyHKUH.SI F ( Q, Q, t) 
cqnTaeTC.SI 3a,uaHHOH. 3a,uaqa COCTOHT B TOM, qT06bI HallTH TaK Ha3bI

BaeMyIO 3KCTpeMaJih, T.e. KpHBYIO q = q(t), KOTOpa.SI o6ecrreqnBaeT 

Tpe6yeMoe 3KCTpeMaJibHOe CBOllCTBO. J1106y10 .upyryro cpyHKUHIO Q( t) 
Ha3oBeM cpaBHHBaeMoft. K "copeBHOBaHnro" Ha 3KCTpeMaJibHOCTb ( 1) 
.uorrycKaIOTC.SI KpHBbie Q ( t) C (pHKCHpoBaHHbIMH B MOMeHTbI ti H t2 3Ha-

qeHH.SIMH, rrpnqeM 

Q(ti) = q(ti), Q(t2) = q(t2). (2) 

By,ueM cqHTaTb cpaBHHBaeMyIO KpHBYIO 6eCKOHeqHO 6JIH3KOH K q(t), 
ocymecTBJI.SIIOill;ei'l 3KCTpeMyM ( 1)' H IIOJIO)KHM 

Q(t) = q(t) + E~(t), (3) 

r.ue € - 6eCKOHeqHo MaJiblll rrapaMeTp, a rrpOH3BOJibHa.SI B OCTaJibHOM 

cpyHKUH.SI ~(t) corrraCHO (2) .UOJI)KHa Y.UOBJieTBOp.SITb paBeHCTBaM 

~(ti) = ~(t2) = 0. 

BerrnqnHy 

c5q(t) = E~(t) 

Ha30BeM Bapnauneft q(t). IIo.ucTaBHB .uarree (3) B (1), rrorryqnM 

t2 

I(E) = j F(q + E~, q + Et, t)dt 
ti 

(4) 

(5) 

(6) 

- HHTerparr, 3aBHC.Sirn;HI1: OT rrapaMeTpa E. CorrracHo rrpe.urroJIO)KeHHIO 

q(t) - 3KCTpeMaJib, II03TOMY 3KCTpeMaJibHOe 3HaqeHHe HHTerparra (6) 
.uocTnraeTC.SI rrpn E = 0. TaKHM o6pa30M, paccMaTpHBaeMM Bapnaun

OHHM 3a,uaqa cBerracb K 3a,uaqe 06 o6blqHoM 3KCTpeMyMe, a Heo6xo.un

MhIM ycJI0BHeM 3KCTpeMaJibH0CTH J ( €) .SIBJI.SieTC.SI 

EJJ(c) le=o= O. 
0€ 
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JhrneirHhIH ~meH pa3JIO)Kemur HHTerparra l(E) B pa.u Teiirropa 

S:J _ . oI(E) 
1 u - E OE E=O (8) 

Ha3oBeM Bapnauneii HHTerparra I, Tor.ua ycrroBHeM ero 3KCTpeMaJihHO

CTH 6y.n;eT 

01 = o. 
MO)KHO IIOKa3aTb, qTO orrepauna BapbHpOBaHHa rrepecTaHOBOqHa C .ump

cpepeHI(HpoBaHHeM. HarJia,UHO 3TO .ueMOHCTpHpyeT pHC. 2. 

Q(t) 
q+8q 

8(q+dq) q(t) 

dt t 
Pnc. 2 

IleircTBHTeJihHO, rrerKo BH.UeTh, qTo 

dq+o(q+dq) = oq+d(q+oq), 

crre.n;OBaTeJibHO, o(dq) = d(oq). C .upyroii CTOpOHhl, H3 (5) crre.uyeT 

d(oq(t)) = Ed~(t), 

a H3 (3) rrorryqaeM 

Ed~(t) = dQ - dq. 

BBH.UY Toro, qTo Q = q+oq, H .urra .uncpcpepeHI(HaJIOB dQ = dq+o(dq), 
IIO3TOMY 

o(dq) = dQ - dq =Ed~= d(oq). 
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Boopy)KJIBIIIJICb HeKOTOpbIMJI IIOH51TJI51MJI 06 3KCTpeMyMe <pyHKIJ;JIOHa

na, o6paTJIMC51 K Tpe6oBaHJI51M rrpJIHIJ;JIIIa HaJIMeHbIIIero .nen:CTBJI51. Ha

IIOMHJIM ero cyTb: COCT051HJie MeXaHJiqecKOM CJICTeMbl C S CTerreH51MJI 

CB06o,nbl MO)KeT 6hl'fb orrpe,neneHO q>yHKIJ;HeH JiarpaH2Ka 

L = L(q1, qz, ... , qs, '11, '12, ... , 'ls, t) 

(qi JI 'Ii - Ha6op o6o6meHHbIX KOOp,nJIHaT JI CKOpOCTen:, i = 1, 2, ... , s), 

BBO.r:(JITC51 <pyHKIJ;JIOHaJI .n;eHCTBHSI 

t2 

S = j L(qi, 'Ii, t)dt, 
t1 

JI YTBep)K,naeTC51, qTO Me2K,n;y ,ZJ;BYMSI q>HKCHpOBaHHbIMH B MOMeH

Tbl' t1 H t2 IlOJIO)K€HHSIMH ,ZJ;BH2K€HHe MexaHH"tJeCKOH CHCT€Mbl 

npOHCXO,ZJ;HT no TpaeKTOpHH, Ha KOTOpOH .n;eHCTBHe 3KCTpe

MaJibHO. Heo6xo,nJIMbIM ycnOBJieM 3KCTpeMyMa, KaK 6bmO IIOKa3aHO, 

51BJI51eTC51 o6pameHJie B HYJib BapJiaIJ;JIJI .nen:CTBJI51 

8S= 0, 

rrpJiqeM 

oqi(t1) = oqi(t2) = o. 
IT03TOMY, IIOCKOJibKY orrepan;JIM .r:(JI<p<pepeHn;JipOBaHJI51 ( JIJIJI JIHTerpJip0-

BaHJI51) JI BapbJipOBaHJI51 rrepecTaHOBOqHhI, rronyqaeM 

t2 s 8L 8L 
os = J L [oqi • - + oqi • ~.] dt = o. 

t1 i=l oqi oqi 

yqJITbIBa.s:r, qTO oqi = d(oqi)/dt, JI JIHTerpJipy.s:r BTOpoe cnaraeMoe 110-

,I:(bIHTerpaJihHOrO Bbipa)KeHJI51 110 qacT51M, rronyqaeM 

t
2 

[ s ( 8 L d 8 L) ] s 8 L 
os = j L a- - d~ oqi • dt + L ~oqi I~~= o. 

ti i=l qi t qi i=l qi 

IlpJIHIJ;JIII HaJIMeHhIIIero .nen:CTBJI51 OTHOCJITC51 TOJibKO K ,I:(BJI)KeHJI51M Me

)K,I:(y .n;ByM.s:r <pJIKCJipOBaHHbIMJI B MOMeHTbl t1 JI t2 IIOJIO)KeHJI51MJI, II0-

3TOMY rrocne.n;Hee cnaraeMoe rrpe,nh1,nymero Bhipa)KeHJI.s:r o6pamaeTc.s:r B 

HYJih, a T.K. Oqi(t) IIpOJI3B0JlbHa, TO KaK CJie.r:(CTBJie IIpJIHIJ;JIIIa HaJIMeHh

IIIero ,nen:cTBJI51 rronyqaeM ypaBHeHHSI JiarpaH2Ka 

. d 8L 8L 
----=0 
dt oqi oqi ' 
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C MaTeMaTH'-IeCKOII TOqKu· 3peHHH 3TO CHCTeMa S ,umpcpepeHIJ;HaJihHhIX 

ypaBHeHHII BTOporo nopH,UKa, perneHHe KOTOpOII n03BOJIHeT onpe,uemITh 

COCTOHHHe paccMaTpHBaeMOII MexaHuqecKOII CHCTeMhl no ll3BeCTHOMY 

B npOH3BOJihHhllI MOMeHT BpeMeHII COCTOHHHIO II TeM caMhIM peIIIIITh 

OCHOBHJIO 3a,uaqy MexaHHKll (pa3yMeeTCH, cpyHKIJ;llH Jlarpam1m CHCTeMhl 

npe,unonaraeTca 3a,uaHHOII). .IleI1:cTBHTeJihHO, ypaBHeHIIH JlarpamKa -

3TO ypaBHeHHH TI1na 

i = 1,2, ... ,s, 

perneHHH KOTOphIX co,uep2KaT 2s npOH3BOJihHhlX nOCTOHHHhIX: 

Bh1pa2Kaa KOHCTaHThl Ci qepe3 Ha6op qoi, iJ.oi, onpe,ueJIHIOIIJ;IIH COCTOH

Hile CllCTeMhl B MOMeHT BpeMeHH to, nonyqaeM nOJIHOe peIIIeHile no

CTaBJieHHOH 3a,uaqu, TaKIIM o6pa30M, ypaBHeHIUI JiarpaH.>Ka - 3TO 

ypaBHeHIUI .l(BlUKeHIUI MexaHH"'leCKOH CHCTeMbl. 

BbIIIIeH3JIO)KeHHOe HanOJIHHTCH qJH3HqecKHM co,uep2KaHHeM JIHIIlh nocne 

Toro, KaK, BblHCHHB cpll3HqecKHH CMhICJI cpyHKIJ;Illl JlarpaH2Ka, Mhl Ha

yquMCH KOHCTpyupoBaTh Jiarpam1maH B Ka2K,UOM KOHKpeTHOM cnyqae. 

O,uHaKO CBOHCTBa narpaH2KeBOH cpyHKIJ;IIII M02KHO ycTaHOBIITh y2Ke ceft

qac . 

• .IlBe cpyHKIJ;llll JlarpaH2Ka, KOTOpbJe OTJIIlqaIOTCH Ha nOJIHYIO npo

ll3B0,UHJIO no BpeMeHH OT' npOI13BqJihHOH cpyHKIJ;HII KOOp,UIIHaT: 

onpe,ueJIHIOT ,UBH2KeHHe O,UHOH II TOH )Ke MexaHuqeCKOH CIICTeMhl. 

IleI1:cTBHTeJihHO, 

t2 

S = I Ldt = 8 + [f(qi(t2)) - f(qi(t1))]. 
ti 

IlpII :sapbttpoBaHIIII Bbipa2KeHue B KBa,upaTHhIX CK06Kax I1cqe3aeT, 

TOr,ua bS = bS, T.e. L u L npIIBO.UHT K O.UHIIM u TeM 2Ke ypaa

HeHHHM ,UBH2KeHHH. TaKHM o6pa30M, cpyHKIJ;llH JlarpaH2Ka onpe,ue

JieHa C TOqHOCTbIO ,UO nOJIHOH npOI13B0,UHOII no BpeMeHH OT npo

H3BOJibHOII cpyHKIJ;llll KOOP.UHHaT ll BpeMeHH, HHaqe roBopa, ecnu B 

Bbipa2KeHHll ,UJIH cpyHKIJ;llII JiarpaH2Ka y,uaeTCH BbI,UeJIHTh noJIHYIO 

npOH3B0,UHJIO no BpeMeHH, TO ee MO)KHO OT6pOCHTh 6e3 KaKoro

JIH60 ymep6a ,UJIH ypaBHeHHH ,UBH)KeHHH. 
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• <PyHKil;Irn Jlarpam1rn aClIMIITOTJI"lleCKlI a,U,IllITlIBHa. 3To 03Ha"9:aeT' 

"'ITO eCJilI HeKa.H MexaHJI"lleCKa.H ClICTeMa COCTOlIT lI3 IIO,IlClICTeM 

A, B, C, ... , KOTOphie He B3aJIMo,ueiicTBJIOT JIJIJI pa3Be,ueHhI HacTo

JihKO, "'ITO B3alIMO,IleMCTBJieM Me)K,uy HlIMlI MO)KHO rrpeHe6pe"'Ib, TO 

q:>JHKUlI.H JlarpaH)Ka BCeM ClICTeMbI ecTh CJMMa q:>yHKUlIM JlarpaH-. 

)Ka IIO,IlClICTeM: 

L =LA+ Ls+ Le+ ... 

KaK 6y,ueT BbrnCHeHO B ,IlaJibHeiirneM, cpyHKUlI.H JlarpaH)Ka ,IlOJI)KHa 

o6rra,uaTh 3TlIM CBOMCTBOM ,IlJI.H Toro, "'IT06bI o6ecrre"'IJITb aHaJIO

rJI"'IHOe CBOMCTBO MaCCbl (lIJilI, eCJilI yrO,IlHO, 6rraro.uap.H TOMY, "'ITO 

3TlIM CBOMCTBOM o6rra.uaeT Macca). 

• HeTpJ.IlHO 3aMeTlITh, "'ITO cpyHKUlI.H JlarpaH)Ka orrpe.uerreHa C T0"ll

HOCTblO .IlO YMHO)KeHlI.H Ha JII06y10 KOHCTaHTY' IIOCKOJibKY TaKoe 

YMHO)KeHJie He OTpa)KaeTC.H Ha ypaBHeHJI.HX .IlBlI)KeHJI.H. Ka3aJIOCb 

6b1, 3TO .uorrycKaeT YMHO)KeHJie cpyHKUlIM JiarpaH)Ka lI30Jilip0BaH

HbIX IIO,IlClICTeM Ha pa3Hbie IIOCTO.HHHhie, O,UHaKO CBOMCTBO acJIM

IITOTJI"lleCKOM a,u,ulITlIBHOCTlI 3arrpern;aeT TaKOM IIp0lI3B0JI - q:>yHK

UlilI JiarpaH)Ka HeB3alIMO,IleMCTBJIOW:lIX IIO,IlClICTeM MOryT 6bITb 

rroMHO)KeHhI TOJihKO Ha o,uHy JI TY )Ke KOHCTaHTY. 

2. Ilpl'IHIJ;HII OTHOCHTeJibHOCTH. 11peo6pa30BaHH.SI ran:u:Jie.sI. <PlI-

3JI"lleCKJie 5IBJieHlI.H rrpoTeKaIOT He3aBJIClIMO OT COCTO.HHJI.H .IlBJI)KeHlI.H Ha-

6JIIO,Ila TeJI.H (rrpe.urrorraraeTC.H, "'ITO Ha6JIIO,UaTeJih BMeCTe C He06XO,IllI

MbIMlI ,IlJI}I lI3MepeHJIM rrpJI6opaMJI IIplIB.H3aH K KaKOM-JIJI6o ClICTeMe OT

C"lleTa, II03TOMY B ,uaJibHeiirneM CJIOBO "Ha6JIIO,UaTeJib" 6y,ueT 0603Ha

"9:aTb TaK)Ke lI CB5!3aHHYIO C HlIM co, lI Hao6opoT). OrrJICaHJie )Ke q:>JI3lI

"9:eCKlIX .HBJieHlIM cyrn;eCTBeHHO 3aBlIClIT OT Bbl6opa Ha6rr10,uaTeJI.H. lleii

CTBlITeJibHO, C TO"'IKlI 3peHlI.H rrp0lI3BOJibHO .IlBJI)Kyrn;eiic.H' co "llaCTJIUa, 

IIOKO.HW:MC.H B KaKOM-TO MOMeHT, rrplI,IleT B .IlBJI)KeHJie B crre.uy10rn;Jie M0-

MeHTbI BpeMeHJI. O,uHaKO cyrn;eCTBJIOT ClICTeMhl OTC"lleTa lI CB.H3aHHbie C 

HlIMlI Ha6JIIO,IlaTeJIJI, B KOTOpbIX q:>JI3lI"lleCKJie .HBJieHlI.H BhirJI.H,Il.HT rrporn;e, 

"lleM B ,upyrJix CO. 3ToT cpaKT 6hm oco3HaH ern;e rarrJirreeM, a 1-ii 3aKOH 

HhIOTOHa, rro cyrn;ecTBY, aBrraeTca orrpe,uerreHJieM TaKJIX CO - JIHepulI

arrhHhIX ClICTeM OTC"lleTa (MCO), c T0"'IKJI 3peHJI.H KOTOphIX orrJicaHJie 

q:>JI3lI"lleCKlIX .HBJieHJIM HaJI6orree rrpOCTO. 

IlOMlIMO HblOTOHOBCKOro orrpe,uerreHlI.H - cyrn;eCTBJIOT ClICTeMhl OTC"lleTa, 

B KOTOpbIX "BC.HKOe Teno rrpO,IlOJI)KaeT y.uep)KJIBaTbC.H B CB0eM COCT0.H

HlilI IIOKO.H lIJilI paBHOMepHoro lI rrp.HMOJIJIHeMHOrO .IlBJI)Kemrn, IIOKa lI 

IIOCKOJibKY OHO He IIOHJ)K,UaeTC.H IIplirraraeMbIMlI CJIJiaMJI lI3MeHlITb 3T0 
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cocToSimrn" - MCO MO)KHO onpe,nemi:Th II I:IHaqe, Ha3oaeM MCO Ta

Kyro co, B KOTOpoii rrpocTpaHCTBO O,LJ;HOpO,n;HO H H3OTpOIIHO, 

a BpeMH O,LJ;HOpO,n;Ho. B ,naJihHeihneM MhI 6y,neM I:ICXO,Il;I:ITh I:I3 3TOro 

onpe,neJieHI:ISI I:I IlOKa)KeM ero 3KBI:IBaJieHTHOCTh HhIOTOHOBCKOMy. IloSIC

HI:IM ITOHSITI:ISI "O,Il;HOpO,nHo" I:I "I:I30TpOITHO" . ECJII:I npocTpaHCTBO O,LJ;HO

po.n;Ho, TO O,Il;I:IH I:I TOT )Ke 3KCnepI:IMeHT npI:I O,Il;I:IHaKOBhIX HaqaJibHhIX 

YCJIOBI:ISIX B pa3HhIX TQqKax npOCTpaHCTBa ,nacT 0,Il;I:IH I:I TOT )Ke pe3yJih

Ta T. M, Hao6opoT, eCJII:I BhIITOJIHeHHhIII B pa3HhIX TQqKax npocTpaHCTBa 

npI:I O,Il;I:IHaKOBhIX HaqaJihHhIX YCJIOBI:ISIX 0,Il;I:IH I:I TOT )Ke 3KCnepI:IMeHT 

,naeT COBna,na10mI:Ie pe3yJihTaThI, TO npOCTpaHCTBO O,Il;HOpO,nHO. EcJII:I 

npOCTpaHCTBO H3OTpOIIHO, TO omrn I:I TOT )Ke 3KCnepI:IMeHT npI:I O,Il;I:I

HaKOBhIX HaqaJibHhIX YCJIOBI:ISIX, BhIITOJIHeHHhIH B Jia6opaTOpI:II:I, KOTOpaSI 

MO)KeT BpamaTbCSI BOKpyr KaKOH-JII:I6o OCI:I, npI:I IlOBOpOTe Ha pa3Hhie 

yrJihI ,nacT O,Il;I:IH I:I TOT )Ke pe3yJihTaT. M, Hao6opoT, COBna,naIOmI:Ie 

pe3yJihTaThI 3KcnepI:IMeHTOB npI:I IlOBOpOTaX Jia6opaTOpI:II:I Ha pa3Hhle 

yr JihI rOBOpSIT 06 I:I30Tp0ITHOCTI:I npocTpaHCTBa. 

l1HTYI:ITI:IBHO npI:IHI.J;I:IIl OTHOCI:ITeJihHOCTI:I (ITO) KaK o6o6meHI:Ie 3Kcne

pI:IMeHTaJibHhIX ,naHHhIX o6hiqHo q>OpMyJII:IPYIOT B BI:I,ne CJie,ny10mero 

YTBep)K,UeHI:ISI: HeT HHKaKHX OCHOBaHHH, HCXO,LJ;H H3 qJH3H'tleCKHX 

coo6pa)KeHHH, rrpe.n;rroqeCTb KaKyro-JI:n:60 O,n;Hy H3 HHepn;HaJib

HhlX CHCTeM OTC'tleTa. llpyrI:IMI:I CJIOI~aMI:I, He cymecTayeT 3KC

rrep:n:MeHTOB, KOTOphle IIO3BOJIHJIH 6hl Bhl,LJ;eJIHTb KaKyIO-JI:n:60 

HHepn;HaJibHYIO CHCTeMy OT_C'tleTa no cpaBHeHHIO C .n;pyrHMH, 

I:IJII:I He cyI.QeCTByeT qJH3H'tleCKHX CHCTeM HJIH COCTOHHHH 3THX 

CHCTeM, IIOBe.n;eH:n:e KOTOpbIX B pa3HhlX MCO, HO rrp:n: o.n;:n:HaKO

BhlX Ha'tlaJibHhlX ycJIOBHHX 6bIJIO 6hl He O,LJ;HHaKOBO. I1onpo6yeM 

YTOqHI:ITh 3TI:I YTBep)K,UeHI:ISI. Ilpe,ncTaBI:IM ce6e .n;Byx Ha6JIIO,naTeJien: 

A II B, CBSI3aHHhIX c pa3HhIMI:I MCO, KOTOphie cJie,nSIT 3a noBe,neHI:IeM 

.UBYX I:I,n:eHTI:IqHhIX q>I:I3I:IqecKI:IX cI:IcTeM a II b B o,nHOM II TOM )Ke 3Kcne

pI:IMeHTe. Tor,na, COrJiaCHO J10, eCJII:I HaqaJihHOe COCTOSIHI:Ie CI:ICTeMhI 

a C TQqKI:I 3peHI:ISI A TaKoe )Ke, KaK I:I HaqaJihHOe COCTOSIHHe CHCTeMhI 

b C TQqKI:I 3peHHSI B, TO pe3yJihTaTbI 3KCnepHMeHTOB COBna,n:aIOT. Ha-

6JIIO,UaTeJIH A H B TOJihKO cpaBHI:IBaIOT IlOJiyqeHHhie HMH pe3yJihTaThI 

3KCnepHMeHTa Ha,n CBOen: q>I:I3I:IqecKoi'I CI:ICTeMOH, HO A (B) He npoBO,UHT 

Ha6JIIO,UeHHII Ha.n: b (a), a eCJII:I 6bI H npoBO,Il;I:IJI, TO, BOo6me rOBOpSI, no

JiyqI:IJI 6hr pe3yJihTaThI, OTJII:IqHhie OT Tex, KOTOphie noJiyqaeT B (A). 

llei'IcTBI:ITeJihHO, paccMOTpHM, HarrpnMep, 3apSI.UhI a H b, Heno.n;BH)KHhie 

OTHOCHTeJihHO Ha6mo,n:aTeJiei'I AH B COOTBeTCTBeHHO. Ka)K,UhIH I:I3 HHX 

o6Hapy)KI:IT HaJinqne cTaTI:IqecKoro 3JieKTpnqecKoro noJISI, co3,naHHOro 

3apSI,n:aMI:I co6CTBeHHOi'I MCO (AB a, BB b), Ho Ha6JI10.n;aTeJih A (B) no-
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MHM0 3JieKTpH11ecKoro 3aqrnKCHpyeT TaK)Ke H MarHHTH0e IIOJie 3ap5I,n;a 

b (a), 111'0 He coBira.n;aeT c Ha6mo.n;eHH5IMH B B b ( A B a). 3TH no5ICHeHH5l 

Il03B0JI5IIOT Han0JIHHTb cpH3H'1eCKHM co.n;ep)KaHHeM 0,D;Hy H3 pacnp0CTpa

HeHHbIX cpopMyrrHpopoK ITO - B pa3JIIPIHhIX HCO Bee cp11311qecK11e 

HBJieHHH npH O,IJ;HHX H Tex )Ke Ha'tJ:aJihHhlX YCJIOBHHX npoTe

KaIOT o.n;11aaKOBhIM o6pa3oM. ITO - 3T0 YTBep)K,n;emi:e o TOM, 11To 

HeKOTOpbIH KJiacc (pH3H'1eCKHX TeOpHH o6rra.n;aeT onpe.n;erreHHhIMH CBOH

CTBaMH HHBapHaHTH0CTH ( CHMMeTpH5IMH), H, crre,n;oBaTeJibH0, CB5!3aH

HbIH c HeKoTopoiI rpynnoiI npeo6pa3oBaHHH (cHMMeTpHiI) ITO HaKrra,n;hr

BaeT orpaHH'1eHH5l Ha B03M0)KHbie THilbI cpH3H'1eCKHX TeOpHiI, K0T0pbre 

M0)KH0 ccpopMyrrHpoBaTb, He Hapyrna5l ITO, 

P accMoTpHM H30JIHpoBaHHYIO 11acTHUY ( 11aCTHUY, He B3aHMo.n;eiicTBy10-

ruy10 C .n;pyrHMH 11aCTHUaMH HJIH TeJiaMH) C T0'1KH 3peHH5l Ha6rr10.n;a

TeJIJl, CB5!3aHHoro c I1CO. Boo6rue rOBop5I, cpyHKUHJl JiarpaH)Ka L = 
L ( T, V, t), 0,D;HaK0 B paCCMa TpHBaeM0M crry11ae BBH,D;Y 0,ll;H0p0,D;H0CTH H 

H30Tp0ilH0CTH npocTpaHCTBa H 0,D;H0p0,D;H0CTH BpeMeHH He06XO,ll;HMO no

Tpe6oBa Th, '1T06bI L He 3aBHCeJia OT f', t H HanpaBJieHHJl CK0p0CTH, 

T.e. cpyHKUHJl JiarpaH)Ka IBOJIHpoBaHHOH 11acTHUbI B I1CO M02KeT 3aBH

ceTh T0JihK0 OT BeJIH'1HHbI cKopocTH: L = L(v2
). YMeCTHO 0TMeTHTh, 

'1T0 TaKaJl 3aBHCHM0CTb rrarpaH)KHaHa CB060,D;HOH 11aCTHUhI OT CK0po

CTH corrracyeTCJl C coo6pa)KeHH5IMH 0,D;H0po.n;H0CTH H H30Tp0ilH0CTH npo

CTpaHCTBa H 0,D;H0p0,n;H0CTH BpeMeHH, 0,D;HaK0 Il0Ka3aTeJib CTeneHH V Mor 

6hITb H .n;pyrHM. 3To 03Ha11aeT, 11To L = L( v 2
), no cyruecTBY, 5IBJI5l

eTC5l npaB.n;ono.n;o6HbIM npe.n;n0JI0)KeHHeM, HCTHHH0CTb K0T0poro o6Ha

PY)KHTC5l cpaBHeHHeM ero crre.n;CTBHH C H3BeCTHbIMH H npoBepeHHbIMH 

cpaKTaMH. (B .n;aJihHeiirneM 6y,n;eT noKa3aHa o60CHOBaHHOCTb Bbr6opa 

L = L(v2).) ITpo,n;eMOHCTpHpyeM, KaK, HcnoJih3Y5l orpaHH11eHHJl, Ha

Krra.n;brnaeMbre npHHUHil0M 0TH0CHTeJibH0CTH, Il0JIY11HTb cpyHKUHIO Jia

rpaH)Ka 3aMKHYTOH ( 6e3 BHeIIIHHX B03.n;eiICTBHH) CHCTeMbI HeB3aHM0-

.n;eiicTBYIOIUHX 11acTHU. CorrraCHO npHHUHilY 0TH0CHTeJibH0CTH cpyHK

UHJl JiarpaH)Ka 11acTHUbI B CO k, K0Topa5I .n;BH)KeTCJl 0TH0CHTeJihH0 

K C IlOCT05IHHOH CK0p0CTbIO, M0)KeT 0TJIH'1aTbC5l OT L JIHIIIb Ha Il0JI

HYIO np0H3B0,D;HYIO OT npOH3BOJibHOH cpyHKUHH K00p,D;HHaT H BpeMeHH. 

ITycTb k ,n;BH)KeTCJl 0TH0CHTeJihH0 K c 6ecK0He11Ho MarroiI cKopocTbIO 

E = canst, Tor.n;a v = :J + E. EcrrH c11HTaTh, 11To cpyHKUHJl JiarpaH)Ka 

H30JIHpoBaHHOH 11aCTHUbI L = L(v2), TO 

L(v2
) = L(v2 + 2vE + 1:

2
), 

pa3rrara5l 3T~ Bhrpa)KeHHe B p5I.n; Teiirropa B0Kpyr v2 H oT6pacbIBa5l crra-

16 



raeMoe, KBa.upaT1:rcrnoe no E, nonytraeM 

I1cXO.[l5I M3 npn:m:i;n:na OTHOCMTeJibHOCTM, Mbl .[l0Jl)KHbl noTpe6oBaTh, tJT0-

6bI BTOpoe CJiaraeMoe 6blJIO noJIHOH npOH3BO.[lHOH OT npOM3BOJibHOH cpy

HKUMM KOOp.llMiiaT, a 3TO TaK, eCJIM 8L/8v2 He 3aBMCMT OT {;2, tJTO B03-

M02KHO TOJihKO JIMIIIh B cnytrae L = a • v2• IIocKOJihKY narpaH2KMaH 

o6na.uaeT CBOHCTBOM acn:MnTOTMtJeCKOH a.u.UMTMBHOCTM, .[lJI5I 3aMKHYTOH 

cn:cTeMhI N HeB3an:Mo.ueiicTnyror.u;n:x traCTMU 

N 

L = Laa ·V2a. 
a=l 

II0Ka2KeM .llOCTaTOtJHOCTb 3TOro pe3yJibTaTa, npe.unonarM, tJTO CKO

pOCTb .unn:2KeHM5I k KOHetrHa n: paBHa V, Tor.ua 

I1TaK, L = t + -fft( ... ) B nOJIHOM COOTBeTCTBMM C npMHUMnOM OTHO

CMTeJibHOCTM, M BTopoe CJiaraeMoe MO)K~O onycTMTb, BBM.llY Toro tJTO 

JiarpaH2KMaH onpe.ueJieH C TOtJHOCTbIO .llO nOJIHOH npOH3BO.[lHOH no Bpe

MeHM. 

lln5I n:3onn:ponaHHOH tracTMUbl L = a · v2
, no.ucTaBMB ee B ypanHeHM5I 

J1arpaH2Ka 

nonytrMM 

iJ = canst. 

I1Hatre rOBOp5I, CKOpOCTb M30JIMpOBaHHOH traCTMUbl B I1CO He MeH5IeTC5I 

no BeJIMtJMHe M HanpaBJieHIIIO (1-H 3aKOH HbIOTOHa). 3To, B CBOIO OtJe

pe.Zlb, 03HatraeT, tJTO nee CO, KOTOphie .ZlBM2KYTC5I OTHOCMTeJihHO I1CO c 

nocT05IHHOH cKopocThro, 5IBJI5IIOTC5I MCO. HeTpy.uHo BblBeCTM npeo6pa-

30BaHn:e npOCTpaHCTBeHHblX KOOp.UHHaT npn: nepexo.ue OT nOK05II.UeHC5I 

MCO K K K, .unn:2Kyme:iic51 OTHOCn:TeJihHO Kc nocT05IHHOH cKopocTbIO 

V. lleiicTBMTeJibHO, nerKo nn:.ueTh, trTO 



K' 
V 

K 

Pn:c. 3 

IIocTyJiaT O eBKJIH,llOBOCTH rrpocTpaHCTBa KJiaCCH'leCKOM MexaHHKH rro-

3BOJIH€T 3aKJIIO'lHTh, 'ITO 3aKOH CJIO)K€HHH CKOpOCTeii HMeeT BH.Il 

_,. !... -+ 

v = v+ V, 

r.ue v - cKopoCTh qacTHUhI B HCO K, fj _ CKopocTh qaCTHUhI B HCO K. 
Ilna Toro, 11To6h1 cornacoBaTh 3TOT 3aKOH c rrpe.UhI.IlYIUHM cooTHOIIIe

HHeM, CBH3hIBaIOIUHM pa.un:yChl-B€KTOPhI, Heo6xo,UHMO C'-IHTaTh, '-ITO 

t = i, 
T.e. IIOJiaraTh Bp€MH B KJiaCCH'-l€CKOM MexaHHKe a6COJIIOTHhIM. 

• 3aMeqa:e:IIe 1. EcJIH rrpHHHTh B Kat.JeCTBe O,llHOro H3 OCHOBHhIX 

rrpe.urroJIO)K€HHM a6COJIIOTHOCTh BpeMeHH, T.e. IIOCTYJIHpOBaTh t = 
i, Tot.umpcpepeHun:pya no BpeMeHH cooTHOIIIeHHe f' = f' + Vt, rro

nyt.JHM BhIIIIeyrroMHHYThlM 3aKOH CJIO)K€HHH CKOpOCTeii. 

IIocKOJihKY Ka)K,uoii cpH3Ht.JecKoii BeJIH'-IHHe corrocTaBJIHeTca MaTeMaTH

qecKHii 06'b€KT, a cpH3H'l€CKH€ HBJl€HHH 06JieKaIOTCH B cpopMy COOTHOIIIe

HHH M€)K.IlY 3THMH o6'beKTaMH, T.e. 3arrHCh1BaIOTCH B BH,lle ypaBH€HHii, 

a.ueKBaTHO OIIHChIBaIOIUHX cpH3H'-l€CKHe 3aKOHOMepHOCTH, TO HCHO, '-ITO 

MaTeMaTH'-l€CKH CO,ll€p)KaHHe IlQ MO)KHO CcpOpMyJIHpOBaTh B BH,Ue 3KBH

BaJieHTHOrO eMy npIIHUIIna KOBapIIaHTHOCTH: ypaBHeHHSI, Oill'I

CblBarom;IIe q)H3HqecKHe 3aKOHOMepHOCTH, He MeHSIIOT CBOeH 

q>OpMbI (KoBapHaHTHbI) OTHOCHT€JibHO npeo6pa3oBaHHH KOOp

,lJ;HHaT Me)K,n;y pa3JIIIqHblMII HCO. TaKHM o6pa3oM, 3aKOHhI cpn-

3HKH Bh1pa)KaIOTCH B cpopMe, He MeHaroru;eiica rrpH CBH3hrnaroru;Hx HCO 
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npeo6pa30Bamrnx Bemrcnrn, COCTaBmIIOIIUIX 3TH 3aKOHhl, T.e. Bbipa)Ka

lOIUHe qm3H'!eCKHe 3aKOHhl ypaBHeHHH B pa3JIH'IHhlX I1CO HMeIOT O.UHH 

II TOT )Ke BH,ll. B KJiaCCH'leCKOH MexaHHKe TaKHMH npeo6pa30BaHHHMH 

HBJIHIOTCH 

r= fa'+ Vt, t - t' - ' 
KOTOpbie Ha3hIBaIOT npeo6pa30BaHHSIMH rannJieH . 

• 3aMe-cmane 2. PacnpOCTpaHeHHe B3aHMO,lleHCTBHH - 3TO q>H3H'le

CKHH npouecc, Il03TOMY, corJiaCHO Tpe6oaaHHIO npHHUHITa OTHOCH

TeJibHOCTH, CKOpOCTh pacnpocTpaHeHHH B3aHMO,lleHCTBHH .UOJI)KHa 

6hITh O.UHOH H TOH )Ke BO BCex HHepuHaJibHhlX CHCTeMaX OTC'!eTa • 

.Ilnx Toro 'IT06h1 cornacoaaTh 3TO Tpe6oaaHHe c 3aKOHOM CJIO)Ke

mrn CKOpOCTeii (HJIH 3KBHBaJieHTHhIM IlOCTyJiaTOM 06 a6COJIIOTHO

CTH apeMeHH), He06XO,lllIMO npe.unOJIO)KHTh, 'ITO CKOpOCTb pac

npOCTpaaeHHSI B3aHMo.n;eikTBHSI B KJiaCCH"tJ:eCKOH MexaHHKe 

6eCKOHe1'.J:aa, T.e. B paMKax IIOCTyJiaTOB KJiaCCH"tJ:eCKOH Me

xaHHKH aeo6xo.n;HMO C1'.J:HTaTh, 1'.J:TO B3aHMo,tieiiCTBHe pac

npOCTpaHSieTCSI MrHOBeHHO. 

BcxKM CO, cax3aHHM c I1CO npeo6pa3oaaHHHMH ranHnex, HHepuH

arrhHa. .Ilnx Toro 'IT06bl MO)KHQ 6blJIO YTBep)K,llaTb TaK)Ke, 'ITO npe

o6pa30BaHHH, CBH3hIBaIOIUHe .uae I1CO, HBJIHIOTCH npeo6pa30BaHHHMH 

raJIHJieH, Ha.UO pacnmpHTh COBOKYITHOCTh 3THX npeo6pa30BaHHH: 

t = i + to·, 

x0 = (x, y, z), V 0 = (Vx, Vy, Vz), 

3,lleCb to II xg - apeMeHHOH ( lI3MeHeHHH Ha'laJia OTC'!eTa apeMeHH) II 

npocTpaHCTBeHHhIH ( CMeIUeHHH Ha'laJia OTC'leTa KOOp.UHHaT) C,llBHrH, 

MaTpHua Lp -MaTpHua IlOBOpOTOB npocTpaHCTBeHHhlX ocen. noHHTHO, 

'ITO HM O.UHO H3 3THX npeo6pa30BaHHH He HapyrnaeT HHepuHaJibHOCTH 

co, T.K. OHM coxpaHHIOT 0,llHOPO.UHOCTh II H30TpOITHOCTh npocTpaHCTBa 

II 0.llHOpO,llHOCTh apeMeHH. 3TH .uecHTHITapaMeTpH'IeCKHe npeo6pa30Ba

HlIH Ha3bIBaIOT pacmnpeHHhIMH npeo6pa30BaHHSIMH rannJieH. 

Pe3IOMHpyx, IlO,U'!epKHeM eme pa3: no - 3TO YTBep)K,UeHHe O TOM, 'ITO 

HeKOTOpbIH KJiacc q>H3H'!eCKHX TeOplIH o6na.uaeT onpe,ueJieHHhlMH CHM

MeTplIHMH (cBOHCTBaMH lIHBapHaHTHOCTH). B TO )Ke apeMH CBH3aHHhllf 

C OTpa)KaIOIUeii ny CHMMeTpHIO rpynnOH npeo6pa30BaHHH no HaKJia

.llhIBaeT orpaHH'leHHH Ha B03M0)KHbie TlIIlhl q>H3H'leCKHX TeopHH, KOTO

pbie MOryT 6bITh Cq>OpMyJIHpOBaHbl 6e3 HapyrneHHH TIO. 
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• 3aMe-tiaH:He 3. Ilp1rnmm HaJIMeHbIIIero .ueiiCTBJISI BMeCTe co CBO

JIM crre.ucTBJieM - ypaBHeHJISIMJI Jiarpam1<:a - ccpopMyJIJipOBaH B 

o6o6meHHblX KOOp.UJIHaTaX Qi• Bb16op 3TJIX KOOp,UJIHaT HWieM He 

rrpe.uorrpe.uerreH_, crre.uoaaTeJihHO, KaK rrpJIHUJIII, TaK JI ypaaHemrn 

.UBJI2KeHJISI 6y.uyT JIMeTb !pJI3JiqecKyIO ueHHOCTb, TOJibKO eCJIJI rrprr 

rrepexo.ue OT Qi K .upyrJIM o6o6meHHbIM KOOp,UJIHaTaM Qi, a IIOJI

HOM COOTBeTCTBJIJI C rrpJIHUJIIIOM KOBapJiaHTHOCTJI, ypaBHeHJISI Jia

rpaH2Ka coxpaHSIT CBOIO cpopMy. IloKa2KeM KOBapJiaHTHOCTb 3TJIX 

ypaBHeHJIH OTHOCJITeJihHO rrpeo6pa30BaHJIH 

Qi= Qi(Q1, Q2, ... , Qs, t), i = 1, 2, ... , s. 

IlrrSI yrrpomeHJISI 3aIIJICJI .UOKa2KeM 3TO .UJISI O.UHOH CTerremr CB060.UbI 

(o6o6meHJie Ha crryqaii s CTeIIeHeii CBO60.UbI TpJIBJiaJibHO). Ilo

CKOJlbKY 

- . . . aQ . aQ 
L(Q, Q, t) = L(Q(Q, t), Q(Q, Q, t), t) = L(Q, fJQ Q + at, t), 

a TaK2Ke (j = (fJQ/fJQ)Q + OQ/fJt, JIMeeM 

aL aL aQ aL aiJ. 
aQ = aQ aQ + a<i aQ; 

aL aL aiJ. aL aQ 
aQ = a<i aQ = a<i aQ 

JI 

d aL OQ d fJL fJL d OQ 
- . =---+---· 
dt fJQ fJQ dt aq aq dt fJQ ' 

Terreph rrerKo y6e,uJIThCSI, qTo 

a<i 
fJQ 

fJ dQ 
fJQ dt 

d aL aL OQ d fJL fJL 
dtaQ aQ = aQ (dt aiJ. aQ). 

TaKJIM o6pa30M, crrpaBe,UJIJIBOCTb ypaBHeHirn 

~ fJL _ fJL = O 
dt a<i aQ 

rrpJIBO.UJIT K crrpaBe,UJIJIBOCTJI aHaJIOfJI"l{HOro ypaaHeHJISI 

d aL aL 
dt fJQ - fJQ = O. 
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3. <l>yHKU:H.SI Jlarpau>i<:a CHCTeMbl MaTepHaJibHblX TO"tieK. Y CTaHO

BHM BH.ll: cpyHKUHH Jiarpam1<:a ,n:JUI 3aMKHYTOH CIICTeMbI N B3alIMO.n;en

CTBYIOI.I.J;HX qacTHU. KaK 6bmo rroKa3aHo, B OTCYTCTBHe B3a11Mo.n:en

CTB1IH BHYTPH CIICTeMhI cpyHKUH5! Jiarpam1rn IIMeeT BII.ll: 

N 

L = L eta · v~. 
a=l 

llJrn Toro qTo6hr BKJIIOqHTh B3aJIMo,n:encTBHe Me2K,n:y qacTHUaMH, .n:o-

6aB11M K 3TOMY Bbipa2KeH11IO cpyHKUHIO U = U(r1, r 2 , •.• , rN ). Ilpe.n:rro

JiaraeTcH, qTO HMeHHO TaKM cpyHKUH5!, 3aBHC5II.I.J;a5! JIHIIIb OT IIOJI02Ke

HH5! qacTIIU B rrpocTpaHCTBe, OIIHCbIBaeT B3aHMO.n;eHCTBHe Me2K,n:y HIIMII. 

Ilo,n:qepKHeM, qTo rrpH H3MeHeHHII IIOJI02KeHII5! o,n:HOH IIJIII HeCKOJibKHX 

qaCTHU OCTaJibHbre cpa3y 2Ke "y3HaIOT" 06 3TOM H3MeHemrn, B IIOJIHOM 

COOTBeTCTBIIII C 0.ll:HHM II3 OCHOBHbIX IIOJI02KeH1Ill KJiacc11qecKOH Mexa

HHKH O MI'HOBeHHOM pacrrpOCTpaHeHHH B3aHMO.n;eHCTBHH. (8TO IIOJI0-

2KeH11e 5IBJI5IeTC5! JIOrJiqeCKHM CJie,n:CTBHeM 3aKOHa CJI02KeHII5! CKOpOCTen, 

BbITeKaIOmero II3 IIOCTyJiaTa O eBKJIII.ll:OBOCTH rrpocTpaHCTBa KJiacc11qe

CKOH MexaHHKII IIJIH, B .n:pyron CIICTeMe IIOCTyJiaTOB, II3 IIOCTyJiaTa 06 

a6COJIIOTHOCTH BpeMeHH.) l:haK, 

N 

L = Leta· v~ - U(ri; r2, ... , rN ). 
a=l 

BhrIIIe OTMeqanoch, qTo TaKon Bhr6op L HBJIHeTCH orrpe,n:eneHHhIM .n:orry

meHJieM, KOTOpoe M02KeT 6bITb orrpaB.n;aHO, JIIIIIIb eCJIII rrpH HCIIOJib30-

BaHIIII 3TOH L 6y.n;yT rronyqeHhI pe3yJihTaThI, cornacyIOm11ec51 c 3KC

rrepHMeHTaJibHbIMH cpaKTaMII HJIII C H3BeCTHbIMH o6o6meHH5IMH ,n:aH

HbIX Ha6JIIO,n:eHHH ( c 3aKOHaMH HbIOTOHa, HaIIplIMep). Ilo.n:cTaBHM 3TY 

cpyHKUIIIO JiarpaH2Ka B ypaBHeHII5! .ll:BII2KeHH5!. CpaBHHBM pe3yJibTaT 

co 2-M 3aKOHOM HhIOTOHa, M02KHO 3aKJIIOqlfTh, qTO eCJIH orrpe,n;eJIHTb 

CHJIY KaK OTpHn;aTeJibHbIH rpa.n;HeHT OIIHCbIBalOIQeii: B3aHMO

.n;eii:CTBHe cpyHKU:HH U = U ( r1, r2, ... , r N): 

.... au 
Fa= -a .... ' ra 

TO OKa2KeTC5!, qTo Heo6xo.n;IIMO BbI6paTh eta = ma/2, Tor.n:a .ll:JI5! cpyHK

UIIII JiarpaH2Ka 3aMKHYTOH CIICTeMbI N B3alIMO,n:enCTBYIOI.I.J;HX qaCTHU 

IIOJiyqJIM 

a=l 
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3.n;ech ma-,--- Macca a-ft 1:rncTIIU:bI. IIepBoe crraraeMoe 3Toro Bhipa)Kemrn -

KIIHeTII"tJeCKaJI 3Heprm1 CIICTeMbI T, II03TOMY .HCHO, "l!TO OTBeTCTBeHHa.H 

3a B3aIIMO.n;eftCTBIIe cpyHKU:II.H U He "lJTO IIHOe, KaK IIOTeHn:IIaJibHa.H 3Hep

rII.H CIICTeMbI. TaKIIM o6pa30M, B Ka)K,D;OH KOHKpeTHOH 3a.n;a-qe q>yHK

UH.H JlarpaH)Ka 3a.MKHYTOH MexaHH'lleCKOH CHCTeMbl .HBJUieTCH 

pa3HOCTblO KHHeTH'lleCKOH H IlOTeHUHaJihHOH 3Heprnii: 

L=T-U. 

IIo BII.n;y cpyHKU:IIII JiarpaH)Ka ,D;JI.H 3aMKHYThIX CIICTeM C B3aIIMO,n;eft

CTBIIeM Me2K.n;y "tJaCTIIU:aMII MO)KHO 3aKJIIO"lJIITh, "lJTO )];JI.H TaKIIX CIICTeM 

BpeM.H He TOJihKO O,D;HOpO.n;HO, HO II II30TPOIIHO, T .e. ero CBOHCTBa O,D;II

HaKOBhl B o6oIIx HarrpaBrreHII.HX. IleftcTBIITerrhHO, 3aMeHa t Ha -t He 

MeH.HeT KaK L, TaK II ypaBHeHIIH .n;BII2KeHII.H. llHatJe roBOp.H, ecrrII B03-

MO)KHO HeKOTOpoe ,D;BII)KeHIIe, TO B03M02KHO II o6paTHOe, rrpII KOTOpOM 

CIICTeMa rrpoxo.n;IIT Te 2Ke COCTO.HHII.H, HO B o6paTHOM HarrpaBJieHIIII. 

KaK 6hIJIO 3aMe"tJeHO BhIIIIe, rrpII paCCMOTpeHIIII ,lJ;BII2KeHII.H MexaHII"tJe

CKIIX CIICTeM co CB.H3.HMII rrpe.n;IIO"lJTIITeJibHee IIOJih30BaTbC.H o6o6rn;eH

HhIMII KOOp,D;IIHaTaMII. IIepeIIIIIIIeM- cpyHKU:IIIO JiarpaH2Ka B o6o6rn;eHHhIX 

Koop.n;IIHaTax. BBII.n;y Toro, "tJTO 

Xa = fa(q1, q2, ···, qs), 
"\: .. .,[Jfa . 

xa = ~ ~qi, 
i qi 

1 . . . 
L = - "\:"' m (x2 + y2 + z2 ) - U 2~ a a a a 

a 

(Bbipa)KeHII.H Ya II Za aHaJIOrII"tJHhl Bbipa2KeHIIIO ,D;JI.H Xa), IIOJIY"l!IIM 

L = L ma L iJA.k (8fa 8fa + OUa OUa + OVa OVa)-u. 
a 2 · k [)qi Oqk Oqi Oqk Oqi Oqk 

i, 

OKOH"tJaTeJihHO q>yHKUH.H JlarpaH)Ka 3aMKHYTOH CHCTeMbl B3aH

MO.n;eiicTBYIOW:HX qacTHU B o6o6w;eHHbIX KOOp,D;HHaTax 3aIIIIChl

BaeTC.H B BII.n;e 

L = ~ L aik(q1, q2, ... , qs) · (Ji(Jk - U; 
i,k 

aik = Lma(8fa8fa + OUaOUa + OVaOVa), 
. a oqi oqk [)qi oqk Oqi oqk 
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T.e. B o6o6meHHhIX Koop,zurnaTax KHHeni:qecKM :meprmi: aBJUieTca cpyH

KIIHe:fi: He TOJihKO o6o6meHHhIX CKOpOcTeH, HOH KOOp.llHHaT: 

i = 1, 2, ... , s. 

TaKa5I 3aIIHCh, Kor.ua rrepeMeHHaJI B apryMeHTe HeKOTOpOH cpyHKIIHH 

CHafo1rnHa HH,JJ;eKCOM, 6y,ueT HCIIOJih30BaHa ,llJI5I KpaTKOCTH H B ,uaJibHeH

rneM (nepeMeHHaJI C HH,lleKCOM 3aMeHaeT IIOJIHhIH Ha6op 3THX BeJIHqHH: 

( ... )i = ( ... )i, ( ... )2, •··, ( ... )s). 

Orrpe,ueJIHM BH,ll q>yHKIIHH Jiarpam1rn ,llJI5I CHCTeM, HCIIhIThIBaIOlllHX BHe

IIIHee B03,lleHCTBHe. B o6meM cnyqae 3TO ,llOBOJihHO CJI02KHaJI 3a,uaqa. 

O,uHaKO B O,llHOM qaCTHOM (Ho Ba2KHOM) cnyqae, KOr,ua paccMaTpHBae

Ma5I He3aMKHYTaJI CHCTeMa ( Ha30BeM ee I) B3aHMO,lleHCTByeT C CHCTeMOH 

II, ,llBH2KeHHe KOTOpOH rrpe,urronaraeTC5I 3a,uaHHhIM, 3a,uaqa CTaHOBHTC5I 

rrpocTOH. 0 TaKOH CHTyanHH rOBOp5IT KaK O ,llBH2KeHHH CHCTeMhl I B 

3a,uaHHOM BHenrneM IIOJie ( CqHTaeTC5I, qTO q1 J H (j_J J 5IBJI5IIOTCH H3BeCT

HhIMH cpyHKIIH5IMH BpeMeHH). BhIIIHIIIeM Tenepb cpyHKIIHIO JiarpaH2Ka 

COBOKYIIHOH (y2Ke 3aMKHyToiI) CHCTeMhI: 

ITocKOJihKY apryMeHThI BTOporo cnaraeMQro - 3a,uaHHhie cpyHKIIHH Bpe

MeHH, 3TO cnaraeMoe M02KHO npe,ucTaBHTh KaK npOH3BO.llHYIO no Bpe

MeHH H HrHOpHpOBaTh. OcTaJihHhie CJiara,eMhie co,uep2KaT rrepeMeHHhie, 

OTHOC5IlllHeC5I TOJihKO K CHCTeMe I, II03TOMY, OT6pOCHB HH,lleKChI, IIO

JiyqaeM Bbipa2KeHHe q>YHKIJ;IUI JiarpaH.:>Ka ,D;JUI CHCTeMbI, Haxo,n;.si:

me:ii:c.si: B 3a,n;aHHOM BHeIIIHeM IIOJie: 

L = T(q, q) - U(q, t). 

3TOT narpaH2KHaH, KaK H ,llJI5I 3aMKHYThIX CHCTeM, no-npe2KHeMy 5IBJI5I

eTC5I pa3HOCThIO TH U C TeM OTJIHqHeM, qTo IIOTeHnHaJihHaa 3HeprH5I 

M02KeT 5.lBHO 3aBHCeTh OT BpeMeHH. B ,ueKapTOBhIX KOOp,llHHaTax 
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II. HHTEPP AJibl .UBI1)KEHI15I. TEOPEMA HETEP. 
3AKOHblCOXPAHEHI15I 

1. I1HTerpanhl ,D;BlUI<:eH:IUI. PerneHI:Ie rrarpamKeBhIX ypaBH€Hl:III LlBI:1)1(€

Hl:IH, K0T0pbie C MaTeMaTI:l'll€CKOII TO'l!Kl:I 3p€Hl:IH HBJIHIOTCH Cl:ICT€MOII S 

Lll:lcpcpepeHUI:laJibHhIX ypaBH€Hl:III BTOporo IIOPHLlKa ( s - 'lll:ICJIO CTerreHel'i 

CB060L{hl)' Ll0Jl)KH0 COL{€p)KaTh 2s rrpOI:13B0JlhHbIX IIOCTOHHHhIX: 

qi= qi(C1, C2, ... , C2s, t), <ii= <ii(C1, C2, ... , C2s, t). 

IIocKOJihKY LlJIH 3aMKHYThIX MexaHI:l'<IeCKI:IX c1:1cTeM 1:1rr1:1 c1:1cTeM, Haxo

LlHIUI:IXCH B IIOCTOHHHOM BH€IIIHeM rrorre ( cpopMaJibHO 3TO Cl:ICT€MhI, rra

rpaH)KIIaH KOTOpbIX YLlOBJI€TBopaeT YCJIOBI:IIO 8L/8t = 0), ypaBH€HIIH 

LlBII)K€HIIH IIHBapIIaHTHbI OTHOCIIT€JlhHO 3aM€HbI t 1-t t + to, TO OLlHY II3 

KOHCTaHT C o603Ha'l!IIM to, TaK 'l!T06bI BM€CTO t B perneHI:IHX ypaBH€Hl:III 

LlBII)K€HIIH cpIIrypIIpOBaJIO t + to. HCKJIIO'llaH L{arree t + to, LlJIH OCTaB

IIIIIXCH 2s -1 IIOCTOHHHhIX rrorry'l!IIM C1 ( qi, qi), C2(qi, qi), ... , C2s-1 (qi, <ii)
HHatie roBopa, npl'I ,D;Bl'I)KeHl'Il'I ME;XaHl'I"lleCKoii Cl'ICTeMbI c s CTene

HSIMl'I CB060,n;hl 2s -1 <PYHKQl'IH o6o6meHHhlX KOOp,D;l'IHaT l'I CKO

pOCTeii coxpaHSIIOT IlOCTOSIHHhle 3Ha"tieHl'ISI. TaKl'Ie BeJil'I"lllIHhl 

Ha3hlBalOT l'IHTerpanaMl'I ,D;Bl'I)KeHl'ISI. Oco6oe 3Ha'l!eHIIe IIMeIOT aL{

Lll:ITIIBHhie ( IIJIII aCIIMIITOTI:l'IeCKII aL{L{IITIIBHhie) IIHTerpaJibI LlBII)K€HIIH, 

BBI:ILlY Toro 'l!TO OHII II03BOJIHIOT CL{eJiaTh orrpeL{eJieHHhie 3aKJIIO'll€HIIH 0 

LlBII)K€HIIII 6e3 perneHIIH ypaBH€HIIII. Ilel'iCTBIIT€JlhHO, rrycTh L{Be (1:1rrII 

60JihIIIe) 'l!aCTIIU pa3B€Ll€Hhl HaCTOJlhKO, 'l!TO B3aIIMOL{€1ICTBIIe M€)KLlY 

Hl:IMI:I rrpeHe6pe)KIIMO Marro. IlpII CBOeM LlBII)K€HIII:l .3TII 'l!aCTIIUhI C6JIII

)KaIOTCH TaK, 'l!TO Ha'llIIHaIOT B3al:IMOLl€HCTBOBaTh, a rrocrre paCXOLlHTCH 

HaCTOJibKO, 'l!TO B3aIIMOLl€1ICTBI:le CTaHOBI:ITCH rrpeHe6pe)KIIMO MaJibIM. 

Ecrr1:1 L{a)Ke rrpIIpOLla B3aIIMOLleHCTBIIH HeII3BeCTHa, T.e. o6rracTh, rL{e 

ero Heo6XOLlIIMO Y'l!IITbIBaTb, - "qepHbIII HIUIIK", TO B crryqae, KOrL{a CII

CTeMa o6JiaL{aeT aL{L{IITIIBHhIMII ( l:IJIII aCIIMIITOTII'l!€CKII aL{L{l:ITI:IBHhIMII) 

l:IHTerparraMII LlBII)K€Hl:IH, rrpIIpaBHIIBaa cyMMbI 3TIIX IIHTerparroB LlBI:l

)K€HIIH LlO II rrocrre B3aIIMOLl€1ICTBI:IH, MO)KHO BbICKa3aTb orrpeL{eJieHHhie 

CY)KLl€HIIH KaK O xapaKTepe B3aIIMOLl€HCTBIIH, TaK II O xapaKTepe LlBI:l

)K€HIIH. IlpIIHHTO coxpaHeHIIe aL{LlIITIIBHhIX (IIJIII aCIIMIITOTIItieCKII aL{

LlIITI:IBHhIX) IIHTerpaJIOB LlBI:l)KeHI:151 Ha3bIBaTh 3aKOHaMl'I coxpaHeHHSI, 

a caMII IIHTerparrhI - coxpaHHIOIUIIMIICH BeJIII'Il:IHaMII. 

2. TeopeMa HeTep. TeopeMa 3MMI:I HeTep (1918 r.) IIrpaeT <PYHLlaMeH

TaJihHYIO pOJib BO BCeH TeopeTI:l'l!eCKOH cpII3IIKe. OHa Ll€MOHCTp1:1pyeT 
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CB513b rrpeo6pa30BaHHll CHMMeTpHH cpyHKIJ;H0HaJia .uen:CTBH51 ( B qacTH0-

CTH, rrpeo6pa30BaHHll K00p,ZlHHaT H BpeMeHH, 0CTaBJI51IOIUHX HHBapH

aHTHblM .uen:CTBHe) C 3aK0HaMH coxpaHeHll:51 ,ZlHHaMn:qecKHX rrepeMeH

HbIX. 8TH ,ZlHHaMn:qecKn:e rrepeMeHHble 0Ka3blBaIOTC51 rrepBbIMH HHTe

rpanaMH ypaatteHn:n: .uan:2KeHn:51. lfoaqe roaop51, TeopeMa HeTep II03B0-

JI51eT Han:TH rrepBble HHTerpaJibl ypaBHeHHll ,ZlBH2KeHH51, He perna51 HX. 

B C00TBeTCTBHH C rrpHHIJ;HII0M 0TH0CHTeJihH0CTH .uen:CTBHe - HHBapHaHT 

rpyrrrrhI rrpeo6pa30BaHHll, CB513hIBaIOIUHX ,ZlBe n:Hepn;n:aJibHbie CHCTeMbl 

oTcqeTa K n: k. B Knaccn:qecKon: MexaHn:Ke 3T0 pacrnn:peHHhie rrpe

o6pa3oBaHH51 ranHJie51 

t = i + to, i, k = l, 2, 3 , 

r.ue Vd, xb, t0 - K0HCTaHThl, Sf - opTo;oHaJibHM MaTpn:ua, xapaKTepn:3y-

10ma51 BpameHn:e K 0TH0CHTeJibH0 K, rrapaMeTpH3JeMa51 TpeM.si: II0CT0-

51HHbIMH yrnaMH. BpeMeHHM K00p,ZlHHaTa HMeeT a6COJIIOTHblll CMblCJI H 

H3MeH51eTC51 JIHIIIh rrpn: c.uan:re Haqana oTcqeTa apeMeHn: Ha t0 (perrapa

MeTpman;n:51 BpeMeHH). BbIIIIerrpn:Be,ZleHHbie rrpeo6pa3oBaHH51 o6pa3JIOT 

10-rrapaMeTpn:qecKyro rpyrrrry rrpeo6pa3oBaHn:n: rann:neeaa rrpocTpaH

CTBa H 51BJI5IIOTC51 rpyrrrron: CHMMeTpHH .Zl~llCTBll:51. 

Ha ocHoaaHn:n: TeopeMhI HeTep M02KH0. yTaep2K.ZlaTh, qTo B Knaccn:qe

CKon: MexaHn:Ke 3Ta 10-rrapaMe't'pn:qeCKM rpyrrrra CHMMeTpHH .uen:CTBll:51 

rropo2K.uaeT 3aK0HhI coxpaHeHM:51 10 .un:HaMn:qecKHX aenn:qn:H. KaK 6y

.ueT II0Ka3aH0, 3T0 3Heprn:51, II0 TPH K0MII0HeHTbl HMIIJJibCa, CK0p0CTH 

n;eHTpa Mace qacTHIJ;bl H M0MeHTa HMIIJJibCa. 

• TeopeMa. KruK.n;oMy n-napaMeTpnqecKoMy npeo6pa30Ba
HHIO Iie3aBHCHMblX nepeMeHHblX .n;eHCTBHH, OTHOCHT€JlhHO 

KOTOphIX OHO HHBapnaHTHO, COOTB€TCTByeT n coxpaHHIO

IUHXCH ,D;HHaMnqeCKHX B€JIHqHH . 

.IloKa3aT€JlhCTBO. PacCMOTpHM MexaHHqecKyIO CHCTeMy, C0CT0-

51HHe KOTopon: 0IIHCb1BaeTC51 cpyHKIJ;Hen: JiarpaH2Ka L = L(qi, qi, t). 
BbIJIO II0Ka3aHo, qTo narpaH2KeBhl ypaBHeHH51 ,ZlBH2KeHH51 coxpa

H51IOT CB0IO cpopMy rrpn: rrpeo6pa30BaHH51X <ii = fi(qj, t). PacCMO

TpHM 6onee o6mn:e rrpeo6pa3oaaHn:51, BKnroqaromn:e perrapaMeTpn:-

3an;n:10 apeMeHn:: 

i = J(t). 
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B o6rueM crry-crne BII,U HOBOrO .ueiicTBmI KaK cpyHKUIIOHarra HOBhIX 

KOOp,UIIHaT, 3aBIICHIUIIX OT HOBOrO BpeMeHII, IIplI TaKOM rrpeo6pa-

3OBaHIIII MO)KeT rrpeTeprreTb JII06bie II3MeHeHIIH. TeopeMa HeTep 

OTHOCIITC}l K TOMY qacTHOMY crryqa10, KOr,na TaKIIX II3MeHeHIIH He 

rrpo1Icxo,n1IT. 

Bae,neM COBOKYIIHOCTb 3aBIICHIUIIX OT O,UHOro (pa,n1I rrpOCTOTbI) rra

paMeTpa A rrpeo6pa30BaHIIH KOOp,UIIHaT II apeMeHII: 

[t; q(t)] => A(,\)[t; q(t)] = [i; q(t)] = [f(t; ,\); fi(qi, t; ,\)]. (9) 

By,neM CtJIITaTh, 'ITO orrepaTop rrpeo6pa3oaaH1IH A(,\) y.uoarreTBO

paeT YCJIOBIIHM 

A(,\1)A(,\2) = A(,\3(,\1, A2)]; A(O) = 1, 

T.e. 06pa3yeT o.uHorrapaMeTp1I1IecKy10 rpyrrrry. 

PaccMoTplIM 6ecKoHetJHO Marroe rrpeo6pa3oaaH1Ie, OTaeqa10ruee na

paMeTpy ,\ H 0: 

, 8f 
t => t = t + 8t; 8t = 8,\ · ,\, (10) 

qi(t) => (Mi) = !i(qj; t; ,\) = Qi(t) + ~{ · ,x_ (11) 

Bap1Ian:1Ia cpyHKUIIII IIPII II3MeHeHIIII apryMeHTa BO3HIIKaeT KaK 

6rraro.uapa 3TOMY II3MeHeHIIIO, TaK II II3-3a II3MeHemrn BII,Ua cpyHK

UIIII: 

"'°* , ( ') ( ) 8 Ii , u qi = qi t - qi t = 8,\ · /\. (12) 

Mo)KHO BBeCTII TaK)Ke Bap1Ian:1IIO cpopMbl cpyHKUIIII 

8qi = lJi(t)-'- qi(t). (13) 

QqeBII,UHO, 

8* qi = 8qi +qi · 8t, (14) 
KpOMe Toro, aap1Ian:1Ia cpopMbI cpyHKUIIII (6e3 3Be3,UO'IKII), KaK 6bIJIO 

rroKa3aHo, rrepecTaHOBO'!Ha c rrpOII3BO.UHO:ii no apeMeHII (d/dt)8q = 
8q. CoOTBeTCTBeHHO, ,UBa TIIIIa aap1Ian:1I:ii MO)KHO BBeCTII II ,UJI}l 

JII06o:ii BeJIII'IIIHhI, HaIIplIMep ,UJI}l cpyHKUIIII JiarpaH)Ka: 

8* L = £( ... £) - L( ... t), 8L = L( ... t) - L( ... t), 
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8* L = oL + ~~ · 8t. 

BepHeMC51 K ycJIOBH5IM TeopeMhI HeTep H IIOTpe6yeM, qT06bI q>yHK

:U:HOHaJI ae:iiCTBH51 OCTaBaJIC51 HeH3MeHHbIM IIPH rrpeo6pa30BaHH5IX 

(10) H (11): 

o* s = J di. l( ... i) - J dt. LC .. t) = o. (15) 
T T 

3aecb 'I' - Ta )Ke o6JiaCTb HHTerpHpOBaHH51, qTo HT, HO Bhlpa:>KeH

HM qepe3 IIITpHXOBaHHbie rrepeMeHHhle, qTo aaeT 

o* S = J di• [L( ... t) + o* L] - J dt · L( ... t) = 0. 
T T 

IIoacTaBHB B IIOCJie.l.{Hee COOTHOIIIeHHe di H 8* L, rronyqHM 

8* S = j[oL +!(Lot)]· dt. 
T 

PacKpbIBa51 8L, IIpHHHMM BO BHHMaHHe 

d (aL ) [ d (aL) aL . ] ~ dt aqi · 8qi = ~ oqi dt aqi + aqi · oqi ' 

rroapa3yMeBa51, qTO .[{BH:>KeHHe rrpOHCXO.[{HT no HCTHHHOH TpaeKTO

PHH, T.e. yqHThIBM ypaBHeHH51 ,l.{BH:>KeHH51, a TaK:>Ke 3aMeHHB 8qi 
Ha o*qi cornacHo (14), rrpHaeM K cneayromeMy Bhrpa:>KeHHIO anH 
o*S: 

J*S = f dt · ~ [(L - La~• <ii)ot +La~• o*qi]· 
dt i aqi i aqi 

T 

8Ta BapHa:QH51 paBHa HJJIIO, H, TaK KaK o6JiaCTb HHTerpHpOBaHH51 

IIpOH3BOJibHa, paBHO HJJIIO TaK:>Ke H IIO.[{hIHTerpaJibHOe Bbipa:>KeHHe 

(16) 

IlpyrHMH CJIOBaMH, H3 HHBapHaHTHOCTH ae:iicTBH51 OTHOCHTeJihHO 

(10) H (11) KaK CJie.[{CTBHe rronyqeHo, qTQ BeJIHqHHa 

(17) 

coxpaH5IeTC51 BO BpeMeHH. 8To H eCTb TOqHoe YTBep:>KaeHHe Teo

peMhI HeTep. TeopeMa aoKa3aHa. 
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• 3aMeqa.HHe 1. Bemr-q1rna (17) 3aBHCHT KaK OT o6o6meHHbIX KO

op.n;HHaT, CKOpOCTeM H BpeMeHH, TaK H OT <pyHKUHM f H Ji H II0-

3TOMY eme He eCTb .llHHaMH"l!eCKM ( 3aBHC5:IlllM TOJibKO OT q, (J, t) 
coxpaH5:IIOlllMC5:I BeJIH"l!HHa. OHa CTaHeT TaKOBOM, KaK TOJibKO 6y

.ueT HBHO 3a,n;aHo rrpeo6pa30BaHHe, reHepnpyromee coxpaHHIOlllY

rocH BeJIH"l!HHY, H Bbl5ICHeHa 3aBHCHMOCTb f H Ji OT q, q, t. 
• 3aMeqaH11e 2. CnaraeMbie B (17) HMeIOT pa3HhIM xapaKTep. Ilep

aoe cnaraeMoe, co.uep2Kamee <pyHKUHIO JiarpaH2Ka, rreperryThmaeT 

CTerreHH CB060.llbl H II03TOMY o6na.uaeT JIHIIIb aCHMIITOTH"lleCKOM 

a,n;,n;HTHBHOCTblO. BTopoe CJiaraeMoe HMeeT 5:IBHYIO <pOpMy cyMMbI 

no cTerreHHM cao60,n;b1. Ilo3TOMY ecnn rrpeo6pa3oBaHne, OTHOCH

TeJibHO KOTOporo HHBapHaHTHO .ueMCTBHe, 3aTparHBaeT BpeMH, TO 

M02KHO Ha.n;e5:ITbC5:I JIHIIIb Ha coxpaHeHHe aCHMIITOTH"l!eCKH a.u.un

THBHOM BeJIH"l!HHbI. EcJIH 2Ke rrpeo6pa3yIOTC5:I TOJibKO KOOp,llHHaTbI, 

TO coxpaH5:ITbC5:I 6y.ueT a.u.UHTHBHM BeJIH"l!HHa. 

II pHMeHHM TeopeMy HeTep K pa3JIH"l!HbIM "llaCTHbIM CJIY"l!MM rrpeo6pa-

30B aHHM CHMMeTpHH .ueftcTBHH. 

3. 3Hepr1I.H. PacCMOTpHM rrpeo6pa30BaHHe, CB5!3aHHOe C O,llHOPO.llHOCTblO 

BpeMeHH, - C,llBHr BO BpeMeHH t = i + to. 8To rrpeo6pa30BaHHe rro

Jiy-qaeTC5:I KaK "l!aCTHbIM CJiy"llaM o6mnx (10) n (11), eCJIH IIOJIO)KHTb 

(ofdo>..) = 0, BbI6paTb 6t = )._ H II03TOMY rrpHH5:ITh, "l!TO (of /8>..) = l. 
Tor.ua BMeCTO (16) rrony"l!HM 

d [ 8L . ] 
dt L - ~ oqi . qi = O, 

"l!TO 03Ha"l!aeT coxpaHeHne 

E '°' .8L =L.,qi-. -L. 
i {:)qi . US• 

(18) 

(19) 

ToT 2Ke pe3yJibTaT M02KHO IIOJIY"l!HTb, HCXO.ll5:I H3 0.llHOpO.UHOCTH Bpe

MeHH, He rrpHBJieKM TeopeMhI HeTep. IleftcTBHTeJibHO, H3 o.uHopo.uH·o

cTH BpeMeHH cne.uyeT, "l!TO <pyHKUH5:I JiarpaH2Ka 3aMKHYTbIX MexaHH"l!e

CKHX CHCTeM HJIH CHCTeM, HaXO.ll5:IlllHXC5:I B IIOCT05:IHHOM BHeIIIHeM IIOJie 

(Ha30BeM TaKHe CHCTeMbI KOHCepBaTHBHbIMH), He .llOJI2KHa 3aBHCeTb OT 

BpeMeHH, T.e. 

dL '°' [ 8 L . 8 L .. ] '°' [ d 8 L . 8L d . ] '°' d ( . 8 L) 
dt = 7 oqi qi + 8<ii qi = 7 dt 8<ii qi + 8<ii dt qi = 7 dt qi oqi 
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- Bbipa.,KeHIIe, COBIIa.llaIOmee c (18). 

JierKO IIOKa3aTb, l.J:TO E II3 (19) HBJUI8TCH IIOJIHOH :meprIIeii MexaHII

qecKOM CIICT8Mbl. .UeiiCTBIIT8JlhHO, .llJIH KOHCepaaTIIBHbIX CIICT8M Jia

rpam1rnaH L = T(qi, 'l.i) - U(qi) II HBJIHeTCH KBa.llpaTIIl.J:HOH cpyHKnIIeii 

o6o6meHHhIX CKOpOCTeii, II03TOMY, corJiaCHO TeopeMe 3iinepa 06 0.llHO

pO.llHhlX cpyHKnIIHX, cyMMa a (19) paaHa 2T, a 

E = 2T - (T - U) = T + U 

eCTh IIOJIHM 3HeprIIH CIICT8Mbl. B Jl8KapTOBbIX KOOp.llIIHaTax 

• CnpaBKa. <Py11,n11;uH 

1la3bZBaemcH oa11,opoa11,ou ifjy11,n11;ueu cmene11,u k . 

.ll,1/,H oa11,opoa1lbiX ifjy11,n11;uu cmene11,u k meope.Ma 3u.!1,epa ycma11,a-
6.!1,U6 aem 

Corna.CHO (19) 3HepnuI a.ll.lllITHBHa B TqH )K8 Mepe, B Ka.KOH a.ll.llHTHBHa 

cpyHKnIIH JiarpaH)Ka, T .e. aCHMilTOTHqecKH a.n;.n;HTHBHa. 

TaKIIM o6pa30M, BCJie.r,;CTBHe O.r,;HOpO.n;HOCTH BpeMeHH npH .n;BH

)KeHHH 3aMKHYThIX MexaHHqeCKHX CHCTeM, a TaK)Ke CHCTeM, 

Haxo.n;.sII.UHXCSI B IlOCTOSIHHOM BHemHeM none, 3HeprH.s.r, onpe.n;e

JISieMruI Bblpa)KeHHeM (19), OCTaeTCSI HeH3MeHHOH. 

4. HMnyJibC • .Upyroii 3aKOH coxpaHeHHH B03HHKaeT B CBH3H C 0.llHOPO.ll

HOCThIO rrpOCTpaHCTBa. Ilpeo6pa30BaHIIe, OTpa)Karomee COOTB8TCTBYIO

myro 3TOH 0.llHOpO.llHOCTH CHMM8TpHIO, eCTh rrpocTpaHCTB8HHbIH C.llBHI'. 

IIpome acero 3TO rrpeo6pa30BaHIIe BhJrJIHJlHT B .ll8KapTOBbIX KOOP.llHHa

Tax: r = fr+a. IlocKOJibKY OHO He 3aTparnaaeT BpeMeHII, TO IIOJiyl.J:aeTCH 

II3 o6mIIx rrpeo6pa30BaHHH (10) JI (11), ecJIH IIOJIO)KJITb (8! /8>-.) = 0, 
a TaK)K8, BBH.llY He06XO.llHMOCTH Bbl6opa).. = ii, rrpHHHTb (8fi/8>-.). = l. 
Tor.Ila II3 (16) cJie.llyeT 
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IIo.ucTamrn c10.ua JiarpaH)KIIaH 3aMKHyToii c0:cTeMhI B .ueKapTOBhIX KO

. op,n:0:HaTax, noJiyq0:M 

Pa =ma· 'Vai P = LPa = const. 
a 

3.uech Pa - lIMnyJihC OT,UeJihHOii qacTHUhI, P - nOJIHbIR lIMnyJihC, co

xpaH5IIOIIJ;lIRC5I npll .UBlI)KeHlllI ClICTeMbI II a,U,UlITlIBHbIR no onpe.ueJie

HlIIO, np0:qeM, B OTJI1Iq0:e OT 3Hepr0:0:, ero a,U,UlITlIBHOCTh He 3aBlIClIT 

OT Toro, B3alIMO,UeiiCTBYIOT qacTH ClICTeMhI lIJilI HeT. 

ToT )Ke pe3yJihTaT MO)KHO noJiyq0:Tb, He lICnOJib3Y5I (16). B ClIJIY O,UHO

pO.UHOCTlI npocTpaHCTBa CBORCTBa 3aMKHYTOR MexaH0:qecKoii ClICTeMhI 

He ,UOJI)KHbI 3aBHCeTh OT napaJIJieJihHOrO nepeHOCa 3TOR CHCTeMbI KaK 

ueJioro, a 3TO 03HaqaeT, qTO npll COOTBeTCTByIOrn;eM npocTpaHCTBeH

HOMY C,UBHry 6eCKOHeqHo MaJIOM npeo6pa3oBaHHll r = ,fr + ?( € f-t O) 
ll3MeHeHHe cpyHKUllll JiarpaH)Ka ,UOJI)KHO o6p,arn;aThC5l B HYJih, T.e. 

"~-- fJL ... " fJL ... d " fJL ~ ura !l ... = € ~ !l ... = E-d ~ !l ... = 0. 
a ur a , a ur a t a uVa 

TaKHM o6pa30M, BCJie,D;CTBHe O,ll;HOpO,D;HOCTH rrpOCTpaHCTBa rrpH 

,ll;BH)KeHHH 3aMKHYThlX MexaHnqeCKHX CHCTeM HX IIOJIHbIH HM

IIYJibC p OCTaeTCil HeH3MeHHblM. B .ueKapTOBbIX KOOp,UHHaTax 

... " fJL " ... " ... p =~a-- =~Pa= ~ma. Va= const. 
a Va a a 

(20) 

ilJI5I He3aMKHYThIX CHCTeM nOJIHhIR HMnyJihC, B006rn;e rOBOp5I, coxpa

H5IThC5I He 
1 

6y,n:eT. O,n:HaKO B Ba)KHOM CJiyqae ,UBH)KeHH5I MeXaHuqeCKOR 

CHCTeMbI B CHMMeTpllqHOM BHenrneM noJie, B qacTHOCTH, eCJill OHO He 

MeH5leTC5I npll napaJIJieJihHOM nepeHOCe cuc;i-eMbI B.UOJib KaKoro-JIH60 Ha

npaBJieHH5I, TO, KaK 3TO CJie.uyeT ll3 np:q:~e.ueHHOro BhIBO.Ua, KOMnOHeHTa 

HMnyJibCa B 3TOM HanpaBJieHHlI coxpaH5IeTC5I ( 06b1qHO B 3TlIX HanpaBJie-

. Hll5IX BhI60:pa10T KOOp,UHHa THbie OCH). <l>opMaJibHhIM nplI3HaKOM TaKoii 

ClIMMeTplllI nOJI5I 5IBJI5leTC5I . OTCYTCTBlle 3aBHClIMOCTlI noTeHu0:aJibHOR 

3Hepr0:0: OT COOTBeTCTBy10rn;eii .ueKapTOBOR KOOp.UHHaTbI. TaK, B Hanpa

BJieHHOM no z O,UHOpO,UHOM noJie coxpaH5IIOTC5I KOMnOHeHTbl lIMnyJihCa 

B,UOJib oceii X II y. 

• CrrpaBKa. oauopoaubl,M, ua3bl6a'/Om no.11,e, 60 6cex ffiO'!J,'KaX 'KO

mopozo ua 'lJ,acmuViy aeucmByem oaua u ma 'JICe cu.11,a F. l·fa 

30 



onpeae.11,euuH F' = -(au/ Br) c.11,eayem, '1/,mO 6 oauopoauoM no.11,e 

U = - F · r, m. e. nomeu4ua.11,bH,aH 311,ep2UH H6.11,HemcH .11,uueuuou 
rjjyu-x;4ueu x;oopauuam. 

I1MeeT CMbICJI o6paTHTh BHHMaHne Ha O,UHO HHTepeCHOe CJI€,UCTBHe co

xpaHeHH5I HMIIYJibCa ,UJI5I 3aMKHYTbIX MexaHnqeCKHX CHCTeM. B ,ueKap

TOBbIX KOOp,UHHaTax ypaBH€HH5I ,UBH2K€HH5I TaKHX CHCTeM 3aIIHCbIBa

IOTC5I B BH,lle 

BL 
Pa= a ➔ ; 

Va 

r.ne Pa - HMIIYJibC a-ft qacTHIIhl, a Fa - cnna, ,ueftcTBYIOIUM Ha 3TY 

qacTHIIY· IIpocyMMIIpOBaB no BCeM qaCTHIIaM, IIOJiyqnM 

a 

T.e. cyMMa CIIJI, ,n;eii:CTBYIOI..QIIX BHYTPII 3aMKHYTOH CIICTeMbI, 

paBHa HyJIIO. Ecmi CHCTeMa COCTOIIT II3 .UBYX B3aHMO,ll€MCTBYIOIUHX 

qacTeM, TO Mbl rrpHXO,UHM K 3-My 3aKOHY HbIOTOHa O paBeHCTBe ,ueM

CTBH5I H IIJ>OTHBO.ll€MCTBH5I. 

IIo aHaJIOrHH C ,ueKapTOBbIMH KOOp,UHHaTaMH Ha30BeM 

BL 
Pi= -

8
.; 

Qi 

i-MII KOMilOHeHTaMII 06061..QeHHbIX IIMilYJibCa II CIIJibI. YpaBHe

HH5I ,UBH2K€HH5I JiarpaH2Ka B 3THX o603HaqeHH5IX rrpHHHMaIOT BH.U 

i = 1, 2, ... , s. 

OTM€TIIM, qTo o6o6w;eHHbie HMIIYJibCbl H CHJibl He065I3aTeJibHO HM€IOT 

06b1qHbie pa3MepHOCTH [ M LT- 1
] n [ M LT-2

]. 

• 3aMe~IaHIIe 3. PacCMOTpHM CHTyaunIO, Kor.ua cpyHKIIH5I Jiarpa

H2Ka He 3aBHCH'I'. OT O,UHOM (IIJIH H€CKOJibKHX) o6o6w;eHHbIX KOOp

,UHHaT, Heo6xo,UHMbIX .UJI5I OIIHCaHH5I IIOJI02K€HH5I CHCT€Mbl B rrpo

CTpaHCTBe. TaKHe KOOP.UHHaTbl Ha30BeM QIIKJIII'tleCKIIMII. IIycTb 

Qk - IIHKJIHqecKM KOOp,UHHaTa (.UJI5I HeCKOJibKHX IIHKJIHqecKIIX KO

op,unHaT paccy2K,ueHH5I TaKne 2Ke), T.e. 
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.upyrHMH CJIOBaMH, 8L/8qk = 0, qTO, corJiaCHO ypaBHeHHHM J1a

rpam1<:a, O3HaqaeT coxpaHeH11e k-n KOMnoHeHThI o6o6meHHoro HM

nynhca. MTaK, eCJIH o,n;Ha HJIH HeCKOJlbKO KOOp.D;HHaT, 3a,n;a

l01IlHX IlOJIO)KeHHe MexaHH"lleCKOH CHCTeMbl B npocTpaH

CTBe, l.'(HKJIH"lleCKHe, TO COOTBeTCTBYIOIIlHe KOMilOHeHTbl 

HMilYJibCOB .HBJI.HIOTC.SI coxpaH.HIOIIlHMHC.H BeJIH"llHHaMH. 

5. MoMeHT HMilYJihca. Cne.uyeT O)Im:.uaTh, qTo oqepe.uHon 3aKOH co

xpaHeH11a 6y.ueT CJie)lCTBHeM H3OTpOnHH npocTpaHCTBa. M, KaK 6bIJIO 

OTMeqeHo, H3-3a Toro, qTo COOTBeTCTBy10mee H3OTpOnHH npOCTpaHCTBa 

npeo6pa30BaHHe c11MMeTp1111 He 3aTpanrnaeT apeMeHH, coxpaHaIOmMca 

aen11q11Ha 6y.ueT a.u.u11T1:1BHOH no onpe.ueneHHIO ( KaK HMIIYJihC). B .ue

KapTOBhIX KOOp)ll:IHaTax l:ICKOMOe npeo6pa30BaHHe l:IMeeT BH)l 

Ta ===} fa = Ta+ [c5cp, fa]; c5fu = [c5cp,fu]. 

3To npeo6pa3oaaH1:1e Bhrne.ueHo B Kypce aeKTOpHoro 11 TeH3OpHoro aHa- · 

Jll:13a np1:1 paCCMOTpeHHl:I o6ycJIOBJieHHhIX BpameHl:IHMH H3MeHeHHH BeK

TOpOB, KOTOphie napaMeTpH3OBaHbl 6ecKOHeqHO MaJihIM c5cp. CpaBHHB 

nocJie)lHee Bbipa)KeH1:1e C (11) 1:1 nO)lCTaBHB pe3yJihTaT B (16), nonyq11M 

d
d Laa~ · [c5cp, ia] = c5cp · dd Llia,ft:i] = 0 ===} M = L[Ta,Pa] = canst 
t a Va t a a 

- 3aKoH coxpaHeHHa aeKTopa MOMeHTa 1:1Mnynhca M, KaK 1:1 O)KH)lanoch, 

a.u.u1:1T1:IBHoro no onpe.ueneHHIO. AHanor11qHoe 3aKJIIOqeHHe MO)KHO no

nyq1:1Th l:IHaqe. B CHJIY H3OTpOnHOCTl:I npOCTpaHCTBa CBOHCTBa 3aMKHy

TOH MexaH11qecKOH CHCTeMbl He MeHHIOTCH np1:1 noaopoTax ee KaK :u;enoro. 

3To O3HaqaeT, qTo npeo6pa3oaaH11e 

(A)~ = Aa + [c5cp, Aa], 

r.ue 

A=(:), 
OCTaBJIHeT HeH3MeHHhIM cpyHKilHIO J1arpaH)Ka Cl:ICTeMhI, T.e. 

c5L = L (a
8

~ · c5ia + aa~ · 6va) = a Ta Va 

~ (fa · [c5cp, Ta] + Pa · [c5cp, Va]) = 6cp · ! ~[Ta, .Pa] = 0. 
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0 
MTaK, npH .D;BH:>KeHHH 3aMKHYTbIX MexaHH\'.JeCKHX CHCTeM KaK 

CJie.D;CTBHe H30TpOilHH npOCTpaHCTBa coxpaH.si:eTC.sI HOJIHblH MO

MeHT HMilYJibCa M. B .n;eKapTOBbIX KoopmrnaTax 

M = I]ra,Pa]; 
a 

d!vl =0 
dt . 

0 

(21) 

IloKa)KeM, 'ITO BeJUI'IHHa MOMeHTa HMIIJJihCa 3aBHCHT OT TO'IKH, OT

HOCHTeJibHO KOTopon: OH orrpe.n;ene1,1. CMeCTHM HatJaJIO KOOp.n;HHaT Ha 

IIOCT05IHHbIM BeKTOp a, TOr.n;a f' = f' + a, a 

M = iJ + [a,P], 

H, TOJibKO eCJIH MeXaHH'leCKM CHCTeMa IIOKOHTC5I KaK :u:enoe (.P = 0), 
MOMeHTbl HMIIJJihCa B o6eHX CHCTeMax COBIIa.n;aIOT H He 3aBHC5IT OT 

BbI6opa HatJaJia KOOp.n;HHaT. 

llocTaTO'!HO rrpOCTO IIOH5!Th, 'ITO rrpH .ZJ:BH)KeHHH MeXaHH'leCKHX CHCTeM, 

B3aHMO.n;eMCTBYIOIUHX C BHeIIIHHM IIOJieM, KOMilOHeHTbl MOMeHTa HM

nyJibCa ( B 0.D;HOM qaCTHOM CJiyqae ccpep11qecKH-CHMMeTpH'l'.J

HOrO IlOJI.sI - IlOJIHblH MOMeHT HMilYJibCa) OCTaIOTC.sI HeH3MeH

HblMH, ecJIH BHemaee noJie o6Jia.n;aeT oceBoii CHMMeTp11eii. IIen:

CTBHTeJibHo, B 3TOM cnyqae CBOMCTBa rromI He MeH5IIOTC5I rrpH IIOBOpoTax 

BOKpyr OCH CHMMeTpHH, rrpoc~paHCTBO OTHOCHTeJibHO 3TOl:I OCH H3O

TpOIIHO, IIO3TOMY KOMIIOHeHTa HMIIJJihCa Ha OCb CHMMeTpHH coxpaH5I

eTC5I. EcJIH BHeIIIHee none cq>epH'leCKH-CHMMeTpH'IHO, JII06M OCh, rrpo

XO.ZJ:5.IIIJ;M qepe3 :u;eHTP IIOJI5I, 5.IBJI5.leTC5.I OCbIO CHMMeTpHH OTHOCHTeJibHO 

Bparn;eHHM BOKpyr Hee. (KcTaTH roBOp5.1, 3TO IIOJIO)KeHHe MO)KHO rrpH

H5.!Tb 3a orrpe.n;eJieHHe ccpepH'IeCKOM CHMMeTpHH.) A 3TO O3HatJaeT, 'ITO 

coxpaH5.leTC5.I onpe,n;eJieHHblH OTHOCHTeJibHO :u;eHTpa IlOJI.sI IIOJIHbIM 

MOMeHT HMIIJJibCa, T.K. coxpaH5.IIOTC5.I ero KOMIIOHeHTbl OTHOCHTeJibHO 

Tpex .n;eKapTOBbIX ocen:. 

• 3aMe\'.JaHHe 4. XapaKTep BbIBO.n;a 3aKOHa coxpaHeHH5.I MOMeHTa 

HMIIJJihCa IIO3BOJI5.leT rrpe.n;rroJIO)KHTb, 'ITO rrpoeK:U:H5.1 MOMeHTa Ha 

KaKyIO-JIH6o OCb (HarrpHMep, z) orrpe.n;eJI5.leTC5.I cpopMyJIOM 

B 3TOM HeTpy.n;HO y6e.n;HTbC5.I rrp5.!MbIM Bbl'IHCJieHHeM. llen:CTBH

TeJibHO, Mz = :Ea ma[rava]z = :Ea ma(XaYa - YaXa), HJIH B :U:HJIHH-
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LlPJI'IeCKJIX KOOp,UJIHaTaX Mz = La maP~'Pa, JI, IlOCKOJihKY cpyHK

UJI5I Jiarpam1rn L = ½ La ma(P~ + p~<p~ + z~), rrerKo mr,ueTh, 'ITO 

cpopMyrra aepHa. 

6. Ilpeo6pa30BaHHe coxpaH.HIOIU;IIXC.8 BeJill'CIIIH, BhrnCHIIM, KaK npe

o6pa3yIOTC5I coxpaH5IIOI.UJiec5I aerrJI'IIIHhI npII raJrnrreeBhIX npeo6pa3oaa

HJI5IX 

r= fr+ Vt; v= {; + v; t = i. 
(MCO K .UBII)KeTC5I OTHOCJITeJihHO K co CKopoCThIO V = canst.) 

HatIHeM c JIMnyrrhca 

P = L ma Va = j; + V L ma = j; + µ V, 
a a 

µ=I:ma, 
a 

M3 acex MhICJIJIMhIX MCO K Bh16epeM TY, B KOTopoii: paccMaTpIIaaeMM 

MexaHJI'IesKa5I CJICTeMa IlOKOIITC5I KaK :u;erroe. QqeBJI.UHO, 3TO Ta k, B 

KOTopoii: P = 0 JI KOTOpa5I .UBJI)KeTC5I OTHOCJITeJihHO K co CKOpOCThIO 

V =Vo= p Iµ= La mava/ µ. IlpOJIHTerpIIpOBaB IIOCJie,UHee COOTHOllle-

HIIe, rrorrytIJIM 

~ ~ ~ Lama~ 
R = Vot + Ro = L . ama 

Ha3oBeM TO'IKY c pa,uJiycoM-BeKTOpoM R n;eHTpOM JIHepn;JIII (U:M) Me

xaHIItiecKoii: CJICTeMhl. 8Ta TO'!Ka .UBJI)KeTC5I C IlOCT05IHHOii: CKOpOCThIO 

Vo BMeCTe C M co k ( B KOTOpoii: Harn a CIICTeMa IIOKOJITC5I KaK :u;erroe) 

OTHOCJITeJihHO MCO K. MCO K npJIHaTo Ha3hIBaTh MCO U:M. MTaK, B 

CIIJIY 3aKOHa coxpaHeH:H.8 IIMIIYJibCa U:H 3aMKHYTOH CIICTeMbl 

MaTep:HaJibHblX TO'CleK ~Bll)KeTC.8 co CKOpOCTblO Vo = canst . 
8To .UBII)KeHJie B BhICOKOH CTeneHJI TPIIBIIaJihHO, Il03TOMY 06hI'IHO ero 

IICKJIIO'IaIOT JI3 paCCMOTpeHJI5I. (OTMeTJIM aHarrorIIIO C .IlBII)KeHIIeM CB0-

60,uHOH MaTepJiaJihHOH TO'IKII. MHTepeCHO TaK)Ke 3aMeTJITh, 'ITO CB5I3h 

JIMnyrrhca CJICTeMhI c ee cKopoCThIO KaK :u;erroro ( P = µ V) TaKM )Ke, 

KaK JI ,UJI5I OT,uem~HOH qacTJIUhl. 8Ta aHaJIOrIIa Il03B0JI5IeT TpaKTOBaTh 

CJICTeMy MaTepJiaJihHhIX TOtieK (a Tex CJIY'IMX, KOr,ua BHyTpeHHIIe .UBII

)KeHII5I B Heii: Hae He IIHTepecy10T) KaK O.UHY MaTepJiaJihHYIO TO'IKY, 

T.e. no cyr.:u;ecTBY onpaa,uh!aaeT Mo,uerrhHOe npe,ucTaarreHJie o MaTe

pJiaJihHoii: TOtIKe.) IIocToaHCTBO cKopocTII .UBII)KeHII5I UM 3aMKHyToii: 

CIICTeMhl ecTeCTBeHHO OTHeCTJI K 3aKOHaM coxpaHeHJI5I II TeM caMhlM 

3aaepIIIJITh paccMOTpeHJie aeJIJI'IJIH, coxpaHeHIIe KOTOphIX crre.uyeT JI3 

IIHBapJiaHTHOCTII rrarpaH)KJiaHa 3aMKHYTbIX CIICTeM OTHOCIITeJihHO 10-
napaMeTpJI'IeCKOH rpynnhI pacrnJipeHHhIX npeo6pa3oBaHIIii: rarrIIrrea. 
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IIepen:.ueM K rrpeo6pa3oBamno :meprn:n: E = T + U: 

2 I v2 v2 , '°' ma · V '°' 2 µ .... .... ' µ .... .... T= ~ a= - ~ma ·Va+--+ Lma · VaV =T+--+P•V. 
a 2 2a 2 a 2 

llmr IIOJIHOM :meprn:n: 

V2 , , µ .... .... 
E=E+-+P·V 

2 ' 

~ ecJin: nITpn:xoBaHHYIO CO BbI6paTb KaK MCO UM, T.e. rrono2KHTb 

p = 0, TO 

TaKHM o6pa3oM, B MCO, OTHOCHTeJibHO KOTopon: MexaHJiqecKaH cH

cTeMa .uBn:2KeTcH KaK neJioe (B MCO UM), rroJIHM 3HeprHH CKJia.UbIBa

eTCH n:3 BHyTpeHHeM :meprn:H Ein H KHHeTJiqecKon: 3HeprHH .UBH2K€HHH 

CHCT€Mbl KaK neJioro. 3To o6CT05IT€JibCTBO II03BOJI51€T rrpH pemeHHH 

3a.uaqn: o .UBn:2KeHHH CHCTeMbI N ToqeK B MCO UM pa36HTh 3a.uaqy Ha 

.UBe He3aBHCHMbie - 3a.uaqy O BHJTpeHHeM .UBH)K€HHH H TpHBHaJibHJIO 

3a.uaqy O paBHOMepHOM H rrp5IMOJIHH€MHOM .UBH)K€HHH CHCT€Mbl KaK ne

JIOro. 

OcTaJIOCb Bbl5ICHH:Tb, KaK H3M€H51€TC51 IIJ?H rrpe66pa30BaHH5IX OT O.UHOM 

M co K .upyron: MOMeHT HMIIJJibCa 

, 

M = Lma[ra,Va] = M + µ[R, V]. 
a 

. EcJin: MexaHn:qecKaH cHcTeMa rroKon:TCH KaK neJioe B cHcTeMe k, To P = 
µ · V, Tor.ua 

M=Af+[R,P]. 
, 

B cn:cTeMe UM BeKTOp M Ha3hIBaIOT co6CTBeHHbIM MOMeHTOM HMIIJJihca 

n: o6o3HaqaroT Min, n:Haqe roBopH, M0MeHT HMIIJJibca MexaHJiqecKon: CH

cTeMbI B rrpOH3BOJibHOM co CKJia)lhIBaeTCH ll:3 co6CTB€HHOro MOM€HTa H 

BeKTOpHoro rrpon:3Be.ueHn:H pa.un:yca-BeKTopa UM Ha HMIIJJibC. (3aMe

Tn:M, qTO IIOCJie)lHee CJiaraeMoe HMeeT cpopMy M0MeHTa 0.UHOM qacTHilbI 

c Koop.un:HaTon: Rn: HMIIJJihCOM P. A 3TO eme pa3 IIO.UTBep2K.uaeT, qTo 

eCJIH He HHTepecoBaTbC51 BHyTpeHHHMH .UBH)K€HH5IMH, TO CHCTeMy Ma

Tepn:aJibHbIX ToqeK MO)KHO paccMaTpHBaTb KaK O.UHY TOqKy C Maccon: µ 
n: pa.un:ycoM-BeKTopoM R.) 
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I1TaK, ,llJUI 3aMKHYThlX MeXaHlI'IeCKIIX CIICTeM, IICX0,ll51 II3 CaMblX 06IUIIX 

CBOHCTB 0,llH0p0,llH0CTII II II30Tp0nH0CTII np0CTpaHCTBa II 0,llH0p0,llH0CTII Bpe

MeHII, ynaJI0Cb norry'IIITb 3aK0Hbl coxpaHeHII51 3HeprIIII, IIMnyJihCa II M0MeHTa 

IIMnyJibCa. .IlBa nocrre,llHIIX IIHTerparra ,llBII)KeHII51 a,ll,llIITIIBHbl no onpene

JieHIIIO, a 3HeprII51 acIIMnT0TII'IeCKII a,ll,llIITIIBHa. 8 Ka)K,ll0M crry-qae 0Ka3a

JI0Cb B03M0)KHblM yKa3aTb Ha ,ll0CTaT0'IH0 lllllpOKIIH KJiacc BHeIIIHIIX IIOJieii, 

He HapyIIIaIOIUIIX 3aK0H0B coxpaHeHII51. 8To n0CT051HHbie BHeIIIHIIe n0JI51 (B 

crryt:Jae 3HeprIIII), n0JI51, CIIMMeTpII'IHbie 0TH0CIITeJibH0 npocTpaHCTBeHHblX 

C,llBIIr0B B,ll0Jib KaKOH-JIII6o 0CII (B.IlOJlb TOH )Ke 0CII coxpaH51eTC51 K0MnoHeHTa 

IIMnyJibCa)' II n0JI51, o6Jia,llaIOmIIe oceB0H CIIMMeTpIIeii ( coxpaH51eTC51 npoeK

UII51 M0MeHTa Ha 3TY OCb). OCHOBHM ueHH0CTb 3aK0H0B coxpaHeHII51 C0CT0IIT 

B TOM, 'ITO 0HII n03B0JI51IOT, He BHIIKa51 ,lleTaJibH0 B MeXaHII3M np0IICX0,ll51-

mero, BbUIBIITb HeK0T0pbie 0CH0BHbie 'IepTbl 51BJieHII51. 8 TeX CJiy'Ia51x, K0-

r na MexaHII3M np0IICX0,ll51IUero HeII3BeCTeH, 3aK0Hbl coxpaHeHII51 qacT0 crry

)KaT e,llIIHCTBeHHbIM IICT0'IHIIKOM IIHcpOpMaUIIII 0 npoueccax, npoIICX0,ll51lUIIX 

C CIICTeMOH. HaKOHe:U, B 6orree np0CTbIX CJiy'Ia51X, K0r,lla pe'Ib II,lleT 06 IIH

Terpn:pOBaHIIII ypaBHeHIIH ,llBII)KeHII51, 3aK0Hbl coxpaHeHII51 MoryT CJIY)KIITb 

BCn0MoraTeJibHblM cpe,llCTB0M, ynpoma10mIIM 3TY npouenypy. 

