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JleKUHH no KJiaCCHtJeCKOH Mexam1Ke 

HacTmmme neKUIUI llBJUIIOTCll H3JI0)KeJuteM Kypca «KnaccH'!eCKall MeXaHH
Ka», KOTOpblH Ha npoTll)KeHlm MHornx JieT lJHTaeTCll CTyJieHTaM qJHJH'!eCKOro cpa
KYJibTeTa EpeBaHCKOro rocy11apcTBeHH0ro ymrnepCHTeTa. TiporpaMMa Kypca cTaH
.uapTHall ymrnepc11TeTCKall C He6oJibWHMH HJMeHeHIIJIMII. TI011po6Hee npHHllTOro 
11:maraeTCll np,rnunn HanMeHbwero JieHCTBHll, JI0KaJaua TeopeMa HeTep. OJIHO
MepHoe JlBH)KeH11e paCC!',taTpHBaeTCll Ha npnMepe JaJia'!n 0 JIBll)KeHHII '!aCTHUbl 
B ll0Jie C noTeHunanoM 3KKaprn. B rnaay O JlBH)KeHlm B ueHTpaJ!bHOM none BKJIIO
'!eHa cpopMyna Ol!He Mll TpaeKTOpHH JIBll)KeHHll, ,UOCTaTO'!HO no.upo6no paCCMO
TpeH 1111Terpan Jlannaca-Pyttre~Jle11ua. O6cTOJITenbHee 06b1'!11oro paccMaTp11aa-
10TCll raMllnbTOHOB cpopManll3M, KaHOHH'!eCKl!e npeo6paJoBaHHll II ypam1eHHe 
r~!llnbTOl!a-51Ko611. Ha np11Mepe MexaHl!tJeCKIIX KOJ1e6am1H H3JIO)KeHbl OCH0Bbl 
l!CrI0Jlb30BaJlllll cpYJlKUHii rp,ma llJJll peweHllll Heo.u11opO.UHblX JlHcpcpepeHUHanb
HblX ypaBHe1mii II T . .U. no xapaKTepy H3JI0)Ke!lltll H 110 OXBaTy MaTepHana Kypc 
6mBoK maecTHOMY y'!e61111Ky «MexaHHKa» Jl.JI..Jlan.uay H E.M.Jlmpw11ua . 

Papoyan V.V. YHU-2001-9 
Lectures on Classical Mechanics 

These lectures represent a course on classical mechanics that has been given 
to the students of the physical department of Yerevan State University for many 
years. The program of the course is a standard university program with minor 
changes. In greater detail, the principle of least action is expounded, and the Netcr 
theorem is proved. One-dimensional moution is considered for the problem 
of moution of a particle in a field with Ekkart potential. The chapter devoted 
to the motion in a central field contains the Binet formula for the trajectory 
and a detailed analysis of the Laplace-Runge-Lentz integral. The Hamiltonian 
formalism, canonical transformations, and the Hamilton-Jacobi equation arc con
sidered more thoroughly as compared to the standard consideration. The application 
of Green functions for solving inhomogeneous differential equations is expounded 
for mechanical vibrations. The course nature of exposition and scope of material is 
close to the known textbook «Mechanics» by L.Landau and E.Lifshitz. 
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I.BBE.UEHIIE. OCHOBHhIE IIOH5ITII5I lI IIPHHUHIIhl 

Pa3yM, HeCOMHeHHO, Ka~eTC5I cna6hlM, Korna 

Mhl nyMaeM o CTO5IIUHX rrepen HUM 3ana-qax, 

neiiCTBUTem,HO cna6hlM, Korna Mb! rrpoTUBO

ITOCTaBn5IeM ero 6e3yMcTBY ll CTpacT5IM -qeno

Be"<ieCTBa, KOTOphle, Hano rrpH3HaTb, PYKOBO

n5IT ITO"<!Tll rronHOCTbID cynb6aMll -qenoBe"<!eCKU

Mll KaK B ManoM, TaK u B 6onblliOM. Ho TBO

peHll5I llHTenneKTa rrepe~llBaIDT wyMHYID cyeTy 

ITOKOneHllH ll Ha rrpOT5I~eHllll BeKOB O3ap5IIDT 

Mllp CBeTOM ll TerrnoM. YTeWUBWHCb 3TOH Ml,lC

nbID, BO3BpaTllMC5I (B 3TH CMYTHhle nHu) K rra

M5ITll HbIDTOHa, KOTOphlii 6hln nau -qenoBe"<!eCTBY 

Tpll CToneTI-!5! Ha3an. 

A • 3iiHwTeiiH 

(cTaTb5I nn>1 Manchester Guardian, 1927 r.) 

UenbID BCeii ne5ITenbHOCTll llHTenneKTa 5IBneTC5I 

rrpeBpameHue HeKOTOporo -qyna B He'ITO ITOCTU

raeMOe. 

A. 3iiHwTeiiH 

h:JiaccH'lCCI,all 1v1examnrn 3a!-IHMaCTC51 1nr1em1eM JJ,BHlKC!-IH51 MaKp0CKOIUFICCKHX 

Ten, CK0J)0CTH I(OT0J)b!X MH0r0 MCHLIIIe CBCTOBOH, a JIHHCHI-Ih!C pa3Mepbl MHoro 6oJib

we aT0M!-IhIX. licTOJ)H'lCCKH - 3T0 rrepBLiii H3 pa3JJ,eJI0B TeopeTH'lCCI<OH qm3HKH, K0-

Topa51 B0311HKJia 1rnK qacTL cp113uqecKor1: HayKn BO Mnoro1v1 6rraroJJ,ap>1 renmo II. HL10-

To1-1a. Ca1v10 11a3Ban11e "TeopeTH'lecKa>1 cp113mrn" JJ,aeT JIHIIIL rrpn1v1ep1-1oe rrpeJJ,cTaBne

IIHe o xapa1(Tepe uccrreJJ,oBannii <pH3HKa-TeopeTHirn. Toqnee - cymecTBCHHblMH JJ,JI51 

pa60Tbl <pH3HKa-TeopeTima 51BJI51IOTC51 JJ,Ba CJieJJ,yIOIIJHX narrpaBJien1rn: 

• 0CH0Bh!Ba51Cb Ha pe3yJILTaTax 3KCIIepHMCHT0B B orrpeJJ,eJieHHO}l o6JiaCTI1 <pH311-

qecKHX 51BJie1rni"1, ycTaHaBJIHBaTb o6mue 3aK0H0MepH0CTH JJ,JI51 3TO}l o6JiaCTHj 

• HCX0JJ,51 H3 o6m.ux 3aK0H0B, rrpeJJ,CKa3LIBaTb II0BeJJ,enne Tex HJIH HHblX !pl13!1'IC

CKHX CHCTCM. 

Ilpu pe11IeIII111 TaKHX 3aJJ,a'l, Boo6me r0B0])51, IIJ)HX0JJ,IITC5I CTp0HTb JJ,0B0JibH0 

,UJUII!Hb!e H CJIO)K!-Ible l]CII0'lKH JI0rH'lCCKHX yMo3aKJIIO'lCHHfl. Ha 3T0M rryTII Bp5IJJ, 

J1H M0)KH0 6LIJIO 6u rrpoJJ,BHHYTLC5I JJ,0CTaT0'lH0 JJ,aJ1e1rn, eCJIH 6b! He 6LIJIO B03-

M0)!(l-10CTH <popMaJIH30BaTb rrpouecc, HCII0J!h3Y51 MaTeMaTHKY KaK OCHOBH011 MeT0JJ, 

TeopeTH'lCCI<Oii <pH3HKH. Ta1rn51 MaTeMaTH3al]II5I OKa3bIBaeTC5I. Hau6orree IIJ)0CTblM 

nyTeM 0C03!-IaHirn rrpHJ)0JJ,bl <pII3H'leCKHX 51BJICHI1ii. OJJ,naKO ueo6xoJJ,IIMO IIpH3HaTI,, 



'ITO xapaKTep paccy)K.uemrii: cpH3HKa-TeopeTHKa BeChMa crreuHcpH'leH H He Bcer.ua 

HCIIOJih3yeMbie HM MeTO.Uhl rrpHeMJieMbl C TO'IKH 3pemur MaTeMaTrma. Tarwe pac

XO)K,UeHHe B OTHOIIIeHHH K rrpe.uMeTy HCCJie,UOBaHIIH, KOTOpoe HarJill.UHO, HO rpy6o 

OTpa)KeHO B H3BeCTHOM acpopH3Me "MaTeMaTHK - .UOKa3bIBaeT' a cpH3HK y6eJK.uaeT", 

rro.u.uaeTCll o6bl!CHeHHIO. lleikTBHTeJihHO, MaTeMaTI!K caM KOHCTpy11pyeT o6beKThl 

HCCJie,UoBaHHH ll orpaHH'leH JIHIIIh Tpe60Bam1eM CTporoCTII II JIOrll'IeCKOII Herrpon1-

Bope'!HBOCTH CBOHX YM03aKJIIO'leHHH. <PH3HK )Ke n3yqaeT IT pnpo.uy - o6beKT' cyIIIe

CTBYIOIIIHH He3aBHCHMO OT Hae, H K TOMY JKe .uaHHhIH B e,UHHCTBeHHOM :noel\1IIJil!pe. 

Ilo3TOMY rrpHXO.Ul!TCll 3a60Tl!ThCll He CTOJihKO O rrornqec1wi:'r CTpOl!HOCTH paccy;K.ue

Hl!H II y.uo6cTBe paCCMOTpeHHll, CKOJihKO O COOTBeTCTBl!H BBe,UeHHh!X rrpe.ucTaBJie

Hl!H 3TOMY ynnKaJihHOMY o6beKTy. llrrll cprnHKa-Teopenma MaTeMaTHKa - BCIIOMO

raTeJihHOe cpe.ucTBO (crrpaBe,UJil!BOCTH pa.un 3aMeTHM - Heo6xo,UHMoe), Bh!pa;Jrnl!Ch 

o6pa3HO, MaTeMaTHKa ,UJill Hero rro.uo6Ha )KepHOBY' KOTOpblll rrepeMaJihIBaeT Bee, 'ITO 

rro.u Hero 3aKrra.uhrnaroT. 

B '!eM cocTOHT ncKyccTBO cpH3HKa? Ha naIII B3l'Jill.U, Ha 3TOT pnTopn'leCirnH 

Borrpoc BeCbMa cxeMaTH'lHO MO)KHO OTBeTHTh crre.uyromHM o6pa30M: HCKYCCTBO cpH-

3HKa COCTOHT 

l. B crroco6HOCTH paCCMOTpeTh CHTyauHro, COCTaBHTh Mh!CJieHHYIO IrnpTHHKY 

rrpoHCXO.Ul!IIIero H MhICJieHHO )Ke "rroBepTeTh" 3TOH KapTHHKOHi 

2. B yMeHHH rro.uo6paTh a.ueKBaTHYIO 3TOH CHTyaUHll MaTeMaTH'!ecKyro MO,UeJih, 

T.e. B yMeHHH rrepeBeCTH !pH3H'leCKHe 3aKOHOMepHOCTH Ha ll3h!K MaTeMaTH'le

CKHX o6beKTOB n orrepaUHH na.u HHMHi 

3. B yMeHHll pa6oTaTh B paMKax CKOHCTpyHpoBaHHOH MO,UeJIH, lJTO Tpe6yeT .uo

CTaTO'lHOH TeXHH'leCKOH rro.uroTOBKH. 

npencrasneH1-1e 

~,......,_. --
cp1-13"1Y8CKas:I MaTeMan14eCKas:a 

cmyau•o crpyKTypa , 

L___..._____--__J 1 ~ 
pearnoa4"0 KOBap1-1aHTHOCTb 

Pnc. I 

Ilpouecc MaTeMaTH'leCKOro MO,UeJIHpOBaHl!ll TOH l!Jlll HHOH !pH3l!'leCKOH CHTya

UHH Ha30BeM IIOCTpOeHHeM npe.ucTaBJieHlUI. O6paTHhlll npouecc, B pe3yJihTaTe 

KOTOporo TOH HJIH HHOH MaTeMaTH'leCKOH CTPYKType CTaBHTCll B COOTBeTCTBHe 

onHcblBaeMal! ero cpH3H'!ecKal! c1nyaunll, Ha3oBeM peaJittJa1ureii MaTeMaTtt<te

CKOH CTpyKTypbI. l_JTo6bl 3cpcpeKTHBHO pa6oTaTh C o6beKTaMH !plI3II'leCKoro MHpa, 

o6b!'IHO HaXO.Ul!T a.uerrnaTHOe MaTeMaTH'leCKOe npe.ucTaBJieHIIe. 3aMeTIIM, 'ITO MaTe

MaTH'leCKIIe o6'heKThl, B CBOIO O'lepe.uh, TaK)Ke MoryT o6rra.uaTh npe.ucTaBJieHHl!MII, 

2 

11 H TilKO~I c:1y'lilC BiUdIO, J\0 Ka1,or1 CTCIWJ!ll ~10;1d!0 IlJJ0Bt'CTII pa3Jlll'llle ~1e;,i,11y o6b

('KT<l~III II IIX flJWJtCraBJ!('IllllDIII. Ilanp1n1ep, KBa,npan1or1 ~!i1Tp11ue11 ~I0iKII0 1a1ian, 

.: 11111cr111oc· 111wo6p,ncrna111w. a ce JteTC]l~lllllill!T ~10;1rno paco1aTp1rnaTh 1,a1, 'IIICJ!o. 

II0K,nI,llli\l0lll('<'. HO CK0JIJ,K0 p,n ·no :tll!IC'IIIIO<' npeo6pa30BaIIIIC 113~1t'lll!('T 061,e~I. 

l-fn1epe111w - 0CII0Bil cjlll31!l!CCKOt1 11ayK11. lie cymecTB}'CT 0flb!T0B, K0TOJ)ble no

'lBo:111rn1 6J,1 11·nrcp1ITI, ]J()JI();KCIIl!e TC:Ja B fl])0CTjlaIICTBC IIJIII ~IO'.\ICHT B])Cl\!ellll, KO

l)lil !l]l0II'J0illJI0 II<'K0T0JJ0C co61,1TI1C. 3KcnepttMeHTaJihHO HJMepHMbl JIHlllb 

paCCTOJIHHH Me2K.ny TeJiaMn n npoMe2KyTKl1 BpeMeHn Me2K.UY co6bITIIJIMH, 

'IT0 II 6yJICT Il]ll!lll!TO B Ka'ICCTB(' 01111oro 113 IlOCT)'JlaT0B. 

<l>11311 <1c·rKIIC l!HJIC'lllll! .U0CTilTO'III0 CJI0;Km,1 II .U0B0,Tb!IO T<'CII0 B3all~IOC!ll!3al!bl, 

'!TO J(CJlilCT IlOJIII0C pacCl\lOT])Cl!IIC BCCX CTOJJOII !I oco6e11110CTCII 3TIIX l!BJ]('Jlll]I npaK

TII'l('CKII JIC'0C_\'lll('('THill\l!,11\1. ficl'lTOI\!)' TC0j)CTII'ICCKal! <p113lll,a 3alllll\taeTCll HeIIO

CJH'JlCTBCIIII0 I!(' CT0JibK0 ('ill\!l!~III 06Le1,Tal\111 Ilp11pon1,1, CKOcTbl,O IICKYCCT1le1mo (KOH

(' IJJ_\'lljl0Hillllll,E1lll l\l0J\e,;llll\111, C0XJJilllll!0lllll~!II TC' IIJIII llllb!C oco6c1111ocTI1 1\cll!II0ro 

o6M'KTil. ll II]WJl('6pc';Kc111111 IICC_\'lltcCTHClllll,l~!II J\!lll paCO!ilT]lllllaCJ\[01'0 l,JJaCCa llll.TC-

1111t1 )lC lil.'lll~III (11a11p11l\lC]l. l\lilT('JJlla.'11,llilH T0'Il,a, a6co:110TI10 Tllcpnoe TCJI0, IICOKl!

l\liH'l\lilll Ad!)<!,0CTI, II T.J(. ). IloCTj)O<'IIIIC .'11060(1 I\I0J(('.'.111, ll K0ll(''ll!0I\I IIT0r<', CllO

J\IITCll K ll]H'HC6peiK('IIIIIO llT0Jl0CTCll('llllbll\111 CBOt1cTBill\lII, T.C. K K]l_\'IIIIOl\!ilCUJTa6-

II0I\I_\' ycpcJ\ll{'IIIIIO, pi13}'1\!CeTCll, ]\Jlll j)i\3Jlll'lllb!X l\lOJ]CJJet1 CTCJ]{'IIL 3TOI'O ycpc.u11e111rn 

Jlil'JJIII 'Ill a. 

B mo6or, <j>ll311'1CCI;o(i TCOj)llll ]JaJIJllierTBYIOT :)J]('I\IC'IITap111,1c npcnrTilBJTClllll! 

( II.Ill! ll('J)Hll 'llll,JC IIOHl!Tllll), KOT0]JblC )'CBillIBaIOTCll B ]Jl'3)'.IlhTilTC' l!al'Jlll,UIIOi°I J\01011-

Cl'j)ill\l!ll .rrn6o !IJH'J\II0JiaTa10TCll 11'.lHC'CTIII,Il\III Jl'l 60Jl('C <ll.\'IIJ\ill\lCIITil.1!1,IIOll T<'O]lllll. 

OrpallH'IHHill!CI, )TIii\! 3aMC'!a!IHCI\I, ncpe{r,Uel\l K Ofl])Cll<'JICIIl!lll\l IICl,0T0JJblX 0CII0H-

1!1,IX IIOHl!TIIII. 

MaTepnaJibHaJI TO'IKa (B .UiWhllcf1111el\1 T0'!Ka, 'laC!'IIUa) - TCJI0, pa3l\lCJ)al\lll 

KOTOJJOl'O l\l();KII0 Il])CHc6pe<11, no cpaBIJCHIII0 (' pa:11\!Cjlill\111, Xilj)il.KTCj)II3)'IOIUIIJ\lll llBll

il,<'II II(' ')T0l'O TCJ!il. II illlj)HI\IC]), IlJJII pacCJ\IOTJWIIIIII J\lll!;KCl!lll! 3Cl\lJIII HOKpyr Co.rrnita 
1,i!K 'kl\1.1110, TaK II C'oJilll\(' l\!OiKH0 C''ll!Til.Th l\lilTC])Ilil.Tlblll,Il\111 'J'0'IKill\111 HBIIJ{.\' Toro, 

'!TO B '.laJlil'lil,X cjrnryp11pycT pacCT0lll!IIC 3cl\lJIH - C'oJlll!l(', K0T0J)0(' '.\1110['0 60J11,III<' 

Jlil.'11\!(']HJB II '3c'MJIII, II CoJrnua. B TO iKC B])Cl\!ll ll '.JilJ(a.'lilX, ('llll:1,llllll,IX (' B]lilUlCl!lll'~I 

'kl\IJIH B0Kpy1· co6cTBe1111or, OCII, Jel\lJIIO IICJll,:ll! II0JJara:n, l\lil TC']lllil.111,IIOJ°J TO'll,OII. 

] (o,JIC);J,C'l!IIC l\li\TC'J)llilJlbllOII TO'IKII B ll]J0CT]li\llCTBC C'CTC'CTH<'IIII0 '!ilJlilT!, B II0JlX0-

J\llHWt! CIICTCI\IC K0OJ)JUIHa:r. Ilo 11p<'iKJ]e HP06XOJ{III\IO )'T0'III!ITI,, l,ilK0BI,I reol\lCT]lll'IC

l'ldl(' CHoi"!crBa ll])OCTJ)illl(''J'Ba., B K0T0P0I\I pa.'.lBIIBilIOTCl! co61,1Ttlll l,Jli\CCII'IC('l,OII l\l('

XilllllliH, llocTpmpyeM: npocTpaHCTBO KJiaccnqecKoii MexaHHKH TpexMepHo 

II eBKJIH,UOBO. ~~To, B '!aCTIIOCTII, 03Ha'JaCT, '!TO BCl,T0J)bl H KJJaC'ClllJCCKori 1\1('

Xa.HJme CKJJaJlblBa.IOTOI ITO ll]Jil.!ll!JIY napa.rIJ1cJiorpal\11\m, Kpo111e Toro, 3TO 031Iil'lilCT, 

'ITO .UJlll Ollj)CJWJieJIIIl! Jl()JIO)J\elllll! B IIJJ0CT])illlCTBC CCTCCTBCIIIIO BBCJlCIIIIC JlCKil]HO

Hot1 CHCTCl\11,1 1rnop.unnaT, B KOTopofi C' '!a.CTIIUC'll ( Ma:rcp11aJll,IIOII TO'll,Oll) CBl!'.Jl,lllill0T 

KOO])JlHllaThl .r, Y,:; I!Jlll pa.uuyc-Hl'KTOJJ 1-: = 1-:(.r, y, ::). 
B1w;_tCM TaK;Ke l!Olll!TIIC co6bITMJI. Co61,1T1Ie 0fl])l'l\CJll!CTCl! ]\!{'CTOl\!, r.ue 0110 

IIJ)Oll'.I0IIIJIO, H M0J\ICIIT0I\I B])l'J\ICIIII, liOl'J\il 0110 IIJ)0II30IIIJI0. CoBOK)'IIIIOCTh co6i,1T1111 

:l 



1rnaccII'-IeCK0{1 MexaHIIKII 06pa3yeT 4-MepHOe rrpocTpaHCTB0, IWT0])0e HaJ0Bel\I ra

nMneeBbIM. ra.rnmeeBo npocTpaHCTBo ecTeCTBe1rno pacmemrneTcll Ha :3-l\1epHoe 

eBKJIIIJI0B0 npocTpaHCTB0 II 0Cb BpeMeHII. rr pn'-IeM B Ka'!CCTBe eme 0JIH0f0 no

cTyrraTa npnMeM: BpeM.11 B KnaccttqecKou MexaHMKe o.nuopo.nuo. '.}To 0311a

'-!aeT, '-ITO 0JIIIH H TOT ;Ke '.lKcnepnMeHT, rrocTaBJieHHblll B pa3Hb!C M0:\1e11T1,I Bpe

MeHH rrpn 0JIHHX H Tex ;Ke Ha'-IaJibHbIX ycJI0B!lllX, nacT ommaIWBb!e J)C3YJibTaTbl. 

IlpocTpaHCTBeHHO-BpeMeHHall "11cTop1rn" '-IaCTill\bl (Terra) H306paiKaeTCll 1qrnaoii B 

rrpocTpaHCTBe co6h!TIIH (rarrIIJieeBOM 4-MepHOM rrpocrpaHCTBe), K0TopaH ua3bIBa

eTCll MIIpOBOU nMHMett, a Bee ee T0'-IKH C0BITaJiaJOT c co6b1TllllMH, IIJ)0IICX0.lllllUill\lH 

c '-!aCTill\eH (TerroM). 

1Im1 qJHKCal(HII T0f0 l!Jllf HH0f0 co6bITI!ll Heo6xom1Mo UMeTb 'laCbl H CIICTC:\IY 

K00J),!lIIHaT. OnHaKo Borrpoc 0 TOM, r.ne II0MeCTIITb 'laChl lI Ha'-IaJIO CIIC'fel\!bl Koop

,!lHHaT, 0CTaeTCll 0TKJ)b!Th!M .no Tex rrop, rr01rn He BBe,UeH0 IIOHllTIIC Tena OTcqeTa. 

Ilpe.urroJio;KIIM (eme 0.UIIH IIOCTYJiaT), '-ITO TCJI0 0TC'-IeTa He OKa3bIBaeT BJll!llllllll Ha 

co6bITIIll, npoIICX0.UlllUHe B ero 0KpeCTHOCTH, HJIH iKe 3T0 BJIHllHHe MG;I,CT 6b!Tb 

Y'-ITeH0. C'-IHTall TeJI0 0TC'-IeTa MaTepIIaJibHOII TO'-IKOil, C0BMeCTHM C llllM 'IaCbl II 

Hat.Jarro CIICTeMbl IW0J).UHHaT. Teno OTcqeTa, CIICTeMa Koop,!lIIHaT C uaqaJioM, 

COBMell.leHHblM C TeJIOM OTcqeTa, II qacbl B uaqane KOOp,!lMHaT B COBOKyn

HOCTM 06pa3y10T IIOH.llTMe CIICTeMbl OTcqeTa (co) - O,!lHO II3 OCHOBHbIX 

IIOH.8TIIU KJiaccMqecKOll MexaHMKH. 

IloJIOiKeHne MaTepliaJibHOil T0'IKH B npocrpa.ucTBe 3aJlaHo, ecm1 3a.Jla!l ce pa..unyc

BeKTop r= r(x,y,z). Ilono;Kem1e N t.Jacnm, ot.JeBII.UHo, orrpe.uemrTcll 3a.uamrnM :JN 
.ueKapT0Bb!X Koop.unnaT (no 3 Ha Ka;K.UYJO TOt.JKy), omra1w ecJIH Ha CHCTeMy N T0-

qeK HaJio;KeHbl CBll3H, TO H3 3a,UaJOI1(HX ee II0JIQ;KeHne 3N BeJIIIl.JHH He Bee llBJill!OTCll 

He3aBIICIIMhIMH. lleiicTBIITeJibIIO, 

1. IlycTb rrpH nepeMemeHHH .UBYX T0'-IeK a n b paCCT0l!HHe MeiK.UY HHMII bcTaeTCll 

HelI3MeHHb!M. Tor.ua IIX IT0Jio;KeHIIe B npocTpaHCTBe orrpe.ueJil!eTCll 3a,UaHHeM 

6 ,!leKapTOBb!X K00J),UIIHaT ra II i'i,, a TaK;Ke C00TH0ll!eHIIll 

lab= [(xa - Xb) 2 + (Ya - Yb) 2 + (za - zb)2] 1l2. 

HTaK, He3aBIICIIMb!X BeJIIIl.JIIH, onpe.ueJillJOIUIIX IT0JIO)KeHne 3TOl1 CHCTeMhl, - 5. 
B '.lT0M Ka'-!eCTBe MoryT CJIY;KIITb 3 .ueKapT0Bbl K00J).UHHaTbl T0l.JKll a. EcnlI 

3aqJHKCHpoBaTb T0'IKY a, TO T0'-!Ka b MOiiWT HaX0.UHTbCll TOJibK0 na II0BepxHo

CTII cqiepbl pa.unyca lab, H ee IT0JI0iKeHHe orrpe.ueJIHTCll 3a.UaHneM .!lBYX yrJI0B 0 
II r.p cqiep1It.JeCKOII CHCTeMh! K00J).UIIHaT. 

2. IlycTb IIJ)II nepeMemeHIIH Tpex TOt.JeK a, b, c pacCTOl!HHe MeiK.uy HHMH 0CTaeTOI 

HelI3MeHHb!M. Tor.na IIX IT0JI0)!(eHHe B rrpocTpaHCTBe onpeneJillCTCSI 3a,UaHIICM 

9 .ueKapT0BblX KO0J).UIIHaT ra, rb, re, a TaKiKe Tpex COOTHOllleHIIll lab, he, lea• 
He3aBIICHMbIX BeJIIIl.JIIH, orrpe.ueJill!OIUIIX II0JI0iKeHIIe '.lTOll CIICTCMhl, 6y.ueT 6. 
B '.lTOM Ka'-!eCTBe M0iKH0 Bb!6paTb 3 .ueKapTOBhl K00J)JIHHaTbl T0'-IKH a. Ecnn 

3aq>IIKCIIJ)OBaTb 3TY T0'-IKY, TO TO'-!Ka b MOiKeT HaX0,UIITbCSI T0JibK0 Ha II0Bepx

H0CTII cqiepbl pa.uIIyca lab, a ee IT0JI0iKeHIIe onpe.ueJIIITCll 3a,UaHIIeM JIBYX yrnoB 
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0 II '-P cq1ep11qeCK01! CIICTeMbl K00J).UHHaT. Ecnn 3aq>UKCllJ)OBaTb T0'-IKH a l1 b, 
TO TO'-!Ka C M0;KeT .UBIIraTbCll T0JibKO 110 0KJ)YiKH0CTH, a ee II0JIOiKCHHe onpe

,UCJIIITCll 3a.uamrel\1 ne1wro yrna 1.j.,. 

IloHHTHO, '-ITO rrpe.urr0'-ITHTeJibHee 3a,UaBaTb IT0JIO)KeHue CIICTCMbl B rrpocTpaH

CTH<'. IICIIOJib3Yll I!e3aBIICIIMbie BeJIIIl.JIIHbI. Lfucno He3aBHCIIMh!X BeJIHl.JHH, IT0JIHO

CTJ,10 011penerrl!I0I1(IIX II0J!OiKemre CHCTeMbl N MaTepna.JibHblX T0t.JeK B rrpocTpa.H

C'rBe, Ha.30Bel\I qlfCJIOM CTeneHeii: CB060Jibl. O603Ha'-IHB 3T0 '-IHCJI0 qepe3 s, 3a

c\lCTill\l, '!TO s :s; 3N. J1J06bre He3aBHCIIMbie BeJIHl.JIIHbl, orrpe.ueJill!Ollllle II0JI0)l(eHHe 

CIICTCl\lbl N l\Ia.TepnaJJb!lbIX T0t.JeK B rrpocTpa.HCTBe, na.3oBeM o606ll.leHHbIMII KO

opJIMHaTaMI1. OTMeTIIM, t.JT0 o6o6meHHh!e K00J).UHHaTh! He o6sr3aTeJibHO IIMeJOT 

pa3l\!CJ)II0CTb ,UJil!Hbl ( CJIOB0 "JIJ06b1e" B onpe.uenemm!). TaKHM o6pa30M, IT0JI0)l(e

mre CHCTeMbI N Ma.TepnaJihHb!X TO'leK B npocTpaHCTBe 3a.,UaHo, ecm1 3a.,Ua.H0 s :s; 3N 
o6o6meHHb!X K0OJ).UHHa T qi' q2' ... ' qs. 

I(naccnqe,nrnll Mexamma Jam1Maercsr nJyt.JeHHeM .UBIIiKeHnsr cucTeMbI Ma.Tepn

a.JibllhIX TOt.JeIC llmnKem1e HeB03MOlKH0 onncaTb 0.UHIIM Jllllllb 3a.,Ua.HneM II0JI0)l(eHIIll 

CHCTeMbl B npocrpaHCTBe (nHor.ua l!CII0Jih3YIOT 3KBHBa.JieHTHblll TepMHH - 3a,Ua.HHeM 

l(OH{j)l!rypa.11n11 CHCTeMb;). lleii:C'rBHTeJibIIO, T0t.JKa, HMeJOI1(a.l! B q>IIKCHJ)OBa.HHb!H M0-

MCl!T BpeMeHH onpe.ueneHHble KO0p.UHHa.TbI, cnycTSI 6ec1w11et.JHO Ma.JiblH rrpoMelKYT0K 

BpeMeim M0)KCT 0Ka.3aTbCll B JIJ06oii: T0'-IKe cqiepbl 6ecJWHet.JHO Ma.noro pa.uIIyca. M 
TOJ!bKO ecrrn BMeCTe C Koopm1HaTa.MI1 3a.,UaH Ta.l()!(e BeKT0p CK0J)0CTII B TOT )Ke M0-

MeI]T BpeMenu, crryCTll BpeMll dt T0t.JKa. 0KaiKCTCll B orrpe.ueJieHH0M MeCTe, rrpe.u

mrca.HHOM BCKTOJ)0M CK0J)0CTH. HTaK, .UBHiKeHne CIICTeMbl Ma.TepliaJihHb!X T0'-IeK 

M0iKH0 0ITIICaTb, 3a,Ua.B B onpe.ueneHHblll M0MeHT BpeMeHII KaK ee II0JIO)l(eime B npo

CT]HHCTBe, TaK II c1wpoCTH Ka)l()].011 H3 N TOt.JeJ(. Bae.ueM II0HllTHe COCTO.8HII.8 

MexaHnqecKOll CMCTeMbl: 3a..naTb COCT0llHJie MexaHut.JeCKOH CIICTeMbl 03Ha'-!a.eT 

3a,UaTb B orrpe.ueneHHblll M0MeHT BpeMeHI! 3Ha'-IeHHll CT0JibKHX rrepeMeHHhIX, CK0JibKO 

HYlKHO, l.JT06bJ 0.UH03Ha.'!H0 npe.ucKa3aTb 3Ha'-!emrn Bcex .UHHa.MII'-IeCKHX nepeMeHHblX 

B IIJ)OIBBOJibHbIH M0MeHT BpeMemr. Onh!T II0Ka3bJBaeT, '-ITO COCTO.llHMe MeXaHM

qecKOU CIICTeMbl onpenen.11eTC.8 3a,!laHMeM BCex o6o6ll.leHHbIX KOOpJIMHaT 

H Bcex o606ll.leHHbIX CKOpOCTett B ,naHHblll MOMeHT BpeMeHM, T.e. ,UJill CII

CTeMb! N T0'-IeJ( B M0MeHT BpeMeIIII to .UOJI)l(Hhl 6b!Tb 3a.,UaHhl 2s He3aBMCI1MbIX(!) 

BeJIHt.JHH 

qi, q2, ... , q,; <ii, q2, ·•·, <isi 
. d 

( ... ) = c1/·-)-

3To IIOHllT!Ie II03B0JilleT cqiopMymtpoBaTb OCHOBHYIO 3a.naqy MexaHMKI1 - no 

3aJiaHHOMY B .[laHHblll MOMeHT BpeMeHM COCTO.8HIIIO onpe,neJIMTb COCTO.8-

Hlle MexaHMqecKoll CMCTeMbl B npOM3BOJibHblll MOMeHT BpeMeHM. Pell!HTb 

OCHOBHYJO 3a,Ua'-Iy MeXaHIIKH 03Hat.Ja.eT orrpe.ueJil!Tb .UBH)l(eHite CHCTeMhl, T.e. na.ii:TII 

q; = q;(t), i = 1,2, ... ,s. IloHllTHO, l.JTO q>yHKl\Hll q; = q;(t) M0iKeT 6h!Tb orrpe.ue

Jiena Ka.K perneHHe CIICTeMbl .UHq>q>epeHl(llaJibHb!X ypa.BHeHIIii:, K0TOJ)h!e ecTeCTBeHH0 

Ha.3bIBaTb ypaBHeHM.llMII .[IBM:>KeHM.8. TaKIIM o6pa3oM, MaTeMaTHt.JeCKH pell!IITb 

0CH0BHYJO 3anaqy MeXaHI!KII 03Ha'-!aeT, BO-IIepBbIX, ycTaH0BHTb BH.U ypaBHeHI!ll JIBH

iKeH!fll MexaHH'-IeCKOll CHCTeMbI u, BO-BT0J)hIX, IIHTerpIIp0BaTb 3TH ypaBHeHIIll JIJill 
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Toro, 'IT06bI B 5IBH0M BIIJJ,e orrpeJJ.eJIIITh JJ.BIIlKeHIIe CIICTeMbl, T.e. HaHTII 3aBHClll\10CTb 

o6o6rn;eHHhlX K00pJJ.HHaT OT BpeMeHII. 

1. OcHOBHcUI 3a_n:aqa sapn:aunoHH0ro HCl.lHCJieHH.H: IlpHHQHO uan:MeHh

wero .n:eitcTBH.H. Ypasueun:.11 JiarpaH:iKa. CneJJ.y.K IIcTopw1ec1m11 Tpa

.D:IIllIIII, Mhl M0rJIII 6hl, BCJieJJ, 3a HbIOTOHOM, II0CTym1poBaTb ypamreHH51 JJ.Bll

lKeHII51 MexaHII'!ecKon cnc'ieMhl (2-n 3aKoH HhroToHa). O.uua1m Ta1mfr rro.u

xo.u HMCCT orpaHH'ICHHYIO paMKaMII KJiaCCH'!eCKOH MCXamnrn rrpHMCIIHM0CTh. 

Cyrn;ecTByeT .upyra51 B03M0lKH0CTb - ccj:JopMyJinpoBaTh o6rn;nn .UJI51 BCCX pa3-

.IJCJI0B TeopeTH'ICCKOH cpII3HKII rrp1mu:nrr, KOTOpb!H Ha3bJBaeTC51 npHHQHO0M 

HaHMeHhIIIero .n:eitcTBH.H lI KOTOphlil II03B0Jil!CT BhlllCHHTh, 1rn1rne HMCHHO 

orpaHH'ICHH51 ua1rna.uhlBaIOT cpH3II'ICCKHC Tpe6oBaHirn Ha BH.II ypaBHCHHII .IJBH

)KCHH51, lI Bh!BCCTH 3TII ypaBHCHII51. Ilepeu:.ueM K cj:JopMynnpoBKC :noro rrp1m-

1llIIIa. 

e CocT051HlIC MeXaHil'ICCKOfr CIICTCMbl orrpe.ueJI5ICTCll 3aJJ,aHHCM cpyHKUHH 

JiarpaH:iKa, K0Topa51 5IBJI5ICTC51 cjJyHKlllICH II0JIH0ro ua6opa 06061IIeHHblX 

KoopmmaT II 06061IICHHb!X c1mpocTen (.UJI51 CHCTCMbl C s CTCIICH5IMII CB0-

60.Uhl 2s BCJIII'IIIH - q; H (Ji, i = 1, 2, ••• , S ): 

L = L(qi, q2, ... , q., </1, </2, ... , </s, t). 

• BBO.IJI!TC51 IIOH5ITHe .n:eitcTBH.H - 3TO orrpeJJ.CJICHHblil IIHTerpaJI no BpeMeHH 

OT cj:JyHKllHll JiarpaHlKa B rrpe.uenax OT t1 .uo t2: 

t, 

S = j L(qi, q2, ... , qs, </1, </2, ... , </s, t)dt. 
t1 

• YTBep21,.ueH1Ie rrpIIHlllIIIa HaIIMCHblIIero .IJCHCTBHll COCT0l!T B CJie.uy10rn;eM: 

.[IBH)KeHHe MexaHHl.leCKOM CHCTeMbI Me)K_n:y cpHKCHposaHHhIMH B 

MOMeHThl t1 H t2 OOJI0)KeHH.HMH npm:r:cxo.n:n:T no TpaeKT0pHH, Ha 

KOTOpoit qJYHKUHOHaJI ,n;eMCTBH.H HMeeT 3KCTpeMyM. IlpaKTH'Je

CKII 3T0 03Ha'!aeT Heo6xo.uHMOCTb cpaBHIITb 3Ha'ICl!lIH .IJCHCTBHH Ha BCCX 

MhlCJilIMhlX ( BIIpTyaJibHh!X) TpaeKTOplIHX Me)K.IJY cplIKCllpOBaHHhlMil B MO

MeHThl t1 lI t2 II0JI0lKCHIIHMII H Bhl6paTb TY, Ha KOTOpOH .UeU:CTBIIC 3KC

TpeMaJibH0, KOTopa51 Il 6y.ueT C00TBCTCTB0BaTb HCTIIHH0MY .IJBI!)KCHHIO. 

8KcTpeMaJibHh!C 3Ha'leHHH HeKOTOpon cj:JyHKU:IIll 011pe,n;eJIHIOT, rrp11paBmIBaH 

HYJIIO ee rrepByro rrp0II3BO.IJHYIO- lIHa'!e r0B0pH, IIplI cpaBHCHilll 3Ha'leHUH 

cj:JyHKllllll B T0'IKC 3KCTpeMyMa II B 6ecKOHC'IHO 6JIH3KOH TO'!Ke, T.e. B pa3JI0-

lKCHllll cj:JyHKllllll B PHJJ. Tennopa B0Kpyr 3KCTpeMaJibHOH TO'IKH, 0TCYTCTByeT 

cnaraeMoe, JIIIHCHHOe 110 6ecKOHC'IHO MaJI0MY rrpnparn;eHHIO apryMeHTa, 'ITO H 

HBJIHCTC51 0TJIII'lllTCJibHhlM CBOHCTBOM TO'leK 3KCTpeMyMa. B OCHOBHOH 3a.uaqe 
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Bap11au1101111oro IIC'IIIC:ICill!l! CTilBIITCl! IJOIIJ)0C 06 )l(CTJ)C:\lilJihH0:\I 3Ha'!CHIIII 

llf'K0T0j>0HJ <]>)'IIKUIIO!lil!lil 

t, 

I= j F(Q.Q.t)dt, ( 1) 
,, 

3a"a1IJ1oro B BIIJ\C' onpc.ne:remwro ImTerpana. B (1) cj:JyHKlllIH F( Q, Q. t) C'IH

TaeTcl! 'lilJlaUHOiL 3a](a'!a C0CT0IIT B Tm!, '!T06b] Hafrr11 TaK Ha3hJBael\lyIO 

')J,CTJ)C:\lil,'.Jb, T.C. KJJIIB}'IO q = q( t ). J(OT0JJal! o6ecne'II!BacT Tpe6yel\IOC 3KCTJJC

:\taJJL!I0C CBoficrno. Jlio6y10 .upyry10 <]>y1mumo Q( t) Jlil30BCl\I cpaBHIIBaC:\1011. I~ 
., COjlf'Bl!OBil.JIJIJ0•

1 
!!it 3KCTJ)Cl\IilJ!bHOCTI, ( l) .IJ0ll)'CKil!OTCl! KJ)IIBblE' Q( f) C <]llll,

CIIJJ0Baillll,DIII B l\I0W'IITl,l f I II f 2 311it'!Clllllll\lll, f!Jlll'IOI 

Q(ii) = q(f1), Q(/2) = q(tz). (2) 

I~_YJK'l\t C'IIITan, cpaB1111Bael\1y10 1qJ1rny10 6ccK011c·,11w 6mn1,011 1, q(t). oc~·mc

crBJll!JOll!Cft '.:>KCTJ)Cl\l,nt ( l), II II0JI0;J(lll\1 

Q(t) = q(t) + tW). (:3) 

C'!IITal! (( t) 6CCKO!IC'!Il0 l\li\.Jil,ll\1 napal\K'TJ)0l\l. II pOI13B0Jiblli\.H B 0CTil.Jil,H0l\l 

<]>Ylllil(IIH ((t) cornacno (2) JJ.0Jll!'1!a YJJ.0BJieTB0j)}{Tb ])ilBCHCTBilM 

Wil = W2l = o. ("1) 

Bcsm,rnuy 

liq(!)= c((t) (5) 

mt30BCI\I Hapnaunefi q(t). IloJJ.CTaBHB J~ance (3) B (I), II0JIY'!IIJ\1 

lz 

/(c) = I F(q + er q+ (~, t)dl (Ci) 
t, 

Hl!Terpan, 3aBHCHJUHII OT 11apa11cTpa C. CoI'J]i\.CIIO llj)CJUI0JIO;M'IIIII0 q( f) -
:JKCTJJCMil.JJb, f!03T0I\IY 3KCT])CI\JaJll,ll()E' 3l!il.'!CJIIIC IIIJ'rcrpaJia ( Ci) JJ.OCTIIra.t'TCl! 

npn l = 0. TaKl!l\1 o6pa30l\l, pacn1a:rp1IBctt:'l\li\.ll BoJJII«IUI0III!ill! 3il]li\.'lct CB('J1,1CI, 

1, 3ctJJ.ct'IC 06 06bl'!I!OI\I 3KCTpl'J\lj'J\IC, a Hco6xo.u11J\Ihll\I ycJ]0Bll('l\l :)KCTJ)('J\taJJ!,1!0-

CTH /(c) l!BJ!l!CTCH 

aI(t) ~ 
7f;- /,=o=0. (1) 

JhrnefmhrfI 'IJICII pa3JIO)KCJIHH HIITerpaJia I ( f) H pl!JI Tci'mopa 

liI = (. i)/(t) 
~ l,=O 
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O(t) x, 

di 

P11c. 2 

,. q, sq 

q(t) 

Ha3oBeM Bapuauue11 HHTerpana /, Torna ycnoBHeM ero '.lKcTpeirnJibHOCTH 6y

neT 

JI= 0. 

Jlerrw ITOKa3aTb, "tJTO oITepauHH JlHq)cpepeHUHpoBaumr II BapbIIpoBamrn ITepe

cTaHOBO"t!Hbr. HarJill)lHO 31'0 )leMOHCTj)HpyeT j)HC. 2. 1le11cTBHTeJibHO, nerKO 

BlI)leTb, "t!TO 

dq + J(q + dq) = Jq + d(q + Jq), 

rnenOBaTeJibHo, J(dq) = d(Jq). C npyro11 cTopoubI, 113 (5) cnenyeT 

a H3 (3) ITonyqaeM 

BBHJlY Toro, "t!To Q 
ITO'.lTOMY 

d(Jq(t)) = td((t), 

cd((t) = dQ - dq. 

q + Jq, To 11 JlJill n11cpcpepeHUHaJIOB dQ 

J(dq) = dQ - dq = cd( = d(Jq). 

dq + J(dq), 

Boopy:iKIIBIIIIICb HeKOTOj)bIMII ITOHl!THl!MH 06 3KCTpeMyMe <PYHKUHOHaJia, o6pa

THMCll K Tpe6oBaHHllM ITj)HHUHITa HaHMeHbIIIero )leHCTBHl!. CornacHO 3TOMY 

ITJ)HHUHITY COCTOl!HHe MexaHH"tJeCKOH ClICTeMbl C s CTeITeHl!MH CB060)lbl MmKeT 

6bITh oITpeneneHo q:iyHKQHeii: JiarpaH:>Ka 

L = L( qi, q2, ... , q., (JI, (J2, ... , q., t) 

( q; 11 q; - Ha6op o6o6meHHb!X KOOj)JlHHaT .11 CKOpOCTeii, i = I, 2, ... , s ). BBo

JlHTCll qJYHKUHOHaJI .l(eHCTBHJI 

t2 

5' = j L(q;,q;,t)dt 
t1 

H YTBep:iK)laeTCll, "tJTO Me:>K,ny .neyMJI q>HKCHpoeaHHhIMH B MOMeHThl tr 
H l2 IlOJIO:>KeHHJIMH .l(BH:>KeHue MexaHH'leCKOH CHCTeMhl npoHCXO.l(HT 
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no TpaeKTopuu, Ha KOTOpott .neii:CTBHe 3KCTpeMaJibHO. Heo6XO)llIMb!M 

ycJIOBirei, 3KCTj)el\lyMa, KaK 6bIJIO ITOKa3aHO BbIIIIe, l!BJil!eTCll 06paI1IeHHe B HYJib 

Bapnau1111 neikTBIIll 

JS= o, 
ITJ)ll'-lei! 

Jq;(ti) = Jq;(t2) = 0. 

TT O)TO~IY' ITOCKOJibKY onepaurrn nncpq:iepeuunpoBaHIIll ( HHTerpHpOBaHirn) H Ba

J)bIIJ)OBamrn ITepecTaHOBO'IHbI, nonyqaeM 

12 
s ar oL 

JS= f I:[Jq; · - + Jq; · -.. ]c1t = 0 . 
. _

1 
oq; oq; 

f1 l-

Y•mTbIBall, '-ITO Jq; = d(Jq;)/dt, H HHTerpnpyll BTopoe cnaraeMoe ITOJlhlHTe

rpanr,noro Bblpa;,1,emrn ITO '-laCTllM, ITOJI_\'"t!HM 

12

[ • (8L d 8L) ] s 8L JS'= I L ~ - dt ~ Jq; . dt + L ~Jq; I;~= 0. 
11 t=l q, q, i=l q, 

TTpl!HUHIT HaHMeHblllero ,[(eI1CTBHll OTHOCHTCll TOJlbKO K JlBHMeHHl!M Me)!(JlY 

JlBYMJI q:>IIKCHj)OBaHHb!Mll B MOMeHTbl tr II t2 ITOJIOMeHHl!MII, IT03TOMY lIOCJie)lHee 

cnaraeMoe ITpeJlbIJlylllero Bbipa)KeHHll o6pamaeTcJI B nynh, a T.K. Jq;(t) ITJ)O

H3BOJibHa, TO, KaK CJICJlCTBHe ITj)IIHUUITa nauMeHblllero neii:cTBIIll, ITOJiyqaeM 

ypaetteHHJI Jlarpatt:>Ka: 

d BL BL 
----=0 
dt oiJ; oq; ' 

i=l,2, ... ,s. 

C MaTeMaTH"tJeCKOII TO"t!KH 3peHHll 3TO Cl!CTe!\Ia S Jlllq:>qlepeHUllaJibHblX ypaB

HeH!Ill BTOporo ITOj)ll)lKa, peIUeHHe KOTOJ)Oli IT03BOJilleT OITpeneJIHTb COCTOll

HHe paccMaTplrnaeMOl! Mexau11qec1wf1 CHCTeMbl ( C H3BeCTHOll q:>yHKUHeli Jla

rpa!I)!(a) ITO 3a)laHHOMY B ITj)Oll3B0JibHbll1 MOMeHT BpeMeHll COCTOJIHlIID lI TeM 

caMb!M peIIIl!Tb OCHOBHy10 3a)laqy Mexamnrn. lleiiCTBHTeJibHO, ypaBHeHl!ll Jla

rpaH)!(a - 3To ypaBnemrn Tima 

f;(q;,q;,q;,t) = 0, i = 1, 2, ... , s. 

peweHHJI KOTOJ)b!X conep)!{aT 2s IIj)Oll'.lBOJlbHhlX ITOCTOl!HHb!X 

q; = q;(C1,C2, .. ,,C2s,t), q; = q;(Ci, C2, ... , C2s, t). 

