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. © 06bC}:IHHCHHb!H HHCTHTYf liJ:ICpHhlX 

HccncnosaHHii,2002 

. I. 3JIEMEHTbi TEOPHH 3JIEKTPOMArHHTHOrO IIOJ15I 

METO.ll <I>YHKIJ;HH rPHHA. PEIDEHHE YP ABHEHH5I 
IIYACCOHA 

I. MexaHnllecKne KOJie6aHHSI 

BBe,ll;eM TIOH5ITM8 <i>JHKIJ;MH rpuHa ll npO,I1;8MOHCTpHpyeM MX B03MO:>KHOCTM 

Ha npOCTOM npMMepe - KOJie6aHM5IX rapMOHll'I8CKOrO OCIJ;llJIJI5ITOpa, Ha KOTQ

phiH ,ll;8HCTBJ8T BH8IIIH5I5I CMJia j ( t): 

x + w5x = j(t) = F(t). 
m 

PeiiieHne 3Toro ypaBHeHMH 6y,ll;eM ncKaTh B BM,ll;e <Pyphe-pa3JIO>KeHMH 

x(t) =I_ lx(w)e-iwtdw, 
'27r 

06paTMB llHTerpaJihi, MM88M 

x(w) = 1 x(i)eiwidi, 

F(t) =I_ I F(w)e-iwtdw. 
27r 

F(w) =I F(i)eiwid,£. 

(1) 

(2) 

(3) 

linH <Pyphe-o6pa3oB ,ll;n<P<PepeHu;nanhHOe ypaBHeHne ( 1) npe:BpamaeTCH B an

re6pawiecKoe: 

x(w) = F(w) 
W

2 -. 
o-w 

(w~- w2 )x(w) = F(w) (4) ===} 

Bo3HMKaiOIUM npu w = w0 oco6eHHOCTh MO)KeT npnBecTn K noTepe .nH<Pop

Mau;uu, TI03TOMY ucnoJih3JIOT <PopMaJihHhiH npneM, ,ll;06aBJI5IH K F(w) B (4) 
HJJih: C(w5- w

2
)c5(w5- w 2), C . canst. Tor,ll;a 

-( ) F(w) C"( 2 2) 
X W = 2 2 + u Wo - W • 

w0 -w (5) 

0TMeTnM, "'TO xoTH K F(w) B (4) ,ll;o6aBJieH HJJih, O,ll;HaKo B peiiieHne (5) 
cnaraeMoe C c5 ( w5 - w

2
) npnBHOCMT KOHe"'HJIO ,ll;06aBKY - BKJia,ll; c "'aCTOTaMM 

W = ±w0 , T.e. C "''acTOTOH C06CTB8HHhiX KOJie6aHMH CB060,ll;HOrO OCIJ;llJIJI5I

TOpa. (3TO 06CT05IT8JihCTBO B Ollp8,I1;8JI8HHOM CMhiCJie onpaB,ll;hiBaeT Bhl60p 

,ll;06aBKll B (4).) JilTaK; BTOpOe .CJiaraeMOe npaBOH "'aCTM (5) npiiBO,ll;MT K 06-

lll8MJ peiiieHMIO,O,ll;HOpO,ll;HOrO ypaBH8Hll5I (1), npM"'eM, TIOCKOJihKJ c5-<i>JHKIJ;ll5I 
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',;.,. ·r, 

ro 

-roo roo 

Puc. 1 

MMeeT ,IJ;Ba KOpmr, KOHCTaHThl MO)KHO Bhl6HpaTh ,II;JI5I Ka)K,IJ;oro M3 KOpHeH B 

oT.n;enhHOCTM. CnaraeMoe, nponopunoHanhHoe F(w) B (5), ,naeT liaCTHoe pe

rueHne Heo.nHopo.nHoro ypaB"HeHM5I, T.e. ¢aKTMliecKn (5) ecTh o6mee perueHne 

nocTaBneHHoii 3a.n;aliM. 

lln5I TOrO liT06hl HaMTM liaCTHOe perueHMe 3a,UaliM, nO.UCTaBHM (5) C ylieTOM 

(3) B (2): 

x(t) = _!__ j F(i)dil e-iw(t-i)dw 
27r w2 ') , o-w 

x(t) =I F(i)G(t, i)di. (6) 

3,nech 

, - _!__I e-iw(t-i)dw 
G(t, t) - 2 2 2 

7r w0 - w 
(7) 

- ¢YHKUM5I rpnHa ypaBHeHM5I ( 1). 
HeTpy.n;Ho y6e.nMThC5I, liTO ¢YHKUH5I rpnHa y,noBJieTBOp5IeT ypaBHeHHlQ 

d2 ' 
(dt2 +w6)a(i,t) = b(t- i), (7a) 

KOTOpoe OTJIHliaeTC5I OT (1) TeM, liTO B npaBOM liaCTJI CO,nep)KHT 0-o6pa3HhlH 

BHeiUHJIH JICTOliHJIK. il03TOMY nerKO npe.ncTaBJITh CMhiCJI perueHII5I ( 6) ypaB

HeHH5I (1). 8TO perueHne, no cymeCTBy, 5IBJI5IeTC5I cyneprr03HUHeH perueHHH 

TOrO )Ke ypaBHeHII5I, B KOTOpOM BHeliiHHe CHJihi 3aMeH5IlQTC5I KpaTKO,UeHCTBy

IDIIIHMH B pa3Hhie MOMeHThi BpeMeHII JIMTIYJihCa:-.m. JtJHTerpan (7)·B 06hiliHm.f 

CMhlCJie He CyiiieCTByeT. llpH W = ±Wo OH HMeeT TIOJIIOCa B.L{OJih BeiUeCTBeH

HOH OCH B KOMnJieKCHOH TIJIOCKOCTH W (eM. puc. 1). J1HTerpany (7)' MO)KHO 

npn,naTh CMhlCJI, eCJIH HCKJIIDliHTh OC06eHHOCTH n3 06JiaCTH HHTerpupoBaHH5I, 

4 

~, 

a 3aTeM npe.n:enhHhlM nepexo,noM H36aBnT: 

B03MO)KHhiX onepaun:H TaKoro po,na - .nE 

HH5I, BhiBO,IJ;5IIUa5I ero B KOMnJieKCHYID IIJI 

HhiM B03BpaTOM Ha BeiUeCTBeHHYID OCh. f 
.ue¢opMHpOBaTh KOHTyp, T.e: KaK 06XO.L{l 

BOIIpOC 060H,IJ;eM · BOKpyr nOJilQCOB · TaK; . Ka 

.. 

Pnc. 2 

XO,II; OTBeliaeT pa3HOCTH liHTerpanoB: . O,IJ;HOJ 

BeuiecTBeHIIOM 'OChlo. M BTOporo no KOHTYPY 

6ci1o·. Tor.ua .u.TI5I n3o6pa(KeHHorO Ha· plicy! 

BhllieTax HMeeM 

1 'i e-iWT dw , 27fi [ ( ... ·. , ; . . · · _ · -zwoT / 

27r' c (w- wo)(w+ wo) -;- 27r· e ' 

_!__ J e-iw:dw :.._ sin(w0r) I 
27r Jc w5 - w2 • wo . . ---:. 

TaKHM o6pa3oM, no,nclieT HHTerpaml. n~. 3a11. 

npe,ncTaBnHeT pa3HHUY B Bhr6ope o6xo.na nom 

CTBeHHOH OChiD, B ,npyroM- IIO,IJ; HeiD, ,naeT p1 

llOCTa:BneHHOH 3a,nali:n, ·T.e. K liaCTHOMY peiUE 

( 6) llpll O,llHOM o6xo,n:e nOJilQCOB .n;o6aBJI5IeTC. 

ypaBHeHII5I ( CB060,IJ;HhiM OCUliJIJI5ITOp),. a rrp:n .ll 

Hac JIHTepecyeT nnlllh liacTHoe perueHne Heo.r 

liiMX ueneii npHHUHnJiaJihHO 6e3pa3JIM1IHO,. Ka:F 

CKJI Bhl60p KOHKpeTHOrO o6xo,na.. ~Q)K~T ,n:aTh 

B liaCTHOCTH II36aBIITi; OT He06XO~IIMOCTll ,II; 
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(I) 

roo 

Bhl6npaTh .n;mr Ka:>K.Uoro H3 KOpHel1: B 

•noHaJihHOe F(w) B (5), .n;aeT t.IaCTHoe pe

.e. cpaKTHt.IeCKH (5) ecTh 'o6ruee perneHne 

•nP.mP.HIIe 3a.n;at.I.H, no.n;cTaB.HM (5) c yt.IeTOM 

i)dw 
x(t) = j F(i)G(t, i)di. w2 ' 

J 
e-iw(t-i)dw 

w;5- c.J2 

(6) 

(7) 

rp.HHa y.n;oimeTBOpHeT ypaBHeH.HIO 

c5(t ~ i), (7a) 

B npaBol1: t.IaCTII co.n;ep)KHT c5-o6pa3Hhll1: 

npe.rr,cTaB.HTb CMbiCJI perneHIISI ( 6) ypaB-
(l v v 

, HBJISieTCSI · cynepn03liii.He.H perneH.H.H 

.HIIe C.HJibi 3aMeHSIIOTCSI KpaTKO.n;eHCTBJ

li:\fllyJihCaMII. I1HTerpan (7) B 06bil.J:HOM 

OH HMeeT nOJIIOCa BLI:OJih BeiUeCTBeH

(CM. PliC. 1). I1HTerpany (7) MO)KHO 

.H3 06JiaCT.H .HHTerp.HpOBaH.HH, 

4 

B03MO)KHhlx, onepaunl1: TaKoro po.n;a - .· .n;ecpopMaulisr, KOHTypa . HHTe~~;~~B-~= 
H.HH, BhiBO.ll:HIUM ero B KOMnJieKCHJIO nJIOCKOCTh C nOCJieLI:YIOIUliM npe.n;eJih

HhiM B03BpaTOM Ha BeruecTBeHHYIO och. He.H:36e)KHO B03IIIIKaeT BOnpoc ·_ KaK 

.n;ecpop1mpOBaTh KOHTyp, T.e. KaK 06XO.ll:.HTh nOJIIOCa? lln:sJ: OTBeTa Ha 3TOT 

BOnpOC o6oJ1:.n;eM BOKpyr nOJIIOCOB TaK, :KaK nOKa3aiiO Ha p.HC.; 2 .. TaKOH 06-

(I) 

• 

Pnc. 2 

xo.n; OTBet.IaeT pa3HOCTH HHTerpanoB: o.n;Horo no KOHTYPY ( -oo, + oo) Ha.n; 

BeiUeCTBeHHOH OChlO .H BTOporo no KOHTYPY ( +oo, :..._ 00) no~ BeiUeCTBeHHOH 

OChlO. Tor.n;a LI:JIH .H306pa)KeHHOrO Ha p.HCJHKe KOHTypa COI'JiaCHO TeopeMe 0 
Bhit.IeTax HMeeM 

1 i e-iWTdw 2 . 
27f c (w- wo)(w + wo) = 2:z [ ( e-iwoT /2wo) + (eiwoT /( -2wo)) J ~ 

1 i 
-iWTd · ( ) _ e . w _ szn WoT _ 

27r c w;5 _ w2 - w = D(1), 
0 . 

~~ t- i. 

TaKIIM o6pa30M, no.n;ct.IeT HHTerpana no 3aMKHYTOMy KOHTYPY C, KOTOphiH 

npe.n;cTaBJIHeT pa3HHIIY B Bhi6ope 06xo.n;a nOJIIOCOB, B O.n;HOM CJiyt.Iae Ha.n; Berue

CTBeHHOH OChiO, B .n;pyroM - no.n; HeiO, .n;aeT pernenne o.n;Hopo.n;noro ypaBHennsr 

nOCTaBJieHHOH 3a.n;at.IH, T .e. K t.IaCTHOMJ perneH.HIO HeO.n;HOpO.n;HOrO ypaBHeH.HH 

( 6) npn o.n;noM o6xo.n;e noJIIOCOB .n;o6aBnsreTcsr o6ruee perneHne o.n;nopo.n;noro 

ypaBHeHIISI ( CB060.ll:HhiH OCIIliJIJISITOp), a np.H .n;pyrOM o6xo.n;e - HeT. fiOCKOJihKJ 

nac HHTepecyeT nnrnh t.IacTnoe pernenne.Heo.n;Hopo.n;noro ypaBHennsr, .n;nsr Ha

rnnx uenel1: npHHIIHnnanhHO 6e3pa3JIIIt.IHo, KaK o6xo.n;HTh noniOca. ITpaKTHt.Ie

cKn Bhi6op KOHKpeTHoro o6xo.n;a MO)KeT .n;aTh onpe.n;enenHhie npenMyruecTBa, 

B t.IaCTHOCTII II36aBIITh OT neo6xo.n;iiMOCTH .n;o6aBJIHTh K o6rueMy perneH.HIO 
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perneHne o,n:Hopo.n:Hoii 3a,n:aqn n T .rr., OcTaHOBHMCj{ .n:<Ulee Ha HecKOJihKnx ¢n-

3HtiecKn HHTepeCHhiX B03M02KHOCTj{X B Bhi60pe KOHTypa UHTerpHpOBaHHj{. · 

1. 3ana3~hiBaJOI.Il:a.H «fJYHKIUi.SI rpHHa 
3arra3.ll:hiBaiDIUM cpyHKIJ:Hj£ f'pHHa B03HHKaeT B CJiyqae, eCJIH KOHTyp HH

TerpHpOBaHHj{ rrpOBeCTH Ha,n: BeiUeCTBeHHOH OChlO H 060iiTH OOa IIOJIIOCa 

CBepxy (eM. pnc.3). 3KCIIOHeHTa IIO.ll:hiHTerpaJibHOrO Bhlpa2KeHHj{ (7) 

ro 

-roo roo 

Pnc. 3 

co.n:ep)KIIT" - iwr", rr03TOMY rrpn T > 0 3aMKHeM KOHTYP CHII3y. Tor.n:a 

Ooa IIOJIIOCa OKa)KyTCj! BHyTpii KOHTypa II• pe3yJihTaT liHTerpiipOBaHHj{ 

oy,n:eT TaKHM )Ke, KaK H B paCCMOTpeHHOM Bhiiiie CJiyqae. (3aMeTIIM, 'ITO 

IIHTerpaJI ITO 3aMKHYTOMY TaKHM 00pa30M KOHTypy COBIIa,n:aeT C HCXO,n:

HhiM (7), rrpe,n:eJihi HHTerpHpOBaHHj{ KOTOpOrO 3aKJIIO'IeHhi B HHTepBaJie 

-00 < W < +oo BBH,n:y TOrO, 'ITO BKJia,n: B HHTerpaJI ITO HII)KHeH IIOJIO

BHHe OOJibiiiOrO Kpyra, B CIIJIY JieMMhi )Kop,n:aHa, paBeH 0.) llpii T < 0 
3aMKHeM KOHTYP cBepxy, Tor.n:a, nocKOJihKY rronroca oKa3hiBaiOTCj£ BHe 

KOHTypa, HHTerpnpoBaHIIe .n;aeT 0. l·fTaK, 

~ f exp(-;iwr)dw = Dret(r) · '!9(r) sinWoT' 
21r w0 - w2 Wo 

IIOJIY'IIIBIIIMCj! rrpH TaKOM BhiOOpe KOHTypa cpyHKUHj{ f'piiHa Dret ( T) 
Ha3hlBaeTCj{ 3arra3.ll:hiBaiOrueii (retarded) cpyHKn:Heii f'pnHa, a '!9 ( r) j{B

Jij!eTcj£ CTyrreH'IaTOH cpyHKUHeH XeBHCaii,n:a, KOTOpM eCT.h 1 IIpH T > 0 
IIJIH 0 IIpH T < 0. ¢H3H'IeCKHH CMhiCJI Dret(T) rrpcbpatieH. lleHCTBH

TeJihHO, 3aMeTHM, 'ITO B Bhlpa)KeHHH 

Xret(t) = f F(t)Dret(t -l)d{. 

6 

HHTerpHpOBaHHe pacrrpOCTpaHj{eTCj! · Ha · 

3TOMY 3arra3,n:hiBaiDIUM cpyHKUII~I f'pnHa 

HHe BHeiiiHeH CHJihi, ,n:eHCTBYJOIUeiiB rrpe, 

Hj{THO, 'ITO D~et ecTecTBeHHO IIOJih30BaT 

3a,n:aHhi B IIpOIIlJIOM. 

BMeCTO ,n:ecpOpMaUHH KOHTypa. CMeiUeHHe1 

. 'BHTh ero Ha BeiUeCTBeHHOH OCII; HO CMe1 

ci'IIraeTCj{ 6ecKoHe'IHO MaJioii MH:dMoii .no1 

±Wo, a IIOCJie IIHTerpnpOBaHHj{ ycTpeMJie 

1 -1 

wfi -w2 [w- (w0 - ic)](w- ( -wo · 

,n:Jij{. ¢yphe-o6pa3a. 3arra3,n:hmaromeii cpym 

1 
fyet(w) = wfi- w2 

Jlocne.nH~e Bhip~eHIIe BKJIIOtiaeT. TaK)Ke 

OCOOeHHOCTeH, a He06XO.D;HMOCTb BhiiiOJII 

.D;OOaBKII ( E M 0) IIOCJie HHTerpHpOBaHHj{ 

2. Onepe)KaJOI.Il:a.H «fJYHKIJ;H.SI rpuHa 
· flpOBe.D;eM IIYTh HHTerpiipOBaHIIj{ • IIO.D;. B€ 

4). AHanoriitiHO cnyqaro rrpe,n:hmymero rr 

ro 

-roo roo 

PHc. 4 

nadv(r) = ..c..'!9(.-rr 

7 



'B T.n. OcTaHOBIIMCH .n;aneeHa HecKo.rihK:ux· ¢11:

....._.~rv-'T'.srx B Bbi60pe KOHTypa llHTerpiipOBaHIIH. 

~VBKIJ;BJI rpuHa 
rpiiHa B03HIIKaeT B CJiy"'ae, eCJIII KOHTyp IIH

Ha.n; BeiUeCTBeHHOH OChiO II 060HTII 06a IIOJIIOCa 

8KCIIOHeHTa IIO,ZJ;hlHTerpaJihHOrO Bhlpa)KeHIIH (7) 

ro 

'-ffio roo 

PIIc. 3 

03TOMy IIpii 7 > 0 3aMKHeM KOHTyp CHII3y. Tor.n;a 

BHyTpii KOHTypa II pe3yJihTaT IIHTerpiipOBaHIIH 

II B paCCMOTpeHHOM Bhlllle CJiy"'ae. (3aMeTIIM, "'TO 

TaKIIM o6pa3oM KOHTYPY coBrra.n;aeT c IIcxo.n;

~TerpiipoBaHIIH. KOTOpOrO 3aKJII0'1eHbi B IIHTepBaJie 

TOro, "'TO BKJia.n; B IIHTerpaJI ITO HII)KHeH IIOJIO

' B CIIJIY Jie::vL\1hi )Kop.n;aHa, paBeH 0.) fipii 7 < 0 
TOr .n;a, IIOCKOJihKY IIOJIIOCa OKa3hiBaiOTCH BHe 

•na.HJ1e .n;aeT 0. MTaK, 

-iw7)dw · s•nw 7 
• - '2 . 2 = nret ( 7) = '!9 ( 7) 0 0 ' 

w0 - w w
0 

TaKO~I Bhi60pe KOHTypa ¢YHKUIIH rpiiHa Dret ( 7) 

(retarded) ¢YHKUIIell: rpiiHa, a '!9( 7) HB

¢YHKillle:H XeBIIca:H.n;a, KOTOpM ecTh 1 rrpii 7 > 0 
'U">UTT~CKII:H CMhiCJI nret(7) rrpo3pa'1eH. L{e:HCTBII

B. BhipaJKeHIIH · 

t(t) = J F(()nret(t- i)d( 

.6 

IIHTerp1fpOBaime pacrrpocTpaiiHeTCH Ha IIHTepBan -:oo < . i < t, rro-

3TOMY: 3arra3.n;hlBaiOIUM ¢YHKUIIH rpnHa B MOMeHT t Bhlpa)KaeT BJIIIH

HIIe BHelllHeH CIIJihl, .n;eHCTBYIDIUeH B rrpe.n;hl.n;yniiie MOMeHThl { < t ... flo

HHTHO, "'TO pret_ ecTeCTBeHHO IIOJih30BaTbCH, eCJIII · Hal:JaJibH~e- YCJIOBIIH 

3a,ZJ;aHhl B IIpOillJIOM. 

·BMeCTO .n;e¢op.MaUIIII KOHTypa·cMeiUeHIIeM ero BBepx MO)KHO 6hlJIO OCTa

BIITh ero Ha BeiUeCTBeHHOH OCII; HO CMeCTIITb IIO!JIOCa BHII3. 3TO ,ZJ;O

CTIIraeTCH 6eCKOHe'1HO MaJIOH MHIIMOH .n;o6aBKOH -iE ( € > 0) K IIOJIIOCaM 

±w0 , a rrocne IIHTerpiipOBaHIIH ycTpeMJieHIIeM E R 0. Y"'IIThlBM 

1 -1 -1 
Wff -w2 [w- (w0 - iE)][w- ( -w0 - iE)] (w2

- w5 +2iEw) 

.n;mr ¢yphe-o6pa3a 3aiia3,ZJ;hiBaiOrue:H ¢YHKUIIII rpiiHa, IIOJiy"'aeM 

- 1 nret(w)- ---
- Wff - W2 - 2iEW . 

IIocne.n;Hee Bhipa)KeHIIe BKJIIO"'aeT TaK)Ke II yKa3aHIIe o crroco6e o6xo.n;a 

oco6eHHOCTe:H, a Heo6xo.n;HMOCTh BhliiOJIHIITh rrpe.n;eJihHOe ycTpaHeHIIe 

.n;o6aBKII ( € f-t 0) IIOCJie IIHTerpiipOBaHIIH 6y.n;eM .n;ep)KaTb B yMe. . 
2. Onepe)KaromaJI ~YHKI{HJI rpuHa 

IIpoBep:eM nyTh HHTerpiipoBaHIIH no.n; BeruecTBeHHo:H OChiO (eM. pnc. 

4). AHanorii"'HO cny"'aiO rrpe.n;hi.n;yruero nyHKTa IIMeeM 

0) 

-roo roo 

Pnc. 4 

nadv(r) = __;'!9( _ 7 ) sinwo7 
Wo 

,.., 



- orrepe)KaiOmyio (advanced) ¢YHKUIIIO rpnna, KOTOpM OTJili"tJHa OT 
·HJJI5I TOJihKO. ,li;JI5I OTpliUaTeJihHhiX ·apryMeHTOB, T.e. IIpliBO,ll;liT K·"tJaCT

HOMJ perneHHIO, 3aBliC.SUUeMy B HeKOTOphiH MOMeHT BpeMeHli OT ,n;e:ii

CTBli5I CliJihl B "ITOCJie.n;yiOIUlie MOMeHThl". Il03TOMY onepe)KaiOlllM <!>JHK
Uli5I rpnHa HaxO,ll;liT npnMeHeHne B TaKliX 3a,n;a-qax, B KOTOpbiX KOHelJ

Hhie ycnoBH5I npe.n;nnchiBaiOTC5I B MOMenT t ----+ +oo. KaK n panee, cMe

lllM ITOJIIOCa BBepx, ,I:(JI.Sl <!>ypi>e-o6pa3a onepe:>KaiOme:ii <PYHK:UHli rpnHa 

nMeeM 

3. D-<tJyHKQHSI IlayJIH 

1 
j)adv(w) = w8 _ w2 + 2iEW. 

ITo onpe.n;enennro D-<PYHKUH5I ITaynn 

D(T) = szn WoT = nret(T)- Dadv(T). 
Wo 

J1nHeHHOCTh npeo6pa30BaHH5I <l>yphe ll03BOJI5IeT 3aKJIIOlJliTh, 'ITO aHa

JIOrHlJHOe COOTHOIIIeHHe ,I:(OJI:>KHO CyllleCTBOBaTh li Me:>K,n;y <Pypi>e-o6pa-

3aMn: 

D(w) = J)ret(w)- j)adv(w) = 27ri · sgn w · c5(w2 - w5). 

B ITOCJie,n;HeM COOTHOIIIeHliH liCITOJ1h30BaH,O onpe,n;eJieHne 3HaKOBOH <PYH-

KUlili 
w 

sgnw= ~ 

H O,I:(HO ITOJie3HOe CHMBOJili'IeCKOe npe.n;cTaBJieHHe c5-<PJHKUHH 

t5(x) = 2:_ lim _E _ 
, 1f e-tO x2 + E 

4. 3a.ua~m KowH 
ITycTh na'IaJII>HI>Ie ycnoBn5I 3a.n;aHI>I B neKOTOpi>Iii KOHe'IHhi:ii :\.10:-..feHT 

t = to. B 3TOM CJiy'Iae y.n;o6Hoii <PYHKUHe:ii rpnHa 6y.n;eT CJie.n;yromrur: 

G(t, i I to) = [l?(t- i) - l?(to - i)]D(t- £), 

npOli3BO.D:HM KOTOpO:ii 

G(t, i I t0 ) = [l?(t- i)- l?(t0 - i)]cosw0(t- £) + t5(t- i)D(t- £). 

R 

(HanOMHliM, 'ITO t5(T) = dlJ(T)jdT.) 
5Icno, 'ITO npn t = t0 KaK G(t, i I t 0), 'l 

HOJih. Tor.n;a o6mee pernenne ypaBneHJJ 

x(t) = x0 (t) + J G(t: 

r,n;e x 0 (t) - pernenne o.n;nopo.n;noro ypaB 

HOrO npn t = t0 li3 COOTHOIIIeHli5I (8) CJJ 
. ) ' 

t = to, x(t) = xo(t), 

llonycTnM, nocTaBnena 3a,n;a'Ia Kornn, 

t =to x(t) lt=to= /1, 

lln5I Toro 'IT06I>I nony'IHTh ee pernenne, 

UH5I ITaynn n ee npon3BO.D:HI>Ie o6na.n:aro 
·'· 

D(t- to) lt=to= 0, " D(t :- to):lt=t 

IT03TOMY 

xo(t) = !I · D(t- t0 ) 1 

n o6mee pernenne 3a.n;alJH Korn.n ypaBH 

x(t) = / 1 • D(t -t0) + /2 • D(t-

v. 11 pH'l!HHHaSI 4JyHKQHSI rpHHa 
llJI5I llOJIHOThl BBe,n;eM npli'IliHHJIO <PYI 

ncnoJII>3yeTC5I npn pernennn 3a.n;a'I pac 

KonTyp nHTerpnpoBaHH5I BI>I6npaeTC5I 'l 

HhiH ITOJIIOC CHli3Y, a IIOJIO:>KliTeJihHhiH < 

XO,I:( 3KBHBaJieHTeH C11eiUeHHIO ITOJIIOCOB 

'ITO ,I:(JI5I <Pypi>e-o6pa3a npH'IHHHOH <!>YH 

j)c = _ . 1 
[w- (wo- ic))[w + (wo-

BI>I'IHcnenne cooTBeTCTByromero nHTer 

npn'IeM 

Dc(T) = _i_[B(T)e--_iwoT +0(-
2w0 

ReDc( T) = sin 

g 



fpMHa, KOTOpM OTJIIPIHa OT 

, T .e. IIpliBO.[(HT K "<IaCT

MOMeHT BpeMeHH OT ,n:e:H-

. llonoMy orrepe:>Karomrur <PYHK

TaKMX 3a.[(a"<Iax, B KOTOpbiX KOHe"<I

t ---t +oo. KaK M paHee, cMe

a orrepe:>Karome:H <PYHKUHH fpHHa 

1 

- w2 + 2iEW 

nret(r) _ Dadv(r). 

II03BOJI.sieT 3aKJIIOqJITh, qTQ aHa

Th H Me:>K.n:y <flyphe-o6pa-

= 27ri · sgn w · c5(w 2
- w5). 

•::suHaHU onpe.n;eJieHHe 3HaKOBOM <flyH-

TaBJieHHe £5-<flyHKUHH 

E 

B HeKOTOphiM KOHeqHhiM M0:\1eHT 

_...,.uneii fp1ma 6y.n:eT cne.n:yromrur: 

- 19(t0 - i)]D(t- i), 

cos~o(t.....: i) + ·c5(t- i)D(t- i). 

(HanOMHHM, qTQ 0(7) = d19(r)jdr.) ·.· . " 
5IcHo, "<ITO npH t -: t0 KaK G(t, i I t0 ), TaK H G(t, i I t0 ) o6pamaroTc.sr B 

HOJih. Tor.n:a o6mee pemeniie ypaBHeHH.si (1) 3anHmeTc.sr B BH.n;e 

x(t) = x0 (t) + / G(t, ll t~)F(i)di, (8) 

r,n;e Xo(t) :- pemeHHe O,ll;HOpO.n;HOrO ypaBHeHH.si. C yqeTOM BhiiiieCKa3aH

HOrO npH t = t 0 H3 COOTHOlleHH.si (8) CJie.[(yeT 

t = to, x(t) = xo(t), x( t) = ±o ( t). 
)]onycTHM, nocTaBJieHa 3a,n;aqa KomH, T.e. npH 

t =to x(t) lt=to= !1, x(t) lt=to= !2· 

)]JI.si TOrD qT06hi IIOJIJ"'IHTh ee pemeHHe, 3aMeTHM, l:!TO llpH t = to lPYHK

UH.si flayJIH H. ee npOH3BO,ll;Hhle 06Jia,n;aiOT CJie.[(JIOID:HMH CBOMCTBaMH: · 

• D(t- to) lt=to= 0, D(t- to) lt=to= 1, D(t- to) lt=to= 0. 

fl03TOMy 

xo(t) = fr · D(t- to)+ h · D(t- to), 

H o6mee pemeHHe 3a,n;aqJI KomH ypaBHeHH.sr (1) 3anHIIIeTc.sr B BH,n;e 
. . . 

x(tf= !1 · D(t- to)+ !2 · D(t- to)+/ G(t, i I t0)F(i)di. 

5. IIplf'liHHHrui <l>YHKQH.H rpnHa 

)]JI.si IIOJIHOThi BBe.n;eM npiiqJIHHJIO lPJHKUHIO rpHHa, KOTOpa.si 06hiqHO 

HCIIOJih3JeTC.si npii peiiieHIIH 3a,n;aq pacceHHHH B KBaHTOBOM MeXaHHKe. 

KoHTyp HHTerpHpoBaHH.si Bhi6HpaeTc.sr TaK, qTo6hl o6ol1TH OTPHUaTeJih

Hhiii IIOJIIOC CHH3J, a IIOJIO:>KHTeJibHhiM CBepxy (eM. pHC. 5). TaKOM 06-

XO,n: 3KBHBaJieHTeH CMeru:eHHIO. IIOJIIOCOB B TQqKJI - ( Wo - ic), + ( Wo - ic), 
qTQ ,ll;JIH <flyphe-o6pa3a llpJiqJIHHOM lPYHKUHH rpHHa IIpHBO,ll;HT K 

fJc = _ 1 . = _ 1 . 
[w- (w0 - iE)][w + (w0 - iE)] w2 - (w0 - iE)2 

BbiqHcJieHHe cooTBeTCTByromero IIHTerpana .n:aeT 

npJiqeM 

flC(T) = _z_· [e(r)e-iWQT + 0(-T)eiwoT] = _i_e-iwoiTI, 
2~ 2~ ' . 

ReDc(r) = sinwo IT I 
2w0 

9 
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Pnc. 5 

llononHeHn:e 1. BhlqeTbl. TeopeMa o BhlqeTax. Bhr'leT o.n:H03Ha'1-

HOH aH<lJiliTHqecKOH cpyHKUlili * j ( Z) B li30JilipOBaHHOH OC060H TOqKe Zo - 3TO 

KOMnJieKCHOe qncJIO, paBHOe 3HaqeHHIO liHTerpana 

2~i i f(z)dz, 

B35ITOrO B nOJIO)KHTeJihHOM HanpaBJieHHli no OKpy)KHOCTli ,I:(OCTaTOqHO MaJIOrO 

pa.nnyca r = {I z - z0 I= r} c ueHTpOM B H30JinpoBaHHoii: oco6oii: TOqKe z0 
3TOH cpyHKUlili. 0603HaqaiOT BhiqeT CliMBOJIOM ' 

resz=zof(z). · 

• ECJili npn Z = Zo nOJIIOC j ( Z) - npOCTOH ( nepBOrO nOp5I,I:(Ka), TO BhiqeT 

resz=zof(z) = limz~z0 [(z- zo)f(z)]. 

• Ecnn f(z) = cp(z)/1/J(z), r.ne cp(z) n 1/J(z) - aHaJIHTnqecKne cpyHKUnn, 

npnqeM cp(z0 ) =/= 0, a .n:JI5I 1/J(z) TOqKa z = z0 - HYJih nepBoro nop5I.n:Ka 

(T.e. ?j;(zo) =/= 0), TO BhiqeT B 3TOM nOJIIOCe nepBOrO nOp5I,I:(Ka 

resz=zof(z) = ~(zo) 
1/J(zo) · 

• B noJIIOce nop5I.n:Ka m BhrqeT BhrqncJI5IeTC5I no cpopMyne 

1 dm-1 . 
resz=zof(z) = (m _ 1)! limz~zo dx:n-I [(z- zo)m · f(z)]. 

1(\ 

I 
:l 

Jil3onn:pOBaHHrui ·. OC06rui TOqKa -- 3TO T 

qeCKOH cpyHKUlili, ,I:(JI5I KOTOpOH cymeCTByeT OKJ: 

ToqeK. 

Tiomoc 4>YHKQn:n: - n3onnpoBaHHM ·oco6 

cpyHKUlili j ( Z) KOMnJieKCHOH nepeMeHHOH z, B C 

H5IeTC5I npe,I:(eJihHOe COOTHOIIIeHHe 

· . limz~zof(z). ·- :oo. 
Ecnn z0 ecTh noJIIOcj(z),ro 3Ta)Ke ToqKa ecTJ 

qeM nOp5I,I:(OK nOJIIOCa j ( Z) COBna.naeT C nOpMK 

nOp5I,I:(Ka m = 1 Ha3hlBaeTC5I npOCThlM, a rrpn ~ 
TeopeMa o ,BhlqeTax. TiycTh o.riH03Haqna 

B o6nacTn D, 3a ncKJIIOqeHneM KOHeqnoro ql] 

TOqeK, a npOCTM 3aMKHYTM KpliBM (3aMKHYThl 

BHyTpeHHOCThiO npnHa.nJie)KHT o6nacTn D, co.n€ 

qJlCJIO OC06hiX TOqeK Z1', Z2, :::, Zn: cpyHKUlili j(z) : 
n3 Hnx. Tor.na 

· 1 1 -,· n . -.· . zdz= (· .. 
27rz c f( ) . . ·L res~:= 

k=l. 

Onpe)::{eneHHhiH HHTerpan or .neii:c~mi~e~l,Iic 

lb f(x)d;J; 

qacTo BhrqncJI5IIOT, paccMaTpHBM ero. KaK. qac'I 
' ,,- ' 

HHTerpana 

r f(z)di, lc 
npn yCJIOBHli qTo KOHTyp C BKJIIOqaeT HHTepBa 

fl pH BhiqHCJieHHli liHTerpaJIOB Bli,I:(a 

r+oo 
}_

00 
f(x)dx 

:\10)KHO npH:vreHHTh cpop:vryny TeopeMhi .o BhrqeTa 

II3 liHTepBaJia (-R, +R) .neHCTBHTeJihiiOft oc~ li 
R. Tipn noM B cne.nyiOlllHX cnyqMx HHT~rpaJ: 
oKa3hiBaiOTC5I paBHhiMH HYJIIO. 

f. Ecnn · f ( z) aHaJIHTHqHa npn .I z. I~ R.f! n z 
Z H 00, KOr,I:(a MHliMM qaCTh K01mJieKCH 

TeJihHa, TO --
limn~~ I J(z)d;. 

. len 
.. 



co 

PIIC. 5 

BhlqeTbl. TeopeMa o BblqeTax. BhPieT o.n;H03Ha"ll

¢YHKUIIII j ( Z) B II30Jill:pOBaHHOM OC050M TO"l!Ke Zo .-- 3TO 

paBHOe 3Ha"lleHIIIO IIHTerpaJia 

2~i /~ f(z)dz, 

t::Jln.tiU.Vl HanpaBJJeHIIII no OKpy)KHOCTII ,IJ;OCTaTO"l!HO MaJIOrO 

I= r} c ueHTpO:M n II30JJIIponaHHo:H oco5o:H TO"l!Ke z0 

.u:.ma."llaiOT Bhi"lleT CIIMBOJJOM 

resz=zof(z). 

Zo nOJJIOC j ( Z) - npOCTOM ( nepBOro nopx.n;Ka), TO Bhi"lleT 

resz=zof(z) = limz>-tzo[(z- zo)f(z)]. 

cp(z)j'lj;(z), r,n;e cp(z) II '1/J(z) - aHaJIIITII"l!eCKIIe <l>YHKUIIII, 

=/= 0, a .n;nx '1/J(z) TO"l!Ka z = z0 - HYJJh nepnoro nopx.n;Ka 

0), TO Bhi"lleT B 3TOM nOJJIOCe nepBOrO nopx,n;Ka 

,t 

\1. 
resz=zof(z) = V:(zo) 

'1/J(zo) · 

m Bhi"lleT Bhi"l!IICJJXeTCX no <iJopMyJJe 

1 dm-1 
!(z) = (m -1\llimz>-tzo,J~rn-1 [(z- zo)m. f(z)]. 

10 

l'i30JI:HpOBa.HHrui oco6rui -TOqKa ~ 3TO TaKM oco6rur TO"l!Ka · aHaJiiir'II

-qeCKOM <iJYHKUIIII, ,IJ;JIX KOTOpOH cymecTnyeT OKpeCTHOCTh 6e3 .n:pyriiX OC06hiX 

TO"<IeK. 

110JIIOC $yHKr(llll - II30mipOBaHHM 'OC06M TO"l!Ka Zo aHaJIIITII"lleCKOM 

<iJYHKUIIII j ( Z) KOMnJieKCHOM nepeMeHHOM Z, B OKpeCTHOCTII KOTOpOH BhlnOJI

HXeTCX npe,n;eJihHOe COOTHOIIIeHIIe 

. limz>-tzof(z) = 00. 

Ecnii z0 ecTh noJJIOC f(z), TO 3Ta )Ke TO"l!Ka ecTh :Hynh <PYHKUIIII 1/ f(z), npii

-qeM nopx.n;oK noniOca f(z) conna.n;aeT c nopx.n:KOM Hynx .n;nx 1/ f(z). IIonroc 

nopx.n:Ka m = 1 Ha3hlnaeTcx npOCThiM, a npii m > 1 - m-KpaTHhiM. 

TeopeMa o BblqeTax. IIycTh o.n;H03Ha"l!HM <PYHKUIIX f(z) aHaJIIITII"l!Ha 

n o5nacTII D, 3a IICKJJIO"lleHIIeM KOHe"<IHoro "lliiCJia II30JJIIponaHHhiX oco5hiX 

TO"<IeK, a npOCTM 3aMKHYTM KpiiBM ( 3aMKHYThiM KOHTyp) C BMeCTe CO CBOeM 

nHyTpeHHOCThiO npiiHa.n;ne)KIIT o5nacTII D, co.n;ep)KIIT BHYTPII ce5x KOHe"llHOe 

"<IIICJJO OC05hiX TO"lleK Z1, Z2, ... , Zn <l>YHKUIIII f(z) II"He npOXO,IJ;IIT HII "llepe3 O,IJ;HY 

113 HHX. Tor.n;a 
1 . n 

-
2 

. f f(z)dz = L resz=zkf(z). 
1rz lc k=l · 

· Onpe.n;eneHHhiM HHTerpan OT .n;e:HcTBHTeJihHOM ¢YHKUHH 

1b f(x)dx 

' 
"llaCTO Bhi"llllCJJXIOT, paCCMaTpllBM ero KaK "llaCTh KOMnJJeKCHOrO KOHTypHOrO 

HHTerpaJia 

i f(z)dz, 

npn ycnomm "liTO KOHTYP C BKJJIO"l!aeT HHTepnan .n;e:HcTBHTeJJhHOM ocii (a, b). 
II pn Bhi"<IHCJJeHHH HHTerpanon nn.n;a 

r+oo 
}_

00 
f(x)dx 

:\10)KH0 np11:-.1eHHTh <iJopMyJJy TeopeMhi 0 Bhi"<IeTaX K KOHTypy C, COCTOXllleMy 

II3 IIHTepnana (-R, + R) .n;e:HcTBHTeJJhHOM OCII II .n;yrn C R OKpy)KHOCTH I z I= 
R. II pH noM_ n cne.n;yiOllliiX cny-qaxx IIHTerpaJihi no .n;yre C R npii R H oo 

oKa3hiBaiOTcx paBHhiMII HYJJIO. 

1. E"cJJII f ( z) aHa~IITII"l!Ha npii I z I~ Ro II z f ( z) . CTpeMIITCX K HYJIIO npii 

z H oo, KOr.n;a MHHMM "llaCTh K0:\1ITJJeKCHOM nepeMeHHOM Z HeOTpiiUa-

TeJJhHa, TO 

limR>-too I f(z)dz = 0. len 

11 



3aMeTHM; "'ITO zf(z) cTpeMHTC.sr K HYJIIO npn 6oJihmnx I z I, ecJIH 

· · ' canst· 
I f(z) I< 1 .. 1a~' 

r.ue a:> 0. 

2. JleMMa )Kop,na.Ha. EcJin <PYHKUIHI F(z) BCIO.UY aHaJIHTH"tJHa, 3a B03-

MO:>KHhiM HCKJIIO"tJeHHeM KOHe"tJHOrO "tJHCJia ITOJIIOCOB, 1i CTpeMHTC.si K HYJIIO 

npn I z 1~-+ oo, Kor.ua MHHMa.sr "tJaCTh KOMTIJieKcHoll: nepeMeHHOH z Heo

TpnuaTeJihHa, TO ,UJI.si JII06oro ,UeHCTBHTeJibHOrO ITOJIO:>KHTeJibHOrO l:JH-

cJia m 
limRHoo { F(u)eimudu = 0. len 

II. rpa.HllqHble 3a,naq:H 3JieKTpOCTaT:HKll 

1. 3JieKTpOCTa TH"tJeCKHe SIBJieHH5! xapaKTepM3YIOTC.si ITOCTO.siHCTBOM BO Bpe

MeHII BCex ITOJieBhiX nepeMeHHhiX (ojot = 0) II OTCYTCTBIIeM ,UBII:>KeHII.si 

3ap.sr,n:oB (] = 0). YpaBHeHII.sr MaKcBeJIJia B 3TOM cJiy"tJae pacna.uaroTc.sr 

Ha ,UBe He3aBIICIIMble naphi, O,UHa ll3 KOTOphiX 

rotH= 0, divH =,O 

OTpa:>KaeT O"tJeBII,UHhiH (J = 0) <PaKT OTCYTCTBM.si MarHIITHOrO ITOJI.si. 

3neKTpii'1ecKoe none onpe.uen.sreTc.sr .upyroll: napoll: 

rotE= 0, 

divE= 47rp. 

(9) 

(10) 

BTopoe M3 3TIIX ypaBHeHIIH .srBn.sreTc.sr .upyroll: <PopMoll: 3aniiCII 3aKoHa 

B3aiiMO,UeHCTBM5! 3ap.sr,UOB (j "-' 1/r2), a nepBOe OTpa:>KaeT <PaKT ITO

TeHUllaJihHOCTII 3J1eKTpocTaTII'1eCKoro non.sr. IToTeHuHan ~ BBO.UIITc.sr 

COOTHOIIIeHIIeM 

E =-grad~, 

KOTopoe aBTOMaTII"tJeCKII y,n:oBneTBop.sreT ypaBHeHIIIO (9), a ypaBHeHIIe 

(10) npnBO.UIIT K ypaBHeHIIIO ITyaccoHa ' , · 

6.~ = -47rp. (11) 

1? 

KaK n cJie.uoBaJio O:>KII.UaTh, ::meKTpocTaTII"tJec 

.C TO"tJHOCThlO .UO ITOCTO.siHHOH 

~ = cp + canst, 

KaK ~' TaK II cp npiiBO.z:i:.siT K O,UHOMY .II TOMy 

HOCTII ::meKTpH"'IeCKOrO ITOJI.si. 06bi"tJHO 3Ta He( 

eTc.sr .un.sr Toro, "tJT06hi y,n:oBJieTBOpiiTh <PII3H"tJe< 

HOBeHH.si ITOJieH Ha 6eCKOHe"tJHOCTII. llpyriiMII ; 

paCCMaTpiiBaeTC.si CIICTeMa HeiTO,UBII:>KHhiX 3a] 

KOHe"tJHoll: o6nacTII npocTpaHCTBa, BHYTPII KO' 

Ha"tJaJIO KOOp.UIIHaT, B Ka"tJeCTBe rpaHII"tJHOro Y' 

HeHII.si ITyaccoHa npiiHIIMaiOT 

~ lr--too~~0(1/r). 

(3,n:eCh yMeCTHO no.u:..repKHYTh, l:JTO CIICTeMy • 

,UOCTaTO'IHO 60JihiiiOMy.UaJieHIIII MO:>KHO paCCll 

Kll-CliMMeTpll'IHYIO.) Jt!TaK, peiiieHII.si ypaBHe 

Hhi y,n:oBJieTBOp.srTh rpaHII'IHOMY ycJIOBIIIO (12 
Hhi,X CJIY'Ia.siX, npO,UliKTOBaJ!HhiX TIOCTaHOBKOH 

Bile Bbi6IIpaiOT IIHa'Ie. 

2. Hall:.ueM peiiieHIIe ypaBHeHII.sr ITyaccoiia c q: 
IT pe.ucTaBIIM .UJI.sr 3Toro ~ n p B BM.Ue <Pyp~>e-J 

~(f)= (2~)3 J rp(k)e-ikf" d( p(T) = i 

ITo,n:cTaBIIB · 3TII pa3JIO:>Kemi.sr B ( 11), noJiyl:JIIlV 

1 f . (21r)' ,P(k)b(e-;>•)dk =, ~ 47r 
. ' (27!") 

OTKy.Ua 

rj;(k) ~ ~: p(k) '= 

1 f ·f-(47!" ... ) ... 1 ~(T) = (27!")3 e-l .r k2 p(k) dk = 27!": 

(ITocJie,UHee paBeHCTBO ITOJiy'IeHO TIO,UCTaHOJ 

no,n:hiHTerpaJihHOe Bhlpa:>KeH:n~. ). Bl3e.ueM yrc 

13' 



) cTpeMHTC~ K HyniO npn 60nbiiiH:X.j z j, ecn:H 

canst 
I f(z) I< 1 ILL~, 

Ecnn cpyHKUH~ F(z) BCIO.UY aHannTwma, 3a B03-

lni0'1eHneM KOHe'1HOrO '1HCna nOniOCOB, H CTpeMHTC~ K HyniO 

KOr,Ua MHHMM '1aCTh KOMnneKCHOM nepeMeHHOM Z Heo-
' TO ,nmr n1060r0 ,UeMCTBHTenhHOrO nOnO.JKHTenhHOrO '1H-

limRHoo I .F(u)eim~du = 0. 
. lcR 

rpaHHqHble 3a,llaqH 3JieKTpOCTaTHKH 

e 51BneHH51 xapaKTepH3YIOTC51 nOCT05IHCTBOM BO Bpe

.oneBhiX nepeMeHIIhiX (aja{ · 0) :H oTcyTCTBHeM .nBn.JKeHn~ 
YpaBHeHn~ MaKcBenna B 3TOM cny11ae pacrra.naiOTC~ 

..,S.I'lC.I'lNibie naphi, O,UHa H3 KOTOpbiX 

rotH= 0, divH = 0 

(J = 0) cpaKT OTCYTCTBH~ :vrarHHTHOrO non~. 
none onpe.uen~eTC51 .upyroii napoli 

rotE= 0, 

divE= 47rp. 

(9) 

(10) 

ypaBHeHHM ~Bn5IeTC51 ,npyroii cpOpMOM 3arrn:cn: 3aKOHa 

3ap~,UOB (j rv 1jr2), a rrepBOe OTpa.JKaeT cpaKT n0-

3JieKTpOCTaTn:'1eCKOrO nOn5I. IloTeHUHan cp BBO,UHTC51 

<' 
E = -gradcp, 

TH'1ecKn: y.uoBneTBop~eT ypaBHeHn:IO (9), a ypaBHeHn:e 

K ypaBHeHn:IO IlyaccoHa 

6cp = -47rp. (11) 

12 

KaK n cne.noBano 0./KH,UaTh, 3neKTpOCTaTII.qe"cKH~ iioTe1IriB:an orrpe.lieneH: 

C T0'1HOCThlO ,UO IIOCTO~HHOM 

cp = <f; +canst, 

KaK cp, TaK H </J IIpHBO):i;~T K O,UHOMY H TOMy .JKe 3Ha'1eHHIO Hanp~.JKeH

HOCTH 3neKTpH'1eCKOrO non~. 06hi'1HO 3Ta HeO,UH03Ha'1HOCTb HCnOnh3y

eTC~ ,nn~ TOrO, '1T06hi y.UOBneTBOpHTb cpH3H'1eCKOMy Tpe60BaHHIO HC'1e3-

HOBeHH~ noneii Ha 6eCKOHe'1HOCTH • .IlpyrHMH CnOBaMn:, B cny11ae, KOr,Ua 

paCCMaTpHBaeTC~ CHCTeMa HenO,UBH./KHbiX 3ap~,UOB, pacnono.JKeHHbiX B 

KOHe'1HOM o6naCTH npOCTpaHCTBa, · BHyTpH KOTOpOM Bhi6n:paiOT 06hi'1HO 

Ha'1aJIO KOOp,Un:HaT, B Ka'1eCTBe rpaHH'1HOrO ycnOBH~ Ha peiiieHHe ypaB

HeHH~ IlyaCCOHa IIpHHHMaiOT 

cp lr-too'""' 0(1/r). (12) 

(3,nec:b yMeCTHO IIO.U'1epKHyTh, "'TO CHCTeMy ni060M KOHcpn:rypaun:n: Ha 

,UOCTaT0'1HO 60nhiiiOMy,naJieHHH MO)KHO paCCMaTpHBaTh KaK Ccpepn:'1eC

KH-CHMMeTpW-IHyiO.). 11 TaK, . peiiieHn:~ .ypaBHeHn:~ · ITyaccoHa ( 11) •. .uon.JK
Hhi y.UOBneTBOp~Tb rpaHH'1HOMy yCJIOBHIO (12) H nHIIIb B OC06hiX '1aCT

. HhiX CJiy'1MX, npO,UHKTOBaHHbiX IIOCTaHOBKOM 3a,Ua'1n:, rpaHH'1HOe ycno-

BHe Bhl6n:paiOT HHa'1e. 

~· Haii.ue:vr peiiieHn:e ypaBHeHH51 ITyaccoHa c rpaHn:'1HhiM ycnoBn:eM (12). 
Ilpe.UCTaBHM ,UJ151 3TOrO cp H p B BH,Ue cpyphe-pa3JIO)KeHHM: 

( 
;;'\ 1 f ... 'k-- ... cp r J = -- cp-(k)e-z r dk 

(27r)3 ' 
(

;;'\ 1 f ... :-_ ... P r J = -- jj(k)e-zkr dk 
(27r )3 . 

ITo.ucTaBn:B 3TH pa3nO)KeHn:51 B ( 11), rrony11n:M 

1 f ... ( ·f-) ... 47r f ... ·f- ... (
2

1r)3 rj;(k)6 e-z r dk = - (
2

1r)3 . jj(k)e-z r dk, 

OTKy,na 
... 47r ... 

rj;(k) = k2 jj(k) ===} 

( ;;'\ 1 f ·f-(47r ... ) ... 1 f , '! --ik cp r; = -- e-z .r -jj(k) dk = - ·p(T'dr e-c-ikR_ 
(27r)3 k2 27r2 '} ' k2. 

.- . . -· . ' 

(Ilocne,nHee paBeHCTBO rrony'1eHO IIO,UCTaHOBKOM cpyphe-06pa3a p(k) B 

llO,IJ;biHTerpaJibHOe Bbipa)KeHn:e.) BBe,neM yroJI () Me.JK,Uy k n: R = r- f, 
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TOI',ll;a 

R=r-r' 

Pnc. 6 

cp(f) = -1- j p(fJdfj e-ikRcosO sin()d()d'lj;dk = 
27r2 

~I p(f)di' I si:~R) dk ~~~ p(f)~ I si;x dx =I (:~d~. 
(BbPIHCJI€Hll€ llHTerpaJIOB no () ll k BhiH€C€HO B ,ll;OnOJIH€Hlle 2.) J'h.aK, 

cp(f) = f p~fld,f. 
I r- fl 

(13) 

llmr .D:HCKpeTHoro pacnpe,ll;eJieHn~ 3ap~.D:OB 

p(r) = :~::::eio(f _ fi) ===} cp(f) . L J ei8(f- ~)df = L _!2 
lr-rl lr-fil. 

TionyTHO noJiyT.JeHO O.IlHO nOJI€3HOe COOTHOIII€Hlle: ,ll;JI5I TOT.J€l.JHOI'O 3a

p~a, pacnoJio>KeHHoro B TOT.JKe fo, nMeeM <p (f) = e I I f - fo I· C 
,ll;pyro:ii CTOpOHhi, D,cp = -47re0(f- fo), n03TOMY 

6 
1 

, = -47r8(f- io). 
I r-ro I 

(14) 

(B ,ll;OnOJIH€Hllll 3 COOTHOIII€Hll€ (14) BhiBO,ll;IITC5I IICXO,ll;5I II3 .D:PYI'IIX CQ

o6pa>KeHIIH.) 

3. Tipe,ll;CTaBIIM ypaBH€HII€ TiyaCCOHa B BII,ll;€ llHT€I'paJibHOI'O ypaBH€HII~, 

BOCnOJih30BaBIIIllCb ,ll;JI~ 3TOI'O TeopeMOH fpnHa (:ebiBO,ll; CM. B ,ll;OnOJIHe

Hllll 4): 

fv(cpD..'l/J- 'l/JD..cp)dV = fs[cp~~- 'l/J~~]ds. (15) 

14 

· Bbi6epeM .¢y.HI(nmo ·• <p Tb)KiJ:ecTBe'imoii cKaii~pE 

pbiH y.D:OBJieTBOp~eT ypaBHeHIIIO ITyaccoHa . ( 11): 
- pa.D:IIYC-B€KTOp TO~KII Ha6JIIO,ll;€Hll~, f'-.nepeM 

Y T.JHThiBM ( 14); nepennrneM TeopeMy TpnHa .lJ:; 

II Jill 

fv [ ~47rcp(fJcS(f ~ fJ+ 47rp(fJ 
. · · . I r-f' 

1 [ a 1 ... J 1 a 
!s cp an 1 r- f' 1-- 1 r- f' 16 

.: ·. (fl·= I p(fl, dV +~I[·· 1 ~· acp-
'P.' 1 lylf-fl .. 47rJs jf-:.rian 

3,ll;€Ch a I an - ·.!!PC>H3BO,ll;HM no HanpaBJieHIIIO 1 

:BepiHbcTII S, oxiiaThiBaiOmeii o6'heM :V. Ecnii 

B '6eCKC>HetiHOCTh •II Cl.JHTaTh, T.JT6 3JieKTpH~€CK1 
· 6hicTpee >leM 1 I I f __: f I, TO noBepxHOCTHhiH : 

iiyn:b' II (16) np€mpamaeTc~ if y>Ke II3BeCT1Ioe' J 

pecHo oTMeTMTh,.T.JToecmi B o6-he.Me 1mTerpiiJ 

nC>TeHiliiM B JII06o:H · TOT.JKe BHYTPii '3;oro o6'he 
' -.'.' : . . , ,, ' ' ; '.;:, . '•, 

>KaeTC~ TOJibKO t.Iepe3 3HaT.JeHH€ nOT€HUHaJia .H 

BO,ll;HOH mi nOB~pXHO~TH,. orpaHII'q~~airim~:ii pa 
' . ' . t . _. ' 

4. <l>opMaJibHOe perneHHe rpaHHqHbJX 3a.D:a 

IIOMOIUbiO l)}yHKU:H:H rpnHa. PeilleHIIe' ypa 

KOH€l.JHOM 06'beMe V, Ha OrpaHIIl.JIIBaiOin;eif nc 

,ll;aHhl rpaHIIl.JHhie ycJIOBII5I, MO>KHO TIOJIYT.JIITh, · 

IDmyiO ¢YHKUIIIO fpiiHa,. onpe.D:en~eMyiO perne 
. . , 

. 6G(f, f) = -47r8(f ~ r 

Y'-IHThiBM cooTHOIIIeHIIe (14) .D:JI~ ·c(f, h, noJ 

G(f,fJ = .... l!.. +F(r,fJ, •: L 
I r-r I ' .. .. 