Ilo 3TIIM npII'IIIHaM coxpaH51IOIUIIeC51 ,llJI51 BC51KOH 3aMKHyToii CIICTeMhI II 

,llJ151 CIICTeM, B3aIIMO,lleHCTBYIOIUIIX C nepe'IIICJieHHbIMII BbIIIIe TIInaMII BHeIII

HIIX norreii, 3HeprIIIO, IIMnyJibC II M0MeHT Ha3hIBaIOT cpyH,llaMeHTaJibHbIMII .IlII

HaMII'IeCKIIMII BeJIII'IIIHaMII. 

• Ilp11JIO)KeH11e. IlpIIBe.IleM npyroe .Il0Ka3aTeJihCTB0 TeopeMhI HeTep. 

PacCMOTPIIM 6eCKOHe'IHO Marroe npeo6pa30BaHIIe K00p,llIIHaT Qi M <ii + 
6qi, rne 6qi =Tl· Ek, a i, k = L.n (no n6BT0p51IOIUIIMC51 IIH,lleKcaM non

pa3yMeBaeTc51 cyMMIIp0BaHIIe, Ck - 6eCKOHe'IHO MaJibie He3aBIICIIMbie na

paMeTpbI npeo6pa30BaHII51). CorrracHO ycJI0BII51M TeopeMbl noTpe6yeM, 

'IT06bI npII TaK0M npeo6pa30BaHIIII ,lleHCTBIIe 0CTaBaJI0Cb HeII3MeHHbIM. 

Torna 51CHo, 'ITO 

t
2 a L a L t

2 d a L 
6S - f [6qi aqi + 6iJi aqi ]at= f dt dt ( 6qi aqi) + 

t1 t1 

t
2 aL d aL 

+J6qidt[- - --. ] = 0. 8q· dt 8q· t1 i i 

Pa3yMeeTC51, MexaHII'IeCKa51 CIICTeMa ,llBII)KeTC51 B C00TBeTCTBIIII C ypaB

HeHII51MII JiarpaH)Ka, 110,llCTaBIIB IIX B npe,llhl.IlYIUee Bblpa)KeHIIe II IIMe51 
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B BM.UY IIpOII3BOJibHOCTb 6qi, IIOJIY"tJIIM 

KOHCTaHTbI Ck cooTBeTCTBYIOT k = l. .. n coxpaH5IIOII.lIIMC51 .UIIHaMII"tJe

CKIIM rrepeMeHHbIM. TeopeMa ,UOKa3aHa, o6paTIIMC5I K rrpnMeHeHII5IM. 

PacCMOTPIIM 3aMKHYTYIO CIICTeMy N qacTIII{ C Jiarpam1maHOM 

II rrpeo6pa3yeM KOOp,UIIHaTbl corJiaCHO 

6fa = Ja + [Mi, fa] 

IIJIII B KOMIIOHeHTaX 

1. IlycTb 6a #- 0, <Sn= 0. 5IcHO, "tJTO (6f'a)i = bf · bak, T.e. ~k = bf, 
"tJTO IIpIIBO,UIIT K 

L maia = P , canst 

- 3aKOHY coxpaHeHHH HMilYJibC~ II 5IBJI5IeTC51 CJie,UCTBIIeM IIH

aapIIaHTHOCTII .ueI1:CTBII51 OTHOCIITeJibHO rrapaJIJieJibHOI'O rrepeHOCa 

MeXaHII"tJeCKOll CIICTeMbl KaK uenoro, ,upyrIIMII CJIOBaMII, CJie,UCTBII

eM O,UHOpO,UHOCTII rrpocTpaHCTBa. 

2. IlyCTb Ja = 0, 6n-/- 0. 5ICHO, "tJTO ~k = EiktX~ (HaIIOMHIIM, "tJTO B 

eBKJIII,UOBOM rrpocTpaHCTBe KJiaCCII"tJeCKOM MexaHIIKII HeT pa3HIII{bl 

Me)K,uy BepXHIIM II HII)KHIIM IIOJIO)KeHII5IMII IIH,UeKCOB). BBII.UY Toro, 

"tJTO (8L/8xi) = I: max~, a TaK)Ke X~Eik/X~ = Ck[iX~X~, IIOJIY"tJIIM 

- 3aKOH coxpaHeHHH MOM€HTa HMilYJihCa KaK CJie,UCTBIIe IIH

aapnaHTHOCTII .uen:CTBII51 OTHOCIITeJibHO IIOBOpOTa MexaHII"tJeCKOll 

CIICTeMbl KaK uenoro, ,upyrIIMII CJIOBaMII, KaK CJie,UCTBIIe II3OTporr

HOCTII rrpOCTpaHCTBa. 

37 



III. MEXAHH9ECKOE rronoBHE. TEOPEMA BHPHAJIA. 
OllHOMEPHOE llBH)KEHHE 

1. MexaH1rc1ecKoe no.n;o6Irn. Coxpamnom;n:ec51 .n;n:HaMn:qecKn:e rrepeMeH

Hhie IIO3BOJI5IIOT Bhl5IBHTh HeKOTOphie (n:Hor.n;a cym;eCTBeHHhie) qepThI 

MexaHn:qecKn:x 5IBJieHn:ii 6e3 peIIIeHn:51 ocHOBHoii 3a,n;aqn: MexaHHKH. Co

xpaHeHn:e 3THX BeJin:qn:H 5IBJI5IeTC5I CJie,IJ;CTBHeM BeChMa o6mn:x CBOIICTB 

rrpOCTpaHCTBa H BpeMeHH, KOTOphie HaXO,ll;5IT CBOe OTpa2KeHn:e B rrpe

o6pa30BaHH5IX, He H3MeH5IIOm;n:x ypaBHeHn:ii .n;Bn:2KeHH5I. PaHee OTMeqa

JIOCh, qTO ypaBHeHH5I ,ll;BH)KeHH5I HeH3MeHHhI TaK2Ke H rrpn: YMHO2KeHHH 

cpyHKUHH JiarpaH2Ka Ha KOHCTaHTy: L M t = C . L rrpn:BO,ll;5IT K O,ll;HHM 

n: TeM )Ke ypaBHeHH5IM ,ll;BH2KeHH5I. Ilorrpo6yeM Bhl5ICHHTh, .n;a,n;yT JIM 

CJie,IJ;CTBH5I TaKOII MHBapn:aHTHOCTH ypaBHeHMII ,ll;BH)KeHH5I KaKOII-JIH6o 

BhIHrphIIII. JloBOJlhHO o6m;ee coo6pa2KeHHe B .n;yxe TeopeMhI HeTep -

JII06M CHMMeTpH5I He crryqaIIHa - BHyIIIaeT Ha,n;e2K.n;y Ha IIOJIO)KHTeJih

HhIII pe3yJihTaT. 

PacCMOTpHM MexaHn:qeCKHe CHCTeMhI, IIOTeHun:aJihHa5I 3Heprn:5I KOTO

pblX 5IBJI5IeTC5I O,IJ;HOpO,D;HOII q:>yHKUHeII .n;eKapTOBblX KOOp,D;HHaT: 

U( .... .... .... ) kU(.... .... .... ) ar1, ar2, ... , arN = a r1, r 2, ... , rN . 

Ilpeo6pa3yeM KOOp,D;HHaThI paccMaTpHBaeMOII CHCTeMhI TaK, qTo6hI 

Ta 1---t ara' 
H rrpe.n;rrOJIO)KHM, qTO rrpn: 3TOM BpeM5I ,ll;BH2KeHH5I no TpaeKTOpH5IM C 

H3MeHeHHhIMH Ba pa3 KOOp,D;HHaTaMH H3MeH5IeTC5I B /3 pa3, T.e. t 1---t (3t. 
Kn:HeTn:qeCKM 3Heprn:5I H3MeHHTC5I rrpn: 3TOM B (a/ /3) 2 pa3, a IIOTeHUM

aJihHM - B ak pa3. Bb16epeM (3 TaK, qT06hI 

( a/ /3)2 = ak --+ /3 = al-k/2, 

TOr .n;a cpyHKUH5I JiarpaH2Ka ueJIHKOM YMHO)KHTC5I Ha IIOCTO5IHHhIII MHO

)KHTeJih ak, T.e. ypaBHeHH5I ,ll;BH)KeHH5I OCTaHyTC5I HeH3MeHHhIMH. 

ll3MeHeHHe KOOp.n;n:HaT BCex qacTHU B O,IJ;MHaKOBOe qn:cJIO pa3 O3HaqaeT 

rrepexo.n; OT O,IJ;HHX TpaeKTOpHII K .n;pyrMM - TpaeKTOpH5IM, reoMeTpH

qecKH rro.n;o6HhIM HCXO,ll;HhIM. I1TaK, ecJIH IlOTeHn;HaJibHruI 3HeprHSI 

CHCTeMbl SIBJISieTCSI O,ll;HOpO,n;HOH cpyHKIJ;He:ft k-ft CTeneHH OT KO

op.n;HHaT, TO ypaBHeHHSI ,ll;BH)KeHHSI .n;onycKaIOT reoMeTpH11eCKH 
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no.no6Hhle TpaeKTOp1n1, npnqeM BpeMeHa ,ZJ;BH:>KeHHH Me:>K,ny co

OTBeTCTBYIOIUHMH TOqKaMH TpaeKTOpHH OTHOCHTCH KaK 

(22) 

3.[(eCb (i;z) - OTHOIIIeHIIe xapaKTepHblX mrneMHbIX pa3MepoB .[(BYX reo

MeTpIPieCKM Il0.[(06HbIX TpaeKTOpMH. 

PaccMOTpHM HeCKOJibKO npMMepOB. 

• IloTemi;MaJibHM 3HeprmI - KBa.[(paTM'IHM cpyHKUMSI KOOp.[(MHaT: 

U rv x 2 • l13BeCTHO, 'ITO TaKaJI 3aBMCMMOCTb IlOTeHUMaJihHOM 3Hep

rHM OT KOOp.[(MHaT xapaKTepHa .[(JISI KOJie6aHMM. IlO.[(CTaBMB k = 2 

B (22), Han:.[(eM, 'ITO nepMO.[( KOJie6aHMM He 3aBMCMT OT aMnJIMTY.[(bl. 

- IlOJiy'IeHHblM M3 caMbIX 061.UMX coo6pa)KeHMM xopOIIIO M3BeCTHbIM 

pe3yJibTaT. 

• B 0.[(HOpO.[(HOM IlOJie IlOTeHUMaJibHM 3HeprMSI - JIMHeMHM <pyHKUHSI 

KOOp.[(MHaT, T.e. k = l. J13 (22) MMeeM • 

; = (f) 1/2 

3HaKOMbIM pe3yJibTaT - B IlOJie TSI)KeCTM KBa.[(paTbl BpeMeH na.[(e

HH5I TeJI OTHOC5ITC5I KaK MX Ha'IaJibHbie BbICOTbl. 

• IloTeHUMaJibHM 3HeprM5I o6paTHO nponopUMOHaJihHa paCCT05IHMIO 

Me)K.[(y TeJiaMM: U ~ l / r. TaKoe B3aMMO.[(en:cTBMe cooTBeTCTByeT 

npMTSI)KeHMIO .[(Byx Mace MJIH KyJioHOBCKOMY B3aMMO.[(en:cTBHIO .[(Byx 

3ap5I.[(OB. Ilo.[(cTaBHB k = -l B (22), noJiy'IMM 

T.e. OTHOIIIeHMe KBa.[(paTOB BpeMeH o6pameHM5I no reoMeTpM'IeCKM 

ll0.[(06HbIM TpaeKTOpM5IM nponopunoHaJibHO OTHOIIIeHMIO Ky60B MX 

JIHHeMHhIX pa3MepoB (TpeTMM 3aKoH KenJiepa). 

TaKHM o6pa30M, cpaKT HeM3MeHHOCTM ypaBHeHHM .[(BM)KeHM5I, COOTBeT

CTBYIOIUMX JiarpaH)KeBhlM <pyHKllM5IM, OTJIM'IaIOIUMMC5I Ha KOHCTaHTY' 

npH .[(OCTaTO'IHO o6meM npe.[(IlOJIO)KeHMM 06 0.[(HOpO.[(HOCTM IlOTeHUM

aJibHOM 3HeprHM .[(OIIYCKaeT CYI.UeCTBOBaHMe reoMeTpM'IeCKM Il0.[(06Hh1X 

TpaeKTOpMM C orrpe.[(eJieHHbIM OTHOIIIeHMeM BpeMeH M JIMHeMHbIX pa3Me

poB (cM.(22)), 'ITO B qaCTHbIX CJIY'IMX, 6e3 MHTerpnpoBaHM5I ypaBHeHMM 

.[(BM)KeHM5I, npHBO.[(MT K MHTepeCHbIM CJie.[(CTBM5IM . 
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2. TeopeMa Bllplla.Jia. By,ueM rro-rrpe)KHeMy cqJITaTb IIOTeHUJiaJibHYIO 

3HeprHIO ClICTeMbl O,UHOpO,UHOM, CTerreHH k cpyHKUHen: ,ueKapTOBhIX KO

Op,UHHaT. KnHeTnqecKa5I 3Heprll5I - KBa,upaTJiqHa5I cpyHKUH5I CKOpOCTen:, 

n cor rracHo TeopeMe 8n:rrepa 

" .... 8T 2T " .... .... d " .... .... " .... :.. L.,.; Vaa-- = = L.,.; Va. Pa= dt L.,.; Ta. Pa - L.,.; Ta. Pa= 
a Va a a a 

d 
dt ~ru ·Pa+ Lr'a. au 

a or' a 

OTKy,ua 

2T = dd L Ta · Pa + kU. 
t a 

(l'.IcrroJih30BaHbI orrpe,uerreHne HMIIYJihca, 5IBHhin: BH.U ypaBHeHJin: .UBH)Ke

HH5I, O,UHOpO,UHOCTb IIOTeHuHaJibHOM 3HeprlIH.) 

• CnpaBKa. Cpea1-tu.u no ape.ue1-tu 31-ta1J,e1-tue.u npou360.t1,b1-tou ifjym~

'/4UU J(t) 1-ta3oae.u 

, 1 T 

< f >= lim -/ J(t)dt. 
r-+oo 7 

0 

Ec.t1,u J(t) = (dF/dt) {F(t) - npou360.t1,b1-taJI, 1-1,0 02pa'H,U1J,e1-1,1-taJI 

ifjy1-tx:'14uJI), mo cpea1-tee no ape.ue1-1,u 31-1,a1J,e1-1,ue J(t) 06pa'll.4aemcJI a 
► 

1-1,y.t1,b. Jleucmaume.t1,b'H,O, 

< f >= lim ~ fr dF dt = lim F(r) - F(O) = 0. 
r-+oo T dt r-+oo T 

0 

Ilpe,urroJIO)KHM, qTo paccMaTplIBaeMM MexaHJiqecKa5I CHCTeMa ,UBH)KeT

C5I c KOHeqHOM CKOpOCTblO a orpaHnqeHHOM o6JiaCTH rrpOCTpaHCTBa, TO

r ,ua IIOCJie ycpe,uHeHH5I no BpeMeHH HMeeM 

2 < T > = k < U >, 

qTo H COCTaBJrneT co,uep)KaHHe TeopeMbl Bllplla.Jia (anpnaJI - OT Jia

THHCKoro "virium" - cnrra, MOIUh). Ban,uy Toro, qTo < E > = E, 
JierKO IIOJiyqHTb 

<T> 
k 

k+2E; 
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B qacTH0CTH, .n;Jrn KOJie6aHnii k = 2, < T >=< U >, a .n;mi: HhIOT0-

H0BCKoro rrpHT5DKeHH5I k = -l n 2 < T >= - < U >, < T >= -E. 
l1ocne.n;Hee 03HaqaeT, qTo rroJIHM 3Heprn5I B 3T0M cnyqae ( a 3T0 .n;Bn

JKeHne B orpaHnqeHHOH o6JiaCTl:I rrpOCTpaHCTBa) .D;0JIJKHa 6hITh 0Tpnu;a

TeJihHOH. I1 TaK, Ha 0CH0BaHl:ll:I TeopeMhl Bl:lpl:laJia MOJKHO 3aKJIIOql:ITb: B 

HbIOT0H0BCK0M II0Jie rrplITH)KeHlIH ,D;BlI)KeHHe B orpaHH'tJeHHOH 

o6JiaCTlI rrp0CTpaHCTBa B03M0)KH0 T0JibK0 IIplI OTpHD;aTeJibHOH 

IIOJIHOH 3HeprlIH. 

3. O6mHe CBOHCTBa 0,D;H0MepH0I'0 ,D;BlI)KeHHH. O.n;HOMepHbIM Ha30-

BeM .D;Bl:IJKeHne MeXaHnqecKOH Cl:ICTeMbI C O.D;HOH CTerreHbIO CB060.n;hI. 

PaccMOTpl:IM 0.D;H0MepHoe .D;BHJKeHHe Cl:ICTeMhI, K0T0PM 3aMKHyTa l:IJll:I 

HaX0.D;l:ITC5I B II0CT05IHH0M BHeIIIHeM II0Jie. <PyHKD;l:15! JiarpaHJKa TaKOH 

Cl:ICTeMhl B .n;eKapT0BbIX K00p.D;HHaTax l:IMeeT Bl:I.D; 

m±2 
L = -

2
- - U(x). 

11ocKOJibKY II0TeHn;HaJihHa5I 3Heprl:15I He 3aBl:ICl:IT OT BpeMeHl:I 5IBH0, co

xpaH5IeTC5I II0JIHa5I 3Heprl:15I 

m±2 
E = -

2
- + U~x), 

K0Topa5I K T0MY JKe 5IBJI5IeTC5I rr~pBbIM l:IHTerpaJI0M ypaBHeHHH .D;Bl:IJKe

Hl:15!. lleiiCTBHTeJihHO, II0MH0JKl:IB o6e CTOpOHhI ypaBHeHl:IH .D;Bl:IJKeHl:15! 

Ha±, HMeeM 

. .. . ( au) d (m±
2 

U( )) 0 X • mx = X - - ===} - -- + X = ax dt 2 ' 

cne.n;oBaTeJibH0, E = canst - rrepBhIH HHTerpan ypaBHeHnii .n;BnJKeHl:15!, 

3HaqeHne KoToporo orrpe.n;en5IeTC5I HaqaJibHhlMH ycnoBH5IMH E = E0 • 

JierKO Bl:I.D;eTb, qT0 

i: = ✓ !(E0 - U(x)), 

l:I II03T0MY 

t0 = canst. (23) 

11epBoe, qTo cpa3y 6pocaeTC5I B I'Jia3a, - .D;Bl:IJKeHHe B03M0)KH0 T0JibK0 B 

Tex rrpoMeJKyTKax OCH x (o6JiaCTHX, ,n;orryCTlIMbIX ,D;JIH ,D;BlI)KeHHH), 
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KOTOpbie oiipe.n;eJUIIOTC.sI HepaBeHCTBOM u ( X) ::; Eo' a IIOJiy"IeHHhie KaK 

pernemrn anre6pa11-qecKoro ypaBHeH11.s1 U(x) = E0 3Ha"IeH11.s1 x .sIBJI.sI

IOTC.sI TOqKaMH OCTaHOBKH CllCTeMbl, T.K. CKOpOCTb ± o6paruaeTC.sI 

B sT11x TO"IKax B HYJih. Ecn11 B 06nacT11, .n;orrycT11Mol1 .n;n.si .n;B11)KeH11.s1, 

arrre6pa11"IeCKOe ypaBHeHlle U(x) = Eo He l:IMeeT .n;eHCTBl:ITeJibHhIX KOp

HeH llJill .n;eHCTBl:ITeJihHbIH KopeHh TOJihKO O,ll;llH XI' TO rOBOp.sIT' qTO 

,D;BH:>Kemrn HHq>HHHTHO ( -oo ::; X ::; +oo, llJill -oo ::; X ::; X1, llJill 

X1 ::; X ::; +oo); eCJill )Ke ,ueHCTBllTeJihHbIX KOpHeH ,UBa X1, X2, TO rOBO

p.siT, qTO ,D;BH:>KeHHe q>HHHTHO (x1 ::; X ::;_x2). 

IIoKa)KeM, qTO O,UHOMepHoe !pllHllTHOe ,ll;Bll)KeHlle l:IMeeT rrep110,u11qecKllll 

xapaKTep. 

U(x) 

X1 

~ 

\ " " " 
" 

~ 
~ 

:, 

U1 ,,"', U2 
,,<.,_ ~ 

P11c. 4 

9 
? 

~ 

X2 X 

KaK Bll,UHO 113 p11c. 4, rrpoMe)KyTOK X1 ::; X ::; X2 .sIBJI.sieTC.sI o6JiaCTbIO 

!pllHllTHOrO ,UBll)KeHll.sI. TaHreHCbI yrrra HaKJIOHa KaCaTeJihHbIX K Kpll

BOH U(x) B ToqKax ocTaHOBKll x 1 11 x 2 11306pa)KaIOT c11rrh1, ,uel1CTByro

ru11e Ha CllCTeMy B 3Tl:IX TOqKaX. 8Tll CllJibI llMeIOT IIpOTllBOIIOJIO)KHbie 

HarrpaBJieHll.sI, IIO3TOMY IIOCJie OCTaHOBKll CllCTeMbI B TOqKe X1 (x2) ,uel1-

CTBYIOIUM Ha Hee OTJillqHa.si OT HYJI.sI CllJia BhIHy)K,uaeT ee ,UBllraTbC.sI B 

HarrpaBJieHl:111 X2 (x1), l:IHaqe rOBOp.si, CllCTeMa KOJie6JieTC.sI Me)K.n;y X1 11 

X2. lfa-3a CBOHCTBa o6paTllMOCTll ,UBl:l)KeHl:151 BpeM.sI ,UBll)KeHl:151 OT X1 ,uo 

X2 paBHO BpeMeHll ,UBll)KeHll.sI OT X2 ,UO X1, IIO3TOMY rrep11O,u KOJie6aHllll 

B 3aBl:ICllMOCTll OT 3Hepr1111 orrpe.n;err.sieTC.sI Bbipa)KeHll~M 

x2(Eo) 

T=~ I 
x1 (Eo) 

dx 

JEo - U(x) 
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• 3aMe"tJaa11e 1. Onn:camrn ,n;Bn:2KeHn:.SI cn:cTeM c o,n;Hon: cTeneHhIO 

CBo6o,n;hI, KOTOpoe Mb! onpe,n;enmm KaK O,ZJ;HOMepHoe ,ZJ;BH:2KeHn:e, B 

.n;eKapTOBhIX KOOp,n;n:HaTax B03M02KHO He Bcer.n;a. Hanpn:Mep, Jia

rpaH2KH:aH nJIOCKOro Ma TeMa Tn:qecKoro MaSITHn:Ka ( Ma Tepn:aJihHax 

ToqKa Maccon: m, Kone6momasicx Ha Hn:Tn: ,n;nn:Hon: l B none TH2Ke

cTn:) B .n;eKapTOBhlX KOOp,n;n:HaTax n:MeeT Bn:,n; 

B TO BpeMH KaK 3TO ,n;Bn:2KeHn:e C O,ZJ;HOH CTeneHbIO CB060.n;hl n: y.n;o6-

HOH o6o6rn;eHHOH KOOp,n;n:HaTOH HBJIHeTCH yroJI OTKJIOHeHH:H Hll:Tll: 

MaHTHn:Ka OT BepTn:KaJin: cp. 3aMeHHB x n: y corJiaCHO x = l · sincp, 
y = l · coscp, norryqn:M 

ml2cp2 
L = 

2 
- mgl • coscp. ,,. 

TaKn:M o6pa30M, rrarpaH2KeBa q:>yHKD;ll:H O,ZJ;HOMepHoro ,n;Bn:2KeHHH B 

nOCTOHHHOM BHenrneM none, B006rn;e roBopx, ll:MeeT BH:,n; 

L = a(q)il _ U(q). 
2 

IIo,n;cTaHOBKOH X = I rawdq nocrr~,n;Hee Bbipa2KeHn:e npn:BO,ZJ;HTCH 
K BH.n;y ' 

L = m x2 - u ( x), 
2 

HO K03q:Jq:JHn;n:eHT m y2Ke He 6y.n;eT HMeTb CMhICJia MaCChI. 

U(x) 

·---------------------------------------- --------- ----------------------------- E 1 

---------r------.+-1-----'-------

U1 

X 

---------------------------- ---------- -------- a3 ___________________________ Eo 

Uo 
Pnc. 5 
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4 . .llmn1<:eHHe B IlOJie C IlOTeHUllclJIOM 3KKapTa. IloTemurnrr 

U( ) = U1 + U2 U2 - U1 th(k ) _ ~ 
x 2 + 2 x ch2(kx) 

H3BeCTeH KaK IIOTeHu;HaJI 8KKapTa (pHC. 5). IloTeHIJ;HaJibHa5.l 3HeprH5.l 

He 3aBHCHT OT BpeMeHH, rro3TOMY rroJIHM 3HeprnH E coxpaHHeTcH. Ecrrn 

Ha"l!aJibHbie ycrroBHH TaKOBbI, "l!TO 3HeprHH E2 > U2 , TO ,n;BHLKeHHe HH

qmHHTHO B o6e cTopoHbI (-oo < x < +oo ); ecrrn U1 < E1 < U2 , TO .n;BH

LKeHHe HHqrnHHTHO (-oo < X < a3) C o.n;HOH TO"l!KOH OCTaHOBKH a3, KOTO

PM orrpe,n;eJIHeTC5.l KaK KOpeHb arrre6paH"lleCKOro ypaBHeHH5.l u ( X) = E1. 
Ilpn U0 < E0 < U1 .n;BHLKeHHe q>HHHTHO (a1 ::; x ::; a 2) H HMeeT 

.n;Be TO"l!KH OCTaHOBKH a1 H a2, KOTOpbie 5.lBJI5.lIOTC5.l KOpHHMH ypaBHeHH5.l 

U(x) = Eo. 

PaccMoTpHM ,n;BHLKeHne B CHMMeTpH"l!HOH rroTeHu;HaJibHOI1: HMe U1 = 
U2 = 0 (pnc. 6): 

U(x) = Uo 
ch2 (kx)' 

.n;rrH OTpnu;aTeJibHbIX 3HeprnI1: E = -E0 . 

U(x) 
-a +a X 

........................ , ................................. -......... / .................. Eo 
,,. 

............... : ........................... \.!/ ......................................... Lio 

Pnc. 6 

Ilo.n;cTaBHB U(x) B H3BeCTHOe o6mee BbipaLKeHHe, rrorry"l!HM 

fmJ dx l J dy 
t = V 2 ✓E + U0 /ch2(kx) = w Jl - Y2 ' 
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2 Eosh2(kx) 
y =---

Uo - Eo ' 
-k~Eo W- . 

m 
Pe3yJibTaT HHTerpnpoBaHna 

~-sh(kx) = y~smwt 

Il03BOJIX€T 3aKJIIOqllTb, qTo qacTnn;a B CllMMeTpnqHoft Il0T€HIJ;HaJibH0H 

xMe c U = -U0 /ch
2
(kx) coBepmaeT HennHeHHbie Kone6aHna c nepno.n;oM 

T = 21r / w B HHTepBane -a :S x :S +a, npnqeM ±a ecTb pemeHnx 
ypaBHeHna ch2 (kx) = U0 / Eo. 

• PaccMoTpnM .n;Bn)KeHne y ,n;Ha XMbI: E = -U0 + E, cqnTax € << 
U0 . Tor,n;a n3 ycnoBna E = -U0 /ch2 (kx) nonyqnM kx ~ l, T.e. 
U(x) = -U0 (l - k2x2 + ... ) n 

·2 
mx 2 2) E ,;:::::, -

2
- - U0 (1 - k x . 

llmpcpepeHn;npyx nocne,n;Hee, · nonyqaeM 

.. 2Uok2 0 x+- X= , 
m x = Asin(wot), 

Bb16npax HaqanbHhie ycno:snx TaK, ;tIT06bI x(O) = 0, x(O) = v
0

, 

0K0HqaTeJibH0 HMeeM 

Vo . ( ) x = -sin w0t. 
Wo 

YacTnn;a coBepmaeT rapMoHnqecKne Kone6aHna. 

• PaCCMOTpHM ,lJ;Bll)K€HHe Ha.n; Xl\fOH Eo > 0 c HaqaJibHbIMH ycno
BllXMll x(O) = -L, x(O) = v0 . Haft.n;eM npoMe)KyToK BpeMeHn, B 
TeqeHne K0Toporo qacTnn;a ,n;ocTnraeT T0qKn x = + L. C 3T0ft 
IJ;€Jlbl0 BBe.n;eM 

~ 
y = V ~sh(kx), ~ Yo= V ~sh(kL), 

qTo ,n;aeT 
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IlpH ycnoBHH kL » l 

t ~ - - · ln4y0 -:::: - - • ln---exp(2kL)-:::: t1 + t2 , 1~ 2 1~ Eo 
k 2E0 k 2Eo Eo + Uo 

t1=2L~, 
1 ~ Eo 

t2 = kV 2Eo . ln Eo + Uo. 

CMhICJI rrorryqeHHoro pe3yJihTaTa .srceH: t1 - BpeM.sr .UBH)KeHH.sr cBo-

60.uHon (B OTCYTCTBHe 51Mb1). qaCTHUhl OT - L .uo + L, a t2 - li3-

MeHeHHe BpeMeHH ,llBH)KeHH51 qaCTHUhI, o6ycJIOBJieHHOe HaJIHqHeM 

51Mhl (t2 < 0). 

IV. 3A.IlA 9A .IlBYX TEJI. OBll.1;:IIIE CBOHCTBA .IlBllDKEHl-1:51 
B UEHTP AJibHOM IIOJIE. 3A.IlA t.:IA KEIIJIEP A 

1. 3a,n;aqa ,n;Byx TeJI. PaCCMOTpHM ,llBH)KeHHe 3aMKHYTOll CHCTeMbl .UBYX 

qacTHU. B KJiaCcHqecKon MexaHHKe rrpe.urrorrararoT, qTo 3HeprH.sr B3a

HMO.UencTBH51 3THX qacTHU MO)KeT 3aBHCeTb TOJihKO OT HX B3aHMHOrO 

pacCTO5IHH.sr, IIO3TOMY eCJIH f'1 - pa.uHyc-BeKTOp qacTHUhl MaCCOll m1, a 

f'.i - pa.uHyc-BeKTOp qacTHUhl MaCCOll m2, TO 

~ 

·2 ·2 

L = m;rl + mr2 - U(I f'1 - iS J). 

IIepen.ueM K HOBhIM rrepeMeHHhIM, B KaqecTBe KOTOpbIX BbI6epeM BeK

TOp OTHOCHTeJibHOrO paCCTO5IHH51 Me)K,lly qacTHIJ;aMII f' II pa,llHyc-BeKTOp 

ueHTpa HHepUHH R: 

r= r1 - rS, R = m1f'1 + m2iS 
m1 +m2 ' 

.... m2 
.... -R+ ', r1 -

.... m1 r. 
iS = R- m1 +m2 

<l>yHKUH51 J1arpaH)Ka B HOBhIX KOOp,llHHaTax rreperrmneTC5I B BH,lle 

µ. R2 m. i-2 
L = --+-- - U(r) 

2 2 ' 
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3.n;ecb µ = m 1 + m 2 - cyMMapHM Macca qacnu:i:, a 

m1m2 
m=----

m1 +m2 

- rrp:rrne.n;eHHM Macca. TaKHM o6pa30M, B 3a.n;aqe .D:BYX TeJI y.n;aJIOCb 

pa3.n;eJIHTb TpaHCJI.8:IJ;HOHHbie H BHyTpeHHHe rrepeMeHHhle. HcKJIIO'IHB 

TpaHCJI.8:IJ;HOHHbie rrepeMeHHhie, T.e. rrepeMeHHhle, OIIHCbIBaIOIUHe paB

HOMepHOe .D:BH2KeHHe CHCTeMhI KaK r:i;eJioro, H BhI6HpM HatJaJIO KOop.n;H

HaT B r:i;eH±pe HHepr:i;HH (R = 0), rroJiytJHM 

m·r2 

L = -
2

- - U(r). 

IloJie, IlOT€HIUiaJihHruI 3HeprHH U(r) KOTOporo 3aBHCHT TOJlhKO 

OT paCCTOHHHH .n;o HffllaJia KOOp.D;HHaT r, Ha30B€M neHTpaJih

HbIM. QqeBH.D;HO, TaKoe Il0Jie o6Jia.n;aeT Cq>ep1rqecKOH CHMMe

TpHeH. 

0:TaK, ecJIH IlOMeCTHTh HaqaJio KOOp.D;HHaT B neHTpe HHepn1r1r 

H HCKJIIOqHTh TpHBHaJihHOe .D;BH:>KeHHe CHCT€Mbl qacTHn KaK 

neJioro, TO 3a,n;aqa ,n;Byx TeJI CB0.D;HTCH K 3KBHBaJieHTHOH 3a,n;aqe 

0 .D;BH:>KeHHH q>HKTHBHOH qaCTHnbl C npHBe.D;eHHOH Macco:ii m B 

neHTpaJILH0M noJie U(r). 

ITocJie Toro KaK rroJiytJeHo pemeHHe 3KBH~aJieHTHOn: 3a,natJH r(t), BhIIlle

rrpHBe.n;eHHhie q>OpMyJihI IIO3BOJI.8:IOT HaMTH HCKOMYIO 3aBHCHMOCTb r1 H 

r2 OT BpeMeHH. 

2. O6ru1re CBOHCTBa .D;BH:>K.€HHH B neHTpaJihH0M Il0Jie. B rrpe.n;hI.n;y

IUeM IIYHKTe crrer:i;HaJibHbIM BhI60pOM HatJaJia KOOp.n;HHaT 3a.n;aqy O .D:BH

)Kem,m .n;Byx TeJI y.n;aJIOCb CBeCTH K 3KBHBaJieHTHOJI 3a.n;aqe O .D:BH)KeHHH 

qacTHIJ;bI Maccon: m B r:i;eHTpaJihHOM- IIOJie - BHemHeM IIOJie, IIOTeHIJ;H-'

aJibHM 3HeprH.SI KOTOporo 3aBHCHT TOJibKO OT paccTO.8:HH.8: .no r:i;eHTpa. 

PacCMOTpHM o6mHe CBOJICTBa .D:BH)KeHH.8: B TaKOM IIOJie. 

• C1rJia B neHTpaJILH0M noJie 

_, 8U(r) dU r 
F = --_,- = -gradU(r) = -- · -. 

Br dr r 

• Bhlme .n;oKa3bIBaJIOCb, 'ITO rrpH .D:BH)KeHHH B r:i;eHTpaJibHOM IIOJie, 

T.e. B IIOJie co ccpepH'IeCKOJI CHMMeTpHeJI OTHOCHTeJihHO r:i;eHTpa 

IIOJI.SI, coxpaH.SieTC.8: IIOJIHbIM MOMeHT HMIIJJibCa (B 6y.n;ymeM Mb! 
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qaCT0 6y.neM Ha3bIBaTh ero IIp0CT0 MOMeHTOM). Ilo.nTBep.nl'IM 3T0 

np5IMbIM BbJql'IcJieHl'IeM: 

dM d [ ... ;:;'I' [:. ;;'] [ ... ;;'I [ ... dU fl -d = -d r,pJ = r,mvi + r,Pi = - r, -d • - = 0. 
t t r r 

B :u;eHTpa.TlbHOM noJie coxpaH.sieTC.sI BeKTOp MOMeHTa HM

nyJibCa. 

• Ilo onpe.neJieHl'IIO M0MeHT eCTb BeKT0P!{0e IIp0I'I3Be.neHl'Ie pa.nIIyca

BeKT0pa 1'I BeKT0pa l'IMIIYJibCa, K0T0pbie II03T0MY nepneH.lll'IKYJI5Ip

HhI MoMeHTY. CoxpatteHIIe M0MeHTa 03HaqaeT, qTo KaK r, TaK II 

p IIpl'I .llBl'I)KeHl'Il'I He BhIX0.ll5IT 3a npe.neJihI IIJI0CK0CTl'I, nepneH.lll'I~ 

KYJI5IpHOH HanpaBJieHl'IIO M0MeHTa. EcJil'I BhI6paTb 0Cb z a Hanpa

BJieHl'Il'I M0MeHTa, TO .1lBl'I2KeHl'Ie 6y.neT np0I'ICX0.1ll'ITb B IIJI0CK0CTl'I 

xy. 

JlBH)KeHHe B :u;eHTpa.TlbHOM IlOJie IlJIOCKOe. 

• B KaKl'IX Koop.nIIHaTax orrIIChrnaTh 3T0 nnocKoe .1lBl'I2KeHIIe? B .ne

KapT0BhIX q>yHKUl'I5l !IarpaH2Ka 6y.neT co.nep2KaTb o6e (x, y) K00p

Jll'IHaTbI l'I C00TBeTCTBYIOIUl'Ie l'IM CK0p0CTl'I: £ = ½m(±
2 + '!i2) -

U ( ✓ x 2 + y2), a B II0JI5IpHbIX 

L = m (r2 + r2ij}) - U(r) 
2 

(24) 

K00P.1ll'IHaTa 'P 5IBJI5IeTC5I Ul'IKJil'IqecKOH, qT0, KaK 6bIJIO II0Ka3aHo, 

r0B0pl'IT 0 coxpaHeHl'Il'I K0MII0HeHTbI o6o6meHHOrO l'IMIIYJibCa Prp. 
5IcHO II03T0MY, qTQ ,UBH)KeHHe B :u;eHTpa.TlbHOM IlOJie y,uo6-

Hee OilHCbIBaTb B IlOJI.sipHbIX KOOp,UHHaTax. O6o6meHHbIH 

l'IMIIYJibC 

oL z. M M Pep = ocp = mr rp = z = = canst (25) 

C0Bna.naeT C coxpaH5IIOIUl'IMC5I M0MeHT0M. 

' • 3aMeqaHHe 1. <l>aKT coxpaHeHl'I5I M0MeHTa a ueHTpaJihH0M II0Jie 

npl'IB0.1ll'IT K l'IHTepeCH0My CJie.1lCTBl'IIO - BT0p0MY 3aK0Hy Kennepa, 

KOTOpbIH nepB0HaqaJihH0 6bIJI ycTaH0BJieH T0JihK0 JJ:J15I II0JI5I HblO-

T0H0BCK0rO T5Ir0TeHl'I5l. 

Bae.neM II0H5ITl'Ie ceKTOpHOH CK0p0CTl'I. Bb1pa2K~Hl'Ie 

1 
da = -r • rdrp 

2 
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rrpe.n;cTaBJrneT co6o:ii rrJI011ia.n;h ceKTopa, o6pa3onaHHoro .UBYM5I 6ec

KOHeqHo 6mI3KHMH pa,un:ycaMH-BeKTOpaMH n: 3JieMeHTOM ,uyrn: Tpa

eKTOpn:n:. CKopOCTb H3MeHeHn:5I 3TO:ii IIJIOIUa.un: co BpeMeHeM (J' Ha-

30BeM ceKTOpHOH CKOpOCTbIO. 5IcHo, 1:JTO M = 2ma = const, 
T.e. coxpaHeHn:e MOMeHTa 03Ha-.:iaeT IIOCT05IHCTBO ceKTOpHOll CKO

pocTn:. HHa-.:ie roBOp5I, rrpH .D;BH:>KeHHH B neHTpaJibHOM IIOJie 

pa.n;11yc-BeKTOp qacTHQbl 3a paBHble rrpoMe:>KyTKH BpeMeHH 

3aMeTaeT paBHhle IIJiow;a.n;H - BTOpOH 3aKOH KerrJiepa. , 
Bn:.u q>yHKUHH Jiarpamirn (24) II03BOJI5IeT YTBep:amaTh: IIOJIHM 3Heprn:5I 

qaCTHUhI, ,UBH2Kyme:iic51 B ueHTpaJihHOM IIOJie, coxpaH5IeTC5I H 5IBJI5IeTC5I 

rrepBbIM HHTerpaJIOM ypaBHeHn:ii .UBH2KeHH5I: 

3,n;ech 
Af2 

U3cpcp(r) = U(r) + -
2 2 • 
mr 

CJiaraeMoe, rrporropun:oHaJihHoe MOMeHTY, o6hl-.:iHo Ha3b1BaIOT neHTpo

oe:>KHOH 3Hepr11en. lb cpopMyJihI .UJI5I 3Heprn:n: rroJiy-.:iaeM 

dr ✓ 2 M
2

• - = r =-[E - U(r)] - - = 
dt m. m2r2 

OTKy,n;a CJie,n;yeT' 1:JTO pa,un:aJibHYIO -.:iaCTb ,llBH2KeHn:5I B ueHTpaJibHOM 

IIOJie MO)KHO paccMaTpn:BaTb KaK O,UHOMepHoe ,UBH2KeHn:e B IIOJie C "3q>

q>eKTHBHOii" IIOTeHun:aJibHOll 3Heprn:e:ii U:icpcp ( r), HO rrpn: O,UHOM cyme

CTBeHHOM OTJIHl:JHH - KOOp,UHHaTa r MeH5IeTC5I n rrpe,n;eJiax O :s; r :s; oo, 

a He OT MHHYC .uo IIJIIOC 6ecKOHeqHOCTn:, KaK x B crry-.:iae O,UHOMepHoro 

,UBH2KeHn:a. 5ICHO TaK2Ke, 1:JTO rpaHHQbl OOJiaCTH, .n;orrycTHMOH .D;JIH 

.D;BH:>KeHHH, eCTb .n;eHCTBHTeJihHble pemeHHH HepaBeHCTBa 

Af2 
U(r) + --

2 
:s; E. 

2mr 

ITpe,UhI.UYIUee II03BOJiaeT .UOCTaTOl:JHO rrpOCTO IIOJIYl:JHTb ypaBHeHn:e 

I dr 
t = --;:========== + t0 , 

J2[E - U(r)]/m - (M/mr) 2 
(26) 

orrpe,ueJI5IIOIUee B He5IBHOM BH,Ue paCCT05IHHe r ,UBH)Kyme:iic5I TOl:JKH OT 

ueHTpa KaK q>yHKUHIO BpeMeHH. 
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IlepemnrreM cpopMyny .nmr MOMeHTa (25) B BII,ne dcp = Mdt/mr2
, rro.n

cTaBirn 3aTeM cro.na dt II3 (26), nony11IIM 

f Mdr/r 2 

cp = --;::======== + 'Po• 
J2m[E - U(r)] - M2/r2 

(27) 

<t>opMyJibl (26) II (27) B o6meM BII,ne pernaIOT 3a,naqy O .[(BII2KeHIIII qa

CTIID;bl B n;eHTpaJibHOM none. YpaBHeHIIe (27) ycTaHaBJIIIBaeT CB5!3b 

Me2K,ny r II cp, T.e. 5IBJrneTC5! ypaBHeHIIeM _TpaeKTOpIIII. Ba2KHO 3aMe

TIITb, '1TO B OTJIII'1IIe OT r yron cp MeH5IeTC5! co BpeMeHeM MOHOTOHHO, 

TaK KaK II3 onpe,neJI5IIOill;eii MOMeHT cpopMyJibl (25) CJie,nyeT, '1TO r.p ~ M 
He MeH5IeT 3HaK. 

EcJIII a o6JiaCTII, .norrycTIIMOii .[(JI5! ,[(BII2KeHII5!, ypaBHeHIIe 

M2 
U3cpcp(r) = U(r) + -

2 2 = E 
mr 

He IIMeeT .neiicTBIITeJibHbIX KOpHeii IIJIII IIMeeT O.[(IIH KOpeHb r min, TO 

.[(BII2KeHIIe IIH(pIIHIITHO ( 0 ::; r ::; 00 IIJIII r min ::; r ::; 00 COOTBeT

CTBeHHO), a ecJIII ,neiicTBHTeJibHhIX KOpHeii .nna, TO ,nBII2KeHIIe q>IIHIITHO 

( r min ::; r ::; r max) II TpaeKTOpII5! n;eJIIIKOM Jie2KIIT BHyTpII KOJibn;a, Orpa

HII'1eHHOrO OKpy2KHOCT5IMII C r = Tmin II r = Tmax· B OTJIII'1IIe OT O.[(

HOMepHOrO cny11a51 KOpHII ypanHeHII5! U3cpcp ( r) = E 5IBJI5IIOTC5! TO'1KaMII 

IIOBOpOTa, a He TO'1KaMII OCTaHOBKII, T .K. eCJIII Ha11aJibHbie ycJIOBII5! 

,naIOT .[(JI5! MOMeHTa qacTIID;bl OTJIII'1HOe OT HYJI5! 3Ha11eHIIe, TO yrnoBa5! 

CKOpOCTb r.p =/=- 0. 

11TaK,. 3a.z:i;aqa .n;Byx TeJI CBO.n;IITCH K 3KBIIBaJieHTHOH 3a.z:i;aqe 0 

,n;BJI)KeHJIII q>IIKTIIBHOH qacTJIUbl C IIplIBe,n;eHHOH Maccoii 

m = m1m2/(m1 + m2) 

B IIOJie 3KBJIBaJieHTHOI'O O,n;HOMepHOI'O IIOTeHUJiaJia 

U3cpcp(r) = U(r) + M 2 /2mr2
. 

llJI»: Toro 1:{T06hl noJiyqJITh noJIHoe pemeHJie 3TOii 3a.z:i;aqJI, He
~ 

o6xo,n;JIMO BblqJICJIIITb IIHTerpaJihl 

fmJ dr 
t = V 2 JE - U3cpcp(r)' 

Mdr/r2 

'P = I J2m(E ~ u, •• (r)) 

,n;JIH Ka)K,n;OI'O KOHKpeTHOI'O IIOTeHUJiaJia CIIJIOBOI'O IIOJIH u ( r) II 

no.n;cTaBJITb B pe3yJibTaT HaqaJibHble YCJIOBIIH. 
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• 3aMe"tlaHHe 2. <l>opMyna BnHe. Cne.n;y51 Blrne, nony-cmM ypaB
Hemrn TpaeKTOpHH qacTHUbl B ueHTpanbHOM none u = u ( r). y p
aBHeHH5I .n;Bn::>KeHH5I B non5IpHbIX Koop.n;n:HaTax (r, <p) 3ann:ChlBa
IOTC5I B BH)le 

.. -
2 

dU 
mr - mr<p = - dr , 

. M 
<p = --2· 

mr 
,. 

BBe.n;eM v = l/r n:, n:cnonb3Y5I ypaBHeHH5I .n;Bn::>KeHH5I, no.n;cqn:TaeM 

dv = dv dt = mr
2 

!!:_(l/r) = _ mr 
d<p dt d<p M dt M ' 

a TaK:>Ke 

mrmr2 mr2 dU dv m2r 3 M 2 

- --M--M- - M 2 dv dr - M 2 m2r 4 • 

B pe3ynbTaTe nonyqaeTC5I <popMyna BnHe 

KOTOpM onpe.n;en5IeT TpaeKTOpHIO .UBH:>KeHH5I qaCTHUbl B ueHTpanb

HOM none no 3a.n;aHHOM noTeHun:anbHOM 3Heprn:n:; ecnn: :>Ke ypaBHe

HHe op6HThl H3BeCTHO (3a.n;aHO r = r(<p)), TO cpopMyna Bn:He nO3BO
n5IeT HaiITH 3aKOH H3MeHeHH5I cn:nbl p =. F ( r). 8 qacTHOM cnyqae 

HbIOTOHOBCKOI'O npHT5I:>KeHH5I u = -a/r = -av nonyqn:M 

pemeHn:e KOTOporo HMeeT BH.U 

1 ma 
;: = a · cos ( <p - <po) + M 2 . 

CTOHT o6pa THTh BHHMaHn:e Ha HHTepecHyIO aHanorn:10 - ypaBHe

HHe TpaeKTOpHH ,ZJ;JI.SI rrepeMeHHOH V = l / r B cnyqae HbIO

TOHOBCKOro IIOJI.SI rrpHT.SI)KeHH.SI <popMaJibHO Bbll'JI.SI,ZJ;HT TaK 

2Ke, KaK H ypaBHeHHe, OIIHCbIBarorn;ee MaJible KOJie6aHH . .SI 

qaCTHIJ;bl rro.n; .n;eHCTBHeM IIOCTO.SIHHOH BHeIIIHeiI CHJibl . 

• IloKa:>KeM, qTO B ueHTpanhHOM none TpaeKTOpH5I qaCTHUhl CHMMe
Tpn:qHa. Ilpn:MeM .n;n5I onpe.n;eneHHOCTH, qTo <po = 0 n: <p > 0, KOI'.n;a 

r MeH5IeTC5I B npe.n;enax OT r max .n;o r min ( B cnyqae 6ecKOHeqHoro 
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Bepxllero rrpe.uena r paccy)K,uemrn 6y,uyT TaKHMH )Ke). B TO'-IKe 

IlOBOpOTa IlO,UbIHTerpaJibHOe Bbipa)KeHHe 

I ~dr 

cp = ±J2m[E ~ U(r)] - ~ 2 

BMeCTe C cp MeH.sreT 3HaK, a T Ha'-IHHaeT paCTH OT T min .UO T max, 

rrpHHHMa.sr Te )Ke 3Ha'-Iemrn, '-ITO H .uo TO'-IKH IlOBOpOTa. TaKHM 

o6pa30M, no o6eHM CTOpOHaM OT ny'-Ia, rrpoBe,UeHHOrO OT ueHTpa 

IlOJI.sI '-Iepe3 TO'-IKY r min, 0,UHHM H TeM )Ke 3Ha'-IeHH.sIM r COOTBeT

CTBYIOT O.UHHaKOBbie yrJihl cp, OTJIH'-IaIOIUHec.sr 3HaKOM. A 3TO 03Ha

qaeT' '-ITO TpaeKTOpHSI ~IaCTJ:IIJ;bl B n;eHTpa..TlbHOM IIOJie CJ:IM

MeTpHqHa OTHOCHTeJibHO Jiyqa, rrpoBe,ZJ;eHHOrO OT n;eHTpa 

IIOJISI qepe3 TOqKy IIOBOpOTa. 

• UeHTpo6e)KHa.sI 3HeprH.sr rrpH r r+ 0 o6pamaeTc.sr B 6ecKoHe'-IHOCTh 

KaK 1/r2 H Il03TOMY MO)KeT OKa3aTbC.sI HerrpeO,UOJIHMblM 6apbepoM 

rrpH .UBH)KeHHH '-IaCTHUbl K ueHTPY IlOJI.sI, ,Ua)Ke eCJIH 3TO IlOJie 

HMeeT xapaKTep rrpHT.sI)KeHH.sI. PaccMOTpHM, B KaKHX CJiyqa.srx npH 

OTJIH'-IHOM OT HYJI.sI 'MOMeHT~ rra,ueHHe B ueHTp B03MO)KH0. 3apaHee 

.sICHO, '-ITO 3TO ,UOJI)KHbl 6hITb IlOJI.sI C IlOTeHUHaJihHOH 3Hepnreii, 

KOTOpa.sr .UOCTaTO'-IHO 6bICTpO CTpeMHTC.sI K -oo rrpH r r+ o. lb 
O'-IeBH,UHOrOHepaBeHCTBa 

mr2 M 2 

- = E - U(r) - - > 0 
2 2mr2 

HJIH 
M2 

r2U(r) + - < Er2 
=} r 2U(r) Ir-to< -M2 /2m 

2m 
CJie,uyeT: rra,ZJ;eHJ:le B n;eHTp B03MO)KH0 TOJlbKO ,Zl;JISI IIOJieii C 

U ~ -1/rn rrpn n > 2 HJIH c U ~ -a,,/r2
, r.ne a,,>~;, ecmr, 

KOHe'-IHo, M =/:- 0. 

3. IloTeHIJ;J:18.JlhJIM 3HeprHSI B3aJ:IMO,ZJ;eiicTBJ:ISI 0,Zl;HOpO,Zl;HOrO mapa 

C qaCTJ:IIJ;eii. O,uHOpO,UHOCTb rnapa 03HaqaeT IlOCTO.sIHCTBO ero IlJIOTHO

CTH p0 = canst. IlpHMeM, '-ITO pa,uHyc rnapa paBeH R 0 , Tor.ua ero Macca 

Mo = f7r RS Po, a toTeHuHaJibHa.sr 3HeprH.sr B3aHMo,ueiicTBH.sr c '-IaCTHueii 

Maccoii m 

I dM 
U(r) = -Gm I f- u I. 

3.uecb dM = p0 dV = p0u2dusin0d0dcp, u - pam1yc-BeKT0p T0'-IKII dM, 
pacrroJIO)KeHHOH BHYTPII rnapa (Ha'-IaJIO KOOp,UIIHaT BbI6paHO B ueHTpe 
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mapa), I r - ii, I= Jr 2 + u 2 - 2rucos0, 0 - yroJI Me)K,n;y r - pa.n;HyCOM

BeKTOpOM T0'1KH Maccon: m H u, r.p - a3HMyTaJihHhIM yroJI. IIo.n;cTaBJIB 

3TH Bbipa)KeHHH B HHTerparr, IIOJIY11HM 

Ro 1r sin0d0 ' 
U(r) = -Gmp021rlu2dul J . 

0 0 
r 2 + u2 - 2rucos0 

IIpoHHTerpupyeM no 0: 

I
rr sin0d0 l Irr d(r2 + u2 

- 2rucos0) 

Jr2 + u2 - 2rucos0 = 2ru Jr2 + u2 - 2rucos0 = 
0 0 

r + u- Ir - u I 
ru 

Terreph HeTpy.n;HO IIO.UC'1HTaTh HHTerparr 

. 
2 

Ro 

U(r) = -Gmpo ; I u(r + u- Ir - u l)du, 
0 

eCJill y<IeCTh, '1TO 

rrpu r > Ro, u < r, Ir - u I= i- - u U(r) = _ GmMo. 
r 

C .n;pyroI1 cTopoHhl, rrpH r < Ro B rrpe.n;errax (0, r) u < r, I r - u I= 
r - u, a B rrpoMe)KyTKe (r, Ro) HMeeM u > r, Ir -u I= -(r - u). 

Tor.ua 

r Ro 2 

U(r) = -
2
1rGmpo (I 2u2du + I 2rudu) = - GmMo (3 - ~). 

r . 2Ro R0 0 r 

{ 

-GmMo/r, 
U(r) = 

- (3 - r 2 
/ R5) GmMo/2Ro, 

r > Ro, 

r < Ro. 

BHe mapa pe3yJihTaT coBrra.n;aeT c rroTeHI1;HarroM B3aHMo.n;eI1cTBHH .n;Byx 

TOtJetJHhIX Mace M0 u m - BhIBO.U, BrrepBhie rrorry11eHHhIII HhIOTOHOM. 

I1fHaqe roBopa, rpaB11Tan110HHOe none BHe mapa TaKoe :>Ke, Ka
KHM OHO OblJIO Obi, eCJIH Obi BCH ero Macca ObIJia cocpe.n;OTOqeHa 
B O.LJ;HOH TOqKe - neHTpe mapa. CTOHT o6paTHTh BHHMaHue Ha 

OtJeBll.UHOe crre.n;CTBHe 3TOro q:>aKTa: Ha paCCTOHHHHX, MHoro 60JiblllHX 
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mrnen:HhlX. pa3MepOB Terra rrpOM3BOrrhHOM cpopMhI, ero MO)KHO C 6orrh

IIIOM TOqHOCThIO cq1:1TaTh IIIapoM co ccpep1:1qeCKM-Cl:IMMeTp1:1qHhIM rpa

BMTaUMOHHhIM rrorreM, COBrra.uaIOIUMM C rpaBMTaUMOHHhIM rrorreM ToqKl:I 

B ueHTpe nomr, B KOTopon: cocpe.uoToqeHa BC5I Macca Terra. 

Han:.ueM TaK)Ke co6CTBeHHYIO rpaBMTaUMOHHYIO 3Heprl:IIO 3TOro IIIapa. 

8Hepr1:151 B3aMMo.uen:cTBM5I IIIapa pa.u1:1yca r < Ro 1:1 3rreMeHTa Maccon: 

podV' pacnorro)KeHHOro Ha IlOBepXHOCTl:I rnapa, paBHa 

G (41rp0r
3

) dU=--;: 
3 

por2arsin0d0dcp. 

Crre.uoBaTerrhHO, 

41rG 1Ro 121r 11r G Rs U = ---p6 r 4dr dr.p sin0d0 = --(41rp6)-0 • 
3 0 0 0 3 5 

IIocKorrhKY Macca IIIapa Mo= 41rpoR3/3, TO .urr5I co6cTBeHHOn: 3Heprn1:1 

o.uHopo.uHoro rnapa c Maccon: Mo 1:1 pa.u1:1ycoM Ro norryq1:1M 

U = _:_~ GMJ_ 
5 Ro 

4. 3a.n;a'tm KenJiepa. PaccMOTpMM ueHTparrhHOe norre, rroTeHuHarrhHM 

3HeprmI KOTOporo U ~ l / r. BBe,IleM K03<p<plIUlieHT nponopulIOHarrh

HOCTlI a > 0, Tor.ua, KaK HeTpy.UHO y6e,IllIThC5I, U = -a/r COOTBeT

CTByeT norrIO nplIT5I)KeHlI5I, a u = a/r - norrIO OTTarrKlIBaHlI5I. IlplI 

Q'. = Gm1 m2 norre U 5IBrr5IeTC5I norreM HhIOTOHOBCKOro nplIT5I)Kemrn, a 

nplI Q'. = e1 e2 - KyrrOHOBCKoro rrpMT5I)KeHM5I lirrlI OTTarrKlIBaHlI5I. 

• 3aMeqamrn 3. BeKTOp JianJiaca - PyHre - Jlemi;a. B 3a.uaqe 

Kenrrepa c U = -a/r 6rraro.uap5I coxpaHeHlIIO MOMeHTa 1:t__Mrryrrhca 

M = [f,pJ = m[f, ~ .IlBlI)KeHHe rrrrocKoe, T.e. MO)KHO norrO)KlITh 

r = (x2 +y2) 112. CHrra, .uen:cTBYIOIUM Ha qacTHUY Maccon: m, eCTh 

-( Q'. / r 3) r, a ypaBHeHlie .IlBlI)KeHlI5I lIMeeT BlI.Il 

.. a 
mf= --f 

3 ' r 
~ 7 -, 
r = Z • X + J · y. 

Mcnorrh3Y5I 3TO ypaBHeHHe lI Bhipa)KeHHe MOMeHTa M, rro.ucqHTaeM 

npOlI3BO.IlHYIO no BpeMeHh OT [ f, M]: 

d [:.. M .... ] a [ .... M .... ] a( .... ( .) :.. 2 ) d af - r, = - -- r, = - - r rr - rr = --, 
dt mr3 r 3 dt r 
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OTKy.ua cne.uyeT' qTO BeKTOp 

f'= _!_[f,'M) - r/r 
a 

5IBJI5IeTC5I HHTerpanoM .UBH)Keftn5I B none U ~ I/ r. 
3TOT coxpaH5IIOI.IJ;llHC5I BeKTOp (nHor.ua ero Ha3bIBaIOT HHTerpa
JIOM Jlarrnaca - PyHre - JleHu;a) 6bIJI o6Hapy)KeH JiarrnacoM n 

He3aBHCllMO PyHre II JleH[(OM. Ero cymecTBOBaHne eCTb rrpO5IBJie

HIIe TaK Ha3bIBaeMoiI cKpbITOH CIIMMeTpIIII, crreumlmqHoiI .UJI5I IIOJI5I 

u ~ l/r. 3Ty CIIMMeTpIIIO Ha3hIBaIOT CKpbITOH, IIOCKOJibKY no 

BIi.UY cpyHK[(llil JiarpaH)Ka 3a.n:aqn HeBO3MO)KHO ycTaHOBllTb rrpe

o6pa3OBaHne CIIMMeTpIIIr, 06ycnaBJIHBa10mee coxpaHeHIIe BeKTopa 

Jlarrnaca - PyHre - JleHua, Tor.ua KaK coxpaHeHne 3HeprIIn II Mo

MeHTa IIMIIYJibCa B 3TOM IIOJie CB5I3aHO C JierKO o6Hapy)KIIBaeMOH 

CIIMMeTpneiI JiarpaH)KIIaHa OTHOCllTeJibHO TpaHCJI5I[(IlH BpeMeHII II 

opToroHaJibHbIX rrpeo6pa30BaHIIH' OIIIIChIBaIOI.IJ;IlX B pameHne KOOp

.llllHa T. (B. A. <PoK IIOKa3aJI, qTO CKpbITM CIIMMeTpII5I o6ycJIO

BJieHa 5IBHOH CIIMMeTpneiI B3aIIMO.UeHCTBil5I u = -a/r B 4-MepHOM 

llMIIYJibCHOM rrpocTpaHCTBe.) 

HaiI.ueM BeJIIIqIIHY BeKTopa Jlarrnaca - PyHre - JleHua, rrpe.n:Ba

pnTeJihHO 3aMeTHB, qTO OH pacrrOJIO)KeH B IIJIOCKOCTH .llBII)KeHH5I 

(EM= o): 

J,fraK, BeKTOpbI € II r = i · X +) · y Jie)KaT B O.UHOH IIJIOCKOCTII, 

rreprreH.UHKYJI5IpHoiI M, a nx cKaJI5IpHoe rrpoII3Be.n:eHIIe 

-- r[f, M] M 2 

E:r = -'-----"- - r = -- - r = E:r · cosr.p. 
a am 

Ilo3TOMY 

p 
r=-----

l + c · cosr.p' 

M2 
p=--, 

am 
2EM2 

c= 1+ 2 • 
ma 

TaKnM o6pa3OM, ncrroJib3Y5I crreuIIcpIIqHbIH .UJI5I KerrnepoBo:iI 3a.n:aqII 

IlHTerpaJI .I(BII)KeHII5I - BeKTOp Jlarrnaca - PyHre - JleH[(a, y.uaJIOCb 

IIOJiyqIITb ypaBHeHne TpaeKTOpIIII qaCTil[(bl B Bll.Ue ypaBHeHII5I KO

HifieCKllX ceqeHllH C 3KC[(eHTpHCllTeTOM C ll rrapaMeTpOM p 6e3 

llHTerpnpOBaHII5I ypaBHeHllH .UBll)KeHII5I. 
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IlepeiineM · K 6orree nonpo6HoMy paccMoTpemno nmr)Kemu1 B none npH

T 5J:)KeHH51 U = -a/ r. 3cpcpeKTHBHa51 noTeH:u;HaJibHa51 3HeprH51 

a M 2 

u3q>q> = -- + --
r 2mr2 

H3O6pa)KeHa KpHBOM Ha pHC. 7. 

Ueff 

--
ro 

PHc. 7 

E2 

r 

E1 

Eo 

HeTpynHo 3aMeTHTb, l:J:TO llBH)KeHHe 6yneT q>HHHTHblM npH OTpH:u;a

TeJibHbIX 3Hal:J:eHH5IX nOJIHOM 3HeprHH E < 0 B nOJIHOM COOTBeTCTBHH C 

BbIBOllOM, norryqeHHblM KaK crrencTBHe TeopeMbl BHpHaJia. Eorree Toro, 

5ICHO, qTo npH Eo = (Usqiqi)min qaCTHUa npH llBH)KeHHH OCTaeTC51 Ha 

HeH3MeHHOM OT ueHTpa paccTO5IHHH r0 = M 2 
/ am. .IlpyrHMH crroBaMH, 

npH 3HeprHH E0 = -ma2 /2M2 nBH)KeHHe qacTHUbI npoHcxonHT no 

OKPY)KHOCTH panHyca r0 • l.JacTH:u;a c 3HeprH5IMH E, ynoBrreTBOp5IIO

IIJ;HMH HepaBeHCTBY E0 < E < 0, nBH)KeTC51 B orpaHHl:J:eHHOM 3HaqeHH-

5IMH Tmin H Tmax o6rraCTH. IlpH 3HeprH5IX E:::: 0 llBH)KeHHe HHq>HHHTHO, 

a H3-3a 6apbepa, o6ycrroBJieHHoro ueHTpo6e)KHOM 3HeprHeiI (M =J. 0), 
HeBO3MO)KHO naneHHe B ueHTp. 

IIoncTaBHB B onpeneJI5IIOIIJ;YIO TpaeKTOpHIO llBH)KeHH51 o6IIJ;yIO cpopMyJiy 

(27) U = -a/r, norryl:J:HM 

J Mdr/r
2 

<p - <po= J2m(E + a/r)·- (M/r) 2 

J d(M/r) -

= - J2mE + (2ma/M)(M/r) - (M/r) 2 
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I d(ma/M - Mfr) 

- J2mE + (ma/M)2, - (ma/M - M/r)2 

M/r-ma/M = arccos-,.=======· 
J2mE + (ma/M)2 

:VlTaK, TpaeKTOplUI .D;Bll)KeHlUJ: 'lJ:aCTHQbI B IIOJie rrpHT.SI)KeHH.SI 

U = -a/r orrpe.n;enHeTCH qJOpMynoir 

p - = 1 + c · cos( cp - 'Po), 
r 

M2 
P=-, 

ma 

2EM2 

c= 1+ 2 • 
ma 

(28) 

HanoMHIIM, "CJTO, IIcnoJih3JH ?HTerpan .IlBII)KeHIIH Jlannaca - PyHre -

JleHua, MhI nOJIJ"lJIIJIII TaKOH )I{€ pe3JJihTaT 6e3 IIHTerpIIpOBaHIIH ypaB

H€HIIH .IlBII)K€HII51. YpaBH€HIIe (28) II3B€CTHO KaK ypaBH€HIIe KOHII"lJe

CKIIX ce"CJeHIIH C q>OKJCOM B Ha"CJaJie KOOp.IlIIHaT, napaMeTpOM p II 3KC

U€HTPIICIIT€TOM C. B 3KBIIBaJieHTHOH 3a)la"lJe .IlBYX TeJI op6IITa Ka)K)lOH 

II3 qacTIIU TaK)K€ 6y.IleT KOHII"lJ€CKIIM C€"lJ€HII€M C q>OKJCOM B IIX o6meM 

U€HTpe IIHepUIIII. 

YpaBHeHIIe (28) npII pa3HhIX Ha"CJaJihHhIX JCJIOBIIHX npIIBO.IlIIT K pa3HhIM 

TpaeKTOpIIHM. TaK, npII E = E0 = -ma2 /2M2 
(c = 0) TpaeKTOpIIeiI 

.IlBII)K€HIIH tJaCTIIUhI 6y.IleT oKpy)KHOCTh c pa.IlIIJCOM r0 = p = M2 
/ ma 

( cpaBHIITe C pe3JJihTaTOM, nonyqeHHhIM -KaqeCTBeHHO no rpacpIIKY 3q>

cpeKTIIBHOH noTeHuIIaJihHOH 3He})rIIII). EcJIII E0 < E < 0, TO c < 1 II 
TpaeKTOpIIH - 3JIJIHIIC. IIpII E = 0 IIMeeM c = 1, "CJTO cooTBeTCTByeT 

rrapa6one. B 3aBIICIIMOCTII OT HanpaBJieHIIH cKopocTII qacTIIUa c E = 0 
no napa6one npII6JIII)KaeTCH K ueHTPY .IlO paccTOHHIIH r = rmin, a 3aTeM 

YXO.IlIIT Ha 6eCKOH€"lJHOCTh IIJIII, npII .IlpyroM HanpaBJI€HIIII CKOpOCTII, He 

npII6JIII)KaHCh K ueHTpy, cpa3y YXO.IlIIT Ha 6ecKOH€"lJHOCTh. I1, HaKOHeu, 

npII E > 0 nonyqaeM C > 1 II TpaeKTOPIIH qacTIIUhI - r11rrep6ona. 

BoJihlliaH II MaJiaH noJiyOCII 3JIJIIInca onpe)leJIHIOTCH II3B€CTHhIMII cpop

MyJiaMII aHaJIIITII"lJ€CKOH reoMeTpIIII 

l13 ypaBH€HIIH (28) JierKO HaHTII HaIIM€HhIIIee II HaII60JihIIIee y.IlaJieHIIe 

qacTIIUhI OT U€HTpa. BeJIII"lJIIHa r min onpe)leJIIITCH cpopMyJIOH (28) npII 

cp- 'Po = 0, a JlJIH Toro, "lJT06bI nOJIJ"lJIITh rmax, Ha.IlO npIIHHTh cp- 'Po = 
1r. TaKIIM o6pa3OM, 

p 
rmin = -- = a(l - c), 

l+c 
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Pa3yMeeTC.H, eCJIH HCKaTb ,ue:iiCTBHTeJibHbie KOpHM arrre6paHtJeCKOro yp

aBHeHH.H E = U3<t><t>(r) a ,uonycTHMO:ii .UJI.H .UBH)KeHH.H o6rracTH, To 6y,ueT 

norrytJeH TaKo:ii )Ke pe3yJihTaT . 

IlocTaTO'IHO npoCTO norrytJHTb nepHO,U o6paI..UeHH5I Terra no 3JIJIHnTH'le-

. cKo:ii op6HTe. IlpoHHTerpMpoaaa c 3To:ii uerrbIO Bbipa)KeHHe M = 2ma 
no apeMeHH OT O ,uo T, HMeeM MT = 2mCJ, r.ue CJ = nab - nrroI..Ua.Ub 

3JIJIHnca, M, HCnOJib3Y.H .uarree Bbipa)KeHH.H ,UJI.H norryoce:ii 3JIJIHnca, no

JIY'IHM 3aKOH Kenrrepa 

T=21ra312
~. 

IlpH .UBH)KeHHH c E > 0, € > l rHnep6orra orH6aeT ueHTP norr.H, a 

KOTOpOM HaXO,UHTC.H q:>OKYC, Tmin = p/(c: + 1) = a(c -1) = a(c - 1)/2E . 
IlpH .UBH)KeHHH no napa6orre (E = 0, € = 1) MHHHMaJihHoe paccTOHHHe 

OT UeHTpa Tmin = p/2. 

O6paTHMC5I K crrytJaIO nOJI.H OTTaJIKHBaHH.H U = a/r. <PHHHTHOe ,UBH

)KeHHe B none OTTaJIKHBaHH.H HeB03MO)KHO, T.K. cpyHKUH.H U3cpcp(r) = 
a/r + M 2 /2mr2

, MOHOTOHHO y6bIBa.H OT 6ecKOHetJHOCTH ,uo HYJI.H, He 

HMeeT MHHHMyMa. IloBT0p.H.H ace BbIKJia.UKH npe,ubI.UyI..Uero crrytJM, .UJI.H 

TpaeKTOpHH ,UBH)KeHH.H B. none OTTaJIKHBaHH.H norry'IHM 

p - = -1 + c:coscp, 
r 

napaMeTp p M 3KCUeHTpMCHTeT € TpaeKTOpHH onpe,ueJI.HIOTC.H npe)KHHMH 

cpopMyrraMH. BBH.UY Toro, 'ITO ,uonyCTHMOH ,UJI.H ,UBH)KeHH.H o6rraCTbIO 

.HBJI.HeTC.H E 2='.: U3cpcp(r) > 0, B none OTTaJIKHBaHmI e,D;HHCTBeHHO 

B03M0)KHruJ: op6HTa - rnnep6ona, q:>OKYC KOTOpo:ii (ueHTp norr.H) pac

nOJIO)KeH BO BHenrne:ii no OTHOIIIeHHIO K rHnep6orre o6rraCTH, Ha paCCTO-

.HHHH Tmin = p/(c: - 1) = a(c: + 1). · 

V. P ACIIA.I( 11 P ACCE5IH11E t.JACTHU. <I>OPMYJIA 
PE3EP<I>OP .IlA 

PaccMOTpMM 3aMKHYTYIO CHCTeMy ,uayx tJaCTHU, M nycTh B 6ecKOHetJHO 

.uarreKHH MOMeHT apeMeHH L = -CX) 'laCTHUbl CB060,UHbl M Ka)K,Ua5I H3 HHX 

.UBH)KeTC.H c nocTO.HHHbIM HMnyrrhCOM p 1 M p 2 . IlpyrHMH crr.oaaMH, HatJaJihHbie 

ycrrOBH.H npHnHCblBaIOT HaXO,U.HI..UHMC.H ,UOCTaTO'IHO ,uarreKO ,upyr OT ,upyra qa

CTHUaM nOCTO.HHHbie HMnyJibCbl Pl M P2 B .uarreKOM npOIIIJIOM. IlonycTHM ,ua

rree, 'ITO npOMCXO,UHT c6JIH)KeHHe tJaCTHU M Ha'IHHa.H c KaKoro-TO paCCTO.HHH.H 
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cyrn;eCTBeHHbIM CTaHOBHTC5I B3aHMO.n;e:iICTBHe Me)K.n:y HHMH, O,n;HaKO CIIJCT5I 

KOHe-crnoe BpeM5I OHH 01151Tb paCXO.D;5ITC5I Ha CKOJib yro,n;HO 60JibIIIOe paCCT05I

HHe, TaK qTO rrpH t+ = +oo qacTH:Qbl BHOBb CTaHOB5ITC5I CB06o,n;HbIMH. 51CHO, 

qTO HCKOMa5I acHMIITOTHKa B t+ = +oo HeCeT Ha ce6e OTrreqaTOK 3aKOHa B3a

HMO,n;e:iICTBH5I. MbI He cnyqanHO cocpe.n;oToqHJIH BHHMaHHe Ha aCHMIITOTHKe, 

a He Ha .n;eTanax, CB5I3aHHhIX c B3aHMo.n;encTBHeM. IIeno B TOM, qTo 3KcrrepH

MeHTanhHhie cpe.n;CTBa ,ll;Jl5I Bbl5ICHeHH5I 3THX .n;eTanen BeCbMa CKJ,ll;Hbl HJIH HX 

rrorrpocTy HeT, 1103TOMY 3a,n;aqa O pacce5IHHH 5IBJI5IeTC5I O,ll;HOll H3 :u;eHTpanb

HbIX B <pH3HKe 3JieMeHTapHblX qacTH:U, aTOMHOll H a.n;epHOll <pH3HKe. KoHeqHo, 

eCJIH paccMaTpHBaIOTC5I qacTH:Uhl, ,ll;Jl5I KOTOpbIX cyrn;eCTBeHHbl KBaHTOBbie 

3cp<peKThI, TO MO)KHO O)KH,D;aTb, qTo pe3JJihTaTbl KJiaCcHqecKoro pacCMOTpe

HH5I 6y.n;yT BeCbMa H BeCbMa rrpH6JIH)KeHHblMH H ,n;a)Ke HeBepHbIMH. TeM He 

MeHee HeKOTOpbie KJiaCCHqecKHe IIOJIO)KeHH5I OCTaIOTC5I BepHbIMH ,ll;Jl5I MHKp0-

06'heKTOB H MOryT CJIJ)KHTb B KaqeCTBe xopornero IIpH6JIH)KeHH5I. 

IlpH pacCMOTpeHHH 3a,n;aq O CTOJIKHOBeHH5IX H pacce5IHHH qacTH:Q rrpHXO

,ll;HTC5I IIOJlb30BaTbC5I ,ll;BJM5I CHCTeMaMH OTcqeTa - y.n;o6HOll ,ll;Jl5I TeopeTJiqe

CKHX pacqeTOB CHCTeMOll :a;eHTpa HHep:a;HH (:a;-CHCTeMon:), Haqano KOTO

pon COBMern;eHO c :u;eHTpOM HHep:a;HH qaCTH:U, a TaK)Ke Jia6opaTOPHOH CH

CTeMOH OTCqeTa (JI-CHCTeMon:), B KOTOpon 3a,n;aIOTC5I aCHMIITOTHqecKHe 

HaqaJihHble HMIIJJibCbl qaCTH:Q ( qarn;e BCero O.D:HY H3 HHX - MHIIIeHb - cqHTaIOT 

HeIIO,ll;BH)KHOll) H Hll.l;JTC5I KOHeqHble aCHMIITOTHqecKHe 3HaqeHH5I HMIIJJibCOB. 

YMeCTHO 3aMeTHTh, qTO cyrn;eC.TBeHHO Ba:)KHble 3aKJIIOqeHH5I O CBOllCTBax 

pa3JIHqHblX <pH3HqeC.KHX rrpo:u;eccoB MO)KHO IIOJiyqHTh, HCIIOJib3J5I 3aKOHbI co

xpaHeHH5I HMIIJJibCa H 3Hepnrn. IlpHqeM 3TH 3aKJIIOqemrn COBepmeHHO He 3a

BHC5IT OT KOHKpeTHOro po.n;a B3aHMO.n;enCTBH5I Me)K,n;y yqacTBJIOll.l;HMH B rrpo

:u;ecce qaCTH:QaMH. TaKHM o6pa30M, 3aKOHbI coxpaHeHH5I MOryT OKa3aTbC5I 

HCTOqHHKOM :u;eHHOll HH<pOpMa:QHH rrpH pemeHHH 3a,n;aq O CTOJIKHOBeHHH H pac

Ce5IHHH qacTH:Q. IlpHBe.n;eM ,n;Ba rrpHMepa. 

1. Pacrra.n: qaCTHD;. PacCMOTpHM "caMOIIpOH3BOJibHblll" (6e3 BHeIIIHHX 

B03.D;ellCTBHll) pacrra,n; qacTH:QbI Ha ,n;Be ".n;oqepHHe" , ,ll;BH)KJll.l;HeC5I 110-

cne pacrra.n:a He3aBHCHMO ,n;pyr OT ,n;pyra. B :U-CHCTeMe, B KOTopon 

3TOT pacrra.n: Bhlrna,n;HT HaH6onee rrpocTo, qacTH:a;a ,n;o pacrra.n;a rro

KOHTC5I H o6pa30BaBIIIHeC5I qacTH:QhI, B CHJIY 3aKOHa coxpaHeHH5I HM

IIJJihCa, pa3JieTaIOTC5I C paBHbIMH H rrpOTHBOIIOJIO)KHO HarrpaBJieHHblMH 

HMIIJJibCaMH. O6o3HaqJIM a6COJIIOTHOe 3HaqeHHe HMIIJJlbCa O.D;HOll H3 

pacrra.n;HhlX qaCTH:Q Po, TOr,n;a H3 3aKOHa coxpaHeHH5I 3HeprHH 
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3.uecb EBH - BHyTpeHmu1 :mepr1rn pacrra,nHOH 11aCT1IUhI, E 1BH II E2BH -
BHyTpeHHIIe ::meprlIII o6pa30BaBIIIIIXC5I qaCTIIU, a m1 II m2 - IIX MaCCbl. 

BBe,neM IIOH5ITIIe 3Hepr1III pacrra.ua 

2 

c = EBH - (E1BH + E2BH) ==* c = Po , 
2m 

1 1 1 
-=-+-, 
m m 1 m2 

a CKOpOCTII qaCTIIU B U-CIICTeMe V10 = Po/m1, V20 = Po/m2. 

IlepeiI.ueM Terrepb B JI-CIICTeMy' B KOTOpOH rrepB1I'1Ha5I qacTIIUa .UBII

)KeTC5I .no pacrra.ua co CKOpOCTbIO V. PacCMOTplIM O.UHY II3 ,uoqepHIIX 

qaCTIIU, II rryCTb V - ee CKOpOCTb B JI-CIICTeMe, a Vo - B U-CIICTeMe. 

O11eB1I.UHO, iJ = iJ0 + V, OTKy,ua 

v2 + V 2 
- 2vVcos0 = v5, 

r.ue 0 - yroJI BbIJieTa ,uoqepHeH qaCTIIUbl no OTH0IIIeHIIIO K HarrpaBJie

HIIIO .UBII)KeHII5I JI-CIICTeMbl (HarrpaBJieHIIIO .UBII)KeHII5I MaTeplIHCKOH qa

CTIIUbI). 

A 0 V 

V<Vo V>Vo 
P1Ic. 8 

Ilpe,ucTaBIIM 3TY 3aBIICIIMOCTb rpaqrnqeCKII, .UJI5I qero IIOCTpOIIM OKpy)K

HOCTb pa,u1Iyca Vo, Tor.ua V .uaeTC5I BeKTOp0M, rrpoBe,neHHbIM B KaKyio

JIII6o T011Ky oKpy)KHOCTII II3 T0'1KII A, OTCT05Imeft Ha paccT05IHIIII V OT 

ueHTpa OKPY)KH0CTII (cM. p1IC. 8). Mo)KeT rrpe.ncTaBIITbC5I ,UBa CJiy

'1M: V < v0 ( T011Ka A BHYTPII OKPY)KHOCTII) II V > v0 ( T011Ka A BHe 

OKpy)KHOCTII). Bo BTOpOM cnyqae ,uoqepH5!5I 11aCTIIUa MO)KeT BblJieTeTb 

TOJibKO Brrepe.u rro.u yrJIOM, He rrpeBbIIIIaIOI.I.l;IIM 3Ha'1eHII5I 0max II3 

sin0max = vo/V. 
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CBSI3h M€)K.1lY yrnaMII BhIJieTa 0 II 00 B JI- II u-cIIcTeMax, KaK 3TO BII.llHO 

II3 pIIC. 8, eCTb 

v0 sin00 V 2 J 
tg0 = 

0 
V ==} cos00 = --sin 0 ± cos01 - V 2sin20/v5. 

VoCOS O + Vo 

IlpII Vo < V CBSI3h M€)K.1lY 0 II 0o O,1lHO3HatJHa ( CM. pIIC. 8) II B nocne.z:i;HelI 

cpopMyJie Ha,llo BhI6paTb 3HaK nmoc nepe.u KOpHeM, tJT06hI npII 0o = 0 II 
0 = 0. 

2. YrrpyrHe CTOJIKHOBeHH.SI qacTHD;. CTOJIKHOB€HIIe tJaCTIII( Ha3OB€M 

yrrpyrHM, eCJIII OHO npOIICXO,llIIT 6e3 II3M€H€HIISI IIX BHyTpeHHero COCTO

SIHIISI. }faaqe roBopsi, eCJIII paccMaTpIIBaIOTCSI ynpyrIIe CTOJIKHOBeHIISI, 

TO, IICIIOJib3YSI 3aKOH coxpaHeHIISI 3HeprIIII, Mbl MO)K€M He YtJIIThIBaTh 

BHyTpeHHIOIO 3HeprIIIO tJaCTIII(. CKOpOCTII tJaCTIII( ,llO CTOJIKHOBeHIISI B 

u-cIIcTeMe CBSI3aHhI c OTHOCHTeJihHOH CKopocThIO v =I iJ1 - iJ2 I B JI

CIICTeMe cne.uy10ru;IIMII II3B€CTHhIMII COOTHOIIIeHIISIMlI: 

Ilocne paccesiHIISI 3aKOH coxpaHeHiisi IIMnynhca npe.unIIChIBaeT qacTII

n:aM paBHbie no BeJIIItJIIHe II npoTIIBOnOJIO)KHbie no HanpaBJieHIIIO IIM

nyJihChI, a B CIIJIY 3aKOHa coxpaHeHHSI 3He'prIIII OCTaIOTCSI H€lI3M€HHhIMII 

IIX a6COJIIOTHbie BeJIIItJIIHbI. TaKIIM 06p9-30M, B 1(-CIICTeMe pe3yJibTaT 

CTOJIKHOB€HIISI CBO,llIITCSI K noBopoTy CKOpOCTelI o6eIIX tJaCTIIU, KOTO

pbie OCTaIOTCSI H€II3M€HHhIMII no BeJIIItJIIHe, HO npOTIIBOnOJIO)KHbIMII no 

HarrpaBJI€HIIIO (cM. pIIC. 9): 

3,1l€Cb no - €,llIIHIItJHhIII B€KTOp B HanpaBJI€HIIII CKOpOCTII tJaCTIII(bl m1 
IIOCJie CTOJIKHOBeHIISI. 

llnsi rrepexo.ua K JI-CIICTeMe Ha.uo .uo6aBIITb K 3TlIM Bbipa)KeHIISIM CKO

pOCTb V n:eHTpa IIHepn;IIII, tJTO .unsi cKopocTel1: qacTIIU B n-cIIcTeMe no

cne CTOJIKHOB€HIISI .uaeT 

~ m2 ... m1 if1 + m2v2 
V1 = ----vn0 + ------, 

m1 + m2 m1 + m2 

~ m1 ... m1 i11 + m2i12 
v2 = -----vn0 + ------

m1 + m2 m1 + m2 
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PHc. 9 

Cae.n;eHlI51, KOTOpbie MO~HO 6hIJIO nOJIY"lllITb lI3 O,[(HlIX TOJibKO 3aKOHOB 

coxpaHeHlI51, lIC"9:epnbIBaIOTC51 3TlIMlI COOTHOIIIeHlI51MlI. 3aMeTlIM, "9:TO 

HanpaBJieHlie e.n;lIHlI"llHOro BeKTOpa fio 3aBlIClIT OT 3aKOHa B3alIMO.n;eiI

CTBlI51 "9:aCTlIU: II lIX B3alIMHOro pacnOJIO)I(eHlI51 BO BpeM51 CTOJIKHOBeHlI51. 

llJI51 Toro "9:T06bI lIHTepnpeTlipOBaTb noJiy"lleHHbie pe3yJihTaTbI reoMe

TplI"lleC~lI, nepeiI.ne1:1 OT CKOpOCTeH K lIMnyJihCaM, IIOMHO2KlIB C 3TOH 

u:enhIO ih Ha m1, a v2 Ha m2, rrony"llJIM 

~ ... m1 (... ... ) P1 = mvno + --- P1 + P2 , 
m1 + m2 

~ ... m2 (... ... ) P2 = -mvno +--- P1 +P2 • 
m1 + m2 

IlocTpOlIM OKPY2KHOCTb pa.n;Hyca mv = oc' HanpaBlIB no oc e.n;lIHlI"ll

HbIH BeKTOp no. EcJilI 8351Tb AO= _.!!!L__+ (P1 + P2) lI OB= __.!!!L_+ (P1 + 
m1 m2 m1 m2 

p2) (cM. p11c. 10), TO AC lI CB .n;a10T lIMnyJihCbI p1 lI P2- PaccMOTp~M 

rro.n;po6HO cny-qaiI, KOr.n;a O,[(Ha lI3 "9:aCTlIU: (nyCTb 3TO 6y.n;eT m2) IIOKO

lITC51. Tor.n;a OB= mv = OC, a AB= p1. To"llKa A MO2KeT HaxO.n;lITbC51 

KaK BHYTPlI (m1 < m2), TaK lI BHe (m1 > m2) OKpy2KHOCTII. YrJibI 01 lI 

02 ecTb yrJihI OTKJIOHeHlI51 -qaCTlIU: nocne CTOJIKHOBeHH51 no OTHOIIIeHHIO K 

HanpaaneHlIIO p1, a yron x ( 3a.n;aIOIIllIH HanpaaneHHe fi0 ) npe.n;cTaBJI51eT 
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/j/ 
/ 

0max/ 
,.,;,/ 

A B A e, 0 B 

Pnc. 10 

co6o:ii yroJI IIOBOpoTa rrepBOH qaCTllUhI B U-CllCTeMe. QqeBM,llHO, 

0 
m2 sinx 

tg 1 = ------, 
m1 + m2cosx 

Ilocne CTOJIKHOBeHna qacTMUhI pa3JieTaIOTCH 110,ll yrJIOM 01 +02, npnqeM 

npn m 1 < m2 nMeeM 01 +02 > ~' a npn m 1 > m 2 nonyqaeM 01 +02 < ~
Ilpn m1 < m2 CKOpOCTh nepBOH qacTMUhI IIOCJie CTOJIKHOBeHna MO)KeT 

nMeTh n106oe HanpaBJieHne. Ecnn )Ke m 1 > m2, TO yron OTKJIOHeHna 

HaJieTa10me:ii qaCTllUhI He MO)KeT npeBbil'.I:raTb HeKOTOporo MaKCMMaJib

HOrO 3HaqeHMH (cM. pnc. 10): 

0 
· . m2 

lmax = arcszn-. 
m1 

M:crrOJih3ya TeopeMy KOCMHyCoB, MO)KHO 6e3 Tpy.ua nonyqnTh cpopMJJihI, 

onpe.uena:10mne a6conIOTHhie BennqnHhI cKopocTe:ii o6enx qacTMU nocne 

CTOJIKHOBeHna qepe3 OTHOCMTeJibHJIO CKOpOCTh ll yroJI X, BeJinqnHa KO

Toporo 3aBMCllT OT 3aKOHa B3allMO,lleHCTBlla CTaJIKMBa10mnxca qacTnu: 

, J m~ + m~ + 2m1 m2cosx 
V1 = V, 

m1 +m2 

PaCCMOTpllM ,llBa ttaCTHhIX cnyqaa. 

• "Jlo60BOH" y.uap - IIOCJie CTOJIKHOBeHna o6e qacTMUhI ,llBll)KJTCH 

110 O,llHOH rrpa:MOH (x = 7r). B 3TOM cnyqae CKOpOCTll qaCTllU IIOCJie 

CTOJIKHOBeHMH paBHhI 

, m1 - m2 
V1 = ----v, 

m1 +m2 
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3Ha'leHIIe V2 rrpH 3TOM HaH60Jib11Iee B03MO)KHOe, H B pe3yJihTaTe 

CTOJIKHOBeHH5I rrepBOHaqaJihHO IIOK05Imaaca 'laCTHJW rrorryqaeT Ma

KCHMaJibHYIO ( no cpaBHeHHIO C .upyrHMH crry11aaMH) 3HeprHio 

JJ;max _ 4m1 m2 
2 - -:---:..........:=--E 

(m1 + m2)2 i, 
E1 = m1vf 

2 ' 

3.n:ecb E 1 - rrepBoHaqarrbHaa 3HeprHa HaJieTaIOmeii: qacTH:QhI. 

· 0max m2 sin 1 = -. 
m1 

e "EHJib5Ip.U" - MaCChl CTaJIKHBaIOmHXC5I 11aCTHU O.UHHaKOBhI, O.UHa 

H3 HHX rrepBOHaqaJibHO IIOKOHTC5I. B 3TOM crryqae 

01 = ~ 2' 
02 = 1r - X 

2 ' 
, X 
v1 = vcos2 , , . X 

v1 = vsin2. 

OTMeTHM, 'ITO rrocrre CTOJIKHOBeHH:5.1 'laCTHUhI pa3JieTaIOTC5I rro.u 

rrp5IMbIM yrJIOM .upyr K .upyry. 

\ 
\ , , 
\ 
\ 

\ 
\ 
l 
\ 
\ 
\ 
\ 

x); 
__ __,/·<;;l-q)-o_;__-r-1-P -=::::::::== 

0 
PHc. 11 

3. Pacce.SIHHe qacTH:U. Pe3yJibTaT CTOJIKHOBeHH:5.1 .u:eyx qacTHU MO)KeT 

6hITb orrpe.uerreH IIOJIHOCTbIO JIHIIIb IIOCJie pe11IeHH5I ypaBHeHHH .UBH)Ke

HH5I C KOHKpeTHhIM 3aKOH0M B3aHMO.UeHCTBH5I. PaccMOTpHM 3KBHBa

JieHTHYIO 3a.ua11y OTKJIOHeHH:5.1 qacTHUhI C rrpHBe.ueHHOH Maccoll m B none 
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u ( r) H€110.D;Bli)KH0I'0 CliJI0B0ro :U€HTpa, pac110JI0)K€HH0I'0 B :U€HTpe I1Hep

:UI1I1 qaCTli:U. TpaeKTOpm:I qaCTli:Ubl B :U€HTpaJibH0M 110Jie CliMMeTpli"'!Ha 

0TH0CI1T€JibH0 11paMoii, 11poBe.n;eHH0ii B 6JII1)Kaiimy10 K CliJI0B0My :ueH

TPY T0"<IKY op6I1Tbl. Ilo3TOMY o6e aCI1Ml1TOTbl TpaeKT0plili 11epeceKaIOT 

yKa3aHHYIO 11pHMYIO 110.n; o.n;nHaK0BblMli yrnaMn </>o- Tor.n;a, KaK Bli.D;H0 

I13 pnc. 11, yroJI 0TKJI0H€HI1H "<IaCTli:Ubl 11pu ee 11poneTe MliM0 :U€HTpa 

eCTb 

X =I 7r - 2</>o I • 
Yron </Jo 011pe.n;enaeTca, KaK H3BeCTHo, cpopMynoii 

1
00 Mdr/r 2 

</>o= -,========· 
rmin J2m[E - U(r)] - M 2/r2 

3.n;ecb r min - paCCT0HHI1€, 011pe.n;ena10mee 6JII1)Kaiimee K :ueHTPY 110JI0)K€

HI1€ qacTli:UhI, OHO I1 HBJIH€TCH K0pHeM 110.n;pa.n;nKaJibH0ro Bbipa)KeHHH. 

Ilpn I1Hq:JI1HI1TH0M .D;BI1)K€HI1I1, K0T0poe Mbl ceiiqac paccMaTpnBaeM, cy

mecTBYIOT KOM6I1Ha:unn .D;I1HaMI1"'!€CKI1X 11epeMeHHhlX, K0T0pbie BblH0-

CHTCH Ha aCI1Ml1T0TI1KY 3aK0HaMI1 coxpaHeHHH. 3To CK0p0CTb B 6ec

K0H€"'IH0CTI1 Voo I1 TaK Ha3blBaeM0e 11pn:ueJihH0e paCCT0HHI1€ p - L{JII1Ha 

11ep11eH.n;nKynapa, 011ymeHH0ro I13 :ueHTpa Ha Ha11paBJieHne v00 , T.e. pac

CT0HHne, Ha K0T0p0M qaCTli:Ua 11pomna 6hI MliM0 :ue1ITpa, €CJII1 6hl Cli

JI0B0e 110Jie 0TCYTCTB0BaJI0. O"<J€BI1.D;HO, 

, 2 

E = mvoo. 
2 

IIepe11nmeM </Jo, I1Cl10Jih3YH 3TH Bblpa)KeHHH 3Heprnn I1 MOM€HTa I1M-

11YJihCa: 

<Po= 1
00 pdr/r2 

rmin ✓l - p2/r2 - 2U/mv'fx, 

Ilpn:ueJibHOe paCCT0HHI1€ 0T.D;€JibHOii "<IaCTli:Ubl p H€B03M0)KH0 I13M€pI1Tb 

Ha 011blT€. Ilo3TOMY o6hI"'!HO 11epexo.n;HT OT xapaKT€pI1CTI1K I1H.D;I1BI1-

.n;yaJibH0I'0 aKTa pacceHHliH K CTaTI1CTI1"'!€CKI1M xapaKTepI1CTI1KaM, a 

I1M€HH0 OT pacCM0Tp€HI1H 3a.n;aq C T0"'IH0 3a.n;aHHbIM 11pI1:U€JibHblM pac

CT0HHI1€M K paCCM0TpeHHIO C0B0KYl1H0CTI1 3a,uaq, B K0T0pbIX 11pn:ueJih

H0€ paCCT0HHI1€ pac11pe.n;eneHO 110 H€K0T0poMy 3aK0HY. KoHKpeTHee: 

paCCM0TpliM MOHOXpOMaTuqecKnii I1 O.D;HOpo.n;Hhllf 11y"<I0K qacTH:U, T.e. 

11yqoK, qacTli:Uhl K0T0poro I1M€IOT o.n;1rnaK0Bhie 110 B€JII1"<JI1He I1 Ha11pa

BJI€HI1IO CK0p0CTli (MOHOXpOMaTH"'IHOCTb). KpoMe Toro, o.n;nHaK0BO "'Ill-
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cno qacTIIU, rrpoxonamIIx qepe3 mo6yIO enIIHIIqHyIO rrnomanKy, rreprreH

nIIKynapHyIO rryqKy, B enIIHIIUY BpeMeHII, KOTOpoe Ha3bIBaIOT HHTeH

CHBHOCTblO ny-CIKa n = const ( onHoponHOCTb). 

► 

p 

► dp 

PIIc. 12 

Bee qaCTIIUhI, pacceIIBaIOmIIeca a KOJihUO 21rpdp, (cM.pIIC. 12) qIICJIO 

KOTOpbIX eCTh dN = 21rpdp · n, o6nanaIOT a CIIJIY MOHOXpOMaTIIqHOCTII 

rryqKa onIIHaKOBOH CKOpOCTbIO Voo II rroqTII onIIHaKOBbIMII rrpIIUeJibHbIMII 

paccTO5IHII5IMII (a IIHTepBaJie OT p no p + dp), T.e. OHII o6nanaIOT onII

HaKOBbIMII 3HeprII5IMII II IIOqTII onIIHaKOBbIMII MOMeHTaMII II IIO3TOMY 

nomKHhI OTKJIOH5!TbC5l Ha rroqTII onIIHaKOBbie yrJihI (a IIHTepaane OT X 
no x+dx). IloHaTHO rro3TOMY, qTo pacceaHIIe yno6Ho xapaKTepII3OBaTh 

aeJIIIqIIHon: 
dN 

dCJ = - = 21rpdp, 
n 

KOTOpyIO Ha3OBeM 3cpcpeKTHBHblM ceqeHHeM pacceSIHHSI qacTIIU B 

IIHTepBaJI OT x no x+dx (IIJIII a IIHTepBaJI OT p no p+dp). 8cpcpeKTIIBHOe 

ceqeHIIe pacceaHIIa IIMeeT pa3MepHOCTh rrnomanII II aceueno orrpenem1-

eTca BIInOM pacceIIBaIOmero IIOJI5l . .IIna Toro qT06bI HaHTII 3aBIICIIMOCTh 

3cpcpeKTIIBHoro ceqeHIIa OT yrna pacceaHIIa X, nocTaToqHo rreperrIIcaTh 

rrpenh1nymee Bh1pa)KeHIIe a aIIne 

dCJ = 21rp(x) Id~~) I dx. 

3HaK Monyna HaM IIOHano6IIJIC5l BBIIny Toro, qTO no CMhICJIY 3cpcpeKTIIB

HOe ceqeHIIe pacceaHIIa - rroJIO)KIITeJihHaa aenIIqIIHa, a p(x) - y6hmaro-
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rn;aa cpyHKUirn: '!eM 6OJihIIIe npJIUeJihHOe paCCTOHHJie, TeM MeHbIIIe yron 
pacceHHJIH. l1Hor.n;a Ce'IeHJie pacceaHHH OTHOCHT He K dx, a K 3JieMeHTY 

TenecHoro yrna. TeneCHhIH yron Me)K.n;y KOHycaMH c yrnaMJI pacTBopa 

X JI X + dx eCTb dO = 21rsinxdx, nO3TOMY 

da = P~X) I dp(x) I dn. 
sinx dx 

IIony'!eHHble q>OPMYJihl onpe.n;eJIHIOT Ce'IeHHe pacceaHJIH B 3aBJICJIMOCTJI 

OT yrna pacceaHHH B cHcTeMe ueHTpa JIHepUHH. 11.na Toro '!T06hl nony

'IHTh aHaJIOrH'!Hhie cpopMyJihl B Jia6opaTOpHOM CJICTeMe, Ha.n;o Bhlpa3JITb 

X qepe3 yroJI pacceHHJIH B Jia6opaTOpHOM CJICTeMe 0. IlpH 3TOM nony

'!aTCH Bblpa)KeHJIH KaK .IJ;JIH Ce'!eHJIH pacceHHJIH na.n;aIOrn;ero ny'!Ka (x 
Bblpa)KeHO qepe3 01), TaK JI .IJ;JIH nepBOHa'IaJihHO nOKOHI.IJ;JIXCH qacTHU 

(x Bhlpa)KeHo qepe3 02). 