Bhlpa)!rnll KOHCTaHTbI C; qepe3 na6op q0 ;, (Joi, OITpenenl!IOlllIIII cocTOJIHHe CH

CTeMbI B MOMeHT BpeMeHH lo, ITOJIY"t!HM ITOJIHOe peIIIeHIIe ITOCTaBJieHHOli 3a)la"t!II. 

TaKHM o6pa3oM, ypaeHeHHJI JiarpaH:>Ka - 3TO ypaeHeHHJI .l(BH:>KeHHJI Me

xaHH'leCKOH CHCTeMhl. 
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BbIIlleU3JIOlKeHHOe HaITOJIHHTOI <pH3H'leCKlIM co.uep;J(aHJJeM J!Hlllb ITOCJie Toro, 

KaK, Bbll!CHIIB <plI3H'leCKII.H CMbICJI <pyHKUHH JiarpamKa, Mb! Hay'IHMCl! CTpOIITb 

narpaHJKHaH B Ka)K.UOM KOHKpeTHOM cnyqae. O.unaJ(O CBOHCTBa JiarpamKeBOII 

<pyHKUHH MOlKHO ycTaHOBHTb yJKe ce11qac. 

e llBe <pyHKUIIII JiarpaHJKa, KOTOpbie OTJIH'IaIOTCl! na ITOJIIIYIO npoH3BO.U

HYIO ITO BpeMeH!I OT ITpOII3BOJibHO.H <pyHKUHH 1<oopmmaT, 

L = L + df(q;) 
dt 

oITpe.ueJil!IOT .UBH;Kemre o.uH011 11 TOI1 ;Ke 1,rexaH11'!ecKofi c11cTe11n,1. llef1-

CTBHTeJibHO, 

t2 

S = j Ldt = S' + [f(q;(t2)) - f(q;(ti))]. 
t1 

Ilpn BapbHpOBaHHH Bbipa)KeHHe B 1rna.upaTHbIX CI<o6J<ax HC'le3aeT, Tor.ua 

JS' = JS', T.e. L u L ITpHBO.Ul!T K O.UHHM 11 TeM ,Ke ypaa11emrnM ,uau;Ke

HHX. TaKHM o6pa30M, <pyHKUH51 Jiarpa.HJKa OITpe.ueneHa C TO'IHOCTblO .uo 

ITOJIHO.H ITpOH3BO.UHO.H ITO BpeMeHII OT ITpOU3BIJJibHO.H <pyHKUHH 1<oop,u1maT 

H BpeMeHH, HHa'!e roBopx, eCJIH B Bbipa)KeHHH ,UJI51 cpyHKUHH JiarpamKa 

y.uaeTC51 BbI.UeJIHTb ITOJIHYIO ITPOH3BO.UHYIO ITO BpeMeHH, TO ee MO)KHO OT-

6poCHTb 6e3 KaKoro-nu6o yruep6a .UJI51 ypa.BHeHH.H .UBHll(eHHl!. 

• cf>yHKUlrn JiarpamKa aCHMITTOTH'leCKH a.u.unnmna. 8To 03Ila.'"Ia.eT, 'ITO 

ecm-1 HeKal! MexaHH'!ecKax cncTeMa cocTOHT H3 ITO.UCHCTeM A, B, C, ... , KO

TOpbre He B3aHMO,Ue.HCTBYIOT HJIH pa3Be.ueHbl HaCTOJibKO, 'ITO B3aHMO,UeJ1-

CTBHeM Me)K.UY HHMII MO)KHO ITpeHe6pe'Ih, TO <pyHKUH51 JlarpamKa. BCetI 

ClICTeMbl eCTb cyMMa cpy1mu11.ii JiarpamKa ITO.UCHCTeM: 

L = L,1 + L8 + Le + ... 

KaK 6y.ueT Bhl51CHeHO B .UaJibHe.HIIIeM, <pyHKU!I51 JiarpamI<a .UOJDKHa o6na

.uaTb 3THM CBO.HCTBOM .UJI51 Toro, 'IT06bi o6ecITe'l!ITb aHaJiorII'IHOe CBO.H

CTBO Ma.CChl (unu, ecnn yro.uHo, 6naro.uapx TOMY, 'ITO 3THM CBOllCTBOM 

o6na.uaeT Macca). 

• HeTpy.UHO 3aMeTHTb, 'ITO <pyHKUH51 JiarpamKa OITpe.ueneHa C TO'IHOCTbIO 

.uo YMHmKemrn Ha JII06ym KOHCTa.IITY, ITOCKOJibKY TaJ<oe Yl\lIIO)KE'IIIH' IIC OT

pa,KaeTC51 Ha ypaBHeHII51X ,UB!I)KeHII51. Ka3aJIOCb 6bI, 3TO ,UOITYCI<aeT YMHO

)KeHne <pyHKUII.H JlarpaHJKa H30JIIIpOBaHHbIX ITO,UC!ICTeM Ha pa3Hble ITOCT0-

51Hllbie, O,UHaKO CBO.HCTBO aCHMITTOTII'leCKO.H a.u.unTIIBHOCTH 3aITperuacT 

Ta.Koll ITpOH3BOJI - q>yHKUHH JlarpamKa HeB3alIMO,Ue.HCTBYIOIUHX ITO,UC!I

CTeM MoryT 6bITb ITOMHO)KeHbl TOJibKO Ha 0.IlHY H TY )Ke KOHCTa.HTY. 
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2. Ilpnnunn OTHOCUTeJibHOCTU. Ilpeo6pa30BaHU.ll raJIUJie.H. cJ)11311qecKI1C 

}ilJ:!('Jlll}! Iljl0TPI(aJ0T ll(''lilllllCill\10 OT C0CTO}!l!Illl JlAll)Kf'llllll 11a6JIIO,Ilan•.'1J1 

( IIJ)CJlrI0.TlilraPTOI, '!TO 11a6:110J!ilH'."ll, B'1CCTC C neo6xomrnLI:llll ,Il.'ll! Il31\Iepc111Ifi 

np116opa11111 npIIBl!3a.II K KaJ<olI-JIII6o CIICTe:11e OTC'JCTa, rI03TOl\lY B .uaJibIIE'llll1e:11 

11a6.:110.ua1c,11, 6y.Lll'T o6o3Jlalli\Tb Till,)Ke 11 CB}l3alll!)'IO CHUM co. II uao6opoT). 

O1111ntlllll' )Kt' tjJiUll'lt'l"KIIX }IB:JC!lllll cylllt'CTBl'llllO 3c\BIICIIT OT BLI6opa 11a6;1IO

Jli\TCJl}I. llcf1cTBIITCJILI10, c TO'IKII :ipemrn npmnBoJILHo .IlBil1Kyruei1cx CO, 'Ia

cT1111a. llOl(0l!Ulal!Cl! B 1,a1,of1-TO :1101\lt'IIT, IIJ)II.IlCT B .IlBil)l(eHne B cne.uymrune 

l\101\!('IITbl HJ)Cl\!Cllll. O.uHaKO CYIIWCTB)"I0T CIICTelbl 0TC'ieTa ll CBl!3aI!HblE' C 

[Tlll\111 nafi.·noJiaTP.Tlll. B K0T0JlhTX <lH13Il'TC'CKile l!B.:JE'Hllll BbirJJl!JUIT npome. 'IE'l\l 

B JlJ)_ITIIX co. '.)TOT <!)a.KT 6bIJJ OC03Hall e1ue rammee:11. a l-11 3aK0H Hb!OTOHa. 

110 C_\"lll<:'CTHY, l!BJil!eTCl! OIIJ)C.Uf'JTeHIIE':11 Ta1rnx co - 1111ep1111a.i1bl!LIX CIICTe~, 0T

C'!C'Ta. ( 11TO), c T0'IKII 3pe1ml! K0T0J)LIX 01111ca1111e <p1131llJecKnx XBJIE'HIIII na11-

6onee Ilj)0CT0. 

rlo11111wi 0il]ll'JlE'Jlf'Illrn Il1,10Tona. l1CO ~toiKII0 onpenemITb II no-J1pyrm1y. Ha
JoBeM 11:CO TaKyIO co, B KOTopoii: npocTpaHCTBO O.llHOpO.llHO II ll3O

Tponno, a BpeM.ll O.llHOpO.llHO. 13 Jli\JlbH<'lllll('1'1 l\11,1 6y.ue1 IICX0.LllITI, ID 

')TOJ'O Ollll<'JWJIE'llll}!, l10Kcl"lal3 Pro ')l(H!ll3i\Jl<:'IITl!0CTh l!LIOT0II0BCK0l\l_l'. Ilol!Cllll~l 

IIOill!Tlll! "O.!lf!Oj)O.Ill!O" II .. 1130'l'J)O!Ill0 •• . Ecm1 IIJ)0CTpancTB0 O.UHOpO.llHO. TO 

OJUIII 11 TOT )I((' )](Cll<'jllll\l('IIT np11 0JIJlllaK0Bb!X lla.'Iil..Til,Ill,IX yc.rtoBill!X B pa'.ll!LIX 

T0'll(i\,X 11pocrpaHCTBa .LlilCT OJUIII II TOT )Kl' pc3yJII,TaT. l1. 11ao6opoT, ('(.'111 

BL!rIOJJHl'Hllblfl B pa3HLIX T0'!Ki\X npocrpa.HCTBa. npn O.LUillaJ(OBl,IX na.l!aJILHLIX 

)"CJIOBill!X 0.Llllll II TOT )KE' 31(CIIC]llll\IE'l!T .uaeT COBna.ua1om11e pe3YJll,ra.Tbl, TO 

IIJ)0CTJ)al!CTB0 OJU!0p0JUI0. Ec.nn ITpocTpa.ncTB0 l13OTponno, TO 0111111 II TOT 

,I,(,' Jl,CIIL'JJil~ICIIT llj)ll 0.LllllliU,0Bb!X ll<l'l,l'1bllb1X }CIOBll}IX, 131,1110;111c11111,1(1 H :1a-

6opaTOJ)IIH, K0T0pal! l\lO)l(E'T Bpa.maTLC51 B0Kpyr Ka1<of1-m160 0CII, npu rI0BOJ)0TC 

na. pa.3Hbll' yrJJLI ,ua.cT 0.Ll!IH II TOT )l(l' pe3JJILTaT. l1, Hao6opoT. C0BIJaJlaJO

lllllC pe3JJILTa.TLI 3KCITE'J)Illvll'IITOB 11p11 IIOB0J)OTa.x na6opa:ropm1 l'0B0J)ll'l' 06 

1130TJ)0ITH0C'rll npocTpanCTBa.. 

p acnI0TJ)IIM 1!30.TillpOBaIIHYIO lJaCTITll.Y ( 'IaCTllll.Y, II(' H3alll\10,Ilef1cTBYIOl!lYIO C 

JI!)_\Tlll\lll 'JaCTIIllill\111 11.1111 TCJ1aw1) c T0'n,11 3pe1mx l1CO. Boo611w roBopx. 

<!J.YIIKUHH JiarpamKa L = L ( i7. v. t), onHaKo wrn paccl\1a.Tp11Bael\10ro CJI.Y'la.l!. 

'lT06bI npocrpa.IICTB0 0CTaBaJIOCh 0Jll!OJ)O.Llllbll\I II 11:J0T])Ollllbll\l, a. BJJl'l\!}! 0Jl!I0-

Jl0!lllLII\I, ll<:'06XOJUII\IO CtJl!TaTb, 'IT0 L lie .LlOJJ)l(lla, 3illl11Cl'Th OT r, / 11 11a11pa

BJICl!lll! CK0J)OCTII, T.e. ljJ.YIIKUlll! JlaqmmKa. ll30JIIIJ)OHi\IIIIOH lJa(Tllll!,l H l1 co 
MOll,eT 3a.BIICE'TL T0JILK0 OT BCJlll'lllllbl cr<opocTn: L = L(v2 ); 110.UCTaBJIB ee B 

ypa.BIIE'Illll! Jiarpa.mKa 

d iJL iJL 
dt av - ar = o, 

II0Jl.)''lill\l 

·v = canst. 

l1i1a.<Jp, l'0B0])ll, Cl<op0CTI, l130Jil!JlOBa.11110f1 '!aCTIIULI B l1.CO lie MCHJICTCl! no 
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BeJII['lllHe H narrpaBJieHJIIO ( 1-ii 3aKOH HblOTOHa). 3To, B CBOIO oqepeJlb, 03Ha

qaeT, 'ITO Bee co, KOTOpb!e JlBIDKJTCll OTHOCHTeJibHO lfCO C IIOCTOll!IHOfl 

cKopocTblO, l!BJil!IOTCll MCO. HeTpJJlHO Bb1Becn1 rrpeo6pa30Bam1e rrpocTpan

CTBeHHhIX KoopmrnaT rrp11 rrepexone OT rroKOl!1Ue11cl! lfCO K 1, K, JlBmKyIIieficll 

OTHOCHTeJibHO K C IIOCTOl!HHOJI C!WpOCTblO f'.·. IleiicTBIITeJibHO, 

K K'~ 

PHc. 3 

JierKO BH}leTb, 'ITO 

r=i+Vt. 
IlocTyJiaT O eBKJIH}lOBOCTH rrpocTpaHCTBa KJiaCCH'leC!(Oll MexaHHKH IT03B0Jil!eT 

3aKJIIO'lHTb, 'ITO 3aKOH CJIO~eHHll CKOpOCTeii HMeeT BHJl 

, -v= v+ v, 

rne v - cKopocTb qacTHUhI B lfCO K, fj - c1wpocTb qacTHUhI B lfCO K. Ilnll 

Toro, 'lT06bI cornacoBaTb )TOT 3aKOH C rrpeJlbIJlYIUHM COOTHOilleHHeM, Heo6xo

JlHMO C'lHTaTb, 'ITO 

t = i, 
T.e. BpeMl! B KJiaCCH'leCKOH MexaHHKe a6comoTHO. 

• 3aMe"!aHHe 1. EcJIH rrpHHl!Tb B Ka'JeCTBe O}lHOro H3 OCHOBHbIX rrpenrro

JIO)Kemi:ii a6COJIIOTHOCTb BpeMeHH, T.e. IIOCTJJIHpOBaTb t = i, TO nmpqie

peHUHPYll ITO BpeMemi: COOTHOIUemi:e r = ,f: + Vt, IIOJIJ'IHM BblllieJIIOMll

HYTbIH 3aKOH CJIO)KeHHll CKOj)OCTeii. 

lfHTJHTHBHO rrpHHUHII OTHOCHTeJibHOCTH (ITO) KaK o6o6meHHe 3KcrrepHMeH

TaJibllbIX }laHHbIX o6hI'lHO q>OpMJJIHpJIOT B BH}le CJieJly101Uero YTBep,K}leHHll: 

HeT HHKaKHX OCHOBaHBM, BCXO.ZUI H3 <l>B3H"IeCKHX coo6pa:lKeHHM, npe.n

noqecTb KaKyw-n1160 0.ltHY H3 BHepuBanbHhIX CBCTeM OTC"IeTa. Ilpy

rHMH CJIOBaMH, He cyruecTByeT 3KcnepHMeHTOB, KOTOpbie 003BOnBnB 
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6bI BbI,nenHTb KaKy10-nH60 HHepuHanbHYIO CHCTeMy OTC'leTa no cpaB

HeHHIO C ,npyrHMH, IIJIII He cyruecTByeT <l>H3H"!eCKHX CHCTeM HnH co

CTOHHHM 3THX cncTeM, rroae,neHHe KOTOphlx B pa3HhIX HCO, HO rrpn 

O.UHHaKOBblX HatianbHbIX ycnOBHHX 6binO . 6bI HeO.UHHaKOBO. Ilorrpo-

6yel\I yTo'!HHTh 3TH yTBep,Knemrn. Ilpe.ucTaBUM ce6e JlBYX na6nro.uaTeJieii A 

u B, CBll3aHHhIX c pa3HhIMH lfCO, KOTOpbre cne.Ul!T 3a rroBe.uem1eM .UBYX H.UeH

TIFIHhlX cJ.lll3ll'leCKIIX CIICTeM a II b B O.UHOM 11 TOM Me 3KCrrepIIMeHTe. Tor.ua, 

corJiaCHO IlO, eCJIII Ha'!aJibHOe COCTOl!Hile CIICTeMbI a C TO'IKII 3peHIIll A TaKOe 

,I,E', KaK II Ha'!aJibHOe COCTOl!Hlle CHCTeMbI b C TO'IKH 3pemrn B, TO pe3JJibTaTbI 

JKcnepHI\IeJITOB c0Brrana10T. Ha6mo.uaTem1 A II B TOJihKO cpaBHIIBaIOT rrony

'IE'HIIbIC 111\IH pe3JJI6TaT6I 3KIIepnMeHTa nan CBoeii q>II3H'leCKOJI CHCTeMoii, HO 

A (B) He rrpoBO.UHT Ha6mo.ueHnf1 Han b(a), a ecm1 6bI u rrpoBO.UHJI, To, B0-

o6Jue roBOJ)ll, IIOJIJ'IHJI 6bI pe3JJibTaTbI, OTJIH'!Hb!e OT Tex, KOTOpbie rronyqaeT 

B (A). Ile1kTBHTeJibHo, paccMoTpnM, narrpnMep, 3apl!.D;bl a n b, nerro.n;BHLK

Hbie OTHocnTeJibHO na6JI10JJ;aTeneii A u B cooTBeTCTBeHHO. Ka,KJJ;bIH H3 HHX 

o6Hapy,KHT HaJIII'llle CTaTII'leCIWro 3JieKTpl!'IeCKOro IIOJill, C03.D;aHIIOro 3apl!

nal\lI! co6cTBeHHOJI lfCO (A B a, B B b), HO Ha6nro.n;aTeJih A (B), rroMHMO 

3JieKTpn'leCIWro, 3aq>HKCIIpyeT TaJOl(e ll MarHHTHOe none 3apl!.D;a b(a), 'ITO He 

coBrra.n;aeT c Ha6nro.n;emrnMH BB b (AB a). 3Tn rrol!cHeHUll rro3BOJil!IOT narron

HHTh cJ.rn3H'leCKl!M co.n;ep)l(aHHeM OJJ;HY H3 pacrrpocTpaHeHHbIX q>opMJJIHpOBOK 

ITO - B pa3JIH"IHhIX flCO BCe 4>H3H"IeCKHe .!IBJieHH.!1 IIpH OJJ;HHX H TeX 

:>Ke HatianbHhIX ycJIOBHHX npoTeKaIOT OJJ;HHaKOBhIM o6pa30M. Il0 -
3TO YTBep)l(JJ;emre O TOM, 'ITO HeIWTOpbIII KJiacc q>II3!I'!eCKIIX Teopnfr o6na.n;aeT 

orrpe.n;eJieHHbIMH CBOJICTBaMH ·HHBapnaHTHOCTH n, CJie.n;oBaTeJibHO, CBl!3aHHblll 

C He!WTOJ)OH rpyrrIIOII rrpeo6pa30BaHHH Il0 HaKJia.D;bIBaeT orpaHH'leHHll Ha B03-

MOiKHb!e THIIbI q>H3H'!ec1rnx TeOpHii, KOTOpble MO)l(HO cqiopMym1poBaT6, He Ha

pyrnal! no. 
IlocKOJibKY J(a)KJJ;Oll <pll3II'leCKOH BeJIII'lirne COIIOCTaBJil!eTCll MaTeMaTH'leCKHII 

061,eKT, a q>H3H'!ec1rne l!BJieinll! 06nerrn10TCll B q>opMy COOTHOilleHHii MeLK.n;y 

3TIIMH 061,eKTaMH, T.e. 3aIIIICb!BalOTCll B BIIJJ;e ypaBHeHnii, a.n;eKBaTHO OIIHCbI

BaIOIUHX q>H3H'leCKHe 3aKOHOMepHOCTII, TO l!CHO, 'ITO MaTeMaTH'!ecrrn co.n;ep

)KaH11e IlO MO)l(HO Cq>OJ)MJJIHJ)OBaTb B BH)le 3KBHBaJieHTHOrO eMy npHHUHIIa 

KOBapHaHTHOCTH - ypaBHeHHH, ODHCbIBaIOIUHe <l>H3H"IeCKHe 3aKOHO

MepHOCTH, KOBapHaHTHbI (He MeHHIOT CBOeM 4>opMbI) OTHOCHTeJibHO 

npeo6pa30BaI:JHH KOOp.UHHaT Me:>K,n;y pa3nH"IHbIMH co. TarrnM o6pa3oM, 

3aKOHbI q>Il3HKH Bbipa)l(alOTCll B q>opMe, He H3MeHl!IOIUeiicll rrpu CBll3b!BaIOIUHX 

.n;Be MCO rrpeo6pa3oBaHHl!X BeJIH'IHH, KoTOphre co.n;epLKaTcl! B 3THX 3aKoHax, 

T.e. q>opMa 3THX 3aKOHOB (BH.n; ypaBHeHnii) B pa3mI'lHbIX lfCO o.n;nHaKoBa. 

TaKHMH rrpeo6pa30BaHHl!MH B KJiaCCH'leCKOH MexaHHKe l!BJil!IOTCll 

r= .f:+ Vt, t = i, 

KOTOJ)ble Ha36IBaIOT npeo6pa30BaHHHMH raJIHneH. 
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• 3aMeqaHne 2. PacrrpocTpaHemre B3am,10nef1cTBIIX - ·no c\Hnwiec1rnf1 

rrpouecc, II03T0MY' corrracH0 Tpe6oBaHJIIO rrpIIHUHIIa 0THOCIITC,Jl,!IOCTII, 

CK0p0CTh pacrrpocTpaHemrn B3aHMOnencTBIUI nom,rna 6hITh on11of1 11 Toft 

JKe BO acex 1rnepu1IaJihHhlX c1IcTeMax oTcqeTa. ilrrx Toro, qT061,1 corrra

coaa Th 3T0 Tpe6oaan1Ie c 3aKoHoM crrmKemrn crwpocTei:'i (umr, 3KB1rna

rreHTHo, rmcTyrraTa 06 a6comoTHOCTII apeMeHH) Heo6xonnMo rrpenrrorro

lKIITh, qTo CKOpOCTb pacnpocTpaHeHH.11 B3aHMonettCTBH.ll B KJiaC

cuqecKOB MeXaHHKe 6eCKOHeqHa, T.e. )IJIH Toro, qTo6bI OCTaTbCH 

e paMKaX OCHOBHblX nocTyJiaTOB KJiaccnqecKOB MeXaHHKH, Heo6-

XO)IHMO cqnTaTh, qTo B3aHMO)IettCTBHe pacnpocTpaHJieTC.11 MrHO

BeHHO. 

Bc5!Ka5! CO, CB.ll3aHHax c lICO rrpeo6pa3oaan1I5!MH fammex, 1rnepunarr1,11a. 

ilrr5! Toro qTo6hr MO)KH0 61,mo YTBep,KnaTh TalOKe, qTo rrpeo6pa30Bamrn, CB51-

3hIBa!OIUIIe nae lICO, 51BJI51JOTC5! rrpeo6pa3oBamll!MH fammex, 11ano pacmn

pHTh C0BOKYIIH0CTh 3THX rrpeo6pa3oBaHHH: 

t = i + to, 

x"' - x"' + V"'t + L"';/3 + x"'· - /3 o, x"' = (x,y,z), V"' = (Vx, Vy, Vz), 

3nec1, to II xg - BpeMeHHOB ( II3MeHeHII5! naqaJia 0TcqeTa BpeMeHII) II rrpocTpan

CTBeHHhill ( cMeruen1Ix naqarra oTcqeTa rwopnunaT) cnann1, MaTpnua L3 - Ma

Tp1Iua II0B0p0T0B rrpocTpaHCTBeHHhIX ocen. noH5!THO, qTo HH omrn H3 3THX 

rrpeo6pa30BaHIIR ne HapyIIIaeT HHepUIIaJihHOCTII co, T.K. OHII coxpaH51IOT on

HOponnocTh 11 1130Tp0IIH0CTh rrpocTpaHCTBa 11 onnoponnocTh BpeMeHH. 8n1 

necxT11rrapaMeTp11qecK11e rrpeo6pa3oaan1Ix Ha3hIBaJOT pacrnnpeHHhIMH npe

o6pa3oBaHHHMH raJIHJieJI. 

Pe3JOMIIpyx, 0TMeTIIM: no - 3T0 YTBep;KneHJie 0 TOM, '!TO IH:'KOTO])h!R KJiaCC 

<plI31IqecKJIX TeOplIR o6nanaeT orrpeneneHHhIMH CBOfICTBaMH l!HBapHaHTH0CTII. 

C 3TOR TOqKII 3peHJI51, no, CB5!3aHHhIR C uerwTopofr rpymmi:'i rrpeo6pa3oBa

HlIR, naKnan1,rnaeT orpaH1Iqemrn Ha B03MOiKHhie TIIIIhI <plI31Iqecrrnx Teopnii:, 

K0T0[)hle MO)KH0 ccpopMyJ11Ij)OBaTh, He HapyIIIa5! no. 

nponeMOHCTp1IpyeM, KaK, IICII0Jih3Y5! orpamrqeHII5!, naKnan1,rnaeMh!e rrpnHUH

II0M 0TH0CIITeJlhH0CTII, rronyqJITh cpyHKUIIIO JiarpamJ<a 3aM1rnyTof1 (6e3 BHeIII

HHX B03neii:CTBIIR) CIICTeMhl HeB3aJIMonencTBYJOIUIIX qacTJIU. KaK 61,mo Bhl-

5!CHeH0 pauee, cpyHKUH5! JiarpanJKa u3onnpoBaHHoii: qacTHUhI L = L( v 2
). Co

rnacHo rrpnuunrry OTH0CIITeJihH0CTH cpynKUH5! JiarpamKa qacTHUhI B CO K, 
K0TOpa5! nanlKeTC5! 0TH0CHTeJlhH0 J{ C IIOCT051HHOR CK0p0CThJO, M0)KeT 0T

J1Hqa ThC51 OT L J1Hl1Ih Ha II0JIHYIO II[)0II3B0nny10 OT rrpoH3BOJ1hHOR rpyHKUHII 

Koopn1InaT II apeMeHJI. nycTh K nBIIiKeTC5! 0TII0CHTeJihH0 [( c 6ecK0Heq110 

Manoii: cKopocThJO l = const, Torna v = J + Z 11 

L(v2
) = L(ii + 2vl + t 2

), 
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p,nJiaral! H pl!Jl Tef1.:mpa HoKpyr ,; 2 I! cn6pac1,rnal! cnarae1oe, 1rnanpan1quoe 

ITO <, IT0,"J_l"'ll!!\I 

2 ,2 . , . rJL 
L(l' )=L(t• )+2Ni){,2" 

Bropoe cJ1arae!\10e, KaK 61,1J10 on1e,1eno, coniacno Tpe6oaanmo npm1unna 0T

nocnTeJILI!0CTI! )I0m1rno 61,1Tb I!O:mor1 11pOII3B0)IIIOfl OT ITj)Oll3BOJ1bHOfl qiynK

ll!III !,oop;11111aT, a ,TO TaK. JIIII1!!, ecm1 iJL/iJ1; 2 
IJ(' 3a1l!!C!!T OT t', 2. 'ITO B03-

!\IOiKI!0 T0Jll,Ko B C!.)"Iae L = o · 1•
2. Cornacuo csoftcTBY ac11l\1I1TOTJ!'Iec1wfi 

a;uu1T1rn11ocT11 :1arpaHi1rnana wrn 3a!\IKH.)'TOII cncre1111,1 N HeB3am,1onef1cTB.)'-

1011rnx •1acnu1 11111ee!\1 
JV 
~ 2 L = ~ Oa ·Va• 

ct=l 

llp0Bepm1 ·noT pe3yJILTaT, 11pPm1onaral!, •no c1;opocTh JlBl!iKCl!!!ll K· Kone•rna 

n paaua I·. T0l'Jla 

2 , 2 ' d i 
n. I' = n. (v 2 + 2t',. I'+\" ) = o • [v2 + -(2,: • V + \" • t)]. 

dt 
, I 

llraK, L = L+Tt(. .. ), B IT0J11IO!\! C00TBeTCTBHII C Tlj)l!HIU!TI0I\! 0TI!0CJITC'JlbII0CTII. 

h:aK 11'.l!WCTH0, JiarpaIIiKili\11 onpc;JeJJen C T0'III0CTb!O Jl0 110.TJIIOfr Il])OJI'lB0;11,110fr 

110 Bpel\lellll, ll03T0I\IY BT0poc cnarael\JO(' !\!0iKH0 onycrlITh. 

• 3aMeqaHHe 3. npmnum naIII\ICIILlllCro LlC'IICTBI!51 Bl\ICCTe co CBOIDI CJICJl

CTBHC!\! - ypaBHCIIH511\III JiarpamJ<a - ccpopl\IYJ1l!J)OBa.JI B 0606rue11II1,JX K0-

op,rumaTaX q;. B1,16op 3TIIX Koop;urnaT I!ll'Iel\1 ne npei1onpeneJ1eH, c.TJe

JI0Ha.TcJ11,no, KaK rrpumum, TaK II ypasnemrn JIBIDKcmrn 6y11yT l!!\IE'Th 

rjm3H'ICCK.)'IO uemiocn,, T0J11,K0 CCJ11! llj)II nepcX0J((' OT q; K 11]).)TIII\I 0606-

lUCl!Ill,ll\I K00[)JIIIIIaTaM Q;, B IT0JIH0I\I C0OTBCTCTBIIII C npIIIIUIIII0l\l K0Ha

pnauTi!OCTII, ypaBHCHH51 JlarpamKa coxpanxT cso10 c\iop111y. IloKaiKCI\! 

IWBap11a11TH0CTb 3TIIX ypaB11e11m1. 0TII0CHTCJlhII0 npeo6pa30Bam1fi 

q; = q;(Q1,Q2,---,Q,,,t). i=l.2, .... s. 

l!J1x ynpmucmrn 3ar111c11110KctiKe111 :no LIJI}! 0;111ofi CH'IIeIII! cso6om,1 ( 0606-

rne11nc na CJI_)!'1a11. s crene11ef1 cB060;11,1 Tj)HBIIaJILII0 ). IIocKoJu,Ky 

- . . . i.Jq . . iJq 
L(Q,Q,t) = L(q(Q,t),q(Q,Q,t),t) = L(q, aQQ + at't). 

a TaIOKe q = (fJq/a(J)Q + iJq/iJf, Hl\!CeM 

aL 
8Q 

al aq aL uq 
iJq DQ + iJq iJQ; 
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aL al aq DL iJq 
aQ = aq a¢ = aiJ iJQ 



II 

d aL 8q d DL DL d Dq -- - --- + ---· 
dt DQ - DQ cit Dq . 8q dt DQ' 

a4 _ _!!__ dq _ !!_ uq 
DQ - DQ di - di DQ. 

Terrepb JierKo y6e.nnThCJ!, 'ITO 

d aL aL 8q ( d DL DL) 
dt DQ DQ = DQ cit Dcj uq . 

TaKHM o6pa3oM, crrpase.nmrnocTL ypasHemrn 

!!_ DL _ DL = O 
dt 8q uq 

rrpIIB0.LlHT K crrpaBe.UJIHB0CTH aHaJI0fH'lH0ro ypaBHeHIIJ! 

d aL aL 
dtDQ - DQ = O. 

3. <llyHKU:HH JlarpaH:lKa CHCTeMbl MaTepHaJihHhIX ToqeK. Y CTaH0BIIM BH.Ll 

cpyHKUHH ITarpamKa .UJIJ! 3aMKHyToi'r cncTeMbI N B3anMo.nefrcTBYIOII!HX qa

CTHU. KaK 6bIJIO II0Ka3ano, B 0TCYTCTBHC B3aHMO.UeJICTBlll! BHYTPH CIICTeMLI 

cpynKUHl! ITarpamirn nMeeT sn.n 

N 

L = L O'.a • V~. 

a=I 

B3aHMO.Uei'rcTBHe MeiK.LlY 'laCTHUaMH 6y.neT BKJIIO'leno, eCJIH .no6aBHTL K 3T0MY 

BLrpa,KeHHIO cpynKUHIO U = U(r1, r2, ... , rN), Ilpe.nrroJiaraeTcl!, 'ITO IIMCHH0 

TaKal! cpyHKUHJ!, 3aBHCJ!II]aJ! JIHIIIb OT IIOJIO,KeHHJI qacTHU B rrpocTpaHCTBe, 

0IIHCb!BaeT B3aHMO.Uei'rCTBHe MeiK.UY HIIMII. IIo.nqepKHeM, 'ITO rrpn H3MCHeHHH 

II0JI0iKeHHJ! 0.LlHOi'r IIJIH necK0JILKIIX qacTHU 0CTaJibHbie "y3HaIOT" 06 3T0M 113-

MeneHHH MfHCJBeHHO, B II0JIH0M C00TBCTCTBHII C II0JIY'ICHHLIM paHee pe3yJILTa.

T0M 0 TOM, 'ITO B KJiaCCII'leCKOi'r MeXaHHKe B3aHMO.Uei'rcTBHe pacrrpocTpaHJ!eTCJ! 

MfH0BeHH0. (8TOT pe3yJILTaT eCTb CJie.UCTBHe npe.nnoJI0iKeHHJ! 06 a6coJIIOTHO

CTll BpeMeHII HJIH 3aK0Ha CJI0iKeHHJ! CKOpOCTei'r, BLITeKaIOII]ero 113 II0CTyJiaTa, 

ycTanaBmrnaIOII]ero eBKJIII.Ll0B0CTb II TpexMepH0CTL rrpocTpaHCTBa KJia.CCII'!e

CKOi'r MexaHIIKn.) llTaK, 

N 

L = L O'.a • v~- U(r1,r2,••·,rN)-
a=l 

OTMeTIIM, 'ITO Ta1mi'r Bb!6op L J!BJIJ!eTCJ! onpe.neJieHHLIM .norry1ue1rneM, K0T0-

poe M0iKeT 6b!Tb orrpaB.nano, JIIIIIIh eCJIH npH HCII0JIL30BaHHII TaKoi'r L 6y.nyT 

II0Jiy'leHLI pe3yJILTaTLI, corJiacyIOII]HeCJ! C 3KCIIepnMeHTaJibHh!MH cpaKTaMH 
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IIJIII C H3BeCTl!b!MII 0606meHIIJ!MH .naHHblX na6JIIO.UeHni'r ( C 3aK0HaMll HLIO

TO!Ia, HanpnMep ). IIo.ncTaBHM 3TY cpynKUHIO ITarpaHiKa B ypaBHemrn .LlBIIiKe

HIIJ!. CpaBHIIBal! pe3yJILTaT co 2-M 3aK0H0M Hb!OTOHa, M0iKH0 3aKJI!O'lHTh, 

'!TO ecmr onpe.neJIHTh CHJIY KaK OTpnu:aTeJihHhlll rpa.n:neHT <i>YHKU:HU 

[T = U( r1, r2, ... , 1'N ), OilllChIBaIOmeiI B3aHMO.UettCTBHe 

- au 
F = - a:;:' 

TO 0Kan,eTCJ!, 'ITO Heo6xo.nnMO Bb16paTh O'.a = ma/2, a .UJIJ! cpyHKUllll ITa.rpaniKa 

3aMKHYTOif CHCTeMbl N B3aIIMO.UeJICTBYIOII!HX qacn1u II0JIY'IHM 

N m ·V2 

L = I: T- U(r1,r2,••·,rN)-
a=I 

3.necb m 0 - Ma.cca a-f1 qacTHUhl. Ilepnoe cJiara.eMoe 3Toro Bh!paiKeHHJ! - KH

nenrqecKal! 3Hepnrn CHCTeMhl T, II03T0MY J!CH0, 'ITO OTBeTCTBeHHaJ! 3a B3a.

m,10.nef1cTBIIe cj_)yHKUHJ! U He 'ITO nnoe, KaK II0TeUIIaJihHa.J! 3Heprlll! CHCTeMhl. 

TaKHM o6pa30M, B KaiK,noi'r KOHKpeTHOlf 3a.naqe <i>YHKUHH JiarpaH:lKa 3a

MKHYTOll MexaH-uqecKOll CHCTeMbl MO:lKeT 6bITh BhlqHcJieHa KaK pa3-

HOCTh KHHeTHqecKOll ll IlOTeHQHaJihHOll ::rnepr-uiI: 

L=T-U. 

OTMeTHM: 

( a) Bn.n cpyHKUHH ITarpaH;.irn .UJIJ! 3aMKHYTLIX cncTeM B3anMo.nei'rcTBYIOII!HX 

qacTHU II03B0JIJ!eT 3a.KJI!O'lHTh, 'ITO .UJIJ! TaKHX CHCTeM BpeMJ! He T0JihK0 

o.nnopo.nno, HO n H30Tporrno, T.e. ero CBoi'rcTBa o.nnHaKOBhl B 06011x na

rrpa.BJieHHJ!X. IlefrcTBHTeJILHo, 3aMena t na -t ne MeHJ!eT Ka.K L, Ta.K n 

ypaBHeHHJ! .LlBlln(eHHJ!. llHaqe rosopl!, eCJill B03MO)KHO HeKoTopoe .LlBH)l(C

HIIe, TO B03M0iKH0 11 o6paTnoe, rrpn KOTOpOM CllCTeMa rrpoxo,Ul!T Te iKe 

COCTOJ!HIIJ!, HO B o6paTHOM naIIpaBJieHIIH. 

(b) IlocKOJILKY v2 = dl2 / dt2, r.ne dl - 3JieMerIT .UJIIIHhl B rrpon3BOJILHoii cn

cTe111e Koop.nnnaT, TO 

• B .ne1rnpTOBhIX Koop.nnnaTax dl2 = dx2 + dy2 + dz2, II03TOMY 

T = ;(x2 +y2 + i 2
); 

• B UHJIHH.UpnqecKnx Koop.nnHa.Tax dl2 = dp2 + p2d¢2 + dz2, OTKy.na 

m . 
T = 2(p2 + p2¢2 + i2); 

• B ccpepuqecKIIX Koop.nnna.Tax dl2 = dr2 + r2d02 + r2 sin20 • d¢2 n 

m . . 
T = 2 (r2 + r202 + r2sin20. ¢2

). 

I
n, ·•f>~' . .. , .. ·n .. , ~ ~; e,)U t;-w•'l..i~;. Nu~
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KaK 6hIJIO JaMetJ:eHO BhIIIIe, rrpu pacCMOTpemrn .[lBH)Kemrn: MexaHH'Iec1rnx Cll

CTeM co CBl!3l!MIT rrpenrrotJ:THTeJibHee IIOJib30BaTbCl! o6o6meHHb!MH KOopn1rna

TaMll. IleperrmneM .q>YHKUHIO Jlarpam1<a B o6o6meHHhIX Koopn1rnaTax. Bsnny 

Toro, 'ITO 

Xa = la(q1,q2, ... ,q,), 
. of. 
Xa = L~a. ;· oq; q;, 

1 . . . 
L = 2 I: ma(x~ + y~ + zn - u 

a 

(Bbipa:arnHlll! Ya ll Za aHaJiorntJ:HhI Bbipa)I(eHHIO .[lJil! :i:a), rrorrytJ:HM 

L '"'ma'"' .. (Ola Ola OUa OUa OVa OVa) =~-~q;qk --+--+-- -U 
a 2 i,k oq; Oqk oq; Oqk oq; Oqk . 

OKOHtJ:aTeJibHO cpyHKIJ;lUI JiarpaH:)Ka 3aMKHYTOM CUCTeMbl B3aUMO.[leii

CTBYIOIUUX 'laCTUIJ; e o6o6meHHhIX KOOp.[lUHaTax JamICbIBaeTCl! B BH.[le 

L = ~ L a;k.(q1, q2, ... , q,) · (JiCJk - U; 
i,k 

a;k = L ma L (0 la Ola + OU a OUa + OVa OVa)) 
a 2 ; k Oq; Oqk oq; Oqk oq; Oqk 

' . 

T.e. B o6o6meHHhIX KOOPLlllHaTax KITHeTH'leCKaSI :rneprHl! l!BJil!eTCl! cpyHKUHeM 

He TOJihKO o6o6meHHhIX CKOpOCTeM, HO IT K00PLlHHaT: 

L = T(q;,q;) - U(q;), i=l,2, ... ,s. 

TaKaSI JaIIHCh, Korna rrepeMeHHal! B apryMeHTe HeKOTOpoi1: <pyHKlllfll CHa6-

)I(eHa lfH.[leKCOM, 6yneT HCIIOJih30BaHa LlJll! KpaTKOCTH ll B .[laJibHei1:IIIeM, rrpn

tJ:eM rrepeMeHHal! C HII.[leKCOM 3aMeHl!eT IIOJIHblM Ha6op 3TllX BeJIH'lllH ( ... ); = 
( ... )i, ( ... )2, ... , ( ... ) •. 

OrrpeneJII!M BHLl <pyHKUHH JlarpamKa .[lJil! CHCTeM, llCIIh!Tb!BaIOmHx BHeurnee 

BoJnei1:cTmre. B o6meM cJiytJ:ae 3TO nosoJihHO CJIOlKHal! Ja.[latJ:a. OnHa1w B 

0.[lHOM tJ:aCTHOM (Ho Ba)I(HOM) CJiytJ:ae, Korna paccMaTpHBaeMal! He3aMKHyTal! 

cucTeMa (Ha3oBeM ee I) B3aHMonei1:cTByeT c cucTeMOM II, LlBH1Ke1rne KOTopof1 

rrpenrroJiaraeTCl! 3a.[laHHbIM, 3a.[latJ:a cTaHOBllTCl! rrpoCTOM. 0 TaKOM CHTyau1rn 

roBopl!T KaK 0 LlBll)KeHIIH CllCTeMbl l B 3a.[laHHOM BHeIIIHeM IIOJie ( C'IHTaeTCl!, 

'ITO qu ll (]II l!BJll!IOTCl! ll3BeCTHb!Mll <pyHKUHl!Mll BpeMeHn). BbIIIllllieM Terrepb 

<pyHKUHIO JlarpaH)I(a COBOKYIIHOM (y1Ke 3aMKHYTOM) CllCTeMbI: 

Ll+II = T1(q1,iJ1) + T(qu,qu) - U(q1,qu). 

IlocKOJibKY apryMeHThl BToporo CJiaraeMoro - 3a.[laHHhie cpyHKUHH BpeMeHH, 

3TO CJiaraeMoe MO)I(HO rrpencTaBHTb I<aK rrpoll3B0LlHYIO no BpeMe!IH 11 HI'HOpH

poBaTb, OcTaBweecl! conep)I(HT rrepeMel!Hbie, OTHOcl!mHeCl! TOJibKO K CHCTeMe 
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L T0r)lil. <lT6pocnB Illln<'KCLI. II0JIY'IIl~I Bblpa;KeH!le cpyHKIJ;UU JiarpaH:lKa 

.[(JUI CllCTeMhI, HaxonnmeiicH B 3a.[laHHOM BHeUIHeM IIOJie: 

L = T(q.q) - U(q,t). 

:)TOT .r1arpalliKililll, 1,aK II JlJlll 3al\IKII)'Th!X CIICTel\I, l!B,;rneTCll pa3H0CTb!O T II 

[ r. C TOI! pa3IIll!l('II. '!TO II0TCIIIU!a.:Ibllal! )!Ieprnll ~!O)KCT l!BH0 3aBIICeTb OT 

HJW~IeIIII. B JWKaJ)T0Bl,!X I,00J)JUIIIaTaX 

S 1ll . t'2 
[ = L ~ - U(,·1, 1·2, ..•• l';Y, t). 

n=l ..., 

Il.l1HTErP AJihl .IlBl1)KEHl15I. TEOPEMA HETEP. 3AKOHbl 
COXPAHEHl15I 

l. l1HTerpaJibl LlBll:lKeHllJI. Pememie Jiarpa1rn,eBLIX ypaH!ICHIIII .UBlliKCHIIll. K0-

T0J)ble c l\IilTCl\laTH'IC('Ji()JJ T0'IKII 3j)t'Illll! l!BJillIOTCl! CIICTt'l\!011 s Jl1I<pcjiepe11u11-

aJILl!b!X ypaBIICIIIII! HToporo II0J)ll)\Ka (8 - 'IIICJI0 crene11e1I CH060.u1,1) • .U0.Tl)K!IO 

conep;1,aTb 2s llj)OH3B0JI!,IIl,IX IIOCT0llllllb!X: 

q; ~ q;(C1, C2, ... ; C2., t), q; = <j;(C'!i.C2, ... ,C2.,t). 

IlocKOJILKy ]\Jill 3aMKIIYTLIX l\H:'XilHl!'lt'CKIIX CHCTCl\! IIJIII CIICTt'l\l, HaXOJllllllIIXCll 

H ll0CTOll!IH0l\! BHCIIIHeM II0JIC ( <jlOJ)l\WJibllO 3T0 CHCTCl\11,1, narpam1,IIaH K0TO

JH,IX y.uoHJICTBOpl!eT ycJI0BIIIO DL/Dt = 0), ypas11c111rn .us1rn,e1111ll mrnapn

aHTIILI OTH0CJITCJILII0 3i\l\lf'HLI t 1-t t + lo, TO 0JUIY II] K0IICTa!IT C 060:rnalIIl~I 

to, TaK 'IT061,1 BMCCTO t B pewemrn:x ypa.BHCIIIIII .UHIDI,eHill! <jmrypnpoBaJJo / 

+ to, l1cKJIIOl!illl L(aJiee t + to, L\Jlll 0CTa.BIIIIIXCll 2s - 1 II0CT0l!HllbIX IIOJIY'Illl\l 

C1 ( q;, q; ), C2( q;, q;), ... , C2s-1 ( q;, q; ). l1ua,ie rosopl!, npn L\BH:lKeHUll MexaHu-

11ecKoii. CllCTeMhl C s CTeIIeHJIMU CB060L(hl 2s - 1 cpyHKIJ;llH o6o6meH

HbIX KOopnuHaT u_cKopocTeii coxpaHJIIOT IIOCTOJIHHhle 3HatJ:eHUJI. Ta

Kile eeJIH'lllHhl Ha3hIBalOT HHTerpaJiaMll LlBH:lKeHHJI. Oco6oe 3llil'ICIIIIC 

HMeJoT a.J\.UHTIIBIILIC ( IIJIII antMIIT0Til'ICCKII a.,UL(IITII!lIIl,Ie) IIIITt'l'J)<IJil,I JlHil)h('

Hllll, BBIIL\Y 'Toro 'ITO 01111 Il03Jl0Jll!IOT CJ\CJiaTI, 0IIJJCJ\t'JIC!Illb!C 3ilKJIIO'ICIIIlll 0 

.UBIDKenm1 6e3 pe11Iemrn ypam,eHnII. Ile11cTBI1TeJILHo, nyc1'1, JlBe ( nm1 60;11,me) 

'-!acnm pa3BCL(Cllbl na.cT0JJhlW, 'ITO B3aIIMO,UCIICTBIIC l\lC)KJ(,Y 11111\III npe11e6pc

)KIIM0 Ma.no, IIJ)H CBOel\l JlBI-DKCHIIII 3Tll tiaCTIIUhl c6Jfrrn,a10TCll TaK, 'IT0 11a,111-

11a10T B3a.11MO.UCMCTBOHa.Th, a II0CJie paCX0.UllTCll Ta.K, 'IT06h! B3illll\lOL\CIICTBIICl\l 

CII0Ba. MOlKII0 6b!JIO npcne6pC'II,. Ecm1 Jlil)Ke upupo;1a. B3ilIIl\10JlCikTBIIll IICll'I

HCCT!la., T.e. o6Jia.cTL, l'J(C ero 11co6xo.u11l\lo Y'IIITL!Bil.Th, - '',1epm,111 llllUIK"' 

TO B ('JIY'Iae, KOrL(a CHCTCMa. o6na..uacT i\.Jl]ll!THBIIL!l\111 ( IIJIII a.CIIl\lIITOTil'l('CKII 
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a)l)llITIIBHhIMH) HHTerpaJiaMH JlBU)KeHJ!ll, rrpnpaBHUBall CY!\11\l.Y 3TIIX HI!Terpa.

JIOB JlBH;i{eHHll no II rrocJie B3aHMoneiicTBIIll, l\ro;,rrno BhlCKa.3a.Th orrpeneJieHHhIC 

cy;Knemll! KaK o xapaKTepe B3a.l!l\IOJleficTBllll, TaK II o xapaKTepe JlBJrn;emll!. 

IlpHHllTO coxpanem1e a.JlJlHTIIBHhIX (11m1 a.cHl\IllTOTIJqecrrn a.nnHTIIBIILlX) IIH

TerpaJIOB JlBH;i{eHJrn Ha3LIBaTL 3aKOHaMII coxpaHeHIIH, a. ca.l\111 IJHTcrpa.m,I 

- coxpaHl!Iom11MHCll BerrnqnnaM11. 

2. TeopeMa HeTep. TeopeMa. 3MMII HeTep (1918 r.) nrpa.eT cpyHJlal\1eHTa.JIL

Hy10 J)OJIL BO Bcefi TeopeTJJqecKOJI cjJlDirne. OHa. neMOHCTpupyeT CBl!3L rrpe

o6pa30BaHIIH CHMMeTpHH qiyHKUIIOHaJia neiicTBHll ( B '!aCTH0CTI!) npeo6pa.30-

BaHJIII KOOpJlI!Ha.T II BpeMeHH, 0CTaBJil!Iomnx mrnapua.HTHLI!\! ncikTBHe) C 3a.