Bhi6epeM 'lj; B TeopeMe fpnHa TaK, T.JT06hl 'lj; = 

r , , , 1 1 [ , as 
cp(f) = lv p(T)G(f, T)~V + 47r Js G(r, T) a1 
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!. I e -ikRcosB sin(}d(}d'lj;dk = 

2 I (f-'1 dflsinx dx =I p(fJd!. 
P·;R x lr-rl 

k BhiHeceHo B .n:orrOJIHeHn:e 2.) MTaK, 

(13) 

3ap.H.IJ:OB 

= """" ~· ei c5 ( f: _: ~ )df = """" ... ei ... . 

· ~ 1 r-·r 1 ~ 1 r- ri 1 

COOTHOllleHn:e: .D:JI.H TO"lJ€"llHOrO 3a-

f'o, liMeeM ~tJ(f} = ej I r- io I· c 
- Po), rronoMy 

= -47rc5(f' ~ io). (14) 

( 14) ~~lhiBo.n:nrc.H IIcxo.n:.H II3 .n:pyrn:x co-

a B BU,n:e liHTerpaJihHOrO ypaBH€HU.H, 

rpuHa (Bh!BO.IJ: CM. B .D:OIIOJIHe-

::::: 1 [cp0!!_ ~ '¢alP] dS. 
'!s an an (15) 

· Bhl6epeM (pyHK~IIIO ip .TO)K.n:eCTBeHHo:H cKan.srpHoMy rroTeH~Hany, KOTo

phiH y,n:OBJieTBOp.HeT ypaBHeHHIO IIyaccoHa (11); a¢= 1/ I r- f' 1,· r.n:e r 
- pa.n;IIyC-BeKTOp TOl.JKli Ha6JIIO.D:€HII.sr, f- rrepeMeHHM liHTerpiipOBaHII.s£. 

y l.JliThiBM ( 14); rreperriirneM TeopeMy TpiiHa .n:JI.sr I ip li 1/l r- f: I: 

.fv[-"~w\O(fj6{T-'-f)+ ~~~<71 Jav = 

1 [· .. a I 1 ~ • _ 1 , alP] dS 
!s 1P an I r- r 1- · I r- r I an 

liJili 

·-··.····. (0 ,·1 1 a a 1 . 
. ·.·· · ( ;;~~ ·- I P ' 1 dV + - I [ · __JJ_ - - · ] dS (16) 

·. ip T J - lv I r- f: I . 411" Js I r- f: I an ip an I r- f I ' 

3.n:ech '()I an - rrpOH3BO.D:HM no HarrpaBJI€HHIO BH€lliHeii HOpMaJIH K IIO

B.epx~bcTU S, oxBaThiBaiOrueii o6'heM V. Ecnn: y.n:annTh rroBepxHOCTh S 
.:8,6eCKOH~~HOCTh H Cl.JHTaTh, l.JTO 3JI€KTpH"t.J€CKOe IIOJie y6hiBaeT Ha HeH 

.6hiCTpee -cleM 1/ I r ~ f: j, TO IIOBepXHOCTHhiH HHTerpan o6pamaeT.c.sr.B 

!IYiih II (16) npeBparuaeTc.H B y)Ke H3BeCTHOe Bhlpa)Keime (13}:. MH~e
pecHo OTMeTIITh, "t.JTO eqm B o6'heMe HHTerpn:poBaHII.H He;r ·3ap.sr.n;oB, TO 

rr6TeH~if'an B JII06oii TO"t.JKe BHYTPH 3Toro o6'heMa cornacHo .. (16} Bhipa

)KaeTc.H TOJihKO "t.Jepe3 3Ha"t.JeHn:e IIOTeH~HaJia H ero HOpMaJihHOH rrpOII3-

.BO.D:HOH Ha IIOBepxHO~TI1:, orpa~IIl.JHBaiOIU~H paccMaTpHBaeMhlH 06'heM. 

4. <f>OpMaJibHOe pemeHHe rpaHH"l!HbiX 3a.z:taq 3JieKTpOCTaTHKH C 

IIOMOI.QblO <jJyHK:QHH rpHHa. PerneHn:e ypaBH€HH.H IIyaccoHa (11) B 

KOH€l.JHOM 06'heMe V, Ha OrpaHHl.JHBaiOIU€H IIOBepXHOCTli KOTOpOrO. 3a

.n:aHhi rpaHIIl.JHhie YCJIOBII.H, MO)KHO IIOJIY"t.JHTh, liCIIOJih3y.sr COOTB€TCTBY

IOIUY!<J cpyHK~HIO fpn:Ha, 1 orrpe.n:en.HeMyiO perneHn:eM ypaBneHII.sr 

6G(r, f) = -47ro(f'- f). 

Y"{nrrhma.H cooTHorneHn:e (14) .n:n.H G(r, f), rrony"t.Jn:M 

, 1 , 
G(f',f')= ... !. +F(f,f}, 

IT-T I 
6F(r,f} = o. 

Bhi6epeM ¢ B TeopeMe rpn:Ha TaK, l.JT06hi '1/J = G(r, f), Tor.n:a 

(17) 

(18) 

r , ... , , 1 1 [ ... , acp ac ( r, f)] 
. ~tJ(T) ---;- lv p(f}G(r:, f}dV + 411" Is G(r, i) aii c-7,ip ·. an . dS (19) 
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06o6w;aeT liHTerpaJihHYIO ¢opMyypaBHeHlUI IJyaCCOHa (16) B TOM CMhi

CJie,~ "<ITO ll03BOJI5IeT,' TIOJih3YXCh CB060.Il:OH B Onpe.n:eJieHHH ¢YHKI.J;HH rpH

Ha, .OCTaBHTh B TIOBepXHOCTHOM liHTerpane Te rpaHH"<IHhle 3Ha"<IeHHX, 

KOTOphle COOTBeTCTBYIOT TIOCTaHOBKe. <lJM3H"<IeCKOH 3a.IJ;a'tJH. Bonpoc B 
TOM, npH KaKHX rpaHH'liHhiX ycnoBHXX BHYTPH KOHe"tJHoro o6'heMa cy

w;ecTByeT e.l(liHCTBeHHOe li <lJM3H'tleCKH pa3yMHOe perneHHe ypaBHeHHX 

IlyaCCOHa ( HJIH Jiannaca). Ha OCHOBaHHH 3KCrrepnMeHTaJihHhiX .IJ;aHHhiX 

MO)KHO TIOJiaraTh, "<ITO 3a.IJ;aHne TIOTeHUllaJia Ha 3aMKHYTOH TIOBepXHo

CTll e.n:nHCTBeHHhiM o6pa30M onpe.n:enxeT ero pacnpe.n:eneHne no o6'beMy. 

3To TaK Ha3hiBaeMasr 3a,na'(Ia .Iln:pn:XJie, nnn rpaJin:qHhle ycnoBuSI 
.Iln:pn:xne. AHanorn'liHO MO)KHO O)Kll.IJ;aTh, .qTo 3a.n:aHne 3JieKTpn'lie

CKoro TIOJIX, T.e. HOpMaJihHOH rrpOll3BO.IJ;HOH OT noTeHUllaJia Ha rpa

Hll'tJHOH noBepXHOCTn, TaK)Ke O.IJ:H03Ha"tJHO onpe.n:enxeT pernemm. Ta

Kne rpaHn'liHhle ycnoBnx Ha3hiBaiOT 3a,naqel1 Hel1MaHa nnn rpaJin:q
HhiMH ycnoBH.SIMH Hel1MaHa. B .n:ononHeHnn 5 .IJ;OKa3hiBaeTcx e.n:nH

CTBeHHOCTh perneHllX ypaBHeHllX IlyaCCOHa B 06'heMe V npn rpaHll'tJHhiX 

ycnoBnxx IIIIpnxne nnn Hell:MaHa, 3a.n:aHHhiX Ha noBepxHOCTII S, orpa

HII'liiiBaiOme:H 3TOT o6'beM. CKa3aHHoe cJiy)KHT .IJ:OCTaTO'liHhiM ocHoBa-
, I ' '·:, ' 

HneM .IJ;JI.si Toro, .· 'liT06hl C'liHTaTh, 'liTO ypaBHeHne Ilyaccoiia He :riMeeT 

perneHnii, KOTOphle .n:onycKaiOT 3a.n:aHHhie 3Ha'tleHn.si noTeHunana n ero 

rrpOll3BOL{HOH B HanpaBJieHIIll HOpMaJill K orpaHll'tlllBaiOIUeH paCCMaTpll

BaeMhiH 06'heM 3aMKHYTOH TIOBep~HOCTll. (0.n:HOBpeM~HHOe 3a.[(aHne r.p 
n 8r.pj8n Ha S cocTaBnxeT rpaJin:qHhle' ycnoBH.SI Komn:, a BMecTe 

c ypaBHeHIIeM - 3a,naqy Komn:.) IleiicTBIITeJihHO, KaK ycnoBn.si Iln

pnxne, TaK II ycnoBIIX HeiiMaHa B OT.IJ:eJihHOCTll onpe.IJ;eJIXIOT perneHne 

ypaBHeHn.si IlyaccoHa ( HJIII Jiannaca) e.n:nHCTBeHHhiM o6pa3oM II 3TH pe

rneHn.si B o6meM cny'tlae He coBna.n:aiOT. 

TaKnM o6pa30M, 3JieKTpocTaTII"tJecKne 3a.IJ;a"tJII nMeiOT o.n:H03Ha'liHOe pe

rneHne npn 3a.IJ;aHnn rpaHn"tJH:biX ycnoBnii Ilnpnxne IIJIII HeiiMaHa Ha 

3aMKHYTOH TIOBepXHOCTII, orpaHII'liHBaiOmeii 06'heM, B KOTOpOM Haxo

,[(.siTC.si 3apX.[(hl, npn'tleM 3Ta ITOBepXHOCTh "tJaCTll'tJHO llJIH BCX MO)KeT Ha

XO,[(llThC.si B 6ecKoHe'liHOCTn. Y CJIOBnx Kornn B 3JieKTpocTaTnKe oKa3hi

BaiOTCX II36hiTO'liHhiMn, a 3a.n:a'lia - nepeonpe.n:eneHHoii. 

BepHeMC.si K Bhipa)KeHniO (19), onpe.n:enxiOmeMy noTeHunan r.p(T), c TeM 

"tJT06hl oTpa3IITh B noBepxHOCTHOM HHTerpane rpaHH'liHhie ycnoBIIx. B 

3a,[(a'tle IIIIpllXJie TIOTpe6yeM BhiiiOJIHeHllX yCJIOBIIX 

G D ( r, f) = 0 ,[(Jl.sl BCex f' Ha s, 

TOr.IJ;a perneHne 3a.IJ;a'tln c rpaHH'liHhiMn ycnOBH.siMll IIIIpnxne 3annchiBa-

1~ J 

l'\{) 
~ 

~ 
~ 

eTC.sl B BII.IJ;e 

!t , , , 1 i 
r.p(T) = . p(T)Gn(r, T)dV- -· 

v 47r s 
Ecnii nocTaHOBKa 3a.n:a'tln Tpe6yeT IIcnoJ 

HeiiMaHa, TO Ha.n:o noTpe6oBaTh, "<IT06hl 

ac N(r, f) 47r · 
=- ,L{JI.sl an a 

r.IJ;e a - ITOJIHasi ITJIOIUa.IJ;h rpaHll'tJHOH. I 

3a.n:a"tJII HeiiMaHa 6y.IJ:eT · HMeTh Bn.n: · 

r.p(T) = /vp(fJGN(r,fJdV + 4~ j 
<l>yHKUIIX rpiiHa, y.IJ:OBJieTBOp.siiOrUM rJ 
IIJIII HeiiMaHa, rro.IJ;"tJnHxeTcx ycnoBniO B:: 

G(x,x) = G(:1 

3TO CBOHCTBO CIIMMeTpllll OTpa)KaeT ¢: 
nepecTaHOBKII llCTO'tl~llKa ll. ~O~Kll Ha6m 

UH.sl rpnHa, eCJIII paCCMaTpllBaTh ee Kal 

HhiX, OITllChiBaeT TIOTeHUIIaJI e.IJ;llHll'tJHOI 

px.n:a). IloKa3aTeJihCTBO COOTHOilleHIIX . 

. TIOJIHeHHH 6. 3aMeTHM, 'liTO onpe.n:eneHH8 

F(r, f) TaK)Ke .n:on)KHa 6hiTh cnMMeTpii"ll 

TOB. <l>yHKUII.si F(r, f) nMeeT rrp03pa'liJ 

perneHIIe ypaBHeHn.si Jiannaca BHyTpn < 

oniiChiBaeT noTeHunan CIICTeMhi 3apxw 

o6'heMa." B "tJaCTHocTn, F(r, fJMO)KHO np 

TaKoro BHernHero pacnpe.n:eneHn.si 3apMC 

e,[(IIHll'tJHhiM 3apX,[(OM, · .. paCITOJIO)KeHHhiM 

TIOBepXHOCTII s rpaHII'tJHOMY ycnOBlliO D . . . . . ~ 

• llonOJIHeaue 2 

1. Ilo.IJ;c'tleT nHTerpana 

II = fo-;r e-iklf-1 

BBe.n:eM t = -cos() ~I a = k I' r- f: I 
. +1 . . eia 

Jl __;_· •. r .. elatdt __;_ -
.. }:_1 • .. 

' 't'!l'<·· ; .. 1 '. -~ ... ',*""""'"'·· ~
-~n--•-~·~··~~-·· 
tn.L,;;~.,.,;.,. ;~. .. J;..tal t-·dv~_atiiu ,...,. 



<f>opMy ypai3nemur·rryaccona·(16) B TOM ci1J,I:-~. ~.

cBo6o.uo:H B Orrpe.ueJieHHH <l>YHK:QHH rpn
HHTerpane Te rpaHH'IHhie 3Ha'Ienn.sr, 

rrocTaHOBKe <Pn:3n:'IecKoii: 3a,Ua'In. · Borrpoc :S 
'-~m::rhiX ycno:snmc BHYTPH · KOHe'IHOro o6'heMa cy-

n 4JII3H'IeCKH pa3yMHOe perneHHe ypaBHeHH.si 

. Ha ocnoBannn 3KcrrepniMeHTaJihHhrx: .uaHHhiX 

3a.uanne IIOTeHUHaJia Ha 3aMKHJTOH IIOBepXHo

upa30M orrpe.uemreT ero pacrrpe.uenenne no o6'heMy. 

3a,naqa .Un:pn:XJie, nnn rpa.Hn:qHble ycJIOBn:.s: 
M02KHO 02KH,UaTh, 'ITO 3a,UaHHe 3JieKTpH'Ie

IIpOII3BO,UHOH OT IIOTeHUHaJia Ha rpa

TaK2Ke o.uno3Ha'IHO orrpe.uemreT pernenne. Ta

Ha3hlBaiOT 3a,naqe:ii HeiiMa.Ha nnn rpa.Hn:q
He:iiMa.Ha. B .uorronneHnn 5 .uoKa3hlBaeTc.sr e.unn-

: . ' ' ' , 
ypaBHenn.sr ITyaccona B o6'heMe· V rrpn rpaHH'IHhrx: • 

Heii:Mana, 3a.uaHHhrx: Ha rroBepxnocTn: S, orpa-

. CKa3aHHOe cny2KnT· ,i(ocTaTOlJHhiM ocnoBa-. . 

c'In:TaTh, 'ITO ypaBnenne IIyaccona ne nMeeT 

aiOT 3a,UaHHhie 3naqenn.sr rroTemJ;n:ana n ero 

~.HJJeHIIII HOpMaJIH K OrpaHH'IHBaiOme:H paCCMaTpH

IIOBepXHOCTH .. (0.UHOBpeM~HHOe 3a,UaHHe cp 
rpa.Hn:qHble ycJioBn:.s: Komu, a BMecTe 

Komu.) · Ile:HcTBHTeJihHO, KaK ycnoBn.sr Iln

Hell:Mana B OT,UeJihHOCTH orrpe.uen.sriOT pernenne 

( HJIH .Jiarrnaca) e,UIIHCTBeHHhiM 06pa30M H 3TH pe
He COBIIa,UaiOT. 

3a,Uaqn HMeiOT O,UH03Ha'IHOe pe
rpaHII'IHhiX ycnoBn:H Ilnpnxne nnn He:HMana na 

, OrpaHH'IIIBaiOIUell: 06'he:M, B KOTOpOM Haxo-

3Ta IIOBepXHOCTb 'IaCTH'IHO IIJIII BC.si M02KeT Ha

CTH. Y cnoBn:.sr Kornn B 3JieKTpocTaTnKe oKa3hi-
' a ~a.ua-qa- rrepeonpe.uenennoll:. 

(i9), onpe.uen.sriOmeMy noTeHunan cp(f), c TeM 

)CHOCTHOM HHTerpane rpaHH'IHhle ycnoBn.sr. B 
6ye:M Bhiiionnenn.sr ycnoBn:.sr 

D (~)F) =. 0 .Il:JI.si BCex f: Ha S, 

c. rpann'tiHhiMn ycnoBn.srMn 'IInpnxne 3annchiBa-

16 J 

l'() 
t-K 
~ 
~ 

~ 

eTCH B BII,Ue 

· r , ··, , 1 1 , 8a D 

cp(r') = lvp(r')Gv(f',r')dV -A7r !s cp(r') 8n dS. (19a) 

Ecnn nocTaHOBKa 3a,Ua'In: Tpe6yeT ncrrOJih30BaHn.sr rpaHH"tJHhiX ycnoBnii 
Heii:Mana, TO na.uo rroTpe6oBaT.h, ~T06hi: . . . ~ . · · . ' 

8GN(r,f) _ 47r . ~ ·s 
8 

. - - .li;JI.si BCex T Ha , 
n cr . 

r.ue cr - nonna.sr nnoma . .un rpann-qno:H noBepXHOCTH. Tor.ua pernenne 

3a.uaqn HeiiMaHa 6y.ueT n:MeTh BII.U 

. h ' , -. , , 1 i 8cp . 
cp(r') = 'p(r')GN(r, f')dV + -4 GN-8 dS. (19b) 

v 1r s n -
<l>yHKUH.si rpnna, Y.UOBJieTBOp.s!IOlllM rpaHII'IHhiM ycJIOBH.siM llnpnxne 

linn: Hell:Mana, rro.uqnn.sreTc.sr ycnoBn:IO B3aHMHOCTH 

G(x, x) = G(:t, x). 

3TO CBOllCTBO CII:MMeTpiiH OTpa2KaeT cpii3II'IeCKIIll cpaKT B03M02KHOCTII 

rrepeCTaHOBKII liCTO'tJHIIKa H TO'IKII Ha6JIIO,UeHn.si (HaiTOMHMM, 'ITO cpJHK
UII.si rpiiHa, eCJIH paCCMaTpnBaTb ee KaK cpyHKUIIIO O,UHOll II3 nepeMeH

HhiX, OIIIIChiBaeT IIOTeHUIIaJI e,UIIHII'IHOrO TO'tle'tJHOrO HCTO'IHHKa - 3a

p.sr.ua). IloKa3a TeJihCTBO COOTHOllieHII.si B3aiiMHOCTII IIpHBO,UHTC.si B ,UO

IIO.TIHeHIIH 6. 3a:MeTHM, 'ITO Orrpe,UeJieHHM COOTHOIIIeHHeM (18) cpyHKUH.si 
} 

F(r, f} TaK2Ke ,UOJI2KHa 6biTh CIIMMeTpli'IHOM cpyHKUHell CBOHX apryMeH-

TOB. <l>yHKUH.si F(f', fJ IIMeeT IIp03pa'tiHhlll cpH3H'IeCKHll CMhlCJI -· 3TO 

peiiieHHe ypaBHeHH.sr .Jiarrnaca BHJTpn o6'heMa V - n, cne.uoBaTeJihHO, 

OIIHChlBaeT IIOTeHUIIaJI CIICTeMhl 3ap.sr,UOB, paCIIOJI02KeHHhiX BHe 3TOrO 

o6'heMa. B qacTnocTn, F(r, f) M02KHO rrpe.ucTaBIITh ce6e KaK rroTenun:an 

TaKOrO BHeiiiHero pacrrpe,UeJieHH.si 3ap.sr,UOB, KOTOpO~ BMeCTe C TO'Ie'tJHhiM 

e,UHHH'IHhiM 3ap.sr.uoM, paCIIOJI02KeHHhiM B TO'IKe r, Y.UOBJieTBOp.sreT Ha 

rroBepxnocTn S rpaHII'IHOMy ycnoBHIO IlHpn:xne nnn Hell:Mana. 

• .UonoJIHeHn:e 2 

1. IIo.uc"tJeT HHTerpana 

r . I, = Jo e-iklf-ficosO sin()d(). 

BBe,UeM t = -cosO II a= k I r- f: I, Tor.ua 

Jl = J+l eiatdt = eia ~ e-ia = 2sina 
. -1 za a 

'""'"""-"''~-....... - ... -c.•··"'-" 

EltJ ~t ~-~~,.: ~. s;;~;~;1 [;.~::1~r9r J 
"'"I. . . . .... .I~ 1-.'7. ~ ,.;. ' •. ~ .. 
l::-t';'l'...<c.~'Jt:.;f.•Jo. E.t~--·· -.·~••--~\.-111 



HHTerpana 

lo
co sinx · 

Iz = --dx. 
0 X 

BBe,neM BcnoMoraTeJihHhlH nHTerpan 

1
00 sinx 

Y(a) = e-ax __ dx, 3,n:ecb a> 0; 
0 X 

dY(a) =- roo e-axsinxdx = -Im 1oo e(i-a)xdx = 
~ h 0 

eixe-ax 100 1 i +a 
-Im =Im--=Im -

i- a o i- a -1- a 2 

1 

1 + a 2 ' 

I da 
Y(a) = - 2 + C = -arctga +C. 1 ..L ,..., 

B npe.n:ene npn a--+ oo IIMeeM Y(a) = 0, nonoMy 

7f 7f 
Y(oo) = - 2 + C = 0, T.e. C = 

2
. 

TaKnM o6pa3oM, 

Y(O) = Iz = roo sinx dx = ~. 
lo x , 2 

e .[(OD!JJIHeHHe 3. IloKa3aTeJibCTBO COOTHOIIleHHH 

1 
6- = -4m5(f'), 

r 

~ = I c(k)eikf ik; c k = -- -ikf ---- 1 11 -
( ) " (21r)3 -:;:e dr. 

HanpaBnM nonHpHyro OCh no BeKTopy k n nponHTerpnpyeM no a3nMy
TaJihHOMY yrny <p, TOr,n:a 

-. 27r looc rzdr !orr . c( k) = -- -- e -zkrcosO sin()d(} = 
(27r)3 o r o 

1 loco rz dr !orr . --- --- e-zkrcos0d(ikrcos8) = 
(27r)2 o ikr · r o 

1 1 roo ( 'k 'k ) i 1 roo ( 'k 'k ) (27r)2 ik Jo e' r- e-z r dr = k (27r)2 Jo e-t r -e' .,. dr. 

18 

llo,n:c"'ni'aeM BcnoMoraTeJihHhiH HHTerpan · 

fooo e-ar ( e-ikr _ eikr) dr 

c nocne.nyromnM ycTpeMrreHneM a K Hynro: 

loco( ) e(-a-ik)rlc e(-a-ik)r _ e(ik-a)r dr-:- . . 
o -a- zk c 

J. 

1 1 
.-:+-.-. 
zk+a zk-a • 

· Y cTpeMHB a K Hyrrro, nony"'HM · 

! (
k) ·. 2 .. 1 . 

c . k2(27r)2: 

Tor.n:a 
; .~.~. ~ - .... 

1 2 ·j eikfdk 
;:. ·.(27r)2 ::~' 

. a 
.• 1 2;,,;/;. 'k~-·--. 
'/\ - ... . . t rdk u--·--- e 

r · (21r)2 · 

O.n:Ho H3 npe.n:cTaBrreHHH 6-cpyHKUHn 

6(f) = ._1_ J e~kf dk ==? !:::,~ = 
(27r)3 

.. . · r 
' . _) 

• .llonOJIHeHHe 4. <l>opMyJibl rp:~ma. B,cpOpM) 

f div AdV = 1 Ad§ · . 1 .A 
lv h . h 

nOJIO)KMM A= <p grad v;, r.n:e cp H '1/J- ~pon~BOJII ,, . . . . ' . . . ,, 

UHH. Bmi,n:y Toro l.J:TO 

div(<p grad'ljJ) = cp6'1/J+Vcp"V'I/J, ii(<p [) 

r.n:e a I an - npOif3BO.IJ:HM no HanpaBJieHHIO BHellll 

HOCTH S, OXBaThlBaiOIUeH 06'heM HHTerpHpOBaHl 
' : ' ; . ,• •' - ' . ··-
nepemiiileTCH crre.n:yroiUHM o6pa3oM: 

r (cp6'1/J + vcpV'I/J)dv = 1 <p~ lv . !s c 
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HHTerpan 

sinx e-ax __ dx, 3.UeCb a> 0; 
X 

e-axsinxdx = -Im fooo e(i-a)xdx = 

I 1. ·J i+a m--= m---
i-a -1-a2 

1 

1 +a2' 
d . I 

1 
+aa2 + C = -arctga +C. 

HMeeM Y(a) = 0, nonoMy 

7f 7f - 2 + C = 0, T.e. C- 2. 

-I -looo sinxd - ~ - 2- X- . 
0 X 2 

COOTHOllieHH.si 

-1 . ... . .. 
!:::.- = -47r6(f), r . 

.... 1 I 1 ·f-c(k) = (
2

1r)3 ;e-x r dr. 

BeKTOpy k II npOIIHTerpiipyeM no a3HMy-

r.)dr {7r e -ikrcosB sin()d() = 
r lo 

{7r e ~ikrcosO d( ikrcos()) = ·rio 

) / i 1 looo ( · ·k ) dr = -- e-zkr- ez r dr. 
' k (27r) 2 0 

18 

IIHTerpan 

fooo e-ar ( e-ikr ~ eikr) dr 

c nocne.uyiOIIliiM ycTpeMneHIIeM a. K HYJIIO: . 

e( -a-ik)r - e(ik-a)r dr. = e . 1
00 ( ) (-a-ik)r loa 

o · • -a- zk o 

1 1 . -+-.- . zk +a· zk- a 
Y cTpeMIIB a K HYJIIO, nonyt.IIIM 

; . 

Tor.ua 

a 

2 1 
c(k) = k2 (27r)2 · 

1 _ 2 . I eikf dk 
-:;:- (27r)2 ~' 

!:::.~ =- (2!)2 I eikfdk. 

0.UHO H3 npe,UCTaBJieHHll 6-cpyHKUHII 

e(-a+ik)r 100 = 

-a+ ik o 

. 1 I ·jC- .... 1 
6(T) = (21r)3 e

1 r dk ===?- !:::.-:;: = -47r6(f). 

• llonOJIHeHHe 4. <l>opMyJihl rpHHa. B cpopMyJie raycca 

fv div AdV = i AdS= t AiidS . 

IIOJIO)KIIM .4 = cp grad 'lj;, r.ue cp II 'ljJ - npOII3BOJibHhie CKaJI.srpHbie cpyHK
ll;JIII. Ban.uy Toro l.JTO 

; div(cp grad¢)= cpl:::.'lj; + \lcp\l'lj;, fi(cp grad'¢)= cp ~~, 

r.ue a I an - npOII3BO.UHa.si no HanpaBJieHHIO BHernHell: HOpMaJIII K noaepx

HOCTII 8, OXBaT"?IBaiOII.lell 06'heM IIHTerpiipOBaHII.si V, cpOpMyJia raycca 
nepenurneTc.sr cne.uyiOII.lHM o6pa3oM: 

fv(cp!:::.'lj; + \lcp\l'lj;)dV = i cp ~~ dS. 

. 19 



3TO COOTHOIIIeHHe li3BeCTHO KaK nepBrui <flopMyJia rp:HHa. IloMeHSieM 

MeCTaMH cp li 'l/J, TIOJIYtiHTCSI aHaJIOr:HtiHrui <fJOpMyJia, Bhlti:HTrui ee :H3 

HCXO,ll;HOM, TIOJIYtiHM 

fv(cp6'l/J- 'l/J6cp)av = i(cp~~- 'l/J~~)ds 
- TaK Ha3hiBaeMyiO TeOpeMy rpHHa. 

e .[(onOJIHeHHe 5 .. lloKa>KeM e.n;HHCTBeHHOCTh peiiieHHSI 3a,n:ati llHp:HXJie 

H HeiiMaHa- (perneHHSI ypaBHeHHSI llyaccoHa 6cp = -47r p c rpaHJitiHhiMH 

ycJIOBHSIMH llHpHxne HJIH HeiiMaHa Ha noBepxHOCTn S, orpaHHtiHBaiO

me:H o6'heM V, co.n:ep>KaiUHii 3a PM hi nJIOTHOCThiO p). 

llpe.n:noJIO>KHM, CYIUeCTByeT ,n:Ba perneHHSI cp1 H cp2 ypaBHeH:HSI llyaccoHa, 

KOTOphle no,n:tiHHSIIOTC}I o.n;HHM n TeM >Ke rpaH:HtiHhiM ycJIOBHSIM. BBe.n;eM 

u = CfJ2- CfJl,. 

Tor.n:a BHYTPH o6'heMa V ¢YHKUHSI u no.n;tiHHSieTcsr ypaBHeH:HIO 6u = 0; 
aHa rpaHHtiHoii noBepxHOCTH cornacHo ycnoBHSIM llHpHxJie HJIH HeiiM

aHa U = 0 :HJIJI OUjOn = 0 COOTBeTCTBeHHO. flonarrur B nepBOM <fJOpMyJie 

rpHHa cp = 7/J = U, HMeeM 

[v ( u6u+ I gradu l2)dV = i u ~~ dS. 

YtiHThiBrur o6a rpaHHtiHhiX ycJIOBH}I Ha u, noJiytiHM 

fv I grad u 1
2 dY = o, ===> grad u = 0. 

TaKHM o6pa3oM, BHYTPH o6'heMa u = const. B cnytiae rpaHHtiHhiX 

ycnoBHM llHpHxne Ha rpaHHUe u = 0, no:noMy Be3.n;e BHYTPH o6'heMa 

cp1 = cp2 H perneHHe e,n:HHCTBeHHO. B cnytiae rpaHWUihi)C ycJIOBHii HeiiM

aHa perneHHe e.n;HHCTBeHHO C TOtiHOCThiO ,ll;O HeCYIUeCTB€HHOM a,n:,n::HTJIB

HOM TIOCTOSIHHOM. JierKO TIOHSITh, liTO ,ll;OKa3l1T€JlhCTBO e,n:HHCTBeHHO

CT:H perneHHSI 3JieKTpocTaTHtieCKHX 3a,n:ati llHpHxJie H HeiiMaHa MO>KHO 

pacnpOCTpaHHTh Ha CJiytiaM CMeiiiaHHOM 3a,n:ati:H, KOr,n:a Ha O,ll;HOM tia

CT:H rpaH:HtiHOM TIOBepXHOCT:H 3a,n:aHbl YCJIOB:HSI llHp:HXJie, a Ha ,n:pyroif 

- ycJIOBHSI HeiiMaHa. l1Hatie roBopsr, cMernaHHrur 3JieKTpocTaT:HtiecKrur 

3a,n:atia (llHpHxne + HeiiMaHa) TO>Ke HMeeT e.n;HHCTBeHHOe perneHHe. 
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e ,UonOJIHeHHe 6. .llOKaJK€M COOTHOIII€HH€ B3aHMHOCTH ,li;JHI <l:>YHKUHH 
fpnHa. Bhl6epeM B TeopeMe fpnHa c.p = G(r, R), 'ljJ = G(f, R) H R B 
Ka"tJeCTB€ nepeMeHHOll HHTerpHpOBaHH.si, TOr.n;a 

fvlG(i, R)6G(f, R)- G(f, R)6G(i, R)]dV = 

fs ( G(i, R) aG~ R) - G(f, R) aG~~ R)) dS, 

n ecnn G ( i, R) n G ( f:, R) y.n;oBneTBOp.sriOT ycJIOBH.siM .Unpnxne HJIH He:H

MaHa, TO, Y"l!HThiBM (16), nOJIY"l!HM 

G(i, f.} = G(f, r'). 

• .UononHeHHe 7. P.s~.n H HHTerpan <l>yphe. <l>yphe-npeoopa-
30BaHHe. P.sr.n; 

00 

f(x) = E ckc.pk(x) 
k=O 

Ha30B€M p.SI,nOM <l>ypbe <l:>YHKUHH j (X) no OpTOHOpMHpOBaHHOll Ha npo

M€)I{YTK€ (a, b) cncTeMe <l>YHKUHH { I.(Jk(x)}. Ko::~<t><t>nuneHThl 

Ha3hiBaiOTC.sr Ko::~<t><t>nuneHTaMH <l>yphe <l>YHKUHH f(x). IIpe.n;nonara
eTc.sr, "l!TO <l:>YHKUH.si j(x) HHTerpnpyeMa BMeCTe CO CBOHM KBa.n;paTOM 

Ha (a, b). 

P.sr.n; <l>yphe no TpnroHoMeTpn-qecKo:H cncTeMe .n;n.sr Ka)I{,ZJ;on <PYHKUHH 

f ( x), HHTerpnpyeMo:H Ha ( 0, 27r), onpe.n;en.sreTc.sr cne.n;yiOlllHM o6pa30M:. 

ak :._ ~ f
2

7r f(x)cos(kx)dx, 
1r lo 
1 27r , 

bk = - l f(x)sin.(kx)dx, 
1rlo 
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Ecmr <l>YHKUlUI f ( x) HMeeT nepHo.n; 2T, TO ee pa3JIO:>Keime B p~.n: <Pyphe ,· 

liMeeT Bli.D; 

ao ~ 1rkx 1rkx 00 

2 + ~(ancos-- + bnsin--) = L ckei21rkxfT, 
n=l , T T n- .. --00 

r.n;e 

1 !T 'ffnX 
an= T -rf(x)cosTdx, n = 0, 1, ... , 

1 !T . 'ffnX 
bn = T -Tf(x)smTdx, n=1,2, ... 

Ko3<P<l>HUHeHThi <Pyphe cBsr3aHhi c <l>YHKUHe:H f ( x) paBeHCTBOM Ilapce-

BaJISI 

}:_-~T I f(x) 12 dx = I qo l
2 

+ f(l an 12 +Ibn 12)· 
T -T, 2 · n=l . , · 

IiiHTerpan «<>ypbe npe.n;cTaBmreT co6o:H pa3JIO:>KeHHe HenepiiO.D:lPiecK~:H 
<l>YHKUlili no rapMOHli'1eCKliM KOMTIOHeHTaM, '1aCTOTbl KOTOpbiX npo6e

raiOT HenpephiBHYIO COBOKYTIHOCTb 3Ha;:IeHliH. EcJili j(x) a6COJIIOTHO 

liHTerpHpyeMa Ha Ka:>K,IJ;OM KOHe'1HOM 0Tpe3Ke li eCJili CXO)lliTC51 

!

+oo 
-oo I f(x) I dx, 

TO 
1 !+oo !+oo . f(x) =- du ew(x-t) f(t)dt 

27r -00 -00 

liJili 

f(x) = fo
00

[a(u)cos(ux) + b(u)sin(ux)]du, 

r.n:e 

1 !+oo a(u) = ; -oo f(t)cos(ut)dt, 1 !+oo b(u) = ; -oo f(t)sin(ut)dt. 

JtlHor.n;a IIHTerpan <Pyphe y.no6Ho npe.ncTaBHTh B BII.Ue 

f(x) = lirn>.>-+oo]:_ j+oo f(t) sin(-\(x- t)) dt. 
7r -oo X- t 

«f>ypbe-npeo6pa30Ba.HHe (4>.n.) 3a.n;aHHOH <l>YHKUlili j(x) - 3TO <l>YH

KUli51 g(k), KOTOpM Bbipa:>KaeTC51 11epe3 j(x) COrJiaCHO 

g(k) = _1_1+oo ..j2ii -oo f(x)e-ikxdx 
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II 5IBJUI€TC5I pa3HOBli,I:(HOCTbiO liHTerpaJihHhiX rrpeo6pa30BaHIIH. 

Ecnn: f ( x) - t:IeTHM cpyHKUIIH, TO 

1 r+co 
g(k) = V'I!ff lo . f(x)cos(kx)dx. 

Ecnn: )K€ f ( x) - Het:IeTHM cpyHKUIIH, TO 

1 lo+co g(k) = rrc. f(x)sin(kx)dx. 
y27r 0 

Boo6we roBop&, Bee Bhiiiierrpn:Be.n;eHHhie cpopMyJihi o6paTHMhl: 

1 ~+co f(x) = -- g(k)eikxdk, 
V'I!ff -co 

1 +co ' 
j(x) = fiC { g(k)cos(kx)dk ,I:(JI}! lJ€THhiX j(x); 

v27r lo · 

1 lo+co f(x) = rrc g(k)sin(kx)dk .n;nH HeiieTHhiX J(x). 
v 27r 0 

. Ka)K,I:(OH orrepaun:n: Ha,I:( cpyHKUliHMli COOTB€TCTByeT orrepaUHH Ha.n; ee 

cp.II., KOTOpM BO MHOrliX CJIYlJMX rrpOlU€ COOTB€TCTBYI01Il€H orrepaUIIli 

Ha.n; f(x). Harrpn:Mep, 

:~ = ikf(x). 

Ecnn: .cywecTByeT 

!
+co !+co r+co 

-oc I f(x) 1
2 dx, TO -oc I f(x) 1

2 
dx = 1-oc I g(k) 1

2 
dk 

·· Teope:\m TinaHirrepenH ( o6o6weHn:e paBeHCTBa TiapceBanH Ha cp.rr.). 

0To6pa)KeHn:e F : f(x) r-+ g(k) HBJIHeTcH yHn:TapHhiM oiieparopoM B 

riiJih6epTOBOM IIpOCTpaHCTB€ cpyHKUliH j (X) ,I:(JI5I JII06hiX X. 
. '.• • ' , • ' I "" 
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..UHIIOJihHhiH H KBA..UPYIIOJihHbiH MOMEHTbl 
CHCTEMbl 3AP5I..UOB 

IIoTeHunan cncTeMhi Herro,nBH)KHhiX 3ap.sr,noB, pacrrpe.neneHHhiX no o6'heMy 

V c rrnoTHOCThiO p( f), orrpe.nen.sreTc.Sr perneHneM ypaBHeHn.sr IIyaccoHa: 

f p(fJdV · e· 
cp(T) = .. t.. nrin cp(T) = L ~ ~ 

I r - r I i I r - ri I 

(f' - pa.nnyc-BeKTOp TOllKH Ha6niO.nemi.sr; {:, - pa.nnyc-BeKTOp i-ro 3ap.sr.na). 

ECJIH llHCJIO 3ap.K,nOB, CHCTeMhi BeJIHKO, TO. CYMMa CO,nep)KHT 60JihliiOe llHCJIO 

CJiaraeMhiX H ¢opMyna CTaHOBHTC.si MaJIOIIpllrO,nHOH ,nn.sr rrpaKTHlleCKllX paC

qeTOB. 3HallHTeJihHOrO ynpomeHH.si y,naeTC.si ,nOCTHllh Ha paCCTO.siHH.siX, Ha

MHOrO rrpeBhiliiaiOlllHX C06CTBeHHYIO IIpOT.si)KeHHOCTb CllCTeMhi 3ap.sr,noB: 

I rl»l (:,I, R=lr-f:, I, r= (xa), {:, = (xia), a= 1,2,3, 

II03TOMY 

1 

R 
_1_, =1/ 
I r- fi I 

"'(x - x~ )2 
L....J a ta ' 
a 

1 1 "' , { a 1 } 1 "' , , { a2
, 1 } 

R
·= -.- L....JXia -a - + -2 L....JXiaXif3 a . , ·+ ··· 

r a Xa r a,/3 XaXf3 r 

3TO pa3JIO)KeHHe II03BOJI.sieT rrpe,nCTaBHTb IIOTeHUHaJI B Bll,ne ' 

L: ei 
<p ='Po+ 'Pl + <p2 + ... , r.ne <po = --, 

r cp1 =- ~(~eixia),{a~a ~ }, 

0 

) { a2 1} 
'P2 = ~ L (L: eixiaxif3 axux/3 ~ . 

a,/3 

3aMeTHM, llTO ,nBa IIOCJie,nOBaTeJihHhiX llJieHa pa3JIO)KeHH.si OTHOC.siTC.si ,npyr 

K ,npyry KaK JIHHeHHhiH pa3Mep CllCTeMhi 3ap.sr,nOB K paCCTO.siHlliO ,no TOllKll 

Ha6niO.neHn.sr. . · ' · 

.Iln.sr ::meKTpOHeHTpaJibHOM CllCTeMhi (L: ei = 0) pa3JIO)KeHHe 'Ha~HH~eTC.si C 

'Pl: 

"'~1 .. 1 df: 
'P1 = - L....J eiri "\1- = -d ·grad- = -r r r3' 

r.ne 

J = L: eif:, {=::::} J = f pfdv 
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- BeKTOp .ru-InOJihHOro MOMeHTa ciicTeMhi. , 

Jlmr ::meKTpOHeMTpaJibHOM CIICTeMhi .J:(IInOJibHhiM MOMeHT He 3aBIICIIT OT 

Bhl60pa Hat.IaJia KOOp.D:IIHaT. JleMCTBIITeJihHO, CMeCTIIB Hat.IaJIO KOOp.D:IIHaT Ha 

a, T.~. ·~ = fi +a, noJiyt.IHM d = l:eJi = 2:: eA + al: ei, II eCJIII 2:: ei = 0, TO 

d= d. 
llmr .IJ:BYX paBHhiX 3ap.SI.D:OB C npOTIIBOnOJIO)I{HhiMII 3HaKaMH 

Bhrt.IHCJIHM Hanp.sr*eHHOCTh ::meKTpHt.IecKoro non.sr: 

_, Jr d 3f( f . J) 
E = -grad cp ~-grad cp1 = -grad - = -- + -"----____,;_, r3 r3 r5 

BBe)leM e.n:HHIIl.J:HbiM BeKTOp n = fjr, Tor.n:a 

J. n d. cos() 
0 

_, 

cp = -- = () - yron Me)K.J:(y d II f, 
r2 r2 

-- 3n(n. d) - J 
E= . 3 . 

r 
Bhrpa)l{eHHe .n:n.sr Hanp.sr)l{eHHOCTH ::meKTpHt.IecKoro non.sr aKcHaJihHo-CIIMMeTpii

t.IHO OTHOCHTeJihHO d. HanpaBHM OCb Z no J, TOr)la B nJIOCKOCTIJ:, co.n:ep)l{arn;eft 

::ny OCh, 

Er = _ 8cp = 2d ·cos(); Eo=-~ 8cp = d ·sin() 
ar r 3 . r ae r 3 

EcnH .n:HnOJihHhi:ll MOMeHT 3JieKTpoHe:llTpanhiio:H ciicTeMhi paBeH HYJIIO. (Ha:... 

.npHMep, .J:(Jl.SI ima.n:pynOJI.SI - .D:BYX O)liiHaKOBhlx no BeJIHt.IIIHe, HO npOTIIBOno

JIO:tKHO HanpaBJieHHbiX )lllnOJieft, HaxO)l.SI!UIIXC.SI 6eCKOHet.IHO 6JIH3KO .n:pyr OT 

.n:pyra), TO cp0 = cp 1 = 0 H 

J1:-.1e.sr B BH.D:Y, t.ITO 

25 



a TaK:>Ke liTO 
1 . 82 1 

6- = L 8ai3 - = 0 
r. a,J3 8xa8XJ3 r 

( T .K. r - He paBHOe HJJIIO II KOHeliHOe paCCTO.siHIIe JJ:O TOliKII Ha6JIIOJJ:eHII.si), 

JJ:06aBIIB 3TOT HJJib B Bbipa:>KeHIIe JJ:JISI cp2, HaHJJ:eM 

r·2 ] 82 1 
'P2 = ! L [Lei ( xiaXiJ3 - f8ai3) 8xa8XJ3;. = 

2 a,J3 i 

! "D (3XaXJ3- r28 ) 6 ~ ai3 ai3 
a,J3 r5 ' 

r.n:e 

DaiS = 2;:ei ( 3~iaXiJ3 - r?8ai3) 
~ . 

- TeH30p KBa.n:pynoJihHoro MOMeHTa CIICTeMhi. ITo onpe.neneHIIIO DaiS- CIIMMe

TpiiliHbl:ll TeH3op, a cyMMa ero .n:IIaroHaJihHbiX '::~neMeHTOB paBHa HYJIIO. 3To 

03HaliaeT, liTO KBa.n:pynOJibHblll MOMeHT B o6meM CJIJliae Onpe.n:en.sreTC.si 5-IO 

<flYHKUII.siMII, KOTOpbie 3ai3liC.siT TOJibKO OT paCTIOJIO:>KeHII.si II BeJIIIliiiHbl 3ap.sr

JJ:OB CIICTeMhl. KpoMe Toro, T.K. 2: Daa = 0, 

_ ! "DaJ3XaXJ3 _ ! "DaJ3nanJ3 
cp2 - 2 ~ r 5 - 2 ~ r 3 · ' 

a,J3 a,J3 

r.n:e na = xafr - e.n:IIHIIliHbiH BeKTOp B HanpaBJieHIIII x;. 
KaK ir BCSIKIIH CIIMMeTpiiliHbiH TeH30p 2-ro paHra, DaiS Mo:>KeT 6hiTb npii

Be.n:eH K rJiaBHbiM OC.siM, JJ:JISI liero nepeft.n:eM K HOBOMJ. Ha6opy KOOpJJ:MHaT, 

Tpe6y.sr, liT06bi B HOBbiX KOOpJJ:IIHaTaX He.D:IIarOHaJibHbie KOMTIOHeHTbi DaiS 
o6paTIIJIIICh B HJJib. B pe3yJihTaTe nonyliiiM 

OlieBIIJJ:Ho, 

Du = L ei(2x;1 - x;2 - x;3 ), 

D22 = L ei(2x;2 - x;1 - x;3 ), 

Daa = L ei(2x;3 - x;1 - x;2). 

Daa = -(Du + D22). 

JlonyCTIIM, liTO paCCMaTpiiBaeMa.sr CIICTeMa 3ap.siJJ:OB 06Jia.n:aeT aKCIIaJibHOll 

ciiMMeTpiie:ll. Ecnii Bhi6paTh B KalieCTBe ocii ciiMMeTpiiii z = xa, To 2: eixr1 = 

2: eixr2 II 

D33 = 2 L ei(x;3 - x;1) = D, 
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O"t!KH •. Ha6mo.n;eHlHI), 

1 

1r 

mnro D afJ - CHMMe

pruma HYJIIO. 3To 
orrpe.nemreTc.sr 5-ro 
ll BeJilllJHHhi 3ap.sr-

'-"·', 

Mo)KeT BhiTh rrpn

a6opy:Koop.nnHaT, 
KO:\{IIOHeHThi D a(J 

B .3TOM cny-qae 

_ 1 "" Da(JXaX(J _ 1 [ D (XI X~ 2)] <fJ2--~ -- -- - +-- xa 
2 r5 2 r5 2 2 a,(J . 

_ D ( 2 _ 3 2) _ D(3cos2
()- 1) 

4r5 r Xa - 4r3 ' 

3.n;ech () - yron Me>K,II;y ochro CHMMeTpnn ( z) n r. IT one Kna.npyrron.sr y6MnaeT 

no 3aKOHY '{J2 rv 1/r
3
' a I E '""' 1/r

4
. 

DhiJIO rroKa3aHo, "t!TO ecnn cncTeMa 3ap.sr.non He 3JieKTpoHenTpaJihHa, TO 
B€JIII"t!HHa .D:lliiOJihHOrO MOMeHTa 3aBHCllT OT Bh!60pa Ha"llaJia KOOp.D:HHaT. Ta

KllM )Ke CBOHCTBOM 06Jia.n;aeT KBa.n;pyiiOJihHhiH MOMeHT (.n;oKa3aTeJihCTBO aHa

JJOrlltiHO CJiy"llaiO .D:lliiOJihHOrO MOMeHTa). Iln.sr CllCTeM, IIOJIHb!ll 3ap.sr,n; KOTQ

pbrX He paBeH HJJIIO, 06hi"t!HO y.n;o6HO IIOMeCTllTh Ha"tlaJIO KOOp.D:HHaT B UeHTp 
3ap.sr.n;OB CllCTeMhi: 

R= I:eA = o. 
I: ei 

ilpll 3TOM .D:lliiOJihHhiH MOMeHT CllCTeMhi aBTOMaTH"tleCKll CTaHOBllTC.si paB

HbiM HJJIIO (2:: ei~ = 0) ll pa3JIO)KeHHe IIOTeHUHaJia Ha"t!HHaeTC.si C BeJIH"tlllHh!, 
coriep)Kame:H Kna.npyrroJihHhi:H 1r6MeHT. Hann-qne y cncTeMh! 3ap.sr.n;on ·KBa

.n;pyrroJihHoro MOMeHTa II03BOJI.sreT CJ.D:llTh 0 xapaKTepe CllMMeTpllll3TOH Cll
CT€Mhi:: B iiacTHOCTn; xapaKTepiihiM .nn.sr aKcnanhHOH cnMMeTpnn'.srBn.su:iTc.sr 
paCCMOTpeHHOe Bhiiiie pacrrpe,n;{dreHHe IIOJI.si. 06Hapy)KeHHe KBa,n;pyrrOJihiiOro 

MOMe~Ta y p.sr.na .sr.riep cnn.n;eTeh:hcTnyeT o6 OTI\JIOHeHnn ilx ¢opl\i1r oT'c¢epn~· 
,• . .· . 

tJ€CKOH. 

liTaK, rroTeHunan 3JieKTpocTaTH"tlecKoro rron.sr Ha paccTo.srHii.srx, ' MHoro 
6onhirmx nnH'enHhiX pa3Mepon cncTeMhi, co3.n;arorull:x 3To none 3ap.sr.noJ3, MO-
)f{er 6biTh rrpe.n;c'TaBJieH n' Im,n;e . , , 

. . ' 

J~L:eA,; 

. Da~ . ~ei( 3q:iaxip ::__ r?c5ap). 
t 
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8HEPrH5I 8JIEKTPOCTATVfqECKOrO IIOJI5I. 8HEPrH5I 
CHCTEMbi 3AP5I.1l0B BO BHEillHEM 

8JIEKTPOCTATVfqECKOMIIOJIE 

3Heprn.sr ::meKTpOCTaTWieCKOrO IIOJI.s£, C03,IJ;aHHOrO CllCTeMOM 3ap.sr,D;OB, 

u = 8~ I E 2
dV. 

llo,D;cTaBnB E = -grad <p, rronyl.!nM . 

11.... 11 .... 1/ .... U = -- E ·grad cpdV =- <p · div EdV-- . div(E · cp)dV-
871" 871" 871" 

1 I . 1 f.... .... - pcpdV-- E · cpdS. 
2 . 87!" 

lloBepXHOCTHbiM llHTerpan llCl.Je3aeT Ha 6eCKOHel.JHOCTll, II03TOMY OKOHl.Ja-

TeJibHO 

u = ~I p . cpdV, 

llJill, Yl.!llTbiBM J pdV = I: ea, IIOJIYl.JllM 

1 . 
U =- Lea<fJa, 

2 

r,IJ;e <fJa - IIOTeHUllaJI, C03,IJ;aHHbiM BCeMll 3ap.sr,D;aMll B TOl.JKe paCIIOJIO)KeHll.s£ 

3ap.sr,D;a ea. . 
llorrpo6yeM rrpnMeHllTb IIOJiyl.JeHHYIO ¢opMyJiy K O,IJ;HOM 3ap.sr)KeHHOM l.Ja

CTllUe, cKa)KeM 3JieKTpoHy. Pe3yJibTaT Ol.JeBn,IJ;eH - 3JieKTpoH (rro,D;pa3yMeBa

eTc.sr JII06a.sr 3ap.sr)KeHHM l.JaCTllUa) 06Jia,IJ;aeT "C06CTBeHHO:ii" IIOTeHUllaJibHOM 

3Heprne:ii ecp/2, r,IJ;e <p- IIOTeHUllaJI, C03,IJ;aHHbiM 3JieKTpOHOM B MeCTe CBOero 

pacrrOJIO)KeHn.sr. O,IJ;HaKo rrpn r -+ 0 <p -+ oo ( <p = e / r) n 3JieKTpOH ,IJ;OJI)KeH 

06Jia,IJ;aTb 6eCKOHel.JHOM C06CTBeHHOM 3Heprne:ii n, CJie,IJ;OBaTeJibHO, 6eCKOHel.J

HOM Macco:ii. TaK~M o6pa3oM, rrpe,D;cTaBJieHne o 3ap.sr)KeHHoii l.!acTnue KaK o 

TOl.Jel.JHOM 06'beKTe IIpllBO,ll;llT K ¢ll3lll.JeCKll 6eCCMbiCJieHHOMY pe3yJihTaTy -

6eCKOHel.JHOM C06CTBeHHOM Macce, C ,D;pyro:ii CTOpOHbl, Teopn.sr OTHOCllTeJib-• . 
HOCTll He II03BOJI.s£eT CTpOllTb 3JieKTpO,D;llHaMnKy IIpOT.s£)KeHHbiX 06'beKTOB. 