4. <PopMyna Pe3epq>0p.n;a. Ha:u:.n;eM ce'!eHHe pacceaHHH .n;na KynoHoB

CKoro nona, T.e. no.n;cTaBJIM B cpopMyny, onpe.n;eJIHIOI.IJ;YIO </Jo, u = a:/r: 

1
00 pdr/r2 

</Jo= -,========· 
Tmin J1 - p2 /r2 - 2a,_/mV~T 

l1HTerpHpoBaHJie 3JieMeHTapHO, II, Y'IHThlBM, 'ITO Tmin - KopeHh Bhlpa

)KeHJIH no.a pa.n;JIKaJIOl\;1, nony'!HM 

OTKy.n;a 

Jl.HcpcpepeHUHpya nocne.n;Hee Bh1pa)KeHJie no x, Ha:u:.n;eM 

IIony'IeHa cpopMyna, H3BeCTHM KaK qiopMyna Pe3ep<pop.n;a. 3aMe

THM, 'ITO 3cpcpeKTHBHOe Ce'!eHJie He 3aBJICJIT OT 3HaKa a:, T.e. pe3y.Tih

TaT B paBHOM Mepe OTHOCJITCH K KYJIOHOBCKJIM nOJIHM npHTH)KeHJIH JI 

OTTaJIKHBaHJIH, KaK JI .IJ;OJI)KHO 6bIJIO 6b1Th, T.K. 3cpcpeKTJIBHOe ce'IeHHe 

He MO)KeT 3aBJICeTh OT Toro, B KaKyIO CTOpOHY OTKJIOHHIOTCH 'IaCTJIUhl, 
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HO 3aBHCH';[' OT Toro, KaK OHH OTKJIOH5IIOTC5I (n:MeeTC5I B BH.n;y 3aBHCH

MOCTh U ~ l / r). <PopMyJia Pe3epcpop.n;a IIOJiy11eHa B CHCTeMe u;eHTpa 

HHepu;u:n:, n:, pa3yMeeTC5I, ee MO)KHO rrpeo6pa30BaTb K Jia6opaTOpHOII CH

CTeMe, o.n;HaKO 3TO CB5I3aHO C ,D;OBOJihHO rpOM03,ll;KHMH Bhl11HCJieHH5IMH, 

II03TOMY orpaHH11HMC5I TeM, 11TO HMeeM. 

VI. r AMHJlbTOHOB <fJOPMAJil13M 

8 rrpe.n;hl.n;ymeM H3JIO)KeHHH paccMaTpHBaJIHCh ypaBHeHU:51 J1arpaH)Ka H 

p5I,D; HX rrpHJIO)KeHHII - Mhl pa6oTaJIH B paMKax TaK Ha3bIBaeMoro JiarpaH)KeBa 

cpOI)MaJIH3Ma. CocT05IHHe MexaHH11eCKOII CHCTeMbl C s CTerreH5IMH CB060.n;hl B 

JiarpaH)KeBOM cpopMaJIH3Me OIIHCbIBaeTC5I 3a.n;aHHeM 2s He3aBHCHMhlX BeJIH11HH 

- s o6o6meHHhlX KOOp.n;n:HaT n: s o6o6meHHhIX CKOpOCTen:. CocT05IHHe Mexa

HH11eCKOII CHCTeMhl B cpopMaJIH3Me, KOTOpbIII rrpHH5ITO Ha3bIBaTb raMHJihTO

HOBhIM, 3a.n;aIOT s o6o6meHHhIX KOOp,D;HHaT H s o6o6meHHhIX HMIIYJihCOB. Ka

)K,ll;blli H3 3THX IIO,ll;XO,ll;OB HMee1: CBOH rrpen:MyI.UeCTBa H He,D;OCTaTKH, HO Ba)KHO 

OTMeTHTh, 11TO raMHJihTOHOB cpopMaJIH3M rny6)Ke rrpOHHKaeT B CYTh Teopn:n:, 

O,D;HaKO H3-3a Bbl,D;eJieHHOII pOJIH BpeMeHH HaTaJIKHBaeTC5I Ha Tpy.n;HOCTH B pe

JI5ITHBHCTCKOM cny11ae. 

1. KaHOHIPieCKHe ypaBH€HHH raMHJibTOHa. Ilepen:.n;eM OT Ha6opa 

"JiarpaH)KeBhIX" rrepeMeHHhIX qi, qi K Ha6opy "raMHJihTOHOBhIX" rrepe

MeHHhIX qi' Pi = 8L I oqi. O6hI11HO ,ll;JI5I 3TOro HCIIOJih3YIOT rrpn:eM, KOTO

pbIII Ha3bIBaIOT rrpeo6pa30BaHHeM J1e)KaH.n;pa. Ilpo.n;eMOHCTpn:pyeM, KaK 

3TO .n;enaeTci, a 3aTeM .n;a.n;n:M orrpe.n;eneHn:e rrpeo6pa3oBaHn:n: J1e)KaH.n;pa. 

\UJI5I rronHoro .n;n:cpcpepeHu;n:ana cpyHKD;HH J1arpaH)Ka L = L(qi, qi, t), y11n:

ThIBM orrpe.n;eJieHn:e HMIIYJibCa Pi = 0 L / o<j_i, a TaK)Ke JiarpaH)KeBbl ypaB

HeHH5I ,ll;BH)KeHU:51, HMeeM 

(
8L . 8L ) 8L . . 8L 

dL = L -
8

. _ dqi + -
8

. dqi + -
8 

dt = "L(Pidqi + Pidqi) + -
8 

dt. 
i qi qi t i t 

IlocKoJihKY 

d(piqi) = Pidqi + qidPi, 

TO 

d(L - LPiqi) = ~(-qidPi + Pidqi) + ~~ dt 
i i 
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l:IJIII 

H = H(qi,Pi,t) = Lqiaa~ -L. 
i qi 

<PyHKD;IUI H(qi,Pi, t) Ha3hrnaeTCJI q>yHKifHeii I'aMHJibTOHa HJIH ra

MHJibTOHHaHOM. 5IcHO, "ITO 

CpaBHHBaa, rronyqaeM 

. 8H 
qi=-, 

Bpi 
aH aL 
at at 

- KaHOHH'leCKHe ypaBHeHHH raMHJibTOHa - CHCTeMy 2s .n;mpcpe

peHu;nam,HhIX ypaBHeHn:ii nepBoro nopJI.n;Ka, KOTopM no3BOnaeT no 3a

.n;aHHOMY B KaKO:ii-nn6o MOMeHT BpeMeHH COCTOJIHHIO MexaHH"IeCKO:ii CH

CT€Mbl rrpe.n;cKa3aTb ee COCTOJIHHe B n1060:ii .n;pyro:ii MOMeHT M TeM caMbIM 

peIIIHTb OCHOBHJIO 3a,n;aqy MexaHHKH. 

Han:.n;eM nonHyIO rrpOM3BO.n;Hyib no BpeMeHH OT cpyHKD;HH raMHITbTOHa: 

dH aH (aH . 8H . ) 
dt- = at + ~ 8qi q~ + Bpi Pi . 

IIocne no.n;cTaHOBKH ypaBHeHHH: ,lJ;BH)KeHHJI nony"IHM 

dH 8H BL 
dt at - at· 

Orrpe.n;eneHHe cpyHKD;MH raMHITbTOHa M nocne.n;Hee COOTHOIIIeHHe n03BO

ITJIIOT 3aKITIO"IHTb, "ITO .n;na H30ITMpOBaHHO:ii CHCTeMbl MITH CHCTeMbl, Ha

xo.n;ame:iica B He 3aBHCJIII(eM OT BpeMeHH BH€IIIHeM none, raMHITbTOHMaH 

COBrra.n;aeT C nonHOH: 3Heprnen: CHCTeMbl . 

• IlpHMe'laHHe. <PyHKD;MIO raMMITbTOHa COCTaBITJIIOT cornaCHO cne
.uy10meMy anropn:TMy: no cpyHKu;n:n: JlarpaH)Ka L = L(qi, qi, t) 
CTpOaT H = L-i qi· 8L/8qi - L, 3aTeM B 3TOM Bb1pa)KeHn:n: Bee 

qi 3aMeHJIIOT Ha Pi, HCITOITb3JJI CBJI3b Pi = L-i 8L/8iJ.i• 8To B03-

MO)KHO ITMIIIb ,D;ITJI HeBblpO)K,lJ;eHHblX MexaHH"IeCKHX CMCTeM, T.e . 

.n;na cn:cTeM c He paBHhlM Hyn10 onpe.n;ennTeneM recce (reccn:a

HOM) det(82 L/8qi8qk) #- 0. IIony"IMBIIIMCJI B pe3JITbTaTe cpyHKD;MJI 

H = H(qi,Pi, t) ecTb raMHIThTOHHaH cncTeMhI. 
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• CrrpaBKa. Ilpeo6pa3oBaHHe Jie)KaH.n;pa. Pacc.Mompu.M (fiyux:-
4u10 ·1 = f(u), no.11,a2a.JI ee Bbinyx:.11,ou (d2 f /du2 > 0). llonycmu.M, 
603UUX:.t1,a ueo6xoau.MOCffib nepeumu X: apyzoiJ, Ue3a6UCU.M0U nepe

.MeUUOU v, max:ou, 'l.(,ffiO v = df /du. Kax:, ucno.11,b3YJI f = f(u), 
nocmpoumb max:yw gjyux:1.4u10 F = F( v), 'l.(,mo6bi ee no.11,ubiu au(fi
(fiepeu4ua.11, 6bi.11, nponop4uoua.11,eu dv? OmBem ua 3mom Bonpoc 
aaem npeo6pa306auue Jle;J1Cauapa. 

Ha30BeM rrpeo6pa30BaHHeM Jie)KaH.n;pa cpyHKUHH f ( u) Ta
KYIO cpyHKUHIO F ( v), K0T0pruI HBJI.HeTCH orH6aroru;eii CeMeH
CTBa 

cp(v,u) = uv - f(u). 

YpaBHeHHe orH6aroru;eii HMeeT BH,n; F(v) = cp(v, u(v)), a 
cpyHKUHH u(v) orrpe.n;enHeTCH H3 V = df /du. <l>yHKUHIO f(u) 
Ha3bIBaIOT rrpOH3BO,ZJ;HII.J;eH cpyHKUHeH (HJIH reuepaTopoM) 
rrpeo6pa3oBaHHH Jie)Kau.n;pa. Ilpeo6pa3o6auue J/e;J1Cauapa o6bi
'l.(,'H,0 6bln0.11,'H,JI'/Offi 6 au(P(Pepe11,4Ua.t1,b'H,O'U (POp.Me: 

df 
df(u) = -d ·du= vdu = d(uv) - udv =} dF = d(uv - !) = udv. u ' 

IlpHMep. Hauae.M npeo6pa3o6auue J/e;J1Cauapa, 2euepamopo.M x:o
mopo20 JI6.t1,JiemCH .11,a2paU;J1CUaU C606oauou pe.11,JimU6UCffiC'K:0'U 't/,a-

cmU'l.4bl 

L = -mc2✓1 - v2/c2 . 

Ilpeo6pa3o6auue J/e;J1Cauapa JI6.t1,JiemcJI 02u6a10w,eu ce.MeucmBa 

cp(p, v) = pv - L(v), 

a ypaBueuue 3mou 02u6a10w,eu 

H(p) = v · 8L/8v - L. 

Ila onpeae.11,e'H,U'/O p = 8L/8v = mv/ ✓1 - v2/c2 , c.11,eaoBame.11,b'H,O, 

v = pc/ ✓m2c2 + p2 , T.e. H = ✓m2c4 + p2c2
. 

Tax:u.M o6pa30.M, H(p), C oauou cmopoubi, - 2a.MU.!1,bffi0'H,Ua'H, C60-
6oauou pe.11,JimU6UCffiCX:O'U 't/,aCmU'l.4bl, a y apyzoiJ, - npeo6pa306auue 
J/e;)ICauapa, 2euepamopo.M x:omopo20 JI6.t1,JiemCJI .11,a2pauJ1Cuau. 
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KaHOHIIqecKIIe ypaBHeHII5I raMIIJibTOHa oco6eHHO y,n;o6HbI rrpII IICCJie

,Il;OBaHIIII CIICTeM, co,n;ep)Kall.J;IIX :UIIKJIIIqeCKIIe KOOp,Il;IIHaTbI. HarrOMHIIM, 

qTo :UIIKJIIIqecKOII Ha3bIBaeTC5I KOOp,Il;IIHaTa, KOTOpa5I XOT5I II Heo6xo.n;IIMa 

,Il;JI5I orrpe,n;eJieHII5I IIOJIO)KeHII5I CIICTeMbI B rrpocTpaHCTBe, HO B JiarpaH

)KIIaHe He co,n;ep)KIITC5I, II II03TOMY COOTBeTCTBYIOlllIIII en: o6o6meHHbIII 

IIMIIJJibC coxpaH5IeTc5I. Ho ecJIII Pi = 0, TO, corJiaCHO raMIIJibTOHOBbIM 

ypaBHeHII5IM, raMIIJibTOHIIaH He ,Il;OJI)KeH 3aBIICeTb OT COOTBeTCTByromen: 

KOOp,n;IIHaTbI qi. M, Hao6opoT, eCJIII raMIIJibTOHIIaH He co,n;ep)KIIT qi, TO 

coxpaH5IeTC5I Pi, T.e. B 3TOM CMbICJie JiarpaH)KeB II raMIIJibTOHOB cpopMa

JIII3M 3KBIIBaJieHTHbI. O.n;HaKO cymecTayeT II pa3JIIIqIIe: eCJIII B JiarpaH

)KIIaHe, ,n;JI5I KOToporo qi :UIIKJIIIqecKM, co,n;ep)KaTC5I ace o6o6meHHhle 

CKOpOCTII, TO raMIIJibTOHIIaH C TOH )Ke :UIIKJIIIqecKOII KOOp.n;IIHaTOII BMe

CTO Pi co,n;ep)KIIT KOHCTaHTY ai, T.e. IJ;IIKm1qecKM KOOp,Il;IIHaTa B 3TOM 

CJiyqae .n;en:CTBIITeJibHO 5IBJI5IeTC5I IIrHOpIIpyeMOH, ,n;pyrIIMII CJIOBaMII, pe

maIOT 3a,n;aqy ,Il;JI5I OCTaBllIIIXC5I S - l rrepeMeHHhlX, a :UIIKJIIIqecKM KO

op.n;IIHa Ta orrpe,n;eJI5IeTC5I IIHTerpIIpoaaHIIeM ypaBHemrn iJ.i = 8 H / 8ai. 

KaHOHIIqecKIIe ypaaHemrn raMIIJibTOHa MO)KHO IIOJiyqIITb TaK)Ke II KaK 

cJie,n;cTBIIe rrpIIH:o;IIrra Ha:IIMeHhmero .n;el1CTBII5I. lleicTBHTeJibHO, rrepe

rrIImeM ,n;eicTBIIe 

3aMeHIIB L corJiacHo 

'L = LPitii - H(%Pi, t). 
i 

Tor.n;a 

S = 1:2 

(~Pidqi - Hdt), 
i 

os = ft
2 I: (opidqi + Pidoqi - ~~ oqidt - ~~ opidt). 

lt1 i uqi UPi 

IIpoIIHTerpIIpyeM BTOpoe CJiaraeMoe no qacT5IM H, IICXO,Il;5I II3 Tpe6o

BaHII5I rrpIIHIJ;IIIIa H<;l,IIMeHblliero .n;en:CTBH5I, rrpIIpaBH5IeM BapIIa:o;uro .n;el1-

CTBII5I HJJIIO: 

IIocJie,n;HHH IIHTerpaJI .n;aeT HJJib B CIIJIY Toro, qTo B MOMeHTbI t1 II 

t2 KOHcpIIrypa:o;II5I CIICTeMbI q>IIKCHpOBaHa, a paaeHCTBO HJJIIO Bapna:o;IIII 
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,nefrcTBIUl npHBO,D:HT K o6pameHHIO B HYJih nO,nbIHTerpaJibHhIX Bhlpa)Ke

Hllli B KpyrJihlX CK06Kax, qTo H ,naeT KaHOHHqeCKHe ypaBHemur raMHJih

TOHa. 

2 . .IleiiCTBHe KaK q>yHKI.J;HSI KOOp,llHHaT. <PopMyrrnpy5I npHHUHn HaH

MeHbIIIero ,neRCTBmr, Mhl paccMaTpHBaJIH HHTerparr 

1
t2 

S = Ldt, 
t1 

B351Tblli no TpaeKTOPHH Me)K,ny .D:BYM5l cpHKCHpOBaHHblMH B MOMeHThl t1 
H t2 nOJIO)KeHH5IMH q(l) H q(2). II pH BapbHpOBaHHH .nefrCTBH5l cpaBHHBa

JIHCb 3HaqeHH5l 3TOro HHTerparra ,D:Jl5l 6JIH3KHX TpaeKTOpHft C O,D:HHMH 

H TeMH )Ke 3HaqeHH5IMH q(t1) H q(t2). llCTHHHOMY ,D:BH)KeHHIO COOTBeT-

1 CTBOBaJia Ta TpaeKTOpHH, Ha KOTOpofr HHTerparr s 3KCTpeMaJieH. 

PaCCMOTpHM Teneph nOH5ITHe ,neRCTBH5l B HeCKOJihKO ,npyroM acneKTe. 

By,neM paccMaTpHBaTb 5 KaK BeJIHqHHY, xapaKTepH3YIOillYIO ,D:BH)Ke

HHe no HCTHHHblM TpaeKTOpHHM, H cpaBHHM 3HaqeHH5l, KOTOpble OHa 

npHHHMaeT ,D:JI5l TpaeKTOpHft, HMeIOillHX o6mee Haqarro q(t1) = q(l)' HO 

npOXO,D:5IlllHX B MOMeHT t2 . qepe3 pa3JIHqHhie nOJIO)KeHH5l. llHaqe ro

BOp5I, paCCMOTpHM HHTerparr .nen:CTBH5l ,D:JI5l HCTHHHhlX TpaeKTOpHft KaK 

cpyHKUHIO KOOp,D:HHaT B BepxHeM npe,nerre HHTerp11pOBaHH5l. ll3MeHeHHe 

.nefrcTBH5l npH nepexo,ne OT 0,D:HOR TpaeKTOpHH K 6JIH3KOH K Hell ,npy

ron ,naeTC5l Bbipa)KeHHeM (pa,nH npOCTOThl paccMaTpHBaeTC5l crryqaft C 

O,D:HOll CTeneHbIO CB060,nbl): 

(aL )t2 1t2 (aL d BL) bS = -. bq + - - --. bqdt. 
8q ti t1 8q dt 8q 

IIocKOJihKY ,nBH)KeHHe npo11cxo,n11T no HCTHHHOH TpaeKTOp1111, T.e. B 

COOTBeTCTBHH C ypaBHeHH5IMH J1arpaH)Ka, nO,nhIHTerpaJibHOe Bbipa)Ke

HHe ,naeT HYJih, KpoMe Toro, bq(t1) = 0, a bq(t2) o603HaqnM npocTo bq, 
Tor,na 

aL as 
bS = -a. bq = pbq ==} Pi = -a. 

q ~ 

TaKHM o6pa30M, ,nenCTBHe 5IBJI5leTC5l TaKOH cpyHKUHefr KOOp,nHHaT, qTo 

ero qaCTHa5l npOH3BO,D:Ha5l no KOOp.D:HHaTe .naeT COOTBeTCTBYIOillllli 0606-

meHHhlll HMIIYJihC. 

IIo onpe.nerreHHIO 

L= dS 
dt' 
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C .upyron: CTOpOHbI, paccMaTpHBaJI .uen:CTBHe KaK cpyHKD;IiIO KOOp,UHHaT 

Ii BpeMeHH s = s (qi' t)' HMeeM 

OTKy,ua cpa3y IIOJiyqaeM 

H =_fJS 
fJt . 

vhaK, .uen:CTBHe 5IBmieTC5I TaKOM cpyHKD;HeM BpeMeHH, qTO ero qacTHaJI 

rrpOH3B0,UHaJI no BpeMeHH co 3HaKOM MHHyc .uaeT raMHJibTOHHaH. 

3. IloH.HTHe 0 cpa30B0M npocTpaHCTBe. .UJI5I MexaHn:qeCKHX CHCTeM, 

HMeIOlllHX s CTerreHen: CB060.Uhl, IIOH5ITHe "COCT05IHHe CHCTeMbI" rrpe.u

IIOJiaraeT 

• B rrarpamKeBOM cpopMaJIH3Me 3a,UaHn:e s o6o6meHHbIX KOOp,Il;HHaT 

ql, ... , qs H CTOJibKHX )Ke o6o6meHHbIX CKOpOCTen: <i1, ... , <is, COCT05I

HHe CHCTeMbI OIIHChIBaeTC5I cpyHK:UHeii JiarpaH.>Ka 

• B raMHJibTOHOBOM cpopMaJIH3Me 3a,IJ;aHHe o6o6meHHbIX KOOp.UHHaT 

q1, ... , qs H 0606I.UeHHbIX HMIIYJibCOB .Pl, ... , p8 , COCT05IHHe CHCTeMbI 

OIIHCbIBaeTC5I cpy~KnHeii ,raMHJibTOHa 

H = H(q1, ... , qs,Pl, .. ,,Ps, t). 

IToJIO)KeHHe MexaHn:qecKOM CHCTeMbI c s CTerreH5IMH CB060.Uhl B .uaHHbIH 

MOMeHT BpeMeHH orrpe.uerreHo, eCJIH 3a,IJ;aHO s o6o6w;eHHbIX KOOP.UHHaT 

ql , ... , q 8 • B 3TOM crryqae rOBOp5IT, qTQ 3a,IJ;aHa KOHcpn:rypau;n:51 CHCTeMbI, 

a rrpOCTpaHCTBO S H3Mepemrii, Ha OC5IX KOTOporo OTJIO)KeHbI q1, ... , qs, 
Ha3bIBaIOT KOHcpHrypanHOHHbIM np0CTpaHCTB0M. B KOHcpn:rypa

D;HOHHOM rrpOCTpaHCTBe IIOJIO)KeHHe MexaHn:qecKOM CHCTeMbI B Ka)K,IJ;bIH 

MOMeHT BpeMemr H306pa)KaeTC5I TQqKQH. 

B raMHJibTOHOBOM q.lOpMaJIH3Me 06biqHQ BBO,I1;5IT 2s-MepHOe npocTpaH

CTBO, OC5IMH KOTOporo CJiy)KaT o6o6meHHhle KOopmrnaThI n: HMIIYJibCbI 

qi, ... , q8 ,P1, ... ,p8 • TaKoe rrpocTpaHcT~O Ha3bIBaIOT cpa30BbIM. ToqKa 

cpa30BOro npocTpaHCTBa COOTBeTCTByeT COCT05IHHIO ( H306pa)KaeT co

CT05IHHe) MeXaHHqeCKOM CHCTeMbI B HeKOTOpbIH MOMeHT BpeMeHH H Ha-

3bIBaeTC5I H300pa.>KaJOw;eii TQqKQH. (3aMeTHM, qTQ B O,IJ;HOMepHOM 

crryqae cpa30BOe npocTpaHCTBO Bbip0)K,UaeTC5I B cpa30BYIO IIJIOCKOCTb.) 
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CoaoKyTIHOCT_h l1306pa)KaIOI.I.J;llX TOqeK B pa3JrnqHhie MOMeHThl . BpeMeHII 

o6pa3yeT B <pa3OBOM npocTpaHCTBe HeKyIO KPIIBYIO, KOTopy10 Ha3hIBaIOT 

<pa30BOH TpaeKTOplieH CIICTeMhl ( 3TO KpIIBa5.I B <pa30BOM npOCTpaH

CTBe, M306pa)KaIOrn;M l13MeHeHMe COCTO5.IHI15.I CMCTeMhl co BpeMeHeM). 

3a]laH11e COCTO5.IHI15.1 CMCTeMhl B HeKOTOphIM MOMeHT apeMeHII npe,llOnpe

,lleJI5.leT ( B COOTBeTCTBMM C ypaaHeHII5.IMI1 .llBM)KeHM5.1) ee COCTO5.IHM5.I BO 

ace .llpy:rMe MOMeHThl BpeMeHM. 3To O3HaqaeT' qTo 3a,llaHMe M306pa)Ka

IOI.I.J;eM TOqKM B HeKOTOpbIM MOMeHT t = to npe,llonpe,lleJiaeT BCIO <pa30-

BYIO TpaeKTOpIIIO. TaKIIM o6pa30M, qepe3 Ka:>K.llYIO TQqKy <pa30Boro 

npOCTpaHCTBa npoXO,llHT TOnbKO O,llHa <pa30BruI TpaeKTOPHH. 

MHO)KeCTBO <pa3OBhIX TpaeKTOpMH Ha3hIBaIOT <pa30BbIM nopTpeTOM 

CHCTeMbl, KOTOphlli 06h1qHO COCTaBJI5.IIOT .JlJl5.I reoMeTp11qeCKOli llHTep

npeTau1111 pe3yJihTaTOB llHTerpMpOBaHII5.I ypaBHeHMli .llBII)KeHM5.1. 

4. CKo6KH IlyaccoHa. Haii.lleM norrHy10 npOM3BO.llHYIO no apeMeHII OT 

npOI13B0JlhHOM <pyHKUMll KOOp.llIIHa T, IIMTIYJihCOB II BpeMeHII f (qi, Pi, t): 

df a J ( a J . a J . ) a J 
dt = at + ~ aqi qi + ap/i = at + [H, f], 

r.lle BBe,lleHo o6o3HaqeHIIe 

[f,g] = I:(af ag _ at ag), 
i api aqi aqi api 

onpe,llena10rn;ee TaK Ha3hrnaeMhie CK06KH IlyaccoHa .llByx npo113BOJih

HhIX <pyHKUIIH KOOp,llIIHaT, IIMTIYJihCOB II apeMeHM. JlerKO 3aMeTMTh, 

qTO eCJIII f He 3aBIICIIT OT apeMeHM 5.IBHO, TO 113 o6parn;eHII5.I B HYJih 

[H, f] crre.llyeT, qTo f aanaeTca IIHTerpanoM .llBII)KeHM5.1. Boo6rn;e ro

aopa, ycJIOBIIe Toro, qTO f - llHTerpaJI ,llBII)KeHII5.1, IIMeeT BM.ll 

aJ + [H,f] = 0. 
at 

Ilorrh3yach onpe,lleJieHMeM cKo6oK IlyaccoHa, MO)KHO npocTo ycTaHOBIITh 

IIX CJie,llyIOrn;IIe CBOHCTBa: 

[!, g] = -[g, J], 

[!, canst] = 0, · 

[11 + h, g] = [!1, g] + [h, g], 

[Ji· h,g] =Ji· [h,g] + h · [Ji,g], 
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:t[f,g] = [it, 9] + [1, ~~]-
Ern:e 0,UH0 CBOHCTBO, 1I3BeCTH0e KaK T0)K,UeCTB0 51Ko611, 

[f, [g, h]] + [h, [f, g]] + [g, [h, J]] = 0 

rrpIIMeM 6e3 ,U0Ka3aTeJihCTBa. 

BbI'llICJIIIM 

Ilo3TOMY 

8To TaK Ha3hIBaeMhie q>yH,n;aMeHTaJihHhle CK06KH fiyaccoHa - KJia

CCII'leCKIIH aHarror rrepecTaH0B0'IHbIX COOTHOIIIeHIIH refI3eH6epra B KBa

HTOBOH MexaHIIKe. CK06K11 Ilyaccotta II03B0JI5IIOT rreperr11caTh KaH0HII

qecKIIe ypaBHeHIIH raMIIJibTOHa B ClIMMeTpII'IH0M 0TH0CIITeJihH0 060-

IO,UHOH 3aMeHhI q Ha p BII,Ue 

IloKa)KeM TeopeMy IlyaccoHa: ecJIH f(qi,Pi, t) H g(qi,Pi, t) .HBJI.H

IOTC.H HHTerpaJiaMH ,ll;Bil)K€HH.H, TO CK06KH IlyaccoHa 3THX Be

JIH"t!HH TaK)Ke HHTerpan .n;BH)KeHH.H. IloKa3aTeJihCTBO 11crrorrh3yeT 

T0)K,UeCTB0 51Ko611: 

d [of ] [ ag] [of ] dt[f,g] = at ' 9 + f, at + [H, [f,g]] = at ' 9 + 

[!, !~]-[g, [H, J]]-[f, [g, H]] = [it+ [H, f], g] + [!, ~~ + [H, g]] = 0. 

l.facJIO lIHTerpaJI0B ;ll;BII)KeHII5I MexaHII'leCKOH CIICTeMbl, 1IMe10mefI S CTe

rrettefI CB060.UhI, KaK 1I3BeCT,H0, orpaHII'leHO BeJIII'IIIHOH 2s - 1, II Ha 

rrepBhIH B3rrra.u 3T0 II0JI0)KeHIIe rrp0TIIB0peqIIT co.uep)KaHIIIO TeopeMhI 

IlyaccoHa. O.uHaKO rrp0TIIB0peq11e CHIIMaeTC5I cpa3y )Ke, eCJIII yqecTh, 

'ITO CK06Ka Ilyaccotta .UBYX lIHTerpaJI0B .UBII)KeHII5I M0)KeT 0Ka3aThC5I 

rrp0CT0 KOHCTaHTOH IIJIII cpyHKIIIIefI OT y)Ke 1I3BeCTH0r0 lIHTerparra .UB1I

)KeHII5I. 
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TeopeMa. Jiro6ruI q>yHKD;IUI KOOp.n;HHaT H HMIIYJibCOB f(q(t),p(t)) 
Bb1pa)Kae~c.a qepe3 3Ha'tleHH.H Po= p(O) H q0 = q(O) cornacHo 

t t2 

f(q(t),p(t)) =Jo+ l! [Ho, Jo]+ 2! [Ho, [Ho, fol]+ ... , 

r,n;e H-: raMHJihTOHHaH, Jo= f(qo,Po), a Ho= H(qo,Po)

.UoKa3aTeJibCTBO. Pa3JIO)KMM f ( q, p) B pa.n; Teil:rropa: 

f(q,p) =Jo+(!~) 
0 

(q - qo) + (!~) 
0 
(p- Po)+ 

1 [ ( a
2 
J) 2 ( a

2 

J) 2 ( a
2 

J ) ] , 2, aq2 /q-qo) _+ ap2 /P-Po) +2 aqap /q-qo)(P-Po) + ... 

Ilo,n;cTaBMB B 3TO Bhipa)KeHMe pa3JIO)KeHM5.I 

IIOJIY'IMM 

r.n;e 

q(t) = qo + (q)t=O · t + ~~ (ij)t=O + ... , 

t2 
p(t) =Po+ (v)t=O . t + 

2
, (fi)t=O + ... , 

t t2 

f(q,p) =Jo+ l! (F1)t=O + 
2

, (F2)t=O, 

F a J . a J . [H !] 
1 = aq q + apP = ' ' 

D Bf.. aJ .. a2 J -2 a2 J -2 
2 

a2 J .. 
r 2 = aq q + apP + aq2 q + ap2 P + aqap qp. 

Ilo.n;C'IMTaeM cyMMY nepBhIX ,n;Byx crraraeMbIX B Bhipa)KeHMM ,IJ;JI5.I F2. 
IlocKOJihKY 

iiaJ = .!!:_ (af . <i) _ 4.!!:_ aJ 
aq dt aq dt aq 

a (aJaH) + [H aJ aH]- aH d aJ _ 
at aq ap ' aq ap ap dt aq -

a (aJaH) + [H aJ aH]- aH a aJ _ aH[H af] 
at aq ap ' aq ap ap at aq ap ' aq ' 

PaJ = .!!:_ (af. v) _ v.!!:_ aJ = 
ap dt ap dt ap 
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_ a (a1aH)- [H a1aH] + aH d a1 _ 
at ap aq ' ap aq aq dt ap -

_ a (a1 aH) _ [H a1 aH] + aH a a1 + aH [H a1] 
at ap aq ' ap aq aq at ap aq ' ap ' 

TO 

Ilpeo6pa3yeM ,nBa rrocne,nm:ix cnaraeMhIX: 

-fJ[H, a1] _ <i[H, a1] = -fJ(aH a a1 _ aH a a1)-ap aq ap aq ap aq ap ap 

<i(aH i_ a1 _ aH !_ a1) = _ a21 <i2 _ a21 fJ2 _ 2 a21 iJfJ. 
ap aq aq aq ap aq aq2 ap2 . aqap 

Il03TOMy' 

F2 = :t [H, 1] - [H, it]+ [H, [H, 1]] = [aa~, 1] + [H, [H, 1]] 
llJill 

(F2)t=o = [Ho, [Ho,lo]], 
qTQ BMeCTe C Bhipa2KeHneM (F1)t=O )lOK8,3hIBaeT TeopeMy. 

5. KaHOHHqeCKHe npeo6pa30BaHmI. B cpaBHeHllll C JiarpaH2KeBhIM 

¢opMaJill3MOM rrpn rrpaMOM rrpnMeHeHllll ypaBHeHMH faMMJihTOHa Ma

TeMaTnqecKne TPY.UHOCTll cymecTBeHHO He yMeHbIIIaIOTCH. IIpenMyIUe

CTBa raMHJihTOHOBa rro.nxo.na 3aKmoqaIOTCa B 6onee rny60KOM rrpOHHK

HOBeHllll B CTPYKTYPY MexaHMKH, T.K. paBHorrpaBHOCTh Koop,nHHaT H 

llMITYJihCOB rrpe.nocTaBJiaeT 60JihIIIYIO CB06o,ny B Bbl6ope BennqnH, KOTO

phie Mhl rrpnHnMaeM 3a "KOOp,nnHaThl" ll "llMIIYJihChI". llMeHHO 3TH a6-

CTpaKTHhle KOHileIIUllH KJiaccnqeCKOH MexaHHKll CJIY2KHJill HCXO)lHhIMll 

,nna rrocTpoeHna KBaHTOBOH TeopHn n cTaTHCTHqecKoft MexaHMKH. ll3-

JI02KeHnIO TaKnx KOHuerrunft OTBo,naTca rrocne,nyromne rraparpa¢hl 3TOI1: 

rJiaBhl. PaCCMOTpHM MexaHHqecKyIO CllCTeMy, raMllJihTOHllaH KOTO

pon HBJiaeTCH KOHCTaHTOH )lBll2KeHna, a BCe KOOp,nnHaThl - UllKJIJiqe

CKllMll. B 3TOM cnyqae KOHCTaHTaMll OKa3hIBaIOTCH ll Bee o6o6meHHhie 

llMITYJihChl 
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raMllJihTOHHaH ClICTeMhI 6y,ueT HMeTh Bll,ll 

H = H(o:1, 0:2, ... , as), 

a KaHOHll"'IeCKlle ypaBHeH11.sI ,ua,uyT 

OTKy,ua 

. oH ( qi = ~ = wi ai) = canst, 
ua· i 

qi =wit+ /3i, 

T .e. ,uaHHa.sI 3a,uaqa pernaeTC.sI O"'IeHb rrpOCTO - KOOp,llHHaTbI OKa3hIBa

IOTC.sI JlllHeHHhIMlI cpyHKIJ;lI.sIMlI BpeMeHll. Mo)KeT IIOKa3aThC.sI, "'ITO TaKa.sI 

3a,uaqa rrpe,ucTaBJI.sieT "'IlICTO aKa,lleMH"'IeCKllli llHTepec, T .K. BCe 0606-

meHHbie KOOp,llHHaTbI MOryT OKa3aTbC.sI IJ;llKJlll"'IeCKllMlI B 3K30TlI"'IeCK1IX 

crryqa.si:x. O,uHaKO BbI60p o6o6meHHhIX KOOp.UHHaT He e,uHHCTBeHeH. 

JleiiCTBHTeJihHO, IIPH lICCJie,UOBaHHlI IIJIOCKOrO ,llB1I)KeH11.sI B neHTpaJib

HOM none Mhl MOrJIH BbI6paTh ,ueKapTOBhI KOOp,llHHaTbI, HO rrpe,urrO"'IJilI 

11M IIOJI.sipHbie, T.K. O,UHa ~3 IIOJI.sipHbIX KOOp,u11HaT OKa3aJiaCb IJ;lIKJIH"'Ie

CKOH. Crre,uoBaTeJihHO, IJ;HKJIH"'IHOCTh Koop,u11HaT CB.sI3aHa co crroco6oM 

llX BhI6opa 1I B Ka)K,UOM KOHKpeTHOM crryqae MO)KHO rro,uo6paTh TaKyIO 

CllCTeMy o6o6meHHhIX KOOp.UHHaT, "'ITO BCe OHM 6y,uyT IJ;llKJIH"'IeCKlIMll. 

Pa3yMeeTC.si:, eCJilI TaKa.H CllCTeMa 6y,ueT rro.uo6paHa, TO, KaK 6bIJIO IIOKa-

3aHO BhIIIIe, ,uaJibHeiirnee peIIIeHHe 3a,uaq11 CTaHOBllTC.H TplIBllaJibHhIM. 

Ho T.K. Te KOOp.UHHaThI, KOTOpbie Mhl paccMaTpHBaeM KaK Ha1I6orree 

ecTeCTBeHHhie ,llJI.sI ,uaHHOli CllCTeMbI, 06hI"'IHO He .HBJI.HIOTC.H IJ;lIKJill"'Ie

CKllMll, Heo6xo,u11Mo pa3pa6oTaTh crren11arrhHy10 rrpone,uypy .urr.si: rrepe

xo.ua OT O,llHOli CllCTeMbI KOOp,llllHaT K .upyroii - 6orree IIO,llXO,ll.HIUeii. I1p11 

3TOM HY)KHO II03a60T11ThC.H 11 0 TOM, "'IT06hI KaHOHll"'IeCKlle ypaBHeH11.si: 

coxpaHllJlll CBOli Bll,ll. 

B raMllJlhTOHOBOM cpopMaJI113Me llMIIYJihChI .HBJI.HIOTC.H TaKllMll )Ke He-

3aB11C11MhIM11 rrepeMeHHhIMH, KaK 11 KOOp,ll11HaThI. Ilo3TOMY pacump11M 

rrpeo6pa30Bamrn Qi = Qi(qi, t), KOTOphie BCTpeqam1ch HaM paHee, rro.u

KJIIO"'IllB K rrpeo6pa3oBaHJIIO He3aB11ClIMhIX KOOp,lllIHaT TaK)Ke 11 rrpeo6pa-

30BaH11.H He3aB1IC11MhIX llMIIYJibCOB: 

Qi = Qi(qi, Pi, t), ~ = ~(qi,Pi, t). 

IloCKOJihKY Hae llHTepecyroT rrpeo6pa30BaH11.si:, coxpaH.si:IOIUlle CTPYKTy

py llCXO,llHhIX ypaBHeHllli ,llBll)KeH11.sI, IIOTpe6yeM, "'IT06hI B HOBhIX KO

op,u11HaTax ypaBHeH11.si: ,llBl1)KeH11.H 11MeJI11 Bll.ll KaHOHll"'IeCKlIX ypaBHeHmI 
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raMHJibTOHa 

r,ne fI H(Qi, Pi, t) - raMHJihTOHHaH B HOBhIX rrepeMeHHhIX. IIpe-

06pa3oaaHHH, y,nOBJI€TBOp5IIOIUHe 3TOMY Tpe6oaaHHIO, Ha30B€M KaHo

HHqeCKHMH, a YCJIOBHe H€H3MeHHOCTH BH.[(a ypaBHeHHM raMHJibTOHa -

ycnOBHeMKaHOHHqHQCTH. 

KaK 6bIJIO IIOKa3aHO, ypaBH€HH5I raMHJibTOHa MoryT 6hITb IIOJiy"lleHbl 

H3 rrpHHUHIIa HaHMeHhIIIero ,nel1CTBH5I 

6 f (~pidqi - Hdt) = 0 
i 

11yTeM He3aBHCHMOro aapbHpOBaHH5I acex KOOp,nHHaT H HMIIYJihCOB. Mc
X0,[(51 H3 ycJIOBH5I KaHOHH"llHOCTH, MO)KHO YTBep2K,naTb, "llTO B HOBhIX rre

peMeHHhIX 

6 f (~PidQi - Hdt) = 0. 
i 

3TH ,naa IIpHHUHIIa 3KBHBaJieHTHhl .npyr ,npyry' eCJIH IIO,[(hIHTerpaJibHhie 

Bbipa2KeHH5I OTJIH"llaIOTC5I JIHIIIh Ha IIOJIHhIM ,nmpcpepeHuHaJI rrpOH3B0Jih

HOM cpyHKUHH F KOOp,nnHaT, HMIIYJihCOB H BpeMeHH. TaKHM o6pa30M, 

LPidqi - Hdt = L PidQi - Hdt + dF. 
i i 

<PyHKUHH F Ha3blBaeTC5I npOH3BO,ll;SII..Ueii q>yHKUHeii 11n1:1 reaepa

T0p0M Kaaoa1:1qecKoro npeo6pa3oBaHHSI. IlaJiee Mhl yan,nnM, "llTO, 

3a,naBa5I 3TY cpyHKUHIO, Mbl 0,[(H03Ha"l!HO orrpe,neJIHeM rrpeo6pa30BaHHe OT 

CTapbIX 11epeMeHHhIX K HOBbIM, II03TOMY OHa ,[(OJI)KHa 6bITh cpyHKUHel1 

KaK Tex, TaK n ,npyrnx - acero 4s BeJIH"llHH H apeMeHH. O,nHaKO T .K. 

CTapbie H HOBbie rrepeMeHHbie CB5!3aHbl 2s ypaBHeHH5IMH 11peo6pa3oBa

HH5I 

TO IIpOH3B0.[(5IIUa5I cpyHKUHH F OKa3bIBaeTC5I cpyHKUHel1 acero 2s He3a

BHCHMbIX BeJIH"llHH H ee M02KHO 11pe,ncTaBHTb B 0,[(HOM H3 CJie,nyromnx 

F1 = F1(qi,,Qi, t), F2 = F2(qi, Pi, t), 

F3 = F3(Pi, Qi, t), F4 = F4(Pi, Pi, t). 

Jil3 Bbipa2KeHHH, orrpe,neJIHIOIUero rrpOH3B0,[(5IIUYIO cpyHKUHIO, BH,[(HO, "llTO 

dF1 = LPidqi - ~ PidQi + (H - H)dt. 
i i 
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C .llpyroiI C'.{'0P0HhI, 

"aF1 "aF1 aF1 
dFi = ~ ~dqi + ~ aQ· dQi + 8 dt. 

i qi i z t 

CpaBmrna5I, MMeeM 

aF1 
Pi= -a, 

qi 

aF1 
pi= - aQi' fI = H + aF1 

at , 

qT0 1103B0JI5IeT orrpe,lleJIMTb KaH0Hn:qecKoe rrpeo6pa30BaHn:e 110 H3BeCT

HOH rrpOH3BO.ll5IIUeH <pyHKUHH, T .e. ycTaH0BMTb CB5I3b Me)K,lly CTapbIMll 

(Pi, qi) H H0BbIMH (Pi, Qi) rrepeMeHHbIMH, a TaK2Ke HaHT:U: HOBblll raMHJib

T0HHaH. .IIm1 Toro qT06hI II0Jiyqn:Tb <p0pMyJihI, orrpe,llemi:IOIUHe KaH0-

Hn:qecKoe rrpeo6pa3oBaHn:e qepe3 reHepaTop F2(qi, Pi, t), n:Me5I B BH.llY 

d"'E.i(PiQi) = L.i(PidQi + QidPi), BhIII0JIHHM rrpeo6pa3oBaHn:e Jie)KaH-

.llpa 

d(F1 + L PiQi) = LPidqi + L QidPi + (H - H)dt. 
i i i 

OTKy,lla 3aKJIIOqaeM, qTo' 

F2 = F1 + LPiQi, 
i 

aF2 
Pi= aqi ' 

aF2 
Qi= aP/ 

fI = H + aF2 

at · 

AHanorn:qHo M02KH0 orrpe,lleJIHTh KaH0Hn:qecKn:e rrpeo6pa3oBaHH5I qepe3 

reHepaTOpbI F:3 II E'4_. PacCMOTpHM HeCKOJibKO IlpOCTbIX IlpHMepoB. 

(a) IlyCTb rrp0H3B0.ll5IIUa5I <pyHKUH5I KaH0Hn:qecKoro rrpeo6pa30BaHH5I 

F2 = LqiPi. 
i 

8 3T0M crryqae, B0CII0Jib30BaBIIIHCb rrorryqeHHbIMH Bblllle C00TH0-

111eHH5IMH, Hatt,lleM 

aF2 = Pi, 
Pi = aqi 

Qi= aF2 aR =_qi, 
z 

H=H. 

HoBbie rrepeMeHHbie C0BIIa,llaIOT co CTapbIMH, T.e. paccMaTpHBae

M0e rrpeo6pa30Bamre CYTb TQ)K,lleCTBeHH0e. 

Ecmi )Ke 

F2 = L fi(q1, q2, •··, qs, t)Pi, 
i 
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TO 

H=H. 

Ilpn: TaKOH rrpOH3BO,n.snueiI q>yHKUHH HOBbie KOOp,nn:HaTbl 6y,nyT 3a

Bn:eeTb TOJibKO OT eTapbIX H BpeMeHH, H 3TO rrpeo6pa30BaHn:e OTHO

en:TeH K ~merry TaK Ha3bIBaeMblX TOqeqHblX npeo6pa30BaHl:IH, 
KpOMe Toro, q>aKTn:qeeKH ynarroeb noKa3aTb, qTo Bee ToqeqHbie 

rrpeo6pa30BaHH5I HBJIHIOTeH KaHOHn:qeeKHMH. MTaK, KaHOHn:qeeKn:e 

ypaBHeHHH raMHJlbTOHa KOBapHaHTHbl OTHOeHTeJibHO TOqeqHblX 

rrpeo6pa30BaHHH. (Panee 6b1JIO IIOKa3aHO, qTO OTHOenTeJibHO TO

qeqHbIX rrpeo6pa30BaimiI KOBapnaHTHbl ypaBHeHHH JiarpaH2Ka.) 

(b) IlorryeTnM, qTo renepaTop Kanonn:qeeKn:x rrpeo6pa3oBaHniI 

Torna 

3To rrpeo6pa30BaHn:e B3aHMHO rrepe_n:MeHOBbIBaeT KOopnnHaTbl l1 

HMIIYJibebI: eTapble llMIIYJibehI eTaHOBHTeH HOBblMll KOOp,nnHaTa

MH,ll nao6opOT, qTO eme pa3 rro_nqepKHBaeT, qTo B raMHJlbTOHOBOM 

rronxone H "KOopnnna Thi"; l1 "llMIIY JibebI" JlllIIIeHbl eBoero rrepBO

naqaJibHOro eMbieJia H BbleTyrraIOT B pOJIH paBHOIIpaBHblX rrepe

MeHHbIX. 

( e) B KaqeeTBe rroerrennero rrpn:Mepa paeeMoTpnM onnoMepHhliI rap

MOHn:qeeKniI OeUHJIJIHTOp e raMHJlbTOHHaHOM 

pz mwzxz 
H = 2m + 2 

( Oa'Ho.Mep'Hbi.M (u.11,u .11,U'HeU'Hbi.M) 2.ap.MO'H,U'l/,eC'ICU.M OCV;U.!1,.11,.JlffiOpO.M 

'lta3brnawm mo.'1/,?CY, ?Comopa.JI 1Co.11,e6.11,emc.JI no ompe3?CY np.JI.Mou o?C-
0.11,0 no.11,o'J/Ce'HU.JI ycmOU'l/,U6020 paB'HOBeCU.JI noa aeucmBUe.M 603-

Bpa'lJ-'ta?O'lJ-'teU cu.11,bi, nponop4uo11,a.11,b11,ou c.Me'lJ-'te'Hu10 om no.11,o'J/Ce'HU.JI 

paB'HOB ecuJI.) 

BbIIIOJIHHM KaHOHnqeeKoe rrpeo6pa30Banne, rrpOH3BO,n5IIUM q>yHK

UHH KOTOporo 
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CorJiaCHO ll3B€CTHhIM COOTHOIII€Hll.HM 

0F1 
p = ox = mwxctgX, 

p = _ oF1 = mwx
2 

BX 2sin2X" 

Ilocne.n;Hee ypaBHeHne .n;aeT 

fl . 
x = sinX, 

w 

110.n;cTaBHB KOTOpoe B Bhipa)KeHne .D:JI.H P, Haii.n;eM 

p = J2mwPcosX. 

Ilo,n;cqnTaB raMHJihTOHHaH c 3THMH x n p, 11onyqnM H = wP = fI, 
T.e. HOBa.H Koop.n;nHaTa X oKa3hrnaeTC.H UHKJinqecKoii n 110,n;qnm1-

eTC.H ypalrneHHIO 
. oH 

X= oP =w, 

II03TOMY X =wt+ a, r.ne a - IIOCTO.HHHa.H HHTerpnpoBaHn.H. IIo.n

cTaBHB 3TOT pe3yJihT,8,T B x, OKOHqaTeJihHO IIOJiyqnM 

~ x = sin(wt + a) 
w 

- xopOIIIO ll3B€CTHOe peIIIeHne 3a.n;aqn O rapMOHHqecKOM OCUHJIJI.H

TOpe. 

6. 11HBapnaHTbl KaHOHnqeCKlIX npeo6pa30BaHlIH. KaHOHnqecKne 

11peo6pa3oBaHn.H 

Qi= Qi(Qi, Pi, t), pi= ~(qi,Pi, t) 

110 OIIpe,n;eJieHHIO He M€H.HIOT BH.n;a KaHOHHqeCKHX ypaBH€Hllll f aMHJih

TOHa. K HHBapnaHTaM KaHOHnqeCKHX 11peo6pa3oBaHHH OTHOC.HTC.H TaK

)K€ CK06KH IlyaccoHa ll HHTerpaJibHhle HHBapnaHThl IlyaHKape. 

(a) CKo6Kn IlyaccoHa. lloKa)KeM HHBapnaHTHOCTh cKo6oK Ilyac

coHa OTHOCHT€JihHO KaHOHnqeCKHX 11peo6pa30BaHnii: 

( 
of og of og) 

[!, g]q,p = ~ OPi oqi - oqi opi = 

z:( of oPj + of oQj) ( og oPi + og 0Q1)-
i,j,l oPj OPi oQj opi oPi oqi 0Q1 oqi 
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Terreph 5ICHO, qTo ,ll;OCTaToqHhIM ycJIOBMeM MHBapn:aHTHOCTM CK0-

6oK IlyaccoHa OTHOCMTeJihHO KaHOHn:qecKMX rrpeo6pa30BaHMH 5IBJl5I

IOTC51 paaeHCTBa 

HeTpy.n;Ho BM.n;eTh, qTo 3TH paaeHCTBa 5IBJI5IIOTC5I M Heo6xo.n;MMhIMM 

ycJIOBM5IMM. Jlei'ICTBMTeJihHO, IIO,ll;CTaBMB IIOCJie.n;oaaTeJihHO B 

[j, g]q,p = [j, g]Q,P 

rraphI (Pj, Pi), (Qi, Qz), (Pi, Qz) n: yqn:ThlBM .n;oKa3aHHhie paHee co

OTHOineHn:51, rronyqn:M HY)KHhIH pe3yJihTaT. 

M TaK, CK06KM IlyaccoHa 5IBJI5IIOTC5I MHBapMaHTOM KaHOHn:qeCKMX 

rrpeo6pa30BaHMH. MmKHO. ,ll;OKa3aTh M o6paTHOe YTBep)K,ll;eHMe -

rrpeo6pa30BaHM5I, OTHOCMTeJihHO KOTOphlX MHBapn:aHTHhl CK06KM 

IlyaccoHa, 5IBJI5IIOTC5I KaHoHn:qecKn:Mn:, II03TOMY ycnoan:e 

[f, g]q,p = [j, g]Q,P 

qacTO Ha3hIBaIOT ycJIOBHeM KaHOHHqHOCTH. 

(b) 11HTerpaJibHhle HHBapnaHThl IlyaHKape. TeopeMa IlyaH
Kape. 11HTerpan 

.HBJUJ:eTC.H HHBapnaHTOM KaHOHHqecKHX npeo6pa30BaHHH (S 
- rrpOI13B0JlhHM rroaepxHOCTh q:>a30BOro rrpOCTpaHCTBa). 
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.1loKa3aTeJibCTBO. IIorrmKeHIIe TOqKII Ha .UByMepHOll: IIOBepxHO

CTII orrpe.uemieTCH .UBYMH rrapaMeTpaMII. IlrrH orrpe.uerreHHOCTII Ha-

30BeM IIX u II v, Tor.ua Qi = qi(u, v); Pi = Pi(u, v). Tpe6yeTCH 

.llOKa3aTb, qTo 

! L dqidPi = ! L dQidPi, 
s i s i 

r.ue 

d ·d . - o(qi,Pi)d d = ([)qi OPi - OPi oqi)d d 
Qi Pi - 8( u, v) u v - OU av OU 8v u v. 

C yqeTOM rrocrre.uHero .UOKa3aTeJibCTBO TeopeMhl CBO.UIITCH K .llOKa-

3aTeJihCTBY 

, r L o(qi,Pi) dudv = r L o(Qi, I{) dudv 
ls i o(u, v) ls i o(u, v) 

IIJIII, BBII.UY rrpOII3BOJihHOCTII o6rraCTII IIHTerpIIpOBaHIIH, ,llOKa3a-

TeJihCTBY 

L·o(qi,PS = L a(Qi, Pi). 
i o(u, v) i o(u, v) 

IIycTh .UJIH orrpe.uerreHHOCTII reHepaTop paccMaTpIIBaeMoro KaHo

HIIqecKoro rrpeo6pa3oBaHIIH OTHOCIITCH K TIIrry F2 = F2 ( q, P, t). B 
TaKOM crryqae 

opi _ ~ aP2 _ I:( a
2

F2 aPk + a
2

F2 oqk) 
OU - OU OQi - k OQiOPk OU OQiOQk OU 

II aHaJiorIIqHo .UJIH opd 8v. IIo:3TOMy 

I: a(Qi,Pi) _ I:(aqi ( a
2

F2 aPk + a2
F2 oqk)-

i o(u, v) - i,k OU 8qi8Pk av OQiOQk av 

( 
82 F2 [)Pk 82 F2 OQk) [)qi) 

8qi8Pk OU + OQiOQk OU av 

= L ( a
2 

F2 (aqi oPk _ oqi oPk) + a
2 

F2 (aqi oqk _ oqi oqk)). 
i,k 8qi8Pk OU av av OU OQiOQk OU av av OU 
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Ilocrre,JJ;Hee crraraeMoe xami:eTcx npOH3Be,JJ;eHueM CHMMeTpuqHoft no 

i, k aerruqHHhI Ha aHTHCHMMeTpHqHoe no i, k Bhipa)KeHHe B cKo6-

Kax u no3TOMY paBHO Hyrrro. Ilo TOH )Ke npuquHe paaHo Hyrrro u 

Bb1pa)KeHue 

,JJ;06aBHB KOTopoe K nocrre,JJ;HeH cyMMe npe,D;bI,JJ;YI.Uero paaeHCTBa, 

norryquM 

L o(qi,Pi) = L . a2 
F2 (a~ aPk _ aPi aPk) 

i o(u, v) i,k oPioPk au av av au 

+ L a2 
F2 (aqi aPk _ oqi aPk). 

i,k oqioPk au av av OU 

JlerKO BH,D;eTb, qTo ,JJ;JIX mo6oro <pllKCHpOBaHHOrO k 

L( a2
F2 aPi a2

F2 oqi) a 0F2 aQk 
i a Pi a Pk au + oqioPk au = au a Pk = au ' 

"( a2
F2 aPi a2

F2 aqi) a 0F2 aQk 
L: a~apk av + oqioPk O!J = av oPk = av . 

Ilo,JJ;cTaaua, norryquM 

TeopeMa ,JJ;OKa3aHa. 

MO)KHO ,JJ;OKa3aTb TaK)Ke, qTo HHBapuaHTaMH KaHOHHqecKHX npe

o6pa30BaHHH 5IBJI5IIOTC5I 

12 = ! L dqidpidqkdpk .. ,, 
i,k 

3,JJ;eCh B 12 HHTerpupoaaHue Be,JJ;eTCX no 4-MepHOH noaepXHOCTH 

<pa3OBOro npocTpaHCTBa, a B J s - no npOH3B0JlbHOH O6JiaCTH <pa3O

BOro npocTpaHCTBa. MHBapuaHT Is noKa3bIBaeT, qTo 06'heM JII06oft 

t:IaCTH <pa3OBOrO npocTpaHCTBa He ll3MeHxeTC5I npu KaHOHuqecKHX 

npeo6pa30BaHH5IX. B Kypce CTaTHCTHqecKOH MexaHHKH 6y,JJ;eT no

Ka3aHo, qTo 3TOT 06'heM He ll3MeHxeTC5I ll co BpeMeHeM. 

:VhaK, nocJie,JJ;OBaTeJihHOCTb 11, ... , Is 06pa3yeT COBOKynHOCTb HH

TerpaJihHblX HHBapuaHTOB IlyaHKape. 
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7. BecKoHe-tIHO MaJihle KaHOHIPieCKHe npeo6pa30BaHH.SI. EecKoHei:i

HO Mam,IMH KaHOHH"IeCKHMH rrpeo6pa30BaHH51Mll Ha3OBeM TaKHe rrpe

o6pa30BaHH51, rrpn: KOTOpblX HOBbie KOOp.[(HHaTa ll HMIIYJibC IIOJiy"IaIOTC51 

ll3MeHeHn:eM q H p Ha 6eCKOHe"IHO MaJibie BeJIH"IllHbl: 

Qi= Qi+ ~Qi, Pi= Pi+ ~Pi· (29) 

I1oH51THO, "ITO rrpOH3BO.[(511.UM cpyHKUH51 3Toro rrpeo6pa30BaHH51 .n;om1rna 

6eCKOHe"IHO MaJIO OTJIH"IaTbC51 OT reHepaTopa (TaK y.n;o6Hee Ha3bIBaTb 

rrpOH3BO.[(511.UYIO cpyHKUHIO) TO2K.n;eCTBeHHOro KaHOHH"IeCKOrO rrpeo6pa30-

BaHH51 "'E, qiPi, T.e. 

F2 = L Qi~+ EG(q, P). 

ITonoMy 

. 8F2 8G 
Pi = ~ = pi+ E-;_:i--, 

uqi uqi 
8F2 8G 

Qi = - = Qi + f_-. 

8Pi 8Pi 

3.n;ech E - 6ecKOHe"IHO MaJibIM rrapaMeTp paccMaTpHBaeMoro KaHOHH"Ie

CKOrO rrpeo6pa30BaHH51. TO"IHOCTb pe3yJihTaTOB Harnero paCCMOTpeHH51 

orpaHH"IHM BeJIH"IHHaMH rrepBoro IIOp51.n;Ka MaJIOCTH, IIO3TOMY 

8G 
~Pi= -E aqi' 

8G 8G 
~qi = E 8Pi ~ E OPi. (30) 

Ha30BeM G ( q' p) reHepa TOpOM 6eCKOHe"IHO MaJioro KaHOHH"IeCKOro rrpe

o6pa30BaHH51 ( 29) ll paCCMOTpHM HHTepeCHblM cnyi:iaii: G = H ( q' p) C 

rrapaMeTpOM E = dt, TOr.n;a ll3 (30) CJie.n;yeT 

~qi = dt · ~H = iJidt = dqi, 
UPi 

~Pi = -dt · aH = Pidt = dpi. 
aqi 

(31) 

TaKHM o6pa30M, rrpll 6eCKOHe"IHO MaJIOM KaHOHH"IeCKOM rrpeo6pa3oBa

Hllll C reHepaTOpOM H(q,p) H rrapaMeTpOM dt rrepeMeHHbie q(t) ll p(t) 
rrpeo6pa3yIOTC51 B q(t + dt) H p(t + dt) . .IlpyrHMH CJIOBaMH, ll3MeHeHHe 

COCTO51Hll51 CHCTeMbl 3a BpeM51 dt BO3HHKaeT KaK pe3yJibTaT 6ecKOHe"IHO 

Manoro KaHOHni:iecKoro rrpeo6pa3oBaHH51, ocymecTBJIHeMoro raMHJibTO

HHaHOM H ( q, p). I103TOMY ll3MeHeHn:e COCTO51Hll51 CllCTeMhl 3a KOHe"IHOe 

BpeM51 OT to .n;o t MO2KHO IIOJIY"IHTb KaK IIO~Jie.n;oBaTeJihHOCTb 6eCKOHe"IHO 

MaJiblX KaHOHH"IeCKHX rrpeo6pa30BaHn:ii:, 3KBHBaJieHTHbIX O.[(HOMY KOHeq

HOMy. TaKHM o6pa30M, KaHOHH"IeCKOe rrpeo6pa30BaHn:e, 3aBHC51I.Uee OT 

BpeMeHn:, IIO3BOJI51eT no 3a.n;aHHhIM q(t0 ) = q0 n: p(t0 ) =· p0 orrpe.n;e

JIHTh q(t) H p(t), HHa"Ie r0BOp51, ,ll;BH)KeHHe MexaHHqecKOH CHCTeMbl 
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MO)KHO paccMaTpHBaTb KaK HerrpepbIBHO COBepIIIaeMoe KaHO

HHqecKoe rrpeo6pa30BaHHe, reHepaTOpOM KOTOporo B Ka)K,lJ;bIH 

MOMeHT BpeMeHH .SIBJUieTC.SI raMHJibTOHHaH. 

p acCMOTpllM ll3MeHeHMe rrpOM3B0JihHOM cpyHKUllll f = f ( q' p) IIpll 6eCKO

HeqHO MaJIOM KaHOH:qqecKOM rrpeo6pa30BaHMll. C 3TOM neJihIO pa3JIO)KMM 

ee rrpMparueHMe 

a p5I.U Ten:nopa, OT6paCbIBM -.:meHhl BbIIIIe rrepaoro IIOp5I,UKa MaJIOCTM: 

IIo.n:cTaBMB (30) B 3TO COOTHOIIIeHMe, IIOJiyqMM 

(32) 

IIycTb f = H, Tor.ua M3MeHeHMe raMMJihTOHMaHa rrpM 6ecKoHe-qHo Ma

JIOM KaHOHM'1eCKOM rrpeo6pa30BaHMll C reHepaTopoM G 6y.n;eT 

b.H = E. [G, H], (33) 

M ecJIM G = G ( q, p) ecTh rrepahln: MHTerpan ypaaHeHMn: .UBM)Kemrn, TO, 

KaK ll3BeCTHO, 

[H,G] = 0, 

IIO3TOMY b.H = 0, T.e. BeJIM'1MHa raMMJibTOHMaHa OCTaeTC.sI Hell3MeH

HOM, '1TO IIO3BOJI5IeT BhICKa3aTh 

IIpe.D;JIO)KeHHe: 6Ce nep6bie UHmezpa4bi ypae1-1,e1-1,uii, aeu'JICeHUJI JI6,l/,JI-

10ffiCJI 2e1-1,epamopa.Mu mex 6ecno1-1,e"mo .Ma.11,bix 1w1-1,01-1,u'l/,ec-x:ux npeo6pa-
306a1-1,uu, npu -x:omopbix 2a.MU4bmo1-1,ua1-1, ocmaemcJI 1-1,eu3.MeHHbi.M. 

Ifa COOTHOIIIeHM5I (33) cne.uyeT TaK)Ke, '1TO eCJill Han:.n:eHhl rrpeo6pa30Ba

Hll5I, He ll3MeH5IIOIUMe raMMJibTOHMaH, TO MM MO)KHO COIIOCTaBMTb coxpa

H5IIOIUYIOC5I BeJIM'1MHY. TaKMe rrpeo6pa30BaHM5I MO)KHO Iian:Tll llCXO,U5I 

M3 caon:cTB CMMMeTpMM CMCTeMhI. IIen:cTBMTeJihHO, ecnM MexaHM'1e

CKa5I CllCTeMa OCTaeTC5I HeM3MeHHOM rrpll orrpe.n;eJieHHbIX M3MeHeHM5IX ee 

KOHqmrypanMM, TO ee raMMJihTOHMaH rrpll COOTBeTCTBJIOIUMX 3TMM ll3-

MeHeHM5IM rrpeo6pa30BaHM5IX ,UOJI)KeH TaK)Ke OCTaBaThC5I HeM3MeHHbIM. 

I1Ha'1e rOBOp5I, llCCJie,uy51 CBOMCTBa CllMMeTpllll raMMJibTOHMaHa, MO)KHO 

IIOJIJ'1llTb llHTerpaJibI ypaBHeHMM .UBM)KeHM5I. 
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IlpHMep 1. IlycTb Qk - UIIKJUPieCKa& KOOp,llIIHaTa, Tor.ua raMIIJibTO

HIIaH He MeH&eTC& npII 6ecKOHeqHO MaJIOM KaHOHIIqeCKOM npeo6pa30Ba

HIIII 

i6._qk = E6ik, i).pk = 0, 

QTKy.ua c yqeTOM (30) IIMeeM G = Pk, qTO rrpIIBO,llIIT K coxpaHeHIIIO Pk 
(cM. (33)). 

IlpHMep 2. PacCMOTpIIM 6eCKOHeqHO Marroe KaHOHIIqecKoe rrpeo6pa-

3OBaHIIe, COOTBeTCTBYIOlllee IlOBOpOTY MexaHIIqeCKOII CIICTeMbI Ha yroJI 

dcp. Ilrr& onpe.uerreHHOCTII nyCTb OCblO noaopoTa crry2KIIT ocb z. Tor.ua 

T.e. 

xi = xi - Yidcp, 

Ax - -y-d111 U i - t 't'l 

Yi = Yi + Xid<p, Zi = Zi, 

'6..yi = Xid<p, '6..zi = 0. 

ToqHo TaKIIe 2Ke Il3MeHeHII& rrpeTeprreBalOT KOMIIOHeHTbl IIMIIYJibCa: 

'6..Pix = -Piyd<p, '6..piy = Pixd<p, 

CpaBHIIBM C (30), 3aKJIIOqaeM, qTo 

G = l)xi · Piy - Yi · Pix), 
i 

'6..piz = 0. 

a porrb rrapaMeTpa E IIrpaeT d<p. TaKIIM o6pa3oM, B paccMaTp1maeMoM 

crryqae reHepaTop 6ecKoHeqHo Marroro KaHOHIIqecKoro npeo6pa3oaaHII& 

G coarra.uaeT c z-KOMIIOHeHTOII MOMeHTa IIMrryrrhca Mz. 5IcHo, qTo .UJI& · 

IIOBOpOTa BOKpyr IIpOII3B0JlbHOII OCII C e,llIIHilqHbIM BeKTOpOM fi 

G = M-ii. 

J,ITaK, MOMeHT IIMIIYJibCa - reHepaTOp apamaTeJibHOrO ,llBII2KeHII& CII

CTeMbl. (HarrOMHIIM, qTo raMIIJibTOHIIaH - reHepaTop cpaKTIIqecKoro 

,llBII2KeHII& CIICTeMbl.) 

8. YpaBHeHHe raMHJlbTOHa - 51K06H. CxeMa pemeHH.H 3a,n;aq Me
TO,D;OM raMHJlbTOHa - 51Ko6H. B rryHKTe 5 KOJie6aHII& rapMOHII

qecKoro OCUIIJIJI&TOpa paccMaTpIIBaJIIICb KaK IIpIIMep IICIIOJib3OBaHII& 

KaHOHIIqeCKIIX npeo6pa30BaHIIII .1lJI& perneHII& 3a.uaq MexaHIIKil. Ifay

qa51 6ecKOHeqHo MaJibie KaHOHIIqecKIIe rrpeo6pa30BaHII&, Mbl npIIIllJIII 

K 3aKJIIOqeHIIIO O TOM, qTO cymecTByeT KaHOHIIqecKoe rrpeo6pa30Ba

HIIe, 3aBIIC&lllee OT apeMeHII, KOTopoe IIO3BOJI&eT no 3a,llaHHblM B Ha

qaJibHbllI MOMeHT q(to) = Qo II p(to) = Po orrpe.ueJIIITb q(t) II p(t) B 
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rrp01I3BOJibHblli MOMeHT BpeMeHII. llHaqe roBopa, .ZJ;BlI)KeHIIe MexaH11qe

CKOli ClICTeMhl MO)KHO paccMaTplIBaTb KaK HerrpepbIBHO COBeprnaeMoe 

KaHOHIIqecKoe rrpeo6pa30BaH11e. IloHaTHO, qTo cymeCTByeT II o6paTHOe 

rrpeo6pa30BaH11e, rrpeBpamaIOmee KOOp.n;11HaThl q(t) II lIMIIJJibCbl p(t) B 

KOHCTaHTbl qo II Po• ECJIII Haft.n;eHa rrpOII3BO.ZJ;5.lll(M q:>yHKUII5.1 TaKoro Ka

HOH11qecKoro rrpeo6pa30BaHII5.I, TO 5.ICHO, qTO 3TO rrpeo6pa30BaH11e 6y.n;eT 

3KBIIBaJieHTHO IIOJIHOMY perneHIIIO 3a.n;aq11 0 .ZJ;BlI)KeHIIII paccMaTplIBa

eMOli ClICTeMbl. reHepaTop 3Toro rrpeo6pa30BaHII5! MO)KHO HaIITII 113 

CJie.n;yIOll(lIX coo6pa)KeH1Ili: HOBble KOOp.n;11HaTbl Qi II lIMIIJJibCbl Pi, KO

TOpbie IIOJiyqaIOTC5.I B pe3JJibTaTe OT06pa)KeHII5! 

(qi,Pi) ===}(Qi= qoi = /3i . canst,Pi =Poi= ai = canst), 

LlOJl)KHbl YLlOBJieTBOp5!Tb KaHOH11qeCKIIM ypaBHeHII5.IM 

a LlJl5.1 Toro, qT06bI OHII OKa3aJIIICb KOHCTaHTaMII, .n;OCTaTOqHO IIOTpe-

6oBaTh, qTo6bl iI = 0. KaK lI3BeCTHO, B pe3JJihTaTe KaHOH11qecK1IX 

rrpeo6pa30BaH11ft fI = H + aF/at. C .n;pyroft CTOpOHhl, paccMaTplIBM 

L(eIICTBIIe KaK q:>yHKUIIIO KOOp.ZJ;lIHaT II BpeMeHII, Mbl rrplIIIIJIII K 3aKJIIOqe

HlIIO, qTO H = -aS/at, II03TOMY B KaqeCTBe reHepaTOpa IICKOMOI'O 

KaHOH11qecKoro rrpeo6pa3oBaHII5.1 cne.n;yer Bh16paTh .n;eftcTBIIe S. Tor.n;a 

eCJIII B IIOCJieL(HeM COOTHOIIIeHIIII 3aMeHIITb BCe lIMIIJJibCbl - apryMeHTbl 

raMIIJlbTOHOBOII q:>yHKUIIII- Haas/aqi,,TO s orrpe.n;eJIIITC5.I KaK perneH11e 

Llliq:>q:>epeHUIIaJibHOro ypaBHeHII5! B qaCTHbIX rrpOII3BOLlHbIX 

as as as 
H(q1, ... ,qs,-a' ... , -a ,t) +-a= 0, 

ql qs t 

KOTOpoe lI3BeCTHO KaK ypaBHeHHe I'aMHJihTOHa - 5IK06H. TaKIIM 

o6pa3oM, LleIICTB11e S, KaK reHepaTop KaHoH11qecKoro rrpeo6pa3oBaHII5.I 

(qi,Pi) ===} (qoi = /3i = canst,Poi = ai = canst), 

KOTOpoe 3KBIIBaJieHTHO IIOJIHOMY perneHIIIO 3a.r:(aq11 0 LlBII)KeHIIII Mexa

HliqecKOli ClICTeMhI, orrpeL(eJI5.leTC5.I perneHIIeM ypaBHeHII5.I raMIIJlbTOHa 

- 5lK0611 . 

• IlpHMeqaaHe. YpaBHeHIIe raMIIJibTOHa - 5!Ko611 COCTaBJrnIOT co

rJiaCHO CJieLlyIOll(eMy anroplITMy: no q:>yHKUIIII JiarpaH)Ka L = 
L(qi, CJi, t) CTpoaT 
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3aTeM B 3TOM Bb1pa2Kemrn: Bee qi Bh1pa2Ka10T -qepe3 Pi= Li aL/aqi. 
( OTMeT1IM, "t!TO TaKaH 3aMeHa B03M02KHa, JI1Illlb eCJI1I ,llJIH paccMa

Tp1rnaeMOH c11cTeMhI recc11aH det(a2L/aqia¢.k) f 0.) IIony"tI11B

IIIaSicH B pe3yJibTaTe qiyHKIJ;1IH H = H (qi, Pi, t) eCTb raM1IJihTOH1IaH 

Cl:ICTeMbI. 3aMeHHM B raMI:IJibTOHI:IaHe BCe Pi Ha as I aqi H, ,ll06aBI:IB 

K HeMy as j at, rrp11paBHHeM HYJIIO. Ilony"t!eHHOe ypaBHeHHe 1I eCTh 

ypaBHeHMe raMHJibTOHa - 5lK0611 (r-.5I) 

as as 
H(qi, ~,t) +-;:;-- = 0. 

uqi ut 

CornacHO o6meii TeOp1I1I ,ll1IqJqJepeHIJ;I:IaJibHbIX ypaBHeHHH B "t!aCTHhIX 

rrpOl:13B0,llHbIX pa3JI1I"t!aIOT ,llBa TMIIa MX peIIIeHMH - 06m11ii 1I IIOJIHhIH 

l:IHTerpanhI. O6IUHH 1IHTerpan - 3TO peIIIeHI:Ie ypaBHeHI:IH r-.5I, KOTOpoe 

3aB1ICl:IT OT rrp01I3B0JlbHOH qiyHKIJ;1I1I, a IIOJIHhIH lIHTerpan CO,llep2Kl:IT 

CTOJihKO rrp01I3BOJibHhIX IIOCTOHHHhIX, CKOJihKO He3aBI:ICl:IMhIX rrepeMeH

HhIX CO,llep2K1IT ypaBHeHMe. lfa coo6pa2KeHHH, KOTOpbie Bh!HCHHTCH B 

XO,lle ,llaJibHeiiIIIero 1I3J102K€H1IH, B MeXaH11qeCK1IX IIpl:IJIO)KeHMHX 1IHTe

pecyIOTCH IIOJIHbIM l:IHT€r:[:?aJIOM ypaBH€Hl:IH r -.5I. lfacno He3aBI:ICl:IMhIX 

rrepeMeHHhIX ypaBH€H1IH r-.5I paBHO s + l, O,llHaKO caMa qiyHKIJ;1IH s He 

BXO,lll:IT B ypaBH€H1Ie, II03TOMy eCJil:I peIIIeH1IeM ypaBHeHHH HBJIH€TCH S, 
TO S + A TaK2Ke eCTb peIIIeH11e 3TOro ypaBH€H1IH, T .e. O,llHa 113 rrpOl:13-

BOJibHhIX IIOCTOHHHhIX BXO,ll1IT B peIIIeHI:Ie a,ll,ll1IT1IBHO, lI IIOJIHhIH 1IHTe

rpan ypaBHeHMH r -.5I M02KHO 3aIIHCa Th B B1!,lle 

S = S(q1 , q2 , .•• , qs, a 1 , a 2 , ... , as, t). 

TaKMM o6pa30M, ,lleHCTBMe KaK peIIIeHHe ypaBHeHI:IH r-.5I OTHOCI:ITCH K 

rrp01I3B0,llHIUlIM qiyHKIJ;l:IHM 2-ro TMIIa, a ai - HOBhie l:IMIIYJihChI, II03TOMY 

HOBhie KOOp,ll1IHaThl /3i orrpe,lleJIHIOTCH ypaBH€HlI€M 

as 
f3i = aai' 

qTO II03BOJIHeT HaHT1I qi = qi ( ai, f3i, t), a COOTHOIIIeHI:Ie 

as 
Pi=

aqi 

,llaeT Pi= Pi(ai, f3i, t), 3aBepIIIM peIIIeHI:Ie 3a,llaq11. 

PaCCMOTp1IM ,llBa Ha116onee qacTO BCTpeqaIOIUl:IXCH THIIa 3a)laq. 
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(a) IlycTh raMHJihTOHn:aH 3a.n;aH B o6rueM Bn:.n:e H = H(q,p,t). Han

.n:eM KaHOHH"lleCKOe npeo6pa30BaHn:e K HOBbIM KOOp.D:HHaTaM H HM

nyJihCaM, KOTOphle IlOCT05IHHhl BO BpeMeHn:: Qi = canst, pi = 
canst. Heo6xo.n;HMhIM ycJIOBHeM 3TOrO IIOCT05IHCTBa 5IBJI5IeTC5I 06-

parueHn:e HOBOrO raMHJihTOHHaHa B HYJih: fI = 0. Tor.n:a KaHOHH

"l!eCKHe ypaBHe1hrn raMHJibTOHa B HOBbIX KOOp.n;n:HaTax 

. afI 
Qi= aPi = O, 

rrpn:BO.D:5IT K HCKOMhIM pemeHH5IM 

Qi = /3i = canst, ~ = ai = canst. 

BhIJIO IIOKa3aHo, "l!TO rrpOH3BO.D:5IIUeH cpyHKUHeH TaKoro KaHOHH"l!e

CKOro rrpeo6pa30BaHH5! 5IBJI5IeTC5I .n:enCTBHe s = s ( q' P, t)' BM.II: KO

Toporo orrpe.n:err5IeTC5! ypaBHeHn:eM raMHJihTOHa - 5!Ko6n: 

( 
as ) as 

H q, aq, t + at = o. 

IlpOH3BO.D:5IIUM cpyHKUll:51 HCKOMOro KaHOHH"lleCKOro npeo6pa30Ba

HH5! 5IBJI5IeTC5! pemeHHeM ypaBHeHH:51 raMHJihTOHa - 5lKo6n: B Bn:.n:e 

IIOJIHOro HHTerparra. IlOJIHhlll HHTerpaJI ypaBHeHH:51 raMHJihTOHa 

- 5!Ko6n: co.n:ep)KHT CTOJihKO npOH3B(?JibHhlX IIOCT05IHHhIX, CKOJibKO 

He3aBHCHMhIX rrepeMeHHhIX co.n:ep)KHT ypaBHeHn:e. Ilpn: S CTeIIeH5IX 

CB060.n;hl "l!HCJIO He3aBHCHMhIX rrepeMeHHhlX ypaBHeHH:51 r -5I paBHO 

s+l (s KOOp.n;n:HaT H BpeM5!). McKOMM cpyHKUll:51 BXO.D:HT B ypaBHe

HHe TOJihKO B BH.D:e "llaCTHhIX rrpOH3B0.D:HhIX, 1103TOMY O.n;Ha ll:3 KOH

CTaHT co.n:ep)KHTC5I B pemeHn:n: a.n:.n:n:Tn:BHO: S(qi, ai, t) + A. Ecrrn: 

Han.n:eH IIOJIHhlll HHTerpaJI ypaBHeHH:51 r-5I H TeM caMblM reHepa

TOp KaHOHH"lleCKOrO rrpeo6pa30BaHH5! S(qi, CYi, t), TO, .n:n:cpcpepeHUH

pyg ero 110 co.n:ep)KaIUHMC5I B HeM KOHCTaHTaM CYi H rrpn:paBHHBM 

.n:pyrn:M KOHCTaHTaM, IIOJiy"llaeM 

a COOTHOllieHn:e 
as 

Pi=-
aqi 

BbIIIOJIH5IeTC5I aBTOMaTH"l!eCKH, T.K. HCIIOJib30BaHO rrpn: COCTaBJie

HHH ypaBHeHH5! r-5I, "l!TO IIOCJie pa3pemeHH5! OTHOCHTeJibHO qi ·oKOH

"l!aTeJibHO rrpn:BO.D:HT K pemeHHIO IIOCTaBJieHHOH 3a.n;a"l!H 

qi = qi (f3i, ai, t), Pi = Pi (f3i, ai, t). 
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(b) PacCMOTpHM MexaHrrrrecKyro CJICTeMy C raMJIJibTOHJiaHOM 

H = H(q,p) = canst. 

Han:,neM KaHOHIItreCKOe rrpeo6pa30BaHIIe, B pe3yJibTaTe KOTOporo 

BCe HOBbie IIMITYJibCbl CTaHOB5ITC5I l1OCTO5IHHblMII BO BpeMeHII: pi = 
ai = canst. .ITnH 3Toro He06XO,IlIIMO, 'lT06bI BCe HOBbie KOOP.IlII

HaThl 6hmII IIIIKJIII'leCKIIMII, T .e. He co.nep)KaJIIICb 6hI B HOBOM 

raMIIJihTOHIIaHe fI = H(Pi) = canst, a 3TO BO3MO)KHO, TOJihKO 

ecnII rrpOII3BO.Il5IIUa5I cpyHKUH5I HCKOMOrO KaHOHH'leCKOro rrpeo6pa-

• 3OBaHH5I He 3aBIICIIT OT BpeMeHH (T. K. fl = H + fJF/fJt) . .ITnH 

Toro 'lT06bI HaHTH rrpOII3BO.Il5IIUYIO cpyHKUIIIO (reHepaTOp) TaKoro 

KaHOHII11ecKoro rrpeo6pa3oBaHHH, 3arrmneM ypaBHeHIIe f-51 

8S 8S 
H(qi, fJqi) + at = 0, 

IlOJIHbIH lIHTerpan KOTOporo 

S(qi, Pi, t) = W(qi, a1, ... , as-1, Ho) - Hot 

JIHHeHHO 3aBHCHT OT BpeMeHII, a pOJib S-H Hea,Il,IlIITIIBHOH l1OCTO-

5IHHOH HrpaeT Ho, KOTOpyIO 06bI'lHO OTO)K,IleCTBJI5IIOT C 3HeprHeH 

- BenH11IIH00:, KaHOHH11eCKII corrpH)KeHHon: BpeMeHH, OTcyTcTBYIO

meMy 5IBHO B HCXO,IlHOM raMHJibTOHIIaHe. (BpeM5I BbICTyrraeT B 

ponH "IIHKJIH'leCKOH KOOp,IlHHaTbI", l1O3TOMY B ITOJIHOM IIHTerpane 

ypaBHemrn f-51 rroHBJIHeTCH cnaraeMoe -H0t- rrpOII3Be,neHIIe KaHo

HII'leCKII corrp5I)KeHHbIX BpeMeHII II 3HeprIIII.) 5IcHo, "ITO BeJIII'lIIHa 

W, KOTOpyIO Ha3bIBaIOT YKOpO'lleHHblM ~eiiCTBHeM ( HJIH xa

paKTepHCTH'lleCKOH cpyHKIJ;Heii)' Y.IlOBJieTBOp5IeT ypaBHeHIIIO 

H (qi,~:) = Ho. 

EcnII rronHhIH IIHTerpan 3Toro ypaBHeHIIH W(qi, a 1, ... , a 5 _ 1, H 0) 

II3BeCTeH, TO, IlO,IlCTaBIIB ero B S II rrpIIMeHIIB rrpoue.nypy, OITIICaH

HyIO B rrpe,nbI.IlYIUeM rryHKTe, rrony'lIIM 

8S fJW 
p----

i - {)qi - {)qi' 

(3 - _ 8S _ fJW 
J - - ' fJa- fJa-J J 
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as aw 
to = aHo = -t + aHo · 

8Tn: cooTH0llieHn:a rroKa3hIBaIOT, "tJTO W(qi, a 1, •.. , as-I, Ho) M02KHO 

BhI6paTb a Ka"tJeCTBe reHepaTopa HCK0M0I'0 KaH0HH"tJ€CKOI'0 rrpe

o6pa30BaHn:H. 
u l, u u 

.nTaK, ecrrn: Han:.n;eH0 YK0poqeHH0e .n;en:CTBHe KaK II0JIHblH HHTe-

rpaJI C00TB€TCTBYIOlll€I'O ypaBH€HHH r-5£, TO C00TH0llI€HHH ,[(JIH 

Pi, /3j H to II0JIH0CTbIO pelliaIOT II0CTaBJI€HHYIO 3a.n;aqy, II0CKOJibKY 

II03B0JIHIOT II0JIY"tJHTb 3aBHCHM0CTb K00p.n;n:HaT H HMIIYJibC0B OT 

apeMeHn:, co.n;ep2Kamy10 2s rrp0H3B0JibHbIX II0CT0HHHblX ai, /3j' Ho, 
K0T0pbie M02KH0 orrpe.n;eJIHTb 3a.n;aHHeM Ha"tJaJihHbIX ycrroan:ii. 

OTM€THM, "tJT0 pellI€HHH KaH0HH"tJ€CKHX ypaBH€HHII raMHJibTOHa B 

H0BbIX K00p.n;n:HaTaX 

n:MeIOT rrpOCTOII BH,[( 

( c) Y paaHeHn:e r -5! .n;orrycKaeT pa3.n;erreHn:e rrepeMeHHhlX rrpn: Harrn:qn:n: 

IIHKJIH"tJ€CKHX K00p.n;n:HaT. B caM0M ,n;erre, rrycTb S - m He3aBn:cn:

MbIX K00p.[(HHaT HBJIHIOTCH IIHKJIH"tJ€CKHMH, T0I',[(a ypaBH€HH€ r-5! 

rrpn:Hn:MaeT BH,[( 

as · as as 
~ + H(q1, ... , qm, ~' ... , ~' t) = 0. 
~ u~ u~ 

Ilo aHarrorn:n: c rrpe.[(hl.[(YlllHM rryHKT0M 6y.n;eM HCKaTh ero pellie

HHe B JIHH€IIHOM 110 IIHKJIH"tJ€CKHM K00p.n;n:HaTaM an:.n;e, C0II0CTaBHB 

C Ka2K,[(OII IIHKJIH"tJ€CKOII KOOp.n;n:HaToii KaH0HH"tJ€CKH COIIp512K€HHblll 

eii: IIOCTOHHHbIM o6o6meHHbIH HMIIYJibC a i, j = m + 1, ... , s: 

s 

S = F(q1, ... , qm, a1, ... , am, t) + L ajqj. 
j=m+l 

Orrpe.n;errn:M F KaK rrorrHblH HHTerparr ypaaHeHn:a r-5! 

av av av 
~ + H(q1, ... , qm, ~' ... , ~' am+I, ... , as, t) = 0. 
ut uq1 uqm 

lleHCTBya .n;arree, KaK a rrpe.n;h1.n;ymeM rryHKTe, rrorryqn:M rrbrrHoe 

pellieHn:e 3a.n;aqn:. 
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9. Pemeau:e :vpaBHeHHSI raMHJihTOHa-5IK06H B rrpOCTeiilllHX CJiy

qa,SIX 

• IlBH)KeHHe cBo6o,n;Hoii qacTHIJ;hl. <PyHKil;Irn Jiarpam1rn H30Jrn

poaaHHOif qacTH:UhI L = mv2 /2, ee raMHJihTOHHaH H = p2 /2m = 
(p; + p~ + p;)/2m. YpaBH€HHe faMHJibTOHa-51Ko6H 3aIIHChIBaeTC51 

B BH,U€ 

_2_{ ({)S)2 + ({)S) 2 
+ (8S) 2

} + as = 0. 
2m ox oy oz ot 

Y:eTbipe rrepeMeHHbie t, x, Y, z OKa3bIBaIOTC51 :UHKJIHqecKHMH. 8To 

03HaqaeT, qTQ peIIIeHHe ypaBH€Hl'.151 f-5! M02KHO HCKaTb B BH,Ue 

S = XPx + YPy + ZPz - Et, 

r.ue Ka2K,uoe l'.13 crraraeMbIX eCTh rrpOH3Be,ueHHe :UHKJIHqecKoif rre

peMeHHOH Ha KaHOHHqeCKH COIIp512K€HHYIO B€JIHqHHY (KoOp,UHHaTbl 

- Ha COOTB€TCTBYIOllll'.1€ KOMIIOH€HTbl HMIIYJihCa, yr Jlbl - Ha COOT

BeTCTBYIOllll'.1€ KOMIIOHeHTbl MOM€HTa HMIIYJihCa, apeM51 - Ha 3Hep

rHIO). IIo,ucTaBHB B ypaBH€HHe, rrorryqHM oqeBH,UHblli pe3yJihTaT: 

E = (p; + p~ + p;)/2m, a .UJI51 ,ueifcTBl'.151 

p;+p~+p; 
S = XPx + YPy + ZPz - t 2m 

Crre,uy51 .uarree H3BeCTHOif rrpo:o;e,uype, Haif,ueM peIIIeHHe 3a,uaqH: 

oS Pxt 
-- = Xo ===} X = Xo + -, 
OPx m 

as Pyt - = Yo ===? Y = Yo + -, 
opy m 

oS Pzt - = z0 ===} z = z0 + - . 
OPz m 

• JlHHeHHhl:H rapMOHHqecKH:H OCIJ;HJIJISITOp. <PyHKIJ;l'.151 Jiarpa

H2Ka rapMOHHqecKoro oc:o;HJIJI51Topa L = mx2 /2 - kx2 /2, raMHJih

TOHHaH H = p;/2m + kx2 /2. YpaaHeHHe f-5! 

_2_(8S) 2 + kx
2 

+ oS = 0. 
2m ox 2 8t 
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BpeM5I t 5IBJUieTC5I UHKJIIPieCKOH rrepeMeHHOH, II03TOMY 6y.neM HC

KaTb pemeHn:e ypaBHeHH5I r-5I B BH.lle 

S = So(x) - Et, 

'ITO .naeT 

_I_(dSo) 2 
kx

2 = E 
2m dx + 2 ' 

OTKy.na IIOJiyqaeM 

S =~I(~ - x 2 )112 
dx - Et=} 

as fmf dx 
to = aE = V k ✓2: _ x2 - t. 

Ilocne HHTerpn:poBaHH5I rronytJHM pemeHHe 3a.uaqn: 

{2E 
x = y kcosw(t + t0), ff w= . 

m 

• 3a,n;a~ia Kennepa. B ueHTpaJihHOM none 6naro.napa coxpaHeHHIO 

MOMeHTa HMIIYJihCa ,llBH)KeHHe IIJIOCKOe. B IIOJI5IpHbIX KOOp,llHHa

Tax, KOTOphie y.no6Hhl B 3TOM cnyqae, cpyHKUII5I JiarpaH)Ka HMeeT 

BH.ll 

mi-2 mr2¢2 a L=-+--+-. 
2 ·2 r 

Han:.ueM o6o6rueHHbie HMIIYJihChI 

8L . 
Pr= 8r = mr, 

8L 2 · • Pr 
P¢, = -. = mr ¢ ===} r = -, 

8¢ m 

Tor.ua raMIIJihTOHHaH 3arrn:meTC5I B BH.lle 

2 2 
H _ Pr + ....!!.1!__ _ ~ 

- 2m 2mr2 r' 

a ypaBHeHHe r-5I - B BH,lle 

. P¢, 
¢ = -2· 

mr 

_1 (as) 2 + _1_(as) 2 _~+as_ 0 
2m 8r 2mr2 8¢ r at - . 

3.uech UHKJIH'IeCKHMH 5IBJI5IIOTC5I BpeM5I t H ¢, II03TOMY 6y.neM HC

KaTb pemeHn:e 3a.uaqn: B BH.lle 

S = So ( r) + M ¢ - Et, 
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r,n;e M - coxpamIIOIUIIMC5I MOMeHT IIMrryrrhca, BeJIIIq1rna KaHOHII

qecKII corrp5I)KeHHa5I yrrry <f>. Tor,n;a 

_l_(dS0 )
2 + M

2 
_ ~ = E 

2m dr 2mr2 r ' 

qTQ IIpIIBO,IJ;IIT K 

J [ ( a) M2] 1/2 
S = 2m E + -;: - ~ dr + M </> - Et, 

OTKy.n;a 

Mdr/r 2 

as /-;==:==~ -,re,, __ .' 
,Po= &M -,p+ J2m(E+afr)-M'/r' 

II IIOCJie BhlqIICJieHII5I IIHTerparra ,Il;J15I TpaeKTOpIIII ,Il;BII)KeHII5I IIOJiy

qIIM ( 3aMeTIIM Ha 6y,n;ymee - ypaBHeHIIe TpaeKTOpIIII IIOJiyqaeTC5I 

KaK CJie,n;cTBIIe <Po= as /aM): 

E = 1 + ccos(</>- </>o), 
r 

Af2 
r,n;e P = ma' c= 

VII. MAJihIE KOJIEBAH1'151 

l + 2EM2 
ma2 · 

llBII)KeHIIe MexaHIIqecKo:iI CIICTeMhI B6JIII3II rroJio)KeHII5I ycTo:iiqIIBoro paB

HOBeCII5I Ha3hIBaIOT MaJiblMH KOJie6aHH.HMH. IIOH5ITII5l "paBHOBeCIIe"' "yc

TOH1:IHBOe paBHOBecHe" II "MaJihie KoJie6aHII5I" Hy)K,n;aIOTC5I B yToqHeHIIII. Me

xaHIIqecKa5I CIICTeMa C s CTerreH5IMII CB060,n;hl Haxo,n;IITC5l B IIOJIO)KeHIIII paB

HOBeCII5I, ecJIII ,n;e:iiCTBYIOIUIIe Ha Hee o6o6meHHhie CIIJihl o6pamaIOTC5I B HYJih: 

Ji= - (au) = o. 
aqi 0 

TaKIIM o6pa30M, paBHOBeCHa5I KOHqmrypaUII5I (rrOJIO)KeHIIe paBHOBeCII5I) CII

CTeMhl qo1, qo2, ... , qos, KOTopy10 Mhl ,IJ;J15I KpaTKOCTII 6y,n;eM 0603HaqaTh IIH,IJ;eK

COM HYJih, orrpe,n;eJI5leTC5I ycJIOBIIeM 3KCTpeMaJihHOCTII IIOTeHUIIaJihHOM 3Hep

rIIII. EcJIII HaqaJihHM KOHq>IIrypaUII5I CIICTeMhl paBHOBeCHa II ee HaqaJihHhie 

CKOpOCTII paBHhl HYJIIO, TO OHa II ,n;aJihIIIe 6y,n;eT OCTaBaTbC51 B paBHOBeCIIII. 
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PaBHOBecne Ha3oBeM ycTOH"tJIIBhIM, ecnn BO3HMKIIIee B pe3ynhTaTe He6onh

IIIoro BO3MyIIJ;eHM5I LlBM)KeHne He BhlBOLlMT CMCTeMy M3 Manon: OKpeCTHOCTM 

ee rrepBoHa'IanhHoiI KOHcpnrypa.u;nn. Ecnn )Ke cncTeMa rrpn ManoM BO3Myme

HMM HeorpaHM'!eHHO ynanHeTCH OT CBOero paBHOBeCHOro COCTOHHMH, TO paB

HOBecne Ha3hIBaeTC5I HeyCTOH"tJIIBhIM. JlerKO IIOHHTh, 'ITO IIOTeH.QManhHM 

3Heprirn B rrono)KeHMM yc-:ron:'IMBoro paBHOBecnH MMeeT MMHMMyM. llen:cTBM

TenhHO, B 3TOM cnyqae, ecnn KopoTKonen:cTBy10mnn: MMrrynhc BhrneneT Teno 

M3 rrono)KeHMH paBHOBeCMH, ero IIOTeHI.J;ManhHM 3HeprMH BO3pacTeT. IIpn 

nanhHeiIIIIeM OTKnOHeHMM IIOTeHI.J;ManhHM 3HeprM5I rrponon)KaeT paCTM, a KM

HeTM'IeCKaH, cornaCHO 3aKOHY coxpaHeHMH 3Heprnn, yMeHhIIIaeTCH, IIOKa CKO

pOCTh Tena He CTaHeT paBHOM Hyn10. 3nech B Mrpy BCTynaIOT OTnM'IHhie 

OT HynH CMnhI, KOTOphie BO3BpamaIOT Teno B nono)KeHMe paBHOBeCMH, rne 

OHM, B CBOIO O'Iepenh, o6pamaIOTC5I B Hynh, OL{HaKo Teno MMeeT OTnM'IHYIO 

OT HynH CKOpOCTh, KOTOpaH BhmeneT ero M3 paBHOBecHoro COCTOHHMH, M npo

uecc IIOBTOPMTCH. TaKMM o6pa30M, Teno He MO)KeT IIOKMHYTh OKpeCTHOCTM 

nono)KeHMH ycTOM'IMBOro paBHOBeCMH lI Kone6neTC5I B6nM3M Hero. Ecnn )Ke 

B rronO)KeHMM paBHOBeCMH IIOTeH.QManhHa5I 3HeprMH CMCTeMhI MaKCMManbHa, 

TO rrpn He6onhIIIOM CMemeHMM OT paBHOBeCHoro COCTO5IHM5I IIOTeH.u;ManhHaH 

3HeprMH yMeHhllIMTCH, a KMHeTM'IeCKaH, no 3aKOHY coxpaHeHM5I 3Heprnn, BO3-

pacTeT lI CMCTeMa co Bee yBenM'!MBa10meiicH CKOpOCThIO 6yneT ynanHThCH OT 

rrono)KeHMH paBHOBeCMH - paBHOBecne OKa3hIBaeTC5I HeycTOM'IMBhIM. 

1. IIocTaHOBKa 3ai:,;aq11. <l>yHKUMH JlarpaH)Ka 3aMKHYTOM MexaHM'!eCKOM 

CMCTeMhI C s CTeIIeHHMM CB060.rlhI MMeeT BMLl 

Pa3nO)KMM rroTeH.u;nanhHYIO 3Heprn10 U(q1, q2 , ... , q8 ) B PHLl Teiinopa BO

Kpyr nono)KeHMH paBHOBeCMH ( Qo1, Qo2, ... , Qos): 

1 ( a2u ) 2' L a .a (qi - Qoi)(qk - Qok) + ... 
· i,k Qi Qk 0 

IlpOM3BOn B BhI6ope Ha'!anhHOro ypOBHH IIOTeH.QManhHOM 3HeprMM IIO-

3BOnHeT OTC'IMThIBaTh ee OT nono)KeHMH paBHOBeCMH, II03TOMy npMMeM, 

'ITO 

U(Qo1, Qo2, ... , Qos) = 0. 
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B rroJIO)Kemrn: paaHoaecmi: 

(au) == o, 
8Qi 0 

TOr .ua eCJIH 

Xi= Qi - Qoi 

- CMeIUeHHe OT IIOJIO)KeHH}l paBHOBecn:a, TO nepaoe HeHC"tJe3aIOmee CJia

raeMoe B pa3JIO)KeHHH OKa3hIBaeTca nponopn;HOHaJibHbIM KBa,upaTy Xi, 

IIpe,unOJIO)KHM, 1:JTO BKJia,U IIOCJie,uyIOIUHX "tJJieHOB, nponopu;HOHaJibHhIX 

Ky6y H 6onee BhICOKHM CTerreHaM Xi, He3Ha"tJHTeJieH, 1:JTO H npHMeM B 

Ka"tJeCTBe KpHTepn:a MaJIOCTH KOJie6aHHii. Bae,ueM 

( a2u ) 
kik = 8Qi8Qk O. 