IWHaMH coxpa.nemll! n1maMuqec1rnx rrepeMeHHLIX. 3Tu mma.Mnqecrmc nepe

MeHHLie OKa.3LIBa.IOTCll nepBLIMH HHTerparraMII ypa.B11e11m1 JlBHihelIIIll. l1ua.qe 

roBOpll, TeopeMa HeTep ll03BOJil!eT HaIITII rrepBLie HHTerpaJILI ypaBHCHIII1 JlBH

)KeHHll, He pelllal! !IX. 

B COOTBeTCTBHH C rrpHHUHilOM OTHOCIITeJILHOCTII JlCIICTBHe - HHBa.puaHT rpy

llllhl rrpeo6pa30BaHIIH, CBll3LIBaromnx JlBe 1rnepuna.JILHLie CHCTeMLI 0TcqeTa l{ 

n k. B KJiaccnqecrwfi MexaHnKe 3To paclllnpemrLie rrpeo6pa.3oBa.HIIll ra.rrIIJiel! 

xi = ii + S[ik + Vdt + :r~, 

t = i + to, i,k = 1,2,3. 

3necL V~, xb, to - KoHcTaHTLI, Sf - opToroHa.JILHal! MaTpnua, xa.pa.KTepu3y10-

mall BpameHne [{ OTHocnTeJILHO k, napaMeTpn3yeMall TpeMl! rrocTol!HHLIMH 

yrrra.MII. BpeMeHHal! KoopmrnaTa HMeeT a6COJIIOTHLil1 CMLICJI H 113MCHl!eTCl! 

JIHlllL rrpn cnBnre Ha.qarra OTC'leTa BpeMeIIH Ha t0 (perrapaMeTpH3a.rurn Bpe

Menn). BLmrerrpnBeneHHhre rrpeo6pa3oBaHHll 06pa.3y10T 10-rrapa.MeTpwrecKyro 

rpyrrny rrpeo6pa3oBaHHH rarrnrreeBa rrpocTpaHCTBa n l!BJil!IOTCll rpyrrrro(1 cnM

MeTpnn neikTBHll. 

Ha ocHoBannn TeopeMLr HeTep Mo;,KHO yTBep,KJlaTL, '!TO B rmaccnqecrwfi Me

xannKe 3Ta 10-napaMeTj)H'ICCKaJI rpyrrna CHMMeTpHH JlCHCTBHll llOj)O)K)laeT 

3aKOHLI coxpaHCHHJI 10 JlHHaMH'-ICCKHX BeJIH'IHH. KaK 6yneT IlOKa3aHo, 3TO 

3Heprnl!, ITO Tj)H KOMll0HeHTLI HMllYJILca, CKOj)OCTH ueHTpa Mace '-!a.CTHULI H 

MOMeHTa HMllyJILCa. 

• TeopeMa. Ka:iKnoMy n-napaMeTpIIqecKoMy npeo6pa3oeaHIIIO He-

3aBIICIIMhlX nepeMeHHhlX neii:cTBIIH, OTHOCIITeJihHO KOTOphlx OHO 

IIHBapIIaHTHO, COOTBeTCTByeT n coxpaH.RIOI.UIIXC.R JlIIHaMII'IeC

KIIX eeJIII'IIIH. 

lloKa3aTeJihCTeo. PaccMoTpnM MexannqecKyro cncTeMy, cocTol!HHe KO

Topon orrncLrnaeTcl! qiyHKUneir JlarpamKa L = L(qi,C/i,t). BLmo rrorrn-

3ano, 'ITO JiarpaH,KCBhl ypaBHeHHll JlBII)KCHHll coxpaHl!IOT CBOIO qiopMy 
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rrpu rrpeo6pa.3oBa.HHllX lli = f; (qi, t). PaccMoTpnM 6onee o6mne rrpeo6pa-

30Bamlll, BKJI10qarom11e perrapal\reTpn3a.UHIO BpeMeHn: 

<Ji= li(qi, t); i = J(t). 

B o6mel\l CJiyqa.e BI!Jl HOBOro JlCHCTBHll KaK qiyHKUHOHaJia. HOBLIX rmopnn

Ha T, 3a.BIICllmnx OT HOBoro Bj)CMCHH, rrpn TaKOM rrpeo6pa.3oBaHHH MO)KCT 

rrpeTeprreTL rrro6Lre H3MeHemrn. TeopeMa HeTep oTHOCHTCll K TOMY qacT

HOMY cnyqa.ro, Korna. TaKHX II3MeHeHHI1 He llj)OHCXOJlHT. 

BseneM COB0KYITHOCTL 3aBHCllmnx OT OJlHOro (pann llj)OCTOTLI) rrapaMe

Tpa ,\ rrpco6pa3oBa.Hlll1 KOOj)JlHHaT H BpeMenn: 

[t; q(t)] ===> A(>.)[t; q(t)] = [i; q(t)] = [J(t; >.); f;(qi, t; >.)]. (9) 

ByneM cqnTa.TL, '!TO orrepaTop rrpeo6pa.30Bam1l! A(,\) ynoBJICTBOpl!eT yc

JI0BHl!M 

A(>.i)A(>-2) = A(,\3(,\1, >-2)); A(0) = 1, 

T.e. o6pa3yeT onuorrapa.MeTpH'leCKyro rpyrrrry. 

Pa.ccMOTJ)HM 6ecKoHe'!HO Marroe rrpeo6pa3osaune, OTBe'-!aromee rrapaMe

TPY ,\ t-t 0: 

, aJ 
t ===> t = t + ot; ot = a>. . >., (10) 

, 8.f-
q;(t) ===> q;(t) = J;(qi; t; >.) = q;(t) + 

0
; · >.. (11) 

Bapna.unll qiyHKUHll rrpn H3MeHeHnn. apryMeHTa B03HHKaeT KaK 6naro

na.pl! 3T0MY H3MeHeHIIIO, TaK Ii H3-3a H3MCHCHHll BH)la qiyHKUHH 

r• , ( ') ( ) a Ji \ 
U q; = q; f - qi f = QA . A. (12) 

Mo)KHO BBeCTH TaK)Ke Ba.pnaunro qiopMLI qiyHKUHH 

oq; = q;(t) - qi(t). (13) 

Qqesnnuo, 

J*q; =: oqi + q;. ot, (14) 

Kj)OMe TOro, Bapnaunll qiopMhl qiyHKUHH (6e3 3BC3Jl0'-IKII), KaK 6h!JIO rroKa-

3aHo, rrepecTaHOBO'!Ha C Ilj)OII3BOJlHOH ITO Bj)CMCHH ( d/ dt)oq = oq. CooT

BCTCTBCHHO, )lBa Tnrra Bapnaunir M0)KHO BBCCTH n JlJIJI JII06oi1: BCJIH'-IHHhI, 

HarrpnMep, JlJIJI qiynKUim JlarpaH)l(a 

J* L = L( .. .i) - L( ... t), JL = L( ... t) - L( ... t), 
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a TaK)Ke 

o* L = JL + ~~ . ot. 

BepHeMCH K ycJIOBIIHM TeopeMhl HeTep II IIOTpe6yeM, 'IT06bl cpyHKIIIIOHaJI 

.ueuCTBIIH OCTaBaJICH HeII3MeHHhlM rrpn rrpeo6pa30Bamrnx ( 10) II ( 11 ) : 

o*S= j di-L( ... i)- j dt-L( ... t)=O. ( 1.5) 

f T 

3.uech T - Ta )Ke o6rracTh HHTerpnpoBamrn, 'ITO n T, Ho Bhipa,KeHHa51 

'!epe3 nITpHXOBaHHh!e rrepeMeHHbie, '!TO .uaeT 

o*S= J di-[L( ... t)+o*L]- J dt-L( ... t)=O. 
t T 

IIo.ucTaBHB B rrocrre.uHee cooTHOll!eHne di II o* L, rrorry'IHM 

o*S= j[JL+ ~(Lot)]-dt. 
T 

PacKpbIBaH oL, npIIHHMa.a BO BHHMaHne 

d ({)L ) [ d ({)L) {)L ·] ~ dt {}q; . oq; = ~ Oq; dt {)<j; + {)<j; . oq; , 

rro.upa3yMeBa.a, '!TO .UBII)KeHHe rrpoll.CXO.Ull.T IIO HCTHHHOll TpaeKTOpIIII, T.e. 

J'IIIThIBa.H ypaBHe!!ll.H .UBil.)KeHII.H, a TaK)Ke 3aMeHII.B Oq; Ha o*q; corJiaCHO 

( 14), IIpll..UeM K CJie.UJIOIUeMy BhlpaiKeHHIO .UJIH O* 5: 

o* s = J dt . .:!_ [ (L - I:, a~ . <i.;) o t + I:, a~ . o* q;] . 
dt . . {}q; . {}q; 

T • • 

3Ta Bap11.aum1 paBHa Hyrr10, 11., TaK KaK o6rracTh I1.HTerp11.poBa1rn.a rrpo

ll.3BOJihHa, paBHO HJJI!O TaK)Ke II IIO.UhIHTerpaJibHOe Bhrpa;Keime 

d [( {)L . ) {)J {)L {)J;] - L - L, -. · q; - + L -. · - = 0. 
dt i aq; a>. i aq; a>. 

(16) 

.lJpyrHMII. CJIOBaMII, ll.3 ll.HBapll.aHTHOCTII. .UellCTBHH OTHOCII.TeJibHO ( 10) H 

(11) KaK CJie.UCTBil.e IIOJIJ'!eHo, 'ITO BeJIIl.'lll.Ha 

( 
{)L ·){)f {)L {)J; 

A = L - ~ {)<j; · q; a>. + ~ {)<j; · a>. ( 17) 

coxpaH.aeTCH BO BpeMeHli. 3To 11. eCTh TO'IHOe YTBepiK.UeHHe TeopeMhl 

HeTep. TeopeMa .uoKa3aHa. 
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• 3aMe'-!aHlle 1. BeJIJl'llIHa ( 17) 3aBIICIIT KaK OT 0606meHJ1LIX 1wop.111ma T. 

CKOj)OCTeII II llj)Cl\!ellll, TaK II OT cjiym,u1111 j II f; II 11031'01\lj' ewe He ecTb 

.UIIIJal\ll!'IeCKa}[ ( 3aBIIC51IIIa51 TOJILKO OT q, q, f) coxpaH51IOIIIal!C}[ Be:IIl'IIIHa. 

011a CTaneT TaKOBOII, KaK TOJlhKO 6y.ueT }[B110 3a.ua110 npeo6pa30Ba1rne, 

reHepupyromee coxpaHl!IOIUYIOCll Be.lII'Illll)', II Bhl.HCHena 3aBIICIIMOCTL f 
II f; OT {J, (f, f. 

• 3aMe'-!aHne 2. Cnarne:-1bre B (17) m1e10T pa111LIII xapaKTep. TiepBoe 

c1araec\10e, co.uep;i;amee ll1ym,u1110 Jlarpa11;Ka. nepenyTLrnaeT cTenen11 

CB060J!bl II 110)1'011)' o6na.uaeT JllllJlL aCJII\IIITOTII'ICCKOII a.u.uIITIIB!IOCThlO. 

BTopoe cs1arael\1oe 111\IeeT l!BHYIO ll>opl\1y cy1111\1L1 no CTerreH51c\l cB060.uL1. 

IhnTm1y ecm1 npeo6pa30Bau11e, 0Tuoc11TeJIL110 KoToporo mrnap11a11nm 

.uer1crn11e. 3aTpanrnaeT Bpel\rn, TO MOiKHO 11a.ue51ThCll rrmuL na coxpaue-

1111c' aCII;\IllTOTll'ICCKII i\,ll.L\IITIIBIIOfl BeJlll'lllllbl. Ecm1 iKe npeo6pa1y10TC}[ 

1'0311,J,O I,OOjlJ(llllaTI,I, TO coxpairnTbC}[ 6y;1eT i\,ll.UIITIIBJla}[ BeJJll'IIIHi\. 

TI pnl\1em1l\1 Teopel\IY HcTcp K pa3ml'IIILII\I '!aCTl!Lll\l CJI_}"Ia511\I npeo6pa301Ja11m1 

Clll\ll\lCT[JIIII JJefICTBII}[. 

:3. 3Hepnrn. PacCl\lOTPIIl\l npeo6pa30BMIIIC, CBll3aHuoe C o.unopo.unocTb]O Bpe-

1\ICIIII, - C.UBHI' !JO llpeMCHH / = { + fa. '.)To npeo6pa3oBaHIIe TIOJIY'IaeTC}[ 1,aK 

'laCTHhlll CJ!)''Ii\11 06!1U!X (lQ) II (11), CCJIJI IIOJimKIITL (fJf;ji))..) = 0, BLI6paTh 

Jt =>.II IIo:.>ToMy npmrnTL, 11To (8.f /8>.) = 1. Tor.ua Bl\!ecrn (16) 110J1y•ml\1 

'!To o3Ha'!aeT coxpauemw 

:!._ [L - ~ fJ L · ·] = 0 
It Li)·. q, , 
~ i q, 

E = ~. fJL LCJ,
8
.-L. 

i (Ji 

(18) 

( 19) 

ToT )Ke pe3yJILTaT MO)KIIO TIOJI.}"U!Tb IICXO.Ull 113 O.UIIOJ)O.UIIOCTI! Bpe~1e1111, IIC 

TIJ)IIBJieI..all TCOJ)Cl\lbl IleTep • .lle1ICTBIITCJil,IIO, 113 O.UHOpO.UHOCTI! Bpel\1e1111 CJie

JIYeT, '!TO cpyHKUH}[ Jiarpam1.;a 3al\IKHYTblX Mexauw1ecKHX CIICTeM IIJIII CIICTe~I. 

llaXO.U}[lUHXC}[ B TIOCTO}[IIIIOM BHClU!H'M IIOJie (Ha30BCI\I Tal(l!e CIICTCl\lbl KOIIcep

BaTHBH~IMH), ne .UOJI)K!la 3aBIICCTL OT BpeMCHII, T.e. 

dL [aL. aL .. ] [dfJL. i)Ld.] d(_f)L) 
dt = ~ fJq/i + fJ<j; q; = ~ dt fJ<j/; + fJ<j; dt q; = ~ dt q; fJ<j; ' 

BLipa)l,enne, cosrrn..ua1on1ce c ( 18). 

J1cnw IIOKa3aTb, 'ITO E 113 ( 19) }[BJI}[CTC}[ IIOJIIIOII '.)IICJ)I'IICJI ~1exa1IJI'leCKOi"! 

CHCTCMLI. llei:'rcTBHTeJJL!lo, .UJill 1w11cepBaT11BHhIX cucTel\! J1arpa11JK11a11 _L = 
T( q;, <j; )-U ( q;) 11 51BJillcTc51 1rna;1paTw111011 lj1y11KH11e11 0606Ine1111ux cKopocTeJI, 
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no)T0MY, cornaCH0 TeopeMe 3i'mepa 06 0.llH0p0.llHhlX qiym;um1x, cyl\ll\ta B (19) 
paBHa 2T, a 

E = 2T - (T - U) = T + U 

eCTh nonHal! 3Hepnrn CHCTeMhl. B neKapT0BhlX 1mopn1rnaTax 

mv~ _ _ _ 
E =I:,-+ U(r1,r2,••·,,.N)

a 2 

• IlpttMe'lami:e 1. <l>yHKUHll 

f ( Ct.Xi, O.X2, ... , a.x;) = a.k J(:r1, X2, ... ;r;) 

Ha3hIBaeTcl! onHoponuou cpy1munei'1 cTe11c1m k. 

Ilnll 0.llH0p0.llHhlX qiyHKUMII cTenem1 k TeopeMa 811nepa ycTaHaBmrnaeT 

fJf I:,x;- = k · f. 
i OX; 

Cornacuo (19) :rneprtt.11 annnTHBHa B TOil lKe Mepe, B KaK011 annHTHBHa cpyHK

u1rn JiarpamKa, T.e. acttMnToTtt'leCKH annttTHBHa. 

TaKHM o6pa30M, BCJie.[ICTBl'le 0.llHOpO.llHOCTl'I BpeMeHH npH ,I\Bl'l)KeHHl'I 

3aMKHYTh!X MexaHH'leCKl'IX Cl'ICTeM, a TaK:lKe Cl'ICTeM, HaXO.llJII.Ql'IXCJI 

B IlOCTOJIHHOM BHeUIHeM none, 3Heprtt.11, onpe.neJIJleMa.11 Bh!pa:lKeHHeM 

(19), OCTaeTCJI Hel'l3MeHHOM. 

4. HMnyJihC. Ilpyroi'1 3aK0H coxpaHeHHll B03HHKaeT B CBll3H C 0.llH0j)0.llH0CThlO 

npocTpaHCTBa. IIpeo6pa30BaHHe, 0TpaiKa1omee C00TBeTCTBYJOIUYIO 3TOl1 on

H0p0.llH0CTH CHMMeTpH!O, eCTh npocTpaHCTBeHHh!H C.llBHr. Ilpome Bcero 3T0 

npeo6pa30BaH11e Bhirnll.llHT B neKapT0BbIX K0opmrnaTax: i1 = 1'.:+a. IIocKOnhKY 

01-10 He 3aTparHBaeT BpeMe1-111, TO nonyqaeTCl! 113 06m11x npeo6pa30BaHui'1 (10) 
11 (11), ecnu nonmKHTh (fJJ /fJ>.) = 0, a TaK)Ke, BBH.llY Heo6XO.llHMOCTH BhJ6opa 

>.=a, npHHl!Th (fJJ;jfJ>.) = 1. Torna 113 (16) cnenyeT 

L, :!._ fJL = :!._ L, fJL = O 
a dt OVa dt a OVa . 

IIoncTaBHB c10na narpaHlKl1aH 3aMKHYTOH CHCTeMhl B neKapT0Bh!X K00p.llHHa

Tax, nonyq11M 

'Pa= ma· Va; P = I:,.r:, = canst. 
a 

3nech Pa - HMnynhc oTnenhHOH qacT11UhI, P - nonHhIII HMnynhc, coxpaHl!

JOIUHHCll npu .llBHlKeHHH Cl1CTeMhl H an.llHTHBHhlll no onpeneneHHIO, np11qeM, 

B 0Tn11q11e OT 3Hepr1111, ero ann11Tl1BH0CTh He 3aBHCHT OT Toro, B3aHMO.lleH

CTBYIOT qacTH CHCTeMhI HnH HeT. 
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ToT iKe pe3ynLTaT MOiKH0 nonyqnTh, He ncnonh3Yll (16). B c11ny 0.llH0p0.llHO

CTII npocTpaHCTBa CB011CTBa 3aMrrnyT01I MexaHIF!eCKOH CHCTeMhl He nonlKHhl 

'3aBIICCTh OT napaJmenhH0ro nepeHoca 3TOH Cl!CTeMhl KaK uenoro, a 3T0 03Ha

'IaeT. <ITO npII C00TBeTCTBYIOIUCM npocTpaHCTBCHH0MY C.llBHry 6eCKOHeqHo 

l\IaJIOM rrpeo6pa30Bamm i1 = fr+ t( l 1-7 0) ll3MCHCHHe cpyHKUIIHH JiarpaHlKa 

noniKH0 o6pamaThCl! B Hynh, T.e. 

L, Jfa ~~ = tL, ~~ = tdd L, ~~ = 0. 
a ura a Ura t a UVa 

TaKHM o6pa30M, BCJie.llCTBl'le 0.llHOPO.llHOCTH npocTpaHCTBa npn .llBl'l

:lKeHl'll'I 3aMKHYTh!X MexaHH'leCKl'IX Cl'ICTeM HX IlOJIHh!M l'IMilYJibC p 
OCTaeTCJI HeH3MeHHbIM. 8 neKapT0BbIX K00p.lll1HaTaX 

P- " fJL " - " -= L.. a- = L,.Pa = L.. ma. Va= canst. 
a Va a. a 

(20) 

Ilm1 He3aMKHYThlX cHcTeM 11onHL1i'1 HMnynLc, Boo6me roBopll, coxpaH.l!ThCll 

He 6yneT. OnHaKO B Ba)KH0M cnyqae .llBH)KeHIIll CHCTCMbl BO BHeIIIHCM none, 

ecm1 none o6nanaeT HeKOTOp011 CHMMeTpIIeH, B qacTH0CTII, ecnu OHO He MCHll

CTCll npu rrapannenhH0M nepeHoce MexaHuqecK011 cucTeMhl KaK uenoro B.ll0nh 

KaKoro-nu6o HanpaBneHHll, To, rrnK 3To cne.nyeT H3 npuBe.lleHH0ro Bhrnona, 

K0Mn0HCHTa HMnynbca B 3T0M HanpaBneHIIH coxpaHl!CTCll ( 06J,rqHo B 3Tl!X Ha

npaBnemrnx Bb16npa10T K00p.llHHaTHhle ocu). <l>opMaJibHbIM npH3HaK0M TaKOH 

CHMMeTpHH nonl! l!Bnl!eTCll 0TCYTCTBHe 3aBIICHM0CTII, nOTeHUHaJibHOH 3HeprIIII 

OT COOTBCTCTBYIOIUCH neKapTOBOH K0Oj).llIIHaTbI. TaK, B HanpaBneHH0M no z 

0.llH0j)0.llH0M none coxpaHl!IOTCll K0Mn0HeHTbl HMnynbca B.llOnb oceii X II y . 

• IlpttMe'laHHe 2. OnHopO.llHbIM Ha3b!Ba!OT none, BO Bcex T0qKax K0T0-

poro Ha qacTiruy neucTByeT o.nHa II Ta lKe cHna F. lb onpeneneHIIll 

F = -(8U/8r) cnenyeT, qTo B 0.llH0j)0.llH0M none u = -F. r, T.e. no

TCHUHaJibHal! 3HeprHll l!BnlleTCl! mrneHHOH <pyHKUIIell K00j).llHHaT. 

CnenyeT o6paTIITb BHIIMaHIIe Ha cneny10ruee HHTepecHoe o6CTOl!TenhCTBO. B 
.nerrnpT0BhlX K00j).llIIHaTax narpaHlKCBhl ypaBHCHHll .llBH)KCHHll 3anHCb1Ba!OTCll 

B BH.llC 

diia = Fa; 
dt 

fJL 
Pa= OVa; Fa= -8U/8ra, 

rne Pa - HMnynhc a-11 qacTHUhl, a Fa - cHna, .neiicTBYIOIUal! Ha 3TY qacTHUy. 

IlpocyMMHpOBaB no BCCM qacTHUaM, nonyqHM 

I:, Fa= o, 
a 
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T.e. cyMMa cun, .ueiicTeyioruux BHYTPH JaMKHYTOM cucTeMhI, paeHa 

HYJIIO. Ecmr CIICTeMa COCTOIIT 113 .llBYX B3aIIMO,llelICTBYIOIUHX 'laCTe(1, TO l\lhl 

rrpHXO.lllIM K 3-My 3aKOHY Hh!OTOHa O paBeHCTBe .ue(ICTBHll H rrpoTIIBO.D.eiicTBIIll. 

Ilo amWIOI'IIII C .neKapTOBblMH KOOp.lll!HaTaMH HaJOBeM 

fJL 
p; = fJq;' 

fJL 
f; = fJq; 

i-MH KOMilOHeHTaMH o6o6rueHHb!X HMilYJibCa u CHJibl. IloHl!THO, 'ITO 

ypaBHeHHll .llBII)KeHJrn JiarpamKa B 3TIIX o603Ha'lemrnx rrpHHHMa!OT BH.ll 

Pi =f;, i=l,2, ... ,s. 

OTMeTIIM, 'ITO o6o6meHHh!e IIMIIYJihChl II CHJihl He06l!JaTeJihHO HMeIOT 06u•1-

Hhie pa3MepHOCTII [M Lr-1] II [M Lr-2]. 

• 3aMe'-laHHe 3. PacCMOTpHM CHTyaUIIIO, 1mr.na cpyHKUHll Jlarpan;Ka He 

JaBIICIIT OT O,llHOH (11nn HeCKOJihKHX) o6o6meHHblX KOOp.!J.l!HaT, neo6xo.un

MhIX .llJlll OIIIICaHHll: IIOJIO)KeHJill: CIICTeMhl B rrpocTpaHCTBe. TaKIIe rmop.un

HaTbl Ha30BeM QHKJIH'-leCKHMH. IlycTb qk - UHKJIH'leCI(all: KOop.nnnaTa 

(.llJill HeCKOJihKIIX UIIKJIII'lecrrnx KOOp,llIIHaT paccy)K,lleHHll TaKne )Ke), T.e. 

L = L(q1, ... qk-1,qk+1,··•qs,(J1,•••(Js,f), 

.npyrHMH CJIOBaMH, fJL/fJqk = 0, 'ITO, corJiaCHO ypaBHeHHl!M JlarpamKa, 

03Ha'laeT coxpaHeHne k-0: KOMIIOHeHThI o6o6menHoro HMIIYJihca. HTaK, 

ecJIH O,llHa HJIH HeCKOJibKO KOOp,llHHaT, Ja,llalOlUHX noJimKeHHe 

MexaHH'-leCKOM CHCTeMbl B npocTpaHCTBe, QHKJIH'-leCKHe, TO co

OTBeTCTBYIOIUHe KOMilOHeHTbl HMilYJibCOB HBJIHIOTCH coxpaHHIO

lUHMHCH BeJIH'-IHHaMH. 

5. MoMeHT HMnynhca. Cne.nyeT O)KII.llaTh, 'ITO o'lepe.nH00: 3aKoH coxpaHe

HHll 6y.neT CJie,llCTBJieM H30TpOIIHII rrpocTpaHCTBa. M, KaK 6b!JIO CKa3aHo, IIO

CKOJihKY COOTBeTCTBYIOIUee II30TpOIIIIII rrpocTpaHCTBa rrpeo6pa30Bam1e CIIMMe

TPIIII He .llOJI)KHO 3aTparJIBaTb BpeMeHJI, TO coxpaHll:IOIUal!Cll: BeJIH'lHHa 6y.neT 

a,ll,lllITIIBHOH no orrpeneJieHIIIO, KaK IIMIIYJihC. By.neM pa6oTaTb B .neKapTOBh!X 

KOOp.ll!IHaTax, Tor.na IICKOMOe rrpeo6pa30BaHJie HMeeT BII.ll 

- - - [' - - i 1'a ===? 1'a = 1'a + ucp, 1'a ; Jra = [Jcp, ia]. 

8To rrpeo6pa30BaH11e Bhrne.neHo B Kypce BeKTopHoro II TeH30pHoro aHann3a rrpn 

paCCMOTpeHHH II3MeHeHIIll: BeKTOpoB, o6ycJIOBJieHHblX BpameHHll:MII, KOTOpb!e 

rrapaMeTpH30BaHbl 6ecKOHe'lHO MaJih!M Jcp. CpaBHIIBall: IIOCJie,llHee Bblpa;Kenne 

C (11), IIO,llCTaBJIM pe3yJihTaT B (16) II IIOJIY'IIIM 

d
d L f)fJ!; · [Jcp,ra] = Jcp• dd I:[ra,P:,] = 0,===? M = Llia,Pa] = canst 
t a Va f a a 
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'lilKOII coxpam.'llllll BCKTopa l\!01\!CIITa 111\lll)".TbCa fi, J,aK II O)KII)laJIOCL, a)l.llll

Tl!BHOro !JO 011peJ(e.TCIIIIIO. AuaJJO[II'IIIOe 3aKJI!O'lem,e l\lO)KHO IIOJl)''IIITL J!Ha'!e. 

B cm1y 1110Tpo1mocr11 npocTpancTBa caoiicTBa 3a11m11yToi"1 Mexam1<1ecKoii c11-

CTf'l\11,1 Hf' l\!Cllll!OTCll npu HOBOJ)0Tax cc KaK uenoro. 3To 03Ha'!aeT, 'ITO npe

o6pa30Bcll!l!C 

( . .tt =.·le+ [Sep. ,L]. 
f'Jl<' 

- ( ,7) A.= u . 

0CTilHJ!ll('T 11('1131\leHI!Lll\l <]1ymm1110 JiarpamKa CIICH'l\!b], T.e. 

, ~(al ,- al ·-) ol = L -
0

_ · 01·,. +-;--::;- · o·i•a = 
u 1\1 Ovri 

L (1t ·[Sep,,":,]+ JI,, · [Sip, val) = Sep· ell L[T'a, Jla] = 0. 
a ct a 

VhaK, npH .llBH2KeHHH 3aMKHYThIX MeXaHH'-leCKHX ClICTeM, KaK <:_Jie,ll

CTBHe H3OTpOIIlilI rrpocTpaHCTBa, IIOJIHblll MOMeHT lIMilYJibca .\[ co

xpaHJieTCH. n .neKapTOBLIX KOopmrnaTax 

A-1 = I:Wa,11al; di\! = o. 
cit 

(21) 

I101,a.;KCl\l, 'ITO BCJIH'llllla. l\101\leHTa. IIl\lfIYJILCa. 3clBHCIIT OT TO'!l,II, OTIIOCIITCJILIIO 

KOTOpo{1 Oil m_rpe.nene11. Cl\leCTIIl\I llcl'IaJIO IW0Jl.llllliaT 11a. IlOCTOllIIHI,lll BeKT0Jl 

a, Torna. ,--: = ,--: + a. a. 

117 = ii + [a, 13], 
II, TOJILIW CCJIH Mexa.Hil'Iec1rnll CIICTel\la. II0KOIITCll Ki\.K ueJioe ( p = 0), l\101\ICIIThl 

HMHYJILCa. B o6enx CHCTel\Iax coana..na.10T n fl03TOl\lY He 3a.BIICllT OT BLJ6opa. 

Ua.<Ja.JJa IWOJ).lllllfa.T. 

IlocTa.TO'IIIO IIJ)OCTO IIOHl!Th, '!TO npn .llBIDKemm l\!eXa.lIIl'leCKIIX CIICTel\l, B3a.1I

MOJJ.e{1cTBy101unx C BHeWIIHl\l IIOJiel\J, KOMilOHeHTbl MOMeHTa. HMilYJibCa ( B 

O.llHOM -'-laCTHOM cnyqae c4>epH'-leCKH-ClIMMeTpH'-IHOro IlOJIH IlOJIHb!M 

MOMeHT lIMilYJibca) OCTalOTCH HeH3MeHHb!MH, ecJIH BHewHee none 

o6na.naeT oceBOH ClIMMeTpHett. Ile{1CTBIITCJ11,IIO, B 3TOM CJiy<Iae CBOIJCTBa 

II0Jil! HC MCHl!IOTCll npH IlOBOJ)OTax B0Kpyr OCH CHMl\leTp1111, rrpocTpanCTBO OT

IIOCHTeJihHO 3TOH OCH H30TJ)OllHO, Il03TOMY K0l\lIIOHenTa 111\IIIYJILCa Ha. 0Cb Clll\1-

1\!CTJ)llll coxpa1rneTCl!. Ecmr m1em11ee none cq)ep11<1ecKn-c1111-11\leTp11'11IO, rno6aa 

OCh, npoX0JlllIUa.ll 'ICJ)C'.l llCIITJ) IIOJ!ll, llBJll!eTCll 0Ch!O Clll\11\!l'TJ)llll OTIIOCIITl'JILHO 

Bpau\eHH{I BOKpyr Hee. (KcTa.TII l'OBOJ)ll, 3TO llOJ]O)KCIIIJC I\IO)KIIO IlJ)l!lll!TL 3a. 

onpct\CJICIIHe ccjlepH'ICCIWfl CHl\lMCTJ)l!ll.) A 3TO 031!a.'lilCT, '!TO coxpa.Ul!CTCll 

onpe.neJieHHb!H OTHOCHTeJibHO QeHTpa IlOJIH IIOJil!hll] M0l\IeHT HMIIYJihCa., 

T. I,. coxpaHl!IOTCl! ero IWMIIOIICIIThl OTII0CIITCJihll0 Tpex .!l.CliaJ)TOBh!X oceii. 
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• 3aMe<IaHtte 4. Xapa1<Tep Bbrnona 3a1m11a coxpa11e111rn l\10l\1ewra Hl\1-

IIYJibca II03BOJilleT npe,UIIOJIOiKIITb, '!TO npoeKl(llll l\lOMeJITa Ha 1,aKy10-

m160 ocb ( 11anpHMep, z) onpeneJil!eTcl! qJOpMyJiof1 

M 0 =" oL ~a~. 
a ya 

B 3TOM 11eTpyn110 y6e,UIITbCll npl!Mbll\1 BbI'!HcJiem1eM. Ile1kTBIITeJibIIO, 

Mz = La ma[rava]z = La ma(,ra1ia - YaXa) HJIII B rrummnpIPieCKIIX KO

OJ),!ll!HaTax !viz = La maP~'Pa, H, IIOCKOJibKY <pyHKl(Hll JiarpamKa L = 
½ La ma(P~ + P~'P~ + i~), JierKo BH,!leTb, '!TO gJopMyJia Bepna. 

6. Ilpeo6pa3oBaHne coxpaH.IIIOII.IHXC.11 BeJIH'IHH. BLrnCHIIl\l. Ka!, npeo6pa,y

JOTOI coxpaHl!JO!l(Hecl! BeJIH'IHHbI npn ramrneeBbIX npeo6pa3oBamrnx 

r= fr+ Vt; v= &+ v; t = i. 

(MCO !{ ,UBmKeTOI OTHOCHTeJibHO !{ co cKopocTbJO V = const.) 

Haq11eM c HMIIYJibca 

, , 

P = LmaVa = P + VLma = P + jtV, 
a a 

µ = Lma. 
a 

113 Bcex MbICJilIMbIX MCO k Bb16epeM TY, B KoTopoi:"i paccMaTpHBaeMal! Me

~aHH'!ecKa.11 cncTeMa noKOIITCll KaK rreJioe. O'!eBII,n:Ho, 3To Ta k, B KoTopoii 

P = 0 11 KoTopal! ,n:BII;KeTcx OTHOCHTeJibHO !{ co cKopocTbJO V = Vo = P / µ = 
La maua/ µ. IlpmmTerpupoBaB IIOCJie,n:nee COOTHOUieHHe, IIOJIY'IHM 

- - - "mr R = Vat + Ro = L,a a a. 

La ma 

HaJoBeM TO'IKY c pa.n:uyc-BeI<TopoM R rreHTJ)OM uneprruu (UM) MexaHu'!ecrmii 

cncTeMbr. 3Ta TO'!Ka .Il:BH;KeTcx c nocTOllHHoii cKopocTbJO V0 BMecTe c MCO 

k (B KoTopoii HaUia cucTeMa noKOHTCll KaK rreJioe) OTHOCHTeJibHO MCO K. 
MCO k npHHl!To Ha3bIBTb MCO UM. I1TaK, B cnny JaKoHa coxpaHeHH.11 

HMnynhca UH JaMKHYTOH cncTeMhl MaTepnaJihHhIX TO<IeK .nan:>KeTc.11 

co CKOpOCThlO Vo = const. 8TO ,!lBH)KeHIIe B Bb!COKOH CTerreHII TpHBilaJihHO, 

II03TOMY o6bI'IHO ero lICKJIIO'!aIOT H3 paccMOTpeHIIll. (OTMeTUM aHaJIOfIIIO C 

,!lBH;KeHHeM CBo6o.n:Hoii MaTepHaJibHOH TO'IKH. I1HTepeCHO TaK2Ke JaMeTIITb, 

'!TO CBl!Jb lIMIIYJILca c11cTeMbI c ee cKopocTbIO KaK rreJioro ( P = µ V) TaKal! 

Me, KaK lI ,!lJI51 OT,!leJibHOH '!aCTIIl(bl. 8Ta aHaJIOfllll II03BOJilleT TpaKTOBaTb 

CHCTeMy MaTepHaJibHbIX TO'leK (B Tex cJiy'lallx, Kor.n:a BHyTpeHHHe ,!lBlI2KeHHll 

B Heii Hae He lIHTepecyroT) KaK o.n:Hy MaTepHaJibHYIO TO'IKY, T.e. no cymecTBy 

onpaB.n:LrnaeT Mo,n:eJibHOe npe.n:cTaBJieHIIe o MaTepIIaJibHOH TO'!Ke.) IlocTOl!H

cTBo cKopocTu JlBH,KeHHll UM 3aMKHyToii c11cTeMbI ecTeCTBeHHO OTHeCTII K 

28 

3i\KOIIi\l\l coxpaHel!Hll H TeM caMbIM 3aBepUIHTb paCCMOTpe11ue BeJIH'IHH, co

xpauenne KOTOJ)b!X CJie,UyeT 113 HHBapIIaHTHOCTll JiarpaH,KHaHa 3aMKHYTbIX 

CHCTel\I OTIIOCHTeJibHO 10-napaMeTpII'!eCKOH rpyrrrru pacUinpeHHbIX rrpeo6pa-

30Bi\HJifI faJIIUJell. 

flepef1neM K npeo6pa30Ba1111JO 3Hepr1111 E = T + U: 

ma · v~ l ,2 µ V 2 
-: - , µ V 2 

:.. -
T=I:--=-Lm ·v +-+I:m -vV=T+-+P•V 2 2a a a 2 a a a 2 . 

IlJill noJinofr 3Hepnm 

, µV2 :.. -
E=E+-+P·V, 

2 

n ecmr UITpnxoBa11nyro CO Bbr6paTb KaK I'ICO UI'I, T.e. noJI02KIITh P = 0, TO 

v2 
E=E;n+f!__ 

2 ' 
1" ,2 , 

E;n = - ~ma· Va+ U. 
2 a 

TarrnM o6pa3oM, .B MCO, OTHOCIITeJibHO KOTopo11 MexaHH'!eCKax cncTeMa ,n:BII

,KeTCll KaK rreJioe (B I'ICO UI'I), norrHal! 3Hepnrn crma,n:1,rnaeTcx H3 BHyTpeH11eii 

:rnepnrn E;n II rrnHeTH'!eCIWII 3HeprHH ,!lBII2KeHHll CIICTeMbI KaK rreJioro. 8To 

o6CTOl!TeJibCTBO II03BOJilleT npH peUiemm 3a,n:aqn O ,!lBII2KeHIIII CIICTeMbI N TO

'!eK B MCO UI'I pa36IITb 3a,n:aqy ua ,n:Be ne3aBIICIIMhle - 3a,n:aqy o BHyTpeHHeM 

,!lBIDKemrn H TJ)IIBHaJibHYIO 3a,n:aqy O paBHOMepHOM H npl!MOJIHHeMHOM ,!lBH)Ke

HHH CHCTeMbl KaK rreJioro. 

OcTaJiocb Bbll!CHHTh, '!TO nponcxo.n:nT npn npeo6pa3oBaHHl!X fannrrex c MO

MeHTOM HMIIYJihCa 

' M = L ma[ia, Va]= M + µ[R, V]. 
a 

EcJin Mexam1qecKak c11cTeMa noKOIITCll KaK rreJioe B CIICTeMe k, TO µ · V = P, 
H Tor.n:a 

M = M+[R,P]. 

B CIICTeMe UI'I BeKTop M HaJhlBaJOT co6cTBeHHhIM MOMeHTOM HMIIYJILCa II 

060311a'!aJOT M;n, HHa'!e roBopll, MOMeHT IIMnyrr1,ca MexaHII'!ecoii CIICTeMhI 

B npOII3B0JlbHOM co CKJia,!lbIBaeTCll II3 co6cT;se1111oro MOMeHTa II BeKTOpHoro 

npoII3Be.n:eHIIll pa.n:IIyc-BeKTopa UI'I 11a IIMIIYJihC. (3aMeTIIM, '!TO nocJie,n:Hee 

cJiaraeMoe orrl!Th IIMeeT qiopMy MOMenTa o.n:11oi:i qacTIIl(hl c Koop.n:IIHaTOM R II 
IIMIIYJihCOM P. A 3TO eme pa3 no,n:TBep2K,n:aeT, '!TO ecJIII He IIHTepecoBaThCX 

BHyTpeHHIIMII ,!lBII2KeHII51MII, TO CIICTeMy MaTepIIaJibHbIX TO'!eK M02KHO pac

CMaTpIIBaTb KaK o.n:ny TO'IKY c Maccoi:i µ II pa.n:IIyc-BeKTopoM R.) 
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TaKIIM o6pa30M, .llJUI 3aMKHYThIX MeXaHJ!'Iecrrnx CIICTeM, IICXOJUI II3 cal\IhIX 06-

mnx CBOJICTB OJIHOpOJIHOCTH H 1130TpOIIHOCTH rrpocTpaHCTBa II OJIHOJ)OJIHOCTII Bpe

MeHII, yJiaJIOCh rrorryqnTh 3aKOHhI coxpaHeHHH 3HeprmI, HMIIYJihCa H MOl\leIITa Jll\1-

llYJihCa • .I!Ba IIOCJieJIHHX HHTerparra JIBIDKeHHH aJIJIHTllBHhl ITO onpenerreHHIO, a 311ep

nrn aCIIMIITOTHqecKH aJIJIHTHBHa. B Kal!(JIOM crryqae OKa3aJIOCh B03MO)KHh!M yKa-

3aTh Ha JIOCTaToqHo llIHpOKHll rmacc BHellIHJ1X rrorre{1, He Hapyllla10m11x 3a!WHOB 

coxpaHeHIIH. 3To IIOCTOHHHhie BHellIHHe IIOJIH (B crryqae :rnepnm), IIOJIJI, CIIMl\!e

TpllqHbie OTHOCHTeJihHO rrpocTpaHCTBeHHh!X CJIBIIrOB BJIOJih Ka!WJJ-JIH6o OCII (BJIOJih 

TOH l!(e OCH coxpaHHeTCH K0Mll0HeHTa HMllYJibca), H TIOJIH, 06rrana1omne oceBOI! CIIM

MeTpHdi: ( coxpaHHeTCH rrpoeKUHH M0MeHTa Ha 3TY 0Ch ). OcHOBHaH uenH0CTh 3a

K0H0B coxpaHeHirn COCTOIIT B TOM, qTo OHH II03B0JIHIOT, He BHHKaJI B JieTaJihHhlll 

MexaHII3M llpOIICX0Jillmero, BhIJIBIITh HeKOT0phre 0CHOBHhle qepTbl HBJieHlIJI. B Tex 

crryqaJ1x, Korna MexaHII3M rrpoIIcxonxmero HeII3BecTeH, 3aKOHhI coxpaHemrn qacTo 

cJiy)!(aT eJIIIHCTBeHHh!M IICTOqHlJKOM O rrpoueccax, rrponcxom1mnx C CHCTeMOJI. Ha

K0Heu, B 6orree npocThIX crryqaxx, KorJia peqh IIJieT 06 HHTerpnpoBamrn ypaBHe

HHH JIBII)!(eHIIH, 3aK0HhI coxpaHeHHH MoryT CJIY)Kl!Th BCIIOM0raTeJihHh!M cpeJICTB0M, 

yrrpomaromIIM 3TY rrpouenypy. 

Ilo 3TIIM rrpIIqlJHaM coxpaHx~mIIeCH JIJIH BCHKOH 3aMKHYTOH CHCTeMhl II JIJIH 

CIICTeM, B3aIIMOJiellCTBYIOmux C rrepeqlJcJieHHhIMII Bh!llle TIIIIaMII BliellIHIIX rrorrei'i, 

3Hepru10, HMIIYJihC II M0MeHT Ha3b!Ba!OT q>YHJiaMeHTaJihHh!MH JIHHaMHqecKHMH Be

rrnqnHaMII. 

• Ilpuno:lKeHHe. IIpnBeJieM npyroe JIOKa3aTeJihCTB0 TeopeMhI HeTep. Pac

CMOTpHM 6ecKoHe,rno Marroe npeo6pa3oBaune KoopnnnaT q; >--+ q; + oq;, rne 

oq; = T/ · lk, a i, k = l. .. n (no ll0BT0pl!IOIUHMCH l!HJieKCaM llOJipa3yMeBaeTCH 

cyMMIIpoBaHne, lk - 6eCKOHeqno MaJihJe He3aBIICIIMbie napaMeTphl npeo6pa-

30BaHnH). CorJiaCHO ycJI0BHHM TeopeMhI ll0Tpe6yeM, qT06bl rrpn TaK0M npe

o6pa30BaHHH nenCTBHe 0CTaBaJIOCh HeH3MeHHhIM. Torna HCHO, qTo 

t2 fJL fJL t2 d fJL 
os = J[oq;~ + oq;~]dt = f dt dt (oq;~)+ 

t, q, q, t, q, 

/

12 

[fJL d fJL] + oq;dt ----. =0. 
oq· dt oq· 

ti i ; 

Pa3yMeeTCH, MexanHqecKaH CHCTeMa JIBH)!(eTCH B C0OTBeTCTBHH C ypaBHeHH

HMH JiarpaH)!(a, IT0JICTaBHB HX B rrpeJibIJIYIUee Bhlpal!,emi:e II HMeH B BHJIY rrpo

H3B0JlhHOCTh oq;, IlOJiyq11M 

![T/(fJL/oq;)] = 0 ==} T/(fJL/oq;) = Ck, 

K0HCTaHThl Ck C0OTBeTCTBYIOT k = l. .. n coxpaHHIOIUHMCH JlllHaM11qecKHM rre

peMeHHh!M. TeopeMa JI0Ka3aHa, o6paTllMCH I( rrp11MeHeHIIJ1M. 

30 

Pacn1<Hpl!llt 3a~umyTy10 cncTe11y N 'Iacnm c .'iarpaH)!(IIaHol\1 

,\' ·2 
_ """" Illar,, [T -: -: ·) L - L.,-

2
- - -(1 1, ... 1,, 

a=I 

11 npeo6pa3yel\1 KoopmmaThI corrrac110 

f'a = l'a + Ol'a, li,'a = liii + [oii. 1',,] 

11.TTII B l{0~IIT0HPHTax 

(J1C:1 ); =Sa;+ t;.-161/ · .r~. 

l. IIycrL oii =I- 0, oii = 0. 5.lrno, '11'0 ( JF;, ); = Jf . oak, T.e. T/ 
HJ)HB0JJ.IIT K 

L m",~' = P = con st 

ck qyo u,, 

- 3aKOHY coxpaHeHHJI HMDYJibCa 11 HBJIJ!eTCH CJieJICTBIICI\I IIHBap11aHT

ITOCTII Jl.PfrCTBHJI 0TIIOCIITCJibII0 napa.JIJieJILHoro nepenoca MexaHil'!eCKOJI 

CIICTt'l\lbl l{i\.K uenoro, Jipyrm,IH CJI0Bi\.l\IH, CJICJICTBHel\! 0JIH0J)0JIH0CTII rrpo

CT]lallCTBa. 

2. IlycTb oii = 0, oii =I- 0. 5.lcHo, 'ITO T;k = l;.-[.l"~ (11anol\rnI11\I, 'ITO B CBKJIII

JI0B0l\l rrpocTpaHCTBe KJii\.CCil'Iec1mI1 MeXaHJIIrn HeT pa.3HI!Ubl l\!e)!(,Uy Bepx

HHM II IIH)KHHM ll0JI0l!(eHJrnMH IIHJieKCOB). BBIIJIY Toro, 'ITO ( a LI fJ.i·;) 
I: m;i~, a Tarrn,e :r!t;k1;r~ = Eklix~:i.:~, norryqnJ\1 

I:ma[1'aJ:,] = I:ma[ra,va] =ii= con;t 

- 3aKOH coxpaHeHHJI MOMeHTa HMDYJibCa J(a.l{ CJieJICTBl!C mrna.p11a11T

IIOCTH .ne11CTBHJI 0T!I0CHTeJibH0 fI0B0pOTa. Mexal!l!'ICCI,011 CIICTt'~ILI Ka.K ue

Jioro, JipynIMH CJI0Ba.l\rn, Ka.K CJit'.UCTBIIe Il30T!)0IIIJOCTH npocTpa11cTBa. 

III. MEXAHMqECKOE IIO.IlOBME. TEOPEMA BMPMAJIA. 
0.IlHOMEPHOE .IlBM)KEHME 

1. MexaH~'IecKoe nono6ue. Coxpa.ux1omnecx mrna.l\n1•1ec1rne rrepe~1e1I11L1e no-

3BOJIJIJOT BblJIBHTb HCK0T0J)bJe (II11or.na. Ba.)!(Hb!e) 'ICJ)Tbl Mexa111Jqec1rnx JIBJie

HHI1 6e3 pememrn OCHOBHOI1 3a.Jia<m Mt'Xa.HIIKII. Coxpa.IIenue 3TIIX Bt'Jill'illll 

llBJll!PTC'll CJICJICTBHCM Bt'ChMa. o6uurx CBoikTB npocTpa.11cTBa. II Bpe_l\l<?HH, K0-

TO])I,)(' llaX0JlllT CBoe OTpa.)Kt'l!JI(' B ll]J0CTpa11CTBe1mo-Bpel\1en11L1X npeo6pa.30-

Ba.l!Hl!X, OCTa.BJil!IOIUHX IIell3Me1111b!MH ypa.BneHIIll JlBHl!(t'JIIIJI. Ka.K 6LIJIO 3a.