MTaK, Ha MaJibiX paccTo.srHn.srx r -+ 0 3JieKTpo,D;nHaMnKa cTaHoBnTc.sr BHY

TpeHHe IIpOTllBOpel.!llBOM. 3TO IIpOTllBOpel.!lle MO)KHO pa3peiiillTb, orpamil.Jll

BM rrpnMeHllMOCTb 3JieKTpO,D;llHaMllKll OIIpe,D;eJieHHhiMll KOHeqHbiMll paCCTO.s£

Hll.slMll. OueHnM 3TO paccTo.srHne, Cl.JllTa.sr co6CTBeHHYIO 3HeprniO 3JieKTpoHa 
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3HEPrH5I 
VI 

oil 3apsr.n;oB, 

13TOMY OKOH'l!a-. 

pacrrono2Kemisr 

ipsr2KeHHOH 'lla

( no.n:pa3yMeBa

rorem.i:HanbHO:ii 

:J MecTe cBoero 

KTpOH .r.tOn2KeH 

b~o·; 6ecKoHe"tJ:

qacT11Ue KaK o 
'>,·:-: ·: 

pebynhTaTy ·-

;r OTHOCHTenb

biX 06'beKTOB. 

iHOB11TCSI BHY

Tb, orpaH11'tJ11-

bi1IH paCCTOSI

H:IO 3neKTpOHa 

(rv ffieC~) BenH'tJ11HOH TOfO 2Ke IIOpsr.n;Ka, 'liTO H C06CTBeHHM IIOTeHUHanbHM 

3Hepr11sr ( e2 / Ro), OTKy.n;a 

Ro Ha3biBaiOT KJiacclfqecKlfM· pa.n11ycoM aneKTpoHa. CornacHo B033pe

HHSIM KnaCCH'tJeCKOH 3neKTpO.r.t11HaMHK11 11MeHHO TaKHM11 paCCTOSIH11SIM11 Orpa

HJiqeHa ee npnMeH11MOCTb. B .n;e:iicTB11TenhHOCTH 113-3a KBaHTOBbiX 34>¢eKTOB 

IIpHMeH11MOCTb KnaCC11'l!eCKOH 3neKTpO.l{11HaM11K11 Or,paH11'tJeHa ropa3.n;O 6onb
IIIHMH paCCTOSIH11SIM11 (fi/meC rv 10-8 CM). HeT H11'l!ero Y.D:11BHTenbHOro B 

TOM, 'liTO 3neKTpO.r.t11HaM11Ka Ka'lleCTBeHHO ycTaHaBn11BaeT ¢aKT OrpaH11'tJeH11SI 

CBOe:ii IIp11MeH11MOCT11 Ha MaJibiX paCCTOSIH11SIX, .HO KOn11'lleCTBeHHM OUeHKa 

OKa3hiBaeTCSI OlliH60'tJHOH. 1Je:iiCTB11TenhHO, 113 06IU11X C006pa2KeH11H SICHO, 'liTO 

YCTaHOB11Tb rpaH11Ubi rrp11MeH11MOCT11 TeOp11H, He BbiXO.l{SI 3a eenpe.n;enb!, ecn11 

H B03M02KHO, TO BeCbMa H BeCbMa rrp116nH2KeHHO. 

Terrepb noHSITHo, 'ITO 113 ¢opMynhl 

1 
U = 2 LeaiPa 

He06XO.l{11MO HCKniO'tJ11Tb He npe.n;CTaBnSIIOIUYIO lP11311'l!eCKOf0 11HTepeca C06-

CTBeHHYIO 3Hepr11IO, 'liTO .l{OCTaTO'tJHO npOCTO - CYMM11pOBaTb Ha.l{O IIO BCeM 

tiaCTIIUaM, C03.l{aiOIU11M none B .n;aHHOH TO'l!Ke, KpOMe· HaxO.r.tSIIUeHCSI B 3TOH 

TOtiKe 'l!aCT11Ubi, T .e . 

. ·' 'Pa = L ~ ===? U = ~ L eaeb; 11n11 U = ~ ~· p(r)~(T)~ dV_ . 
bof:a r ab 2 bof:a r ab 2 r - r 

flmr .D:BYX 3apsr.n;OB U = e1e2/r12, 'liTO n11lliH11H pa3 nO.l{TBep2K.n;aeT He06XO.l{H

. MOCTb Han11'tJ11SI B ¢opMynax ¢aKTOpa 1/2: 
llyCTb C11CTeMa 3apsr.n;OB, 3aKniO'l!eHHM B HeKOTOpOM KOHe'tJHOM ()6'beMe, 

IIOMelUeHa BO BHelliHee 3neKTpOCTaT11'tJe~KOe none. IJpe.n;non02KHM, 'tJT'O 
. ' ., . ,, 

e BHelliHee none MHOfO 60nbllle nonsr, C03.l{aHHOfO C11CTeMbH 3apsr.n;oB, II0-

3TOMY noneM 3apsr.n;OB M02KHO npeHe6pe'l!b; . 

e BHelliHee none KBa3110.l{HOpO.r.tHO, T.e. BHyTp11 pacnpe.n;eneH11SI 3apsr.n;OB 

ero nOTeHUHan 113MeHsreTCSI .l{OCTaTO'tJHO Me.n;neHHO. 
' ·' . . . . . ' 

ITo onpe.n:eneH11IO noTeHu11ana 3Hepr11sr 3apsr.n:a ea, pacnono2KeHHOro B TO'l!Ke 

~' eCTb Ca<fJ(Ta), SICHO, 'liTO nbnHM 3HeprHSI C11CTeMhi 3ap5r.n;OB Bb BHelliHeM 

none c noTeHu11anoM <p 6y.n;eT 
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Bhi6epeM Ha'llano Koop,n:HHaT BHYTPll paccMaTp:HBaeMoft c:HcTeMhl 3ap~.noB 11 

pa3nO)KllM Me,UneHHO MeH~IOIIlYIOC~ !l>YHKUlllO cp(~) B p~,n BOKpyr Ha'llaJia KQ-

Op,U:HHaT: 

... · ( acp· ) 1 ( a
2 

cp ) 
cp(ra). cp(O) + LXa -a + -2 LXaXJ3 a + ... 

0 Xa 0 . a,f3 · , . X0 Xf3 0 

CooTBeTCTBeHHO, 

u = Uo + ul + u2 + ... , Uo = cp(O) Lea, ul = (gradcp)o L eara, 
Q Q 

U2 = -
2

1 
L:(L:eiXiaXif3).(aa

2
cp ) . 

a,f3 i XaXf3 0 

lln~ 3neKTpOHeftTpanhHOll CllCTeMhl • 

Uo = 0, U1 = ...:.E(O) · J = -dEcose 

( () - yron Me)K.ny E 11 d). B cny11ae ecn11 I: ea -=/= 0, c1ma, .neftcTBYIOIIlM Ha 

CllCTeMy, 

F = -grad U = E(O) Lea+ grad( Ed) = eE + (d· V)E (rotE= 0). · 

Ecnll CllCTeMa 3neKTpOHeftTpanhHa, TO B O,UHOpO,UHOM none.(E =canst) Ha CII

CTeMy 3ap~,UOB C ,UIInOnhHhiM MOMeHTOM d HIIKaKIIX CIIn He ,neftCTByeT. CIIn:OI 

nO~Bn~IOTC~ nlllllh B KBa3IIO,UHOpO,UHOM none. 

Haft.n;eM 3aKOHhl B3aiiMo.neftcTBII~ 3ap~.n - .niinonh II .niinOJih - ,niinonh: 

• 3apsm - ,niinonh: 

U= -Ed=- edR 
Ra ' 

3,nech R pa,niiyc-BeKTOp OT TO'Ile'-moro ,niinonSI (pa3:\1ephi ciicTeMhi 

3ap~,UOB C'lliiTaeM npeHe6pe)KIIMO MaJihiMII) K 3ap~,ny. 

e ,UIInOnh( c4) - ,UIInOnh ( ch): 

u = -d~E1, 

E1 - none, co3.n:aHHoe ,niinoneM 'd~ B TO'IlKe pacnono)KeHII~ d~ (Hano

MHIIM, ,UIInOnii TO'Ile'llHhie, T.e. IIX pa3Mephl npeHe6pe)KIIMO ·MaJI:OI no 

cpaBHeHIIIO c paccTo~HIIeM R Me)K,ny HIIMII), no3TOMY 

u = -~E1 = (c4 · d~)R2 - 3(d1R)(d~R) 
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lO~ H 

;a Ko-

llllM Ha 

=0). 

;t)Iia cn

T."'Cnnhi 

· CHCT€:Mhi 

r ;d~ '(Harro

d' .MaJihi no 

Ecnn cncTeMa :meKTponeiiTpanhHa n ee .n:nminhHhrii MOMeHT paBeH HyniO, 

TO 

llo6aBHB K 3TOMY Bhlpa)l(eHHIO Hynh ( noTeHunan y,n:oBneTBopsreT ypaBHeHHIO 

Jlarrnaca): 

KBA3MCTAIJJI.IOHAPHOE MArHMTHOE ITOJIE 

PaCCMOTpHM none, C03.1laHHOe CHCTeMOH Me,n:neHHO (CO CKOpOCTSIMH V « C) 

,UBH:>KyiUHXCH 3apH.1lOB. llpe,n:IlOJIO)I(eHHe 0 Me,n:JieHHOCTH )lBH)I(eHHSI 3apsr,n:OB 

03HaqaeT, qTo KOHeqHOCThiO CKOpOCTH pacnpOCTpaHeHHH 3JieKTpOMaiHHTHhlX 

B03MYIU€HHH MO:>KHO rrpeHe6peqh H rrpH6JIH)I(€HHO cqnTaTh, qTO none B Ka

)K,UhiH MOMeHT BpeMeHH Orrpe,n:ensreTCSI MIHOBeHHhiM IlOnO)I(eHHeM 3apsr,n:OB. 

By.n:eM cqnTaTb TaK:>Ke, qTo 3apH.1lhi cocpe,n:oToqeHhl B HeKOTOpoii KOHeqHoii 

o6naCTll rrpOCTpaHCTBa, 3a rrpe.n;eJihl KOTOpOH OHH He MOIYT BhlHTll. B 3TOM 

cnyqae ,n:BH)I(eHne 3apsr.n:oB MO:>KeT 6h!Th nnn rrepno,nnqecKHM, nnn KBa3Hrre

pno,n:nqecKHM, rrocKOJihKY 3a .n:ocTaTdqno 6onhiiiOe BpeMsr 3apsr,n:hi npoil.n:yi' 

'Iepe3 rrocne.n:oBaTeJihHOCTh Tex )l(e caMhiX nnn ,n:oBOJihHO 6JIH3KHX cocTosr.:.. 

HHii. Ha3oBeM TaKoe .1lBH:>KeHHe 3apsr.n:oB KBa3HcTauuonapHhiM, a C03.1laH

Hoe liMli none KBa3HCTaUHOHapHhiM rroneM. flnsr TOIO qT06hl Bh!nHCaTh 

cncTeMy ypaBHeHHii MaKcBenna .n:nsr KBa31IcTaimoHapHhiX noneil, oueHHM no 

rropsr.n:Ky BeJIHqllHhi Bee cnaraeMh!e MaKcBennoBCKHX ypaBHeHnii. llycTh T -
xapaKTepHhiH rrepHO)l KBa3HCTaUHOHapHOIO .1lBH:>KeHHSI 3apsr,n:oB, TOr,n:a 

l

aEI E · at "'r' l

aHI H 
at. "' r' 

3.n;ech E il H -- cpe.n;HHe 3a rrepno.n: 3Ha~eH~sr HanpH~eHHOcTeii 3JieKTpnqec~oro 
H MaiHllTHOIO noneii .. Ey.n:el\1. nonaFa:tb; qTQ npocTpaHCTBeHHhie ~POH3BO)l-

' • • •' '·' < ' • • ' ·: ' ' ' ' 

Hhle ITO pa3HhlM KOOp.IJ:liHaTaM HMeiOT O.r(l{HaKOBhiH nopsr,n:oK: 
. ' . ' :. ' ' ' ' ·. ·~ ~ ' .· '. . i 

aEi aEk aHi aHk 
-- t'V --

8xk axi' 
-- t'V --

axk axi' 
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H eCJIH L :- xapaKTepHbillJIHHeHHblll pa3Mep paCCMaTpHBaeMOll CHCTeMbi, TO 

8E 8E 8E E 8H 8H 8H H 
-rv-rv-rv-
8x 8y 8z L' 

-rv-rv-rv-
8x 8y 8z L" 

TaK KaK v ~ c ==> L /T << c, II09TOMY eCJIH ,n:a>Ke E rv H' TO 

18H 8Ei 
; 8t ~ 8xk' 

18E 8Hi 
--~-. 
c 8t 8xk 

TaKHM o6pa30M, ypaBHeHn.sr MaKCBeJina .n:n.sr KBa3HCTaunoHapHbiX none:H, co-

3.JJ:aHHblx' KBa3HCTaunoHapHbiM .JJ:BH>KeHneM 3ap.sr,n:oB (v ~ c nnn T >> Lfc), 
HM€IOT BH.JJ: 

... - 47!" ... 
rotH= -j; 

c 

rotE= 0; 

divH = 0; · 

divE= 47rp. 

3aMeTHM, qTO T.K. ,J:(BH>K€HHe OrpaHnqeHO H HMeeT CTaUHOHapHbill xapaKTep, 

TO TOT >Ke pe3yJihTaT MO>KHO IIOJiyqHTb ycpe,n:HeHHeM IIO nepno,ny. 

MaJIOCTb TOKa CMeiUeHH.si IIO cpaBHeHHIO C TOKOM IIpOBO.JJ:HMOCTH npHBO):{HT 

K COJI€HOH,J:(aJihHOMY XapaKTepy JIHHHll TOKa: 

_. 41T" _,. _, 
rotH= -j ==> divj = 0, 

c 

qTO, KaK H ):{OJI>KHO 6biJIO 6biTb, COBITa,n:aeT C COOTHOIII€HHeM, CJie,n:yiOIUHM 

H3 ypaBHeHn.sr HenpepbiBHOCTH .nn.sr KBa3HCTaunoHapHoro ,nBH)KeHn.sr. · TaKnM 

o6pa3oM,, Tipn KBa3HCTaunoHapHOM ,nBH)KeHnn 3ap.si,n:oB BHYTPH o6nacTn .nBn

)KeHH.si Ka)K)laH H3 JIHHHll TOKa 3aMKHyTa ca~1a Ha ce6.sr. l.JaCTHUbi He MoryT 

Bb!llTH H3 06JiaCTH .JJ:BH>KeHH.si, II03;0MY Jn = 0. lleHCTBHTeJibHO, div ; = 
0 ==> f }ndS = 0. 5.fcHO TaK)Ke, qTo 

j J dV = j J dSdl = /J dSdl= j f dY dt-,j dY f dl= 0, 

r,n:e dS - ceqeHHe Tpy6KH, dl - 9JI€MeHT .JJ:JIHHbi 3aMKHYTOll Ha ce6.sr Tpy6KH 
t 

TOKa. 

CncTeMa ypaBHeHnil MaKcBeJIJia ,nn.si KBa3ncTaunoHapHbiX .siBJieHnil pac

na.n:aeTc.sr Ha ypaBHeHH.si ,J:(JI.si H€3aBHCHMbiX IIOJie:ii - MarHHTHOrO IIOJI.si TOKOB 

H 3JieKTpnqeCKOrO IIOJI.si 3ap.si.llOB, npnqeM HCHO, qTO peiiieHHe ypaBHeHHll ):{JI.si 

9JI€KTpH'-!eCKOfO IIOJI.si TaKOBO, qTo B Ka)K)lblll MOM€HT BpeMeHH KBa3HCTaUHQ

HapHOe 3JieKTpnqecKoe none coBna.uaeT c 3JieKTpocTaTnqecKHM noneM ,naHHO:ii 

KOHqmrypaunn 3ap.sr.noB. BBe.neM BeKTOp-noTeHUHaJI cornacHo 

if= rot A. 
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lJHl 

110:. 
'' 

TioH5£THO, "'TO OH 6y.neT y,noBJieTBOp5lTh ypaBHeHMIO TiyaccoHa 

..... 47f..... ..... 
6.A = --j, rrpM"leM divA= 0. 

c 

(flocJie,UHee COOTHOIIIeHMe eCTb yCJIOBMe Jlopem~a ,UJI.Sl KBa3MCTaUMOHapHbiX 

5£BJieHMii.) · PeiiieHMe ypanHeHM5£ TiyaccoHa nMecTe c nrronHe ¢M3M"leCKM o6o-

cHoBaHHhiM rpaHM"lHblM ycJIOBlleM 

A rv 0 (!) \ 1--7 0 
r r-too 

MMeeT Bll.U 

R= If-f\. 

Terrepb HeTpy,nHo HaiiTn i1 B TO"!Ke Ha6niO.neHn5£: 

H .... = ! t I J(f}dV /o R . 

Orrepaun5£ rot -- .nn¢¢epeHunpoBaHne no Koop,nnHaTaM TO"lKll Ha6niO,neHn5£, 

no:no:-.1:y, T .K. J(f') 1 -t [}, R] 
rotR =[grad R'J] = Ji3' 

,UJI5£ Haiip5l>KeHHOCTll KBa3MCTaUllOHapHOrO MarHllTHOrO · IIOJI5£ IIOJIY"lllM 

i1 = ! I [J(f}, R] dV 
c R3 ' 

..... , 
R=f-f 

- 3aKOH Buo - CaBapa. AHannTn"leCKll Bbi"lllCJillTh MHTerpan B ::noii ¢op

Myne y,naeTC5£ Jllllllh ,UJI5£ HeKOTOpbiX rrpOCTeMIIIllX CllCTeM. 

• Tione Me,UJieHHO ( V~ « C) ll paBHOMepHO -,UBll>KylUerOC5£ 3ap5l,Ua. 

B 3TOM cny"lae 

p(f, t} = ec5(f- vot), .](T, t) = evo8(f- vot), 

_ I 8(f- iJ0t)dV _ e 
cp-e , -~ .......... I' \f'- f\ r- vot 

.E _ e(r- vat) 
- If-, i1otl3 ' 

H 
.... - ~I [vo, f- fJ -'(~- ~· )dV'. ~ ~ [vo, f- vot] - ![ ...... E ..... ] 

- ..... , 
3 

u r v0t - ..... ..... 3 - vo, . 
· c 1 r - f\ c I r - v0 t I · c 
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TaKnM o6pa3oM, .nmr Me.n;JieHHo n paBHoMepHo .n;Bn2Kymerocsr 3apsr.n;a 

1) KaK ll .D;JISI HeiiO.D;Bll2KHOrO 3apsr.n;a, IIOJie c<t>epn~eCKll-CllMMeTpll~HO; 

2) TO~Ka C .D;aHHbiM 3Ha~eHHeM Harrpsr2KeHHOCTll rrepeMemaeTCSI paBHO

MepHO BMeCTe C 3apsr.n;oM; 

3) ::meKTpll~eCKOe IIOJie <t>opMaJibHO COBIIa.naeT C IIOJieM HeiiO.D;Bll)KHOrO 

3apsr.n;a, HO BMeCTO <!>HKCllpOBaHHOrO paCCTOSIHllSI OT TO~Kll Ha6mo.n;eHllSI 

.no 3apsr.na <PnrypnpyeT rrepeMeHHoe BO BpeMeHn IT- v0tl; 
4) BeKTOp fi rreprreH.n;nKynsrpeH KaK E, TaK n v0 no rropsr.n;Ky BeJin~HHhl: 

IHI "' Vo lEI ==* IHI « lEI. 
c 

• ITone cncTeMhi KBa3ncTaunoHapHo .n;Bn2Kyl!lnxcsr 3apsr.n;oB Ha 6oJihiiiHX 

paccTosrHnsrx OT cncTeMhl. KaK n B ::meKTpOcTaTnKe, rro.n;cTaBnB pa3JIO-

2KeHne 1 1 ' , ' ' 1 
- ~-- rgrad
R r r 

B OIIpe.n;eJISIIOlllYIO BeKTOp-IIOTeHUllaJI <!>OpMyJiy 

A(f} = ~ j ](f}dv 
C n ' 

IIOJIY~llM 

.... 1/ .... , , 1/ .... ,, 1 , 1/ .... ,, 1 , A( f)= - j(f}dV-- j(f}(Tgrad- )dV = --. j(f}(fgrad- )dV. 
cr c r c -r 

(B KBa3HCTaunoHapHOM cny~ae f ](fJdV = 0.) BocrrOJih3yeMcsr T02K.n;e

CTBOM 

, , 1 1[ , , 1 . , , ' 1] 
j(f)(Tgrad-) = - j(f)(rgrad-)- r(j(f}grad-) 

7" 2 7" 7" 

1[ , , 1 , , 1] +2 j(f}(Tgrad ~) + r(j(f}grad ~) = 

[ , ... r] 1 [ , , 1 , , 1 ] 
- [T,jJ,a +.2 j(f}(rgrad ~) + r(j(f}grad ~) . 

Tor.na 

.... 1 f [ [ i,JJT] , 1 f [ , , 1 , , . 1 ] , 
A( f) = -

3 
dV- -

2 
j(f)(rgrad -) + r(j(f)grad -) dV. 

2c r c r r 

BTopoll: HHTerpan :noro Bblpa2KeHnsr o6paiiiaeTcsr B HYJih. IleiicTBH

TeJibHO, BBll.D;Y Toro, ~TO J dV = dY dl = dY df ( df - ll3MeHeHne IIO

JI02KeHHSI 3apsr.n;a IIpll .D;Bll2KeHllll ITO Tpy6Ke TOKa, ~TO ll eCTb dl ITO 
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1-

0 

)! 

,_ 

CMhlCJIY), nepeii)leM OT llHTerpHpOBaHIHI no 06'beMy K llHTerpHpOBa

HlliO no f. Tor)la, nOCKOJlhKY )lllcpcpepeHUllaJI OTHOCHTC51 K II1TpHXQ

BaHHhlM KOOp.JlHHaTaM, llCKOMhlll llHTerpaJI MO:>KHO npe)lCTaBHTb B BH)le 

J dY f d (f'( f, grad ~)) , KOTOphiii o6paruaeTC5I B HYJih,. KaK HHTerpan no 

3aMKHyToMy KOHTYPY OT noJIHoro JlllcpcpepeHUHaJia. liTaK, 

~ - ~ f [lf',)Ji] , 
A(f') -

2 3 dV. 
c r 

~ 1 f , ... , 
M = 

2
c [f',j]dV 

ll Ha30BeM erO MarHHTHbiH MOMeHT CHCTeMbl 3ap.SI,li;OB. 3TOT BeK

TOp onpe)lemreTC51 reoMeTpHeii cHcTeMhl II pacnpe)leJieHHeM TOKOB no 

o6'heMy. Y l:!HThiBM 3TO onpe)leJieHHe, HMeeM 

[M,rl 
A(f') = 3 J ' r 

n03TOMY, TaK :>Ke KaK ll B 3JieKTpOCTaTHKe, 

~ 3ii(iiM)- JJ 
H= 3 ' r 

• CBoiicTBa MarHHTHoro MOMeHTa 

I A 

r= r+ a, 

~ r 
n= -. 

r 

.. 
M = i1 + ;cfla3JdV, jla,JldV =[a, jidv] = o =? 

M=M. 
IlO)l06HO )lllnOJihHOMY MOMeHTY, MarHHTHhlll MOMeHT 3JieKTpOHell

TpaJibHOll CllCTeMbl He 3aBHCHT OT Bb160pa Hal:!aJia KOOp)lHHaT, a 

3aBHCHT TOJlbKO OT CBOllCTB CllCTeMbl 3ap5I)l0B. 
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2. J1MeH B Bll.UY, 't!TO J = pv, nepenmneM BeKTOp Mai'HllTHOI'O MO-

MeHTa: ... 1 f , , 1 , 
M = 

2
e [f, pV)dV = 2~ ~)fi, evi}, 

ll ecnll CllCTeMa COCTaBneHa ll3 3apH.UOB, IIMeiDIUliX O,UIIHaKOBOe 

OTHOilleHIIe ejm, TO 

... e .:. ... e--
M= -

2
. 2]ri,mvi) = -2 -L, 

me me 

3,nech L MOMeHT IIMnynhca CIICTeMhi. 

IlnH .UBYX 't!aCTllll 

M = ~e (et[fl, VI)+ e2[~, v2)). 

floMeCTllM Ha't!ano KOOp.UIIHaT B ueHTp IIHepUllll li BBe,UeM OTHOCll

TenhHYID CKOpOCTb 

v = v1- v2, 
m2 

-+ ' v1 = v +m2 m1 

ml . 
-+ ' v2 = -v m1 +m2 

, , , 
f= fl- f2, 

Tor.ua 

M
... J.-t ( e1 e2 ) L... m1m2 = - - + - , r.ue J.-t = ----

2e mr m~ (ml + m2) 

- npiiBe.ueHHM Macca, L - MOMeHT IIMnynhca oTHOCIITenhHoro .UBII

:>KeHIIH. 

TEOPEMA JIAPMOP A 

PaCCMOTpliM CliCTeMy TO:>K,UeCTBeHHbiX 3apH:>KeHHbiX 't!aCTllll BO BHeU1HeM 

::meKTpii't!eCKOM aKCIIaJihHO-CIIMMeTpii't!HOM none. KaKIIM 6y.ueT BniiHHIIe cna-

6oro O,UHOpO.UHOfO MafHliTHOI'O nonH, HanpaBneHHOI'O B,UOnh OCll CliMMeTpiiii, 

Ha TaKyiD CllCTeMy? 
0TBeT Ha TIOCTaBneHHbiH BOTipOC .uaeT TeopeMa JlapMopa: B cna60M O,UHO-

pO,UHOM Mai'HliTHOM none paccMaTpiiBaeMM CliCTeMa 't!aCTllll Ha't!IIHaeT Bpa

maTbCH KaK uenoe BOKpyr HanpaBneHIIH nonH C yrnOBOH CKOpOCTblO 

eH 
Or,= 2me' 
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~HOI'O MO-

;HHaKOBOe 

MOTHOCH-

~HOI'O ,Il;BH-

) BHenmeM 

~HIHHe CJia

iMMeTpllll, 

160M O,Il;HO

maeT Bpa

,Jo 

TaKoe ,n;Bn:>KeHne Ha3biBaeTC5I napMopoBcKoii npeoeccneii. ITpome Bcero 

,Il;OKa3aTeJibCTBO TeOpeMbi J1apMopa TIOJiy'-IaeTC5I CpaBHeHHeM <PYHKUHH J1a

rpaH:>Ka CHCTeMbi l!aCTHU B Mai'HHTHOM TIOJie C. ¢YHKUHeH JiarpaH:>Ka TOH :>Ke 

CHCTeMbl 6e3 Mai'HHTHOI'O TIOJI5I, HO paCCMaTpHBaeMOH C TO'-IKH 3peHH5I Bpa

Ir(aiOir(eHC5I CHCTeMbl KOOp,Il;HHaT. B OTCyTCTBHe Mai'HHTHOI'O IIOJI5I 

2 

Lo = Lm;a- U, 
a 

r,n;e U- IIOTeHUHaJibHM 3Hepi'H5I, BKJIIO'-IaiOir(M 3Heprn'ro B3aHMO,Il;eHCTBH5I '!a

CTHU ,n;pyr C ,n;pyrOM H C BHelliHHM TIOJieM. IJpn BKJIIO'-IeHHH Mai'HHTHOI'O TIOJI5I 

¢YHKUH5I Jiarpan:>Ka, KaK H3BeCTHO, IIpno6peTaeT .n;o6aBKY Ea e~va · Aa/ c, r.ue 

Aa - BeKTopHbiH IIOTenunan B TO'!Ke, · B · KOTopon naxo.nnTC5I '-IacTnua. Mar

HHTHOe IIone o.n;nopo.uno, II03TOMY IIpe.n;cTaBHM A B Bn,ne 

J1erKO y6e,UHTbC5I B TOM, 'ITO TaKOe IIpe,UCTaBJieHHe ,UOIIYCTHMO: 

.... 1[ ........ ] 1 ........ 1 ........ 3 .... 1 ........ 
rot A= 2" \l[H, r] = 2"H(\7T)- 2"(H\l)r = 2"H- 2"H =H. 

Y '-IHThiBM 3TO 3aMe'-IaHHe, 3aiiHllleM ¢YHKUHIO JiarpaH:>Ka CHCTeMhl 3ap5I,UOB 

B Mai'HHTHOM IIOJie B BH,Il;e 

2 . 
" mva e " .... [ .... ;:'! L H = L.t -

2
- + -

2 
L.t Va • H, Tj - U. 

a C a 

Teiiepb IIepeiiHmeM ¢YHKUHIO JiarpaH:>Ka L0 B CHCTeMe Koop.nnnaT, Bpa

ruaiOIUHXC5I C yrJIOBOH CKOpOCThlO Q BOKpyr OCH CHMMeTpHH BHelliHei'O 3JieK

TpH'!eCKOI'O IIOJI5I. lbBeCTHO, 'ITO CKOpOCTH '!aCTHUbi B HeiiO,UBH:>KHOH Va H BO 

Bparuarorueiic5I ifa CHCTeMax OTC'-IeTa C.B5!3aHbl COOTHOllleHHeM 

IJpe,n;IIOJIO:>KH:\I, BpameHHe :\1e,Il;JieHHhi:\I HaCTOJihKO, 'ITO 

T.e. B ¢YHKUHH J1arpaH:>Ka ,UOCTaTO'-IHO COXpaHHTb JIHHeHHhie 110 Q '-IJieHbl, 

TOI',Ua 
'2 mv , .... , 

Ln = L T + L mva . [n, r] - U. 
a a 
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JierKo 3aMeTMTh, "'ITO ¢YHKUMM JiarpamKa LH M Ln cTaHyT o,n:MHaKOBhiMM, 

eCJIM 0 = eHj2mc, a ::ITO, B CBOIO 0"'-Iepe,n:h, 03Ha"t.JaeT, "'ITO TIOBe,n:eHMe "t.JaCTMU, 

OTIMCbiBaeMbiX 3TMMM lPYHKUM.SIMM JlarpamKa, · TaK)Ke O.IJ:MHaKOBO, T .e. . CM

CTeMa 3ap~)KeHHbiX "t.JaCTMU, HaxO,n:~I.IJ;MXC~ BO BHeiiiHeM aKCMaJibHO-CMMMeTpM

"t.JHOM 3JieKTpM"'-IeCKOM nOJie, npM HaJIO)KeHMM HanpaBJieHHOrO B.IJ:OJib OCM CMM

MeTpMM MarHMTHOrO nOJI~ Ha"t.JMHaeT Bpai.IJ;aTbC~ C yrJIOBOH CKOpOCTbiO 

.... efi 
fh= --. 

2mc 

YTO"t.JHMM CMbiCJinpeHe6pe)KeHMSIKBa,n:paTM"t.JHbiMM non BeJIM"t.JMHaMM. TiycTb 

"t.JaCTMUbl 6e3 MarHMTHOrO. nOJISI COBepiiiaiOT ,lPMHMTHOe KBa3MnepMO.IJ:M"t.JeCKOe 

,n:BM)KeHMe, KaK, HanpMMep, ::~JieKTpOHbi B .aToMax. Tor.n:a MO)KHO nOJIO)KJITb 

ifa ~ wafa, r.n:e Wa - "t.JaCTOTa BpameHMSI ~-ll: "t.JaCTMUhi, a ycJIOBMe npeHe6pe

)KeHMSI KBa,n:paTM"t.JHbiMM no f1 BeJIM"t.JMHaMM CBO.IJ:MTCSI K HepaBeHCTBJ 

Wa » f1L, 

T .e. "t.JaCTOTa JiapMOpOBCKOH npeueCCMM .IJ:OJI)KHa 6biTb MaJia no cpaBHeHJIIO C 

co6cTBeHHbiMM "t.JaCTOTaMM "t.JacTMU (::~neKTpOHOB B aToMax). B Tex cny-qasrx, 

Kor.n:a ::ITO ycJIOBMe He BhlnOJIHeHo, TeopeMa JiapMopa HeBepHa. lb npMBe

,n:eHHoro .IJ:OKa3aTeJibCTBa CJie,n:yeT, "'ITO TeOpeMa CnpaBe,n:JIMBa M .IJ:JISI CMCTeMbi 

"t.JaCTMU, y KOTOpbiX O.IJ:MHaKOBO OTHOIIIeHMe ejm. 

IIOJIE P ABHOMEPHO .IlBl'DKYmErOC5I 3AP5I.IlA 

Hall:,n:eM none, c03,n:aHHoe 3apsr,n:oM e, paBHOMepHo ,n:BM)KYI.IJ:MMcsr co cKopo

CThiO v :::; c. TioMeCTMM 3apsr.n: B Ha"t.JaJio Koop,n:MHaT cMcTeMhi K, KOTOpM ,n:BM

)KeTcsr no OCM X Heno,n:BM)KHOH CMCTeMbi OTC"t.JeTa K CO CKOpOCTbiO V = canst. 
Tipe.n:noJIO)KJIM, "'ITO B MOMeHT t = 0 Ha"t.JaJia K M I{ coBna,n:aiOT. 3To 03Ha

"t.JaeT, "'ITO B JII060fl: MOMeHT BpeMeHM t KOOp,n:MHaTaMM 3apsr,n:a B CMCTeMe K 
6y,n:yT X= Vi, y = Z = 0. . , 

B CMCTeMe K 3apsr,n: nOKOMTCSI B Ha"t.JaJie KOOp.IJ:MHaT, n03TOMY B npOM3-

BOJibHOH TO"t.J:Ke x, y, ~ cKansrpHbiH noTeHUMaJI C03.llaHHoro JIM nonsr <P = ej R, 
a BeKTOp-noTeHUMaJI A= 0, cne,n:oBaTeJihHO, 

, 

!. eR !. , J E = -,-, H = 0, R = 1;2 + y2 + f:2. 
R3 

J]JISI TOrO "t.JT06bi nOJIJ"'-IMTb Bbipa)KeHMSI nOTeHUMaJIOB M TIOJiefl: B CMCTeMe OT

C"t.JeTa K, BhinMIIIeM ¢opMyJihi npeo6pa3oBaHMSI JiopeHua 
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IaKOBhiMH, 

rie "llaCTHU, 

, T.e •. , CH-

~HMMeTpH

b OCH'CHM

:TbiO 

MH. TiyCTb 

IO.IJ;H"l!eCKOe 

TIOJIQ)KHTb 

npeHe6pe-
,, 't' 

BY 

laBHeHHIO C 

:X CJIY"llMX, 

l13 npHBe

LSI CHCTeMbi 

UlA 

:51 CO CKOpO

>TOpM .IJ;BH-

1 v =canst. 
3ro o3Ha

cilcTeMe K 

ry .B npOH3-

I5I rp = ef R, 

~HCTeMe OT-

e .IJ;JI5I KOOp.IJ;HHaT: 

e .IJ;JI5I TIOTeHIIHaJIOB: 

e .IJ;JI5I TIOJI5I: 

Teneph 5ICHO, "l!TO 

e 
T.e. cp = --;;- , 

R 

X = v</J . = vcp = e~ 
cJ1- v2fc2 c cR · 

Y"l!HThiBM R? = R2 / (1- v2 /c2), nony"l!HM 

E = e(x ~ vt) ( 1 _ v
2

) E = ~y ( 1 _ v
2
) ez ( v

2
) 

X ~ ' y .. 2 ' Ez = R~3 1- c2 ' R3 c2 R3 c 

cne.n;oBaTeJihHO, • 

3.n;ech R- pa.n;Hyc-BeKTOp OT 3ap5I.n;a K TO"l!Ke Ha6nro.n;eHH5I R{(x- vt), y, z }. 
BBe.n;eM yron () Me)K.IJ;y HanpaBneHHeM .n;BH)KeHH5I 3ap5I.n;a H pa.n;HycoM-BeKTOp

OM RoT 3ap5I.n;a (Koop.n;HHaThi 3ap5I.n;a x = vt, y = z = 0) K TO"l!Ke Ha6mo.n;eHII5I 

(x, y, z): 
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Tor,n;a e ~ ev 1 
c.p= ' A=- , R-}1 - ~sin20 cR -}1 ~ ~sin20 

~ eR ( 1 - v2 I c2
) 

E = -·-· 
R3 (1- v2 sin20ic2

) 

JlerKo no,n;ctiHTaTh Hanp5r>KeHHOCTh MarHHTHoro non51 H = rot(vc.plc): 

~ ~ vc.p 1 1 ~ 
H = (V, -] = -::-(v, grad c.p] = -[v, E]. 

c c c 

TaKHM o6pa30M, 

e 
~ 1 ~ ev 

c.p= . ' 
R.j1- ~sin20 

~ vc.p - -v--- 2 • 2(} A = 7 - cR 1 - ?-sm 

~ _ eR ( 1 - v2 I c2
) ~ 1 ~ 

H = -(v,E], 
E- ( .,,.., ' 

R3 1- v2sin20ic2
) 

c 

liTO n03BOJ15IeT 3aKJIIO'llllTb: 

e IloJie paBHOMepHO ,D;BH>KyiUerOC51 3ap5I,n;a, B OTJllltiHe OTHOJ151 HenO,D;Bll)K

HOrO llJlll Me,n;JieHHO, HO paBHOMepHO ,D;BH>KyiUerOC51 3ap5I,n;a, He o6na,n;aeT 

c¢epHtieCKOH CllMMeTpHeH. 3KBllnOTeHUllaJibHhiMll TIOBepXHOCT51Mll 5IB-

J15IIOTC51 nOBepXHOCTll 3J1JlllnCOH,D;a: _ 

(x- vt)2 + (1- v2 lc2 )(y2+ z2
) =canst, 

KOTOpbie noJiytiaiOTC51 npll c>Ka:Tllll c¢ephl no HanpaBJieHHIO ,D;BH>KeHH51 

B 

11)1- v2lc2 
pa3. 

• B HanpaBJieHHii ,D;BH>KeHH51 ( e = 0' 7r) 

lEI = e(1- v2 lc2) 

H none MeHhiiie 3JieKTpocTaTH•!ecKoro B (1-v2 I c2
) pa3. B HanpaBneHHH, 

nepneH,D;llKYJ15IpHOM ,D;BH>KeHHIO ( 0 = 7r 12), 
e 1 

EJ..= ----R2 fl- v2 V J.- c2 
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IO,l.lBlDK

)na.naeT 

5IMH 5IB-

IH)KeHH5I 

LBneHHH, 

H none 6onhiiie ::meKTpocTaTIPiecKoro B 1/ J1- v
2 
/c

2 
pa3. MTaK, none 

paBHOMepHO ,l.lBH)Kyi.UerOC5I 3a p5I,l.la KaK 6hl cnniOI.UHBaeTC5I 'B HaiipaBn&

HJ:IH ,l.lB:H)KeHH5I. C pOCTOM CKOpOCT:H B HanpaBneHHH ,l.lB:H)KeH:H.si none 
yMeHbiiiaeTC5I, a B nepneH,l.lHKyn5IpHOM HanpaBneHHH paCTeT. TI p:H V rv C 

BCe none KOHUeHTpHpyeTC5I B MaJIOM HHTepBane yrnOB 6_(} rv J1 - V
2 
jc

2 

B6nH3H nnOCKOCTH, nepneH,l.l:HKyn5IpHOH ,l.lBH)KeHHIO. 

• MarH:HTHOe none Bcer.na nepneH.nnKyn5rpHo KaK HanpaBneHHIO ,l.lB:H)Ke

H:H5I, TaK H BeKTOpy Hanp5I)KeHHOCTH :=meKTpH'IeCKOrO non.sr. IlpH V rv C 

Hanp5I)KeHHOCTH MarHHTHOrO H ::meKTpH'IeCKOrO noneii: OKa3biBaiOTC.si 

O,l.lHOrO nOp5I,l.lKa. 

Bhi'IHCnHM cHny B3aHMo.nell:cTBH5I .I.lBYX 3ap.sr.noB, .I.lBH)Kyi.Unxc.sr c o.nnHaKoBoii 

CKOpOCTbiO V = cqnst. EcnH paCCMaTp:HBaTh 3TY CHny KaK .neii:CTBYIOI.UYIO Ha 

3apM e 1 B none, C03,l.laHHOM BTOpbiM 3ap5I,l.l0M e2, nony'IHM 

.... .... e1 .... ( v
2
) .... e1 .... 

F = e1E2 + -[v, H2] = e1 1- 2 E2 + 2 v(vE2). 
' c c c 

fiO,l.lCTaBHB CIO,l.la Bbipa)KeHHe Hanp5I)KeHHOCTH ::~neKTpH'IeCKOrO non.sr, ,l.ln5I CQ

CTaBn5IIOI.UeH CHnhl B HanpaBneHHH ,l.lB:H)KeHH5I :HMeeM 

el e2 ( 1 - ~~)cos () 
Fx == Jl2 3/2' 

( 1 - ~~ sin2
()) 

a ,l.ln5I COCTaBn5IIOI.UeH B nepneH,l.lHKyn5IpHOM HanpaBneHHH 

et e2 ( 1 - ~) 2 sin () 
Fy = Jl2 3/2 · 

( 1 - ~~ sin2
()) . 

3.nech R ·· pa.nHyc-B~KTOp OT 3ap5I.na e2 K e 17 a () - yron Me)K.ny R n v. 

<I>YHKI(l151 rPHHA YP ABHEHl151 .Il' AJIAMBEP A. 
3AITA3.IlblBAIOmHE l1 OITEPE)KAIOmHE ITOTEHl(HAJibl 

YpaBHeHHe ll'AnaM6epa -· BonHoBoe ypaBHeHHe c HCTO'IHHKOM - HMeeT 

BH,l.l 

( 6- : 2 :t
2

2 )1/J(r, t) = -47r J(r, t), (20) 
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r.ne v- cKopocT~ pacnpocTpaHeHIISl BOJJH, a f(r, t) xapaKTep113yeT pacnpe.ne

neH11e 11CTO"'IH11KOB B npocTpaHCTBe. CornacHo BbiBO,IlaM pa3.nena I <PYHKU11SI 

fp11Ha ypaBHeH11SI (20) .nomKHa y.noBneTBopsrTh ypaBHeH11IO 

( 
1 82 )'' , , .... 6.- v
2 

at
2 

G(T, r, t, t) = -4m5(R)8(r), 
7' = t- i, (21) .... , 

R = r- r, 

a perneH11e (20) 11MeeT B11.Il 

1/l(r, t) = J G(r, i,t, i)J(f, i)dfdi. (22) 

Haii.neM perneH11e ypaBHeH11SI (21), npe.ncTaB11B .nnsr noro <PYHKU11IO fp11Ha 11 

8-<PYHKU1110 B B11,Ile pa3JJO)!{eH11Sl <l>ypbe: 

G(r f t i) = _2_1 dk I dwg-(k w)ei(kR-wr) 
' ' ' ( 27r) 4 ' ' 

(23) 

8(R)8(r) = _2_ I dkl dwei(kR-wr) 
(27r)4 . 

(24) 

Ilo.ncTaB11B .nanee (23) 11 (24) B (21), Haii.neM 

.... 47r 
g(k,w)=-~ n/')) 

(25) 

"'ITO .naeT 

G(r,f, t, i) = _1_ I dk I d ei(kR-wr) 
47r3 w ' = 
_1_ I dkeikR I d v2e-iwr 
47r3 w -. 

(26) 

Bb1pa)KeH11e (26) 11MeeT nonroca w = ±kv, npaB11JJa o6xo.na KOTOpbiX MO)KHO 

Bbi6paTh, 11cxo.nsr 113 <P11311"'leCK11X coo6pa)KeH11H. HanoMH11M, "'ITO <PYHKU11IO 

fp11Ha MO)KHO 11HTepnpe1;11pOBaTb KaK B03MyllleH11e, o6yCJ10BJ1eHHOe TO"'!e"'l

HbiM 11CTO"'IH11KOM, JlOKaJ11130BaHHbiM B TO"'!Ke f 11 113Jly"'!aiOill11M B Te"'leH11e 6ec

KOHe"'IHO MaJJOrO npoMe)KyTKa BpeMeH11 Ha"'l11HM OTt. 3TO B03MyllleH11e pac

npOCTpaHsreTCSI CO CKOpOCTbiO V B B11,Ile paCXO,IlSillleHCSI c<Pep11"'1eCKOH BOJlHbi. 

Mcxo.nsr 113 3Toro, noTpe6yeM, "'!T06hi 

• np11 t < i <PYHKU11SI fp11Ha G = 0, 

• np11 t > i <PYHKU11SI fp11Ha G npe.ncTaBnsrna pacxo.nsrmyrocsr BOJJHY. 
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M3 3T11X Tpe6m 

MKHYTb B H11)KH 

G =f. 0 ( CM. p11C 

KOMTIJleKCHOll ll 

( 3aMeT11M, "'ITt 

3KCTIOHeHU11aJ1: 

3aMKHeM KOHT 

IlO.IlCTaB11B pE 

jd 
B Bbipa)KeH11€ 

Ilo.nbiHTerpa 

CTpaH11Tb 111 

G~ 



~e

mur 

(21) 

(22) 

. (23) 

(24) 

(25) 

(26) 

~IOLKHO 

HKUMIO 

TO'! ell

Me 6ec-. 
~e.pB:c

BOJJHhi. 

my. 

PHC. 7 

lb 3TMX Tpe6oBaHHii cne.uyeT, '!:TO npH T > 0, -iwT < 0 KOHTYP Ha.uo 3a

MKHYTh B Hl'ILKHeii nonynJJOCKOCTl'I l'I o60HTI'I n<)JJIOCa CBepxy, ,UJJSI TOrO ll:T06hl 

G =f 0 (eM. pMc. 7). ITpe.ucTaBHM MHTerpaJi no w B BH.Ue MHTerpana Koum B 

KOMnJJeKCHOH nJJOCKOCTM W, TOr,Ua 

!
+oo v2e-iwr i v2e-iwr 

I= dw , = dw = 
..:..oo v2 k2 - w2 c v2k2

- w
2 

2 . ·leivkr e-ivkr 1 2 sin( vkT) 
v (-2m) --- = 2nv . 

2vk 2vk vk 
(3aMeTHM, 'ITO MHTerpaJJ no y,naneHHOH B 6ecKOHe'I:HOCTh noJJyOKpy)KHOCTl'I 

3KcnoHeHuHaJJhHO cTpeMHTC5! K HyJJIO, nonoMy J~C: ... = ic ... ) ITpH T < 0 
3aMKHeM KOHTYP B BepxHeii nonynJJOCKOCTl'I M l'IHTerpan ,UaCT HOJlb. l..fTaK, 

I= { 2nvsin(vkr)/k, T > 0 
0, T < 0. 

ITo.ucTaBMB pe3yJJbTaT MHTerpMpoBaHM5l no w, TaK )Ke KaK H 

J dke'kii ~ J k2dksin9d9Me'""'"0 ~ 47f J k'sin~~R)dk, 
B BhipaLKeHMe ,UJ15l ¢yHKUMM fpMHa, nony'l:MM 

2v roo 
G = 7r R Jo sin(kR)sin(kvr)dk. 

ITo,nhiHTerpaJJbHM ¢yHKUM5! - q:eTHM ¢YHKUH5! k, no3TOMY MO)KHO pacnpo

cTpaHMTh MHTerpMpOBaHMe Ha BeCb MHTepBaJl -00 < k + oo: 

V ·~+oo . . . V f+oo G = -R sin(kR)sin(kvr)dk = -R . [cos(kr- kvr)-
n -00 7r -oo 
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cos(kr + kvT)]dk = _l_ J+oo dx [ei(r-R/v)x _ ei(r+R/v)x] 
27r R -oo ' x = kv. 

BocnoJih30BaBmiiCh O.UHIIM II3 npe.ucTaBJieHIIli £5-cpyHKUIIII, nepeniimeM no-

cne.uHee: 

G = { v[b'(R--: vT)- ~(R +vT)]/ R, T > 0 . 
0, · . T < 0 

IloCKOJibKY apryMeHT £5(R+vT) HIII',UeHe o6pamaeTCSI B HYJib (R ~ 0, T > 0), 
TO 

G 
= { v[b'(R- vT)]/R, T > 0 G _ b'(T ~ Rjv) 

0 0 
, T.e. -

l T< R 
' 

( 3,Uech IIcnOJih30BaHo II3BeCTHoe cBolicTBO £5 (ax) = £5 ( x) / I a I). 0KOH'-Ia-

TeJibHO 

G = aret (f f t i) = 1 
, £5 ((t - i) - I f- f I) . 

, , , I .... ....

1

. . - r -.r . v 

8Ta ¢YHKUIISI fpiiHa;B noJIHOM cooTBeTCTB1m c BhiBo.uaim· nyHKTa I no CMhl

cny SIBJISieTCSI 3ana3,UbiBaro1wili: ;:iq)cpeKT; iia6nio.uaeMhlM B TO'lJKe f B MOMeHT 
' ' . ' ,· \, '; ,, . ,,·!... 

BpeMeHII t, Bbl3biBaeTCSI B03MyiUeHIIeM, KOTOpOe IIMeJIO MeCTO B TO'lJKe r B MO-

MeHT i = t - (I f- f I) I v. CooTBeTCTBeHHO, pemeHIIe ypaBHeHIISI II' AnaM6epa 

6y.ueT npe,UCTaBJieHO B BII,Ue 3ana3,UbiBaiOIUei'O noTeHUIIaJia: 

'lj;(f, t) =I f(f, t- Rlv) , - dV. (27) 

BKJia,U B 3TOT noTeHUIIaJI B MOMeHT t B03HIIKaeT 3a C'lJeT COCTOSIHIISI IICTO'lJ

HIIKa, H<lXO.USIIUe~OCSI BHYTPII 06'heMa V B npe.umeCTBYIOIIlii~ MOMeHT { CO 

BpeMeHeM 3ana3.UbiBaHIIsr (I f - f I) I v, np.II'lleM srcHo, 'liTO v srBnsreTcsr cKo

pocThiO pacnpOCTpaHeHIISI B3aiiMO,UeMCTBIISI OT IICTO'lJHIIKa K TO'lJKe, I',Ue 3TO 

,UeMCTBIIe npOSIBJISieTCSI. 

MaTeMaTII'lleCKII BnonHe KoppeKTHO TaK>Ke II Tpe6oBaHIIe, cornacHo Ko
TopoMy 

G = 0 npH t > i. 
Ilpii TaKOM nO,UXO,Ue BCe Bbi'lJIICJieHIISI BblllOJIHSIIOTCSI aHaJIOI'II'lJHO II3JIO>KeH

HOMY, Jllllllb He06XO,UIIMO 06XO,UIITb nOJIIOCa CHII3Y. 

B pe3yJihTaTe nony'liiiM 

V;(f, t) =I j(f, t ~ Rjv) dV. (28) 

- onepe>KaiOIUIIM noTeHUIIaJI, KOTOpbiM npe,UCTaBJISieT C06oli CXO.USIIIlYIOCSI K 

ueHTpy ccpepH'lleCKYIO BOJIHY. 
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PemeHHS 

llnsr noro ) 
OTKpbiTOM I 

nOBepXHOCT: 

MeHT BpeM€ 

r, II Heo6xc 

o6nacTII cp) 

npH t = 0: 

PaccMO' 

aM6epa: II; 
TOphlii KOH 

TIJIOTHOCTb 

,UOJI>KHbl 6: 

div] = 0. 
CKamrpHOI' 

pemeHHSIM 

npH'lleM H: 

BHIO Jlope 

CIIcTeMa 

li3BO,UHbl~ 



+R/v)x]' - X= kv. 

fiKUHH, nepennmeM no-

r>O 
T < 0, 

: B HYJih ( R ~ 0' T > 0)' 

c5(T- Rjv) 
R 

c5(x)/ I a j). 0KOH~a-

l~:fl):. 
[{(lM~; nyHKTa I no CMhl-

f l' '•,'""· ' i, ; • 

biH B TO~Ke r B MOM€HT 
.. ,, ..... "1 ',., . ' 

:> M€CTO B TO~Ke T B MO-

rpRJ3H~HliSI ll' AnaM6epa 

tHana: 

(27) 
-.. ·; 

::~eT COCTOSIHIISI HCTO~

~BYIOIUH11 MOM€HT ~ t CO 
• ." ' e •. ' , 

•, ~TO V SIBJISI€TCSI CKQ

HHKa K TO~Ke, r ~e 3TO 

6oBaH!fe, cornacHo Ko-

aHaJIOrH~HO H3JIO)K€H-

(28) 

co6oif cxo~.srmyroc.sr K 

Pnc. 8 

PemeHn.sr (27) H (28) cyTh ~acTHhle HHTerpanhl ypaBHeHn.sr ll'AnaM6epa. 

lln.sr 3Toro ypaBHeHn.sr KoppeKTHO nocTaBJieHHOH SIBJI.sreTc.sr 3a~a~a Komn (Ha 

OTKphiTOH noBepXHOCTII 3a~aiOTCSI '1/J II a¢ I at). 06hl~HO B Ka~eCTBe TaKOH 

noBepXHOCTH Bhi6HpaiOT TpexMepHOe npOCTpaHCTBO B cpHKCHpOBaHHhlH MO

M€HT Bp€M€HII t = t0 : B MOM€HT to 3a~aiOT '1/J(r, to) II a'lj;(r, to) fat ~JISI BCex 

r' II Heo6xo~HMO HaHTII '1/J( r, t) ~JISI t > to. Yame BCero ~JISI 6ecKOHe~HOH 
06JiaCTII cpyHKUHH '1/J II a'lj;j at C~HTaiOT 3a~aHHbiMH cpyHKUHSIMII KOOp~HHaT 
npH t = 0: 

'1/J(r, o) = h (f), a'l/J(r, o)fat = h(f'). 

PaccMOTpHM THnH~HYIO ~JI.sr 3JieKTpo~nHaMHKH nocTaHOBKY 3a~a~n ll' An
aM6epa. ITycTh cncTeMa npOH3BOJihHO ~BH)KymHxc.sr 3ap.sr~oB 3aHHMaeT HeKo

TOphiif KOHe~HhiH o61>eM V. By.neM c~nTaTh, ~To B 3TOM o6beMe 3a,naHhl 

nJIOTHOCTh 3ap.sr.l{OB p{f, t) II nJIOTHOCTh TOKOB ](r, t). fiOHSITHO, ~TO OHM 

.l{OmKHhl 6hiTh 3a~aHhl B COrJiaCHII C 3aKOHOM COXpaH€HliSI 3apMa apjat + 
div] = 0. 3a,na~a COCTOIIT B TOM, ~T06hi no p II J HaHTII pacnpe,neJieHHe 

cKan.srpHoro <p(r, t) H BeKTOpHoro A(f, t) noTeHunanoB, KOTOphle SIBJISIIOTC.sr 

pemeHHSIMH ypaBHeHHif ll' AnaM6epa: 

npH~eM II3 BCex pemeHHH npH€MJI€Mhi JIIIillh Te, KOTOphle nO.l{~liHSIIOTCSI YCJIO

BIIIO J1opeHua 
. .... 1 a<p 

dzvA+ -- =0. 
. v at 

CncTeMa 3THX JIHHei!HhiX ·~ncpcpepeHUHaJihHhiX ypaBHeHHH B ~aCTHhiX npo

H3BO,nHhix ,nonycKaeT 0.l{H03Ha~HOe. pemeHH€ TOJihKO npH COOTB€TCTBYIOill€M 
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3a,ll;aHlUI Ha't!aJibHbiX H rpaHH't!HbiX YCJIOBH11, KOTOpbie Bbi6HpaiOT, OCHOBbiBa

SICb Ha TOll HJIH HHOH cpH3H't!eCKOll KapTHHKe. 06bi't!HOll SIBJISieTCSI CJie,ll;YIOIUaJr 

IIOCTaHOBKa. IJyCTb ,ll;O MOMeHTa t = 0 (T.e. ,ll;JISI BCex t < 0) 3apSI,ll;bl B 06'beMe 

V 6biJIH HeiiO,ll;BH:>KHbl H TOJibKO B MOMeHT t = 0 IIpHIIIJIH B ,ll;BH:>KeHHe. By,ll;eM 

C't!HTaTh, 't!TO HCKOMhle cp H A B03HHKaiOT 6naro,ll;ap.sr H3MeHeHHSIM ::meKTpH't!e

CKoro H MarHHTHOrO IIOJieft B Ha't!aJibHbill MOMeHT t = 0, 1103TOMY ecTeCTBeHHO 

IIOJiaraTb, 't!TO 

p(r, o) = o, ](r, o) = o, E(r, o) = o, ii(r, o) = o, 

TOr,ll;a . 
A(r, t) lt=o= cp(r, t) lt=o= 0; 8A(r, t) lt=o= o . 

at 
B cornacHH c ecTeCTBeHHbiM Tpe6oBaHHeM HC't!e3HOBeHH.sr rroneft B rrpocTpaH

CTBeHHOii 6ecKoHe't!HOCTH rroTpe6yeM, 't!T06hl KaK cp, TaK H A,o6pam:anHCb Ha 

6eCKOHe't!HOCTH B HYJib He Me)lJieHHee 't!eM 1/r, T.e; 

'{J lr--toorv 0(1/r), A lr--too"' 0(1/r) ,ll;JISI 0 '.5:t < 00. 