IIocKOJihKY paccMaTpn:aaroTca Kone6aHn:a a6JIH3H rroJIO)KeHHa ycToii"tJH

aoro paaHoaecn:a, kik > 0, KpoMe Toro, H3 orrpe,ueneHn:a cne,uyeT, 1:JTO 

K03cpcpn:u;n:eHT kik CHMMeTpn:1:JeH no HH.UeKcaM: kik = kki· B pe3yJihTaTe 

. 1 
U(Q1, Q2, ... , Qs) ~ 2 L kikXiXk, 

i,k 

Pa3JIO)KHM B pan Teiinopa TaK)Ke n: aik(Q1, Q2, ... , Q5 ): 

(
aaik) 

aik(Q1, Q2, ... , Qs) = aik(Qo1, Qo2, ... , Qos) + L -a. Xi+ 
i Qi 0 

1 '°'( 8
2

aik ) 
' L, a a XiXk + ... 2. · k Qi Qk 0 

i, 

Ko3cpcpn:u;n:eHT aik YMHO)KaeTca Ha BeJIH"tJHHY BTOporo nopa,uKa MaJIO

CTH ±d:k, a B pa3JIO)KeHHH rroTeHu;n:aJihHOii 3Heprn:H 6bIJIH oT6porneHhI 

"tJJieHbI, rrporropn;HOHaJihHbie xt, II03TOMY noHaTHO, 1:JTO B pa3JIO)KeHHll 

aik ,UOCTaTO"tJHO coxpaHHTb TOJihKO rrepaoe CJiaraeMoe, ,UJI}l KOTOporo 

aae,ueM o6o3Ha"tJeHn:e 

mik = aik(Qo1, Qo2, ... , Qos)-

Ilo onpe,ueJieHHIO H 3Ta BeJIH"tJHHa nOJIO)KHTeJibHa H CllMMeTpH"tJHa no HH

,ueKCaM. TaKHM o6pa30M, ,UJI}l <PYHKIJ;HH JiarpaH)Ka MHOI'OMepHOH 
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CHCTeMhl C s CTeneH.HMH CB060.n;hl, COBepmaromeii MaJihle KOJie-

6aHH.H BOKpyr IlOJIO)KeHH.H YCTQHqHBOI'O paBHOBeCH.H, IIMeeM 

L = -
2

1 
2]mik±i±k - kikxixk)-
ik 

Ee rroJIHbIM .nmpcpepem~IIaJI 

dL = -
2

1 
L,(mikxid±k + mik;hd±i - kikXidxk - kikXkdxi)
ik 

B rrepaoM II TpeTheM cnaraeMhIX nepeIIMeHyeM IIH.n;eKc i Ha k, a k Ha i 
H B0CII0Jih3yeMC>1 CIIMMeTpH11H0CThIO mik H kik, T0r .na 

dL = L,(mik±kd±i - kikxkdxi), 
ik 

cne.noBaTeJibH0, ypaBHeHII>1 .UBII)KeHII>1 rrony11aTC>1 B BII,Ue 

s 

L,(mikXk + kikxk) = 0, 
k 

Xk = Qk - Qok, i = l, 2, ... , s. 

Iln>1 MexaHII'leCKHX CIICTeM c O.UHOM CTerreHhIO cao6o,nhI 

mx2 kx2 

L=---
2 2 ' mx+kx = 0. 

OTMeTHM, 'ITO m eCTh Macca Tena, T0JihK0 ecJIII x - ,neKapT0Ba K00p

.UHHaTa. B 0.D:H0MepH0M cny11ae pemeHIIe ypaBHeHH>1 .D:BH)KeHII>1 

H3BeCTHO II IIMeeT BII.U 

•• 2 0 x +w0x = , k 
W2_ -o- m 

x =a· cos(w0t + a). 

3.nech Wo - 11aCT0Ta (UHKJIII'leCKM 11aCTOTa), a - aMIIJIIITy.n;a, a - Ha-

11aJibHaH cpa3a KOJie6aHIIM. TaKHM o6pa30M, B6JIII3II II0JI0)KeHHH yCTOM

'1HB0r0 paBH0BeCHH CIICTeMa KOJie6JieTCH rapM0HII'leCKII, 'ITO >1BJI>1eTC>1 

cne,ncTBHeM rrpHH>IT0ro BbIIIIe KpHTepIIH MaJI0CTII KOJie6aHIIM, corJiaCH0 

K0T0p0MY B TeMJI0p0BCKOM pa3JI0)KeHIIII IIOTeHuIIaJihHOM 3HeprIIII 6bIJIII 

OT6pomeHhl CJiaraeMhie, rrop>1,n0K K0T0pbIX BbIIIIe KBa,npaTa 0TKJI0HeHH>1 

OT II0JI0)KeHIIH paBH0BeCIIH. Ilo3TOMY B03BpamaIOIUM B II0JI0)KeHIIe paB

H0BeCHH CIIJia 0Ka3hIBaeTCH rrporropuIIOHaJihHOM rrepBOM CTerreHII 3TOro 
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OTKJIOHeHirn:. (F ~ x), l.JTO JI rrpe.uorrpe.uemreT rapMOHJll.JHOCTb KOJie6a

HJIH. 

JlerKO IIOKa3aTb, l.JTO aMIIJIJITy.Ua a JI Hat.JaJibHa5I qia3a KOJie6aHJlll a 
3a,UaIOTC5I Hat.JaJibHblMJI ycJIOBJ15IMJI. .Ilei'ICTBJITeJibHO, rryCTb Xt=O = Xo, 
Xt=O = Vo, Tor.ua xo =a· cosa, a Vo = -awO · sina, OTKy.ua rronyt.JaeM 

a= /xl + v5/w5, Vo 
tga=---. 

woxo 

lfacToTa KOJie6aHJlli Wo He 3aBJICJIT OT Hat.JaJibHblX ycJIOBJIH H IIOJIHO

CTbIO orrpe.uenHeTC5I CBOHCTBaMJI MexaHHl.JeCKOH CJICTeMbl. Ee MO)KHO 

HaHTH no 3a.UaHHOH cpyHKUJIJI JlarpaH)Ka 

L = a(~<i2 - U(q), 

ecJIH cne.uoBaTh cne.uyromeMy anropJ1TMy: 

• orrpe.ueJIJITb IIOJIO)KeHJ1e paBHOBeCJl5I q0 Jl3 ycnOBJ15I dU ( q) / dq = 0, 

• Hai'ITJI m = a(qo), 

• Hai'ITH k = (d2U/dq2 )q=qo, 
• Hai'ITJI w5 = k/m. 

3HeprH5I CHCTeMbI, COBeprnaromei'I MaJibie KOJie6aHH5I, 

m±2 kx2 m 1 
E = -- + - = -(±2 + w2x2

) = -mw2a2 

2 2 2 ° 2 ° 
rrporropUHOHaJihHa KBa.upaTy aMIIJIJITY.UbI, T.e., KaK J1 .UOJI)KHO 6bIJIO 

6bITb, orrpe.ueJI5IeTC5I Hat.JaJibHbIMJI YCJIOBH5IMH. 

3aBJICJIMOCTb KOOp.UHHaTbl KOJie6nromei'IC5I CHCTeMbl OT BpeMeHH 06hll.JHO 

rrpe.ucTaBJI5IIOT B BH.Ue BemeCTBeHHOH t.JaCTJI KOMIIJieKCHOrO Bbipa)KeHH5I 

x = Re[Aeiwot], r.ue A = ai°'. 

B TaKOM BH.Ue y.uo6HO rrpOBO.UJITb BCe rrpoMe)KyTOl.JHbie BbIKJia.UKH H 

TOJibKO B OKOHl.JaTeJibHOM pe3yJibTaTe Heo6XO.UHMO rrepei'ITH K Beme

CTBeHHOll t.JaCTJI IIOJiyt.JeHHOro. 

2. BhIHy)K,n;eHHhle KOJie6aHIUI. Pe3oHaHc. BueHH.H. IlycTb rrpn .UBH

)KeHJ1J1 B6JIH3JI IIOJIO)KeHH5I YCTOlll.JJIBOrO paBHOBeCJl5I Ha t.JaCTJIUY .uei'I

CTByeT HeCTaUJIOHapHM (3aBJIC5IIUM OT BpeMeHJI) CHJia f(t). YpaBHe

HJle .UBH)KeHJl5I B 3TOM CJiyt.Jae 

mx = -kx + f(t) HJIH x + w5x = f(t) 
m' 
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a COOTBeTCTBYIOIUa.51 cpyHKIUUI Jiarpam1rn 

mx2 kx2 

L = -2- - 2 +xf(t). 

Pernemre ypaBHemrn ,n:BII2Kemrn: M02KeT 6bITh HaiI.n:eHo B o6meM BII,ne 
V \ V 

rrpII rrpOII3BOJibHOII BbIHY2KJJ:aIOru;eII CIIJie, eCJIII BBeCTII 

Tor .n:a ypaBHeHIIe JJ:BII2KeHII5.l OKa3hIBaeTC5.l ypaBHeHIIeM rrepBoro rrop.s:r,n:Ka 

d~ - iwo~ = J(t). 
dt . m 

PerneHIIe COOTBeTCTBYIOIUero OJJ:HOpO,n:Horo ypaBHeHII5.l eCTb 

~ = Aexp(iw0t). 

O6mee perneHIIe HeO,n:Hopo,n:Horo ypaBHeHII5.l HaiI,n:eM, IICIIOJib3Y5.l II3BeCT
Hblll rrpIIeM BapIIaU:IIII IIOCT05.lHHOH, qTo ,n:aeT 

KoHCTaHTa IIHTerpIIpOBaHII5.l ~o rrpe,n:cTaBJI5.leT 3HaqeHIIe ~ B MOMeHT 

BpeMeHII t = 0. I1TaK, perneHIIe 3a,n:aqII B o6meM BII,n:e 

HaM6onee lIHTepeCHbl cnyqalI, KOr,n:a Bh1Hy2K,n:aroma.s:r CMJia lI3MeH.s:reTC5.l 

no rrepIIO,n:MqeCKOMy 3aKOHY. IlycTb, HaIIplIMep, 

f (t) = focos(,t + /3). 

KaK lI3BeCTHO, o6mee perneHIIe He0,n:Hopo,n:Horo ypaBHeHM5.l X eCTb cyMMa 
o6mero perneHM.s:r o.n:ttopo,n:ttoro ypaBHeHM.s:r x0 H KaKoro-JIM6o qacTHoro 

perneHM.s:r Heo.n:Hopo,n:ttoro ypaBHeHII.s:r x 1, T .e. x = x 0 + x 1. O6mee 
perneHMe o,n:Hopo,n:Horo ypaBHemrn ecTh 

Xo =a· cos(w0t + a). 

l.JaCTHOe perneHMe Heo.n:Hopo,n:Horo ypaBHeHII5.l 6y.n:eM lICKaTb B BII,ne X1 = 
b COS( "ft+ /3), qT0 II0CJie II0JJ:CTaH0BKlI B lICX0JJ:HOe ypaBHeHIIe ,n:aeT 

x =a· cos(w0t +a)+ ( [ 0 
2) cos(,t + /3). 

m w0 - 'Y 
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lihaK, no,n: ,n:en:CTBIIeM nepIIO,n:IIqecKon: BbIHJ)K,n:a10rn:en: CIIJibI ,n:BII)KeHIIe 

CIICT8Mbl OKa3hIBaeTC5I HaJIO)K8HII8M ,n:Byx KOJie6aHIIM - C co6CTB8HHOM 

qacTOTOM Wo II C qacTOTOM BblHJ)K,Il;aIOrn:en: CIIJibl I. O,n:HaKO 3TO pe

llI8HIIe HenpIIM8HIIMO B crryqae, KOr,n:a co6CTB8HHa5I qacTOTa COBna,n:aeT 

C qaCTOTOM BblHJ)K,Il;aIOrn:en: CIIJibl. ]lJI5I Toro qT06bI npe,n:cTaBIITb, Ka

KIIM 6y,n:eT noBe,n:eHIIe CIICT8Mbl npII COBna,n:eHIIII qacTOT' nepenm11eM 

nocrre,n:HIOIO cpopMyrry' nepeo6o3HaqIIB nOCT05IHHbie TaK, qT06bI 

x =a· cos(w0t +a)+ ( [0 

2 ) [cas(,t + /3) - cos(w0t + /3)]. m w
0 

- _, 

(HeTpy,n:HO y6e,n:IITbC5I, qTo 3Ta cpopMyJia C nepeo603HaqeHHblMII KOH

CTaHTaMII 3KBIIBaJieHTHa IIcxo,n:Hon:.) BTopoe crraraeMoe co,n:ep)KIIT He

onpe,n:erreHHOCTh TIIna O /0, ycTpaHIIB ee no npaBIIJIY J1onIITaJI5I, norry-

qIIM 
· Jo· t 

x = acos(w0 t +a)+ --sin(w0 t + (3). 
2mw0 

lilTaK, npII COBna,n:eHIIII co6CTB8HHOM qaCTOTbl C qacTOTOM BblHJ)K,Il;aIO

rn:en: CIIJibl HaCTynaeT 5IBJI8HIIe pe30HaHca - aMIIJIHTy.zi;a KOJie6aHMH 
JIHHeiiHo no3pacTaeT co npeMeHeM. HeTpy,n:Ho BhrnCHIITh, KaKIIMII 

6y,n:yT MaJibie KOJie6aHII5I B6JIII3II pe30HaHca, KOr,n:a I= Wo + c, npIIqeM 

c << w0 . B 3TOM cnyqae ' 

x = Aexp(iwot) + Bei(wo+c)t =(A+ Beict)exp(iwot). 

3a nepIIO,Il; 21r /wo BeJIIIqIIHa A+ Beict M8H5!8TC5I Mano, n03TOMY MO)KHO 

rOBOpIITb, qTO B6mI3II pe30HaHca CIICTeMa KOJie6JieTC5I C nepeMeHHOM BO 

BpeMeHII (nepIIO,n:IIqeCKII TO pacTyrn:en:, TO yMeHbIIIaIOrn:en:c5I) aMnJIIITy

,UOM c =I A+ Beict j. Ilpe,n:cTaBIIB KOMnneKCHhle aMnJIIITJ.UhI A II B B 

BII,n:e A = aeio, B = bei/3, Haii,n:eM 

c2 = a2 + b2 + 2abcos(ct + (3 - a), 

II 5ICHO, qTO 

I a - b I :S c :S a+ b. 

TaKIIe Kone6aHII5I HOC5IT Ha3BaHIIe 6HeHHii. 

3. <l>yHKIJ;HH rpHHa n KJiaCCHl'.J:eCKOH MeXaHHKe. AnnapaT <PYHKUIIM 

rpIIHa IICnOJib3JeTC5I npaKTIIqecKII BO Bcex pa3,uenax TeopeTIIqecKOH 

(J)II3IIKII KaK MeTO,U peIIIeHII5I H80,UHOpO,n:HbIX ,n:IIcpcpepeHuIIaJihHbIX ypaB

HeHIIH. I1cnOJib30BaHIIe MeTo,ua <PYHKUIIH rpIIHa )];JI}! peIIIeHII5I npo

CTbIX 3a,n:aq O MexaHIIqecKIIX KOJie6aHII5IX HanOMIIHaeT CTpenb6y II3 ny

IIIeK no BOp06h5IM. O,uHaKO npOCTOTa 3TIIX 3a,n:aq n03BOJI5!8T ,UOBOJibHO 
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HarJUI,llHO BBeCTII IIOH5ITIIe O <pyHKUII5IX rpIIHa II rrpo,ueMOHCTpIIpOBaTb 

B03MO)KHOCTII MeTo,ua. C 3TOII ueJihIO paccMoTpIIM 3a,uaqy o BhIHy)K,ueH

Hhrx ( IIO,ll ,ueIICTBIIeM rrpOII3BOJibHOII BHeIImen: CIIJibI f ( t)) KOJie6aHII5IX 

JIIIHeIIHOro rapMOHIIqecKoro OCUIIJIJI5ITOpa: 

(34) 

PerneHIIe ypaBHeHII5I (34) 6y,ueM IICKaTh B BII,lle IIHTerpaJia <Pypbe, rrpe,u

CTaBIIB B TaKOM )Ke BII,lle II BHeIIIHIOIO CIIJiy: 

x(t) = 2. jx(w)exp(-iwt)dw, 
21T 

l J -F(t) = - F(w)exp(-iwt)dw. 
21T 

(35) 
O6paTIIB IIHTerpaJihI, IIOJiyqIIM 

x(w) = j x(i)exp(iwi)di, F(w) = j F(i)exp(iwi)di. (36) 

IleperrIIrneM ( 34) ,una cpyphe-o6pa3oB x ( w) II F ( w): 

(37) 

Ka3aJIOCb 6bI, CJie,uy10mee II3 aJire6paIIqecKoro ypaBHeHH5I (37) COOTHO-

IIIeHIIe 
p 

x=---Wfi - w2 

II03BOJrneT IIOJiyqIITb perneHIIe 3a,uaqI1, 0,llHaKO OHO He co,uep)KMT HIIKa

KOII IIHq>OpMaUIIII O CJiyqae W = ±wo, T.K. ,ueJieHIIe Ha HYJib 3arrperu;eHo. 

:Vb6e)KaTb 3TOII HerrpII5ITHOCTII y,uaeTC5I, eCJIII IICIIOJib30BaTb qacTO yrro

Tpe6JI5IeMbIII cpopMaJibHbIII rrpIIeM ,uo6aBJieHII5I HYJI5I. Ilo6aBIIM K F(w) 
cnaraeMoe C · (w5 - w2) · o(w5 - w2), KOTopoe o6pamaeTca B HYJih KaK 

rrpII w = ±w0 , TaK II rrpII w # ±w0 . Tor,ua 

(38) 

Ilo6aBKa C · o(w5 - w2) ,uacT B x(t) BKJia,u c qacToTaMII w ±w0 , 

T .e. C qacTOTaMII co6CTBeHHbIX KOJie6aHIIII CB060,llHOro OCUIIJIJI5ITOpa. 

Ilo3TOMY (38) 5IBJI5IeTC5I o6ru;IIM perneHIIeM 3a,uaqII (34) - K qacTHOMY 

perneHIIIO Heo,uHopo,uHoro ypaBHemrn (rrepBoe cmiraeMoe) ,uo6aBJieHo 06-

mee perneHIIe o,uHopo,uHoro. 
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OrpaHwnrMC.si: rr0HCKOM qacTHoro perneHHH. C 3Toii ueJihIO rro,n:cTaBHM 

(38) c yqeT0M (36) B (35), qTo ,n:aeT 

x(t) = _!_ J F(i)dif exp(-i~(t -/))dw = f F(i)G(t, i)di. (39) 
27f Wo -W 

3,n:ech 

G(t, i) = _!_ J exp(-iw(t - i))dw 
21r w5 - w2 

(40) 

- <PYHKUIUI rpnHa ypaBH€HH5l (34). EcJIH F(i) = <5(i - r), TO x(t) = 
G(t, r), rro3T0MY .si:cHo, qTo cpyHKUHH rpHHa G(t, i) y,n:oarreTaopHeT ypaa-

H€HHIO 

( 
d

2 
2) , , dt2 + w0 G(t, t) = <5(t - t), (41) 

K0T0poe II0X02Ke Ha (34), HO, B 0TJIHqHe OT (34), BHeIIIHHH HCT0qHHK 

(rrpaBaH qaCTh ypaBHeHH51) HMeeT <5-o6pa3HhIH xapaKTep. Terrepb rrerK0 

rrpe,n:cTaBHTh CMhICJI perneHH5l (39) ypaBHeHH5l (34) - 3T0 cyrreprr03HUH51 

peIIIeHHH Toro 2Ke ypaBHeJIH51, HO C BHeIIIHHMH CHJiaMH B BH,n:e K0p0TK0-

,n:eiiCTBYIOW:HX B pa3Hhie M0MeHThl BpeMeHH HMIIYJihC0B. 

BBH,n:y HaJIHqH5J: II0JIIOC0B w = ±wo Ha BemeCTB€HHOH OCH HHTerparr 

( 40) B 06hiqHOM II0HHMaHHH He cymeCTByeT. O,n:HaKO eCJIH HCKJIIOqHTh 

II0JIIOCa H3 o6JiaCTH HHTerpHp0BaHHH, a 3aTeM rrpe,n:eJibHhIM rrepexo

,U0M H36aBHThC5l OT TaKoro HCKJIIOqeHH.sl, TO HHTerpaJI ( 40) rrpHo6pe

TaeT CMhICJI. Bo3M02KHOii orrepauHeii TaKoro THrra HBJIHeTcH ,n:ecpop

MaUHH K0HTypa HHTerpHp0BaHHH, BhIB0,U51IllM K0HTYP B K0MIIJieKCHYIO 

IIJI0CK0CTh C II0CJie,n:yIOillHM rrpe,n:eJibHhIM B03BpaT0M Ha BemecTBeHHYIO 

0Ch. ,IlJrn 0TBeTa Ha B0IIp0C, KaK ,n:ecp0pMHp0BaTh K0HTyp, T .e. KaK 

o6xo,n:HTh II0JIIOCa, Bbl6epeM ,IJ:Ba K0HTypa c TaKHM o6xo,n:OM II0JIIOC0B, 

qT06h1 M02KH0 6hmo HHTerpHpoBaTh no 3aMKHYT0MY K0HTYPY, oxaaThI

Ba10meMy II0JIIOCa, HarrpHMep, TaK, KaK II0Ka3aH0 Ha pHC. 13. 

TaKoii o6xo,n: rrorr10c0B 0TBeqaeT pa3H0CTH HHTerparroa no K0HTYPY OT 

-CX) ,n:o +oo Ha,n: BemecTBeHHOH 0ChIO H 110 K0HTYPY OT +oo ,n:o -CX) 

rro,n: Heii. llrrH H306pa2KeHHOro Ha pHCYHKe K0HTypa C B cooTBeTCTBHH 

c TeopeMoii o BblqeTax HMeeM 

_!_ f exp(-iwr) dw = i(xp(-iwr) + exp(iwr)) = 
21r (w - wo)(w + wo) 2wo -2wo 

sinw0r = D(r), 
Wo 
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@) 

C 
PHC. 13 

r.ue r = t - i. TaKHM o6pa3oM, HHTerpan no 3aMKHYTOMY KOIITYPY 

C, KOTOpb1:ii rrpe,ucTaBmi:eT pa3HHilY B Bh16ope rrpaBHJia o6xo.ua rromo

coB, rrpHBO,UIIT K pemeHHIO O,UHOpO,uHoro ypaBHeHHX IIOCTaBJieHHOM 3a

,ua<rn. IloCKOJibKY Hae HHTepecyeT JIHlllb tJaCTHOe pemeHHe HeO,UHOpo.u

HOro ypaBHeHHX, ,UJIX HallIHX uene:ii rrpHHUHIIHaJibHO 6e3pa3JIHlJHO, KaK 

o6xo.UIITb rromoca. IT paKTH'leCKH BhI60p KOHKpeTHOro o6xo.ua M02KeT 

,uaTb orrpe,ueJieHHble rrpeHMymeCTBa, B tJaCTHOCTH, H36aBHTb OT Heo6-

XO,UHMOCTH ,uo6aBJIXTb B o6mee pemeHHe pemeHHe O,UHOpO,UHOM 3a,UalJH 

II T.II. OcTaHOBHMCX .uanee Ha HeCKOJibKHX q>H3HlJeCKH HHTepeCHblX B03-

M02KHOCTXX B BhI6ope KOHTypa HHTerpHpOBaHHX. 

• CnpaBKa. MaTerpan <I>yp1>e npeacmae.11,Jiem co6ou pa3.11,o-:J1Ce
'Hue 'Henepuoau'l./,eC'X:OU rj5y'H'X:ijUU no 2ap.MO'H,U'l./,eC'X:U.M 'IW.MnO'He'Hma.M, 
'1./,llCmombi -x:omopbZX npo6eza10m 'HenpepbZB'HY'/0 COBO'X:yn'HOCmb 3'H,ll
'l./,e'HUU. Ec.11,u J(x) a6co.11,10m'Ho U'Hme2pupye.Ma 'Ha -x:a'JICao.M -x:o'He'l./,
'HO.M ompe3-X:e U ec.11,u cxoaumcJI 

mo 

r+oo 
Loo I f(x) I dx, 

J(x) = _21 foo ](k)eikxdk, 
7r 1-oo 

](k) = 1_: J(x)e-ikxdx 

- 4>yp1>e-06pa3, u.11,u 4>yp1>e-npeo6pa3oBaHHe (<ft.n.) 3aaa'H'Hoi1 
if5y'H-x:4uu f (x). <P. n. JIB.11,JiemcJI pa3'Hoeua'Hocmb'/O U'Hme2pa.11,b'Hbix 
npeo6pa3oBa'Hui1. Omo6pa'JICe'Hue F: f(x) H- ](k) JIB.11,JiemcJI ·y'Hu
map'HbZ.M onepamopo.M B npocmpa'Hcmee if5y'H-x:4uu f (x) a.11,JI .11,106bix 
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x. Ka',}ICaou onepav,uu uaa ifjyunv,u.n.Mu coomBemcmByem onepa
v,u.n uaa ee ifj. n., nomopa.n BO .Muo2ux c.11,y't(,a.nx npoU{,e coomB em
cmBy1011.{,ei1 onepav,uu uaa f(x). Hanpu.Mep, 

:~ = ikf(x). 

Ec.11,u cyU{,ecmByem 

/_+oo /_+oo /_+oo _ 
_

00 
I J(x) 1

2 
dx, TO _

00 
I J(x) 1

2 dx = _
00 

I f(k) 1
2 dk. 

3mo coomuoweuue U36ecmuo nan meope.Ma Il.11,auwepe.!1,H. 

<f>yunV,U10 f(x) .MO'.}IC'H,O npeacma6Uffib 6 6Uae U'Hme2pa.!1,a <:/Jypbe 
man'.}ICe u 6 C.//,eay1011.{,ei1 3n6u6a.//,eumuoi1 (Pop.Me: 

f(x) = _21 /_oo ](k)e-ikxdk. 
7r -oo 

B :Jmo.M c.11,y't(,ae 

](k) = I: f (x)eikxdx. 

3a.Memu.M, 't(,ffiO n;.3(/jifjuv,ueum 1/21r ao./1,'.}ICeu npucymcmBoBamb 
ffiO./1,bnO 6 oauo.M U3 6bZpa'.}ICe'HUU - U.11,U 6 6bZpa'.}ICeUUU a./1,.H j (x), 

U./1,U 6 6bZpa'.}ICeUUU a./1,.H j ( k). Jfao2aa o6a 6bZpa'.}ICe'HU.H cua6'.}1Ca10m 
no3ifjifjuv,ueuma.Mu 1/ v'2ir. 
.IleJibTa-cpyHKIJ;HX .IlHpaKa ( c5-cpyHKIJ;HX) - 060611.{,euua.H ifjyun
V,U.H, nomopy10 npUU.HffiO onpeae./1,.Hffib c.11,eay1011.{,U.M o6pa30.M: 

1 f(x)c>(x - xo)dx = f /2 b { 0 

a J(xo) 

npII Xo < a mrn x0 > b, 
npII x0 = a IIJIII x0 = b, 

npII a < x0 < b. 

B 't(,acmuo.M c.11,y't(,ae J(x) = l U.Mee.M 

[: c>(x)dx = l, 
npo.Me mo2O, .ncuo, 't(,ffiO 

c>(x) = 0 npII x =/- 0. 

Ec./1,u 6 na't(,ecmBe onpeae./1,euu.n 6-ifjyunv,uu npuu.nmb oauo u3 ee 
annponcu.MaV,UO'H,'H,bZX npeacma6.//,e'H,UU 

1 . c 1 . E 
c>(x) = -hm-- = - hm ---, 

7r c-+0 €2 + x2 7r f-tOO 1 + E2x2 
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mo .J1,e2-X:O euaemb, 't/,ffiO, 60-nepBbZX, 

(lleucmeume.Jl,b'J-W, 

IIpM X =/ 0, 
IIpH X = 0. 

rrp:u: x = 0 c5(x) = .!. Iim ! ➔ oo, 
7r e➔O c 

-I- J:( ) 1 . E , 1 . 1 ) rrp:u: x , 0 u x = - hm --- = - hm - ➔ 0. 
71" f➔oo 1 + E2 x2 71" f➔oo EX2 

11, 60-BmOpbix, 

lb c5(x)dx = l rrp:u: a< 0 < b. 

(lleucmeume.J/,b'Ho, 

1
b c 1b dx c ( 1 x) b c5(x)dx = lim - 2 2 

= lim - -ardg-
a e➔O 7r a c + X e➔O 7r c c a 

.!_ lim (arctg~ - arctg'!..) = .!_ (~ - -1r) = 1.) 
7r e➔O c c ' 7r 2 2 

- HHTerpaJibHOe rrpe,n;_cTaBJieHne c5-cpyHKn;nn. Ilo onpeae
.J1,e'Hu10 c5-gjy'H-X:'UiUU ee gjypbe-o6pa3 

no:Jmo.My 

c5(x) = _!,_ f
00 

b(k)eikxdk = _!,_ f
00 

eikxdk. 
21rl-oo 21rl-oo 

Iloc.J1,ea'Hee no360.J/,Hem 'Haumu e'l4e oa'Ho npeacmaB.J1,e'HUe c5-
fPY'H'x:'14UU 

c5(x) = - eikxdk = - lim eikxdk = 1 loo _ 1 le . 
271" -oo 271" e➔oo -e 

1 
1
. sincx 

- 1m --. 
7r e➔oo x 
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- CBoiicTBa 6-q>yHK:UHH 

1 
o(ax) = -o(x), a> 0, 

a 

6(-x) = o(x), 

xo(x) = 0, 

1 
f(x)o(x - a) = 2 [f (a - 0) + f (a+ 0)] o(x - a), 

1 
6(x2 

- a2
) = 2a [o(x - a)+ o(x +a)]' a> 0, 

I: o(a - x)o(x - b)dx = o(a - b), 

1 1 / - [o(x - Xo) + o(x + Xo)] = - cos kxo. cos kxdk. 
2 7f 

- 0-q>yHKIJ;HH KaK npe~eJI HenpepbIBHbIX q>yHKIJ;HH 

s:( ) 1 1. a u X = - Im --:--, 
' 7f a-too 1 + a2x2 

6(x) = ~ lim ae-a2x2, 
y7f a-too 

o(x) = .!. lim sin ax, 
7r a-too x 

d 2 a 2x 2 
-o(x) = -- lim ----. 
dx 7f a-too (a2x2 + 1)2 

CTyneH'tlaTaH q>yHK:UHH XeBncaii~a - :Jmo <fiY1l'KV;UJI, 1-.omo
py10 onpeae.r,,JI10m C02.!1,llC'H,O 

0(x) = { 1{2 
IIpH X < 0, 
rrp:n: X = 0, 
rrp:n: X > 0. 

- 11:HTerpaJibHOe npe~CTaBJieHHe q>yHKIJ;HH XeBHCaii~a 

0(x) = ! + _.!._ {oo sin kx dk, 
2 27f Loo k 

0(1 - x) = .!_ Joo sink. cos kx dk x > 0 
k ' - ' 7f -oo 
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- --dk= 1 Joo eikx { 0(x), 
2i1r -oo k -0(-x) 

B 3aBucu.t.1,ocmu om 11,anpaB.11,e11,uH, no r.omopo.t.1,y r.011,myp u11,
me2pupoBa11,uH 02u6aem 11,a'l/,a.11,o r.oopau11,am, ec.11,u npomuB '1/,a

coBoii cmpe.11,r.u - pea.11,u3yemcH 603.M,0'JIC'H,0Cmb 0(x), ec.11,u no 
' '1/,acoBoii cmpe.11,r.e - pea.11,u3yemcH BmopaH 603.M,0'JIC'H,0Cmb. 

CBoiiCTBa <l>YHK:UHH XeB11caii.n;a 

0(0 - 0) = 0, 0(0 + 0) = 1, 0(ex) = l. 

0-<l>yHK:UH.sI KaK rrpe.n;eJI HerrpephIBHblX <l>YHK:UHH 

0(x) = lim [! + ]:__arctg ax] , 
a➔oo 2 7r 

0( ) 1 1. lax sintd 
X = - lffi -- t. 

7f a➔oo -oo t . 
CB.sI3h 0-<l>YHK:UHH c .n;pyrHMH <l>YHK:UH.sIMH 

sgn x = 20(x) - l, 
d 

8(x) = dx 0(x). 

Jie.11,bma-<fiy11,r.4uH Jiupar.a u cmyne11,'l/,amaH <fiy11,r.4UH XeBucauaa 

H6.11,H10ffiCH o6o6r.u;eHHblMH <l>YHKriH.sIMH, r.omopbze pacwupH10m 
r..11,accu'l/,ecr.oe no11,Hmue <fiy11,r.4uu. Ha 0606U1ie11,11,bze <fiy11,r.4uu pac
npocmpa11,H10mcH oc11,0B11,bze .11,u11,ei111,bze onepa4uu .t.1,ame.t.1,amu'l/,eC

r.020 a11,a.11,u3a. C ifju3U'l/,ecr.oi1 mo'l/,r.u 3pe11,uH 0606U1ie11,11,bze <fiy11,r.-
4uu ompa'JICa10m 11,eB03.M,0'JIC'H,0Cmb a6co.11,10m11,o mo'l/,11,020 U3.t.1,epe-

11,uH 311,a'l/,e'H,UH fPU3U'l/,eCr.oii Be.JT,U'l/,U'H,bZ, nocr.0.11,br.y BCH'Y.U'U U3.M,e

pume.11,b'H,bZ'U npu6op U.M,eem cB010 pa3pewa10U1iy10 cnoco611,ocmb u 
nor.a3bZBaem ycpeaue'H,'H,bZU, "pa3.M,a3a'H,'H,bZi1" pe3y.11,bmam. Bnep

Bbze 0606U1ie11,11,bze <fiy11,r.4uu 6bz.11,u ucno.11,b30Ba11,bz liupar.o.M,, a ux 
meopuH pa3pa6oma11,a Co60.11,eBbZ.M, u llf Bapv,o.M,. Ila onpeae.11,e11,u10 
0606U1iemtaH <fiy11,r.4uH ecmb .11,u11,ei111,bzi1 11,enpepbZB'H,bZii <fiy11,r.4uo11,a.11, 
11,a 11,er.omopo.t.1, npocmpa11,cmBe F oc11,0B11,bzx <fiy11,r.4ui1. O6bZ'l/,'H,O 
311,a'l/,e11,ue 0606Wie11,11,oi1 <fiy11,r.4uu J E F 11,a oc11,0B11,oi1 <I> E F 3a

aawm 6 c.11,eay10Ufie.M, Buae: 

(J, <I>)= j J(x)<I>(x)dx. 

(3a.t.1,emu.t.1,, '1/,ffi0 npocmpa11,cmBo 0606Wie11,11,bzx <fiy11,r.4ui1 F conpH
'JICe11,o c npocmpa11,cmB0.M, oc11,0B11,bzx <fiy11,r.v,ui1 F.) 
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IIpu.Mepbz: ifjy1-1,r;ViU.H XeBucaiMa 

(0, <I>)= fo00 

<I>(x)dx, 

ae,11,bma-ifjy1-1,r;'lJiU.H ,llupar;a 

(6, <I>)= <I>(0). 

BhlqeThl. TeopeMa o BhlqeTax. Bwlem oa1-1,031-1,a'l./,1-1,ou a1-1,a
,11,umu'l./,ecr;ou ifjy1-1,r;'lJiuu f (z) B u30,11,up0Ba1-1,1-1,ou oco6ou mo'l./,r;e z0 -

3mo r;o.Mn,11,er;c1-1,oe 'l./,Uc,11,0, paB1-1,oe 31-1,a'l./,e1-1,u10 u1-1,me2pa,11,a 

-
2

1
. 1 f(z)dz, 

1f'l, 'Y 

63.Hmozo B no,11,o'JICume,11,bHO.M 1-1,anpaB,11,e1-1,uu no or;py'JIC1-1,ocmu ao
cmamo'l./,1-1,0 .Ma,11,020 paauyca "f = {I Z - Zo I= r} C VieHmpo.M 6 
u30,11,up0Ba1-1,1-1,ou oco6ou mo'l./,r;e z0 3mou ifjy1-1,r;Viuu. O6031-1,a'l./,a10m 
6bZ'l./,em CU.M,60,11,0.M, 

resz=zof (z ). 

Ec,11,u npu z = z0 no,11,10c f (z) - npocmou (nepB020 nop.Har;a), 
mo BbZ'l./,em 

resz=zof(z) = limz➔zo[(z - zo)f(z)]. 

Ec,11,u f(z) = r.p(z)/'I/J(z), 2ae r.p(z) u 'I/J(z) - a1-1,a,11,umu'l./,ecr;ue 
(PyHr;'lJiUU, npU'l./,e.M r.p(zo) =/=- 0, a a,11,.H 'I/J(z) ffiO'l./,r;a Z = Zo -
1-1,y.ab nepB020 nop.Har;a (m.e. i/;(z0 ) =I=- 0), mo BbZ'l./,em B 3mo.M 
no,11,10ce nep6020 nop.Har;a 

resz=zof (z) = ~(zo) 
'I/J(zo) · 

- B no,11,10ce nop.Har;a m BbZ'l./,em BbZ'l./,uc,11,.Hemc.H no ifjop.My,11,e 

1 dm-1 

resz=zof(z) = (m _ l)! limz➔zo dxm-l [(z - zo)m · f(z)]. 

J/faoJinpoBaHHruI oco6ru1 TOqKa - 3mo mar;a.H oco6a.H mo'l./,1,;a 
a1-1,a,11,umu'l./,ecr;ou ifjy1-1,r;'lJiuu, a,11,.H r;omopou cy~ecmByem o'l'.pecm-
1-1,ocmb 6e3 apy2ux oco6bzx mo'l./,er;. 
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Ilonroc cpyHKD:HH - u30.11,upoBa11,11,aJI oco6aJI mo'l/,-x;a z0 a11,a.11,umu
'l/,ec-x:ou gjy11,-x:14uu f (z) -x:o.Mno11,e-x;c11,ou nepe.Me11,11,ou z, B o-x:pecm11,o
cmu -x:omopou Bbznoo11,11,JiemcJI npeaeo11,b11,oe coom11,owe11,ue 

limz➔zof(z) = 00. 

Eco11,u z0 ecmb noo11,10c J(z), mo 3ma ~e mo'l/,-x;a ecmb 11,y.11,b gjy11,-x:-
14uu 1/ j(z), npU'l/,e.M, nopJiao-x: noo11,10ca j(z) COBnaaaem C nopJia'KO.M, 
11,yo11,JI aJ1,JI 1/ J(z). Iloo11,10c nopJia-x:a m = l 'H,a3bZ6aemcJI npocmbZM, 
a npu m > l - m--x:pam11,bzM. 

TeopeMa o Bhl'IeTax. Ilycmb oa11,0311,a'l/,11,aJI gjy11,-x:14uJI J(z) a11,a
o11,umu'l/,11,a B 06o11,acmu D, 3a uc-x:o11,10'1/,e11,ueM -x:011,e'l/,11,020 'l/,UC.t1,a u30-
o11,up0Ba11,11,bix oco6bzx mo'l/,e-x;, a npocmaJI 3a.M-x:11,ymaJI -x:puBaJI (3a
M-x:11,ymbzu -x:011,myp) C BMecme co cBoeu B11,ympe11,11,ocmb10 npu11,aa
o11,e~um 06o11,acmu D, coaep~um B11,ympu ce6JI -x:011,e'l/,11,oe 'l/,Uc.11,0 
oco6bzx mo'l/,e-x; z1 , z2 , ... , Zn gjy11,-x;14uu J(z) u 11,e npoxoaum 11,u 'l/,epe3 
oa11,y U3 'H,UX. To2aa 

l n 
-
2

. { f(z)dz = I: resz=zkf(z). 
7rz le k=l 

Onpeaeo11,e'H,'H,bZU u11,me2pa.11, om aeucmBume.t1,b'H,OU gjy11,-x;14uu 

'1/,acmo BbZ'l/,UC.t1,JI10m, pacc.Mampu_BaJI e20 -x:a-x: '1/,aCmb -x:o.Mno11,e-x;c11,020 
-x:011,myp11,020 u11,me2pao11,a 

k f(z)dz, 

npu yco11,0Buu '1/,mo -x:011,myp C B-x:o11,10'1/,aem u11,mepBa.11, aeu·cmBumeo11,b-
11,ou ocu (a, b). 
Ilpu 6bZ'l/,UC.t1,e11,uu u11,me2pa.t1,06 Buaa 

!
+oo 

_
00 

J(x)dx 

Mo~11,o npu.Me11,umb gjop.Myo11,y meope.MbZ o BbZ'l/,emax -x; 1-.011,mypy C, 
cocmoJI'l.4eMy U3 u11,mepBao11,a (-R, +R) aeucmBume.11,b11,ou ocu u 

ay2u Cn o-x:py~11,ocmu I Z I= R. Ilpu 3mOM 6 c.11,eay10'1.4UX c.11,y
'l/,aJIX u11,me2pao11,bi no ay2e Cn npu R -+ oo o-x:a3bZBawmcJI paB'H,bZMU 
11,yo11,10. 
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Ec.11,u J(z) a1-1,a.11,umu'l/,11,a npu I z I> Ro u zf (z) cmpe.MumcH -x: 
uy.11,10 npu Z -t OO, 'K:02aa .M'HU.MaH '1/,aCmb 'K:O.Mn.11,e-x;C'H,OU nepe

.Me'H'HOU z ueompu'IJiame.11,bua, mo 

limR➔oo { J(z)dz = 0. lcR 
3a.Memu.M, '1/,mo zf (z) cmpe.MumcH -x: 11,y.11,10 npu 60.11,bwux I z I, 
ec.11,u 

I J(z) I< canst 
I z 11+°'' 

r,lle a> 0. 

JleMMa )Kop,D;aHa. Ec.11,u ifjyu-x:'IJiUH F(z) Bc10ay aua.11,umu'l/,
ua, 3a 603.MO'JIC'Hbi.M uc-x;.11,10'1/,e11,ue.M -x:011,e'l/,11,020 'l/,Uc.11,a no.11,10coB, 

U cmpe.MumcH 'K: 11,y.11,10 npu I Z I-+ oo, -x:02aa .M,'H,U.MaH '1/,aCmb 
'K:O.Mn.11,e-x;cuou nepe.Me'H'HOU Z 11,eompUViame.11,b'H,a, mo a.11,H .11,10-

6020 aeucmBume.11,b'H,020 no.11,o'JICUme.11,b'H,020 'l/,UC.11,a m 

limR➔oo { F(u)eimudu = 0. lcR 
(a) 3ana3,D;bIBaIO:rn;ruI <PYHKilJUI rpHHa 

3arra3,llhIBaIOIUM cpyHKIUUI fp1rna B03HI:IKaeT B cnyqae, eCJII:I KOH

TYP I:IHTerpI:IpOBaHI:I5I rrpoBeCTI:I Ha,ll BemecTBeHHOH OChIO I:I o60HTI:I 

o6a IIOJIIOCa CBepxy. 

-~ +COo (0 

PI:Ic. 14 

IlO,llhIHTerpaJihHM 3KCIIOHeHTa B (40) CO,llep)KI:IT "-iw,"' II03TOMY 

rrpI:I 7 > 0 3aMKHeM KOHTYP CHI:I3y. Tor,lla o6a rromoca OKa)KyTC5I 

BHYTPI:I KOHTypa I:I pe3yJihTaT I:IHTerpI:IpOBaHI:I5I 6y,lleT TaKI:IM )Ke, 

KaK MB paCCMOTpeHHOM BhIIIIe cnyqae (cM. CTp. 104). (3aMeTn:M, 
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(3aMeTHM, 'ITO llHTerpaJI no 3aMKHYTOMY TaKllM o6pa30M KOHTYPY 

COBna,IlaeT c llCXO,IlHbIM ( 40), npe,IleJibl llHTerpn:poBaHllH KOToporo 

3aKJIIOtJeHbl B llHTepBaJie -00 < W < +oo BBll.IlY Toro, 'ITO BKJia,Il 

B llHTerpaJI no Hll)KHen: nOJIOBllHe 60JiblllOrO Kpyra, B CllJIY JieMMhl 

)Kop.IlaHa, paBeH HYJIIO.) IIpn T < 0 3aMKHeM KOHTYP cBepxy, 
I 

TOr ,Ila, BBII.IlY Toro 'ITO nOJIIOCa OKa3bIBaIOTCH BHe KOHTypa, llHTe-

rpnpoBaHlle ,IlaeT HYJib. lhaK, 

__!_ j exp(;iwT)dw = nret(T) = '!9(T) sinwoT 
27!' w0 - w2 w0 

IloJiytJeHHaH npll TaKOM Bbl6Ope KOHTypa cpyHKUllH rpnHa Dret(T) 
Ha31,rnaeTCH 3ana3.IlbIBa10me:ii:' (retarded) cpyHKunen: rpnHa, a '!9 ( T) 
- CTyneHtJaTM cpyHKUllH .XeBHCaH,Ila. <f:>ll3lltJeCKllH CMbICJI Dret( T) 
npo3patJeH. .Ilen:cTBllTeJibHO, 3aMeTHM, 'ITO B Bhlpa)KeHllll 

llHTerpnpoBaHne pacnpOCTpaHHeTCH Ha llHTepBaJI -00 < t < t, 
nO3TOMY 3ana3,IlbIBaIOmM cpyHKUllH rpnHa B MOMeHT t Bblpa)KaeT 

BJillHHlle BHelllHen: CllJibl, ,IleHCTBOBaBI11en: B npe,Ilhl.IlYllllle MOMeHTbl 

t < t. IlOHHTHO, 'ITO Dret ecTeCTBeHHO nOJib3OBaTbCH, eCJill Ha

tJaJibHbie ycJIOBllH 3a,IlaHbl B npOillJIOM. 

BMeCTO ,IlecpopMaUllll KOHTypa CMemeHlleM ero BBepx MO)KHO 6hlJIO 

OCTaBllTI, ero Ha BemecTBeHHOH OCH, HO CMeCTllTI, nOJIIOCa BHll3. 

8To ,IlOCTllraeTCH 6ecKOHetJHO 11;anon: MHllMOH ,Il06aBKOH -if., (E > 
0) K nOJIIOCaM ±wo, a nocne llHTerpnpoBaHllH ycTpeMJieHlleM E K 

HYJIIO. Y tJllTbIBM 

1 1 
--- ===} ---------------
w5 - w2 [w - (wo - iE)][w - (-wo - iE)] 

1 

(w2 - w5 + 2iEw) 

.IlJIH cpyp1,e-06pa3a 3ana3.IlbIBa10men: cpyHKUIIH rpnHa, nonyqaeM 

fyet(w) = I 
w5 - w2 - 2iEw · 

Ilocne,IlHee Bhlpa)Kemrn BKJIIOtJaeT TaK)Ke n yKa3aHne o crroco6e 

o6xo,Ila oco6eHHOCTen:, a He06XO,IlllMOCTb BblIIOJIHlITb rrpe,IleJibHOe 

ycTpaHeHne ,Il06aBKll ( E I-+ 0) IIOCJie lIHTerpnpoBaHllH 6y.IleM ,Ilep

)KaTb B yMe. 
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-COo +COo 

co 

Pn:c. 15 

(b) Onepe)KaIOI.UaJI <pyHKruu1 I'pHHa 
IlpoBe,UeM IIJTb llHTerpn:poBaHH:H rro.u BemecTBeHHOll OChlO. 

AHanorn:-.rno cnyqa10 rrpe.uh1.uymero rryHKTa n:MeeM 

Dadv ( T) = -{}(-T) sinwoT 
. Wo 

- orrepe2Ka10my10 (advanced) cpyHKun:10 fpn:Ha, KOTOpM OTJrnqHa 

OT HJJIH TOJibKO .UJIH OTpn:uaTeJibHblX apryMeHTOB, T.e. rrpn:BO,UllT 

K qacTHOMY perneHn:IO, 3aBn:cameMy B HeKOTOpblll MOMeHT Bpe

MeHn: OT .ueiiCTBllH CllJibI B "IIOCJie.uy10mn:e MOMeHTbI". Ilo3TOMY 

orrepe2KaIOmM cpyHKUllH fpn:Ha HaXO,UllT rrpn:MeHeHn:e B TaKn:x 3a

.uaqax, B KOTOpbIX KOHeqHbie ycJIOBllH rrpe.urrn:CblBaIOTCH B MOMeHT 

t ---+ +oo. B 3TOM cnyqae aHaJiorn:qHO rrpe,UbI.UymeMy MO)KHO 

IIOJiyqn:Tb 
1 

tJadv(w) = Wfi _ w2 + 2icw 

( c) D-<pyHK:UHSI IlaynH 
Ilo orrpe.ueneHn:IO D-cpyHKUH:H Ilaynn: 

D(T) = sinwoT = nret(T) - Dadv(T). 
Wo 

Jln:HeHHOCTb rrpeo6pa30BaHllH <f>ypbe IIO3BOJIHeT 3aKJIIOqn:Tb, qTO 

aHaJiorn:qHoe COOTHOIIIeHn:e ,UOJI)KHO cymecTBOBaTb ll Me:>K,ZJ;y q>ypbe
o6pa3aMH: 

D(w) = tJret(w) - iJadv(w) = 2ni · sgnw · 6(w2 
- w5). 
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IIpn: BbIBO)le IIOCJie)lHero COOTHOIIIeHIUI HCIIOJib3OBaHO orrpe.ueneHHe 

3HaKOBOli <pyHKUHH 

sgnx= ~ 
X 

H O)lHO H3 CHMB<?JIHtJeCKHX rrpe.ucTaBJieHHli O-<pyHKIJ;HH 

s:( ) 1 1. € u X = - Im ---
7r f---+O x2 + €2 

(d) 3a,n;aqa Konu1 
IIycTh HatJaJihHb1e ycnonm1 3a.uaHbl B HeKOTOpbltt MOMeHT t = t0 • 

B sToM cnyqae y.uo6Hoft <pyHKUHett rpnHa 6y.ueT cne.uyromaJI: 

G(t, i I to) = [19(t - i) - 19(to - i)]D(t - i), 

IIpOH3BO.llH8JI KOTOpOH 

G(t, i I to) = [19(t - i) - 19(to - i)]coswo(t - i) + o(t - i)D(t - i). 

(HarroMHHM, tJTo o(r) = d19(r)/dr.) 
5IcHo, 'ITO rrpn: t = t0 KaK G(t, i I t0 ), TaK H G(t, i I t0 ) o6pamaroTcSI 

B HYJib. Tor.ua o6mee perneHne ypanHeHHSI (34) 3arrn:rneTCSI B nn.ue 

x(t) = xo(t) + f G(t, i I t0 )F(i)di, (42) 

r.ue xo(t) - perneHHe O)lHOPO.UHOro ypaBHeHHSI. C ytJeTOM Bbirne

CKa3aHHOrO rrpn: t = t 0 H3 cooTHorneHHSI ( 42) cne.uyeT 

x(t) = x0 (t), i:(t) = i:0 (t) . 

.DorrycTn:M, rrocTaBJieHa 3a.uaqa Kornn:, T .e. 3a.uaHbl 

B MOMeHT t = to <pyHKUHSI IlayJIH H ee rrpOH3BO.llHble o6na.uaroT 

cne.uyIOIUHMH CBOHCTBaMH: 

D(t - to) lt=to= 0, D(t - to) lt=to= 0. 

IIosToMy 

xo(t) = Ji · D(t - to)+ h · D(t - t0 ), 

H o6mee perneHHe 3a)latJH Kornn ypaBHeHHSI (34) 3arrn:rneTCSI B BM.Ile 

x(t) = Ji · D(t - to)+ h · D(t - to)+ f G(t, i I t0 )F(i)di. 
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4. Kone6aHHH CHCTeM co MHOrHMH CTeneHHMH CB060.Ubl. PacCMO

TpHM MexaHnqecKyIO CHCTeMy C s CT8118H5.IMH CB060,n;bI, KOTOpa5.1 COBep

rnaeT MaJihie KOJie6aHH5.I BOKpyr IIOJl0)K8HH5.I ycTo:u:qnBoro paBHOB8CH5.I 

(Qo1, ... , Qos)- YpaBH8HH5.I ,LJ;BlI)K8HH5.I TaKO:U: CHCT8Mbl HM8IOT BH,LJ; 

s 

I:(mikXk + kikxk) = 0, Xk = Qk - Qok, i = 1, 2, ... , S (43) 
k=l 

lI rrpe.n;cTaBJI5.IIOT co6o:u: CHCTeMy s JIHH8:U:HblX O,LJ;HOpO,n;HhIX ,n;mpcpepeH

unaJihHbIX ypaBHeHH:U: C IIOCT05.IHHbIMH K03q:>q:>HUH8HTaMH. B COOTB8T

CTBHH C o6w;HMH rrpaBHJiaMH perneHne 3TO:U: CHCT8Mbl 6y,n;eM HCKaTh B 

BH,LJ;8 

Xk = Cak. e-iwt 
' 

(44) 

r,n;e Cak - KOMIIJI8KCHa5.I aMIIJIHTy.n;a KOJie6aHH:U:, COOTB8TCTBYIOIUM KO

op.n;nHaTe Xk, K03q:>q:>HUH8HT C - H8KH:U: MaCIIITa6Hbl:U: MHO)KHT8Jlh, O,LJ;H

HaKOBbl:U: ,[J;JI5.I BCex KOOp.n;HHaT. Pa3yMeeTC5.I, HCTHHHOMY ,LJ;BH)K8HHIO co

OTB8TCTByeT peaJihHM qaCTb Bbipa)KeHH5.I ( 44). Ilo.n;cTaBHB ( 44) B ( 43), 
IIOJiyqnM CHCTeMy JIHH8:U:HbIX O,LJ;HOpO,n;HhIX arrre6panqecKHX ypaBH8HH:U:, 

KOTOpbIM y,n;oBJI8TBOp5IeT .ak: 

I:(kik - w2mik)ak = 0. 
k 

(45) 

~:ha CHCTeMa HMeeT HeTpHBHaJihHOe perneHHe, JIHI.Ilb eCJIH ee orrpe,n;eJIH

T8Jlh o6pamaeTC5.I B HYJih: 

det(kik - w2mik) = 0. (46) 

YpaBH8HHe ( 46) - 3TO arrre6panqecKoe ypaBH8HHe s-:u: CT8118HH OTHO

CHT8JlbHO w 2 (ero Ha3hIBaIOT xapaKTepHCTHqeCKHM), KOpHH KOTOporo 

Wf ( l = 1, ... ' s) orrpe,n;eJI5.IIOT Te qacTOThI, rrpH KOTOpblX ( 44) M0)K8T crry

)KllTb perneHH8M ypaBH8HH:U: ( 43). AMIIJIHTY ,[J;bl )K8 ak orrpe,n;eJI5.IIOTC5.I 

KaK perneHH5.I ypaBH8HH:U: ( 45) ,[J;JI5.I Ka)KLJ;oro H3 Ha:u:.n;eHHhIX 3HaqeHH:U: Wf 
( TOqHee' IIOCKOJibKY ( 45) - 0,LJ;HOpO,n;Hhie ypaBH8HH5.I' BCe ak MOryT 6bITb 

Bblpa)K8Hbl qepe3 O,LJ;HO H3 HHX). 

IloKa)KeM, qTO KOpHH xapaKTepHCTHqecKoro ypaBH8HH5.I Bew;eCTB8HHbl 

H IIOJIO)KHT8JlbHbl. y MHO)KHM ,[J;Jl5.I 3TOro ( 45) Ha a: H rrpocyMMHpyeM 

110 i: 
I:(kik - w

2mik)a;ak = 0, 
i,k 

OTKy,n;a 

2 I:i k(kika;ak) 
w =--'-'---'--'-

I:i,k(mikaiak) · 
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JlerKO BII.Il€Tb, "ITO KBa,n:paTII"!Hbie cpopMbl "IIICJIIITeJrn II 3HaMeHaTem1 

BeIUeCTB€HHbI BBII.IlY Toro, "ITO no orrpe,n:eJieHIIIO BeIUeCTB€HHbl II CIIM

MeTp1I11HbI kik .II mik· .lleii:CTBIIT€JibHO, rrycTb 

Tor.n:a 

i,k i,k 

B CIIJIY CIIMMeTplIII kik = kki cyMMa OT rrocne,n:Heii: CKO6KII o6pamaeTca 

B nynh, T.K. rrplI 06010,n:Hoii: 3aMeHe i Ha k OHa MeHaeT 3HaK. TaKIIM 

o6pa30M, 

i,k i,k 

l1Ha11e ronopa, KBa,n:paTII"!Hbie cpopMbl 111ICJIIIT€JI51 II 3HaMeHaTeJI51 Bbipa

)K€HII51 w 2 nemecTB€HHbl II IIOJIO)KIIT€JibHbI, T.e. BeIUeCTBeHHbl II IIOJIO

)KIIT€JibHbl KopHII xapaKTep1ICT1I11ecKoro ypanHeHIIa wl. Y .n:o6Ho BBeCTII 

0603Ha11eH1Ie 

(47) 

(BemecTB€HHOCTb w2 
O11€BII,IlHa II II3 cp1I3~11€CKIIX coo6pa)K€HIIH: - Ha

JIII111I€ y w MHIIMOH: 11aCTII rrp1IB€JIO 6bI B ( 44) K HaJIII"IIIIO MHO)KIIT€JI51, 

KOTOpbIH: y6hIBaJI IIJIII BO3pacTaJI 6bI 3KCIIOH€H.UIIaJibHO, 11ero He .n:orryc

KaeT 3aKoH coxpaHeHIIa 3Hepr1III.) 

AMIIJIIITY.Ilhl ak MO)KHO paccMaTplIBaTh KaK cocTanna10m1Ie s-MepHoro 

B€KTOpa . .llna Toro 11T06bI rro.n:11epKHYTb ero rrp1IHa,IlJI€)KHOCTb l-ii: co6-

CTB€HHOH: 11acTOTe wl, .n:06aB1IM eme O.IllIH IIH.IleKc, Tor.n:a akl o603Ha11aeT 

k-10 KOMIIOHeHTY l-ro neKTopa (l - HOMep neKTopa, O3Ha11aIOIUIIH ero 

rrplina,n:Jie)KHOCTb l-ii: qacToTe). Terrepb II3 ( 45) c yqeTOM ( 47) rronyqlIM 

,\ = Lk(ki1a1k) 

Lk(mi1a1k) · 
(48) 

KaK 6bIJIO rro,n:qepKHYTO, BBII.IlY O,IlHOPO.IlHOCTII IICXO,IlHOrO ypaBH€HII51 

( 45) BbI60p O,IlHOH II3 aMIIJIIITY.Il IIpOII3BOJieH, II €CJIII BbI6paTb ee Beme

CTB€HHOH, TO, KaK 3TO CJie,n:yeT II3 (48), nemecTB€HHOCTh Bcex OCTaJib

HbIX O6ecrreq1InaeTca nemecTBeHHOCTbIO >.k, kil II mil. (3aMeTIIM, qTo 

aMIIJIIITY.Ilbl Cak II3 (44) B006ll'.J;e ,IlOJI)KHbI 6hITb KOMIIJieKCHbIMII, qTo 
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rrpn: aemecTBeHHhlX ak ,U0CTn:raeTC5I 3a CtJeT MaCUITa6Horo MH0)KHTeJrn 

C.) 

Bae,n:eM Terreph s x s MaTpn:u;hI T, V, A c :meMeHTaMII mik, kik, aik co-

0TBeTCTBeHH0 II rrepeIIIIilleM ( 45) B BII,Ue MaTplitIH0r0 ypaBHeHII5! 

V-A=AT·A. (49) 

YpaBHeHII5! TaKoro TIIIIa xopomo H3ytJeHbl H H3BeCTHhl KaK ypaBHeHII5!, 

orrpe,n:eJI5IIOIUIIe co6CTBeHHhie BeKT0pbl (A) II co6CTBeHHhie 3HatJeHII5! 

(AT) MaTplID;hl V. Ileperrn:meM 3T0 ypaBHeHIIe B K0MII0HeHTax ,UJI5! 

A= Ak HA= An: 

L ki1a1k = Ak L milalk, L k1iain = An L m1iain· (50) 
l l 

IlOMHO)KIIM rrepaoe II3 3THX COOTHOilleHIIH Ha ain, a BT0poe Ha alk II 

rrpocyMMIIpyeM ITO i II [ C00TBeTCTBeHH0, 3aTeM, BhltJIITa5! II3 rrepaoro 

pe3yJihTaTa BTOpoii, II0JIYtIHM 

(Ak - An) L milalkain = 0. 
i,l 

(51) 

By,n:eM CtJIITaTh, tJT0 ace K0pHII xapaKTepHCTHtJeCK0ro ypaBHeHII5! pa3-

JIIItJHhI, T0r,n:a 

L mi1a1kain = 0, 
i,l 

k i- n. 

Heo,n:H03HatJHOCTh B orrpe.n:erreHIIII aik, Bhl3BaHHYIO 0,UH0p0,UH0CThIO ypaB

HeHIIH ( 45), M0)KH0 ycTpaHIITh, HopMIIPYH aMrrrrn:Ty.UhI TaK, tJT06h1 

L mi1a1kain = l. 
i,l 

O6'be,UHHIIB ,n:Ba II0CJie,UHIIX paBeHCTBa, II0JIYtJIIM. 

HJIII B MaTplitIH0M BII,Ue 

L mi1a1kain = 8kn, 
i,l 

A.TA= I, (52) 

r.n:e THJib,Ua 03HatJaeT TpaHCII0HHp0BaHIIe, a J - e.n:HHHtJHa5! MaTpliu;a. 

IlpIIMeqam1e. Ilpeo6pa3oBaHIIe 

C=BCB 
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Ha3hIBaIOT KOHrpy3HTHhIM. EcmI )K8 rrpeo6pa3y10rurui MaTpJiua OpToro

HaJibHa 13 = B-1
, TO KOHrpy3HTHOe rrpeo6pa30BaHJie COBrra.uaeT C rrpe

o6pa30BaHJI8M rro.uo6Jia. 

BBe.ueM .UJiaroHaJihHYIO MaTpJIUY A c 3JieMeHTaMJI Aik = )..koik JI, rrepe

IIJICaB COOTB8TCTBYIOIµJIM o6pa30M MaTpJiqHoe ypaBH8HJie ( 49)' IIOMHO

)KJIM ero crreBa Ha A, 3aTeM, yqJIThIBM (52), rrorryqJIM 

AVA=A. (53) 

TaKJIM o6pa3oM, A - rrpeo6pa3y10rurui MaTpJiua KOHrpy3HTHOro rrpe

o6pa3oBaHJia - HBJIH8TCH MaTpJiuen:, KOTOpaa O.[{HOBpeMeHHO .[{JiaroHaJIJI-

3yeT KJIH8TJiqecKyIO T JI IIOT8HUJiaJibHYIO V 3HeprJIIO ( CM. ( 52) JI ( 53))' 
.upyrJIMJI CJIOBaMJI, MaTpJiua A ocyruecTBJiaeT TaKoe JIJIH8MHOe rrpe

o6pa30BaHJie KOOp.UJIHaT, pe3yJihTaTOM KOTOporo HBJIH8TCH .[{JiaroHaJIJI-

3au1rn MaTpJiu T JI V. 

3arrJIIII8M .uanee o6ruee peIIIeHJie OCHOBHhIX ypaBH8HJIM ( 43) B BJI.[{e 

'°'C -iwkt Xi = L.,; kaik . e ' (54) 
k 

r.ue Wk - KOpHJI xapaKTepJICTJiqecKoro ypaBH8HJIH (46), KOTOpble Ha3bl

BaIOT C06CTB8HHhIMII qaCTOTaMII KOJie6aHIIM CJICT8Mhl, Ck - KOMIIJI8KC

HhIM MaCIIITa6HhIM KO3<p<pJIUJI8HT' COOTB8TCTBYIOIUIIM .uaHHOM co6CTB8H

HOM qacTOTe. I1oKa2KeM , qTO Ck MO2KHO ,BbJqIICJIIITh H8IIOCp8.UCTB8HHO 

no HaqaJihHhIM ,1:,;aHHhIM xi(O) H :i:i(O). lleiicTBHTeJibHO, rrpn t = 0 

xi(O) = L(ReCk)aik, 
k 

xi(o)' = L(ImCk)aikWk, 
k 

I10MH02KIIB rrepBoe II3 3TIIX paBeHCTB Ha mi1a1n II cyMMIIpya no i II l, 
rrorryqIIM 

ReCn = L mi1Xi(O)a1n 
i,l 

ImCn = _ __!_ L mi1Xi(O)a1n• 
Wn i,l 

BBe.[{eM Terrepb HOBhie KOOp.UJIHaTbl ~i corJiaCHO 

Xi= Lail~l, 
l 

x=At 

I1epeIIIIIII8M Bbipa2KeHIIH .[{JIH KIIH8TIIqeCKOM 
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II IIOTeHI:i;IIaJibHOR 

1 I_ 
U = - L kikXiXk = -xVx 

. 2 . k 2 z, 

3Heprm1 B H0BbIX K00p.D;IIHaTax, yqlIThIBa5I (52) II (53): 

I=-- . J:_. 1 ·2 
K = 2{ATA~ = 2~~ = 2 L~k, 

k 

I -- I - 1 u = 2~AVA~ = 2~A~ = 2 LWk~Z. 
k 

Tor.n;a Jiarpam1rnaH CIICTeMhI rreperrmrreTC5I B BII.n;e 

'°' ·2 2 2 L = L..,(~k - Wk~k), 
k 

a ypaaHeHII5I .D;BII2KeHII5I II IIX perneHII5I - B BII.D;e 

.. 2 
~k + Wk~k = 0, ~k = Cke-iwkt 

qTo II03B0JI5IeT 3an1Ican, (54) B BII.D;e (57) 

Xi = L ~kaik. 
k 

' 

(58) 

(59) 

Ka2K.n;a5I II3 H0BbIX K00p.n;IIHaT ~k 5IBJI5IeTC5I CTporo rrep1I0.n;1IqecK0R cpyHK

IJ;IIeii C qacTOTOR, paBHOR O.D;HOR II3 co6CTBeHHhlX qaCT0T. O6b1qHo K0-

op.n;IIHaTbI ~k Ha3bIBaIOT HOpMaJibHbIMlI IIJIII rJiaBHbIMH KOOp.n;H

HaTaMH paccMaTp1IaaeM0R MH0rOMepHOR CIICTeMhI, C00TBeTCTBYIOI.UIIe 

Ka2K.n;oii II3 HIIX KOJie6aHII5I Ha3bIBaIOT HOpMaJihHblMlI IIJIII rJiaBHblMH 

KOJie6aHHHMH. IloJIHOe .D;BII2KeH1Ie CIICTeMbl II0JiyqaeTC5I KaK pe3yJih

TaT cyrrep1I031IIJ;IIII rJiaBHhIX KOJie6aHIIH C yqeT0M IIX aMIIJIIITy.n; II cpa3, 

orrpe.n;eJI5IeMbIX K03(pqJIIIJ;IIeHTaMII Ck, OTMeTIIM, qTo II0JIH0e KOJie6aHIIe 

CIICTeMbl He co.n;ep2KIIT qacT0T, KpaTHhIX 0CH0BHhIM, 110 TOH rrpocTOH 

rrp1Iq1IHe, qT0 paccMaTplIBaeMhie MH0roMepHbie KOJie6aHII5I cqlITaJIIICb 

MaJihIMII, 1103T0MY II 0Ka3aJI0Cb B03M02KHhIM rrpe.n;cTaBIITh II0TeHIJ;IIaJih

HYIO 3Heprmo CIICTeMhl B BII.n;e KBa.n;paTIIqHOH cpopMbI, qTo xapaKTepH0 

.D;JI5I rapM0HIIqeCK0ro .D;BII2KeHII5I. KaK CJie.n;CTBIIe 3Toro Mhl II II0JiyqlIJIII, 

II0CJie BBe.n;eHII5I H0pMaJibHhIX K00p.n;IIHaT, JiarpaH2K1IaH CIICTeMbl B BII.n;e 

CJMMhI JiarpaH2K1IaH0B rapM0HIIqeCKIIX 0CIJ;IIJIJI5IT0p0B (cM. (58)). Ta

KIIM o6pa30M, MaJibie KOJie6aHII5I MHOrOMepHOH CIICTeMbl M02KH0 paccMa

TplIBaTb KaK pe3yJibTaT B036y2K.n;eHII5I pa3HhIX rapM0HIIqeCKIIX 0CIJ;IIJI

JI5IT0p0B, KOJie6JIIOI.UIIXC5I C pa3HbIMII cpa3aMII II aMIIJIIITy.n;aMII. 
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IlpHMephl 

(a) Onpe.neJIHTh KOJie6aHHa CHCTeMhl .nayx JIHHeHHhlX rapMOHHqecKHX 

OCUHJIJiaTOpOB, HMeIOI..UHX 0.ll;HHaKOBYIO qacTOTY Wo H B3aHMOJJ;eH

CTBYIOI..UHX no 3aKOHy -axy (x, y - OCH .neKapTOBOH CHCTeMhl KO

Op.ll;HHaT, no KOTOpbIM npOHCXOJJ;aT KOJie6aHHa). 

J1arpam1maH TaKOH CHCTeMhl HMeeT BH.ll; 

a ypaBHeHHa .ll;BH)KeHHa 

•• 2 
y + WoY = ax. 

B COOTBeTCTBHH C ( 44) 6y.neM HCKaTb pernemrn 3THX ypaaHeHHH B 

BHJJ;e 

qTo npHBO.ll;HT K CJieJJ;yIOI..UHM anre6paHqecKHM ypaBHeHHaM: 

aax - (w~ - w2,)ay = 0. 

IIpHpaBHHBaa HJJIIO .neTepMHHaHT 3TOH CHCTeMhI, nonyqHM xapaK

TepHCTHqecKoe ypaBHeHHe 

C perneHH51MH 

Haft.neM 3JieMeHThI MaTpHUhI A = (aik) (HHJJ;eKChI i = x, y, k 
1 (w = w1), k = 2 (w = w2)). IIo.ncTaBHB w1 B HCXOJJ;Hhie an

re6paHqecKHe ypaaHeHHa, nonyqHM ax1 = ay1, a .nna w2 HMeeM 

ax2 = -ay2· McnOJih3JeM npOH3BOJI B onpe.neneHHH aik H nOJIO)KHM 

ax1 = a, ay2 = b, Tor.na 
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Ilo BM.UY rrarpamKMaHa MO)KHO 3aKJIIO'IMTh, 'ITO T 51BrnieTC51 e,uM

HM'IHOH MaTpMnel1:, Tor,ua, MCIIOJih3Y51 ycJIOBMe OpTOHOpMMpoaaH

HOCTM (52), rrorry'IMM a= b = 1/-/2, T.e. 

( 
1/-/2 -1/-/2) 

A= 1/-/2 1/-/2 . 

O6ru;ee pellleHMe 3a,Ua'!M 6y,ueT MMeTb BM,U 

X = l -/2(6 -6), 
1 

y = -/2(6 + 6), 

r,ue 

6 = C1e-ity'wFa 
' 

6=C2e-it~ 

(b) Hal1:TM HOpMaJihHhie Korre6aHM51 M co6cTBeHHhie qacTOThI .UJI51 CM-

CTeMhI C 

L = 1(±2 + i:y + y2) -1(x2 - xy + y2). 

CpaBHMBa51 rrocrre,uHee Bhipa)KeHMe c rrarpaH)KeBoii cpyHKnMeii HaM

o6mero BM,ua ,urr51 MHoroMepHhIX cMcTeM 

L = ! "(m· kX·Xk - k· kx·xk) 
2 ~ i, z i, i , 

i,k 
Xi= (x,y), i,k=x,y, 

MO)KHO 6e3 Tpy,ua BhIIIMCaTh MaTpM1\hI T = (mik) M V = (kik): 

T = ( mxx mxy ) = ( 1 1/2 ) 
myx myy l / 2 1 ' 

V = ( kxx kxy ) = ( 1 -1/2 ) 
kyx kyy - l / 2 1 · 

PellleHMe ypaaHeHMH ,UBM)KeHM51, cooTBeTCTBy10ru;Mx 3a,uaHHOMY rra

rpaH)KMaHy, 

.. 1.. 1 0 x+-y+x- -y = 
2 2 ' 

1.. .. 1 
-x + y - -x + y = 0 
2 2 

6y,ueM MCKaTb a BM,Ue 

Xi = Ca·e-iwt 
i ' 

'ITO IIOCJie IIO,UCTaHOBKM B ypaBHeHM51 ,uaeT 

2 ) 1 ( 2 ax ( w - 1 + 2 ay w + 1) = 0, 1 ( 2 ) 2 

2ax w + 1 + ay(w - 1) = 0. 
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PerneHJUIMH xapaKTepHCTHqecKoro ypaBHeHH:51 

1 1 
(w2 

- 1)2 
- -(w2 + 1)2 

- -(1 - 3w2)(3 - w2
) = 0 

4 4 

6y,n;yT 

A = ( ax1 ax2 ) 
ay1 .ay2 

MO)KHQ IIOCTpOHTb ,IJ;B05IKO: :mm pernaa MaTpHqHoe ypaBHeHHe 

AVA=A, 

HJIH IIO,IJ;CTaBJI5151 KOpHM xapaKTepMCTMqecKoro ypaBHeHM51 B CM

CTeMy arrre6paMqeCKHX. B .n;aHHOM rrpMMepe BTOpoil: IIYTb rrpome, 

M .n;rra A1 =; wf = 3 MMeeM ax1 = -ay1, a .n;rra A2 = Wi = 1/3 110-

rryqHM ax2 = ay2· (HarrOMHMM, qTQ MH,IJ;eKCbl 1 M 2 yKa3bIBaIOT Ha 

rrpMHa.n;rre2KHOCTh co6cTBeHHhIM 3HaqeHMaM -\1 M -\2 .) Mcrrorrh3ya 

rrpOM3BOJI B orrpe.n;erreHMM aik, BhI6epe1.1 ax1 = a, ay2 = b M, IIO,IJ;CTa

~MB rrorryqeHHYIO MaTpMn;y A B ycJIOBMe OpTOHOpMMpOBaHHOCTM 

ATA = I, rrorryqMM 

A= ( 1 ../3/3) -1 ../3/3 . 

Terrepb M02KHO BblIIHCaTb o6mee perneHMe MCXO,IJ;HblX ypaBH€HMH 

r.n;e tk - HOpMaJihHhie KOJie6aHMa: 

x=At, 
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Orrpe.n;emi:M K0HcTaHThI C1 11 C2, 11crroJih3Y.H cpopMyJihI (55) 11 (56) 
11 C"l!l1Ta.H, "l!T0 Ha-ciaJihHhie ycJI0Bl1.H 3a.n;aHbl B o6meM B11,Il;e Xi ( 0) 11 

xi(0): 

ReCn = mnx1a1n + m12X1a2n + m21X2a1n + m22X2a2n, 

1 
ReC1 = 2(x1(0) - x2(0)) = x-(o), 

v'3 
ReC2 = 2(x1(0) + X2(0)) -J3x+(o). 

To-ciHo TaK 2Ke 

ImC1 = -
3
~ (±1 (0) - ±2(0)) - - ~ .x-(o), 

JmC2 = - ~ (±1(0) + ±2(0)) - --J3.x+(o). 

EcJI11 rrpe.n;cTaBl1Th Cn B B11.n;e 

C = b eio1 , 1 1 , C2 = b2i82
, 

TO HeTpy,n;H0 II0JIY"l!l1Tb 

II03TOMY 

b1 = ~1 (x-(o) )2 + l(x-(o) )2, 

b2 = v'3✓(x+(o)) 2 + (X+(o))2, 

v'3 .x-(o) 
tgt51 = -3 x-(o)' 

6 = b1cos( v'3t + t51), 

tgt52 = x+(o) 
x+(o) · 

v'3 6 = b2cos( 3 t + t52). 

5. 3aTyxaroruHe KOJie6aHH.sI. llHCCHITaTHBHM q>yHKI.J;H.sI. BbIIIIe, 

paccMaTp11Ba.H MaJibie KOJie6aH11.H, Mbl rro.n;pa3yMeBaJI11, "l!T0 0Hl1 rrpo11c

X0,Il;.HT B rrycT0Te, 11Jil1 rrpe.n;rrorrararr11, "l!T0 BJil1.HHl1e cpe.n;hI Ha ,Il;B112Ke

H11e rrpeHe6pe2KHMO MaJI0. IlpH CH.HTHl1 3THX orpaHH"lleH11M Heo6xo.n;11MO 

y-cieCTh, "l!T0 rrpH KOJie6aHH.HX B cpe.n;e B03Hl1KaeT corrp0Tl1BJieH11e, K0T0-

poe 3aMe,n;JI.HeT ,n;BH2KeHHe, a 3HeprH.H KOJie6momeroc.H Terra B K0Hu;e K0H

u;oB rrpeBpamaeTC.H B TeIIJI0 11Jil1, KaK r0B0p.HT, ,Il;l1CCHI111pyeTC.H . .DBl1)Ke

Hl1e C ,Il;l1CCHilau;HeM 3HeprHH y2Ke He .HBJI.HeTC.H "l!HCT0 MexaH11qecK11M, ero 
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omrcamrn Tpe6yeT paccMOTpemrn .UB1I2Kemu1 II cBoil:cTB caMoil: cpe,uhl, 

BHyTpeHHero TerrnoBoro COCT05.IHII5.I KaK cpe,Uhl, TaK II Tena. .UpyrlIMII 

cnoBaMII, 3a,uaqa O )lB1I2KeH1III Tena B cpe;ue y2Ke He 5.IBnaeTC5.I 3a.uaqeil: 

MexaHIIKII. O.uHaKO .una orrpe.ueneHHOM KaTeropIIII 5.IBneHIIM )lBII2KeHIIe 

B cpe.ue M02KHO rrpII6J,III2KeHHO orr1IcaTh Ha H3hIKe Knacc1IqecKoil: Mexa

HIIKII rryTeM BBe,lleHIIH B ypaBHeHJ:UI .uorronHIITenhHbIX qneHOB. C10.ua 

OTHOC5.ITC5.I Kone6amrn, rrepIIO,llhl KOTOpbIX MHOrO 6onbIIIe BpeMeHII, xa

paKTepHoro .una 3aBepIIIeHII5.1 .lllICCIIIIaTIIBHhlX rrpo:o:eccoB B 0.llHOpo.u

HOM cpe,ue. B 3TOM cnyqae BnlIHHIIe cpe,llbl Ha KOne6aHII5.I Tena M02KHO 

yqeCTh BBe,lleHIIeM CHJibl TpeHHH, JIHHe:HHO 3aBHCHI.Qeii OT CKOpo

CTH . 

.Una MHOrOMepHblX CIICTeM o6o6meHHM CIIna TpeHIIH, COOTBeTCTBYIO

maa KOOp,UIIHaTe Xi, 6y.ueT n1IHeHHOM cpyHKI(IIeii CKOpOCTeii: 

Ko3cp(pIII(IIeHTbl O:ik orrpe.uenaIOTCH IICKnIOq1ITenbHO CBOHCTBaMII cpe,llhl, 

a IICIIOnh3YH cpe,llCTBa CTaT1ICT1IqecKoii (p1I31IKII, M02KHO IIOKa3aTb IIX 

CIIMMeTpliqHOCTb no IIH,UeKcaM. O6o6meHHhie CIInhI TpeHII5.I BeChMa op

raH1IqHO BIIIICblBaIOTC5.I B ypaBHeHII5.1 JiarpaH2Ka, ecn1I BBeCTII TaK Ha-

3hIBaeMyIO ,n;nccnnaTHBHyro cpyHKn;nro_ 

F IL .. = - - O:·kX·Xk 
2 i, i • 

i,k 

II orrpe.uenlITb o6o6meHHhie CIInbI B BII,lle rrp01I3BO)lHbIX: 

Tor.ua 3TII CIInhI rrpOCTO .uo6aBn5.IIOTC5.I B rrpaByIO qacTh ypaBHeHIIM Jia

rpaH2Ka: 

d fJL 
dt fJxi 

fJL fJF 

TIOMIIMO 3TOrO )llICCIIIIaTIIBHM cpyHKI(II5.I IIMeeT cymecTBeHHhlH (plI31I

qecKIIM CMhlCn - eIO orrpe.uenaeTC5.I IIHTeHCIIBHOCTb .lllICCIIIIal(IIII 3Hepr1III 

B CIICTeMe. B 3TOM nerKO y6e,UIITbC5.I, rro.ucq1ITaB rrpOII3BO.UHYIO no Bpe

MeHII OT 3Hepr1I1I: 
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IloCKOnhKY .n::u:cc1maTIIBHM <PYHKIJ;II5I - KBa,n:paT:n:qHa5I <PYHKIJ;ll5I CKOpo

CTeH, cornacHo TeopeMe 3n:nepa 06 o,n:Hopo,n:HhIX <PYHKn;IIax, rronyqaeM 

dE = -2F 
dt ' 

T.e. CKOpOCTh II3M8H8HII5I 3Hepr:n::n: CIICT8Mhl BO BpeMeHII paBHa y,n:BO

eHHOH .n::n:cc:u:rraTIIBHOH <PYHKUIIII. 3To COOTHOIIIeHIIe IIOKa3bIBaeT, qTQ 

.n::u:cc:n:rraTIIBHM q>yHKn;:n:a - rronm1mTenhHO orrpe,n:eneHHaa KBa.n;paTirq

HM q>OpMa, T.K . .D:IICCIIIIaTIIBHhie rrponeccbI BCer.n:a rrpIIBO,I1;5IT K YM8Hh

III8HIIIO 3Hepr:u::n:. 

Terrepb, .n:o6aBIIB 0606:w;eHHbie CIInhI Tp8HII5I, Mhl 6e3 Tpy.n:a BhIIIIIIIIeM 

ypaBHemrn ManhIX KOne6aHIIH rrpII Han:u:q:u::u: TpeHII5I B BII.n;e 

I)mikxk + aikXk + kikXk) = 0. 
k 

B O.D:HOMepHOM cnyqae 

mx +ax+ kx = 0, 

:u:n:n: rrocne .n:enett:n:a Ha m rronyq:n:M 

x + 2-Xx + w5x = 0, .:: = 2-X, 
m 

k 2 
-=wo 
m 

- n:n:HeHHOe .n::n:q>q>epeHn;IIanhHOe ypaBH8HIIe C IIOCT05IHHhIMII K03q>q>IIUII

eHTaMII. Cornactto rrp:n:HaThIM rrpaB:n:naM peIIIett:n:e TaK:n:x ypaBHeH:n:H 

:n::w;yT rro.n:cTaHOBKOH x = ert. Tor.n:a .n:na r :n:MeeM xapaKTep:n:cTIIqecKoe 

ypaBHeHIIe 

r 2 + 2-Xr + w5 = 0, 

a 06IUIIM peIIIeHIIeM .n::n:¢¢epeHn;IIanhHOro ypaBH8HII5I 6y,n:eT 

x = C1erit + C2er2t, r.n:e r1,2 =-A± J_x2 - w5. 
Ilo rrp:n:q:n:He, KOTOpaa Bhl5ICHIITC5I B xo.n:e .n:anhHeHIIIero II3nO)K8HII5I, A 
Ha3hIBaIOT K03q>q>IIUII8HTOM 3aTyxaHII5I, II B 3aBIICIIMOCTII OT ero 3Haqe

HII5I 6y,n:eM pa3JrnqaTh TPII crryqaJI: 

(a) ). > Wo. Tor.n:a o6a 3HaqeHII5I r Be:rn;eCTB8HHhI II OTpIIn;aTenhHhI: 

x = C1exp[-(>. - J >.2 - w5)t] + C2exp[-(>. + J >.2 - w5)t]. 

B 3TOM cnyqae, Kor.n:a TpeHIIe ,n:OCTaTOqHo i3en:n:KO, X y6hrnaeT, 

acIIMIITOTIIqecKII rrp:n:6nm1macb K rronmKeHIIIO paBHOB8CII5I. TaKOII 

TIIII .D:BII)K8HII5I Ha3bIBaIOT anepHO,n;HqeCKHM 3aTyxaHHeM. 
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(b) A = w0 • B 3TOM cnyqae xapaKTepn:cTn:tJecKoe ypaBHeHn:e n:MeeT 
TOJihKO o.n;n:H KopeHh r = -A, a perneHn:e .n;mpcpepeHun:aJihHOro 
ypaBHeHn:.H H:MeeT Bll,U 

I1 BHOBb MhI rrpn:rnnn: K arrepn:o.n;n:tJeCKOMY 3aTyxaHn:IO. 

(c) A < Wo. B 3TOM cnyqae KOpHII xapaKTepn:cTn:tJeCKOrO ypaBHeHII.H 
KOMIIJieKCHO corrp.H)KeHbI, a perneHn:e .n;n:cpcpepeHUIIaJibHOro ypaBHe
Hll.H 3aIIH:ChIBaeTC.H B Bn:.n;e 

x = Re{Aexp(->it + itJw5 - >i2)}. 

Bh1.n;enn:B .uen:cTBn:TeJihHYIO qacTh, rronytJn:M 

TaKIIM o6pa30M, B 3TOM cnyqae ,UBll)KeHn:e MO)KHO paccMaTpn:BaTh 
KaK rapMOHH:tJeCKn:e KOJie6aHII.H C 3KCIIOHeHun:aJibHO y6brna10ruen: 
aMIIJillTJ,UOH ae->.t' IIHatJe rOBOp.H, KaK 3aTyxaromHe KOJie6a

HHH, rrpn:tieM tJaCTOTa KOJie6aHIIH MeHhille tJaCTOTbI CB060.UHhIX 
KOJie6aHn:H B OTCJTCTBn:e TpeHn:.H, a CKOpOCTb y6hrnaHII.H aMIIJill

TJ,UbI orrpe.n;en.HeTC.H K03cpcpn:un:eHTOM 3aTyxaHn:.H A. 

6. BblHY)K,UeHHble KOJie6aHHH npH HaJIHqHH TpeHHH. .IlorryCTIIM, 
tJTO Ha MeXaHn:tJeCKYIO CllCTeMy, KOTOpa.H COBeprnaeT 3aTyxa10run:e KO
ne6aHII.H ( KOJie6neTC.H B cpe.ue c TpeHn:eM), .ueiiCTByeT HeCTaun:oHapHM, 
T.e. 3aBIIC.H1Ua.H OT BpeMeHn:, cn:na. IIpe,urrOJIO)KllM, tJTO 3Ta BHeillH.H.H 
cn:na 3aBn:cn:T OT BpeMeHn: cornacHo 

YpaBHeHn:.H .UBII)KeHn:.H 3a,uaqn: B 3TOM cnyqae rrpn:Hn:MaIOT BII.U 

x + 2>ix + w5x = Jo e°'tcos7t 
m 

n:nn: B y.n;o6Hon: .n;n.H pactJeToB KOMrrneKcHon: 3arrn:cn: 

x + 2>ix + w5x = Jo e°'t+ht. 
m 

PerneHn:e 3Toro ypaBHeHn:.H x = x0 + x 1 ecTh cyMMa o6ruero perneHn:.H 
O,UHOpO,UHOro ypaBHeHn:.H, KOTopoe, KaK ll3BeCTHO, IIMeeT xapaKTep KOJie-

6aHn:H x0 = ae->-tcos(wt + ;3) TOJibKO rrpn: A < w0 , r.ue w = Jw5 - >i2, n: 

127 



KaKoro-m-r6o qacTHOro pernemrn Heo,n;Hopo,n;Horo ypaBHemrn x 1. By,n;eM 

HCKaTb. qacTHOe perneHHe B BH,n;e x 1 = Beat+i,t. IIo,n;cTaBHB B Hcxo,n;Hoe 

ypaBHeHHe, rronyqHM 

B = Jo . 
m[w5 - 1 2 + a 2 + 2a,\ + 2i'"'((,\ + a)) 

IIocKOJibKY B - KOMrrneKcHa51 BenHqHHa, rrpe,n;cTaBHM ee B BH,n;e B = bei8, 

orrpe,n;enHM b H 6. Lln51 ::noro Heo6xo,n;HMO rrpe,n;cTaBHTb B B 06b1qHOM 

BH,Ue U + iv, IlOMHO)KHB qHCJIHTeJib M 3HaMeHaTeJib B Ha BeJIHqHHY, 

KOMITJieKCHO corrp51)KeHHYIO 3HaMeHaTeJIIO, TOr,n;a, KaK H3BeCTHO, b = 
Ju2 = v 2, a tg6 = v/u. Bb1,n;enHB 3aTeM BemecTBeHHYIO qacTb x 1, B 

pe3yJibTaTe rronyqHM 

x1 = beatcos('"'ft + 6), 

r,n;e 

b = Jo 
mJ(w6. - 1 2 + a 2 + 2a,\) 2 + 412 (,\ + a) 2 ' 

21(,\ + a) 
w5 - 1 2 + a 2 + 2a,\ · 

tg6 . 

KaK y)Ke 6hmo cKa3aHo, o6mee perneHHe 3a,n;aqH ecTh cyMMa x = x0 + 
x 1, o,n;HaKo o6mee perneHHe o,n;Hopo,n;Horo ypaBHeHH51 x 0 3aTyxaeT co 

BpeMeHeM, IlO3TOMY qepe3 ,UOCTaToqHO 60Jibll10lI rrpoMe)KyTOK BpeMeHH 

perneHHeM 3a,n;aqH 6y,n;eT 

x = X1 = beatcos('"'ft + 6). 

AMrrJIHTy,n;a BhIHy)K,n;eHHbIX Kone6aHHH rrpH HaJIHqHH TpeHH51 rrpH co

Brra,n;eHHH qacTOTbl BbIHy)K,n;a10men CHJibl 1 C qacTOTOH co6CTBeHHblX 

KOJie6aHHH Wo pacTeT' HO He o6pamaeTC51 B 6eCKOHeqHOCTb, KaK 3TO 

6bmo rrpH pe3oHaHce B OTCYTCTBHe TpeHH51. IlpH 3a,n;aHHOH aMrrJIH

Ty,n;e CHJibl JO aMITJIHTy,n;a KOJie6aHHH CTaHOBHTC51 MaKCHMaJibHOH rrpH 

qacTOTe 1 = J w5 - 2,\2 (,n;n51 yrrpomeHH51 pacqeTOB 3,n;ecb M ,n;anee rrpM

MeM a= 0). 

PacCMOTpHM o6naCTb B6JIH3H pe3oHaHca 1 = Wo + C (c « wo), 6y,n;eM 

cqHTaTb TaK)Ke ,\ << Wo, TOr,n;a 

12 
- w~ = ( 1 + w0 ) ( 1 - wo) ~ 2woc, 2i'"'(,\ = 2i-\wo, 
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11O3TOMY 

B= - Jo 
2mwo(c - i,\)' 

Ilpn: ycTaHOBMBIIIeMd: ,ZlBM)KeHMM 

x = bcos ("ft + <5) 

). 
tgb = -. 

c 

3Heprn:a CMCTeMhl OCTaeTC51 HeM3MeHHOH. B TO )Ke BpeMa CMCTeMa He

rrpepbIBHO rrorJIOlllaeT 3Heprmo OT MCTOqHMKa BbIHY)K.UaIOmeii: CMJihI, 

KOTOpaa ,ZlMCCMIIMpyeTC51 6naro.uapa TpeHMIO. EcJIM o603HaqMTb rrocpe.u

CTBOM J('Y) KOJIMqecTBO 3HeprMM, IIOI'JIOlllaeMoii: B cpe,n;HeM B e,UMHMUY 

BpeMeHM, TO, KaK 6bIJIO IIOKa3aHo B rrpe,Zlhl.ZlYllleM rryHKTe, 

r,ue F - cpe,n;Hee 3a rrepn:o.u 3HaqeHMe ,un:ccn:rraTMBHOii: cpyHKUMM. B o,u

HOMepHOM cnyqae F = ax2 /2 = >.m±2 MJIM F = ,\mb2,·y2 sin2 ( ,t + <5), 
Tor.ua, MMea B BM.UY, qTO cpe,n;Hee OT KBa,upaTa CMHyca 3a rrepMO,Zl eCTb 

1/2, MMeeM 

Ilo,ucTaBMB c10,ua Bhlpa)KeHn:e aMIIJIMTY.IlhI Kone6aHn:ii: B6JIM3M pe3oHaHca, 

IIOJiyqMM 
JJ ). , 

J(c) = - 2 ,\2· 
4mc + 

TaKOH BM,Zl 3aBMCMMOCTM IIOI'JIOllleHM51 OT qaCTOTbI Ha3bIBaIOT ,llHCnep

CHOHHbIM. J(c) MaKCMMaJihHO rrpM c = 0: 

I(O) = JJ . 
4m,\ 

TaKMM o6pa30M, rrpn: pe3oHaHce rrornomeHn:e Han:6oJihIIIee, a rrpn: yMeHh

IIIeHMM K03cpqmun:eHTa 3aTyxaHM51 pe3OHaHCHaa KpMBM CTaHOBMTC51 y)Ke 

n: BhIIIIe. IlonyIIIn:pn:Hoii: pe3oHaHcHoii: KpMBOii: Ha3hIBaIOT 3Haqemrn c, 

IIpM KOTOpOM 

I(c) = J(0)/2. 

lfa cpopMyJihl ,ZlJl51 J(c) JierKO 3aMeTMTh, qTo na IIOJIYIIIMpMHa COBrra

,uaeT c rroKa3aTeJieM 3aTyxaHMa (cM. pn:c. 16). 

129 



I/I(O) 

-A +A E 
P:0:c. 16 

7 . .IlBH)KeHHe B 6hlCTp0 OC:UHJIJIHpyro:m;eM none. PacCMOTpHM .UBH

)K€HHe 11aCTHUbI, KOTOPM HaXO,UHTC.sI O,UHOBpeMeHHO rro.u .ue:ikTBHeM rro

CTO.sIHHOro IIOJI.sI u H CHJibl 

J = !1 cos wt+ fz sin wt. 

IIpe.urroJIO)KHM, '1TO 11aCTOTa W H3M€H€HH.sI :non CHJibI co BpeMeHeM 

MHOro 60Jiblll€ 11aCTOTbl co6CTBeHHbIX KOJie6aHHH, KOTOpbie 11aCTHUa co

BeplllaJia 6bI TOJibKO B rrorre u. Ilpe.urroJIO)KHM TaK)Ke, '1TO Bb13BaHHOe 

CHJIOH f KOJie6aTeJibHOe CMern;eHHe 11aCTHUbl (6y,ueM o6o3Ha11aTb ero 0 
Marro. 

Y paBHeHHe ,UBH)K€HH.sI 11aCTHUbl 

.. dU f 
mx = - dx + . 

XapaKTep IIOJI.sI, .uencTBJIOIIJ;ero Ha 11aCTHUY, IIO,UCKa3bIBaeT, '1TO .UBH

)K€HHe 11aCTHUbI ,UOJI)KHO rrpe,ucTaBJI.sITb H3 ce6.si rrepeMern;eHHe B,UOJib 

HeKoen IIJiaBHOH TpaeKTOpHH C O,UHOBpeMeHHbIMH MaJiblMH OCUHJIJI.sIUH

.sIMH ( C 11acTOTOH W) BOKpyr 3TOH TpaeKTOpHH. B COOTB€TCTBHH co 

CKa3aHHblM 

x(t) = X(t) + t(t). 
Y cpe,UHHM 3TO Bbipa)K€HH€ no rrepno.uy H3M€H€HH.sI t ( t). 5IcHo, '1TO 

< t(t) >= 0, Tor.ua < x(t) >= X(t), T.e. X(t) orrnchrnaeT ycpe,uHeHHoe 
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no 6hICTphIM OCUIIJIJUIUII.HM "nJiaBHoe" .UBII)KeHIIe qacTIIUhI. Ilo,ucTaBIIB 

Tenepb x(t) B ypaBHeHIIe .UBII)KeHII.H II pa3JIO)KIIB no CTeneH.HM ~ C TO'l

HOCThlO .uo 'IJieHOB nepaoro nop.H,UKa MaJIOCTII, nony'IIIM 

B 3TOM ypaBHeHIIII qmrypIIpyIOT 'IJieHbI pa3JIII'IHOro xapaKTepa - 6bl

CTpo OCUIIJIJIIIPYIOIUIIe II nJiaBHhie. IlpIIpaBHIIBM BeJIII'IIIHhI O,UIIHaKO

BOro xapaKTepa, .UJI.H OCUIIJIJIIIPYIOIUIIX IIMeeM 

mt= f(X, t) 

( OT6porneHbI co.uep2KaIUIIe MaJibIH MHO)KIITeJib ~ 'IJieHhI, a t nponopuIIo

HaJihHO w2 
II .uocTaTO'IHO BeJIIIKO). PaccMaTpIIBa.H X KaK nocTO.HHHYIO, 

ttaii:.ueM 

f 
~=-2· mw 

IIocne ycpe.utteHII.H, ytIIIThIBa.H, 'ITO < f >=< ~ >= 0, nony'IIIM ypaa

HeHIIe, onpe.uen.HIOIUee X ( t): 

KOTOpoe MO2KHO nepenIICaTb B BII,Ue 

r.ue 

1 2 1 2 2 m ·2 
U3cpcj:> = u + -2 2 < f >= u + -4 2 U1 + f 2) = u + -2 < ~ > . mw mw 

I-haK, .uonOJIHIITeJihHhIH no OTHOIIIeHIIIO K nOJIIO u 'IJieH npe.ucTaBJI.HeT 

co6ou cpe,UHIOIO KIIHeTII'leCKYIO 3HeprIIIO OCUIIJIJI.HUIIOHHOro .UBH)KeHH.H. 

llpyrHMII cnoaaMH, ycpe.utteHHOe no 6hICTphIM OCUHJIJI.HUH.HM .UBH)KeHHe 

'laCTHUhI npOIICXO.UIIT TaK, KaK eCJIH 6bl nOMHMO nOCTO.HHHOrO nOJI.H U 
.ueHCTBOBaJIO 6bl eme O,UHO nOCTO.HHHOe none, KBa.upaTH'IHO 3aBHC.HIUee 

OT aMnJIHTY.UhI nepeMeHHOrO nOJI.H. 

8. HapymeHHe CHMMeTpHH npH KOJie6aHHHX B none CHMMeTpH'q

HOI'O IlOTeHJ:~nana. B npH6JIH)KeHHhIX K peaJihHhIM 3a,uaqax O KOJie-

6aHIIHX JIHHeHHOrO OCUHJIJIHTOpa qacTO nonaraIOT, 'ITO noTeHuHaJibHM 

:rneprII.H 3aBIICIIT TaK2Ke II OT HeKOTOphIX .uonOJIHHTeJibHhIX napaMeTpOB. 
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IIpnMepoM TaKHX KOJie6aHHM M02K€T CJIJ2KllTb .UBll)K€Hlle B IIOT€HIJ;llaJib-

HOM none: 

U(x, k) = kx2 + ,x4 
2 4 ' 

, > 0 . (60) 

. IloJIO)K€Hlle paBHOB€Cll5I B TaKOM IIOJie orrpe.uenaeTC5I KOpH5IMll ypaBHe-

Hll5I 
dU 
- = kx + 1x3 = 0. 
dx 

(61) 

(a) Ecnn k > 0, TO (61) llM€€T €.UHHCTB€HHbIM KOpeHh Xo = 0, KOTOpbIH 

COOTBeTCTByeT IIOJIO)K€HllIO ycToiiqnBoro paBH0B€Cll5I 

ld2U/dx21xo > 0. 