MC'ICIIO, ypaB11eHHJ1 JIBmK<'HHll 11c113~1e11m,1 Ta.Kl!,e rrpII yl\1110,Kemm cl>YHKUl!II 
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JlarpamKa Ha KOHCTaHTy: L II L = c • L npIIBO.IUIT K o.un11111 11 Te111 iKe ypaB

HeHIUil\l .UBHiKeHIUI. Ilonpo6yel\l BbU!CHIITb, .ua.uyT JIii CJie.UCTBilll TaKOII mrna

pnaHTHOCTH ypaBHeHHII .!!BlliKeHIUI 1rn1wii-m160 BbllirJ)blW. IloBOJILIIO o6mee 

coo6paiKeHne B nyxe TeopeMhI HeTep - suo6al! cm1MeTp11ll He c,1ria1rna - BIIy

waeT Ha.UeiK.!lY na noJIOiKIITCJibHblll pe3)'JlbTaT. 

PacCMOTpl!.'.\l l\lCXalll!'leCKHe CHCTeMbI, n0Te11unam,Hall :rneprllll KOTOJ)LIX llBJill

eTCll o.unopo.UHOll cJ.)YHKUHeJi: .ueKapTOBhIX KOOJ).UIIHaT: 

U(oi1,or-i, ... OrN) = okU(r1, r-i, .. ,rN), 

Ilpeo6pa3yeM KOOfJ.!llIHaTbl paccMaTpHBaeMOll CIICTel\lbI TaK, 'IT06b! 17c, f-t m":,, 

H npe.unoJIOiKHM, 'ITO npn 3T0M BpeMSI .!lBHiKemrn no TpaeKT0J)IISIM C 1131\ICHeH

HbIMH BO pa3 K00J).UHHaTaMH H3MeHSieTCSI B /3 pa3, T.e. t f-t (Jt. KnHCTH'!eCJ(aSI 

3HeprHSI H3MeHIITCSI npn 3TOM B (o//3)
2 

pa3, a noTeHUHaJibl!aSI - B Ok pa3. Bb1-
6epeM /3 TaK, '!T06b! 

(o//3)2 = 0 k-+ /3 = 0 1-k/2, 

Tor.ua <pYHKUHSI JlarpamKa UCJIHKOM YllIHOiKHTCSI 11a nocTOSIHHblll MIIOiKHTCJlb 

Ok, T.e. ypaBHeHHSI .UBHiKeHIISI 0CTaHyTCSI HCH3MeHHblMH . 

lb11e11CHJIC K00!J.IUIHaT Bcex qacn1u B 0.lll!HaK0BOC 'IIICJIO pa3 03Ha'!aCT nepexo.u 

OT O.UHIIX TpaeKTOpHII K .upyrnM - TpaeKTOpHHM; reoMeTpH'leCKH no.uo6Hb!M 

HCXO.!lllb!M. l1 TaK, ecJIH IlOTCHUHaJibHruI 3Hepl'HJI CHCTCMhl JIBJIJICTCJI 

o.n;Hopo.n;Hott <l>YHKUHCH k-tt cTeneHH OT Koop.n;HHaT, TO ypaeHeHHJI 

.UBH:lKCHHJI .uonycKaIOT I'COMeTpH'ICCKH no.uo6Hble TpaeKTOpHH, npH

'ICM BpeMeHa .UBH:lKCHHJI MC:lK.UY COOTBCTCTBYIOI.UHMH TO'IKaMH Tpa

CKTOpHH OTHOCJITCJI KaK 

t _ ([)1-k/2 
- t ===> 

v 
V 

(f f 12, 
i; 
E (fr (22) 

3.uecb ( 0 -0TH0IIIeHHe JIHHeii:HblX pa3MepoB .UBYX reoMeTpH'leCKH rro.uo6Hb!X 

TpaeKTopnii:. 

PacCMOTpIIM HeCKOJlb!(O rrpnMepoB . 

e TloTemrnaJJbHall JHeprIIll - KBa.upaTII'!HaSI <pyHKUIISI KOop.unnaT U ~ x 2
• 

l13BeCTHO, '!TO TaKaSI 3aBHCHMOCTb IIOTeHUilaJibHOll 3HeprHH OT K0op.uu

Ha T xapaKTepna .UJIH Kone6anuii:. Ilo.ucTaBHB k = 2 B {22), Haxo,o;nM, 'ITO 

rrepuo.u KOJie6anuii: He 3aBHCHT OT aMIIJIHTY.!lbl, - rrony'leHHblll Il3 caMblX 

o6mnx coo6paiKCHilll xopOIIIO Il3BeCTHblll pe3yJibTaT. 

• B o.unopo.unoM IIOJie II0TCHUilaJibHaSI 3HeprHSI - JIHHellHaSI <pyHKUHSI K0Op

.UHHa T, T.e. k = 1. l13 (22) HMeeM 

t = (f y/2 
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)HaKOMbllf pe3yJihTaT - B none TSiiKeCTH KBanpaTbl BpeMeH rra.ueHHSI TeJI 

0THOCSITCSI, KaK HX Ha'laJibHbie BblC0Tbl. 

• IloTenunaJibHaSI 3HeprIISI o6paTHO nponopIJII0HaJibHa paCCT0SIHIIIO Me)K.!lY 

TeJiaMII U ~ l/r. Tarwe B3aHMO,!leii:CTBIIe COOTBeTCTByeT IIpIITSJ)KeHHIO 

.UByx 111acc unn KynonoBcKoMy B3aIIMo.ueiicTBIIIO .UBYX 3apH.U0B. Ilo.ucTa

BHB k = - l B ( 22), nony'IHM 

(fr (ff, 
T.e. 0TH0IIIeHne KBa.upaT0B BpeMeH o6pameHIISI no reoMeTpH'IeCKH no.uo6-

HbIM TpaeKTOpHSIM nponopIJH0HaJibH0 0TH0IIIeHIIIO Ky6oB IIX JIHHellHblX 

pa3MepoB ( TpeTnii: 3arwn Kennepa). 

TaKHM o6pa30M, cpaKT HeH3MeHHOCTH ypaBHeHIIll .UBH)KeHm1, C00TBeTCTByIO

lUIIX narpaHlKeBbIM <pyHKUirnM, 0TJIH'laIOIUIIMCSI Ha KOHCTaHTY' rrpu ,!lOCTa

T0'lHO o6meM npe.unoJI0)KeHHH 06 0.UH0pO,!lH0CTII IIOTeHIJilaJibHOll 3Heprnu .uo
nyc·1rneT cymecTBOBaHne reoMeTpnqecKu no.uo6nux TpaeKTopnii: c orrpeneneH

HblM 0THOIIIeHHeM BpeMeH H JIHHellHbIX pa3MepoB (cM.(22)), 'ITO B qacTHbIX 

cnyqaSJX npIIB0,!lHT K HHTepeCHbIM CJie.UCTBHSIM, rronyqaIQIUHMCSI 6e3 HHTerpu

poBaHirn ypaBHeHIIll .!lBII)KeHIISI. 

2. TeopeMa BHpHaJia. Ey.ue111 no-npe)KHe111y C'IHTaTb rroTCHIJIIaJibHYIO 3Heprmo 

CIICTeMbI onnoponnoii:, CTenenn k <pJHKIJHeii: .ueKapT0BblX K0opmrnaT. KnHe

TH'!f'('l(al[ ,Heprrrn -- rrna.upaTH'!Ha.ll <pyHKIJHSI cKopocTeii: II cornacno TeopeMe 

8:ii:nepa 

'°' _ 8T T '°' _ _ d '°' _ _ '°' _ :. d '°' _ _ '°' _ au 
L, Vaa=-- = 2 = L, Va·Pa = di L, Ta·Pa- L, Ta·Pa = di L, Ta·Pa+ L, Ta·~• 

a Va a a a a a ur a 

0TKy.Ua 

2T = dd Lia · Pa + kU. 
t a 

(l1cnoJib30BaHbl onpe.uenenue HMnJJibCa, SIBHblll BII.!l ypaBHeHIIll ,IJ;BI!)KeHII.ll, o.u
HOp0,!lH0CTb IlOTeHUIIaJibHOII 3HeprIIII.) 

• IIpHMC'laHHe. Cpe,!lHIIM no BpeMeHII 3Ha'!eHIIeM npOII3BOJ1bHOll <pJHK

IJIIII j ( t) Ha30BeM 

- 11" f = lim - J(t)dt. 
r➔oo T 

0 

EcnII f(t) = (dF/dt), (F(t) - rrpoII3BOJibHaSI, HO orpaHII'leHHaSI q>yHK

UII.ll), TO cpe.uHee no BpeMeHII 3Ha'!eHIIe f( t) o6pamaeTcSI B HJJib. Ileii:

CTBIITCJibH.o, 

J = lim .!_ j" dF dt = lim F(r)- F(O) = O. 
-r➔oo T di -r➔oo T 

0 
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Ilpe.IUIOJIO)KHM, 'ITO paccMaTpirnaeMal! MexaHH'leC!(all CIICTeMa .llBll:iKCTCll C 

KOHe'lHOH CKOpOCTbIO B orpaHH'IeHHOi'I o6JiaCTH npocTpaHCTBa, Tor na nocJie 

ycpenHeHHll no BpeMeHJI 

2t = kU, 

'ITO n cocTaBJilleT conep)KaHJ1e TeopeMbI BMpMaJia (BnpnaJI - no-neMel{lrn 

"cnna"). BBnny Toro, 'ITO T + [J = E = E, nenw rrony'IHTh 

- k 
T=--E· 

k + 2 ' 

•) 

{r = -~-E. 
k+2 

B 'laCTHOCTH, .llJill KOJie6aHIIH k = 2, T = {r, a .llJill JihIOTOHoBcKoro npuTll

iKeHHll k = -1 H 21' = -U, T = -E. IIocnenHee 03Ha'!aeT, '!To 11orn1aa 

3HeprHll B 3TOM cny'!ae (a 3TO .llBHiKeHue B orpanw1eI111oi'1 06Jiacn1 npocrpaH

CTBa) ,llOJl)KJia 6h!Tb OTpHUaTeJibHOH. lITaK, Ha OCIIOBaHHH TeopeMhl BIIJ)lia.Jia 

MO)KHO 3aKJIIO'lHTh: B Hb!OT0H0BCK0M noJie npMTH:lKeHMH .D:BM:lKeHMe B 

orpaHM'IeHHOH o6JiaCTM npocTpaHCTBa B03M0:lKH0 T0JibK0 npM 0TpM

uaTeJibHOH noJIHoii 3Heprtttt. 

:3. O6mMe CBOHCTBa 0.D:H0MepHoro .D:BM:lKeHMH. OnHoMepHblM na30BCM ,llBH

iKeHHe MexaHH'!eCKOH CHCTeMh! C O,llHOH CTerreHhlO CB060.llhl. PacCMOTpHM O,ll

HOMepnoe ,llBH)KeHHe CHCTeMhI, KOTOpall 3aMirnyTa HJIH HaXO,llHTCll B IIOCTO

l!HHOM BHelllHeM IIOJ!e. <PyHKl\Hll JiarpaH)Ka Ta!Wli CHCTeMhl B ne1rnpTOBhlX 

KOOp,llHHaTax HMeeT BH.ll 
m:i:2 

L = -
2
- - U(x). 

IIocKOJ!bKY IIOTeHl(HaJibHall 3HeprmI He 3aBHCHT OT BpeMellII l!BHO, coxpam1-

eTCll IIOJIHal! 3Heprnll 
m:i:2 

E=-+U(x), 
2 

KOTopall K TOMY iKe llBJilleTCll nepBblM IIHTerpaJIOM ypaB11e1rnii ,llBHiKemrn. 

lleftcTBIITeJibHO, IIOMHOiKIIB o6e CTOJ)OHbl ypaBne1rnft ,llBHiKHH51 11a :i:, HMeCM 

( fJU) d (m:i:
2 

) :i: · mx = :i: - fJx =? dt 2 + U(x) = 0, 

cnenoBaTeJibHo, E = canst - nepBbIH IIHTerpan ypaBHeHHH namKemrn, 3Ha'le

HHe KOTOporo onpeneJil!eTCll Ha'laJihHh!MH ycJIOBHllMH E = Eo. Jienw BH,llCTb, 

'ITO 

x= 
2 
-(Eo - U(x)), 
m 

H TI03TOMY 

t= 
dx fmJ-V2 JEo - U(x) 

+ to, to= canst. (2:3) 
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IlepBoe, 'ITO cpa3y 6pocaeTCll B rJia3a, - ,llBHiKeHue B03MOiKHO TOJibKO B Tex 

IIJ)Ol\leiKYTKaX OCH x (o6JiaCTM, .n:onycTMMble .D:JIH .D:BM:lKeHMH), KOTOpb!e 

onpene,'Il!IOTCll nepaBeHCTBOM U ( :t) :::; £ 0 , a nony'!eHHhie KaK pewemrn anre-

6paw1ecKoro ypaBnemrn U(x) = E0 3Ha'!emrn x l!BJil!IOTCll T0'IKaMM ocTa

H0BKM CHCTeMhl, T.K. CKOpOCTh :i: o6pamaeTCll B 3THX TO'!Kax B HOJib. EcmI B 

06nacn1, nonycTnMoi'1 .llJill .llBIDKeHHll, anre6paH'!ec1me ypaBHem1e U(x) = E0 

ne Hl\leeT nefrCTBJITeJibHblX 1mpnefi HJIH nei'ICTBHTeJihHblll KopeHb TOJibKO O,llHH 

.r1, TO rOBopl!T, 'ITO .D:BM:lKeHMe MHCpHHHTHO ( -oo :::; X :::; +oo ), HJ!H ( -oo :::; 
;r:::; :r1), HJlH (:r1 :::; X:::; +oo); eCJlH iKe nei'ICTBHTeJihHhlX Kopueii ,llBa :r1,X2, 
TO roBOpllT, '!TO .D:BH:lKeHne q>HHMTHO (x1 :::; X:::; X2)-

II0KaiKeM, 'ITO O,llHOMepHoe qrnmITHOe .llBII)Kem1e HMeeT nepHO.llH'leCKHii xa

paKTep. 

-~--- / 
l~--
1 \ /1/ I 

I u2 ,{'(r, I 
x, X2 

Puc. 4 

KaK BH,llHO II3 pnc. 4, rrpoMe)KYTOK (x1 :::; ,r :::; X2) llBJilleTCll o6JiaCThIO qm

HHTHOro ,llBHiKeHirn. TaHreHCbl yrna Ha1rn0Ha KacaTeJihHblX K r,pHBOli U( X) 
B TO'!Kax OCTaHOBKH :r1 H X2 H3o6pal!rnIOT CHJibl, neiicTBy10mne Ha CHCTeMy 

B 3THX TO'!Kax, H HMeIOT pa3Hh!e 3HaKH, HHa'le rOBOpll, CHCTeMa OCTaHaBJlH

BaeTCll B TO'!Ke :r1 (x2), HO neiicTBYIOillall Ha Hee CIIJia OTJIH1-rna OT HYJill H 

HanpaBJieHa B CTOpony ,r2 (:ri), T. e. CHCTeMa KOJie6JieTCll Mell,.llY J0 1 H .r2. 
ll3-3a CBOHCTBa o6paTHMOCTH .IIBmKeHHll BpeMl! .llBHll,eHIIll OT J'1 .LIO l'2 paBHO 

BpeMeHH .lIBHl!(eHHll OT X2 .LIO X1, TI03TOMY rrepnon KOJie6amn1 B 3aBIICHMOCTH 

OT 3HeprHH onpeneJil!eTCll Bblpa)KeHHeM 

x2(Eo) d 
T= \/2m J __ x 

x,(Eo) JEo - U(x) 

• 3aMe'IaHne 1. OrrncaHHe .lIBH)KeHHll CHCTeM c O.IIHOi'i CTerreHblO cao6o,llhl, 

KOTOpoe Mb! onpeneJJHJlH !(al( O.lIHOMepHoe .IIBH)KeHne, B .IIeKapTOBbIX KOop

.IIHHaTax B03MO)KHO He BCerna. HarrpnMep, JiarpaH)KIIaH IIJIOCKoro MaTe

MaTH'!eowro Mal!THHKa (MaTepHaJihHal! TO'!Ka Macchi m, Kone6n10mal!Cll 
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11a HIITII Jl.1IIHOII / B r10.1e T}liKCCTII) B JICKapTOBLIX KOOj)JUIIIaTaX Il~ICCT 

B11.!l 

L 
Ill 2 ·2 = -(.i· + y ) - mgy, 
2 

B TO Bpe~rn KaK )TO JlBHiKCJIHe C O]l!lOi"I CTellCUl,10 CB060J(l,I II y;to611ori 

06061Ue1rnoii ,mop.unHaTofi llBJilleTC}I yron 0Tiwo11e1111l1 HIITII ~!al!THIII,a OT 

sepTimam, :.p. 3a~1eHllll .r II y cornacuo i· = lsin<.p, y = lcosc.p, IIOJI)"lll1I 

m/2cp2 
L = ~ - mglcoscp. 

TaKHM o6pa30M, narpaHiKCBa c!JYHI,IUJ}I OJIHOMCJ)HOro ]lBiliKCilll}I B JIOCTO

l!HHOM BnewHeM none, B0061Ue roBOJ)ll, HMeeT BIIJl 

a(q)q2 _ U(q). L= -2 

IloncTauoBKofr x = J va(q)dq nocne.unee Bbipa;i-;:eHne rrp11BOJUITCll K BH.!lY 

1n 2 L = -i - U(,r), 
2 

HO KO)cpcpHUHCHT m YiKC He 6y.ueT HMCTb CMb!CJia Macchi. 

__ -;;;---I.'· 

!Of !-/ - -
. ···"'·········' ... ;:-··················· ,, ",, ' i [_: __________________ u, 

\_ 11 ,l~ ! 

---------~- .. _~---------~---- \~V_ __ ·· ___ · --- --------~--~~-LI'.:" 

Puc .• 5 

4. llBtt:lKeHHe B none c noTeHUHaJIOM 3KKapTa - npHMep O]lHOMepuoro 

JlBH:lKeHH.!I. IloTeHunan 

U(x) = U, + U2 + U2 - U,th(kx)-~ 
2 2 ch2(kx) 

H3BCCTeH KaK IlOTeHUHaJI 3KKapTa. IloTeHUHaJibHal! 3HeprHll He 3aBHCHT OT 

BpeMeHH, IIO3TOMY IIOJIHall 3HeprHll E coxpaHlleTCll. ECJm HaqaJibHbie ycno

BHll TaKOBbI, qTo 3HeprHll E2 > U2, TO ]lBH)KeHue HHcpllHllTHO B o6e CTO

pOHbl (-oo < x < +oo ); ecnn U1 < E 1 < U2 , TO JlBH)l(eHne HHcpHHHTHO 

( -00 < X < a3) C OJlHOH TOqKQII OCTaHOBKH a3, KOTOpall orrpe.neJil!eTCll KaK 

36 

KopeIIb anre6panqernoro ypaBHeHHll U(x) = E1 • Ilpn U0 < Eo < U1 JlBIOKe

rme qmmITIIO ( a1 ~ :r ~ a2) H HMeeT JlBe TQql(H OCTaHOBKH a, H a2, KOTOpbie 

llBJillIOTCll KOpHllMH ypaBHeHIIll U(x) = E0 • 

PacC!\IOTj)IIM ]lBHiKC!flie B CHMMeTpnqHQH IIOTeHUHaJibHOH l!Me u, = U2 = 0: 

U(x) = Uo 
ch2(kx)' 

mm oTpnuaTeJihHbIX 3Hepnn1 E = -E0 , 

-a +a 

-----<_ ' _, ' i :----

"'\
' ' / 
I •l I ,,. 

: : / & ----------------~\, -------- .. - -----------/;/ ----------

' ~ I 
\ / 
\ .. / 

\ I \ .,. i 
\ / 

\ -12 ' \ / Uo 
\ , 

\ / ---------------------------- , ----------------------· 

PHc. 6 

Tor.na, IIO]lCTaBHB U(x) B H3BeCTHOe 061Uee Bblpa,KeHne, nonyqnM 

fmJ dx 1 / dy 
t=v2 JE+U0 /ch2(kx)=--:;; Jl-y2

' 

2 Eosh2(kx) 
y = w=k~. Uo-Eo 

Pe3yJibTaT HHTerpnpoBaHHll 

~-sh(kx) = y---e;-smwt 

IlO3BOJil!eT 3aKmoqnTb, qTo qacTHIJa B CHMMeTpnqHQH IIOTeHUHaJibHOH l!Me C 

u = -Uo/ch2(kx) COBepIIIaeT HeJIHHCHHble KOJie6aHHll C rrepHOJlOM T = 21r/w 
B HHTepBane ~a~ x ~ +a, rrpnqeM ±a ecTh peweHHll ypaBHeHHll ch2 (kx) = 
Uo/Eo. 

• PaccMoTpHM JlBH)l(eHne y JlHa l!Mbl: E = -U0 + 1:, cqHTal! f << Uo. 
Tor.na H3 ycnoBHll E = -U0 /ch2(kx) rronyq11M kx « 1, T.e. U(x) = 
-Uo(l - k2x 2 + ... ) n 

mx2 2 2 
E ~ -

2
- - U0 (1 - k x ). 
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llmp<pepeHu.rrpyH nocneJJ.Hee, nonyqnM 

.. 2Uok2 0 x+-·x=, 
in 

x = Asin(w0t), wo = k /2Uo_ V ---;;; 
Bb16epeM HaqaJihHbie ycnoBIIH TaK, qTo6h! x(O) = 0, i:(0) 
OKOHqaTenhHO 

Vo . ( ) x = -sin w0t. 
Wo 

1-lacT.rrua COBeprnaeT rapMOHIIqenrne Kone6aHHH. 

Vo, TorJJ.a 

• PacCMOTpIIM JJ.BH)Kemie Ha)]. HMOJI Eo > 0 c naqaJILI!b!MH ycnoBHHMH 

:r(0) = -L, :r(0) = v0 . Haf1JJ.eM rrpoMeiKYTOK BpeMc1rn, B TC'ICHlie KO

Toporo qacTHUa JJ.OCTHraeT Toq1m x = + L. C 3TOJI uenh10 BBCJJ.eM 

qTo J].aCT 

~sh(kx), y=v~ ~sh(kL), Yo=y~ 

t _ 2-_ dy _ 2-_ ..!!.!:._ - in yYo + • Yo ~ +yo ~ ~l + 
- k _£ y'1+y2 - k 2Eo /yf+i - y

0
. 

Ilp.rr ycnoBHn kL » 1 

1~ l~n Eo t-:::c- -•in4y~-:::c- --inE U.exp(2kL)-:::ct1+t2, 
k 2E0 k 2Eo o + o 

t1 = 2 L , ~ 
1 ~ Eo 

i2 = kV 2Eo . in Eo + Uo. 

CMLICn rronyqeHHOro pe3ynLTaTa HCCH: t1 - BpCMH JlBHiKCHHH CB060JJ.HOfl 

(B OTCYTCTBHC HMb!) qacTIIULI OT -L JJ.O +L, a l2 - II3MCHCHHC BpeMemI 

JJ.BHiKCHHH qaC'fHUbI, 06ycJIOBne1rnoe HanwrneM HMLI (t2 < 0). 

IV. 3A.UAqA .UBYX TEJI. OEIUJilE CBOMCTBA .IlBJil)KEHJil51 B 
UEHTP AJibHOM IIOJIE. 3A.UA qA KEIIJIEP A 

1. 3a,naqa ,neyx Ten. PaccMoTpnM JJ.BH)Kenne JJ.Byx qacTHU, o6pa3y1om.rrx 3a

M1rnyTym CHCTeMy. B KnaccuqeCJmH MeXaHHKC rrpeJ].rronaraIOT, 'ITO 3HeprnH 

B3aHMOJ].eHCTBIIH 3THX qacTUU MO)KeT 3aBHCCTL TOnLKO OT IIX B3aHMHOro pac

CTOHHHH, II03TOMY ecnn r'1 - paJJ.nyc-BeKTOp qaCTHULI Macchi m1, a r2 - paJJ.HYC

BeKTOp qacTIIULI MaCCLI m2, TO 

·2 ·2 

L _ rn 1r 1 1n2r2 U(I _ _ I) - -- + -- - r1 - r2 . 
2 2 
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lkperu1<·~1 K 1108!,[!\I 11Cfl<'!\ICll!lbll\l, B Kat.JecTBe IWTOj)blX Bbr6epeM BeKTOp OTI-IO

C"IITC''11,IIOrn paCCTOHIIIIl! l\lCiKJlY 'IaC'flIUa;-.111 ,-: II pam1yc-BCKTOp ue11Tpa IIHep

llllll ft: 
r= ,-:I_ ,-:2, - m1,-:1 + 1112,-:2 

R=----
m1 +1112 

1112 ,-:_ 
,-:1 = R + 

1111 
+ m2 

_ 1111 1-:. 

,-:2 == R - m1 + m2 

<ll_\"J!Klllll! JlarpamKa B IIOBLIX I,OOJ)JJ.II!laTaX rrepemIIIICTCH B BIIJJ.e 

R·2 ·2 

L =_IL_·_+~- U(r) 
2 2 ' 

)Jll'Cb fl = Ill 1 + m2 - cy!\tl\lapHaH !\Ia CC a 'laCTIIU, a 

Ill= 
111111!2 

1111+1112 

-· np11BeJ].eI1HaH l\taCca. Tairn!\I o6pa30;\I, B 3a;iat1e JlBYX Ten yJJ.anocL pa3JJ.C

.i!IITI, T!)MICJ!l!ILHOHl!bll' H Bll)"TpeHHl!l' llt:'])t'l\Iellllbll'. l1cKnIO'ial! Tpa11cnl!ll1IOH

l[l,I(' lll'[)('J\ICIIHbIC, T.C. paBHO;'.Iep11oe JlBIDKeJIIIC CIICTt:'l\ILI KaK uenoro, BLI6opol\I 

11a,1ana. 1mopmmaT B 'uenTpe 1mepun11 (fl= O) nonrml\1 

m.•·i·2 · 
L = ~-U(r). 

Ilone U(r), noTeHu.rranbHaH :rneprrrn KOToporo 3aBIIClIT TOnhKO OT 

paCCTOHHlUI JJ.O Ha'lana KOOpJJ.MHaT r, Ha30BeM ueHTpanhHhIM, oqe

BlIJJ.HO,· TaKoe none o6na,naeT ccpepH'IeCKOM ClIMMeTpHeM. 

'faKIIM o6jJ,~-30M, 3a,naqa JJ.BYX Ten CBOJJ.MTCH K 3KBMBaneHTHOM 3a,na'le 

0 JJ.BM:lKeHMlI !plIKTlIBHOM qaCTMUhl C npHBe,neHHOM MaCCOM III B ueH

TpanhHOM none U(r), ecnM noMeCTlITh Ha'lano KOOpJJ.HHaT B ueHTpe 

MHepUMlI lI lICKnIO'llITh TplIBHanhHOe JJ.BM:lKeHMe ClICTeMhl qacTMU 

KaK uenoro. 

Hoene Toro IrnK ]10JIY'IPIIO perucm1e 3KB1IBaneHTIIOl
0

l 3c\.J].a.'lll r(t ), Bbllll('IIPIIBl'

JK'llllb!C cj1op111yJibl IIO)BOJ!l!IO'l' 11aftTH IICKOl\1)'10 3aBIIOIMOCTJ, 1'1 II r1 OT ttpe

~J('IIII. 

2. O6ruMe CBOMCTBa JJ.BM:lKeHMH B ueHTpanhHOM none. B npl'JU,UlYlllel\l 

rry1mTe ('IJCl]JiaJILHb!M BLI6opoM JialJaJia. KOOpJJ.IIHaT 3a}lcl.'IY O JlBII)KeJIHII JJ.BYX 

TCJI YJJ.a.JIOCb. CBecnr K ::mmrnaneHTHOH 3a.J].a'Ie O JJ.BJDKemm '!a.CTIIUhl l\taCChl 

rn B uenTpa.nLHOI\I none - BlleWHeM none, ITOTeHUllc\Jlhllc\.l! 311CJ)I'IIH KOTOporo 

3a.BHCifr TOJil,KO OT Jli\CCTOl!HIIH JJ.O ue11Tpa. Pacn10:rpn111 o6ume CBOIICTBa 

JlBIDK<'l!Hl! B Ti\.lWM none. 
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• CttJia B l.lCHTpaJibHOM noJie 

- oU(r) dU P 
F = ----- = -gradU(r) = -- · -. 

Or lfr r 

• Bb1we llOKaJb!BclJIOCb. 'ITO rrpn 1101rn,e111m B ue11TpaJibl!Ol\l ITOJI('. T.<:'. B 

IIOJie co c¢ep11t.JeCKOH cm.1MeTp11eii OTIIOCHTeJibllO ue11Tpa IIOJlll, coxpaHl!

eTCll ITOJ!Hblll l\!OMeIIT m.my.1bca (ll 6ynylllel\I l\lbl 'IaCTO 6y.UPl\l llcl'Jb!Ba.Th 

ero l\IOl\IeHTOM). Ilo.uTBepmn1 )TO rrpl!ML!l\l Bbl'IIICJICIIl[Cl\l: 

dM cl r- ;;1 [:. ;;'I r- ;;'l r- dU rl -- = - r,JJJ = r, mvJ + r,JJJ = - r, - • - = 0. 
dt dt dr r 

B l.lCHTpaJibHOM IlOJie coxpaHHCTCH BCKTOp MOMCHTa HMUYJibCa . 

• Ilo orrpe11e.1e11mo l\10111c11T ecTb BCKTop11oe rrpmnse.ucnne pa1111yc-BCKTopa 

H BeKTOpa HMITYJJbca, KOTOJ)ble IIO)TOMY rreprreIIJUIKYJillpHb! l\IOMCHTy. 

Coxpaueune MOMeHTa 03Hat.JaeT, 'ITO KaK r, TaK H p rrpn JlBlt:,KCHI1H He 

BblXOlll!T 3a rrpenerrbl IIJIOCKOCTH. Ecnn Bbi6paTb OCb :: B uanpasrremm 

MOMeHTa, TO llBHiKeHlie 6y11eT rrpoHCXOllliTb B IIJIOCKOCTH xy. 

.IlBH)KCHHe B l.lCHTpaJibHOM none IlJIOCKOe. 

• B KaKHX KoopmrnaTax Olll!CbIBaTL )TO IIJIOCKOe lIBH;Kemie? B .ue1rnp

TOBLIX cpyHKUHll Jlarpau;,1,;a 6yneT conep;,KaTb o6e (;r, y) KoopJIHIIaTbl lI 

coOTBeTcT0y1omne HM rnopocn1 L = ½m(i:2 + ·i;2) - U( J.r2 + y 2 ), a B 

IIOJlllJ)Hb!X 

L = m (1;
2 + r2,.p2) - U(r) 

2 (24) 

KOOJ)llHHaTa <p l!BJlllCTCll UHKJIH'ICCKOH, 'ITO, KaK 6bIJIO ITOirn.3ano, roBopnT 

0 3aKOHe coxpaHCHHll KOMIIOHeHTbl o6o6menuoro liMUYJibCa p..,. 5Icno II0-

1TO!\I_V. '!TO ,llBH)KCHHe B l.lCHTpaJibHOM OOJie y,no6Hee OilHCbIBaTb 

a IlOJIHpHbIX Koop,nHHaTax. 06omeHHblll HMIIYJJbC 

p.., = :~ = mr
2cp = Mz = M = const (25) 

COBrra.naeT C coxpaHl!IOillHMCll MOMCHTOM. 

• 3aMe'IaHHe 1. <l>aKT coxpaneHH.ll MOMCHTa B UCHTJ)aJJbHOM IIOJJe rrpn

BOllHT K 11HTepeCHOMY CJICllCTBHIO - BTOpOMY 3aKony Kerrrrepa, KOTOpblll 

rrepBOHat.JaJJbHO 6bIJI ycTaHOBJICH ..UJJ.ll IIOJlll llb!OTOHOBCKOro TllrOTeHH.ll. 

.Ilrrll Toro, 'IT06bi IIOKa3aTb 3TO, BBCllCM IIOH.l!THe CCKTOpHOll CKOpOCTH. 

Bupa;,Kenne d!7 = ½r • rdr.p rrpe,ncTaBJJ.lleT co6on rmoma,nb ceKTopa, o6pa-

30BaHHoro lIBYMll 6ecKOHC'IHO 6JJH3KHMII pa.n1Iyc-BeKTopaM1I II 3JICMCHTOM 

nyru TpaeKTOJ)HH, Tor,na ir 6yneT CCKTOpHoii: CKOpOCTblO. 5Icno, 'ITO 

M = 2mir = Const, T.e. coxpauenue MOMCHTa 03Hat.JaeT IIOCTO.l!HCTBO 

CCKTOpHOll CKOpOCTH. Mnaqe rosopl!, npn ,UBH)KCHHH B l.lCHTpaJibHOM 

OOJie pa,nttyc-BeKTOp 'IaCTHllbl 3a paBHble npoMe)KyTKH BpeMeHH 

3aMeTaeT paBHble IlJIOLQa,nH - BTOpoii: 3aKOH KenJiepa. 
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B1ur cj)yHKUIIII Jlarpam1,;a (24) 1103BOJI.l!CT YTBCp)KJlaTb: IIOJIHa.ll 3Hepnrn qa

CTHllbl, llBllil,yllleiic.ll B ueuTpaJibHOM IIOJJe, coxpanl!eTC.ll II l!BJl.l!CTC.ll rrepBbIM 

IIHTerpaJIOM ypaBHCHllll .UBU)l{CHII.ll: 

m .· . ·2 ' mi-2 Af2 mi-2 
J,; = -;;-(r2 + ,.2<p ) + U(1·) = -2- + -2 2 + U(r) = -2- + U,q,q,(r), 

~ mr 

311CCb 
Af2 

U,q,q,(r) = U(r) + --2 • 
2mr 

Crra.raeMOC, nporropUHOHaJJbHOe MOMeHTY, o6hI'IHO Ha3bIBaIOT 1..1eHTpo6e)K

HOH 3Heprtteii:. lf3 qJOJ)MYJJbI ..UJJ.ll 3Hepr11u IIOJJyqaeM 

dr 
dt = i· = 

•) 

..::::...[E U( M
2 

m - r)] - ____ _ 
m2r2 - ~[E - U,<1><1>(r)], 

m 

OTI,y.ua cne.uyeT, 'ITO panuaJJbHJIO qacTb ..UBIDKCHH.ll B uenTpaJJbHOM IIOJie 

l\!O;KHO paccMaTpHBaTb rrnK O..UHOMepHoe ..UBiiiKCHl!e B IIOJJe C "3cpcpeKTUBHOll" 

IIOTCHUHaJibHOll 3Heprnen U,q,q,(r), o.nHaKO rrpn O..UHOM cymecTBCHHOM OTJIIi'll!H 

- no caMOMY CMbICJIY KOOJ)llHHaTa r MCHl!CTCll 0 npe.nerrax O ::; r ::; oo, a He 

OT MHHYC no ITJIIOC 6ecKOHC'IHOCTii, KaK x B crryqae O..UHOMepHoro ..UBH)KCHH.ll. 

5lcuo TaK;Ke, 'ITO rpaHMl..lbl o6JiaCTM, nonycTHMOH ,UJIH ,UBH)KCHHH, eCTb 

,neii:CTBHTCJibHbie perneHHH HepaBeHCTBa 

M2 
U,<1><1>(r) = U(r) + -

2 2 ::; E. 
mr 

Ilpe)lbIJIYillCC 1103B0Jll!eT ..UOCTaToqHo npoCTO ITOJIJ'IHTb ypaBHCHHe 

dr + to, J Af2 t = J¾;[E _ U(r)] - m2r2 

(26) 

onpe.neJil!IOillee B HCl!BHOM Bli..UC paccTO.l!Hl!e r ..UBU)KJillCllC.ll TO'IKH OT UCHTpa 

KaK q)JHKUHIO BpeMeHU. 

IleperrumeM cpopMyrry ..UJJ.ll MOMCHTa (25) B BH..Ue dr.p = m~2 dt, 110.ncTaBHB 3aTeM 

crona dt 113 (26), rrorryqnM 

J ~dr 
<p = r 2 + r.po. 

J2m[E -·U(r)] - ~ 
(27) 

<l>opMyJJbI (26) u (27) B o6meM BU.UC pemaIOT 3anaqy O ,UBU)KCHUU qacTIIUbl B 

UCHTpaJJbHOM IIOJie. YpaBHeHne (27) ycTaHaBJIUBaeT CB.ll3b MC)K..UY r H r.p, T.e. 

.l!BJl.lleTCll ypaBHCHHCM TpaeKTOpiilI. Ba)KHO 3aMCTHTb, 'ITO, B OTJIH'!Ue OT r, 
yrorr t.p MCH.lleTC.ll co BpeMeHeM MOHOTOHHO, TaK KaK ll3 on:pe.neJJ.ll!OlllCll MOMCHT 

cpopMyJibI (25) cne.nyeT, 'ITO 'fl~ M HIIKOr.na He MCHl!CT 3HaK. 
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Ecmr B 06nacn1, .uonycTHMofr .um1 .UBH,Kemrn, ypam1em1e 

M2 
U,,p,p(r) = U(r) + --

2 
= E 

2mr 

He HMeeT .ueiicTBHTeJibHbIX rwpHelI l!JlH HMeeT O.UHH rwpeHb rmin, TO .UBIIiKeHIIC 

HH<pHHHTHO - (0 ::; r ::; (X) HJIH rmin ::; r ::; (X) COOTBeTCTBenno), a ecm1 

.ueiicTBHTeJibHbIX Kopneii .UBa, TO .UBHJKeHHe <pHHIITHO - ( r,nin ::; 7' ::; 1'maJ·) II 

TpaeKTOpmI ueJIHKOM Jie)Kl!T BHYTPH KOJibUa, orpam1qenIIoro OKPYiKHOCTl!l\lH 

C r = rmin H r = rmax• B OTJIHqne OT O.UHOMepnoro cnyqa.si, KOpHH ypaBHCIIHl! 

U,,p,p(r) = E l!BJil!!OTCl! TOq[(aMH noBOj)OTa, a HC TO'Il(aMII OC'I'aHOBirn, T.K. 

eCJIH naqaJibHbie ycJIOBHl! ,na!OT .UJil! MOMe11Ta qacTIIUbl OTJIIFIIIOC OT nym1 

3Ha'!eHIIe, TO yrJIOBal! CKOpOCTb <p =j: 0. 

• 3aMeqamie 2. <l>opMyJia B1rne. Cne.uy.si E1rne, rronyqnM ypaBne1me 

TpaeKTopHH qacTHUhI B uenTpanhHOM none U = U(r). Ypaanemrn .UBH

)Kemrn B IIOJil!pHbIX KOop.urrnaTaX ( r, cp) 3a!IHCh!BaIOTCl! B Bil.UC 

dU 
mi; - mr~2 = -dr, 

!'vi 
cp= mr2 • 

BBe,UeM V = 1/r H, HCIIOJ1h3Yl! ypaBHeHHl! .UBH)KeHHl!, IIO.llC'IHTaeM 

a TaK,Ke 
d2v 

dcp2 

dv 

dcp 
dv :!!_ = mr

2 
!!:_(l/r) = _ mr 

dt dcp M dt M' 

mrmr2 

= ------ = mr2 dU dv m 2r3 M 2 

M 2 dv dr - M 2 m 2r4 • MM 

B peJyJihTaTe Mhl nonyqnnn qiopMyJiy Bnue 

cl2v m dU 
-+v----
dcp2 - M 2 dv ' 

KOTopa.si onpe.uenl!eT TpaeKTOpHIO .UBH)Kemrn '!aCTHUhl B uenTpaJJhHOM 

none no 3a.uannoii rroTeHUHaJJhHOii 3Hepnm, ecnn iKe ypaBHenue op6HThI 

U3BeCTHO (3a,nano r = r(cp)), TO qiopMyJia Eune no3BOJil!eT HaHTH 3aKOII 

H3MeHeHHl! CHJihI F = F(r). B qacTHOM cny,rae HhIOTOHOBcKoro npHTl!

)KeHHl! U = -o./r = -o.v nonyqnM 

d2v mo. 
dcp2 + V = M2' 

pellleHHe KOTOporo HMeeT BH.U 

1 mo. 
-;: =a· cos(cp - cpo) + M 2. 
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CTOIIT o6paTIITh BIIIIl\IaHUC 11a IIHTepecny10 aHaJJOrH!O - ypaBHeHtte 

TpaeKTOpttn ,UJl.11: nepeMeHHOll t· = 1/r B cJiyqae HhIOTOHOBCK0ro 

IIOJI.si: npHT.11:)KeHH.ll: qiopMaJibHO BbirJI.11:.UHT TaK )Ke, KaK ll ypaBHe

nne, O!lHCbIBaJ01Uee MaJibie KOJie6aHH.ll: qacTHUbl no.u .ueiICTBHeM 

IIOCT0.11:HHOll BHClllHCll CHJibI. 

• l lrn,aiK<'~I. '!TO B llCIITpa:ILIIOl\l IIOJle TpaeKT0J)lll! 'IaCTll[{hl Clll\il',IeTp11qHa. 

rlp11~t<'l\I JlJI.ll onpe.uene11110cr11, 'ITO ip0 = 0 II ip > 0, 1wr.ua r MeH.sieTcl! B 

l!J)<'JWJTaX OT l'nwr JIO r111 ; 11 ( B crry'lae 6ec1wue,rnoro aepxHero npe.uena r 
paCC_YiK.UCHIIl! 6y.uyT TaKlll\111 iKe ). B TO'!Ke noaopoTa nO.UbIHTerpaJJbHOe 

BL! pa iKt'IIII(' 

. ~dr j r = -,====:-:- ,\f2 
'P ±J'2m[E - U(r)] - -;:, 

Bl\lCCH' C ip l\lCHl!CT 31JaK, a I' 11a<111HaeT paCTII OT 1'min .uo 1'ma,·, II]JIIHil-

1\Ial! Te iKC 3Haqemrn, '!TO II .uo TO'IKII IIOllOJ)OTa.. TaKill\l o6pa30~1. no 

06em.1 CTOJ)Ollal\l OT IIJ)l!l\!Oll, rrpoae.ueu11or1 'ICJ)C3 ueHTj) IIOJll! II TO'IKY 

.,.,,,;7!, O.UHIIM H TCM )KC 31Ta'ICHHl!l\l /' COOTBCTCTB)'IOT 0.UIIHi\KOBblC yrnLI cp, 
O'LIIl'lill0lllllE'C51 3Ili1K01\!. A 3T0 031li\.'l,H~T. 'ITO TpaeKTOpn.si: qacTHUhl B 

uenTpaJihHOM IlOJie CHMMeTpH'lHa OTHOCHTeJibHO np.si:Mott, npo

Be)leHHOll qepe3 UCHTP IlOJI.11: H TO'lKY IlOBOpoTa. 

• Ue11Tpo6e;Kuaa :;uepnrn npn r >-+ 0 o6pamaeTca B 6ec1wneqHocn, KaK 

l / 1·
2 n no3T0MY MOiKCT oKa3a.n,ca HerrpeOJlOJllll\thil\I 6ap1,epol\1 npn .UBH

iKCHIIllll qacTHUhl K ll('IITPY II0JI51, .ua)l,e ecmI 3TO ITOJIC 111\ICCT xapaKTCp 

11])llT51iKeIIHl!. Pa.ccMOTpHM, B 1rn1rnx CJI)"Ial!X npn OTJIIFIH0~I OT HYJI51 

MOMeHTC na.uenne B UCHTp B031\I0)KHO. 3apa.Hee l!CHO, 'ITO 3T0 .UOJI)KHhl 

61,ITh IlOJll! C fJOTCHUHaJlhHOII 3HeprHeII, KOTOJ)al! .UOCTa.TO'!HO 6bJCTJ)O 

CTpel\IHTCl! K -(X) npu r >-+ 0. lb O'IeBH.llHOro uepaBCI!CTBa. 

nd2 1'1
2 

- = E - U(r) - -- > 0 
2 2mr2 

11.nn 
A/2 ' Ml 

r2U(1·) + - < Er2 ===> r2U(r) /,.__,a< --
'2m 2rn 

Tcnepb llt'TJJY.UHO 3aKJIIO'IHTb: nanettne B QeHTp B03MO)KHO TOJibKO 

)lJl.8 IlOJiell C [/ ~ -+. npn 11 > '2 HJIH C lf ~ _.!!..2 rne (l > :!1', l'CJIII, r r .LJH 

IWIIC'IIIO, AI =/= 0. 

'.1, IloTeHUMaJibHM :,rneprn.8 B3aHMO)lellCTBH.8 O)lHOpo,nnoro mapa C qa

CTMUell. O.UHOJ)O.UHOCTh rnapa 03Ha'IaCT noCTOl!HCTBO ero IIJIOTIIOCTII Po = 
con,st. ·IlpHMeM, 'ITO pa.uuyc ma.pa paBCH Ro, Tor.ua ero Macca. .Uo = irr RJpo, 
a. II0TCIIUHaJihHa.51 3Hepnrn B3aHMO.UCI!CTBIIl! C ,,acTm(efi l\lacchJ m 

U(r) = -Gmj dM 
/1'~171" 
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'3.uecb d.\l = p0dV = p0 u2dusin0dOd,:;. i1 - pam1yc-se1aop TO'IKII 11accoii dill, 
pacnono;+;ennoii·BHYTPH rnapa (na,rano KoopmrnaT Bb16pa110 B ue11Tpe mapa); 

I r - ·u I= Jr2 + u2 - 2rucos0, 0 - yroJI l\!eiK.D.Y r - pam1yc-BeKTOJ)01I TO'IKII 

C Maccoll m H t7, c.p - a31n.1yTa.rlbHbiii yron. ITo.ucTaBIJB 3TH Bhlpa;M'Hllll B 

HHTerpan, JIOJIY'IHM 

Ro ;" sinOdO 
C(r) = -C:111po2-;-. .I u2

dll. J,.2 + 
11

2 - 2ruco.so· 
O U 

ITpmrnTerpupyeM 

.I" sinOdO 

Jr2 + u2 - 2rucos0 
0 

= _l_ /" d(1·2 + u2 
- 2rucosO) 

2ru Jr2 + u2 - 2rucosO 
0 

r+ u- j r- u [ 

ru 

Teuepb HeTpy.D.HO 110,D.C'IHTaTh HHTerpaJI 

2 Ro 
U(r) = -Gmpo ; / tt(r + u- Ir - tt [)du, 

0 

eCJIH yqecTb, 'ITO rrpn 

GmMo 
r > Ro, ti< r, [ r - ti I= r - tt U(r) = ----. 

r 

C .upyron cTopoHhI, npn r < Ro B rrpe.uenax (0, r) t1 < r, I r - t1 I= r - u, 
a B rrpoMe;KyTKe (r, Ro) H.MeeM t1 > r, Ir - t1 I= -(r - u). 

Tor .ua 

U(r) = 2rrGmpo (fr 2 2d /Ro d ) Gm.Mo (3 r
2 

) 
-- t1 u + 21·u u = --- - 2 · 
r 2R0 R0 

U(r) = 

0 r 

{ 
-~ 

r ' 

_GmMo(3-.!::.) 
2Ro ' R~ ' 

r>Ro }· 

r < Ro 

Bne wapa pe3yJibTaT COBrra.uaeT C JIOTeHUHaJIOM B3aHMO,D.eHCTBHll .llBYX TOlJe<J

llhlX Mace Mo H m - Bb!BO.ll, BIIepBbie rronyqeHHb!II Hb!OTOHOM. liHa'le roBopll, 

rpaBHTaUHOHHOe IIOJie BHe rnapa TaKoe :lKe, KaKHM OHO 6bIJIO 6bl, 
ecnu 6bl ecg ero Macca 6bIJia cocpe.uoToqeHa e O.LlHOH ToqKe - ueHTpe 
rnapa. CTOHT o6paTHTb BHHMaHne Ha O'leBH.llH0e CJie,UCTBHe 3TOfO <PaKTa: 

Ha paCCTOllHHllX, MHOfO 6oJibllIHX JIHHeHHbJX pa.3.MepoB TeJia. IIJ)OH3BOJibHOl1 

<Pop.Mb!, ero .MOlKHO c 6oJibllIOH TO'IHOCTb!O C'IHTaTb wapo.M co c<!JepnqecKH

CH.MMeTpH'IHbIM rpaBHTaUHOHHbl.M IIOJie.M, COBJia,lla!Oll\HM C rpaBHTaUHOHHb!M 

IIOJleM TO'IKH B ueHTpe IIOJlll, B KOTOpOH cocpe.uoTO'leHa BCJI Macca Tena. 
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4. 3a.uaqa Kerrnepa. Pa.ccMOTpHM ueHTJ)aJibHOe IIOJie, JIOTeHUHaJibHaJI 3Hepnrn 

KOToporo u ~ 1/r. BBe,lleM K03qJqJHUUeHT rrporropuuoHaJibHOCTII O' > 0, TO

r.ua. IrnK HeTpy.u110 y6e,D.UTbCll, u = -a/r COOTBeTCTByeT JIOJIIO rrpHTJilKeHHJI, 

a rr = o:/r - rronIO OTTa.mrnBaHHll. ITpu o = Gm1m 2 rrone U JIBJIJieTCJI HhIO

TOHOBCKIII\I JIOJieM rrpHTlllKeHirn, a rrpu O' = e1 e2 - KYJIOH0BCKHM rrpHTlllKeHHeM 

II.Till 0TTaJIKIIBaHJieM. 