KaK 6hlJIO rroKa3aHo Bbiiiie, peiiieHHe ypaBHeHH.sr II' Ana·M6epa .srBn.sreTc.sr . . 
cyrreprro3HUHeft 3arra3,ll;hiBaiOm:Hx H orrepe:>KaiOm:Hx rroTeHun:anoB: 

cp = a1 '{J1 + a2cp2, A= ,81 A1 + ,82A2, a, ,B = const, 

r,ll;e 

'{J1(f', t) = J p(f, t- Rjv) , 
R dV, A1(r, t) = ~ j](f, ·i--:- Rjv) , 

c . ~ .-. dV, 

tp2(f', t) = J p(f, t + R/v) , R dV, A
2
(r, t) = ~ j ](f, t + R/v) , 

c R dV. 

HeTPY.ll:HO y6e.ll:HTbc.sr, 't!TO orrepe:>KaiOm:He rroTeH~HaJihi He Y.ll:OBJieTBop.sriOT 

ccpopMyJIHpoBaHHbiM Bbiiiie ycJIOBHSIM. IIeiicTBHTeJibHO, rrpii t = 0 

'{J1(f', 0) = J p(f, - R/v) ., 
R dV, a 'P2(f', 0) = J p(f,: +R/v) , R dV. 

CornacHo Ha't!aJihHbiM ycnoBn:.srM p(f, - Rjv) = 0, B TO BpeM.sr KaK p(f, + 
R/v) 'I 0. IIo::~ToMy cp1 B 6ecKoHe't!HOCTII Be,ll;eT ce6.sr "" 0(1/r), a cp2 3TOMY 

ycnoBHIO He Y.ll:OBJieTBop.sreT H .ll:OJI:>KHO 6biTb OT6poiiieHo (a2 = ,82 = 0). 11TaK, 

KaK CJie,ll;CTBIIe CcpOpMyJIIIpOBaHHbiX Bbiiiie rpaHH't!HbiX H Ha't!aJibHbiX. yCJIOBHll 

peiiieHHeM ypaBHeHHii II' AnaM6epa .srBJISIIOTc.sr 3aiia3.ll:hiBaiOm:n:e noTeHuHaJihi. 

46 

Mo:>KHO rroKa3aTh, .'t!TO 

JlopeHUa, He06XO,ll;HMO 

ITOTEHIJ;l1:J 
ITP011:3BO 

IIoTeHUHaJibi rron.sr, 

TO't!e't!HbiM 3ap.sr,ll;OM, 1\

.ll:YIUeMy H3JIO:>KeHHIO I 

peiiieHHSI ypaB~eHH.sr II 

( 
1·.8

2
) 

6.- c28t2 

3arra3.ll:hiBaiOm:n:e. rroTe: 

1/J 

r.ne 

G 

- 3arra3,ll;biBaiOIUa.sr cpy: 

IIn.sr .ll:BH:>KYllleroc51 ... 
TOKa j 3aiiiiCbiBaiOTCSI 

' .. ~ ; ' ' . 

p 

TOr,ll;a 

cp(f'; t) = 

A( .... ) e r, t = _ 
c 

IIocne ::~neMeHTapHoro 

, . cp(i 



Bhi6MpaiOT, OCHOBhlBa

ti HBJHieTCH CJie,IJ;YIOlUM 

: < 0) 3apH.llhl B o61:.eMe 

JIM B ,n:BM)KeHMe. Ey.n;eM 

3MeHeHMHM 3JieKTpM'Ie

l, II03TOMY ecTeCTBeHHO 

ii(r, o) = o, 

fiMX"IIOJiell B IIpOCTpaH

a~ M A o6parn:an!lch Ha 

0 .'S: t < 00. 

ll',~~~-M6~pa x~mreTcx 
renuManoB: 

; !; \ 

, f3 = canst · · 
'" ' ' ~ -~ 

., 

](f,cit+ Rlv) ·, · 
... R dV. 

JI~~, He Y.D:OBJieTBOpXIOT 

o;· 'I1pii t = 0 

· p(f;, +Riv) dV. 
. R 

.. 
• TO Bp.eMH KaK p( f, + 

rv. O(llr), a cp2 noMy 

o (a2 = !32 = o). vhaK, 
. M Ha'IaJihHhiX ycnoBMil 

,IBaiOrn;Me nOTeHUMaJihi. 

Mo)KHO noKa3aTh, 'ITO .n:nx Toro, 'IT06hl 6hiJIO BhlnOJIHeHo TaK)Ke M ycJIOBMe 

JlopeHUa, He06XO.D:MMO nOJIO)KMTh a 1 = {31, n03TOMy OKOH'IaTeJihHO 

' 

IIOTEHUJiiAJibl JIJiiEHAP A - BiiiXEPTA. IIOJIE 
IIPOJii3BOJibHO .IlBJii:JKYTIJ;ErOC51 3AP5I.IlA 

floTeHUMaJihl IIOJIH, C03,n:aHHOTO .D:BM)KYlUMMCH C npOM3BOJihHOll CKOpOCThlO 

TO'Ie'IHhiM 3apx,n:OM, MO)KHO onpe,n:eJIMTh, MCnOJih3YH M3BeCTHhie no npe.n;hl

,n:yrn;eMy M3JIO)KeHMIO Bhlpa)KeHMX .n:nx 3ana3,n:hiBaiOrn;Mx noTeHUMaJIOB. KaK 

perneHMx ypaBHeHMH Ll' AnaM6epa 

( 6- :2 :t:) 7/;(f, t) = -47f f(f, t), 7j; = { 'P_.' 
A, 

f=p 
.... 1 ' f =j c 

3ana3,n:hiBaiOrn;Me nOTeHUMaJihl MO)KHO npe.n;CTaBMTh B BM,n:e 

( .... ) f cret( , .... ;;..,!(, ;;..,d'd~ 7j; r,t = t,t,r,r1 t,r1 t r, 

r.n:e 

G
ret ( ' .... ;;.., _ c5 ( i - { - If- ~I C) t,t,r,r1 - .... , 

lr- f1 
- 3ana3,n:hiBaiOrn;M <!JyHKUMH fpMHa. 

llnx ,n:BM)Kyrn:erocx co cKopocThiO v0 3apx.n:a nnoTHOCTh p M nJIOTHOCTh 

TOKa J 3anMChiBaiOTCH CJie,n:yiOlUMM 06pa30M: 

p = er5(f- fo); J = evoc5(f- fo), 

Tor.n:a 

( .... ) Jr5(f-fo(t))r5(i-t+lf-~lc)d,d~ 
cp r, t = e .... , t r, 

lr- f1 

A .... ( .... ) = ~ J vo ( i) r5 ( f: - fo ( i)) c5 ( i - t + If - ~I c) d 'd ~ r, t , t r . 
c . lr- f1 

ITocne 3JieMeHTapnoro MHTerpMpoBaHMX no o6'heMy nony-qaeM 

( .... . ) _ j c5 ( i - t + If- ro ( i) I I c) d , 
cp r, t - e 

1

.... .... ( ') I t, r- rot 
(29) 
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A(r', t) = ~I vo(i)8(i"7 t+ IT- fo(i)l/c) ,, . 
. c . IT- fo ( i) I . dt. .· (30) 

CymeCTByeT npammo HHTerpnpoBamur BbipruKeHn:H c 8-¢yHKQne:H, apryMeHT 

KOTOpOM SIBJHieTCH nepeMeHHOM HHTerpHpOBaHHH: 

Jg(x)8[u(x)- a]dx = [g(x)/ddu] .. · 
. XuW~ 

(31) 

B HameM cnyqae 

u(i) = i +IT- fo(i)l/c, . . a= t, (32) 

a ee npOH3BO,JJ;HM 

du(i) _ 1 ~ diT- fo(i)l _ 
1 

1 aiT- fo(i)l dfo _ · _ ...... / 
d, - + d, - + a... d, - 1 n Vo c, t c t c ro t (33) 

r,n;e fi- e,JJ;HHH'!HbiM BeKTOp, HanpaBJieHHbiM H3 TO'IKH MrHOBeHHOro pacnOJIQ

)KeHHH 3apsr,n;a B TO'I~Y Ha6mo.n;eHHH, iJ0 (t) - MrHOBeHHM CKOpOCTb 3apsr,n;a. 

YtiMTbiBM H3JIO)KeHHoe npaBnno, npoHHTerpnpyeM no i. B pe3yJihTaTe no-
JIY'IHM 

'P(i', t) = e [ R( 1 - ~Vo/ c) L,,,' (34) 

e [ Vo ] , 
A(r', t) = ~ R(1- fiilo/c) 

3
arraJ.n (35) 

r,n;e 

R =IT- fo(r)l, vo = vo(r), r ='t- Rjc, 

a KBa,n;paTHble CK06KH C HH,JJ;eKCOM "3ana3,n;" 03Ha'laiOT, 'ITO CO,n;ep)KaHHe CKQ-

60K cne.n;yeT 6paTb B MOMeHT r = t- IT- fo(r)l/c. 3Tn noTeHUHaJihi Ha-

3hiBaiOTCH noTeHnHaJiaMH JineHapa - BnxepTa n xapaKTepn3yiOT 'none 
TO'le'IHOrO 3apsr,n;a npH npOM3BOJlbHhiX 3Ha'!eHHHX CKOpOCTH H xapaKTepe ,JJ;BM

)KeHHH. B HepensrTHBHCTCKOM npe.n;ene 1- fiV0/ c ~ 1 n Bhlpa)KeHnsr nepexo.n;srT 

B 06bi'!Hhie HepeJIHTHBHCTCKHe cjlOpMyJihi. JlerKO 3aMeTHTb, 'ITO Me)K,n;y no

TeHUHaJiaMH JlMeHapa - BMxepTa cyruecTByeT CBH3h: 

A ... ( ... ) vo ( r) ( ... ) r,t =-cpr,t. 
c 

fipHCTynHM K Bbi'IHCJieHHIO HanpH)KeHHOCTeM 3JieKTpH'leCKOrO H MarHHT

HOrO nOJieM. fix MO)KHO nO,JJ;C'IHTaTb Henocpe.n;CTBeHHO, npHMeHMB COOTBeT

CTBYIOIUHe onepaTOphi K Ha:H.n;eHHbiM ,n;nsr cp M A Bhipa)KeHMHM. O.n;HaKo nporue 
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BOCnOJih30Ba TbCH. npe; 

3JieKTpH'IeCKOrO H •Ma 

i 

fiOCKOJlbKY .. onep~ TOp 

TaM TO'IKH Ha6mo,n;eHJ 

B IT- fo(i)l =R(i),' 
rpanoM. 3aMeTMM np 

grad 6('[) : 

Ja8(T 
--
c at 

rad 6(T) · .· 6( g . R . 

' 6 
rot (iJ0 -

, Teneph, npo,n;M¢cpepel 

e 
ii(r,t) :::::~. 

3,JJ;eCh lliTpMX y 6-cpyH 

ilepeH.l(eM K nepeMeHl 

l3Topoe cnaraeMoe no 

CTHM M MCll0Jlh3yeM ir 

ii( 

IIpaBasr qacTh 3Toro E 

fo( r) II c. 



)1/c) ,, · 
-dt. (30) 

'' 

(x)=:=a i:. 
(31) 

t, (32) 

,. ' 
~ . ." 

) ' \ : ' (" ~ ' .....; _, 
- = 1 - nvo/c, (33) 

' 

MrHoBeHHoro pacnono-
masr CKOpOCTh 3apH.n;a. 
l i .. · :8 pe3yJihTa Te rio-· 

(34) 

(35) 

~R/c, 
'';-; 

'ITO· co.n;ep.>Kamie CKo-
3Tn nOTeHUHaJihl Ha-.. 
xapaKTepn3yiOT none 
CTH n xapaKTepe .n;:BM:
hlpa.>KeHHH nepexo.n;HT 
fliTh,' ''ITO Me.>K.n;y no-

JH'IecKoro n MarHHT
. npHMeHHB COOTBeT
I:UHM. O.n;HaKo npome 

BOCIIOJih30BaThCH npe.n;CTaBJieHHHMH (29), (30) Jil Bhi'IHCJiliTh HanpH.>KeHHOCTH 
::meKTpH'IeCKOI'O li Mai'HliTHOI'O none:if no li3BeCTHhiM QJOpMyJiaM 

~ ~ 1aA. 
E= -\lcp- -

cat' 

TiocKOJihKY onepaTop Ha6na co.n;ep.>KMT .n;n¢¢epeHunpoBaHne no Koop.n;nHa
TaM TO'IKH Ha6JIIO,ZJ;eHHH, KOTOphle no.n;. HHTerpanOM 110 dt CO.n;ep..>KaTCH TOJihKO 
:B If- f'o ( t) I = R( i), TO .n;n¢¢epeHunpoBaHne MO.>KHO BhlnOJIHHTh no.n; HHTe
rpanoM. 3aMeTHM npe.n;BapMTeJibHO, 'ITO 

( a ) a ar grad r5(T) = aRr5(T) grad R = aTr5(T) aRgrad R = 

' 

~nb(T) T =i-t+ Rjc, 
c ' 

~ ar5(T) = ~ ar5(T) aT = -~8r5(T) = -~b(T); 
cat caTat caT c 

r5 (T) 1 1 1 ~, n · 
grad R ~ r5(T)grad R + Rgrad r5(T) = cRnr5(T)- R

2
r5(T), 

( ~ r5(T)) = [v vo(i)r5(T)] = [vr5(T) ~ ( ')] rot vo R , R R , vo t . 

Teneph, npo.n;n¢Q:>epeHunpoBaB Bhlpa.>KeHne rro.n; HHTerpanoM, nony'IHM 

H~(~) = ~~[~ ~J(r5(t-t+R/c) _ b(t-t+R/c))d' 
r,t c vo,n R2 cR t, 

3JleCb IIITpHX y r5-Q:>yHKUHH 03Ha'IaeT ,ll;liQJQ:>epeHUHpOBaHHe no ee apryMeHTy. 
llepe:if]leM K nepeMeHHOH (32), TOr.n;a, HCnOJih3YH (33), HMeeM 

d
, _ du 
t-T, 

' 13Topoe cnarae:\10e rro.n;hiHTerpanhHoro Bhipa.>KeHHH npoHHTerpnpyeM .no 'Ia-
CTHM n ncrroJih3yeM npaBnno (31L B pe3yJihTaTe 

(36) 

TipaBasr 'IaCTh :noro Bhipa.>KeHHH .n;oJI.>KHa 6hiTh B3HTa B MOMeHT r = t- IT-
f'o(r)l/c . 
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):, 

'" 

ill: I it 

Hanp.snKeHHOCTb 3neKTplrriecKoro nomr E = -:grad cp- ~ ~} Bbi"!lHcmreTc.sr 
aHanOrH~IHO. 11cnOnb3yeM, KaK H npe:>K,ll;e, npe.n;CTaBneHHe noTeH:UHaJIOB non.sr 
(29), (30) H npO,ll;HcpcpepeH:UHpyeM HX nO,ll; 3HaKOM HHTerpana, qTO .n:aeT 

E(f, t) = e I {;26(£- t + R/c) + n ~!ole 8(£- t + R/c)}di = 

{ n 1 d n - vo/ c} 
e >.R2 + c>. di . >.R · · (37) 

Y qHTbiBM 3neMeHTapHbie COOTHOIIIeHH.si 

dvo .:.· (t')· -=vo ' dR _ -n·vo; 
di -

dn(i) · vo (n(n · vo)) [ii[n · vo]] 
dt=-R+ R = R di 

(B .n:anbHeiiiiieM npOH3BO,ll;Ha.si no t 6y.n:eT 0603HaqaTbC.si TOqKOH Ha,ll; 6yKBOii), 
npo.n:ncpcpepeH:unpyeM (36) H (37) no i. CpaBHeHHe npoMe)KyToqHoro Bbipa
)KeHH.sr 

.... { n n d 1 n ( n · v'O) vo 1 d vo } 
E.= e ).R2 + c>. di >.R + c>.2 R2 - c>.2 R2 - c2 >. di >.R 

3ana3.n 

C cpOpMynoii (36) 06Hapy)KHBaeT Ba)KHYIO CB.si3b: 

ii(r, t) = [n, E(r, t)J. (38) 

floBe,ll;eM ,ll;O KOHIIa ,ll;HcpcpepeH:UHpOBaHHe B cpOpMyne ,ll;n.sr Hanp.sr)KeHHOCTH 3neK

TpHqecKOrO non.sr, qTo nocne 3neMeHTapHoro, HO rpoM03.D:Koro npHBe.n:eHH.sr 
no.n:o6HbiX qneHOB .n:aeT 

. 

E .... ( .... ) = (n- Vo/c)(1- V5/c2
) I ' ~ [n, [(ii- vo/c), ilo/c]]l 

r,t e '3R2 + '3R . 
A · 3ana3.n C A 3ana3.n 

(39) 

0TMeTHM HeKOTOpbie xapaKTepHbie qepTbl nonyqeHHbiX cpOpMyn. 

• BeKTop ii nepneH,ll;HKyn.srpeH E H nHHHH, coe.n:HH5IIOmeii ToqKy Ha6mo
.n:eHH.sr c 3ap.sr.n:oM B 3ana3,ll;biBaiOmHii MOMeHT r = t - R/ c . 

• 
• KaK E, TaK H H cocTo.srT H3 .n:Byx cnaraeMbiX: nepBoe He co.n:ep)KHT 

ycKopeHH.sr 3ap.sr.n:a H y6hl:BaeT nponop:uHoHanbHO R-2 , BTOpoe nponop
:UHOHaJibHO ycKopeHHIO ifo H y6biBaeT Me.n;neHHee - rv R- 1. 

• CnaraeMhle nepBoro THna o6pa3yiOT KBa3HCTa:UHOHapHoe none, nocKOnb

KY npHcymH H paBHOMepHo ,ll;BH)KymeMyC5! 3ap.sr.n:y, a 3aKOH y6hiBaHH5! 
TaKOH, KaK B CTaTHqeCKOM cnyqae. 
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• CnaraeMble · BTO 
CKOnbKY Me.n;nei 
KOHeqHblll ·· nOTO 

' .! ,,,,_. 

moro pa.n:Hyca. 
TOnbKO . npH, ycK 

• CnaraeMbie nep . - ; .. ~ 

no pa.n:Hycy-BeK' 
neH,ll;HKyn.srpHbl 

• Ha 6onbiiiHx pa 

JII060nbiTHO 3aMeTHTJ 
Hllll Ha CKOpOCTb ,ll;BH£ 

npH Vo > C, nOCKOnbK: 

none, KaKoe .n:on)KeH 61 
nO,ll;TBep)K,ll;eHHeM H3U 
- MaKcBenna .. 

IIOTEHI(HJ 
.UBH)KYmHXC 

PeiiieHHe ypaBHeH: 

cp(f;t) = 

.n:onycKaeT aHaJIHTJ!q{ 
,ll;BH)KymerOC5! O,ll;HHOq 
xepTa). Bo Bcex ocTa .... , 
H j OT f npHXO,ll;HTC.si 
peiiieHH5IMH. 3a.n:aqa 
6mo.n:eHH5! MHoro 6om 
,ll;OB: 



IT-h · T = t- . ~To+ Tt + ... ; 
c 

To= t- ?:. 
c' 

lrf 
Tt = --, 

c r 
3,ll;eCb To - BpeM5J: 3ana3,ll;biBaHII.SI, o6mee ,ll;JHI BCeii; CliCTeMhi, T1 - C06CTBeHHOe 

BpeMSI 3ana3,ll;biBaHIISI (BpeMSI, He06XO,ll;liMOe ,ll;JISI pacnpOCTpaHeHIISI HOJISI B 

npe,n;eJiaX CIICTeMhi). 5ICHO, '1TO 71 <<To, O,ll;HaKO He06XO,ll;IIMO TaK:>Ke, '1T06hi 

KaK p, TaK II ; 6hiJIII Me,ll;JI8HHO MeHSIIOlUIIMIICSI cpyHKUIISIMII CBOIIX apryMeHTOB, 

HHa'le rOBOpsr, '1T06hi 3a BpeMSI Tt 3apSI.n;bi He ycneJIII 3aMeTHO II3MeHHTb CBOIO 

KOHcpHrypaUHIO ( CMeCTIITbCSI), T .e. . 

_,!_. , 
rr L , 

v · - rv v- « L =:::::} v « c . 
cr c 

HMesr B · BH.D:Y 

, :, , rf' . , ap rf 
p(f,r) = p(f,To + -) = p(f,To) + !l- + ... , 

cr uT cr 

,ll;JISI nOTeHUHaJia nOJIY'1IIM 

' , 
rr , up rr , , , n , , 1 ....... ~ --~ 1 .... 

cp(f, t) ~I(~+ r 3 ) (p(f, To)+ 8T cr dV ~~I p(f, To)dV + cr I fjJdV. 

To He 3aBHCIIT OT nepeMeHHOH liHTerpiipOBaHIISI, n03TOMy ,ll;JISI 3JieKTpOHeH

TpaJibHOH ciicTeMhi nepBhiii IIHTerpaJI o6pamaeTcsr B HYJih. Ilpii6JIII:>KeHIIe, 

KOTOpoe HCnOJih3yeTCSI, TaKOBO' '1TO 8f I 8T OKa3biBaeTCSI 6oJiee BhiCOKOro no

psr.n;Ka MaJIOCTII no cpaBH8HIIIO C OCTaBillliMIICSI B pa3JIO:>K8HIIII nOTeHUIIaJia 

B8JIII'1HHaMH, n03TOMY 

.... n 8 I !.. , n 8 !.. nd-: .... 8d/ cp(r,t) ~ -- rpdV = --- L:r · e = -,. dr =- , 
cr 8T cr 8T cr 8T r=ro 

AHaJiorH'1HO 
.... 1 I ... , , A(f, t) ~ - j(f,,To)dV. 

cr 

.... f 
n=

r 

HcnoJih3yeM ypaBHeHHe HenpephiBHOCTII .n;Jisr Toro, '1T06hi nepeniicaTh Bbipa-

:>K8HII8 ,ll;JISI CKaJISipHOrO nOTeHUIIaJia B BII,ll;e 
• 

cp(f, t) = - n I fdiv](f, To)dV. 
cr 

Ecmi Ha rpaHIIUe 06JiaCTII H8T TOKOB, TO 

n 1 .... , , cp(f, t) = - j(f, To)dV. 
cr 
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(lleiiCTBIITeJihHO, j 
30M, 

cp(f, 

T .e. B,ll;aJIII ·oT CliC 

nOT8HUllaJibi 3JieKT 

HOrO MOMeHTa. Ilm 

Ha3hiBaiOT ,ll;H~OJil 

paCCTOSIHIISIX, B pa 

Hee (rv 1/r), ,'1e¥ 

(rv 1/r2
). 

Bbi'1IICJiliM Han 

E =-grad cp-: 
I 

1 '(' Tn c r 

H= r 

IJopsr,n;OK nOCJie~He 
Tor.n;a 

. ·H= 

HTaK, 

J1erKO BII,ll;eTh, '1TO 

li paBHhl no MO.D:YJI 

OpneHTIIpyeM 1 



'' Bhl~HCJI.sreTC.si 
!HUHaJIO~ non.sr 
!TO .n;aeT 

(37) 

[n[n · V'o]] 
R 

ra,n;. 6yKBOH), 
moro Bhipa-

(38) 

!OCTH 3JieK
pHBe,UeHII.si 

. '· . (39) 
l~3Jt 

JI. 

y 1Ia6mo-
) :· ) 

o.nepJKHT 
nponop-

nOCKOJlh-:
)hiBaHH.si 

• CnaraeMhle BToporo THna onnchlnaroT nonHonoe none H3nylieHn.sr, no
cKonhKY Me,UneHHO cna.n;aroT C ynenHlieHHeM paCCTO.siHH.si H C03.UaiOT 
KOHeliHhiH nOTOK liepe3 3aMKHYTYIO nonepXHOCTb CKOnb yrO,UHO 6onb

liiOrO pa.n;nyca. KaK H cne.nonano OJKH.UaTb, none H3nylieHn.sr B03HHKaeT 
TOJibKO npH ycKOpeHHOM .UBHJKeHHH 3ap.sr,n;a. 

• CnaraeMhle nepnoro THna ncer.ua HMeroT KOMnoHeHTy, HanpanneHHyro 
no pa.unycy-neKTopy R, n TO npeM.sr KaK cnaraeMbie nToporo THna nep
nen.n;nKyn.srpHhl R II HMeiOT xapaKTep nonepe~Horo non.sr. 

• Ha 6onhmHx paccTo.srnn.srx OT 3ap.sr.na 

J1ro60nbiTHO 3aMeTHTb, liTO, HeCMOTp.sr Ha OTCYTCTBHe KaKHX-JIH60 OrpaHHlie
HHH Ha CKOpOCTh .l.J;BHJKeHH.si 3ap.H;ZJ;a, nonylieHHhie pe3yJibTaThl Tep.sriOT CMbiCJI 
npH Vo > c, nOCKOnbKY B 3TOM CJiyliae nonOJKHTenbHhiH 3ap.sr,n; C03,naeT TaKOe . 
none, KaKOe .UOJIJKeH 6hln C03.l.J;aBaTb OTpHUaTeJibHhlii, liTO cnyJKHT eme O.UHHM 
nO.l.J;TBepJK.n;eHHeM H3HaliaJibHO pen.srTHBHCTCKOrO xapaKTepa TeOpHH <J>apa,n;e.sr 
.L MaKcnenna. 

ITOTEHUHAJibi H I10JI5I B.IlAJIH OT CHCTEMbl 
JlBH)I(Ym;HXC5I 3AP5I.llOB . .llHITOJibHOE H3JIYqEHME 

PeiUeHHe ypanHemiii ll' AnaM6epa n n:u.ne 3ana3.n;hlnaromnx noTenunanon 

( .... ) J p(f, r)dV 
cp r, t = R ; A ... ( .... ) _ ~~](f,r)dV. 

r, t - c R ' 

R 
r = t- -, R = if- f1 

c 
.n;onycKaeT aHaJIMTHlieCKOe HHTerp:uponaHHe TOnbKO B CJiyliae npOM3BOJibHO 
.nn:uJKymeroc.sr o.n;:uHOliHoro 3ap.sr.ua (pe3yJihTaT - noTenu:uanhl Jinenapa - B:u
xepTa). Bo ncex ocTanbHhiX cnyqa.srx M3-3a nechMa cnoJKHOii 3aBHCHMOCTH p 

Jl ] OT f npMXO.UMTC.sr .UOBOJibCTBOBaTbC.si np:u6JIMJKeHHhiMM HJIH lJMCneHHhiMM 
pernen:u.srM:u. 3a.na~m 3aMeTHO ynpomaeTc.sr, ecn:u paccTo.srnne .no TOtiKH na-
6nro.nen:u.sr MHOro 6onbrne xapaKTepnoro n:uneiiHoro pa3Mepa c:ucTeMhl 3ap.sr-
.non: 

1 1 ri 
I~« lf1 ==? R ~- + 3 + ... , r r 
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, 
1ff 

', Tl = -~,, · .. ,.. c r 

reMhl; T1 ::... C06CTBeHHOe 

cnpocTpaHeHH~ non~ B 

6~0,IJ;HMO. TaK:>Ke, 1.!T06hl 

~MH CBOHXapryMeHTOB, 
·• ''..l ' 

~aMe'f,HO H3MeHHTb CBOIO 

Iff' 
-----:: :+ ... ' · cr 

3TOMY .v;n~ ::meKTpOHeH

B 'Hyn:b .. • ll pn6nH:>KeHHe, 

~-ic5i: 6opee BhrcoKoro no

la3no:>KeHHH noTeHUHMa 

_. 8di ' 
ir=- ' , 8T r=ro 

_. f 
n= -. 

r 

1To6:hl nepenncaTh Bh!pa-

I
X2 

(llell:CTBHTenhHO, Jx(8jxl8x)dx = x·j - Jjxdx =- J jxdx.) TaKHM o6pa-

30M, 

( _. ) nd-: 
tp r,t = -, 

cr 

xl 

_. 

... -+ dr 
A(r, t) = -, 

cr 
'P = n. A', 

T .e. B)J;MH OT CHCTeMhi Me.v;neHHO, HO npOH3BOnhHO )J;BH:>KYlUHXC~ 3ap~,D;OB 

noTeHUHMbi ::meKTpOMarHHTHOrO non~ onpe.v;emiiOTC~ npOH3BO,IJ;HOH ,IJ;HnOnb

HOrO MOMeHTa. llo:noMy npH6nH:>KeHHe, yCnOBH~MH KOTOpOrO ~Bn~IOTC~ 

lf1 « lf1, v « c' 

Ha3hiBaiOT ,l{HDOJibHbiM npH6JIH:>KeHHe,M. 0TMeTHM, l.JTO Ha 60nbiiiHX 

paCCTO~HH~, B paCCMaTpHBaeMOM cnyqae, nOTeHUHMhi y6hiBaiOT Me.IJ;neH

Hee ("' 1 I r), 'leM B cnyqae .v;nnonhHOro npn6nn:>KeHH~ B ::meKTpocTaTHKe 

("' '1 I r2). 
8hi'lHCnHM Hanp~:>KeHHOCTH sneKTpH'leCKOrO H MarHHTHOrO nonell:: 

_. . 1 aA' 1 aA' OTo Otp 1 _. nd-:T ii 
E =-grad tp- --=------grad To= --drr + --- = 

c fJt c OTo at OTo c2r cr ' c 

c;r ( ii( nd-:r) - d-:r) = c;r [ ii[ii, c4r]] = ~ [ [Ar, iiJn]; 

_. _. 1 d-: 1 _. 1[ 1 _.] 
H =rot A= -rot -=-rot dr +- grad-, dr . 

c r cr c r 

Tiop~.v;oK nocne.v;Hero cnaraeMoro 0(1lr2), nosToMy ero MO:>KHO oT6pocHTh, 

Tor.v;a 

_. 1[ _,] 1[ .... ] 1[ ... ] H = cr grad To, drr = ~ Ar0 , ii = c2r drn ii . 

J1erKo BH.IJ;eTh, l.lTO KaK E, TaK H H nepneH.IJ;HKyn~pHhi ii, .v;pyr .v;pyry (Ej_H) 
H paBHhi no Mo.v;ynro: lEI = IHI. Ha 6onhiiiHXpaccTO~HH~ E"' H"' 1lr . 

OpneHTHpyeM d no ocn z, Tor.v;a B c¢epnqecKHX :Koop.v;HHaTax r, (), 'lj; 

H H 0 H drr . () 
r = o = , 1/J = -2-szn , 

c r 
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Er = E¢ = 0, Eo= d;r sinO. 
c r 

llo.n;c-.:niTaeM BeKTOp lloftHTI:IHra: 

a= ~[EH] = ~ [ff[nHJ] = ~fiH2 = ~fi(E2 + H 2) = cWfi, 
47!" 471" . 471" . 87!" 

a- n -4 d2 . 2 7rc3r2 rrszn (), WI = -1- a;.T . 2 
47rc3 r 2 sm (). 

PaccMaTpi:IBaeMasr CI:ICTeMa "I:I3Jiyt:IaTeJih" - ::mepri:I.sr "BhiTeKaeT" t:Iepe3 e.n;I:I

HI:It:J:Hyro .rrnoma.n;Ky B•HanpaBJieHI:Il:I fi, nepneH.n;I:IKyn.srpHoM KaK E, TaK I:I ii, 
CO CKOpOCThiO C. llOCKOJihKY .L(l:ITIOJihHhiM MOMeHT, BTOpaJI npOI:I3~0.L(HaJI KQ

TOporo onpe.n;en.sreT BeJII:It:II:IHY nepeMeHHhiX 3JieKTpi:It:IecKoro I:I MarHI:ITHOro 

noneft, 3aBI:ICI:IT OT t - rIc, .srcHo, 'ITO nepeHOCt:II:IKOM 3Hepri:II:I .HBJI.HeTc.sr 6e

rymasr B HanpaBJieHI:II:I fi BOJIHa. (lleftcTBI:ITeJihHO, ¢YHKUI:I.sr OT To = t - rIc 
npi:IHI:IMaeT o.n;HI:I I:I Te )Ke 3Hat:IeHI:I.sr .n;n.sr Bcex r I:I t I:I3 r - ct = canst, T.e. 

oni:IChiBaeT nepi:IO.n;I:It:IeCKI:Ift npouecc.) 

BBe.n;eM nOH.HTI:Ie I:IHTeHCI:IBHOCTI:I I:I3Jiyt:IeHI:I.sr. KoJII:It:IeCTBO 3Hepri:II:I, npo

TeKaromeft B e.L(l:IHI:IUY BpeMeHI:I t:Iepe3 3JieMeHT rnapOBOM TIOBepXHOCTl:I d~ = 
r

2
d0, pa.n;I:IyCOM r l:I C UeHTpOM B Hat:IaJie KOOp.D;I:IHaT, Ha30BeM HHTeHCHBHO

CThlO H3JiyqeHUH B 3JieMeHT TeJieCHOrO yrJia dO: 

... 1 d2 cE. 
dl =ad~= ad~= -

4 3 ~T Sin2
() "r2d0. = TT3 Sin3()d()d'lj;. 

7rc r 47rc 

MHTepnpeTaui:I.sr 3Toro pe3yJihTaTa npocTa - npi:I t - rIc = canst I:IHTeHCI:IB

HOCTh l:I3Jiyt:IeHI:I.H He 3aBI:ICl:IT OT r, TIOCKOJihKY l:I3Jiy~aeMaJI Cl:ICTeMOM 3Heprl:I.H 

pacnpOCTpaH.sreTC.H B OKpy)KaiOIIJ;eM npOCTpaHCTBe CO CKOpOCThiO c, Hl:Ir .n;e He 

HaKaTIJil:IBaJICh l:I He l:ICt:Ie3aJI. llOJIHaJI l:IHTeHCl:IBHOCTh l:I3Jiyt:IeHI:I.H 

I - dU - I ""'d~ - d;T 17r . 3()'d() lo27r d·'· - 2d;T - --- a u-- szn 'f/- -. 
dt 47rc3 0 0 3c3 

Ji13BeCTH01 'ITO Me)K.L(y TIJIOTHOCThiO TIOTOKa ::meprl:II:I a l:I TIJIOTHOCThiO l:IM

TIYJihCa g cymeCTByeT COOTHOIII~Hl:Ie 

... 1 ... w ... 
g =-a= -n. 

c2 c 

TaKI:IM o6pa3oM, I:I3Jiyt:Iaromasr CI:ICTeMa Tep.sreT He TOJihKo 3Hepri:Iro, HO I:I 

l:IMTIYJihC, KOTOphie npeBpa.IllaiOTC.H B l:IMTIYJihC l:I 3Heprl:IIO 3JieKTpOMarHI:ITHOM 

BOJIHhl. llpHMet:IaTeJihHO, 'ITO CB.H3h TIJIOTHOCTI:I TIOTOKa 3Heprl:II:I l:I TIJIOTHOCTl:I 

l:IMTIYJihCa l:I3Jiyt:IeHI:I.H TaKaJI )Ke, KaK l:I .L(JI.H .L(Bl:I)KYIUI:IXC.H CO CKOpOCThiO CBeTa 

6e3MaCCOBhiX t:IaCTl:IU. 
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• 3aMeqrume. · 3a 
e I m He I:I:myt:IaeT 

... ' '\"" ... 
d = wer. = 

IJ;eHTp ··nHepUI:Il:I 

)KeTC.H C TIOCTO.HH 
~.}. 

IIllOCKA5I 
non5I 

Ba)KHhiM t:IaCTHhiH 

Ha3hiBaeMhie MOHOXpC 

CTOH nepi:IO.D;I:It:IeCKOH ~q 

l:I T.TI. MOHOXpOMaTJI'Ie 

cas(wt +a). llp1fMep~ 
MOMeHT KOTOpOH 

B 3TOM cnyt:Iae 

B MOHoxpoMaTHt:IecKoil 

t:IaeMOH l:IHTeHCHBHOCT: 

j 

(HanOMHI:IM, 'IT~''w = 
O.D;HO l:I3 yCJIOBl:IH .L(l:ITIOJ 

I:I3Jiyt:IaeMoii BOJIHhl. II 
C JII:IHeHHhiMH pa3Mep; 

HeM co6cTBeHHoro 3an '" "' 

ycJIOBl:IH .L(l:ITIOJihHOrD I 

EcJII:I I:I3Jiyt:Iaromasr 

6mo.n;eHI:I.si, TO Ha TaK 



; •• ·1 

2 

r; si nNJ. 

"BhiTeKaeT" tiepe3 e.nn:

pHoM ·KaK E, TaK n: ii, 
roprur IIp0113BO,J:(HaH KQ

tJeCKOrO 11 MarHllTHOrO 

~meprn:n: sr:BmreTcsr 6e

{HKn;n:sr OT To = t - rIc 
ff3''r - ct = canst; T.e. 

lll.J:eCTBO 3Heprn:n:, rrpo-

30H IIOBepXHOCTll dE = 
' 

Ia30BeM HHTeHCHBHO-

e. . 
.I_I_ sin3()d()d1j;. 
Trc3 . 

rId = · tonst llHTeHCllB

~M¥ CllCTeMOH 3Heprn:sr 

CKOpOCTblO C, Hllr.L(e He 

llJJiytJeHllSI 

. 2 
d•'• = 2dTT 

'f' 3c3 . 

ff (j 11 IIJIOTHOCTblO 11M-

: ,l 

OJihKO 3Heprmo, HO 11 

no 3JieK~pOMarHllTHOH 

. 3Heprn:n: :H iiJIOTHOCTn: 

~SI. CO CKOpOCTblO CBeTa 

e 3a.Me"IaHHe. 3aMKHJTaH CllCTeMa tJaCTllll C O,J:(llHaKOBbiM OTHOIIIeHlleM 

elm He l13JIJtiaeT B ,J:(lliiOJihHOM IIpl16Jill:IKeHllll. fleHCTBllTeJihHO, 

... ... e ... const'L,mr ... 
d = L:er = L:-mr = L L:m = constRL:m. m m 

UeHTp HHepun:n: ( R - ero pa.nn:yc-BeKTOp) 3aMKHyTo:H cncTeMhl .L(BH

:IKeTcsr C IIOCTOSIHHOH CKOpOCThiO, II03TOMJ a·TT = 0. 

llJIOCKA5.1 MOHOXPOMATM4ECKA5.1 BOJIHA. 
llOJI5IPH3AUH5.1 . .UOI1JIEP-3<I><I>EKT 

Ba:IKHhiH tJaCTHhiH cnytJa:H sneKTpoMarHnTHhiX BOJIH rrpe.ncTaBJISIIOT TaK 

Ha3hiBaeMhie MOHOXpOMaTH"'eCKHe BOJIHbl, IIOJie KOTOpbiX SIBJISieTCSI IIpo

CTOH rrepn:O,J:(lllJeCKOH cpyHKn;n:e:H BpeMeHn:. lloTeHn;llaJihi, KOMIIOHeHTbl IIOJieH 

11 T.II. MOHOXpOMaTlllJeCKOH BOJIHhllJaCTOTbl W 3aBllCSIT OT BpeMeHll ITO 3aKOHJ 

cos(wt +a). llpn:MepOM MO:IKeT CJIJ:IKHTh BOJIHa OT l13JIJtiaTeJisr, ,J:(lliiOJibHbiH 

MOMeHT KOTOpOH 

J = d~ coswr = Re d~eiwr. 

B 3TOM cnytJae 
2 

jj = ~[fi J]eiw(t-rfc) 
c2r ' o ' 

E = w2 [ln J Jn] eiw(t-rfc) 
2 ' 0 . c r 

B MOHOXpOMaTn:tJeCKOH BOJIHe BbllJllCJISIIOT Cpe.nHee 3a rrepn:O,J:( 3HatJeHn:e l13Jiy-

tJaeMOH llHTeHCllBHOCTll 

- = 2_ J Id = cf6w4 = (27r)4 ccf6 
I T t 3c3 A 3 . 

(HarrOMHllM, lJTO W = 27rV 2.; = 2~c .) flnsr MOHOXpOMaTn:tJeCKOH BOJIHbl 

O.L(HO 113 JCJIOBllH ,J:(lliiOJibHOrO rrpn:6Jill:IKeHllSI MO:IKHO 3aiin:CaTb Ha SI3b1Ke ,J:(JIHHbl 

113JIJtiaeMOH BOJIHbl. fleHCTBllTeJibHO, CKOpOCTb ,J:(Bll:IKeHllSI 3apSI.L(OB B CllCTeMe 

c nn:HeftHhiMll pa3MepaMn: rv i ecTh iw, a ycnoBn:e npeHe6pe:1KeHn:sr BpeMe

HeM C06CTBeHHOrO 3aiia3.L(hiBaHllSI V << c, lJTO II03BOJISieT rrepenn:caTh O.L(HO 113 

ycnoBn::H .nn:rroJihHOro rrpn:6nn::IKe:Hn:sr B Bn.ne i « A . 
Ecnn: n:3nytJaiOmrur cn:cTeMa Haxo.nn:Tcsr .nocTaTOtJHO .naneKo OT TOtJKn: Ha-

6JIIO.L(eHn:sr, TO Ha TaKllX paCCTOSIHllSIX ccpepn:tieCKlle BOJIHbl MO:IKHO ClJllTaTh 
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nnocKIIMII. IIocTaTO'i:HO Harmr.n;Ho 3TO MO:>KHO npe.n;cTaBIITh ce6e cne.n;yiOI..QIIM 

06pa30M: eCnii II3ny'i:aTenh HaxO.n;IITCSI HaCTOJihKO ,n;aneKO, 'i:TO pa,n;nyc Kpii

BJI3Hhl CcpepJil:!eCKOM noBepXHOCTJI BOnH paBHOM cpa3hl ,li;OCTaTO'i:HO BeniiK no 

CpaBHeHJIIO C pa3MepaMII 06naCTII, B KOTOpOM paCCMaTpiiBaeTCSI none, TO B 

npe,n;enax 3TOM o6naCTII Ccpepy C ,li;OCTaTO'i:HOM CTeneHhiO TO'i:HOCTII MO:>KHO 

C'i:IITaTh nnOCKOM noBepXHOCThiO. 06naCTh, B KOTOpOM 3TO ,n;onyCTIIMO, Ha-

3hiBaiOT BOJIHOBOH 30HOH. 5ICHO, 'i:TO B BOnHOBOM 30He jrj >>A. 
llyCTh BOnHa pacnpOCTpaHSieTCSI B H~WpaBneHIIJI OCJI X, TOr,n;a B BOJIHOBOM 

30He Bee Benii'i:JIHhi 6y.n;yT cpyHK:UJISIMJI t - x / c, a ecnn K ToMy· :>Ke BOnHa 

MOHOXpOMaTII'i:Ha, TO BCe Benii'i:JIHhl CO,n;ep:>KaT exp i(wt-kT), r,n;e k = (wjc)fi 
- BOnHOBOM BeKTOp, fi ;- e.n;IIHJI'i:HbiM BeKTOp B HanpaBneHJIJI pacnpOCTpaHeHIISI 

BOnHhl. 11TaK, B CaMOM 06I..QeM cny-qae none nnOCKOM MOHOXpOMaTII'i:eCKOM 

BOnHhl MO:>KHO npe.n;CTaBIITh B BII,n;e 

E = Eoei(wt-ki"). 

PaccMoTpiiM .n;eTanhHee, KaK JI3MeH.sriOTc.sr BeKTOphr Hanp.sr:>KeHHOCTei1: no

neil nnocKoil MOHoxpoMaTJI'i:ecKoii BOnHhl. AMnn:tiTy.n;a E0 nonsr nnocKoil MO

HoxpoMaTJI'i:eCKoi1: BOnHhl, B006I..Qe rOBOp.sr, KOMnneKCHhiM BeKTOp. llpe.n;CTa

BJIM ero B BII.n;e E0 = §1 + ig2 II nepeii:.n;eM K .n:eiicTBIITenhHOM 'i:aCTII 

ReE = g1cos(wt- kT)- g2sin(wt- kT). 

BeKTOphl g1 II g2 OpJieHTJipOBaHbl ,n;pyr OTHOCJITenhHO ,n;pyra npOJI3BOnhHhiM 

o6pa3oM. llepen.n;eM K B3aiiMHO nepneH.n;nKyn.srpHhiM BeKTopaM E1 II E
2

• 

IJyCTh 

E1 = ff1cos a+ ff2sin a, E2 = ff1sin a- ff2cos a. 

Y cnoBIIe nepneH.n;nKyn.srpHOCTJI E1 • E2 = 0 .n;aeT 

HeTpy.n;Ho BII.n;eTh, 'i:TO 

2gl.if2 
tg 2a = gr. _ fJ!i · 

ff1 = E1cos a+ E2sin a, ff2 = E1sin a- E2cos a, 

OTKy,n;a cpa3y cne.n;yeT 

E = E1cos(wt- kr +a)+ E2sin(wt- kr +a). 

Bhi6epeM OCh X B HanpaBneHIIJI pacnpOCTpaHeHJISI BOnHhl JI HanpaBJIM OCh 

y no E1, Tor.n;a E2 6y.n;eT HanpaBneH no ocii z, T.e. 

Ey = E1cos(wt- kr +a), Ez = ±E2sin(wt- kr +a) ===> 
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TaKJIM o6pa3oM, BeKT« 

nnOCKOCTJI, nepneH,li;JIJ 

'i:TO KOHen 3TOrO BeK 

3JIJIHllTHqeCKH-llOJI. 

eTCSI B OKpy:>KHOCTh JI l 

IIocKOnhKY. 3neKTpOMi 

TO II3MeHeHJie E . B nJ: 

,n;BJI:>KeHne KOHna E· n 
niiHJIIO fi. IIIar 3TOii c 
poB E1 nnn ·E2 o6pan 

aHTnnapannenhHO - = 
TaKa.sr BonHa Ha3hiBaE 

3aKniO~aeM, tlTO "H~ .·= 
JI BCe CKa3aHHOe 0 nOJ 

06paTJIMC5I K pace 

BOnHhi, ncnycKaeM()ii. 

HJIKOM, no cpaBHeHJII<J 

KOTOpoii: JICTOqHJIK 'He 
. •' ~ ~ ' 

~ .. ' 

( ki · l:!eThrpexMepHhrY. 

cKan5Ip.) CB5I)KeM cnc 

CB5I3aHHOM C .. JICTOtiHJI 

JiopeHn-npeo6pa3oBai 

JI T.K. k1 = w ·.cos a 
·, 

BneHJieM JICnycKaHJI5I 



aBH~h. ce6e cn€.IJ;yiOIUHM 

.JieKo, lJ:To pa.n:nyc Kpn

r Ll:OCTaTOl:IHO BeJIHK ITO 

aTpHBaeTCSI ITOJie, TO B 

~HblO .. TOt:IHOCTH MO>KHO 

)ll 3TO Ll:OITYCTHMO, Ha-

H~jrl ~A .. 
~H x, Tor.n:a B BOJIHOBoil 

/ 

:::JIM K TOMY >Ke BOJIHa 

t-kf), r.n:e k = (w/c)fi 
~HHH. paCITpOCTpaHeHHSI 

1:.•. MOHOXpOMaTHt:IeCKOll 

HaiTpSI>KeHHOCTell ITO

Eo. ITOJI.sr ITJIOCKoii Mo

,rn' BeKTop. Ilpe,ncTa

JihHoil t:IaCTH 

Upyra ITpOH3BOJihHhlM 

leKTopaM E1 H E2. 

- fhcos a. 

,'_., 

+(Y)· 

:Hhl H HaiTpaBHM OCh 
' ,t; 

E2 E2 
E~ + E~ = 1. 

1 2 

TaKHM o6pa3oM, BeKTop E rrnocKoll: MOHoxpoMaTHt:IecKoil BOJIHhl BpamaeTc.sr B 

ITJIOCKOCTH, ITepiTeH.n;HKYJISipHOll HaiipaBJieHHIO paciTpOCTpaHeHHSI BOJIHhl, TaK, 

t:ITO KOHeu 3Toro BeKTopa OITHChlBaeT 3JIJIHITC. TaKa.sr BOJIHa Ha.JhlBaeTc.sr 

3JIJIHDTH'<IeCKH-noJuipH30BaHHo:ii. B cnyliae E1 = E2 3JIJIHITC Bhrpo>K.Ua

eTc.sr B OKpy>KHOCTh H I'OBOpSIT, liTO BOJIHa HMeeT KpyroByiO llOJIHpH3Clll;HlO. 

ilOCKOJihKY 3JieKTpOMai'HHTHM BOJIHa pac:r;rpoCTpaH.sreTCSI B HaiTpaBJieHHH fi, 
TO H3MeHeHHe E B ITpocTpaHCTBe H BpeMeHH MO>KHO ITpe.n;cTaBHTh ce6e KaK 

.n;BH>KeHne KOHUa E ITO 3JIJIHIITHliecKoil HJIH KpyroBoil CITHpann, HaBHTOll: Ha 

JIHHHIO fi. illar 3Toil CITHpann ecTh A = 27r / k. HaKoHeu, ecJIH o.n;HH H3 BeKTo

poB E1 HJIH E2 o6pamaeTCH B HYJih, To ITOJie HaiTpaBJieHo ITapanneJihHO (nnn 
aHTHITapanneJihHO - ± B Bhlpa>KeHHH Ez) o.n;HOMY H TOMY >Ke HaiTpaBJieHHIO. 

TaKM BOJIHa Ha3hlBaeTCSI JIHHeHHO-llOJIHpH30BaHHOH. 1iciTOJih3YSI CBSI3h 

-
E = [B, n] {=} i1 = [n, i], 

3aKJIIOt:IaeM, liTO Hx = 0, Hy = ±E2sin(wt-kr+a), Hz= E1cos(wt-kr+a) 
H Bee cKa3aHHoe o ITOJI.srpn3aUHH B OTHOJlleHHH E BepHo H .n:n.sr H. 

06paTHMCSI K paCCMOTpeHHIO 3¢¢eKTa flOITJiepa - H3MeHeHH10 liaCTOThl W 

BOJIHhl, HCITYCKaeMOll .n;BH>KymHMCSI ITO OTHOllleHHIO K Ha6JIIO.n;aTeJIIO HCTOli

HHKOM, ITO cpaBHeHHIO C C06CTBeHHOll liaCTOTOll Wo B CHCTeMe, OTHOCHTeJihHO 

KOTOpOll HCTOl:IHHK HeiTOLI:BH>KeH. BBe.n;eM lieThipexMepHhlll BeKTOp 

(ki · t:IeThrpexMepHhill BeKTOp, ITOCKOJihKY kiXi = wt- kr- ¢a3a BOJIHhl, T.e. 

cKan.srp.) CB.sr>KeM cncTeMy K c Ha6niO.n;aTeJieM, H ITYCTh K 0 6y.n;eT cncTeMoil, 

CBSI3aHHOft C HCTOt:IHHKOM, Ll:BM)Kymell:c.sr CO CKOpOCThlO V OTHOCHTeJihHO K. 
JlopeHU-IIpeo6pa30BaHHe BpeMeHHOll KOMITOHeHThl BeKTOpa·ki HMeeT BH,U 

Wo 

c 
-

wjc- Vk1/c 

Jl- V2/c2 ' 

H T.K. k1 = W ·COS ajc, r,n;e a- YI'OJI B CHCTeMe OTClieTa K Me>K,Uy HaiTpa

BJieHHeM HCITYCKaHHSI BOJIHhi H HaiTpaBJieHHeM ,ll;BH>KeHHSI, TO 

woJl- V 2/c2 

w= v 
1-- ·cos a c 
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Ilpii V « c II a =/:. 7f /2 

w.~ w0 (1 + V ·cos a). c ' ' 

Ilpii V « c II a = 1r /2 
. w ~ Wo (1 -V2 

) . 
2c2 

Ecnii IICTO'l!HIIK cBeTa pacnono2KeH B Ha'llaJie Koop,n:IIHaT ciicTeMhl OTC'lleTa K 0 

II npii6JIII2KaeTC5I (cos a = 1) K Ha6mo,n:aTemo IIJIII y,n:an5IeTC5I (cos a = -1) oT 

Hero, TO rDBOp5IT 0 IIpO.UOJihHOM 3rprpeKTe llonnepa, IIpii'lleM B nepBOM CJiy'llae 

W > Wo, aBO BTOpOM W < w0• Ilpii a= 7f /2 W_ < Wo II fOBOp5IT 0 TIOIIepe'llHOM 

3rprpeKTe llonnepa, KOTOpbiM He IIMeeT KJiaCCII'lleCKOfO (V « C) aHanora. 

PEAKI(Jt15l Jt13JIYqEHJt15I 

BbiJIO noKa3aHo, 'liTO co6cTBeHHM 3JieKTpocTaTII'lleCKM 3Heprii5I 3ap5!2KeH

Hoii 'llaCTIIUbl 6ecKoHe'llHa. BBe,n:eHIIe "KJiaccii'llecKoro pa,n:IIyca ::JJieKTpoHa" 

e2 
ro= --mc2 

II CB5I3aHHOfO C 3TIIM npe,UTIOJIO)KeHII5I 0 CYlileCTBOBaHIIH y 'llaCTIIIl BHyTpeH

Heii CTPYKTyphi TI03BOJI5IeT ycTpaHIITh 3TY 6ecKoHe'llHOCTh. O,n:HaKo o6'heKT 

pa3MepOM To He OTIIIChiBaeTC5I KJiaCCII'lleCKOM TeOpiieii - KBaHTOBhie 3¢¢eKTbi 

CTaHOB5ITC5I CyllleCTBeHHbl::\iii y2Ke Ha 3Ha'l!IITeJihHO 60JihlliiiX paCCT05IHII5IX 

fijmc ~ 137r0 . (3,n:eCh yMeCTHO 3aMeTIITb, 'liTO- II KBaHTOBM TeOpii5I He 

pa3peiiiaeT TPY.UHOCTeii, CB5I3aHHhiX c Bhi'lliiCJieHIIeM co6cTBeHHoii 3Hepriiii 

'llaCTIIU.) 

Ilpii yCKOpeHHOM ,UBII2KeHIIII 'l!aCTIIUa II3JIY~.JaeT, IIpii'l!eM TIOJie II3Jiy'l!eHII5I 

06Jia,n:aeT He TOJibKO 3Hepriieii, HO II IIMTIYJihCOM, 6naro,n:ap5I 'l!eMy II3Jiy'lleHIIe 

conpoBO)l{.UaeTc5I o6paTHhiM CIIJIOBhiM B03.UeiicTBIIeM Ha 'llaCTIIUy. TaKoe B03-

.n:eiicTBIIe II3Jiy'llaeMOfO 'llaCTII.ueii TIOJI5I Ha C06CTBeHHOe ,UBII2KeHIIe 'llaCTIIUbl 

Ha3oBeM peaKuiieii II3Jiy'l!eHII5I. TaKIIM o6pa3oM, KoppeKTHM nocTaHOBKa 3a

,n:a'llii 0 ,UBII2KeHIIII 3ap5!2KeHHOM 'l!aCTIIUbi Tpe6yeT BKJIIO'lleHII5I B ypaBHeHII5I 

,n:BII2KeHII5I 'l!JieHoB, Y'lliiThiBaiOIIliiX BJIII5IHIIe II3Jiy'lleHII5I Ha .UBII2KeHIIe. 