(b) Ecnn k < 0, TO ypaBHeHne (61) HMeeT Tpn KOpHa: 

X2 = 0, d2UI = -lkl < 0 
dx2 

x2 

ll 

X1,3 = ± fjkf· y-:y, d2UI = 2lkl > o. 
dx2 

x1,3 

B cnyqae (b) B03M02KHbl ,UBa CllMM€TpllqHblX IIOJI02K€Hll5I ycToiiqnBoro 

paBH0B€Cll5I X1 ll X3. Ilpn HerrpepbIBHOM ll3M€H€Hllll rrapaMeTpa k OT 

IIOJI0)KllT€JibHbIX 3HaqeHHH K OTpmi:aTeJibHbIM ycToiiqllBOe paBHOBecne 

B TOqKe Xo rrpeBpamaeTC5I B HeycToiiqnBOe B X2. :::ha HeycToiiqllBOCTb 

HapyrnaeT CllMMeTpHIO, rrpncymyro 3Heprnn B3aHMO.Zl€MCTBll5I U ( X, k) = 
U(-x, k), rrocKOJihKY rrpn .UBM2K€HHH c E < 0 qacTnu;a M02KeT oKa3aThC5I 

KaK B JI€BOH, TaK n B rrpaBOH IIOT€HIJ;HaJihHbIX 5IMax (cM. pnc. 17, 
k = 2A). B oKpecTHOCTH TOqKn x 3 rrpn .UBH2K€HHH c E < 0 

x(t) = x3 +a· cos(w0t + a), -✓2 I k I Wo- m 

perneHne He o6na.uaeT CHMMeTpneiI B3anMo.ueiICTBH5I. TaKHM o6pa30M, 

eCJill rrpn CBOeM ll3M€H€Hllll 0.ZlllH ll3 rrapaMeTpOB IIOTeHu;HaJibHOH 3Hep

rllll (B .uaHHOM cnyqae k) rrpOXO.UllT qepe3 KpllTHqecKoe 3HaqeHHe (B 

.uaHHOM cnyqae k = 0), npOMCXO.UllT KaqeCTB€HHa5I rrepecTpOiIKa Cll

CT€MbI. 5IBJI€Hlle TaKoro THIIa rrpHH5ITO Ha3bIBaTb 6mpypKan;HeH ( OT 

aHr JIHMCKoro bifurcation - pa3.UBOeHne). 
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Pn:c. 17 

• IlpHMe~IaHHe. MexaaHqecKruI MO,ZJ;eJib cpa30BblX rrepexo,n;oB BTO
poro po,n;a. )Kene3Hbiii: rnapn:K Maccoii: m Mo2KeT Kone6aThC5I B.D:OJih 

OCH y Ha npy2Kn:He, noTeHun:aJibHM 3Heprmr KOTOpoii: 

U(y) = -Cy2 + By4
• 

3JieKTpOMarHHT B036y2K,n:aeT KOJie6aHn:5I rnapn:Ka no 3aKOHY Yo cos "(t, 
npn:qeM 'Y MHoro 60Jibllle qacTOTbl co6CTBeHHbIX KOJie6aHn:ii: rnap1IKa. 
KaKoBa qacToTa Korre6aHn:ii: rnapn:Ka B 3aBn:cn:MOCTn: OT napaMeTpa T = 
Y2? 
o· 

YpaBHeHn:e ,n:Bn:2KeHm1 rnapn:Ka 

Co6CTBeHHOe ,UBH2KeHn:e rnapn:Ka no.n: ,n:eii:CTBHeM npy2KHHbl onn:CbIBa
eTC5I "Hn:3KoqacTOTHhIM" CMememreM x = y - y0 cos "(t. Ilrr5I 3Toro cMe
meHn:5! ( CM. nyHKT 7) 

.. dU(x + Yo cos "(t) 
mx=- dx . 

Y cpe,n:H5I5I no nepn:o,n:y 27f / 'Y BbICOKoqacTOTHOro ,UBH2KeHH5I n: yqn:ThIBM, 

qTo < cos2 "(t >= 1/2, < cos4 "(t >= 3/8, < cos2n+l "(t >= 0, 
norryqaeM COOTBeTCTBYIOlllYIO 3cpcpeKTHBHYIO noTeHUHaJibHYIO 3HeprHIO 

9 
U3 <1><1> = Ax2 + Bx4, r.n:e A= -C + 4By~. 

fpacpHK cpyHKUHH U3 <1><1> ( X) H306pa2KeH Ha pHC.17. 

IT pH A > 0 HJIH y5 = T > Tc = 4C /9B rnapn:K KOJie6JieTC5I BOKpyr 

nOJIO2KeHn:5I ycToii:qn:Boro paBHOBeCH5I X = 0 C qacTOTOii: w = J2A/m ~ 
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JT - Tc. IlplI A < 0 mrn T < Tc MIIHIIMYMhI U3 cpcp(x) pacnOJIO)KeHhI 

B TOtIKax ±✓-A/2B II rnaplIK KOJie6JieTC5.l B6JIII31I O.llHOrO II3 HIIX C 

tJaCTOTOll w = ✓-A/m ~ JTc -T. 

'.:ha KapTIIHa .llOCTaTOtJHO 6JIII3Ka K KapTIIHe cpa30BhIX nepeXO.llOB BTO

poro po)la. EhlcTphie BhIHY)K.lleHHhie Kone6aHII5.l 5.lBrr5.lIOTC5.l aHarroroM 

TeIIJIOBOro .llBII)Kemfa, COOTBeTCTBYIOIUero TeM MO)laM KOrre6aHIIll CII

CTeMhI, KOTOphie He CB5.l3aHhI C cpa3OBhIM nepeXO)lOM. T = W - aHa

rror TeMnepaTyphI. IlplI 6orrhIIIIIX T CIICTeMa Korre6JieTC5.l BOKpyr e)llIH

CTBeHHOro norro)KeHII5.l paBHOBeCmI II cyrueCTByeT CIIMMeTplI5.l OTHOCII

TerrhHO 3aMeHhI X 1-t -x. IlplI yMeHhIIIeHIIII TeMnepaTyphI .llO 3HatJeHIIM 

T < Tc. rnapIIK ,HatIIIHaeT KOrre6aThC5.l BOKpyr O.llHOro II3 .llBYX HOBhIX 

norro)KeHIIll paBHOBeCII5.l, nplI 3TOM CIIMMeTplI5.l X 1-t -x pa3pyrnaeTC5.l. 

3HatieH1Ie Tc - aHanor TeMnepaTyphI cpa3oaoro nepexo)la BTOporo po)la. 

VIII. .UBH)KEHHE TBEP .uoro TEJIA 

CoaoKynHOCTh MaTep1IaJihHhIX TOtJeK 06pa3yeT TBep.noe Teno, ecJIII pac

CTO5.lHIIe Me)K.llY JII06hIMII napaMII 3TIIX TOtieK OCTaeTC5.l HelI3MeHHhIM nplI IIX 

.llBII)KeHIIII. PeanhHO cyruecTay10ru1Ie Terra Y.llOBJieTaop5.lIOT 3TOMY ycrroBIIIO 

npII6rr1I)KeHHO, HO 6orrhIIIIIHCTBO TBep)lhlX Terr TaK He3HatJIITerrhHO II3MeH5.lIOT 

CBOIO cpopMy II pa3MephI, tJTO 3TIIMII II3MeHeHII5.lMII 06hitJHO npeHe6peraIOT. 

B MexaHIIKe TBep)lbie Terra o6hitJHO paccMaTplIBaIOT KaK cnrrOIIIHhie, He 

IIHTepecy5.lCh IIX BHyTpeHHeiI CTpyKTypoiI, O.llHaKO B ,n:aJihHeiirneM )lrr5.l ynpo

rueHII5.l BhlBO.llOB TBep)loe Teno a HeKOTOphIX CJiytIMX 6y)leT paccMaTpIIBaThC5.l 

KaK .lllICKpeTHM COBOKynHOCTh MaTepIIarrhHhIX TOtieK. <I>opMyrrhI, CO.llep)Ka

IUIIe cyMMIIpOBaHIIe no .lllICKpeTHhIM TOtIKaM, nepeBO.ll5.lTC5.l B cpopMyJihl )lrr5.l 

cnrrornHhlX Terr npocToiI 3aMeHoiI 

L ma ➔ J pdV = J dm, 
a 

r)le cyMMIIpOBaHIIe pacnpOCTpaHeHO no BCeM tJaCTII!IaM Terra, IIHTerpan 6e

peTC5.l no ero 06'heMy) a p - nrrOTHOCTh MaCChI. 

PaccT0.8:HIIe Me)K.llY rrI06bIMII napaMII TOtJeK TBep)loro Terra He MeH5.leTC5.l 

npII .llBII)KeHIIII, nO3TOMY ecrrlI 3a,n:aHbl KOOp.lllIHaThl Tpex ero TOtJeK, He Jie)Ka

IUIIX Ha O.llHOiI np5.lMoiI,. TO nOJIO)KeHIIe ocTaJihHhlX 6y.lleT onpe,n:eneHo. KaK OT

MetJanoch BhIIIIe, tIIICJIO CTeneHeiI CB060)lhl TBep)lOTeJibHOrO TpeyrOJihHIIKa, B 
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Bepunrnax KOToporo pacnorrmKeHbl qaCTl:I:Qhl, paBHO IIIeCTl:I. Crre,noBaTerrhHO, 

"llHCrrO CTerreHeir CB06o,nbl TBep,noro Terra 6y.neT TaK)Ke paBHO IIIeCTl:I. 

Ilm1 onI:IcaHH51 .llBI:I)KeHI:I51 TBep.noro Terra o6hI"llHO Hcnorrh3YIOT ,nBe cI:I

cTeMbI Koop,nHHaT (CK): Herro,nBI:I)KHYIO (HHep:u;HarrbHYIO) XY Z (B .narrbHeir

IIIeM 6y,neM Ha3bIBaTb ee Ko) l:I )KeCTKO CB513aHHYIO C TBep,nbIM TerroM, yqacT

BYIOIUYIO BO Bcex ero .UBH)KeHI:I5IX, x 1 = x, x 2 = y, x3 = z (B ,narrhHeirIIIeM 

- Kw)- Haqarro Kw o6hI"llHO COBMema10T c :u;eHTpoM I:IHep:u;HH Terra l:I 011pe.ne

rr5110T 3a,naH1:IeM pa,nHyca-BeKTopa R 3Toir TO"llKl:I B K0 . OpI:IeHTa:QH51 oceir Kw 
OTHOCHTerrbHO oceir Ko onpe,nerrHTC51 3a,naH1:IeM OCTaBIIIl:IXC51 Tpex He3aBl:ICl:I

MhlX BerrI:I"llHH. B HeKoTOphlx crryqMx y,no6Ho BBO.UHTh CK, Haqarro KOTopoir 

COBMemeHo c HaqarroM Kw, a OCH ocTaIOTC5I naparrrrerrhHhIMl:I OC5IM Ko npH rr10-

60M rrepeMemeHHH TBep,noro Terra ( 3TY CK B ,narrhHeirIIIeM 6y,neM Ha3blBaTb 

K). 

1. TeopeMbI 3:iinepa H IDan.s.1 o ,n;BH.>KeHHH TBep.n;oro Tena. Ifa
MeHeHHe opHeHTa:QHH TBep,noro Terra He MO)KeT l:I3MeHHTb paCCT05IHl:I51 

Me)K,ny TO"l!KaMl:I 1:IrrH ,nrrl:IHY pa,nI:Iyca-BeKTOpa TO"l!Kl:I B )KeCTKO CB513aH

HOH C TBep,nbIM TerroM CK, Il03TOMy OpHeHTa:QI:IIO TBep,noro Terra B HeKo

TOpbIH MOMeHT BpeMeHH MO)KHO 3a,naTh OpToroHarrbHblM npeo6pa30Ba

HHeM, 3rreMeHTbl KOTOporo Bbipa)KeHhl qepe3 IIO,llXO,ll5IIUHe napaMeTpbI. 

MaTpH:u;a TaKoro opToroHarrhHOro npeo6pa3oBaHH51 MeH5IeTc.si co BpeMe

HeM BMeCTe C H3MeHeHHeM opI:IeHTa:QHl:I, KpOMe Toro, 5ICHO, "l!TO ecrrl:I npl:I 

t = 0 OCH .UBH)KylUeHC5I BMecTe c TBep.nhIM TerroM Cl:ICTeMbI Kw coBrra

,naIOT C 0C5IMH K' TO rrpeo6pa30BaHHe Ha"ll·l:IHaeTC5I C TO)K,lleCTBeHHOro: 

A= A(t), A(O) = I. 

MaTpH:u;a A - HerrpepbIBHM cpyHK:QH51 BpeMeHI:I. 

• CrrpaBKa. OpToroHaJibHble rrpeo6pa3oBaHH.sI. Opmo20Ha.11,b
Hbi.t>tu Ha3bwmom npeo6pa3oeaHuH 'l'.oopauHam 

C0XpaH.H10'UliUe paccm0.HHUe .Me'J/Cay aey.M.H ffi0'l/,'/'.a.MU. H cxoa.H U3 
onpeae.11,e'H,U.Hno.11,y'l/,U.M, 

i Ai ,/Am , ,m , 
X Xi = zX i Xm = X Xm 

Iloc.11,eaHee coomHoweHue, 'l'.omopoe .H6.!1,Hemc.H yc.11,oeue.M opmo20-
Ha.11,bHocmu npeo6pa3oeaHuH, .M0'JICH0 nepenucamb e .MampU'l/,H0.M 
euae 
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Ilo.M'H,OJJCU6 cnpa6a 'H,a A-1 , no,11,y'l./,U.M 3'K:6UBa,11,e'H,m'H,oe yc,11,oBue 

A_= A-1 . 

(3aecb mu,11,baa 03'1-1,a'l./,aem mpa'H,cnO'H,Up06a'H,Ue.) Opmo20'H,ll,/1,b'H,ble 

npeo6pa3o6a'H,UJI o6pa3y10m 2pynny CU.M.Mempuu ifjy'H,nv,uu J(x2 + 
y2+z2 ), '1./,m0 'H,enocpeacm6e'H,'H,O c,11,eayem U3 UX onpeae,11,e'H,UJI. J'fao-
2aa .Mampuv,y opmo2o'H,a,11,b'H,020 npeo6pa3o6a'H,UJI 'H,a3bl6a10m npo

cmo opmo2o'H,a,11,b'H,OU .Mampuv,eu. 

Ilocne 3Tl1X rrpe,uBap11TenhHbIX 3aMeqaHl1M ccpopMyn11pyeM 11 ..U0Ka)KeM 

rron0)KeH11e, 113BeCTH0e KaK TeopeMa 3:ihiepa O .D:BH)KeHHH TBep

,n;oro Tena: np0H3B0JihH0e nepeMem;eHHe TBep.n;oro Tena c o,n;
Hoii 3aKpenJieHHOH TO"l!KOH .SIBJI.SieTC.SI Bpam;eHHeM. 

Ilp11MeM, qT0 3aKpertneHHhIM 5IBmreTC5I Haqano Cl1CTeMbI Kw, )KeCTK0 

CB5I3aHHOM C TenoM, T0r,ua rrepeMeru:eH11e TBep..uoro Tena M0)KeT rrp11Be

CTJI n11IIIh K JI3MeHeHJIIO opMeHTaUJIJI ocen: 3TOM CK. TeopeMa 3i1:nepa 

YTBep)K,uaeT, qT0 H0Ba5I opJieHTaUJI5I ocen: rronyqaeTC5I II0B0p0T0M 11X 

HaqanhHOn: opMeHTaUMJI, coBMeru:eHHOn: c rrono)KeH11eM ocen: K. Ilpy

r11MJI cnoBaM11, cornacHo TeopeMe 3n:nepa, orrepau115I, K0Topy10 ocyme

CTBn5IeT MaTp11ua A, eCTh Bparu:eH11e. lln5I Bparu:eHJI5I xapaKTepHhI 

(a) HeJI3MeHHoe HarrpaBneHJie ocJI Bparu:eHJI5I, 03Haqa10mee, qTo n106oi1: 

BeKT0p, HarrpaBneHHhIM B,U0nh 0CJI Bparu:eHl15I, lIMeeT rrporropu1rn

HanhHh!e K0MII0HeHThI B HaqanbH0M 11 K0HeqH0M rrono)KeH115Ix CK, 

(b) HelI3MeHH0CTh Ben11q11HhI ( MO,uyn5I) BeKT0p0B. 

Cne,uoBaTenhHO, ,un5I ,U0Ka3aTenhCTBa TeopeMbI 3n:nepa ,U0CTaToqH0 rro

Ka3aTh, qTo cyru:eCTByeT BeKT0p R, KOTOpbIM JIMeeT 0,U11HaK0Bhle C0CTa

Bn5IIOIUJie B HaqanhH0M 11 K0HeqH0M rrono)KeHJI5IX TBep,uoro Tena, T .e. 

R=AR=R, 

11nM B 6onee o6ru:eM B11..Ue 

R= AR= >.R. 

KaK 6bIJIO 0TMeqeH0 B rryHKTe 4 rrpe,uhr,uymen: rnaBhI, 3HaqeHl15I K0H

CTaHThI >., rrp11 K0T0phIX ypaBHeH11e 11MeeT HeTpJIB11anhHhie perneHJI5I, 

Ha3hIBaIOT co6CTBeHHhIMH 3Ha"l!eHH.SIMH MaTp11UhI A, a BeKT0phI R, 
y,uoBneTB0p5IIOIU11e 3T0MY ypaBHeH11IO, - ee co6CTBeHHblMH BeKTOpa

MH. TaKl1M o6pa30M, TeopeMy 3n:nepa M0)KH0 rrepecp0pMyn11poBaTb 
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cne,uyIOru;HM o6pa30M: 0,llHHM H3 co6CTBeHHbIX 3Ha'tleHHH 0pT0-

roHaJibHOH MaTpHn;hl A, onpe,n;eJI.suomeii .n;BH)KeHHe TBep.n;oro 

TeJia C 0,llHOH 3aKpenJieHHOH TO'tlKOii, .HBJI.HeTC.H + 1. 

MaTpHqHoe ypaBHeHHe 

(A - -\I)R = O 

rrpe,ucTaBmieT co6on: CHCTeMy Tpex O,llHOpO,llHbIX ypaBH€HHM OTHOCH

T€JibHO R lI II03TOMY orrpe.uemreT co6CTB€HHbie BeKTOpbI C TOqHOCTbIO 

,llO HX OTHOIII€HHM. 3To ypaBH€HHe HMeeT OTJIHqHbie OT HYJI~ peIIIeHHa, 

JIHIIIb eCJIH ,ueTepMHHaHT 

KopHH IIOCJie,uHero anre6panqecKOI'O ypaBH€HHa eCTb co6CTB€HHbie 3Ha

qeHHa. HarrOMHHM, qTo TaKHe ypaBH€HHa 06biqHo Ha3bIBaIOT xapaKTe

pHCTHqecKHMH. TeopeMa 3n:nepa YTBep)K,llaeT' qTo O,lllIH H3 KOpHen: 

xapaKTepHCTHqecKOI'O ypaBH€HHa paBeH + 1. 

O603HaqnM KOMIIOHeHTbI co6CTB€HHOI'O BeKTOpa R qepe3 xik, r.ue rrep

BbIM HH,ll€KC - 3TO HOMep KOMIIOH€HTbI, a BTOpon: - HOMep CaMOI'O co6-

CTB€HHOI'O BeKTOpa. Tor.ua HCXO,llHOe MaTpliqHoe ypaBHeHHe rreperrn

IIIeTca B BH,lle 

AX = XA ⇒ A = x-1 AX; r.ue A = ( ~
1 12 

, 0 0 

I-:lTaK, 3a,uaqa orrpe.ueneHHa co6CTB€HHbIX 3HaqeHHM MaTpH:UbI CBeJiaCb K 

3a,uaqe o ee .unaroHaJIH3a:UHH. 3neMeHThI rronyqHBIIIen:ca .unaroHaJibHOM 

MaTpH:UbI 6y,uyT HCKOMbIMH co6CTB€HHbIMH 3HaqeHHaMH A. IloKa)KeM 

HeCKOJibKO JI€MM, OTHOcamnxca K co6CTB€HHbIM 3HaqeHHaM OpTOrOHaJib

HOM MaTpH:UbI A. 

(a) Mo,n;yJib Ka)K,n;0ro co6CTBeHH0ro 3Ha'tleHH.H paBeH 1. Mo,uyJib 

BeKTOpa aBJiaeTca HHBapHaHTOM OpTOI'OHaJibHbIX rrpeo6pa30BaHHM, 

KOTOphie ocymecTBJiaeT MaTpn:ua A, T.e. R*R = R*R, H T.K. 

R = ,\R, TO ,\ * ,\ = 1. 

(b) OpToroaaJibHa.H MaTpHn;a A BemecTBeaaa, no3T0MY o.n;ao 

H3 ee co6cTBeHHhlx 3Ha'tleHHH TaK)Ke BemecTBeHHo. IIen:

CTBHTeJihHO, BCJI€,llCTBHe Beru;eCTBeHHOCTH A Beru;eCTB€HHbI K03cp

q>HUH€HTbI xapaKTepHCTHqecKOI'O ypaBH€HHa 
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Ilpn: 60JiblIIHX OTpn:uaTeJibHbIX 3HaqeHH5IX ,\ MHOroqJieH ll < 0, 
a npn: 60JiblIIHX IIOJIO)KHTeJibHbIX ,\ MHOroqJieH ll > 0, cne.n;oBa

TeJibHO, v(>.) 110 Kpa:tiHeii Mepe o.n;n:H pa3 11epeceKaeT Beru;ecTBeH

HYIO OCb Me)K,n;y A -+ -oo H ,\ -+ 00. yqHTblBM co.n;ep)KaHHe 11pe

,lJ;bI,n;yru;e:ti JieMMbl, 3aKJIIOqaeM, qTQ 3TOT Beru;eCTBeHHblli KOpeHb 

paBeH + 1 HJIH -1. 

( C) ql:ICJIO, KOMIIJieKCHO- corrpH:>KeHHOe C06CTBeHHOMY 3Haqe

HHIO, eCTb TaK:>Ke co6CTBeHHOe 3HaqeHHe. IlycTb ,\ - KOpeHb 

xapaKTepn:cTn:qecKoro ypaBHeHH51 >.
3 + b>.2 + c>. + d = 0. 3KBHBa

neHTHOe KOMIIJieKCHO-C011p5I)KeHHOe ypaBHeHHe HMeeT peIIIeHHe ,\ *' 
5ICHO, qTQ OHO TaK)Ke 6y,n;eT peIIIeHHeM HCXO,lJ;HOro ypaBHeHH51. 

(d) IlpOH3Be,D;eHHe KOpHeii xapaKTepHCTHqecKoro ypaBHeHHH 

paBHO +1: 
>.1>.2>.3 = det A. 

JleTepMHHaHT MaTpHUbl - HHBapn:aHT 11peo6pa30BaHH51 110.n;o6n:51, 

1103TOMY det A = det A, a .n;eTepMHHaHT MaTpHUbI opToroHaJib

Horo 11peo6pa3oBaHH51 A paBeH + 1 HJIH -1. MaTpm:~a c .n;eTepMn:

HaHTOM -1 11po:riopun:0HaJibHa MaTpn:ue HHBepCHH, HO HHBepCH51 

- He MO)KeT 6bITb ocyru;ecTBJieHa 11epeMeru;eHHeM CK, )KeCTKO CB51-

3aHHO:ti C TBep,n;bIM TeJIOM, O,n;Ha H3 TOqeK KOTOporo 3aKpe11JieHa. 

Ilo3TOMY >-1>.2>.3 = + l. 

Ilpn:cTy11n:M K .n;oKa3aTeJibCTBY TeopeMbI 3:tirrepa, .D:JI51 qero BhrnCHHM, 

KaKHMH MOryT 6bITb B03MO)KHbie co6CTBeHHble 3HaqeHH51 Beru;eCTBeH

HOli OpToroHaJibHOli MaTpHUbl c .n;eTepMHHaHTOM, paBHbIM +l. 3TH 

TPH co6CTBeHHblX 3HaqeHH51 He MoryT 6bITb Beru;eCTBeHHbIMH H pa3-

JIHqHblMH, T.K. Beru;eCTBeHHbie KOpHH xapaKTepHCTn:qecKoro ypaBHeHH51 

paBHbl +1 HJIH -1 (cM. JieMMY (b)). Jlanee, eCJIH co6CTBeHHbie 3Haqe

HH51 Beru;eCTBeHHbl H .n;Ba H3 HHX paBHbl .n;pyr .n;pyry, TO TpeTHli KOpeHb 

He11peMeHHO ,lJ;QJI)KeH 6bITb paBeH + 1, qT06bI .n;eTepMHHaHT 6bIJI paBeH 

+ 1. CoOTBeTCTByIOru;H:ti TO)K,lJ;eCTBeHHOMY 11peo6pa30BaHHIO cnyqa:ti, KO

r .n;a BCe TPH KOpH51 paBHbl +1, HCKJIIOqaeTC51. E.n;HHCTBeHHOli OCTaB

IIIe:tiC51 B03M0)KHOCTbIO 5IBJI5IeTC51 cyru;eCTBOBaHHe 0,lJ;HOro Beru;eCTBeHHOro 

H .n;Byx KOMIIJieKCHblX co6CTBeHHbIX 3HaqeHHii, HO KOMIIJieKCHbie KOpHH 

Bcer.n;a ,lJ;QJI)KHbl 6b1Tb C011p5I)KeHHbIMH, H HX 11pOH3Be.n;eHHe 6y.n;eT paBHO 

+ 1, cne.n;OBaTeJibHO, qT06bI 06ec11eqn:Tb HY)KHYIO Berrn:qn:Hy .n;eTepMH

HaHTa, TpeTHli KOpeHb 6y.n;eT paBeH + 1. 

TeopeMa 3:tinepa ,lJ;OKa3aHa: 11pH JII060M HeTpHBHaJibHOM cpH3HqecKOM 

11peo6pa3oBaHHH paccMaTpn:BaeMoro Tena 110 Kpa:tiHe:ti Mepe o.n;Ho H3 
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co6CTBeHHblX 3Hatiemu1: MaTplI:QbI rrpeo6pa30Bamrn paBHO + 1. 

Herrocpe,ncTBeHHhIM cne,ncTBIIeM TeopeMhI 3:u:nepa aBmreTca TeopeMa 
IllaJI.H: rrpOH3BOJibHhIM rrepeMeID;eHHeM TBep.n;oro TeJia B rrpo

CTpaHCTBe .HBJI.HeTC.H IIOCTyrraTeJihHOe ,ZJ;BH)KeHHe IIJIIOC Bpau:,;e

HHe. 1IoKa3aTenhCTBO 3TOM TeopeMhI Bpan nrr Heo6xo,nn:MO, T.K. IIHTJII

TIIBHO aCHO, 'ITO ecnrr, II3MeHIIB ycnoBrra TeopeMbI 3:u:nepa, OCBo6o,nn:Tb 

3aKperrneHHYIO TO'IKY, TO IIOHBHTCa Tpn: CTerreHII CB060llbI ,nna Hatiana 

2KeCTKO cBa3aHHOii c TBep,nhIM TenoM CK, a rrepeMemeHrre 3TOn: TO'IKII 

CBe,neTca K IIOCTyrraTenbHOMY llBII)KeHIIIO TBepnoro Tena KaK nenoro. 

2. YrJIOBa.H CKOpOCTb, EecKOHff'lHO Manoe rrpOII3BOnhHOe rrepeMemeHrre 

TBep,noro Tena MO)KHO rrpe,ncTaBIITb B BII.L(e cyMMbl 6ecKOHetIHO Manoro 

rrapannenhHOro rrepeHoca Tena, B pe3ynhTaTe KOToporo neHTP n:Hepnrrrr 

rrepexo,nn:T II3 HatianbHOro rrono2KeHrra B KOHetIHOe rrprr HeII3MeHHOll oprr

eHTa:Qn:II oceii, rr 6eCKOHetIHO Manoro IIOBOPOTa BOKpyr neHTpa IIHepnrrrr, 

B pe3ynhTaTe KOTOporo TBep,noe Teno OKa3b1BaeTCH B KOHetIHOM rrono

)KeHIIII. 

Prrc. 18 

O603Ha'IIIM pa,nrryc-BeKTOp rrpOII3BOnbHOM TO'IKII TBepnoro Tena B Kw 
rrocpe,nCTBOM f', pa,nn:yc-BeKTOp TOR )Ke TO'IKII B Ko - g (cM. prrc. 18), 
Tor.ua ecnrr R - pa,nn:yc-BeKTOp neHTpa n:Hepurrrr Tena B K0 , TO 

dg = dR + [d<p, rj. 

HeTpy.L(HO y6e,nn:TbCa, 'ITO rrepeMemeHrre TO'IKII OTHOCIITenbHO :u;eHTpa 

n:Hepurrrr Ha 6eCKOHetIHO Manbill yron drp eCTb [drp, fj. lina 3TOrO IIOKa-
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<' 
'·' 

2KeM, BO-rrepBbIX, qTO MaTpn:1:1;a 6ecKOHeqHo Manoro IIOBOpOTa CHCTeMbl 

Koop.n;n:HaT MO2KeT 6bITh rrpe,n;cTaaneHa B an:,n;e A = i + €, r,n;e € - aH

THCHMMeTpn:qHrur MaTpn:ua. .IleHCTBHTeJihHO, rrpn: IIOBOpOTe Ha yroJI 

<p = 0 MaTpn:ua A= i ecTb MaTpn:ua TO2K,n;ecTBeHHoro rrpeo6pa3oaaHn:51, 

a ecnn: yron rroBopoTa Man, TO A= i + €, rrpn:qeM 3JieMeHThI Eik « l. 
.Ilnn:Ha rrpOH3BOJlbHOrO pa,n;n:yca-BeKTOpa 

i Ai ,kAl, ("i i) ,k(rl l), 
X Xi= kx ixl = Uk+ Ek X ui + Ei Xz ~ 

ri rl , k , ri l , k , rl i , k , 
ukuix Xz + ukEiX X1 + uiEkX Xz 

He MeH5IeTC51 rrpn: Bparu;eHH5IX (xiXi = xkxz), IIO3TOMY 

ri l , k , rl i , k , Q 
ukEiX X/ + uiEkX Xz = HJIH 

,k,l ,k,l 
EkzX X = -EzkX X ===} Ekl = -Ekl· 

11:TaK, MaTpn:ua E aHTHCHMMeTpn:qHa. Terrepb MO2KHO IIOKa3aTb, qTo 

3Ta MaTpn:ua OIIHCbIBaeT 6eCKOHeqHO MaJiblH IIOBOpOT CHCTeMbl KOOp

,n;n:HaT. BBe.n;eM ,n;JI51 3Toro aeKTOp, ,n;yanhHhIH Eik, cornacHo 

Tor,n;a 

. 1 "kl 
Otni = -Ei c r 2 kl, 

i kli k l k l 
2EmniO<p = E EmniCkl = (omon - onom)Ekl = Emn - Enm = 2Emn· 

Cne.n;oBaTeJibHO, 
Eik = EiklO<pz. 

BBH,n;y Toro, qTo 

xi = (oi + ci)xk =xi+ EikXk =xi+ EiklXkO<p1, 

,IJ;JI51 OXi B BeKTOpHbIX 0603HaqeHH5IX IIOJiyqn:M 

or= [oc,a • rJ. 

TaKHM o6pa30M, aHTHCHMMeTpn:qHa51 MaTpn:ua € OIIHCblBaeT 6eCKOHeqHo 

MaJiblII IIOBOpOT CHCTeMhl KOOp.n;n:Ha T, a ,n;yaJibHbIII ei'I rrceB,IJ;OBeKTOp o cp 
eCTb yroJI 6eCKOHeqHO Manoro IIOBOpOTa, BeJin:qn:Ha KOTOporo COBrra,n;aeT 

C O<p, a HarrpaBJieHn:e - C HarrpaBJieHHeM 6a3HCHOro BeKTOpa OCH Bpame

HH51. 

BBe.n;eM CKOpOCTH 

v = de v = dR O = dc,a 
dt' dt' dt' 
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TOr,na 

v=V+[n,rJ, 
r.ne V - cKopocTb ueHTpa 1rnepuMM TeJia ( cKopoCTb nocTy1mTeJihHoro 

.D;BJI)KeHM5I), f2 - BeKTOp yrJIOBOII CKOpOCTM BpaI.I..J;eHMSI TBep,noro TeJia, 

HanpaBJieHMe KOTOporo COBna,naeT C HanpaBJieHMeM OCH BpameHMSI. (To

trnee, f2 - nceB,D;OBeKTOp). 

JlonyCTMM, 'lTO Ha'laJIO KOOp.D;MHaT O )KeCTKO CBSI3aHHOII C TBep,nbIM Te

JIOM Kw CMeI.I..J;eHO B TO'lKY O TaK, 'lTO r = r'+a, r,ne r' - pa,nMyC-BeKTOp 

TO'1KM OTHOCMTeJibHO HOBOro Ha11aJia KOOp.D;MHaT. B 3TOM CJiy11ae, C o.n

HOII CTOpOHbI, no.D;CTaBMB nocJie.D;Hee COOTHOII.IeHMe B CB.SI3b Me)K,ny CKO

pOCTSIMM, Bbrne,neHHYIO ,nJISI CK c Ha11aJioM B TO11Ke 0, MMeeM 

v = v + [O,a] + [O,r'], 

C ,npyron: CTOpOHbI, 

CpaBHMBaSI, noJiy11aeM 

TaKMM o6pa30M, yrnoBaSI CKOpOCTb, C KOTOpOII BpamaeTCSI B Ka)K,D;bIII 

,naHHhIII MOMeHT )KeCTKO CBSI3aHHaSI c TenoM CK, oKa3hIBaeTcSI He 3aBM

CHmen: OT Bb16opa CK. Bee )KeCTKO CBSI3aHHbie c TenoM CK BpamaIOTCSI 

BOKpyr napam1eJibHbIX ocen: C O.D;MHaKOBOII no BeJIM'lMHe yrJIOBOII CKOpO

CTbIO. 

• 3aMeqau1rn. JlonycTMM, 11To B o,nHon: M TOH )Ke TO11Ke 3a,naHbI ,nBe 

opToroHaJibHhie CK, o,nHa M3 KOTOpbIX c 6a3MCOM ki Heno,nBM)KHa, 

a OpMeHTaUMSI BTOpOII, C 6a3MCOM ei, M3MeHSieTCSI CO BpeMeHeM, 

npM11eM 

~ = Aim(t)km. 

Aim - 3JieMeHTbI opToroHaJihHOII MaTpMUbI. ,llen:CTBMTeJihHO, 

a 6a3MCbl OpToroHaJibHbI, no3TOMY AinAmn = c5im, MJIM A= A - 1 . 

IIpo.nmpcpepeHuMpyeM no BpeMeHM CBSI3b Me)K,ny 6a3liCHblMM BeK

TOpaMM 
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Wfri - :meMeHTbI aHT11C11MMeTp11"9:HOH MaTp11UbI, B "tJ:eM rrerKO y6e

,U11TbCa, ,umpcpepeHu11pya ycrroa11e opToroHarrhHOCTII AimAmn = 
Oin: 

dAim A A- dAmk _ 
dt mn + im dt -

dAim - dAnm -
~ Arnn + ~ Ami = 0 =} Win = -Wni, 

TpII He3aB11CIIMbIX 3rreMeHTa aHTIICIIMMeTpII"llHOH MaTp11UbI Win 
onpe,uerraIOT KOMnOHeHTbI ,uyarrbHOro eiI nceB,UOBeKTOpa corrraCHO 

1 
fli = 2Eik/Wkl, dAkm Ami, Wk/= dt 

KOTOpbIH no CMbICrry npe,UbI.UYIUIIX onepauIIiI 11 no aHarrorIIII co 

crry-qaeM 6ecKOHe"tJ:HO Marroro noaopoTa Ha3OBeM BeKTOpOM yrrrOBOH 

CKOpOCTII 6a311ca ei OTHOCIITerrbHO ki. B "tJ:aCTHOCT11, ecrrII ki -
6a3IIC BBe,UeHHOH paHee CIICTeMbI KOOp,UIIHaT K, a ei - CIICTeMhI 

Kw, TO n - yrrroaaa CKOpOCTb noBOpOTa Kw OTHOCIITerrhHO K. 

3. KHHeTH"CJeCKcUI 3HeprHSI TBep,n;oro TeJia. TeH30p MOMeHTOB 

HHep:a;HH. Ilrra BhI"tJ:11crreH11a KIIHeTII"tJ:eCKOH 3Hepr1111 6y,ueM paccMa

TpIIBaTb TBep,uoe Terro KaK ,U11CKpeTHbIH Ha6op MaTep11arrbHbIX TO"tJ:eK, 

Tor.ua 
2 

T="°'mv 
~ 2' 

r,ue cyMM1lpOBaH11e pacnpOCTpaHeHO Ha Bee "tJ:aCT11UbI Terra. (3.uecb II 

H11)Ke IIH,lleKC TaKoro cyMM1lpOBaH11a onyIUeH.) Ecrr11 COBMeCTIITb Ha

"CJ:arro no.UBII)KHOH CK c ueHTpoM IIHepuII11 Terra, TO c TO"CJ:K11 3peHIIa Heno

.UBII)KHOro Ha6rr10.uaTerra CKOpOCTb nepeMeIUeH11a TBep.uoro Terra 6y.ueT 

cyMMOH CKOpOCT11 BpaIUeH11a Kw OTHOCIITerrbHO K 11 CKOpOCTII nocTy

naTerrbHOro .ua11)KeH11a CIICTeMbI K OTHOCIITerrhHO K0 : 

v=V+[n,f1, 

no.ucTaBIIB KOTopoe B Bbipa)KeHIIe .urra T II Y"llIIThrnaa, "CJ:TO CKOpOCTII V 
11 S1 O.ll,IIHaKOBbI ,llrra BCeX "tJ:aCTIIU, norry"CJ:IIM 

1 2"" ... ... 1"" ... 2 T= 2V ~m+[V,O]I:mr+ 2~m[O,f1 = 

µ v2 1 "" ( 2 2 ... 2) "" -2- + 2 ~ m n r - (n . r) ' µ = ~ m. 
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CrraraeMoe, rrporropnnoHarrhHOe E mr, o6pamaeTcx B Hyrrh, T.K. Ha11arro 

KOOp,llHHaT BhI6paHO B n;eHTpe HHepn;HH TBep,llOro Terra. 1'1TaK, KHHe

TH'leCKa5I ::meprnx TBep,lloro Terra rrpe,llcTaBrreHa B BR.Ile cyMMhl .zwyx 

crraraeMb1x: 

(a) KHHeTH'leCKOII 3HeprHH IIOCTyrra TerrhHOro ,llBH)KeHH5I ( OH a HMeeT 

TaKOII BH.Il, KaK ecrrH 6hI BC5I Macca Terra 6bIJia cocpe,llOTO'leHa B 

n;eHTpe HHepn;HH, KOTOpbIII rrepeMern;aeTC5I co CKOpOCTblO V); 

(b) KHHeTH'leCKOII 3HeprHH Bparn;aTerrbHOro ,llBH)KeHH5I C yrrrOBOII CKO-

pOCTblO O BOKpyr OCH, 1IpOXO,ll5IllJ;eII 11epe3 n;eHTp HHepn;HH. 

YMeCTHO IIO,ll'lepKHYTb, 'ITO TaKoe pa3,llerreHHe o6ycrroBrreHO Bb16opoM 

Ha11arra CHCTeMbl KOOp,llHHaT Kw B n;eHTpe HHepn;mI Terra. Mcrrorrh3Y5I 

TO)K,lleCTBO ni = Lk Oiknk = Oiknk ( 3,n;ech, KaK H paHee, no ,llBa)K,llbl 

IIOBTOp5IIOllJ;HMC5I HH,lleKCaM IIO,llpa3yMeBaeTC5I cyMMHpOBaHHe), rreperrH

rneM Bblpa)KeHHe KHHeTH'leCKOII 3HeprHH Bparn;eHH5I B TeH3OpHB1X o6o-

3Ha'leHH5IX: 

1nink L m ( x;oik - XiXk) . 

Terrepb, ecrrn BBeCTH TeH3Op 

Bblpa)KeHHe ,llrr5I KHHeTH'leCKOII 3HeprHH TBep,lloro Terra rrpno6peTaeT 

BH,ll 

µV2 1 
T = - +-J.kn-nk. 2 2 z z 

TeH3op Iik Ha3bIBaeTC5I TeH30pOM MOMeHTOB HHep:a;HH TBep~oro 

TeJia. Ilo orrpe,llerreHHIO OH a.Il.IlHTHBeH H CHMMeTpH11eH Iik = Iki, aero 

KOMIIOHeHTbl B 5IBHOM BH,lle rrpe,llCTaBrrxeT MaTpHn;a 

( 

Em(y2 + z2
) - Emxy - Emxz ) 

Iik = - Emyx Em(x2 + z2
) - Emyz . 

- Emzx - Emzy Em(x2 + y2
) 

KaK BC5IKHII CHMMeTpH'IHblII TeH3Op BTOporo paHra, TeH3op MOMeHTOB 

HHepn;HH MO)KHO rrpHBeCTH K ,llHarOHarrbHOMY BH.IlY rryTeM Bbl6opa Ha

rrpaBrreHH5I oceII X1, X2, X3. 8TH OCH Ha3bIBaIOT rJiaBHbIMH OC.RMH 
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HHepn;1u1, a COOTBeTCTBJIOIUIIe 3Haqemrn: KOMIIOHeHT TeH3Opa 11' 12, 13 
- rJiaBHbIMII MOMeHTaMII IIHep:u;IIII. llomITHO, qTO B 3TOM CJiyqae 

1 ( 2 2 2) TBp = 2 1101 + 1202 + 1303 . 

JierKO 3aMeTIITh, qTo Ka:)KL{blll II3 Tpex rJiaBHbIX MOMeHTOB IIHep:u;IIII He 

rrpeBhIIIIaeT CJMMbl LlBYX LlpyrIIx: 

Ii+ 12 = I::m(xi +x~ + 2x~) ~ I::m(xi +x~) = h-

EcnII eCTb He06XOL{IIMOCTb paccMaTpIIBaTb TBepL{Oe TeJIO KaK CIIJIO

IIIHOe, B orrpe.[leJieHIIII TeH3Opa MOMeHTOB IIHep:u;IIII CJMMa LlOJI)KHa 6hITb 

3aMeHeHa IIHTerpaJIOM 

lik = j p (xfbik - xixk) dV = j dm (xfbik - xixk). 

• 3aMeqa.H11e. TeH30p MOMeHTOB IIHep:u;IIII 

lik = L m (xrbik - Xixk) 

orrpe.[leJieH B CK, Haqan6 KOTopoiI COBMern:eHo c :u;eHTpOM IIHep

:U:IIII TBep.[loro TeJia O. B HeKOTOpbIX CJiyqaJix rrporn:e BbJqIICJIIITb 

TeH3Op 

iik = I:m (#bik - xd;k)' 

aHanorIIqHhIH lik, HO orrpe.[leJieHHhIH B CK c HaqaJIOM B ToqKe 6, 
CMern:eHHbIM no cpaBHeHIIIO c O Ha a TaK, qTO Xi =Xi+ ai, llo.[l

CTaBIIB 3TY CBH3b B orrpe.[leJieHIIe BCIIOMoraTeJibHOro TeH3Opa tk II 

yqIITbIBaH, qTQ I: mf' = 0, IIOJiyqIIM 

, 2 
lik = lik + µ(a bik - aiak), 

qTO IIO3BOJIHeT' 3HaJI 1;k' HaHTII lik. 3To COOTHOIIIeHIIe ycTaHa

BJIIIBaeT CB5!3b Me)KLlY MOMeHTaMII IIHep:u;IIII OTHOCIITeJibHO rrapaJI

JieJibHbIX oceiI, OL{Ha II3 KOTOpbIX rrpOXOL{IIT qepe3 :u;eHTp IIHep:u;IIII: 

f =I+ µl 2
• 

MoMeHT HHepn;HH TeJia OTHOCHTeJihHO KaKoH-JIH6o ocH k = 
{i, y, i} paBeH MOMeHTY HHepn;HH OTHOCHTeJibHO rrapan

JI€JibHOH OCH k = { x, y, z}, rrpoxo,z:i;.sII.u;eii qepe3 n;eHTP Mace, 

CJIO)K€HHOMY c BeJIHqHHOH µl 2
, r .n;e l - paccTOHHIIe Me)K,n;y 

3THMH OC.HMH ( TeopeMa rroiireHca - ill T€HHepa). 

144 



4. MoMeHT HMIIYJibCa Taep,D;oro TeJia. Bemrcurna MOMeHTa HMrrynhca 

3aBHCHT OiJ.' BbI6opa TOqKH, OTHOCHTenhHO KOTOpOM OH orrpe,neneH. HH)Ke 

MhI 6y,neM rroHHMaTh rro.n M MOMeHT HMrrynhca, orrpe.neneHHhIM OTHO

cuTenhHO :u;eHTpa HHep:u;HH TBep.noro Tena, IIO3TOMY M 6y,neT CBH3aH 

TOnbKO C ,nBH)KeHHeM ToqeK Tena OTHOCHTenhHO :u;eHTpa HHep:u;HH, T.e. 

B orrpe.neneHHH M = I: m[r, v] Ha.no rrpHHXTh v = [D, rj: 

HJIH B TeH3OpHbIX o603HaqeHHHX 

EcnH ocH rro,nBH)KHOM CK HarrpaBneHhl B,nonh rnaBHhIX ocei'I HHepUHH, 

TO 

M1 = 1101, M2 = 1202, M3 = l303. 

B o6ru;eM c,nyqae Tena 1IpOH3BOnhHOM cpopMbl BeKTOp MOMeHTa HMrrynhca 

M He COBrra.naeT no HarrpaBneHHIO C BeKTOpOM n. B 'IaCTHOM CJiyqae 

Bparu;eHHH Tena BOKpyr KaKOM-nH6o H3 rJiaBHblX ocei'I HHep:u;HH M H n 
HMeIOT o,nHHaKOBbie HarrpaBneHHX. 

PaccMOTpHM ,nBH)KeHue Tena, Ha KOTopoe He ,nei'IcTBYIOT BHenrnHe CHJihl, 

rrpe,nrronarax HCKnroqeHHhIM He rrpe,ncTaBnHroru;ee HHTepeca paBHOMep

Hoe IIOCTyrraTenbHOe ,nBH)KeHHe. MHaqe rOBOpH, paccMOTpHM CB060,nHoe 

Bparu;eHHe TBep,noro Tena. 

(a) illapOBOII BOJiqOK. TaK Ha3hIBaIOT TBep,noe TeJio, TpH rnaB

HhIX MOMeHTa HHep:u;uu KOToporo paBHbl. 5IcHO, qTo ,nJIH rnapoBoro 

BOnqKa 

M=lD. 
YcnoBue M canst .nnH CB060,nHoro ,nBH)KeHHH rrpHBO,nHT K 3a-

KnroqeHHIO - CB060,nHOe Bparu;eHHe rnapOBOro Bonq~a - 3TO paBHO

MepHOe Bparu;eHHe BOKpyr IIOCTOHHHOM OCH. 

(b) PoTaTOp. TaK Ha3blBaIOT CHCTeMy qacTHll, pacrrOJIO)KeHHhIX no 

O,nHOM rrpXMOH. Ecnu Bb16paTh 3TY rrpHMYIO B KaqecTBe OCH X3, TO 

,nnH BCex qacTHll X1 = X2 = 0, IIO3TOMY 

XapaKTepHOH oco6eHHOCThIO poTaTopa HBnHeTCH HanHqHe TOnbKO 

,nByx Bparu;aTenhHhIX CTerreHeM CB060,nhI. Bparu;eHHe HMeeT CMbICn 

BOKpyr ocefr X1 H X2, HO He BOKpyr caMOH ce6H (ocH X3). 
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.IlmI pOTaTopa, KaK II ,UJUI rnapoBoro BOJPIKa, 

lvf=lfl, 

IIO3TOMY CB060,UHOe Bpamemre poTaTopa - 3TO paBHOMepHoe Bpa

meHHe B IIJIOCKOCTH BOKpyr IIOCTO5IHHOro HarrpaBJieHH5I, rreprreH.n:H

KYJI5IpHoro 3TOii IIJIOCKOCTH. 

( C) CHMMeTpH't!eCKHH BOJI~OK. TaK Ha3bIBaIOT TBep.uoe TeJIO C 

.IJ:BYM5I paBHhIMH ,upyr .upyry rJiaBHblMH MOMeHTaMH HHep11mr: 

11 = 12 f- l3. 

B 3TOM cny-qae BhI6op rJiaBHhIX ocen: B IIJIOCKOCTH X1X2 rrpOH3BO

JieH. 

3aKOH coxpaHeHH5I MOMeHTa IIMIIYJibCa IIO3BOJI5IeT orrpe,ueJIIITh CBO-

60,uHoe BpameHHe II ,UJI5I CHMMeTpH"lleCKOro BOJI"LJKa. KaK OTMe"LJa

JIOCh, eCJIH X3 - OCb CHMMeTpHH BOJI"LJKa, TO BhI6op rJiaBHhIX ocen: 

X1, X2 rrpOH3BOJieH II Mbl MO)KeM BbI6paTb X2 rreprreH,UHKYJI5IpHOH 

K rrnocKOCTH, orrpe.n:en5reMon: rrocTO5IHHhIM BeKTopoM M II MrHo

BeHHhIM rroJIO)KeHHeM ocn x 3• Tor.ua M2 = 0 ⇒ 0 2 = 0, a 3TO 

O3Ha"llaeT, "LJTO HarrpaBJieHH5I BeKTOpOB M, fl H ocII BOJI"LJKa x3 B Ka

)K,llbIH MOMeHT BpeMeHH Jie)KaT B O,UHOH IIJIOCKOCTH (cM. pIIc. 19). 
Cne.uoBaTeJihHO, cKopocTH v = [fl, f1 Bcex TO"lleK Ha OCH BOJI"LJKa B 

M 

---------l, -- ... - / I ' ,,. / \ 
f O / I / 
', op I _,,. 

'~ I - X 
----- -- _,.-/ 2 

PHc. 19 

Ka)K,UhIH MOMeHT rreprreH.UHKYJI5IpHhI K rrrrocKOCTH M, fl, a 3TO, B 

CBOIO O"llepe,uh, O3Ha"llaeT, "LJTO OCb BOJl"LJKa paBHOMepHO BpamaeTC5I 

146 



BOKpyr Harrpannemrn M, OIIHChIBruI Kpyronon KOHyc. 3To .srnneHHe 

_Ha3bIBaIOT peryJI.HpHoii npen;eccneii BOJI'CJ:Ka. 0.llHOBpeMeHHO 

C 3THM BOJiqOK paBHOMepHO BpamaeTC5I BOKpyr co6CTBeHHOH OCH. 

HeTpyaHO onpeaemITb yrJIOBbie CKOpOCTH 3THX Bparn;eHHII. Yrno

BruI CKOpOCTb Bparn;eHH5I BOJiqKa BOKpyr CBOeII OCH eCTb npOCTO 

npoeKUH5I O Ha OCb X3: 

03 = M3 = M cos 0 
]3 ]3 

Iln.sI onpeaeneHH5I CKOpOCTH npeuecCHH Drrp pa3JIO)KHM O Ha COCTa

BJI5IIOrn;He naonb x3 H M. CocTaBJI.sIIOrn;rur naonb x3 He MO)KeT npn:

necTH K KaKOMY-JIH6o nepeMern;eHHIO OCH BOJiqKa, IlO3TOMY BTOprur 

COCTaBJI5IIOill;a5I 6yaeT HCKOMOII CKOpOCTbIO npeueCCHH. IlocTpOe

HHe Ha pHC. 19 IlOKa3bIBaeT, qTo 

5. Yrnhl 3:iinepa. HaH60nee yao6HbIMH BeJIHqHHaMH, KOTOph1e onpeae

JI.sIIOT opHeHTaUHIO oce11 Kw OTHOCHTeJihHO oce11 CHCTeMbl K, .sIBJI.sIIOTC.sI 

yrJihl 3:iinepa. Ilepexoa OT CHCTeMbl KOOpaHHaT K K CHCTeMe Kw MO

)KeT 6hITb BbIIlOJIHeH nocpeacTBOM Tpex nocneaoBaTeJihHbIX IlOBOpOTOB. 

(a) HaqHeM C IlOBOpoTa BOKpyr z Ha HeKOTOpbIII yroJI cp npOTHB qa

COBOII CTpeJIKH. B pe3yJibTaTe nonyqHM CK ( = {~, TJ, (}, npHqeM 

(b) 

I1oaBH)KHruI nnocKOCTh x 1 x 2 rrepeceKaeT HenoaBH)KHYIO XY no He

KOTopon np.sIMOH ON (cM. pHc. 20), KOTopyIO Ha3oneM JIHHHeii 

Y3JIOB. 

IlpoMe)KyToqHyIO CHCTeMy lTJ( nonepHeM BOKpyr ~ Ha yron 0 npo

THB qacono11 cTpenKH. B pe3yJihTaTe nonyqHM CK {ry(, npHqeM 

0 0 ) 
cos 0 sin 0 . 

- sin 0 cos0 
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z 
cp 

__ .,.,,,./ N 

Pn:c. 20 

y 

( c) HaKoHeu;, rroBepHyB CK {fJ( rrpoTn:B 11acoBoI1 CTpeJIKH Ha yroJI 'ljJ 
BOKpyr OCH t, IIOJiy"l!HM Tpe6yeMyIO CHCTeMy xyz: 

x = B~ ~ B = - sin 'lj; cos 'lj; 0 . 
( 

cos 'lj; sin 'lj; 0 ) 

0 0 1 

TaKn:M o6pa30M, rroJI02KeHn:e oceI1 rro.n;BH2KHOI1 CHCTeMhI Kw OTHOCH

TeJihHO ocen HeITO.D;BH2KHOM CHCTeMbl KOOp,nn:HaT K onpe.nem1eTCH TpeMH 

yrJiaMH 3I1Jiepa r.p, 0, 'lj;. YrJihl r.p H 7P npo6eraIOT 3Ha"l!eHHH OTO .no 21r, 
a yroJI 0 - OT O .no 1r, 

X = AX, A= B. C. D. 

MaTpn:u;a A, KaK npon:3Be.n;eHn:e opToroHaJihHhIX MaTpn:u;, onn:c1,rna10-

rn:n:x Bparn:eHn:e, opToroHaJihHa: 

A=A-1 X=Ax 
' 

(HaITOMHHM, "l!TO ffiU.!Lbaa 03Ha11aeT TpaHCIIOHHpOBaHn:e). 

Bb1pa3~M KOMITOHeHThl BeKTOpa yrJIOBOli CKOpOCTH f2 ITO ITO.D;BH2KHhIM 

OCHM X1 = x, X2 = Y, X3 = Z 11epe3 3HJiepOBbl yrJihl H HX npOH3BO.D;Hbie: 

1 
f2i = 2 Eikl Wkl, 

dAkmA~ l -- m, Wk[= dt 

w =AA= (BCD+ BCD+ BCD)DCB = 
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BB + BCCB + BCDDCB. 
llmi: yrrpomemrn pac11eTa y.z:r;o6Ho B nepBy10 011epe.z:r;h HaHTH npoH3Be.z:r;e

HH5I 

IlepeMHO)KHB 3aTeM HY)KHhie MaTpHUhI, nony1IHM 

BCCB = ( . ~ 
-0 sin 'I/; 

0 
0 

-iJcos'lj; 

0sin 'I/; ) 
0c~s'lj; , 

. 0) ~ 0 . 
0 0 

BCD DCB = ( -<p ~OS 0 
0 sin 0 cos 'I/; 

cpcos 0 
0 

-cp sin 0 sin 'I/; 

-cpsin0cos'lj;) 
cp sin 0 sin 'I/; . 

0 

l1TaK, KOMnOHeHThl BeKTOpa yrJIOBOH CKOpOCTH B )KeCTKO CB5I3aHHOH C 

TBep.z:r;hIM TeJIOM CHCTeMe KOOp.z:r;HHaT 

nx = n1 = W23 = 0COS'lp + cpsin0sin 'Ip, 

ny = n2 = W31 = -0 sin 'Ip + <p sin 0 COS 'Ip, 

nz = n3 = W12 = ,J; + <pCOS0. 

EcrrH OCH no.z:r;BH)KHOH CHCTeMhl KOOp.z:r;HHaT BhI6paHhI no rnaBHhIM OC5IM 

HHepUHH Terra, TO KHHeTH1IeCKa5I :meprH5I BpameHH5I CHMMeTpH11ecKoro 

BOJilJKa, Bblpa)KeHHM 11epe3 3HJiepOBhI yrJihI, HMeeT npOCTOH BH.z:r;: 

11 · 2 l3 · 2 
TBP = 2 (02 + cp sin2 0) + 2 (¢ + cpcos0) . 

B Ka11ecTBe HJIJIIOCTpauHH npHMeHeHH5I 3HJiepOBhIX yrJIOB paCCMOTpHM 

eme pa3 CB06o.z:r;Hoe BpameHHe CHMMeTpH1IeCKOrO BOJ11IKa. Bh16epeM OCh 

Z Heno.z:r;BH)KHOH CK B HanpaBJieHHH M = canst, OCh x3 no.z:r;BH)KHOH CK 
HanpaBHM no OCH CHMMeTpHH BOJI1IKa, a OCh X1 nyCTh B .z:r;aHHhIH MOMeHT 

COBna.z:r;aeT C JIHHHeH Y3JIOB (11TO 03Ha11aeT 'I/;= 0). Tor.z:r;a 

M1 = 11 n 1 = Ii/J, M2 = I2n2 = f 1 cp sin 0, M3 = l3n3 = l3 ( ,(;;+cp cos 0). 

IlocKOJihKY JIHHH5I y3JIOB, a BMecTe c Heft H och x 1 nepneH.z:r;HKYJI5IpHhI 

OCH z' HMeeM 

M1 = 0, M2 = Msin0, M3 = Mcos0. 
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CpaBmrnaa, rronyqaeM 0 = 0 ⇒ 0 = canst, qTo O3HaqaeT rrocTO5IHCTBO 

yr na HaKJIOHa ocR BonqKa K HarrpaBneHRIO M, r.p = M / 11, qTo orrpe.ue

naeT yrnOBy10 cKopocTb rrpeueccRR, a 0 3 = M cos 0 / 13 .uaeT yrnoByIO 

CKOpOCTb BparueHR}I BOnqKa BOKpyr CBOeii OCR. 

Haii,n:eM Bbipa2KeHHhie qepe3 3:iinepOBbl yrnhI KOMIIOHeHTbl BeKTOpa yrno

BOH CKOpOCTR B HeIIO,UBR2KHOH CRCTeMe KOOp,URHaT, 0603HaqRB RX 0?. 
CooTHOirreHRe, CB5I3hrna10ruee BeKTop yrnoBoii cKopocTR c aHTRCRMMe

TpliqHoii MaTpRueii Wik, liMeeT-TeH30pHblli xapaKTep, IIO3TOMY coxpa

HaeT CBoii Bli.U 
0 1 0 

Qi = 2 tikl Wkl, 

r.ue wf1 - 3neMeHTbl MaTpliUbl 

WO= _AA_ 
' 

B qeM HeTpy,n:HO y6e,n:RTbC5I, ecnR yqeCTh, qTo wf l rrpeo6pa3yIOTC5I KaK 

KOMIIOHeHTbl TeH3Opa rrpR rrpeo6pa30BaHR5IX ki = A -lei, T.e. wf1 = 
AkiAtmWim = AkiA1w4.ipApm = AkiAtmAmpAip, OTKy,n:a C yqeTOM op-' 
ToroHanhHOCTR A rronyqaeM RCKOMoe ycnoBRe. Ilocne rro,ucqeTa rrpo

li3Be,n:eHRii MaTpRU, aHanorRqHO TOMY KaK 3TO 6bIJIO c.uenaHO BbIIIIe, 

rronyqRM 

n~ = wg3 = 0 cos <p + 1,{J sin 0 sin <p, 

n~ = wg1 = 0 sin <p - 1,{J sin 0 cos <p, 

0 0 · . 
Qz = W12 = <p + 'lpCOS0. 

6. JlarpaH)KeBhl ypaBHeHIUJ: ,ll;BH)KeHHSI TBep.n;oro TeJia. C TOqKR 

3peHli5I Ha6n10,n:aTena, CB5I3aHHOrO C HeIIO.UBli2KHOH RHepuRanhHOH CR

CTeMOH OTcqeTa K0 , rrpoR3BOnhHOe rrepeMerueHRe TBep.uoro Tena rrpe.u

cTaBnaeT co6oii IIOCTyrraTenbHOe .UBR2KeHRe ueHTpa RHepURR rrn10c Bpa

rueHRe. <l>yHKUR5I J1arpaH2Ka, OIIliChIBaIOIUM TaKoe rrepeMerueHRe, RMe

eT BR,U 

µV 2 1 
L = T- u, T = TnOCT +Tap= -2- + 2Iiknink. 

3.uecb rro-rrpe2KHeMy µ - cyMMapHM Macca qaCTRU, COCTaBn5IIOIURX Te

no, V - CKOpOCTb rrepeMerueHR}I ueHTpa liHepURR OTHOCRTenbHO Herro

.UBR2KHOrO Ha6nIO,UaTena, Qi - KOMIIOHeHTbl BeKTOpa yrnOBOH CKOpOCTII, 

Iik - TeH3op MOMeHTOB RHepuRR. IloTeHuRanhHaa 3HeprRa B o6rueM 

cnyqae aBnaeTC}I cpyHKUReii rneCTli He3aBRCRMbIX rrepeMeHHbIX, orrpe.ue

naIOIUliX rrono2KeHRe TBep.uoro Tena B rrpocTpaHCTBe. 8 KaqeCTBe 3TRX 
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III€CTII B€JIIfqIJH 06hiqHO BhI6IIpaIOT TpII KOMIIOHeHThl panIIyca-BeKTOpa 

ueHTpa IIHepUIIII R (X, Y, Z) II TPII yrna rp (cpx, 'Py, 'Pz), KOTOphle orrpe

nemnoT OpIIeHTaUIIIO oce:ii .I(BII)KYll.l€MCH BM€CTe C T€JIOM CIICT€Mhl KOOp

.I(IIHaT Kw OTHOCIIT€JihHO HeIIO.I(BII)KHO:ii K. IlycTh p - panIIyc-BeKTOP 

KaKo:ii-JIII6o ToqKII TBepnoro Tena B Herro.I(BII)KHO:ii CK, a i (x, y, z) -
panIIyc-BeKTOp TOM )K€ TOqKIJ B CK, )K€CTKO CBH3aHHO:ii C TeJIOM, Torna 

il03TOMy 

ou = I: ~~oil= I: ~~oR+ I: ~~[6r:p,f1 = 

-oRI: f - or:pI:[r, fl= -FoR- K6r:p. 
F = E f - cpaKTIIqecKII cyMMa CIIJI, ne:iicTBYIOlllIIX co cTopOHhl BHeIII

HIIX IICTOqHIIKOB, T.K. CIIJihl B3aIIMO.I(€MCTBIIH M€)K.I(y qacTIIUaMII B3a

IIMHO c0Kpama10TCH. BeKTOp [i, fl Ha3blBaeTCH MOMeHTOM CHJibl f, 
.n;e:iiCTBYIOI.Qe:ii Ha qacTHD;Y C pa.n;HyCOM-BeKTOpOM i, TaK qTo 

€CTh IIOJIHhIM MOM€HT CIIJI, ne:iiCTBYIOll.lIIX Ha Teno, rrpIIqeM B cyMM€ 

.I(OJI)KHhl 6hITh yqTeHhl TOJihKO BH€III_HIIe CIIJihl. MTaK, 

IToncTaBIIB Terreph L B JiarpaH)K€Bhl ypaBH€HIIH 

d EJL &L d &L &L 
dtav - &R; dt an - 8rp' 

IIOJiyqIJM ypaBH€HIIH .I(BII)K€HIIH B BII.I(e 

dP _, 
-=F· 
dt ' 

dM _, 
dt=K. 

3nech P =Ev= µV - cyMMapHhIM IIMIIYJihC, M = E [fpJ - MOM€HT 

IIMIIYJihca. MoMeHT CIIJihI K 3aBIICIIT OT Bh16opa Haqana KOOp.I(IIHaT, . 

OTHOCIIT€JihHO KOTOporo OH orrpeneJieH. IlepeHeCeM HaqaJIO KOOp.I(IIHaT 

TaK, 1IT06hI T = f' + a, TOr.I(a 
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B cJirrne paBeHCTBa HYJIIO cyMMapHoH CIIJihI F = 0 MOMeHT CIIJihI He 3a

BIICIIT OT Bb16opa Ha'!aJia KOOp.[(IIHaT 11 rOBOp5IT' 'ITO K Terry ITPIIJIO)KeHa 

napa CHJI. 

JiarpaH2KeBhl ypaBHeHII5I .[(BII2KeHII5I OTHOC5ITC5I K HeITO.[(BlI)KHOH IIHep

UIIaJihHOH CIICTeMe Koop.n;IIHaT: ITpOII3BO.[(Hhie dP / dt II dM / dt ITpe,n:

cTaBJI5IIOT II3MeHeHII5I BeKTopoB P II M OTHOCIITeJihHO 3TOH CIICTeMhI. 

CB513h Me2K,n:y KOMITOHeHTaMII BparuaTeJihHoro MOMeHTa IIMITYJihCa II yr

JIOBOH CKOpOCTII Bhlr Jl5I.[(IIT oco6eHHO ITpOCTO B 2KeCTKO CB513aHHOH C Te

JIOM CIICTeMe Kw, OCH KOTopoI1: HaITpaBJieHhI ITO rrraBHhIM OC5IM IIHep

UIIII. 3TOH CB513bl0 MO)KHO 6y.n;eT BOCITOJib30BaThC5I, ITpe.n;BapIITeJibHO 

ITpeo6pa3oBaB rrarpaH2KeBhl ypaBHeHII5I K KOOp,n:IIHaTaM ITO.[(BlI)KHOH CII

cTeMbl Kw. 

7. YpaBHeHHH 3:iiJiepa. PaccMoTpIIM CB513aHHhIH c TeJIOM BeKTop G. 
1lBII2KeHIIe ITPIIBO.[(IIT K II3MeHeHIIIO BeKTOpa II, Boo6rue rOBOp5I, 3aBH

CIIT OT Toro, c TO'IKII 3peHII5I KaKOH CK 3TOT BeKTOp paccMaTp11BaeTca. 

KaKOBhI ITpIIparueHII5I, KOTOphie 3a BpeMa dt ITorryqa10T cocTaBJI5IIOI.UIIe 

ITpOII3BOJihHOro BeKTopa G? B ITO.[(BII2KHOH CIICTeMe Kw, 2KeCTKO CB513aH

HOH C TBep,n:bIM TeJIOM, 3TH ITpIIparueHII5I 6y.n;yT OTJIII'laTbC5I OT COOT

BeTCTBYIOI.UIIX ITpIIparueHIIH B HeITo.n;BII2KHOH cIIcTeMe K, KOTopa5I IIMeeT 

o6ruee Ha'!aJIO C Kw, II 3TO OTJIII'!IIe Bh13hIBaeTC5I BparueHIIeM ITOCJie.n;HeH 

OTHOCIITeJibHO K. ECJIII dGrrpOCTpaHCTBO - II3MeHeHIIe BeKTOpa B HeITO

.[(BlI)KHOH CIICTeMe K, a dGTeno - ero II3MeHeHIIe BO Bparua101IIeHC5I CK, 

TO BBII.n;y Toro, 'ITO ITPII ITOBOpOTe Ha yroJI drp 

dGapaw.em1e = [drp, G] :::} dGrrpocTpaHCTBO = dGTeno + [d9', G], 

CKOpOCTb II3MeHeHII5I BeKTOpa 6y.n;eT IIMeTb BII,[( 

dG 
dt rrpocTpaHCTBO 

dG + [O,G). 
dt Teno 

Ha BeKTOp G He 6hmo HaJI02KeHo HIIKaK11x ycJIOBIIH, IT03TOMY ITocrre,n:Hee 

COOTHOIIIeHIIe IIMeeT CMblCJI paccMaTpIIBaTb He KaK cpopMyJiy, OTHOC5I

I.UYIOC5I K KOHKpeTHOMY BeKTOpy, a KaK OITepaTOpHoe ypaBHeHIIe ITpe

o6pa30BaHII5I ITpOII3BO,n:HOH ITO BpeMeHII OT o.n;HOH CK K ,n:pyroI1:: 

(
d ... ) 

dt rrpocTpaHCTBO 
(~) +[n, ... J 

dt Teno 
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8Ta onepaTopHM cpopMyrra no3aorr.si:eT cpa3y 3amrcaTb rrarpamI<:eBhI 

ypaBHemrn .n:mnKemrn B no,n;mrnrnon: CK: 

(
dP) .... .... .... 
ill TeJIO + [O,P] = F, (dM) .... .... .... 

dt + [O,M] = K, 
Teno 

a 3aTeM crrpoerurpoaaTb 3TH ypaBHeHH.sI Ha OCH ITOJJ:BH2KHOH CHCTeMbI: 

( 
-,)Teno 

dM dMi 
dt =dt' 

i 

r,n;e 1rn,n;eKCbI i 1, 2, 3 o603HaqaroT KOMITOHeHTbI no OC.sIM x, Y, z CH-

CTeMbI Kw. 3aMeHHB Tenepb P Ha µV, norryqHM 

Ilpe,n;norrarM, qTo OCH x, Y, z .sIBJI.sIIOTC.sI rJiaBHbIMH OC.sIMH HHepn;HH, H 

yqHThrna.si: ca.si:3b M1 = 110 1 H T.,n;., HMeeM 

dr-21 
11 dt + (13 - 12)0203 = K1, 

dr-22 
12-d + (11 - l3)f23f21 = K2, t , 

d03 
l3dt + (I2 - l1)f21f22 = K3. 

Tiocrre,n;HHe TPH ypaBHeHH.sI Ha3hIBaIOTC.sI ypaBHeHH.HMH 3:iiJiepa. B 
KaqecTBe npHMepa npHMeHeHH.si: ypaaHeHHH 811:rrepa paccMoTpHM eme 

pa3 CB060,n;HOe (K = 0) BpameHHe CHMMeTpHqecKoro BOJiqKa (I1 = 12 =/:
[3). TpeThe ypaaHeHHe ,n;aeT 0 3 = canst. Bae,n;eM KOHCTaHTY 

H neperrmneM nepable ,n;aa ypaaHeHH.si: B BH,n;e 

CJIO)KHB KOTOpbie, npe,n;aapHTeJibHO YMHO)KHB BTOpoe Ha i, HMeeM 
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c pernemreM 

n1 + iS12 = A expiwt ,¢:} n1 = A cos wt, 0 2 = A sin wt. 

I-haK, rrpoeKil;IUI yrnOBOH CKOpOCTH Ha rrnOCKOCTh, rreprreH,UHKYJ'UIPHYIO 

OCH BOn"<IKa, BparuaeTC51 B 3TOH rrnOCKOCTH C yrnOBOH CKOpOCTbIO w, 

OCTaBMCb IIOCT05IHHOH IIO BenH"<IHHe (A = ✓ni + 0~). IlOCKOnhKY 

IIOCT05IHHa TaK)Ke rrpoeKUH51 03 Ha OCb BOn"<IKa, Mbl 3aKnIO"<IaeM, "'ITO 

BeKTOp O paBHOMepHO BparuaeTC51 C yr nOBOH CKOpOCTbIO W BOKpyr OCH 

BOn"<IKa, OCTaBMCb IIOCT05IHHhIM IIO BenH"<IHHe. lfaBeCTHa51 CB513h Me)K,ny 

KOMIIOHeHTaMH Af H O II03BOn5IeT 3aKnIO"<IHTh, "'ITO TaKoe )Ke ,UBH)Ke

HHe IIO OTHOIIIeHHIO K OCH BOn"<IKa COBeprnaeT H BeKTOp MOMeHTa HM

rrynhca. :::ha KapTHHa, HeCOMHeHHO, rrpe,ncTaBn5IeT co6ol1: nHIIIh .npy

rol1: acrreKT paCCMOTpeHHOro BbIIIIe CB060.n;Horo ,UBH)KeHH51 CHMMeTpHqe

CKOrO BonqKa no OTHOIIIeHHIO K Herro,nBH)KHOii CK. 

z 

y 

X1 

N 

PHc. 21 

8. T.H)KeJihlii CHMMeTplPieCKHii BOJI"CJOK. PaCCMOTpHM ,UBH)KeHHe CHM

MeTpH"'IHOro Tena B !!One T5I)KeCTH, rronarM, "'ITO HH)KH5151 TO"<IKa Tena 

HeIIO,UBH)KHa H HaXO,UHTC51 Ha OCH CHMMeTpHH ( T5I)KenhIH CHMMeTpHqe

CKHH BOn"<IoK) . .IlorryCTHM, "'ITO OCb CHMMeTpHH BOn"<IKa 51Bn5IeTC51 rnaB

HOH OCbIO HHepuHH, H B 3TOM )Ke HarrpaBneHHH BhI6epeM OCb z IIO,UBH2K

HOH CHCTeMhI Koop.n;HHaT Kw. OpHeHTaUHIO rnaBHhIX ocel1: HHepu1rn 

BIIOnHe orrpe.uen5IIOT TPH 3HnepOBhIX yrna - yron 0 3a,uaeT OTKnOHemie 

OCH CHMMeTpHH OT BepTHKanH, yron 7/J xapaKTepH3yeT IIOBOpOT BonqKa 
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BOKpyr co6CTB8HHOli OCH, a yroJI cp - a3HMyTaJibHhlli yrorr ( CM. pHc. 

21). PaccT05IHHe OT H8110,UBH)KH0li TO'IKH BOJI'!Ka .uo ueHTpa HHepuHH 

o6o3Ha'IHM qepe3 l. IloTeHUHaJibHa5I ::meprH5I BOJI'IKa B norre T5I)K8CTH 

U = µglcos0, 

'ITO BMeCTe C IlOJIJ'I8HHOli paHee cpopMyrroi'I ,UJI5I Bbipa)KeHHOli qepe3 

3HJiepOBhl yrJihl KHH8TH'I8CK0li 3HeprHH Bparu;eHH5I CHMM8TpH'I8CKOrO 

BOJI'!Ka ,uaeT ,UJI5I <PYHKUHH JiarpaH)Ka 

YrJihl (f) H 7P - UHKJIH'I8CKHe, IlO3TOMY coxpaH5IIOTC5I COOTB8TCTBJIOill;He 

HM o6o6meHHhie HMilJJihCbl. M3B8CTHO, 'ITO o6o6ru;eHHhlli HMilJJibC, co

OTB8TCTBJIOIUHH yrrry KaKOrO-JIH6o BpameHH5I, eCTb KOMilOH8HTa MO

M8HTa HMilJJibCa OTHOCHT8JibHO OCH 3TOro BpameHH5I (.n;JI5I yrrra (f) 3TO 

BepTHKaJihHM OCh, a ,UJI5I 7P - OCb CHMMeTpHH BOJI'!Ka z). M TaK, 

BL 2 2 · 
Pep = or.p = (Ii sin 0 + 13 cos 0)r.p + l3'lj) cos 0 = Mz 

5IBJI5IIOTC5I nepBbIMH HHTerpaJiaMH , ypaBH8HHli ,UBH)K8HH5I. KaK CJI8,U

CTBH5I 3THX COOTHOIII8HHli HM88M 

. . Mz -M3cos0 
cp= 

11 sin
2 0 

.i, _ M3 _ Mz - M3cos0 
0 '+' - I I . 2 0 cos ' 

3 1 sm 

'ITO IlO3BOJI5!8T no H3B8CTHOli 3aBHCHMOCTH 0( t) onpe,ueJIHTh cp H 7P KaK 

<pyHKUHH BpeMeHH. PacCMaTpHBaeMa5I CHCTeMa KOHCepBaTHBHa, T.e. 

ee JiarpaH)KHaH He 3aBHCHT OT BpeMeHH 5IBHO, a 3TO O3Ha'!aeT, 'ITO 

cymecTBJ8T eme O,UHH HHTerpaJI ypaBH8HHli ,UBH)K8HH5I - 3HeprH5I 
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McKJIIO"lliIB Terreph <p II 'I/; II3 3Toro Bhipa)KeHII5I II 3aMe-cia5I, -ciTo BBII.llY 

TIOCT05IHCTBa Sl3 coxpaH5IIOIUe:ik5I OKa3bIBaeTC5I TaK)Ke BeJIII"l!IIHa 

, M} 
E=E---µgl 

2/3 ' 

nony-ciIIM 

, Ii/P U (0) 
E= T+ 3cjJcjJ ' 

r .Ile 
(Mz - M3 cos 0)2 

U3¢ct>(0) = 
21 

. 2 0 
- µgl(l - cos 0). 

1Slll 

TaKIIM o6pa30M, perneHIIe 3a,lla"l!II CBeJIOCh K Bhl"l!IICJieHIIIO 3JIJIIIIITII"l!e-

CKoro IIHTerpana 

I [i; d0 

t= Y2 JE-U~cj:>qi(0)' 

orrpe,lleJI5II01Uero 3aBIICIIMOCTb 0 = 0 ( t)' KOTOpa5I TI03BOJIIIT Bbipa3IITh 

yrJibl <p II 'I/; KaK cpyHKUIIII 0 s BII,lle KBa,llpaTyp. 

KaK OTMe-ciaJIOCh, yron 0 npo6eraeT 3Ha"lleHII5I OT O ,llO 7f. B 3TIIX TO"ll

Kax cpyHKUII5I U3 cj:>qi ( 0) (npII Af 3 =/ M z) CTpeMIITC5I K 6eCKOHe"l!HOCTII, a 

B npoMe)KyTKe Me)K,lly HIIMII npOXO,llIIT -ciepe3 MIIHIIMyM. Jln51 Ka)K,llOro 

KOHKpeTHoro (s 3aBIICIIMOCTII OT Ha-ciaJihHhIX ycnosm1) 3Ha-cieHII5I E yron 

0 II3MeH5IeTc5I B o6nacTII, onpe.lleJI5IeMoiI ycnoBIIeM E 2: U3¢¢(0). Ilo-

3TOMY ypasHeHIIe E = U3qi¢(0) IIMeeT ,llBa KOpH5I 01 II 02 , KOTOphie onpe

,lleJI5IIOT rrpe,lleJihl II3MeHeHII5I yrna HaKJIOHa OCII BOJI"l!Ka K BepTIIKaJIII 

npII ero ,llBII)KeHIIII. 

II pII II3MeHeHIIII yr Jia 0 OT 01 ,llO 02 3HaK npOII3B0,llHOH <p 3aBIICIIT OT 

3HaKa pa3HOCTII Mz - M3 cos 0. EcnII B IIHTepsane II3MeHeHII5I yrna 0 
3HaK pa3HOCTII Mz - M3 cos 0 ocTaeTc5I HeII3MeHHhIM, TO yron <p Me

H5IeTC5I MOHOTOHHO II OCb BOJI"l!Ka rrpeuecCIIpyeT BOKpyr BepTIIKaJibHOH 

OCII. O.llHaKO 3Ta rrpeueCCII5I OTJIII-ciaeTC5I OT II3BeCTHOH HaM peryJI5IpHOH 

npeuecCIIII CB060.llHOrO CIIMMeTpII-ciecKoro BOJI"l!Ka, T.K. OCb T5I)KeJioro 

BOJI"l!Ka He TOJibKO npeueccIIpyeT BOKpyr BepTIIKaJIII, HO II KOJie6JieTC5I 

BBepx II BHII3 Me)K,lly rpaHII"l!HblMII yrnaMII 01 II 02 - BOJI"l!OK HYTH

pyeT rrpII npeueCCIIII TaK, KaK 3TO II306pa)KeHO Ha pIIC. 22,a. ( O6w-1,1-1,o 
a6uJ1Ceuue 60.11,'1-1,X:a u306paJ1Ca10m x:puBou, x:omopy10 onucbrnaem max: 
Ua3bZ6ae.MbiU aneKC - 'K0Ue'14 eaU'H,U'l-l,'H,020 6e'l'smopa, 0m.t1,0J1CeUU020 om 
'H,ll'l-l,ll.11,ll x:oopauuam 6 1-1,anpa6.11,e1-1,uu ocu Z noa6UJIC'H,OU CK. Tpae'l'smo

puH anex:ca H6.t1,HemcH cifjepu'l-(,ecx:ou x:puBou, no.11,Hpubie x:oopauuambi 
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Pnc. 22,a 

ee mO'IJ,'X:U coenaaa10m c y2.11,a.Mu Gu.11,epa 0 u cp. B uawe.M c.11,y'IJ,ae m.H
:»ce.11,020 BOJt'IJ,'X:a mpaex;mopu.H anex;ca .11,e:»cum Me:»cay aey.M.H ox;py:»cuo
cm.HMU 01 u 02 , npu'IJ,e.M ua 3mux ox;py:»cuocmax 0 = 0.) 

Kor,n;a 3HaK pa3HOCTH Mz - M3 cos 0 H3MemreTca rrpn H3MeHeHHH 0, 
rrpeueccna 6y,n;eT HMeTh rrpOTHBOIIOJIO)KHbie HarrpaBJieHH5I Ha .n;Byx rpa

HH'IHbIX OKPY)KHOCT5IX, TaK "'ITO OCb BOJI"CJ:Ka rrepeMemaeTC5I BOKpyr Bep

THKaJIH, orrnchrnaa rreTJIH (cM. pnc. 22,b). HaKoHeu, ecnn o.n;Ho H3 

Pnc. 22,b 
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npe.n;eJibHbIX 3Haqemu1 0 npMBO.ZJ;MT K o6pameHMIO B HYJib pa3HOCTM 

Mz - M3 cos 0, TO Ha cooTBeTCTBy10men OKPY2KHOCTM <p M 0 o.n;HoBpe

MeHHO o6pamaIOTCH B HYJih, TI03TOMY B 3TMX MeCTaX TpaeKTOpMM aneKca 

TIOHBHTCH 3aOCTpeHMH (cM. pMC. 22,c). IlocJie.ZJ;HMH cnyqan He HBJIHeTCH 

81 

Pnc. 22,c 

qeM-TO MCKJIIOqMTeJihHhIM, T .K. COOTBeTCTByeT ecTeCTBeHHbIM HaqaJih

HbIM ycJIOBMHM. )1eHCTBMTeJihHO, 06hiqHo npe.n;norraraIOT, qTO BOJiqOK 

3aKpyqMBaeTCH BOKpyr CBOeH HeTIO.ZJ;BM2KHOH OCH, KOTopaa 3aTeM OCB0-

602K.n;aeTCH, n BorrqoK HaqnHaeT MHTepecy10mee Hae .ZJ;BM2KeHne. TaKon 

KapTMHe a.n;eKBaTHbI cne.n;yIOlllMe HaqaJibHble YCJIOBMH: 

0t=0 = 0, 0t=O = IPt=O = 0. 

M3JI02KeHHbie KaqecTBeHHhie coo6pa2KeHMH .n;aIOT 06my10 KapTMHY .ZJ;BM-

2KeHMH Ta2Kenoro CMMMeTpnqecKoro BOJiqKa. B paMKax Harnero Kypca 

OCTaHaBJIMBaThCH Ha 6onee no.n;po6HOM paccMOTpeHMM HeT Heo6xo.n;MMO

CTM. 

IX . .UBIII)KEHHE B HEHHEPI(llIAJibHOH CHCTEME 
OTG9ETA. IIPHHI(HII 3KBHBAJIEHTHOCTH 

KaK onpe.nenaeTca HeMHepunaJibHaa cncTeMa oTcqeTa (HCO)? OTBeT Ha 

3TOT BOnpoc B Ha3BaHMM - JII06aa co, KOTOpM He y.n;oBJieTBopaeT onpe.n;ene

HMIO MHepunaJihHOH cncTeMhI oTcqeTa (MCO), HBJIHeTca HeMHepunaJihHOH. M3 
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.IJ:0CTaT0qH0 60JiblllOI'O qIIcJia TaKoro po.n;a "OTpn:ua10ru;IIx" onpe,neJieHIIH BbI

,neJIIIM O.IJ:HO - co, B KOTOpOH rrpII ABH)KeHIIH II30JIHpOBaHHOH qacTIIUbI 3aBII

CIIMOCTb ee pa.n;IIyca-BeKTopa OT BpeMeHII HeJin:HeHHa, Ha30BeM Hen:HepuIIaJib

HOH. IIorrpo6yeM BbUICHHTb, KaKIIMII 6y.n;yT ypaBHeHml .D;BII)KeHIIJI qaCTIIUbl B 

HCO. IIomrTHO, qTo MbI He MO)KeM rroJih30BaTbC.SI narpaH)KeBoH cpyHKUn:en 

2 
Lo= mvo - U 

2 ' 

BII.D; KOTOp0H 6bIJI ycTaHOBJieH c rrpIIBJieqeHIIeM rrpHHUHIIa OTHOCIITeJibHOCTII, 

T.e. rrpII 3TOM cymeCTBeHHO HCIIOJib30BaJiaCb IIHepun:aJibHOCTb co. O.n;HaKO 

ypaBHeHII.SI JiarpaH)Ka 6bIJIH IIOJiyqeHbl KaK CJie.D;CTBHe rrpIIHUIIIIa HaHMeHb

Illero .n;eHCTBII.SI, KOTOpbI:ii: ccpopMyJIIIpOBaH 6e30THOCIITeJibHO K co, II03TOMY 

narpaH)KeBbI ypaBHeHII.SI .n;BII)KeHn:a HMeIOT o.n;IIH II TOT )Ke BH.n; B MCO n: B 

HCO: 

TaKIIM o6pa3oM, .n;Jia Toro qTo6bI BhIIIIICaTb ypaBHeHII.SI .n;BH)KeHH.SI B HCO, He

o6xo.n;IIMO rrpeo6pa3oBaTh cpyHKUHIO JiarpaH)Ka. Ilpo.nenaeM 3TO B .n;Ba 3Tana. 

Bo-rrepBbIX, rrepen.n;eM oT l1CO Ko K HCO k, .n;BII)Kymenca OTHOCIITeJibHO K0 

IIOCTynaTeJibHO, HO co CKOpOCTbIO, KOTOpaa .SIBJI.SieTC.SI IIpOH3BOJibHOH cpyHK

UIIeH BpeMeHII. IIo.n;cTaBIIB 

v0 = i7 + V(t) 

B Bbipa)KeHIIe L0 , Han.n;eM 

, mv2 mV2 .... , 
L = -

2
- + -

2
- + mV(t)v - U. 

OT6pOCIIM BTOpoe CJiaraeMoe, KOTopoe eCTb cpyHKUII.SI OT BpeMeHII II II03TOMY 

MO)KeT 6bITb rrpe.n;cTaBJieHa KaK IIOJIHa.SI rrpOII3BO.D;HM no BpeMeHiI OT .n;pyron 

cpyHKUIIII, TOr.n;a, 3aMeqaa, qTo mV(t)iJ + mW(t)f = d(mV(t)f')/dt, IIMeeM 

. ,2 , mv .... , 
L = -

2
- - mW(t)r- U, 

r.n;e W(t) - ycKopeHIIe rrocTynaTeJihHOro .n;BII)KeHII.SI CO k OTHOCHTeJibHO K0 • 

IIo.n;cTaBIIB 3TO Bbipa)KeHIIe B ypaBHeHn:e JiarpaH)Ka, IIOJiyqIIM ypaBHeHIIe 

ABII)KeHII.SI qacTIIUbI B k: 

lhaK, ycKopeHHOe IIOCTynaTeJibHOe .D;BII)KeHn:e co paBHOUeHHO HaJIIIqn:10 o.n

H0pO.D;HOro CIIJIOBOro IIOJI.SI, rrpIIqeM .n;eHCTBYIOID;M B 3TOM IIOJie CIIJia eCTb 
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mW, HarrpaBJ1emie KOTopm1: rrpoTIIBOIIOJI02KHO HarrpaaneHIIIO ycKopeHII.H. 3Ta 

3KBIIBaJieHTHOCTb O,UHOpO,n;Horo CIIJIOBOro IIOJI.51 II HeIIHepuIIaJibHOCTII CIICTeMhI 

OTcqeTa rrpIIBeJia 3HHIIITeHHa K cpopMyJIIIpOBKe np1Im:.u1na 3KBIIBaJieHTHO

CTII, O,UHOro II3 KpaeyrOJibHbIX KaMHeH peJI.HTIIBIICTCKOH TeOpIIII T.HrOTeHII.51 -

o6m;e:ii TeOpIIII OTHOCIITeJibHOCTII. 

• Ilp1IMe't!aH1Ie. IlplIH:UIIIl 3KBIIBaJieHTHOCTII. KaKOBa peaKUII.H cpII-

3IIqecKOH CIICTeMbl Ha B03,UeHCTBIIe BHellIHero rpaBIITaUII0HHOrO rromi:? 

OTBeT Ha 3TOT Borrpoc B o6m;eM BII,Ue .uaeT rrpIIHUIIII 3KBIIBaJieHTHOCTII 

(II3). OcHoao:ii II3 crry2KIIT rIIIIOTe3a o paaeHCTBe IIHepTHOH II rpa

BIITaUIIOHHOH Mace (raJIIIJie:ii, r10:iireHC, HbIOTOH), rrpoaepeHHa.H 3KCIIe

pIIMeHTaJihHO c 6oJihllIOH TOqHOCThIO (Beccerrh, 8Tae1II, llIIKKe, Bpa

rIIHCKII:ii). YTBep2K,n;aeTC.H, qTO HIIKaKoe BHeIIIHee CTaTII't!eCKOe 

II OAHOPOAHOe rpaBIITa:UIIOHHOe none He MO)KeT 6bITh 06Ha

py)KeHO B CB060AHO naAaromeM JimpTe, IlOCKOJihKY Ha6JIIOAa

TeJih, npo6Hble TeJia II caM JimpT np1Io6peTaIOT B 3TOM IlOJie 

OAIIHaKOBbie YCKOpeHII.R He3aBIICIIMO OT IIX MaCCbI ( m1rnepu = 
mrpaB). 3To HeTpy,n;HO rrpo,n;eMOHCTpIIpOBaTb ,UJI.51 CIICTeMhI N 'laCTIIU, 

,UBII2KYI..UIIXC.H C HepeJI.sj:TIIBIICTCKIIMII CKOpOCT.HMII rro.u .ueiICTBIIeM CIIJibI 

F(ra - rb) II BHellIHero rpaBIITaUIIOHHOro IIOJI.51. YpaBHeHII.51 ,UBII2KeHII.H 

B IIHepuIIaJihHOH CIICTeMe oTcqeTa (Ha6n10,n;aTeJih K) IIMeIOT BII.U 

d2 ..... 
Ta ...., ~F(..... .....) ma -d 2 = mag + ~ Ta - Tb . 
t b 

IIepe:ii,n;eM B CB06o,n;HO rra.ua10m;y10 OTHOCIITeJihHO K HeIIHepuIIaJibHYIO 

CIICTeMy oTcqeTa (Ha6n10,n;aTeJih K) cornacHo 

TOr,n;a 

..... t2 
~ ➔ g 
T=T--2 ' i = t, 

2' d Ta , , 
ma-d 2 = I:F(ra - rb), 

t b 

I-fTaK, Ha6n10,n;aTerrh K II ero cao6o,n;Ho rra.ua10m;II:ii KOJIJiera k He 06Ha

py2KaT HIIKaKIIX pa3JIIIqIIH B 3aKOHax .UBII2KeHII.H 3a IICKJIIO'leHIIeM Toro, 

qTo K 6y,n;eT cpIIKCIIpoaaTh .ue:iicTBIIe rpaBIITaUIIOHHoro rrorr.H, a k He 6y

,n;eT ero (pIIKCIIpOBaTb - rpaBIITa:a;IIOHHa.R CIIJia CKOMneHCIIpOBaHa 

HelIHep:a;IIaJihHOCThlO Ha6JIIOAa TeJIH. 

IT pIIHUIIII 3KBIIBaJieHTHOCTII YTBep2K,n;aeT, qTO KOMIIeHCaUII.51 ( T. e. 3K

BIIBaJieHTHOCTh) rpaBIITaUIIOHHOH CIIJihI II CIIJihI IIHepUIIII B03HIIKaeT B 
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CTporo O,UHOpO.n;HhIX rpaBIITaUIIOHHhlX IIOJUIX BO BCex CB060,UHO rra.ua

IOID:IIX CIICTeMax OTC'IeTa He3aBIICIIMO OT Toro, HaCK0JihKO rrpOCThlMII 

ypaBHeHII5IMII OIIIIChlBaeTC5! CIITyau;II5I. B HeO,nHOpO.IIHhlX IIJIII MeH5!10-

ID:IIXC5! co BpeMeHeM rpaBIITaII;II0HHhlX IIOJI5IX TaKOH K0MIIeHcau;IIII HeT' 

O,IlHaKO MO)KHO Q)KII,UaTh IIX rrpII6JIII)KeHHOH K0MIIeHcau;IIII, ecJIII orpa

HII'IIITh paccMOTpeHIIe HaCTOJihKO MaJihIMII o6JiaCT5IMII rrpocTpaHCTBa 

II rrpoMelKyTKaMII BpeMeHII, 'IT06hI II3MeHeHII5! rpaBIITaUIIOHHoro II0JI5! 

MOlKHO 6hlJIO C'IIITaTh rrpeHe6pelKIIMO MaJihlMH. C ytJeT0M 3Toro 06-

CTOaTeJihCTBa rrepecppa3IIpyeM TI8 cne.nyrorn:IIM o6pa30M: B KruK,UOH 

TO't!Ke npocTpaHCTBa-BpeMeHll B npOll3BOJibHOM rpaBllTaIJ;llOH

HOM none MO:>KHO BblopaTb JIOKaJibHO-llHep:u;HaJihHYlO CHCTeMy 

OTC'tleTa TaK, 'tITOObl B ,UOCTaTO'tIHO MaJIOH OKpeCTHOCTH pac

CMaTpHBaeMOH TO't!Kll qJH3H'tleCKHe 3aKOHbl llMeJIH TaKYlO :>Ke 

q>OpMy' KaK H B He ycKopeHHbIX ,neKapTOBbIX CHCTeMax KOOp

.UHHaT. 

OTMeTIIM rny60Ky10 aHaJI0rIIIO Me)K,ny TI8 II aKCIIOMOH, KOTopy10 raycc 

3aJIO)KIIJI B OCH0BY CBOeH reoMeTpIIII. raycc rrpe.nrronaran, 'ITO B OKpecT

HOCTII JI1060H TO'IKII IICKpIIBJieHHOH II0BepxHOCTII MO)KHO 3a.IIaTh .neKap

TOBY CIICTeMy KOOP.llIIHaT, B KOTOpOH BhlIIOJIH5IlOTC5I COOTH0IIIeHII5! eB

KJIII,UOBOH reoMeTpIIII (HanpIIMep, TeopeMa IlIIcparopa). 

ITepeH,neM Terreph OT cIIcTeMhI OTctJeTa k, .IIBII)KymeHca rrocTyrraTeJihHO c 

rrpOII3BOJihHOH cKopoCThIO V(t), K CO K, K0Topaa IIMeeT o6mee c k HatJano 

KOOp,UIIHaT (T.e. f' = r) II BpamaeTC5I ~ 3aBIIC5IiueH OT BpeMeHII yrJIOBOii 

cKopocThIO O(t) oTHOCIITeJihHO o6mero HatJana HCO k II K. B 3TOM cnyqae 

ITo.ncTaBIIB IIOCJie.IIHee B BhlpalKeHIIe .llJ15! t, IIOJIY'IIIM o6mIIii BII,n q>yHKUIIII 

JiarpaH)Ka qaCTIIUhl B rrpOII3BOJihHOH HeIIHepu;IIaJihHOM CIICTeMe OTC'IeTa: 

2 ... 2 mv ... m . [n, r1 ... 
L = -

2
- + m · v[O, f1 + 

2 
- mW(t)r - U. 

Una Toro 'IT06hl BhIIIIICaTh ypaBHeHII5! .Z:CBII)KeHII5!, Haii.neM IIOJIHhIH .Z:CII<pq>e

DeHII;IIaJI IIOCJie,nHero Bhipa)KeHII5!: 

-,, _,, ...,, _,, _,, dU · 
iL = mvdv + mdv[O, f1 + m · v[O, drJ + m · [n, rJ[n, drJ - mW(t)dr- drdr 

= mvdv + mdv[n, r1 + mdr[v, O] + m[[n, f10]dr - mW(t)dr - ~~dr, 
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"ITO n03BOmieT BbIITHCaTh HCKOMOe ypaBHeHHe ,UBH)KeHH5I: 

di! dU .... :.. .... .... .... 
m dt = - dr - mW+ m[r, n) + 2m[i!, n] + m[n, [r, nl]. 

llepBbIM "IJieH B npaBOM 11aCTH 3TOro ypaBHeHH5I - CHJia, o6ycJIOBJieHHa5I B3a

HMO,neMCTBHeM, ocTaJihHhie crraraeMhie BhI3BaHhI HeHHepuHaJihHOCThIO CO H 

Hc11e3a10T npH nepexo.ne K MCO. llepBoe TaKoe crraraeMoe nponopuHoHaJibHO 

ycKopeHHIO w nocTynaTeJibHO ,UBH)KY1UeMC5I HeHHepuHaJihHOM co, BTOpoe 

065I3aHO CBOHM npoHCXO)K,UeHHeM H3MeHeHHIO co BpeMeHeM yr JIOBOM CKOpOCTH 

BpameHH5I HCO, TpeThe, nponopuHoHaJihHoe nepBoM CTeneHH n, Ha3hlBaIOT 

KOpHOJIHCOBOH CHJIOH, H nocrre,nHee - n;eHTpo6e)KHruJ: CHJia, HanpaBJieH

Ha5I B nJIOCKOCTH, npoXO.U5I1UeM 11epe3 r H n, nepneH,UHKYJI5IpHO K OCH Bpame

HH5I, no BeJIH"IHHe OHa paBHa mpr22 , r,ne p - paCCT05IHHe OT OCH BpameHH5I. 

PaccMoTpHM oco6o crry11aM paBHOMepHo BpamaromeMc5I CO, He HMeromeM 

nocTynaTeJihHOro ycKopeHH5I. <PyHKUH5I JiarpaH)Ka B TaKOM I1CO 

L mv
2 

.... ["" r] m' [n,r12 
U =--+m·VH r +-----

2 ' 2 ' 

a ypaBHeHH5I ,UBH)KeHH5I 

di! dU .... .... .... 
m dt = - dr + 2m[i!, n] + m[n, [r, Ol]. 

BhI"IHCJIHM 3HeprHIO B 3TOM crry11ae: 

....8L mv2 
.... 2 E=v--L=--m-[n f'1 +U 

[)if 2 '' J • 

JIHHeMHbIM no n "!JieH OTCYTCTByeT' T .e. H3MeHeHHe 3HeprIIH, o6ycno

BJieHHOe Bprun;eHHeM co, npOHCXO,IJ;HT 3a cqeT n;eHTpo6e)KHOH, HO 

He KOpHOJIHCOBOH ClIJibl. 3Ty .nonOJIHHTeJihHYIO 3HeprHIO Ha3hIBaIOT ueH

Tpo6e)KHOH. 