• 3aMeqaHHe 3. MHTerpan Jlarrnaca - PyHre - JleHua. B Ja

.uaqe Kennepa. c U = -a/r, 6naro.uapll coxpa11eHI110 MOMeHTa HMIIYJihca 

Af = [i,pJ = m[i, ~' .llBHlKeHI1e rrnocKoe, T.e. r = (x 2 +y2
)

112
• Cnna, .uen

CTBy1omall Ha. 'laCTHUY Ma.CCbl m, eCTb -(o/r3 )i, a ypa.BHeHile .llBHlKeHHJI 

IIMeeT BH.D. 
'.:. o· - - .., .., 

mr = - 3 r, r = 1 • :r + J • y. 
r 

RcrroJibJYll 3T0 ypa.BHeHile II BhrpalKe11ne M0MeHTa M, 110.uc'IHTae.M rrpo

H3Bo.u11y10 rro BpeMeHn oT [f', M]: 

d [:. -] a [- -] o (-( .) :. 2 ) d oi - r, M = --- r, M = -- r rr - rr = --. 
dt mr3 r 3 dt r 

TarrnM o6pa.3o.M, BeKTop 

t = ~[f', MJ - i/r 
a 

JIBJilleTCJI IrnTerpanoM .llBillKeHIIJI B IIOJie U ~ 1/r. 
8Ta coxpaHl!IOil\al!cJI BeJIH'IIIHa 6una 0611apy)KeHa JlarrnacoM ( n He3aBn

cnMo PyHre II Jlemi;oM), u ee cyllieCTB0Ba.Hue ecTb rrpoJIBJienue TaK Ha3hl

BaeMon CKpb!TOH CH.MMeTpnu, crreumpH'IHOH .UJIJI JI0JIJI U ~ 1/r. 8Ty CIIM

MeTpH!O Ha3bJBaIOT CKpbITOI':i, JI0CKOJibKY 110 Bil.UY <PYHKUHII Jlarpam1rn 

3a.ua•rn HeB03.M0)1(H0 ycTaH0BHTb rrpeo6pa30BaHIIe CHMMeTpHII, 06ycna

BJI11BaIOlliee coxpanenue HHTerpana Jlarmaca - Pynre - Jlenua, Tor.ua KaK 

coxpaHeHHe 3Heprnn H M0MeHTa HMIIYJibCa B 3TOM IIOJie CBJI3aH0 C JiefK0 

o6Hapy)lrnBaeMOH CHMMeTpileH narpaHlKHaHa 0TH0CHTeJibHO TpaHCJIJIUHH 

BpeMeHH II opT0fOHaJibHb!X rrpeo6pa3oBaHIIH, OIIHCbIBaIOil\HX Bpall\eHile 

IWOp.llHHaT. OblJIO JI0Ka3aHo, 'ITO CIIMMeTpHJI, CBJI3aHHaJI C coxpaHeHHeM 

£, BCKpbrnaeTCJI rryTe.M IIpIIBJie'leHHJI ,llOIIOJIHHTeJibH0fO rrpocTpaHCTBeH

H0ro H3MepeHHJI (B. A. <l>oK). 

Han.ueM eeJIH'IHHY BeKTOpa Jlarrnaca - Pynre - Jlenua, npe.z:1BapI1TeJibHo 

3aMeTIIB,· 'ITO on pacnonolKeH B nnocK0CTII .llBillKeHHJI (fM = 0): 

2 ; 2 M 2 2i :. - 2EM2 m;2 a 
c: = -- - -[r, M] + 1 = 1 + --, E = - - -. 

o 2 or ma2 2 r 

li TaK, BeKT0J)bl € II r = i • X + J • y JielKaT B O,llHOH IIJI0CK0CTH, neprreH,llH

KYJIJIJ)HOH M, a nx cKanJipHoe npoH3Be.uenne 

_ r[f',M] M2 . 
c:r = --- - r = -- - r = c:r • cosc.p. 

a am 
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Ilo3TOMY 

p 
r == ' 

1 + c • cosr.p 

M2 
p= am' €= 

l 2EAf2 

+--2-· 
ma 

TaKHM o6pa3oM, ucrroJib3YH crreumpH'IHbilI wrn Kerrrrepoaoii Jan,aqu mne

rparr Jlamrnca - PyHre - JleHua, yn.arroch rrorry'lHTh ypaBHeHne TpaeKT0-

pun qacTUUbl B BHD,e ypaBHeHJrn K0HH'leCKHX ceqeHJill C 3KCUelITpHCJITe

T0M € H rrapaMeTpoM p 6e3 HHTerpupoaamrn ypaaueunii n.a1rn.:emrn. 

PaccMOTpHM 11.BJ!iKeHne B rrorre rrpHT~DKCHIIH u = -a/r. '.)(plpeKTHBJlaH no

TeHUHaJibHaH 3Heprm1 

U,.p.p = -~ + M2 

H306pa,!WHa KpHBOM Ha pnc. 
7. r 2mr2 

U,rr 
O..l. 

0.2 

0.1 
ro 

10 

E, 

r 

" 20 

..,_, 

..,_, 

..,..l 

.... 
------ E, 

E, 

Puc. 7 

HeTpyD.HO 3aMeTHTb, 'ITO D,BH)KeHne 6yn.eT <pHHHTHb!M npH 0TJ)H!laTeJibHblX 

3Ha'leHH5.IX IIOJIHOM :rneprHH E < 0 B II0JIH0M C00TBeTCTBHH C Bb!B0D.0M, no

rry'leHHblM KaK CJieD,CTBHe TeopeMbl BHpHaJia. Barree Toro, 5.ICH0, 'ITO npH 

Eo = (U,.p.p)min 'laCTIIUa rrpH D,BH)KeJIHH 0CTaeTC5.I Ha IIeH3MeHH0M OT uenTpa 

paccT05.IHHH r0 = M2 / am. llpyrHMH crroaaMH, rrpH 3HeprHH E0 = -ma
2 /2M2 

D,BIDKenne qacTHUbl npoHCX0D,HT no oKpy,KH0CTH pan,uyca ro. l.facTnua C 3Hep

rHHMH E, yn,oarreTaopxromnMn HepaaeHcTBY E0 < E < 0, n,an,KeTcH B orpa

IIII'Ienuoii 31Ja'-ICIIIIHMII T'min II T'max o6rracTH. Ilp11 3Heprirnx E 2: 0 D.BIDKe

HHe HH<pHHHTH0, a H3-3a 6apbepa, o6ycrroBJieHH0ro ueHTpo6e)KHQH 3HeprHeM 

( M =/- 0), HCB03M0)KH0 rran,eHHe B !leHTp. 

Tion.cTaBHB B onpen.errxromyro TpaeKTopHro n,BmKeHHH o6myro qiopMyrry (27) 
U = -a/r, norry'IHM 

5dr 
- I r:-::;:-: M2 Y - yo - y 2m(E+~l--;:,-

-I d(M.) 

J2mB+ 2 mo: M. M2 M r--;°2 

d(mo M) = f ,;:r-, = arccos -- . 
1
2mE+m:i-(~-1)!)2 J2mE+m;,,2 

M._ 'Tl? 
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H-rar,. TpaeKTOpirn 11.BlDKeHHH '-IaCTHQbl B IlOJie npHTH:lKeHHH u = -o:/r 
onpe.[leJIHeTCH <popMynoii 

j) 

,. I + E • co.s(cp - c,.?o). 
:\/2 

p= 
1710: 

•JE 1 + - j\f2 
ma2 · 

(28) 

Ha110~11111~1, <no. ncnoJJh3Yll mnerparr na11;Ke111rn Jlarrrraca - PyHre - JleH!la, 

~11,1 110:1_,·,111n11 Tm,011 ,Ke pe3_yJihTaT 6e3 mnerpnposamrn ypaanen11fi nau;Ke

IIIIH. ;,'pam1e1me (28) 113BCCTH0 KaK ypaBHCHJJe K0Hll'-ICCKIIX CC'ICHIIII C <pOK.YCOl\l 

ll llil'-laJ!e K00J)lU!llaT, napal\!CTJ)0l\l JJ II 3Kcuewrp!!CIITCT0l\l E. B 3KBIIBaJICIIT

IIOi"i 3a;ia<ie Jlll.\'X TC,! op611Ta Ka,i;n,of1 113 '-IaCTIIU TaK)KC 6yn.eT K0Hil'-ICCKill\l 

lT'!e1111el\1 c ll>oKycol\1 B 11x 0611lel\1 ue11-rpe 11nepm111. 

;,;pal-lllf.'lll!C (28) rrpn pa:mux Ha'-IaJihllhlX ycJI0Bil5.IX Ilj)IIB0D.IIT K pa3Hhll\l TpaeK

TOJH!lll\l. TaK, rqm E = E0 = -ma2 /21\/ 2 (E = 0) -rpae1,Top11eii n.amKeHI!a 

'-lc1CTil1lhl 6yn.eT OKPY:lKHOCTh C pan.11ycol\l ro = p = J/2 /1110: ( cpaBHIITe C 

j)C3}'JlhTaT0I\!, Il0JI}''letlllb!M Ka'-ICCTBCIIH0 110 rpa<jJHKY 3<p<peKTIIBHOfl Il0TCH!lH

a.f!hlIOfl :meprmr). Ernn E0 < E < 0, TO E < I II TpaeKTop11a - 3JIJIHIIC. Ilpu 

E = 0 Ill\!CCI\I E = I, '!TO C00TBeTCTB)'CT napa6oJie. B 3aBIIClll\l0CTII OT Ha

rrpaBJICHIIH crmpocnr '-IacTirua c E = 0 no rrapa6orre rrpn6mrnrneTca K !leHTPY 

Jl0 paCCTOHilllll 1· = 1'min, a :iaTel\l yxon.nT na 6ecKOHe'-IIIOCTh IIJIII, rrpn npyrol\I 

11a11pa.BJH'llllll CK0J)0CTH, cpa3y .LlBlDKCTC51 B 6ccr,011e•111ocTb. 11, na1w11eu. npn 

E > 0 II0Jl}''-IaCI\! E > 1 11 TpaeKT0[)II5.I '-IaCTHllbl - rnnep6oJia . 

b0Jlb!lla51 II l\!aJiaa rrorryocn 3JIJ!lll!Ca onpeneJil!IOTOI 113BCCTHbll\lII lpOpl\1yrral\II1 

illl<U!IITH'-lf?CIW{I r<.'0M('TJ)III-1 

p 
a= 1 _ c:2 

a 

2 IE I' 
p -

b =JI_ E2 -

M 

J2ml El. 

vb ypaanemrn (28) Jierrw nai:'inr na11MeHb!llee II nau6oJiblllee yJlarrenne qa

CTHllhI OT UCHTpa. BeJJH'-IIIIIa 1'min 0ilJ)CJlCJIIITCH q>O[Jl\I}'JIOH (28) rrpn r.p-<.po = 0. 
a D,JI5.I T0l'0, '-IT06h! Il0JI.Y'lHTb 1'max, nano rrpHH5.!Th <.p-<.po = 1T. TaKIIM o6pa301\I, 

_P =a(I-E), 
1'min = 1 + E 

p 
1'mai·= l-E =a(I+c:). 

Pa3JMCCTC5.I, ecmr HCKaTb )lCliCTBIITCJibllhlC !Wj)IIII aJ1re6pa11<1ecrwro ypaaue

lU!ll E = U,q,,p(r) B n.011ycTI1Moii JlJIH .LIBIDKemrn o6rrac-ru, To 6yn,eT norry'lei1 

Ta.KOii )Ke pe:i)'JlhTaT. 

HeT[JYJ:1110 II0JIJ'-IHTh rrepH0Jl o6pamemrn TCJ!a 110 3JIJIHHTl!qecrmii op611Tc. 

llpomnerpnpoaaa c :Hofi IlCJihIO a1,1palKem1e Iv/ = 2ma no BJJel\1e1111 oT 0 .LIO 

T, IIMeeM AfT = 2ma, r)le a = irab - rrrrmua.Llb 3JIJIImca, ucrroJib3Y5.I )laJiee 

aupa,Ke11n51 n,Jrn rrorryocefi :immrrca, norry<mM '.laK0H KerrJiepa: 

T = 2ira312
~. 
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Ilpu JIBII:.-Kemm no rimep6one ( E > 0,.::: > 1 ), on16a10rue11 (B none np11T51n,e

mrn) ueHTp nom1, B K0T0p0M HaX0JIHTCll qioKyc, 1"min = p/(.::: + 1) = a(.:: -1) = 
a(:: - 1 )/2£. Ilpu JIBIIiKCHHII no napa6one ( E = 0,.::: = 1) l\llllllll\!aJibHoe pac~ 

CTOJIHHe OT UeHTpa /"min = p/2. 

O6paTHMCJI K CJiy-'!a!O noJI51 0TTaJIKl!BaHHll u = 0:/1·. <PIIHJITI!Oe JIBJL,Kem1e B 

none 0TTMKHBaHIIJI HCB03M0iKH0, T.K. cpym..rnlll U,qiq,(r) = o./r + A/2 /2mr2, 
M0H0T0HH0 y6bIBal! OT 6ecKOHC1'..JHOCTH JI0 nynll, He IIMCCT l\lllHl!l\l)'Ma. Ilo

BT0pllll Bee BblKJiamrn npeJiblJIYIUero cnyt.Jall, JlJill op6HTbl JIBH:.-KCHIIJI B II0Jie 

0TTaJIKI1BaHH51 nonyt.JHM 
JI - = -1 + .:::cosc.p, 
r 

napaMeTp ]J H 3KCUCHTpHCHTeT E TpaeKT0pHII onpeJICJI51IOTC51 npeiKHIIMH cpop

MyJial\m. BBIIJIY Toro, 1'..JT0 JlOII)'CTHMOi:°i JIJI51 JlBIIiKeHH51 o6JiaCTbIO 51BJI51eTC51 

E ~ U,cticti( r) > 0, B noJie OTTaJIKHBamrn eJIHHCTBeHHo B03MO)KHOH op-

6HTOH .RBJI.ReTC.8 runep6oJia, qioKyc KOTOpOH ( ueHTJ) 110JI51) pacnOJIOiKeH 

BO BHeIIIHelf no OTHOIIIeHHIO I( rimep6one 06nacn1, Ha paCCT051HIUI 1'min = 
p/(E - 1) = a(E + 1). 

V. PACIIA.Il H PACCE5IHHE 9ACTHU. <I>OPMYJIA PE3EP<I>OP.IlA 

PacCMOTpHM 3aMKHYTYIO CHCTeMy JIBYX t.JaCTHU, H nycTb B 6ecKOHet.JHO aane
KH!f MOMeHT BpeMeHH L = -00 t.JaCTHUbl CB060JIHbl H KaiKJia51 H3 HHX JlBHiKeTC51 C 

nocT051HHbIM HMHYJihCOM p1 H p2 • IlpyruMH cnoBaMH, Hat.JaJibHbie ycnoBH51 np1111u

Cb1Ba10T HaXOJ1511UHMC51 JlOCTaTO'IIIO JiaJieKO apyr OT apyra t.JaCTHUaM 110CT051HHble 

nMrrynbcbI p1 11 p2 B aaJieKOM rrpoIIIJIOM. IlonycTnM, aanee, t.JTo nponcxomIT c6m11Ke

u11e qaCTHU H, Ha'!HHa51 C KaKoro-TO paccT051HH51, cy1uecTBeHHbIM CTaHOBHTC51 B3a

HMOJICHCTBHe MeMJiy HHMH, OJIHaJ(O cnyCTJI KOHet.JH0e BpeM51 OHH 01151Tb paCXOJ151TC51 

Ha CKOJib yroJIHO 6oJibIIIOe paCCT051HHe, TaK t.JTO rrpn t+ = +oo t.JaCTHilbl BHOBb cTa

H0B51TC51 CB060JIHblMH. 5IcHo, 1'..JT0 HCK0Ma51 acnMnTOTHKa B t+ = +oo HeceT Ha ce6e 

OTIIC'!aTOK 3aK0Ha B3aHMOJ1ClfCTBH51:. M1,1 He CJiyt.JalfHO cocpeJI0TOt.JlIJIII BHl!MaHl!e Ha 

aCHMIITOTHKe, a He Ha JICTM51X, CB513aHHbIX C B3al!MOJie!fCTBlleM. lleno B TOM, t.JTO 

')KCTIC()Hl\lCHTaJibHhie cpeJICTBa JlJij[ Bhll!CHeHH51: 3THX JieTaneii: BeChMa CKYJIHhl HJIH 

HX nonpocTy HeT, II03T0MY 3aJiat.Ja 0 pacce51:Hlflf 51:DJI51:CTC51: OJIHOH H3 ueHTJ)MbHbIX B 

!pH311Ke 3JieMeHTapHbIX t.JaCTlIU, aTOMHOH If 51:JiepHOll q>H3HKe. KoHet.JHO, ecnu paccMa

TJ)HBalOTC51: t.JaCTHUbl, JlJij[ KOTOJ)h!X cymecTBeHHhl KBaHTOBble 3q>q>eKThI, TO MO)l(HO 

OiKHJiaTh, 1'..JTO pe3yJibTaTbl KJiaccut.JeCK0ro paCCMOTpeHlfj[ 6yJiyT BeCbMa II BeCbMa 

npu6Jilfj!(CHHHb!Mlf n JiaiKe HeBepHbIMII. TeM He MeHee HCKOT0pble KJiaCCH'!eCKHe 

110JIOiKCHII51 OCTalOTC51: BepHb!MII JlJI51 MIIKpoofrI,eKTOB II MoryT CJIJiKHTh B Kat.JeCTBe 

xopowero 11p1I6JIHiKeHHll. 

Ilp11 paCCM0TpeHHII 3aJiat.J 0 CT0JIKH0BeHH51:X H pacce51:Hl!H t.JaCTHll l1J)IIX0JIHTC51: 

110Jib30BaTbC51 JIBJM51 CHCTCMaMII OTCt.JeTa - Jia6opaTOpHOH CHCTeMOH OTC'leTa 
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(JI-CHCTel\WII), B KOTOpoi'1 3aJiaJOTC51 aCUl\!11T0TUt.JeCKHe Ha'!anbHble IIMIIJJihCbl qa

cnlll ( '!alUl' Bcero 0JIHY II3 HHX - l\lIIWCHb - c•mTa!OT HCIIOJIBII)KHOH) l! lllUYTC51 

J;QI!!''lllblf:' ac1Il\!11T0TH'ICCKl!e 3Ha'!eHII51 l!MIIYJibCOB, a TaK:.-Ke yao6HO}I JlJill TeopeTH

qeCidlX pac'!eT0B CHCTCMOH QeHTpa HHepQHH ( Q-CHCTeMOH)' Hat.Jano KOTopoii 

coB~It'IUCH0 C UCIITJ)0M nuepUHH t.JaCTIIU. 

:vl\ll'CTHO 3al\IeTl!Tb, '!TO cymecTBeHH0 BaiKHble 3aKJIJOt.JeHl151: 0 CBOHCTBax pa3-

.1II'lllblX (jHI3II1'..JCCKHX npoueccoB MO)KH0 nonyt.JHTh, l!CI10Jlh3J51: 3aKOHhl coxpaneHH51: 

11~myHbCa 11 311eprim. Ilput.JeM 3TH 3aKJIIOt.JeHirn conepweHH0 ne 3aBHC51:T OT K0HKpeT-

11oro poaa B3al!MOJ1ei'1CTB~Ill Me:.-KJIY yqacTBJ!OlUHMH B npouecce t.JaCTIIUaMl1. TaKHM 

o6pa30M, 3aJWHhl coxpanemrn MoryT OKa3aTbC51: IICT0t.JHHK0M ueunoii HHq>OpMalllIII 

npll peIIIeHirn 3aJia'! 0 CT0JIKH0BeHHII H pacce51:HHII t.JaCTIIU. Ilp11aeaeM JIBa IIJ)IIMepa. 

l. Pacnaa 11acTHQ. PaccMOTJ)IIM "caMorrpon3BOJihHhiii" (6e3 BHeIIIHIIX B03Jieii

CTBHII) pacnaa t.JaCTHllbI ua JIBe "JIO'!epnIIe", JIBH)Kymaec51 rrocne pacrraaa ne-

1aa11cnMo apyr OT apyra. 8 U-CHCTeMe, B KOTOJ)OH '.!TOT pacrraa BblrJI51:JlHT 

ua116onee np0CT0, qacTIIUa JIO pacnaaa l10K0HTC51: H o6pa30BaBIIIHeC51: t.JaCTl1llbl, 

B c1rny 3a1mua coxpaHeHI!51: IIMIIYJibCa, pa3JieTa!OTC51 C paBHblMH 11 IIJ)OTHB0I10-

JI0;1rno nanpaBHeHHb!MH HMIIYJihCaMII. O6o3Ha'!IIM a6COJIIOTHOe 3Hat.Jenne 11M

nyHbCa ommi'1 H3 pacnaan1,1x qacTHll p0 , Toraa II3 3aKoHa coxpanemrn 3ueprnn 

P6 P6 
Ean = E1an + -

2
- + E2an + -

2
-. 

m1 m2 

3aecb Ean - BHyTpeHH51:51 3Heprnx pacrraJIHOH t.JaCTIIUhI, E1an 11 E2sn - BHy

TpeHHIIe 3Heprna o6pa30BaBIIIHXC51: t.JaCTIIll, a m1 11 m2 - 11X MaCCbl. BBeJieM 

noHHTne 3HeprHII pacnaaa 

2 

c = EsH - (E1sa + E2aa), ==> c = }!Q__' 
2m 

a CK0J)OCTH qacTIIU V1 = pi/m1, V2 = P2/m2. 

1 1 1 
-=-+-, 
m m1 m2 

Ilepei'IJieM Teneph B JI-CIICTeMy' B KOTOJ)O}I rrepBIIt.JHa51: t.J:aCT11Ua JlB!l)KeTC51: JI0 

pacrraaa co CK0p0CTbIO V. PaccMOTJ)HM OJIHY H3 JIOt.JepHHX qaCT11ll, II IIJCTh V 

- ee cKopocTh B n-c11cTeMe, a v0 - B u-cncreMe. O'1eBl1JIHO, v = vo + V, oTKyJia 

v 2 + V 2 
- 2vVcos0 = v5, 

rae 0 - yroJI BblJieTa JIOt.Jepneii t.JaCTl1llbl ITO 0THOUieHl1IO K HarrpanneHl!IO JlBl1-

)KeHH51: JI-Cl1CTeMhl (narrpaBJieHHIO JlBH:lKeHH51: MaTep11HCKOH qaCT11Uhl). 

IlpeJICTaBIIM 3TY 3aBHCl1M0CTh rpaq>l!t.JeCKl1, JlJij[ qero IIOCTpOHM 0KJ)J:lKHOCTh 

pamryca Vo, TOrJia v aaeTC51: BeKTOp0M, rrpoBeJieHHblM n KaKJIO-JIH6o T0t.JKY 

0KJ)JiKHOCTl1 H3 TOt.JKl1 A, oTcToxmeii Ha paccT051:Hl1II V OT lleHTpa oKpy:lK

nocTn (cM. pnc. 8). Mo:lKeT npeacTaBIIThCX JIBa cnyt.J:aJI: V < v0 (Tot.JKa 

A BHYTPll oKpJ:lKHOCTll) II V > v0 (TOt.JKa A BHe OKJ)J)KHOCTll). Bo BTopoM 
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A V V 

V<Vo V>Vo 

PIIc. 8 

crry<Jae no<Jepwrn 'laCTIIUa MmKeT BbIJieTeTb TOJIJ,J(O BITepe.u no,i yrJIOM, HC 

ITJ)CBbJilla!OIUIIM 3Ha<JeHIIJI Bmn,· II3 

sinBmax = vo/V. 

CaJI3b Me,Kny yrrraMII BbIJieTa O II Bo B JI- II 1(-GICTeMax, KaK 3TO BH.UHO H3 

pnc. 8, ecTb 

vosinBo V . 2 ✓ . 
tgB = B =;, cosO0 = --sm O ± cosO 1 - V 2sm20/v5. 

vocos o + V Vo 

II p11 Vo < V CBJI3h Me,Kny 0 H B0 onHo3Ha'!Ha ( CM. pHc. 8) H B ITocrre.une11 

cpopMyJie Hano BbI6paTb 3HaK ITJIIOC ITepen IWpHeM, 'lT06bJ IT])H Oo = 0 lI O = 0. 

2. Ynpyr11e CTOJIKHOBCHI1H 'IaCTl1Q, CToJIKHOBCIIHe 'IaCTHI\ Ha3OBCM ynpy
r11M, CCJIH OHO ITponcxonHT 6e3 H3MeHeHHJI IIX BIIYTJ)CHHero COCTOJIHHJI. l1Ha,,e 

fOBOplI, CCJIH paccMaTpHBa!OTCJI YITPYfHC CTOJIKHOBeHHJI, TO, llCIIOJih3YJI 3aKoH 

coxpaHeHHJI 3HeprHII, Mhl MO)KeM He Y'lIITbIBaTb BHYTPCHHIOIO 3HeprIIIO 'Ia

CTHU. CrwpOCTll 'IaCTHll no CTOJIKHOBCHIIJI B U-CllCTeMe CBJI3aHbl C OTHOCH

TeJibHOl1 cKopocTbJO v = I v1 - v2 I B rr-cnc-reMe crreny10IUHMII II3BeCTHhIMH 

COOTHOilleHIIJIMH: 

m2 ~ 
~ - v, 
V10 - mJ + m2 

m1 ~ 
v. v20 = - m

1 
+ m2 

Ilocrre pacceJIHIIJI 3aKoH coxpanemrn HMITyrr1,ca ITpemrncuaaeT qacrauaM paB

u1,1e ITO BeJIII'IHHe II ITJ)OTHBOITOJIOMHbJe ITO HarrpaBJICHHIO HMIIYJihCbI, a B CHJIY 

3aKOHa coxpaHeHHJI 3Hepnn1 OCTalOTCJI neH3Mel!HhlMH HX a6coJIIOTIIblC BCJU!

'll1Hhl. TaKHM o6pa30M, B 1\-CHCTeMe pe3yJihTaT CTOJIKIIOBClIIIJI CBOJUITCJI K 

IIOBOJ)OTY CKOJ)OCTe11 o6CIIX 'laCTJill, KOTOJ)hJC OCT,UOTCll HE'H3MeJIJII,!MH IIO BP

JIH'IHHe, HO IIJ)OTIIBOITOJIO)KIILIMH ITO HaITpaBJICIIHIO: 
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Puc. 9 

1112 
u11u, v'w = m, + 1112 

, Ill I V11o, 
v'w = -

1111 
+ m2 

3)-[CCI, llo ·- C.UHIIH'IHLIH BCKTOJ) B HanpaBJieHIIII CKOJ)OCTII 'IiiCTIIUbl 1711 f!OCJIC 

<"I'OJIJ,lIOBCII II JI. 

11.TJJI ITepcxona I( JI-CIICTCl\le nano no6aBUTL K 3THM BLipa)KeHIIJIM CKO!)OCTL V 
UCI!Tpa. 1II1epu1rn, '!TO nrrJI CKOJJOCTCll 'liiCTIIU B JI-CIICTCl\le ITOCJIC CTOJIKHOBeHirn 

naeT 

VJ 
m.2 ~ m.J VJ + m2·v2 

----VIia + ------, 
111.J + m2 mJ + m2 

:.. m1 ~ mJ VJ + m2v2 
v2 = - ----vno + ------

1/l.J + m2 m1 + m.2 

CBene1111JI, l(OTOj)hIC MO)KHO 61,mo IIOJIJ'IIITb !13 on11nx TOJILKO 3iiKOHOB coxpa

HCHHJI, IIC'IE'!)ITLIBaJOTCJI 3THI\IH COOTHOillCHIIJil\lH. 3aMeTill\l, '!TO 11anpaBJICHIIC 

CJ!HHll'IIIO!'O BCKTopa 110 3aBIICIIT OT 3iiKOHa B3iilll\lOJICflCTBIIJI '!aCTIIU lI !IX B3a

IIMIIOI'O paCIIOJIO)KCHII51 BO BJ)CI\IJI CTOJIKIIOBeirnJI. 

11.llll Toro 'IT061,1 HHTCJ)Ilj)E'Tllj)OBiiTL ITOJI}"ICIIIILJe pC3)'JILTaTLI reOl\leTJ?ll'Ie

CKH, m;'JJE'l!JIE'M OT CIWJJOCTCH K HMIIYJILCaM, IIOMl!OiKHB C 3TOU UCJILIO U[ Ha 

m 1, a 112 na m 2, ITOJIY'IHM 

'., - 1111 ( ~ _) 
p 1 = mvno + ---- P1 + /12 , 

m1 + m2 

'., ~ 1/1.2 ~ _ ) 
P2 = -mvno +----(pi+ P2 • 

m1+m2 

IlocTpOHM OKpy)KHOCTL pannyca mv = oc, HaITpa.BIIB ITO oc enHHH'IHblll 

BeKTop 110. Ecm1 B3JITL AO= __!!!L__+ (p1 +f2) 11 OB= ___!!!L_+' (p-1 +p-2) (cl\I. pnc. 
rn1 m2 m1 m2 

IO), TO AC.: n CB na10T HMITyrrr,c1,1 711 n JJ.i. Paccl\lOTpnM nonpo6uo cny,1af1, 

KOl'Jla. OJlHa H3 ,,acTHI\ (nycn, '.>TO 6y;1eT m 2) noKOHTCll. Torna OB= mv = 
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a 

-L....i....:.--;,---'---_.__,~tJ 
A A 01 

~;l--l....!------,<--'----'-~8 

m1<m2 

AB•p1 ; AQ/OB=m1/m2 
m 1 ;-1n2 

Puc. 10 

OC, a AB= fi1. To,ma A l\!OiKeT 11axo.unTbCll IrnK BHYTPH (m 1 < m 2), TaK 

H BHC (m1 > m2) OKPYiKHOCTH. YrJibl 01 H 02 eCTb yrJibl OTKJIO!feHHll '!aCTIIU 

nocne CTOJil'80Be!H!l1 no OTHOlllCHIIIO K HaITpaBJiellll!O ]JJ, a yron \ ( 3a,UaIOIUHII 

HaITpaBJiem1e iio) ITpe.ucTaBmieT co6ofI yroJI IIOBOpOTa ITC])BOII '-!aCTHlll,I B u

CHCTeMe. O'-leBII.UHO, 

m2sinx 
tg01 = m1 + m2cosx) 

0
2 

= rr - X 
. 2 . 

Iloc.TJC CTOJIKHOBeHI!ll '-!aCTHUbl pa3JieTaIOTCll ITO.U ynIOM 01 + 02, ITpH'-!eM ITPH 

ni1 < m2 HMeel\I 01 + 02 > f, a npn m1 > m2 ITony'-!aeM 01 + 02 < ~- Ilpn 

m1 < m2 CKOpOCTb ITepsofI '-!aCTHUbl ITOCJie CTOJIKHOBCHllll MOiKeT HMCTb mo6oe 

HaITpaBJICHIIe. Ecmr iKe m, > m2, TO yroJI OTKJIOHCHHll HaJieTarorue1'i '-!aCTHUbI 

He MOiKeT npeBbIUlaTb HCKOTOporo MaKCHMaJibHOro 3Ha'-!eHHll (cM. pnc. 10): 

. m2 
0,max = arcsin- . 

m1 

l1cITOJib3Yll TeopeMy KOCirnycoB, MOiKHO 6e3 Tpy.ua ITOJIY'-!HTb cpopMyJibl, OITpe

.uemuoruue a6comoTHbie semI'-!HHbI CKopocTei'I o6enx '-!aCTHU ITOCJie CTOJIKHO

Bemrn '-!epe3 OTHOCHTeJibHYIO CKOpOCTb H yroJI X, BeJIH'-!HHa KOTOporo 3aBHCI1T 

OT 3aKOHa B3aIIMO.UeficTBI1ll CTamrnsaroruuxcl! 'IaCTIIU: 

, /mf + m~ + 2m 1m 2cosx 
V1 = V, 

m1 + m2 

, 2m1v . x 
v2 = ----szn-. 

m1 + m2 2 

PacCMOTpIIM ,UBa '-!aCTHbIX cny'-!al!. 

• "Jlo6osoii" y.uap - ITOCJie CTOJIKHOBCH!Ill o6e '-!aCTIIUbl .UBIIiKYTCll ITO O,UHOH 

ITpl!MOH (x = 1l' ). B 3TOM cny'-!ae CKOpOCTII '-!aCTHU IIOCJie CTOJIKHOBeHHll 

paBHbl 

, m1 - m2 
V1 = -----v, 

m1 + m2 
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2m, v2 = 

,3Ha'-!eHHe V2 ITPII 3TOM HaU60Jiblllee B03MOlKHOe, H B pe3yJibTaTe CTOJIK

HOBeHJil! rrepBOH,a'-!aJibHO ITOKOl!IUal!Cll '-!aCTHUa rronyqaeT MaKCIIMaJibHYIO 

( no cpasuemno c .upyrnMH cny'lal!Mll) 3Heprnro 

E'max _ 41n 11n2 E 
2 - I 

(m1 + m2)2 ' 

E, = m1v; 
2 ' 

3,UeCb E1 - ITepBOHa'laJibHal! 3HeprHll HaJieTarorue1'i 'laCTHUb!.. 

sin0max = m.2 
I m1 

• ''Bnnm1ap.u" - MaCCbl CTaJIKHBaIO!lUIXCll 'laCTHU O,UUHaKOBbI, a O.IIHa H3 

HHX rrepBOHa'laJibHO ITOKOHTCll. B 3TOM cny'lae 

0, = ZS. 2' 
0

2 
= rr - X 

2 ' 
, X 
v1 = vcos2, , . X 

v1 = vszn2. 

OTMCTHl\l, '-!TO rrocne CTOJIKHOBCHHll '-!aCTIIUbI pa3JieTaIOTCll ITO.U ITpl!MbIM 

yrnoM .rrpyr K .upyry. 

:3. PacceHHtte qaCTMU, Pe3yJibTaT CTOJIKHOBCHHll .IIBYX 'laCTHU MOlKCT 6bITb 

OITpe.ueJieH ITOJIHOCTbIO JIIIlllb ITOCJie pellleHHll ypaBHCHIIH ,UBlllKCHHll C KOHKpeT

HbIM 3aIWHOM B3aHMO.UefICTBHll. PacCMOTpIIM 3KBHBaJieHTHYIO 3a.IIa'ly OTKJIO-

I 
I 
I 
:1 
l 

i 
I 
I 
l 
\ 

\ 
I 
\ I 

X \ I -----__ t', _____ I ______ _ 
I . 

0"'-'Po P ---~~~----~ ---~----
Puc. 11 

HeHHll 'laCTHUbI C ITpHBC.IICHHOH Maccoii m B none U(r) HCIIO.IIBHlKHOro CHJIOBOro 

UCHTpa, pacITOJIOlKeHHOro B ueuTpe 1rnepu1rn 'laCTHU. TpaeKT9Pllll 'laCTlIUbI B 

UCHTpaJibHOM ITOJie CHMMCTpH'IHa OTHOCHTCJibHO IIpl!MOH, IIpOBC.IIeHHOH B 6JIH

)KaHlllYIO K cnnoBOMY ueHTPY TO'IKY op6HTbI. Ilo3TOMY o6e acIIMIITOTbI TpaeK

Topnn rrepeceKaIOT JKa3aHHYIO ITPSIMJIO ITO.II O.IIHHaKOBbIMH yrnaMH c/>o- Tor.rra, 
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KaK BII.UHO H3 pnc. 11, yron OTKJIOHemrn qacnmb1 npn ee rrponere l\llll\!O ue11-

rpa ecTb 

-I - •),I, I X - 7r ~'!'O . 

YroJI ¢0 orrpe.uem.1ero.1, KaK II3BeCTHO, cpopMynof1 

j ·oo Mdr/r2 

¢0 = --;===========. 
rmm J2m[E - U(1·)] - /l,f2/r2 

3.uecb !'min - paccrmmne, orrpe.uem11omee 6nmKafirnee K ue11rpy noJ1OiKC1111c 

'laCTHUbI, ll 5IBJI5IeTC5! KOpHeM rro.upa.u1maJibHoro Bb!paiKCHH5!. 

Ilpn l!HCpHHHTHOM .UBlliKemm, KOTOpoe Mb! CCII'laC pacrl\IaTJ)lIBaeM, cy111eCTBy

!OT KOM6HHal]HH .u1maM1I'leCKHX rrepeMeHHblX, J(OTOJ)ble BhIBOOITO! 11a ac1n1-

ITTOTI1KY 3aKOHaMH coxpaHemrn. 8ro CKOJ)OCTb B 6eCKOHC'lHOCTll V,x, II TaK 

na3hIBaeMoe rrpuuenhHoe paccro51nne p - .un1rna neprrcnmmyn51pa, onymeu

noro 113 11eHTpa Ha narrpaBJICHHe Voo, T.e. paccrolllme, Ha KOTOJ)Ol\l '!aCTIIUa 

npourna 661 MHMO 11enrpa, ecnn 661 c11nOBoe none orcyrcTBOBaJio. 0,1eBirnno, 

J'vf = pmvoo, 
mv2 

E-__22 - 2 . 

Ilepemm1eM ¢0, 11crroJ1h3Yll 3TH Bh!pa;Kemrn 3Heprmr n MOMe11ra nMnynbca: 

¢0 = 1
00 pdr/r2 

rmrn Ji - p2 /r2 - 2U/mv~ 

Ilp1111eJ1bHOe paCCTOllHHC OT.UCJ!bl!Oll '!aCTllllbl p HeBO3MOiJ(H() H3MCJ)l1Tb Ha 

Ollb!Te. Ilo3TOMY o6b!'IH0 rrepeXO,UllT OT xapaKTepHCTl!K 1rnmrnn.uyam,11om 

aKTa paccel!HHll [( CTaTHCTH'ICCKHM xapaKTepHCTHI,aM, a HMCHIIO OT paCCMO

TpeHHll 3a.uaq C TO'll!O 3a)laHH!,IM npHUCJ!hHblM pacCTOll!IHCM K paccMOTj)CHHIO 

COBOKYl1HOCTH 3a)la'l, B KOTOJ)h!X npHUCJ!hHOe paCCTOl!HllC pacrrpeii:eneuo 110 

HCKOTOJ)MY 3a1wny. KonKpeTHee: paCCMOTJ)llM MOIIOXJ)OMaTU'lCCKHl1 II O)ll!O

ponHblll rry'IOK qacTIIll, T.e. ny'loK, '!aCTIIUbl KOToporo HMCIOT O)lH!lilKOBb!C 

no BeJIH'lHHe l1 narrpaBJICHHIO CKO!)OCTH ( MOHOXj)OMaTWIHOCTJ,). K po Me Toro, 

O)lHHaKOBO 'IHCJIO qacTllU, rrpOXO}llllJlHX qepe3 mo6ym e)lHHil'lHYIO 11JIOUJaJlKY' 

rreprreH)lHKYJillpHyJO rry'IKY, B ennn11uy BpeMemr, KOTopoe Ha3b!Ba!OT l!HTCH

Cl!BHOCThIO nyqKa n = canst (onnopOJlHOCTb). Bee '!aCTHl]bI, paccenBa.IO

llll!CCll B KOJ!LllO 2rrpdp, <mcno Koropux eCTb dN = 2rrpdp · n, o6na.uamT B 

CHJIY MOHOXJ)OMaTH'IIIOCTll ITY'!Ka O)lll!IaKOBOll CKOj)OCTblO Voo 11 IIO'ITH O,UII

HaKOBbIMH Ilj)HUCJibHb!MH pacCTOllHHllMH ( B l!HTCj)BaJIC OT f' no p + dp ), T.e. 

01111 o6na.uaroT O.UllHa.J(OBhlMH 31ICJ)I'Hl!MH H IlO'ITH O.UH!laJ(OBbll\1H MOMCI!TilMH 

II I1O3TOMY )lOJiiKHbl OTKJ!Olll!ThCll na 11O'.ITH O)lHHaKO!lb!C yn11,1 (B HIITC[)llcUJC 

oT x no x + dx). II011l!TH0 rro3TOMY, 'ITO paccelllrne y,106110 xapaKTcJnno!la:r1, 

BCJIH'IHHOII 
dN 

da = - = 2rrpdp, 
n 
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~
----;,... 

.P. (: 1"S!tl -- df 

Pnc. 12 

KOTopy1O 1ia:1O1lCI\!. 3qJqJeKTl!BHhIM ceqeHl!eM pacceHHl!H '!aCTIIU B IIHTep

Ba.JI OT \ JlO \ + dy IIJIH, '!TO TO iM', OT p )lO p + dp. ~1<pcjJCKTIIBHOe CC'IC'HIIC' 

paccel!Hllll 111\ICCT pa.31\IE'j)l!OCTL IIJIOHla)lll H BCC'l]E'JIO onpeneJil!C'TCll BII.UOM pac

CC'IIBa1O11wro 11O.llll. JlJill Toro 'IT06h! Ha{ITII 3c1BJICIIMOCTL 3!p<peKTIIBHOI'O re'!e

Illlll OT yrna paccel!HHll \, nocTaTO'IHO neperrnra.TL rrpeJlhIJlymee BLrpaiKenne 

ll BIIJJ(' 

. dp(y) 
da = 2rrp(\) 1-

1
--1 d\. 

( \ 

'3na.K 1\1O,HYJ!ll Hal\! l10Ha)lo611J1cl1 BBIUIY Toro, '!TO 110 Cl\!LICJI)" 3(j)(peKTIIBIIOP ce

'IPHHP pacrel!JIHll - IIOJIOild!TeJILHal! BE'JIII'IIIHa, a p( \) - y6b1Ba!01llall rjl)"IIK!lllll: 

'IC!\! 60J!blllC rrpHUCJ!hHOe pa.cCTOll!IIIC, TC!\! MCHhllIC yron paccel!Hllll. 11Horna 

CP'IPIII!e pacrel!HHll OTHOCllT He K dx, a. K 3JIC'l\lCHTy TeJiecnoro yrna. Tenecnwil: 

yro.i1 MCiKJl)' Konycal\m c yrna.Mn pacTBopa. \ H \ + d\ ecTb dD. = 2rrsinydy, 
IIO'.)TOl\l,Y 

da = p~ y) I dp( \) I dD.. 
S11!\ dy 

IloJiy<ICIIHhle cpopMyJILI orrpe)lCJ!ll!OT CC'IC'HHC parcel!Hllll B 3a.BHCHMOCTII OT 

yrna parcellIU!ll B CHCTCMe llCHTpa. nnepunn. Jlnll Toro 'IT06b! TIOJIY'IIITh ana

JIOl'H'lllhl(' (jlOJJMYJib[ B Jia6oparopnofl CHCTeMe, naJ(O BLipa3HTh \ '!epe3 yroJJ 

parcel!Hllll B Jia6opaTO()ll01I CIICTCMe 0. Ilpn 3TOI\I IIOJI)"Ia.TCll Bhl()iliKC'llllll IrnK 

JlJlll CC'!Cllllll pacCClllll1l! 11anaiomero Ilj"II{a ( \ llb!paiKe!IO '1Cpe3 01 ), TaK H )lJ!ll 

nepBOHa'!aJJLHO IIOl(OHB!llHXCll qacTHU ( \ Bb!pa)r,eno '1epe3 02)-

4. <l>opMyJia Pe3epqiop_na. Ha11neM reqen11e paccel!HIIll JlJl5I Kyno11OBcKoro rro

Jlll, T.e. IIO)lCTa.BHM B 1jiopMyny, onpe)leJ!ll!OlllY!O ¢0, lf = o:/r: 

!
(X, 

¢0 = 
r,n1n 

pdrj,.2 

✓l - p2/1·2 - •)a/111v2 r .., ' 00 
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HnTerp11poBaHIIe 3:1eJ1.!el!Tapno, II, Y'IIIT!,!Ball, '!TO r,,,i,, -- l(OJJ('Hl, Bhlpa;i;!'l!llll 

no.n pamma:10::-1. noJiy'm::-1 

o/nn·!p 
9o = , Jt + (o/111v;_p) 2 

OTKy.Lia 

p2 = (o:/mv!:,)2tg2¢o ===} p2 = (o/mv!:,)2ctl½-

llmpcjJepe11unpyll noc:1e.n11ee r11,1pa;Ke1rne no \_, 11afui:ell1 

2 2 cos½ 2 2 elf?. 
clcr = rr(o./mvrx.) ~rh, = (o:/"2111vcx,) ~-

.szn 2 .szn 2 

IloJI:r1ena cpopJ1.1yJia, H3BecTHal! KaK tpopMyJia Pe3eptpop.ua. '3aMeTmI, 'ITO 

,q)(j_JeKTIIBHOe ceqem1e He 3aBHCIIT OT 3Hal(a a, T.C. pe1yJ11,TaT B paBHOfi 

Jl.!epe OTHOCIITCll K KYJIOHOBCKIIM llOJlllM Ilj)HTll;KCHHll II orraJIK!!Bamrn, Kai( H 

.LIOJI,I\IIO 6bIJIO 661Tb, T.K. ,cjHjJCKTl!BHOe ce'leHne IIC l\lO;KCT "JallIICCTb OT Toro, 

B KaKy10 CTOpony OTK:JOHll!OTCll qacTIIIH,l, HO ·3ar111CIIT OT Toro, Kai( OIIII OT

KJIOHll!OTOI { m.-1eeTrn B Bnny 3aBHC!ll\IOCTb U ~ l / r). cI>opMyJiy Pe3epcjiop.na. 

:-10;1rno npeo6pa3oBaTb OT CIICTel\Ibl llCHTpa nnepu1m, B KOTOpOiI Olla IIOJIY'lella, 

I( Jia6opaTOJ)HOfI CIICTeMe, o.nHaKo 3TO npHBO.LIHT K .LIOBOJibHO rpoM03)lKHM pe-

3YJibTaTaM, 1103TOMY orpaHil'lHMCll TeM, 'ITO HMeel\l. 
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VI. r AMMJihTOHOB ll>OPMAJIM3M 

8 ll[l('JlLI.Il_\"LUel\l Il3JIO;KeHim paCCMaTpHBaJIHCb ypaBHeHH51 Jlarpam1rn 11 P51.Il nx 

11p1!.'T{)jl(Cl!!li"I - l\lbl pa60Tam1 B paMKa.x TaK Ha3bIBaeMoro JiarpaH,KeBa qiopMaJIH3Ma. 

( 'unOl!l!ll(' l\!eXaH!IllCCKOll CHCTCMbl Cs CTeneHl!MH CB06o.nbl B rrarpamKeBOM q>OpMa

. !l!'nlt' Olll!Cb!BaPTCll 3a.namreM 2s He3aBHCHMbIX BCJIH'IHH - s o6o6meHHb!X KOOJ).UH-

11a I II s 060I!lf'IIHh!X CJ(Oj)OCTefi. CocTOll!!He MCXaHII'leCI(Ofl CHCTeMb! B q>OpMaJlll3Me, 

l(OTO[lhlll Il])Hl!l!TO Ha3b!BaTb raMHJlbTOIIOBbll\l, 3a,UaIOT s o6o6meHHb!X KOOj).UHHaT II 

.s 06ou1eHIILIX III\IIlYJll,COB. Kal!(,llb!H H3 3THX IIO)lXO)lOB HMeeT CBOH rrpeHMyIUeCTBa 

!! IW)lOCraTirn, HO BaiKHO OTMCTIITb, 'ITO raMHJibTOHOB q>OJ)MaJIH3M rJiyfoKe npOHH

Kilf'T B cyn, TE'O[)IIH, O,UHaKO H3-3a Bb!)leJieHHOI! j)OJIH BpeMeHn HaTaJIKHBaeTC51 Ha 

lP\')UIOCTII B peJil!THBHCTCKOM cJiy'iae. 

l. KaHOHM'leCKMe ypaBneHMH raMMJlhTOHa. IIepefineM oT Ha6opa "JiarpaH

iKeB1,1x" nepeMeHHbIX q;, q; K Ha6opy "raMHJlbTOHOBbIX" nepeMCHHb!X qi, Pi = 
IJL/IJq;. 06bi'IHO )lJ151 3T01'0 HCIIOJ1b3Y!OT rrpneM, KOTOJ)b!II Ha3b!Ba!OT rrpe

o6pa30BamreM Jle;KaH.upa. IIponeMoHcTpnpyeM, KaK 3TO .neJiaeTcH, a 3aTeM 

.ua . .unl\I orrpe.ueJienne rrpeo6pa30BaHHH Jle;1rnn.upa. llJIH rroJIHoro .nnqiqiepeHun

aJia. cpym,u1m Jlarpamrrn L = L(qi,CJ.i,t), Y'lHTb!BaH onpe.neJieH11e HMIIYJibca 

]); = IJL/IJq;, a TaIOKe JiarpaH)KCBbl ypaBHeHH51 .UBU)l(eHHH, HMeeM 

(
IJL . IJL ) 8L . . 8L 

c!L = L ~dq; + -~-dqi + --;:;-dt = L(p;dq; + p;dq;) + "7,clt. 
i uq, uq, ut i ut 

IIocKOJibKY 

d(p;q;) = p;dq; + CJ.iclpi, 

TO 

d(L - LPiCJ.i) = L(-qidpi + p;dq;) +~~cit 
I I 

HJIII 

d(I:iJ;
8
8

~ -L) =I:(-fJ;dq;+iJ;dp;)-
0
8
Ldt. 

i q, i t 
BBe.neM 

H = H(qi,Pi, t) = I:iJ;
8
8

~ - i. 
i q; 

ll>yHKUH51 H( q;,p;, t) Ha3bIBaeTC51 tpyHKQMeH raMMJlbTOHa MJlM raMMJlbTO

HMaHOM. 5IcHO, 'ITO 

(
8H 8H ) 8H . . IJL 

ciH = I: -8 . clq; + -
8

. dp; + -
8 

dt = I:(-p;dq; + q;dp;) - "7,clt. 
i q, p, t i ut 

CpaBHHBaH, noJiy'lnM 

8H 
CJ.i = 8p;, 

8H 
fJ; = - 8q;' 
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- KaHOHfPieCKHe• ypaBHeHHSI raMHJlbTOHa - CIICTeMy 2s .UIIC\)C\)epCHlUlitJlb

HblX ypaBHeHHll nepBoro nopa.uKa, KOTopaa no3BOJIHeT no 3a.uaHH0:-.1y B KaKof1-

J1H60 MOMeHT BpeMeHH COCTOHHHIO MeXaHHqecrwii: Cl!CTel\lbl npe.ucKa3aTL ee CO

' CTOHHHe i3 JII06o:i1: .upyro:il: MOMeHT H TeM CaMLIM peIIIHTb OCHOBHYIO '3a.Ua'IY 

MexaHHKH. 