Ilpe,n:IIOJIO)KIIM, 'liTO TaKOe BJIII5IHIIe MaJIO, II 1103TOMY M02KHO C'l!IITaTb ,UBII-

2KeHIIe II3Jiy'llaiOmeii 'llaCTIIIlhi 3a,n:aHHbiM. CMhiCJI TaKoro npe.n:noJio2KeHII5I 

o6cy.UIIM 11032Ke, a Tenepb nonpo6yeM TIOJIY'l!IITb KOJIII'lleCTBeHHbiM KpiiTepiiii 

MaJIOCTII peaKUIIII II3Jiy'lleHII5I, CpaBHIIBM IIOTepiO 3Hepriiii Ha II3Jiy'lleHIIe 3a 
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HeKOTOpoe :BpeM5I ·D,tc 
· CTBIIeM BHeiiiHIIX CIIJI 

BIICTCKOfO ,UBII2KeHII5I: 

'D.W 

D.v- II3MeHeHIIe c':Kop 
6biJIO C'l!IITaTb' 3a,UaHI 

H5ITbC5I L Wrad « L. 
HepaBeHCTBO npiiBO,U1 

- BpeM5I pacripocTpa 

IIOp5I.UKa KJiaCCII'l!eCK< 

MaJio - miii6o'nhiiiee 

10-23c.) Echii. ,n:~II)K 
3Hepriiii Haii3Jiy~eH 

cpe,n:Heii KII~eTII'lleCK 
' ~ .·' ". ' 

TaKIIM o6pa30M, pea 

¢eKT, €CJIII. COCT05IH: 

5IHII5IX CT ~ To. 

'PacCMOTpiiM .UBI' 

CTBII€M BIJeiiiHeii · CY. 

y'lleTa peaKUIIII II3JI 

CIIJIY peaKUIIII II3JIY 

mw 

llmr TOfO 'l!T06bl E 

CIIJibl 3a KOH€'l!Hblli 

CTIIU€M 3a TO 2Ke B] 

3a npoMe)KyTm 



:~ J 

aT;cncTeMh! OTCl.JeTa K 0 

m.SreTcH (cos a = -1) OT 

pnt.IeM B · nepBOM cnyt.Iae 

[ · rOBOp5IT 0 nonepet.IHOM 

) (V « c) :aHanora. 

~CKM ::meprHH 3apH:>KeH

pa,llHyca 3JieKTpOHa" 

Ill~ y l.JaCTHU BHyTpeH

fiOCTb. ·· O.llHaio o6'heKT 

- :KBaHTOBhie 3!p{peKThi 

60JI~lllHX paCCT05IHH5IX 

KBaHTOBM TeOpHH He 

C06CTBeHHOM 3HeprHH 

pnt.IeM none H3Jiyt.IeHHH 

O,llapH l.JeMy H3Jiyl.JeHne 

a;t.IacTnuy. TaKoe B03-

oe ,llBH:>KeHHe l.JaCTHUhi 

~KTHM IIOCTaHOBKa 3a

JIIOl.JeHH5! B ypaBHeHH5! 

5I: Ha ,llBH:>KeHHe. 

Y MO:>KHO Cl.JHTaTb ,llBH

aK?rO IIpe,llTIOJIO:>KeHH5! 

'IeCTBeHHhiM KpHTepHM 

prnn Ha H3Jiyt.IeHne 3a 

HeKOTOpoe BpeM.sr fi.t C H3MeHeHHeM KHHeTHl.JeCKOM 3HeprHH l.JaCTHUhi IIO,ll ,lleM

CTBHeM BHelllHHX CHJI 3a TO :>Ke BpeM.sr. 0neHHM o6e 3HeprHH ,llJI5! HepeJIHTH

BHCTCKOrO ,llBH:>KeHH.s£: 

6.v - 1I3MeHeHHe CKOpOCTH 3a BpeMH 6.t. 5ICHO, l.JTO ,llJIH TOro, l.JT06hl MO:>KHO 

6hiJIO Cl.JHTaTh 3a,llaHHhiM ,llBH:>KeHHe 1I3Jiyl.JaiOIUeM l.JaCTHUhi, ,llOJI:>KHO BhiiiOJI

H5!ThC5! 6. Wrad << 6. wkin- EcJIH npH6JIH)KeHHO Cl.JHTa Tb 6. t f'V vI iJ' TO 3TO 

HepaBeHCTBO np1IBO,ll1IT K 

6.t » T, r,lle 
2r0 

T=-
3c 

- BpeMH pacnpOCTpaHeHHH 3JieKTpOMarHHTHbiX B03MYIUeHHM Ha paCCTOHHHe 

IIOp5I,llKa KJiaCCHl.JeCKOrO pa,llnyca 3JieKTpOHa. ( 3aMeTHM, l.JTO 3TO BpeMH Ol.JeHb 

MaJIO - HaH60Jihlllee_ 3Hal.JeHHe OHO HMeeT ,llJI5! 3JieKTpOHa 1I paBHO 0, 63 · 
10-23c.) Ecn11 .llBH:>KeHne KBa3nnepHO.ll1Il.JHO, TO cpaBHHBaTh HY:>KHO noTepiO 

3HeprHH Ha H3Jiyt.IeHne 6. Wrad ~ (2e2l2w6/3c3)T0 3a nepHO.ll To = 2rr jw0 co 

cpe,llHeM KHHeTHl.JeCKOM 3HeprHeM 6. Wkin ~ mw5l2 , l.JTO ,llaeT 

T0 » T HJIH w0T « 1. 

TaKHM o6pa3oM, peaKUHIO H3Jiyt.IeHHH MO:>KHO paccMaTpHBaTh KaK MaJihiM 3¢

!peKT, eCJIH COCT05IH1Ie l.JaCTHUhi CJia6o MeHHeTCH 3a BpeMH T 1IJI1I Ha paCCTQ-

5IH1I5IX CT ~ To· 

PaccMoTpHM .llBH:>KeHHe HepeJIHTHBHCTCKOM 3apH:>KeHHOM t.IaCTHUhi nO.ll.lleM

cTBHeM BHelllHeM CHJihi F0• llBn:>KeHHe ycKopeHHO 11 t.IaCTHUa H3Jiyt.IaeT.llJIH 

yt.IeTa peaKU1I1I H3Jiyl.JeHH5! ,ll06aBHM B npaByiO l.JaCTb ypaBHeHH5! ,llBH:>KeHHH 

cnny peaKUHH H3Jiyl.JeHHH Fs: 

.DnH Toro l.JT06hi HaMTH Bhipa:>KeHHe .llJIH F5 , 6y.lleM Cl.JHTaTh pa6oTy 3TOM 

CHJihi 3a KOHel.JHbiM IIpOMe:>KyTOK BpeMeHH paBHOM 3Hepr1IH, 1I3Jiyt.IaeMOM l.Ja

CTHUeM 3a TO :>Ke BpeMH. 

3a npoMe:>KyTOK · BpeMeHH OT t 1 ,llO t2 l.JaCTHUa 1I3Jiyl.JaeT 3Hepr1IIO 
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MHTerpHpy.SI no t.IaCT.SIM, HMeeM 

1
t2 _, , 2e2 . /t2 2e2 .1t2 . , 

vFdt = --vv +- w·vdt. 
t1 3c3 t 1 3c3 t1 

Bo MHOI'HX CJiyl.J:MX nepBOe CJiaraeMoe npaBOH l.J:aCTH nOCJI~Hero paBeHCTBa 

o6pamaeTc.SI B HYJih. 3To nMeeT MecTo npn nepHo.n;nt.IeCKOM .n;BH)KeHHH, Kor.na 

COCTO.SIHHe B MOMeHT t1 COBrra.n;aeT C COCTO.SIHHeM B MOMeHT t2 (npoMe)KyTOK 

t2 - t 1 paBeH nepHo.n;y) npH .n;BH)KeHnn B MarHHTHOM none, Kor.na i; · v = 0 
nnn ecnn fJ(tt) = fJ(t2) = 0. Bo Bcex 3THX cnyt.IMX 

... 2e2 · 
Frad = 

3
c3 W ==::::} 

... 2e2 
• _, D _, 

mw = ro + 
3
c3w. 

TaKHM 06pa30M, He CTpOrHe C006pa)KeHH.SI n93BOJIHJIH ycTaHOBHTh BH.ll; CHJihl 

peaKUHH pa.n;HaUHOHHOI'O TOpMO)KeHH.SI. IJp~JIO)KeHHOe OnHcamie peaKUHH 

H3Jiyt.IeHH.SI He MO)KeT 6h1Th npH3HaHO BIIOJIHe y.n;OBJieTBOpHTeJihHhiM XOT.SI 6hl 

nOTOMy, l.J:TO nOBhiiiiaeT nop.SI.ll;OK ypaBHeHH.SI .ll;BH)KeHH.SI- CO.n;ep)KHT 3-IO npo

H3BO.ZJ;HYIO OT pa.n;nyca-BeKTOpa, t.ITO npOTHBOpet.IHT OCHOBHhiM nOJIO)KeHH.SIM 

KJiaCCHl.J:eCKOH MeXaHHKJI, BC.SI CXeMa KOTOpOH npe.n;nOJiaraeT, l.J:TO ypaBHeHH.SI 

.ll;BJI)KeHJI.SI .ll;OJI)KHhl HMeTh BTOpOH nOp.SI.ll;OK nO BpeMeHJI. MMeHHO n03TOMy He

KOTOphie peiiieHH.SI ypaBHeHJI.SI .n;BH)KeHH.SI, a HMeHHO npH F0 = 0, oKa3hiBaroTc.SI 

<}lH3Hl.J:eCKH 6eCCMhiCJieHHhiMJI. IleiiCTBHTeJihHO, ypaBHeHJie 

· 2e2 
.. 

v=3mc3v 

IIMeeT peiiieHHe v(t) = Vo + V1 · exp(tjT), KOTOpoe OnHChiBaeT HeorpaHHl.J:eH

HhiH ca:Mopa3rOH t.IaCTIIUhl. B Tex cnyt.IMX, Kor.na cnna pa.n;HaUHOHHoro Tpe

HH.SI BXO.ll;HT B ypaBHeHH.SI .ll;BH)KeHH.SI KaK MaJia.SI .n;o6aBKa K BHeiiiHHM CIIJiaM 

ll: yt.IHThiBaeTc.SI MeTo.n;oM nocne.n;oBaTeJihHhiX npH6JIH)KeHn:H, oHa npHBo.n;nT 

K <}lli3Hl.J:eCKJI OCMhiCJieHHhiM pe3yJihTaTaM ( CM., HanpHMep, nyHKT, OTBe.n;eH

HhiH JI3JIO)KeHJIIO IIIHpHHhi n3Jiyt.IaeMhrx JIHHH:ll). IIonpo6yeM c<}lopMyJIHpo

BaTh YCJIOBne MaJIOCTJI pa.n;naUHOHHOH CJIJihl nq cpaBHeHHIO C BHeiiiHeH 3JieK

TpOMai'HHTHOH CJIJIOH. 113 ypaBHeHJI.SI .ll;BII)KeHH.SI B HyJieBOM no pa.n;HaUHOHHOH 

CJIJie npH6JIH)KeHIUI HaxO.ZJ;JIM 

.. e .:. • e · ... e .:. 
v= -Eo+ -[v,Ho] + -[v,Ho]. 

m m m 

B MrHoBeHHO conyTCTByrome:H cncTeMe v = 0 ycKopeHJie w = eE
0
jm. C 

yt.IeTOM 3TOI'O B MI'HOBeHHO COnyTCTByrome:ll CHCTeMe nOJIYl.J:JIM 

... 2e3 .:. 2e4 ... ... 

Frad = 3mc3Eo + 3m2c4 [Eo, Ho]. 
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EcnH BHeiiiHee noJie'n 

Frad H Fo, HMeeM .ZJ;Ba 

WoT 

IJepBOe JI3 3THX Hepc 

npHMeHHMOCTh KJiaCCl 

Tpe6yeT, l.J:T06hi BHern 

noJieM npOT.SI)I\:eHHOH : 

.n;Hyc r 0 • . ... 

Bhme.n;eM peJI.SITJIB 

MeHHMOe npH .ll;BH)KeH 

l.J:TO 3Ta CJIJia .ZJ;OmKHa 

BHCTCKOe ypaBHeHHe ) 

Iln.SI onpe.neneHH.SI gi 

HeHThl 3TOI'O BeKTOpa 

HeTpy.n;Ho y6e.n;HThC.SI: 

O.ZJ;HaKO OH He y.n;OBJie1 

H.SIThC.SI .ll;JI.SI KOMnOHeF. 

Bhlpa)KeHJIIO .ZJ;OnOJIHll 

npOH3BO.ZJ;HhiX. B npe.r 

3TOI'O .ZJ;OnOJIHHTeJihH( 

He H3MeHHTh npaBHJI 

n03TOMY .ZJ;OnOJIHHTem 

peM TaK, l.J:T06hi 6hiJIC 

nOJiyt.IaeM 

3Ty <}lopMyJiy MO)KH( 

(f2ui / ds2 t.Iepe3. TeH30 

HHTHOI'O nOJI.SI. 



ero paneHCTBa 

DKeHIUI, KOr.n;a 

( npo~e)KyToK 
)r.n;a v · v = 0 

liTh BH.ZJ; CHJihi 

LHHe peaKUHH 

HbiM XOT5I 6hl 

~~T3-IO npo

. nOJIO)KeHH5IM 

CO ypaBHeHH5I 

) n03TOMJ He-
~ :, . " ' 

::>Ka3hlBaiOTC5I 

leorpaHnlieH

WHH()rO. Tpe

liHHM CHJiaM 

Ia IIpHBO.ZJ;HT 

KT, OTBe.ZJ;eH

<lJOpMJJIHpO

enme:H 3JieK

,nnaunoHHOM 

c 

Ecnn BHenmee none nepno.n;nliecKoe E0 ~ -w0E0 , TO, cpaBHliBM Bbipa)KeHli5I 

Frad li F0 , nMeeM .n;na HepaneHCTBa 

H0 « efr5. 

flepBOe li3 3THX HepaBeHCTB paCCMaTpHBaJIOCb Bhiiiie - OHO OrpaHlililiBaeT 

npnMeHHMOCTh KJiaCClilieCKOM 3JieKTpO.D;liHaMIIKli paCCT05IHli5IMli r0 , a BTOpOe 

Tpe6yeT, liT06hl BHeiiiHee none 6biJIO MaJlbiM no CpaBHeHHIO C MaKCHMaJibHbiM 

nOJieM npOT5I)KeHHOM 3ap5I)KeHHOM liaCTHUbi pa3MepOM B "KJiaCCHlieCKHM" pa

.n;HyC r 0 • 

Bhlne.n;eM peJI5ITHBHCTCKoe Bhlpa)KeHne .n;JI5I CHJihl TpeHH5I H3JiylieHHH, npn

MeHHMoe npH .ZJ;BH)KeHHH CO CKOpOCTHMli nopH.n;Ka CKOpOCTH CBeTa. IlOHHTHO, 

liTO 3Ta CHJia .ZJ;OJI)KHa 6biTb 4-BeKTOpOM, KOTOpbiM Ha.n;O .ZJ;06aBHTh B peJIHTli-
-

BHCTCKOe ypaBHeHHe .ZJ;BH)KeHHH 3apH.n;a 

dui e 'k . 
me-= -F' uk + g'. 

ds c 

liJIH onpe.n;eJieHHH gi 3aMeTHM, liTO npH V << C npOCTpaHCTBeHHbie KOMno

HeHThl 3TOro neKTopa .n;OJI)KHhl nepeii:Tn B Fs/c (HanoMHliM, Fs = 2e2fE/3c3). 

HeTpy.n;Ho y6e.n;nTbCH, liTO TaKHM cnoii:cTBOM o6na.n;aeT neKTOp 

3c ds2 ' 

O.ZJ;HaKO OH He y.n;OBJieTBOp5IeT TO)K.ZJ;eCTBJ giui = 0, KOTOpOe .ZJ;OJI)KHO BbiiiOJI

HHTbCH .ZJ;JIH KOMnOHeHT BCHKOrO 4-BeKTOpa CHJibi. 'llo6aBHM K HanHCaHHOMJ 

Bbipa)KeHHIO .n;onOJIHHTeJibHbiM BeKTOp, COCTaBJieHHbiM H3 4-CKOpOCTli H ee 

npOH3BO.ZJ;HbiX. B npe.n;eJibHOM CJiyliae V .- 0 npOCTpaHCTBeHHbie KOMnOHeHTbi 

3TOrO .n;onOJIHHTeJibHOrO BeKTOpa .ZJ;OJI)KHbi o6paTHTbC5I B HJJib, TaK liT06bi 

He H3MeHHTh npaBHJibHoro 3HalieHHH Fs. TaKHM CBOMCTBOM, o6na.n;aeT ui, 
n03TOMJ .n;onOJIHHTeJibHbiM BeKTOp .ZJ;OJI)KeH HMeTb BH.ZJ; aui, a CKaJIHp a Bbi6e

peM TaK, liT06bi 6hlJIO y.n;OBJieTBOpeHO COOTHOIIIeHHe giui = 0. B pe3yJibTaTe 

nOJiyliaeM 

i _ (~ui _ i k~uk) 
g - ds2 u u ds2 . 

3Ty <!JopMJJIY MO)KHO nepenHCaTb B .n;pyrOM BH.n;e, Bhlpa3HB npOH3BO.D;HJIO 

r£2 ui / ds2 liepe3 TeH30p .n;eii:cTBYIOruero Ha liacTnuy BHeiiiHero 3JieKTpoMar-

HHTHOrO nOJI5I. 



! 
:I 

,I', I 

ECTECTBEHHA5I IDII.IPII.IHA II.I3JIYt.IAEMbiX JIII.IHII.IM 

M3JiytieH11e, nornomeH11e 11 paccesm11e BOJIH aTOMHhiM11 C11CTeMaM11 - 3TO 

KBaHTOBhle npo~eCChl, 11 ITOCJie,nOBaTeJihHO OH11 MOryT 6hiTh OIT11CaHhl Ha OCHOBe 

KBaHTOBOii MexaH11K11 11 KBaHTOBOii 3JieKTpO.n;11HaM11K11. Ho KatiecTBeHHhle xa

paKTep11CT11K11 3T11X SIBJI8H11H XOpOIIIO nepe,naiOTCSI M0.[(8JihiO B3allM0.[(8HCTB11SI 

3JI8KTpOMarH11THOH BOJIHhl C 3apsDK8HHOH l!aCT11~eii, ynpaBJI.KeMOH ynpyroii 

C11JIOH 113 HeKOTOpOrO ~eHTpa, KOTOpM npe.n;CTaBJISI8T TaK11M o6pa30M CBS13h 

3JI8KTpOHOB B aTOMHhiX C11CTeMax (M0.[(8Jlh - BOJIHa, B3a11M0.[(8HCTBJIOIIlM C 

rapMOH11lJ8CK11M OC~11JIJISITOpOM). 
IlycTh 3JI8KTpOH, CBH3aHHhlii ynpyroii C11JIOii Fe = -mw5x c neHTpoM, 

HaxO.[(Silll11MCSI B HatiaJie KOOp.D;11HaT, COBepmaeT CB060.D;Hhl8 KOJie6aH11SI. ECJI11 

npeHe6petih 113JIJli8H11eM, TO HepeJIHT11B11CTCKOe ypaBH8H118 .[(B11)K8H11SI 3JI8K

TpOHa 
•• 2 0 mx+mw0 x = 

CJIJ)K11JIO 6hl .[(JISI Oll11CaH11SI H83aTyXaiOIIl11X rapMOH11li8CK11X KOJie6aH11H C tia

CTOTOH Wo. 8TO ypaBH8H118 .[(0JI)KH0 6h!Th .[(OllOJIH8HO C11JIOH pa.n;11a~110HHOrO 

Tp8H11H, o6yCJIOBJI8HHOH peaK~118H 113JIJli8H11.K: 

.. 2 2e2 :.. 
mx + mw0 x = 

3
c3 w. 

PemeH11e 3Toro ypaBHeH11.sr 6y.n;eM 11CKaTh MeTo.n;oM nocne.n;oBaTeJihHhiX np11-

6JI11)K8H11ii. B HyneBOM np116JI11)KeH1111 i = -w5x, rro3ToMy ill= -w5f. BBe

.n;eM 

2e2w2 
0 

1 = 3mc3 

11 llOJIJli11M ypaBH8H118 .[(B11)K8H11SI OC~11JIJISITOpa C Tp~H11e:-.1 

x +/X + w5x = 0, 

llp11l!8M "( « Wo « cjr0. (lln.sr 3JI8KTpOHa Wo « 1023 C-l, liTO COOTB8TCTBJ8T 

3Hepr11.srM hw0 « 100 M3B.) 

MTaK, 6naro.n;apsr peaK~1111 113JiytieH11H, KOTopa.sr onpe.n;ensreTc.sr BeJI11li11HOii 

r, KOJie6aH11H B3a11M0.[(8HCTBJIOI!lero C 3JI8KTpo:-,rarH11THOH BOJIHOH OC~11JIJIH

TOpa 11MeiOT 3aTyxaiOm11ii xapaKTep. PerneH11e ypaBHeH11.sr .n;B11)K8H11H TaKoro 

oc~11JIJI.srTopa np11 ycJIOB1111 1 << wo 11MeeT B11.n; 

X~ x
0
e-7t/2eiwot 

' 
ll03TOMJ JCKOp8H118 3all11ChiBaeTCSI KaK 

w = Ae-7t/2eiwot 
' 
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r.n;e A ~ -:X0W5 -:- KOF. 

SIBJIS!8TCH nep110.[(11l!8CK 

BOJIH npe.n;cTaBJieHhl . BC 

113JIJtiaeT CllJIOIIIHOH en 

. Haii.n;eM pacnpe.n;eJI' 

.D;OJIIO 113JIYtiaeMOH OC~1 
11HT8pBaJI tiaCTOT . OT .. (. 

BaiOT cneKTpa.JibHOH 

noJIHoii aHepr11eii uMee 

IlonHasr aHepr11sr, n3JIY 

Iu 

( 11HTerp11poBaH11e · pacr 

B 3TO BpeMH 'llOKOIITCSl 

cTaB11M ycKopeH11e B B 

<Pyphe-o6pa3 

1 
w(w) =. ·rn: 

. ·. y271 

J1cnOJih3JH paBeHCTBO 

/

+oo !+ 
-oo w

2
(t)dt =. -c 

IlOLJ:CTaB11B ( 42) B ( 41 

Io= 

cne.n;oBa TeJihHO, 



IbiX · JIHHHH 

~H CHCTeMaMH - STO 

~h onncaHhl Ha ocHoBe 

lo Ka'lleCTBeHHhie xa

IhiO B3aliMO,UeHCTBIUI 
( ~ ' ' 

rpaBJureMoii ynpyroii 

aKIIM 06pa30M CBH3h 

aHMO,UeHCTBYIOIUM C 

-mw5x c ueHTpoM, 

hie Kone6aHIIH; Ecnii 

~Hlie ,UBII)KeHIIH SJieK-

KliX KOJie6aHIIH C 'tla

liJIOHpa.UIIaUIIOHHOrO 

:ne.uoBaTeJihHhiX npii

)MY ill ;, -:-wai. BBe-
'.! .. ' 

1, ''t!TO COOTBeTCTByeT 

e.uemreTCH BeJIII't!liHOH 

HOM BOJIHOH OCUliJIJIH

BliH ,UBII)KeHIIH TaKOrO 

r.ue A ~ -X
0
W5 - KOHCTaHTa. Y CKOpeHne 3aTyxaroruero OCUHJIJIHTOpa He 

51BJIHeTCH nepHO,UH't!eCKOH <lJyHKUIIeH BpeMeHII, B cneKTpe li3JIY'tlaeMhiX HM 

BOJIH npe,UCTaBJieHhl BCe 't!aCTOThl 0 :::; W < 00 - 3aTyxaiOIUHH OCUliJIJIHTOp 

li3JIY'llaeT CllJIOlliHOH cneKTp 't!aCTOT. 
Haii.ueM pacnpe.ueneHne aHepriiii B cneKTpe TaKoro ocUIIJIJIHTOpa, T.e. 

,UOJIIO li3JIY'tlaeMOH OCUliJIJIHTOpOM llOJIHOH ::mepriiii, KOTOpM npHXO.UHTCH Ha 

IIHTepBaJI 't!aCTOT oT w .uo w + dw. 3Ty .uonro o6o3Ha't!aiOT I ( w) II Ha3hl

BaiOT cneKTpaJibHOii .PYHKU:Heii pacnpe.ueneHH.SI JlopeHua. Ee CBH3h c 

llOJIHOH SHepriieH llMeeT Bli.U 

00 • 

! 0 = h I(w)dw. (40) 

,, 

IloJIHM ::mepriiH, li3JIY'llaeMM OCUHJIJIHTOpOM, paBHa 

2e2 
[ 00 2e

2 !+oo 
Io = 3c3 lo w

2
dt = 3c3 -oo w

2
dt 

(41) 

(IIHTerpiipOBaHIIe pacnpOCTpaHeHO Ha 06JiaCTh t < 0, llOCKOJihKY OCUliJIJIHTOp 

B STO BpeMH llOKOliTCH li llO,UhiHTerpaJibHOe Bbipa)KeHHe eCTh HYJib) •. Ilpe.u-

CTaBIIM yCKOpeHIIe B BII.Ue liHTerpaJia ¢ypbe: 

1 !+oo 0 w(t) = fie w(w)elwtdw. 
v 21f -00 

<Pyphe-o6pa3 

1 !+oo 0 1 lo+oo 0 

w(w) = fie w(t)e-lwtdt = fie w(t)e-lwtdt = 
v 21f -00 v 21f 0 

A 1 
V2n ['y/2- i(wo- w)) · 

J1Cll0Jih3YH paBeHCTBO IlapceBaJIH, HMeeM 

!
+oo /+oo 2 A !+oo dw A

2 

w2 (t)dt = lw(w)l dw = -2 ( _ ')2 2;4 =
0

--oo -oo 1f -oo Wo w + "( "( 
(42) 

ilO.UCTaBHB (42) B (41), llOJIY't!HM 

e2 A2 /+oo dw 2e
2 

A
2 

Io= 3nc3 -oo (wo-w) 2 +ry2/4- 3c31' 
(43) 

cne.uoBa TeJihHO, 

(44) 
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C .npyro:H CTOpOHhl; cpaBHIIBasr ( 43) II ( 40) II YtiiiThlBasr, liTO cneKTpaJJhHOe 

pacnpe.neneHIIe onpe.neneHo TOJihKO .nmr cyrn;ecTBeHHo noJIO)KIITeJihHhiX 3Ha

t.IeHIIM t.IaCTOThl, IIMeeM 

Io 'Y . 
I(w) = 27r (wo _ w)2 + 12;4 (45) 

3TO Bb!pa)KeHIIe IIMeeT pe3KIIH MaKCUMYM npii W = Wo, T.e. npii t.IaCTOTe, 

KOTOpasr II3JiyqaJJaCh 6b! OCI(IIJIJI~TOpOM B OTCYTCTBIIe 3aTyXaHII~: 

ToqHee, 

I(wo) = 2Io 
7!""(. 

Io 'Y / .. 
I(w) = -2 ( )2 2/

4 
-t I0t5(w- w0 ) 

7r Wo - W + "( -y-tO 

- cneKTpaJJhHoe pacnpe.neneHIIe cTaHOBII~c~ 6ecKoHet.IHO Y3KIIM. TaKIIM o6pa-

30M, yt.IeT pa,niiai(IIOHHOrO TpeHII~ npiiBO.U:IIT K Kat.IeCTBeHHO HOBOMy 3<lJ<lJeKTy 

- KOHeqHOM lliiipiiHe CneKTpa II3Jiyt.IeHII~. Ilpii W = Wo ± "( /2 II3JiyqaeMasr IIH-

TeHCIIBHOCTh paBHa 

1 
I(w0 ± 'Y/2) = 2I(wo), 

T.e. B.U:BOe MeHhiiie IIHTeHCIIBHOCTII B MaKCIIMyMe. Ilo 3TOM npiiqiiHe BeJIII

qiiHY "( /2 Ha3hiBaiOT llOJiyiiiHpHHOH H3JiyqaeMOH JIHHHH. 

P ACCE5.1HHE 3JIEKTPOMArHHTHbiX BOJIH 
CB5.13AHHbiMH H CBOBO.llHbiMH 3AP5.1.1lAMH 

PaCCMOTpiiM 3aTyXaiOIUIIe KOJie6aHII~ OCI(IIJIJI~TOpa B none nJIOCKOM MO

HOXpOMaTIIqecKoii BOJIHhi. Boo6me roBop~, TaKIIe Kone6aHII~ oniiChiBaroTc~ 
ypaBHeHIIeM .U:OCTaTOqHo CJIO)KHOrO BII,na 

•· 2 2e2 
• e .... 1 .... 

f + w0 f = -
3 2 w + - (E + - [v, H]), 
me m c 

O.U:HaKO <lJII31It.IeCKIIe npe,nnOChiJIKII n03BOJI~IOT Ha.TJO)KIITh p~,n ynporuaiOIUIIX 
orpaHIIt.IeHIIM. 

1. Ecnii npe.nnoJIO)KIITh .U:BII)KeHIIe Hepen~TIIBIICTCKIIM, TO ¢aKTOp v / c ~ 
1 n03BOJI~eT npeHe6peqb CJiaraeMhi:M C MarHIITHhiM noJieM. 

64 

2. OcuiimlsrTop Hax( 

n03TOMY C yt.IeTO 

E0exp(ikf- iwt): 
II3Jiyt.IeHII~ .. MHOrO 

pa3MepOB, TO MO)] 

3. CIIJIY pa,niiaiiiiOH 

no MeTo.ny nocneJ 
peHII~ Ha:ii.u;eM IIC: 

',,,·, 

0KOHt.IaTeJihHO ypaBHei 

f+7f'+c 

PeiiieHIIe 3Toro ypaBHI 

qecKasr MexaHIIKa" . B 

peiiieHIIe, IIOCKOJihKY p 

nopSI.u;Ka 'Y. l..JacTHOe p1 

lin~ IIHTeHCIIBHOCTII II3 

'. '2' e, .. 
dl =··43[i 

7rC 

, 3.u;ech 

8 - yrOJI Me)K,u;y Hall] 

non~p1I3amni E0 , (eM. 

27r jw, l'IMeeM ·· · 

- 1 {T 2 
dl = T lo dl dt = r 0 

HeTpy,nHo .nora.naThCSI. 

Ilpouecc pacce~Hl'ISI 

,nl'l¢¢epeHrrl'laJihHhiM 3• 

UIIaJihHhiM 3¢¢eKTl'IBH 

eTCSI OTHOllieHl'le. pacce 

na.naromero l'I3JiyqeHl'l5: 

d 



5I, "tlTO cneKTpaJihHOe 

10.ii02KHTeJihHhiX 3Ha-

(45) 

, T;e. npH ~aCTOTe, 

LTyXaHII5I:, 
" ' 

- wo), 

3KHM; TaKnM o6pa

m HOBOMY 3¢¢eKTY 

/2 li3JiyqaeMa5I HH-

'OH npii't!HHe BeJIII

fl'l. 

:BOJIH 
5I.UAMH 

10Jie nJIOCKOH MO

[JI}! OTIIIChiBaiOTC}! 

Ul ynpornaiOrnnx 

o ¢aKTop vIc «::. 
neM. 

2. 0cUHJIJI}!T0p HaXO,li;HTC}! B none nJIOCKOH MOHOXpOMaTH"tleCKOH BOJIHhi, 

no3TOMY c y"tleTOM npe.n;hl,ll;ymero 3aMe"tiaHM}! M02KHO nonaraTh E = 
E0exp(ikr- iwt). Ecnn npe.n;noJI02KHTh, "tiTO .n;nnHa BOJIHhi na.n;aiOmero 

H3JIY"tleHH}! MHOrO 60Jihiiie xapaKTepHhiX ,li;JI}! ,li;BH2KeHHH OCUHJIJIHTOpa 

pa3MepoB, TO M02KHO C't!HTaTh exp(ikr) ~ 1, Tor.n;a E ~ Eoexp( -iwt). 

3. Cnny pa.n;naunoHHoro TpeHnH, KaK H B npe.n;hl,ll;yiilHX CJIY"tlMX, y"tiTeM 
t 

no MeTo,n;y nOCJie,li;OBaTeJihHhiX npH6Jimi<:eHHH, T.e. npOH3BO,li;HYIO YCKO-

peHHH Hail.n;eM ncxo.n;H H3 f = -w5r +(elm)· E0exp( -iwt). 

0KOH"tlaTeJihHO ypaBHeHHe .UBII2KeHH}! 3anHChiBaeTCH B BH,Ue 
' ' 

.. · e ... 2e2w2 

r + {T + Wo
2r = - . Eoexp(-iwt), 'Y - --0 

m - 3mc3 · (46) 

PeiiieHne :noro ypaBHeHIIJI no.upo6Ho paccMaTpHBanoch B Kypce "Knaccn

"tleCKM MexaHHKa". B 3a,n:aqe pacce}!HJIH .uocTaTO"tlHO HailTH JIMIIIh l!aCTHoe 

perneHHe, TIOCKOJihKY peiiieHHe O,UHOpO,UHOrO ypaBHeHHH 3aTyxaeT 3a BpeMH 

TIOp}!,UKa {. 'lJaCTHOe peiiieHHe ( 46) HMeeT BH.U 

... (eEolm)exp( -iwt) 
r = w3- w2- iw'Y . (47) 

.IlJI}! HHTeHCllBHOCTH II3JIY't!eHII}!, pacce}!HHOro B TeJieCHhiH yrOJI dO, noJiy'IaeM 

2 4 4E2 · 29 2( t r) 
dl = _e_['f, n]2dS1 = e w 0 szn cos w - u (4B) 

47rc3 47rm2c3 (w6 - w2)2 + w2{2 

J.uech 
{W 

8 = arctg 2 2
, 

w0 -w 
8 - yrOJI Me2K.UY HanpaBJieHHeM Ha6JIIO,UeHH5I n H HanpaBJieHIIeM BeKTOpa 

nonHpn3aunn. E0 (eM. pnc. 9). ~cpe.UH}!H aTo Bhipa2KeHne Ja nepno.u T = 
27r I w, HMeeM 

- 1 lor 2 w1sin28d0 c 2 
dl = T dldt = r0Io( 2 2) 2 2 2 , Io = 4'7T"E0 , 

o w0 - w +w 'Y .. 

e2 
ro = --2. 

me 

HeTpy.n;Ho .uora.uaThC}!, "tiTO 10 - HHTeHcHBHOCTh na.uaromero H3Jiy"tieHnH. 

(49)' 

ITpouecc pacce}!HH}! 3JieKTpoMarHHTHhiX BOJIH npHHHTO xapaKTepH30BaTh 

.u:u¢¢epeHunaJihHhiM a¢¢eKTHBHhiM ce't!eHHeM. ITo onpe.n;eneHnro .n;:u¢¢epeH

u:uanhHhiM 3qJ<fleKTllBHhiM celJeHHeM pacceHHll}! B TeJieCHhiH yrOJI dO Ha3hiBa

eTCH OTHOIIIeHIIe pacCe}!HHOH B 3TOT yrOJI HHTeHCllBHOCTH K HHTeHCHBHOCTli . 

na.uaromero H3ny•.reHH}!: 

(50) 
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ITocne.n:asr.K ¢opMyna .n:aeT ceqemte pacce.KHHH CBeTa, ITOJIHpH30BaHHoro B nno

CKOCTH (xy). Ha npaKTHKe qacTo. Ba:>KHo 3HaTh ceqeHne pacce.KHHH Heno

JIHpH30BaHHOro H3JiyqeHHH, .JJ:JIH qero HeOfiXO.JJ:HMO ycpe.n;HHTb 3<fl<fleKTHBHOe 

ceqeHHe (50) ITO BCeM B03MO.>KHbiM ITOJIHpH3aUHHM, T.e. ITO B03MO.>KHhiM OpH

eHTai.lHHM BeKTopa ITOJIHpn3aunn · E0 B nndcKocTn · ( xy). 

k 
ii 

a 

e 

ljl . 

""J 
E 

y 

Pnc. 9 

Y I'OJI 8 H JI' Jlhl () H 'ljJ ( CM. pH C. 9) CBH3aHbl Me.>K,n:y C060:if COOTHOIIIeHHeM, 

KOTOpoe ITOJiyqaeTC.K llpH llpOeKilHH e.n;HHHqHOI'O BeKTOpa B HanpaBJieHHH Ha-
6mo.n;eHH.K fi Ha OCb X: 

cos e = sin ()cos 'ljJ {::=} sin28 = 1 - sin2()cos 2¢. 

5IcHo, q.fo ycpe.n;HeHne no BCeM opneHTai.liiHM E
0

, 03HaqaeT ycpe.n;HeHne no 
B03MO.>KHbiM 3HaqeHHHM a3IIMyTaJibHOI'O yrna '1/J: 

sin2
() 1 + cos2() sin

2
8 = 1- sin2

() < cos2'1/J >= 1- -
2

- = 
2 

· 

MTaK, .JJ:JIH Henon.KpH30BaHHoro H3JiyqeHHH 

2 4 1 2() 
da = r0w + cos dD. 

(w6- w2)2 + w2!2 2 (51) 
• 

YrJIOBM 3aBHCHMOCTb B ::no:if ¢opMyne noKa3hiBaeT, qTo Haii6onee CHJibHoe 

pacce.KHHe nponcxo.n;IIT B HanpanneHnn na.n:aroruero H3JiyqeHnH (() = 0) n B 

llpOTHBOITOJIO.>KHOM HanpaBJieHHH ( () = 7r). ilOJIHOe CeqeHne HeiTOJI.KpH30BaH

HOI'O H3JiyqeHH.K ITOJiyqnM, HHTerpnpyH (51) ITO TeJieCHOMy yrny: 

81r r2w4 
a- o 

- 3 ( w5 - w2)2 + w2!2 . (52) 
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c:I>opMyJiy (52) Ha3b1Ba 

KTpo,n;HHaMHKH. He 

pacce.KHIIH H3JiyqeHII~ 

OHa HMeeT .JJ:OCTaToqH 

TaJihHhiM pe3JJihTaTa 

Bna.n;aeT C COOT~eTCTI 

JiyqeHHOM B paMKaX .I{] 
KHM no.n:xo.n: noKcci:br~a 
MJJibi He Orpamrq.~~a 
I'HX CHCTeM. 

3aBHCHMOCTh. TIOJIF. 
)l{eHHhiM Ma~CII~:IJ1Ip} 
Ko:if K co6cTBeHHO:i1 t!~: 
pe3oHaHca IIMeeM 

,. '! •, 

BeJIIIqnHa 1 xapaKTei 

HaHce w = wo 

3¢<fleKTIIBHOe ceqeHIIE 

IIIHX 3HaqeHIIM (r « ( 
ueHuneii II nrpaeT Ba)l 

B.n:ann oT pe3cmaH, 

.n:aeT 

a ecJIII qacToTa na.n;ai< 

UIIJIJI~Topa w » w0 , n< 

ITonHoe ceqeHne pace€ 
' ,) 

.n:aeT nonHoe ceqeHIIe 

ue:if. lleiiCTBHTeJibHO, , 

CO CTOpOHhi IIOJI~, BeJil 

TOpe II 3JieKTpOH pace 

.LJ:HTbC~ B 3TOM, .JJ:OcTa~ 



lpll30BaHHOrO B nJio

fle paccesmn5r Heno

(HllTh 3cpcpeKTllBHOe 

IO B03MO:>KHbiM Opll-

•'.' ::' 

5oll: COOTHOIIIeHneM, 

B. HanpaBJieHnn Ha-

aeT ycpe.n;HeHne no 

(51) 

Han6onee cnnhHOe 

lieHnH (0 = 0) n B 

ne,Henon5rpn3oBaH

y yrny: 

(52) 

<l>opMyny (52) Ha3hiBaiOT ,ll;HCnepCHOHHOH QJOpMyJIOH KJiaccuqecKOH 3Jie

KTpO.O:HHaMHKH. HeCMOTp51: Ha TO liTO 3Ta cpopMyJia nOJiylieHa Ha npnMepe 

paCCe5£Hll5£ ll3JIJlieHll5£ rapMOHlllieCKllM OCUllJIJI5£TOpOM, B .n;eMCTBllTeJihHOCTll 

OHa llMeeT .IJ;OCTaTOliHO 06l!lllM XapaKTep ll ee MO:>KHO OTHeCTll K cpyH.n;aMeH

TaJihHhiM pe3JJihTaTaM KJiaCClllieCKOM 3JieKTpO.IJ;HHaMHKll. flo cpOpMe (52) Co

Bna.n;aeT C COOTBeTCTBJIOl!leM cpopMJJIOM ,li;JI5£ pacce51:Hll5£ CBeTa aTOMaMll, no

JiylieHHOM B paMKaX KBaHTOBOM MexaHllKll, KpOMe TOrO, KBaHTOBo-MexaHnlieC

KllM no.n;xo.n; noKa3hiBaeT, liTO 06JiaCTh npnMeHllMOCTll .n;ncnepCllOHHOM cpop

MJJihi He orpaHnlieHa pacce5rHneM CBeTa, HO pacnpocTpaH5reTC5r Ha p5r.n; .n;py-

rnx cncTeM. 

3aBncnMOCTh nonHoro celieHn5r pacce5rHn5r pT liaCTOThl nMeeT pe3KO Bhlpa

:>KeHHhiM MaKCllMJM npn pe30HaHCHOM liaCTOTe na.n;aromero ll3JIJlieHll5£, 6Jill3-

KOM K C06CTBeHHOM liaCTOTe OCUllJIJI51:TOpa. ITonarM B (52) W ~ w0 , B6Jill3ll 

pe3oHaHca nMeeM 

(53) 

BennlinHa 'Y xapaKTepn3:feT IIInpnHy B o6nacTn pe30HaHca. B TOliHOM pe3o-

HaHce w = wo 
87r 2w5 

a= 3ro'Y2. 

3cpcpeKTllBHOe CelieHne ,ll;JI5£ pe30HaHCHbiX liaCTOT ,li;OCTnraeT .IJ;OBOJihHO 60Jih

IIIllX 3HalieHHM ("! « w0). 3TO 5£BJieHne Ha3biBaeTC5£ pe30HaHCHOM cpJiyopec

UeHUlleM ll nrpaeT Ba:>KHJIO pOJih B OnTnKe MaTepnaJihHbiX cpe.n;. 

B.n;ann OT pe3oHaHca B o6nacTn MaJihiX liaCTOT w << w0 Bhipa:>KeHne (52) 
.n;aeT 

a = 81rr6 (!:!__) 4 , 

3 wo 
a ecnn liaCTOTa na.n;aromell: BOJIHhi MHOro 6onhiiie co6cTBeHHoll: liaCTOThi oc

unJIJI5rTOpa w » w0 , nonyliaeM 

87f 2 
a= -r0 . 

3 

ITonHoe celieHne pacce5rHH5£ He 3aBncnT OT liaCTOThi. • ITocne.n;H5£5£ cpopMyJia 

.n;aeT nonHoe celieHne pacce5£Hll5£ na.n;aromero n3nylieHn5r cBo6o.n;Hoil liacTn

uell: . .ileMCTBllTeJihHO, .IJ;JI5£ 60JihllillX liaCTOT CllJia, .n;eMCTBJIOlllM Ha liaCTllUY 

CO CTOpOHhi nOJI5£, BeJIHKa no cpaBHeHlllO C KBa3nynpyroll: CllJIOM B OCUllJIJI5£

TOpe ll 3JieKTpOH paccenBaeT CBeT, KaK CB060.IJ;HhiM. .ilJI5£ TOro liT06bl y6e

,ll;llThC5£ B 3TOM, ,ll;OCTaTOliHO nOJIO:>KllTh B cpOpMyJie (51) Wo = 0, npeHe6pelih 
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pa,Z:(IIa:O:liOHHOll CliJIOll (BKJia.n; KOTOpOii nop.sr.n;Ka r 0 j A « 1), II nocne liHTerpii
pOBaHII.si no yrJiaM nOJIY"tiiiM 

(J = 87r(~)2 
3 mc2 (54) 

3Ta ¢opM:yna II3BeCTHa KaK (jJopMyna ToMCOHa. .5IcHo, "liTO na ¢opMyna 

OniiChiBaeT pacce.siHIIe ::meKTpOHaMII JII06hl?C CliCTeM, HanpiiMep aTOMOB, eCJIII 

MO:>KHO npeHe6pe"tih cnnaMn, CB.si3hlBaiOllliiMH ::meKTpOHhl, II C"tiiiTaTh nx cBo-

6o.n:HhlMII. CornacHo ¢opMyne ToMcoHa nonHoe ce"tieHne pacce.srHn.sr ::meK

TpoMarHIITHhiX BOJIH CB060.IJ:HOll 3ap.sr:>KeHHOll "llaCTII:O:eii He 3aBIICIIT OT "lla

CTOThl na.n;aiOllleii BOJIHhl. 0TMeTIIM, O.IJ:HaKO, "liTO IICnOJih30BaHIIe ::noii <lJop

MYJihl orpaHII"lleHo CBepxy ycnoBIIeM npnMeHIIMOCTII KJiaccn-qecKoro no.n:xo.n:a 

!iw << mc
2 

- ::meprmr KBaHTa ::meKTpoMarHIITHoro nomr .n:on:>KHa 6hiTh Mana 

no cpaBHeHIIIO c ::meprne:H noKo.sr "llaCTII:O:hl. B npoTIIBHOM cny-qae Ha.n:o y"tiii
ThlBaTh KBaHTOBhle 3¢¢eKThl. 

II. 3JIEMEHTbl : 

BhiE 
MAKPOCKOIIJi 

YCPE.UHEHJII5I I 

Ha nepBhiH B3rJI.SI,J 

OniiCaTh ypaBHeHII.siM 

·t.'· 

Hanp.sr:>KeHHOCTII 3Jiei 

KpOCKOniit.IeCKIIMII' 3H 

](r', t) = p · VB .n;aHH 

O.n:HaKo BO MHornx ¢ 

II .IJ:BII:>KeHne Ka:>K.n:oro 

n106a.sr 3a.n:aqa o6 3JIE 

cpe.n:hi. B MaKpoo6'h 

Ka:>K.IJ:hlll II3 HHX BCJIE 

IIJIII :\1eHhiiTeH CTenei 

mPiecKnx 3a.n;ati) npe 

Manonpnro.n:Ho BBn.n:y 

e 3TH Bhlpa)K€HII.S: 

3HaTh nOJIO)KeH 

e 3TH Bhipa)K€Hli~ 

Ha Ot.I€Hh. MaJihl 

poB). TaKoe 2Ke 
BO Bp€M€HH npO 

CJIOBJI€HO T€nJIC 



1 << 1), H IIOCJie HHTerpH-

(54) 
. . 

5Ici!o, liTO :na .· ¢opMyna 

HaiipHMep aTOMOB, €CJIH 

)0H~I, H CliHT~Th HX CBO

€li€HHe· pacce.SIHH.SI 3JieK

rinell: He 3aBJICHT OT lia

CITOfb30BaHHe 3Toll: ¢op-

KJiaccHliecKoro rro.n;xo.n;a 

ron.SI· .r:(omKHa 6hiTh Mana 

ifBHOM cnyt.Jae Ha'.rm YliH-

II. 3JIEMEHTh~ 3JIEKTPO.lUIHAMI1:KI1: CIIJIOITIHhiX. CPE.Il 

BhiBO.Il OCHOBHhiX YP ABHEHJ.IM 
MAKPOCKOIIJ.It..IECKOM 3JIEKTPO.UHHAMHKI1: IIYTEM 

YCPE.UHEHI1:51 BAKYYMHhiX Y.P ABHEHJ.IM MAKCBEJIJIA 

'Ha rrepBhiM B3I'JI.SI.n; BCe,i.moroo6pa3He 3JI€KTpOMarHHTHhiX .SIBJI€HHM MO)KHO 

orrHcaTh ypaBHeHH.SIMH MaKCBenna- JiopeHua 

... 4rr ... 1ae 
roth = -p · v + --

c c 8t' 

_, 18h 
rote=--

c 8t' 

divh = 0, 

dive= 4rrp. 

Harrp.SI)K€HHOCTH 3JI€KTpOMarHHTHOI'O IIOJI.SI h(f, t) H e(f, t) o6yCJIOBJI€Hhi MH

KpOCKOIIlili€CKHMH 3Hali€HH.SIMH IIJIOTHOCTH 3ap.SI.n;a p(r, t) H IIJIOTHOCTH TOKa 

](f, t) = p ·VB .n;aHHhiM MOM€HT Bp€M€HH H B .n;aHHOli TOliK€ IIpOCTpaHCTBa. 

Q.z:(HaKO BO MHOI'HX <lJH3Hli€CKHX 3a.n;aliax H€B03M0)KHQ 3a.n;aTh pacrrpe.n;eJieHH€ 

H .D;BH)K€HH€ Ka)K.D;OI'O OT.D;€JihHOI'O 3ap.SI.n;a. K KJiaccy TaKHX 3a.n;ali OTHOCHTC.SI 

JII06a.SI 3a.n;alia 06 3JI€KTpOMai'HHTHhiX IIOJI.SIX B IIpHCYTCTBHH MaTepHaJihHOM 

cpe.n;hi. B MaKpoo6'heMe BemecTBa co.n;ep)KHTC.SI "' 1023±3 3ap.SI.n;OB, rrpHlieM 

Ka)K.D;hiM H3 HHX BCJie.D;CTBH~ T€IIJIOBOI'O B036y)K.D;€HH.SI IIO.D;BH)K€H B 60Jihiii€M 

HJIH :\1€Hhiiiell: cTerreHH. OlieBH.n;Ho, .n;JI.SI mo6hiX 3a.n;ali B cpe.n;~ (MaKpocKo

rrwieCKHx 3a.n;a"li) rrpe.n;CTaBJI€HH€ IIOJI.SI B BII.n;e 3arra3.n;hiBaiOIUIIX IIOT€HlliiaJIOB 

MaJIOIIpHI'O.D;HO BBII.n;y TOro, liTO 

e 3TII Bhipa)K€HII.SI CO.n;ep)KaT p(f, t) IIJ(f, t), .D;JI.SI3a.n;aHII.SI KOTOpbiX HY)KHO 

3HaTh IIOJIO)KeHII.SI II CKOpOCTII OrpOMHOI'O liiiCJia 3ap.SI.n;OB, 

• 3TII Bhipa)K€HII.SI <lJJIIOKTYIIPYIOT IIpii rrepeMeiU€HIIII TOliKII Ha6JIIO.D;€HII.SI 

Ha Oli€Hh MaJihi€ paCCTO.SIHII.SI ( rv 10-8 CM - IIOp.SI.n;Ka aTOMHhiX pa3M€

p0B). TaKoe )K€ II3MeHeHne Harrp.SI)K€HHOcTell: 3JieKTpoMarHIITHoro rroJI.SI 

BO Bp€M€HII IIpOIICXO.D;IIT B IIpOII3BOJihHOM TOliK€ IIpOCTpaHCTBa, liTO o6y

CJIOBJieHO TeiiJIOBbiMH rrepeMeiUeHII.SIMII aTOMOB. 



ll03TOMy, KaK II B cnytiae .n;pyriix npon:ecco1J, npoiicxo.n;Hrn:IIx B MaKpocpe.n;ax, 

IIHTepec npe.n;CTaBnHIOT niiiiib ycpe.n;HeHHbie 3HatieHIIH COOTBeTCTBYIOllliiX Be

niilJIIH. 3TO yCpe):{HeHIIe .IJ;OmKHO 6biTb TaKIIM, lJT06bi crna.n;IITb HeO.n;HOpO.n;

HOCTII aTOMHOH CTpyKTyphl, HO COXpaHIITb npOCTpaHCTBeHHO-BpeMeHHhle II3-

MeHeHIIH, onpe):{enHeMhle ycnoBIIHMIIKOHKpeTHoro onbiTa. Bo MHOriix 3a.n;a

tiax BnOnHe .IJ;OCTaTOlJHO 3HaHIIH Cpe.n;HeM HanpH)KeHHOCTII noneJ1 no 06naCTII 

pa3MepOM rv lQ-
6 

CM
3

, II T.K. 06'beM aTOMa rv lQ-24 CM3, TO B paCCMa

TpiiBaeMOM MaKp006'beMe CO.n;ep)KIITCH 1018 aTOMOB, .n;nH TaKOrO lJIICna BCe 

MIIKpocpniOKTyan:IIII MO)KHO ClJIITaTb ycpe.n;HeHHbiMII. 

TaKIIM o6pa3oM, .n;nH nocTpoeHIIH MaKpocKoniitiecKoJ1 3neKTpo.n;IIHaMIIKII 

MaTepiiMbHhlX cpe):{ Heo6xo.n;IIMO ycpe.n;HIITb CIICTeMy ypaBHeHIIM MaKcBenna 

no cpii3IItieCKII 6eCKOHelJHO ManoMy 06'beMy VQ, KOTOpbiH, C O.IJ;HOM CTOpOHhl, 

.IJ;On)KeH 6biTb HaCTOnbKO Man, lJT06bi npii nepeMern:eHIIII Ha paCCTOHHIIH no

pH.n;Ka ero niiHeHHbiX pa3MepOB ycpe.n;HeHHhle BeniilJIIHbi II3MeHHniiCb He3Ha

lJIITenbHO, C .n;pyroJ1 CTOpOHbi, 3TOT 06'beM .IJ;On)KeH 6hiTb HaCTOnbKO BeniiK, 

tiT06hl co.n;ep)KaTb .n;ocTaTOtiHoe tiiicno aTOMOB (IInii MoneKyn). KpoMe Toro, 

He06XO.IJ;IIMO TaK)Ke ycpe):{HeHIIe no BpeMeHHOMy npoMe)KyTKy T, KOTOpbiH .n;on
)KeH 6~Tb BeniiK HaCTOnbKO, lJT06bi 6hlnii yCpe):{HeHbi BpeMeHHhle HeO.IJ;HO

pO.IJ;HOCTII, II MMbiM HaCTOnbKO, lJT06bi yCpe):{HeHHhle BeniilJIIHbi 3a BpeMH 

nopH.n;Ka r II3MeHHniich HeHaMHoro. Onpe):{eniiM cpe.n;Hee no <jlii3IItieCKII 6ec

KOHetiHO MMOMy 06'beMy Vo II ManoMy npoMe)KyTKy BpeMeHII CornaCHO 

1 ~+T 1 1 < J >= -2. Vr J(r, t)dV. dt 
T -T 0 Vo 

II BBe):{eM 

< e>=E, < h >= 13, 
Tor.n;a 

... 47!' ... 1 ai 
rotE= - < p · v > +--, 

c c at 
... laB 

rotE=---
• 'c at ' 
divE= 0, 

divE= 47!' < p >, 
a TaK)Ke 

a< P > d. ... at + zv < P. v >= o. 
llanee He06XO.IJ;IIMO HaMTII < p > II < p · iJ >, liTO Tpe6yeT 3HaHIIH Onpe.n;eneH

HbiX CBOHCTB paCCMaTpiiBaeMbiX Cpe.n;. 5ICHO, liTO TOK B MeTa.TJnax II nna3Me 
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ra30Boro p~3pH.n;a, npc 

CTl!leHHO, ~a3HYIO npiip 

llnH ytieTa 3TIIX pa3m 

tieCKIIX CBOHCTB COOTBI ., 

noriitieCKYIO TeOpiiiO 3. 

pbiX .IJ;OCTaTOlJHO 06llll 

npe.n;nonO)KeHIIH MO.n;eJ 
',j, ''':"' 

rpynnhi - npOBO.IJ;HIIKll 

no.n; .n;eMCTBIIeM npiinO 

pH.n;OB - 3neKTpiitieCKII 

.n;eilcTBIIeM nomr 3apH.n; 

HeM, liTO TaKoe no.n;pa 

nOCTpOeHIIH 3neKTpO.IJ;J 

llpiiCTyniiM K. Bhrq: 

HeMTpMbHOe Teno · nOll 

MoneKynax) noro :Te~a 
3apH.n;OB, : T.e. ~03HIIKll 

cpe.n;HIIH .n;IInOnbHbiH ), 

nonHpii3aUIIH. llT~~,-3. 
none npiio6peTaeT . .n;IIn 

... •[.·./ ._ d= 1 

" .... ! ~- - ' 

llnOTHOCTb CBH3aHHbiX 

CBH3aHHbiX B aTOM~X(II 
BeKTOpHoro aHanii3a 

fs(Pii)rdS = fv.fi 
Ecnii Bhr6paTb noBepxH 

eMbiH 06'heM, TO nOBep:l! 

fv PdV ~- fv 1 

MTaK, ecnH nonHpH: 
TOlJKH K TOqKe TaK, tiT 

nnOTHOCTbiO Pcar~3 • 3TO'J 

Bhr.n;enHM BHYTPH Tena . 