X. BBE.IlEHHE B TEOPHIO HEJIHHEHHhIX KOJIEBAHHH 

PaccMOTpHM CHCTeMy c O,UHOM CTeneHblO CB060,nhI, Ha KOTOpyro ,neMCTBY

IOT 3a,naHHhle CHJibI, npe.nnorrarM, "ITO CHCTeMa ,UBH)KeTC5I OKOJIO nOJIO)Ke

HH5I ycTOM"IHBoro paBHOBeCH5I. Pa3JIO)KeHHe KHHeTH11ecKoM H noTeHuHaJibHOM 

3HeprHH B OKpeCTHOCTH 3TOro nOJIO)KeHH5I BnJIOTb .no "IJieHOB BTOporo nop5I,nKa 

MaJIOCTH npHBO,UHT K ~Irneii:HOMY ypaBHeHHIO. O,nHaKO B HeKOTOpbIX 3a,na11ax 
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BO3HIIKaeT Heo6XO.IllIMOCTh lICCJie,.llOBaTb KOJie6aHH5I C .IlOCTaTO"lJHO 60JibllllIMH 

aMrrJiuTy.IlaMII H CKopocTaMn. B 3THX cJiy"tJMX JIHHeiiHoe rrpn6Jim1rnHne oKa-

3hrnaeTca He,.llOCTaTO"lJHbIM lI rrpHXO,.lllITC5I YlIHTbIBaTh IIOCJie..uyromne "tJJieHhI 

pa3JIO)KeHH5I, l:JTO IIpHBO,.lllIT K HeJIHHeHHhIM ypaBHeHH5IM. EcJIH IIplI 3TOM 

CtJHTaTh, l:JTO OTKJIOHeHH5I OT IIOJIO)KeHH5I paBHOBecna n CKOpOCTH KOJie6JIIO

meiica "tJaCTHIJ;bI He CJIHlllKOM BeJIHKH, TO COOTBeTCTBYIOllllie ypaBHeHH5I 6y..uyT 

OIIHChIBaTb MaJihle HeJIHHeHHhle KOJieoaHH.SJ:. 

IIorrpo6yeM pa3o6paThC5I B oco6eHHOCT5IX HeJIHHe:iiHhIX KOJie6aHHH Ha rrpn

Mepe MaTeMaTH"tJecKoro MMTHHKa Maccoii m lI .IlJllIHOH l, IIOMemeHHOro B 

cpe..uy C "JIHHeHHhIM" conpOTHBJieHHeM. EcJIH BbI6paHHbIH B Ka"tJeCTBe 0606-

meHHOH KOOP.IlHHaTbI yroJI ep OTC"lJHTbIBaTb OT paBHOBeCHOrO (aepTHKaJih

HOro) IIOJIO)KeHH5I MMTHHKa, TO 

T ml2 . 2 U l( ) F o:l2 . 2 = 2 ep , = mg I - cos ep , = 2 ep 

- KHHeTH"tJeCKM, IIOTeHn;HaJihHM 3HeprHH lI .IllICCHIIaTHBHM cpyHKIJ;H5I COOT

BeTCTBeHHO. Pa3JIO)KlIB 3TH BeJIH"lJHHbI B OKpeCTHOCTH IIOJIO)KeHH5I YCTOH

qnaoro paBHOBeCH5I BIIJIOTb .IlO qJieHOB "tJeTBepToro rropa..uKa MaJIOCTH H HC

IIOJib3Y5I JiarpaH)KeBhI ypaBHeHH5I .IlBH)KeHH5I rrpH HaJIII"lJHH .IlHCCHIIaTHBHhIX 

rrpon;eccoa (cM. rryHKT 5 rJiaBbI VII), Han..ueM 

w2 2 g o: 
cp + 2,\ip + w5ep = 3~ ep3, wo = l' 2,\ = m. 

ECJIH rrpeHe6pe1Ih HeJIIIHeHHhIM "lIJieHOM, rrporropn;MOHaJibHbIM ep3 , TO IIOJIY1IHM 

JIIIHeMHOe ypaBHeHHe, pellleHIIe KOTOporo B CJiy"tJae ,\ < Wo eCTb 

EcJIH ocTaBHTh HeJinHenHhiii "tJJieH, TO, YlIHThIBM ero MaJIOCTh no cpaBHeHHIO 

C rrporropn;HoHaJibHhIM ep JIIIHeMHbIM "tJJieHOM' MO)KHO rrpe..urroJIO)KHTh, l:JTO pe

rneHHe, OIIHCbIBaIOI.Uee HeJIIIHeMHhle KOJie6aHH5I, HMeeT TaKOH )Ke BH.Il, l:JTO n 

pellleHne JIHHenHoro ypaaHeHna, T.e. 

ep ~ acos'lj;, 

r..ue 'lj; lI a - HeH3BeCTHble cpa3a lI aMIIJIHTY..Ua HeJIHHeJJ:HhIX KOJie6aHHH. IIpn 

O..UHOM II TOM )Ke OTKJIOHeHHII OT IIOJIO)KeHH5I paBHOBeCH5I pa3HOCTb Me)K..uy 

..uenCTBYIOIUHMH Ha Ma5ITHHK CHJiaMH a JIHHeMHOM n HeJIHHeMHOM rrpn6JIH)Ke

HII5IX rrporropn;HOHaJihHa ep3 /6, MaJia lI 3aBHCHT OT OTKJIOHeHH5I MMTHHKa OT 

BepTuKaJin. CJie..uoaaTeJihHO, -qacTOTa HeJIHHeMHhlX KOJie6aHnii MMTHHKa 'if; 
6y..ueT MeHhllle co6CTBeHHOH "tJaCTOTbI Wo ero JIHHeMHbIX KOJie6aHHM n 6y..ueT 

163 



3amrceTh OT aMIIJI11TY,IJ;bl. B CB5I311 C 3T11M yMeCTHO ,norrycT11Th, qTo ,IJ;JI5I He

JI11HeHHblX Kone6aH11ii 

,J; = w(a), 

r,ne w(a) - He113BeCTHa5I cpyHKU115I, B11,n KOTopoii orrpe,nen5reTc5I 3a,naH11eM ,neii

CTBy10mei'r C11Jibl. 

IlorrymeH11e o "6n113ocT11" HeJI11Hei'rHhIX 11 n11Hei'rHhIX Kone6aH11i'r rro3B0JI5IeT 

c,nenaTh orrpe,neneHHhie 3aKJI10qeH115I 06 113MeHeH1111 aMrrmITy,nhI HeJI11HeiiHoro 

KOJie6aH115I. B JI11HeHHOM rrp116JimKeH1111 aMIIJI11Ty,na MMTH11Ka 113MeH5IeTC5I 

no 3aKoHy 

a= aoe--"t ⇒ a= ->.a, 

II03T0MY rrpe,nrr0JIO)K11M, qTQ aMIIJI11Ty,na HeJI11HeHHbIX KOJie6aH11li T0)Ke 3aB11-

C11T OT a: 

a= f(a). 

BB11,ny Toro, qTo 

a3 
rp3 ~ a3 cos3 '1j; = 4 (3cos'lj;+cos3'1j;), 

M0)KH0 3aKJIIQq11Th, qTo HaJI11q11e o6epTOHOB ( TaK Ha3bIBaIOT qaCT0TbI, KpaT

Hbie OCHOBHOi'r) TaK)Ke 5IBJI5IeTC5I xapaKTepHOH qepTOH HeJI11HeHHbIX KOJie6a

H11li. M, HaKoHeu, rro,nqepKHeM, qTo B cnyqae HeJI11Hei'rHhIX Kone6aH11ii Hapy

rnaeTc5I rrp11Hu1111 cynepno311u1111 - o6mee perneH11e HeJI11Hei'rHoro ypaBHeH115I 

He CB0,IJ;11TC5I K cyMMe qacTHbIX perneH11H. 0 MaJibIX HeJI11HeHHbIX KOJie6a

H115IX, xapaKTepHbie qepTbl K0T0pbIX Mbl rrepeq11CJI1IJI1I BbIIlle, r0B0p5IT KaK 0 

cJia6oHeJIHHeiiHhIX KOJie6aHH.HX. 

1. MeTo.n; KphIJIOBa - Boromo6oBa. O.nH11M 113 pacnpocTpaHeHHhIX 

MeT0,IJ;0B perneH115I ypaBHeH11H cna60HeJI11HeHHbIX KOJie6aH11li 5IBJI5IeTC5I 

MeTo,n K pbIJI0Ba - Eoron1060Ba. H3JIO)K11M ero cyTh Ha np11Mepe ypaB

HeH115I 

x+w5x+cf(x,x) =0. (62) 

Ecn11 ycTpeM11Tb MaJiblH rrapaMeTp E K HYJIIO, TO ypaBHeH11e (62) 0IT11-

ChIBaeT JI11Hei'rHhie KOJie6aH115I 11 ,norrycKaeT perneH11e 

x = a sin 'lj; = a sin(w0t + /3), 

x = aw0 cos 'lj; 

(63) 

(64) 

C IIOCT05IHHblM11 aMITJI11Ty,noii a 11 HaqaJibHOH cpa30li /3. B COOTBeTCTB1111 

C BbIIlle113JIO)KeHHblM rrpe,nnOJIO)K11M, qTo a 11 /3 - HOBhie He113BeCTHhle 
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cpyHKLUHI BpeMeHH, KOTOpbie )lOJDKHhI 6h!Th onpe.zieneHhI TaK, qT06hI 

(63) CTaJIO peIIIeHHeM (62), TOr)la 

i: = a sin 'IP + a/3 cos 'IP + aw0 cos 'IP, 

OTKy.zia, yqJ:IThIBaJI (63), nonyqJ:IM 

a sin 'IP + afi cos 'IP = 0. (65) 

Ilo.zicTaBHB Teneph BTopyro npOH3BO.llHYIO X B ypaBHeHHe (62), nepenH

IIIeM ero B m1.zie 

aw0 cos'lp- aw0~sin'lp = -Ef(asin'lp,awocos'lp). (66) 

CKJia)lbIBaJI pe3yJihTaT YMHO2KeHHH (65) Ha sin 'IP H (66) Ha cos 'IP, a 

3aTeM BhlqHTaH IlOMH02K€HHOe Ha COS '!p COOTHOIIIeHHe ( 66) H3 IlOMHO-

2KeHHOrO Ha sin 'IP cooTHOIIIemrn ( 65), nonyqaeM 

a = - !:_ f ( a sin 'IP' awo cos 'IP) cos 'IP' 
Wo 

fi = _f._ f ( a sin 'IP, aw0 cos 'lp) sin 'IP· 
aw0 

(67) 

(68) 

I1TaK, BMeCTO O.llHOro )lHq>cpepeHuHaJihHOrO ypaBHeHmI 2-ro nopH)lKa OT

HOCHTeJihHO H€H3BeCTHOM X HaM y.n;aJIOCh nonyqJ:ITh )lBa .llHq>cpepeHUH

aJihHhIX ypaBHeHHH 1-ro nopH.n;Ka OTHOCHTeJlhHO a 1:1 /3. 3aMeTHM, qTo 

npaBhle qacTH ypaBHeHHM (67) H (68) - nepHO.llJ:IqecKHe cpyHKUHH Bpe

MeHH c nepHO)lOM T = 21r/wo H, KpOMe Toro, KaK a, TaK 1:1 fi nponopuH

OHaJibHhI MaJIOMY napaMeTpy f., CJI€)lOBaTeJihHO, a H /3 6y.llyT Me)lJI€HHO 

MeHHIOIUHMHCH cpyHKUHHMH BpeMeHH, a 3TO O3HaqaeT, qTo 3a BpeMH no

pH)lKa TB nepBOM npH6JIH2K€HHH MO2KHO cqHTaTh a H /3 IlOCTOHHHhIMH. 

I1cxO)l5I 1:13 3TOrO oqeBH)lHOro 3aMeqaHHH, yKa2KeM npOCTOM HHTYHTHB

HhIM cnoco6 IlOCTpOeHHH npH6JIH2K€HHOro peIIIeHHH ypaBHeHHM ( 67) H 

(68). Pa3JI02KHM npaBhle qaCTH 3THX ypaBHeHHM B PH.ll <l>yphe: 

r.zie 

f cos 'IP 

f sin 'IP 

Ko(a) + I:n>o(Kn(a) cos n'lp + Ln(a) sin n'!p), } 

- Po(a) + I:n>o(Pn(a) cos n'lp + Qn(a) sin n'!p), 

1 lo27r 1 lo27r Ko (a) = - f cos 'lpd'lp, Po (a) = -
2 

f sin 'lpd'lp. 
21r O . 7r 0 
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• CnpaBKa. PH,n <l>ypbe. P.Jia 

00 

J(x) = L Ck'Pk(x) 
k=O 

1-1,a3oee.M pH,D;OM <l>ypbe rfiy1-tn'lftuu f (x) no opmo1-1,op.Mupoea1-1,1-1,oi1 
1-1,a npo.Me'JICymne (a, b) cucme.Me rfiy1-tx:'lftui1 { 'Pk(x)}. Ko:J(P(PU'lftU-
e1-tmbi 

Ck = 1b f(x)cpk(x)dx 

1-1,a3brna10mc.JI no:J(P(PU'lftue1-1,ma.Mu cf)ypbe rfiy1-1,n4uu f ( x). Ilpeano.!la-
2aemc.JI, 'l.(,mo rfiy1-1,n4u.JI J(x) e.Mecme co ceou.M neaapamo.M u1-1,me-
2pupye.Ma 1-1,a ( a, b). 

P.Jia cf)ypbe no mpu201-to.Mempu'l.(,ecnou cucme.Me rfiy1-1,n4uu a.!l.JI 'l'Ca
'JICaou f (x), u1-1,me2pupye.MOU 1-1,a (0, 21r), onpeae.!l.Jiemc.JI C.!leay10-
U4U.M o6pa3o.M: 

a oo oo 

~ + L(ak cos(kx) + bk sin(kx)) = L ckikx, 
2 k=l k=-oo 

1 1211" 
ak = - f(x) cos(kx)dx, 

7f 0 

11211" 
bk = - J(x) sin(kx)dx, 

7f 0 

1 ( "b ) 1 1211" f ( ) -ikxd Ck = C-k = - ak - 'l, k = - X e X. 
2 21r 0 

Ec.!lU rfiy1-1,n4u.JI J(t) u.Meem nepuoa T u u1-1,me2pupye.Ma e u1-tmep-
6a.!le (0 < t < T), mo e :Jmo.M u1-1,mepea.!le ee pa3.!lO'JICe1-tue e pHa 
c/)ypbe U.Meem eua 

00 00 

~ + L(ak coskwot + bk sin kw0t) = L ckeikwot, 
k=l k=-oo 

2ae 
2 {T 

ak = T lo J(r) cos kw0rdr, 

2 {T 
bk = T lo J (r) sin kw0rdr, 

l {T . 
ck= c_k = T lo J(r)e-zkwoTdT, 
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3aecb k = 0, l, ... , Wo = 27r /T. 
K 03(P(PUV,UeUmbi <Pypb e C6.H3ll'H,bZ C efiyunv,ueu j ( X) paB eucmB O,M, 
fl apce6 ll.!T,.H 

IlepemuneM ypaBHemrn (67) JI (68) B BJI.n;e 

a = -;
0
Ko(a)- ;

0 
Ln>o(Kn(a)cos n1/J+Ln(a)sin nvi),} 

(71) 
~ = a:

0
Po(a) + a:o Ln>o(Pn(a) cos n1/i + Qn(a) sin n1/i) 

JI rrpoJIHTerpnpyeM not B rrpe.n;eJiax OT t .n;o t+T, rrpeHe6perrui: B rrpaBon 

qaCTJI ypaBHeHJIM JI3MeHeHJI}IMJI a JI /3, B pe3yJibTaTe IIOJiyqJIM 

.6.a c .6./3 c 
- = --K0 (a), - = -Po(a). 
T wo T awo 

(72) 

IlpJipameHJI}l .6.a = a(t + T) - a(t) JI .6./3 = f3(t + T) - f3(t) MaJihI, 

IIO3TOMY JIX MOLKHO 3aMeHIITb Ha rrpOJI3BO.D;Hhie, qTo .n;aeT 

f . f a= --Ko(a), /3 = -Po(a). 
w0 aw0 

(73) 

CpaBHJIBM (73) c TOqHbIM ypaBHeHJieM (71), JierKO YBJI.D;eTh, qTo ypaB

HeHIUI rrepBoro rrp116JIH)KeHIUI IIOJiy'tJaIOTCH 113 TO'tJHblX rryTeM 

ycpe.n;HeHHH rrpaBblX qacTeH TO'tJHblX ypaBHeHHH IIO BpeMeHH. 

(ITocJie.n;Hee YTBepLK.n;eHJie Ha3hIBaIOT IIPJIHIJ;JIIIOM ycpe.n;HeHJI}l, KOTOpbIM 

MOLKHO cqJITaTb 061UJIM npaBJIJIOM IIOJiyqeHJI}l rrepBbIX rrpJI6JIJI)KeHJIM.) 

Y:acTO BMeCTO HaqaJihHOH cpa3hl /3 B KaqeCTBe HeJI3BeCTHOM y.n;o6HO IIOJih-

3OBaTbC}l 'Ip =Wot+ /3, .D;JI}l KOTOfiOH JI3 (73) JIMeeM 

. f 
vi= wo + -Po(a). 

aw0 
(74) 

Ilo.n;cTaBJIB .n;aJiee B BblpaLKeHJI}l .D;JI}l a JI ~ 3HaqeHJI}l K0 JI P0 JI3 (70), 
IIOJiyqJIM 

f ln27r a= --- f(a sin <p, awo cos cp) cos <pd<p, 
27rWo 0 

(75) 

. c ln27r 'l/; = w0 + -- J(a sin <p, aw0 cos cp) sin <pd<p. 
21rawo o · 

(76) 
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:VhaK, pernemrn ypaBHemu1 (62) B nepBOM npn6mrnrnmn1 HMeeT BH.D: 

x = acos'ljJ, (77) 

r.n:e aMTIJIHTy.n:a a n cpa3a 'ljJ onpe,r:i:emIIOTC5I ypaBHeHH5IMH (75) n (76). 
IIpe.n:nOJIO)KHM Teneph, qTo B ypaBHeHHH (62) cpyHK[(H51 f He 3aBHCMT 

OT x, TOr,r:i:a BMeCTO (75) M (76) 6y,r:i:eM MMeTh 

E lo21r a= --
2

- f(a sin <p) cos <pd<p, 
7rWo 0 

(78) 

. E lo21r 
'ljJ = w (a) = w0 + 

2 
f ( a sin <p) sin <pd<p. 

1rawo o 
(79) 

BBe,r:i:eM <I>(x) TaK, qTo6hr f (x) = d<I>(x)/dx, Tor.n:a 

lo
27r 1 lo27r 

J(asin<p) cos<pd<p = - d<I>(asin<p) = 
o a o 

![<I>( a sin 21r) - <I>( a sin 0)] = 0, 
a. 

OTKy,r:i:a 

a= 0, a= a0 = canst, 'ljJ = w(a)t + 'I/Jo, 

CJie,r:i:oBaTeJibHO, B cnyqae f = f (x) KOJie6aHM51 B nepBOM npM6JimKeHMM 

6y,r:i:yT rapMOHMqecKMMM 

x = a sin ( w (a) t + 'I/Jo), (80) 

a HeJIMHeHHbIH xapaKTep ypaBHeHM51 CKa3hIBaeTC51 JIMIIIh B TOM, qTo qa

CTOTa 3aBMCMT OT aMTIJIMTY.IJ:hl. Bo3Be,r:i:eM o6e qacTM (80) B KBa.n:paT, 

TOr,r:i:a C TOqHOCThIO .n:o BeJIMqMH nop51,r:i:Ka E nonyqMM 

E lo21r w2 (a) = w5 + - f(asin<p) sin<pd<p, 
1ra o 

(81) 

eCJIM BBeCTM F(x) = xw5 + Ef (x), TO (81) MO)KHO nepenMCaTh B BM,r:i:e 

E lo21r 
w2 (a) = - F(asin<p)sin<pd<p. 

1ra o . 
(82) 

lln5I MJIJIIOCTpa[(MM MeTO.D:a paCCMOTpMM HeCKOJihKO npMMepOB: 
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• HaH60Jiee rrpOCTbIM rrpHMepoM HeJIHHeHHOH CHCTeMbI HBJIHeTCH o6bitJ:-

HblH MaHTHHK.:· EcJIH rrpeHe6petJ:b: TpemieM, TO ypaBHeHirn KO-

Jie6amru: MaHTHIIKa IIMeeT BII.U 

.. g . 0 x + 1smx = , 

r.n;e x - yron OTKJIOHeHIIH MaHTHIIKa OT BepTIIKaJIII. l!Jrn MaJibIX 

yrJIOB OTKJIOHeHIIH sin X ~ X ypaBHeHIIe CTaHOBIITCH JIIIHeHHbIM: 

x = asin(w0t + a), T = 21r/'z7g, 

a KOJie6aHIIH - rapMOHIItJ:eCKIIMII C rrepIIO,UOM, He 3aBIICHI..UIIM OT 

Ha~rnJibHbIX CKOpOCTII II OTKJIOHeHIIH. 

llJrn 60Jibl.IIIIX OTKJIOHeHIIH MaHTHIIKa (x ~ 1 pa.u) sin X C .UOCTa

TOqHOH CTerreHbIO TOqHOCTII M02KeT 6bITh rrpe.n;cTaBJieH KaK 

TOr.n;a 

x3 
sinx ~ x - -

6' 

.. g ( x3) x+y x- 6 =0 

IIII3 (~2) cF=g/l (asincp-a3 sin3 cp/6) nonytIIIM 

w2 (a) = -- a sm <p - --- = - 1 - - , g l fn21r ( . a
3 

sin
3 <p) g ( a

2) 
l rra o 6 l 8 

OTKy.n;a CJie.n;yeT, tITO tieM 60Jibl.Ile aMITJIIITy.n;a KOJie6aHIIH, TeM 

MeHhl.Ile IIX qacTOTa, a nepIIO.U, Hao6opoT, yBeJIIItIIIBaeTCH: 

T = 27r = 2rr {T_✓l/(1 - a2 /8) ~ 2rr [{ (1 + a
2

) • 
w · VY VY 16 

• YpaBHeHHe BaH-~ep-IloJI.H. B peaJihHhIX 3a,uaqax Bcer.ua B03-

HIIKaeT He06XO.UIIMOCTh yqeTa .UIICCIIIIaTIIBHhl:X npoueccoB, tITO B 

MexaHIIKe .UOCTIIraeTCH BBe.n;eHIIeM CIIJI "TpeHIIH" (.UIICCIIITaTIIBHblX 

CIIJI). B- pe3yJibTaTe B03.n;e:iiCTBIIH 3TIIX CIIJI Ha CIICTeMy KOJie6a

HIIH co BpeMeHeM 3aTyxaIOT. OHII MOryT CTaTb He3aTyxaIOI..UIIMH 

B CJiyqae HaJIIItIIIH IICTOtIHIIKa 3HeprIIII, KOTOpbIH KOMneHCIIpyeT 

pacxo.u 3HeprIIII, o6ycJIOBJieHHblll .UIICCIIITaTIIBHhIMII rrpoueccaMII. 
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TaKMM MCTOqHMKOM MOLKeT OKa3aTbC5! rrepno,nnqecKM CMJia, O,Il

Ha:ko MCTOqHMK :=meprnn MOLKeT M He MMeTh HMKaKOM rrepno,nnqHo

CTM, BaLKHO JIMIIIb, qTo6bI ero B03,IleMCTBMe Ha KOJie6aTeJibHYIO CM

CTeMy nrpano pOJib "OTp1111aTeJibHOro" TpeHJ:I5!, KOTOpoe KOMIIeH

c11pyeT "IIOJIO)KJ:ITeJibHOe" TpeHHe, CB5!3aHHOe C ,Illl:CCJ:IIIaTMBHbIMJ:I 

c11naM11. Kone6aH11a TaKoro THrra o6na,naIOT pa,noM cyruecTBeH

HhIX OTJinqnn, nx O6b1qHo Ha3hIBaIOT aBTOKone6aHH51MH. Ilna 

Toro qT06hI npe,ncTaBJ:ITb ce6e xapaKTep B036yLK.IleHM5! aBTOKOJie-

6aHJ:IM, BepHeMC5! K peIIIeHJ:IIO ypaaHeHna, Oilll:ChIBaIOruero MaJible 

KOJie6aHM5! C yqeTOM CMJI TpeHll:51: 

x = ae->.t cos(wt + a), w2 = w5 - >.2. 

Ilp11 IlOJIO)KJ:ITeJibHOM K03qlqm1111eHTe 3aTyxaHM5! A aMTIJIHTY.Ila KO

Jie6aHMM 6y,neT 3aTyxaTh no 3KCilOHeHIIJ:IaJihHOMY 3aKOHY, np11 A< 
0 aMTIJIHTY.Ila 3KCIIOHeHIIMaJibHO pacTeT. 5IcHO, qTo ee pOCT ,noJI

LKeH 6hITb orpaHJ:IqeH, IlO3TOMY ecTeCTBeHHO npe.nnoJIO)KJ:ITb HaJIM

qJ:Ie ycJIOBMM, 6naro.napa KOTOpbIM Haq11Haa C HeKOToporo MOMeHTa 

A MeHaeT 3HaK. 8To MO)KHO OTpa3ll:Tb B ,Illiq)q)epeHIIMaJibHOM ypaB

HeHHM 

x + 2.Xx + w5x = 0, 

3aMeHMB IlOCTO5IHHbIM K03qlql1:III1:IeHT 3aTyxaHJ:I5! Ha 

2.X =-A+ Bx2 

(KoHcTaHThI A n B nonoLK11TeJihHb1). B pe3yJihTaTe nonyq11M HO

aoe ypaBHeHHe 

x +(-A+ Bx2
) x + w5x = 0, 

KOTOpoe 1:I3BeCTHO KaK ypaBHeHHe P:,me51. Ilo BM.IlY ypaBHeHJ:I5! 

MOLKHO 3aKJIIOqll:Tb, qTO 3aTyxaHJ:Ie OTp1111aTeJihHO ,IlJI5! MaJihIX no 

a6coJIIOTHO:ii aen11q11He 3HaqeHn:ii CKOpOCTH x n rronoLKHTeJibHO .nna 

60JibllIMX. .IlpyrMMM CJIOBaMM, KOJie6aHJ:I5! MaJIOM aMIIJIMTY.D:bl 6y

.IlYT pacKaqnaaThC5I, a 60JibIIIOM - 3aTyxaTh, T.e. cyrueCTByeT He-

3aTyxaIOruee KOJie6aH11e, K KOTOpOMY CTpeM5ITC5! KOJie6aHJ:I5! KaK C 

Marro:ii, TaK 1:I C 60JibllIOM aMIIJIHTy,no:iI. 

3aMeHOM rrepeMeHHbIX 

1 Ifs! t = T / w0 11 x = - -- ydT 
wo 3B 
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ypaBH€HHe P3JI€51 npl:IBO.I(l:ITCH K BM.UY 

d
2
y ( 2) dy A 

- - E 1 - y - + y = 0, E = · !Jrm' dt2 dt V~Tft 

KOTOpoe Ha3bIBaIOT ypaBHeHHeM BaH-,nep-1Iom1. OHO .l(OCTa

TOtJHO xoporno (Bo BCHKOM CJiytJae,KatJeCTBeHHO) Oill:ICbIBaeT aBTO

KOJie6amrn B 3JI€KTpOHHbIX reHepaTopax. IlepennllieM ero B Ilpl:I

BbitJHbIX o603HatJeHHHX: 

H, 3aMeTHB, tJTO Wo = 1, f(x,x) = -(1 - x2)x, 3a:HM€MC51 ero 

perneHHeM cor JiaCHO 1:13JIO)K€HHOH Bblille cxeMe: 

Il03TOMY 

(
a

2 
) a3 a 4 - 1 cos 'I/J - 4 cos 3'1/J, 

--1- f
2

1r f cos 'I/Jd'I/J = ~ (1 - a
2

) , 
21rw0 lo 2 4 

-
1

- f 21r f sin 'I/Jd'I/J = 0. 
21rw0 lo 

TaKHM o6pa30M, 1:13 (75) 1:1 (76) B nepBOM np1:16JII'.l)K€Hl:ll:I 

IlocJie l:IHTerpnpOBaHHH 3Tl:IX ypaBH€Hl:IH OKOHtJaTeJibHO IlOJiytJaeM 

OTM€Tl:IM .I(Be l:IHTepeCHble oco6eHHOCTl:I aMITJIHTY.IlbI 3Tl:IX KOJie-

6amrii: 

Bo-nepBbIX, 

lim a= 2, 
.t➔oo 
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II, .BO-BTOpbIX, eCJIII ao = 2, TO ,IlrnI Bcex t > 0 a = 2. 

TpIIBIIaJibHOe perneHIIe x = 0 COOTBeTCTByeT OTCYTCTBIIIO KOJie-

6aHIIH, HO 3TOT pe)KIIM HeycTonqIIB, rrocKOJibKY, KaK 6b1 Mano HM 

6bIJIO HaqaJibHOe 3HaqeHIIe a, OHO BCe paBHO 6y,ueT BO3pacTaTb, 

rrpII6JIII)KaJICb K npe,ueJibHOMY 3HaqeHIIIO 2. TaKIIM o6pa30M, T.K. 

cnyqaHHbie MaJibie TOJiqKJI rrpaKTJiqeCKII HeII36e)KHbI, B KOJie6a

TeJibH.OH cIIcTeMe, orrIIcbrnaeMon ypaBHeHIIeM BaH-,uep-Ilorni:, aB

TOMaTIIqecKII B036y)K,IlaIOTC5I KOJie6aHII5I :C BO3pacTaIOw;en aMIIJIII

TY.IlOH - CIICTeMa caMOB036y)K,uaeTC5I. EcnII HaqaJibHbie ycrroBII5I 

TaKOBbI, qTO ao = 2, TO x = 2 sin(t + to) - perneHIIe, COOTBeT

CTByrow:ee ,[(llHaMlPieCKOMY pe)KIIMY. 3TOT pe)KJIM o6rra,uaeT 

ClIJibHOH ycTonqIIBOCTbIO, T .K. ,IlJI5I JII06oro ao =/ 0 IIPII t --+ oo 

aMIIJIIITy,ua a --+ 2. B KOHCepBaTIIBHbIX ClICTeMax, KOTOpbie OIIII

CbIBaIOTC5I ypaBHeHIIeM 

x+w5x+cf(x) = 0, 

KOJie6aHII5I MoryT IIpOIICXO,IllITb C JII06on, HO IIOCTO5IHHOH aMIIJIII

TY.IlOH, Tor,ua KaK B ClICTeMax, KOJie6JIIOW:IIXC5I B COOTBeTCTBIIII 

c ypaBHeHIIeM BaH-,uep-IloJI5I, Kone6aHII5I c rrocTO5IHHOH aMIIJIII

TY.IlOH BO3MO)KHbl JIIIIIIb rrpII HeKOTOpOM orrpe,uerreHHOM ee 3Haqe

HIIII. B caMOB036y)K,IlaIOrn;IIXC5I ( aBTOKOJie6aTeJibHbIX) ClICTeMax 

aMIIJIIITY.Ila BO3pacTaeT, eCJIII 3HeprII5I, ,IlOCTaBJI5IeMa5I lICTOqHJI

KOM, rrpeBbIIIIaeT KOJIJiqeCTBO 3HeprIIII, pacceIIBaeMOH ,IllICCIIIIa

TlIBHbIMII CIIJiaMII, II Hao6opoT. IloCT05IHHOe )Ke 3HaqeHIIe aM

IIJIIITY.Ilbl coxpaH5IeTC5I B TOM cnyqae, KOr,ua KOJIJiqecTBO 3HeprIIII 

OT lICTOqHIIKa II KOJIJiqecTBO 3HeprIIII, pacceJIBaeMOH ,IllICCIIIIaTIIB

HblMII CIIJiaMII, B TOqHOCTII paBHbl. 

• YpaBHeH11e P::me.H. Ilrr5I Toro qTo6bl HaHTII perneHIIe ypaBHeHII5I 

P3ne51 

x +·(-A+ Bx2
) x + w5x = 0, 

3aMeTIIM, qTO B OT JIJiqJie OT rrpe,IlbI.Ilyw:ero cnyqa51 3,IleCb j ( X, X) 
3aBIICIIT TOJibKO OT CKOpOCTII: 

J = f(x) = (-A+ B±2
) ±, 

qTo 11O3BOJI5IeT rreperrIIcaTb (75) II (76) B BII,Ile 

1 1211" a = - -- f ( aw0 cos cp) cos cpdcp, 
27fWo 0 
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'VJ = Wo + l f
2

7r f ( awo cos <p) sin cpdcp. 
21rawo lo 

Ecnn: BBeCTn: <I>(z = aw0 cos_cp), TaK 'tJ:T06hI f(z) = d<I>/dz, TO n:H
Terpan B Bbipa)KeHn:n: .umr 'Ip o6pamaeTCH B HJJib, 11O3TOMY 

x = asin(w0t + a), a= canst. 

IIo,ucTaBn:B 

B Bblpa)KeHn:e ,UJIH a, Han:,ueM 

. a ( 3 2 2) a = 2 A - 4 Ba w0 , 

HHTerpn:pyx KOTOpoe IIOJIJ'tJ:HM aMIIJIHTY.UY KOJie6aHn:n: B pe)KI!Me 
rrepexo,ua K cTann:oHapHoMy 

a eAt/2 
a(t) = 0 

J1 + !~ w5ag (eAt - 1) 

Tpn:Bn:anhHoe pellleHn:e a= 0 HeycTon:"tJ:n:Bo, HO, T.K. A> 0, rrpon:c
xo,un:T CaMOB036y)K,UeHn:e KOJie6aHn:n:, KOTOpbie B HTOre rrepexO,UHT 
B CTann:oHapHbIM pe)KHM. y CJIOBn:e a = 0 11O3BOJIHeT Han:Tn: CTann:

OHapHoe 3Ha'tJ:eHn:e aMIIJIHTJ,Ubl 

K KOTOPOMY He3aBn:CHMO OT Ha'tJ:aJibHOro 3Ha'tJ:eHHH ao =f. 0 crry
CTH HeKOTOpoe BpeMH CTpeMn:TCH aMIIJin:Ty,ua a(t). J,fraK, pellleHn:e 

ypaBHeHn:H P3JieH B rrepBOM rrpn:6Jin:)KeHn:n: 

1t4A.( ) x = - B sm w0t + a . 
Wo 3 

Bo3BpaTn:MCH K ypaBHeHn:IO (62) n: ero rrpn:6Jin:)KeHHOMY pellleHHIO X = 
a sin¢, rrpn:HHB, 'tJ:TO 

a= <I>(a), ,J; = w(a), (83) 

r,ue 
c lo21r <I>(a) = --

2
- f(a sin¢, aw0 cos¢) cos cpd¢, 

7rWo O · 
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, t lo27r 
w(a) = w0 +-- f(asin<f>,aw0 cos<f>)sin<f>d</>, 

21raw0 o 

BO3Be,IleM rrocrre.uHee B KBa.upaT' OT6pOCHM qJieHhI, rrporropUHOHaJibHhie 

t 2 , H B pe3yJihTaT BBe,IleM 

F(x, ±) = w5x + tf(x, ±), 

Tor.ua 

1 lo27r w2 (a) = - F(a sin</>, aw0 cos</>) sin <f>d<f>. 
1ra o 

(84) 

y qHTbIBaa, qTO {27r 
J

O 
sin </> cos <f>d</> = 0, 

.urra <I> (a) rrorryqHM 

1 lo27r <I>( a) = -- F( a sin</>, aw0 cos</>) cos <f>d<f>. 
21rwo o 

(85) 

l1cxo.ua H3 (83) MO2KHO IIOKa3aTh, qTo He CYIUeCTByeT TaKoro a*' ,IlJI5I 

KOToporo <I>( a) > 0 rrpH a > a*. Ile:ikTBHTeJihHO, ecrrH 6b1 TaKoe a* 
cyrueCTBOBaJIO, TO B COOTBeTCTBHH c (83) Mbl IIOJiyqHJIH 6hI a ➔ oo rrpH 

t ➔ oo, qTo He.uorrycTHMO H3 <pH3HqecKHX coo6pa2KeHHli. l13 ypaBHeHH5! 

(83) BH,IlHO, qTO eCJIH HaqaJibHOe 3HaqeHHe aMIIJIHTY.Ilhl He Y.IlOBJieTBO

paeT ycJIOBHIO CTaUHOHapHOCTH <I>(a) = 0, TO c TeqeHHeM BpeMeHH aM

IIJIHTY.Ila a(t) MOHOTOHHO rrpH6JIH2KaeTC5! K CTaUHOHapHOMY 3HaqeHHIO. 

EcJIH <I>(a) = 0, TO rrepeXO,IlHbIX pe2KHMOB HeT H BC5IKOe KOJie6aHHe 5IBJI5!

eTC5! CTaUHOHapHbIM. 3TOT crryqali ocyruecTBJI5IeTC5!, ecJIH CHCTeMa 

KOHCepBaTHBHa, T.e. F He 3aBHCHT OT ±. Tor.ua ypaBHeHHe (62) 3a

IIHIIIeTC5! B BH,Ile 

x+F(x)=0, 

perneHHe KOTOporo CBO,IlHTC5! K KBa.upaType, IIOCKOJibKY :meprH5! 

x2 rx 
E = 2 + U(x), r.ue U(x) = lo F(x)dx, 

5IBJI5IeTC5! rrepBblM HHTerpaJIOM :noro ypaBHeHH5!. 

ITpaKTHqecKH HHKaKa5! KOJie6aTeJihHa5! CHCTeMa He 5IBJI5IeTC5! KOHCep

BaTHBHOR, T.K. BCer.ua cyrueCTBYIOT ,IlHCCHIIaTHBHbie rrpouecCbI, a B 

aBTOKOJie6aTeJihHbIX CHCTeMax TaK2Ke H HCTOqHHKH ::rneprHH. 

ITpH orrpe.uerreHHhIX YCJIOBH5IX BC5IKOe KOJie6aHHe rrpH6JIH2KaeTC5! K CTa

UHOHapHOMy. 3TOT cpaKT BhrnBJI5IeT oco6yIO pOJib BhICOKoqacTOTHhIX 
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KOJie6amu1, T .K. B TaKIIX CIICTeMax rrepeXO,llHbIH pe)KIIM oqeHh 6hICTpO 

rrp1I6JIJI)KaeTC5I K CTaUJIOHapHOMY II II03TOMY BC5IKOe BbICOKoqacTOTHOe 

KOJie6aHHe MO)KHO paccMaTplIBaTb KaK CTaUIIOHapHOe. 

Mccne,n;yeM ycToiiqJIBOCTh CTaUIIOHapHbIX KOJie6aHIIH. IlyCTh a1 - KO

peHh ypaBHeHII5I <I>(a) = 0. lln5I 6eCKOHeqHo 6JIII3KOro K a1 3HaqeHII5I 

a = a1 + Oa II3 (83) IIMeeM 

Ilo3TOMY 5ICHO, qTo aMrrJIHTy.n;a a 1 cooTBeTCTByeT ycToiiqJIBOMY cTaUH

oHapHOMY KOJie6aHHIO, eCJill 

B rrpOTIIBHOM cnyqae 

!!la=a1 > O 

OHO 6y.n;eT HeycToii:qJIBbIM. B qacTHOCTII, CTaTHqecKHH pe)KIIM (a= 0) 
6y,n;eT HeycToiiqJIB BC5IKIIH pa3, Kor,n;a 

- >0 d<I> I 
da a=O ' 

II03TOMY 3TO HepaBeHCTBO MO)KHO cqJITaTh YCJIOBHeM B03HHKHOBe

HH.H aBTOKOJie6aHHH. 

• IlpnMe~mmrn. Me)K,n;y MexaHJiqecKHMH H 3JieKTpHqecKHMII KO

ne6aHH5IMII cymecTByeT cpopMaJihHM aHaJIOrll5I. OrrlICbIBaIOllllle 

IIX ypaBHeHII5I BMeCTe co CBOIIMll perneHH5IMII rronyqaIOTC5I O,llHO 

II3 ,n;pyroro cpopMaJibHOH 3aMeHOH orrpe.n;eJI5IIOillllX KOJie6aHII5I Be

JIJiqJIH cornacHo cne,n;y10meii Ta6JIHUe: 

MexaHHqecKHe Kone6aHH5I 3JieKTpHqecKHe KOJie6aHII5I 

IlepeMemeHHe x 3ap5I,n; e 
CKopoCTb v TOK I 

CHna F Harrp51)KeH1Ie U 
-

Macca m CaMoHH.llYKllH5I L 
Ko3cp<plIUIIeHT TpeHII5I 0: CorrpoTHBJieHJie R 

Ko3cp<pHUHeHT yrrpyrocTH k O6paTHM eMKOCTh 1/C 
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2. MeTo.n;. KpbIJIOBa - BoroJiro6oBa. Pe3roMe. HcrroJih3yeM R3JIO)KeH

Hbie BbIIIIe n,uen, ,umI Toro 'llT06bI "YJIY1IIIIllTb" rrepBoe rrpn6JIR)Kemrn ll 

HaMeTRTb IIYTb IIOCTpoeHR.H peIIIemrn BO BTOpOM n B BbICIIIllX rrpn6Jill

)KeHll.HX. PeIIIeHne llCXO,UHOro ypaBHeHll.H (62) 6y,ueM llCKaTh B Bll,Ue 

x = asinVJ+cx1(a,VJ) +c
2

x 2(a,VJ) + ... , (86) 

r .ue EX 1, E2 X2... - Hell3BeCTHbie cpyHKD;llll aMIIJillTY.UbI a ll rrepRO,Ull'IeCKlle 

cpyHKUllll cpa3hl VJ, KOTOpbie, B CBOIO O1Iepe,uh, .HBJI.HIOTC.H Hell3BeCTHbIMll 

cpyHKUll.HMll BpeMeHll n IIO,U'IllH.HIOTC.H ypaBHeHll.HM TllIIa (75) n (76): 

a,= €U1(a) + E
2u2(a) + ... 

,J; = Wo + EW1(a) + E
2w2(a) + ... 

} (87) 

P.H,u (86) can VJ ll3 (87) ,UOJI)KeH Y.UOBJieTBOp.HTb ypaBHeHRIO (62), 'ITO 

,uaeT BO3MO)KHOCTb HaHTll BCe Hell3BeCTHbie cpyHKD;llll EnXn, EnUn, EnWn, 

JlorrycTR~, Bbipa)KeHll.H 3TllX cpyHKUllH HaiI,ueHbI. 3aMeHRM rrepeMeHHbie 

TaK, 1IT06bI 

a= b + ca1(b) + E
2a2(b) + ... , 

r.ue O'.n (b) - rrpOll3BOJibHbie cpyHKD;llll, ll IIO,UCTaBRM B (87). B pe3yJih

TaTe IIOJIY1IllM ypaBHeHll.H TaKoro )Ke TllIIa (87). 8To O3Ha1IaeT, 'ITO 

EnXn, EnUn ll EnWn Orrpe,ueJI.HIOTC.H C HeKOTOpbIM IIpOll3BOJIOM. )lJI.H O,U

HO3Ha1IHOrO orrpe,uerreHll.H 3TllX Hell3BeCTHbIX HaJIO)KllM Ha HllX ,UOIIOJI

HRTeJihHOe ycrrOBlle. Hcxo,u.H ll3 (pll3ll1IeCKllX rrpe.urroChIJIOK, IIOTpe6yeM, 

1IT06bI a 6hIJIO aMIIJillTY.UOH OCHOBHOH rapMOHllKll, TOr,Ua cpyHKUHH EnXn 

He ,UOJI)KHbI co,uep)KaTh 'IJieHOB, rrporropn;HOHaJibHbIX sin VJ If cos VJ, T.e. 

.UOIIOJIHHTeJihHbIM ycJIOBlleM MO)KeT CJIY)KHTb 

{27r 
lo EnXn sin VJdVJ = 0, 

{27r 
lo EnXn COS VJdVJ = 0, n = 1, 2, ... (88) 

HaiI,ueM Terrepb X ll X KaK cpyHKUHH a If VJ C TO'IHOCTbIO .uo 'IJieHOB 

rrepBoro rrop.H,n;Ka no E, HCIIOJih3Y.H (87): 

x = aw0 cos VJ + E ( u 1 sin VJ+ aw1 cos VJ + w0 ~;) , (89) 

x = -aw5 sin VJ+ E ( 2wou1 cos VJ - 2awow1 sin VJ+ w5~~;) . (90) 

Jln.H ,uaJihHeiIIIIero y,uo6Ho rreperrncaTb Hcxo,n;Hoe ypaBHeHne (62) TaK, 

1IT06bI 

x + w5x = cJ(a sin VJ, aw0 cos VJ). (91) 
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Ilo.ncTaBIIM B 3TO ypaBHeHire (86) II (90), Tor.na, orpaHIItJIIBaJICh aemr

tUrnaMII, nponopn;IIOHaJihHhIMII €, nonytJIIM 

2 ( d
2
(t:xi)) ( ) . w0 EX1 + d'lj;2 = 2aw0 Ew1 sm 'lj; -

2wo(rn1) cos 'lj; + Ej (a sin 'lj;, aw0 cos 'ljJ ). (92) 

YpaBHeHIIe (92) nO3BOJI.sieT onpe.neJIIITh IICKOMble cpyHKD;HH €X1, rn1 H 

€W1 no €/. Ileii:CTBIITeJihHO, npe.ncTaBIIM 3a,naHHYIO Ef II HeII3BeCTHYIO 

€X1 cpyHKD;IIII B BH,ne p.si:,noB <l>ypbe (HanOMHIIM, no onpe.neneHIIIO €X1 -
nepIIO.l{IItJeCKaJI cpyHKD;H.sI 'Ip): 

00 

Ej(a, 'lj;) = Lkan(a) sin(n'!/J) + E/3n(a) cos(n'lj;)], (93) 
n=O 

00 

EX1 (a,¢) = L [eyn(a) sin(n'!/J) + Wn (a) cos(n'lj;)), (94) 
n=O 

3,necb EO!n H E/3n - KO3cpcpIIn;IIeHThl <l>ypbe II3BeCTHhIX cpyHKD;IIii:, a €"fn 
II €Vn - KO3cpqrnn;HeHThl <l>ypbe cpyHKD;IIM, no.nne2KaIUIIX onpe.neneHIIIO, 

rrpIItJeM corJiaCHO (88) 
€"}'1 = €V1 = 0. 

Ilo.ncTaBIIM Terrepb (93) II (94) B (92) II npIIpaBH.sieM KO3cpcpIIn;IIeHThl 

rrpII O,nIIHaKOBhIX rapMOHIIKax. B pe3yJihTaTe IIOJIYtJIIM 

€/31 €0!1 
€U1 = -, €W1 = ---, 

2wo 2awo 
E/30 

€Vo= -2' 
Wo . 

(95) 

ffin €~ () €,'n = 2(l 2), Elin= 2 (l 2), n = 2,3,... 96 w0 - n w0 - n 

Cne.noaaTeJihHO, a nepBOM rrpH6JIII2KeHIIII .nncpcpepeHn;IIaJibHhle ypaBHe

HII.sI mm aMnJIIITy,nhI II cpa3hl 

. €0!1 
'Ip= Wo - --. 

2awo 
(97) 

TaKIIM o6pa3OM, B nepBOM npII6JIII2KeHIIII npOII3BO.l{HaJI aMnJIIITy,nhI no 

BpeMeHII II tJaCTOTa onpe,neJI.sIIOTC.sI KO3cpcpIIn;IIeHTaMH <l>yphe 3a,naHHOM 

cpyHKD;IIII Ej' T.e. K03cpcpIIn;IIeHTaMII <l>yphe npaaoii:, BOo6me roaop.si: 

HeJIIIHeii:Hoii, tJaCTII IICXO.l{HOro ypaBHeHII.sI, B3.sITOrO C TOtJHOCThIO .no €. 

I,fa (94), YtJIIThIBaJI (97), IIMeeM 

€/30 1 ~ 1 . 
EX1 = - 2 + 2 ~ 2 [Ean(a) sm(n'!/J) + E/3n(a) cos(n'!/J)]. 

Wo Wo n=2 1 - n. 
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YpaBHemu.1 (97) IIO3BOJUIIOT Ha:HTII aMrrJIIITY.UY a II cpa3y '1/J KaK cpyHK

UIIII BpeMeHli Ii Ha'tJaJibHbIX 3Ha'tJeHIIM, IIO3TOMY perneHIIeM liCXO,llHOro 

ypaBHeHli5.I 6y.neT 

x = a(t) sin 'ljJ(t) + Ex1 (a(t), 'ljJ(t)). 

AHaJIOrli'tJHbie Bbl'tJliCJieHli5.I C TO'tJHOCTbIO .no E
2 

Ii BbIIIIe rrpliBO,ll5.IT K 

perneHIIIO 3a,lla'tJli BO BTOpOM Ii 6orree BblCOKliX IIpii6JimKeHli5.IX. 

• IlpHMep 1. PaccMoTpIIM KOHcepBaTIIBHYID CIICTeMy, Korre6aHII5.I 

KOTOpoft OIIIiCb1BaIOTC5.I ypaBHeHIIeM 

x + w5x = cf(x). 

B 3TOM crry-qae 

00 

J(x) = f(a sin '1/J) = L O:n sin(n'I/J). 
0 

Ilo3TOMY 

x = a sin(wt + 'I/Jo) _-; f O:n sin n(wt + 'I/Jo) 
Wo n=2 n2 

- 1 ' 

E0:1 

w = Wo - 2awo 
⇒ w2 = w2 E0:1 0 - --

a 

B 'tJaCTHOCTli, B CJiy'tJae MaJiblX KOJie6aHIIM Ma5.ITHIIKa 

T.e. 

w2 - g 
0 - -

l ' 
c/(x) = E x3 

l 6 ' 

g3a3 

f(a sin '1/J) = a3 sin3 '1/J ⇒ Eo:1 = l 
24 

, 
g a3 

E0:3 = -y 24 

Ilo3TOMY 

a3 (9 ( a2) x = asin(wt +'I/Jo)+ 
192 

sin3(wt + 'I/Jo), w = y y 1 -
16 

B IIOJIHOM COOTBeTCTBlili c TeM, 'tJTO 6hIJIO IIOJiy'tJeHO pattee. 

B .upyroM 'tJaCTHOM CJiy'tJae IIOJIO)KliM f(x) = -(3x3
: 

f(a sin '1/J) = -(3a3 sin3 'lj; 
3(3a3 (3a3 

⇒ E0:1 = --4-, E0:3 = 4' 
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CJie,UOBaTeJihHO, 

x = a sin(wt + ?/Jo) - /3a
3

2 
sin 3(wt + ?/Jo), 

32w0 

3{3a2 

W=Wo--
8

. 
Wo 

• IlpHMep 2. PacCMOTpHM _CHCTeMy c )lHCCHrranHe:ii, KOJie6aHHX 
KOTOpo:ii IIO)ltJHHXlOTCX ypaBHeHHlO 

•• 2 ·1( ) X + WoX = f.X X . 

B 3TOM cnyqae 

f ( a sin <p, aw0 cos <p) == aw0 cos <pf ( a sin <p). 

BBe,ueM <pyHKUHro F(y) TaK, tJT06hI 

F(y) = fov f(y)dy, 

n rrpe,ucTaBHM ee B Bn,ue <pyphe-pa3JIO)KeHna: 

Ilpo,un<p<pepeHnHpyeM o6e tJaCTH no <p: 

a sin cp f ( a cos cp) == L nF; sin ( ncp), 

IIOJIO)KHB 3aTeM <p = 'lj; + 37!" /2, IIOJIJtJHM 

acos?j;f(asin?j;) = -I:nF;sin[n(w0t+1Po+37r/2)]. 

Tor.ua 

peUieHne KOTOporo B rrepBOM IIpH6JIH)KeHHH HMeeT BH)l 

x = asin(wot +'!,Vo)+...:__ L 
2 
n 

1 
F;(a) sin[n(w

0
t +'!,Vo+ 371" )]. 

Wo n>I n - 2 

Ilepeo6o3HatJHB cpa3oByro rrocToaHHyro '!,Vo = /30 + 7r /2, rreperrmneM 
3TO Bbipa)KeHHe B 6onee KOMIIaKTHOH q>OpMe: 

x = a cos(w0t + /3o) +...:.. L 
2 
n 

1 
F;(a) sin[n(wot + Po)]. 

Wo n>I n -
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CorrraCHO (32) H (36) aMIIJIHTy.n;a a y,n;OBJieTBOp51eT ,n;mpcpepeHUH-
aJihHOMY ypaBHeHHIO 

. cFi*(a) 
a= 2 ' 

a KOpeHh ypaBHeHH5I Ft (a) = 0 eCTh CTaUMOHapHa5I aMIIJIMTy.n;a. 

B Ka'leCTBe n:rrrrrocTpau0:0: paccMoTpHM ypaaHeH0:e BaH-.n;ep-Ilorr5I 

. , x3 
x + x = E ( 1 - x2)±, f ( x) = 1 - x2

, _ F ( x) = x - 3 , 

(acos</>)
3 

( a
2

) a
3 

F(acos</>) = a cos</>-
3 

= a 1- 4 cos¢-
12 

cos3¢, 

crre,n;oaa TeJihHO, 

F((a) = a ( 1 - :) , F;(a) = - ~;, F;(a) ,n;rr5I n =I 0. 

TaKMM o6pa3oM, 

a3 
x = a cos(t + t0 ) -

32 
sin 3(t + t0 ). 

AMrrJin:Ty,n;a M3MeH5IeTC5I co apeMeHeM corrracHo 

a= E; (1 -:) , 
IIO3TOMY ,UJI5I CTaUMOHapHhIX KOJie6aHMH a = 2, T.e. 

x = 2 cos(t + to) -1 sin 3(t + to)-

CymecTBeHHO OTMeTMTh, qTo qacToTa Korre6aHn:I1: a rrepaoM rrpn:-
6rrm1rnHn:0: paBHa Wo, T.K. B pa3JIO)KeHMM w(a) ITO CTerreH5IM E OT
cyTCTByeT BeJin:qn:Ha, rrporropun:oHaJihHa5I c ( CM. ( 97)). lipyrMMM 
CJIOBaMH, B 3a,n;aqax paCCMOTpeHHOro B rrpn:Mepe 2 THIIa rrorrpaBKM 
K Wo BO3HHKaIOT JIMIIIh BO BTOpOM rrpn:6JIM)KeHMM. 

3. Oco6eHHOCTH pe30HaHca B HeJIHHeHHbIX KOJie6aHH.sIX. IlpoaHa
JIH3HpyeM cp0:30:qecK0:e oco6eHHOCTH BhIHy)K,n;eHHhIX HeJin:HeHHhIX KOJie-
6aHn:ii Ha rrpn:Mepe CMCTeMhl C O,UHOH CTerreHhIO CB06o.n;hI, Ha KOTOpyIO 

,ueftcTayeT rrepn:o,n;n:qecKa5I cn:rra F = cF0 cos Dt. Cpe.n;H515I MOIUHOCTh 
3TOH CHJihl 3a HeKOTOpoe BpeM5I 6t paBHa 

1 rt+ot 
P = 6t it ±tF0 cos Dtdt. 
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By.ueM cqn:TaTh, qTo HHTepBaJI ot MHOrO 60JibIIIe nepn:o.ua co6CTBeHHhIX 

KOJie6aHHll 27r /wo, HO, C .upyron: CTOpOHhI, npe.urroJIO)KHM, qTo 3a BpeM5I 

ot cpopMa KOJie6aHHll He npeTepneBaeT 3aMeTHhIX H3MeHeHHll. EcJIH 

npHH5ITh 3TH orpaHn:qeHH5I Ha Ot, TO HeJIHHen:Hhie KOJie6aHH5I MO)KHO 

no-npe)KHeMy cqn:TaTb "6JIH3KHMH" K JIHHellHhIM 

x ~ asin'lj;, 'ljJ = w0t = (3(t), i: = aw0 cos'lj;. 

IIocKOJihKY H3MeHeHH5I cpyHKnn:n: a(t) H (3(t) 3a BpeM5I ot MaJibl, TO )lJI5I 

cpe.uHen: MOII..:(HOCTH .uen:CTByIOm:en: CHJihl IlOJiyqn:M 

p = rn(t)woFo { sin[(n +w0 )t + (3(t)] + sin[(n - w0 )t - (3(t)] }t+ot 
20t f2 + Wo f2 - Wo . t 

B Hepe3OHaHCHOM CJiyqae f2 =J. Wo MOIUHOCTh BhIHY)K)laIOm:en: CHJihl HC

qe3a10me-MaJia. .Ilen:cTBHTeJihHO, 3HaMeHaTeJih Bh1pa)Kemrn P co.uep

)KHT w5, a corJiaCHO HaIIIeMy npe.urroJIO)KeHHIO ot << 21r /wo, IlO3TOMY 

H3-3a orpaHn:qeHHOCTH Bbipa)KeHH5I B cpn:rypHbIX CKO6Kax p ~ l. B 
pe3oHaHCHOM CJiyqae p CTaHOBHTC5I nop5I)lKa €, B qeM JierKO y6e)lHThC5I, • 

rro.ucTaBn:B n = wo + ow0 B Bh1pa)KeHn:e .UJI5I P n: ycTpeMHB ow0 K HYJIIO. 

Ilpn: 3TOM npeBaJin:py10m:y10 pOJih n:rpaeT BTopoe cJiaraeMoe B cpn:ryp

HhIX CK06Kax, H B pe3yJihTaTe 

P ~ rn(t)w0Fo cos (3(t). 

TaKHM o6pa30M, B CJiyqae pe3OHaHca cpe)lH5I5I MOIUHOCTh BhIHY)K.Ua

IOm:en: CHJihl 5IBJI5IeTC5I cpyHKnn:en: aMITJIHTY.Zlhl H "paccTpOIIKH" cpa3hl, 

qTo IlO3BOJI5IeT npe.urroJIO)KHTh - B pe30HaHCHOM CJiyqae H3MeHeHn:e 

aMnJIHTy,n;bl H qacTOTbl KOJie6aHHH 3aBHCHT OT aMilJIHTY,D;bI H 

paCCTpOHKH q>a3bl . 

.Ilpyron: oco6eHHOCThIO BhIHY)K)leHHhIX HeJIHHellHhIX KOJie6aHHll 5IBJI5I

eTC5I pe30HaHc Ha KOM6HHan;HOHHbIX qacTOTax. .Ilen:CTBHTeJibHO, 

peIIIeHH5I ypaBHeHHll TaKHX KOJie6am1n: co.uep)KaT o6ycJIOBJieHHble He

mmen:HhIMH qJieHaMH BhICIIIHe rapMOHHKH C cpa3aMH, nponopnn:oHaJih

HhIMH nwo. B 3TOM CJiyqae BO3MO)KeH pe3OHaHC Ha qacTOTe, npHMepHO 

paBHOll nwo. B o6m:eM CJiyqae, Kor.ua BhICIIIHe rapMOHHKH co.uep)KaTC5I n: 

B Bbipa)KeHHH )lJI5I BhIHY)K)laIOm:en: CHJihl, MO)KeT BO3HHKHYTh pe30HaHC 

Ha KOM6n:HanHoHHhIX qacToTax nw0 + mn, r.ue n n: m - neJihle qn:cJia·, 

eCJIH IlpH 3TOM f2 ~ Wo - pe3OHaHC Ha3bIBaIOT I'JiaBHblM. 
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KOHTPOJibHbIE BOIIPOCbl. 3A.IlA LJJ1 H PEIDEHH5I 

1. K rJiaBe "BBe,n;eHHe. OcHOBHhle noHSITHSI H npHH:a;Hnhl" 

· 1. Orrpe.ueJUITe II0H5ITIUI "Ma TepllaJihHM TQ"lIKa" , "co6bITlle" , "CllCTeMa 

OTC"l!eTa"' "rarrmreeBO rrpocTpaHCTBO". KaK ll306pa:t1<:aIOTC5I HeII0,IlBIDK

HM qaCTllIIa, paBH0MepH0 ,IlBll2KYlllMC5I qaCTllIIa B IIJI0CK0CTll (t, x) ra

JillJieeBa rrpOCTpaHCTBa? 

2. Ilepe"l!llCJillTe 0TJill"l!ll5I B orrpe.uerreHll5IX .ueKapT0BbIX ll o6o6meHHbIX K0-

Op,IlllHaT? IIoaCHllTe rrpellMYllleCTBa llCII0Jib30BaHll5I o6o6meHHbIX K0-

0p,IlllHaT Ha K0HKpeTHbIX rrpllMepax. CpaBHllTe "l!llCJI0 .ueKapT0BbIX ll 

o6o6meHHbIX K00p.UllHaT ,IlJI5I MexaHll"l!eCKOH CllCTeMhl N qaCTllII. 

3. CKOJihKO CTerreHe:u: cBo6o.uhl y .UBYX 2KeCTK0 CKperrneHHhIX qacTMII, ecnll 

.IlBll2KeHlle O,IlHOH ll3 HllX orpaHll"lleH0 rnapOBOH II0BepXH0CTbIO, a .upyro:u: 

- JillHlleH. ( OTBeT: ,IlBe.) 

4. Orrpe.uemITe II0H5!Tll5I "COCT05!Hlle MexaHll"lleCKOH CllCTeMbI"' "cpyHKIIll5I 

JiarpaH)Ka", ".ueiicTBlle". 

CcpopMyJrnpy:u:Te rrpllHIIllII HaMMeHhrnero .ue:u:cTBlla. CcpopMynMpy:u:Te 

0CH0BHYIO 3a.uaqy MexaHllKll. IloKa)KllTe, "l!T0 ypaBHeHll5I JiarpaH2Ka 

5IBJI5IIOTC5I ypaBHeHll5IMll ,IlBll2KeHll5I MexaHll"l!eCK0:U: CllCTeMbl. 

5. IlaiiTe orrpe.ueneHMe MHepuMaJihHO:u: CllCTeMhI oTc"lleTa. CcpopMyJIMpy:u:Te 

IIpllHIIllII 0TH0CllTeJibH0CTll. IIoKa2KllTe, "l!T0 paCIIIllpeHHM (10-rrapaMe

Tpll"lleCKaa) rpyiina ranMnea aBnaeTca rpynnoii rrpeo6pa3oBaHM:u:, co

xpaH5IIOlllllX llHepullaJihH0CTb CllCTeMbI 0TC"l!eTa. 

6. KaKOII Bll.Il llMeeT cpyHKIIIi5I JiarpaH2Ka 

(a) 3aMKHyTo:u: MexaHM"llecKo:u: CllCTeMbl B3aMMo.ue:u:cTBYIOlllllX qacTMII 

B .ueKapT0BbIX K00p,IlllHaTax, B o6o6meHHbIX K00p,IlllHaTax; 

(b) MexaHM"l!ecKo:u: CllCTeMhl B 3a.UaHH0M BHernHeM none. 

KaK o60CHOBbIBaeTC5I aCllMilT0Tll"l!eCKaa . a,Il,IlllTllBH0CTb cpyHKIIllll Jia

rpaH2Ka? l.JeM 0TJill"llaIOTC5I rrarpaH2KeBhI cpyHKIIllll, C00TBeTCTBYIOllllle 

0,IlHllM ll TeM )Ke ypaBHeHll5IM ,IlBll2KeHll5I? 

7. IloKa2KllTe, "l!T0 HbIOT0H0BCK0e onpe.uerreHlle llHepIIllaJihHOH CllCTeMhI 

0TC"l!eTa ll onpe.uerreHne, llCil0Jib3YIOlllee o6mlle CBOHCTBa np0CTpaHCTBa 

ll BpeMeHll, 3KBllBaJieHTHbl. 
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8. Ilpe.ucTaBhTe cpyHKIUIIO Jlarpam1rn 

mv2 

L = -
2
- -U(x,y,z) 

(a) B r.um:irn.up:WieCKIIX KOOp.UIIHaTax, 

(b) B ccpepIIqecKIIX KOOP.UIIHaTax, 

( c) B napa6oJrnqecKIIX KOOP.UIIHaTax 

X = U-V, 

Pemean:e: B npOII3BOJibHOH CIICTeMe KOOp.UIIHaT paCCTOHHIIe M€)K.UY 

.UBYMH 6eCKOHeqHO 6JIII3KIIMII ToqKaMII 

ds2 = g.kdxidxk, z· k l 2 3 . ' = ''. 
EcJIII KOOP.UIIHaTHbie JIIIHIIII OpToroHaJibHhI, TO OTJIIIqHhl OT HYJIH TOJih

KO .UIIaroHaJibHhle KOMilOH€HTbI MeTpIIqecKoro T€H3Opa gik. B 3TOM cny
qae o6biqHo BBO.UHT "IICTIIHHoe" paCCTOHHIIe Me)KL{y 6JIII3KIIMH TOqKaMII 

dli = V9kkdXi ( cyMMIIponaHIIH no k HeT), 

Ka)KL{OMY II3 3TIIX 3JieMeHTOB .UJIIIHbI COOTB€TCTBYIOT "q>II3IIqecKIIe" 

( Ha6mo.uaeMbl€) KOMilOH€HThI BeKTOpa CKOpOCTII 

BeKTOp CKOpOCTII 

r.ue fi - "q>II3IIqeCKIIe" KOMilOH€HTbI 6a3IICHhIX B€KTOpOB CIICT€MbI KO

Op.UIIHaT zi: 

l ~ ~ ~ 

x (x, y, z) - .ueKapTOBhI KOOp.UIIHaThI, a kx = (l, 0, 0), ky = (0, 1, 0), kz = 

(0, 0, 1) - OpTbI .ueKapTOBOH CIICT€MbI. 
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(a) B llHJIHH.UpHqecKHX KOOp.UHHaTax (p, cp, z) 

x = p · cos cp, y = p · sin cp, z = z; 
dx = dp·coscp-p·sincp dcp, dy = dp-sincp+p·coscp dcp, dz= dz; 

ds
2 = dx2 + dy2 + dz2 = dp2 + p2dcp2 + dz2. 

9pp = 1, 9rprp = P2
, 9zz = 1; 

KoMIIOHeHTbI BeKTOpa CKOpOCTH 

vP = P, v'P = pr.p, z . 
V = z, 

1103TOMy 

L = ; (p2 + p2r.p2 + i2) - U(p, cp, z). 

(b) B ccpepHqecKHX KOOP.UHHaTax (r, 0, cp) 

x = r sin0 coscp, y = r sin0 sincp, z = r cos 0, 

aHarrorHqHo rrpe.uhmymeMy rrorryqaeM 

ds2 = dr2 + r2d02 + r2 sin2 0dcp2; 

9rr = 1, 900 = r2 

' 9cprp = r2 sin2 0. 

KoMIIOHeHTbI BeKTOpa CKOpOCTH 

vr = r, v0 = r0, v'P = rr.psin0, 

II03TOMy 

L = ; (i-2 
+ r2 02 + r2 sin2 0 rj:;2) - U(r, 0, cp). 

(c) B rrapa60JmqecKHX KOOP.UHHaTax (u, v) 

X = U - V, y = 2y1uv, 

dx = du-dv, dy = Hu_ du+ Mu dv, 

ds
2 

= dx2 
+ dy2 = (1 + v/u)du2 + (1 + u/v)dv2 ; 

9==1+v~, 9n=l+u~. 
KoMIIOHeHTbI BeKTOpa CKOpOCTH 

vu= u J1 +v/u, vv = v J1 + u/v, 

II03TOMY 

L = ;[(1 + v/u)u2 + (1 + u/v)v2] - U(u, v). 
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9. 3amnmITe KOMIIOHeHThl BeKTOpa ycKopemuI qacTHUbl B UHJIHH.UpHtie

CKOH 11 ccpep111-IeCKOH CHCTeMe KOop.u11HaT. 

Pememrn: B c<pepn-ciecK11x Koop.u11HaTax 

L = ; (r2 + r 2 IP+ r 2 
sin

2 0 ci>2) - U(r, 0, <p) 

ypaBHeH11.si: Jiarpam1rn 

rrp1106peTaIOT BH.ll 

( .. 0·2 . 20-2) au 
m r - r - r sm <p = - or ' 

.. • 2 au 
m • r(r0 + 2r0 - r sin 0 cos 0<j, ) = -

80 
, 

\ 

· 0( · 0.. 2 · · 0 · 2 00· ') au m • r sm r sm <p + r sm <p + r cos <p = - o<p . 

Ilo orrpe.ueneH11IO Cl'.IJia eCTb rpa.uneHT IIOTeHu11aJibHOH 3Heprnn C OTpH

uaTeJibHbIM 3HaKOM. KoMIIOHeHTbl BeKTOpa rpa.u11eHTa B ccpep11tieCKHX 

KOOp.UHHaTax 

au 
Fr= - or' 

loU 
Fe=--;, 80' 

F. _ __ l_oU 
cp - r sin 0 80 ' 

IIO3TOMY KOMIIOHeHThl ycKOpeH11.SI eCTb 

ar = r - riP - r<j,2 sin2 0, 

a0 = r0 + 2r0 - r<j,2 
sin 0 cos 0, 

acp = rep sin 0 + 2r<p sin 0 + 2r0<j, cos 0. 

TO'IHO TaK )Ke B UHJI11H.llp11tieCK11X KOOp.U11HaTax 

11 )lJI.SI ypaBHeH11H .llB11)KeH11.SI HMeeM 

(
•• • 2) au 

mp-p!.p =-a, 
. p 
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au 
mp(p(p + 2/JiJ;) = - acp ' 

au 
mz = - az. 

KoMrroHeHThI CIIJihI 

IIO3TOMY 

au 
Fp = - ap' 

1 au 
Fep = -pacp' Fz = - au 

az' 

ap = p - pij;2
, aep = p(p + 2pij;, az = z. 

Ilpyrm1 crroco6 perneHIIX 3a~a"'III "ocpII3II"'IeH" B MeHbIIIe:ii cTerreHII II 
TeCHO CBX3aH C co~ep)KaHIIeM 3a~a"'III 8. 

B UIIJIIIH~pII"'IeCKIIX KOOp~1rnaTax 

iJ =pep+ pij;eep + zez. 

.[lJix "<pII3II"'IeCKHX" KOMIIOHeHT 6a3IICHbIX BeKTOpOB H HX BpeMeHHhIX 

rrpOH3BO~HhIX HMeeM 

ep = fx cos cp + fv sin cp, eep = -kx sin cp + fv cos cp, ez = kz; 

deP 
dt = iJ;eep, 

deep 
dt = -ij;eP , 

IIO3TOMY KOMIIOHeHTbl BeKTOpa ycKopeHHX a = diJ / dt eCTb 

ap = p - pij;2
, aep = p(p + 2pij;, az = z . 

B ccpepH"'IeCKHX KOOp~HHaTaX 

iJ = i-er + r0eo + rip sin 0eep. 

"<PH3H"'IeCKIIe" KOMIIOHeHThl 6a3IICHbIX BeKTOpOB II IIX BpeMeHHhle rrpo

II3BO~Hbie HMeIOT BH~ 

er = kx sin 0 cos cp + fv sin 0 sin cp + f z cos 0, 

eo = kx cos 0 cos cp + f v cos 0 sin cp - f z sin 0, 

eep = -kx sin cp + kv cos cp; 

der 0· A • • 0· A dee 0· A • 0 A 

dt = eo + cp sm eep , dt = - er + cp cos eep , 
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de ➔ ➔ 
d; = -rp(kx cos cp + ky sin cp), 

kz = er cos 0 - e0 sin 0, 

IIO3TOMY KOMIIOHeHThl BeKTOpa ycKopemuI 

ar = f - riP - rrp2 sin2 0, 

au = r0 + 2r0 - rrp2 sin 0 cos 0, 

acp = rep sin 0 + 2rrp sin 0 + 2r0rp cos 0. 

10. HaII.IUITe ycKopemrn, ecmr 3a.n;aHa cpyHKilJUI Jiarpamrrn: 

(a) L = ½(±2 +'fl)+ (xy + y±); 

(b) L = m(t)x2 /2. 

PemeHirn: YpaBHemu1 Jiarpamrrn IIMeIDT BIILJ: Pi = Ji, r.n:e Pi= 8L/8qi 
- o6o6meHHbllI IIMIIJJibC, a Ji = 8L/8qi - o6o6meHHaJI CIIJia, COOTBeT
CTBJIOIUIIe i-ii o6o6meHHOH KOOp,n:IIHaTe. Ilo3TOMY 

(a) 

(b) 

8L . 8L . 8L . 
8:i; = X - y; 8y = y + x; 8x = y; 

aL = -x ⇒ x = 2y; ii= -2±. 
8y 

.. . . 
mx= -mx. 

IloJIO)KIIM m(t) = t, Tor.n:a x = -i/t. EcJIII m(t) = m0 • exp(-at), 
TO X = ax. 

1 I. Haii.n;11Te cpyHKU:IIID JiarpaH)Ka .n:m1 

(a) TOtIKII Maccoii m Ha mapOBOH IIOBepXHOCTll B IIOJie TH)KeCTII (ccpe
p11tieCKIIII MaJITHIIK). 

Pemeane: B ccpep11tieCKIIX KOOPLJ:IIHaTax K1IHeT11tieCKaJI 3HeprIIH 
TOtIKII, rrepeMemaromeiicH no IIOBepxHOCTII ccpepbl <plIKCIIpOBaH
HOrO pa.n:11yca r ( CM. 3a,n:aqy 8b), 
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II0Tem.1;1rnJihHa51 3Heprirn B rroJie T5I)KeCTM U = mgh, r.n:e h - BhI

coTa IIO.D:H5ITM51 TO'lKM Ha.n: HeKOTOpbIM ypOBHeM, BhI6op KOTOporo 

HecymecTBeHeH, T.K. OTC'leT IIOTeHuMaJibHOH 3HeprMM OT pa3HhIX 

ypOBHeH rrpMBO.D:MT K OTJIM'laIOI.I..J;MMC51 Ha KOHCTaHThI cpyHKUII5IM 

JiarpaH)Ka. BhI6paB B Ka'leCTBe ypOBH51 OTC'leTa 3KBaTOpIIaJihHYIO 

IIJIOCKOCTh, IIMeeM h = r cos 0. Tor.n:a 

L = m (r2 iP + r 2 
sin

2 0 rp2) - mgr cos 0 2 - . 

(b) TO'lKM MaCCOH m Ha IIOBepxHOCTM KOHyca c yrJIOM 2a rrpM BepIIIIIHe. 

IIoTeHuIIaJibHa51 3HeprII51 o6paTHO rrporropUIIOHaJibHa paCCT05IHIIIO 

.n:o BepIIIMHbI. 

PemeHHe: Bb16epeM Ha'laJIO ccpepM'leCKMX KOOp,n:IIHaT B BepIIIMHe 

KoHyca, a yroJI 0 6y.n;eM OTC'lIIThIBaTh OT ero ocII. Tor.n:a, BBII.D:Y 

Toro 1.J:TO Ha IIOBepxHOCTM KO Hy ca 0 = 0 ( 0 = a = con st) M eCJIII 

paCCT05IHIIe OT BepIIIIIHhI KOHyca eCTb r, IIMeeM 

L = m ( r2 + r 2 iP + r 2 
sin 

2 0 vi) - ~ . 
2 r 

( c) .IJ:BOHHoro IIJIOCKOro Ma5ITHIIKa (pMC. 1). 

I Ir(/ 

~"--' 1 1 

/2/ I 
I ! m2d cp2i 

PIIc. 1 

m1 

PemeHHe: B Ka'leCTBe o6o6I.I..J;eHHhIX KOOp.D:IIHaT Bbr6epeM yrJihI 

r.p 1 M r.p2, KOTOphie 06pa3y10T HIITM l1 II l2 c BepTIIKaJihIO. Tor.n:a 

.IJ:JI51 TO'lKM m1 IIMeeM 

1 z2 -2 
T1 = 2m1 1 (()1, 
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(HaqaJIO KOOp.n;1rnaT HaXO,[(IITC5I B TO'!Ke no.n;Beca, OCh y Hanpa

BJieHa no BepTIIKamI BHH3, noTeHn;HaJibHM 3HeprH5I OTC'IHThIBa

eTC5I OT OCH x). 'lJTo6bI Ha:ii:TH KHHeTH'!ecKyIO 3HeprHIO BTOpoii: 

TO'IKH, Bhlpa3HM ee .n;eKapTOBhI KOOp,[(HHaTbI X2, Y2 qepe3 yrJihI 

'P1,'P2: 

IIocne 3Toro noJiy'IHM 

rri m2 ( . 2 . 2) m2 [l2 . 2 z2 . 2 2z l ( ) . . ] 
.L 2 = 2 X2 + Y2 = 2 1 'P1 + 2'P2 + 1 2 cos 'Pl - 'P2 'Pl 'P2 . 

OKOH'IaTeJihHO 

L mi + m2 z2 . 2 m2 z2 . 2 l l . . ( ) = 2 1 'P1 + 2 2'P2 + m2 1 2'Pl'P2 COS 'Pl - 'P2 + 

(m1 + m2)gl1 cos cp1 + m2gl2 cos cp2, 

( d) nJIOCKOrO MMTHHKa Maccon: m2, TO'!Ka no.n;Beca KOTOporo ( MaCChl 

m1 B Hen:) MO)KeT nepe.n;BHraTbC5I no ropH30HTaJihHOH np5IMOH. 

PemeHHe: BBe.n;eM KOOp,[(HHaTy X TO'IKH m1 H yroJI cp Me)K,n;y 

HHThIO MMTHHKa H BepTHKaJihIO, Tor.n;a 

L mi + m2 . 2 m2 (l2 . 2 2l . . ) l = 
2 

x + 2 cp + xcp cos cp + m 2g cos cp. 

( e) nJIOCK0ro Ma5ITHHKa, TO'!Ka no.n;Beca KOTOporo paBHOMepHO ,[(BH

)KeTC5I no BepTHKaJibHOH OKPY)KHOCTH C nOCT05IHHOH qacTOTOM , • 

Pemeaue: Koop.n;uHaThI TO'IKH m 

x = a cos 1t + l sin cp, y = -a sin ,t + l cos cp, 

a cpyHKUH5I J1arpaH)Ka 

L = ~
2 

cp2 + mla,2 
sin( cp - ,t) + mgl cos cp; 

3.n;ech onymeHhI 'IJieHhI, 3aBHC5IIUHe TOJihKO OT BpeMeHH, H HC

KJIIO'!eHa nOJIHM nJ'.)OH3BO,[(HM no BpeMeHH OT mal, cos ( cp - ,t). 
(f) nJIOCKOrO MMTHHKa, TO'!Ka no.n;Beca KOToporo KOJie6JieTC5I no 3a

KOHY a cos ,t B BepTHKaJihHOM HanpaBJieHHH. 

Pemeaue: Koop.n;HHaThI TO'IKH m 

x = l sin cp, y = a cos ,t + l cos cp. 
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Ilocne IICKJIIoqemur IIOJIHbIX rrpOII3BO,UHbIX 

ml2 

L = 2 rp2 + mlwy2 cos 1t cos cp + mgl cos cp. 

(g) IIJI0CKoro MaJITHIIKa Maccon m1, rrp11qeM 110 ero CTep)KHIO ,UJIIIHOH 

l .UBII)KeTc5I ToqKa Mac con m 2 co cKopocTbIO v. 

PemeH11e: BBe,n;eM yron cp Me)K,n;y l 11 BepT11KaJihIO, a TaK)Ke r = 
ro + vt - paCCT05IHIIe OT T0qKII m2 ,n;o T0qKII no,n;Beca Ma5ITHIIKa. 

K11HeT11qecKasr 3Hepr1151 T0qK11 m 1 

a T0qKII m2 (i- = v) 

T - m1 z2 -2 1-2 <p, 

T2 = ~2 
( v2 + rp2 (ro + vt) 2

). 

OrrycKa5I rrocT05IHHble, ,n;n51 noTeHu11anhH0n 3Hepr1111 11MeeM 

U1 = -m1glcoscp, 

U2 = -m2g(ro + vt)coscp. 

IlonoMy 

L = ~ 1 
l2rp2 + ~2 rp2 (r0 + vt)2 + m 1glcoscp + m2g(ro + vt)coscp. 

IlocT05IHHa5I m 2v 2 /2 orrymeHa. 

2. K rJiaBe "11:HTerpaJibI .n;BH)KeHHH. TeopeMa HeTep. 3aKOHbl 
coxpaHe1nu1" ' 

1. Orrpe,n;en11Te IIOH5ITIIe "IIHTerpanhI .UB1I)KeH115I". KaKOBO 11x q11cno ,n;mr 

3aMKHJTOH MexaH11qecKon c11cTeMbI c s cTeneH5IMII cB060,n;b1? KaKoBa 

pOJib a,n;,n;IITIIBHbIX IIHTerpaJIOB ,UBII)KeHII5I? 

2. KaK11e coo6pa)KeHII5I np11B0.U5IT K 3aKoHy coxpaHeH115I 3Hepr1111? C Ka

KIIMII npeo6pa30BaHII5IMII CB5I3aH 3TOT 3aKOH? KaK onpe,n;eJIIITb 3Hep

r11IO no 3a,UaHHOH cpyHKUIIII JTarpaH)Ka? CoxpaH5IeTC5I JIil 3Hepr1151 Me

xaH11qecKOH CIICTeMbl BO BHeIIIHeM none? KaK npeo6pa3yeTC5I 3Hepr1I5I 

np11 npeo6pa30BaH115Ix OT o,n;Hon I1CO K ,n;pyron? 
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3. KaKne coo6pa2KeHH5I rrpHBO,Il5IT K 3aKOHY coxpaHeHH5I HMIIJJibCa? C Ka

Kl:IMH rrpeo6pa30BaHH5IMH CB5!3aH 3TOT 3aKOH? KaK orrpe,uenaeTC5I 0606-

meHHbIM HMIIJJibC? KaKOB cpopMaJihHblM rrpH3HaK coxpaHeHH5I o6o6meH

HOrO HMIIJJibCa? B KaKHX BHellIHHX IIOJI5IX coxpaH5IIOTC5I KOMIIOHeHTbl 

nMrrynhca? KaK npeo6pa3yeTca HMIIJJihC npn rrpeo6pa3oaamrnx OT o.u

HOM H CO K ,upyroft? KaK ,uan2KeTca 11eHTp HHep11nn 3aMKHyToI1 Mexa

HnqeCKoft CHCTeMbI? 

4. II0Ka2KnTe, qTo 3aKOHbl HhIOTOHa M02KHO IIOJiyqnTh KaK CJie,UCTBH5I 

rrpHHIIHIIa OTHOCHTeJibHOCTH H rrpHHIIHIIa HaHMeHbIIIero .ueI1CTBH5I. 

5. Haft,unTe H3MeHeHne HanpaBJieHH5I ,UBH2KymeI1ca co CKOpOCThIO V1 qa

CTllllbl Maccoft m, ecnn oHa rrepeMemaeTca H3 nonyrrpocTpaHCTBa, r.ue 

ee IIOTeHIIHaJibHM 3Heprna U1 = const, B nonynpocTpaHCTBO C IIOTeH

IIHaJihHOM 3HeprneI1 U2 = const. 

PemeHHe: Bb16epeM Koop,unHaTbl B rrnocKocTn .uan2KeHna, Harrpaana 

OCb X ITO JIHHHH pa3,uena. II0TeH11naJibHM 3Heprna He 3B,BHCHT OT x, II0-

3TOMY B 3TOM HanpaBJieHHH coxpaHaeTC5I HMIIJJibC, T.e. Vix= V2x, HJIH 

ecnn BBeCTH yrJibl 01 H 02 Me2K,uy HanpaaneHneM ,UBH2KeHH5I qaCTHllbl H 

HOpMaJiblO KOCH X, TO 

CKopOCTH CB5!3aHbl 3aKOHOM coxpaHeHH5I 3Heprnn, qTO ,uaeT 

· II03TOMY "rroKa3aTeJih rrpeJIOMJieHH5I" 

sin01 
n=--= 

- sin02 

6. KaKne coo6pa2KeHH5I rrpHBO,Il5IT K 3aKOHY coxpaHeHH5I MOMeHTa HMIIJJib

ca? C KaKHMH rrpeo6pa30BaHH5IMH CB5!3aH 3TOT 3aKoH? B KaKHX BHeIII

HHX IIOJl5IX coxpaH5IIOTC5I KOMIIOHeHTbl MOMeHTa HMIIJJibca? IloKa2KHTe, 

qTo B ccpepnqeCKH-CHMMeTpnqHOM none coxpaH5IeTC5I BeKTOp MOMeHTa 

HMIIYJihCa. KaK rrpeo6pa3yeTC5I MOMeHT HMIIJJlbCa rrpn rrpeo6pa30Ba

Hll5IX OT O.UHOM HCO K ,upyroft? KaK 3aancnT MOMeHT HMIIJJihca OT 

Bh16opa Haqana KOOp.UHHaT? 
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7. Haii:,llHTe Bbipa)KeHH5I ,llJ15I .ueKapTOBbIX KOMilOHeHT H a6COJIIOTHOH BeJIH

'-1-HHbl MOMeHTa HMITYJibCa ~rncTHUbI 

(a) B UHJIHH,llpH"l!eCKHX KOOp,llHHaTaX p, r.p, z. 

0TBeT: Mx = msinr.p(pz - zp) - mpzr.pcosr.p, 

My = m cos r.p(pi - pi) - mpzr.p sin r.p, 

M 2. 
z = mp r.p, 

M2 = m2p2r.p2(p2 + z2) + m2(pi - z,0)2. 

(b) a ccpepH"l!eCKHX KOOp,llHHaTax r, 0, r.p. 
0TBeT: Mx = -mr2 ( iJ sin r.p + r.p sin 0 cos 0 cos r.p), 

My= mr2(0cosr.p- r.psin0cos0sinr.p), 

Mz = mr
2 

sin 0 • r.p, 

M
2 = m 2

r(0
2 + sin

2 0 · r.p2
). 

8. KaKHe KOMnoHeHTbI HMnyJihca f> H MOMeHTa M coxpaHaIOTca: rrpH .llBH

)KeHHH B CJie,llyIOIUHX IIOJiax: 

(a) Ilone 6eCKOHeqHOH 0,llHOpO,llHOH IIJIOCKOCTH. 

0TBeT: Px, Py, Mz (6ecKOHe"l!HM IIJIOCKOCTb - IlJIOCKOCTb (x, y)). 

(b) IloJie 6eCKOHe"l!HOrO O,llHOpO,llHOrO UHJIHH,llpa. 

0TBeT: Mz, Pz ( OCb UHJIHH,llpa - OCb z). 

( C) IloJie 6eCKOHe"l!HOH O,llHOpO,llHOH npH3MbI. 

0TBeT: Pz (pe6pa npH3Mbl rrapaJIJieJibHbl OCH z). 

( d) Ilone .uayx TO"l!eK. 

0TBeT: Mz (TO"l!KH HaXO,ll5ITC5I Ha OCH z). 

( e) Ilone 6eCKOHe"l!HOH O,llHOpO,llHOH IIOJIYTIJIOCKOCTH. 

0TBeT: Py (6eCKOHe"l!Haa IlOJIYIIJIOCKOCTb - "llaCTb IIJIOCKOCTH (x, y), 
orpaHH"l!eHHaa OCblO y). 

(f) Ilone o.tiHOpO,llHOro KOHyca. 

0TBeT: Mz (ocb KOHyca - OCb z). 

(g) Ilone o.uHopo.uHoro Kpyroaoro Topa. 

0TBeT: Mz ( OCb TOpa - OCb z). 
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(h) Ilone 6ecKOHffl!HOII o.nHopo.nHOII 1um1rn.npHqecKOII BHHTOBOII JIHHHH. 

PeI.IIeane: <PyHKQH5I J1arpam1rn He MeHaeTCH npH IIOBOpOTe BO

Kpyr OCH BHHTa ( OCb Z) Ha yroJI Or.p H 0.llHOBpeMeHHOM nepeHOCe 

B.llOJih 3TOII ocH Ha paccToaHHe Or.p • h/21r (h - mar BHHTa). I1o-

3TOMY 

OTKJ.lla 
h 

Mz + 
2

7r Pz = con st. 

9. HaII..UHTe 3aKOH npeo6pa3oBamrn .neIICTBHa npH nepexo.ne OT O..UHOII HHep

UHaJibHOII CHCTeMhl K ..upyroII. 

PeI.IIeane: <PyHKUH5I J1arpam1rn, paBHM pa3HOCTH KHHeTHqecKo:ii H 

IIOTeHQHaJihHOII 3HeprHH, oqeBH.llHO, npeo6pa3yeTCH corJiaCHO 3aKOHY 

rrpeo6pa30BaHH5I 3Heprmr, KOTOpbIH BbIBe.neH B TeKCTe JieKUHH, T.e. 

MHTerpHpya 3TO paBeHCTBO no BpeMeHH, Haii.neM HCKOMbIH 3aKOH npe

o6pa30BaHH5I .neiicTBH5I: 

... ... 1 2 . 
S=S'+µVR'+ 2µV t, 

r .ne R' - pa.nHyc-BeKTOp ueHTpa HHepUHH B CHCTeMe K'. 

3. K rmwe "Mexaa1P1ecKoe no.n;oone. TeopeMa BHpnana. 
O.n;aoMepaoe .n;BH::>Keane" 

1. B KaKHX cnyqaax ypaBHeHirn .llBH)KeHH5I .nonycKaIOT reOMeTpHqecKH IIO

.no6Hhle TpaeKTOpHH? KaK OTHOC5ITC5I BpeMeHa .llBH)KeHH5I no 3THM Tpa

eKTOpH5IM B o6rueM cnyqae, B HeKOTOpbIX qacTHhIX cnyqaax? IloKa)KHTe 

TeopeMy BHpnana. 

2. OueHHTe BHyTpeHHIOIO TeMnepaTypy ConHua. 

Perneane: CornacHo yTBep)K.neHHIO TeopeMhI BHpHana 

2 < T >= k < U >. 
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Ilpe.urronarrui ConH11;e o.uHopo.UHhIM rnapoM, .um1 ero co6cTBeHHOM rpa

BIITa:11;IIOHHOM 3HeprIIII ( CM. rryHKT 3 rnaBhI IV) IIMeeM 

3GM2 

U=----
5 R ' 

a 3aKOH paBHOpacrrpe.ueneHII5l KIIHeTIIqecKOM 3HeprIIII no CTerreH.srM CB0-

60,llbl .uaeT 
3 

< T >= 2,,,,TN. 

3.uech ,.,, - rrocTo.srHHruI oOJihUMaHa, N - qIIcno qacTIIU ConHua ( B ocHoB

HOM aTOMOB BO,llOpo.ua II renm1). IIocKOJibKY U - O,llHOpO,llHa.sr <PYHKUII5I 

Koop.UIIHa T cTerreHII k = - l, TO 

2 . ~ ,,,,r N = ~ G M2 -+ T = GM m . 
2 5 R 5,,,,R ' 

r.ue m - cpe.uH.sr.sr Macca aToMa. Iln.sr oueHOK rrpIIMeM M = 2 • 1033 r, 

R = 7 · 1010 CM, m = 3 · 10-24 r, Tor.ua T = 107 K. 

3. OueHIITe BHyTpeHHIOIO 3HeprIIIO MeTaraJiaKTIIKII. 

CnpaBKa: Memaza,11,ar;;mux:a - :Jmo 6uau.MaJI '4.acmb Bce,11,euuou, x:o
mopaJI coaepJ1Cum ~ 1020 36e3a. Ha6,11,10aeuuJI n6r;;a3bZ6a10m, '4-ffiO 

(a) Memaza,11,ax:mux:a 6 cpeaue.M oauopoaua, 

(b) Memaza,11,ar;;mur;;a uecma-quouapua - cr;;on,11,euuJI za,11,ar;;mur;; u om
ae,11,bubie za,11,ar;;mux:u pa36eza10mcJI co cr;;opocmJIMu, nponop-quo
ua,11,bubi.Mu paccmOJI'H,U10 MeJ/Cay 'H,UM,U U oauuaX:06biMU no 6CeM ua
npa6,11,eUUJIM. Ila 3ax:ouy, omr;;pbimo.My Xa66,11,0M, omuocume,11,buaJI 
cx:opocmb pa36ezauuJI i-u u k-u za,11,ax:mur;; 

vik = HBk, Gk = Ti - ri, vik = vi - vk; 

H = 50-;- 100 Mrrc · KM/c - nocmoJiuuaJI Xa66,11,a. 

Perneune: BHyTpeHH.sr.sr 3HeprII.sr MeTaranaKTIIKII 

E = ! L mivf - G L mimk . 
2 · 2 · k Tik z z, 

BocrrOJib30BaBIIIHCh 3aKOHOM Xa66na lI rronara.sr, qTo a - pa.uIIyc o6'b

eMa, KOTOpblii 3aHHMaeT MeTaranaKTHKa, ,llJI5l KlIHeTIIqecKOH 3HeprIIII 

T IIMeeM 

1 1 · 1 1a - L mivf = - L miH
2
rf-= -H

2 
p r

2dV = 
2 . 2 . 2 0 z z 
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41r H2p fa r4dr = ~M H2a2 
2 Jo 10 ' 

Ilmi: noTeHI:i;MaJihHOII ::meprMM U 

Cne.uoBa TeJihHO, 

E = 41r GMa2 (3H2 - P). 
5 81rG 

CorJiaCHO TeopeMe O BMpMaJie .[{JI.SI rpaBMTaD;MOHHhIX CMCTeM 

1 
< T >= - 2 < U >, - < T >= E < 0 

.UBM)KeHMe npOMCXO.UMT B orpaHM'leHHOII o6JiaCTM npocTpaHCTBa. Ilo-

3TOMY, eCJIM nJIOTHOCTh MeTaranaKTMKM p MeHbIIIe KPMTM'leCKOrO 3Ha

'!eHM5I PKp = 3H2 /81rG ~ 10-29r · CM3, TO E > 0 M MeTaranaKTMKa 

6y.ueT HeorpaHM'!eHHO pacIIIMp5ITbC5I. EcJm )Ke p > PKp, To E < 0 rr, 

noCKOJibKY o6'beM He MO)KeT paCTM HeorpaHM'leHHO, paCIIIMpeHMe CMe

HMTC5I C)KaTMeM. 

4. Han:.urrTe TpaeKTopmo 3apa)KeHHOft qacTMUhI c Maccoft m M 3ap5I.UOM e B 

3JieKTpM'!eCKOM none E = Eocoswt, eCJIM npM t = 0 CKOpOCTh ee paBHa 

v0 M HanpaBJieHa nepneH.UHKynapHo nomo. 

Peweane: Bh16epeM oc1, y no HanpaBneHHIO nona, Tor.ua nepBoe HH

TerpMpoBaHHe HhIOTOHOBCKlIX ypaBHeHMII .UBM)KeHM5I 

mx=O, my · eE0coswt 

C yqeTOM Ha'laJihHhIX ycJIOBMII .uaeT 

X = Vo, 
. eEo . 
y = --smwt. 

mw 

Ilocne BToporo MHTerpHpoBaHM5I HMeeM 

X = Vot; 
eEo eEo ( x) y = ---cos wt= ---cos w · - . 
mw2 mw2 vo 

A.u.UMTlIBHbie noCTO5IHHbie onymeHhI, T.K. OHM onpe.ueJI5IIOT TOJihKO Bhl-

6op Ha'laJia KOOp.UHHaT. 
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5. 9aCTJI:Ua Maccoii: m 3a BpeMa T rrepeMemaeTC.H M3 TO"<IKM X = 0 B TO"<IKY 

x = a B: o.zmopo,uHoM none U = -Fx. Ilpe.urronmKMB, "<ITO 3aKoH ,um-nKe

HM.H qacTMUhI MMeeT BM.U x(t) = At2 +Bt+C, rro,u6epHTe KO3cpqn1uMeHThI 

A, B, C TaK, "<IT06h1 cooTBeTCTBy10mee ,ueii:cTBMe MMeno 3KCTpeMaJihHoe 

3Ha"<IeHMe. 

PemeHHe: Ecm1 OTC"<IMThIBaTb BpeMa (t = 0) OT MOMeHTa, Kor,ua no

JIO)KeHMe Tena coBrra,uaeT c TO"<IKOH x = 0, TO C = 0. IlpM t = T Teno 

Haxo,uMTCa B TO"<IKe x = a, "<ITO ,uaeT B = -AT-+ a/T, M Tor,ua 

x(t) = At2 + (~- AT )t. 

Jle:a:CTBMe 

1T (m±2 
) mA2T3 F AT3 FaT ma2 

W= -+Fx dt=-----+-+-. 
0 2 6 6 2 2T 

y CJIOBHe aw I 8A = 0 orrpe,ueJI.HBT 3KCTpeMyM M ,uaeT A = F /2m, no-

3TOMY 

F 2 (a FT) x(t) = -t + - - - t. 
2m T 2m 

6. IloKa)KMTe, "<ITO ,UJI.H 3aMKHYTbIX O,UHOMepHbIX CMCTeM 3HeprMa .HBJI5IeTC5I 

rrepBbIM MHTerpanoM ypaBHeHMii: .UBM)KeHMa. B KaKMX cnyqa&x o,uHo

MepHoe ,UBM)KeHMe cpMHMTHO, MH(pMI!MTHO? IloKa)KMTe, "<ITO (pMHMTHOe 

O,1:(HOMepHoe .J:(BM)KeHMe nepMO.J:(M"<IHO. 

7. 9aci'Mua c 3Hepni:eii: E .UBH)KeTc& B none U = U(x). Haii:,uMTe M3MeHe

HMe BpeMeHM MH(pMHMTHOrO .UBM)KeHM.H qaCTMUbI ( OT X = -oo .uo X = 00) 

no cpaBHeHMIO co BpeMeHeM CB060.J:(HOI'O ;IJ;BM)KeHM5I C TOH )Ke 3Hepni:e:a:, 

eCJIH 

(a) U = U0 /ch2 (kx), E > U0 . 

PemeHHe: BBe.neM 

v0 = f,!; H v = ✓ ! ( E - U0 / cosh
2 kx) 

lfaMeHemi:e MCKOMOro BpeMeHM .J:(BM)KeHM5I qaCTMUbI onpe.ueJIMTC5I 

KaK 

7- --- dx-- 1---;:====== dx j +oo( 1 1) 1 1+00
( -./Ecoshkx ) 

- -oo Vo v - Vo - 00 jEcosh2 kx - U0 · 

196 



Tiocne 3aMeHhI sinh kx = y nony"tIHM 

7 = k!o f 00

[ Jy'\ 1 - J!f + (; - Uo)/Eldy = 

_2_ ln [ y + Jy2 + 1 loo - _ _2_ ln 1 
kvo y + ✓ y2 + ( E - Uo) / E O - kvo ✓ ( E - U0 ) / E. 

JthaK, 
1 E-Uo 

T = kvo In E . 

(b) U = -U0/ch2(kx), E > 0. 
Pememrn: CoBepmeHHO aHaJiorn"tIHO rrpe.n;1,r.n;y:meMy rrony-qaeM 

T = _1_ 1n E + Uo. 
kvo E 

J110601IbITHO cpaBHHTb o6a CJIY"tlaJI. Ilo orrpe.n;eJieHHIO T = to - t, 
r.n;e to - BpeMR CB060.n;Horo .n;BH2KeHHR, t - BpeMR .n;BH2KeHHR B IIOJie. 

B cny-qae a) T < 0, T.e. t > t0 , B cny-qae b) T > 0, T.e. t < t0 . 