Hafr.ueM noJIHYIO TIJ)Oll3BO.UHYIO no BpeMem1 OT cpy1munn raMHJlbTOHa: 

dH DH (DH . DH . ) 
Yt = at + ;;= oq; q; + op; Pi · 

Ilocne no,UcTaHOBKH ypaBHeHH:il: .umnKemrn nony<rnM 

dH DH DL 
dt = 8t = -Dt. 

Onpe,UeJieHHC cpyHKUHH raMHJlbTOHa H IIOCJIC.UHCC COOTHOlllCHHe . 1103BOJ1HI0T 

JaKJI!OqHTL, qTo .UJIH H30JlHJ)OBaHHOH CHCTeMbl HJlll CHCTeMbI, Haxo.umue:iica B 

He 3aBHCHIUeM.OT BpeMerrn BHelllHeM IIOJie, raMHJlbTOHHaH COBIIa.uaeT C IlOJlHOll 

3Hepr11e:i1: CHCTeMbl. 

• IIpttMeqauue 1. IIpeo6pa3oBauue Jle:arnu.upa. PaccMoTpHM cpymc

UHIO f = f(u), nonaraa ee BLrnyrcno:il: (T.e. cl2f/du2 > 0). llonycTuM, 

B03HHKJ1a Heo6XO.UHMOCTb nepeii:n1 I( .upyroii: He3aBHCHMOll nepeMCHHO!l 

v, Tarcorr, qTo v = df /du. Karc, HCIIOJIL3ya f = f(11), rrocTpoHTL Tarcy10 

rj:>ynrcun10 F = F( v ), qTo6Lr ee noJIHbIII .u11cpcpepenunan 6Lm nponopu110-

11aneH dv? OTBCT na 3TOT Bonpoc .uaeT npeo6pa30Ba1rne lle,rcan.upa. 

HaJoBeM npeo6pa3oeam1eM Jle:>Kau.upa cpyHKQHH f(u) TaKyIO 

cpyHKQHIO F( V ), KOTOpa.si SIBJJS!eTCSI ortt6a10meu ceMettcTBa 

tp(v,u) = uv -f(u). 

Ypaeueutte oru6a10meu HMeeT BH.U F(v) = tp(v,u(v)), a cpyuK

QH.si u(v) onpe.ueJJ.sieTCSI H3 V =elf/du. ll>yHKQHIO f(u) Ha3LIBaIOT 

npott3Bo.u.simeu cpyHKQHett npeo6pa3oeautt.si Jle:>Kau.upa. Ilpeo6pa-

30BanIIe llellCan.upa o6Liqno BbIITOJIHHIOT B .uncpcpepeuunanbHofr cpopMe: 

elf 
df(u) =du· du= vdu = d(uv) - udv ==? dF = d(uv - f) = udv. 

IlpttMep. Harr.ueM npeo6pa30BHIIe lle,Kan.upa, npo113Bo.uamerr cpymnurerr 

KOToporo HBJIHeTca JiarpamKIIaH CB06o.uno:i1: penaTHBHCTCKOH qacTHUbl 

L = -mc2/1 - v2 /c2 . 

CeMeHCTBO, orn6a10meii: KOToporo aBJiaeTca rrpeo6pa30Ban11e lle;Kan.upa, 

3a.uaeTrn cpopMynorr tp{JJ, v) = pv - L( v ), a ypaBnenne orn6a101uef1 3Toro 
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C<'.\Wfwrna ll(p) = 1· · i:Jl,ji)u - L. !lo 0111wm.>J1e111110 p 

1111"/)l - 1•2/c2. CJlC,U0BilT<'Jll,110. 

1• = pcf /111 2c2 + p2 , T.e. H = jm2c~ + p2c2 • 

fJL/i'Jl' 

TaKll.\1 o6pa'l0'.\!, 1/ (11). C OlUJOJI CTOJ)OHLI, - ra~IIIJILTOHI!aH CB06o.unofi pe

.']}!TIIHIICTCKOII 'lilCTllllJ,1. ii C .upyroii - 1Ipeo6pa30BilHIIe Jie;Kan.upa. rrpo

lJ'JBO}.ll!UWI! c!Jf!IKUl!f:'11 KOTOporo l!B:ll!CTCl! ;1arpamK11a11. 

• IlpuMe'IaHHe 2. c!)ymmmo l'a:-.111J1LT011a cocTaBJJHIOT cornacno cne

JlYI0l!l<'-'IY anrop11n1y: no cpymm1111 JiarpamKa L = L(q;, q;, t) cTpoaT 

11 = I:; q;. :~L - L. 3aTCI\I B 3TO'.\I BLIJ)il}KCIIIIII BCC q; 3aMCHHIOT Ha p;. 
L Q1 

IICII0.:ll,l\'51 CBl!:lh /Ii = I:,- '.
1

1
[,. '.)TO B03.\!0iid!O Jllllllh .UJIH IICBhlJ)O}K.UCJl!lhlX .. ,.11, 

.\l('X,lllll'l('Cl(JIX CJl<'T<'.\I, T.P. J!Jll! C!ICTC~I C I!(' paHHhn! ll}'Jl!O onpe.ueJ111-

l'('.ll<'.\l J'pccc (re(T11a110~1) rid . .-_,,_L -I- 0. !IoJJ\"II!Blllal!c}[ B pe3VJJbTaTe 
cJ11,clrJk I •- ~ 

Cjl_\'111'1\IIH J/ = Jf(q;, /1;, /) <'CTI, J'ilWIJll,TOIJ!lclll Cl!C'TE'~ILI. 

ha ll0IIJl 'H.'CI( IIC ypaB!ICJJHll ra~II!Jll,TOI!il oco6eu110 YJl06IIbl rrpn l!CCJl<'JlOBilHIIII 

Cl!CfC~I. co;wp;Kall\IIX lllll(JIJI'ICCKl!t' KOOp.UIIHaTbl. Hano.\11111~!. '!TO JUIKJIII'!C

CIWI! llil'.ll,IBilCTCll KOO[)Lll!HilTil, IWTOJ)ill! XOTll II 11co6xo.um,ia ,UJI}[ 0ilJ)t'JlCJleJIIll! 

II0JI0}l(('l!JJ}[ CIICTCMhl B npocrpaIICTBC, HO B J1arpa11;1,11a11c IIC co.uepii,I!TCl!, 11 

noJTOMY rooTBCTCTByronu111 eii 0606me11111,1fi 111\mym,c coxpa11aeTca. Ilo ecm1 

Ji; = 0, TO, COrJiaCIIO raMHJlbTOHOBLnl ypaBIICIIl!lll\l, ra~l!IJlbTOIJl!all IIC JlOJlil(CH 

3a.BIICCTL OT COOTBCTCTBYIOIIWll KOOp.U!!IIaTLI q;. 11, nao6opoT, CCJIII l'il~ll!Jll,

TOJIHan He co.uepiKHT q;, TO coxpa1rneTCl! Jli, T.C. B )TO~! Cl\lhJCJIC narpal!il(CB 

II I'ill\lHJlbTOIIOB cpopMilJIII'.l~! JKBIIBilJICIITlll,l. _OJllli1KO C)'!llCCTB)'CT 11 ])il'.lJll!'IJ!C: 

CC.II!! B JJarpalDKl!clHe, }IJJ}[ KOToporo <Ji JUIKJIIl'ICCKal!, C0JlE']l}KilTC}[ flCt' 0606-

Il\E'!lllhlf' CKOJ)OCTH, TO J'ilMl!JlbTOIIHa11, C TOl! il,e UIIKJlll'lCCl(Oll KOOJ)Jll!llaTOl!, 

B.\!('CTO /Ii C0./.lCJ)iKl!T KOIICTa.wry, 'J'.C. lllll(Jlll'ICCKilH KOOpLU!llclTa B :JTO~I CJIY'IaC 

JlCIICTBl!TCJJhllO l!BJ!l!CTOI lll'IIO])ll]lYE'~!Oii, Jl]l)TIIMII CJlOBa~m, pemaIOT JaJ~il'IY 

.LlJJll 0CTctBWHXCl! s - l nepCM('JIIILIX, a lll!KJill'!CCKa.a l(OOj),UllllaTa Ollj)l'.Ul'Jlll<'TCll 

llllTPI'])ll]l0Ba IIHCM ypaBm'111rn rj; = i) ll / iJn. 

h:a11011H'l<'Clrn<' ypaBIJ{'!lll}I l'a~III.TlbTO!la ~IOiKII0 ll0Jl:\''lllTI, TclKiK<' II Kill( t'.!ll'Jl

CTBl!e np11111\u11a 11anME'IIb1JJero ;ici"tcTBJJ}[. lk1'icTHHTeJ11,110, 11qic1rnme:11 JlC'ft-

CTBllt' 

112 S= L(q;,q;,t)dt, 
1, 

'.lilMCHHB L corJJac110 

L = LJJ;(J; - ll(q;,JJ;,i). 

Tor;\a. 

S' = {
2 

(°L11;dq; - lldt), 
I 

!iD 



t2 DH DH 
JS= 1 L(Jpdq + pdJq - -Jqdt - -Jpdt) 

tt i ! ! I I Oq; ' Op; ' . 

ITpomnerpnpye:..1 BTOJ)OE' CJiarac.\IOC no qacTll.\l II, IICXO.Ull II'! Tpc6oBamrn 

rrp1mu1ma HaIIMeHbmero .ne(ICTBIIll, rrpnpaBHllC'.\I Bapnanmo Jl<'IICTBIIll 11ymo: 

· 1t2 [ ( DH ) _ ( . iJll )] ;,·t, _ JS = L Jp; dq; - ~dt - Oq; clp; + ~di + d(71;0q;) = 0. 
It i up, uq, . ft 

ITocne.nmrfr HHTerpaJI .naeT H_yJib B CIIJI.Y Toro, qTo B MOMCIITbl f1 H l2 KOII

cjmrypamrn CIICTeMbl cjlllKCi'l!)OBa11a, a paBel!CTBO Hymo Bap11anuu Jl,CIICTBIIll 

.npllBO,UIIT K o6parueHUIO B HYJib lIOJlbIHTerpaJiblII,IX Bb1pa;Ke1111f1 B KpyrJILIX 

c1w61rnx, qTo II .naeT 1rnH011nqecKHe ypaBHCHHll ral',IHJlbTOirn. 

·2. JleHCTBHe KaK <pyHKUMH KOOPJlHHaT. cf>opMynnpy51 npnmum uamieHb

wero neiicTBHll, Mhl paccMaTpHBamr UHTerpan 

it, 
S = Ldt, 

It 

B3l1Tb!H ITO TpaeKTOJHIH Me;KJlY .UBYM51 cji1mc11poBaH1IblMH B MOW'HTbl i1 ll t2 IIO

JIO;KeHHllMH q(I) H q(
2

). ITpH BapbH[)OBamrn ne11CTBHll cpaBH11Bam1cb 3Haqemrn 

'_lTOfO HHTerpana .UJill 6JIH3KHX TpaeKTOJJtlH C O.UHHMH l1 TCMH ;Ke 3lla'!eHirnMH 

q(ti) H q(t2)- l1cTHHHOMY JlBH;KCHHIO COOTBCTCTBOBana Ta TpaeJ{TOJ)II51, Ha 

KOTOJ)OH HHTerpaJI s JKCTJ)CMaJieH. 

PacCMOTJ)HM Terrepb IIOHllTHe JlCHCTBH51 B HCCKOJlbKO npyroM acrreKTe. ByneM 

paCCl\faTJ)HBaTb 5 KaK BCJIH'IHHY, xaparnep111y10m:y10 JlBHiKCHIIe !IO HCTHHHbIM 

TpaCKTOJ)HllM, H cpaBHHM 3Ha'!eHHll, KOTOJ)hle oua IIJ)HHHMaeT JlJlll TpaeKTO

puii, l!MCIOm:nx o6m:ee HaqaJIO q( ti) = q(l)) HO llf)OXOJlllllJ:HX B MOMCHT i2 qepe3 

pa3JIH'!Hhle IIOJIO;KCHH51. l1uaqe roBop51, paCCMOTf)l!M llHTerpaJI JlCHCTBH51 JlJI51 

l!CTHHHLIX TpaeKTOJ)HH KaK cpyHKUHIO KOopmrnaT B BC{)XHCM npenene HHTerpn

poBaHn51. l11MeneHne neiicTBHll npn rrepexo.ne OT OJlHOH Tpaei'nopnn K 6nn1Koii 

K neii npyroii: .naeTC51 Bhlpa;KenneM (pann npocTOTLI paccMaTp1rnaeTC51 cnyqaii 

C O.L\HOH CTCIICHb!O CB060JlbI): 

BL 1t2(8L cl 8£) JS'= (-. Jq) 112 + - - --. Jqdt. 
aq 1

i ti aq cit aq 

IlocKOJILKy JlBHMCHHe IIJ)OHCXOJlHT !IO l!CTHHHOH TpaeKTOpnn, T.e. B COOTBCT

CTBHH C ypaBHCHHllMH JlarpamKa, IIO.L(hIHTerpaJibHOe Bb!paMeHHe naeT HOJIL, 

Kf)OMe Toro, Jq(ti) = 0, a Jq(t2) o6o3Ha'!HM IIJ)OCTO Jq, Torna 

. aL as 
JS = -. Jq = pJq ==} p; = -. 

aq aq; 
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Ta!iJII\I o6pa301\I, nefiCTBHe llBJillCTC51 TaKOI! cpyHKUHCH KOOJ)JlHHaT, '!TO ero 

'IilC'THall IIJ)Oll3B0JlHall !IO KOOJ).UHHaTe naeT COOTBCTCTBYIOllJ:lIH o6o6m:eHHbIH 

Jl.\111YJIL('. 

llo onpenene1-1mo 

L- dS 
dt' 

C )lpyrofi CTOJ)OHLI, paCCI\IaTprrna51 JlCHCTBIIC !(al( cpyHKUHIO KOOf)JlHHaT II Bpe

.\!ellll s = S'(q;,t). Ill\lCCI\I 

cLS as as . as . as . aL 
Tt = at+ L aq/fi =Ft+ LPiCJi =Ft+ LCJiaq·;' 

oTr,yna cpa3y rronrrneM 

' , , 

H=-as 
at . 

J1 TaK, JlCIICTBHe 51BJillCTCll Ta1w11 cpyHKUl!CH BJ)CMCHII, '!TO ero '!aCTHa51 rrpo!13-

BOJl,Ha51 !IO BpeMeHH C o6paTHb!M 3HaKOM naeT raMI1JlhTOHHaH. 

:3. IlOHHTHe O <pa30BOM npocTpaHCTBe. I1oH51THe "cocT051HHC CIICTCMLI" .UJI51 

I\ICXaHH'ICCKHX CHCTCM, l!MeIOm:nx s CTerreHeii: CB06o.nhl, rrpenrronaraeT 

• B JiarpaHlKCBOM cpopMaJIIl3Me 3aJlaHHC s 0606m:e1-1Hb!X KOOPJlIIHaT qi, ··•C/s 
H CTOJibKHX )KC o6o6rueHHhIX CKOJ)OCTCH ci1) ... cis- CocT051HHC CHCTCMhl 

Olll!Cb!Bc\.CTCll <pyHKUHeH JlarpaH)Ka 

L = £( C/1, •·•C/s, qi, ... qs, f ); 

• B raMHJlbTOHOBOM cpopMaJIH3Me 1anaHHe o6o6m:eHHhlX KOOJ)JlHHaT q1, ... qs 
H o6o6m:eHHh!X HMIIYJILCOB pi,. ·•Ps· CocT051HHC CHCTCMbl OIIHCbIBaeTC51 

<pyHKUHell raMMRbTOHa 

H = H(q1, •·•C/s, PI, •·•Ps, i). 

IToJIOiKCHl!e Mexan11qecKOH CHCTeMh! C s CTC!ICH51MH CB060Jlbl B naHHhlll MO

MCHT BJ)CMCHH onpeneJieHo, ecJIH 1anaHO s o6o6m:eHHh!X KOopmrnaT C/1, ··•C/s• B 
3TOM cnyqae rOBOf)51T, 'ITO 1anaHa KOHcpHrypaUH51 CHCTCMhl, a rrpocTpaHCTBO S 

l13MepeHHI1, Ha OC51X KOTOporo OTJIOiKCHbl q1, ··•C/s, Ha3b!BaIOT KOHq>HrypauH

OHHbIM npocTpaHCTBOM. B KOHlpHt'ypaunoHHOM rrpocTpaHCTBe IIOJIOiKCHHC 

MCXaHH'ICCKOH CHCTCMbl B J{aiKJlhlll MOMCHT Bf)CMCHH ll306paiKaeTC51 TO'IKOH. 

B raMHJlbTOI-IOBOM lpOJ)MaJII13Me o6LI'IHO BBOJl51T 2s-Mepnoe IIJ)OCTpaHCTBO, oc-

51Ml1 KOToporo cJiyiKaT o6o6m:eHHh!e KOOJ)JlHHaTbl l1 HMIIYJihChl C/1' .•. qs, pi, ··•Ps• 
Ta1we npocTpaHCTBO Ha3bIBaIOT <pa30BbIM. Toql(a cpa30Boro npocTpaHCTBa 

COOTBCTCTBYCT (H306pa)l<aeT) COCT051HHIO MexaHI1'1CCKOH. CHCTCMbl B HCKOTO

pblll MOMCI-IT BpeMCHH II Ha3h!BaCTC51 l1306pa:lKaIOIUell ToqKOH. (3aMCTHM, 
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'ITO B onHoMepHOM crryqae cpa30BOe rrpocTpaHCTBO BblpOiKnaeTCll B <!Ja30BYIO 

ITJIOCKOCTb.) CoBoKyITHOCTb ll306pa)KaJOW:H~ TO'leK . B i)a3Jill'lllb!e '.\10.t-lCHTLI 

BpeMeHH o6pa3yeT B <pa30BOM rrpocTpaHCTBe l!CKYJO Kp1myJO, KOTopy10 Ha3bl

BaJOT cpa30BOH TpaeKTOpnett CllCTCMbl (:no Kp1mall B <pa30BOM rrpocTpaH

CTBe, ll306pa21rnJOW:all 113MeHeH!Ie COCTOl!Hllll CHCTCMbl co BpeMeneM). '3ananne 

COCTOHHllll CHCTCMbl B HCKOTOpblll MOMeHT BpeMCHH rrpenorrpeneJil!CT (B COOT

BeTCTBllll C ypaBHeHHllMH nBmKCHIIll) ee COCTOlll!Hll BO Bee npyn1e MOMCl!Tbl 

BpeMellH. 8TO 0311aqaeT, 'ITO 3anam1e H3o6pa)KaJOW:CH TO'IKH B IICKOTOpLIH 

MoMeHT t = to rrpenorrpenerrl!eT BCJO cpa3oByJO Tpae1nopmo. TaKHM 06pa30M, 

qepe3 Ka:>Kny10 TO'IKY cpa30BOro npocTpaHCTBa npoXO,!V,IT TOJlbKO onHa 

cpa30BaJI TpaeKTopm!. MH02!(eCTBO <pa30Bb!X TpaeKTOp!Ill Ha3bIBaJOT cpa30-

BhIM nopTpeTOM cncTeMhI, KOTOpb!H o6bl'IHO COCTaBJil!IOT nrrll reoMeTpH

'lCCKOH IIl!TeprrpeTaUHH pe3yJILTaTOB HHTerpnpoBaHllll ypaBHCHHll llBll)KCHHll. 

4. CKo6KM IIyaccoHa. HaHneM rrorrnyJO rrpoH3BonnyJO no BpeMeHn OT rrpoH3-

BOJibHoi"r <pyHKUHll KOOpllllHaT, HMITYJibCOB ll BpeMe!Ill f = f ( q;, Pi, t ): 

df 8 f 8 f . 8 f . 8 f 
dt =at+ L(7,_q; + D-p;) = ,;it +[H,f], 

i uq, p, u 

rne BBeneno o6o3Ha'!eHHe 

[J,gJ = I:(af ag _ af ag), 
i ap; aq; aq; ap; 

orrpenerrl!JOW:ee TaK na3bIBaeMhle CK06KM IIyaccoHa llBYX rrpOH3BOJlbHb!X cpy

llKUllH KOopnnHaT, HMITYJibCOB H Bj)CMeHH. JlerKO 3aMCTHTb, 'ITO CCJIH f ne 

3aBHCHT OT BpeMeHH HBHo, TO H3 o6paw:enllll B nyrrL [H, fl crrenyeT, 'ITO J 
llBJil!eTCll llHTerparroM llBll)KCHllll. Boo6ru:e roBOpll, ycrroBllC Toro, 'ITO f -
HHTerparr llBll)KCHHll, llMCCT BHll 

af + [H,J] = 0. 
at 

IloJIL3YllCb orrpenerreHllCM CK060K IlyaccoHa, noBOJibHO rrpocTO n01rn3aTb HX 

crrenyJOW:lle CBOHCTBa: 

[J,g] = -[g, fl, 

[!, canst] = 0, 

[!1 + h,g] = [!1,g] + [h,gl, 

[!1 · h,g] =Ji· [h,g] + h · [!1,gl, 

a [af ] [ ag] at[J,g] = at' 9 + f, at · 
Ew:e onHo CBOHCTBO, H3BCCTHOC J(al( TO)KnecTBO 5IKo6ll, 

[!, [g, h]] + [h, [!, g]l + [g, [h, Ill = 0 
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11p11~!<''.\I 6e'J JI0Ka'JaTC!ILCTBil. 

Bhl'IIIC.:111'.\I 

[ l _ " upk ug _ " _ ug _ ug 
Jh,g - L,-.--. - L,c>h-. - -. -. 

; iJp, uq; ; iJq; cJq,. 

'J'ottl!O T<lh: jf\C 

l loJTo'.\1_\· 

[p;. qk] = S;. .. 

j) f 
[/. qk] = U;!k. 

fcfi. qk] = 0, [p;,pk] = 0. 

'_ho nu, Jia.31,rnae'.\11,w cpyHnaMeHTaJibHbJe cKo6Kn IIyaccoHa - Krraccnqe

c1;i1{1 a11aJror rrepccTaHOBO'!lll,IX COOTIIOIIIE'Jlllll fe113en6epra B 1rnaHTOBOII '.\Ie

Xilllllh<'. C1,061rn JlyaccoJia 1103B0Jrnl0T nepem1caTJ, KaHOl!Jl'l('CJme ypaBHeHIIll 

l\1'.\III.JJLTOl!a B Cll~l~ICT[)ll'III0'.\I 0TII0CIITC'JJLJI0 06omm1or1 3a~1en1,1 (J 11a jJ II /J 11a 

(f BIUJ(' 

rj; = [H. q;]. Ji;= [JJ.p;]. 

Jlrn,a ;Ke'.\1 TeopeMy IlyaccoHa: ecJin J( q;. p;. I) n g( q;. p;. t) .IIBJI.IIIOTC.ll 

HHTerpaJiaMH neu:lKeHirn, TO CK06Kn IlyaccoHa 3THX BeJIH'lHH TaK:lKe 

lIHTerpaJI nBH:lKeHH.11. JloKa'JaTeJll,CTBO IICll0Jlld}'('T TO)KJIC'CTB0 511w611 II 

}'C'.ll0HIIP T<'0jlf'MLI: 

r1 [af ] [ ag] . [af ] c1t[J,gJ= at' 9 + f,a, +[H,[.l,gJJ= at' 9 + 

[ . ?Jg] . . [a J ] [ ag ] ./,di -[g.[ll,J]]-[.t.[g,H]]= at +[H,f],g + J,
0

t +[H,g] =0. 

Y11cJJO lll!TerparroB llBllil(E'llllll 
0

MexaHil'ICCKOII CIICTe~ll,I, IIW:'IOU(ef1 S CTCllt'lll'II 

CB060JILI, 1,aK 113BC'CTIIO, orpanwreno BCJIH'IIIIIOII :2s - l. II Ha nepBLifI B3r.TUIJI 

'.)TO IIOJIO)](('IfJlC nponIB0j)C'IHT COJ!Cj)iliaIIIII0 TE'Oj)C'l\Ihl flyaccona. Om1a1,o npo

TIIBOJ)C'!He CHIIMilCTCll cpa3y )he, ('('JJ][ ,Y'ICCTb, 'ITO Cli06ha Ilyaccoua llBYX 1111-

T<'I'paJJ0B )!BlliKC'llllll MmKeT OKaJa.TbCll IIJ)OCT0 KOIICTallTOII UJIII <jJym,nner1 OT 

,Yih<' IDHPCTII0I'0 llllTerpaJla )lllll)KCll]l}I. 

TeopeMa. JI106a.11 cpyHKL{HH KoopnuHaT H lIMilYJibCOB f(q(l).p(/)) Bbl

pa:>KaeTC.11 qepe3 3Ha'leHH.ll p 0 = p(0) u qo = q(0) corJiacHo 

. . I 12 

.f(q(i),p(t)) =.lo+ l![Ho,fo] + 21 [Ilo, [Ho,fo]] + ... , 

rne // - raMMJihTOHnaH, ./~ = f(qo,Po), a Ho= Il(qo,Po), 

JloKa3aTeJibCTBO. Pa1JIOi!rnl\l f( q, p) B pl!JI Tc11J1opa: 

(
aJ ar f(q,p) =Jo+ aqt (q- (Jo)+ (a~t (l, - po)+ 
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l[(f)2J) (f)2J) (fJ2f) ] 2! fJq2 o (q - qo)2 + op2 o (p - JJu)2 + 2 oqiJp o (q - (Ju)(p - 710) + ... 

IloncTaBJIB B 3TO Bb!paiKeHHe pa3JIOiKenm1 

IIO.'lY'-IHM 

rne 

q(t) = qo + (q)t=O. t + ~(q)t=O + ... , 

tl 
p(t) =Po+ (1i)t=u · t + 2!(ji)1=u + .... 

t 12 

f(q,p) =Jo+ 0 (Filt=O + 2!(F2)1=0, 

F Bf . of . [II fl 
I = fJq q + Opp = ' . ' 

F- _ aJ .. aJ .. B2f .2 02! .2 
2 

B2J .. 
2 - a q + a P + ~ 2 q + a 2 P + ~ a qp. q p oq p uq p 

Ilonc'-lnTaeM cyMMY rrepBbIX JlByx cnaraeMbIX B BbipaiKeHim nm1 F2. Ilo-

CKOJibKY 

TO 

.. aJ d (af ·)' . d BJ 
q 8q = dt 8q . q - q dt 8q = 

B ( a J a H) + [H a J a H] _ a H c1 a J _ 
8t 8q 8p ' 8q 8p 8p dt Bq -

a (aJ ~H) + [H, aJ 8H] _ 8H a BJ_ 8H [H, Bf]. 
at aq op Bq ap ap at Bq ap aq · 

/f =:!._(Bf. P) _ P:!._ DJ= 
8p dt Dp dt Bp 

_ a (8f 8H)-[H 8JBH] + 8H d BJ_ 
8t 8p 8q ' 8p 8q 8q dt 8p -

_ a (Bf 8H) _ [H BJ 8H] + 8H a BJ+ 8H [H Bf] 
at ap aq ' ap aq aq at ap aq ' ap ' 

ij!~ +ii:~= :t [H,f]-[H, ~{] + [H, [H,f]] + ~: [H, :~]- ~; [H, ::1-
Ilpeo6pa3yeM JlBa nocnemmx cnaraeMbIX: 

·[Hof] ·[H Bf] -p '8p - q '8q 

·(f)H a BJ 8H a Bf) ·(aH a BJ 8H a Bf) 
P 8p 8q 8p 8q 8p 8p q Bp 8q 8q 8q 8p 8q -
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B2 J -2 a2 J -2 2 0
2 f .. 

- fJq2q - fJp2p - Bq8pqp. 

Ilo'3TOMY 

F2 == :t [H,J]- [H, ~{] + [H, [H,!]] = [
0
a~,1] + [H, [H,1]] 

HJIII 

(F2)t=o = [Ho, [Ho,fo]], 

'-!TO BMeCTe C Bb!paiKeHIIeM ( F1 )t=O JlOKa3b!BaeT TeopeMy. 

5. KaHOHtt'lecKtte npeo6pa3oBaHtt.ll. IlpttMepbI. B cpaBHemrn c narpaH

iKeBbIM qiopMaJIH3MOM, npu IIpl!MOM rrpnMeHeHIIH ypaBHeIIIIli faMHJihTOHa Ma

TeMaTH'-1ec1rne TPYJlHOCTH cymecTBeHHO He yMe!-IbUiaKJTCl!. IlpenMymecTBa 

raMHJibTOHOBa rronxona. 3aKJIKJ'-laKJTCl! B 6onee rny6oKOM rrpoHHKHOBCHIIH B 

CT[)YKTYPY MexaHHirn, T.K. paBHorrpaBHOCTb KOOJ)JlIIHaT II IIMIIYJibCOB rrpe

JlOCTaBJil!IOT 6oJiblllYIO CB06ony B Bbl6ope BeJIH'-IHH, KOTOpbie Mb! rrpHHHMaeM 

3a "rwopnnnaTbI" II "nMITYJibCb!". llMeHHO 3TH a6cTpaKTHbie KOHIIeIIUHH KJiac

C!I'!eCKOII MexaHHKH CJIY)KHJIH IICXOJlHblMH rryHKTaMH rrpn IlOCTpoeHHH KBaHTO-

BOfr Teopun H CTaTHCTII'-ICCKOII MexaHHKII. ll3JIO)KCHHIO TaKHX KOHUerrunii OT

BOJll!TCl! lIOCJienymmne rraparpaq>bl 3TOII rJiaBbI. PaccMOTpHM MexaHH'ICCKYIO 

CHCTeMy, raMHJlbTOHIIaH KOTOpoii l!BJil!eTCl! KOHCTaHTOII JlBHiKeHirn, a BCe KO

opnnHaTbl - UHKJIH'-!eCKHMH. B 3TOM cJiy'!ae KOHCTaHTaMH OKa3b!BaKJTCl! II BCe 

o6o6meHHbie IIMlIYJibCbl 

Pi =a;. 

faMHJibTOHHaH CHCTeMbl 6yneT HMeTb BIIJl 

H = H(a1,et2, ... ,a.), 

a !(aHOHH'-!eCKHe ypaBHeHHl! nanyT 

OTKyna 

. 8H 
q; =-a= w;(a;) = const, 

O'j 

q; = w;t + /3;, 
T.e. naHHal! 3a.p:a'-!a peUiaeTCl! O'leHb rrpocTO - KOOp,!IHHaTbl OKa3b!BaIOTCl! JIH

HeIIHblMH q>yHKUHl!MH BpeMeHH. MoiKeT IIOKa3aTbCl!, '-!TO TaKal! 3a,!Ia'Ia HMeeT 

'-IHCTO aKa,!IeMH'leCKHII HHTepec, T.K. BCe o6o6meHHble KOOp,!IHHaTbl MoryT OKa-

3aTbCl!. UHKJIII'!eCKHMH B 3K30TH'-!eCKHX CJIY'lal!X. O.ZIHaKO Bbl6op o6o6meHHblX 

KOOp,!IHHaT He e,!IIIHCTBeHeH. IleiiCTBHTeJlbHO, rrpn HCCJie,!IOBaHHH IIJIOCKOro 

,!IBHiKeHHl! B uenTpaJibHOM IIOJie Mb! MOfJIH Bb!6paTb ,!IeKapTOBhl KOOp,!IHHaThl, 

HO rrpenrro'!JIII HM IIOJil!pHbie, T.K. O)lHa H3 IIOJil!pHbIX KOOp,!IHHaT oKa3h!BaeTCl! 

UHKJIH'leC!(Qli. CnenoBaTeJibHO, UHKJllI'IHOCTb KOOp,!IHHaT CBl!.3aHa CO CIIOC0--

6oM HX Bh!6opa n B KaiKJlOM KOHKpeTHOM CJiy'!ae MOiKHO IIO,!I06paTb TaKyKJ 
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CHCTeMy o6o6meHHb!X KOop.rurnaT, qTo Bee OHH 6ynyT IJHirnnqecJ(lll\IH. Pa3y

MeeTCll, eCJIH TaKall CHCTel\rn 6yneT rrono6paHa, TO, KaK 6LIJIO f!Olia3aHO Bblllle, 

JiaJILHenmee pernem1e 3anaq11 cTaHeT Tp1rnnaJILHLIM. Ho T.K. Te Koopnn

HaTLI, K0TOpb!e Mb! paccMaTpHBaeM KaK Han6orree ecTeCTBelIHLie .l!Jlll .r1aHHOJ°1 

Cl!CTeMbl, o6LJqHo He llBJlll!OTCll IJHl(JIHqecKHMH, Heo6xo.1u1Mo pa3pa6oTaTb crre

IJHaJILHYIO rrpouenypy .l!Jlll rrepexona OT OJIHOH CIICTeMbl KOO[)JII!HaT K npyrof1 

- 6orree 110.l!XO.llllllleii. Ilpn 3TOM HY)KHO l103a6oTHTbCll H O TOM, qTo6b! IiaHO

HHqecrrne ypaBHeHHll coxpaHHJIH CBOH Bl!JI. 

8 raMl!JlbTOHOBOM q:iopMaJIH3Me HMITYJILCbl llBJill!OTCll TaKHMH )Ke He3aBHCII

Mb!MH rrepeMeHHb!MH, !(al( H KOOp.l!HHaTbl. Ilo3TOMY paCIIIHJJHM rrpeo6pa.30·· 

BaHHll Q; = Q;(q;, t), IWTOpb!e BCTpeqaJIHCb HaM paHee, BlrnJOqHB J(aK npe

o6pa30BaHirn He3aBHCHMb!X KOOpJIHHa T' Tai( H rrpeo6pa30BaHH.ll He3aBHCHMh!X 

HMITYJILCOB: 

Q; = Q;(q;, p;, t), P; = P;(q;,p;,t). 

IlocKOJibKY Hae HHTepecyIOT TOJibKO Ta1rne rrpeo6pa30BaHil.ll, KOTOpb!e coxpa

H.ll!OT CTPYKTYPY HCXOJIHLIX ypaBI1eH11fr JIB1rn,emrn, rroTpe6yeM, 'IT06L1 B Ho

BLIX KOOp.l!HHaTax ypaBHeHH.ll .l!BI1)KeHil.ll I1Mem1 BH.ll J(aHOHJ!qec1rnx ypa.BHeHIIH 

faMHJibTOHa 

rne fI H(Q;,P;,t) 

afI 
Q; = fJP;' 

. afI 
P; = - fJQ;' 

raMl!JlbTOHHaH B HOBLIX rrepeMeHHb!X. Ilpeo6pa.30-

Balll!.ll, Y.l!OBJieTBOp.ll!OlllHe 3TOMY Tpe6oBaHHIO, Ha3oBeM KaHOHII'1eCKHMH, a 

ycJIOBHe HeH3MeHHOCTH BH.lla ypaBHeHHH faMHJibTOHa - ycJIOBHeM KaHOHHq

HOCTH. 

KaK 6LIJIO l10Ka3aHo, ypaBHeHH.ll faMHJibTOHa MoryT 6b!Tb IIOJiyqeHbl H3 Il[HIH

Ul!Ila HaHMeHLIIIero nenCTBH.ll 

o j ('I:,p;dq; - Hdt) = 0 
' 

rryTeM He3aBHCHMOro BapbHpoBaHH.ll Bcex KOOp.lJHHaT H HMITYJILCOB. Y CJIOBHe 

J(aHOHI1qnoCTH 03HaqaeT, qTo B HOBLIX rrepeMeHHb!X 

o j ("I:. P;dQ; - ktt) = o . 
• 

8Tll .l!Ba rrpHHIJHITa 3KBHBaJieHTHbl npyr npyry rrpn ycJIOBHH, 'ITO 110.llhllITC

rparrbHble Bb!pa)KeHl!.ll OTJIH'la!OTC.ll JIHIIlh Ha IlOJIHblll .llllq:>q:>epeHUHaJI rrpOH3-

BOJibHOH q:>yHKUHH F KOOpJIHHaT, HMITYJILCOB 11 BpeMeHl!. TaKHM o6pa30M, 

L_p;dq; - Hdt = L P;dQ; - Jldt + dF. 

<l>ym<UH.ll F Ha3bIBaeTC.ll npott3BO.ZVII.Ueii: <l>YHKUtteii: HJIH rettepaTopoM 

KaHOHttqecKoro npeo6pa3oBaHHJI. Ilarree Mb! YBH.UHM, 'ITO, 3anaBall 3TY 
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cjiyHKlllIIO, l\lLI O.UH0311a,mo orrpe.uerrl!el\1 rrpeo6pa3oBamre OT cTapLIX rrepe111eH

IILJX K IIOBbll\l, 110:nm1y OHa nomKHa 6b!Tb cpy1mu11ef1 KaK Tex, TaK H npyrnx 

- Brero 4.s BC'Jlll'IJIH II Bpel11e1111. O.unaKO T.K. CTapble H HOBb!e rrepe:-.teHHb!e 

CBll3al!bl 2s ypaBHCIIll.lll\11! npeo6pa30BaHII.ll 

Q; = Q;(q;,JJ;.i). P; = P;(q;,p;, t), 

TO ll]JOirlHO}ll![Ual! cjiym,UIIll F 0Ka3LIBaeT('.ll cpyHI(IJileii Brero 2s He3aBIICl!I\ILIX 

HP.TIII'IIJII 11 ('(' I\IOiKII0 ll]JC'JICTaBIITL B 0){HOl\l 113 CJleny10mnx Bll.l!OB: 

f'i = Fi(q;. Q;, t). F2 = F'l(q;, P;, t), F3 = F3 (p;, Q;, t), F4 = F4 (p;, P;, t). 

lb ll!,IpaiKC'IIll.ll, 011pe.ueJJlllOlllero 11j)Oll3BO.ll.lllllYIO cjJyHI,IJHIO, Bll.l!HO, 'ITO 

dF1 = L_p;<lq; - L_ P;dQ; + (H - H)dt. 

C Jlpyro11 rTopom,1, 

8F1 8F1 8F1 
dF1 = L_ Tdq; + L_ fJQdQ; + 7;dt. 

i q, i • t 

('pallllllllall, III\IP('M 

fJF1 
Jli = fJq;' 

P - fJF1 
I - - fJQ;' ff= !I+ fJF1 a, , 

'ITO 1103BOJ!llCT no 3a)li\IIHOii 11p01!31lO)lllIUeii c!JYIIK!Jllll onpenemJTL l(aHOllll

ll(:'Cl(O(' npeo6pa30Ba.m1e, T.e, ycTa!IOllHTL .CBll3h l\le)K.UY CTapLil\111 (p;, qi) II 

IIOlll,11\IH ( P;. Q;) rrepeMCIIIILJI\IH, a TaK)Ke 11aiiT11 Bblpa)Kemre II0Boro ra1111IJ1b

TOlll!a1Ja, 1lm1 Toro 'IT061,1 IIOJI)"IHTL cjiop~1ynL1, onpenemnollll!e Ka11om1qe

CKOe npeo6pa3oBaHne qepe3 renepaTop F2( q;, P;, I), 11111el! B Bil.UY d '£,;( P;Q;) = 
°L,;(P;dQ; + Q;dP;), BhillOJIHHM npeo6pa3oBamre Jle)KaH.upa 

d(F1 + L_ P;Q;) = L_ p;dq; + L_ Q;dP; + (H - H)dt. 

O'!'K.YJ.lc\.. 3a1rn1oqaeM, 'ITO 

F2 =Fi+ L_P;Q;, 8F2 
Pi= oq;, 

8F2 
Q; = fJP;' II= H + 8F2 

fJt ' 

Auarrorwrno I\IO)l(IIO Oil[W.UCJl!ITL J(a.HOllll'lt'Cl(I!C npeo6pa3oBalll!ll 'ICJJC3 re11e

paTO[>bl Fa n F1• PacrMOTJJIIM 11ecKOJILKO npocn,1x np111\1epos Ka1101111,ierK11x 

npeo6pa30Ba11nii. 
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(a) IlycTb IlJ)OHJBO.Ul!IUall cpyHKUHll J(al!OHH'IeC!(OI'O npeo6pa30Bamrn 

F2 = }:q;P;. 

8 3TOM cnyqae, BOC!IOJibJOBaBUIIICb IIOJiy'Iell!Ibll\!H Bb!We COOTHOWeHII

l!MII, Haii.uel\l 

DF2 = P;, 
p; = Dq; 

_ DF2 = q;, 
Q;- DP; H=H. 

Hos&1e rrepeMeHHbie cosna.ua1OT co cTapbil\!11, T.e. paco1aTp1rnael\rne npe-

06pa3osam1e cyTh TOiK,Uecrsem1oe. 

Ecmr iKe 

F2 = L f;(q1, (J2, ... , C/s, i)P;, 

TO 

DF2 = P;, 
Pi= Dq; 

0F2 
Q; =DP;= f;(q1,q2,---,CJs,t), H=H. 

Ilpn TarmM BH.Ue IIJ)Oll3B0.Ul!IUeH cpymmm1 HOBble KOOJ).UHHaTbl 6y.uyT 3a

BI1CeTh TOJibKO OT CTapbIX I1 BpeMeirn, 11 )TO rrpeo6pa3oBaIIne OTHOCHTCll 

K 'II1CJIY TaK HaJbIBaeMbIX TO'le'lHhIX npeo6pa30BaHIIll, KJ)OMe Toro, 

cpaKTH'IeCKl1 .UOI<aJaHo, 'ITO Bee TO'Ie'IHb!e rrpeo6pa30Bamrn l!BJil!IOTCll rrn

HOHH'IeCKl1MH. I1TaK, KaHOHH'IeCKHe ypaBHeHHll faMl1JibTOHa KOBapnaHT

HbI OTHOCl1TeJibHO TO'Ie'IHb!X rrpeo6pa30BaHHH. (PaHee 6&ma IIOKa3aHa KO

BapnaHTHOCTb ypaBHeHHH JiarpamKa OTHOCHTeJibHO TO'Ie'IHb!X rrpeo6pa-

30Ba!!I1H.) 

(b) IlycTh renepaTop KaHonnqec1mx rrpeo6paJoBannfr HMeeT BH.U 

Tor.ua 

DF1 =Q;, 
Pi= Dq; 

F1 = }:q;Q;. 

p. _ oF1 
' - - oQ; = -q;, H=H. 

8To rrpeo6pa30BaHne B3aHMHO rrepenMeHOBbIBaeT KOOp.UHHaTbl lI HMrry

JibCbI: CTapble HMilYJibChl CTaHOBl!TCll HOBb!MH KOOJ).UH!IaTaMH n Hao6o

poT, 'ITO eme pa3 rro.uqepKHBaeT, 'ITO B raMHJibTOHOBOM rro.uxo.ue H "Ko

op.unHaThl", H "nMrryJihCbI" JIHIIIeHhl CBoero rrepBOHa'IaJibHOro CMb!CJia H 

Bb!CTyrraroT B poJIH paBHOrrpaBHbIX rrepeMeHHb!X. 

( C) B Ka'IeCTBe IlOCJie,UHero rrpHMepa pacCMOTpHM O.UHOMepHblll rapMOHH'Ie

CKI11! OCUHJIJil!TOp c raMl1JlbTOHHaHOM 

p2 mw2x2 
H=-+--. 

2m 2 
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BblIIOJIHIIJ\I KaHOHII'IeCJ(Oe rrpeo6pa3oBaune C IlJ)Ol!3B0.Ul!IUeH <pyHKU11efr 

F m 2 X 
1 = 2 wx ctg . 

Cornacuo H3BeCTHb!M COOTHOIIIeHHl!M 

DF 
p = -DI = mwxctgX, 

X 

DF1 mw2x 2 

P=--=--. 
DQ; 2sin2X 

J13 IlOCJie.UHero ypaBHeHIIll IIOJIY'IHM 

fg ·x x = sin , 
w 

IlO.UCTaBIIB KOTOpoe B COOTHOIIIem1e .UJill P, Haii.ueM 

p = J2mwPcosX. 

Ilo.ucqnTaB raMHJihTOHHaH c 3THMH x 11 p, rrony'InM H = wP = fl, T.e. 

HOBal! KOOp,UIIHaTa X OKa3b!BaeTCll U11KJil1'IeCKOH 11 

X =wt+a, 

r.ue a - rrocTOl!HHal! 1rnTerp11poBaH11l! ypaBHeHl1ll X = ~; = w. IIocJie 

IlO.UCTaHOBKlf B X OKOH'IaTeJibHO IlOJIY'IlIM 

x = ✓ 2E2sin(wt + a) 
mw 

-xopoIIIO ll3BeCTHOe pemeHne Ja.uaqn O rapMOHlllJeCKOM OCU1IJIJI11TOpe. 

6. 11HBapnaHTbI KaHOHH'leCKHX npeo6pa30BaHHll. KaHOHII'IeCKne rrpeo6pa-

3OBaHirn 

Q; = Q;(q;,p;, t), P; = P;(q;,p;, t) 

no orrpe.uenennro ne MeH11IOT Bn.ua KaHOHlltJ:ecrmx ypaBHeHn:ft faMlIJihTOHa. K 

11HBapn:aHTaM I<aHOHII'IeCI(HX rrpeo6pa30BaHIIH OTHOC11TC11 TaK)Ke CK06Kn Ilyac

cona 11 IlHTerpaJibHhle lIHBapn:aHThl IlyanKape. 

(a) CKo6Kn iiyaccoHa. lloKa)KeM _lIHBapn:anTHOCTb cKo6oK IlyaccoHa OT

Hocn:TeJI&Ho KaHOHlllJeCKlIX rrpeo6pa30BaHIIM:: 

[f,gJq,p = E(of og _ of og) = E( of oP; + of oQ;) ( o9 oP, + 
; op; oq; oq; op; ;,;,i oP; op; oQ; op; 0P1 oq; 

+ og 0Q,) _ E( of oP; + of oQ;) ( o9 oP, + o9 oQ,) = 
oQ, oq; ;,;,, oP; oq; oQ; oq; 0P1 op; oQ1 op; 
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of og of og 1t oPi oP1 [Pi, Pt]q,p + 1t oPi oQ, [Pi, Qt]q,p+ 
J, J, 

. of og of og of Dg 
LI OQj oP, [Qj, Pt]g,p + 1t fJQj 0Q1[Qj, Qt]<J,P = LI fJPj DP1 [Pj, Pt]q,p+ 
J, J, J, 

( 
of og of Dg) Df Dg 

LI OPj oQ, - oQ, OPj [P;, Qt]g,p + 1t oQj oQ, [Q1, Q1L.p-
J, J, 

Ilo3TOMY .l!CHO, 'ITO J],OCTaTO'!Hbll\l ycJIOBJiel\l llIIBapuaHTHOCTII c1w60K Ily

accona OTHOCHTeJihHO J(aHOHH'!ec1rnx npeo6pa3oBamrii lIBJI.l!JOTClI paBeH

CTBa 

[Pi, Pt] 9 ,p = [Qi, Qt] 9,p = 0, [Pi, Q1] 9,p = Jj1-

HeTpJJJ,HO BHJJ,eTb, 'ITO 3TH paBeHCTBa lIBJI.l!JOTClI H neo6XOJJ,HMbll\1 ycrro

BHeM . .lleiicTBHTeJibHO, IlOJJ,CTaBHB IlOCJieJJ,oBaTeJihHO B 

[f, g]q,p = [j, g]Q,P 

nap hr ( Pj, P1), ( Q j, Q 1), (Pi, Q 1) H J'll!ThIBalI JJ,oKa3aHHhie panee cooTHO

weHirn, IJOJIJ'IHM HY)KHblll. pe3JJihTaT. 

I1TaK, CKo6Irn Ilyaccona lIBJilIJOTC.ll l!HBapnaHTOM ](aHOHII'!eCKl!X npeo6pa-

30BaHl!ll., Mo)KHO JJ,OKa3aTh H o6paTnoe yTBep)KJJ,em1e ~ rrpeo6pa3oBamrn, 

OTHOCHTeJibHO KOTOpb!X l!HBapnanTHbl CKo6Irn IIyaccoHa, lIBJilIJOTClI !(a

HOHH'!eCKHMH. 