HHKIIIaH H3-3a -HaJIHlJHH 
' '" ~ 

II3 noBepXHOCTeM (Hanp 



:mnx B MaKpocpe.n:ax, 

)OTBeTCTBJIOlllllX Be

:rJia.UHTb HeO.UHOpO,n:-

3eHHO-BpeMeHHbie ll3-

·a, Bo. MHornx 3a,n:a-, 
~n· noneii no o6nacTn 
1 ~l\13 , TO B paceM a

LSI TaKoro lincna Bee 

'll .. 3~eKTpO.UHHaM:HKll 
,aBHeHnii MaKCBenna 

fi, C O.UHOH CTOpOHbl, 

II Ha paCCTOSIHllSI IIO

I ll3MeHSIJillCb He3Ha

:b HaCTOJibKO BeJIHK, 

IeKyn). KpoMe Toro, 

TKJ 7 ,' KOTOpblll .UOJI

BpeMeHH~Ie HeO,n:HO

BeJI:HlillHbl 3a BpeMSI 

~ no· ¢n3IIliecKn 6ec

MeHII COr JiaCHO 

· 3HaHIISI onpe.n:eneH

MeTannax II nna3Me 

ra3oBoro pa3pSI.n:a, npoueccbl B <Peppo- n .n:IIaMarHeTIIKax n T .n. n~eiOT CYIIle

CTBeHHO pa3HJIO rrpnpo,n:y ll C01IpOB02K,ll;aiOTCSI pa3JillliaiOlllllMllCSI .SIBJieHH.SIMll. 

lln.sr ylieTa 3TllX pa3JillliiiH npaBHJihHee 6hiJIO 6bl llCXO.UllTb ll3 TepMO.UHHaMH

lieCKllX CBOHCTB COOTBeTCTBJIOlllllX cpe,n:. 0,n:HaKO M02KHO CTpOHTh <flem)MeHO

JIOrnlieCKJIO TeOplliO ::meKTpOMarHHTHbiX .SIBJieHHH B cpe,n:e, llCXO.U.SI ll3 HeKOTQ

pbiX .n:ocTaTOliHO o6mnx .n:onYllleHnii o CBOiiCTBax cpe,n:bl. O.n:Ho n3 ocHOBHhiX 

npe.n:nono2KeHnii Mo.n:enn - 3TO pa3,n:eneHne (ycJIOBHoe) Bcex BemecTB Ha .n:Be 

rpyrrrrbl - npOBO.UHllKll ll .Ull3JieKTpllKII. llpOBO.UHllKll - 3TO TeJia, B KOTOpbiX 

no.n: .n:eiicTBneM npiiJI02KeHHoro. BHenmero non.sr B03HHKaeT nepeMemeHne 3a

p.sr.n:oB - 3JieKTplllieCKllll TOK, a B .Ull3JieKTpHKax TOK He B03HHKaeT, XOT.SI IIO.U 

,n:eiiCTBIIeM IIOJI.SI 3ap.SI.D:b1 CMelllaiOTC.SI B HOBble IIOJI02KeHH.SI. Eme pa3 IIO.UliepK

HeM, liTO TaKOe no,n:pa3.UeJieHne JCJIOBHO, HO CJIJ2KllT HeiiJIOXOH OCHOBOH .UJISI 

IIOCTpOeHll.SI 3JieKTpO.UHHaMHKll CIIJIOIIIHbiX Cpe,n:. 

Tipll,CTJIIllM K BbllillCJieHHIO < p >. llonyCTllM .UJI.SI 3TOrO, liTO 3JieKTpO

HeiiTpaJibHOe TeJIO IIOMellleHO BO BHelliHee IIOJie. 5ICHO, liTO B aTOMax (HJill 

MOJieKynax) 3Toro Tena no.n: .n:eiicTBneM BHelliHero non.sr npon3oii,n:eT cMemeHne 

3ap.sr.n:oB, .T.e. B03HIIKHeT_OTJIHliHblii oT Hyn.sr .n:nnoJihHblii MOMeHT. BBe.n:eM 

Cpe,n:Hllll .UlliiOJihHblll MOMeHT e.D:llHllllbl 06'beMa p ll Ha30BeM ero BeKTOpOM 

IIOJI.SipH3aUHll. YhaK, 3JieKTpOHeHTpaJibHOe TeJIO BO BHelliHeM 3JieKTp:HlieCKOM 

IIOJie rrpii06peTaeT .UlliiOJihHblll MOMeHT 

J = f PdV = f r. Pcnrr3dV ===} p = r. PcnrrJ• 

TinoTHOCTh CB.SI3aHHhiX 3ap.sr.n:oB Pcnrr3 B03HHKaeT n3-3a CMemeHH.SI 3ap.sr.n:oB, 

cB.sr3aHHbiX B aTOMax (IInn MOJieKynax). BocnOJih3yeMc.sr H3BeCTHOii ¢opMynoii 

BeKTOpHOrO aHaJIII3a 

EcJIII Bbi6paTh noBepxHOCTh nHTerpnpoBaHn.sr oxBaTbiBaiOmeii paccMaTpnBa

eMhiii 06'be!'f, TO IIOBepXHOCTHblll llHTerpaJI o6paTHTCSI B HJJib ll 

fv PdV ~ - fv rdivPdV = f r. Pcnrr3dV ===} Pcnrr3. = -divP. 

11TaK, eCJIII IIOJI.SipH3aUII.SI cpe,n:bl HeO.UHOpO,n:Ha ll BeKTOp p MeH.SieTC.SI OT 

TOliKII K TOliKe TaK, liTO divP =j:. 0, TO B TeJie B03HHKaeT 06'beMHblll 3ap.sr,n: 

IIJIOTHOCThiO Pcnrr3· 3TOT pe3yJihTaT .n:onycKaeT HarJI.SI.UHYIO HHTepnpeTaUHIO: 

Bbi.UeJIHM BHYTPII TeJia .ri:Be B006pa2KaeMble IIOBepXHOCTll sl ll 82. Ecnn B03-

HllKlllaSI II3-:-3a HaJIIIlillSI BHelliHero IIOJI.SI IIOJISipH3aUH.SI HeO.UHOpO,n:Ha, TO O.UHY 

n3 noBepxHOCTeii (HanpiiMep, S2) rrepecelieT 6onhlllee liHCJIO 3ap.sr,n:oB, lieM 
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• 

.npyryiO (SI), T.e. H3 06'beMa, 3aKniO'-IeHHOro Me)K.n;y Sr H s2, BhiXO.ziHT 6onhme 

3apH,nOB, '-reM BXO,.ll;HT B Hero, no3TOMy B03HHKaeT 06'beMHhiH 3apsr.n; nnOTHO
CThiO Pcag3 • 

IJonsrpH3a,nHsr npHBO,.ll;HT K B03HHKHOBeHHIO Ha nOBepXHOCTII Tena nOBepx
HOCTHOrO 3apsr.n;a. L{eifCTBIITenhHO, 

I divPdV = 1 PndS- 1 PndS = -I Pcag3dV. Jrst - Jrs2 
Ecnii sl Bhi6paHo BHe Tena, a s2 BHYTPII Hero, TO 

1 P.,;,dS = I Pcalil.3dV, Jrs2 lv 

3,.ll;eCh V- 06'beM Me)K,ny 81 II 82. Y CTpeMMM 82 K noBepXHOCTH ·Tena S, TOr.n;a 

lim~2 -tS fv Pcali/.3dV --+ Is WndS, lims2 -ts i PndS --+ i PndS, 
82 s ' 

TaKHM o6pa30M, BHemHee none HH,.li;YUHpyeT Ha noBepXHOCTH Tena 3apsr.n; 

nnOTHOCThiO W, KOTOphllf KOMneHCHpyeTCSI 06'beMHhiM 3apSI,.li;OM nnOTHOCThiO 

Pcali/.3, II Teno B uenoM ocTaeTcsr 3neKTpoHeiiTpaJihHhiM: 

I Pcali/.3dV =-I divPdV =-Is PndS = 0 

(nOBepXHOCTh S Bhi6paHa BHe Tena). J13nO)KeHHOe n03BOnSieT 3aKniO'-IHTh, 

'-ITO 06'beMHhiH 3apsr.n;, HH,.ll;YUHpOBaHHhiH BHeliiHHM noneM B Cpe.n;e, -.n;nsr 3neK
TpOHeiiTpaJihHOH CHCTeMhi eCTh 

< P >= Pcag3· 

flpH HaJIH'-IHII B BeiiJ;eCTBe CB060,.ll;HhiX 3apsr.n;OB nnOTHOCThiO p 

< p >= p+ PcM3' 

a nonHhiH 3apsr.n; 

I< P > dV ~ l(p+ Pcag3)dV =I pdV = Q. 

L{nsr Bhi'-IHCneHIISI < pv > .n;onyCTHM, '-ITO 

e paCCMaTpHBaeMhie Cpe.n;hi O,.li;HOpO.n;Hhi H H30TpOnHhi, 

• ecnn Teno noMeru;eHo BO BHeliiHee none, To cpe.n;Hee none B o6'beMe Tena 

Mano no CpaBHeHHIO C BHyTpHaTOMHhiMH nOnSIMH. 
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L{onyCTIIM _ TaK)Ke 
' ·~ ) < ' 

Cna6ocTh 3Tnx ri1 
II OrpaHH'-IHThCSI J 

qneHhi, KBa.n;paTH 

- IICTHHHhiH BeKT 

nsrphi divE, divE 

K03cpcpHUHeHThl 0': 

06cy.n;HM cpH3l 

pa)KeHHSI. 

e · fl pH HaJIH'-IF. 

a E nponopu 

onpe.nensreT< 

IIpOBO,.ll;HHKOJ 

HOCTh TOKa 

cpe.n;HeM '-IeJ: 

BpeMeHH. 

• L{HBepreHUII 

canst, nonyt: 

L{nsr CB060.irH 

-8 < p >/8 

op~Biil. 
at 

'-ITO .n;aeT. 

K, -- TaK Ha3:b 

T.e. H3MeHeH 

B03HHKHOBeH 



. H S2, :B:brxo):(HT 6onbiiie 

b8MHbi:if3ap.sr):( · ITJIOTHO-

epXHOCTH TeJia llOBepx-

)XHOCTHTe.rraS, TOr):(a 

epXHOCTM Te.rra 3ap.sr):( 
. ' 

3ap.sr.tiOM :r!JiOTHOCTbiO 

'~o. 

03BO.ITSI8T 3aK.ITIOliMTb, 

[eM B cpe):(e, · .rinSJ: 3.rreK-

~TbiO p 

"-Q - . 

hi, 
': ,, 

.IlonyCTMM TaK)K8, liTO 

.... .... aE a.B aEi aBi) 
< riU>= f(E, B, at' at' axk' axk . 

C.rra6oCTb 3TMX rro.rreil no3BO.rr.sreT pa3.ITO)KMTb 3TY ¢YHKUMIO B CTeneHHoil p.sr):( 

M OrpaHHliMTbCSI nepBbiMM li118HaMM pa3110)K8HMSI (COr naCHO npe):(IT0110)K8HMIO 

li.rreHbi, KBa):(paTMliHble no rro.rr10, MHoro MeHbiiie mmenHbiX). BeKTop < pv > 
- MCTMHHblll B8KTOp, ll03TOMJ B pa3110)K8HHM ):(011)KHbl 6b1Tb MCKJIIOli8Hbl CKa-

11Sipb1 divE, divE= 0 n nceB):(OBeKTOpbi rotE, a.B;at, B pe3yJibTaTe nonyliMM 

.... . 
.... aE .... 

<pv>=aB+"'at +a·c·rotB, 

K03¢¢MUM8HTbl a, K,, CY xapaKT8pM3JIOT CBOHCTBa Cpe):(bl. 

06cy):(MM ¢M3MlieCKMn CMbiCn Ka)K):(oro H3 c.rraraeMbiX npe):(bl):(yrn;ero Bbl

pa)KeHM.sr. 

• llpu HaJIMliMM E _B cpe):(e B03HMKaeT TOK, cpe):(H.sr.sr n.rroTHOCTb KOToporo 

a E rrporropunoHaJibHa cpe):(Hen Hanp.sr)KeHHOCTM no.rr.sr. Ko3¢¢uuneHT a 
onpe):(eJI.sreTCSI CBOHCTBaMM cpe):(bl M Ha3biBa8TCSI npOBO):(MMOCThiO. (.Il.rr.sr 

npOBO):(HMKOB a# 0, ):(.ITS! ):(M3118KTpMKOB a= 0.) JthaK, J = aE- ITJIOT

HOCTb TOKa npOBO):(MMOCTM, T.e. KOJIMli8CTBO 3ap.si):(a, llpOTeKaiOrn;ee B 

Cp8):(H8M li8p83 8,J:(MHMliHJIO llJIOill;a):(Ky nepneH,J:(MKJ.ITSipHO eft B e):(MHMUy 

BpeMeHM. 

e .IlMBepreHUHSI OT 11I060rO pOTOpa eCTb HJ.ITb, ll03TOMJ, npe):(ITO.ITarasr K, = 
const, nonyliMM 

div < pv >= div] + ! div(y;,E) . 

.Il.rr.sr CB060.i:(HbiX 3apSI):(OB div] = -apjat, a,J:(.ITSI CBSI3aHHbiX div < pV >= 
-a< p >fat, IT03TOMY c ylieTOM Toro, liTO< p >= p + Pcsx

3
, nonyliMM 

apCBH3 - . a d . . ( E .... ) d. ( E .... ) d. p""' 
~--at w "' =::} PcBH3 =- zv "' =- zv ' 

liTO ):(aeT 

P="'E, 
K, -- TaK Ha3biBaeMM ):(M3118KTpMlieCKM BOCllpMMMliMBOCTb, a 

aif a? 
K, at = at = )nonxpn3aiUHI) 

T.e. M3M8H8HM8 B8KTOpa ll011SipM3aUMM Cpe):(bl BO Bp8M8HM 3KBMBa.IT8HTHO 

B03HMKHOB8HMIO TOKa ll011SipM3aUMM. 
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· e liOMHO:>KHM Harne Pa3JIO:>KeHHe Ha r BeKTOpHO H ITpOHHTe.rpnpyeM pe-
3YJibTaT no o6'beMy: 

l(r, < pV >]dV = l[f',]JdV + l[r, ~]dV + ac l[i', rotii]dV. 

BTopoe cnaraeMoe rrpaBoii tiacTn: 3Toro paBeHCTBa o6pamaeTcsr B HYJib, 
T.K. P = TPcng3 , Tor..n;a 

HJIH 

j[r, < piJ > -]]dV == c j[r, rotM]dV, M~a·B 

I [f', Pco./t1jdV = c I [f', [~ M]]dV = c · I 2M dV => 

j M dV == 2~ j[r, PcnSJ.3iJ]dV, 

HHatie roBopsr, M- MarHHTHbiil MOMeHT e..n;HHHUhl o6'beMa, n ecnn BHem
Hee ITOJie Bbi3biBaeT HeO.ll:HOpO..n;Hoe HaMai'HIIlJHBaHn:e Cpe..n;bi, TO B03HH-
KaeT TOK HaMai'HHlJHBaHHSI 

-+ 

JaaMarn == c · rotM. 

JifTaK, 

< p >== P + PcnSJ.3, ... aft ... 
<piJ>==j+ at +c·rotM, 

r..n;e 

P=~E, M = aB. 
BepHeMcsr K ypaBHeHHSIM MaKcBenna 

divE= 47r < p >== 47r(p + Pcng3 ) == 47r(p- divP) ===? div(E + 47r P) = 47rp. 

BBe..n;eM BeKTop sneKTpntiecKoii HH.ll:YKUHH jj ( E - BeKTop Hanpsr:>KeHHOCTn: 
3JieKTpHtieCKOI'O ITOJISI) 

i5 == i + 47r fi ===? i5 == E(1 + 4n ~) = cE, • 
r..n;e E = 1 + 47r~ - ..n:n:sneKTpn:tiecKasr rrpoHn:uaeMOCTb cpe..n;bi, Tor..n;a 

div jj = 47r p. 

llanee, 

... 47r ... a? ... 1 at 
rotE == - (j + - + c · rotM) + --

c at cat 
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BBe..n;eM BeKTop 1 
IIH.ll:YKUIIII) 

TOI',.n;a 

06b1tiHO Marmn 
MOCTbiO 

· YlTaK, ycpe,ru: 
ua y..n;anocb rrony 

KOTOpbie .ll:()~DIGibl 

D=E 

H=B-

E, J-L, a, ~, a ) 
HSITHO, liTO .D:OJDK€ 

aHa 3apsr:>KeHHYIO ' 

6y.n;eT ..n;eMCTBOBaTJ 



1I · npoJIHTerpJipyeM pe-

" +ac J [r, rotB]dV. 

rBa o6pam:aeTc.sr B HYJih, 

v, 

,J o6'heMa, 1I ecnJI BHeru

aHJie cpe.n;hi, TO B03Hll-

· c· rotM 
' ' ' 

div(E + 47rP) = 47rp. 

KTOp Hanp.sr~eHHOCTll 

cE, 

>e.n;hi, Tor .n;a 

.... . .... 47r.... 1 an 
=?- rot(B- 47rM) = -j +--a . 

c c t 

BBe.n;eM BeKTOp Hanp.sr)KeHHOCTJI MarHJITHoro non.sr H ( B - BeKTop MarHJITHoii 

llH.UYK~llll) 

M=aB, 
Tor.n;a 

.... 47r.... 1 an 
rotH= -j + --. 

c c at 
06hPIHO Mai'HllTHhie CBOHCTBa Cpe,IJ;hi xapaKTep1I3YIOT Mai'HllTHOH npOHJI~ae-
MOCThiO 

1 .... .... 
J-L = 4 / , TaK l:!TO B = J-LH. 1- 7r a 

' 

lhaK, ycpe.n;HeHJieM MllKpocKonJil:lecKJIX ypaBHeHJiii MaKcBenna- JiopeH

ua y.n;anoch.rronyl:!JITh CJICTeMy ypaBHeHJI:ii MaKcBenna B cpe.n;e 

.... 47r.... 1 aJ3 
rotH= -j + --, 

c cat 

· .... 1 an 
rotE=--

c at' 
divE= 0, 

divD = 47rp, 

KOTOphie .lJ;QJI)KHhi · 6hiTh . .lJ;OITOJIHeHhi Ma TepllaJihHhiMll ypaBHeHJI5IM1I 

n = E + 47rP, n = E(1 + 4m1:) = cE, c = 1 + 47rK; 

1 
j_t- ---

- 1- 47r/a ' 

J = (j E - 3aKoH OM a. 

c, J-L, (j' 11:, a xapaKTep1I3YIOT :meKTpOMarHJITHhie CBOHCTBa Cpe.n;hi. IIo

HHTHo, l:!TO .lJ;OJI~eH BhiiTOJIH5IThC5I 3aKOH COXpaHeHJI5I 3ap.sr.n;a 

ap d' "'! 0 
at + ZVJ = ' 

a Ha 3ap.sr~eHHYIO l:laCTJIUy C 3ap.sr.n;OM e CO CTOpOHhi 3JieKTpOMai'H1ITHOI'O ITOJI5I 

6y.n;eT ,n;eHCTBOBaTh CllJia JiopeHUa 

_, _, e _. 
F = eE + -[v,BJ. 

c 
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BblBOn YP ABHEHIIIH n' AJIAMBEP A 1113 YP ABHEHIIIH 
MAKCBEJIJIA 

CHcTeMa ypaBHeHHH MaKcBemm 

rot H ... - 41f-:' 1 aJ3 --J+--c c at' 

... 1 an 
rotE=-~ at, 

div B = 0, 

div D = 47rp 

(55) 

(56) 

(57) 

(58) 

no 3a,naHHhiM nnoTHOCTH TaKa I= I(r, t) II nnoTHOCTH 3ap5I.na p = p(f, t) no-

3BOJI5IeT onpe,neJIHTb npOCTpaHCTBeHHO-BpeMeHHOe pacnpe,neJieHHe 3JieKTp0-

MarHHTHOrO TIOJI5I, eCJill ll3BeCTHbl MaTepHaJibHbie ypaBHeHH5I, KOTOpbie B npo

CTe:ilrueM CJiy'l.lae O,UHOpO,UHbiX, H30TpOTIHblX cpe.u II Me,UJieHHO MeH5IIOIIlliXC5I 

3JieKTpOMarHHTHblX TIOJieH HMeiOT Bll.U 

J3 = cE, n = ,_d!, I= a E. 
' 

B MaTeMaTH'tleCKOM OTHOIIleHHH ypaBHeHH5I MaKcBenna He OTHOC5ITC5I K pa3-

p5I.UY xoporuo H3y'tleHHhiX. BechMa 3aMaH'I.!HBOH npe,ncTaBJI5IeTC5I H,Ue5I npe

o6pa3oBaTh 3TH ypaBHeHH5I K 3KBliB~JieHTHOH cpopMe, KOT0pa5I OTHOCHTC5I K 

Knaccy x~poruo H3BeCTHhiX 3a,na'tl MaTe~mTH'tleCKOH cpH3HKH. TaKoe npeo6pa-

30BaHHe B03MO)l(HO, eCJill BMeCTO Hanp5I)l(eHHOCTeH BBeCTll TIOTeHUllaJibl 3JieK

TpOMarHHTHOrO noJI5I A= A(f, t) II cp = cp(f, t). Ile:ilcTBHTeJihHO, ypaBHeHHe 

(57) 6y,neT y,noBJieTBOpeHo, ecm~ BBeCTH BeKTOp-noTeH!lHaJI A(f, t) cornacHO 

(59) B =rot A. 

113 (56) C y'l.leTOM (59) HMeeM 

(
... 1 a .A) 

rot E + ~ at = 0, 

KOTOpOe y,nOBJieTBOp5IeTC5I, eCJill BBeCTll CKaJISlpHblH TIOTeHUHaJI cp B COOTBeT-

CTBllll C 1a.A 
E =-grad cp- ~at· 
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(60) 

llocne • no.r 
ypaBIIeHHJ 

ro 

,'t!TO ,JI.a~T 

AHanorll 

.TI03TOM) 

3neKTP 

O,Ull03HC 

He MeHJ 

ll3BeCT 

TeJihll< 

o6pa3C 

MeTp~ 

UllaJIO 

Bcero 

II ua: 
y.uom 
1.!T06 

Tipe1 



YPABHEHHH 

(55) 

(56) 

(57) 

(58) 

LpH.na p·= p(r, t) no

pe.nenemm 3JieKTpo

HHH, KOTOpbie B npo

JieHHO MeHHIOI..UHXCH 

Ie OTHOCHTCH K pa3-

iB~HeTCH H.JJ:eH npe

ITOpM OOTHOCHTCH K 

KH.::TaKoe npeo6pa

r ITOTeHUHaJibi 3JieK

!TeJibHO,· ypaBHeHHe 

an A(r, t) cor nacHo 

(59) 

IUHaJI <p B COOTBeT-

(60) 

IIocne no.ncTaHOBKH (59) H (60) B (55), B KOTopoM YliTeHbi MaTepmUihHbie 

ypaBHeHHH, ITOJIYliHM 

2 ... ... ... ... ... ... 4np,... cp, ( 8r.p 1 8 A) rot rot A~ \7(\7 A)- 6A = -j-- grad - + -- , 
.c c 8t c 8t2 . 

2 ... 
... cp, 8 A 4rrp, -t ( . ... cp, 8r.p) 

6A - 7}: Bt2 = - -c-J + grad dzv A + --;at . (61) 

AHanorHlJHO H3 (58) HMeeM 

( 18A) c · div E = -E · div grad r.p + ~ Bt = 4rr p, 

ll03TOMY 

4rr 1 8 . ... 
6r.p = --p- --dzv A. 

c c8t (62) 

3neKTpoMarHHTHhre noni onpe.neJIHIOTCH noTeHuHanaMH A(r, t) H r.p(f', t) He 

O.JJ:H03Ha•mo. fleMCTBHTeJibHO, Onpe,n:eJIHIOI..UHe ITOJIH COOTHOIIIeHHH (59) H (60) 
He MeHHIOTCH npH npeo6pa30BaHHHX 

' 
A= A+ grad j, ' 18! 

r.p = r.p + ~ 8t ' J = J(r, t), (63) 

H3BeCTHbiX KaK KaJIH6pOBOlJHbie (rpa,n:HeHTHbie) npeo6pa30BaHHH
1 

OTHOCH

TeJibHO KOTOpbiX KOBapHaHTHbi ypaBHeHHH MaKCBeJIJia (KaJIH6pOBOlJHbie npe

o6pa30BaHHH BMecTe c npeo6pa3oBaHHHMH JiopeHua o6pa3yiOT rpynny CHM

MeTpHH ypaBHeHHM 3JieKTPO.JJ:HHaMHKH). Heo,n:H03HalJHOCTb B Bbi6ope noTeH

UHaJIOB no3BOJIHeT HaJimKHTb Ha HHx o.n:Ho .nonoJIHHTeJibHOe ycnOBHe. t..Iame 

BCero 3TO YCJIOBHe Bbi6HpaiOT B KOBapHaHTHOM BH,n:e 

div A+ cp, Br.p = 0 
· c at (64) 

H Ha3hiBaiOT ycnoBHeM JlopeHn:a. IIoKa)KeM, .liTO e~JIH noTeHUHanbr He 

y,n:oBJieTBOpHIOT 3TOMy ycnoBHIO, TO MO)KHO no.no6paTb ¢YHKUHIO J(i, t) TaK, 

liT06bi IIITpHxoBaHHbie noTeHUHaJibi no.nliHHHJIHCb ( 64). IIycTb 

d. A... cp, 8r.p "''( ... )' ..../.. 0 zv + --
8 

= 'fl r, t r . 
c t 

II peo6pa3oBaB nocne.n:Hee cor nacHo ( 63), HMeeM 

. ~ cp, ar.p cp, 82 f ... 
dzv A+--;;- Bt + 6 f- -zi Bt2 = 1/;(r, t). 
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Bhl6epeM f(r, t) TaK, liT06hl OHa y.n;oBJieTBop.sma ypaBHeHIIIO ll'AnaM6epa: 

6. f _ cJ.LfPJ 
c2 8t2 = 1/J(r, t), 

TOr.n;a lllTpiiXOBaHHhle IIOT8HQIIaJibl y.n;OBJI8TBOpHIOT YCJIOBIIIO JiopeHUa. flpy
riiMII CJIOBaMII, Ha IIOT8Hll1IaJibl BCer.n;a MO)KHO HaJIO)KIITh YCJIOBIIe JiopeHua 

II OHII 6y.n;yT IIO,l.J;liiiHHThCH ypaBH8HIIHM fl'AJiaM6epa: 

82 ... 

6.A- cf.L ~- 47rf.L-t 
c2 8t2 - --c-J; 

6.cp _ cf.L 8~cp = _ 4Jr p; 
c2 8t2 c 

rrpiilieM pellleHIIH 3TIIX ypaBHeHIIii .n;OJI)KHhi o6pamaTh ycnoBIIe JiopeHua ( 3To 

IIJIII aHanoriiliHoe ycJIOBIIe Ha3hiBaiOT ycJIOBIIeM KaJIII6poBKII) B TO)K,l.l;eCTBO. 

ITpii orrpe.n;eJieHHOM Bhi6ope rpaHIIliHhiX II HaliMhHhiX ycJIOBIIii pellleHIIe 

3TIIX ypaBH8HIIM IIM88T BII,l.l; 3aiia3,l.J;hiBaiOII.liiX IIOT8Hll1IaJIOB: 

A(f, t) = I!_ I )(f-, r)dV 
C n ' 

cp(f, t) = ~I p(f-, r)dV 
c R. ' 

c R= /r-h r=t- R 
v' v--. -..jfji 

HeTpy.n;HO IIOHHTh, liTO V 8CTb CKOpOCTh pacrrpOCTpaH8HIIH 3JI8KTpOMarHIIT
HhiX B3aiiMO,l.J;8MCTBIIM B Cpe.n;e. 

TEOPEMA IIOHHTMHr A 

PaccMOTpii~ cBo6o.n;Hhiii 3apH.n; B 3JI8KTpoMarHIITHOM none. M3BeCTHo, 

liTO B 8,l.J;IIHIIllY Bp8M8HII 3J18KTpOMarHIITHOe IIOJie COB8plllaeT Ha.n; 3TIIM 3apH
,l.J;OM pa6oTy, paBHyiO 

I pvEdV = J )idv 
ITepBoe ypaBHeHIIe MaKcBenna .n:aeT 

""t c J =-rot ..... 1 8 ..... 47r H- _ D 
4Jr 8t ' 
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1103TOMY 

M3 BToporo. YI 

flo6aBIIB 3TOT 

IJEdV= 

BBe.n;eM BeKTOJ 

II IIOHHTII8 IIJIO' 

Tor.n:a 

, IIJIII B .l(II<tJ<tJepe 

a B 3KBHBaJieHTJ 

8TH COOTHOIII8H: 

Bhipa)KaiOmeii 3: 

pH.n;oB TeopeMa .. r 
! ' '~ 

riiliHYIO ypaBHeF. 

coxpaHeHHH 3apj 



:tBH€HHIO n 'AnaM6epa: 

YCJIOBHIO JlopeHI:{a. llpy

I)KliTh ycnoBne JiopeHua 

~: 

h ycnoBne JiopeHua ( 3TO 

16pOBKH) B T0)K,ll;€CTBO. 

bHhiX JCJIOBHH pellleHHe 

(HaJIOB: . 

c 

. -,. . 
H€HHH 3JI€KTpOMarHHT-

~HOM llOJie. J13B€CTHO, 

~p111aeT Ha.n; 3THM 3apsr-

TI03TOMy 

I .... .... I ( c .... .... E {)D) jEdV = 47!' E ·rot H-
4

7!' ot dV. 

113 BToporo ypaBHeHuSI MaKcBenna cne.n:yeT 

c .... .... 1 .... oB 
-H·rot E+ -H- = 0. 
47!' 47!' 8t 

llo6aBHB 3TOT HOJih B npe,llbi.IlJIU€€ paBeHCTBO, TIOJIJ~HM 

• 

! ........ /( c ( .... · .... .... .... ) 1 ( .... afJ .... ajj)) jEdV = 47!' E ·rotH~ H ·rotE -
4

7!' E ot +Hot dV. 

BBe.n;eM BeKTop IToiiHTnHra 

.... c [ .... """'] S = 47!' EH 

li TIOHSITH€ TIJIOTHOCTH 3HeprHH 3JI€KTpOMarHHTHOrO TIOJIH 

1( ................ ) 1( ) W = 87!' ED+ HE = 
8

7!' cE2 + 11H
2 

. 

Jaw 1........ J .... 
- atdV = jEdV + div SdV, 

HJIH B .n;mp<PepeHUHaJihHOH <PopMe 

aw ........ .... 
-- =J·E +div S 

8t ' 

a B 3KBHBaJieHTHOH HHTerpaJihHOH <!>OpMe 

- :t I w dV = I: dV + f Sdf. 
• 

8TH COOTHOIII€HHH COCTaBJIHIOT CO.Il€p)KaHH€ H3B€CTHOH T€0p€Mhl I10HHTHHra, 

Bbipa)KaiOIU€H 3aKOH COXpaHeHHH 3HeprHH. 3aMeTHM, ~TO B OTCJTCTBH€ 3a

pH,ll;OB TeopeMa HoiiHTHHra B .n;n<P<PepeHUHaJihHOM BH.n;e nMeeT <Pop My, aHano

rn~HYIO ypaBH€HHIO HenpepbiBHOCTH, KOTOpoe HBJIH€TCH 0Tpa)K€HH€M 3aKOHa 

coxpaHeHHH 3apsr.n;a. 
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YCJIOBJ.ii5I HA rP AHliiiJ;E P A3.UEJIA .UBYX CPE.U 

B Tex cny'lasrx, Kor.n;a Bemi'liiHhi, xapaKTepii3yiOru;IIe :meKTpOMarHIITHoe 

none, npeTepneBaiOT pa3phiB, IICTIOJib30BaHIIe ypaBHeHIIH MaKcBenna B .n;IIcp

cpepeH:uiiaJibHO:H cpopMe HeB03MO)KHO. ITepeniiiiieM nonoMy ypaBHeHII.sr MaKc
Benna B 3KBIIBaJieHTHOH IIHTerpaJibHOH cpOpMe: 

rot H .... - 47r 7 1 fJD .... 
- -J+--

c c fJt 
:::} f ffdt= 

4
7r I+~ I afJ ds, 
c c fJt 

.... 1 an 
rotE=--- :::} 

' c fJt f Edt= - ~ 1 8 n d§. 
c fJt ' 

div B = 0 :::} f"ndS=O; 

div D = 47r p ~ f DdS = 47re, e = I pdV. 

I= lidS; 

llonyCTIIM, l.JTO JJ:Be pa3Hhle Cpe.n;bi C TIOCTO.siHHhiMII napaMeTpaMII, xapaK-

II £2,f-12,(J2 s2 

Cp~IP(JI 

PIIc. 10 

Tepii3YIOIIJ;IIMII 3JieKTpOMai'HIITHbie CBOHCTBa Ka)KJJ:OH, 3aTIOJIH.siiOT BepxHee II 

HII)KHee (eM. piic. 10 II 11) nonynpocTpaHCTBa. Bhr.n;eniiM Ha rpaHII:Ue pa3-

.n:ena cpe.n: 6ecKOHel.IHO Manh!:H :UIIJIIIH.n;p (eM. piic. 10). Tor.n:a II3 ypaBHeHII.si 
MaKcBenna 

/ BdS = 0 :::} B2nS2- B1nS1 + B · L · h, L = 27rR, 
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npii h -+ 0 nonyl.IIIM 

B2n-

Tol.IHO TaK )Ke 

D2r 

ITpiiMeM, t:iTo.npii h-
Tor.n:a 

D2n

AHanoriil.IHO. II3 3aKOI 

:tf 
Ecnii Bhi.n;eniiTh Ha rJ 

II £ 2,J.l2,cr2 

.. z .. ·•·· L_ 

.E~>J.l~>cr 1 

fEd 
npii h -+ 0, KaK nerK' 

E2 

Tol.IHO TaK )Ke H3 yp< 



" .llBYX CPE.ll · 

lURe 3JieKTpOMai'HMTHOe 
mull: MaKcBenna B .n:n<P-
3TOMY ypaBHeHnsr MaKe-

ii napaMeTpaMn, xapaK-

if,·3aTIOJIHSIIOT BepxHee II 
",, \ 

.r.n;ennM Ha rpamrue pa3-

0). Tor.n;a II3 ypaBHem1:sr 

npn h -+ 0 TIOJIY'lMM 

B2n - Bln = 0 =} /-l2 • H2n - /-ll • H1n = 0. 

To'lHO TaK )Ke 

fipnMeM, 'ITO npn h-+ 0 pSh-+ (J (CJ- TIOBepXHOCTHM TIJIOTHOCTh 3apsr,n;a), 

Tor.n;a 

AHanorM'lHO M3 3aKoHa coxpaHeHnsr 3apsr.n;a 

a J dV f -tds... . . a(J at p = - J =} J2n - Jln = - at . 

Ecnn Bhi,n;eJIMTh Ha rpaHnue pa3.n;ena cpe.n; 6ecKOHe'lHO MaJihiH KOHTYP TO, T .K. 

II 

.Pnc. 11 

f
...... . laB 

Edl = E2tl2- Ettlt + E · h = --- ·l· h, 
c,at 

npn h-+ 0, KaK nerKo ycMOTpeTh II3,pnc. 11, nonyqnM 

ToqHo TaK )Ke II3 ypaBHeHIISI 
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BBH,n;y TOro, l:JTO IIpH h -+ 0 CHJia TOKa J 06pamaeTCSI B IIOB8pXHOCTHYIO 
IIJIOTHOCTb TOKa i, HM88M 

H2t- H - 47r. lt- -z. 
c 

BBE.llEHME.B 3JIEKTPO.llMHAMMKY CPE.ll C 
BPEMEHHO:riJ: M IIPOCTP AHCTBEHHO:riJ: .llMCIIEPCME:riJ: 

O.nna H3 B03MO)KHbiX cpopM ypaBnennii sneKTpoMarHHTnoro nonsr, SIBHO 

OTpa)KaiOII.:{liX TOT'cpaKT, l:JTO IIO,n; .n;eHCTBli8M BH8II1HliX liCTOliHliKOB B B8II.:{8-

CTB8 liH.n;yuMpyiOTCSI 3apsr.n;bi li TOKli, liM88T Bli,n; 

rot B = 47r .... .... 1 aff 
(65) -(jo + j) + --, 

c c at .... 

rotE = 1 aB 
(66) -~at' 

div B = 0, (67) 
div E = 47r(po + p). (68) 

3.nech E - BeKTop nanpsr)KeHHOCTli sneKTpMliecKoro nonsr, B - BeKTop Mar-... 
HMTHOH Im.n;yKu:u:u, p0 , j 0 - rrnoTHOCTM 3apsr.n;oB :u TOKOB BHellln:ux MCTOliHM-

KOB, p, J .... - rrnoTHOCTM 3apsr.n;oB :u TOKOB, :un.nyu:upoBaHHhiX B cpe.n;e. ITonsrTno, 

liTO p li j .n;OJI)KHbi IIO.n;liMHSIThCSI 3aKOHy COXpaHeHMSI 3apsr.n;a, II03TOMy 

ap 
at+ div J = 0. 

<P:u3:u"tJecK:uii CMhrcn BeKTopoB E :u B orrpe.nensreTcsr Bhrpa)KeHMeM CMJihi, .neii

CTByromeii CO CTOpOHbi IIOJISI Ha .n;BM)KYIIJ:MHqi CO CKOpOCTbiO iJ 3apsr.n; e: 

~ _, e _, 
F = eE + -[iJ, B]. 

c 

8neKTpOMai'HMTHhi8 CBOHCTBa cpe.n;bi 3a.n;aiOT TaK Ha3hiBa8Mbi8 MaTepMaJib

Hbi8 ypaBH8HMSI, CBSI3biBaiOII.:{M8 IIJIOTHOCTM liH.n;yuMpOBaHHbiX B Cpe,n;e 3apsr.n;OB 
:u TOKOB c BeKTopaM:u E :u B. 

06bi"tJHOH CliMTaeTCSI .n;pyrasr cpOpMa 3aiiMCM MaKCB8JIJIOBCKMX ypaBH8HMH 
B cpe.n;e: 

rot fi 47r :-- 1 afJ 
-Jo+--, 
c c at (69) 
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r.n;e BBe.n;eHhi HOBhi~ 

Mai'HMTHOI'O IIOJISI h 
~ ~ ~ 

r.ne M- BeKTOp Ha 

BemecTBa, P -:- neKT 

nemecTBa. Ecn:u. Yli' 

.... 
j=( 

I' .n;e a - rrpOBOLJ;MMOC 

Hhi8 cpOpMhl 3aiiMCM . 

,n;MThCSI H8IIOCpe.n;CTI 

H8HliSI (73) 3aiiMChiB 

I' ,n;e E: · LJ;li3JI8KTpMt; 

:\WCTh cpe,n;hi. 

-CMcTeMa ypaime 

MaKcBenna-JlopeHn 

.n;ocTaTOliHO o6IIJ:liX 

CSIT MO.n;eJihHhiH xap; 

Ma T8pMaJihHhiX ypa 

CKMX Teop:uii. TaK:u: 

11aKcBenna Bcne~cT 
orpaHMlieHa. · 06cy; 

ypaBH8HliH (73,. 7 4): 

1. Bhrno rrpe.n;rrOJ 

)1{8, M8)KLJ:Y B 
cpaKThi .n:mrcpE 

0 TOM, liTO CE 

r:ucTepe3Mca). 

KOTOpbiX rrpe.n; 

M8)KLJ:Y P M. ff: 



~aeTC~ B llOBepXHOCTHYID 

[1KY CPE.U C 
n1.UHCITEPCHEH 

)Mar~HTHOro HOJI~, ~BHO 

HHX HCTOtJHHKOB B BelUe-

(65) 

(66) 

(67) 

(68) 
. ~ ' 

non~, B - BeKTOp Mar-

OKOB BHelliHHX HCTO"lJHH

HHhiX B Cpe,ne. llOH~THO, 

3apH.na, ll03TOMy 

lhipa)KeHHeM CHJihi, ,neft

pOCThlO V 3ap~,U e: 

13hiBaeMhie MaTepnaJih

laHHhiX B cpe,ne 3ap~,UOB 

BeJIJIOBCKHX ypaBHeHHH 

(69) 

rotE -

div B 
div i5 

1an 
-~at' 

0, 

47rpo, 

(70) 

(71) 

(72) 

r.ne BBe)leHhl HOBbie BCTIOMOraTeJihHhie BeJIH"lJHHhl - BeKTOp Hanp~)KeHHOCTH 

MarHHTHOfO TIOJI~ fl H BeKTOp 3JieKTpH"lleCKOH HH.D:YKUHH D, npn"lleM 

(73) 

r.ne M - BeKTOp HaMarnn"tJeHHOCTH - MarHHTHhiH MOMeHT e.nnHHUhi o6'heMa 
~ t 

BeiUeCTBa, p - BeKTOp llOJI~pH3aUHH - .llHTIOJihHhlH MOMeHT e)lHHHUhl 06'heMa 

BeruecTBa. Ecnn y-qecTh TaK)Ke, "liTO 

J=aE, ~ a? ~ 
j = at +c·rot M, p = -div P, 

r.ne a - npOBO.D:IIMOCTh Cpe.llhl, TO KapTIIHa CTaHeT TIOJIHOH. BhillienpHBe.D:eH

Hhie ¢opMhi 3anncn ypaBHeHnii MaKcBeJIJia 3KBHBaJieHTHhi, B "£IeM MO)KHO y6e

.lliiThC~ Henocpe.D:CTBeHHOH llO.llCTaHOBKOH. l.Iarue BCero MaTepnaJihHhle ypaB

HeHII~ (73) 3aTIHChiBaiDT KaK 

(74) 

r,ne c .llH3JieKTpH"lleCKM, J.l -- MarHHTHM npOHHUaeMOCTH, a a - npOBO.D:H-

110CTh cpe.nhi. 

CIIcTeMa ypaBHeHnii MaKcBeJIJia nony-qena nyTeM ycpe.nnenn~ ypaBnennii 

MaKCBeJIJia-Jlopenua .llJI~ MHKpOCKOTIII"lleCKHX TIOJieft Ha OCHOBe HeKOTOphiX 

.llOCTaTO"lJHO 06IUHX .D:OnyrueHHH 0 CBOHCTBax BeiUeCTBa. 3TH .D:OnyrueHHH HO

CHT MO.D:eJihHhiH xapaKTep H ll03TOMy OrpaHH"lJHBaiDT 06JiaCTh npnMeHHMOCTH 

MaTepHaJihHhiX ypaBHeHHH, "liTO xapaKTepHO .D:JI5I JIID6hiX <!JeHOMeHOJIOfH"lle

CKIIX TeOpHif. TaKHM 06pa30M, 06JiaCTh rrpHMeHHMOCTH CHCTeMhl ypaBHeHHH 

MaKcBeJIJia Bcne.ncTBHe orpaHn"£IeHHOCTH MaTepiiaJihHhiX ypaBnennii TaK)Ke 

orpaHH"lleHa. 06Cy.llHM .D:OnyrueHII~, KOTOphle HCTIOJih30BaJIIICh llpH BhiBO.D:e 

ypaBHeHHH (73, 74): 

1. Bhmo npe.nnoJio)KeHo, "liTO cooTHOllienne Me)K.ny M n B (nnn, "liTO TO 

)Ke, Me)K.ny B n H) JIHHeilno. C .npyroft CTOpOHhl, 3KcnepnMeHTaJihHhle 

<!JaKThi )l.TJH <!Jeppo- II aHTII<lJeppOMarHeTHKOB npiiBO)l~T K 3aKJIID"£IeHHID 

o TOM, "liTO CBH3h Me)KJJ:y B n H HeJIIIHeilna n neo.nno3Ha"£Ina (neTJI~ 
riicTepe3nca). AnaJiorn-qna CIITyauii~ n .nn~ cerneT03JieKTpHKOB, .D:JI~ 
KOTOphiX npe.nnoJIO)KeHne o nnneilnocTn CB~3H i5 n E (nnn, "liTO TO )Ke, 

Me)K.ny P n E) napyrnaeTc~. 



2. CYIUeCTBeHHhiM orpann:qenn:eM HBJIHeTCH rrpe.urrono:>Kenn:e o6 o.n;nopo.n;

HOCTH H H30TpOIIHOCTH paCCMaTpHBaeMhiX Cpe.rt, BCJI€,ll;CTBH€ l:Iero c, j.L, 

a n:MeroT CKaJIHpHbiH xapaKTep. 3To rrpe.urrono:>Kenn:e napyrnaeTCH .rtJIH 

aHll30TpOIIHbiX cpe.z:t ( HaiipiiMep, MOHOKpHCTaJIJIOB), a Ma TepHaJibHbi8 

ypaBH8HH5! 3aiiHCbiBaiOTC5! B BH.z:te 

Di = CijEj, Bi = /LijHj, ji = (JijEj. (75) 

3. DhiJIO rrpe.n;rrono:>Keno, l:ITO paccMaTpn:BaeMhie Bnernnn:e nonH, B KOTo

pbiX HaxO.z:tHTCH B8IU8CTBO, IIJIH IIOCTOHHHbi, HJIH H3M8H5IIOTC5! ,ll;OCTa

TQl:IHO Me.IlJI8Hl!O; lleHCTBHT8JlbHO, MaKpOCKOIIH1:!8CKOe ycpe,uHeHIIe IIO 

06'beMy, CO.n;ep:>KaiUeMy ,ll;OCTaTOl:IHO 60Jiblii08 'l!HCJIO MOJieKyJI, HM88T 

CMbiCJI, JIIIliib eCJIH Ha paCCTOHHHHX IIOpH.z:tKa a TOMHhiX ( HJIH MOJieKy

JIHpHbiX) pa3M8pOB "a" IIpOCTpaHCTB8HHbi8 H3M8H8HH5! IIOJieH HeBeJIHKH. 

IlOCKOJlbKY TIOpH.rtOK rrpOCTpaHCTB8HHbiX H3M8H8HHH IIOJIH COBIIa.n;aeT C 

.n;nn:no:H BOJIHbi A, TO .rtOJI:>KHO 6hiTb A >> a, n:nn: ecnn: w - 'llaCTOTa H3-

Menenn:H IIOJIH, TO OHa ,ll;OJI:>KHa 6biTb MHOrO M8Hbliie xapaKTepHOH ,ll;JIH 

.n;annoro BemecTBa "co6cTBenno:H" 'l!aCTOTbi w0 S cfa. TaKHM o6pa30M, 

,ll;JIH TOrO 'l!T06hl HCIIOJlb3Y8MM rrpn: BbiBO.rte MaTepn:aJibHbiX ypaBH8HHH 

OIIepaiJ;HH ycpe.n;HeHHH HMeJia CMbiCJI, He06XO.IJ;HMO, 'llT06bi 

c 
w « wo S -. 

a 

4. lla:>Ke IIpH Bb!IIOJIH8HHH YCJIOBHH W « Wo Cyi.UeCTByeT ,ll;OCTaTO'llHO liiH

pOKHll HHTepBaJI 'l!aCTOT W, B KOTOpOM IIOJIY1:!8HHbi8 ~billie MaTepnaJib

Hbie 'ypaBH8HH5! H8IIpHM8HllMbi.. lleHCTBHT8Jlb_HO, IIpH BbiBO.z:te MaTepH

aJibHhiX ypaBnenn::H.npe.n;rronaranoch, 'l!TOxapaKTepnoe BpeMH penaKca

n;n:n .n;annoro BemecTBa T MHoro MeHhiiie nepn:o.n;a H3MeneHHH Bnernnero 

nonH, T.e. 3a BpeMH H3Menenn:H nonH OT HYJIH .n;o nynH penaKcan;noHHbre 

npon;ecchr B cpe.ne ( rronHpn:3an;IIH IInn naMarnn:qJCmaniie) no.D: .nencTBHeM 

:noro nonH 3aBeprnaroTcH. Tio3TOMY rronHpii3aUIIH B neKoTopo:H TO'l!Ke 

IIpOCTpaHCTBa B MOMeHT t OIIpe,n;eJ15!8TC5! Cpe.n;miM 3Ha'lleHH8M IIOJ15! B 

TOM :>Ke TO'l!Ke H TOT :>Ke MOM8HT BpeMeHII. B TOM :>Ke CJiy'llae, KOr.rta 'lla

CTOTa II3MeHeHH5! IIOJIH cpaBHIIMa C o6paTHbli\1: BpeMeHeM peJiaKCaiJ;IIII, 

IIOJI5IpH3aUH5! BeiUeCTBa CTaHeT 3aBIICHIUeH OT llCTOpiiH rrpon;ecca. lle:H

CTBHT8J1bHO, penaKcan;noHHb!e npouecchr, na'l!aBIIInecH B cpe.ne no.n .n;e:H

CTBHeM IIOJIH, KOTOpOe pacTeT OT HYJIH Ha'l!IIHM C HeKOTOporo MOM8HTa 

t n: o6pamaeTCH B nynh crrycTH 6t, MeHhiiiee BpeMenn: penaKcaun:n:, 6y-

1lYT ·IIpO,UOJI:>KaTbCH, T.e. IIOJI5IpH3aiJ;H5! (n:nn HaMarHH'l!IIBaHIIe) cpe.n;hi 

6y.neT OTCTaBaTb OT IIOJIH. TaKIIM 06pa30M, .rtJIH IIOJien C xapaKTep

HbiMII 'llaCTOTaMII W 2:: 1/T MaTepHaJibHOe ypaBHeHHe .IJ;OJI:>KHO HMeTb 
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BII.IJ;. 

r.n;e nnTerpnJ 

BaeT B03.n;e:Hc: 

MOM8HThi Bpe 

3BOJIH8T C'l!HT 

viTaK, 

,UJISi H30Tp0IIH 

(npe.nnonarae' 

Ma Tepn:aJihHbie. ypa 

poBaHHH 3Jl8KTpOMal 

TbiBaiOT BpeMeHH)' 

pnaJihHbie ypaBnem 

norn:'llHb!M Bn.n. Ba 

T811 ne Menee .nepa: 

B03MO:>KHOCTh MaKp( 

ypaBnenne D. ==; cl 
T ~TaT rv ajv, (v·,-- t 

BhrcoKo'llaCTOTHh 

r.na B03HHKaeT neo6: 

3JieKTpoMarHHTHbie 1 

HHHe cpe.Ubi B .n;aHHbl 

TOJihKO 3Ha'l!enneM rr1 

cpe.Uhi, OTKy.n;a BJIHS: 

CTBa, o6yCJIOBJ18HHOI 

KO'llaCTOTHOe MarHH'I 

rot E == 8Bj8t, rrp 

CTpaHCTBe 3JI8KTplltiE 

non5l >. nop5l.n;Ka 'pa31 



·JIO:>KeHHe 06 O,UHOpO.U

~CJie,UCTBHe qero c, J-1, 
mHe HapymaeTc~ .un~ 

m), a MaTepHaJihHhie 

(75) 

~lliHHe nOJI~, B KOTO-

H3MeH~IOTC~ ,UOCTa

eCKOe ycpe,nHeHHe no 

CJIO . MOJieKyJI, HMeeT 

)MHhiX :(HJIH MOJieKy

HH~ noJie:i'r HeBeJIHKH. 

1::i'r non~ coBna,uaeT c 

CJIH W - qaCTOTa H3-

ne •xapaKTepHoi'r ,un~ 

:ja.·;TaKilM o6pa30M, 

HaJihHhiX 1 ypaBHeHHH 

qTo6hr · 

. . . . 
e. ~~me. MaTepHaJih-

:p~.~hiBo,ne.MaTepH

moe BpeM~ penaKca-
"". ,. ~ ' .• ' ,I • ' I 

3MeHeHH~ BHemHero 
'~ ,) . ' ' ' '. . 

11~. penaKcauHOHH~>Ie 

fme) no.u .ueiicTBHeM 
., ; .·: ' 

R H~KOTOpoil, TOqKe 

3~aqeHHeM nOJI~ B 

~ c~yqae,: Kor.ua qa

MeHeM penaKcauHH,. 

mn npouecca; llei'r

c~ B cpe.ue no.u .uei'r

~KOToporo MOMeHTa 

m penaKcauHH; 6y

HHqHBaHHe) Cpe,Uhl 

aonei'r c xapaKTep

me ,UOJI:>KHO HMeTh 

BH,U 

D(f, t) = ~~oo c(t, i)E(r, i)di, 

r_ue HHTerpHpOBaHHe pacnpOCTpaHeHO Ha BCe t < t, a c(t, t) yqJIThi

BaeT B03,ne:i'rcTBHe Ha nomrpH3aumo cpe,uHero non~ BO Bee npe.unmyiime 

MOMeHThl BpeMeHH. 0TCyTCTBHe Bhl,ueJieHHhiX MOMeHTOB BpeMeHH n0-

3BOJI~eT cqJITaTh, qTO 

c(t, i) = c(t- i). 

J1TaK, 

D(f, t) = ~~oo c(t :._ i)E(f', i)di 

,UJI~ H30TpOnHhiX Cpe,u, a ,UJI~ aHH30TpOnHhiX 

( npe,unonaraeTc~ <;YMMHpoBaHHe no j). 

MaTepHanhHhie ypaBHeHH~ 'i'aKoro THna yqJIThiBaiOT npe,nhiCTOpHIO cpopMli

poBaHH~ ::)JieKTpOMarHHTHhiX CBOHCTB Cpe,nhi, n03TOMy rOBOp~T, qTO OHH yqH

ThiBaiOT BpeMeHHYlO ( HJIH qaCTOTHYlO) ,ll;HCnepCHlO. 5ICHO, qTO MaTe

pHaJihHhie ypaBHeHH~, CB~3hiBaiOIIIHe BeKTOphi iJ H H, J H E, HMeiOT aHa

norJiqHhii'r BH.U. Ba:>KHO 3aMeTHTh, qTo ecnH qacToTa non~ w 2:: 1/T, TO 

Te:\1 He MeHee HepaBeHCTBO W << Wo OCTaeTC~ B CHJie, T.e., HeCMOTp.si Ha 

B03MO:>KHOCTh MaKpOCKOnnqeCKOrO ycpe,uHeHH.si, npOCTei'rmee Ma TepHaJihHOe 

ypaBHeHHe D = cE Tep.sreT CBOIO npHMeHHMOCTh. lle:iicTBHTeJihHO, T.K. 

T:::; TaT"-' ajv, (v- CKOpOCTh 3JieKTpOHa B aTOMax), TO 

1 1 v v 
w "' - ·"' - "' - "'. -w0 << w0 . 