8. Haii.n;nTe MeCTO OCTaHOBKH CHCTeMbI, eCJIH 

(a) L = -✓1 - ±2 + X C Ha"tiaJibHbIMH JCJIOBHRMH Xo = 1, Xo = 1/2; 

(b) L = ( ±2 - x 2 + 1) / x c Ha"tiaJibHhIMH ycnoBHRMH Xo = 1, ±o = 1. 

Pemean:e: MecTo ocTaHOBKH cncTeMbI orrpe.n;enReTCR KaK pemeHne aJI
re6pan-qecKoro ypaBHeHHR 

ECJIH cpyHKUHR J1arpam1rn He 3aBHCHT OT BpeMeHH RBHO, TO :meprHR 

coxpaHReTCR. Ha"tiaJibHhle ycJIOBHR IIO3BOJIRIOT HaMTH "tIHCJieHHOe 3Ha

qeHHe 3Heprnn H peIIIHTb ypaBHeHHe E = U ( X) .n;JIR KOHKpeTHOM 3a

.n;aqn. J,foor.n;a 6bIBaeT HerrpOCTO BbI.n;eJIHTb IIOTeHunaJibHYIO 3HeprHIO 

B 3a.n;aHHOM cpyHKUHH J1arpam1rn. B 3THX CJIY"tlaJIX B Bbipa2KeHHH .n;JIR 

3Heprnn .n;ocTaTO"tIHO rrono2KHTb x = 0. 

(a) 
1 2 

E=---;:==:::;::-X=--1 
✓1-±2 J3 ' 

197 



noJIQ)KIIB ± = 0, IIMeeM 

2 
X = 2 - y'3. 

(b) 
±2 x2 - 1 

E=-+--=l. 
X X 

MeCTO OCTaHOBKII onpe,n;eJIIITC51 perneHIIeM- ypaBHeHII51 

x2 
- x - l = O· 

' 
l+J5 

X = 2 

9. IlpOIIHTerpIIpy:iiTe ypaBHeHII51 ,Il;BII)KeHII51, eCJIII 

(a) L = ±2 - 1/x npII t = 0, Xo = 1, ±0 = 0; 

(b) L = (±2 +±x-1)/x2 
npII t = 0, x 0 = 1, ±0 = 0; 

(c) L = -Jl - ±2 + x npII t · 0, x 0 = 2, ±0 = 0. 

PemeHHe: Bo Bcex Tpex cnyqMx narpaH)KIIaH He 3aBIICIIT OT BpeMeHII 

51BHO, IlO3TOMY y,n;o6HO lICXO,Il;lITh II3 nepBoro lIHTerpana ypaBHeHIIH ,Il;BlI

)KeHII51 - 3HeprIIII. 

(a) 

(b) 

E = ±2 
- 1/ x = l ⇒ t = j dx + C = 

J1 -1/x 

Jx(x - 1) + ln(Jx + Jx="T) + C. 

HaqaJihHhie ycnoBII51 ,n;aIOT C = 0. 

8L ±2 + 1 
E = x- - L = -- = l =⇒ 

8± x2 

d . 
t = j J x + C = arccoshx + C. 

x2 -1 

IIo,n;cTaBIIB HaqaJihHhie ycnoBII51, nonyqIIM C = 0, 

x = cosh t. 
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(c) 

E = i;BL - L = l - x = -l ~ ax ✓1 - x2 

I (x - l)dx 
t = ✓ + C = v x2 

- 2x + C. 
(x - 1)2-1 

Ilo.llCTamrn HaqaJibHhle ycnomrn, nony'lHM C = 0, 

x = l + Ji+t2. 

10. YKa:>KHTe YCJIOBH5I <pHHHTHOCTH ,llBH2KeHH5I H HaH,llHTe nepHO.ll KOJie6a

HHH B 3aBHCHMOCTH OT 3HeprHH, eCJIH 

·2 2 1 
L =x +- - -. 

X x2 

PemeH11e: IloTeHuHaJihHM 3HeprH5I 

1 2 
U=-- -. 

x2 X 

YpaBHeHHe 

E=_!_-~ 
X2 X 

Il03BOJI5IeT onpe,lleJIHTb rpaHHUbl ,llBH2KeHH5I: 

IlpH E 2': 0 JlBH2KeHHe HH<pHHHTHO H <pHHHTHo npH -1 < E < 0. Iln5I 

rpaHHU cpHHHTHoro .llBH2KeHH5I, c11HTM E = IEI, HMeeM 

IIepHO,ll <pHHHTHOro ,llBH2KeHH5I 

1x2 dx 2 Ex - l lx2 21r 
T = 2 -,::::==;::::::::::;== - rr.; arcsin ri--B = . m . 

xI J2x - Ex2 - l v E v 1 - E xI v E 

11. IIpoHHTerpHpyI1:Te ypaBHeHH5I ,llBH2KeHH5I, eCJIH 

(a) L = t2x2/2 npH t = l, x = 0, x = l; 
(b) L = Jt + i:2 npH t = 3, x = 0, x = l; 
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(c) L = (i:2 + yi)/x; 

(d) L = (i:2 + 2xy + y2 )/2x; 

(e) L = -Jl - (i:2 + y2) + x. 

PemeHHe: Ecrr11 cpyHKUHH Jiarpam1rn He co,n;ep2KaT o.n;Hon: HJIH He

CKOJihKHX KOOp,n;11HaT, TO COOTBeTCTBYIOIUHH 3THM D;HKJIHqecKHM KO

op.n;HHaTaM coxpamIIOIUHHC.s:I HMIIyJit,c .s:IBJI.s:IeTC.s:I rrepBbIM HHTerpaJIOM 

ypaBHeHHH .n;BH2KeHH.s:I. 

(a) 

(b) 

8L 2 • 1 
Px = OX = t X = 1 ==} X = -t + C. 

lfa HaqaJihHhIX ycrroBHH C = 1, T.e. 

1 
x=l--. 

t 

_ 8L _ i: _ ! __ 2_ 3; 2 
Px - 0 . - J 2 - 2 ==} X - . r,; t + C. 

X t + X 3y3 

l'.b HaqaJibHhIX ycrroBHn: C = -2, T.e. 

X = 3~ t3/2 - 2. 

( C) B 3TOM crryqae rrepBbIMH HHTerparraMH ypaBHeHHH .n;BH2KeHH.s:I .s:IB-

(d) 

Jl.s:IIOTC.s:I 
j;2 + .. 

E= yz_ 
X ' 

II03TOMY 

i 
Py=;;, 

y 
Pz = ;;, 

f ~ 1 ~px-E 
t - to = --;:::.===== = --arcsin --"y_z --J Ex - PyPz · x2 ~ E ' 

x= -
2

E [sin~(t-t0)+1]. 
PyPz 

E = . 8L . 8L _ L _ ±2 + y2
• 

X OX + y O'!J - 2X ' 
_ii 

Py - - + 1 
X ' 
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IIo.ncTamrn y = x(py - 1) BE, rroJiyqn:M 

I dx 
t - to = J2Ex - x2(Py - 1)2 = 

1 arcsin x(py - l)
2 

- E ==> 
Py- I E 

x = (Py~ l) 2 [sin(py - l)(t - t0 ) + 1] . 

.IlaJiee, 

_ / ( _ )d _ E [( _ ) _ cos(py - l)(t - t0 )] 
y - x Py l t - (Py - 1)2 t to Py - l . 

( e) llm1 :meprn:n: n:MeeM 

.BL .BL 1 
E=x-B. +y-B. -L= J .2 .2 -x=const, 

x y l-x-y 

a BBIIL(y .QMKJillqHOCTll y 

y 
Py= J .2 . 2 = const. 

l-x -y 

IIo.ncTaBMB y B E, rroJiyqn:M 

. J(E+x)2-(l +p~) 
X = -'---------- ==> 

E+x 

t=/J (E+x)dx +to=J(E+x)L(I+r,)+to, 
(E + x)2 - (1 + pi) 

OTKy.na CJie.nyeT 

12. Orrpe.nenn:Te rrepn:o.n Kone6anm1: rrnocKoro MaTeMaTn:qecKoro MMTHMKa 
(TOqKa m Ha KOH.Qe HllTll .nmrno:u [ B none T.srm:ecTn:) B 3aBMCMMOCTll OT 
aMIIJIMTY .[(hi KOJie 6aHMH. 

PemeHne: 8neprm1 MMTHMKa 

ml2cp2 
E = -- - mgl cos cp = -mgl cos cp0 , 2 . 
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r.n;e cp - yroJI OTKJIOHemrn HllTll OT BepTuKaJIII; 'Po - MaKCllMaJibHbIH yroJI 

OTKJIOHeHmi:. Bbrcmcmrn nepIIo.n; KaK yqeTBepeHHOe BpeM5.I npoxo)K,n;eHH5.I 

llHTepBaJia yrJIOB OT HYJI5.I .n:o 'Po, HaXO,I.l;llM 

~ 1'Po dcp '91'Po dcp t=4 -;:::======2 -
o Jcos cp - cos 'Po g o /sin2 !£Q - sin2 '£ · 

2 2 

Ilo.n;cTaHOBKOii: sin f / sin ~ = sin ~ 3TOT llHTerpaJI npIIBO,I.l;llTC5.I K Bll.IJ:Y 

'9 
'Po T = 4 K(sin-), 
2 

r.n:e 

1
1r/2 dC 

K(k) = " 
0 /1 - k2sin2 ~ 

- 3JIJIIIITTJiqecKIIii: IIHTerpaJI nepBoro po,n;a. Ilpu sin( cp0/2) ~ cp0/2 « 1 
(MaJibie KOJie6aHII5.1), pa3JiarM cpyHKUllIO K(k) B p5.1,n;, nonyqaeM 

T = 21r'9 (1 + 116'Pii + .. -) . 

IlepBbiii: qJieH 3TOro pa3JIO)KeHII5.1 OTBeqaeT II3BeCTHOii: 3JieMeHTapttoii: 

cpopMyne. 

13. Haii:.n;IITe 3aKOH .n;BII)KeHII5.I qacTIIUhI B none U(x) B6JIII3ll TOqKJI ocTa

HOBKII X = a. PacCMOTpHTe CJiyqaJI 

(a) 

~~,x=af 0, 

(b) 

aul =O, 
OX x=a 

a2ul f o. 
fJx2 x=a 

PemeHHe: Pa3JIO)KJIM U(x) B p5.1,n; Teii:nopa B6JIII3ll ToqKJI ocTaHOBKll 

x=a: 
(x - a) 2 82UI 

U ( X) = E - ( X - a) F + 2 OX2 x=a + ... 

(HanoMHIIM, qTo U(a) = E, a F = -U(a).) 
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(a) B6mr3II TOqKII OCTaHOBKII MO)KHO ITpII6JIII)KeHHO cqIITaTb, qTo .llBII

)KeHIIe ITpOIICXO,llIIT ITO.ll .neHCTBIIeM ITOCTOHHHOH CIIJihl F = ·_ u (a). 
CqIITM, qTo B HaqaJihHhIH MOMeHT qacTm~a Haxo,nHTCH B TOqKe 

OCTaHOBKH x(0) = a, ITOJiyqaeM 

Ft2 

x(t) = a+-. 
2m 

ToqHOCTb 3TOH cpopMyJihl y6bIBaeT ITO Mepe y,naJieHHH OT TOqKH 

OCTaHOBKII. 

(b) EcnII U(a) = 0, TO 

(x - a) 2 8
2UI U(x) = E + ---

0 2 
+ ... 

2 X x=a 

IlocKOJibKY 3HeprIIH B TaKOM ITOCTOHHHOM ITOJie HBJIHeTCH ITepBbIM 

IIHTerpaJIOM ypaBHeHIIH .llBH)KeHHH, IIMeeM 

x = ±k(x - a), r.ne k
2 = _ _!_ o.2~ I , 

m ox x=a 

c pemeHneM 

x =a+ l exp(±kt), r.ne l = x(0) - a. 

4. K rJiaBe "3a.na11a .[(Byx TeJI. O6m11e CBOHCTBa .[(BH)KeHn.sr B 
:ueHTpaJibH0M noJie. 3a.na11a KenJiepa" 

1. IT pOIIHTerpIIpyftTe ypaBHeHIIH .llBII)KeHIIH ccpepIIqeCKOro MMTHIIKa - Ma

TepIIaJibHOH TOqKH m, ,llBH)KyIUeHCH ITO ITOBepXHOCTH ccpepbI pa,nnyca l 
B ITOJie TH)KeCTH. 

PemeH11e: B ccpepIIqecKHX KOOP.llHHaTaX C HaqaJIOM B neHTpe ccpepbI H 
ITOJIHPHOH OCbIO, HaITpaBJieHHOH BepTIIKaJibHO BHII3, cpyHKnHH JlarpaH)Ka 

MMTHIIKa 
mz2 . . 

L = 2 (02 + sin2 0 · <p2) + mgl cos 0. 

Koop,nIIHaTa <p - nIIKJIIIqeCKM, ITO3TOMY coxpaHHeTCH o6o6rueHHbIH IIM

ITJJibC Pep, KOTOpbIH COBITa.naeT C Z-KOMITOHeHTOH MOMeHTa: 

8L z2 . 20 . M Pep= -
0

. = m sm · <p = z = const. 
<p . 
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'~ 

.3Hepnrn 

ml2 
• ml2 iP 

E = 2 (02 + sin
2 0 • rj}) - mglcos0 = -

2
- + U3¢¢(0), 

r,lle BBe,lleHa "3cpcpeKTHBHa51 noTeHIJ;HaJibHa51 3Heprll51" 

Af2 
U:,¢¢(0) = 

2 
l2 ~ 2 0 

- mgl cos 0. 
m sm 

lh Bbipa)KeHH51 .llJI51 0 

{:;;;fi! d0 
t = Y 2 ✓E - U

3
¢¢(0) 

a .llJI51 yrna <p, HCnOJib3Y51 Mz, Haii,lleM 

Mz I d0 cp-
- l./2rn sin2 0{E= U3qi¢(0) 

ilHTerpaJihI, onpe,lleJI51IOIUHe t H <p, npHBO,ll51TC51 K 3JIJIHnTH'IeCKHM llH

TerpaJiaM nepaoro H TpeTbero po.Ila COOTBeTCTBeHHO. O6JiaCTb .llBll

)KeHH51 no yrny 0 onpe.lleJI51eTC51 ycnoaHeM E > U3qiqi, a ee rpaHHUhI 

- ypaaHeHHeM E = U3 <P<P· TpaeKTOpH51 .llBH)KeHH51 3aKJIIO'IeHa Me)K.llY 

.llBYM51 napaJIJieJibHbIMll 0Kpy)KHOCT51Mll Ha ccpepe, nOJIO)KeHHe KOTOpbIX 

onpe,lleJI51eTC51 HaXO.ll511UllMHC51 B npoMe)KyTKe OT -1 ,llO + 1 KOpH51Mll 

cne,lly10mero H3 E = U3qi¢ Ky6H'IecKoro ypaaHeHH51 .llJI51 cos 0. 

2. IIpoHHTerpHpyiiTe ypaBHeHH51 .llBll)KeHH51 MaTepHaJibHOli TO'IKH, .llBll)KY

IUeHC51 no noaepXHOCTH KOHyca ( C yrJIOM 2a npll BepIIIHHe). KoHyc Ha

XO,llllTC5C B none T51)KeCTll ll pacnOJIO)KeH aepTHKaJibHO, aepIIIHHOli BHH3. 

PeweHHe: B ccpepH'IeCKHX KOOp,llHHaTaX C Ha'IaJIOM B BepIIIHHe KO

Hyca ll nOJI51pHOli OCbIO, HanpaBJieHHOli aepTHKaJibHO BBepx, cpyHKUH51 

JiarpaH)Ka 

L = ; (i-2 + r 2 
sin

2 a · rj}) - mgr cos a. 

Koop.llHHaTa <p - UHKJIH'IecKa51, no3TOMY coxpaH51eTC51 

M 2 · 2 · Prp = z = mr sm <p · <p. 

3HeprH51 

mi-2 
E = - + U3¢¢(r), 

2 

M2 
U:,qiqi(r) = 

2 2 ~ 2 + mgr cos a. 
mr sm a 
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TaK )Ke, KaK M B rrpe.n;h1.n;yr.ueir 3a,uaqe, Haxo.n;MM 

t= 

Mz j dr 
cp = v'2msin2 a r2 JE- U3<P<P(r) 

Y CJIOBMe E = U3 ct><P ( r) rrpe.n;cTaBJI5IeT co6oir ( rrpM Mz =I= 0) Ky6MqecKoe 

ypaBH8HMe ,UJI5I r, MMeIOI..Uee .n;Ba IIOJI0)KifT8JihHhIX KOpH5I, KOTOpbie orrpe

,U8JI5IIOT IIOJIO)K8HMe .UBYX ropM30HTaJibHbIX OKPY)KHOCTen Ha IIOBepXHO

CTM KOHyca, M8)K.UY KOTOpbIMM 3aKJIIOqeHa TpaeKTOpM5I. 

3. Cq:iopMyJIMpyn:Te 3a,uaqy .n;Byx TeJI. K KaKoir 3KBMBaJieHTHOH 3a,uaqe oHa 

CBO,UMTC5I? KaK HarrpaBJieHa CMJia B ueHTpaJibHOM IIOJie? IloKa)KMTe, 

qTo B ueHTpaJihHOM IIOJie 

(a) coxpaH5!8TC5I IIOJIHhIH MOMeHT MMIIYJibCa, 

(b) ,UBM)K8Hlie IIJIOCKOe, 

( c) .n;BH)KeHrre qacTMUhI rro.n;qMH.5.IeTC5I BTopoMy 3aKoHy KerrJiepa. 

4. CrrcTeMa COCTOHT M3 0,UHOH qacTMUhI Maccoir MM n qaCTMU C O.UMHaKO

BhIMH MaccaMM m. lkKJIIOqMTe .UBM)K8HMe ueHTpa MHepUMM M CBe,UMTe 

3a,uaqy K 3a,uaqe O .UBM)K8HMM n qaCTMU. 

PemeHirn: IlyCTh R- pa.n;Myc-BeKTOp qacTMUhI M, a Ra (a= 1, 2, ... , n) 
- pa.n;MyChI-B8KTOpbI qaCTMU C MaccaMM m. BBe.n;eM paCCT05IHM5I OT qa

CTMUhI M .uo a-iI qacTMUbI: 

li IIOMeCTMM HaqaJIO KOOp.UMHaT B ueHTpe MHepuMM: 

a 

lb 3THX paBeHCTB HaXO,UMM 

R = - m L Ta, Ra = R + Ta, 
µ a 

r.n;e µ = M + nm. Ilo.n;cTaBMB 3TH Bbipa)KeHH5I B q:>yHKUMIO J1arpaH)K8, 
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nonyq11M 

m m2 ( )2 L = - 'C"' v2 
- - ""v - U 2 L.,; a 2 L.,; a , 

a µ a 

r.ue Va= Ta· 

IloTeHu11aJibHaa 3Hepr11a 3aBHCHT nHIIIh o"r paccTOHHH:ii Me)K.uy qacTH

uaMH 11 nOTOMY MO)KeT 6hITb npe.ucTaBneHa KaK q>yHKUHH OT BeKTOpOB 

1~. 

5. BbIBe,llHTe q>OpMynhl, onpe.uenHIOlllHe 

(a) paCCTOHHHe ,llBH)KYIUe:iica TOqKJI OT ueHTpa non a u ( r) KaK HeaB

HYIO q>yHKUHIO BpeMeHH, 

(b) 'ypaBHeHHe TpaeKTOpMM qaCTHUhl B ueHTpanbHOM none u ( r) . 

B KaKHX o6naCTHX .uonycTHMO ,llBH)KeHHe B ueHTpanhHOM none 11 KaKOBhl 

ycnOBHH q>HHHTHOCTH M HHq>HHHTHOCTH ,llBH)KeHHa? 

6. IloKa)KHTe, qTO TpaeKTOpHa qacTHUhl B ueHTpanhHOM none CHMMeTpH

qHa OTHOCHTenhHO nyqa, npoBe,lleHHOro OT ueHTpa nona qepe3 TOqKy 

nOBOpOTa T min. 

.Una KaKHX none:ii BO3MO)KHO na.ueHHe qacTHUhl B ueHTp? fI pH KaKOM 

ycnOBHH 11cqe3aeT 6apbep, npenaTCTBYIOIUHH npOHHKHOBeHHIO qacTHUhl 

B ueHTp? 

7. Mcnonh3ya 3aKOHhI Kennepa, noKa)KHTe, qTo 

(a) rpaBHTaUHOHHM CHna o6paTHO nponopuMOHanhHa KBa.upaTy pac

CTO51:HHH Me)K,lly B3aHMO,lleHCTBYIOIUHMH TenaMH, 

(b) B rpaBHTaUHOHHOM none coxpaHaeTCH MOMeHT HMnynhca. 

IloKa)KHTe TaK)Ke, qTO B none HbIOTOHOBCKoro npHTH)KeHHH ypaBHeHHe, 

onpe.uena10mee TpaeKTOpHIO, no BM.UY q>OpManbHO COBna.uaeT C ypaB

HeHHeM, onHCbIBaIOIUMM Manhie KOne6aHHH qacTHUhl no.u .ue:iiCTBHeM 

BHelIIHe:ii CHnhI. 

8. Mcnonb3YH Bhlpa)KeHHe M rpaq>HK 3q>q>eKTHBHOH noTeHUHanhHO:ii 3Hep

rHH nona rrpMTH)KeHHH u = -a/r, HaH,llHTe ycnOBHe .llBM)KeHHH qa

CTHUhl no OKpy)KHOCTH M onpe.uenHTe pa.u11yc 3TO:ii OKpy)KHOCTH. 

9. IloKa)KHTe, qTo B none npHTH)KeHHH U = -a/r coxpaHaeTCH BeKTOp 

Jiannaca-PyHre-JieHua M, HCnOnh3YH ero, HaH,llHTe ypaBHeHHe TpaeK

TOpHH .llBM)KeHHH B 3TOM none. 
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10. I1cnonh3Y5I pe3ynhTaThI 3a.n;a-crn: Kennepa, Hanmne l-10 H 2-10 KOCMH"CJe
cKyro CKOpOCTh. 

11. IloKa2KHTe, "CITO B none OTTanKHBaHH5I u = a/r e.n;HHCTBeHHO B03MO)K
HOll TpaeKTOpHen JJ;BH)KeHH5I qacTHUhl 5IBn5IeTC5I rnnep6ona. KaK pac

nono)KeH ee cpoKyc? 

12. Han.n;HTe TpaeKTOpHIO qacTHUhl C HyneBOll nonHOll 3Heprne11, JJ;BH)Ky

rn;eftc5I B none U = -a/ r6
• 

p ellleHHe: y paBHeHHe TpaeKTOpHH onpe.n;en5IeTC5I KBa.n;pa Typoft 

r.n;e 

I Mdr/r2 

<p - 'Po -
- J2m(E - U3 ct>ct>)' 

a M 
E = 0, U3 ct>ct> = - 6 + -

2 2 • 
r mr 

BhI"CJHCnHB HHTerpan, .n;n5I TpaeKTOpHH JJ;BH)KeHH5I qacTHUhl nony"CJHM 

KOTOpoe H3BeCTHO KaK ypaBHeHHe neMHHCKaThl BepHynnH. 

13. Haft.n;HTe TpaeKTOpHIO MaTepnanhHOH TO"CJKH H CMern;eHHe ee nepnrenH5I 

B none 
a /3 

U=--+-. 
r r2 

PellleHHe: I1HTerpan 

/ Mdr/r
2 

<p - <po= J2m[E + a/r - (/3 + M 2 /2m)/r2] 

Bhl"CJHCn5IeTC5I TaK )Ke, KaK B 3a.n;aqe Kennepa, ecnH BBeCTH 

M = JM2 + 2mf3. 

B pe3ynhTaTe ypaBHeHHe TpaeKTOpHH nony"CJHM B BH.n;e 

!!. = 1 + i cos A ( <p - <po), 
r 

r.n;e 
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p JI € - napaMeTp JI 3KCUeHTpJICJITeT op6JITbl 3a.n;aqJI Kenrrepa. 

3a o.n;JIH o6opoT nepJirerrm1: cMern;aeTca im 

1rmax M dr / r 2 

D..<p = 2 , ' 
rmin J2m[E + a:/r - M2/2mr2) 

r.n;e 

r±1 =:; (1 ± J1 + 2EM/a:2m), r+ = rmin, r_ = rmax· 

Tor.n;a CMern;eHJie nepJiremrn 

D..<p = 21T~. 
M 

14. ToqKa Maccon: m .n;BJI)KeTca no Kpyroaon: op6JITe pa.n;Jiyca r 0 non ,llen:
CTBJieM ueHTpaJibHOM CJIJibl. CcpopMyJIJipyn:Te KpJITepJin: ycToftqJIBOCTJI 
Kpyroaoro .n;BJI)KeHJI.H ToqKJI. 

Pemea:u:e: Mo.n;JI<pJIUJIPYeM cpopMyrry nJIHe ( CM. 3aMeqaHJie 2 rrraBhI 
IV TeKcTa rreKUJIM), nepenJicaa ee B BJI.n;e 

d2v _ m dU3 cpcp M2v2 

d<p2 - - Af2 ~' U3rprp = U(v) + ~' 
1 

V = -. 
r 

CqJITa.H KpyroByIO op6JITY crra6o B03.Myrn;eHHOM, no.n;cTaBJIM 

V =Vo+~' 
1 

Vo=-, 
ro 

l~I « Vo 

B MO.D;JI<pJIUJipOBaHHYIO cpOpMyrry bJIHe. Tor.n;a C TOqHOCTbIO .n;o nepaoro 
OTJIJiqHoro OT HJJI.H qJieHa Han:.n;eM 

d
2

~ = _ m cd
2
U3cpcp I 

d 2 M2'> d 2 · <p V v=vo 

(HanoMHJIM, qTo .n;rra Kpyroaoro .D;BJI)KeHJIH dc-;;;P lv=vo = 0.) PerneHJie 
3TOro ypaBHeHJIH npe.n;cTaBJIHeT rapMOHJiqeCKJie KOJie6aHJIH OKOJIO He
B03Myrn;eHHOM op6JIThI, eCJIJI TOJlbKO 

d
2 

u3q>q> I > o ⇒ 
dv2 v=vo 

1 + m d2U 
Af2 dv2 > 0. 
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IlocnenHee HepaaeHcTao, ytIMThIBM cneny10mee H3 dU3 rprp/ dv = 0 ycno
ane r3F = -M2 /m nm1 neHTpaJihHOi'I CHJihI F = -dU/dr, MO)KHO rre-

pem1caTh a mine 
dF 

3F+r dr < 0. 

B qacTHOCTH, nn5I CHJihI rrpHT5I)KeHirn F, rrporropnnoHaJihHOH r-n, cne

nyeT, qTO nBH)Kemrn no Kpyroaoi'I op6HTe 6yneT ycTofrqHBhIM TOJihKO 

npH n < 3. 

15. IlpoHHTerpHpyi'ITe ypaaHeHH5I nBH)KeHH5I MaTepHaJihHOH TOqKH a neH

TpanhHOM none U = -a/r2
, a > 0. · 

Pemeun:e: Ilo <popMynaM 

f dr 
t = ---;::======== + to; 

JE- U(r) - M 2/2mr2 

dr . 
cp = /--;========= + tpo, 

✓2m(E- U(r)) - M2/r2 

Bh!6Hpa5I COOTBeTCTBYIOIUHM o6pa30M HaqaJIO OTcqeTa cp H t, Hai'IneM 

M2 
(a) npH E > 0, - > a 

2m 

M2 
(b) npH E > 0, - < a 

2m 

1. ✓ 2mE [ .~ ;: = . M 2 - 2ma cos 'l'y 1 - 'M2 J' 

1 ✓ 2mE . [ -~ -;:. = .2ma - M 2 smh 'l'V W - 1 J ' 

M 2 1 
( c) IIPH E < 0, - < a - 2mlEI [ .~ 

2ma - Af2 cosh cpy M2 - 1 j . 2m r 

Bo acex Tpex cnyqa51x 

1 /m✓ M
2 

t = EV2Er2- 2m +a. 

B cnyqasi:x (b) H ( c) qacTH:Ua "nanaeT" a neHTp no TpaeKTopHH, npH-

6JIH)Ka10mefrc51 K Haqany KoopnnHaT npH cp ➔ oo. IlaneHHe c JanaHHoro 

paccTO5IHH5I r npoHcxonHT 3a KOHeqHoe apeM5I, paaHoe 
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16. EcmI no6aBIITb K 110TeHUHaJibH0li 3HeprlilI u = -a/r MaJiyIO no6aBKY 

c5U(r), TO TpaeKT0plilI (plIHlITH0ro nBH)KeHHH 11epecTaIOT 6bITb 3aMKHY

TbIMII lI 11pII Ka)Kn0M o6opoTe 11ep1IreJIIIli op6IITbI CMemaeTCH Ha Manyro 

yrnoByro BeJIIIqIIHY br.p. O11penenIITe br.p nnH cnyqaeB 

(a) c5U(r) = f3/r 2
, 

(b) c5U(r) = 'Y/r3
• 

PemeHHe: 3a BpeMH, B TeqeHIIe K0T0poro r lI3MeHHeTC5.I OT r min no 

T max II CH OB a no T min, pan Hye-BeKT0p 110BepHeTC5.I Ha yr0JI 

1

rmax M dr / r 2 

b.r.p = 2 -----;::::======== dr. 
rmin J2m(E - U(r)) - M2/r2 

8To Bbipa)KeHIIe, C ueJihIO lI36e)KaTh HaJIIIqlI5.{ (plIKTIIBHO pacxonHIUlIXCH 

lIHTerpaJI0B, yno6HO 11pencTaBHTb B BHne 

a 1rmax ✓ D.r.p = -2- 2m(E - U) - M2 /r 2dr. 
8M rmin 

IlOJIO)KlIM U = -a/r + c5U lI pa3JI0)KlIM 11onhrnTerpaJibH0e Bbipa)KeHHe 

110 cTe11eHHM c5U. HyneBoft qneH pa3JI0)KeHHH naeT 21r, a qneH 11epBoro 

110pHnKa - IICK0M0e CMeIUeHIIe br.p: 

br.p = _a_ {rmax --;::::==2m=c5U=· d=r=== = _a_ (-2m_ [1r r2<5Udr.p), 
8M lrmin J2m (E + a/r) - Af2 /r2 8M M Jo 

rne OT lIHTerpHpoBaHHH 110 dr Mbl 11epeIIIJilI K lIHTerplip0BaHHIO 110 

dr.p Bn0Jib TpaeKT0plIII "HeB03MyIUeHHOro" nBII)KeHlIH. (3aMeTIIM, qT0 

b.r.p = 21r + br.p.) 

B cnyqae (a) HHTerpHp0BaHHe naeT 

br.p = __ 21r_/3_m = __ 21r_/3 
M2 ap 

(p = M2 /ma - 11apaMeTp HeB03MyIUeHH0ro 3JIJilI11Ca). 

B cnyqae (b) r2<5U = 'Y/r, HCl10Jih3YH cpopMyny HeB03MyIUeHHoft TpaeK

T0pHH 

110JiyqlIM 

P M2 ~-----
- = 1 + ccosr.p, p = -, c = ✓1 + 2EM2/ma2, 
r ma 

br.p = - 61ra"(m2 
Af4 
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5. K rnaBe "Pacna.n; H pacceHHHe qacTnu;. <l>opMyna Pe3epcpop.n;a" 

1. .ITaiiTe orrpe,n;erremrn 4- II JZ-CIICTeM OTCqeTa. KaKOBa CB5I3h Me)K,n;y 

yrrraMII BhIJieTa ,n;oqepHen: (pacrra,n;Hon:) qacTII:UhI B 4- II JZ-CIICTeMax? 

K qeMy CBO,Zl;IITC5I pe3yJihTaT yrrpyroro CTOJIKHOB€HII5I qacTIIU B 4-CIICTe

Me? Han:,n;IITe CKOpOCTh yrrpyroro CTOJIKHOB€HII5I B JZ-CIICTeMe. KaK 

Bhir JI5I,Zl;IIT yrrpyroe CTOJIKHOB€HII€ B crryqae "JI060BOro" y,n;apa, B "6II

Jih5Ip,n;e"? 

2. YaCTIIUa ,Zl;BII)K€TC5I B IIOJie pacceIIBaIO.U.J;ero ueHTpa. KaKIIM 6y,n;eT yroJI 

OTKJIOH€HII5I, eCJIII II3BeCTHa IIOT€HUIIaJihHa5I 3HeprII5I CIIJIOBOro IIOJI5I? 

KaKIIe coo6pa)KeHII5I rrpIIBO,Zl;5IT K IIOH5ITIIIO "3cpcpeKTIIBHOe ceqeHIIe pac

C€5IHII5I"? Orrpe,n;eJIIITe 3TO IIOH5ITIIe. OueHIITe KaqecTBeHHO ceqeHIIe 

pacce5IHII5I Ha a6COJIIOTHO TBep,n;oM mapIIKe. 

lfaBeCTHO, qTo Pe3epcpop,n; IICCJie,ZJ;OBaJI pacce5IHIIe Ha OTTaJIKIIBaIOmeM 

U€HTpe. KaK II3MeH5ITC5I ero pe3yJihTaThI, eCJIII IIOJie OTTaJIKIIBaHII5I 

3aMeHIITh IIOJI€M rrpIIT5I)K€HII5I? 

3. Orrpe,n;eJIIITe 3<p<peKTIIBHOe ceqeHIIe pacce5IHII5I qacTIIU OT a6COJIIOTHO 

TBep,n;oro mapIIKa pa,n;IIyca a, T ,e. B . cnyqae, ecJIII 3aKoH B3aIIMo,n;en:

CTBII5I IIMeeT BII,Zl; 

IIpII 

IIpII 

r<a 
r>a 

PemeHne: T.K. BHe mapIIKa qacTIIUa ,n;BII)K€TC5I cBo6o,n;Ho, a BHYTPh 

Hero rrpOHIIKHYTh He MO)K€T, TpaeKTOpII5I CKJia,ZJ;bIBaeTC5I II3 ,ZJ;BYX rrp5I

MhIX, paCIIOJIO)K€HHhIX CIIMM€TpIIqHO OTHOCIIT€JihHO pa,n;IIyca, rrpoBe

,n;eHHOro B ToqKy IIX rrepeceqeHII5I c mapIIKOM (cM. PIIC. 2). KaK BII,ZJ;HO 

II3 pIICYHKa, 
. . ?T-X X 

p = asm<po = asm-
2
- = a cos 2. 

Ilo,n;cTaBIIB 3TO Bhipa)KeHIIe B 

dr, = 21rp(x) ldt) I dx, 
IIOJiyqIIM 

1Ta2 a2 
da = 2 sin xdx = 4 dn, 

T.e. B 4-CIICTeMe pacce5IHIIe II30TpOIIHO. MHTerpIIpy5I da IIO BCeM yrJiaM, 

Han:,n;eM, qTo IIOJIHOe ceqeHIIe a = ?Ta2 B COOTB€TCTBIIII C TeM, qTO 
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' 

; 

;# 
;; 

;; 

a .. <c 
L.; _B ~1- ...J:. - - -

Pn:c. 2 

rrpn::u;eJihHM rrnoma.uh, B KOTopyro .uom1rna rrorracTb 11acTn:ua .um1 Toro, 
1IT06hl pacceHTbCH, O1!8BH,llHO, eCTb IIJIOI.I.J;a,llh ce11eHHH mapn:Ka. 

llnH rrepexo.ua K .ti-cn:cTeMe Ha.uo Bhlpa3HTh x 11epe3 01 cornacHo 

m2 sinx 
tg01 = m

1 
+m

2
cosx' 

0
2 

= 1r - X 
2 

Ilpn: m1 < m2 (m1 - Macca 11acTn:u, m2 - Macca mapn:KoB) nony11n:M 

d _ a
2 

[2m1 0 1 + mf cos 201/m~ l dn 0"1 - ----: -- COS 1 + --;:============ Hl . 4 m2 J1 - mr sin2 0i/m~ 

(d!11 = 21rsin01d01). Ecnn: 2Ke m1 < m2, TO 

d0"
1 

= a
2 

1 + mf cos 20i/m~ d!1
1
. 

2 J1 - mr sin2 0i/m~ 

Ilpn: m1 = m2 n:MeeM 

d0"2 = a2 J cos 02 Jd!11. 

llnH nepBOHa11aJihHO noKoHmerocH mapn:Ka x = 1r - 202, 1ITO .uaeT 

d0"2 = a2
1 cos02Jd!12, 
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4. Bbipa3HTe 3cpcpeKTHBHOe ce-.:ieHHe KaK cpyHKIJ;HIO 3HeprHH €, KOTOpaJI Te

p5.reTC5I pacceHBaeMbIMH -.:iaCTHIJ;aMH B YCJIOBH.sIX 3a,n;atrn 3. 

PeIIIeHHe: l-facTHIJ;a mi Tep.sreT CTOJihKO )Ke 3HeprHH, CKOJibKO npu:
o6peTaeT -.:iaCTHIJ;a m2. CorJiaCHO H3BeCTHbIM cpopMyJiaM (cM. JieKu;n:u:) 

n:MeeM 

OTKy,n;a 

, / m~ + m~ + 2m1 m2 cos X 
V1 = V--------------, 

m1 +m2 
2 

E 
_ m1V1 

1---
2 

E
, 2mim2 2 . 2 X . 2 X 

€ = 2 = ( )2 Voo Slll -2 = €max Slll -2' m1 +m2 

de = ~€max sin X dx, 

IlO,[{CTaBHB KOTOpoe B IlOJiy-.:ieHHOe npu: pemeHHH 3a,n;a-.:in 3 COOTHOllleHn:e 

1ra2 
da = Tsinxdx, 

IIOJiyt:IHM 
de 

da =1ra
2
--. 
€max 

Pacrrpe.n;erreHn:e pacce.srHHhIX -.:iacTn:u; no 3Ha-.:ieHn:.srM c OKa3bIBaeTc.sr o.n;

Hopo,n;HhIM BO BCeM HHTepaaJie € OT HYJI.sI ,[{0 €max· 

5. KaK 3aBn:Cn:T 3cp<peKTHBHOe ce-.:ieHn:e OT CKOpOCTH Voo -.:iaCTHIJ; rrpn: pac

ce.srHn:n: a norre U ~ r-n7 

PeIIIeHHe: EcJin: IlOTeHu;n:aJihHaJI 3Heprn:.sr eCTb 0,[{HOPOLlHaJI cpyHKIJ;H.sI 

rrop.sr,n;Ka k = -n, TO ypaaHeHn:.sr ,n;an:)KeHn:.sr ,n;onycKaIOT rro,n;o6Hhle Tpa

eKTopn:n:. Ilpn: 3TOM H3MeHeHn:e JIHHe:HHbIX pa3Mepoa B a pa3 BJiet:IeT 

3a co6oii: H3MeHeHn:e CKOpOCTH B a-n/2 pa3, n: o6paTHO, npn: H3MeHeHn:n: 

CKOpOCTH B /3 pa3 pa3MepbI, B -.:iaCTHOCTH n: rrpn:u;eJibHOe paccTO.sIHHe P, 
MeH.sIIOTC.sI B 13-2/n pa3. TaKHM o6pa30M, ,[{JI5I no,n;o6HhIX TpaeKTOpn:ii: 

P ~ v-2/n TOt:IHee · 
' ' p = v~2/n J(x) 

(yrJihI OTKJIOHeHn:51 X L{Jl5I rro,n;o6HbIX TpaeKTOpn:n: 0,[{HHaKOBbI). Ilo,n;cTa

BHB 3TOT pe3yJihTaT B 

da = ~(x) I dp I dn, 
.smx dx 
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Haii,ueM 

da ~ v~4/ndn. 

6. Orrpe,uemITe :=,cpcpeKTMBHoe ceqeHMe ,umr "rra,ueHM5I" qacTMU B n;eHTp 

IIOJI5I 

(a) U = -o:/r2
• 

PerneH11e: lfaBecTHo, qTo B rroJI5IX rrpMT5I)KeHM5I U = U(r) T0JibK0 

B cJiyqa51x 

U ~ 1/rn c n > 2 MJIM U ~ o:/r2 
c o: > M 2 /2m, 

rrpM ,UBlI)KeHMlI K n;eHTPY II0JI5I qacTMI(bl MoryT rrpeo,uoJieTb 3Hep

reTMqeCKlIH 6apbep, o6yCJIOBJieHHbIH M0MeHT0M lIMIIYJibCa M =/= o. 
B ycJI0BM5IX ,uaHHOH 3a,uaqM "rra,ua10T" B n;eHTp qacTMUhI c 2o: > 
mp2v~ T .e. Te, y K0T0pbIX rrpMn;eJibH0e pacCT05IHMe He rrpeBbIIIIaeT 

3HaqeHM5I Pmax = J20:/mv'?x,. Ilo3TOMY lICK0M0e :=,cpcpeKTlIBHOe ce

qeHMe 
21ro: 

2 = --2 . a= 1l"Pmax mv
00 

(b) U = -o:/rn (n > 2, o: > 0). 
PerneHHe: 3aBMClIMOCTb :=,cpcpeKTlIBHOH II0TeHn;MaJibHOH 3HeprMM 

mp2v';;, 
U:,cpcp = . 2r2 

0: 
rn 

OT r lI306pa)KeHa Ha plIC. 3, rrpMqeM 

(U:,cpcp)max - Uo = (n - 2)o: (mp2v~)n/(n-2) 
2 o:n 

IIa,uaIOT B n;eHTP JIMIIIh Te qacTMUhl, y K0T0pbIX E > U0 . Orrpe,ue

JI5I5I Pmax lI3 ycJIOBlI5I 

II0JiyqaeM 

Uo =E, 

a= 1rn(n - 2)(2-n)/n (~)
2
/n 

mv2 
00 
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U3cpcp 

t 
Uo 

Prrc. 3 

r 

7. Onpe.uerrrrTe 3cpcpeKTHBHoe ceqeHrre .UJIH na.ueHrrH 1:JaC'.rrru ( c MaccaMrr 
m 1) Ha noBepxHOCTh ccpeprrqecKoro Terra (Maccoft m 2 rr pa.urrycoM R), K 

KOTOpOMY OHM nprrT~lTHBaIOTCH no 3aKOHY HbIOTOHa. 

PeweHn:e: YcrroBrre na.ueHHH 3aKJII01IaeTcH B HepaBeHCTBe Tmin < R, 
r .ue r min- 6JIH)Ka:iirna.H K CHJIOBOMY ueHTPY ( ueHTPY ccpepbI) TOl:JKa Tpa
eKToprrrr qacTHUbI. Harr6orrhrnee .uonycTrrMoe 3Ha'leHrre p onpe.uerrHeTCH 

ycrroBrreM Tmin = R, 'lTO CBO.llHTCH K perneHHIO ypaBHeHHH U3¢>¢>(R) = E 
HJIH 

2 2 2 
m1 VooPmax O:' m1 voo 

2R2 - R = 2 

nprrqeM a = Gm1m2 (G - rpaBrrTaurroHHaH nocTOHHHruI), rr MhI norro

)KHJIH m ~ m1, Cl:JHTaH, 1:JTO m2 >> m1. Haft.ueM OTCIO.lla P~ax, 1:JTO 
.uaeT 

Ilprr Voo -t 00 3cpcpeKTHBHOe ceqeHrre CTpeMHTCH, KaK Ii CJie.UOBaJIO 0)KH
.uaTb, K reoMeTprrqecKOM IlJIOI.l{a.urr Ce'leHHH ccpepbl. 

\ 

8. HaM.llHTe 3cpcpeKTHBHOe ceqeHrre pacceSIHHH B IlOJie u = a/r2 (a> 0). 

p eweHn:e: y I'OJI OTKJIOHeHHH 

X = 1r [1 - --;:::==1===] ✓1 + 2a/mp2v~ 
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3cpcpeKTMBHOe ceqeHMe 

da = 21r2 a n - X - dO 
mv~ x2(21r - x)2 sin X 

, 9. HaiI.n;MTe 3cpcpeKTMBH0e ceqeHMe pacce5.IHIUI ccpepHqecKOli "rroTeHIUiaJih

HOli 5.!MoiI" pa,uMyca a M "rrry6MHhI" U0 

U = { -~o 
rrpn r > a 
rrpn r < a 

PemeHHe: TpaeKTOpH5.1 qacTMUhI "rrperroMmieTC5I" rrpH Bxo.ue B 51:MY JI 

rrpH Bhixo.ue M3 Hee. CorrracHo 3a,uaqe 4 K rrraBe II yrrrhI rra.n;eHM5.I a M 

rrpeJI0MJieHM5.I (3 ( CM. pMC. 4) CB5!3aHhI C00TH0IIIeHMeM 

sin a J 2 -:--(3 = n, n = 1 + 2Uo/mv00 • 
sm 

,, \ / r 

PMC. 4 

y roJI 0TKJI0HeHM5.1 X = 2 ( Q - /3). Ilo3TOMY IIMeeM 

sin(a - x/2) x . x 1 
-----=cos - - ctgcxsm - = -. 

~IlQ 2 2 n 

McKmoqMB Q II3 3T0ro paBeHCTBa M oqeBM,UH0ro II3 pMCYHKa C00TH0IIIe

HM5I 

a sin a= p, 
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nonrrnM CBH3b Me)l{)];y p M X B BM,Ue 

n2 sin2 x/2 p2 = a2 ________ _ 
n2 + 1 - 2ncosx/2 

HaKOHeu, ,un:cpcpepeHUMPYH 3TO paBeHCTBO, nony'lMM 3cpcpeKTMBHOe ce-

qeHn:e 

a2n2 ( n cos½ - 1) ( n - cos½) 
da = x 2 dO.. 4cos 2 (1 + n2 - 2ncos ½) 

Yron X MeHHeTCH B npe,uenax OT HJJIH (npn: p = 0) ,uo 3Ha'leHMH Xmax 
( npn: p = Cl:'), KOTOpoe onpe,n:eJIH€TCH M3 

Xmax I 
cos--=-. 

2 n 

IlonHoe 3cpcpeKTMBHOe ceqeHn:e, nonyqaromeecH MHTerpn:poaaHn:eM da 
no aceM yrnaM BHYTPM KOHyca X < Xmax, paBHO, KaK n: .UOJI)KHO 6bIJIO 

6hITh, nnom;a,un: reoMeTpn:qecKoro ceqeHn:H 1ra2
• 

10. HeiITpOHbI M npOTOHhI, HaJieTaIQmn:e Ha HenO,UBM)KHbie H,n:pa, BbI3bI

BaIOT H,UepHbie peaKUMM JIMillb npn: Henocpe,n:CTBeHHOM CTOJIKHOBeHMH C 

H,UpaMM. llonycKM, 'lTO H,Upa npe,UCTaBJIHIOT co6on: 3apH)K€HHble ccpepbI 

O,UMHaKOBOro pa,un:yca a, BbI'lMCJIMTe ceqeHn:e peaKUMH, BbI3bIBaeMhIX 

3TMMM CTOJIKHOB€HMHMH. 

Pemea11e: llonycTn:M, 'lTO 3Heprn:n: HJKJIOHOB He,n:ocTaTO'lHO, ,n:JIH Toro 

'lT06bI npOHMKHJTb BHJTpb H,n:pa, M OHM paccen:aaroTCH, TOJibKO co

npn:KaCMCb. C H,UpaMn:. B 3TOM cnyqae H€HTpOHbI, eCJIM npeHe6pe'lb 

qpe3BbI'laRHO MaJibIM rpaBn:TaUMOHHbIM B3aMMO,U€HCTBHeM, paccen:aa

IOTCH Ha H,Upax, KaK Ha TBep,UbIX IIIapn:Kax, no3TOMY ce'leHn:e pacceH

HMH O"n = 1ra2 (cM. 3a,uaqy 3). Han:MeHbIIIee paCCTOHHMe Me)l{)];y pac

cen:aaromn:MCH npOTOHOM M ueHTPOM H,n:pa onpe,uenHeTCH KaK peIIIeHn:e 

ypaBHeHMH 

U - a MJ 
Eo = U::ict>ct>, ::ict>ct> - - + -

2 2 , 
a ma 

r,ue 
2 

Eo = mvoo' M, A, = ze2 2 o = mpvoo' u 

(Ze - 3apH,U H,Upa). TaKMM o6pa30M, npOTOH, BbI3bIBaromn:ii H,UepHyro 

peaKUMIO, ,UBM)K€TCH no TpaeKTOpn:n:, MMHHMaJibHOe y,n:aJieHn:e KOTOpoii 
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OT ueHTpa eCTb a. ITo ycJIOBlUO 3a.n;aqn: rrpOTOHbI, rrpn:ueJibHOe paCCT0-

5IHMe K0TOpbIX 6onhIIIe orrpe.neneHHoro ycnoBn:eM E0 = U3 cpcp, He BhI3hI

BaIOT peaKUMM. Ilo.n;cTaBMB B 3TO ycJIOBMe MOMeHT lIMIIYJibCa rrpOTOHa 

Mo= PmaxJ2mEo, rronyqn:M 

E _ ~ P~axEo 2 _ 2 (l _ Ze2
) · 

O - + 2 ==} Pmax - a E · a a a o 

Ceqemie peaKun:n: 

a={ 7ra2 (1 - ze2) 
aEo 

0 

(CpaBHMTe C OTBeTOM 3a.n;aqn: 7.) 

rrpn: 

rrpn: 

Ea> ze2 
a 

Ea< ze2 
- a 

6. K rJiaBe "raMHJihTOHOB q>OpMaJIH3M" 

1. KaKa51 cpyHKUM51 cny:arnT rrpOM3BO.D:51IUeii .n;JI51 rrpeo6pa3oBaHM51 Jie:arnH-. . 
.npa OT "narpam1rnBa" K "raMMJlhTOHOBy" Ha6opy rrepeMeHHhIX? 

IloKa:tKMTe, qTo ,ll;J151 3aMKHYTbIX ClICTeM lIJllI ClICTeM, HaXO,ll;51IUMXC51 B 

IIOCT051HHOM BHeIIIHeM none, raMMJibTOHMaH lI IIOJIHa51 3Hepnrn COBIIa

.n;aIOT. 

CpaBHMTe pOJib UMKJIJiqeCKMX KOOp.n;n:HaT B narpam1rnBOM lI raM_MJihTO

HOBOM rro.nxo.n;ax. 

2. KaK. <pyHKUMM COCT051HM51 MeXaHn:qecKOM ClICTeMhl Bhipa2KaIOTC51 qepe3 

rrpOII3BO,ll;Hbie .neiiCTBlrn? B qeM pa3JIJiqn:e 3TMX cpyHKUMM? 

l.!eM OTJIJiqaIOTC51 KOHcpn:rypaun:OHHOe lI cpa30BOe rrpOCTpaHCTBa? CKo

JlhKO cpa30BhIX TpaeKTOpn:ii rrpoxo.n;IIT qepe3 Ka2K.n;y10 M306pa2Ka10my10 

TOqKy? 

3. Haii.n;n:Te cpyHKUlIIO raMMJlbTOHa ,ll;J151 Marepn:aJihHOM TOqKII B .n;eKapTO

BhIX, UMJilIH.D;pMqecKMX lI ccpepn:qecKMX KOOp.D;MHaTax. 

PerneHHe: B ccpepIIqecKIIX KOOp.D;MHaTax r, 0, <p cpyHKUM51 JiarpaH2Ka 

qacTIIUbl MMeeT BM,ll; 

L = T - U = m (i-2 + r 2 iP + r 2 
sin

2 0 cp2
) - U(r, 0, cp) 

2 
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(cM. 3a.n;aqy 8(b) K rJiaBe I) H = T + U, H Bee cKopocTH Heo6xo.n;HMO 

3aMeHHTb C00TB€TCTBJIOIUHMH HMIIJJibCaMH, HCIIOJib3J5I C00TH0IIIeHHe 

Pi = 8L/8<ji. B ccpepnqecKHX Koop.n;nHaTax 

Pr= mr; Pe= mr2 0; Pep = mr2 sin2 0rp, 

II03T0MY 

H = 
2
1 (p; + P! + 

2 
~~ 2 0

) + U(r, 0, cp). 
m r r sm 

B .n;eKapT0BhIX Koop.n;HHaTax x, y, z 

1 2 2 2 ) H = 2m (Px +Py+ Pz) + U(x, Y, z . 

B l(HJIHH,llpH'tleCKHX K00p,llHHaTaX P, cp, z 

4. Han:.n;HTe cpyHKI(HIO raMHJibTOHa qaCTHI(hI, ecJIH ee cpyHKI(H5I Jiarpam1rn 

HMeeT BH.ll 

L = -mc2Jl - v2 /c2 (Jiarpam1rnaH cBo6o.n;Hon: peJiaTHBHCTCKOn: 11a

CTHUbI). 

PemeH11e: 
8L mc2 

H = v- - L = --;::=== 
8v J1 _ v2/c2 

IlpH V « C 

H ~ mc2 (1 - v2 /2c2) = mc2 + mv2 /2 = p2 /2m. 

( OT6poIIIeHa II0CT05IHHM mc2' II0CK0JihKY B orrpe.n;erreHHH 3HeprHH 0Ha 

HecyruecTBeHHa.) 

5. Han:.n;HTe cpyHKI(HIO raMHJibTOHa CHCT€MbI n qaCTHI( c MaccaMH m H o.n

HOM 'tJaCTHI(bI Maccon: M C HCKJIIO'tJeHHbIM .llBH)K€HHeM 1(€HTpa HHepl(HH 

(cM. 3a.n;aqy 4 K rrraBe IV). 

PemeH11e: 8HeprHa E rrorryqaeTca H3 Han:.n;eHHOM B 3a.n;aqe 4 K rJiaBe 

IV cpyHKUHH JiarpaH)Ka 
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H3MeHemrnM 3HaKa nepe.n; U ( 3,z:i;ecb µ = M + nm). O6o6meHHhie HM

nynhCbI 

2 oL m2 

Pa = ~ = mva - - L Va 
uVa µ 

=} 
Pa m ~ 

V = - + - L., Va, 
a m µ a 

OTCIO,D;a 
nm2 mM 

LPa =mI:va- -I:va = -I:va, µ µ 

Pa 1 ~ 
Va = m + M L.,Pa· 

Ilo.n;cTaBHB B H, Hal1.n;eM 

H __ 1 ~ 2 1 (~ ) 2 
- 2m L.,Pa + 2M L.,Pa + U. 

6. Hal1.n;nTe perneHne KaHOHH'-IecKnx ypaBHeHnl1 raMnnhTOHa .n;mr 

(a) qacTHUbI B O,D;HOpO,D;HOM none u = Fx. 
PemeHHe: Ilo,n;cTaBHB raMHnhTOHHaH qacTHUbI B o.n;Hopo.n;HOM 

none H = p;/2m + Fx B lrnHOHH'-IeCKHe ypaBHeHmr, nony'-IHM 

x = Px. 
m' 

n03TOMY 

Px =F ⇒ Px = Po + Ft · - Ft + Po ' X - __ -=....::. 
m ' 

Po F 2 x=x0 +-t+-t 
m 2m 

(b) nnHeHHOrO rapMOHH'-IeCKOro ocunnnaTopa. 

PemeHHe: Ilo.n;cTaBHB raMnnhTOHHaH H = p;/2m + kx2 /2 B Ka

HOHH'-IeCKHe ypaBHeHH5.1 raMHnbTOHa, nony'-IHM 

c perneHneM 

x = Px. 
m' 

Px = -kx 
.. k 

=} X = --X 
m 

x = acos(w0t + a), r.n;e w0 = ~-

7. <PyHKUH5.1 raMHnbTOHa H CHCTeMbl '-IaCTHU He H3MeH5.leTC5.I nprr 6eCKO

Hel.JH0 ManoM nepeHoce (noBopeiTe). Bhrne.n;rrTe 0Tc10.n;a 3aKOH coxpaHe

Hrra nMnynbca ( M0MeHTa HMnynhca). 
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Peweane: IIycTh € - BeKTOP 6eCKOHe11HO Manoro CMeIUeHIUI 

, 
f'aHf'a=f'a+{; 

, 
Pa H Pa =pa, 

IIo ycnomno 3a,n;a11H 

H(f'a,Pa) = H(fa,ia), 

s:H """(8H __, 8H s:---) __,""" 8H O u = ~ ~--- c + ~--- upa = c ~ ~-- = . a uTa UPa a ura 
McrrOJib3YSI ypaBHeHHSI raMHJibTOHa, IIOJIY"IHM 

dP __ """ dffa ___ """ 8 H _ O __..._ __, 
~ ~ -,, P = canst. 

dt a dt a 8ra 

IlpH 6eCKOHe11HO MaJIOM IIOBopoTe Ha yroJI <Sep 

__, ~ __, [J: __, __, ] TaHTa=ra+ u<p,ra; 

Pa H Pa =Pa+ [<5ep,pa]; 

<SH = L (~1! [<5$, ra] + ~1! [<Sep, Pa]) = 
a uTa UPa 

""" ( dpa [<5 __, ... ] dra [<5 __, __, ]) <5 __,""" d [ __, ... ] ~ - dt <p, Ta + dt <p,Pa = - <p ~ dt r,Pa = 0 

⇒ M = L[T,Pa] = canst. 
a 

8. HaI1:.n;HTe TpaeKTOpmo JIHHeI1:Horo rapMOHH11ecKoro OCUHJIJISITOpa B cpa-

30BOM rrpOCTpaHCTBe. 

PemeHHe: raMHJihTOHHaH rapMOHH"!eCKOrO OCUHJIJISITOpa 

P2 kq2 
H=-+-

2m 2 

He 3aBHCHT OT BpeMeHH SIBHO H COBrra,n;aeT C 3HeprHeI1: E, II03TOMY 

q2 p2 

2E/k + 2mE = l. 
TaKHM o6pa30M, TpaeKTOpH.sr JIHHeHHOro rapMOHH"IeCKOro OCUHJIJISITbpa 

B <pa30BOM rrpOCTpaHCTBe - 3JIJIHIIC C IIOJIYOCSIMH 
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9 . .IloKa:)KMTe TeopeMy IIyaccoHa. Bhrq11cJrn:Te cpyH,uaMeHTaJibHhie CK06KH 

Ilyaccotta: [qi, Qk], [pi,Pk] n [qi,Pk]-

10 . .IloKa:)KHTe, qTO CK06KH IIyaccoHa - HHBapnaHT KaHOHnqecKHX ITpeo6pa-

30BaHHM. 

11. BhrqncnnTe CK06Kn Ilyaccotta, cocTaBJieHHhie H3 .ueKapTOBhIX KOMIT0-

HeHT HMITYJihCa pH MOMeHTa HMITYJibCa M = [r, P1 qacTHU:hI. 

Pernemrn: l1cITOJih3Y5I cpopMyJiy [j Pk] = -a f j aqk, Ha.XO.UHM 

[ l a[r, P1x a ( ) 
MxPy = - ay = - ay YPz - Zpy = -pz 

n aHanornqHo 

[MxPx] = 0, [MxPz] = Py· 

OcTaJihHhie CK06Kn IToJiyqaroTcx B pe3yJihTaTe n:nKJinqecKon: ITepecTa

H0BKH HH,UeKC0B X' y' z B ITOJiyqeHHhIX BhIIIIe q>0pMyJiax. 

12. BhrqncnnTe CK06Kn IIyaccoHa, cocTaBJieHHhie H3 K0MIT0HeHT M. 
Pernemrn: IIpxMoe BhrqncneHne ITO cpopMyne 

(
aJ ag aJ ~) 

[jg]=~ apk aqk - aqk apk 

.uaeT 

[MxMy] = -Mz, [MyMz] = -Mx, [MzMx] = -My, 

13. McITOJih3YX CK06Kn Ilyaccotta, ITOKa2KnTe, qTo ITpn .n;BmIWHHH B n:eH

TpaJihHOM ITOJie u ( r) coxpaH5IeTC5I MOMeHT HMITYJibCa. 

PerneHHe: IIo OITpe.ueneHHIO MOMeHT HMITYJihCa M = [r,JJ1, aero i-x 

KOMIT0HeHTa Mi = CiklXkPl (ttaITOMHHM - ITO ,UBa2K,UhI IT0BTOp5IIOI..UHMC5I 

HH.UeKcaM n.ueT cyMMHpOBaHne). CKo6Ka· IIyaccotta 

[H Mi]= aHaMi - aHaMi = 
' ap1 ax1 axl ap1 

. a(xkPn) . a(xkPn) Pl aU X1 
X1Eikn a + PlEikn a = -Eikni5klPn - -a -EiknXki5nl = 

x1 Pl m r r 

PlPn l au 
Eiln-- - Eik/XkX1--a · 

. m r r 
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O6a rrocne.umrx CJiaraeMhlX o6pamaIOTC.sl B HJJib, T.K. 3TO caepTKII CIIM

MeTpliqHblX no IIH,UeKCaM IIp01I3Be,UeHIIII II aHTIICIIMMeTpliqHoro TeH-

30pa, II03TOMY 

qTO II Tpe6oaaJIOCb ,UOKa3aTb. 

14. IIycTb cpyHKUII.ll raMIIJibTOHa 3aBIICIIT OT nepeMeHHblX qI 'PI JIIIlllb rro

cpe,ucTBOM cpyHKUIIII J(qI,PI): 

H = H(J(qI,PI), q2,P2, ... , qs,Ps)

lloKa.,KIITe, qTo J ( qI, PI) ecTb IIHTerpan .UBII)KeHII.si:. 

PemeHHe: lloKa)KeM paaeHCTBO 

llanee, 

8iIJ . 
[f(qI,PI), iIJ(¢(qI,PI), q2,P2, ... )] = 

8
¢ [J, ¢]. 

[J, iIJJ = L ( 8.J 8i!J + 8J 8iIJ) = 
i 8pi 8qi 8qi 8pi 

8J 8i!J 8¢ + 8J 8i!J 8¢ = 8i!J [J ¢] 
8pI 8¢ 8qI 8qI 8¢ 8pI 8¢ ' . 

dJ 8H 
dt = [H,J] = - 8J [J,J] = O, 

qTO II Tpe6oaaJIOCb ,UOKa3aTb. 

15. lbBeCTHO, qTO 3HaqeHIIe JII06oI1: cpyHKUIIII J(t) = J(p(t), q(t)) Bbipa)Ka

eTC.sl qepe3 p II q B MOMeHT t = 0 cpopMyJIOII 

t t2 

J(p(t), q(t)) =Jo+ l! [Ho, Jo]+ 
2

! [Ho, [Ho, Jo]]+ ... , 

r.ue 

Jo= J(p(O), q(O)), Ho= H(p(O), q(O)), 

H - cpyHKUII.ll raMIIJibTOHa. (P.si:.u rrpe.urronaraeTC.sl CXO,U.llI.I.:(IIMC.ll.) 

BhlqlICJIIITe C IIOMOI.I.:(bIO 3TOM cpopMJJibl q(t), p(t) .ZJ;JI.sl 

a) JIIIHeIIHOro rapMOH1IqecKoro OCIJ;IIJIJI.llTOpa; 

6) qaCTMUbl a O,UHOpO,UHOM IIOJie. 
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Pememrn: IlepemnIIeM cpopMyrry ,umr f(t) B BII,ue 

J(t) = L t~ J'n), J'n+l) = [Ho, J'n)J, f(O) - Jo, n = 0, 1, 2 ... 
n n . 

.Ilmr OCUIIJIJI.HTOpa 
p2 mw2x2 

H=-+---
2m 2 

,I10JI02KIIM j = x(t) If BbPIIICJIIIM 

f'l) = [H, x] = aH ax _ aH ax = E_ 
ap ax ax ap m' 

f'2
) = [H, / 1

)] = !._[H,p] = -w2x, 
m 

j(3
) = [H, / 2)] = -w2[H, x] = _E.w2, 

m 
2 

f'4) = [H, j(3)] = -~[H,p] = w 4x, 
m 

f'5) = [H, f'_4)J = w4[H, x] = E.w4 . 
m 

Tor,ua 

t p(O) t2 
2 t3 w2p(O) t4 

4 t5 w4p(O) 
x(t) = x(O) +-

1
, - - -

2
,w x(O) - -

3
, --+ 

4
,w x(O) +-

5
, --... = 

. m . . m . . m 

( 
t

2 
t

4 
) p(O) ( t t

3 
t

5 
) x(O) 1 - 1 w2 + 41 w4 

- ... + - -., - 1 w3 + 1 w5 
- ... ===;, 

2. . mw . 1. 3. 5 . 

x(t) = x(O) cos wt+ p(O) sin wt. 
. mw 

ToqHo TaK )Ke rrorryqIIM 

p(t) = p(O) cos wt - mwx(O) sin wt. 

Pa3yMeeTC.H, 3Tll BeJIIfqifHbI MO)KHO 6hIJIO BbiqifC,JIIITb ropa3,UO rrpmue, 

HO rrpe,uJIO)KeHHbIM MeTO,U pacqeTa OKa3hIBaeTC5I IIOJie3HbIM B KBaHTOBOM 

MexaHIIKe. 

.Ilrra qaCTIIUhI B O,UHOpO,UHOM rrorre u = -Fx, F = canst: 

p2 
H= 

2
m -Fx. 
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IlOJIO)KIIM f = x(t) II BhlqlICJIIIM 

f(l) = [H, x] = !!_, 
m 

1 F j(2) = [H, j(1)] = -[H,p] = - = const; j(n) = 0 .llJISI acex n > 2. 
m m 

IIonyq1IM 
p(O) F t2 

x(t) = x(O) + -t + --
2

. 
m m 

IlOJIO)KIIM f = p(t) II BhlqlICJIIIM 

j(1) = [H, p] = F = const; j(n) = 0 .llJISI acex n > 1. 

IIonyq1IM 

p(t) = p(O) + Ft. 

16. KaKOBa ueJih KaHOH1IqeCKIIX rrpeo6pa30BaH1Iii? IIepeqlICJIIITe B03MO)K

Hhle TIIIIhl reHepaTOpOB KaHOH1IqecK1IX rrpeo6pa30BaHIIH. IlplIBe.r:tlITe 

rrplIMephl KaHOHIIqecKIIX rrpeo6pa30BaHIIH. 

17. PaccMOTplITe 6ecKoHeqHo Manoe KaHOH1IqecKoe rrpeo6pa3oaamrn II rro

Ka2K1ITe, qTo ,llB1I2KeH1Ie MO)KHQ paccMaTplIBaTh KaK KaHOHIIqecKoe rrpe

o6pa30BaHIIe. 

reHepaTopoM KaKoro KaHOH1IqecKoro rrpeo6pa3oaaHIISI SIBJISieTCSI rron

Hhiii IIHTerpaJI ypaBHeHIISI raMIIJihTOHa - 51Ko61I? 

18. II0Ka2KIITe, q-ro raMMJihTOHIIaH SIBJISieTCSI IIHBapliaHTOM 6eCKOHeqHQ Ma

JIOro KaHOHIIqecKoro rrpeo6pa3oaaH1ISI c reHepaTopoM 

S(q, P) = L QiPi + cJ(q, P), 
i 

r,lle c « 1, a J(q, P) - IIHTerpaJI .llBII2KeH1ISI. 

PeweHne: KaHOHIIqecKoe rrpeo6pa30BaH1Ie, rropo2K,llaeMoe 3a,llaHHhlM 

reHepaTopoM, IIMeeT BII.ll 
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C TOqHOCTbIO .uo qJieHOB rrepBoro rrop.sr,uKa MaJIOCTH 3TO KaHOHHqecKoe 

rrpeo6pa3oBaHHe 3KBIIBaJieHTHO rrpeo6pa3oBaHHIO 

of of 
8pi = pi - Pi = -c 8qi, 8qi = Qi - qi = c 8Pi · 

libMeHeHHe rrpOH3BO.U.SIIUeiI cpyHKUHH F rrpH TaKOM KaHOHHqecKOM rrpe

o6pa30BaHHH eCTh 

(
8F 8F ) (8F of 8F of) 8F = L -8qi + -8pi = c L --- -- = -E[F, f]. 

i oqi OPi i 8qi OPi OPi oqi 

IloJIO)KHM, B qacTHOCTII, F = H, Tor.ua 8H = -E[H, f]. IIo ycJIOBHIO 

3a,uaqH CIICTeMa KOHCepBaTIIBHa Ii f - IIHTerpaJI .UBII)KeHH.Sl, CJie,UOBa

TeJibHO, [H, f] = 0. Tor.ua 8H = 0. 

19. Han,UHTe ypaBHeHHe, KOTOpOMY Y.UOBJieTBOp.SleT rrpOH3BO.U.SIIUa.Sl cpyHK

u1rn, rropO)K,Ua10ma.sr KaHOHHqecKoe rrpeo6pa30BaHHe K IIOCTO.SIHHhIM HM

IIYJibCaM Ii KOOp,UHHaTaM. 

20. Han,UHTe perneHHe ypaBHeHH.Sl faMHJihTOHa - 51Ko6H ,UJI.Sl 

(a) cBo6o,uHoiI TOqKH MaccoiI m, 

(b) JIHHeiIHoro rapMOHHqecKoro OCUHJIJI.srTopa, 

(c) ueHTpaJibHOro IIOJI.Sl Cu= -a/r. 

KaKOBa pOJih UHKJIHqecKHX KOOp,UHHaT B MeTo,ue faMHJihTOHa - 51Ko6H? 

21. HaiI,uIITe perneHHe ypaBHeHH.Sl faMHJihTOHa - 51Ko6H ,UJI.Sl qacTHUhl B 

O,UHOPO.UHOM rpaBHTaUHOHHOM IIOJie. 

PeIIIeH1-1e: B .ueKapTOBhIX KOOp,um~aTax cpyHKUH.Sl faMHJihTOHa qa

CTHUhl 

1 ( 2 2 2) H = 2m Px + Py + Pz + mgz. 

CoOTBeTCTBYIOmee ypaBHeHHe faMHJihTOHa - 51Ko6H 

as 1 [(as) 2 (as) 2 (as) 2

] _ 0 - + - - + - + - + mgz - . 
ot 2m ox oy oz 

Bee rrepeMeHHhie B 3TOM ypaBHeHHH pa3,ueJI.srIOTc.sr, T.e. ero IIOJIHhIH 

HHTerpaJI 

S = -E.t + PxX + PyY + PzZ + W(z), 
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n ,UJUI W ( z) nonyqaeM o6bIKHOBeHHOe ,umpq>epeHuHaJibH0e ypaaHeHne 

1 2 2 aw 
[ ( )2] 

2m Px + Py + oz + mgz = E, 

llHTerpnpy5.1 K0T0poe,HaX0,IlllM 

1 [ 2 2] 3/2 S =-Et+ PxX + PyY -
3

m2g 2m (E- mgz) - Px - Py . 

CorJiacHo H3BecTHOII npoue.uype, ,un4>4>epeHunpy5.1 no E, Haft,ueM 3aK0H 

,UBll)KeHH5.I 

t +to= --1-✓2m (E - mgz) - p2 - p2 , mg X y 

a TpaeKTOpllIO orrpe,ueJI5.IT npOH3B0,UHbie S no Px H Py: 

x - E_J2m (E - mgz) - p2 - p2 = x 0, m2g X y 

y - .l!L✓2m (E - mgz) - p2 - p2 = Yo• m2g . X y 

TpaeKTOp:rrn tJaCTHUhl B 0,UH0P0.UH0M rpaB1ITaU1I0HH0M noJie - napa-

6ona. 

22. Ha:u:,UIITe ,ue:U:CTBIIe ,UJI5.I JIHHe:u:Horo rapM0HH'IeCKoro 0CUHJIJI5.IT0pa, KO

TOpbIII nplI ,UB1I)KeH1III np0X0,UIIT qepe3 T0'IKH X1 = x(ti) II X2 = x(t2)-

PerueH1-1e: <PyHKUH5.1 JiarpaH)Ka TaKoro 0CUIIJIJI5.IT0pa 

m±2 kx2 

L=---2 2 . 

PeIIIeHIIe ypaaHeHH5.I ,UBH)KeHII5.I 

X .. + w2x - 0 w2 = ~ - ' m 

HMeeT BII.Il 

x = acoswt + bsinwt. 

Onpe,ueJIIIM nocT05.IHHhle 1IHTerp1IpoaaH1I5.I a II b TaK, 'IT06bl y,uoBJieTao

PIITh ycJI0BII5.IM x(t1) = X1 II x(t2) = X2. flpoCTble Bbl'IIICJieHII5.1 .uaroT' 

( ) 
x1 sinw(t2 - t) + X2 sinw(t - t1) 

xt =------------'-----'-, 
· sinw(t2 - t1) 
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2 
. mw [ 2 ( ) 2 L = . 2 ( ) x1 cos 2w t2 - t + x2 cos 2w(t - t1)-

2 sm w t2 - t1 

2x1x2 cosw(t1 + t2 - 2t)]. 

l1HTerpIIpy51 L no BpeMeHII, rroJiyqIIM 

l t2 mw [( 2 2) ( S= Ldt=
2

. ( ) x1 +x2 coswt2-t1)-2x1x2]. 
ti smw t2 - t 1 

IlpII w H- 0 .n:eikTBIIe COBna.n:aeT C .n:en:CTBIIeM .D:JI51 CB06o.n;HOH qacTIID;hI, 

KOTOpM rrpII .D:BII2KeHIIII rrpoxo.n;IIT qepe3 3a.n;aHHbie TOqKII: 

S = m(x2 - x1)
2 

2(t2 - ti) 

7. K rJiaBe "Manble KoJie6aHHll" 

1. Han:.n;IITe BII.D: cpyHKUIIII JlarpaH2Ka II ypaBHeHII51 .D:BII)KeHII51 MHOrOMep

HOH MexaHIIqecKOH CIICTeMhI rrpII MaJihIX KOJie6aHII51X BOKpyr IIOJIO)KeHII51 

ycTon:qIIBOro paBHOBeCII51. 

2. KaK HaHTII qacTOTY O.D:HOMepHhIX KOJie6aHIIH no 3a.n;aHHOMY JiarpaH

)KIIaHy? KaK no 3a.n;aHHhIM HaqaJihHhIM ycJIOBII51M HaHTII aMnJIIITY.D:Y II 

HaqaJihHYIO cpa3y KOJie6aHIIH JIIIHeHHOro rapMOHIIqecKoro OCUIIJIJI51TOpa? 

3. Han:.n;IITe 06:w:ee perneHIIe 3a.n;aqII O BhIHY2K.D:eHHhIX KOJie6aHII51X OCUIIJI

JI51TOpa rro,u .n:en:cTBIIeM rrpoII3BOJihHOH CIIJihI. OrrIIIllIITe 51BJieHII51 pe3o

HaHca II 6IIeHIIH. 

4. Orrpe.n:emITe 3aBIICIIMOCTh KOOp.n;IIHaThI OT BpeMeHII B6JUI3II IIOJI02KeHII51 

HeycTon:qIIBoro paBHOBeCII51. 

PemeHue: B rroJI02KeHIIII HeycTon:qIIBoro paBHOBeCII51 

k = d2U~x) I < 0, 
dx x=xo 

II03TOMY ypaBHeHIIe .D:BII2KeHII51 6y.n:eT IIMeTh BII.D: 

c perneHIIeM 

.. 2 2 I k I x - 1 x = 0, r.n:e 1 = -- > 0, 
m 

.x = C1e-yt + C2 e--yt_ 
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5. Orrpe.uemITe, KaKOH CTerremI aMIIJUITY.llbl rrporrop:QHOHaneH rrepHO.U K0-

ne6aHHii, ecnH B rrono2KeHHH paBHOBecmr x 0 

d2U~x) I = 0. 
dx x=xo 

PerueHHe: EcnH d2U(x)/dx2lx=xo= 0, TO .umi: HanH'lHa MHHHMyMa B 

T0'lKe Xo He06XO,llllM0, 1IT06bI 

d3U~x) I = 0, 
dx x=xo 

d4U(x) I 0 
d 4 > . 

X x=xo 

Tor .ua pa3n02KeHHe u ( X) 6y.ueT rrporrop:QH0HanbHO 'leTBepTOH CTerreHH 

0TKnoHeHH.si: x OT rrono2KeHH.sI paBH0BecH.si:: U(x) ~ Ax4, r.ue A= canst, 
T.e. U(x) oKa3hIBaeTca o.uHopo.uHoII <pyHK:QHeII 11eTBepToro rrop.si:.uKa. 

B 3T0M cny11ae cornaCHO rrony11eHHOMY B neK:Qll.sIX COOTHOIIIeHHIO (cM. 

rryHKT 1 rnaBbl III) 

; = (i) 1-k/2 

rrepH0.ll o6paTHO rrporrop:a;H0HaneH aMIIllHTY.lle. 

6. Orrpe.uenHTe CMern;eHHe rrono2KeHH5I paBHOBeCH.sI IIO.ll Bllll.sIHHeM IIOCTO

.sIHHOii BHeIIIHeII Cllllbl, Bblpa3HB ero 11epe3 Macey ll 'laCTOTy. 

PemeHHe: Kor.ua BHeIIIHe:11 CHnbl HeT, rroTeH:a;HanhHa.si: 3HeprHa U = 
mw2x 2 /2 ll T0'lKa paBHOBeCH.sI Xo = 0. 

IlpH HanH'lllll Cllllbl IIOTeH:QHanbHa.si: 3HeprHa 

2 ,2 
U= mw x -Fi 

2 

II rrono2KeHHe paBHOBecH.si: orrpe.uenHTC.si: H3 mw2i-F = 0, T.e. cMern;eHHe 

TO'IKH paBH0BeCH.sI, o6ycnoBneHHOe IIOCTO.sIHHOII BHenrneII CHnOII, 

, F 
X = --2. 

mw 

7. Haii,llHTe 11aCTOTbl ManbIX KOne6aHHII CHCTeMbl, ecnH ee <pyHK:Qll.sI Jia

rpaH2Ka HMeeT Bll.ll 

(a) L = i:2 /2 + sinx, 

(b) L = (i:2 
- x2 

- 1)/2x, 
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(c) L = chx(x2 - 1), 

(d) L = ±2 /x - x/lnx. 

Pelllemrn: YacTOTa MaJihIX KOJie6amu1 w ITO 3a,n:p,HHOH cpyHKIUUI Jia-
rpam1m 

L = m(x)x2 - U(x) 
2 

orrpe,n:emieTC5I cornacHo cne,n:y10ru;eMy anropIITMy: 

• orrpe,n:eJI5IIOT IIOJI02KeHIIe paBHOBeCII5I Xo KaK KOpeHb ypaBHeHII5I 

dU(x) = O 
dx ' 

• rrpII YCJIOBIIII IIOJI02KIITeJibHOCTII BTopoii: rrpOII3BO,n:HOH IIOTeHuIIaJib

HOH 3HeprIIII B rrono2KeHIIII paBHOBeCII5I rrpIIpaBHIIBaIOT ee k: 

d2U(x) I = k 
d 2 ' X x==xo 

• orrpe,n:eJI5IIOT m = m(x0) II Haxo,n:5IT qacTOTY w = ~

(a) m(x) = 1, U(x) = - sini 

dU ( X) - 0 - 7r k - d
2 u ( X) I --- - ,n:aeT x 0 - - - --- - 1 

dx 2 ' · dx2 x==xo ' 

CJie,n:oBaTeJihHO, w = ~ = 1. 

(b) m(x) = 1/x, U(x) = (x2 + 1)/2x 

dU(x) _ O _ ±l d2U(x) 
dx - ,n:aeT xo - ' dx2 

1 
3. 

X 

y CTOllqIIBOMY paBHOBeCIIIO COOTBeTCTByeT Xo = 1, II03TOMy 

d
2
U(x) I k = d 2 = 1, m(x0 ) = 1, 

X x==xo 

CJie,n:oBaTeJihHO, w = ~ = 1. 

(c) m(x) = 2 cosh x, U(x) = cosh x 

dU(x) = 0 ,n:aeT x0 = 1, k = d
2
U~x) I = 1, m(xo) = 2, 

dx dx x==xo 

CJie,n:oBaTeJihHO, w = ~ = -/2/2. 
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(d) m(x) = 2/x, U(x) = x/ ln x 

dU(x) d2U(x) I 
d = 0 ,n;aeT Xo = e, k = d 2 = 1/e, m(x0 ) = 2/e, 

X X =~ 
cne,n;oBaTeJibHO,, w = ~ = v2/2. 

8. Han:mrTe 11acTOTy Kone6amrn: TO"IKH Maccoi'r m, ,n;Bn2KyIUeirc.SI no ropn-

30HTaJihHOH np.SIMOH II npHKpenneHHOH K npy2KHHe, ,n;pyron: KOHeu KOTO

pon: 3aKpenJieH Ha paCCTOHHHH l OT np.SIMOH, eCJIH 

(a) npy2KHHa, MMea ,n;JIMHY l, HaT.SIHyTa c cttnoi'r F, 

(b) k - 2KeCTKOCTh npy2KMHhI, a l0 - ,n;JIMHa B HeHanp.SI2KeHHOM cocTo.SI

HMM. 

PeIIIeHHe: (a) IIoTeHuMaJibHM 3HeprH.SI npy2KHHbl (c TO"IHOCTblO ,n;o 

MaJiblX BeJIM"IMH BbICIIIero nopa,n;Ka) paBHa npOM3Be,n;eHMIO CHJibl F Ha 

y,n;JIMHeHMe 8l npy2KMHhI. IlpM x « l MMeeM 

x2 
8l = Jl2 + x 2 - l ~ -

2l' 

TaK "ITO U = Fx2 /2l. IIocKOJibKY KMHeTtt11ecKM 3HeprH.SI ecTb mx2 /2, 
TO 

w=lfz. 
(b) B Ka"IeCTBe o6o6meHHOH KOOp,n;HHaTbl y,n;o6HO Bb16paTb yroJI <.p Me-

2K.ll:Y npy2KMHoi'r M BepTMKaJihIO. CMeIUeHtte TO"IKM x = l • tg<.p, KMHeTM-

11ecKM 3Heprtta T = ml2cp2 /2 cos4 <.p, a noTeHuMaJihHM 

k ( l )
2 

U ( <.p) = - - - lo 
2 cos <p 

IloJIO)KeHMe paBHOBeCMH orrpe,n;enaeTCH ypaBHeHJieM 

k (-l- -lo) lsin<.p = O. 
cos <.p cos2 <.p 

TaKMM o6pa3oM, MMeeM TPM nono2KeHM.SI paBHOBeCMH 

l 
<p1 = 0 nptt l > l 0 ;_ cos <.p2,3 = lo npM l < lo. 
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B rrepBoM rrono2Kemu1 

rFUI d2 = kl(l - l0 ) * 
c.p cp=cp1 

wf = k(l - lo) 
ml 

BO BTOpOM II TpeTbeM 

rF~ I . k(l~ - l2) l~ * 
dc.p cp=cp2,3 l 

k l5 - l2 

2 - - l2 Wz,3 - m o 

9. Han:,uIITe qacToTy Kone6aHIIH TOtJKII Maccon: m, KOTOpaH M02KeT rrepeMe

ru:aThCH no OKPY2KHOCTII pa,uIIyca r II npI:IKpenneHa K rrpy2KI:IHe, ,upyron: 

KOHeu; KOTOpon: 3aKperrneH Ha paCCTOHHIIl:I l OT OKPY2KHOCTl:I no nyqy OT 

u;eHTpa K TOtJKe 3aKpermeHIIH, eCJIII npy2KIIHa, IIMeH ,[(JIIIHY l, HaTHHyTa 

C Cl:IJIOH F. 

p emeHHe: y ,[(JIIIHeHIIe npy2KI:IHbI ( rrpII ({J « l) 

✓ . · r(l + r) 
8l =r2 + (l + r)2 - 2r(l + r) cosw - l ~ 

2
l c.p2. 

KIIHeTIItJeCKaH :meprIIH T = mr2t.p2 /2. OTCIO,Ua tJaCTOTa 

w= 
F(r + l) 

rlm 

10. Ilo rna,uKon: Herro,uBH2KHOH OKPY2KHOCTI:I pa,uIIyca R M02KeT rrepeMeru:a

ThCH TOtJKa Maccon: m, coe,uIIHeHHaH c rrpy2KHHOH c 2KeCTKOCThIO k. llpy

ron: KOHeu;. rrpy2KHHbI 3aKperrneH Ha paCCTOHHl:III a > R OT ee u;eHTpa. 

.llnHHa HeHarrpH2KeHHOH rrpy2KIIHhI l0 • Han:,uI:ITe tJaCTOTY KOJie6aHHH 

TOtJKII. 

PemeHHe: B KatJeCTBe o6o6ru:eHHOH KOOp,UI:IHaTbI BhI6epeM u;eHTpanb

HhIH yron c.p, OTCtJI:IThrnaeMhIH OT rrpHMOn:, coe,uHHHIOru:en: u;eHTP 0Kpy2K

HOCTH 1:I TOtJKY 3aKperrneHI:IH rrpy2KIIHbI. JiarpaH2KHaH TOtJKl:I 

mR2tjJ2 k [ ] z 
L = 

2 
- 2 ✓ a

2 - 2aR cos c.p + R2 - lo 

MIIHIIMYMY rroTeHu;HaJihHOH 3HeprIIII cooTBeTCTBJIOT 

cp1 = 0 rrpH a > R + lo, c.p4 = 1r rrpH a < lo - R, 

a2 + R2 - l2 
({J2,3 = ± arccos 

2
R rrpH lo - R < a < l0 + R. 

232 



Bo BCex 3TllX TOqKax paBHOBecue ycTo:!1:qnBoe. .Ilmr qacTOT KOJie6aHlllI 

llMeeM 
2 ka(a - R - lo) 2 ka(lo - a - R) 

Wi = mR(a - R) ' w4 = mR(a+ R) ' 

Wi,3 = 4m~2[5 [4a2 R2 - (a2 + R2 - l~)2]. 

11. HaH.UllTe OTHOIIIeHlle qacTOT w n w KOJie6aHlllI .IlBYX MOJieKyn, COCTO

arn:nx ll3 .UBYX aTOMOB pa3JillqHhlX ll30TOIIOB Ka2K,uaa. Macchi aTOMOB 

paBHhl COOTBeTCTBeHHO m1, m2 ll rh1, rh2. 

PemeHne: ATOMhI ll30TOIIOB B MOJieKynax B3anMo,ueHCTBYIOT o.unHaKo

BhIM o6pa3oM, II03TOMY k = k. Ponh 2Ke K03cpcpnnneHTOB m B KnHeTnqe

cKnx 3Heprnax MOJieKyn nrpaIOT nx rrpnBe,ueHHhie Maccbl. IIocKOJihKY 

qaCTOTa w = ~' HaXO.UllM 

m1m2(rh1 + rh2) 

rh1rh2(m1 + m2) · 

12. PennITe 3a,uaqy O BbIHY)K.UeHHhIX KOJie6aHnax MeTO.IlOM cpyHKI(llll rpn

Ha? KaKne ycJIOBllH orrpe,ueJIHIOT BhI6op KOHTypa lIHTerpnpoBaHllH rrpn 

pacqeTe 3arra3.UhIBa10rn:eH cpyHKI(llll rpnHa? To 2Ke .urra orrepe2Ka10rn:eH 

cpyHKI(nn rpnHa. Orrpe.uennTe D-cpyHKI(llIO IIaynn. KaK Bhlrna.unT pe

rneHne 3a,uaqn Kornn o BhIHY2K.UeHHhIX Kone6aHnax? 

13. Orrpe.uennTe BhIHY2K.UeHHbie KOJie6aHll.H CllCTeMbI IIO.Il BJill.HHlleM CllJihI 

F(t), ecnn B HaqaJibHhllI MOMeHT t = 0 CllCTeMa IIOKOllTC.H B IIOJI02KeHllll 

paBHOBecna (x = 0, i; = 0), .urra cnyqaeB 

(a) F = F0 = canst, 

(b) F = at, 
(c) F = Foe-at_ 

PemeHne: PerneHne Heo,uHopo,uHoro ypaBHeHna 

•• 2 F(t) 
x+w x= --, 

m 

KOTOpoe orrpe.uenaeT BhIHY)K.IleHHhie KOJie6aHll.H IIO.Il ,ueHCTBlleM CllJihl 

F ( t), nMeeT Bll.Il 

X = Xo + X1, 

r.ue x 0 = C1 cos wt + C2 sin wt = a cos( wt + a) - perneHne o.uHopo.uHoro 

ypaBHeHll.H, a X1 - qaCTHOe perneHne H€0.UHOpO.UHOrO ypaBH€Hll.H. 
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(a) YacTHOe peII1emre x 1 = F0 /mw 2
• O6mee peII1emre y.n;oBJieTBOpfleT 

Ha'llaJihHhIM ycrromrnM, ecmr C1 = -F0 /mw2
, C2 = 0, H HMeeT BH.U 

Fo 
x = --2 (1 - cos wt). 

mw 

lleiiCTBHe IIOCTOf!HHO:ii CllJibl rrpHBO.UllT K CMemeHHIO IIOJIO)KeHHfl 

paBHOBec1rn. 

(b) Ecrru HCKaTh 1:JaCTHoe peII1emre B Bn.ne x 1 = bt, TO b = a/mw2 M 

C C 
. at 

x = 1 cos wt + 2 sm wt + --2 . 
mw 

Ha'llaJihHhie ycrroBMfl .naroT C1 = 0, C2 = -a//mw3, II03TOMY 

x = _a_ (t _ sin wt). 
mw2 w 

( c) MmeM 'llaCTHOe pellleHMe B BM.n;e be-at. Ilo.n;cTaHOBKa B ypaBHeHMe 

.naeT b = F0/m(w
2 + a 2

), T.e. 

p; -at 
C C 

. oe 
x = 1 cos wt + 2 sm wt + ( 2 2) . 

m w +a 

113 Ha'l!aJibHhIX ycJIOBMM crre.nyeT 

C1= 
Fo 

m(w2 + a2), C2 = 
aF0 

mw(w2 + a 2) ====> 

Fo ( -at a . ) x = ( 2 2) e - cos wt + - sm wt . 
m w +a w 

14. Orrpe.n;eJIMTe KOHe"IHYIO aMIIJIMTY.UY KOJie6aHMM CllCTeMhl IIOCJie .neiiCTBllfl 

BHeIIIHeii CMJibl 

F(t) = { F = ~0t/T 
Fo 

rrpM 

IIpM 

rrpu 

t < 0, 
0 < t < T, 

t > T. 

.Do MOMeHTa t = 0 CHCTeMa IIOKOMTCfl B IIOJIO)KeHMM paBHOBeCHfl. 

Perneane: B HHTepBarre BpeMeHM O < t < T Korre6aHMfl, y.noBJieTBOpfl

romMe Ha'l!aJibHbIM JCJIOBMflM, MMeIOT BM.I{ (cM. 3a,na1:Jy 12(b)) 

x= Fo mTw3 (wt - sin wt). 
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IT p11 t > T m.u:eM perneH11e B B11.ne 

x = c1 cos w ( t - T) + c 2 sin w ( t - T) + F\ . 
mw 

"Crn11Ba5.I" perneH115.I, 11crroJib3Y5.I HerrpephIBHOCTb x 11 :i; rrp11 t = T, Ha

xo.n11M 

Fo . Fo 
c1 = - T 3 sm wT, c2 = T 3 (1 - cos wT). 

m w m w 

l1cKOMM aMIIJI11TY.lla KOJie6amn1: 

✓ 2F0 • wT a=q+~= T 3 sm-. 
m w 2 

0TMeT11M, qTO OHa TeM MeHhrne, qeM Me)lJieHHee "BKJIIoqaeTC5.I" C11Jia 

Fo (T.e. qeM 6onhrne T). 

15. Orrpe.neJI11Te aMIIJI11TY.llY KOJie6aH11H qaCT111(bI IIOCJie Toro, KaK B Teqe

H11e orpaH11qeHHOro BpeMeH11 T Ha Hee .neiicTBOBaJia IIOCT05.IHHa5.I C11Jia 

Fo. 

PeweHne: lln5I rrepeMeHHOH ( ::;: X + iwx B TeKCTe JieK1(11H ( CM. IIYHKT 

2 rnaBbI VIII) rronyqeHa cpopMyna 

AMrrJI11Ty.na KOJie6am1ft x = acos(wt + a), x = -asin(wt + a) ecTb 

a2 = x 2 +x2/w 2
• C .npyroft CTOpOHbI, 1(12 = x2 +w2 x2

, T.e. a2 = 1(12 /w2
. 

lf TaK, ,llJI5.1 perneH115.I 3a,llaq11 He06XO,ll11MO IIO,llCq11TaTb ( B rrpe,lleJiaX OT 

0 .no T, rro.ncTaB11B B 11HTerpan J(t) = F0 , qTo .naeT 

2F0 • wT a= --
2
sm-. 

mw 2 

16. IloKa)K11Te, qTO rrpe,n:cTaB11Tb MHOrOMepHbie KOJie6aH115.I B HOpMaJihHbIX 

KOOp,ll11HaTaX 03HaqaeT 0.llHOBpeMeHHO ,n:11aroHaJI11311pOBaTb .llBe KBa.npa

THqHbie <pOpMhl - KHHeT11qecKyIO 11 IIOT0Hl(HaJibHYIO 3Hepr1111 Mexaim

qecKOH CHCTeMbl. 

235 



17. IloKa:)KIITe, 'ITO HOpMaJihHbie KOOp,rurnaTbl O.UHOH TO'IKII B3aIIMHO rrep

II€H,1lIIKym1pHbl. 

PerneHHe: .Ilm1 OIIIICaHII51 .IlBlI)K€HlI51 O.UHOH TO'IKII BIIOJIHe IIO,1lXO,1l51-

IUIIMII 51BJI51IOTC51 .ueKapTOBhl KOOP.UIIHaThI, KOTOpbie BbI6epeM TaK, 'ITO-

6hI IIOT€HUHaJihHa51 3HeprII51, KaK KBa.upaTII'IHa51 cpopMa, IIMeJia .UIIaro

HaJibHhIH BII,1l. KIIH€TlI'I€CKa51 3HeprII51 BO BCex .ueKapTOBhIX KOOp.UIIHa

TaX 51BJI51€TC51 cyMMOH KBa.upaTOB rrpoeKUIIH CKOpOCTII Ha KOOP.UIIHaT

Hbie OCH. B TaKIIX KOOp.UIIHaTax HOpMaJibHhJe KOJie6aHII51 TO'IKII - 3TO 

KOJie6aHII51 no B3aIIMHO rreprreH,1llIKYJI51pHbIM OC5IM .ueKapTOBOH CHCT€Mhl. 

18. IloKa)KIITe, 'ITO eCJIII BCe TpII qacTOThl KOJie6aHIIH TO'IKII paBHhl M€)K.IlY 

co6on:, TO .IlBlI)K€HIIe IIJIOCKOe. 

PerneH11e: EcnII. qacTOThl HOpMaJihHhIX KOJie6aHIIH TO'IKII paBHhI Me

)K.IlY co6on:, TO MO)KHO BhI6paTb TaKIIe .ueKapTOBhl KOOp.UIIHaThI, 'ITO-

6hl IIOT€HUIIaJihHaH 3Heprm1 OKa3aJiaCh cpyHKUII€H x
2 + y2 + z 2 = r 2 ' 

T .e. B CJiy-qae paBeHCTBa 'IaCTOT KOJie6aHIIH TO'IKII U = U ( r), a B 

ueHTpaJihHOM IIOJie .IlBlI)K€HIIe Bcer.ua IIJIOCKOe. 

19. Han:.uIITe qacToTy MaJihIX Korre6aHIIH TO'IKII Maccon: m, rrpIIKperrneHHon: 

K '!€TbipeM B3aIIMHO rreprreH,1llIKYJI51pHbIM rrpy)KIIHaM, KOTOphie HaTH

HYTbl C CIIJIOH F II IIM€IOT K03q)q)IIUH€HT )K€CTKOCTII K,. 

PerneHHe: y TaKOH CIICT€Mhl .UBa HOpMaJibHhIX KOJie6aHII51, o6ycno
BJI€HHhIX, BO-rrepBbIX, rrpy)KIIHaMII, pacrrOJIO)K€HHhlMII Ha O.UHOH rrpH

MOH, II, BO-BTOphIX, B3aIIMHO rreprreH.UIIKYJI51pHhIMII rrpy)KIIHaMII. B rrep

BOM cnyqae rroTeHuIIaJibHa51 3HeprII51 Ka)K.uon: II3 .UBYX rrpy)KIIH U1 = 
t,,X

2 /2, BO BTOpoM - U2 = Fx2 /2l (cM. 3a.uaqy 7(a)), IIO3TOMY 

U ( X) = ( K, + ~) x2
• 

KIIHeTIItJecKaH 3Heprm1 TO'IKII T = mi:2 /2, crre.uoBaTeJihHO, qacTOTa ee 

KOne6aHIIH 

w= 
2(,,,, + F fl) 

m 

20. HaH.UIITe HOpMaJihHhJe KOJie6aHII51 II co6CTB€HHhJe qacTOTbl ,1lJI51 CIICTeM 

(a) 
1 w2 

L = -(i:2 + il) - __Q_(x
2 + y2

) + axy 
2 2 

(.uBa O.UIIHaKOBhIX OCUIIJIJI51TOpa C co6CTB€HHOH 'IaCTOTOH Wo, CB51-

3aHHhJe B3aIIM0,1l€HCTBII€M - axy). 
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(b) 
L l ( -2 . . -2) 1 ( 2 2) = 2 x + xy + y - 2 x - x,y + y . 

21. Haii:.ru:ITe TpaeKTop:mo .D;BlDKemrn qaCTIU~bl B neHTpaJibHOM none U = 
kr2 /2 (TaK Ha3hrnaeMbIM npocmpaucmaeuubiu ocv,u.11,.11,amop). 

PemeHHe: KaK II BO BC.SIKOM neHTpaJibHOM none, .D;BII)K8HHe nJIOCKOe. 

B KaqecTBe nJIOCKOCTII .D;BH)K8HH.SI Bb16epeM nJIOCKOCTb X' y. lfaMeHe

HIIe Ka)K.IJ;0M H3 KOOp.D;HHaT x, y - npocToe KOJie6aHHe C O.D;HHaKOBblMH 

qacTOTaMH w = ~: 

x = acos(wt + a), y = bcos(wt + /3) 

HJIH 

x = a cos <p, y = b cos( <p + 8) = b cos 8 cos <p - b sin 8 sin <p, 

r.ne BBe.n;eabl 0603aaqeHH.SI <p =wt+ a, 8 = /3 - a. Onpe.n;eJIHB OTCIO.n;a 

cos <p H sin <p H COCTaBIIB CJMMY IIX KBa.n;paTOB, norryqHM ypaBH8HIIe 

x2 y2 '2xy . 2 
a 2 + b2 - ab cos 8 = sm 8. 

3To - 3JIJIHnC C neHTpOM B aaqarre KOOp.n;HHaT. IlpH 8 = 0 HJIH 7r 

TpaeKTOpH.SI BhlpO)K,naeTc.SI B OTpe3KH np.SIMOH. (IIorre U = kr2 /2 - em;e 

O.D;HH rrpHMep neHTpaJibHOro IIOJI.SI, B KOTOpOM .D;BH)K8HHe rrpOHCXO.D;HT no 

3aMKHJTOH KpHBOH.) 

22. Orrpe.n;eJIHTe .D;IICCIIIIaTIIBHYIO <pyHKllHIO. KaKHe H3M8H8HH.SI npeTeprre

BaIOT ypaBHeHH.SI JiarpaH)Ka rrpH HaJIJiqHlf .D;HCCHnaTHBHbIX nponeccoB? 