YcrroBne 

[f, g]q,p = [j, g]Q,P 

o6b!'IHO Ha3bIBaJOT ycJIOBHeM Ka~OHH'IHOCTH, 

(b) l1uTerpaJibHWe HHBapttaHThI IIyauKape. TeopeMa IIyaHirnpe: Hu-

Terpan 

I1 = J L dq;dpi 
s i 

HBJIHeTCH HHBapHaHTOM KaHOHH'leCKHX npeo6pa30BaHHH (S' - npo

H3BOJibHalI IlOBepXHOCTb qia30BOro npocTpaHCTBa q1, ... , qs, Pl, ... , Ps), 
noKa3aTeJihCTBO. IloJIO)KeHJie TO'IKH Ha JJ,BJMepHOll. IlOBepXHOCTH OTI

peJJ,eJilleTC.ll JJ,BJMlI napaMeTpaMH . .llrra orrpeJJ,eJieHHOCTH Ha30BeM HX 11. ll 

v, TOrJJ,a q; = q;(11,v); p; = p;(11,v). Tpe6yeTC.ll JJ,OKa3aTh, 'ITO 

J Ldq;dp; = J LdQ;dP;, 
s i s i 

rJJ,e 

d ·d · - o(q;,p;)d d = (oq;op; - op;oq;)d l 
q, p, - ~( ) 11 V _ ~ ~ ~ ~ 1ll V. u 11,v U11 UV U11 uV 
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(' Y'lf'TO~I IIOCJieJJ,11ero JJ,OKa3aTf'JihCTBO Teopel\!bl CBOJJ,IITClI K J],OKa3aTeJib-

CTBY 

J ""D(q;,p;) I I J ""D(Q,_, P;)d I 
L., (U(l' = L.,---- UlV 

s ; D(u, P) s ; D(u, v) 

U:111, FlBIIJlY IIJ)Oll3BOJihHOCTII o6JiaCTII 111rrerp11p0Bamrn. JJ,OKa3aTe.'JhCTBY 

paBeJICTBa 

Lo(q;,p;) = Lo(Q;,P;)_ 
i D( ll. l') i D( ll, l') 

n_,·cTh. JI.Till onpe1ienc111mcT11, rc11epaTop pacn1aTp1rnae~mro KanoH11'!e

nwro npeo6pa3oBaIIIIlI OTHOCIITO! K Timy F2 = F2 (q.P.t), B Ta1,m1 crry-

llcl(' 

fJp; _ a uF2 _ L ( iY F2 uPk ;y F2 Dq,.) 
Du - Du O<J; - k DqJ)Pk au + Dq;O<Jk 811 

11 amumrwrno JJ,JilI fJp;/Dv, l1o3Tm1y 

L fJ(q;,]I;) _ L(O<J; ( D2 F2 i)pk D2
F2 O<Jk) 

; 0( ll, V) - i,k OU Oq/)Pk Ou + fJq;fJq,. 7j;; -

( 
82 F2 D pk 82 F2 fJqk) fJq;) 

O<j;OPk au + Oq;fJq,. ~ fJi· 

L ( 82 
F2 (Oq; f)pk O<j; oA.) IY F2 (Oq; O<Jk Dq; O<Jk)) 

- i.k Oq;DA OU i)u au Ult + fJq;O<jk au av Ol' au . 

IlocJICJJ,IIee cnarael\lOC lIBJ!lICTClI Il!)Oll3BCJJ,CHIIel\I Clll\Il\ICTPll'IIIOJI 110 i, h' BC

JIH'!Hllbl Ha aHTHCIIMMCTJ)ll'IJIOC no i, /.; Bblpa)KCIIIIe B CIW6Irn.x II II03T01\IY 

paBno uymo. Ilo TOJI )I\f' rrpw11rne paBHO uymo II Bhipa)KeHIIe 

82 F2 fJP; i)pk DP; f)pk t= iJJWPk ( au iJv - ov Oil ) , 

JJ,06aBHB KOTOpoc I, 110CJICJJ,11Cll cyMMe npeJJ,hlJlYIIJero paBe!ICTBa, IIOJ!j''llll\1 

L o(q;,p;) L 02 F2 . (fJP; i)Pk fJP; f)pk) 
i 8(11,v) = i,k DP;8Pk au ov - ~ Oll 

L iY F2 (O<Ji DPk Dq; f)Pk) 
+ j k Dq;iJPk Ou av - ov Oil ' 

Jleriw BIIJlCTh, 'ITO.JIJ!lI mo6oro <jJIIKCIIJ)OBammro I.: 

( 
82 

F'2 DP; 82 F'z Oq;) 0 oF'z DQk 
~ i) PJ) P,. iJu + rJq;i) Pk i)u = 811 iJ Pk = i)u · 
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( 
fJ2 F2 DP; 02 F2 oq;) D fJF2 

;;= DP;fJPk Dv + aq;DPk Dv = Dv DPk 

Iloncraa1m. no.1y'ml\1 

f)Qk 
i)u 

r:,D(q;,p;) = r:,(DQkDPk _ DQkDh) = r:_a(Q;,P;)_ 
i D(u, v) k au av av au i iJ(u, u) 

Teope1ra noKa3aHa. 

MmKHO JlOKa3aTh TaIOKe, '-ITO mrnapnanTai-.rn IrnHOHll'ICCKIIX npeo6pa3o

aam1i:"i lIBJill!OTCll 

12 = J L_ dq;dp;dqkclPk···, 
i,k 

ls= Jr:_c1q1,••·,dqsclp1,-•·,clps. 
i,k 

'3nech B 12 HHTerpnpoaam1e aeneTCll no 4-MepHOii noaepxHOCTH cpa3oBoro 

npocTpancTaa, a B ls - no np01naom,11or1 o6nacTH cJia3oaoro rrpocTpa11-

CTBa. l'hrnap11aHT ls noKa1b1BacT, 'ITO ofrLeM mo6oi1 <1acT11 cJia3oaoro 

npocTpaHCTBa He H3Melll!eTCll np11 KaHOHII 'l('CKHX npco6pa30Bill!Hl!X. 8 
Kypce CTanICTH'-!eCKOii Mexamnrn 6yneT noKa3aHo, '-ITO )TOT 061,eM He 

H3MeHl!eTcl! H co BpeMeHeM. 

l1 TaK, rrocnenoaa TeJihHOCTh l 1, h, .. , , ls o6pa3yeT coaoKynHocTb 1rnTerpa

JihHhIX HHBapnaHTOB Ilyamrnpe. 

7. BecKOHe<IHO MaJibie KaHOHl'J<IeCKl'!e npeo6pa30BaHl'I.II. EecKOHe'-!HO Ma

Jlb!MH !(aHOHH'-leCKHMH rrpeo6pa30BaHHlIMH Ha3oBeM TaKne npeo6pa30BilHIIll, 

IIp!I K0T0pblX H0Bbie KOopnHHaTa H IIMIIYJibC noJiy'-!aIOTCll H3MeHeHIIeM q II p 
Ha 6eCKOHe'-!HO MaJib!e BeJIII'-IHHbI: 

Q; = q; + b.q;, P; = p; + b.p;. (29) 

IloHl!THO, '-ITO IIJ)OH3B0.J];llmall qiyHKUHll ,Toro rrpeo6pa30BaHHll nomKHa 6ec

KOHe'-!HO MilJIO OTJIII'-lilThCll OT reHepaTopa ( Tai{ yno6nee Ha3b!BaTb IIpOH3B0-

nllmy10 <pyHKUIIIO) TO:,KJ];eCTBeHHOro Kill!OHII'-!eCKoro rrpeo6pa30Bamrn I;q;P;, 
T.e. 

F2 = L_ q;P; + tG(q, P). 

IlonoMy 

DF2 fJG 
Pi=-= P;+t-, 

oq; aq; 
8F2 fJG 

Q; = fJP; = q; + E fJP;. 

3necb t - 6eCKOHe'-!HO MaJiblli napaMeTp paccMaTplIBaeMoro KaHOHII'leCKOro 

rrpeo6pa3oaamrn. To'-!HOCTh pe3yJihTaTOB narnero paccMoTpeHIIll orpaHH'-IIIM 

BeJIH'-IIIHaMll rrepaoro nopll.n;Ka MaJIOCTll, II0'.lTOMY 

fJG 
b.p; = -_E Oq;' 
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fJG fJG 
b.q; = E aP; ~ E op;. (30) 

Ha3oBeM G(q,p) re11epaTopoM 6erno11e'-!HO Manoro KaHOHll'-!ecKoro rrpeo6pa3o

aamrn (29) H paccMOTJ)IIM HHTepec111,1f1 CJiy'-!a11 G = H(q,p) c rrapaMeTpoM 

c: = cit. rnrna 113 (30) cnenyeT 

::,.q; = cit· ~H = q;clt ~ dq;, 
up; 

fJH 
t:.p; = -dt · - = p;dt = dp;. 

oq; 
(31) 

TaKIIM 06pa3011. npn 6eCJWHC'-IHO MaJIOM KaHOHII'-!eCKOM rrpeo6pa30BilHIIH C re

nepaTOJ)OM H(q,p) H rrapai-.rnTpOM dt BMeCTO q(t) II p(t) rroJiy'-!aeM 3Ha'leHllll 

q(i + cit) II p(t + dt). llpyrHMH CJIOBaMII, II3MeHeHHe COCTOlIHHll CHCTeMbl 3a 

BpeMll cit B03HIIIrneT !{aK pe3yJibTaT 6eCKOHe'-IHO MaJIOro KaHOHH'leCKOro rrpe

o6pa30BaHHll, ocymecTBJilleMoro raMHJihTOHIIaHOM H(q,p). II01T0My H3MeHe

mre COCTOlIHHll CIICTeMbI 3a KOHe'-!HOe apeMll OT to no t MO)KHO ITOJIY'-ll!Tb KaK rro

cnenoaaTeJihHOCTb 6ecKOHe'-!HO MaJihlX KilHOHH'-!eCKIIX rrpeo6pa30BilHllli, '.lKBll

BaJieHTHbIX 0.J];HOMY KOHe'-!HOMy. TaKIIM o6pa30M, KilHOHll<JeCKOe rrpeo6pa30Ba

HHe, 3aBHCllmee OT BpeMeH11, II03BOJilleT no 3a.n;aHHbIM q(to) = qo H p(to) = Po 
orrpenennTh q( t) II p( t), HHa<Je roaopll, JauJ1Ceuue .Mexauu11,ecx:o'ii cucme.Mbl 

.itoJ/Cuo pacc . .uampuaamb x:ax: 11,enpepbrnuo coaepwae.1we x:auo11,u11,ecx:oe npe

o6paJoBaHue, i!ettepamopo.M x:omopozo B ·1wJ1CJbz1'i, .MO.Meum ape.Meuu JIB,MiemcJI 

za.w UJ!bnwuuau. 

IloHlITHO, 'ITO cymecTayeT n o6paTHoe rrpeo6pa30BaH1Ie, rrpeapama10mee KO

opmrnaThl q(t) H HMIIYJibCbl p(t) a IWHCTaHThl qo n Po- Ecnn 6yneT Haii:neHa 

rrpOI13B0.J];lllll;al! <pyHI{llllll Tarmro KaHOHl!'-!eCKoro rrpeo6pa3oBaHllll, TO lICHO, '-ITO 

3TO rrpeo6pa3oBaHHe 6yneT '.lKBl!BaJieHTHO IIOJIHOMY pernenmo 3a.n;a'-lll O J];BH

;Kemm paccMaTpnaaeMoii: cncTeMbI. llnll TOro '-!T06hl HaHTH renepaTOp TaKoro 

rrpeo6pa3oBaHHll, 3aMeTHM, 'ITO HOBble KOopn11naTbl Q; H HMITYJibChl P;, KOTO

])ble rrony'-!aIOTCll B pe3yJihTaTe oT06paiKeHIIll ( q;, Pi) t-+ ( Q; = qo, P; = Po), 
J];OJI)KHbl ynoaJieTBOplITb KaHOHll'leCKHM ypaBHeHHlIM 

ah 
Q; = aP;' 

ah 
?; = -aQ;' 

J];Jlll '-!ero nocTaT0'-IHO IIOTpe6oaaTb, 'IT06bl fl = 0, .II IIOCKOJibKY, KaK H3-

BeCTHO, fl= H + fJF2/ot, a c npyroii: cTOponhl, H = -as/at, TO a Ka<JecTae 

reHepaTopa HCKOMOro l(aHOHl!'leCKOro rrpeo6pa3oBaHl!ll Bbl6epeM neii:CTBl!e s, 
KOT0poe, KilK 3TO JierKO YCMOTpeTb ll3 rrocnenHero COOTHOIIIeHllll, orrpenemr

eTCll KaK lIOJIHblli 1rnrerpan ypaBHeHHll 

as as as 
H(qi, ... ,q., ~, ... ,~,t) + ~ = 0, 

uqi uq8 ut 

KOTOpoe ll3BeCTHO !(al( ypaa11en11e faMHJibTOHa - 51Ko6n. 0TMeTHM, 'ITO ace 

l!MIIYJihChl - apryMeHThl raM.HJihTOHOBon: q>yHKUHll - JaMeHeHhl na as/aq;. 
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PacCMOTpHM H3MeHemie I1p01I3BOJibHOH <J.>ym:um1 J == J(q,p) rrp11 6ern0He'l110 

MaJI0M KaH0Hll'leCK0M rrpeo6pa30BaHHH._ C 3T01I ueJibK) pa3JI0;l(l!/,,I ee H3MCHe

HHe 

t:,.J == J(qi + !:,.q;,p; + !:,.pi) - J(qi,p;) 

B pa.n Tei"mopa, OT6pacbIBaa 'IJieHbl Bb!CIIIero, qeM rrepBbllI, rropamrn MaJI0CTll: 

DJ DJ 
t:,.J == I) 7,!:,.q; + -D t:,.pi)-

i uq; Pi 

Ilo,ncTaBIIB (30) B rrocne.nuee C00TH0IIIeHHe, IT0JIY'IHM 

t:,.J == I:_( DJ DG _ DJ DG) _ , 
i oq; op; op; op; == l - [.f, GJ. (:32) 

IlorrycTJIM, J == H, Tor.na JI3Meueuue raMIIJihTonuaua np11 6ec1wne,rno MaJioM 

KanouuqecKoM rrpeo6pa3oBanmr c renepaTopoM G 6y,neT 

n ecm1 G 
II3BeCTH0, 

t:,.H == l . [ H, G], (33) 

G(q,p) ecTb rrepBhlH IIHTerpan ypaBnem111 .llBHiKemrn, To, KaK 

[H,G] == 0, 

'ITO .naeT 6H == 0, T.e." BeJIH'IHHa raMIIJibT0HJiaHa He ll3MeHHeTca, a 3T0 

I103B0JIHeT BblCKa3aTb 

IIpe,nJio:iKeHtte: Bee nepBbze uumezpa.!lbl ypaBueuuu aBu:J1CeuuJI JIBJtJI10mcJI 

ze1-tepamopa.1,m mex 6ecx:oue'luo .1,ta.flbl.T 1w1-t01w'lec1,;ux npeo6pa30Bau1u'i, -npu 

x:omopbzx 2a.MU.flbmo1wa1-t ocmaemcJI 1-teuJ.1,te1-tubut. 

113 C00TH0IIIeHl!H (33) cne.nyeT TaK)Ke, 'ITO eCJIH uair,neHbl rrpeo6pa30Bamrn, ne 

H3MeHHIOII(l!e raMHJibT0Hl!aH, TO l!M MmKH0 C0IT0CTaBHTb coxpaHHIOII(YIOCH Be

JIH'll!Hy. Ta1rne rrpeo6pa30BaHHH M0;KH0 HaHTH, l!CX0,na 113 CBOHCTB CHMMeTpHll 

CHCTeMbl. lleHCTBHTeJibHO, ecJill MexaHH'leCKaa CIICTeMa 0CTaeTCH HeH3MeH

HOl1. rrpll orrpe.neJieHHbIX_ H3MeHeHirnx ee KOHq>Hrypaunu, TO ee raMHJihTOIUiaH, 

npH C00TBeTCTBYIOII(HX 3THM H3MeHeHHHM npeo6pa30BaHIIHX, .nomKeH Ta!OKC 

0CTaBaTbCH HeH3MeHHb!M. ilHaqe rOBOpa, ~CCJie,ny~ CBOl!CTBa Cl!MMCTj)HH ra

Ml!JibT0HHaHa, M0)KH0 IT0JIY'IHTb HHTerpiJihl ypaBHeHHH JlBlDKCHHH. 

IlpttMep 1. IIycTb qk - UHKJIH'IeCKaa Koop.nnnaTa, Tor.na raMHJibT0HHaH He 

MCH»eTCH rrpH 6eCKOHC'IHO MaJI0M KaH0HH'leCK0M npeo6pa30Bamm 

t:,_qk == lOik, !:,.pk == 0, 

0TKy.na c Y'ICT0M (30) HMCCM G == ]Jk, 'ITO rrpHB0.UHT K coxpuanemno Pk (cM. 

(33)). 
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IIpttMep 2. Paco10-rpu111 6ecKOHC'IH0 :\JaJIOe KclH0Hll'l('CKOe rrpeo6pa30Baune, 

cooTBC1TTBy1omee rroaopoTy l\1CXam1•1ecKoi"1 c11cTe1\IhI ua yron d<p. llna onpe

;wnc1111ocn1 nycn, ocb10 uoBopoTa cny;KnT ocb =· Torna 

X; == ;r; - Yid<p, }; == y; + x;chp, Z; == =i, 

T.C. 

t:,..rj == -y;dy, t:,.y; == x;d;,,, D.=; == 0 . 

To'IIIO TaKIIC ;Ke 1131\ICJICIIIrn npeTepneBaIOT IW:\1110HeHTbl 111\IIT)'JibCa: 

:i/li,· == -p;ydy, .6.p;y == Pixd'P, .6.p;= == 0. 

C'palllllllliUI (" (:30), Jal(Jll()'lae:--1, 'ITO 

G == I:_(.r; · /!iy - y; · 11;,.), 

a poJ11, 11apa111eTpa c Hrpae-r d<.p. Tairnl\1 06pa30111, B pacCl\IaTJ)IIBael\10111 c.'ly•iae 

re11ep,nop 6ecKOHC'IIIO 1\lilJI0ro KaJIOIIH'ICCK0ro npeo6pa30Billll!H G C0Bl!ilJlaeT 

C = ](01\![]0HeHTOH l\!01\ICHTa lll\lflym,ca 1\1=. 5Icuo, 'ITO .nm, II0B0J)0Ta B0Kpyr 

IIJ)Oll3BOJll,IIOII OCH C CJUIIIIl'lllbll\1 BCKT0j)0l\l ii 

G ==ii· i"i. 

llTaK, l\!01\ICHT lll\lilYJibCa - renepaTop BJJaJIJilTCJibl!0f0 .UBIL-KCHIIH CIICT!'l\lb!. 

(I-larrol\!Hlll\1, 'ITO raMIIJ!bT0HI!aH - reuepaTop (j>aKTil'ICCIWrro .llBIDM'llllH CJI

CTCMb!.) 

8. YpaBHeHMe raMMJihTOHa - 51Ko6tt. CxeMa perneHMH 3a~aq MeT0Jl0M 

raMMJihTOHa - 51Ko6tt. B Konue pa.Jnena "Ka.no1111,1ecK11e npeo6pa3oaauua. 

fl J)lll\!ejH,I" paccMaTpHBaJIHCb KOJie6amrn rapM0lll!'l('CJ(Of0 0CIJHJIJIHT0])a J,aK 

npnMep IICIIOJJJ,30Bamrn Kal!0llll'ICCI.;JIX npeo6pa30Ba1111r1 .UJIJI peIIIelll!ll 3ana'I 

Ml'Xcllll-lKH. ll3y'!aa 6ecKOIIC'IH0 l\laJlble lrnH0HH'ICCK!le npeo6pa30Ba1ma. l\lbl 

Il!)IIIIIJIH K 3aKJIIO'ICJIIIIO 0 TO!\!, '!TO C)'lllt'CTByeT Kall0Hll'lt'CK0e npeo6pa30Ba.

llIIC. 3aBHCHIUCe OT BJJt'Mt'HII, K0T0J)0(' 1103B0JIHeT 110 3a.Jlilllllbll\l B Hil'!aJibHbli°l 

M0MCHT q(to) == qo H p(io) == ]lo onpe.nemJTb q(l) II p(t) B npo113BOJII,Ilblll 

MOMt'IIT BpeMem1, T.e. .llBlD1,em1e MCXaHH'ICCKOII CIICH.'Mbl ecTb uenpepb!BH0 

C0BepurneMoe Ka.H0Hll'ICCK0C npeo6pa30Bam1e. II011l!TIIO, 'ITO cymecTBYCT ll 

o6paTnoe rrpeo6pa30Ba11ne, npeapama1omee 1wopmmaTu q( t) H 11Mnym,cb1 p( t) 
B K0HCTaHThI q0 u p0 • Ecm1 11a11.nena npoH3B0.llllIIJa» <J.>ym,mrn TaKoro 1-.a110-

n11•1ec1-.oro rrpeo6pa3oBamrn, TO acno, '!TO 3T0 npeo6pa30Bam1e 6yneT 3KBIIBa

JieHTH0 Il0JIH0MY pemcmuo 3a,naqu 0 ,nBmKemm paCCl\laTp1isael\10i"1 CIICTCl\lb!. 

fe11epaTop 3Toro npeo6pa3oBamrn M0)KIIo uaf1T11 113 cne.ny1omux coo6pa)l.;e1111i"1: 

HOBblC KoopmmaTbl Q; H HMTIYJibCbl P;, KOT0JJble Il0Jiy<IaIOTCH B pe3YJibTaTe 

OT06pa)l,CH!lll 

(<Ji,]I;) ===}(CJ;== <Joi= /3; == con,si, I~ == p0 i = n; == con.st), 
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JIOJJ;KHbl YJIOBJieTBOpl!Tb 1rn11om1qecKIHI ypaBuemrnl\l 

aif 
Q;= DP;' 

all 
?; == - fJQ;' 

JIJill qero JIOCTa.ToqHo IIOTpe6oBaTh, qT061,1 [-{ = 0. Ka.K 11'.IB('CTIIO, B peJyJil,

Ta. Te l\'.aHOHHqecKHX rrpeo6pa.30Ba1111ii. if = [-{ + 0 F / ot, a. C tlpyrnr1 CTOj)Ollbl, 

pa.CCMa.TpIIBal! 11eii.CTBHe Ka.K cj1y1mumo KoopmmaT II BpeMe1111, 1\lhl IIJ)IIWJIH K 

3a1rn10qemno, qTQ [-{ = -88/fJt, IIO)TOMY B Ka'!eCTBe re11epaTopa IIC!(OMO[O 

1rnHoHH'!ec1wro rrpeo6pa3oBa.HI!ll cnenyeT Bh16paTh 11er1cTBHe S. Tor11a ecnu B 

IIOCJieJIHeM COOTHOWeHIIH 3a~1eHHTb Bee HMIIYJibChl - apryMeIIThl raMIIJILTOHO

BOll cjiyHKUHH - na fJS/oq;, To S onpe11em1Tcl! KaK pewem1e .umJicJ1epemuian1,

Horo ypaBHeHHll B qacTHb!X IIJ)OH3BOJIHb!X 

as as as 
H(qi, ... ,qs,-

0 
, ... ,-

0 
,t)+-

0 
=0, 

qi qs i 

KOTOpoe H3BeCTHO KaK ypaBHeHMe raMMJlbTOHa - 5IKo6n:. TaKHM o6pa30M, 

11eikTBHe S, reHepa.Top 1rnHOHH<rec1wro rrpeo6pa3osamll! 

(q;,pi) ==} (qoi = /3; = canst,710·i = o:; = canst), 

JKBIIBaJieHTHO[O IIOJIHOMY peIIIeHIIIO 3a11a<rn O JIBIIiKeHHH Mexam1qecKOll CH

CTeMbI, l!BJil!eTCll pemeHneM ypaBHeHHll· faMHJibTOHa - 5lK0611. 

• Ilpn:Met:JaHn:e. YpaBHenne faMHJihTOHa - 5hw611 cocTaBJil!IOT cornacno 

cne.uy10me111y anropnTMy: no cj>yHKUHII JlarpamKa L = L(q;, q;, t) cTpol!T 

f)L 
~. - - L, H = L, q; . oiJ; 

i 

3aTeM B 3TOM Bb!pa;KeHnn Bee q; BbipaiKaIOT <r~pe3 p; = Liu?~. (OT-q, 

MeTHM, <ITO TaKal! 3aMeHa B03MOiirna, JIHIIIb ecmr JIJill paccMaTpHBaeMOll 

cncTeMhI reco1an det ati/4k =/:- 0.) Ilony<rnBIIIal!cl! B. pe3yJI&TaTe cj>yHK

UHll H = H(q;,JJi, t) eCTh raMHJibTOHHaH CHCTeMbl. 3aMeHHM B raMHJib

TOIIHane Bee Pi Ha i:. H, 1106aBHB K HeMy ~;, rrpnpaBHl!eM ero HYJIIO. 

Ilony<reHnoe ypaBHeHHe H eCTb ypaBHem1e faMHJlbTOHa - 5IKo6H (f-51): 

as as 
H(q;,-a ,t)+-a =0. 

q; t 

CorJiaCHO o6meii Teopnn JIHcj>cj>epeHUHaJibHb!X ypaBHeHHll B t:JaCTHb!X rrpon3-

BOJIHbIX pa3JIH<raIOT JIBa THIIa HX peIIIeHHll .:.. o6IUHll H IIOJIHblll HHTerpanhI. 

06IUIIll HHTerpan - 3TO peIIIeHIIe ypaBHeHHll f-51, KOTOpoe 3aBHCHT OT rrpo

H3BOJlbHOll cjiyHKUIIII, a IIOJIHblll HHTerpan co.uepiKIIT CTOJibKO rrpOH3BOJlbllb!X 

IIOCTOl!HHbIX, CKOJihKO He3aBIICIIMbIX rrepeMeHHhIX co11epiKHT ypaBHeHJie. Jib 
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coo6pai1,eH11fi, KOTOpble Bbll!CHl!TCll B xo11e ,UaJihHeiiIIIero II3JIOiKeHIIll, B Mexa

HI!'IeCKHX IIpIIJIOiKeHI!l!X HHTepecyIOTCll IIOJIHb!M IIHTerpanoM ypaBHeHHll f-51. 

YncJIO He3aBHCIIMb!X rrepeMeHHb!X ypaBHeHIIll f-51 paBHO s + 1, OJIHaKO ca.Ma 

cJlj"HKUilll 5' He BXO.UHT B ypaBHeHJie, Il03TOMy ecJIH peIIIeHHeM ypaBHeHHll l!BJill

eTCll S, TO S + A TaKil,e eCTh peIIIeHIIe 3Toro ypaBHenm1, T.e. o.nHa H3 rrpo

H3BOJihHhIX IIOCTOl!HHb!X BXOJIHT B peIIIeHHe aJIJIHTHBHO, Ii IIOJIHblll HHTerpan 

ypaBHeHIIll f-51 MOil..:HO 3amrcaTh B BHJie 

S = S(q1,q2,•••,qs,0:1,0:2,•••,0:s,t). 

TaKHI\I o6pa30M, JIClICTBHe IrnK peIIICHIIe ypaBHeHlll! f-51 OTHOCIITCll K rrpo-

113BO.llllllUII\I cpyHKUHlll\l 2-ro nma, a o:; - HOBb!e HMIIYJihCbI, Il03TOMY HOBb!e 

KOOj)JIIIHaThl /3; orrpe11eJil!IOTCll ypaBHeHHeM 

as 
/3; =-a, o:· I 

'!TO II03BOJilleT HalITH q; = q;(o:;,/3;,t), a 

as 
p;=

aq; 

11aeT p; = p;( o:;, /3;, t), 3aBepIIIal! pememie 3a11a<r11. 

PacCMOTpHM JIBa Han6oJiee qacro BCTpeqaIOIUHXCll THIIa 3a11a<r. 

(a) IlycTb raMHJibTonuaH 3a11an B o6IUeM BHJie H = H(q,p, t). Haii.neM Kano

HH<recKoe rrpeo6pa30BaHJie K HOBb!M KoopmmaTaM 11 IIMIIYJihCaM, KOTOpb!e 

rrocTOl!HHhl BO BpeMenn: Q; = canst, P; = canst. Heo6xo.n11Mb!M ycno
BHeM 3TO[O IIOCTOl!HCTBa l!BJll!CTCll o6pameHUe HOBOro raMUJlbTOHUaHa 

B HYJib: if = 0. Tor.ua KaHOHH<ICCKIIe ypaBHCHHll faMHJibTOHa B HOBb!X 

KOOp.UHHaTax 

. ail 
Q;=-=0, 

aP; 
rrpHBO.Ul!T K IICKOMb!M pemeHUl!M 

Q; = /3; = canst, 

. ail = 0 P; = -aQ; 

P; =a;= canst. 

bb!JIO IlOKa3aHo, <ITO rrpo1!3BO.lll!IUCH cjiyHKUHCH TaKoro KaHOHH<ICCKO[O 

rrpeo6pa3oBaHIIll l!BJil!eTcl! .neftcTBIIe S = S ( q, P, t), BII.ll KOToporo orrpe

.uenl!eTCl! ypaBHCHHeM faMHJlbTOHa - 5IK06H 

as as 
H(q, aq ,t) +at= 0. 

M TaK, rrpoH3BO.Ul!IUal! <l>YHKUHll HCKOMO[O KaHOHH<reCKOro rrpeo6pa3oBa

HHll l!BJil!CTCll pemeHHeM ypaBHCHHll faMHJibTOHa - . 5IKo6H B BH.Ue IIOJI

Horo HHTerpana. IloJIHb!H HHTerpan ypaBHCHHll faMHJlbTOHa - 5IK06H 
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eonep:aoIT eTOJibKO rrpOII3BOJibHbIX rroeTO.l!HHbIX, eKOJibKO He3aBIIeHMbIX 

rrepeMeHHhIX eoneplKIIT ypaBHeHIIe. IlpII s eTerreH.HX eBo6onhI '-!HeJIO He-

3aBHeIIMhIX rrepeMeHHhlX ypaBHeHlrn r-51 paBHO s + 1 (s KoopnIIHaT II 

BpeM.ll). lieKOMa.ll q>JHKIIH.ll BxonIIT B ypaBHemre TOJibKO B BHne •raeTHhlX 

rrpoII3BOnHhIX, II03TOMY onHa ll3 KOHeTaHT eoneplKIITe.ll B pernemrn annH

THBHO: S(q;,a;,t) + A. EenII Hafi:neH rroJIHhIII IIHTerpan ypaBHemrn r-51 

II, TeM eaMbIM, reHepaTop KaHOHII'-!eeKoro rrpeo6pa3oBaHlrn S(q;, a;, t), TO, 

nH<pcpepeHIIIIPY.ll ero no eonepl!(allilIMC.ll B HeM KOHeTaHTaM a; II rrpIIpaB

HIIBa.ll npyrIIM KOHeTaHTaM, IIOJIJ'-IIIM 

a eOOTHOllieHIIe 

as 
Q; =fJ;= ~' 

ua; 

as 
Pi= aq; 

Bb!IIOJIH.lleTe.ll aBTOMaTJI'-!eeKII, T. K. HeIIOJib30BaHO rrpn eoeTaBJieHIIll 

ypaBHeHII.ll r-51, '-ITO rroeJie pa3perneHII.ll OTHOeIITeJibHO q; OKOH'-!aTeJibHO 

rrpIIBon11T K perneHIIJO rroeTaBJieHHofi: 3ana•m: q; = q;({J;, a;, t), p; = 
p;({J;, a;, t). 

(b) PaeeMOTpHM MexaHII'-!eeKyJO eIIeTeMy e raMIIJihTOHIIanoM H = H(q,p) = 
const. Hafi:neM KaHoHH'-!eeKoe rrpeo6pa30BaH11e, B pe3JJibTaTe KOToporo 

Bee HOBhie IIMIIJJibebI eTaHOB.l!Te.ll IIOeTO.l!HHbIMII BO BpeMeH11: P; = O; = 
const. lln» 3TOI'O Heo6xonIIMO, '-IT06hl Bee HOBbie IWOpnIIHaTbl 6bIJIH 

IIHKJIII'-!eeKHMII, T. e. He eoneplKaJIIIeb 6hr B HOBOM raMHJibTOHHaHe 

fl= fl(P;) = const, a 3TO B03MOJKHO, TOJihKO eeJIII rrpo113Bon»ma» q>JHK

IIH.ll IIeKOMoro KaHOHII'-!eeKoro rrpeo6pa30BaHII.ll He 3aBHeIIT OT BpeMeHII 

(T. K. fl= H + ~~)- Iln» Toro '-IT06b1 nafi:TII rrpoII3Bon»myJO cpyHKIIIIJO 

(reHepaTop) TaKoro KaHOHII'-leeKoro rrpeo6pa3oBaHII.ll, 3a1mrneM ypaBI1e

HIIe r-5£ as as 
H(q;, aq;) +at= 0, 

IIOJIHbIH: IIHTerpaJI KOToporo 

S(q;, P;, t) = W(q;, 01, ···°'•-1, Ho) - Hot 

JIIIHeH:HO 3itBIIeIIT OT BpeMeHII, a poJib s-ii neann11T!IBHOH: rroeTO.l!HHOH 

IIrpaeT Ho, KOTOPYJO o6bI'-IHO OTOJKneeTBJI.l!JOT e 3Heprn:efi: - BeJIII'-lllHoii, 

KaHOHH'-leeKH eorrp»lKeHHOH: BpeMeHH, OTeyTeTBJJOmeMy .l!BHO B n:exon

HOM raMHJihTOHHaHe. (BpeM.ll BhleTyrraeT B poJIII "IIHKJIII'-!eeKofi: KoopnII

HaThr"' II03TOMY B IIOJIHOM llHTerpane ypaBHeHH.ll r-51 IIO.l!BJI.lleTe.ll enara

eMoe - Hot - rrpOll3BeneHHe KaHOHII'-!eeKH eorrp.HlKeHHbIX BpeMeHH ll 3Hep

rIIII.) 51eno, '-ITO BeJIH'-IIIHa W, KOTopyIO Ha3bIBaJOT yKopo'-!eHHbIM nefi:

eTBHeM (IIJIII xapaKTepHeTH'-leCKOH: q>JHKIIHefi:), ynoBJieTBOp.lleT ypaBHe-

Hll!O aw 
H(q;,~) = Ho. 

uq; 
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Ec.:111 110;1111,1i"1 1111Terpa", ·noro ypaH11em1ll 11'( q;, o 1, ... 0 8 _1, H0 ) 113BecTeH, 

IO. IIOJlCT,IHIIH <'J'O B ,',' II II [>ll~ll'IIIIB IIJ)OllCJlypy. OIIJICaIIHYIO B IIJ)CJlhl)l)"-

111('~1 IIYIIKTC. llOJl)"'ll!~I 

/Ii 
as 
aq; 

j)JI' 

aq; 
i - 1, .... s. 

as mv 
,i]j - -;:;-- = -;:;--, j = 1, ... , s - 1. 

(JClj UOj 

as a11· 
10 = olfo = -t + a Ho· 

')Tu cooT11ome1111ll nor-.:a3hIBa10T, 'ITO lV(q;,a1, ... o 5 _ 1,H0 ) MOiKHO BhI-

6paTL B 1,aqecrae renepaTopa. 11CI,0~10ro 1rnnon11<1eer-.:oro rrpeo6pa3oaamrn. 

JlonOJIIIIITCJILIILIM 06oc11oaa1111el\I Ta1mro BbJ6opa .l!BJilleTCll Tpe6yel\!a.ll 
, 'ii\' 

IlllKJill'mocn, Bcex 11oa1,1x Imop;1111iaT. Ilef1cTBI1TeJibHO, H = H + Tr = 
JI= 1lo. 
TT TaK. l'CJlll 11aiineno YIWJ)O'Ie1111oc J,e(1CTBHC KaK I!OJ!Hbli"I lll!TerpaJI COOT

HCTCTB)'lOIItefO ypaB!IPIIIlll r-5£. TO COOTHOlllellll51 )lJill p;./Jj, II fo IIOJIHO

CTblO pernaIOT IIOCTaHJieHny10 3aJla'IY, IIOCKOJ11,KY II03BOJI.l!IOT IIOJlj''IIITb 

:iaHHCIIl\lOCTb ](OOj)JlIIIla.'l' II HMll)-'JlhCOB OT BpeMe1111. conepiKaIUyIO 2s 11po-

113B0JlhHhIX nocTo»n11h1x o;, P.i. ll0 , K0Top1,1e ~10;.r-.:110 onpeneJIHTh :1ana-

11ueM Ha'-!aJILHhIX ycJIOBHll. 

0TMeTIIl\I, '!TO pememrn KaHOHH'IeeKHX ypaB!IeHin1 ral\lIIJlhTOHa B HOBbIX 

IWOJ)Jll!HaTax 

. aif . 
Q . = - = v- (H = Ho ' BP; ' ' 

111\IeIOT rrpOCTOH: BHJl 

P; =o;), 
aif . -- = 0 P; = -8Q; 

Q; = v;t + 1;, P; = o;. 

( C) YpaBHeHne r-51 JlOII)'CKaeT ))cl3JleJJeune rrepel\JCHHhIX np11 llilJIII'IIIII UII

J(Jll·['!eCiilIX 1mopn1111a.T. 8 caMOM JlPJie, nycTh S - Ill IIe3aBl!Cill\Il,IX KOop

;uma.T llBJT.l!IOTC.ll l(l[KJlH'lf'l'Klll\lll, TOI')la ypaBIJ('J[]l(' I'-51 IlJ>IIHll~Iat'T Bil}( 

as fJS as 
-
0 

+H(q1, ... ,qm,-
8 

, ... ,-
8 

,l)=O. 
t qi q. 

Ilo aHaJIOfHH e rrpeJILIJlJIIIIIM nyHKTOM 6yne.M IICI\clTh ero pewe1me B JlJI

HefIHOM no lllll(Jlll'IeermM J(OOpJlIHiaTaM BI!Jle, eonocTaBl!B Ka;r-.:noii UIIKJIIl

'!eCIWll rmopmrnaTe l\cll!OHI-I'-!ec1m corrplllKeHHhiii eii IlOCTOl!HllbllI 0606-

meHIJblll llMIIYJihe Cij,j = m. + l, ... ,s: 

S = F(q,, ... ,q111 ,01, ..• ,Ci8 ,i) + L Oj<Jj• 

j=m+l 
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Orrpenemi:M F KaK rroJIHhIII HHTerpan ypaBHemrn f-5I 

av av av 
-8 + H(qi, ... , qm, 

8
-, ... , 

8
-, O:m+l, ..• , Os, t) = 0. 

t qi qm 

IleiicTBYll nanee, KaK B rrpenhinymeM rryHKTe, rrony'IHl\1 rroJIHoe peweHne 
Janaqu. 

9. PeweHlle ypaBHeHllH raMllJihTOHa - 5IKOOll B npocTeMlllllX CJiy-<IaHX. 

• .IlBll)KeH:11e CBOOOJ.(HOM 'laCTllUbI. <PyHI,UHll Jlarpam1,a H30JIIIJ)0BaH

HOH qacTHUhI L = mv2 /2, ee raMHJihTomrnH H = p2 /2m = (p; + p~ + 
p;)/2m. YpaBHeHHe faMHJihTOHa-5IKo6n 3aIIHCbIBaeTCH B Bune 

_1 {(as) 2 
+ (as)

2 

+ (as) 2
} +as= o. 

2m fJx fJy f) z fJt 

l-leTbipe rrepeMeHHhie t, x, Y, z 0Ka3b!BaIOTCll l_\I!I(JIH'lec1rnMH. 3To 03Ha

qaeT, 'ITO peIIIemi:e ypaBHeHHll r-5I M0iKH0 HCKaTb B BHJ.(e 

S = XJJx + YPy + ZJJz - Et, 

rne !(aiKJ.(0e H3 CJiaraeMb!X eCTb IIJ)0H3BeneHHe UHKJIH'leCIWH rrepeMeHHOH 

Ha KaH0HH'leCKH C0IIJ)lliKeHHYIO BeJIH'IHHy (KoopnnnaTbl - Ha C00TBeT

CTBYIO!l\He K0MII0HeHThl HMIIYJibCa, yrJibi - Ha C00TBeTCTBYIOIUHe K0MII0-

HeHThl M0MeHTa HMIIYJibca, BpeMll - Ha 3Heprnro). IIoncTaBHB B ypaB

uenne, rrony'IHM 0'leBHJJ:HhIH pe3yJihTaT: E = (p; + p~ + p;)/2m, a JJ:Jill 
neiiCTBHll 

p;+p~+p; 
S = XPx + YPy + ZPz - t 

2
m 

Cnenyll nanee H3BecTuou rrpouenype, HauneM peIIIeHne 3anaqu: 

as ~t - = Xo ==> X = Xo + -
fJpx · in ' 

as pyt 
-8 = Yo ==> Y = Yo + -, 

Py m 

fJS Pzt 
-8 = zo ==> z = zo + -. 
. Pz m 

• JlttHeMHblM rapMOHll'leCKllM OCUHJIJIHTOp. <PyHKUHll Jlarpamrrn rap

MOHH'leCKoro oc11n:JIJil!Topa L = mx2 /2 - kx 2 /2, raMHJihTouuaH H = 
p;/2m + kx 2 /2. YpaBHeHue f-5I 

_l_(fJS) 2 
kx

2 
fJS = 0 

2m fJx + 2 + fJt · 
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Bper.rn t llBJilleTCll UHKJIII'leCKOH rrepeMeHHOll, II03TOMY 6yneM HCKaTh pe

IIIeHHe ypaBHemrn f-5J: B BHJJ:e 

S = S0(x) - Et, 

'ITO naeT 

1 (dSo) 2 
kx

2 

2m dx +2=E, 
on:yna rronyqaeM 

. j (2e 2) 
112 as fmJ dx 

S = ,;;;;f k - x dx - Et==> to= f)E = y k J'Y,!- _ x2 - t. 

Ilocne 1mTerpnpoBamrn rrony'IHM peIIIenue Jana<In 

/2E x = y kcosw(t + t0), w=~-

• 3ana<Ia Kennepa. B 11enTpaJihH0M none, 6naronapll coxpaHeHHIO MO

MeHTa HMIIYJibCa, J.(BmKeHHe IIJI0CK0e. B II0Jlll])Hb!X Koopnn:HaTax, K0T0-

pb!e yno6Hbl B 3T0M cJiyqae, cpyHKIIHll Jlarpam1rn HMeeT BHJJ: 

mi-2 mr2J2 a 
L=-+--+-. 

2 2 r 

HauneM 0606meHHh1e HMIIYJihChI 

fJL . 
p,. = f),; = 1nr, 

oL . p 
P,J, = f)ef> = mr

2
</> ==> i- = :,, , ¢ = J!±_ 

mr2· 

Torna raMHJlbT0HHaH 3arrumeTCll B BHJ.(e 

P2 p2 Q 
H = _r + __ 1_ + -, 

2m 2mr2 r 

a ypaBHeHHe f-5J: -

!..-(as) 2 + _1_(as) 2 _~+as_ 0 
2m or 2mr2 ocp r ot -

3necb UHKJIH'leCKHMH llBJlllIOTCll BpeMl! t H c/>, 1103TOMY 6yneM HCKaTh 

peIIIeHHe 3anaqu B Bnne 

S=So(r)+Mc/>-Et, 

rne M - coxpaHl!IOil{HHCll M0MeHT HMHYJibCa, BeJIH'IHHa KaH0HH'leCKH co

Il])l!)KeHHal! yrny cp. Torna 

1 (dSo) 2 M2 a . 
2m dr + 2mr2 - -:;: = E' 
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'ITO I1plIBO.ll.IIT K 

/[ ( 
0 ) M2]1/2 

S = 2m E + -;:- - ~ dr + l\1 ¢ - Et, 

OTKy.Ua 

Mdr 

as =: ¢+ J ~r

2 

2:) _ ~~2 ¢0 = f)M v2m\. E + ~ 
lI ITOCJie Bbl'IHCJieHI!ll HHTerpana .um1 TpaeKTOpHH .UBHiKemlll rronyq11M 

(3aMeTHM Ha 6y.uymee - ypaBHeHHe TpaeKTOpHH IIOJiy<IaeTC.11 KaK cne.u

CTBHe cooTHOIIIeHn.11 ¢0 = as/aM): 

E = 1 +Ecos(¢-¢o), 
r 

r.ue p= 
M2 

, 
mo 

VII. MAJibIE KOJIEBAHM51 

E= 
2EM2 

l+--. 
ma,2 

PacCMOTpHM .UBIDKeHne MeXaH11qecKOll CHCTeMbl B6JIH3H JIOJIOlKeHI!ll ycTOll'IHBOro 

paBHOBecn.11. TaKHe .UBH)KCHH.11 Ha3b!BaIOT MaJib!MH KOJie6aHH.IIMH. YToq11nM JIOH.11-

TH.II "paBHOBecne", "ycTOll'IHBOe paBHOBecne" H "MaJib!C KOJie6aH1Ill", KOTOpb!MH 6y

.neM IIOJib30BaTbC.II B .UaJibHCHIIIeM. CucTeMa HaXO.UHTC.11 B IIOJIO)KCIIHlI paBHOBecu.11, 

ecJIH .neHCTBYIOillHC Ha Hee o6omeHHble CHJibl paBHbl HYJIIO: 

au 
f;=-=0, 

aqi 

T.e. B IlOJ1O~eHl1l1 paBHOBeCMH noTeHu;MaJibHM 3Heprl1H Cl1CTeMbI l1MeeT 

3KCTpeMyM. EcJIH HaqaJibHa.11 KOH<j_rnrypauu.11 CHCTeMbl paBHOBCCHa Hee na<JaJibHb!e 

C!WpOCTH paBHbl nymo, TO ona n .naJibIIIe 6y.neT ocTaBaTbC.11 a paBHOBeCHH. PaBHO

Becne Ha3oBeM ycToMql1BhlM, CCJIH B03HHKIIIee B pe3yJibTaTe 11e6om,1IIoro BOJMy

meHH.11 .UBH)KCHHe He Bb!BO.UHT CHCTeMy H3 MaJIOll OKpecTHOCTH ee nepBOHa<JaJibHOll 

KOH<pnrypauun. Ecnn lKe cncTeMa rrpn ~aJIOM B03Mymennn na<rnnaeT ncorpann

qenno Y.UaJI.l!TbC.11 OT CBoero paBHOBecnoro COCTO.IIHH.11, TO paBHOBecne 11aJb1BaeTC.II 

HeycToi1ql1BhlM. JlerKO IIOH.l!Tb, qTo ecJIH IIOTCHUHaJibHall ::mepnlll B IIOJIO)KeHHH 

paBHOBCCH.11 HMeeT MHHHMYM, TO paBHOBecue ycTOllqHBO. .IleHCTBHTCJibIIO, rrpH ne-

60JiblIIOM CMemennn OT TO'IKH paBHOBeCHll ( TO'IKH MHHl:!MyMa IIOTCHUHaJibl!Oll ,11ep

nrn) no~HUIIaJibHall 3neprn.11 B03pacTaeT, a 1rnneT11qec1rnll, cornacno 3aKony co

xpanen11.11 3Heprn11, .UOJilKHa yMeHbIIIaTbC.11, T.e. rrpn .naJibHCl!IIICM OTKJIOIICHHH OT 

IIOJIOlKeHH.11 paBHOBeCH.11 CKOpOCTH yMeHbIIIaIOTC.11, IIOKa He o6paT.IITC.II B HYJib. 3a

TeM OTJIII'!Hb!e OT nyn.11 ClIJlbI BepnyT ClICTeMy B IIOJIO)KeHJie paBHOBec1:1.11, r.ue cTa

nyT paBHb!MH nymo, HO CKOpOCTb, KOTopy10 rrpno6peTaeT CHCTeMa, OTKJIOHl:IT ee 
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OT J>ilHIIOHCCl!OI'O COCTOllllllll H ll))OTIIBOIIOJIOil\l!YIO CTOpo11y, II rrpouecc IIOBTOJHITC.11, 

T.l'. ("IJCTC~Ia !IC I\IOiKeT y.uaJIIJThCll OT IIOJIOiKCI!Hll paBHOBCCII.11 n 6y.ueT KOJie6aTbC.II 

B6Jlll'III II('[(), EcnII iKe B IIOJIOiKemm paBHOBCCIIll IIOTCIIUHaJlbllall 31Iepru.11 CHCTCl\lbl 

~lilKCll~lililLlla, TO npn 11e60Jll,WO~I c~1eme111m OT paBIIOBCCIIOro COCTOl!HH.11 IIOTeH

llllilclLIJall :rneprllll Y~IellbWIITCll, a KIIHeTII'ICCKall, 110 3aKony coxpaneHI!ll 3Heprun, 

BO'lJ>ilCTC'T, 11 CIICTCJ\Ja co HCC yaeJlll'IIIBaIOmefic.11 CIWJ)OCTb!O 6y.neT y.uaJJl!TbCll OT 

IIO.TIOiK<'Illlll paBHOBeCIIll - paBl!OBCCl!e OKa3h!BilCTC.II neycTOll'IIIBbl~I. 