T TaT a C 

B~>rcoKoqacTOTHhre non.sr MoryT Bhl3hiBaTh B cpe.ue .srBJieHH.sr nepeHoca, TO

r.ua B03HHKaeT He06XO,UHMOCTh· yqeTa BJIH.siHH.si nOJI.si B COCe,UHHX TOqKax Ha 

3JieKTpOMarHHTHhie CBOHCTBa cpe,Uhi B ,UaHHOH TOqKe .• J1Haqe rOBOj>.sr, COCTQ

~HHe Cpe,Uhi B ,naHHhiM MOMeHT BpeMeHH B HeKOTOpO:ii TOqKe onpe,ueJI.sreTC.si He 

TOJihKO 3HaqeHHeM nOJI.si B 3TOH TOqKe, HO li 3HaqeHHeM nOJI~ B TeX 06JiaCT.siX 

Cpe,Uhi, OT.Ky,na BJIH.siHHe nOJI.si nepeHOCHTC.si B pe3yJihTaTe nepeHOCa Beiiie

CTBa, o6yCJIOBJieHHOrO BhiCOKQqacTOTHhiMH nOJI.siMH (_ueiiCTBHTeJihHO, BhiCQ

KOqaCTOTHOe MarHHTHOe none, BCJie,UCTBHe MaKCBeJIJIOBCKOrO ypaBHeHH.si C • 

rot E = aii I ot, npHBO,UHT K B03HHKHOBeHHIO pe3KO MeH.siiOIIIeroc.sr B npo

CTpaHCTBe 3JieKTpHqecKoro non.sr). Bonee Toro, ecnn .UJIHHa BOJIHhi BHemHero 

non~ A nop~.nKa pa3MepoB npocTpaHCTBeHHhiX Heo.uHopo,nHocTei'r BemecTBa, 
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TO IIOJie KaK 6hi "IIpOlllYIIhiBaeT" 3TII IIpOCTpaHCTBeHHhie HeO.D:HOpO.D:HOCTII II 

3JieKTpOMarHIITHhie · CBOMCTBa cpe.n;hi B .n;aHHOM . TO'!Ke 6y.n;yT 3aBIICeTh TaK:>Ke 

II oT 3Ha'IeHII.sr rron.sr B coce.n;HIIX TO'!Kax. B 3TOM cny'Iae, Kor.n:a Y'IIIThiBaeTc.sr 

BJIIISIHIIe .COCe.D:HIIX TO'IeK Cpe.n;hi Ha ee CBOMCTBa ,B .n;aHHOM TO'IKe,. rOBOpSIT 0 

npocTpaHCTBeHHoii: .ZJ;HcnepcHH. TaKIIM o6pa30M, .n:n.sr II30TporrHhiX cpe.n: 

D(r, t) = ~~oo di j c:(r, f:, t- i)E(f, i)dv. 

3TO Bbipa:>KeHIIe Y'IIIThiBaeT BKJia.n;, KOTOpbiM IIpiiBHOCSIT B IIOJISipii3a!li:IIO B 

.n;aHHhiM MOMeHT II B .D:aHHOM TO'IKe IICTOpiiSI IIpO!lecca II HaXO.D:SillliieCSI B CQ

Ce.D:HIIX TO'!Kax 3a:P,SI.IJ:bl. 

J!l'i'aK, rrpocTeiinme MaTepnaJihHhie ypaBHeHIISI rrpiiMeHIIMhi • .n:n.sr cny'IaeB, 

KOr.n;a Cpe.n;bi O.D:HOpO.D:Hhi II II30TpOIIHhi, HeT He06XO.D:IIMOCTII y'IeTa BpeMeH

HOM II IIpOCTpaHCTBeHHOM .D:IICIIepCIIII, II He IIpiiMeHIIMbi .D:JISI ¢epp0- II aHTII

cpeppOMarHeTIIKOB, a TaK:>Ke cerHeT03JieKTpiiKOB. B Tex :>Ke cny'Ia.srx, Kor.n:a 

'!aCTOTa BHeiiiHero 3JieKTpOMarHIITHOrO IIOJISI TaKOBa, 'ITO CTaHOBIITCSI cyme

CTBeHHOM IICTOpiiSI IIpO!lecca IIOJISipii3a!liiii, He06XO.D:IIMO y'IeCTh BpeMeHHYlO 

.n;IIcrrepciiiO, a ecJIII 3TO BHenmee none "npomynhmaeT" CTPYKTYPY II TeM 

CaMhiM BHy.TpeHHIIe. HeO.D:HOpO.D:HOCTII cpe.n;hi, TO OKa3hiBaeTCSI He06XO.D:IIMhiM 

Y'IIIThiBaTh TaK:>Ke II rrpocTpaHCTBeHHYIO .n;IIcnepciiiO. ITpiiMepaMII cpe.n:, .n:n.sr 

KOTOpbiX cymeCTBeHeH y'IeT BpeMeHHOM II rrpOCTpaHCTBeHHOM .D:IICrrepCIIII, MO

ryT CJIJ:>KIITh MeTaJIJihi, IIOJiyiipOBO.D:HIIKII, IIJia3Ma B BhiCOKO'IaCTOTHOM 3JieK

TpOMarHIITHOM none. B MeTaJIJiax, HarrpiiMep, .D:JIIIHa CBo6o.n:Horo npo6era 

3JieKTpOHOB rv 10-5 7 10-6 CM II, COOTBeTCTBeHHO, cymeCTBYlOT IIpOCTpaH

CTBeHHhie HeO.D:HOpO.D:HOCTII TaKIIX MaCIIITa60B, KOTOphle cpaBHIIMbi C .D:JIIIHOM 

BOJIHhi BHeiiiHero 3JieKTpOMarHIITHOrO IIOJISI. J!ITaK, Bpe:l-1eHHaSI II IIpOCTpaH

CTBeHHM .IJ:IICrrepCIISI Y'IIIThiBaeTCSI COOTHOIIIeHIISIMII TIIrra 

IIJIII 

fJ(f', t) =[too di j c:(lf'- ~, t- i)E(f, i)dv, 

B(r, t) = [tcx di J tL(lf'- rt t- i)ii(f, i)dV, 

)(r, t) = J:~ di j a(ir- ~, t- i)E(f, i)dv 

Di(r, t) = J:oo di J c:ii(lr- ~' t- i)Ei(f, i)dV. 

Bi(r, t) = J:oo di f ILii(lf'- ~' t ~ i)Hi(f, i)dV. 
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3aBIICIIMOCTh OT. i 
.n:eneHHhiX TO'IeK' II 

rron.srpii3a!lll:ll: · (Hal\ 

nepe.n;aiOTCSI Ha: pa 

5IBJieHIISI, KOTO 

HIITHhiX noniX~ . Kl 
CTBeHHaSI .D:liCIIepc 

3a.n;a'III MeTo.n: pa3l 

SIBJieHIISI, B IIHTeq: 

r.n:e rro.n: f 6y.n:eM.n 

BCe BeJIII'IIIHhL B y 

JIO:>KeHIIH B IIHTeq: 

.n:n.sr ¢yphe-o6pa3o 

3KBIIBaJieH~HYIO Yl 

i I 
2 

3ni ypaBHeHIUI H8 

TepiiaJihHhiX ypam 

311): 

r.n:e 

Eij(k,w) = j 



~eHeO~HOpO~HOCTH ll 

V'~YT 3aBHCeTb TaK)Ke 

!, KOr~a yiiHTbiBaeTCH 

:!OM .TO'!Ke,, rOBOpHT 0 

ITH ll30TpOIIHbiX Cpe~ 

HT B IIOJIHpH3aUHIO B 

rr Haxo~xmnecx B co-

[eHHMbl ~JIH CJiy'laeB, 

IOCTH J'IeTa BpeMeH-

~JIH. ¢eppo- H aHTH

c )Ke CJIJ'IMX, KOr ~a 

ro CTa,HOBHTCH cyme

) y'leCTb BpeMeHHJIO 

"· ' : CTpJKTypy ll TeM 

:ae':['CH: He06XO~llMbiM 

pHMepaMH Cpe~, ~JIH 

HHOM ~llCIIepCllll, MO

:OKO'laCTOTHOM ::meK

CB060~HOrO rrpo6era 

(eCTBYIOT 'IIpOCTpaH

cpaBHll:Mbl C ~JIHHOM 

1.1eHHaJI H IIpOCTpaH

a 

](f, t) = 1:
00 

dt I a(Jf- ~' t- t)E(f, t)dV. · 

3aBHCHMOCTb OT f', f B BH~e If - ~ o6yCJIOBJieHa OTCJTCTBHeM B Cp~e Bbl

~eJieHHbiX TO'leK H HarrpanneHnii. BKna.U B c, p,, a ~aiOT JIHIIIb Te H3MeHeHHH 

IIOJIHpH3aUHll ( HaMarHH'IHBaHHH, IIpOBO~llMOCTll), KOTOpble 3a BpeMH ( t - t) 
rrepe~aiOTCH Ha paccTOHHHH If'- h IIOHHTHO, 'ITO If-~ < c(t- i). 

5IBJieHHH, KOTOpbie IIpOHCXO~HT B Cp~e B BbiCOKO'laCTOTHbiX ::meKTpOMar

HllTHbiX IIOJIHX, KOr~a CTaHOBHTCH cymeCTBeHHOM BpeMeHHM ll IIpOCTpaH

CTBeHHM ~llCIIepCHH, y~06HO ll3J'laTb, llCIIOJib3JH yrrpomaiOmHif peiiieHHe 

3a~a'IH MeTO~ pa3JIO)KeHHH BeJIH'IHH, xapaKTepH3JIOmHX 3JieKTpOMarHHTHbie 

HBJieHHH, B llHTerpaJI CJ>ypbe: 

f(r, t) = (2~)4 I J(k, w)ei(kr-wt)ikdw, 

r~e rro~ f 6y~eM rro~pa3yMenaTh E, D, B, fi, ], pH T.rr. ITocne Toro KaK 

nee nemr'IHHbl n ypanHeJ!HHx MaKcnenna 6y~yT rrp~cTanneHhi n BH~e pa3-

JIO)KeHnii B llHTerpan CJ>ypbe, IIOJIJ'IHM CllCTeMy anre6paH'leCKHX ypaBHeHHM 

~JIH ¢ypbe-o6pa30B BeJIH'IHH, xapaKTepH3JIOmHX 3JieKTpOMarHHTHOe IIOJie, 

3KBHBaJieHTHYIO ypanHeHHHM MaKcnenna: 

i[k,H(k,w)] 
47r -+ -+ i -+ -+ 

(76) -j(k,w)- -wD(k,w), 
c c 

i[f, E(k,w)] 
1, -+ -+ 

(77) -wB(k, w), 
c 

k·B(k,w) 0, (78) 
ik·D(k,w) 47rp. (79) 

3ni ypaBHeHiiH HaiiO.riHHIOTCH ¢ll3H'leCKll:M .CO~ep)KaHHeM IIOC.rie 3a~aHIIH Ma

TepHaJibHbiX ypaBHeHHM ( KOTOpbie Ha3biBaiOT TaK)Ke ll yprumeHH.HMH CB.H-

3H): 

r~e 

Di(k,w) = cii(k,w)Ej(k,w), 

Bi(k,w) = J-lii(k,w)Hj(k,w), 

ji(k,w) = CJij(k,w)Ej(k,w), 

""' ~r h ""' (kR t) ""' ""' ' , cij(k,w) = cij(R,r)e- -w dR, R = f- f, r = t- t. 
-00 v 
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TaKHM o6pa30M, npe.n;cTamm Bee xapaKTepHCTHKH 3JieKTpoMarHHTHhiX noJieii 

1I HX 1ICTO"t1H1IKOB B BH,IJ;e pa3JIO)KeHH.si <l>yphe, y,naJIOCb CBeCTH 3a,IJ;a"tly HHTe

rpHpOBaHH.si .nmp¢epeHuHaJihHhiX ypaBHeHHii MaKcBeJIJia K 3a,na-qe perneHH.sr 

3KBHBaJieHTHbiX aJire6paH"tleCK1IX ypaBHeHHH. 1I nOCJie,nyroruero Bhi"tlliCJieHH.si . . . ' . 

HCKOMbiX ¢YHKU1IH KOOp,nHHaT 1I BpeMeHH no,ncTaHOBKOH Haii,neHHhiX ¢yphe-

o6pa30B B HHTerpaJI <l>yphe. 0TMeTH,M, "tlTO nOCJie.n;HHH mar B HeKOTOpbiX 

3a,IJ;a"tlaX MO)KHQ B006IUe He npOBO,Il;HTh, eCJIH B .siBHOM BH,IJ;e 1I3BeCTeH 3aKOH 

,IJ;HCnepCHH, T.e. 3aBH~1IMOCTb e, JJ,. (JOT k 1I W, T.K. B 3TOM CJiy"t!ae CBOHCTBa 

3JieKTpoMarHHTHOro noJI.sr B cpe.ne onpe,neJI.sriOTC.sr 6e3 noro o6parueHH.sr. 

B Tex cJiy-qa.srx, ,Kor.na Heo6xo.n;HMO J"tiHThiBaTh npocTpaHCTBeHHYIO ,nHc-
. . . 

nepCHIO, 3JieKTpOMarHHTHhle CBOHCTBa BeiUeCTBa CTaHOB.siTC.si 3aBHC.siiU1IM1I OT 

BeKTOpa k. 3TOT BeKTOp Bhl,IJ;eJI.sreT B Cpe,ne onpe,neJieHHOe H~LIIpaBJieHHe, 
Hapyrna.sr TeM CaMhiM 1I30TpOnHIO npOCTpaHCTBa, CJie,n;OBaTeJihHO, e, jJ, (J 

,IJ;OJI)KHhl HMeTh TeH30pHbiH xapaKTep. fipHMeM 6e3 ,IJ;OKa3aTeJihCTBa, "tiTO 

3T1IM BeJIH"tlliHaM COOTBeTCTBJIOT CHMMeTpH"tiHhie TeH30phl, a e,nHHCTBeHHhiM 

CHMMeTpH"tiHhiM TeH30pOM, nOCTpOeHHbiM 1!3 k, KOTOpbiH B npe,neJihHOM CJiy

-qae OTCJTCTBH.si npOCTpaHCTBeHHOH ,Il;HCnepCHH OnHChiBaeT JIHllib BpeMeHHJIO, 

.siBJI.sieTC.si 

... . ... ) ( kikj) ... kikj 
eij(k,w) = ej_(k,w 6ij- Ji2· +e11(k,w)Ji2 

- TeH30p ,.q:n::meKTp:nqecKo:H npou:nuaeMOCTll. TaKHM o6pa30M, 3JieK

TpOMarHHTHhie cBoiicTBa o.n;Hopo.n;HhiX H H30TponHhiX cpe.n npH HaJIH"tiHH 

npOCTpaHCTBeHHOH ,IJ;HCnepCHH xapaKTepH3JIOTC.si ,Il;H3JieKTpH"tleCKOH npOHH

uaeMOCThlO ,Il;BJX THnOB - nonepe"tiHOH ej_ H npO,nOJihHOH ell· ECJIH OCh Z 

CHCTeMb! KOOp,Il;HHaT Bhi6paTh B HanpaBJieHHH BeKTOpa k ( Ofihi"tiHO 3TO Ha

npaBJieHHe pacnpOCTpaHeHH.si BOJIHbi), TO 

( 

ej_ 

eij(k, w) = ~ 
0 

ej_, 
0 

0 ) 0 . 

e11 

B OTCYTCTBHe npocTpaHCTBeHHOii .nncnepCHH e MO)KeT 3aBHCeTh TOJihKO OT 
• 

W, n03TOMY He06XO,Il;HMO nOJIO)KliTh 

ej_ = e11 = e(w)6ii· 

I13BeCTHO, "tiTO B BaKyyMe 3JieKTpoMarHHTHhie BOJIHhi nonepe"tiHhi. B cpe

.nax C npOCTpaHCTBeHHOH ,Il;HCnepCHeii: 3JieKTpOMarHHTHhie BO.TIHhl MOryT 6hiTh 

H npO,Il;OJihHhiMH. .ilJI.sr TOrO "t1T06hl nOKa3aTh 3TO, 6y,neM HCKaTh BOJIHOBhie 

( B o6JiacT.srx 6e3 HCTO"tiHHKOB) perneHH.sr ypaBHeHHii MaKcBeJIJia ,nJI.sr ¢yphe-
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o6pa30B Bcex xapaK1 

HH.si, onpe.neJI.siiOIUHe 

'~ ; 

nOMHO)KliB BTOpOe 'j 

HHTHOH (J-L ::= .1), ITO): 

"tiTO ,naeT 

fio,ncTaBHB B nOCJie,r 

TpH"tieCKOH npOHHU8 

Ik28il. 

[ (k2 
Bhi6epeM k no Han] 

n03TOMY 

( 
2 w2 

k - -E c2 

TaKHM o6pa30M).B 

HeHhl ,IJ;Ba He3aBHCY. 



[eK'!'POMai'HHTHbiX ITOJie:ii 
1Ch-CBeCTH 3a,ll;aliy HHT& 

eJIJia K 3a.nalie pemeHHH 

Ie,ll;yiOmero BhlliHCJieHHH 

JKOM .· Ha:ii.neHHbiX ¢yphe

~HHM mar B HeKOTOpbiX 

1M BH,ll;e H3BeCTeH 3aKOH 

B :noM: CJiyliae CBOMCTBa 
,· l ~ • ' ' ' "" 

n?so o6pameHHH. 

pOCTJ>aHCTBeHHJIO ,li;HC

[QB~TCH 3aBHCHI.I(HMH OT 

(eJieHiioe HanpaBJieHne, 

Ie,ll;OBaTeJibHO, e, j.l, a 
I ,ll;?Ka3aTeJibCTBa, liTO 

30pbi, a 8,ll;HHCTBeHHbiM 

~hiM B npe.nenbHOM cny

meT'nHliih BpeMe!IHYIO, 

' .. )kikj 
,w k2 

ra~HM o6pa30M, 3JieK

(. c;pe.n llpH HaJIHliHH 

.JieK:pHlieCKOH npOHH

>HOH ell. . Ecmr ocb z 
'a k (o6hlliHO no Ha-

3aBHCeTb TOJibKO OT 

,J nonepe~IHhi. B epe

e BOJIHbi MOI'JT 6biTb 

!M . HCKaTb BOJIHOBbie 

Kc:BeiiJ-m .nmr ¢yphe-

06pa30B BCex xapa:KTepHCTHK ITOJIH. IJpeo6pa3yeM aJire6paHlieCKHe ypaBH& 

HHH, OITpe,ll;eJIHIOI.I(He 3TH BeJIHliHHhl: 

[f, H(k, w)] =-~ D(k, w), 

[k,E(k,w)] = ~B(k,w), 
k · B(k,w) = 0, 

k · D(k, w) =>0, 

llOMHO)KHB BTOpOe ypaBHeHHe Ha k BeKTOpHO, 3aTeM, CliHTM cpe.ny HeMar

HHTH;OH (J.l = 1), ITO,ll;CTaBHM B pe3yJihTaT nepBOe: 
• 1 

liTO .naeT 

[ 
.... [.... ....]] w [.... .... .... J w2 .... k, k,E =-;; k,H(k,w) =- c

2 
D, 

w2 
k·k1E1- k2 E- + -D·- 0 z z c2 z - • 

IJO,ll;CTaBHB B ITOCJie,ll;Hee ypaBHeHHH CBH3H H Bhlpa)KeH:ne ,li;JIH TeH30pa ,ll;H3JieK

TpHlieCKOM npOHHUaeMOCTH, ITOJIJliHM 

[ ( 
2 w

2 

) ( kikl) w
2 

kikll k - -e.L t5il-- --ell- E1 = 0. 
c2 

k2 c2 k2 

Bbi6epeM k no HanpaBJieHHIO oc:n z, Tor.na 

nonoMy 

.( k2 <: t:~ )E, = 0, ( k' <: c~) E, = 0, ~:"liE,= 0, 

ecnn 
2 

2 w 
k - 2e.1 = 0, TO Ex, Ey =/= 0, 

c 
ecnn e11 = 0, TO Ez =/= 0. 

TaKHM o6pa3oM, B cpe.nax c npocTpaHCTBeHHo:i1 .nncnepcneii H ecnn BbiiTOn-

HeHbi ,ll;Ba He3aBHCHMbiX ,ll;HCITepCHOHHbiX COOTHOliieHHH 

w2 
k

2
- 2 e.L = 0, ell= 0, 

c 
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MoryT pacnpocTpamrThCH .nBe He3amrciiMhre BOJIHhr - nonepe"tJHM ( 3aKoH .niic

nepcHH k
2 

= ~; E1_ =? Ex, Ey ¥= 0) H npo.noJihHM (3aKOH .nHcnepcHH 

Ell = 0 =? Ez ¥= 0). 3aMeTHM TaK)Ke, "t!TO y npo.noJihHhiX BOJIH II3 yCJIOBHH 

kD = 0 · =? k j_ D, HO BeKTOphr E u fJ He napanneJihHhl.npyr .npyry. 3TH 

npo.noJihHhre BOJIHhl o6hl"tJHo Ha3hiBaiOT BOJIHaMH nonHpH3~HH. Bo3HHK

HOBeHHe npO):{OJihHbiX BOJIH 5IBJIHeTC5I cne:u:mtmtieCKHM 3cf>cf>eKTOM, CB.si3aHHhiM 

C npOCTpaHCTBeHHOH ):{HCnepcHeiJ . .ilei!CTBHTeJibHO, eCJIH npocTpaHCTBeHHM 
):{HCnepCHH OTCJTCTBJeT, TO 

E1_ =Ell ¥= 0, T.e. Ez = 0 . 
• 

¢H3H"tJeCKH HaJIH"tJHe BOJIH nOJI5IpH3a:U:HH _OCMhlCJIHTh ):{OBOJihHq npOCTO: ):{Ony~ 
CTHM, "t!TO cpe.na C paBHOBeCHhlM, HO HeO):{HOpO):{HhiM pacnpe):{eJieHHeM 3apH):{a 

HaxO):{HTCH B nepeMeHHOM 3JieKTpOMarHHTHOM none, npH"tJeM ):{JIHHa BOJIHhi 

nonH cpaBHHMa c pa3MepaMM HeO.nHopo.nHOCTeii. ITone, nonHpM3JH cpe.ny (Bhi-

3hlBM CMemeHMe 3apH.noB), HapyiiiaeT paBHOBecHoe pacnpe.neneHMe, 11 B cpe.ne 

B03HMKaiOT KOJie6aHM5I 3ap5I):{OB, aHaJIOfM"t!Hhie KOJie6aHM5IM npM pacnpOCTpa

HeHHM 3BJKOBhlX BOJIH B M30TpOnHhiX ynpyrHX Cpe.nax. 

BhiCOKOl.JACTOTHbiE 51BJIEHM51 B BEllJ;ECTBE 

1. CKHH-a<f><f>eKT. PaccMoTpMM Bonpoc o pacnpe.neneHMM nepeMeHHoro 

TOKa no ce"tJeHHIO npoBO):{HMKOB. B xoporrmx npoBo.nHMKax, KaKOBhiMM HBJI.sr

IOTc.sr MeTaJIJihi, ):{JI.si 3JieKTp0- M pa):{MOTeXHM"tJeCKMX "tlaCTOT BnJIOTh ):{0 MH

cf>paKpaCHbiX npeHe6pe)KeM TOKaMH CMelileHMH BBML{J MX MaJIOCTM no cpaBHe

HMIO C TOKaMM npOBO):{HMOCTM. B TOM )Ke MHTep!Jane "tlaCTOT KaK BpeMeHHM, 

TaK H npOCTpaHCTBeHHM ):{MCnepCMH B :\1eTaJIJiaX HecymeCTBeHHhi, n03TOMJ 

3JieKTpOMarHMTHhie CBOHCTBa Cpe):{hi xapaKTepM3JIOTC5I MaTepHaJihHhiMM KOH

CTaHTaMH Eo, p 0, a0 . B 3TMX ycJIOBM.srx M3 ypaBHeHMii MaKcBenna 

cne.nyeT 

_, f-lo fJii _, 
rotE=----· div H = O· 

c fJt ' ' 

t... 47!" _, _, 
rot H = -CJ0 E; div E = 0 

c 

rot rot E = grad div E - ~E = _f-lo !!_rotfi = _ 47rCJof.-lo fJE 
c fJt c2 fJt 

~E = 47rCJof.-lo fJE 
c2 fJt M aHaJIOrMqHO ~if= 47rCJof.-lo fJfi 

c2 fJt . 
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3TH ypaBHeHM5I H 

CTH npOBO):{HMKa ( 

OrpaHM"tJMMC.sr 

,n;aeT BCeMM xapai< 

3a):{a"tl. TiycTh npo 

HanpaBJieHMM · OCM 

T.e: Jx He .MO)KeT 

H B COOTBeTCTBMM 

-.:iTO nOCJie IIO):{CTa: 

Cne.noBaTeJihHO, 

r.ne 

k = Ji:7rac 
. -··~ . c 

l.ho6hr M36e:>KaTh · 

TaKMM o6pa3oM, .r 

cf>eKTMBHO yMeHhll 

BO):{HMKa. AHaJiorr. 

B BM.ny ypaBHemre 

H nOJiarM, "t!TO Me 

"t!TO M 3J1eKTpM"tieCl 

-iwflo H - f) c y---. 
l 



ITCJIIepeliHaJI ( 3aKOH .D;HC
bHaJI'. ( 3clKOH .D;HCnepCHH 

nbHbiX BOnH ll3 ycnOBH.sr 

~nbH:bi .n;pyr .n;pyry. 8Tn 

OJIHPH3~HH. B03HHK

[ 3¢¢eKTOM, CB.sr3aHHbiM 
~CnH npOCTpaHCTBeHHaJI 

\OBOJrhHO HpOCTO: .n;ony-
. . ' 

>acnpe.n;eneuneM 3apR.n;a 
npnlieM .n;nnHa BOnHbl 

, noh.srpn3y.sr Cpe.n;y ( Bbi

Cnpe.n;eneune, n B cpe.n;e 

HH.srM npn pacnpocTpa-

BEID;ECTBE 

~.n;eneHnn nepeMeHHoro ' 
' . : . ' 

fKax, KaKOBbiMH .siBnR

Ia~TOT BnnOTb .D;O HH

X MaJIOCTH no CpaBHe
aCTOT KaK BpeMeHHaJI, 

·mec?Be~~hi, nonoMy 
MaTepHaJibHbiMH KOH
MaKCBenna 

8TH ypaBHeHH.si HapR.n;y C 06bP:IHbiMH rpaHHliHbiMH ycnOBH.siMH Ha noBepXHo
CTH npOBO.D;HHKa Onpe.n;en.siiOT 3aBHCHMOCTb none:ii OT BpeMeHH H KOOp.D;HHaT. 

OrpaHnlinMc.sr pemeHHeM Mo.n;enbHO:ii 3a.n;alin, KOToprur TeM He MeHee o6na
.n;aeT BCeMn xapaKTepHbiMH liepTaMn 6onee peanbHhlX, HO cno)KHO pemaeMbiX 
3a.n;a'tJ. IIycTb npoBo.n;HHK 3anonH.sreT nonynpocTpaHCTBO z > 0, a TOK TelieT B 

HanpaBneHnn ocn x. Tor.n;a cornacHo 3aKoHy coxpaHeHnR 3ap.sr.n;a 8Jx/8x = 0, 
T.e. Jx He MO)KeT 3aBHCeTb OT X, n03TOMJ BnOnHe npaB.n;OnO,n;06HO, liTO 

Jx = j(z)eiwt, }y = Jz = 0 

n B cooTBeTCTBnn c 3aKoHoM 0Ma (J = <7 E) 

liTO nocne no.n;cTaHOBKn B o~pe.n;enRromee E ypaBHeHne .n;aeT 

d2 E(z) .47r<7oJ.loW 
=z----dz2 c2 

Cne.n;oBa TenbHO, 

r.n;e 

k= = -8-, 
l+i 

LfTo6bi H36e)KaTb pacxo.n;nMocTe:ii, nono)KHM B = 0, Tor.n;a 

TaKnM o6pa30M, none 3KCnoHeHUHaJibHO y6hmaeT Brny6b npoBO.n;HnKa, 3¢
<PeKTHBHO yMeHblliaJICb ( B "e" pa3) Ha paCCTO.siHHH c5 OT noBepXHOCTH npo
BO.D;HHKa. AHanornliHO Be.n;eT ce6.sr n MarHHTHoe none. lleiicTBHTenbHO, nMeR 
B BH.n;y ypaBHeHHe 

... flo aff 
rotE=----

c at 
ll nonarrur, liTO MarHHT.f!Oe none 3aBHCHT OT BpeMeHH no TOMJ )Ke 3aKOHy, 
liTO ll 3neKTpHlieCKOe, nonyliHM 

H = c(l - i) Ae-zfaei(wt-zja) 
Y J.lowc5 
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MarHHTHoe none nepneH,nHKymrpHo ·::meKTpHt.IecKoMy, y6.bmaeT B rny6h npo

BO,nHMKa no TOMy )Ke 3aKOHY H, T.K. 

c 
JHyJ ~ WO JExJ, 

6oJihllle ::meKTpnt.IecKoro B >../ o pa3. 

MTaK, Becb nepeMeHHbiH TOK OKa3biBaeTc.si JIOKaJIII30BaHHbiM B noBepx
HOCTHOM CJIOe npOBO,nHHKa TOJllllHHOH 

c 
o = ..;'IiWoJ1oW 

3TO .siBJieHHe, B pe3yJihTaTe KOTOpOrO 06pa3yeTC.si CKHH-CJIOH TOJllllHHOH 0, 
Ha3biBaeTC.si CKHH-3$$eKTOM. llJI.si Harn.si,nHoro rrpe,ncTaBneHH.si yKa)KeM, 

l.J:TO ,nn.si Me,nn npH W rv 50 ru 0 ':" L CM, a ,nn.si W rv 105 ru 0 rv 10-3 CM. lln.si 
nOCTO.siHHOrO TOKa (w -t 0) TOnlllHHa CKHH-CnO.si 0 -t 00, a ,nn.si H,neaJibHbiX 

IIpOBO,nHHKOB ( a0 -t 00) 0 -t 0. 

3TH pe3ynhTaTbl noJiyt.IeHbl ,nJI.si yrrpomeHHOH MO,nenH, HO HMeiOT o6mHH 
xapaKTep. 

2. 3JieKTpOMarHHTHhle BOJIHhl B O,ll;HOpO.D;HOH H H30Tp0DHOH cpe

.n;e. 3aiiMeMc.si Bbl.siCHeHIIeM Borrpoca o pacnpe.neneHHH nepeMeHHoro Bo Bpe

MeHH ::meKTpOMarHHTHOrO nOn.si B IIpOCTpaHCTBeHHD-O,nHOpO,nHbiX H H30TpOII

HbiX cpe,nax, CBOHCTBa KOTOpbiX OIIHCbiBaiOTC.si MaTepHaJibHbiMII KOHCTaHTaMII 

co, J1o, a0. Y MeTannOB rny6HHa npOHHKHOBeHII.si IIOn.si ,nOCTaTOl.J:HO Mana 

,na)Ke npf! He60nblliHX t.IaCTOTax. lJ03TOMy paCCMaTpHBaTb pacrrpOCTpaHeHHe 

3JieKTpOMarHHTHhiX BOnH BHYTPH MeTannoB He HMeeT CMhrcna. 3To yMeCTHo 

,nn.si Cpe,n C He60JiblliHMH (MeHhlliHMH, t.IeM y MeTMnOB) 3Hat.IeHH.siMH a
0

, Ka

KHMH .siBn.siiOTC.si pacTBOpbi 3JieKTpOnHTOB H rronyrrpoBo,nHIIKH. B npe.nene 

a -t 0 MO)KHO 6y,neT rrepeHTH K cnyt.IaiO H,neaJibHhiX ,nH3neKTpiiKOB. 

B OTCYTCTBIIe cBo6o,nHhiX 3ap.si,noB MaKpocKorriit.IecKne ypaBHeHH.si, MaKe
Henna HMeiOT BII,n 

... 47r. ... coaE ... 
rotH= -a0 E + --· di1' E = O· 

c c at' ' 

rot i = _11o aii 7 at ; div jj = 0 ' 
OTKy,na 

... ... ... 47r ... co a ... 
rot rot H = grad div H - 6H = -a0rot E + --a rotE =::} 

c c t 
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H aHaJIOriil.J:HO 

Ey.neM HcKal::b · pelliE 
,. 

CKHX BOJIH, paCIIpOC1 

H(x 

Tor.na IIMeeM 

r.ne 

k=~.JiiO~ c .. 

BBe,neM n H ··K,· TaK, , 

(J1o ~ 1) nonyt.IIIM 

Ho(~) = 

H(x { 
. ' ' 

Tot.IHO TaK )Ke MO)KHI 

... ( \ E x,t) 

3TH Bhipa)KeHII.si IIO!i 

cTpaHeHII.si BOnHhr, · m 

noKa3aTeJieM npen 

HIIe ITO CMhiCny. H Ha~ 

BBe,neM e,n:nHHtiHI: 

Tor.na 

... w 1.:: 
k = -v J1ocl 

c 

Boo6me roBop.s~, 

H(x, t) =A 



eT·B·rny6b npo-

HbiM :B IIOBepx-

ii TOJill.UIHOM 6, 
IeHJUI yKa:>KeM, 

,J0-:-3 CM. llmr 
:mr M.n:eaJibHbiX 

MMeroT o6mMii: 

~P()DHOH cpe

~HHoro BO Bpe

~IX II M30TpOII

KOHCTaHTaMJI 

caTO'lHO Mana 

1IpOCTpaHeHJie 

8~oyMeCTHO 
'IIHIMJI a0 , Ka

. B npe.n:ene 

KOB. 

n!eH:M5I MaKe-

2""" _, 
6.E _ coJ.Lo a E = 4nJ.Loao aE. 

c2 at2 c2 at 
By.n:eM JICKaTb peiiieHM5I 3TMX ypaBHeHJIM B BM.l(e IIJIOCKJIX MOHOXpOMaTJI'le-

CKMX BOJIH, pacnpOCTpaH5IIOll{JIXC5I B,l(OJib OCH x: 

H(x, t) = Ho exp iwt; E(x, t) =Eo exp iwt. 

Tor.n:a MMeeM 

r.n:e 

a2 
Ho(x) + k2 ii, (x) = 0 a 2 0 ' 

X ' 

.4nao c(w) =co- z--. 
w 

BBe.n:eM n M "" TaK, 'lT06bi~ = n- iK,. flnH HecpeppoMarHHTHblX cpe.n 

(J.Lo ~ 1) IIOJIJ'lMM 

H0 (x) = A1 exp( -ikx) = A1 exp( -i(n- i"")wxjc), 

H(x, t) = A1 exp( -K,wxjc) exp{ -iw(t- nxjc)}. 

To'lHO TaK :>Ke MO:>KHO IIOJIJ'lMTb 

E(x, t) = A2 exp( -K,wxjc) exp{ -iw(t- nxjc)}. 

8TH Bbipa:>KeHJI5I IIOKa3biBaiOT, 'lTO cjn = V4> - cpa30BM CKOpOCTb pacnpo

CTpaHeHJI5I BOJIHbi, II03TOMJ, OIIMpMCb Ha OIITM'leCKJIO aHaJIOrHIO, HaJOBeM n 
noKa3aTeneM npenoMJieHHSI. Ko3cpcpMUMeHT "" xapaKTepn3yeT IIornome

HMe 110 CMbiCJIJ II Ha3biBaeTC5I K03<f;><f;>HUHeHTOM norJIOIQeHHSI. 

BBe.n:eM e.D:MHM'lHbiii: BeKTOp k~ B HaiipaBJieHMM pacnpocTpaHeHMH BOJIHbl, 
Tor.n:a 

_, w/ _, 
k = - J.Loc(w)ko, 

c 

Boo6me roBopH, 

·w 
k = -$ov'n2 + ""2 exp( -arctg•""/n). c 

H(x, t) = A1 exp i(wt- kf}, E(x, t) = A2 exp i(wt- kf}. 
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lh yprumemu1 MaKcBenna cne~yeT k0E = k0H = 0, a TaK)Ke -ik[k
0
E] -

-i(J.LoW/c)H, II03TOMy 

VfiOH = Jn2 + fl:2[koE] exp( -arctg K-jn). 

TaKIIM o6pa3oM, B o~Hopo~Hoft II II30TpOrrHol1 cpe.n:e .• 6e3. rrpocTpaHCTBeHHOH 

~McrrepcMli, KaK II B BaKyyMe, ::meKTpoMarHIITHhle BOJIHhi rrorrepetJHhi. B OTJIII-. . 
tiMe OT BaKyyMa, aMIIJil:ITJ~hl ::meKTpl:ItieCKl:IX II MarHl:ITHhiX IIOJieH pa3Jil:IlJHhi, 

Hanp.H)KeHHOCTh MarHIITHoro rroJI.H H OTCTaeT no ¢a3e OT E Ha BeJIIItJIIHY 

arctg K-jn. 

B rrpe~eJihHOM cnyqae II~eaJihHoro ~mmeKTpMKa (o- ~ 0; K- ~ 0) 

k=wn, n-~, 
c 

... ff,o ...... H= -[koE], 
. J.Lo 

C· 
V<j> = :;;' 

IIJIOTHOCTh 3Heprl:Il:I IIOJI.H 

ED+ jjjj coE2 · J.LoH2 

Wo= =--=--
8n 4n 4n ' 

a BeKTOp IlOHHTIIHra 

§ = _!:_[fff] = _!:__ [{i_[t[k0 EJ] = _!:__ [{i_k
0
E 2 

4n 4n V J.Lo 4n V J.Lo 

... c c0E 2 ... 
= ko. ~-4- = kovcpWo, 

v coJ.Lo n-
T.e. IIJIOTHOCTh 3Heprl:Il:I rrepeHOCl:ITC.H B HarrpaBJieHl:Il:I pacnpOCTpaHeHl:I.H BOJI

Hhl CO CKOpOCThiO V<j> = cjn, Hl:Ir~e He HaKaiiJil:IBMCh JI He JIClJe3M. VfHTepeCHO 

OTMeTl:ITh, liTO <f>opMyJia n = .JfOjip XOpOIIIO IIpOBepeHa B MHOrolJJICJieHHhiX 

3KCIIepJIMeHTaX JI COrJiacyeTC.H C JIX pe3yJihTaTaMl:I B l:IH<f>paKpaCHOH II Bl:I~JI

MOH qacTII crreKTpa ~JI.H Tex ra30B II )KJI~KOCTeft, co6cTBeHHhiH ~IIIIOJihHhiH 
MOMeHT KOTOphiX MaJI. 

3afrMeMC.H BhllJl:ICJieHIIeM IIOKa3aTeJI.H rrpeJIOMJIPHl:I.H JI K03<f><f>IIUIIeHTa 110-

rJIOIUeHl:I.H. Bnmo rroKa3aHo, liTO 

. / .4no-0 n- ZK- =yeo- z~, 
II03TOMJ 

4no-o 2 K-2 - 2inK-i--. = n -co- w ===? 2 2-n - K- -co, 
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n,., = 2no-o 
w 

Pa~II yrrpo 

Hhie cpe~hr 

n=\ 

PaccMoTpE 

1. ToK i 

3TC) I 

aJihHI 

2. ToK < 

cpe~1 

IlorJJ 

VfCIIOJih3J.SI 

~JI.SI Harrp.SI 

3Heprmo · o 

coE2 

--= 
87r 

a l:IX OTHOI 

B cnyqae 

BeJIIIKO, 



IOC??paHCTBeHHo:H 

~pe'tlHhi. B OTJnr

IOJie:H pa3JIH'tlHhi, 

E Ha BeJIH'tlHHY 

)CTpaHeHHSI BOJI

~3asr;< 11HTepeCHO 

morO'tlHCJieHHhiX 

{pacHo:H:n BH.llH

fihiH .D:HnOJihHhiH 

~ 27rO"o 
~::=--. 

w 

Pa.un ynpomeHHSI 3anncn npe.unonmKHM, 'tlTO paccMaTpHBaiOTCSI HeMarHHT

Hhie cpe.llhl · J-lo ~ 1, H nOCJie npOCTbiX Bhi'tlHCJieHHH nOJIY'tlHM 

PaccMoTpHM .D:Ba npe.ueJihHhiX cny'llasr. 

1. ToK npoBO.llHMOCTH Man no cpaBHeHHIO c TOKOM cMemeHnsr O"o << c0w/47r: 

~ { ( 1 81r
20"6) _ } _ 27rO"o 

2 co + 2 2 co - ;c::: ' c0w Wyco 
K= 

n cow 
-=--»1. 
"' 27rO"o 

3To cny'tla:H Manoro nornomeHHSI H B npe.uene CBO.llHTcsr K cny'llaiO n.ue

aJihHOro .llll3JieKTpHKa. 

2. ToK CMemeHHSI MaJI no CpaBHeHHIO C TOKOM npOBO.llHMOCTH (npOBO.llSIIaHe 

cpe.uh!) O"o » cow/47r: 

~ 
n~K~y----;;;-· 

ilornomeHHe npOHCXO.llHT B CKHH-CJIOe TOJIIaHHOH c5 = cj21rO"oW. 

E(x, t) = Aexp( -Kwxjc) exp{ -iw(t- nxfc)}, 

if= .Jn2 + K2[k0E] exp( -arctg Kjn) 

.llJISI Hanpsr)KeHHOCTe:if 3JieKTpH'tleCKOrO H MarHHTHOrO nOJie:if, Ha:if.ueM BKJia.ll B 

3HeprHIO OT Ka)K.llOrO H3 3THX nOJie:if B OT.lleJihHOCTH: 

coE2 coA2 

-- = -- exp( -2Kwxjc); 
87r 167r 

a HX OTHOllleHHe 
f..LoH2 

• coE2 
_ f..Lo(n2 + K2

) 

87r . 87r co 

B cny'tlae Manoro nornomeHnsr nopsr.uKa 1, a B cny'llae, Kor.ua nornomeHHe 

BeJIHKO, 
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ITPELlEJibHbiE BbiP A.IKEHJ.ii5I LlJI5I Lllii3JIEKTPJ.ilt.JECKOM 
ITPOHJ.iiD;AEMOCTJ.il ITPJ.il HAJIJ.ilt.IJ.illil BPEMEHHOM 

Lllil CITEPCJ.illil 

YpaBHemie MaKcBemm 

rot H_, - 41ra _, 1 an_, --E+--
c c at 

IIpH MaJihiX tiaCTOTax ( TOK IIpOBO.LI;HMOCTH MHOrO 60J1biiie TOKa CMei.IJ;eHHg, 
rrornomeHne BeJIHKO) HMeeT BH.n; 

_, 47r _, 
rotH= -aE. 

c 

B cnyqae BbrcoKotiacTOTHhrx non en ( TOK cMemeHng BeJIHK no cpaBHeHHIO c 
TOKOM IIpOBO.LI;HMOCTH) IIOJiyqaeM 

rot jj =~an 
cat· 

ECJIH W- tiaCTOTa IIOJig, TO aiJjat"' iwcE, C .n;pyron CTOpOHbi, B rrpe.n;ene 
MaJibiX tiaCTOT 

iwr;E 47raE 
-----t-. 

CpaBHHBM, rronyqaeM 
c c 

( ) 
.47ra 

c w = z--. 
w 

flpH .LI;OCTaTOlJHO 6biCTpOM H3MeHeHHH IIOJig, B CJiyqae KOr.n;a ero tiaCTOTa 

MHOro 60Jibiiie tiaCTOTbi .LI;BmKeHHg ::meKTpOHOB B aTOMaX, 3JieKTp0Hbi MO)KHO 

paCCMaTpHBaTb KaK CB060.LI;Hble (npeHe6perag HX B3aHMO,n;enCTBHeM C g,n;poM 

H .n;pyr C .n;pyroM). flOCKOJibKJ CKOpOCTb 3JieKTpOHa HeBeJIHKa, TO ~ « ~, 
T.e. Ha paCCTO}{HH}{X IIOpg.n;Ka aTOMHbiX pa3MepOB. (KOTOpbie., B CHJiy rrpe.n;br

.n;yw;ero HepaBeHCTBa MHOro MeHbiiie xapaKTepHOH .LI;Jig BHeiiiHero IIOJig .LI;JIHHbi 

BOJIHbi) 3JieKTp0Hbi MO)KHO paCCMaTpHBaTb KaK CB060.LI;Hbie, TOr.n;a, T.K. IIO.LI; 
.LI;eHCTBHeM BbiCOKOtiaCTOTHOro IIOJig 

• 

av _, · t effo · 
m- = eEoezw ---t iJ = -i--ezwt 

at mw 
.LI;Jig CMei.IJ;eHng 3JieKTpOHOB IIOJIJtiHM 

r= _ eE 
mw2' 
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Terrepb HeTJ 

(n - qncno 3 

3.n;ecb 

·· TaK Ha3blm 

Ha pnc. 12 .. 

EbiJIO IIOK 

IIOJig CB}{3aHb 

npw-1e11 q}yph 



TPJtlqECKOH 
MEHHOH 

TOKa CMeli(eHH.si, 

IIO CpaBHeHHIO C 

>OHhl, -B rrpe.n:ene 

o:a ero qacToTa 

~KTpOHhl MO)KHO 

:TBMeM .c .sr.n:po~ 
Ka. TO .!!. « .£ 

' · 'W w' 
B C~JIY rrpe.[(hl-

~ro IIOJI5I .[(JIMHhl 

'OI'.[(a, T.K. IIO.[( 

e( ro) 

PMC. 12 

Terrepb HeTpy.n:Ho rro.n:cT.JMTaTb rron.srpM3aUMIO nemecTBa 

... e2E 
P ...::... I: e . r = n mw2 

( n - T.JMCJIO :meKTpOHOB). IIonoMy 

3.n:ech 

2 47rne2 

Wo=-
m 

··· TaK Ha3hlBaeMM IIJia3MeHHM llaCTOTa. 3aBMCMMOCTb c = c(w) H306pa)KeHa 

Ha pMC. 12. 

<I>OPMYJibi KP AMEPCA - KPOHJtlr A 

DbiJIO rroKa3aHo, llTO ¢yphe-o6pa3hi xapaKTepMCTMK :meK<rpoMarHMTHbro 

IIOJI.si CB.si3aHbl MaTepMaJibHhiMM ypaBHeHM.siMM , B llaCTHOCTM 

D(k,w) = c(k,w) · E(k,w), 

IIpMlle~t <1Jyphe-o5pa3 .[(M3JieKTpMT.JeCKOH IIpOHMUaeMOCTM 

c(k, w) = looo dr j c(R, r)e-i(kR-wr)dR, 
0 . 
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r.n:e 

R=r-f, R= IRI, r= lt-il, I AHanon 

B006me rOBOpH, KOMIIJieKCHaH BeJilP'IHHa, IIpn:qeM 

... 1 ( ... ... ) cre(k,w)=2" c-(k,w)+c-*(k,w), 

·-+ 1-+ -+ 

c-zm(k,w) = 
2
i(c-(k,w)- c-*(k,w)). 

:Vb orrpe.n:eneHn:H c-(k,w) cne.n:yeT c-*(k,w) = c-(-k, -w), II03TOMY 

2cre(f, w) = foC: dr J c-(R, r)e-i(kR-u:r)dR 

+ fooo dr I c-(R, r)ei(kR-wr)dR = L: dr jc-(R, r)e-i(kR-wr)dR. 

ToqHo TaK )Ke 

2icim(f, w) = L: dr I c-(R, r)e-i(kR-wr) (sgn r)dR, 

{ 
-1, 

sgn T = 1, 

06paTHM IIOCJI€.D:Hee COOTHOlll€HHe: 

T<O 
T > Q. 

c-(R,r) = ( 2~) 4 I c-im(f:w)ei(k'R-wr)(sgn r)dk'dw, 

IIO.D:CTaBIIB KOTOpoe B Bbipa)KeHn:e .D:JIH cre(f, w), IIOJiyqn:M 

c-re(k,w) = ~ f'XJ drlc-im(f:w)eiR(k-k)eir(w-w)(sgn r)dk'dwdR. 
(27r) J_oo ' < 

J1CIIOJib3YH H3BeCTHbie COOTHOllleHHH 

... ... 1 ./ . - - - ... 1 100 . • 1 1 o(k- k} = -- ezR(k-k)dR H - drezr(w-w)(sgnr) = ---
(27r)3 (27r) -oo · 7f W- W 

n: rrpon:HTerpn:poBaB rrocne.n:Hee Bhipa)KeHn:e .D:JIH ere ( k, w) no T JI R, rronyqJIM 

cre(k,w) = ~~ cim(f,~) dW. 
7f w-w 
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(Ilocne:n 
¢opMynJ 

HbiMJI C( 

OHH CBH3 

n: rrorno: 

qJITh JI 

o6mHMH 

HJIJI 0 .ll:( 

CTBOBaH 

orrpe.n:en: 

MeHJI. 

IIPOX< 

llBJI). 

aTOM?B, 

H3nyqeH 

BaH KBaF 

TpHM, JI3 
" 

qacTHUb 

KOTOpOe: 

TOpM03JI 

IIpHBO.D:H 

CTBeHHO 

C03.D:aHHI 

CpeJl 
r .n:a rronJ 

TaromaH 

BaSICh IIC 

HbiX 3JieJ 

H3Jiy'lel 

peHKOBCl 

JI IT03TOJ 

CKOpOCTl 

PaccJ 
H H30TpC 



DMY 

dii, 

w ' 

r )dkawdii. 

.. ~. 1 1 
r) =--·-, 

7l'W-W 

- II R, nonyqHM 
' ,, ; ~ 

AHanorH"t!HO 

im(k .... ) _ ~~ cre(f,w) -1.'. c 'w - , u,w, 
7r w-w 

(llocJie.I(HHe HHTerpaJibl Ha.UO nOHHMaTh B CMhiCne rJiaBHOrO 3HaqeHH51.) 3TH 

¢opMynhl Ha3biBaiOT ¢opMynaMH KpaMepca - KpoHnra nnn .nncnepcnoH

HhiMH COOTHOIIIeHHHMH. l/lx npHHUHnHaJibHOe 3HaqeHHe COCTOHT B TOM, "t!TO 

OHH CBH3hiBaiOT Me:>K.UY co6o:H xapaKTepncTHKH npoueccoB pacceHHmi cre(f, w) 
n nor norueHHH cim ( k, w). QqeBH.UHO, aHanornqHble ¢opMyJihl MO)KHO nony

qnTh n .nnH J.L(k,w). ci>opMynhi KpaMepca- KpoHnra HBnHIOTCH Han6onee 

06IUHMH COOTHOIIIeHHHMH :OlJieKTpO.UHHaMHKH, T.K. nonyqeHhl B npe.nrronO)Ke

HHH 0 .nonyCTHMOCTH pa3nO)KeHHH BCeX ¢YHKUHH 'B HHTerpan ¢yphe H CYIUe

CTBOBaHHH npnqJIHHOH CB513H, nOCKOnhKY BeKTOp ::meKTpnqeCKOH HH.UYKUHH D 
onpe.nenHe!CH npoueccaMH nonHpH3aUHH B npe.niiieCTBYIOIUHe MOMeHTbl Bpe-

MeHH. 

ITPOXO)I(.IlEHitiE BbiQTPbiX 't.JACTitii( 't.JEPE3 BEID;ECTBO 

.ITBH)KYIUMCH B BemecTBe 3apH)KeHHM qacTnua OTKnOHHeTCH noneM H.nep 

aTOMOB, C KOTOphlMH B3aHMO.I(eHCTByeT H 6naro.napH 3TOMY H3nyqaeT. TaKOe 

H3nyqeHHe Ha3hiBaeTC51 TOpM03HbiM, II ero 06hJqHO paCCMaTpHBaiOT, yqJIThl

BM KBaHTOBhie 3¢¢eKThi. Ha .nocTynHoM HaM KnaccnqecKoM ypoBHe paccMo

TpHM H3nyqeHHe, CBH3aHHOe C nOTepHMH 3HeprHH nOnHpH3YIOIUeH BeiUeCTBO 

qacTHUhi, T.e. paccMOTpHM cnyqa:ii, Kor.na qacTnua co3.naeT B BemecTBe none, 

KOTOpOe, B CBOIO 0'-Iepe.Uh, OKa3biBaeT o6paTHOe B03.I(eHCTBHe Ha "tlaCTHUY H 

TOpM03HT ee ( CaMOpa3rOH npOTHBOpeqJIT 3aKOHY COXpaHeHHH 3HeprHH), qTO 

npHBO.UHT K nOTepe qaCTHUeM 3HeprHH. 3TOT BH.I( nOTepb 3HeprHH ecTe

CTBeHHO Ha3BaTh TIOJUipH3ailHOHHbiM, nOCKOnhKY TOpM03511Ilee none - 3TO 

C03.I(aHHOe .UBH)KyllleMCH 3apH)KeHHOH qaCTHUeH none nOnHpH3aUHH BeiUeCTBa. 

Cpe.na, nonHpH30BaHHM qacTnue:H, H3nyqaeT TaK)Ke II B TOM cnyqae, Ko

r.na nonHpH3aUH51 cpe.I(hl OTCTaeT OT qaCTHUhl. Ile:iiCTBHTenbHO, ecnH npone

TaiOIUM qaCTHUa OCTaBnHeT Cpe.ny nonHpH30BaHHOH, TO cpe.na, nepeCTpaH

BMCb nocne nponeTa qacTHUhl, H3nyqaeT H36hlTOK 3Hepr~n B BH.Ue nonepeq7' 

HbiX 3neKTpOMarHHTHhiX BOnH. TaKOH HCTOqHHK noTepb 3HeprHH Ha3hiBaiOT 

H3JiyqeHHeM Ba.BHJIOBa - qepeHKOBa. IIo.nqepKHeM 3apaHee, qTo qe

peHKOBCKoe H3nyqeHHe - 3TO H3nyqeHHe Cpe.Uhi, a He .I(BH)KYIUerOCH 3apH.Ua 

II n03TOMY MO)KeT o6ycnoBnHBaThC51 qaCTHUeH, .UBH)KYIUeHCH C nOCTOHHHOH 

CKOpOCTbiO. 

PaccMOTpHM noTepn 3Heprnn qacTHUhl B MaKpocKonnqecKH o.nHopo.nHo:ii 

II H30TpOnHOH Cpe.ne, OrpaHJiqJIBMCb nHIIIb nonHpH3aUHOHHbiMH H qepeHKOB-
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CKHMH nOTepSIMH. C ::noli nenhiO HaH.LJ:eM none, C03.LJ:aBaeMoe B cpe,n;e.O.ll:HHOli

HhiM 3apSI.ll:OM, .ll:BH)KymHMCSI CO CKOpOCThiO V, H nO.LJ:CliHTaeM pa60TJ .LJ:eHCTBJ

IOI..:QHX Ha liaCTH:Qy TOpM03SII..:QHX CHn ::noro nonsr. 5JCHO, liTO TaKaS£ pa60Ta H 

6y.LJ:eT Onpe.LJ:enSITh HCKOMhie nOTepH 3HeprHH. lJonyCTHM, liTO liaCTH:Qa .ll:BH

)KeTCSI C nOCTOSIHHOH CKOpOCThiO .v B HeMarHHTHOH J1 = 1 H np03paliHOH Cpe,n;e 

eim --t 0. flpHMeM, liTO B nponecce .ll:BH)KeHHSI H3MeHeHHe CKOpOCTH liaCTH:Qhi 

npeHe6pe)KHMO Mano. By.LJ:eM CliHTaTh TaK)Ke, liTo cBoiicTBa cpe.LJ:h! TaKOBhi, 

liTO Bhi3BaHHOe liaCTH:QeH none npHBO.ll:HT K He06XO.ll:HMOCTH ylieTaBpeMeHHOH 

H npOCTpaHCTBeHHOH .ll:HCnepCHH. 

flepeii.LJ:eM K nO.LJ:ClieTy noneii, C03.LJ:aHHhiX B Bei..:QeCTBe O.ll:HHOliHhiM H paB

HOMepHO .ll:BH)KYI..ITHMCsr 3apsr.LJ:oM. YpaBHeHHsr MaKcBenna 

rot B ... - 47r -t 1 8D ... · 
--J+--

c c at ' rotE- 1 oB· 
---~-

c at 
.LJ:nsr ¢yphe-o6pa30B XapaKTepHCTHK noneii H HCTOliHHKOB HMeiOT BH.ll: 

[k,E(k,w)] = ~B(k,w), [
... ... ... J 47r... ... iw ...... 

i k,B(k,w) = -zj(k,w)- -;;D(k,w). 

lloMHO)KHM nepBoe ypaBHeHHe Ha k BeKTOpHo H no.LJ:cTaBHM [ k, B J H3 BTOporo, 
TOr.LJ:a 

( 
2 w

2 
) .47rw . k r5ij- kikj- ?ieij Ej = Z--;_;2Ji, 

nO.LJ:CTaBHB nonylieHHOe paHee Bhipa)KeHHe TeH30pa .ll:H3neKTpHlieCKOH npOHH
_naeMOCT~, HaH.LJ:eM 

[( 
2 w

2 
) ( kikt) w

2 
kik1] .47rw . k - -eJ_ r5il-- - -Sj,- El = Z-Ji· 

c
2 

k2 c2 k2 c2 

llOMHO)KHM (83) CKansrpiiO Ha ki; 

. 47r k . ktEt = -z- i)i 
we

11 

H nO.LJ:CTaBHM 3TOT pe3yn\>TaT B (83): 

E (k
2 w

2 
) .47rw . . 47r ku"tki (k2 w2 ) .47rw kikt . · - -e.l = z--J·- z--- - -e.l - z--·-Jt 

z c2 c2 z Well k2 c2 c2 k2 . 