KaKOH <pII3HqeCKHH CMbICJI HMeeT .D;HCCHIIaTHBHa.SI <pJHKllH.SI? 8 KaKHX 

CJiyqaax KOJie6aHH.SI OCllHJIJI.SITOpa 6y.n;yT 3aTyxaIOI.U;HMH, arrepHO.n;Hqe

CKHMH? CpaBHHTe aMIIJIIITy.n;y H qacTOTY CB060.D;HbIX H 3aTyxaIOI.U;HX 

KOJie6aHHH. 

23. Haii:.n;HTe aMIIJIHTy.n;y H aaqaJibHJIO <pa3y BhlHJ)K.D;8HHbIX KOJie6aHm1: npH 

HaJIJiqHJI TpeHII.SI B crryqae nepHO.n;lfqecKOM BH8IIIHeH · CHJibl. PacCMO

TPHTe o6JiaCTb .n;HcrrepcHOHHoro rrornorn;eHII.SI. CpaBHHTe noKa3aTeJib 

3aTyxaHH.SI C rronynrnpHHOH pe3oHaHCHOH KPHBOH. 

24. Haii.n;HTe pellleHHe ypaBHeHII.SI 

x + 2.,\j; + w5x = J(t), 
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OIUICblBaIOIUee BhIHy2K,n;eHHbie KOJie6amrn rrpli Hamrrmli TpemiH, MeTO

,IJ;OM IPYHKQiill rpIIHa. 

PeIIIeHJie: CornacHo rryHKTY 3 rnaBhI VII neKUIIH rrpe.n;cTaBIIM peme

Hlie ypaBHeHliH KaK 

x(t) = 1_:00 

G(t, i)J(i)di. 

<PyHKUliH rpliHa G ( t, t) y,n;OBJieTBOpHeT ypaBHeHIIIO 

G + 2)..G + w5G = b(t - i), 

pemeHIIe KOTOporo 6y,n;eM IiCKaTh B Bli,IJ;e 

, 1 /+oo . ( ') G(t, t) = - g(w)e-iw t-t dw. 
27r -oo 

IIo,n;cTaBIIB B rrpe,n;bI,IJ;yIUee ypaBHeHIIe ,Il;J15I g ( w)' IIOJIY'lliM 
' 

1 
g(w) = w5 + 2i>..w - w2' 

cne,n;oBa TeJihHO, 

, 1 j+oo e-iw(t-i) 
G(t t) = -- -----dw 

' 27r -oo (w - w1)(w - w2) ' 

r,n;e 

W1,2 = i>.. ± Oo, Oo = Jw5 - >..2. 

II pli t - to < 0 3aMKHeM KOHTYP B BepxHeii IIOJIYIIJIOCKOCTli - liHTerpaJI 

,n;acT HYJih, a rrpli t-to > 0, 3aMKHYB KOHTYP B Hli2KHeii IIOJIYIIJIOCKOCTii 

II IICIIOJih3YH TeopeMy o BhitJeTax, rronytJIIM 

G(t, i) = { e->.(t-i)sin~o(t - i)/Oo rrpII t - i > 0, 
rrpII t - i < 0. 

li:ITaK,'pemeHIIe IIcxo,n;Horo ypaBHeHIIH c HatJaJihHhIMli ycnoBIIHMli x(O) = 
±0 = 0 IIMeeT BII.n; 

x(t) = ~o Jot J(i)e->.(t-i)sin00 (t - i)di. 

25. Orrpe,n;eJIIITe BhIHy2K,n;eHHbie KOJie6aHli5I rrpli HaJili'llili TpeHIIH rro,n; ,n;eii

CTBlieM BHemHeii CliJibl f = foe 0 t cos ryt. 
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8. K rJiaBe ".llB1uKeH11e TBep.noro TeJia" 

1. IloKa)KIITe, qTO qIICJIO CTerreHeH CB060.llhl TBep.noro TeJia paBHO 6. Ka

KIIe CIICTeMhI KOOp,llIIHaT rrpIIHHTO IICIIOJib30BaTh ,llJIH OIIIICaHIIH .llBII)Ke

HIIH TBep,lloro TeJia? Cq:iopMyJIIIpy:iiTe TeopeMbI 3ii:Jiepa II IllaJIH. 

2. lloKa)KIITe, qTO MaTpm:i;a 6eCKOHeqHO MaJioro IIOBOpOTa CIICTeMbI KOOp

,llIIHaT MO)KeT 6bITh rrpe,llCTaBJieHa B BII,lle 

A = j + €, Cik = -€ki· 

Orrpe,lleJIIITe IIOHHTIIe "BeKTOp yrJIOBOH CKOpOCTII" BparueHIIH TBep.noro 

TeJia. KaKOBa rrpIIqIIHa rrceB,llOBeKTOpHoro xapaKTepa yrJIOBOH CKOpo

CTII? 

3. IlyCTb K - CIICTeMa KOOp,llIIHaT, CBH3aHHM C HeIIO,llBII)KHOH IIHepu;IIaJih

HOH CIICTeMOH OTcqeTa, KOTOpM IIMeeT o6w;ee HaqaJIO C )KeCTKO CBH3aH

HOH c TBep.llbIM TeJIOM cIIcTeMoii: KOOp.llIIHaT k. IlycTh opIIeHTaa;IIH k 
II3MeHHeTCH co BpeMeHeM OTHOCIITeJihHO K corJiaCHO 

ei = Ail(t)k1 

(ei, k1 - 6a3IICHbie BeKTOpbI K II' K COOTBeTCTBeHHO). HaH,llIITe CBH3b 

yrJIOBOH cKopocTII rroBopoTa k OTHOCIITeJihHO K c MaTpIIa;eH A. 

4. IloqeMy KOMIIOHeHTbI MOMeHTa IIHepa;IIII TBep.noro TeJia o6pa3yIOT TeH'-

3op? lloKa)KIITe TeopeMy rron:reHca - llITeii:Hepa. 

5. CKOJibKO Bpaw;aTeJihHbIX CTerreHeii: CB060.llhl IIMeeT poTaTop? OrrIIIIIIITe 

HBJieHIIe peryJIHpHOH. rrpeuecCIIII CIIMMeTpIIqecKoro BOJiqKa II HaH,llIITe 

ee CKOpOCTb. 

6. Han:,llIITe rJiaBHble MOMeHTbI IIHepa;IIII MOJieKyJI, paccMaTpIIBaeMhIX KaK 

CIICTeMhI aTOMOB, HaXO.llHIUIIXCH .Ha HeII3MeHHOM paCCTOHHIIII .npyr OT 

.llpyra B cne.nyrow;IIx cJiyqaHx: 

(a) aTOMbI paCIIOJIO)KeHbI no O,llHOH rrpHMOH. 

PemeHHe: BbI6epeM KOOp,lllrnaTHYIO OCb x ITO rrpHMOH paCIIOJIO)Ke

HIIH aTOMOB II IIOMeCTIIM ee HaqaJIO B u;eHTpe IIHepUIIII, T .e. IIOJIO

)KIIM I:miXi = 0 (cyMMIIpOBaHIIe pacrrpocTpaHeHo Ha Bee aTOMbI). 

3To ycJIOBIIe BMeCTe c oqeBII,llHbIM Xa = Xb + lab, r.ne lab - paccTO

HHIIe Me)K,lly aTOMaMII a II b, II03B0n;HeT orrpe,lleJIIITb KOOp,llIIHa,Ty 

a-ro aTOMa: 

maXa + LmbXb =} Xa(ma + Lmb) = Lmblab, 
b=pa b=;!:a b=;!:a 
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II03TOMY 
I:bta mblab 

Xa=--'------, 
m 

r.ue m - cyMMa Mace Bcex aTOMOB. PaccMaTpHBaeMrur MOJieKyna B 

BH,lle JIHHeMHOM uerroqKH aTOMOB - poTaTop, T.e. 11 = 12; /3 = 0, 
rrpHqeM 

11 = I:mix; = max~ +I:mbx~ = 
bfa 

x~(ma + L mb) - 2xa L mblab + L mbl~b = -mx~ + L mbl~b· 
bfa bfa bfa bfa 

IIo.ucTaBrrB Xa, HMeeM 

""' 2 (I:bta mbl~b)
2 

1 ""' [ ""' ] Ji = ~ mblab - -~---- = - ~ mblab mlab - ~ mblab 
bfa m m bfa bfa 

_!_ L mblab [malab + L mblab - L mblab] . 
m bfa bfa bfa 

MTaK, 

1 ""' 2 11 = 12 = - ~ mamblab ' !3 = 0. 
m bfa 

B qacTHOM cnyqae .llByxaTOMHOM MOJieKyJibI HMeeM 

2 m1m2 
11 = 12 = µl , µ = ---, 

m1+m2 

r.ue l - paCCT05IHHe Me)K.uy aToMaMH. 

(b) aTOMbl pacrrOJIO)KeHbI B BepIIIHHax paBH06e.upeHHOrO TpeyrOJibHHKa 

c OCHOBaHHeM a H BbICOTOM h (pHC. 5). · 
PerueHHe: Mo)KHO cqHTaTh, qTo B cepe.UHHe ocHOBaHH5I cocpe.uo

ToqeHa Macca 2m1' II03TOMY BhI6op Haqana KOOp.llHHaT B ueHTpe 

1rnepUHH rrpHBO,llHT K ycJIOBHIO 

-2m1'Y1I + m2y2 = 0, 

KOTopoe BMecTe c oqeBH.llHhIM IY1 I + Y2 = h .uaeT 

Tor.ua 

m2 2m1 
IY1I = -h, Y2 = -h. 

m m 

11 = 2m1Yi + m2Yi = 2m1m2 h2. 
m 
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y 

X 

Pn:c. 5 

Pn:c. 6 

(c) aTOMbI pacnOJIO)KeHbI B BepIIIHHax npaBHJihHOH TpexyrOJibHOH nn:

paMH.IlbI BhICOToii h (pn:c. 6). 
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0TBeT: 

3m1 m2 2 m1 2 2 
11 = I2 = m h + 2 a , l3 = m 1 a . 

(3a,n;aqa }IBJrneTC}I rrp0CTpaHCTBeHHhIM BapIIaHT0M rrpe.n;hl,Il;y:w;eu: II 

pernaeTca aHaJiorIIqHo.) 

7. Hau:.n;IITe rJiaBHhle M0MeHTbl IIHepuIIII CIIJI0IIIHbIX 0,Il;H0p0.n;HbIX TeJI: 

(a) T0HK0ro CTep)KH}I ,Il;JIIIHOU: L' 

(b) rnapa pa.n;IIycoM R, 

( c) KpyroBoro UIIJIIIH.n;pa BbICOTou: h, pa.n;IIyc ocHOBaHIIa K0Toporo R, 

( d) rrpaMoyroJibHoro rrapaJIJierrerrIIrre.n;a, .n;JIIIHa pe6ep K0T0poro a, b, c, 

( e) KpyroBoro K0Hyca BbIC0TOU: h II pa.n;IIycoM 0CH0BaHII}I R. 

PemeHHe: HarroMHIIM, qTo 06b1qHo o.n;Hy II3 rJiaBHbIX oceu: IIHepuIIII 

CIIMMeTpIIqHhIX TeJI HarrpaBJI}IIOT no 0CII CIIMMeTpIIII' a HaqaJI0 KO0p

,Il;IIHa T BhI6IIpaIOT B ueHTpe IIHepuIIII TeJia, TOr.n;a rJiaBHbie MOMeHTbl 

IIHepUIIII BblqIICJl}IIOTC}I no cpopMyJiaM 

I1 = I p(y2 + z2 )dV, I2 = I p(x2 +·z2)dv, [3 = I p(;2 + y2)dV, 

r.n;e X = X1, y = X2, .z = X3. 

(a) HarrpaBIIM OCb z ITO CTep)KHIO C HaqaJI0M B ero ueHTpe IIHepuIIII. 

5IcHo,qTO [3 = 0, 

J,
L/2 

11 = 12 = "' z2dz, 
L/2 

r.n;e "' = m/ L - JIIIHeu:Haa IIJIOTHOCTb cTep)KHa. MHTerpIIpya, no-

rryqaeM 
mL2 

I1 = I2 = --. 
12 

(b) BbI6epeM HaqaJio Koop.n;IIHaT B ueHTpe imepuIIII rnapa. IIocKOJibKY 

.n;Jia rnapa 11 = 12 = 13 = I, TO 

I1 + 12 + 13-·= 31 = 2p J r2dV = 2;foR r4d) fo1r sin0d0 fo2

1r d<p . 

OKOHqa TeJibH0 

2 2 I= -mR · 
5 ' 
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( C) 8h16epeM Ha"tJaJIO KOOp,z:urnaT B n;eHTpe :irnepn;HH D;HJIHH,llpa H Ha

rrpaBHM OCh z ITO ero OCH. B D;HJIHH,llpH"'IeCKHX KOOp,llHHaTaX 

x = r cos <.p, y = r sin <.p, z = z 

HMeeM 

J j h/2 lo21r loR mR2 
13 = pr2 · rdrd<.pdz = p dz d<.p r3dr = --, 

-h/2 0 0 2 

11 = j p(r2 
cos

2 
<p + z2 )dV = ; ( R2 + ~

2
), 12 = 11. 

(d) Bhl6epeM KOOpJIHHaTHhie ocH x, y, z rrapanneJihHO pe6paM a, b, c, a 

HX Ha"tJano B n;eHTpe HHepn;HH rrapannenerrHrre,IIa. 

j c/2 ja/2 jb/2 r,i 
11 = p dz (y2 + z2)dydz = -(b2 + c2). 

-c/2 -a/2 -b/2 12 

(e) Bhl"'IHCJieHHSI yrrpomaroTca, eCJIH Bhl6paTb Ha"tJaJio KOOp,lllrnaT a 

BepIIIHHe KOHyca, OCb z - B HarrpaBJieHHH ero OCH H rrepeHTH K 

D;HJIHH,llpH"'leCKHM KOOp,llHHaTaM 

i = r cos <.p, y = r sin <.p, i = z. 

Tor,IIa 

. 13' = J p(i2 + y2)dV = p fo27r d<.p foh dz fozR/h r3dr = 13omR2, 

1 
m = PfrrR2h. 

CoaepIIIeHHO. aHaJIOrH"'IHO BhI"lJHCJISIIOTCSI 

lo2:rr !oh lozR/h 
Ii' = p d<.p dz (r2 sin

2 <p + z2)rdr; 
0 0 0 . 

{21r fh fzR/h 
12' = p lo d<.p lo dz lo (r

2 
cos

2 
<p + z2

)rdr. 
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B _pe3yJI~TaTe rrony-qaeM 

1 1 3 (R2 
2) f 1 = 12 = 5m 4 + h . 

UeHTP 1rnepu1ur KOHyca Haxo.UMTCH Ha ero ocn, aero pacrroJIO)I(eHire 

Bbll!MCJI5IeTC5I no cpopMyJie 

f pzdV 
a= f pdV ' 

"l!TO .naeT a= (0, 0, 3h/4). McrrOJib3YH Terrepb Ir3BeCTHOe COOTHO

IIIeHire 

Ii~ = Iik + m(a2<5ik - aiak), 

rrony-qaeM 

, 2 3 (R2 h
2
) , 11 = 12 = 111 - ma = 

20 
m + 4 , Ia = 13 . 

8. KaK Bbipa)KaeTCH KMHeTM"lleCKM ,rneprMH CMMMeTpM"lleCKOrO BOJI"l!Ka "lle

pe3 3fmepOBbl yrJibI? Haii:.UMTe Bblpa)KeHire KOMIIOHeHT BeKTOpa yrJIOBOH 

CKOpOCTM B HeIIO.UBM)KHOH CMCTeMe KOOp,UMHaT -qepe3 yrJibl 8:u:nepa. 

9. Haii:,nnTe KMHeTM"l!ecKyro 3Heprnro CMCTeMhI, Ir306pa)KeHHOH Ha pnc. 7. 
ToHKne o,nHopo,nHble cTep)KHM O A n AB c o.nnHaKOBhIMM Macco:i1 m n 

,nJinHoii: l rnapHnpHo CKperrneHhI B TO"l!Ke A. CTep)KeHb O A BpamaeTcH 

B IIJIOCKOCTM pncyHKa BOKpyr TO"l!KM O' a KOHeu CTep)KHH AB CKOJlb3MT 

B.UOJih oclI Ox. 

PerneHHe: CKopocTb ueHTpa lIHepuMn cTep)KHH OA, Haxo.nHmerocH Ha 

ero cepe.UlIHe, ecTh lrp/2, r.ue <p - yron AOB. KMHeTlI"lleCKM 3HeprlIH 

cTep)KHH OA 
l2 -2 I 

T-m <p _-2 
l- 8 +2<p 

JlnH Toro "l!T06bl BhIIIlICaTh KlIHeTlI"llecKyro 3Heprliro CTep)KHH AB, Ha:u:

.neM KOOp,UMHaTbl lI KOMIIOHeHTbl CKOpOCTlI ero ueHTpa MHepUirlI. J1erKO 

BlI.UeTb (cM. plIC. 7), "l!TO KOOp,UlIHaTbl ueHTpa lIHepUirlI CTep)KHH AB 
eCTb 

3l l . 
x = 2 cos <p, y = 2 sm <p, 

IIO3TOMY 

ml
2 

( • 2 ) . 2 I • 2 T2 = 8 1 + 8 sm <p <p + 2<p • 
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y 

A 

0 B X 

PIIC. 7 

IIo,ncTaBIIB MOMeHT IIHep:a;IIII ( CM. 3a,naqy 7 (a)), ,IJ;JUI KIIHeTII'lleCKOH 3Hep

rIIII CIICTeMbI, 110JIY'llIIM 

10. Han:,nIITe KIIHeTII'llecKyIO 3HeprIIIO :UIIJIIIH,npa pa,nIIyca R, Kanun;erocg 

110 Hel10,IJ;BII)KH0H 11JIOCKOCTII. Macca :UIIJIIIH,npa pac11pe,nerreHa 110 ero 

o6'beMy TaK, 'tJTO O,IJ;Ha II3 rrraBHbIX ocen: IIHepn;IIII 11apaJIJieJibHa OCH 

:UIIJIIIH,npa II 11pOXO,IJ;IIT Ha paCCTOgHIIII a OT Hee. MoMeHT IIHep:a;IIII 

OTHOCIITeJibHO 3TOn: OCH ecTb I. 

E.eureHue: BBe.neM yrorr r.p Me)K,ny BepTIIKaJihIO II 11ep11eH,nIIKyrrgpoM, 

011ymeHHblM II3 :a;eHTpa IIHep:a;IIII Ha OCb :UIIJIIIH,npa. B Ka)K,ZJ;bIH MOMeHT 

PIIc. 8 
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BpeMeHH .UBH2KeHHe D;HJIHH.Upa MO2KHO paccMaTpHBaTb KaK qHCTOe Bpa

ru;eHHe BOKpyr MrHOBeHHOM OCH, COBIIa.n;a10ru;el1: C JIHHHeM corrpHKOCHOBe

HH51 C HeIIO.UBH)KHOM IIJIOCKOCTblO. lfaBeCTHO, qTo yrJIOBaa CKOpOCTb Bpa

ru;eHHH TBep.uoro Tena BOKpyr rrapaJIJieJihHbIX ocel1: O.UHHaKOBa, IIO3TOMY 

yrJIOBaH CKOpOCTb Bparu;eHHH BOKpyr MrHOBeHHOM OCH eCTb cp. UeHTp 

HHepu;HH D;HJIHH.n;pa HaXO.UHTCH Ha pacCTOHHHH ✓ a 2 + R2 - 2aR cos r.p 
OT MrHOBeHHOM OCH (cM. pHC. 8), aero CKOpOCTb 

V = cp/ a2 + R2 - 2aR cos r.p, 

IIO3TOMY 

T = ; cp2 (a2 + R2 
- 2aRcos r.p) + f cp2

. 

11. Hal1:.n;HTe KHHeTHqecKyIO 3HeprHIO O.UHOpO.n;Horo D;HJIHH.n;pa pa.n;Hyca a, 
KaTaru;eroc51 no BHyTpeHHel1: CTOpOHe D;HJIHH,UpHqecKOM IIOBepXHOCTH pa

.UHYCa R (pHc. 9). 

PHc. 9 

Pememrn: BBe.n;eM yroJI r.p Me2K.n;y BepTHKaJiblO H JIHHHel1:, coe.n;HHHIO

ru;el1: u;eHTpbI 060Hx u;HJIHH.n;poB. UeHTp HHepu;HH KaTaru;eroc51 u;HJIHH.n;pa 

Haxo.n;HTCH Ha ero ocH, a ero CKOpOCTh V = (R - a)cp. KaK H B rrpe

.UhI.n;yru;el1: 3a.n;aqe, yrJIOBYIO CKOpOCTb 6y.neM BbiqHCJIHTb KaK CKOpOCTb 

qHCTOrO Bparu;eHH51 BOKpyr MrHOBeHHOM OCH, COBrra.ua10ru;el1: C JIHHHeM 

corrpHKOCHOBeHHH D;HJIHH.UPOB: 

n V .R-a 
H = - = r.p--. 

a a 

Tor.na 

T =; (R - a)2cp2 + ~n2 = 3: (R- a) 2cp2
, 

3.n;ecb J 3 - MOMeHT HHepu;HH OTHOCHTeJibHO OCH D;HJIHH.n;pa, KOTOpbIM 

cornacHo pe3yJihTaTaM 3a.n;aqH 7(c) paBeH ma2 /2. 
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12. Han.z:uue KIJ:HeTHqecKyIO 3HeprHIO O.IlHOPO.IlHOrO KOHyca, KaT.sillleroc.si: no 

IlJIOCKOCTH (pHC. 10). 

z 

\ 
' iy 

A 

X 

PHc. 10 

PemeHHe: BBe.n:eM yrorr 0 Me)K.n:y O A - JIHHHeft conpHKOCHOBeHH.si: KO

Hyca C IlJIOCKOCThIO H KaKHM-JIH60 HanpaBJieHHeM B 3TOM IlJIOCKOCTH, 

C KOTOpbIM CB.sI)KeM OCh X HeITO.IlBH)KHOH CHCTeMhl KOOP.IlHHaT .• UeHTp 

HHep:a;HH KOHyca HaXO,llIITC.sI Ha ero OCH, a ero CKOpOCTh V = 0a cos a, 
r.n:e a - paCCTO.sIHHe :u;eHTpa HHep:a;HH OT BepnrnHhl KOHyca, O:' - yrorr ero 

rrorrypaCTBOpa. Bb1qHCJIHM yrrroByIO CKOpOCTh BpameHH.sI KaK CKOpOCTh 

qHcToro BpameHH.si: BOKpyr MrHOBeHHOM ocH OA: 

V n = . = iJ . ctg O:'. 
asm a 

Bh16epeM O.IlHY H3 rrraBHhIX oceft KOHyca - OCh z B HarrpaBJieHHH OCH KO

Hyca, a OCh y - rreprreH,llHKyrr.si:pHO KaK K OCH KOHyca, TaK H K JIHHHH O A 
(HaIIOMHHM, qTO rrraBHhie OCH HHep:a;HH .sIBJI.sIIOTC.sI OC.sIMH )KeCTKO CB.sI-

3aHHOM C TeJIOM CHCTeMhl KOOp,llHHaT). Tor.n:a npoeK:QHH rraparrrreJihHOro 

OA BeKTOpa n Ha rrraBHhle OCH HHep:u;HH eCTh n sin a, 0, n cos O:'. B 

pe3yJihTaTe .IlJl.sI HCKOMOM KHHeTHqecKOM 3HeprHH norryqaeM 

T ma20·2 2 110·2 2 h0•2cos4a = -- cos a+- cos a+- --2- = 
2 2 2 sin a 

3mh2 ·2( 2 
4()0 1 + 5 cos a). 
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3.uecb h - BhICOTa KOHyca, 3Haqemrn: a, 11, 13 nonyqeHbI npH peIIIeHHH 

3a,uaqH 7(e). 

13. Haii:,UHTe KHHeTHqecKyIO :rneprHIO O,UHOPO.UHOro KOHyca, OCHOBaHHe KO

TOporo KaTHTCa no ITJIOCKOCTH, a BepIIIHHa IlOCTOaHHO HaXO.UHTCa B 

TOqKe Ha.u IlJIOCKOCTbIO Ha BbICOTe, paBHOH pa,uHycy OCHOBaHHa, TaK 

qTO OCb KOHyca npH .UBH)KeHHH OCTaeTCa napaJIJieJibHOH ITJIOCKOCTH. 

z 

y 

I X 

PHc. 11 

PellleHHe: BBe,UeM yroJI 0 Me)K.uy 3a,UaHHbIM HanpaBJieHHeM B IlJIOCKO

CTH H npoeKIIHeii: Ha Hee OCH KOHyca (pHC. 11). I1cnOJib3ya o603HaqeHH!f 

npe,UbI.UYIUeii: 3a,uaqH, .una CKOpOCTH IIeHTpa HHepIIHH HMeeM V = a0. 
B KaqecTBe MrHOBeHHOH OCH BpameHHa BbI6epeM 06pa3y10my10 KOHyca 

OA, npoBe,ueHHYIO B TOqKy ero conpHKOCHOBeHHa c nnocKOCTbIO. UeHTp 

HHepIIHH HaXO.UHTCa Ha paCCTOaHHH a sin a OT MrHOBeHHOH OCH, H rro-

3TOMY 

n = V 0 
a sin a sin a 

EcJIH BbI6paTb OCb y )KeCTKO CBa3aHHOH C KOHYCOM CHCTeMbI KOOP.UHHaT 

rrepneH,UHKyJiapHO OCH KOHyca H JIHHHH O A, TO .una rrpoeKIIHH BeKTOpa 

n Ha r JiaBHbie OCH HHepIIHH nonyqHM 

n sin a = iJ, 0, n cos a = 0 · ct g a. 

Ilo3TOMY KHHeTHqecKaa 3HeprHa 

ma2 
·2 I1 · J3 • 3mh2 

• 
T = -0 + -02 + -02ctg2a = ---02 (1 + 5 cos

2 a). 
2 2 2 40 cos2 a 
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14. Orrpe,nemue rromITlie MOMeHT CIIJI. B KaKOM CJiy-trae MOMeHT CIIJI, rrpII.:. 

JIO)KeHHblX K CIICTeMe n qaCTIIU, He 3aBIICIIT OT Bbl6opa TOqKII, OTHOCII

TeJihHO KOTOpoii OH orrpe,neJieH? 

15. OIIIIIIIIITe .llBil)KeHile T5.C)KeJIOrO CIIMMeTpilqeCKOrO BOJiqKa. 8 qeM CYTb 

II rrpI1qI1Ha 5.CBJieHil5.C HyTaUIIII? 

9. K rJiaBe ".IIBH:>KeHHe B HeHHepUHaJibHOH CHCTeMe OTcqeTa. 

IlpHHUHn 3KBHBaJieHTHOCTH" 

1. 3aIIIIIIIHTe <PYHKUHIO JiarpaH)Ka MaTepI1aJibHOH TOqKII 

(a) B paBHOMepHO ycKopeHHOH CIICTeMe OTcqeTa. 

PeweHHe: IlycTh CIICTeMa K(±, y, i) .llBil)KeTC5.C c ycKopeHHeM a= 
const B.llOJib ocII x CIICTeMhI K(x, y, z), Tor,na 

X = (x)' + at, y = Y, z = i; 

L =; (±2 + iJ2 + i 2
) - U =; (v2 + 2x'at+ a2t2

) - U. 

OrrycKM a
2t2 KaK IIOJIHYIO rrpOI13B0.llHYIO OT a2t3 /3 II yqIITbIBM, 

qTO 

2±' at = ! (2axt) - 2a±, 

OKOHqaTeJibHO rronyqaeM 

mv2 

L=---max-U 
2 ' 

T .e. IIOCT05.CHHOe ycKopeHHe CIICTeMbl OTCqeTa rrp05.CBJI5.CeTC5.C KaK , 
HaJIIlqne .llOIIOJIHIITeJihHOrO 0.llHOpO,n;Horo IIOJI5.C. 

(b) B paBHOMepHO Bpama10meiic5.C CIICTeMe OTcqeTa. 

PeweHHe: B UHJIIIH.llpilqecKIIX KOOP.llHHaTax C OCblO z B)];OJib 

OCII BpameHil5.C KOOP.llIIHaTbl HeIIO.llBil)KHOH CIICTeMbl OTcqeTa II CII

CTeMhI, apama10meiiC5.C OTHOCIITeJibHO Hee C yrJIOBOH CKOpOCTblO w, 
CB5.C3aHbl cor JiaCHO 

p = p, z = i, cp = r.p + wt, 
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2. 3amnmFre <pyHKUHIO Jiarpam1rn MaTepHaJihHOii. TOtJKH, .D;BH)Kymeiica 

CB06o,nHO no IIOBepxHOCTH paBHOMepHO BpamaIOI.UHXC51 

(a) IIJIOCKOCTH, paCIIOJIO)KeHHOli rro.n yrJIOM Q K OCH BpameHH5I; 

(b) UHJIHH,npa, OCb KOTOporo rreprreH,nHKYJI5IpHa OCH BpameHH5I; 

( C) KOHyca, OCb KOTOporo rreprreH,nHKYJI5IpHa OCH BpameHH51. 

PerneHHe: <l>yHKUH51 JiarpaH)Ka CB060,nHO .D;BH)Kymeiica TO'IKH B paB

HOMepHO Bpama10meftc51 CHCTeMe OTCtJeTa HMeeT BH.D; 

L mv2 
.... [n ;;'I m[Orf = -- + mv ~,r1 + --

2 2 

(cM. rnaay IX neKUHii). 

z 

X 

PHc. 12 

(a) Bb16epeM OCH x, y )KeCTKO CB513aHHOli C IIJIOCKOCTblO CHCTeMbI KO

op.n;HHaT TaK, KaK IIOKa3aHO Ha pHC. 12 .. Tor.na 

r{ x, Y, 0}; v{ i:, Y, 0}; O{O, n cos a, n sin a}. 

llo3TOMy· 

. 2 

L = ; ( ±2 +·1i2 ) + mn sin a(xy - yi:) + m~ (x2 + y2 sin2 a). 

(b) Bb16epeM OCb X )KeCTKO CB513aHHOli C UHJIHH,npoM CHCTeMbl KOOp

.D;HHaT no OCH BpameHH51, a OCb z ITO OCH UHJIHH,npa (cM. pHC. 13). 
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x,n 

y 

PHc. 13 

Tor.n;a 

f{r cos <p, r sin <p, z }; v{ -rep sin <p, r<p cos <p, i }; n{n, 0, O}. 

IlonoMy 

L = ; (r2 cp2 + z2
) +mrO(i sin <p-zcp cos <p)+ m~

2 

(z2 +r2 sin2 <p). 

( C) HarrpaBHM OCb X )KeCTKO CB.sI3aHHOH C KOHyCOM CHCTeMbI KOOP.UHHaT 

no OCH apameHH.sI, a OCb z ITO OCH KOHyca (cM. pHc. 14). 

x,n 

y 

PHc. 14 

Tor.n;a O{O, 0, 0}, 

.1 ► 
! z 
! 
I 

I 

x = rsinasin<p; y = rsinacos<p,z = rcosa; 
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vx = r sin a sin cp + rep sin a cos cp, Vy = r sin a cos cp- rep sin a sin cp, 

Vz = TCOS a. 

IIo:noMy 

L = ; (r2 + r 2 ep2 sin2 a) + mr2Dep sin cp sin a cos a+ 

mD2r 2 (cos2a + sin2acos2 cp). 
2 

3. KaKIIe CIIJihI .ueii:cTBYIOT Ha Teno, .UBII2Kymeeca co CKopoCThIO v B He

IIHepn;IIaJihHOH CO? KaKon perrhc 2Kerre3HOH .uoporII II3HamIIBaeTca 60-

Jihme rrpII .UBII2KeHIIII rroe3,UOB B I02KHOM HanpaBJieHIIII? KaK II3MeHaeTca 

:-:meprIIa Terra II3-3a BpameHIIa co C IIOCTOaHHOH yrJIOBOH CKOpOCTbIO? 

4. Han,UIITe OTKJIOHeHIIe CB060.UHO rra.uaromero Terra OT BepTIIKaJIII, o6y

CJIOBJieHHOe BpameHIIeM 3eMJIII. 

PerneHne: Han,ueM ypaBHeHIIe .UBII2KeHIIa qacTIIUhI Maccon m B6JIII3II 

rroBepxHOCTII 3eMJIII. Bb16epeM IIHepn;IIaJihHYIO CIIcTeMy OTcqeTa (MCO) 

K c HaqarroM 6 B n;eHTpe IIHepn;IIII (UM) CorrHn;a II c ocaMII, Hanpa

BJieHHhIMII Ha "Heno,uBII2KHhie" 3Be3,ubl. OTHOCIITeJihHO 3TOH MCO UM 
3eMJIII .UBII2KeTca no 3JIJIIIrrcy rro.u .uencTBIIeM CIIJihl rrpIITa2KeHIIa CorrH

ua, KpoMe Toro, 3eMrra MeHaeT CBOIO opIIeHTan;IIIO OTHOCIITeJihHO K c 

yrJIOBOH CKOpOCThIO w ~ 7, 3. 10-5c-1, KOTOpyro 6y,ueM cqIITaTh IIOCTO

aHHOH. BBe,n;eM TaK2Ke co K, 2KeCTKO CBa3aHHYIO C 3eMrren, C HaqaJIOM 

0 B UM 3eMJIII. YpaBHeHIIe .UBII2KeHIIa qacTIIUhI B non CO IIMeeT BII.U 

ma= ff - ma3 - 2m[w, vJ - m[w, [w, f1J. 

3.uecb F = F'3 +Fe+~' 

D _ GmM3 ... 
r3 - - --r 

r3 

- CIIJia rrpIITa2KeHIIa qacTIID;bl K 3eMrre; 

... mMc:.. 
Fc=-G--r 

f3 

- CIIJia rrpIITa2KeHIIa qacTIIUbl K CorrHn;y; 

<I> - .upyrIIe CIIJihl, B TOM qIIcrre II .UMCCIIIIaTIIBHhie, HaIIpIIMep CIIJia co-

npOTIIBJieHIIa B03.Uyxa; 
GMc ... 

a3 = - -3-r3c 
T3c 
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- ycKopemrn UI1 3eMJIH OTHOCHTeJihHO k, a r 3c - paccTOSIHHe 3eMJISI

Conmi;e (Me)K,uy ToqKaMH OM O); f' M f' - pa,uHych1-BeKTOpb1 qacTHUhI 

OTHOCHTeJihHO K H k. 
l.JaCTHUa .UBH)KeTC5I B6JIH3H IIOBepxHOCTH 3eMJIH, II03TOMY rrpH6JIH)KeH

HO MO)KHO rronaraTb r ~ R 3 << r3c. B 3TOM cnyqae CHJia rrpHT5I)KeHH5I 

K CoJIHUY Fe M CHJia, o6ycnaBJIHBaromaSI ycKopeHHe a3 , KOMrreHcMpyroT 

.upyr ,upyra, qTo HCKJIIOqaeT paCCMOTpeHHe CB5I3aHHbIX C CoJIHUeM rrpM

JIHBHbIX 5IBJieHHH. B TaKOM rrpe,urrOJIO)KeHHH ypaBHeHHe .UBH)KeHH5I qa

CTMUbl rreperrmrreTC5I B BH,Ue 

ma= ff3 - 2m[w, vJ - m[w, [w, r1] + i. 

EcJIH JIHHeHHble pa3Mepbl o6JiaCTH, B KOTopo:ii: rrpOHCXO,UHT ,UBH)KeHHe, 

MHOro MeHbIIIe pa,uHyca 3eMJIH, TO C TOqKif 3peHH5I Ha6JIIO,UaTeJI5I, Haxo

.U5II.UerOC5I Ha 3eMHOH IIOBepXHOCTH, MO)KHO IIOJIO)KHTb f' ~ R3ii, r.ue n = 
R,3/ R3, M ,UJI5I ypaBHeHH5I .UBH)KeHH5I B 3TOH co IIOJiyqHM 

ma= mw - 2m[w, vj + i, 

r.ue 

.... .... GM3 .... 2R 0 
w = -n · R§ + np · w 3 cos 

- ycKopeHHe CB060.UHOro na,ueHH5I. 3.uech 'np - e,uHHifqHbIH BeKTOp, Ha

rrpaBJieHHbIH OT TOqKif Ha OCH BpameHH5I 3eMJIH rreprreH,UHKYJI5IpHO e:ii:, 

K .UBH)KYI.UeHC5I qacTHUe, 0 - reoueHTpMqecKa5I IIIHpOTa, yroJI Me)K,uy 

3KBaTOpMaJibHOH IIJIOCKOCTbIO H HarrpaBJieHHeM OT ueHTpa 3eMJIH K qa

CTHUe. B 6oJihIIIHHCTBe 3a,uaq, OT6pachlBaSI Manyro_ rrorrpaaKy (~ w2
), 

rronaraIOT 

GM3 j 2 
w ~ g = R§ ~ 9.8 M c , 

qero Mbl 6y,ueM rrpH,uep)KMBaTbC5I a ,uaJihHe:ii:IIIeM (g - ycKopeHHe CHJibl 

T 5£)KeCTH) . 

CnpaBKa: Om'H,OWe'H,UJI .Ma-x;cu.Ma.t1,b'H,bix Be.11,U'l/,U'H, 4e'H,mpo6e'JIC'H,OZO u 

-x;opuo.11,ucoBa yc-x;ope'H,UU i,,; yc-x;ope'H,U'/0 cu.11,bi mJI'JICecmu coomBemcmBe'H,-

'H,0 pa6'H,bi 
w2R3 
GM:~ 0,003, 

2wR§ _5 
GM3 v ~ 1, 5 · 10 V. 

B.11,u.H'H,Ue -x;opuo.11,ucoBoil cu.11,bi cma'H,0BumcJI cpaB'H,U.Mbi.M c B.t1,UJI'H,Ue.M· 4e-
'H,mpo6e'JIC'H,OU, ec.11,u ci,,;opocmb aBu'JICe'H,UJI me.11,a · 

wR3 2 Vo~ -
2

-. ~ 2,3 · 10 M/c. 
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,ll,.11,JI .Bcex v << v0 x:opuo.11,ucoBa cu.11,a .Ma.11,a no cpa611,e11,u10 c 4e11,mpo-
6eJ1C11,oii,; 

Ilmi: pernemur ypaBHemu1 .UBJDKeHn:a 

.... 2[ ........ ] .... V = V,W + g, §=g·n (1) 

BOCilOJib3yeMC5I MeTO.UOM IlOCJie.n;oBaTeJibHbIX npn:6Jill)K8Hllll, IlOJIO)KllB 
➔ ➔ ➔ -,, :+ ➔ 

.una :noro v = v1 + v2, r.ue v1 - perneHn:e ypaBHeHn:a v1 = g, T.e. 

V1 = gt + Vo ( Vo - HaqaJibHM CKOpOCTb). Ilo.n;CTaBJI5I5I VJ. + V2 B ( 1) ll 

OCTaBJI5I5I crrpaBa TOJibKO V1, nonyqaeM ypaBHeHn:e .UJI5I V2: 

£2 = 2[v1, w] = 2t[§, w] + 2[vo, w]. 

Pe3yJibTaT llHTerpn:poBaHH5I 3TOrO ypaBH8Hll5I IlO.UCTaBHM Br= V1. + V2, 
llHTerpn:pya KOTOpoe IlOJiyqaeM 

-+t2 t3 
.... h.... .... g [ ........ ] 2[ ........ ] r -:-- + v0t + 2 + 3 g, w + t v0 , w . (2) 

3.uech h - BeKTop HaqaJibHOro noJIO)KeHn:a qacTHUhI. 

Bb16epeM OCb z no BepTn:KaJin: BBepx, a OCb X - ITO Mepn:.un:aHy K nomocy; 

Tor.ua 

9x = 9y = 0, 9z = -g; Wx = WCOSA, Wy = 0, Wz = WSin,:\, 

r.ue ,:\ - rnn:poTa (KoTopyIO .una onpe.ueneHHOCTn: npe.urronaraeM ceBep

Hon). lIOJIO)KllB B (2) Vo = 0, Han.n;eM 

t3 
x = 0, y = - 3gwcos-\. 

IIo.ucTaBHB CIO.Ua Bp8M5I na.ueHll5I t ~ ~' nonyqn:M OKOHqaTeJibHO 

1 (2h) 312 

x = 0, y = - 3 9 gw cos ,:\ 

(oTpn:uaTeJibHbie 3HaqeHH5I y COOTB8TCTBYIOT OTKJIOH8HllIO Ha BOCTOK). 

5. Teno 6porneHO C IlOBepXHOCTll 3eMJill C HaqaJibHOll CKOpOCTbIO Vo. Han

.llllTe OTKJIOHeHn:e OT IlJIOCKOCTll npn: ero .llBll)K8Hllll. 
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PemeHne: BbI6epeM rrnocKOCTh (x, z) TaK, "<IT06b1 v0 Haxo.zumcsr B Hen. 

CornacHo ypaBHemno (2) rrpe.llhI.llYIUeft 3a.uaqn (Ha"<IaJihHaSI BbICOTa h = 
0) ,llJISI 60KOBOrO OTKJIOHeHHSI IIOJIY"<IHM . . 

HJIH, 110,llCTaBHB BpeMSI IIOJieTa t ~ 2Vozl g, 

6. Orrpe.ueJIHTe BJIHSIHHe, OKa3bIBaeMoe BparueHHeM 3eMJIH Ha MaJible KO

ne6aHHSI MaSITHHKa (MaSITHHK <PyKo). 

PemeHne: IlpeHe6perasr BepTHKaJihHhIM cMerueHHeM MaSITHHKa KaK 

MaJIOH BeJIH"<IHHOH BTOporo rropSI,llKa, 6y.ueM C"<IHTaTh, "<ITO MaSITHHK ,llBH

)KeTCSI B ropH30HTaJibHOH IIJIOCKOCTH xy. 3arrmneM ypaBHeHHSI ,llBH2Ke

HHSI B BM.Ile 
·· o2 2 · x+HX=WzY, 

r.ue n - qacroTa Kone6aHnn MaSITHHKa 6e3 yqeTa BparueHnsr 3eMJIH. 

YMHO)KJIB BTOpoe ypaBHeHHe Hai JI CJI02KHB C rrepBbIM, IIOJIY"<IHM ypaB

HeHHe 

,llJISI KOMIIJieKCHOH BeJIH"<IHHbl ~ = X + iy. IlpH Wz << fl peIIIeHHe 3TOrO 

ypaBHeHHSI HMeeT BH,ll 

HJIH 

X + iy = e-iwzt(Xo + iyo), 

r.ue cpyHKUHH xo(t), Yo(t) ,llaIOT TpaeKTOpHIO MaSITHHKa 6e3 yqeTa Bpa

rueHHSI 3eMJIH. BJIHSIHHe 3TOrO,,BparueHHSI CBO,llHTCSI, CJie,llOBaTeJibHO, 

K IIOBOpOTY IIJIOCKOCTH TpaeKTOpHH BOKpyr BepTHKaJIH. YrJIOBaSI CKO

pOCTb TaKoro IIOBOpOTa eCTb Wz, 

7. II0Ka2KHTe, "<ITO B CB060,llHO rra.ua10rueM JIH<pTe rpaBHTaUHOHHaSI CHJia 

KOMIIeHCHpyeTCSI HeHHepunaJibHOCTbIO Ha6JIIO,llaTeJISI. CcpopMyJIHpyiITe 

rrpHHUHII 3KBHBaJieHTHOCTH. 
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BHOrP A<l>Ht.IECKHE CBE.IlEHH51 

• BECCEJih <l>pH.n;pHx (BESSEL Friedrich) (1784-1846) - HeMeu

KIIM acTpOHOM, MexaHIIK II MaTeMaTIIK. Po,uIIJIC5! B MIIH.UeHe, -.:meH Eep

JIIIHCKOM AH. 

EecceJih ITO.UTBep,uIIJI paBeHCTBO IIHepTHOn: II rpaBIITaUIIOHHOn: Macchi 

B Ma5ITHIIKOBhIX 3KCITepIIMeHTax C .UOCTaTOqHo 60JihIIIOM ,UJI5! Toro Bpe

MeHII TOqHOCTbIO ( ~ 2 · 10-5
), Ero IIM5! HOC5IT UIIJIIIH,UpIIqecKIIe cpyHK

UIIII 1-ro po.ua (cpyHKUIIII EecceJia) II .UIIcpcpepeHuIIaJihHOe ypaBHeHIIe, 

KOTOpbIM OHII Y.UOBJieTBOp5IIOT, a TaK2Ke HepaBeHCTBO ,UJI5! K03(p(pIIUIIeH

TOB pa.ua <Pyphe ( HepaBeHCTBO EecceJia). 

• BHHE )KaK <l>mmnn (BINET Jacques Pilippe) (1786-1856) 
- cppaHUY3CKIIM MaTeMaTIIK, MexaHIIK II acTpOHOM. Po,uIIJIC5! B PeHe. 

l.JiieH IIapII2KCKOn: aKa,ueMIIII HayK. 

BBeJI TepMIIH "6eTa-cpyHKUII5!". I-fayqaJI JIIIHeMHhie pa3HOCTHbie ypaBHe

HII5! C ITepeMeHHhIMII K03(p(pIIUIIeHTaMII. vl3BeCTHa cpopMyJia, Ha3BaHHa5! 

ero IIMeHeM, KOTOpaa IT03BOJI5IeT HaMTII TpaeKTOpIIIO .UBII2KeHII5! TeJia B 

ueHTpaJihHOM ITOJie ITO 3a,UaHHOM ITOTeHuIIaJibHOM 3HeprIIII IIJIII OITpe.ue

JIIITh ITOTeHUIIaJihHYIO ~HeprIIIO ITO II3BeCTHOM TpaeKTOpIIII. 

• BOrOJIIOBOB HHKOJian HHKOJiaeBHq (1909-1992) - Bh1.ua10mIIn:

ca cpII3IIK-TeopeTIIK II MaTeMaTIIK, aKa,ueMIIK. Po,uIIJica B HII2KHeM HoB

ropo,ue. Pa6oTaJI B KIIeBCKOM yHIIBepcIITeTe, B IIHCTIITyTax AH YKpa

IIHhI, B MrY, B MaTeMaTIIqecKoM IIHCTIITyTe PAH, B O6'he.UIIHeHHOM 

IIHCTIITyTe a.uepHbIX IICCJie.UOBaHIIM. 

Pa3pa6oTaJI ( COBMeCTHO C H.M.KpbIJIOBbIM) HOBble MeTO,Ubl B TeOpIIII 

HeJIIIHeMHhIX KOJie6aHIIM II acIIMITTOTIIqecKoro IIHTerpIIpOBaHII5! HeJIII

HeMHbIX ypaBHeHIIM. Ilpe,uJIO)KIIJI o6mIIn: CITOC06 ITOJiyqeHII5! KIIHeTIIqe

CKIIX ypaBHeHIIM ,UJI5! KBaHTOBhIX CIICTeM II 3cpcpeKTIIBHbIM ITpIIeM ITO

CTpOeHII5! ueIToqeK ypaBHeHIIM .UJI5! cpyHKUIIM pacITpe,ueJieHII5! KOJIJieKTII

BOB qaCTIIU. CcpopMyJIIIpOBaJI MIIKpOCKOITIIqecKyIO TeOpIIIO CBepxTeKy

qeCTII II CBepxITpOBO,UIIMOCTII. llaJI CTporoe .UOKa3aTeJibCTBO .UIICITepCII

OHHhIX COOTHOIIIeHIIM B TeOpIIII CIIJibHbIX B3aIIMO.UeMCTBIIM. Ilpe,uJIO)KIIJI 

TpexTpIIITJieTHYIO KBapKOBYIO MO,UeJih II BBeJI HOBOe KBapKOBOe qIICJIO -

UBeT. Co3,uaTeJih KPYITHhIX HayqHhIX IIIKOJI ITO HeJIIIHen:Hon: MexaHIIKe, 

CTaTIICTIIqecKOM MexaHIIKe II KBaHTOBOM TeOpIIII ITOJI5I. 

• rAJIHJIEM raJIHJieO (GALILEI Galileo) (1564-1642) - BhI,UaIO

lllIIMC5! IITaJih5IHCKIIM (pII3IIK II acTpOHOM, O.UIIH II3 OCHOBaTeJien: Hayq

Horo ecTeCTB03HaHII5!, qJieH AKa,ueMIIII .uen:II JIIIHqeII. Po.UIIJICa B IlII3e. 
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CaMOCT051TeJihHO 1I3y-<nm Tpy.n;hl ApxMMe.n;a M EBKJIM.n;a. ITp0<peccop 

ITM3aHCKoro (c 1589 ro,n;a), a 3aTeM ITa,n;yaHcKoro yHMBepcMTeToB. B 

,n;aJihHe:n:rneM rrpM.n;BopHhIM qmnococp repuora Ko3MMO II Me,n;Mqll. 

OKa3aJI 3HaqMTeJibHOe BJIII51Hlle Ha pa3BIITMe HayqHOM MbICJIII. MMeHHO 

OT Hero 6epeT Haqano q:>M3IIKa KaK HayKa. CcpopMyJIIIpOBaJI ,n;Ba rrpIIH

UIIIIa - rrpMHUIIII OTHOCIITeJihHOCTII II rrpMHUIIII 3KBIIBaJieHTHOCTII, KO

TOpbie CbirpaJIII 3HaqIITeJihHYIO pOJib B pa3BIITIIII q:>II3IIKII. Y CTaHOBIIJI 

3aKOH MHepUMII (1608), 3aKOHbl CB06o,n;Horo rra,n;eHII51, ,lJ;Bll2KeHII51 Tena 

no HaKJIOHHOM IIJIOCKOCTII, Tena, 6porneHHOro rro,n; yrJIOM K ropll30HTY 

( 1604-1609)' II 3aKOH IIOCT051HCTBa rrepIIo,n;a KOJie6aHIIM Ma51THMKa. l13o-

6pen IIO,lJ;30pHyIO Tpy6y, a 3aTeM C03,n;aJI rrepBbIM TeJieCKOII. Bhl.n;BIIHYJI 

1I.n;e10 rrpIIMeHeHM51 MMTHIIKa B qacax. Orrpe,n;eJIIIJI y,n;eJihHhIM Bee B03-

,n;yxa. Ilo.n;BepraJIC51 roHeHII51M IIHKBII3IIUIIII 3a OTCTaIIBaHIIe reJIMOUeH

TpllqecKOM CIICTeMbl KorrepHIIKa. 

• r AMHJihTOH Bm1b.HM PoyaH (HAMILTON William Rowan) 
(1805-1865) - MpJiaH.n;CKIIM MaTeMaTIIK II q:>II3IIK, rrpe3n:.n;eHT MpnaH,n;

CKOM aKa.n;eMMII B Ily6JIIIHe. Po.n;IIJIC51 B Ily6nIIHe. OKoHqIIJI TpIIHIITM

KOJine,n;2K Ily6nIIHCKoro yHIIBepcIITeTa, c 1827 ro,n;a rrpocpeccop Ily6nIIH

cKoro YHMBepCMTeTa II .n;MpeKTOp acTpOHOMIIqecKOH o6cepBaTOPIIII. 

Pa3BIITM faMIIJibTOHOM aHanor1rn Me2K,n;y BOJIHOBOH II KOprrycKyJI51pHOH 

OIITIIKOM rroqTII qepe3 CTO JieT 6bIJia IICIIOJ1b30BaHa Illpe.n;MHrepoM rrpII 

q:>OpMyJIMpOBKe OCH OB KBaHTOBOM MexaHIIKII. y CTaHOBJieHHM r aMIIJib

TOHOM aHaJIOrll51 Me2K,n;y KJiaCcMqecKOH MexaHIIKOM II reoMeTpIIqecKOM 

OIITIIKOH rrpIIBeJia ero K pa3pa60TKe BapMaUIIOHHOro rrpIIHUIIIla HaII

MeHhIIIero ,n;e:n:CTBM51 II aHam1T1IqecKoro annapaTa KrraccMqecKOM Mexa

HIIKM. BnepBble BBeJI IIOH51TIIe rpynnOBOH CKOpOCTII. 

• I'AYCC Kapn cI>pH,n;pHx (GAUSS Carl Friedrich) (1777-1855) 
- HeMeUKIIH MaTeMaTMK, Ha3BaHHbIM COBpeMeHHMKaMM KOpOJieM MaTe

Ma TIIKII. p o,n;MJIC51 B B payHIIIBeiire B ceMbe BO,n;orrpoBo.n;qIIKa. Y qIIJIC51 B 

feTTMHreHCKOM YHMBepCIITeTe. 

Y ,lJ;IIBMTeJihHble MaTeMaTMqeCKIIe cnoco6HOCTII r aycca o6Hapy2KIIJIIICh, 

KOr,n;a eMy IICilOJIHIIJIOCb TPII ro,n;a. 8blqlICJIIITeJibHYIO TeXHIIKY, B KOTO

po:n: OH 6hIJI Herrp"eB30H.n;eHHbIM MaCTepoM, COBeprneHCTBOBaJI BCIO )KII3Hb. 

Ilocne o6Hapy2KeHM51 Manoii nnaHeThI Uepepa, rrpe,n;BhJqMcneHHOH r ayc

coM, OH CTaJI cqMTaTbC51 BeJIMqaiiIIIIIM MaTeMaTIIKOM MMpa II nonyqIIJI 

rroqeTHOe 3BaHMe "reTTMHreHCKOro KOJiocca". l13JI0)KIIJ1 OCHOBbl Teo

p1Ill IIOTeHUMaJia, rrpMIIIeJI K MbICJIII O KOHeqHOCTII CKOpOCTII pacnpo

CTpaHeHII51 3JieKTpOMarHMTHbIX B3aMMO.n;e:n:cTBIIM, IIOCTpOMJI ( COBMeCTHO 
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c Be6epoM) rrepBhIM B repMamrn: 3JieKTpoMarmITHhIM Terrerpacp. raycc 

B0IIIeJI B IICT0pMIO MaTeMaTIIKII KaK 0LJ;IIH II3 C03LJ;aTeJieM HeeBKJIIILJ;0-

B0M reoMeTpIIII, 0LJ;HaK0 60513Hb 6hITb HeII0H5.ITblM II 0CMe5.IHHblM HeBe

)KeCTBeHHbIMII JIIO,[J;bMII II0MeIIIaJia eMy orry6JIIIKOBaTh pa60Tbl B 3T0M 

HarrpaBJieHIIII. raycc .n;aJI HeCK0JihK0 LJ;0Ka3aTeJibCTB OCHOBHOM TeopeMbl 

arrre6ph1 ( rrepBoe - B 1799 ro.n;y). Tpy,n;Ho yKa3aTh TaKyIO o6rracTh 

'IIICT0M II rrpIIKJiaLJ;HOM MaTeMaTIIKII, B K0TopyIO raycc He BHeC cyme

CTBeHH0r0 BKJia.n;a. 

• rPitIH .U)Kop~)K (GREEN George) (1793-1841)- aHrJIIIMCKIIM Ma

TeMaTIIK II <pII3IIK, caM0J':IKa. JlIIIIIb B copoKaJieTHeM B03pacTe rpIIH 

II0CTJIIIIJI B KeM6pIILJ;)KCKIIII YHIIBepCIITeT, K0'.r0pbIM 0K0H'IIIJI B 1837 
ro.n;y. 

B 1828 ro.n;y rpIIH orry6JIIIKOBaJI KHIIry "OrrbIT rrpIIMeHeHII5.I MaTeMaTII

t:IeCKoro aHaJIII3a B TeopIIII 3JieKTpIIt:IeCTBa II MarHeTII3Ma" . B Hen OH 

BrrepBble BBeJI B HayKy II0H5.ITIIe II TepMIIH "IIOTeHuIIaJI" II pa3BIIJI Te0-

pIIIO 3JieKTP0MarHeTII3Ma. KHIIra rpIIHa, BhlIIIe.n;IIIax He3Hat:IIITeJibHbIM 

TIIpa2K0M, 0CTaBaJiaCb HeII3BeCTHOII .n;o ee rrepeII3LJ;aHII5.I (1845) ,n;a2Ke B 

caMOM AHrJIIIII. 3a 3T0 BpeMX .n;pyrIIMII yt:IeHblMII 6bIJIII rrepe0TKPhITbl 

HeK0T0pble pe3JJlbTaTbl rpIIHa. 

• I'IOVJTEHC XpHCTlmH (HUYGENS Christian) (1629-1695) -
rOJIJiaHLJ;CKIIM q)II3IIK, MaTeMaTIIK II acTp0H0M. Po,n;IIJIC5.I B raare, Y'IIIJIC5.I 

B yHIIBepcIITeTax Jien:.n;eHa II Bpe.n;a. B 1665-1681 ro.n;ax 2KIIJI B IlapII2Ke 

II 6hIJI II36paH B IIapII2KCKYIO aKa.n;eMIIIO HayK. 

CKOHCTPYIIPOBaJI rrepBbie Ma5.ITHIIK0Bhie t:IaCbl II pa3pa6oTaJI IIX Te0pIIIO. 

YcTaHOBIIJI 3aKOHOMepHOCTII LJ;BII2KeHII5.I IIPII HaJIII'IIIII ueHTpOCTpeMII

TeJibHOM CIIJibl. Mccrre,n;OBaJI CT0JIKH0BeHII5.I yrrpyrIIX TeJI. Pa3pa6o

TaJI B0JIH0BYIO Te0pIIIO CBeTa II ccpopMyJIIIp0BaJI rrpIIHUIIII, II3BeCTHhlll 

B 0IITIIKe KaK IIpIIHUIIII rIOIIreHCa. CoBMeCTHO C ryKOM JCTaH0BIIJI II0-

CT05.IHHbie T0'IKII TepMoMeTpa - T0'IKII TMHII5.I JlbLJ;a II KIIIIeHII5.I B0,[J;bl. 

IloKa3aJI, 'ITO Bo.n;a IIpII 3aMep3aHIIII paCIIIIIp5.IeTC5.I. BbIJI 6JIII30K K 0T

KPhlTIIIO 3aK0Ha BCeMIIpHoro T5.Ir0TeHII5.I. BbILJ;BIIHyJI IILJ;eIO 06 II3Mepe

HIIII ycKopeHII5.I CB060,n;Horo rra.n;eHII5.I C II0M0I.UbIO ceKyH.n;Horo MMTHIIKa. 

• .UEKAPT PeHe (DESCARTES Rene, rraTIIHII3IIpOBaHHoe IIMx -

CARTESIUS) - BhILJ;aIOI.UIIMCX cppaHUJ3CKIIM MaTeMaTIIK, cpII3IIK, cpII

rrococp II <pII3II0JI0r. Po.n;IIJIC5.I B 1596 ro.n;y B Jla3, B LJ;BOp5.IHCKOM ceMhe. 

C 1629 no 1649 ro.n; rrpo2KIIJI B rorrrraH.n;IIII. YMep B 1650 ro.n;y B CToK

rorrhMe. 
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MaTeMaTir11ecKHe HCCJie,noBaHH.SI lleKapTa TeCHO CBa3aHbl c ero <pHJIO

cocpcKHMH lI <pH3H11eCKHMH pa6oTaMH. 3aJIO)KlIJI 0CH0BbI aHaJIHTH"Ie

CKOM reoMeTpHH. lleKapT BnepBbie BBeJI n0H.SITHe K00p,D;HHaT, nepeMeH

HOM BeJIH"IlIHhl lI cpyHKI(HH, "ITO C0CTaBHJI0 ero 0CH0BHYIO 3acnyry B 

MaTeMaTHKe. 

• llHKKE Po6epT (DICKE Robert) (1916-1997) - aMepHKaHCKHM 

<plI3HK, 3KCnepHMeHTaTop lI TeopeTHK. Po,nHJIC.SI B CeHT-JlyHce. OKOH-

11HJI IlpHHCTOHCKHM H Po11ecTepcKHM yHHBepcHTeThl. Pa6oTaJI B Macca-

11yceTCK0M TexH0JI0rH"IeCK0M HHCTHTyTe, C 1957 ro.na 6hlJI npocpeccopoM 

II pHHCT0HCKoro YHHBepCHTeTa. 

B 1946 ro.ny .H306pen pa,nH0MeTp lI lI3MepHJI pa,nH0H3JIY11eHHe JlyHhl Ha 

B0JIHe 1,25 CM. B 1953 ro.ny Ha6JIIO,naJI Jia3epHyIO HaKa11KY (He3aBHCHMO 

OT A. Kacnepa). Ilpe,ncKa3aJI CBepxH3Jiy11eHHe aT0MHhlX cHcTeM, Haxo

.namHxca B KorepeHTH0M C0CT0.SIHHH (1953). He3aBHCHMO OT A. Ilpo

xopoBa npe,nJI0)KHJI HCn0Jib30BaTh OTKpbITblM pe30HaT0p ,D;JI.SI Ha6JIIO

,neHH.SI KBaHTOBOM reHepan;HH B HHcppaKpaCHOM o6JiaCTH. Pa3pa60TaJI 

CKaJiapH0-TeH30pHyIO Te0pHIO rpaBHTaI(HlI ( Te0plIIO E paHca - liHKKe). 

O6Hapy)KHJI cnJIIOI.I(eHH0CTh COJIHI(a ( T0"IH0CTh 3KCnepHMeHTa 10-4). B 
1964 ro.ny npoBeJI 3KCnepHMeHT no ,noKa3aTeJihCTBY paBeHCTBa HHepT

HOM lI rpaBHTaI(HOHHOM Macchi C T0"IH0CThIO .no 10-11 ). OcymecTBHJI 

npoBepKy npHHI(Hna 3KBHBaJieHTHOCTH nyTeM Jia3epHOM JIOKaI(HlI JlyHhl. 

BhIIIOJIHHJI pa.n Ba)KHhlX 3KCnepHMeHTOB no HCCJie,noBaHHIO cneKTpa lI 

lI30TpOnHH peJIHKTOBoro lI3Jiy11eHH.SI. 

• llHP AK Ilonb A.a;p11en Mopuc (DIRAC Paul Adrien Mau
rice) (1902-1984) - aHrJIHMCKHM <pH3lIK-TeopeTHK, 0,D;HH H3 0CH0BaTe

JieM KBaHTOBOM MexaHHKH, "IJieH JloH,nOHCKOrO K0poneBCK0ro o6mecTBa. 

Po.nmrca B BpHcTone, y11HJICH B BpIICTOJihCKOM II KeM6pJI,n)KCKOM yHII

BepcHTeTax. 

YcoBeprrreHCTBOBaJI MaTeMaTH"!eCKIIH annapaT KBaHTOBOM MexaHHKH, 

pa3pa60TaB Te0pHIO npeo6pa30BaHHM. Ilpe,nJIO)KHJI MeTo,n BT0plI"IH0ro 

KBaHT0BaHH.SI. CoBMeCTHO C reft3eH6epr-OM 0TKpbIJI o6MeHHOe B3aHM0-

.neMCTBHe. He3aBHCHMO OT 3.<t>epMII pa3pa6oTaJI CTaTHCTHKY 11aCTHI( C 

nonyn;eJibIM cnHH0M. O6'he,D;HHHB KBaHT0Bhle H peJI.SITHBHCTCKHe H,D;eH, 

nocTpOHJI TeopHIO peJI.SITHBHCTCKOrO 3JieKTPOHa. Ha OCHOBe OTKpbITOro 

HM ypaBHeHH.SI npe,nnOJIO)KHJI cymecTBOBaHHe n03HTpOHa lI aHTH"IaC~lII(. 

BhI,D;BHHYJI rJinOTe3y O cymecTBOBaHHH 3JieMeHTapHOro MarHIITHOro 3a

pa.na (MOHOnOJih llHpaKa). Ilpe,nJIO)KJIJI MeTo,n KBaHT0BaHII.SI rpaBHTa

I(H0HH0r0 non.SI. BhICKa3aJI rHn0Te3y 06 lI3MeHeHHH rpaBHTaI(H0HHOM 
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KOHCTaHThI co BpeMeHeM. 

3a C03,namre KBaHTOBO:ii MeXaHIIKII BMeCTe C 3.lllpe.n;IIHrepOM 6bIJI y.n;o

CTOeH Ho6eJieBCKO:ii npeMIIII (1933). 

• EBKJIHll (Ev',,,,>.ct6TJ<;) - .n;peBHerpeqecKII:ii: MaTeMaTIIK, aBTop nep

Boro II3 .n;orne.n;umx .no Hae TeopeTIIl'.JeCKIIX TpaKTaTOB no MaTeMaTIIKe. 

Ero Hayl'.JHa5I .n;e5ITeJibHOCTb npoTeKaJia B AJieKcaH.n;pIIII B Hal'.JaJie III 
BeKa ,no Harne:ii: 3pbr. I'JiaBHM pa6oTa EBKJIII.ZJ;a "Hal'.JaJia" COCTaBIIJia 

ueJiyIO 3noxy B pa3BIITIIII 3JieMeHTapHo:ii: reoMeTpIIII. B "Ha1:JaJiax" EB

KJIII.n;a, COCT05IlllIIX II3 13 KHIIr' ,n;aH o6pa3eu .n;e.n;yKTIIBHOro II3JIO)KeHII}I 

reoMeTpIIl'.JeCKOrO MaTepIIaJia Ha OCHOBe npe.n;nOCJiaHHO:ii CIICTeMbl aK

CIIOM. Ilo CBII.n;eTeJibCTBaM COBpeMeHHIIKOB, EBKJIII.ZJ; 6bIJI M5IrKIIM, 01'.JeHb 

CKpOMHbIM II He3aBIICIIMbIM 1'.JeJIOBeKOM. 

• KEIIJIEP HoraHH (KEPLER Johann) (1571-1630) - HeMeUKI:I:ii: 

y1:JeHb1:ii:, o.n;IIH II3 TBopuoB He6ecHo:ii: MexaHIIKII. Po.n;IIJIC}I B Be:iiJib-.n;ep

lIITa.n;Te (BIOpTeM6epr). OKOH1'.JIIJI TI06IIHreHCKII:ii yHI:IBepCIITeT (1593). 
Pa6oTaJI B I'paue, Ilpare, JlIIHUe II Y JlbMe. Bbm npII.ZJ;BOpHbIM MaTe

MaTIIKOM IIMnepaTopa Py.n;orrbCpa II. IIocrre.n;HIIe ro.n;hl )KII3HII npoBerr B 

CTpaHCTBII}IX II 6e.n;HOCTII . 

l13BeCTHbl ero pa60Tbl B o6rraCTII acTpOHOMIIII, MexaHIIKII, OilTIIKII, Ma

TeMaTIIKII. McnoJib3J5I Ha6rrID.n;eHII5I TIIxo Bpare II CBOII, OTKpbm 3a

KOHhI .ZJ;BII)KeHII}I nJiaHeT. 3aKOHbI Kenrrepa CTaJIII OCHOBO:ii ,ZJ;Jl}I OTKpbI

TII}I HbIOTOHOM 3aKOHa BCeMIIpHoro T5IrOTeHII}I. Ilpe.n;JIO)KIIJI IlOH5ITIIe 

CIIJibl KaK npIIl'.JIIHbl ycKopeHII}I. CcpopMyrrIIpOBaJI 3aKOH o6paTHO npo

nopuIIoHaJibHO:ii 3aBIICIIMOCTII OCBellleHHOCTII OT KBa.n;paTa paCCTO5IHII}I 

.no IICTOl'.JHIIKa CBeTa. 

• KOPHOJIHC I'ycTaB (CORIOLIS Gustav) (1792-1843) - cppaH

UY3CKII:ii: <pII3IIK II IIH)KeHep, 1'.JJieH IIapI:I)KCKO:ii aKa.n;eMI:III HayK. Po.n;IIJIC}I 

B IIapII)Ke, Jl'.JIIJIC}I B IIorrIITexHIIl'.JecKo:ii: IIIKOJie, r.n;e II pa6oTaJI B .n;anb

He:ii:rneM. 

BBeJI B MexaHIIKY IlOH}ITIIe pa60Tbl II c¢opMyJIIIpoBaJI TeopeMy ")KII

BbIX" CIIJI, 3a Mepy KOTOpbIX npIIH}IJI IlOJIOBIIHy npOII3Be.n;eHII}I MaCCbl Ha 

KBa.n;paT CKOpOCTII. Pa3pa6oTaJI TeOpIIIO OTHOCIITeJibHOro .ZJ;BII)KeHII}I. 

IloKa3aJI, 1'.JTO BpameHIIe CIICTeMhI OTCl'.JeTa npIIBO.ZJ;IIT K B03HIIKHOBeHIIIO 

"KOpIIOJIIICOBbIX" ycKopeHII}I II CIIJlbI. OTKpbIJI }IBJieHIIe IlOJI3Jl'.JeCTII. 

• KPOHEKEP JieonoJib.n; (KRONECKER Leopold) (1823-1891) 
- HeMeUKIIM MaTeMaTIIK. C 1861 ro.n;a 1'.JJieH BepJIIIHCKO:ii aKa.n;eMIIII HayK 
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M npocpeccop BepJIMHCKOro YHMBepcn:TeTa. Po.z::UIJIC51 B J1n:rHMU€ (HbIHe 

J1erHn:ua, ITonhIIIa). 

OcHOBHhie pa60Tbl KpoHeKepa OTHOC51TC51 K anre6pe M Teopn:n: 'llMCeJI, 

K Teopn:n: KBa.upaTM''IHbIX cpopM 11 Teopn:n: rpynn. KpoHeKep 6hIJI CTO

pOHHMKOM "apn:cpM€TM3aUMM" MaTeMaTMKM, KOTOpa51, no ero MH€HMIO, 

.uomirna 6bITh CBe,lleHa K apn:cpM€TMKe U€JlblX \'.JMCeJI, TaK KaK TOJlbKO 

nOCJI€,llH5151, KaK OH YTB€p)K,llaJI, o6na.uaeT nO,llJIMHHOM peaJihHOCThIO. 

3aru;MI.UM 3TH B3rJI51,llhI, KpoHeKep B€JI ynopHyIO 6oph6y C noCJI€,llOBaTe

JI51MM TeopeTMKO-cpyHKUMOHaJibHOM IIIKOJlhl BeiepIIITpacca M T€0p€TMKO

MH0)K€CTB€HHOU: IIIKOJibl KaHTOpa. 

• JIArPAH)K )Ko3ecp JlyH (LAGRANGE Josef Luis) (1736-
1813) - cppaHUY3CKMU: MaTeMaTMK M MexaHMK, \'.JJI€H ITapM)KCKOM aKa.ue

MMM HayK. Po.un:nc51 B Typn:He. MaTeMaTn:Ky n:3y'l'.JaJI caMOCT051TeJihHO. 

ITpocpeccop HopMaJibHoii, a 3aTeM ITonn:TexHn:'l'.JeCKOtt: IIIKOJI B ITapn:)Ke. 

Han:6onee BM,llHbie pe3yJihTaTbl nOJIY\'.J€Hbl B MCCJI€,llOBaHM51X no Mexa

HMKe II Bapn:aun:OHHOMY MC\'.JMCJI€HMIO. Pa3pa60TaJI H 66o6ru;HJI B aHa

JIMTM\'.J€CKOM cpopMe y.uo6HhIM anropn:TM peIIIeHM51 BapnauHOHHhlX 3a,lla\'.J. 

BBeJI nOH51TH€ o6o6ru;eHHhlX KOOp,llMHaT' npn.uan ypaBH€HH51M .UBH)K€HH51 

cpopMy, Ha3BaHHYIO ero HM€H€M. EMy npHHa,llJI€)KMT P51.ll BbI,llaIOII.J;HXC51 

MCCJI€,llOBaHHM no BOnpocaM MaTeMaTH\'.J€CKOro aHaJIH3a H .uncpcpepeHUH

aJibHbIX ypaBH€HHM ( cpopMyJia KOH€\'.JHhIX npnparu;eHMM, cpopMyJia OCTa

TO\'.JHOrO \'.JJieHa p51,lla Teinopa, M€TO.ll" MHO)KMTeJieM J1arpaH)Ka, M€TO,ll 

BapnaunM nOCT051HHOM). 

• JIAITJIAC Il1>ep CHMOH (LAPLACE Pierre· Simon) -cppaHUY3-

CKHM MaTeMaTHK H MexaHHK. Po.UMJIC51 B BoMOHe B 1749 ro.uy, yMep 

B ITapH)K€ B 1827 ro.uy. 9neH ITapH)KCKOM aKa,lleMMH HayK, 0,llMH M3 

ocHoBaTeneu: HopMaJihHOM n ITonn:TexHM\'.JecKoi IIIKOJI. 

OcHOBHhie pa60Tbl J1annaca OTHOC51TC51 K o6JiaCTH He6eCHOM MexaHHKM, 

B KOTOpOM OH ,llOCTHr BbI,llaIOII.J;MXC51 pe3yJibTaTOB - peIIIHJI CJIO)KHbie 

npo6JI€Mbl ,llBM)K€HM51 nJiaHeT H HX cnyTHHKOB, ,llOKa3aJI ycTOM\'.JHBOCTb 

ConHe\'.JHOM cncTeMhI B Te\'.JeHne o'l'.JeHh .unn:TeJibHOro BpeMeHH. ITpe.u

JIO)KHJI rMnoTe3y npon:cxO)K.U€HM51 ConHe\'.JHOtt: cn:cTeMhI. Mccne.uoBaHH51 

J1annaca no <pM3MKe KacaIOTC51 BOnpoCOB aKyCTHKM, 3JI€KTpOMarH€TM3Ma 

M Teopn:n: KanMJIJI51pHOCTM, B 'l'.JaCTHOCTH, OH ycTaHOBHJI 3aKOH M3M€H€HH51 

nJIOTHOCTH B03.Uyxa C BbICOTOM. M3B€CT€H onepaTOpOM J1annaca,· ypaB

H€HM€M J1annaca, HHTerpanoM J1annaca, npeo6pa3oBaHHeM J1annaca. 

EMy npn:Ha,llJI€)KMT P51.ll cpyH.uaMeHTaJihHbIX pa6oT no .un:cpcpepeHUHaJib

HhIM ypaBH€HM51M M TeOpHH B€p051THOCTH. 
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• JIE)KAH.UP A.n;p11eH Map11 (LEGENDRE Adrien Mari) (1752 
-1833) - q:ipaHUY3CKIIM MaTeMaTIIK, ~meH IIapmKCKOM aKa.D;eMIIII HayK. 

Po.D;IIJICH B IIapII2Ke. 

OTKPhIJI II rrpIIMeHIIJI B BhltIIICJieHIIHX MeT0.D; HaIIMeHbllIIIX KBa.D;paTOB. 

B MaTeMaTIItieCKIIM aHaJIII3 IIM BBe.D;eHhl MHOI'OtIJieHhl J1e2KaH,D;pa, rrpe

o6pa30BaHIIH J1e2KaH,D;pa. .IloKa3aJI rrpIIBO.D;IIMOCTh 3JIJIIIIITIItieCKIIX IIH

TerpaJIOB K KaHOHIItieCKIIM q:>OpMaM, COCTaBIIJI Ta6JIIIllbl IIX 3HatieHIIH. 

• HETEP AMaJI11 3MMH (NOETHER Amali Emmy) (1882-1935) 
- HeMeUKIIH MaTeMaTIIK. Po.D;IIJiaCb B 3pnaHreHe. Pa6oTaJia B reTTIIH

reHCKOM YHIIBepCIITeTe. 

OcHOBHhie TPY.D;hl no anre6pe crroco6cTBOBaJIII C03.D;aHIIIO HOBOI'O Ha

rrpaBJieHIIH' II3BeCTH0I'O IIO.D; Ha3BaHIIeM "a6cTpaKTHaH anre6pa" . MMe

HeM HeTep Ha3BaHa q:>yH.D;aMeHTaJibHaH TeopeMa TeopeTIItieCKOH q:JII-

3IIKII, CBH3bIBaIOIUM CIIMMeTpIIII CIICTeMhl C 3aKOHaMII coxpaHeHIIH. 

• HbIOTOH VlcaaK (NEWTON Isaak) (1643-1727) - BhI.D;aIOru;IIiiCH 

aHI'JIIIMCKIIM yqeHhIH, 3aJIO2KIIBIIIIIH OCHOBhl COBpeMeHHOI'O ecTeCTBO3Ha

HIIH, CO3.D;aTeJib KJiaCCIItieCKOM q:JII3IIKII, tIJieH J1oH.D;OHCKOI'O KOpOJieBCKOI'O 

o6ruecTBa II ero rrpe3II.D;eHT. Po.D;IIJICH B ByrrcToprre, 0KOHtIIIJI KeM-

6pII.D;2KCKIIii YHIIBepCIITeT. 

Cq:iopMyJIIIpOBaJI OCHOBHhie 3aKOHhI KJiaCCIItieCKOM MexaHIIKII, OTKpbIJI 

3aKOH BCeMIIPHOI'O THI'OTeHIIH, .D;IICIIepCIIIO CBeTa. Mccrre,D;OBaJI IIHTep

q:iepeHUIIIO II .D;IIq:>paKUIIIO CBeTa. He3aBIICIIMO OT J1eii6HIIUa pa3pa6oTaJI 

.D;IIq:>q:>epeHuIIaJibHOe II IIHTerpaJihHOe IICtIIICJieHIIe. Ero orpOMHbIH Tpy.D; 

"MaTeMaTIItieCKIIe HatiaJia HaTypaJibHOM q:JIIJIOCOq:JIIII" (1687) CO.D;ep2KaJI 

OCHOBHhie IIOHHTIIH II aKCIIOMbl KJiaCCIItieCKOM MexaHIIKII, B qacTHOCTII 

IIOHHTIIH MaCChI, KOJIIItieCTBa .D;BII)KeHIIH, CIIJihl, ycKopeHIIH, ueHTpOCTpe

MIITeJibHOH CIIJibl, TPII II3BeCTHbIX 3aKOHa .D;BII2KeHIIH, 3aKOH BCeMIIpHOI'O 

THI'OTeHIIH. HbIOTOH ycTaHOBIIJI 3aKOH BHJTpeHHero TpeHIIH B )KII,D;KO

CTHX II ra3ax. Co3,D;aHHaH HhIOTOHOM q:JII3IItieCKaH KapTIIHa MIIpa ( a6co

JIIOTHOCTb rrpocTpaHCTBa II BpeMeHII, MI'HOBeHHOCTb pacrrpOCTpaHeHIIH 

B3aIIMO.D;eHCTBIIii) .D;JIIITeJihHOe BpeMH I'OCIIO.D;CTBOBaJia B HayKe. 

• ITY AHKAPE AHp11 {POINCARE Henri) - KpyrrHeii11IIIii q:ipaH

llY3CKIIii MaTeMaTIIK. Po.D;IIJICH B HaHcII B 1854 ro.D;y, yMep B IIapmKe 

B 1912 ro.D;y. O6yqancH B IIonIITeXHIItiecKoii II ropHoii nmorrax B IIa

pII2Ke. C 1886 ro.D;a - rrpoq:ieccop IIapII2KCKoro yHIIBepcIITeTa. T.IrreH 

IIapII2KCKOii aKa.D;eMIIII HayK. 
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Mccne.uoaamrn: IlyaHKape 06 ycToiiqIIBOCTII .UBII2KeHIIa II o cpIIrypax paa

HoaecIIa )KII,IlKOH Bpama10me:iica MaCChl 0TKphIJIII H0Bhle ropII30HThl B 

acTp0H0MIIII II K0CM0r0HIIII, II03B0mrn rrpIIMeHHTh 6onee coaeprneHHhie 

MeT0,Ilhl coapeMeHH0ro aHaJIII3a. B 1904 ro.uy BhICKa3aJI rrpIIHUIIII 0THO

CIITeJihH0CTII B KaqecTBe aceo6mero II CTpororo II0JI0)KeHIIH. He3aBII

CIIM0 OT 3:iiHIIITeiiHa II .uo Hero 3aJI0)KIIJI 0CH0Bhl crreuIIaJihHOH TeopIIII 

0TH0CIITeJihH0CTII. IlocTpOIIJI rrepBhIH BapHaHT peJiaTHBIICTCKOH Teo

pIIII rpaBIITaUIIH. Pa60Thl IlyaHKape o6oraTHJIH rroqTH ace pa3,UeJihl 

MaTeMaTHKH H MaTeMaTHqecKOH <pII3HKH pe3yJihTaTaMH rrepB0CTerreH

Horo 3HaqeHHH. 

• IlYACCOH C11MeOH .lleHH (POISSON Simeon Deni) (1781-
1840) - cppaHUY3CKHH MexaHIIK, MaTeMaTHK H <pH3HK, qJieH IlapH2K

CKOH aKa,ueMHH HayK. Po.uIInca a IlIITaBhe, 0K0HqHJI IloJIHTeXHHqecKy10 

nIKony a IlapH2Ke. Ilpocpeccop IlapII2KCKoro yHHBepCHTeTa. 

IlpIIMeHHJI MaTeMaTHqecKyIO Te0pHIO II0TeHUHaJia K 3JieKTp0CTaTHqe

CKIIM HBJieHHHM, 3aTeM pacrrpocTpaHHJI ee Ha MarHHT0CTaTHKy. Brrep

Bhle 3aIIIICaJI ypaaHeHHH aHaJIHTIIqeCKOH .UHHaMHKH B C0CTaBJIHIOIUHX 

IIMIIYJihCa. Pa3pa6oTaJI Te0pIIIO pacrrp0CTpaHeHHH 3ByKa B B03,uyxe. 

]Ian BhIB0.Il ypaBHeHHH a.uHa6aThl. CqHTaeTCH O.UHHM H3 OCHOBaTeJie:ii 

Te0pIIII yrrpyroCTII. 

• PE3EP<l>OP.ll 3pHecT (RUTHERFORD Ernest) (1871-1937) -
aHrJIIIHCKIIH <pH3HK, 0CH0BaTeJih a.uepHOH <pH3IIKH, qJieH JlOH.UOHCKOrO 

KoponeacKoro o6mecTaa II ero rrpe3II.UeHT. Po.uHnca B CrrpIIHr-Bpoyae 

( ce:iiqac BpaiiTyoTep) a Hoao:ii 3enaH.UIIH. OKoHqHJI KeHTep6epHiiCKH:ii 

Konne,u2K Hoao3eJiaH.UCKoro yHHBepcIITeTa. Pa6oTaJI a KaaeH.UHIIICKOii 

Jia6opaTOpIIH H BII0CJie,UCTBHH CTaJI ee .UHpeKT0p0M. Ilpocpeccop KeM-

6pII,Il)KCKOro YHHBepCHTeTa. 

CBOIIMH cpyH.UaMeHTaJihHhIMII 0TKphITHHMH B aTOMHOH H a.uepHOH cpH-

3IIKe 3aJI0)KIIJI 0CH0BhI yqeHIIH 0 pa,UH0aKTIIBH0CTH H Te0pHH CTp0eHHH 

aT0Ma. Pa3pa6oTaJI Te0pHIO pa.uIIoaKTIIBH0ro pacrra.ua II ycTaH0BHJI 

3aK0Hhl pa,UH0aKTHBHhIX rrpeapameHIIH. Ilpe.ucKa3aJI cymecTB0BaHHe 

TpaHcypaH0BhIX 3JieMeHT0B. Ha6n10,uaJI pacceaHHe aJib<pa-qaCTHU rrpII 

rrp0X02K,UeHHH qepe3 aemeCTB0 II ycTaH0BHJI 3aK0H pacceaHHH. Co3,UaJI 

IIJiaHeTapHyIO M0,UeJih aT0Ma. OTKphIJI rrp0T0H H rrpe.ucKa3aJI cyme

CTB0BaHIIe HeiiTpOHa II .ueiiTpOHa. BhI.UBHHYJI H,UeIO 06 HCKYCCTBeHH0M 

rrpeapameHIIII aT0MHhIX a.uep. BrrepBhle ocymeCTBHJI HCKyCCTBeHHYIO 

a.uepHyIO peaKUIIIO, rrpeapaTIIB a30T B KHCJI0po.u. 
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3a l:ICCJie,llOBaHII5I no l:ICKYCCTBeHHOMY npeBpameHI:IIO :rneMeHTOB Y.llO

CTOeH Ho6eJieBCKOM npeMI:II:I (1908). 

• P3JIEH ll)KoH Ymn,.aM (RAYLEIGH (Strutt) John William) 
(1842-1919) - aHrJII:IMCKI:IM <pl:131:IK, '1JieH JIOH,llOHCKOrO KOpOJieBCKOro 06-

mecTBa I:I ero npe3I:I,lleHT. IlocJie cMepTI:I oTua yHacJie,lloBaJI THTYJI 

JIOp.lla P::mea. Ilpe3I:I.lleHT KeM6pI:I,ll)KCKoro yHI:IBepcI:ITeTa, ,llI:IpeKTOp 

KaBeH.llI:IIIICKOM Jia6opa TOpI:II:I. 

ABTOp pa6oT no TeOpI:II:I KOJie6aHI:IM, aKyCTI:IKe, MOJieKyJiapHOM <pl:131:IKe, 

rI:I,llpO,lllIHaMIIKe, onTI:IKe. IlepBbIM o6paTI:IJI BHI:IMaHI:Ie Ha aBTOKOJie6a

Hl:15I. lfay11aJI .llI:I<p<py3HOe pacceaHI:Ie I:I norJIOIUeHI:Ie BOJIH. 3aJIO)KI:IJI 

OCHOBbl MOJieKyJiapttoro pacce5IHI:15I CBeTa. Y CTaHOBIIJI 3aKOH, corJiaCHO 

KOTOpOMY IIHTeHCIIBHOCTb pacce5IHHOrO cpe,llOM CBeTa o6paTHO nponop

UI:IOHaJibHa t.ieTBepTol1: cTeneHI:I .llJII:IHhI BOJIHhI na,lla10mero CBeTa. He-

3aBHCI:IMO OT XeBI:ICaM,lla CO3,llaJI TeOpIIIO CKI:IH-3cpcpeKTa. BbIBeJI 3aKOH 

pacnpe,lleJieHI:151 3HeprI:Iu II3Jiy11eHI:15I B cneKTpe a6coJIIOTHO t.iepHoro Tena 

B 3aBIICI:IMOCTII OT TeMnepaTyphI .(3aKOH P3nea - lI)KHHca). 

3a OTKpbITI:Ie aproHa Y.llOCTOeH Ho6eJieBCKOM npeMI:Il:I (1904). 

• <l>OK BJia,n;HMHp AJieKcaa,n;poBHq (1898-1974) - <pI:I3I:IK-TeopeTIIK, 

aKa,lleMIIK. Po,llHJICa B IleTep6ypre, OKOH'1IIJI IleTporpa,llCKI:IM yHI:IBepcu

TeT. Pa6oTaJI B Jiemrnrpa,llCKOM <pl:13I:IKO-TeXHI:I'1eCKOM l:IHCTIITyTe, ro

cy,llapCTBeHHOM onTI:I'1eCKOM IIHCTI:ITyTe, I1HCTIITyTe <pl:13I:I'1eCKI:IX npo-

6JieM AH H. JieHHHrpa.llCKOM yHHBepcI:ITeTe. 

Pa6oTbI OTHocaTca K KBaHTOBOM MexaHHKe, KBaHTOBOM 3JieKTPO.llHHa

MIIKe, KBaHTOBOM TeopI:II:I IIOJI5I, TeOpIII:I rpamnauI:II:I, CTaTI:ICTIIt.J:eCKOM 

<pl:131:IKe, MaTeMaTI:I'1eCKOM <pl:13IIKe. Pa3pa6oTaJI MeTO,ll npI:I6JIII)KeHHOrO 

OnI:ICaHI:151 CI:ICTeMbl B3aI:IMO,lleMCTBYIOIUI:IX cpepMI:IOHOB (MeTO.ll XapTpII -

<PoKa). BcKpbIJI CKpbITYIO Cl:IMMeTpIIIO B aTOMe BO,llOpO,lla. Ilpe,llJIO)Kl:IJI 

MeTO,ll BTOpH'1HOro KBaHTOBaHH5I CHCTeM C nepeMeHHbIM '1HCJIOM 11aCTI:IU 

B KOH<pHrypaUHOHHOM npocTpaHCTBe ( npocTpaHCTBe <POKa). IT pe,llJIO

)KJIJI OC06bIM cnoco6 cpopMyJIHpOBKH ypaBHeHHli KBaHTOBOli TeOpI:IH nOJI5I 

lI KBaHTOBOM TeOpHH MHOrHX TeJI - MeTO,ll cpyHKUHOHaJIOB <PoKa. Mccne

,llOBaJI P5I.ll CJIO)KHbIX 3a,lla'1 TeOplIH rpaBHTaUI:IH, B qaCTHOCTI:I, noKa3aJI, 

'1TO ypaBHeHH5I ,llBH)KeHH5I TeJI CJie,llyIOT l:13 noJieBbIX ypaBHeHI:IM TeOpI:II:I 

rpaBHTaUHH 811:HIIITen:Ha. 

• <l>YPbE )Kaa BaTHCT (FOURIER Jean Baptiste) (1768-1830) 
- cppaHUY3CKI:IM MaTeMaTHK lI <plI3HK, '1JieH IlapH)KCKOM aKa,lleMI:Il:I HayK 
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n ee ceKpeTapb. Po.unnc51 B Ocepe, TaM OKOH'tlHJI BOeHHYIO IIIKony, r.ue 

BITOCJie,llCTBllll rrperro.uaBaJI. 

OcHOBHbie pa60TbI B o6JiaCTH MaTeMaTH'tleCKOH <pll3HKH. OCHOBaTeJib 

yqeHH51 0 TerrnorrpOBO,llHOCTH. Pa3BHJI MeTO,ll rrpe.ucTaBJieHH51 <pyHKUHH 

TpIIroHOMeTpII'tleCKIIMH p51,llaMII (p51,llbI <l>ypbe). BbIBeJI ypaBHeHIIe pac

rrpe.ueneHII51 Terrna BHYTPH TBep.uoro Tena. He3aBHCIIMO OT 3pcTe.ua 

OTKpbIJI TepM03JieKTpII'tleCKIIH 3<p<peKT. IIepBbIH HCITOJlb30BaJI MeTO,ll 

pa3MepHOCTeH. 

• XABBJI 3,nBHH (HUBBLE Edwin) (1889-1953) - aMepnKaHcKnii 

acTpOHOM, qJieH HauIIoHaJibHoii aKa.ueMnn HayK CIIIA. Po.unnc51 B Map

III<pIIJI.Ue (IIITaT Mnccypn). OKOH't1HJI 9nKarcKHH yHHBepcIITeT. Pa-

6oTaJI B MepKcKoii o6cepBaTopnII, a 3aTeM B o6cepBaTopIIH MayHT

BIIrrcoH. 

IIpe,llJIO)KIIJI rrepByIO KJiaCCII<pHKaUIIIO ranaKTIIK. O6Hapy)KHJI JIHHeii

HYIO 3aBHCIIMOCTb Me)K.uy CKOpOCT51MII raJiaKTHK II paccT051HHeM .uo HIIX 

( 3aKOH Xa66rra). Orrpe.uerrIIJI 3Ha'tleHne K03<pcpnuneHTa riporropunoHaJib

HOCTH 3TOH 3aBHCIIMOCTII ( ITOCT051HHM Xa66na). OTKpbITHe Xa66na 

51BIIJIOCb Ha6JIIO,llaTeJibHOH OCHOBOH KOHUeITUIIII paCIIIHp51IOI.I..J;eIIC51 Bce

JieHHOH. 

• XEBlilCAMll 0JIHBep (HEAVISIDE Oliver) (1850-1925) - aH

rJIIIHCKIIH <pll3HK II MaTeMaTHK, 'tlJieH JIOH,llOHCKOro KOpOJieBCKOro o6me

CTBa. Po.UIIJIC51 B JioH.uoHe. Pa6oTaJI B TenerpacpHo:ii KOMrraHHH. OcTa

BIIJI pa6oTy H3-3a rrporpeccnpyIDmeft rnyxoTbI. 

Pa3BHJI TeopnIO 1neKTpoMarHHTHoro rron51, oco6o BbI.UeJI5151 CHMMeTpHIO 

1neKTpIIqecKoro II MarHHTHoro rroneft. He3aBncnMo OT IIoiiHTHHra BBeJI 

ITOH51TIIe ITOTOKa 3Heprnn 3JieKTpoMarHIITHOro ITOJ151. He3aBHCHMO OT 

P3Jie51 ITOCTpOIIJI TeOpIIIO CKIIH-3<p<peKTa. IIocTymrpoBaJI cymeCTBOBa

HIIe HOHOCcpepbI KaK CJIO51, OTpa)KaIOmero 3JieKTpOMarHHTHhle BOJIHbI. 

O.UIIH ll3 C03,llaTeJieii orrepaunoHHOro IIC'tlIICJieHH51. 

• 3MJIEP JieoHap.n (EULER Leonard) (1707-1783) - MaTeMaTHK, 

MexaHHK, <pH3IIK. Po.unnc51 B Ba3ene. Y'tlHJIC51 B Ba3eJibCKOM YHIIBepcn

TeTe y 6paTbeB 51Ko6a II l1oraHHa BepHynnn. Ilonroe BpeM51 pa6oTaJI B 

IIeTep6ypre. O6mee KOJIII'tleCTBO pa6oT 3:iinepa rrpeBbIIIIaeT 850, cpe.uII 

KOTOpbIX 20 <pyH.uaMeHTaJibHbIX KHIIr. 

3:iinep 3aJIO)KIIJI OCH OB bl TeopIIH <pyHKUHH KOMITJieKCHoro rrepeMeHHOrO' 

BapnaUIIOHHOrO IIC'tlllCJieHH51, TeOpIIII crreuIIaJibHbIX <pyHKUHH. IlbITaJIC51 
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110CTp0HTb e.n;:u:HyIO KapTHHY M:U:pa H cpH3H'9:eCKHX 11poueccoB. Y CTaH0'
BHJI 3aK0H coxpaHeH:U:51 M0MeHTa HM11YJibCa H pa3BHJI Teop:u:10 M0MeH
T0B :u:Hepu:u::u:. CcpopMyn:u:poBan ocH0BHhie 3aK0HhI .n;B:u:)KeH:u:a :u:.ueanh

Hoii )KH.D:K0CTH. Hccne,uoBaJI 3a.n;a~m o Kone6aH:u:ax CTPYH, 11nacT:u:H, 
MeM6paH. IIo Bbipa)KeH:u:IO Jla11naca, 3iinep 5IBmmca "o6r.u;:u:M y11:u:Te-

. JieM MaTeMaT:U:KOB". . 

• 30:HIDTEMH Anb6epT (EINSTEIN Albert) - o.n;:u:H :u:3 Bb1,ua10-
m:u:xca cp:u:3HKOB co BpeMeH HI>IOTOHa. Po.n;:u:nca B 1879 ro.uy B Y JihMe 
(repMaH:u:a), yMep B 1955 ro.uy B IIp:u:HcToHe (CIIIA). OK0H11:u:n U10p:u:x
cK:u:ii 110JIHTeXHHKyM. Ha11aJI pa6oTaTb 3KC11epT0M B 11aTeHTH0M 610po, 
3aTeM_ pa6oTaJI B l(IOpHXCKOM 110JIHTeXHHKyMe, Ilpa)KCKOM H BepJIHH

CK0M yH:u:Bepc:u:TeTax. B 1933 ro.n:y 11epeexan B Ilp:u:HCTOH (CIIIA). 

B :u:cTop:u::u: ecTeCTB03HaH:u:a 3aH:u:MaeT coBepmeHH0 oco6oe MecTo. Co3-
.n;aHHeM c11eu:u:aJibHOH H o6meii Teop:u::u: 0TH0CHTeJibH0CTH 3iiHmTeiiH 3a
Bep1IIHJI KJiacc:u:11ecKyIO cp:U:3:U:KY H O.D;HOBpeMeHHO 3aJIO)KHJI OCHOBbI HO

BOrO y11eHH5I O 11pOCTpaHCTBe, BpeMeHH H Taro±eH:U:H. Ero cpyH,uaMeH

TaJibHbie HCCJie,UOBaH:U:51 110 KBaHTOBOH Teop1m CBeTa, pa3BHBarom:u:e ll:3-

BeCTHYIO :u:.ue10 IInaHKa o .u:u:cKpeTHoii 11p:u:po.n;e Te11JI<)Boro :u:3ny11eH:u:a, 
110JI0)KHJIH Ha11aJI0 HOBOH 3pe - 3pe cp:U:3:U:KH aT0Ma H aT0MHoro a.n;pa. Hc

xo.n;a :U:3 KBaHTOBbIX 11pe.n;cTaBJieH:u:ii, o6'MICHHJI yMeHhlIIeH:u:e Tel1JIOeM

KOCTH TBep.n;bIX TeJI 11p:u: H:U:3KHX TeM11epaTypax. IIpe,ucKa3aJI 5IBJieH:u:e 

HH,uyu:u:poBaHHOrO H3Jiy11eHH5I. Pa3BHJI MOJieKyJI5IpHO-CTaTHCT:U:'1ecKyIO 

Teop:u:IO 6poyHOBCKOrO .D;B:U:)KeH:U:51 H C03.n;aJI KBaHT0BYIO CTaTHCTHKY 11a
CTHU C ueJibIM Cl1HH0M. 

3a o6'h5ICHeH:u:e cp0T03cpcpeKTa y.n;0CT0eH Ho6eneBCKOH 11peMHH ( 1921). 

• 3TBEID PonaH,n (EOTVOS Roland) (1848-1919) - BeHrepcK:u:ii 
cp:u:3:u:K, 11neH BeHrepcKoii aKa.n;eM:u::u: HayK :u: ee 11pe3:u:.n;eHT. Po.n;:u:nca B 
By.ua11emTe. Y11:u:nca B By.n;a11emTCKOM :u: reii.n;enb6eprcKOM yH:u:Bepc:u:
TeTax. 

CKoHcTpy:u:poBaJI KPYTHJihHble BeCbI :u: c BhICOKoii T0'1H0CThIO ycTaH0BHJI 
paBeHCTBO rpaBHTaUHOHHOH H :U:HepTHOH Mace. 

• 5IKOBltJ Kapn rycTaB 51Ko6 (JACOBI Carl Gustav Jacob) 
- HeMeUKHH MaTeMaTHK, po.n;:u:JIC5I B IIoTC,UaMe B 1804 ro.n;y, yMep B 
Bepn:u:He B 1852 ro.n;y. Ilpocpeccop Bepn:u:HcKoro yH:u:Bepc:u:TeTa, 11neH 

BepJIHHCKOH aKa.n;eM:U:H HayK. 

51Ko6:u: 11ony11eHbl cpyH.n;aMeHTaJibHble pe3yJihTaTbl B o6JiaCTH ypaBHe
HHH C 11aCTHbIMH 11pOH3BO,UHbIMH. B CBOHX JieKUH5IX 110 .n;:u:HaMHKe H 
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a p5r,ue nccrre.uoaamrii: no Teopnn 3JIJIHIITH'lieCKHX q.>yHKUHH OH penrnrr 

p5I.U Ba:)KHeii:nrnx BOIIpOCOB "'IHCTOH n rrpHKJia,UHOH MaTeMaTHKH. 5lKo6n 

ycoaepIIIeHCTBOBaJI rrpe,UJIO)KeHHbIH raMHJibTOHOM MeTO.U llHTerpnpoaa

Hirn .UHq.>q.>epeHUHaJibHbIX ypaBHeHHH .UHHaMHKH, ll3BeCTHbIH KaK MeTO.U 

raMHJibTOHa - 5JK06H. 
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