Cne.LJ:OBa TenhHO, 

... ... .47rw [k(k]) k(k]) - k2] ] 

E(k,w) = -z/;2 e
11
w2 + c2(k2 _ e.lw2fc2) · 
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(83) 

llepeii.LJ:eM oT 

£2 
llJIOTHOCTh T 

C .LJ:pyroii e~c 

](1 

OTKy.LJ:a .LJ:JISI J 

llO.LJ:CTaBHB IT< 

TapHOrO HHTE 

llpHCTynE 

pM, .ll:BllTMCl 

06paTHOe BO: 

:ueii, Ha caMy 

eTCSI, liTO 3Ha 

B Ka)K.LJ:blll MO 

HHTepecyiOIUI 



s cpe.n;e. o.n;HHO~

Ia6oTy .n;eikTBY

TaKrur pa6oTa JI 

o ~ae~Hua .n;BJI-

03pa~moll:. cpe.n;e 

pOCTJI ~aCTHUhi 

Cp~hl TaKOBhi, 

reTa B~eMeHHOH 

.; . 

OT BJI.D; 

zw ... ... 
--zP(k,w). 

, r· 

1ecioll: ppoHJI-

(83) 

Tiepell:.n;eM oT <t>yphe-o6pa3oB K E(r, t): 

E(f', t) = E1 (f', t) + E2(r, t), 

E .... (""' t) =-·~I k(k]) i(kr-wt)dk""'dw 1 r' z (2 )4 k2 e ' 
7r w ell 

.......... __. 2 ...... .... .... __ _£~I k(kj)- k j i(kf-wt) .... 
E2(r, t) - c2 (2rr)4 k2(k2- cJ_W2 /c2) e wdkdw. 

llJIOTHOCTh TOKa 

C .n;pyroll: cropoHhi, 

](r, t) = eiM(f'- vt) = (;~3 ~ ei(kr-wt)6(w- kv)dkdw, 

OTKy.n;a .n;mr ](k, w) rrony~aeM 

](k, w) = 2rrev6(w- kv). 

Tio.n;cTaBJIB IIOCJie.n;Hee B Bhlpa)KeHJISI .D;JISI El (f', t) JI E2 ( r, t)' IIOCJie 3JieMeH
TapHoro JIHTerpHpOBaHJISI IIO W. HMeeM 

E .... ( .... t) = _ ·~I kdk ik(r-iit) t r, z 2 .... e , 
2rr k2c-

11
(k,w) 

E2(r, t) = i~ I kv k2v: k(kv) eik(f-iit)dk. 
c22rr2 k2 k2- (kv)2c-.L/c2 

llpHCTJIIHM K Bhi~JICJieHJIIO IIOTepb 3HeprJIJI 3apsr)KeHHOH ~aCTJIUhi, KOTQ

prur, .n;BHrrurch c rrocTOSIHHoll: CKOpOCThiO, C03.n;aeT B cpe.n;e none E = E1 + E2. 

06paTHOe B03.D;eHCTBJie Ha ~aCTHUY (B03.D;eHCTBHe IIOJISI, C03.D;aHHOrO ~aCTJI
uell:, Ha caMy ~acTHUY) oKa3hiBaeT CHJia F = ( eE)r=iit, 3.n;ecb rro.n;~epKHBa
eTcsr, ~TO 3Ha~eHJie IIOJISI HJ)KHO 6paTh B TO~Ke MeCTOIIOJIO)KeHJISI ~aCTJIUhi f' 
B Ka)K,ll;h!H MOMeHT BpeMeHH. Pa6oTa .n;eHCTBJIOII.leH Ha ~aCTHUY CHJihi paBHa 
HHTepecyromHM Hac rroTepsrM 3HeprHJI: 

.... .... ....v 
dW = Fdr= F-dr. 

v 
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06hi"'IHO Bhi"'IHCJI5IIOT llOTepH, llpHXO,I.{5IIUH8C5I Ha 8,I.{HHH:U:y ,I.{JIHHhl, T .e. 

dW1 (vE ... ). --=e-1. ' 
dr v r=vt 

dW2 (v ... ) -·- =e -E2 , 
dr v r=vt 

3,n:ec:b v /v - 8.IJ:HHH"'IHhlii BeKTop :8 HanpaBJieHHH .IJ:BH)K8HH.si "'laCTH:U:hl. MTaK, 

- - Re -z-- ... ... e -dW1 
{ . e

2 j kvik ik(r-vt)} 
dr - 27r2v k2c11 (k, kv) r=vt 

Re -z-- ... . { 
. e

2 J wo(w- kv)dkdw} 
27r

2v k2c11(k,w) (84) 
' 

3i'o Bhipa)K8HHe HM88T llpOCTOH cpH3H-qeCKHH CMhiCJI: OHO npe,n:cTaBJI5I8T Mepy 

ll0T8ph 3HeprHH "'laCTH:O:hi Ha 8.IJ:HHH:U:e ,I.{JIHHhi, KOTOpM o6yCJIOBJieHa pa60TOH 

Ha,n: H8IO BCJI8,I.{CTBHe C03.IJ:aHHOH 3TOH "'laCTH:U:8H llpO.IJ:OJihHOH llOJI5IpH3a:O:HH, 

nponopn:noHaJihHOH ct. To"'IHO TaK )1(8 nony"'IHM 

dW2 { i e j ...... v2
- w2 / k2 ... } -d = Re 2 -2 2 wo(w- kv) k

2 2 
I 2dkdw . 

r c 7r v - w E1. c (85) 

3TO Bhlpa)K8HHe Ollpe,n:eJI5I8T "'IepeHKOBCKHe llOTepH, T.e. llOT8pH 3HeprHH, 

CB5I3aHHh18 C B036J)K.IJ:8HH8M B Cpe,n:e nonepe"'lHOrO 3JI8KTpOMarHHTHOro ll0JI5I. 

3aMeTHM, KCTaTH, "'ITO J"'I8T llpOCTpaHCTB8HHOH .IJ:HCnepcHH H03BOJIHJI "'18TKO 

pa3,[{8JIHTh o6a BH,n:a llOT8ph - llOJI5IpH3a:U:HOHHh18 H"'IepeHKOBCKHe • 

.Lln5I .n:aJihHeiirnero npe.n:noJIO)KHM, "'ITO npocTpaHCTBeHHM .n:ncnepcH5I OT
cyTCTByeT: 

c1.(k,w) = c11 (k,w) = c(w), npH"'IeM w = kv. 

B 3TOM cnyqae 

dW1 
_ R { . e

2 J dk w } 
~- e -z27r2v· k2c(w) ' (86) 

-=Re -- dk 
(87) 

dW2 { i e2 ... fv(v 2
- (kvjk) 2)} 

dr • c
2 

27r2v j k2- (kv)2c(w)jc2 · 

IIpe.n:nonaranoch, llTO nornorueHne HClle3aiOrue-Mano, T.e. paccMaTpHBaiOTC5I 

npo3pal1Hhle cpe,n:hi, llTO BhiHJ)K,n:aeT nepe:HTH K npe.n:eny cim -t 0 B Bhipa)Ke-
HHH c =ere+ icim: 

z i i(crt: - icim) cim 
Re-- = Re . = Re = -----

c(w) ere+ iczm (crep + (cimp (crep + (cim)2' 
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. .. liir. 

McnoJih3J5I H 

llOJIJ"'IHM 

B nocne.n:Hee' 

CKOJihKJ TaKe 

nomrpH3an:no 
:, J. ' 

llOTeph T.5I~~ 
' c .. ~ -,' 

CBOIO 3HeprH: 

Bhi"'IHCJIH: 

Bhi6epeM oc1 

BB8,[{8M 

B 3THX nepe11 

dW2 e2 

~ = 7rC2 

B npe.n:ene cir 

lim~::irn-to 

B HOBo~'nepe 

. dvv 
dr 



(84) 

3TaBmreT Mepy 

meHa pa6oToii: 

IIOJI5IpM3aiJ;JIH, 

,(85) 

'epn: 3Heprn:n:, 

IMTHOrO IIOJI5I. 

3BOJIMJI lleTKO 

:ne·. · 

:ncrrepcn:5I OT-

(86) 

. (87) 

:aiplmaroTc5I 

0 B Bhipa)Ke-

:im)2' 

lim,<rn_,oRe e(~) = lim,<rn_,o [ (e"')' ~m(eim)' J = d[e(w)]. 

McrroJib3J5I M3BeCTHYIO cpopMyny 

IIOJIJllliM 

O(x) =lima-tO 
2 

a 
2

, 
x +a 

2 ... 
dW1 e j ... kv 
~ = 27rv dk k2 o[c(w)]. 

B rrocne.n;Hee Bhlpa)KeHn:e He Bxo.nn:T Macca qacTn:Uhl, n: 3TO ecTeCTBeHHo, rro

CKOJihKY TaKOH BM.D: IIOTepb 3Heprn:n: o6yCJIOBJieH IIOJHipn:3aUn:eii: Cpe,IJ;bi. l1TaK, 

IIOJI5IpH3aUMOHHbie IIOTepn: 5IBJI5IIOTC5I OCHOBHbiM MCTOliHliKOM 3HepreTMlleCKliX 

IIOTepb T5I)KeJibiX llaCTMU. (JierKMe llaCTliUbi, Hanpn:Mep 3JieKTpOHhl, Tep5IIOT 

CBOIO 3Heprn:IO B OCHOBHOM Ha TOp¥03HOe li3JIJlleHn:e.) 

BbitiMCJIMM 3HepreTn:tiecKn:e rroTepn: rrpn: qepeHKOBCKOM n:3JiytieHn:n:: 

dW2 e2 {. ...kv( v2
- (kvjk) 2

)} 

- = -Re zjdk ... . 
dr 27r2vc2 k2- (kv)2c(w)jc2 

Bhi6epeM och z no HanpaBJieHHIO .n;Bn:)KeHH5I qacTHUbl v = (0, 0, Vz = v) n 

BBe.n;eM 

B 3THX rrepeMeHHbiX 

. { i } ( 2 w
2 

w
2 

) lzme:i"'-toRe 2 2/ 2 2 ( )/ 2 = -1!"0 q + 2 - 2c(w) . . q +w V -Wf:W C V C 

B HOBoii: rrepeMeHHoii u = q2 

dW, e' 00 00 udu6( u + w2 
/v2

- w2e(w)/c') 
-=- r wdw r 
dr 2c2 1-oo lo u + w2 jv2 · 
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MHTerpan no u nerKo BbF-IHCJIHTb: 

rXJ { 1- c
2 

Jo ... du = v
2
t:(w)' 

0, 

c 
v>~ 

c ' v<~ 

H, llOCKOJibKY c ( W) = c* ( -W), OKOHlia TeJibHO ITOJIYliHM 

dW2 = ~ {
00 

1 _ 
2 

wdw . . 2 ( c2 ) 
dr c2 lo v c(w) 

llO.I(Be.zi;eM ·HTOrH. 

1. M3JiylieH:He BaBnJIOBa - Y:epeHKOBa B03HnKaeT JIHIIIb .I(JI.sr liacTn:u, .I(BH

)Kymnxc.sr co CKOpOCTbiO v > Vnopor = c/n (icHo: liTO '.I(OJI)KHO 6biTb 

n > 1). 

2. M3JiylieHne BaBnJioBa- Y:epeHKOBa 3aBncnT TOJibKO OT 3ap.sr.I(a liaCTH:Ubi 

H He 3aBHCHT OT ee MaCChi. 

3. CorJiaCHO rrpHHUHIIY riO:HreHca Ka)K,I(M TOliKa cpe.I(bi Ha rryTH 3ap.sr.I(a, 

.I(BH)Kymeroc.sr paBHOMepHo. n rrp.srMoJinHeiiHo. co. cKopocTbiO v > c / n ( w), 
CJIY)KHT HCTOliHHKOM c¢epnlieCKOM BOJIHbi, KOTOpM HCIIyCKaeTC.si B MO

MeHT npOXO)K.I(eHH.si 3ap.sr.I(a liepe3 3Ty TOliKy. BOJIHOBOM BeKTOp H3JIY

liaeMhlX BOJIH 06pa3yeT CO CKOpOCTbiO 3ap.sr.n:a yrOJI (), IIpHlieM COS () = 
cjvn(w). Ecnn rrpeHe6pelib .I(ncrrepcneil, T.e. 3aBncnMOCTbiO n OT 'W, 

TO 3a BpeM.sr t CBeT rrpoxo.I(nT rryTb (c/n)t, a IICTOliHHK (3ap.sr.I() -· rryTb 

vt = (c/ncos ())t. <PpoHT c¢opMnpoBaHHoro II3JiylieHH.sr .srBn.sreTc.sr orn-

6aiOmeii c¢epHlieCKHX IIOBepXHOCTe~ BOJIH H o6pa3yeT KOHyC C BepiiiH

HOM, COBIIa.I(aiOmeii C MrHOBeHHbiM IIOJIO)KeHIIeM 3ap.sr.I(a, OCbiO, KOTQ

pM COBIIa.I(aeT C HarrpaBJieHHeM IIpOJieTa liaCTHUbi, H yrJIOM paCTBOpa 

1T- 2(). 

4. J.bnylieHHe IIpHXO.I(HTC.si Ha BH.I(HMYIO H YJibTpa¢HOJieTOByiO liaCTH CIIeK

Tpa, T.K. ,I(JI.si fiOJiee KOpOTKHX BOJIH n = /$) < 1. 

• 5. Mo)KHO rroKa3aTb, liTO H3JiyliaeMa.sr ::meprH.sr HMeeT xapaKTepHoe crreK-

TpanbHoe pacrrpe.I(eJieHHe. 

3¢¢eKT BaBHJIOBa - Y:epeHKOBa Haiiien IIIHpoKoe rrpHMeHeHHe B ¢H3HKe, 

HaiipHMep B liepeHKOBCKHX ClieTliHKaX, KOTOpbie II03BOJI.siiOT OIIpe.I(eJIHTb Be

JIHliHHy H HarrpaBJieHne CKOpOCTH 3JieMeHTapHOM liaCTHUbi (cos () = cjnv), 
ee 3ap.si.I( (dW2jdr rv e

2
), IIpHlieM MO)KHO JierKO OTJIHliHTb liaCTHUbi C 3Jie

MeHTapHbiM 3ap.si.I(OM q (::meKTpOHbi, IIpOTOHbi H T.II.) OT .si.I(ep C 3ap.sr.I(OM 
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Zq, a Tal 

HO pa3Hbi 

IIIHpOKO .Ji 

rnil. 

0TMe~ 
,· ', 

cnyliaeM, 

KY aTOMH 

pe3YJibTa 

c xapaKTI 



rHU, .IJ;BH

:HO 6biTh 

qaCTHUhl 

• 3apH.n;a, 

· c/'l}(w), 
CHB MO

)p H3Jiy-

COS () = 
nOT W, 

) -- nyTh 

rcH orn

Bepnm-

J, KOTQ

'1CT110pa 

:u cneK-

'e cneK-

pH~HKe, 

1Th Be

cjnv), 
c ::me

LpH.n;OM 

Zq, a TaK)Ke oT.n;enHTh .n;pyr OT .n;pyra qacTHUhl c paBHhiMH HMnynhcaMn, 

HO pa3HhiMH MaccaMH ( Vnopor = Pnopor I m)' TI03TOMY qepeHKOBCKHe cqeTqJIKH 

IIIHpOKO HCTIOJih3YIOTC.H Ha YCKOpHTemrx H B006I..Ue B ¢H3HKe BhiCOKHX 3Hep

rHM. 

0TMeTHM1 qTO npHMeHHMOCTh KJiaCCHqecKOrO paCCMOTpeHH.H OrpaHHlleHa 

cnyqaeM, Kor.n;a 3a BpeMH nponeTa qacTnua He ycneBaeT Bhi3BaTh nepecTpoii

KY aTOMHhiX.3JieKTpOHOB, T.e. MaKpocKonnqecKoe paccMOTpeHne .n;aeT BepHhle 

pe3yJihTaThl .IJ;JIH fihiCTphiX qaCTHU, CKOpOCTh KOTOphiX BeJIHKa ITO CpaBHeHJIIO 

C xapaKTepHOM CKOpOCThiO BHyTpHaTOMHhiX npOUeCCOB. 
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III. TEH30P 3HEPrMM-JriMITYJihCA 

OBmiriE ITOJIQ)I(EHiri51 

Bbino noKa3aHo, t.ITO II3 ypaBHemn1: MaKcBenna cne.n.yeT TeopeMa IToiiH

Timra o coxpaHemm 3Hepnm B o6nacTn ,3JieKTpoMarHHTHbiX .smneHnii. YI.nen 

MnHKOBCKoro HaBo,n.srT Ha.MbiCJib o Heo6xo.nnMOCTH o6net.Ib nonyt.IeHHble Bbl

pa)KeHn.sr .nn.sr 3Heprnn 3JieKTpoMarHHTHoro non.sr n BeKTopa IToiiHTHHra B 

t.IeTbipexMepHblii "Hap.sr.n", npn 3TOM BnonHe npaB.nono.no6Ho Bbrrn.sr.nnT npe.n

noJio)KeHne 0 TOM, t.ITO 3Heprn.sr H HMnyJibC .UOJI)KHbi o6pa30BaTb e.D.HHbiH pe

JI.siTHBHCTCKHH KOMnJieKC, no.uo6HO TOMY KaK ,UJI.si t.IaCTHllbl OHM 06'be,UHH.siiOTC.si 

B BeKTOp 4-HMnyJibCa. )lJI.sr TOrO t.IT06bi CKOHCTpynpoBaTb TaKOH KOMnJieKC, 

ncnoJib3yeM Te )Ke paccy)K.1leHn.sr, ·t.ITO n npn BhiBo.n;e Bbrpa)KeHn.sr 3Heprnn no 

3a.IJ;aHHOH cpyHKUHH JTarpaH)Ka B HepeJI.siTHBHCTCKOH MexaHHKe. 3TOT BbiBO.Il 

ocHoBaH Ha He3aBHCHMOCTH cpyHKUHH JTarpaH)Ka oT BpeMeHn .nmr 3aMKHYTbiX 

CHCTeM. ITo.n;cTaHOBKa ypaBHeHHH .UBH)KeHH.si B Bblpa)KeHHe nOJIHOH np01I3-

BO.IJ;HOH no BpeMeHH OT JiarpaH)KeBOH cpyHKUHH npHBO.UHT K COX!JaH.siiOIUeiic.sr 

BeJIHt.IHHe, KOTOpM, KaK JierKO y6e.n;HTbC.si, OKa3biBaeTC.si ::meprneii. 

)lonyCTHM, t.ITO COCTO.siHHe paCCMaTpHBaeMOH cpH3Ht.IeCKOH CHCTeMbl 3a

.n;aHO nepeMeHHbiMH q(J.L) = q(J.L)(x0
). B3.srTblii B CK06Kn nH.n;eKc J1, onpe.nen.sreT 

t.IHCJIO He3aBHCHMbiX nepeMeHHbiX, OnHCbiBaiOIUHX 3TO COCTO.siHHe, HanpHMep, 

B 3JieKTpO.IlHHaMHKe jJ, = 0 ... 3, a nOJieBbiMH nepeMeHHbiMH .siBJI.siiOTC.si KOMIIQ

HeHTbl noTeHunana AJ.L. t.IacTo BBo.n;.srT y.no6Hoe o603Hat.IeHne 

q(;)a = 8q(J.L) /8x0
, 

KOTOpOe 6y.UeT HCnOJib30BaHO B ,naJibHeiimeM. 

B o6rn;eM CJiyt.Iae .n;eiiCTBHe cpH3Ht.IeCKOH CHCTeMbi MO)KHO 3anncaTb B BH,Ue 

W = f A(q(J.L); q(;)
0

)dVdt = ~ f A(q(J.L); q(;~)d0. (88) 

no onpe.neneHHIO .neiiCTBH.si J A(q(J.L); q(J.L)Q)dV - narpamKHaH paccMaTpHBae

MOH cncTeMhr, no3TOMY .srcHo, t.ITO A( d(J.L); q(~)a) nJIOTHOCTb narpaH)KHaHa. 

3apaHee OTMeTHM, t.IT.O ,UJI5I 3JieKTpOMarHHTHOrO IIOJI.si 

W3n.Mar = - _1_ f paf3 F. dV dt 
167!" a(j 

===? A:m.Mar 1 pa/3F. = ---. a/3· 
167!" 

(89) 

Pa.UH ynporn;eHH.si 3aiiHCH OT6pOCHM 3aKJIIOt.IeHHble B CK06KH HH.UeKCbi H npo

BapbHpyeM ,neiiCTBHe (88), a 3aTeM, COrJiaCHO IIpHHllHIIY HaHMeHbliiero ,neii

CTBH.si, ,UJI.si TOrO t.IT06bi IIOJIYt.IHTb ypaBHeHH.si nOJI.si (ypaBHeHH5I ,UBH)!(eHH.si), 
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npnpaB 

Ylcnonb 

IIOJIYt.Illl 

BTopofi 

faycca 

npOCTpc 

ypaBHeH 

8A 
8q 

Pacc;_10'l 

TOCT:b Cl 

H IIJIOTHC 

narpami 

no x0
: 

ilo.n;cTaB 

OTKy.Ua C 

- TeH30: 

narpamK 



~opeM~ . ITonH-

3JieHnn .•. I1.n;en 

IJtjeHHhie Bhl

flon,HtHHra B 

rmr.n;HT npe.n;

h e.D;HHhin pe

D'he,D;HHHIOTCH 

On KOMnJieKC, 

sr ::meprnn no 

3TOT BhiBO.n; 

[ 3aMKHJThiX 

lJIHOn npOH3-

paHHIOIUenCH 
. -·· 

~n~ 

CHCTeMhi 3a

~ onpe.n;ensreT 

~, HaiipHMep, 

!OTCH KOMno-

ICaTh B BH.D;e 

(88) 

CMaTpHBae

rpamKHaHa. 

:KChi ll npo

hiiiero .n;en

J:BH)KeHnsr), 

npnpaBHHeM Bapnan;niO HYJIIO: 

1 /(8A 8A ) 6W = ~ {)q 6q + {)q ,a 6q ,a dO. = 0. 

J1cnOJih3JH .n;aJiee OT.J:eBH,ll;HOe paBeHCTBO 

8 ( 8A ) 8A 8 8A 
oxa 8q ,a c5q = 8q ,a c5q ,a + c5q oxa 8q ,a' 

nOJIJT.IHM 
t 

1 I ({)A {) 8A ) 1 I {) ( {)A ) - ---- 6qd0.+- dO.- -6q =0. 
c 8q {)xa oq ,a c oxa 8q ,a 

BTOpOn llHTerpaJI 3TOrO COOTHOIIIeHHH nOCJie npeo6pa30BaHHH no TeOpeMe 

raycca o6pamaeTCSI B HYJih, T.K .. llHTerpHpOBaHHe pacnpOCTpaHeHO Ha BCe 

npocTpaHCTBO. Teneph, 6naro.n;apH npon3BOJihHOCTH 6q, Mhi MO)KeM 3anncaTh 

ypaBHeHHH nomr B BH.D;e 

8A 8 8A _ 
0 aq - axa aq ,a -

aA a aA 
aq(IJ.) - axa aq(IJ.) = 0). 

,a 
( HJIH, eCJIH yrO.D;HO, (90) 

PaccMoTpnM 3aMKHYTYIO ¢n3nT.J:ecKyiO cncTeMy. MaTeMaTnT.J:eCKH 3aMKHY

TOCTh CHCTeMhi Bhipa)KaeTCH B TOM, '-ITO <flYHKD;HH JTarpaH)Ka, a BMeCTe C Hen 

ll nJIOTHOCTh JiarpaH)KllaHa He 3aBHCHT HBHO OT X a ( B KJiaCCHT.J:eCKOn MexaHHKe 

narpaH)KHaH He 3aBncen HBHO oT BpeMeHn). ITo.n;cT.J:nTaeM npOH3BO.n;HyiO OT A 

aA aA aq aA aq (3 
-=---+----'. 
axa aq {)xa aq ,(3 axa 

ITo.n;cTaBHB ypaBHeHHH noJIH, nonyT.J:nM 

art= 0 
axf3 ' 

a A 
Tf3 = q · -· - c)f3 A 

a ,a aq a 
,(3 

(91) r.n;e 

··- TeH30p 3HeprHH-HMDYJibCa (T3JII) <flH3HT.J:eCKOn CHCTeMhi, nJIOTHOCTh 

narpaH)KHaHa KOTopon A. Ecnn noneBhiX nepeMeHHhlX HecKOJihKO, TO 

. (92) 
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B l:JaCTHOCTH, ,[(JI.SI ::meKTpOMarHHTHOrO non.sr 

13 _ 8A~' . 8A . 13 
Ta - OX 0 • 8(8AI'j8xf3) - 6aA, A= --1-F~'v F~tv· 

161!" 
(93) 

Mo>KHO noKa3aTh, l:JTO paBeHCTBO Hymo "tJeThipexMep~w:H ,[(HBepreHn;HH oT 

KaKOrO-nH60 reOMeTpHl:leCKOrO 06'heKTa ::lKBHBaneHTHO COXpaHeHHIO HHTerpa

na OT ::JToro o6'heKTa no rHnepnoBepxHoCTH, 3aKmo"tJarome:i1: B ce6e Bee Tpex

MepHoe npocTpaHCTBO. Mhl He 6y.[(eM ,[(OKa3h!BaTh ::!TO yTBep>K.[(eHHe cTporo, 

OrpaHI:Il:JHBa.SICh HaBO,[(.Silil1IM1I C006pa>KeHH.SIM1I: ypaBHeHHe HenpephiBHOCTI:I 

8j~' 

ox~' = 0 ===? 
8p 
8t + div] = 0 ===? a I f ...... ot pdV =- jdS 

.SIBn.SieTC.SI MaTeMaTHl:JeCKHM OT06pa>KeHHeM 3aKOHa COXpaHeHH.SI 3ap.sr.[(a. C 

.[(pyro:i1: CTOpOHhi, COXpaH.SIIOlilHMC.SI nOnHhiM 3ap.SI.[( eCTh 

I pdV = ~I j 0
dV = ~I j~'dS~' 

(nocne.[(Hee HHTerpHpoBaHHe Be.[(eTc.sr no 4-rHnepnoBepxHOCTH opToroHanhHOM 

OCH x0 , l:JTO 03Hal:JaeT HHTerpHpOBaHHe no BCeMy TpexMepHOMY npOCTpaH

CTBy). TaKHM o6pa3oM, paBeHCTBO 8j~' j8x~' = 0 oTpa>KaeT coxpaHenHe 

f j~'dSI', ananorHl:JHO 3TOMY npHMeM, l:JTO oT! joxf3 = 0 .[(On>KHO OTpa>KaTb 

coxpaHeHHe f T! dS 13 . BBe,[(eM coxpaH5IIOlllyroc.sr Beni:I"tJHHY 

Pa = canst ·IT! dS13, 

¢H3H"tJecKH:i1: CMhiCn KOTopo:H HeTpy.[(HO Bbi.SICHHTh. CornacHo (92) 

rg = q(8Aj8q)- A, 

T.e. Tg Bbipa>KaeTC.SI 1:!epe3 nnOTHOCTb narpaH>KI:IaHa TaK >Ke, KaK 3Hepr1I5I 

-qepe3 ¢YHKD;1IIO JiarpaH>Ka. ITo::lTOMY .SICHO, l:JTO rg - nnOTHOCTh 3HeprHH, 1I 

ecnH Bbi6paTh canst= 1/c, To 

pa = ~·I raf3dsf3 

6y.[(eT He l:JeM I:IHbiM, KaK 4-BeKTOpOM HMnynhCa pa = {Ejc,P}. 
CymeCTBYIOT C006pa>KeHH.SI, KOTOpbie CBO,[(.SITC5I K Tpe6oBaHHIO CHMMe

TpH'lJHOCTH T3H 4JH3H'lJeCKHX noneii. lbno:>KeHHe nHx coo6pa>KeHm1 

He yKna.[(hiBaeTC.SI B OTBe,[(eHHbie HallieMy Kypcy paMKH, nO::lTOMY npi:IMeM 6e3 
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.[(OKa3a Tem 

CKOnbKY·P 

3aBI:ICI:IMOC 

KaTh nyTb 

KpOeTC.SI B 

T3l1 oTnE 
HMnynbCa : 

npocTpaHc 

ecnH KTOJ 

CHMMeTpl:I' 

nynro .[(I:IBE 

,[(eKcy cne.rr 

TO I:I3 oT0 P 

3aHHhle yc; 

nO::lTOMY · 3' 

T3l1, l:JTO, 

T3l1 ::JneK~ 
Cl>I:I3I:Iq€ 

Bhirne: ecn 
::JHeprHH, c: 

KOMITOHeHT 

a=O 

lJpOI:IHTer} 

peMy faye 

JleBa.sr qac· 

HOM B HeKO 

TOK 3Hepp 

nnOTHOCTh 

Ta BeKTOpl 

e.[(I:IHI:IUY B 

ITOBepXHOC~ 

MeHI:ITenbE 

lJOMHTI:IHr< 



I• (93) 

~preHiiiiii OT 

l:IIO. IIHTerpa-

6e;BCe Tpex

~HIIe CTporo, 

~PhlBI:iocTII 

3ap.sr.n;a: C 

oroiianbHOH 

npOCTpaH

COXpaHeHIIe 
, .. 

I OTpa)KaTb 

• K 3Hepr1I.sr 

mepnm, II 

> C:U:MMe

)pa)KeHJill 

mMeM 6e3 

.D;OKa3aTeJihCTBa, liTO T311 .n;omKeH 6hlTb CIIMMeTpiilieH ra./3 = Tf3a.. IIo

CKOJibKY CIIMMeTpiiliHOCTb T311 COrJiaCHO Onpe.n;eJieHIIIO (93) nOCTaBJieHa B 

3aBIICIIMOCTb OT BII.D;a nJIOTHOCTII ¢YHKUIIII JiarpaH)Ka A, nOnhlTaeMC.si OTbiC

KaTb nyTb CIIMMeTpii3aUIIII T311. O.n;Ha II3 B03MO)KHOCTei'r CIIMMeTp1I3aUIIII 

KpoeTc.sr B Heo.n;H03HaliHOCTII Bhl6opa T3M. JierKo BII.n;eTh, liTO, ecJIII .n;Ba 

T3M OTJIIIliaiOTC.sr Ha 4-.n;IIBepreHUIIIO, a IIHTerp1IpoBaHIIe B onpe.n;eneHIIII 4-

IIMnynhca npoBO.D;IITC.sr no riinepnoBepxHOCTII, 3aKJIIOliaiOIUei'r Bee TpexMepHoe 

npocTpaHCTBO, o6a T311 npiiBo.n;.srT K o.n;HOMY II TOMY )Ke Bhlpa)KeHIIIO P 0
• A 

eCJIII K · TOMY )Ke 3Ta .D;IIBepreHUII.si eCTb npOII3BO.D;l!M no O.D;HOMY II3 aHTII

CIIMMeTpiiliHbiX IIH.D;eKCOB HeKoero TeH30pa TpeThero paHra, TO II3 paBeHCTBa 

HYJIIO .n;IIBepreHUIIII o.n;Horo II3 T3M no .n;pyroMy aHTIICIIMMeTpiiliHOMY IIH

.n;eKcy cne.n;yeT o6pameHIIe B HYJih .n;IIBepreHUIIII BToporo T311. 11TaK, ecJIII 
I 

, 81/Ja./3'"( 
Ta.fJ = TafJ + ax

7 
, r.n;e 1/JafJ'"f = -1/J07fJ, (94) 

TO II3 arafJ l8xf3 = 0 CJie.n;yeT ay:XfJ l8xf3 = 0. TaKIIM o6pa30M, .n;Ba T311, CB.si-

3aHHbie yCJIOBIIeM (94), OTHOC.siTC.si K O.D;HOMY II J'OMy )Ke ¢1I31IlieCKOMY nOJIIO, 

n03TOMY 3TO ycJIOBIIe MO)KHO nhiTaThC.si IICnOJib30BaTb ,lJ;JI.si CIIMMeTpH3aUIIII 

, T311, liTO, KaK 6y.n;eT noKaJaHo .n;anee, npiiBO.D;IIT K HY)KHOMY pe3yJihTaTy .n;n.sr 

T311 3JieKTpoMarHIITHoro non.sr. 

¢1I31IlieCKIIll CMbiCJI HeKOTOpbiX KOMnOHeHT T311 .srceH II3 II3JIO)KeHHOfO 

Bblllle: eCJIII Ta{J- T311 KaKor0-TO ¢1I31IlieCKOf0 noJI.sr, TO T 00 eCTb nJIOTHOCTb 

3Hepr1III, a T 0i I c - nJIOTHOCTb IIMnyJibCa 3TOrO non.sr. QMbiCJI OCTaJibHbiX 

KOMnOHeHT JierKO ycTaHOBIITb, pacniiCaB 'coOTHOilleHIIe arafJ I 8xf3 = 0. lln.sr 

a=O 

IlpOIIHTerpiipye:\1 noJiylieHHOe no Tpex:'.1epHOMY 06'heMy II IICnOJib3yeM Teo

peMy raycca, TOr.n;a 

:t I roodv = -c f TOidSi . 

JieBM liaCTb paBeHCTBa - II3MeHeHIIe BO BpeMeHII 3Hepr1III noJI.sr, 3aKJIIOlieH

HOll B HeKOTOpOM 06'heMe V, n03TOMY .siCHO, liTO Bbipa)KeHIIe cnpaBa - 3TO nO

TOK 3Hepr1III qepe3 nOBepXHOCTb, OrpaHIIliiiBaiOIUYIO 3TOT 06'heM, T.e. cT0i -

nJIOTHOCTb nOTOKa 3Hepr1III (B CJiyliae 3JieKTpOMafHIITHOf0 nOJI.si i-KOMnOHeH

Ta BeKTOpa IlOHHTIIHra), .npyriiMII CJIOBaMII, 3TO 3Hepr1I.sr, BbiTeKaiOIU~ B 

e.n;IIHIIUY BpeMeHII liepe3 e.D;IIHIIliHYIO nJIOIUa.n;Ky B HanpaBJieHIIII HOpM8JIII K 

nOBepXHOCTII. (CB.sr3aHHOe C nOCJie.D;HIIM YTBep)K.neimeM COOTHOilleHIIe npii"" 

MeHIITeJihHO K 3JieKTpOMafHIITHOMY nOJIIO eCTb He liTO IIHOe, KaK TeopeMa 

IlOHHTIIHra B OTCYTCTBIIe 3ap.sr.n;OB II TOKOB.) 
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ItlHTepeCHO OTMeTHTh, liTO ,l(JUI npOH3BOJibHOrO qlli3HlieCKOrO nomr, COCTQ

j!HHe KOTOpOrO 3a.n;aeTCji nJIOTHOCThiO JiarpamKHaHa A, nonyTHO noJiylieHO CQ

OTHOilleHHe, CBji3biBaiOIUee nJIOTHOCTb nOTOKa ::meprHH 3TOrO nOJiji ai = cT0i 

c > nJIOTHOCThiO. ero HMnyJihCa gi = T 0i I c:. 

. ai 
gz- ___.:. 

- c2' 

fiO.n;liepKHeM, liTO Tpe6oBaHHjl peJij!TliBHCTCKOM HHBapHaHTHOCTH TeOpHH, OT

paJKeHHble B TeH30pHOM xapaKTepe T3I1, aBTOMaTHlieCKH njmBO.l(j!T K Ta

KOM CBji3H, KOTOpyiO, B CYIUHOCTH, MO)KHO CliHTaTb "3apO.l(blllleM" KBaHTOBbiX 

H.l(eM B "lipeBe" KJiaCCHlieCKOrO peJij!TliBHCTCKOrO nO,l(XO.n;a. lleMCTBHTeJihHO, 
' . 

nOCKOJihKY BMeCTe C 3HeprHeH nOJiji nepeHOCHTCji II HMnyJihC, ecTeCTBeHHhiM 
._ . 

BhirJij!.l(liT npe.n;nOJIO)KeHHe 0 TOM, liTO HX nepeHOCliHKOM jiBJijieTCji HeKM rH-

nOTeTHli€CKasi liacTnua. B liaCTHOCTH, B cnyliae 3JieKTpoMarHHTHOro noJijl 

3Ta liaCTHUa ,l(OJI)KHa nepeMeip:aTbCj! CO CKOpOCThiO pacnpOCTpaHeHHj! 3JieK

TpOMarHHTHbiX B3aHMO,l(eMCTBHII - CKOpOCThiO CBeTa, n03TOMY OHa He MO)KeT 

o6na.n;aTh Mace oil. noKojl. 

llJij! Bblj!CHeHHji fPH3Hli€CKOrO CMbiCJia. OCTaBillHXCji KOMnOHeHT nOJIO)KHM 

a = i, Tor.n:a 
[)TiD 0yik 
OXO + fJxk = 0 

H IIOCJie .HHTerpHpOBaHHji no 06'heMy nOJIYliHM 

~~ Jrwdv =- frikdsk. 
c f)t . 

I1Halie rOBOpji, liepe3 IIOBepXHOCTh, OrpaHHliHBaiOIUYIO Bhi.n;eJieHHhiM 06'heM 

paccMaTpHBaeMoro fPH3HliecKoro noJij!, "BhiTeKaeT HMnynhc", nJIOTHOCTh no

TOKa KOToporo Tik o6ycnoBJieHa H3MeHeHHeM HMnynhca BO BpeMeHH (neBasr 

liaCTh ITOCJie.n;Hero paBeHCTBa), HJIH, .n;pyrHMH. CJIOBaMH, yik - CHJia, C KOTQ

pOH none .n;eMCTByeT Ha e.n;HHHliHYIO nnorua.n;Ky B HanpaBJieHHH HOpMaJIH K IIO

BepXHOCTH, no3TOMY Tik Ha3hiBaiOT TeH3opoM aanpjDKennii H o603HaliaiOT 

aik. TaKHM o6pa3oM, npocThle paccy)K.l(eHHj! no3BOJIHJIH Bhij!CHHTh ¢n3Hlie

CKHil CMhiCJI Ka)K.l(OM H3 KOMnOHeHT T3 I1 npOH3BOJibHOro nOJij! C nJIOTHOCThiO 

¢YHKUHH JiarpaH)Ka A. 

TEH30P 3HEPrHH-HMIIYJihCA 3JIEKTPOMArHHTHOrO 
IIOJI5I 

Hall:.n;eM Bhipa)KeHHe T3I1 3JieKTpoMarHHTHoro noJij!, ncnonh3Yjl cooTHO

IlleHHjl npe.n;hi.n;yruero nyHKTa, H B nepByiO Oliepe.n;h onpe.n:enenne 

f3 _ fJAtl aA f3 · _ 1 t£v 

Ta - fJxn . fJ(fJAiljfJxf3) - oaA, A- -167rF Ft£v· 
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.llJijl BhlliHCJieE 

6A 

3aMeHHB B nO 

H {3 Ha a H y 
nOJij!, nOJIYliHll 

6A = 

liTO n03B0Jijle1 

O.n:naKo no HE 

caHHhiM B npe; 

TaKasr .rio6aBK 

TeJibHO, 

T.K. B ·oTCyTC 

BH.l( 

B pe3yJihTaTe 

J1erKO BH.l(eTh: 

.n:naronaJihHhi)( 

Bhlpa3HM : 

CKOrO H MarHH 

E2). 



0 IIOJI.sr; COCTQ

) IIOJiylieHO C0-

IOJI.si ai = cTOi 

m: :reop,nn, OT

IHBO.l{~T , K Ta

v.I", KBaHTOBbiX 

·~CTBHTeJibHO, 

~CTeCTBeHHbiM 

TC.si HeKa.sr I'H

'IHTHOI'O IIOJI.si 

laHeHH.si 3JieK

)Ha He ·MO)KeT 

~HTr; IIOJIO)KHM 

~HHbill 06'beM 

10THOCTb IIO

~MeHH ( JieBa.sr 

Hna, C, KOTQ

)pMaJIH K II0-

0603HaliaiOT 

HTb <f>H3Hlie

IIJIOTHOCTbiO 

~HTHOrO 

.fln.sr Bbi'IHCJieHH.si IIpOH3BO.l{HOll OT IIJIOTHOCTH JiarpaU>KHaHa Haii,neM 

6A = --1
- (Faf36Faf3 + Fap6Faf3) = _ _.!_Faf36Faf3 = 
1~ ~ 

_ _.!__ Fa/3 6 ( 8Ap _ BAa) . 
8rr axa 8xf3 

3aMeHHB B IIOCJie.l{HeM CJiaraeMOM HeMhle HH,l{eKCbi CYMMHpOBaHH.si a Ha j3 
11 j3 Ha a 11 YliHThlBa.sr aHTHCHMMeTpHliHOCTh TeH3opa 3JieKTpoMarHHTHOro 

IIOJI.si, IIOJIYliHM 

liTO II03Bon.sreT BhliiHCaTh KOBapHaHTHhie KOMIIOHeHThi T3M: 

ra/3 = - 2_ BAIL Ff3 _1_ af3 FILV F 
4rr Bxa IL + 16rr 9 ~LV' 

O,nHaKo 3TO He CHMMeTpHliHhiii TeH30p. CHMMeTpH3yeM ero, HCIIOJih3y.sr OIIH

caHHhiii B IIpe,nhl.l{ylUeM IIYHKTe IIpHeM, IIpH6aBHB K HeMy 

2_ aAa pf3 
4rr axiL IL' 

TaKa.sr .z:io6aBKa OTHOCHTC.si K pa3p.sr,ny .l{OIIYCTHMbiX (eM. (94)), ,neiiCTBH-

TeJihHO, 

aAa pf31L =_!_A a F/31L- Aa8Ff31L = _!_A a pf31L 
axJ.L axJ.L axiL axJ.L ' 

T.K. B OTCYTCTBHe HCTOliHHKOB BTOpa.sr IIapa ypaBHeHHll MaKCBeJIJia HMeeT 

B pe3yJihTaTe IIOJIYliHM Bbipa)KeHne T3M 3JieKTpoMarHHTHoro IIOJI.sr B BH,ne 

ruf3 = - 2_ paiL pf3 + _1_gaf3 FILV F 
4rr J.L 16rr ~LV ' 

T a _ 1 paiLF 1 mp1Lvp 
{3 - --4 /31! + -6 Up /LV' rr 1 rr 

(95) 

JierKO BH.l{eTh, liTO Taf3 - CHMMeTpHliHbill TeH30p, C paBHOll HYJIIO CYMMOll 

.l{HarOHaJibHbiX KOMIIOHeHT: 

raf3 = rtJa, Tr(T;) = r:: = 0. 

Bbipa3HM KOMIIOHeHThi TeH3opa Tff liepe3 Haiip.sr)KeHHOCTH 3JieKTpHlie

cKoro n MarHHTHoro IIOJieii, HMe.sr B BH,ny, liTO HHBapnaHT F~Lv FILv - 2(H2 -

£2). 
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e .Ilmr IIJIOTHOCTII ::mepriiii 3JI€KTpOMarHIITHOrO · IIOJI.SI W IIM€€M 

T.O = - __!.__ F0
JL Fo + _3_ ( H2 - E 2) = - __!.__ F0k Fok+ __!.__ ( H 2 - E 2) 0 47r JL 167r 47r . 87r 

JtlTaK, 

= _!.__Ek Ek + _!.__(H2- E2) = E2 + H2 
47r 87r 87r 

W= E2+H2 
87r 

e . .Ilmr KOMIIOH€HT IIJIOTHOCTII IIMIIJJihCa gi IIM€€M 

. 1 . . 1 'k 
T,l = --FlJLF.o = --Fl F.ok 0 47r . JL 47r ' 

T.e. 

1 1 1k 1 12 13 ) 1 ..., _,]X 
T0 .=-47rF Fok=- 47r(F .Fo2+F F03 = 

4
7r[E,H. 

Tot.IHO TaK )Ke MO)KHO y6e.n;IIThc.sr, t.ITO 

r,i = __!.__ [E fiJi 
0 47r ' 

1 .... .... 
==} 9i = -

4 
[E,H]i, 

7rC 

a BeKTop IIoiiHTIIHra 
_. c -+ _, 

S = -[E,HJ. 
47r 

e .IlJisr KOMIIOH€HT T€H30pa Ha!Ip.s!)K€HIIH, KOTOpblH Ha3hiBaiOT MaKCBeJI

JIOBCKHM TeH30pOM Hanpji)KeHHH, IIMeeM 

I:i = _!.__{Ei E +Hi H - ~c5i (E2 + H2)} 
k 47r . k k 2 k . 

IIo,n:ct.IIITaeM .n;IIBepreHUIIIO T3H 3JI€KTpoxrarHIITHoro rromr: 

aT; = __!.__ ( ~ Fttv a Fttv - Fa'Y a F/3'Y - F a Fa'Y) . 
axa 47r 2' ax/3 axa 131 axa 

HcrroJih3y.sr ypaBHeHII.sr MaKcBeJIJia 

IIM€€M 

aFtJ.v 
ax/3 

aF1311- aFv/3 ------· 
axv axJL ' 

aFa"f 47r ''Y 
-~=-J' axa c 

aT;= _!.__(-~FjJ.vaF!3JL- FtJ.VaFv/3- Fa'YaF/3"(- 47r F P). 
axa 47r 2 axa axJL axa c 131 
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Ilepeo6o3Hat.IJ 

€MOM V Ha a 
aHTIICIIMM€TI 

.IliiBepreHUIISI 

€CT€CTB€HHO, 

rrpaBM t.IaCTJ 

t.IaCTIIUal\m. 
/ > 

XO.IJ:IIMO IIJIII. J 

TOl.J:HIIKOB •. ()1 
T3 11 ciicTeM: 

II t.IaCTIIU, IIJ 

II paHee, 6y,n:1 

.Iln.sr orrpe 

CTpaHCTB€'0I 

TOMy, KaK BE 

r .n:e Ta - pa.n: 

BC€ t.IaCTIIUh: 

IIOMHIIM; l.J:TC 

· rrpocTpaHc 

KOMIIOH€HThl 

T.e. 

AHanoriit.IHO 

"ToKa" Mace 

TOr,n:a SICHO, 



vtaKCBeJI-

). 

IIepeo6o3Ha'llnM "HeMhie" nH.neKCbi cyMMnpoBaHn.sr, 3aMeHnB B nepBOM cJiara

eMoM lJ Ha a ll fJ, Ha /, a BO BTOpOM - fJ, Ha a ll lJ Ha /, llCTIOJib3J.si 3aTeM 

aHTHCHMMeTpH'llHOCTb TeH3opa Ff.l-v, noJiy'llnM 

LlnBepreHun.sr T8I1 ::meKTpoMarHHTHoro noJI.sr He o6pamaeTc.sr B HYJih, n ::lTO 

eCTeCTBeHHO, TIOCKOJibKJ llCTIOJib30BaHa BTOpa.sr napa ypaBHeHllH MaKCBeJIJia, 

npaBa.sr 'lJaCTb KOTOpbiX npe.ncTaBJieHa llCTO'lJHHKaMll llOJI.si - 3ap.sr:>KeHHhiMll 

'llaCTHUaMll. LlJI.sr TOrO 'lJT06hi TIOJIJ'llllTb llC'lle3aiOillJIO .ZJ;llBepreHUlliO, He06-

XO.ZJ;llMO llJill npHH.siTh, 'liTO paCCMaTpHBaeTC.si 06JiaCTb npOCTpaHCTBa 6e3 llC

TO'lJHllKOB (j'Y = 0), llJill C'llllTaTb, 'liTO, npn HaJill'llllll 3ap.sr:>KeHHbiX 'llaCTllU, 

T8 I1 cncTeMhi npe.ncTaBJI.sreT co6oii: ,cyMMY TeH3opoB ::lHeprnn-nMnyJihca noJI.sr 

ll 'llaCTllU, npn'lleM 'llaCTllUbl .siBJI.siiOTC.si llCTO'lJHllKaMll TIOJI.sr, ll ll03TOMJ, KaK 

ll paHee, 6y,neM C'llllTaTb llX HeB3allMO.ZJ;eHCTBJIOillllMll. 

LlJI.sr onpe.neJieHn.sr T8I1 'llaCTHU npnMeM, 'liTO pacnpe.neJieHne Mace B npo

CTpaHCTBe onnchmaeTc.sr Ha .sr3hi:Ke nJIOTHOCTH Macchi. BBe.neM ee aHaJiorn'llHO 

TOMJ, KaK BBO.ZJ;llJiaCb TIJIOTHOCTb 3ap.sr.na 

J1,(rJ = L mac5(r- ~), 
a 

r.ne ~ - pa.nnyc-BeKTOp a-li: 'llaCTHUhi, a cyMMnpoBaHne pacnpocTpaHeHo Ha 

BCe 'lJaCTllUbl. fiJIOTHOCTb llMTIJJibCa 'llaCTllUbl 3aTIHIIIeTC.si B Bll.ZJ;e f.J,CUi. (Ha

TIOMHHM, 'liTO 

npocTpaHCTBeHHM KOMnoHeHTa 4-cKopocTn). Bbiiiie 6hiJIO noKa3aHo, 'liTO 

KOMnoHeHTbi ('r0i /c) T3lil coBira.naiOT c KOMnoHeHTaMn 3-BeKTopa nMnyJihca, 

T.e. 

7 oi -. f.J,C2Ui. 

AHaJiorn'llHO 4-BeKTopy nJIOTHOCTll TOKa 3ap.sr.noB BBe.neM 4-BeKTOp nJIOTHOCTn 

"ToKa" Mace 
dx 0 

f.J,dt' 

TOr,na .siCHO, 'liTO TIJIOTHOCTb MaCChi 6y.n;eT BpeMeHHOH KOMTIOHeHTOH 4-BeKTOpa 
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cne,n;OBaTenhHO, T3H CHCTeMbl HeB3aHMO,z:teHCTBYlOI.UHX qaCTHI.J; eCTh 

dxa dxfl ds H· · V2 
Tcx{J = J1C-- = J1CUcxU{J- = J1C2UcxU{J 1- -. 

dt ds dt c2 

Haii.n;eM .n;nBepreHniuo :noro TeH3opa: 

ihff a ( dxcx) . dxcx au{J 
8xcx = CU[J 8xcx. J1 dt · + J1Cdf 8xcx . 

B nepBOM cnaraeMOM cpnrypnpyeT .n;nBepreHumr OT 4.:.BeKTopa nnoTHOCTH 
't ' . . .· . 

"TOKa" Mace ll B cuny COXpaHeHH.si MaCChi HeB3aHMO,ll;eMCTBYIOillllX 'laCTHU 

o6pamaeTc.sr B Hynh (aHanorn'lHO .n;nBepreHunn 4-BeKTopa.nnoTHOCTH TOKa 

3ap.sr.rioB). TaKHM o6pa3oM, 

8Tff dufJ dxa dufJ 
8xcx = J1C dxcx df = J1C dt . 

Bocnonh3yeMc.sr 'leThipeXMepHhiM BH.n;OM ypaBHemi.sr .n;BHJKeHn.sr 3ap.sr.n;a B 3a
.n;aHHOM none 

dufJ e 
me- = -F',fJ u"~ 

ds c "~ 
==} dufJ _ !!_FfJ-vU"~. 

J1C ds - c ' 

TionoMy 
dufJ _ 1 'Y ds _ 1 . dx"~ ds _ 1 ·-y 

J1C-d - -FfJ-yPU -d - -FfJ-yP-d -d - -FrhJ . 
t c t c st c 

Ji1TaK, 

8T{Jcx 1 F J·i. - -- = - fl-y 
axa c 

0KOH'la TenhHO 

a(Tff + Tffl = (-~FfJ-y)'Y + lF/3-y)'Y) = 0. 
axa c 

• 
KaK n cne.n;oBano oJKn.n;aTh, .n;nBepreHu:n.sr cy.:\f:\1hi TeH30poB :meprnn-nMrrynhca 

3neKTpOMarHHTHOrO non.sr II C03,ll;aiOillllX none HeB3aHl\10,n;eiiCTBYIOillllX 'laCTHU 
o6pamaeTc.sr B uynh. 
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aCTI:I:Q €CTh 

a ITJIOTHOCTll 
~ ' . ' . ' ' 

1lllllX ~';tCTHU 

THOC!ll TOKa 

3apH.na.B3a-

lll7' liMITYJihCa 

lilliX 'llaCTIIU 

IIPE.IIMETHbiH YKA3A TEJih 

• BHo - Ca.Bapa 3aKOH 33 

• BpeMeHHrui ,o:Hcnepcmi 85, 86 

• BoJIHhl B cna6onpoBO.O:BI..Qe:H cpe.o:e 92-95 

- npenoMJieHHH noKa3aTeJih 93, 95 
.· ' 

- nornomeHMH K03cpcpnuneHT 93, 95 

- ll,ll€aJihHOrO ,llll3JI€KTpHI<:a npe.neJihHhiH CJiy'tlaH 99 

- IlyaccoHa ypaBHeHHH perneHne 13, 14 

- cpopMaJihHOe pernemre C ITOMOlllhlO <l>YHKUHH rpnHa 15 

- .ITnpMxne II HeH:MaHa 3a.Ua'l1M 16 

- e,llliHCTB€HHOCTh peiii€Hli5I 20 

e rpHHa <i>YHK~HB 3-8, 41-45, 47 

- 3ana3.UhiBaromM 6, 42-44 

- onepe)KaromM 7, 44, 45 

- IlaynM D-cpyHKUMH 8 

- npH'llliHHM 9 

- .IT' AnaM6epa ypaBHeHMH 41-45 

• .II' AnaM6epa ypa.BHeHHB .O:JIB noTeH~HaJIOB nonB· B cpe.o:e 76-78 

- JiopeHua · ycnoBMe 77 
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- noTeHuMaJibi li .non51 53, 54 

- IJOMHTliHra B€KTOp 54 

- liHT€HCliBHOCTb 54 

e ,llnnOJihHbiH MOMeHT CliCTeMbl 3ap.H,ll;OB 24 

• .IlmmeKTpnqecKoii npoHnuaeMOCTn TeH3op 88 

• .Ilonnep-s<t><l>eKT 57, 58 

• 3ana3.n;b1Barom:ne n onepe)Karom:ne noTeHunanhl 4~-47 

e KBa.n;pynOJihHbiH MOMeHT CHCTeMbl· 3ap.H,ll;OB 26 

• KpaMepca- KpoHnra <t>opMyJihl 97-99 

• JiapMopa TeopeMa 36-38 

- napMopoBa "llaCTOTa 38 

• JineHapa- BnxepTa noTeHiinanhl 47, 48 

• MarHHTHbiH MOMeHT cncTeMhl 3ap.H.n;OB 35, 36 

• MaKcBenna ypaBHeHn.H B cpe.n;e 69-75 
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• IToiiHTHHra TeopeMa 78, 79 
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