I. IlocTaHOBKa Ja.naq11. cJlyHKUIIll JlarpamKa ~,exannqec1wfi CIICTCl\lhl C .S CTC

nelllll\111 CB060.u1,1 lll\lCCT 811.U 

L = ¼ °La;kqitjk - U(q1,q2, ... ,q,) . 
.... i,J., 

Pa1J10;,KIIJ\1 110Te11u11an1,ny10 :meprmo U( q1, q2, ... , q.) B pll.U Tei\nopa a6mnn 

IIOJlOiKC!lllll paBHOBeCJ!ll ( qo1, qo2, . , . , qos): 

(au) U(q1, q2, ... , q,) = U(qo1, (Jo2, ... , qos) + L -;:;- (q; - qo;)+ 
i uq; o 

1 a2u ~ °L(~) (q; - qo;)(qk - qok) + ... 
~· i,k uq,uqk o 

BBe,Uel\I OTKJJOHeHHC OT IIOJIOiKCHIIll paBHOBCCHll 

.r; = q; - qo; 

H, 3al\leTHB, 'ITO rrpoHJBOJl B Bb!6ope Ha'!aJla OTC'ICTa II03BOJlllCT OTC'IHTLIBaTb 

IIOTenunaJlbHYIO 3HeprHIO OT ypoBirn B IIOJlOlKCHIIII paBHOBeCII.11, IIJ)I!Mel\l 

U( qoi, qo2, ... , qos) = 0. 

Ilo onpe.neneumo B IIOJlO)KCIIHII paBHOBeCH.11 

au 
(-;:;-)a= 0, 
uq; 

n rrepBoe nenc<rc3aIOmee cnarae11me B pa3JlO)!(euun oKa3bIBaeTc.ll rrporropu110-

HaJ1hHhIM :rf. Ilpe.urroJJOlKIIM, 'ITO BKJJa.U IIOCJJC.UYIOIL\IIX <!JleHOB, npo11opu110-

HaJILHb!X Ky6y II 6onee Bb!COKHM CTerreH.IIM .r;, HC3Jia•mTeJJeH, 'ITO H IIJ)IIJ\ICM 

B Ka<JeCTBe KJ)HTepllll l\lilJlOCTH KOJ1e6a11ufi. Btte.neM 

( a2u ) k;k= --- . 
aq;aqk 0 

PaccMa.TpHBaIOTC.11 J(OJJe6amrn B6Jl!J3H IIOJIOlKeHIIll _\'CTOil'IIIBOro 

II03TOMY k;k > 0, KpoMe TOro, H3 orrpe.uenemrn cne.nyeT, 'ITO k;k 
HhIH 110 nn.neKca.M K03<J.>cpnuneHT k;k = kki• B pe3yJJLTaTe 

1 
U(q1,q2, ... ,q,) ~? Lkik-1\:l'k, 

~ i,k 
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paBHOBt'CII}I, 

CIJl\11\leTpll'l-



PauoiKII:-Sl B Jrnn Tefinopa TaK;Ke II a;,.(q1,q2, .... q5 ): 

°"(fJa;k) a;k(q1,(J2,--•,qs) = a;k((Jo1,(Ju2,--•,(Jos) + ~ -
0

. .r;+ 
i q, u 

1 °" ( fJ 2
a;k ) ?I~ -f) ·fJ J:;J:k + ... 

-· i,k q, qk 0 

h:o3q)(pHUHeIIT Clik )'.1Ho;1rnTCll Ha BeS!Il'IIIH)' BTOporo 110j)l!JU,a ~!aJIOCTII :i-;.i:k, 
a B pa1no;Kem111 noTeHu11anh11ofi JHepr1111 l\lhl oT6pocmrn 'IJJPJihI. nponopuno

na,,hHhie x;, 1103TOJ\IY IIOHllTHO, '!TO B pa3JIO,Kemm Clik .llOCTaTO'IIIO coxpaHIJTh 

nepBoe cnaraer-.me, .llJlll KoToporo BBeneM 0601Ha'!em1e 

m;k ~ a;k((Joi, (Jo2, ... , (Jos)-

ITo onpeneJieHIIIO 3Ta BeJIH'IHHa 110JJO;KnTeJlbHa Ji CHMMeTpwma no CBOHJ\I HH

neKcaM. TaKHM o6pa3oM, .llJJll q>yHKQ1u1 Jlarpatt:iKa MHoroMepnoi1 cn

cTeMhI c s CTeneHHMH CBo6onhl, COBeprna10mei1 MaJible KOJie6aHHH 

BOKpyr IlOJIO)KeHHH ycTOHqnBoro paBHOBecnx, lll\leeM 

L = ~ L(m;kXiXk - k;kx;,rk). 
2 ik 

Ee ITOJ1Hhll1 .llHCpcpepeHUHaJI 

dL = i L(m;kx;dxk + m;kxkdx; - k;kx;dxk - k;kXkdJ·;). 
- ik 

B rrepBoM n TpeTheM cnaraeMhIX rrepeHMeHyeM 1mneKchl i Ha k, k Ha 

BOCIT0Jlb3yeMCll CHMMeTpH'IHOCThK> m;k H k;k, Torna 

dL = L(m;kxkdx; - k;kXkdx;) 
ik 

H ypaBHeHHll nBH,KeHJrn ITOJJY'IHM B BH.lle 

L(m;kXk + k;kxk) = 0, Xk = qk - (Jok, Z = 1, 2, ... S. 

1lm1 CHCTeM C 0.llHOl1 CTeneHbK> CB06onbl 

m:i:2 kx 2 

L=-
2
-- 2 , mx+kx=0. 

II 

On.1eTHM, 'ITO BeJJIPIHHa m ecTb Macca CHCTeMbI, TOJlbK0 ecnn X - neKapToBa 

K00pnnHaTa. Pernenne ypaBHeHHll .llBH)KeHHll 

x +w~x = 0, 
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k 
2 - -Wo- m 

B 0.llHOMepnoM cJiy'!ae II3BeCTHO H HMeeT BH.ll 

x = acos(wat + a). 

3necb u..•o· - '!aCTOTa (UIIKJIII'!eCKall 'laCTOTa), a - aMITJIHTyna, a - Ha'laJibHall 

(j)a3a Kone6am111. TaKHM o6pa3oM, B6JIH3H rrono;Kemrn ycTOM'IIIBOro paBHOBe

CI!ll CHCTeMa COBepwaeT rapMOHH'!ec1rne KOJie6aHHll. rapMOHil'IHOCTb JIBJIJl

eTCJI CJIC.llCTBl!eM Ilj)HHJITOro Bb!ille Kj)HTepnll l\laJIOCTH KOJie6am111, cornacno 

KOTOj)OMY B Te1IJIO!)OBCKOM j)a3JIO,KeHIIH IlOTeHUHaJibHOH. ::meprHH 6bIJIH OT6po

IIIeHbl CJiaraeMbie, rropll.llOI( K0T0j)bIX BbIIIIe KBanpaTa OTKJIOHeHHll OT Il0JIO

;KeHIIJI paBHOBeCHll. Ilo::noMy B03Bpa1HaK>1HaJI B IlOJIO,KeHHe paBHOBeCHll CHJia 

OKa3bIBaeTCJI nporropunoHaJibHOll rrepBOH. CTeneHH 3Toro OTKJIOHeHHll (F ~ x), 
'IT0 n npenorrpenenJieT rapM0HII'IH0CTb Kone6amn1.. 

ITenm rrmrn3aTh, 'IT0 aMITJIIITY.lla a 11 naqaJibHaJI cpa3a KOJie6aHnii. a Bblpa;Ka-

10Tcll qepe3 Ha'laJibllbie ycJIOBHJI. 1le11.CTBl1TeJibHO, nyCTb Xt=O = Xo, Xt=O = Vo, 

Torna. ,r0 =a· cosa, a. v0 = -aw0 • sina, OTI,yna rronyqaeM 

a= /x5 + v5/w5, 
Vo 

tga = ---. 
woxo. 

lfacTOTa. IWJie6a.HH1I Wo He 3aBl1Cl1T OT naqaJibHbIX ycJIOBHH. nBII,KeHl1ll 11 ITOJI

H0CTbK) orrpeneJilleTCJI CB00.CTBaM11 Mexan11_qecKOH. CIICTeMbl. Ee M0MHO HallTII 

no 3ana.HHOll cpyHKUHH ITarpaHMa 

L = a(q)q2 - U(q), 
2 

eCJIII CJie.llOBaTb cnenyK>IHeMy anrop11TMy: 

• orrpeneJIHTb nonoiKeH11e paBH0BeCHJI q0 H3 ycnoBIIll dU(q)/dq = 0, 

• naii.T11 m = a(qo), 

• Ha.0.Tl1 k = (J2U/dq2)q=qo, 

• Ha0.Tl1 wJ = ~ 

8Hepnrn CHCTeMbI, COBeprnaroIHell MaJible KOJie6aHl1JI, 

• 2 k 2 1 
E _ mx x m ( . 2 2 2) _ 2 2 - -- + -- = - x + w0 x - -mw0 a 

2 2 2 2 

nponopu110HaJibHa KBanpaTy aMITJil1TY.llhI, T.e., KaK 11 noJI)KHO 6bIJIO 6bITh, 

orrpeneJilleTCJI naqaJibHbIMII ycJIOBl1JIMl1. 

3aBl1Cl1MOCTb KOopnnHaTbl KOJie6JIIOIHe0.CJI Cl1CTeMbl OT BpeMCHH 06blqHQ npen

CTaBJIJIIOT B BHnC BCIHCCTBCHHOH. qacT11 KOMITJICKCHoro BbipaMeHl1JI 

x = Re[Aeiwot], rne A= aeia, 

rrpHqeM npoMeiKyToqHb!e BbIKJianKII yno6no np0Bon11Tb c KOMITJICKCHbIM Bblpa

)KCHl1CM II T0JibKO B 0KQHqaTeJibH0M pe3yJibTaTe nepexoniITb K BCIHCCTBeHHOH. 

qacT11. 
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2. Bwuy*.neuuwe Kone6au1rn:. PeJouauc. Bttemrn. IlycTb np11 .UBmKe1111n 

B6Jrn3lI rroJimKeHlill ycTofrqrrnoro paBHOBenrn Ha qacn1uy .neikTByeT uecTauu

OHapHal! (3aBlIC.SIIUal! OT BpeMeun) Cima J(t). YpaBnem,c .l..(BII;KCIII!ll B ::lTOl\l 
cJiyqae 

mi= -kx + J(t) HJIII x + w{r = f(t) 
1/1. 

CooTBeTcTBy101uall cpy1mu1rn JiarpaH;Ka 

m:i:2 kx 2 

L=---+xJ(t) 2 2 . 

Pewem1e ypaBHemrn .l..\BlIMeHlill MOMeT 6b!Tb Hail.ueHO B o6meM BH.Ue rrpn npo

lI3BOJibHOH BhIHY)K,na10men cnJie. BBe,neM mm :noro 

t = :i: + iwox, 

Tor.na rroJiyqnM ypaBHem1e nepBoro rropll.UKa 

dt . J(t) 
- -ZWoX = --. 
dt m 

P ewem1e o.nHopo.nHoro ypaBHemrn eCTb t = A exp( iw0 t). O6mce pewem1e 

Heo.nHopo.nHoro ypaBHCHIIll Han.ueM, IIC110Jlb3Yll ll3BCCTllbl}l npHeM BapIIaUHH 
IIOCTOllHHOH, qTo .naeT 

t = exp( iwot) [/ J~) exp(-iwot )dt + fo]. 
3.necb KOHCTaHTa IIHTerpnpoBamrn fo rrpe.ucTaBJillCT 3Haqerrne t B MOMCHT Bpe

MCHII t = 0. lITaK, peweHne Ja,naqn B 06me11 Bn.ne ecTb 

x = ~o Re( exp(iwot) [/ J~) exp(-iw0 t)dt + fo]). 
Han6oJiee IIHTepeCHbI cJiyqan, Kor.na BbIHY)K,naIOIUall CIIJia II3MCHllCTCll no rre

pno,nrrqecKOMY 3aKoHy. IlycTb, HanpHMep, 

J(t) = Jocos(,t + /3). 

KaK II3BecTHo, o6mee pewe11ne 11eo.nnopo.nnoro ypaBHeIInll CKJia.UbIBaeTcll II3 

o6mero peIIICHIIll OJ.lHOj)O.l..\HOro ypaBHCHlill. Xo H qacTHOro perneHIIll neo.nuo

po,nHoro ypaBHeHIIll X = Xo + X1. O6mnM peweHIICM O.UHopo.nnoro ypaBHCHllll 
llBJillCTCll 

xo = acos(w0 t + a). 

lfacTHOe pewenne 11eo.nnopo.n11oro 6y.neM IICKaTb B Bil.I.le x1 

IIOJ.lCTaBIIB B IICXO.l..(Hoe ypaBHCHlle, IIOJiyqrrM 

Jo 
x = acos(w0 t +a)+ ( 2 2

) cos(,t + /3). 
m w0 - 1 
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bcos( 1 t + /3), 

l1TaK. l!Oll L(el!CTBUel\l nepIIO.Llll'leCI..:Oll Bb!Hy;K,na10mefr CI!Jlbl CIICTel\la COBep

rnaeT .UBlDKCIIHe, KOTOpoe llBJilleTCll HaJIO;KeHIIel\l .UBYX KOJie6anm1 - c co6-

CTBeJIHOll qacToTofr <,,'a II c qacT0Tof1 Bhrny;,i..:,na10mefr CIIJihI ,. O.nuaKo perneuue 

l!C'llj)lll\Ielllll\10 B cJiyqae, 1..:or.na co6CTBCHl!all qacTOTa COBrra.naeT C qacTOTOll 

Bhmy;,i..:.ua1omefr Cl!Jibl. ilJill Toro, qTo6bI rrpe.ncTaBIITb, IrnKHl\l 6y.neT IIOBe

.nem,e CI!CTCl',lbl rrpu coBrra.nemm qacTOT, rreperrnrneM IIOCJIC.UIIIOIO <pOJ)MYJIY, 

IIPpeo603JJa'IIIB 110CTOl!IlllblC TaK, '1To61.,1 

f 
.r = acos(w0 t + o) + 2 ° 2

) [cos(,t + /3) - cos(w0 t + /3)]. 
m(w0 - 1 

( HeTpyllIIO y6e.nIITI,Cll. '[TO ':lTa c!JOPMYJia C nepeo60311aqenHbll\lH KOHCTaIITaMH 

)KBIIBa:ICHTIIa IICX0,[111011.) BTopoe CJiaraeMOe co.nepiKIIT HeorrpeneneIIHOCTb 

TIIIIa 0/0. KOTopy10 l\!OiKHO ycTpaHHTh no rrpaBIIJIY JiomITaJil!. B peJyJibTaTe 

IIOJI)''III!\1 
Jo· t ;r = acos(wot +a)+-. --sin(wot + /3). 
2mw0 

TaKIIl\l o6pa30I\I, npn COBIIa.nemrn co6CTBCHHOII 'IaCTOTbl C '!aCTOTOll BbIHY

iK,UitlOIUCfI CHJibl HacryrraeT llBJICIIIle pe30HaHca - aMilJilITY.Ua KOJie6aHllll 

JllIHettHO B03pacTaeT co BpeMeHeM. HeTpy.uno BbllICHIITb, KitKIIl\111 6y.uyT 

Ma.Jible KOJie6a.mrn B6JIIl3ll pe3011a.uca., i..:or.ua / = Wo + [) Ilj)II'ICl\l [ << (<,'o• B 

::lTOM cnyqae 

.r = Ae;rp(iwot) + Bei(wo+•)t =(A+ Bci'1)e.rp(i<.<,•0 1). 

3a. rrepno.u 21r /w0 BCJIIl'!IIHa. A + Bei,t MeHllCTCll I\IaJio, II03TOI\IY I\IO)KHO ro

BOJJIITh, '!TO B6JII13H J)C30Ha.Hca. CHCTel\Ia. I..:OJie6JieTCll C IICJ)CI\ICHIWfl BO Bpe-

1\!CHII ( 11epuomP1ecr..:u To pacTy1ue11, TO yMeHbllia.1011ieficll) a.l\mJmTynofI c = I 
A+ Be',1 1- Ilpe.ncTaBHM A= ae;'', B = bei/3, Tor.na. 

c2 = a2 + b2 + 2abcos(Ei + /3 - a). 

Ilo3TOMY l!CHO, '!To 

I a - b l:S c :S a+ b. 

Ta.Kue KOJ1e6a.mrn HOC.SIT HaJBa.nne 6tteHttii. 

:3. <flyHKQlllI rpttHa B KJiaCClI'-IeCKOH MexaHlIKe. Arrrrapa.T cpym..:uufr l'prrna 

lICIIOJib3YeTCll rrpa.KTH'ICCKH BO Bcex pa3L(CJia.X Teopen1qenrnf1 r\lll3I!Kll KaK l\lC

TO.U pernemrn 11eo.nuopO.UHb!X )lH<p<pepeHUHa.JibHbIX ypa.BIICHlll!. 

Ilp11Menen11e <pyHKUHl1 fpnua. npome BCero rrpo.neMOHCTpHpOBa.Th Ha ITJ)I!Mepe 

3a._na.qu O BhIHY)K.l..\CHilblX ( 110.n .ne{ICTBHeM llj)Oll3BOJibHOll BHCIIlllt'll CIIJibl J(t)) 
r..:one6a.mrnx nn11ennoro ra.pM01mqecr..:oro ocunJIJil!Topa: 

•. 2 f(t) 
;r + w0 :r = - = F(t). 

m 
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Peweime ypasuemrn (:34) 6y.uel\I HCKan, B BIIJLe mnerpa:rn <l>ypi,e. IlJWJlCTaBus 
B TaKOl\1 :-Ke BH.Ue II BHeWH!O!O CIIJiy: 

:,:(t) = ___!__ j .i(w)exp(-iwt)dw, 
2rr 

O6panrn IIHTerpaJ!bI, IJOJl)''-!aCM 

i(w) = j x(i)e:rp(iwt)dt, 

1 / -F(t) = - F(w)e.rp(-iv.:l)cf...,._ 
2rr 

F(w) = J F( i)e.rp( iv.:t)di. 

Ilepem1IIIeM (.34) .umr cjlyphe-o6pa3os :r(w) H F'(w): 

2 2 -(Wo - w ).i(w) = F(w). 

(:3,5) 

(:36) 

(:37) 

Ka1anocb 61,1, anre6paw1ernoe ypasnen11e (37) .uaeT B03MO,KI!ocTI, 110.;JY'IIJTh 

T = F 
u.,,z -w2' 

o.uHaKo :no co0Tnowem1e ne co.uep ✓KIIT HHKaKOI1 11mpopMarum o cnyqae w = 
±wo, T.K . .ueJieHHe Ha HOJib 3arrperueno. lfa6e;r<aTb 3TO!l nerrpIU!THOCTH y.ua

erca; ncrroJih3ya qacro yrrorpe6naeMhii:'J cjJop1rnJihHh!II rrpHeM .uo6asnemrn Hy

na. Ilo6as11M K F(w) cnarae.Moe C · (wJ-w2
) • o(wJ-w2 ), KOTopoe o6parnaerrn 

B HYJib KaK rrpn w = ±w0 , TaK n npn w ,f:. ±w0 . Tor.ua 

'( ) F(w) C r( 2 2) X W = 2 2 
+ , · u W0 - W , 

Wo -w (38) 

Ilo6asKa C •O(wJ-w2
) .uacT B x(t) srwa.u c qacTOTaMH w = ±w0 , T.e. c qacTo

TaMn KOJie6annii: cso6o.uHoro ocwrnmITopa. IloJTOMy (38) asnaeTca o6runM 

pememreM 1a.ua•rn (34) - K 'IacnroMy pewerrnro Heo.unopo.uHoro ypasneHna 

( rrepsoe cnaraeMoe) .uo6asneno o6ruee peIIIenne o.uHopo.unoro. 

Orpamrqn.Mca rroHcKoM qacTHoro peIIIeHna. C 3Toii: uenLro 110.ucTaBHM (38) c 
yqeTOM (36) s (3,5), qTQ .uaeT 

x(t) = ___!__ f F(t)dif exp(-i:(t -
2 
t))dw = f F(t)G(t, i)d{. 

2rr w0 -w (39) 

3.uecb 

G(t,i) = ___!__/ exp(-iw(t-i))dw 
2rr w5 -w2 ( 40) 

- cpyHKUHa fpnHa ypasHeHna (34). HeTpy.uHo y6e.UHThC5!, qTo G(t, i) y.uosne
TsopaeT ypaBHeHHIO 

( 
c12 z , , , 
dt 2 + Wo)G(t, t) = o(t - t), ( 41) 
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KOTopoe rroxmr,;e Ha (34), HO, s OTJinque OT (34), BHelllHllH llCTOqHIIK (npasaa 

'!aCTh ypaBHeHUl!) HMeeT o-o6pa3Hblll Bll.Il. Terrepb JierKo rrpe.ucTaBllTb CMb!CJI 

peIIIemrn (:39) ypaBHemrn (34) - 3TO cyrrepno3uuna peIIIeHHH Toro )Ke ypasne

mrn, HO C BlleIIIHHMH CHJiaMH B BH.Ue KOpOTKHX HMIIJJibCOB, .ueii:CTBJIOIUHX B 

pa3Hbie MOMeHTbI BpeMeHH. 

Bsn.uy HaJIII'!Irn IJOJI!OCOB w = ±wo Ha seruecTBeHHOH OCH B KOMnJieKCHOH nnoc-

1,0CTII ,.,_., III!TerpaJI (40) B 061,1qnoM IJOHHMaHHH He cymecTByeT. O.uHaKO eCJIH 

11crrn1oqnTh rromoca rn o6nacTH HHTerpuposamrn, a 3aTeM npe.uem,Hh!M rre

pexo.uoM Il36aBHThC51 OT TaKoro IICKJIIOqemrn, TO IIHTerpaJI ( 40) npno6peTaeT 

cl\IL1c.;1, l3o311o✓Knoi1 orrepaune11 Taimro Tuna asnaeTCll .uecpopMaurrn KOHTypa 

IIHTerpnpoBaHH51, Bb!BO.UlIIUa51 KOHTYP B KOMnJieKCHJIO IlJIOCKOCTh C nocne.uyro

IUHM npe.uem,HhIM B03BpaTOM Ha seruecTBeHHYIO OCb. Ilnll OTBCTa Ha BOrrpoc, 

KaK .uecpop.MHpOBaTb KOHTYP, T.e. KaK o6xo.UHTh IIOJIJOCa, BhI6epeM .usa KOH

Typa C TaKIUvl o6xo.uo.M noJIIOCOB, qTo6bI MO)KHO 6hIJIO HHTerpHpOBaTh ITO 3a

MKHYTOMY KOHTypy, OXBaTbIBaJOIUeMy nomoca, HanpnMep, TaK, KaK noKa3aHO 

Ha pnc. 13. 

HOH!TT/IP C 
Pnc. 13 

@) 

TaKOII o6xo.u noJIJOCOB OTBeqaeT pa3HOCTH IIHTerpaJIOB no KOHTYPY OT -oo 
.uo +oo na.u seruecTseHHoft oc1,10 H no KOHTYPY OT +oo .uo -oo no,n Heft. Ilmr 

H3o6pa)KCHHoro Ha pHCYHKe KOHTypa C B COOTBCTCTBHH C TeopeMOH O suqeTaX 

HMeeM 

___!__f exp(-iwr) dw = i(xp(-iwr) + exp(iwr)) = sinw0r = D(r), 
21r (w - wo)(w + wo) 2wo -2wo wo 

r.ue T = t-i. TaKHM o6pa30M, HHTerpan no 3aMKHJTOMY KOHTYPY C, KOTOphIH 

npe.ucTaBmleT pa3HHUY B BhI6ope rrpaBHJia o6xo,na IIOJIIOCOB, npHBO,llHT K pe

IIICHHIO O,llHOpO.UHOro ypaBHCHmI IIOCTaBJICHHOH 3a,naq11. IIocKOJlhKY Hae HHTe

pecyeT JIHIIlh qacTHoe peIIIeHne neo,nHopo,nHoro ypasHeHmr, ,llJI.ll Hamnx ueneft 

IIpHHUHIIllaJihHO 6e3pa3JIHqHo, I<aK o6XO,llllTh IIOJIJOCa. ]JpaKTnqecKH Bbl6op 

KOHKpCTHOrO o6xo,na MO)KCT ,naTh orrpe.ueJieHHhIC npenMymecTBa, s '!aCTHOCTH, 
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IB6aBilTh OT He06XO.lUIMOCTH no6aBJUITh B o6mee peweHHe perneHHe O.LIHO])O.LI

H0.0. 3anaqH II T.II. OcTaHOBHMCll nanee Ha HeCKOJihKHX <plJ3Hqec,rn mnepeCHhIX 

B03MO)KHOCTllX B Bb16ope KOHTypa HHTerpnpoBaHI!ll. 

(a) 3ana3.[lb1BaIOIUaH q>YHKUHH rpttHa 
3arra3.LihIBaJOIUall <pYHKUllll fp11Ha B031!HKaeT B crryqae, ecm1 KOIITYP HH

TerpnpoBaHHll rrpoBecTII Ha.LI BemecTBeHHOll ochIO 11 06011TH o6a rromoca 

rnepxy. 

~ 

I 

~ )a 
(J 

-(J,1 +ft)(} 

Pnc. 14 

8KcrroHeHTa IIO.llhIHTerparrbHOro Bh1pa)Ke!!Irn ( 40) co.uep;1rnT " - ·iwr", 
II03TOMY rrpn T > 0 3aMKHeM KOHTyp Cl!IBy. Torna o6a rromoca OKa

)KYTCll BHYTPll KOHTypa H pe3yJibTaT Hl!TerpupoBa!!Hll OKa3bIBaeTCll Ta

KHM ,Ke, KaK 11 B paCCMOTpe!!HOM BhIIIIe crryqae. (3aMeTHM, 'ITO Hll

Terpan ITO 3aMKHyT0My TaKHM o6pa30M KOHTYPY COBnanaeT C ucxon

Hh!M ( 40)' rrpeneJihl HHTerpnpoBaHllll KoToporo 3aKJIIOqeHJ,I B lIHTepBaJie 

-co < w < +oo BBH.LIY Toro, qTo BKJia.LI B Hl!Terpan no HH)KHelI IIOJIO

BHHe 6orrhIIIoro Kpyra, B curry rreMMhI )Kopnana, paBeH 0.) Ilpu r < 0 
3aMKHeM KOHTYP cBepxy, Tor na, BBH.LIY Toro qTo IIOJIIOCa OJ(a3h1BaIOTCll 

Bile KOHTypa, HHTerp11poBa!!I1e naeT o. lITaK, 

~ f exp(-iwr)dw = Dret(r) = i'J(r) sinw0 r, 
2ir w5 -w2 wo 

norryqnBIIIal!Cll npn TaIWM BhI6ope KOH Ty pa <pYHKUHll fpnHa flret ( T) Ha-

3h!BaeTCll 3arra3.LihIBaIOme.0. (retarded) qiyHKUne.0. fp11na, a i9 ( T) l!BJilleTcll 

cTynenqaT0.0. <pyHKUHe.0. XeBirca.0.na, KOTOpall paBHa 1 npH T > 0 HJIH 0 
rrpu T < 0. ¢H3IIqecKH.0. CMbICJI nret( r) np03paqeH. llencTBHTEJihHO, 

3aMeTHM, qTo B Bb!pa,KeHHII 

Xret(f) = f F(t)Dret(f - t)dt 
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I (b) 

maerpnpoBaune pacnpoc:rpa1rneTCll ua IIHTepBaJI -co < i < t, rro3T01\IY 

3ana3.LibIBaIOIUall cjiymaurn fp1rna B l\lOMeHT f Bhipa,KaeT BJIHll!!He BHern

nef, CHJihl, nencTBOBaBIIIEII B npenhI.LIYllUie MoMeHThl i < t. IloHl!THO, 

l!TO v•·ct ecTeCTBE!!HO noJih3oBaThCll, ecmI HaqaJihHble ycrroBHll 3a.LiaHhl B 

rrpolllJIOM. 
BMeCTO necpop~taUHII KOHTypa cMememieM ero BBepx, MO)K!!O 6hIJIO ocTa

BIITh ero ua BemecrBeHIIOII OCII, HO n1ecTHTh IIOJIIOCa Bllll3. 8To .lIOCTU

racTCll 6ecKOJ!E'Ili0 ~rnrrol! MHHMOII no6aBK01! -it, ( f > 0) K IIOJIIOCaM ±wo, 
a IIOCJIC 1mTerp11poBal!llll ycTpeMJieHIIeM f K 0. J',mThIBall 

1 

w5 - w2 => [w - (w0 - ii)][w - (-w0 - iZ)] = (w2 - w5 + 2irw) 

JLJill tj1yphc-06pa3a 3a11a3.Lih1Ba1ome11 cpymrnun fp11na, nonyqaeM 

- 1 
D"ct(w) = . . . . wJ -w2 - 2nw 

IlocrrenHee Bhipa,KeHHe BKJIIOqa.eT Ta.KJKe n y1..:a3am1e o cnoco6e o6xona. 

oco6emrncTeI1, a neo6xon11MocTh BhIITOJIHHTh npeneJibHoe ycTpa.Hem1e no-

6aBKH ( r r-+ 0) nocne mnerpnpoBaHilll 6yneM nepJKa. Th B yMe. 

Onepe)KaIOIUruI q>YHKUHH rpttHa 
IlpoBeneM nyTh HHTerpupoBal!Hll non BemecTBCHHOII OCh!O. 

-(Jo 
.. 

Pnc. 15 

+rJo 
(J 

AHanornqno cnyqaIO npe.Lihl.lIYIUero nym,Ta uMeeM 

Dadv(r) = -i'J(-r)stnWoT 
Wo 

- orrcpe;KaI01Uy10 (advanced) qiy11Kumo fpmia., KoTopall 0Tm1q11a oT uy

Jill TOJibKO .LIJill oTpnua.TCJibilhlX a.pryMeHTOB, T.e. npHBO.LIIIT K qa.crHoMy 

pcrncmno, 3a.BHClllllCMY B He!WTOpLii-i MOMCHT BpeMellll OT nei"IcTBHll CIIJihl 

B "nocneny1011u1c MOMCIIThI". Ilo3TOMY oncpc)l..:alolll.a.ll cjJyHKUHll fpu11a 
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Ha.XO,IUIT rrp11MeHem1e B Ta.KIIX 3ana.,,a.x, B KOTOj)LIX Kot!e'IIIL!e yc10Hirn 

rrpcnmICb!Ba.JOTCJJ B l\lOl\leIIT / ---+ +oo. h:a.K II pa11cc, 

1 
iJadv(w) = ,2 _ u-'2 + 2ifw 

"'u 

( c) D - cpyHKUIUI Ilaym1 

IIo orrpeneJiem110 D - cpymmrrn IIaym1 

D(T) = SlnWoT = Dret(T) - Dadv(T). 
Wo 

JhrneMHOCTb rrpeo6pa.30Bamrn <l>ypbc II03BOJIJJCT 3aKJIIO'lHTb, 'ITO anaJIO

rH'lHOe cooTHoIIIenne nomKno cymecTBOBa.Th II l\le;KJlY <IJYJ)Le-o6p,naMn: 

D(w) = iJret(w) - iJadv(w) = 2rri. sgnw. o(w2 - wt). 

IIpn BLIBO}le ITOCJie}lHero COOTHOIIICHHJJ HCI10Jlb30BaHO orrpenenem1e 311a

KOBOll qJymn.um 
w 

sgnw = ~ 

II O,llHO ITOJie3HOe CHMBOJIIl'!CCKOC rrpeJlC'faBJI_em1c J-ql)'IIKUHH 

(d) 3a_naqa Koum 

1 . (, 
o(x) = - Jim -2 + t:2 . 

71" <-+0 X 

IIycTb Ha'laJibHblC ycJIOBHJJ 3a.,Qa.Hbl B HCKOTOpblM MOMCHT f = ta. B 3TOM 

cnyqac yno6non: cpynKu11c11: rpuna 6y,ncT cnc,nyJOmaa: 

G(t, {Ito)= [i9(t - {) - i9(to - t)]D(t - i), 

rrpOH3B0,QHaJJ KOTOj)OM 

G(t, {Ito)= [i?(t - {) - i9(to - {)]coswa(l - i) + o(t - t)D(t - {). 

(HarrOMHHM, '!TO o(T) = di?(T)/dT.) 
5IcHo, '!TO rrpu t = t0 KaK G(t, { I to), TaK 11 G(t, { I to) 06pama10TcJJ B 

HOJ!b. Tor na o6mcc pcIIICHHe ypaBHCHHJJ ( 1) 3aITHrnCTCJJ B BH,QC 

x(t) = xa(t) + j G(t, { I to)F(t)d{, ( 42) 

r,nc Xo(t) - pcrncn11c O,QHopo,nnoro ypaBHCHHJJ. C y'leTOM BbirnecKa3aH

HOfO rrpu t = to 113 COOTHOrnCHIIJJ ( 42) cnenycT 

t = to, x(t) = xa(t), 
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:i:(t) = :i:o(t). 

llorrycTHI\I, rrocTaBnena 3a,naqa Kornn, T.c. rrpu 

t = to x(t) lt=to= f1, x(t) l1=10= h-

B MOl\lCHT t = to cpyHKUIIJJ IIaynu ll cc rrpon3B0,QHbIC o6na,naIOT cneny10-

IUIIMII CBOMCTBa11m: 

D(t - to) lr=to= 0, D(t - to) lt=to= 1, D(t - to) lt=to= 0. 

Ilo3TOMY 

.ro(t) = f1 · D(t - to)+ h · D(t - to), 

H o6mee pCIIICHllC 3a,Qa'IH Kornn ypaBHCHllll ( 1) 3arr11rncTCJJ B BH,QC 

:r(t) = f1 • D(t - t0 ) +Ji· D(t - to)+ j G(t, i I ta)F({)d{. 

4. KoJic6amrn: CllCTCM co MHOrllMll CTCIICHHMll CB060,IIhI. PaccMOTj)HM 

MeXaHH'ICCKYIO Cl!CTCMY C s CTCIICHJJMH CB06o,nhl, KOTopaa COBeprnacT MaJibIC 

KOJIC6amrn BOKpyr ITOJIOlKCHHJJ ycTOM'lHBOro paBHOBCCIIJJ (qo1, ... qo.)- YpaBHC

HHJJ ,QBlD!(CHHJJ Ta.KOH CHCTCMbl HMCIOT BH,Q 

s 

I)m;kXk + k;kxk) = 0, Xk = qk - qok, i = 1, 2, ... S ( 43) 
k=l 

II rrpc,IICTaBJIJJIOT co6or1: CHCTCMY s JIHHCMHhlX O,QHOj)O,QllbIX JlHcpcpepcHUHaJib

HbIX ypaBHCHllll C ITOCTOJJHHhlMH K03<p<pllUHCHTaMll. B COOTBCTCTBIIII C 06-

IUIIMH rrpaBirnaMH pcrncnnc 3TOM CHCTCMhl 6yneM HCI(a.Tb B BIi.QC 

Xk = Cak · e-iwt, (44) 

r,ne Cak - KOMITJICKCHaJJ aMITJIHTy,na KOJic6aHnM, COOTBCTCTBYIOUlaJJ KOopnn

HaTe xk, K03<pcpnuueHT C - ncKnn: MacrnTa6nbr:ii: MHOlKHTCJih, onnnaKOBhl:ii: ,nna 
BCCX rwopnnnaT. Pa3yMCCTCJJ, IICTHHHOMY ,QBillKCHHIO COOTBCTCTBYCT pcanb

HaJJ '!aCTh BbipalKCHHJJ (44). IIoncTaBIIB (44) B (43), ITOJIY'IIIM CIICTCMY JIIIHCH

HbIX O,IIHOj)O,QHbIX anrc6paII'ICCKIIX ypaBHCHU:ii:, KOTOj)bIM ynoBJICTBOj)JJCT ak: 

}::)kik -w2m;k)ak = 0. 
k 

(45) 

8Ta CHCTeMa IIMCCT HeTpl!BllaJibHOC pcrneHnc, JIIIrnb CCJIU orrpc,ncJIHTCJib ypaB

HCHIIM (12) o6pamacTCJJ B HOJib: 

det(k;k - w2m;k) = 0, (46) 

( 46) - 3TO anre6paH'ICCKOe ypaBHCHUC s-:ii: CTCITCHII OTHOCHTCJibHO w2 
( cro Ha-

3bIBaIOT xapaKTcpncTU'ICCKIIM), Kopnn KOTOporo wl (l ~ 1, ... , s) orrpe,ncJIJJIOT 

TC '!aCTOTbI, rrpu KOTOpbIX (44) MOlKCT CJIYlKIITb pcrncHUCM ypaBHCHIIH (43). 
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AMIIJil1TY.1lhI ,Ke ak orrpe.uem110TeJ! KaK pewemrn ypaBHemn1 ( 4.5) .UJill KaiKJ\Oro 

113 Harr.ueHHhlX 3Hat.J:em1ii wl ( TO'-IHee, rroeKOJihKY ( 45) - o.n:Hopon111,1c ypaBne

mrn, Bee ak MoryT 6b!Tb Bblpaa<:eHbl '-Iepe3 O,UHO 113 HIIX). 

IloKa)KeM, '-ITO KOpHii xapa1(Tep11eT11t.J:eeKoro ypaBHeJII!J! BemeeTBeHHbl II IIOJIO

)Kl1TeJibHbl. Y MHO)KlIM .UJill ::JToro ( 45) Ha ai II rrpoeyMMIIpyeM ITO i: 

L(k;k - w 2m;k)a7ak = 0, 
i,k 

OTKy,n:a 

2 Li k(k;ka;ak) 
w - --·~----

- L;,k(m;ka';ak) · 

Jlenw Bl!,UeTb, '-ITO KBa.upaTlf'-IHble ¢opMbl '-II1em1TeJil1 II 3Hal\1enaTeJill BCllle

eTBCHHbl BBII.UY Toro, '-ITO no orrpe.ueneH!f!O BeIUeCTBCHHbl II CHMMeTpll'IHbl l,_,ik 
n m;k- IlerreTBHTeJibHo, rrpeneTaBnM 

a; = a; + if];, 
Tor.ua 

L k;kaiak = L k;k[(a;ak + f3;(3k) + i(a;J3k - ak/3;)]. 
i,k i,k 

B e11ny enMMeTp1111 k;k = kki eyMMa OT rroene.uHei'1 eKo6irn o6pamaeTell B HOJih, 

T.K. rrpH 06010.n:Hoii 3aMeHe i ua k oHa MeHJ!eT 31iaK. Ta1rnM o6pa3oM, 

L k;kaiak = L k;k(a;ak + /3;/3k), 
i,k i,k 

L m;kaiak = L m;k(a;ak + /3;/3k)-
i,k i,k 

l1Hat.J:e roBOpl!, 1rna.upaTH'-IHb!e ¢opMbl '-IHeJIHTCJIJ! II 3HaMeIIaTeJIJ! llb!pa,Ke

Hlfll w2 BemeeTBeHIIbl H IIOJIO,J(l!TCJibHhI, T.e. BClllCeT!lCHHbl H IIOJIOiKHTCJiblll,I 

1wpm1 xapaI(TepueTHt.J:eeKoro ypaBHeHHJ! wl. Y .uo6no BBeeTH 0603ua.,w1rne 

A1 =wf; >.1 > O; A1 = Ai. (47) 

KeTaTH, BemeeTBCHHOeTb w2 0'-ICBH,UHa 11 113 q)ll3l!'-IeeKHX eoo6pa,KCHIIII - ua

JIIl'-IHe y w MHIIMOH t.J:aeTH rrpl!BCJIO 6b! B ( 44) I( HaJII!'-IHIO MHO)KHTCJI51' KOTOpbIH 

y6bIBaJI l!JIH B03paeTaJI 6u 3KerroneuuuaJibHO, t.J:ero He J(orryeKaeT 3aKOII eoxpa

HCHHJ! 3Heprnu paeeMaTp1rnaeMOII eHeTeMhl. 

AMriJIHTY.Llbl ak MO)KHO paeeMaTpuBaTb Kal( eoeTaBJIJ!IOIUHe S"Mepuoro BeK

Topa. .IlnJ! Toro '-IT06b! IIO,U'-IepKHYTb ero rrp11Ha,UJIC)KHOeTb l-ii eo6eTBCIIHOll 

t.J:aeToTe wl, no6aBHM eme o.uuu HH.lleKe, Tor.ua ak1 o6o3Hat.J:aeT k-10 KoMrro

neHTY l-ro BCKTopa (l - noMep BCKTopa, 03Hat.J:a1om1111 cro rrp11na.uneiKIIOCTh 

l-ii t.J:aeToTe). Tor.ua H3 (45) c rreT0M (47) rronrrnM 

, Lk(k;1ct1k) 
"k = . 

Lk(mi1a1k) 
('18) 
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Ka.K 6!,IJIO II0.1l'lep1rnyTo, BBIInY O.UHOJ)O.UHOCTII IICXO,UHoro ypaBHeHHJ! ( 4.5) Bbl-

6op O.UHOfi 113 al\lIIJIIITY.U IIJ)OII3BOJieH. II eCJIII Bbi6pa.Tb ee BemecTBeHHOH, TO, 

,,a,, )TO cne.uycT 113 (-18). BeIUeCTBeHHOCTb Beex OCTaJib!IbIX o6ecrre'IIIBaeTeJ! 

BemccTBemwcThJO >.k, k;1 II 111;1. (3al\ICTII!\I, '!To a]\mJIIITY.UhI Cak 113 (44) BO-

o6me .llOJiiKHl,I 6b!Tb KOl\lHJICKCHbll\111, '!TO IIJ)II BemeeTBCHHbIX ak noeTHraeTC51 

3a e'!eT MacrnTa6Horo MHOa<:IITCJIJ! C.) 

BBe.Uel\1 Terrep1, s x s MaTpHUhI T, V, A e ::ineMCHTal\m m;k, k;k, a;k eooTBeT

CTBenno II rrepem1rnel\1 ( 45) B BII.lle l\IaTpH'!Horo ypaBnemrn 

V ·A= >.T · A, (49) 

IWTOpoe H3BeeTHO Kai, ypaBHenue, orrpe.ueJillJOIUee co6cTBeHHbie BeKTOpbi (A) 
11 co6eTBeHHhIC 3Ha'-IeHHJ! (>.T) l\IaTpHUhI V. IIepem1rneM 3To ypaBHem1e B 

IWl\lIIOHeHTax ,UJIJ! A = Ak H >. = An: 

L k;1a1k = Ak L 111;1a1k, L k1;a;,. = >.,, L 11l[ia;11 • (50) 
I I 

IloMHOiKHM rrepBoe 113 3THX COOTHOIIleJIHH Ha a;n, a BTOpoe Ha Cl/k II rrpoeyM

MHpyeM no i H [ eO0TBeTCTBeHHO, 3aTeM, Bhl'IHTaJ! 113 rrepBoro pe3yJihTaTa 

BTOpOI\ IIOJIY'-IHM 

(Ak - An) L m;1ct1kain = 0. 
i,I 

(51) 

By.ueM e'-IHTaTb, '-ITO Bee KOJ)HH xapaKTepneTHt.J:eeKoro ypaBHCH!Ill pa3JIH'!Hbl, 

T.e. 

L m;1a1kain = 0, 
i,I 

k f:. n, 

H yeTpaHHM Bbl3BaHHYIO O,llHOJ)O,llHOeTh!O ypaBHeHHH ( 45) HCO.UH03Ha'!HOCTh B 

onpe.uenemrn a;k, HOpMnpyl! aMIIJIHTYJJ.hl TaK, 'IT06bI 

L 1n;1ct1ka;11 = 1. 
i,I 

O6bCJJ.]1Hllll )].Ba IIOCJIC)lIIHX paBCIICTBa, IIOJIJ'!Hl\l 

HJIH B MaTpll'lHOM BH,lle 

L m;1a1kain = Okn 

i,l 

A.TA=!, 

rne THJibJ].a 03Ha'!aCT TpaHeTI0HHpoBaHIIe, a f - CJ].l!Hll'!Hall MaTp11ua. 

IlpuMe'-lam-i:e. Ilpeo6pa3oBanue 

C=BCB 
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Ha3b1Ba!OT KOHrpy3HTHbll\l. Ecm1 ihe npeo6pa3y10Htall J\la'rpuua OJYfOfOllaJlhlla 

fj = B- 1 , TO IW!Irpy3HTHOe npeo6pa30BaH11e COBilaJtaeT C npeo6pa30BaH11eM 

no.uo6mi. 

BBe.neM .uarree m1aro11arrh11y10 MaTp11uy A c 1rreMeHTa!\111 A;k = >.kO;k B Ma

TJrnqHoe ypaBHe1me (49), 110:-.moiK!ll\l 110Jiyqe1rnoe c:1eBa 11a A I! yqTel\l (52), 

Tor.ua norryq11J\I 

.4.\IA = A. (53) 

Ta1rn:-.1 o6pa·mM, A - npeo6pa3y1owall !\!aTpuua Ko11rp~")IIT11oro 11peo6p,ncma

mrn llBJI.IICTCll MaTpnue11, KOTOpa.11 O,IllIOBJ)el\lellllO .uuaronamnyeT KIIIICT!l'IC

CKYIO :rneprmo T (cJ11.(52)) n 110Teuuaam,ny10 3Heprmo V (cl\1.(5:3)), .upyrnl\ln 

crroBaMn, MaTpnua A ocywecTBJI.lleT Ta1me mrnefrnoe npeo6pa30Ba1rne Koop

mrnaT, B pe3yJihTaTe KOToporo KaK T, TM, u V .uuaroHaJIH3YIOTC.II. 

3annweM .uarree o6wee pewem1e ocnoBHhIX ypaBHenm1 ( 4:3) B BUJte 

_ "C' -iwkl Xi - L... kaik . e , (54) 
k 

r.ue Wk - ](OJ)HII xapa1(Tepncn1qec1mro ypaBHCHH.11 (46), KOTOJ)ble Ha3b!BaIOT 

co6cTBeHHblMH qacToTal\lII KOJie6amrfr CIICTeMhI, ck - KOMilJieKCHblll. MacwTa6-

Hhlfr KO)lj:>qJHUIIeHT, COOTBeTCTBYIOlllH!I naHHOfr co6CTBe!IHOH 'IaCTOTe. Ilmrn
iKC.\I , qTo Ck MOiKHO Bbl'IHCJII!Tb Henocpe.UCTBeIIIJO 110 Ha'IaJILl!blM .[lal!Hb!M 

x;(O) II i:;(O). lleiicTBHTeJibHO, npH t = 0 

x,(O) = 'fJReC\)a;k, 
k 

i:;(O) = I:UmCk)a;kwk, 
k 

IloMHOiKIIB rrepBOe II3 ,)TIIX paBeHCTB ua m11a1n H cyMMIIpy.11 no i II l, ITOJIY'IIIJ\I 

ll TO'IHO TaK ;Ke 

ReCn = L m;1x1(0)a1n, 
i,I 

lmCn = _ _!_ I:m;1i:;(O)a1n• 
Wn i,I 

BBe.neM Terrepb HOBhie KOOJ)JlIIHaTbl (, corJiaCHO 

Xi= I:a;i(1, 
I 

X = A(. 

IIeperruweM Bb!pa;Kenn.11 nrr.11 KIIHeTII'IeCKOH 

II ITOTeHUIIaJibHOH. 

,, 1~ . . l:T. 
ii. = - LUikXiXk = -X X 

2 i,k 2 

1 1 u = - L k;kXiXk = -xVx 
2 i,k 2 
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(,55) 

(56) 

(57) 

:rneprnfI B HOBbiX 1wopmrnaTaX, Y'IIITb!Ba.11 (52) II (53): 

. 1 ~ - . . 1 ~ . 1 ·2 
l\ = ;;(AT A(=;;((= ? L(k, 

~ ~ - k 

1-- 1- 1~ 22 
U = -

2
(AV A(= -(A(= - L...wklk• 

2 2 k 

Torna Jia.rpam1rnaH cucTeMbI rrepemnneTc.11 B BII.Ue 

~ ·2 2 2 L = L)(k - wk(k), (58) 

k 

a ypaBIIeH!lll .[lBIDKeHil.11 II HX pewemrn B BH.Ue 

•. 2 
(k + wk(k = 0, (k = Cke-iwkt, (59) 

'ITO 1103BOJI.lleT 3am1caTb (54) B BH,Ile (57): Xi= L.k(kaik· 

KaiK,Ila.11 113 HOBLIX KOOJ)JlIIHaT (k .IIBJI.lleTC.11 CTJ)OfO rrepHO.IlII'IeCKOlI qiyHKUHell 

C '!aCTOTOll, paBHOH O,IlHOlI II3 co6cTBeHHblX qacTOT. 06hl'IHO ]WOJ),llIIHaTbl (k 
Ha3bIBa!OT HOpMaJlLHhlMM HJII1 rJlaBHhlMM KOOp,llMHaTaMM paccMaTpIIBa

eMofr MHOfOMepHOH CllCTeMLI' COOTBeTCTBYIOIUIIe J(alK,llOll. 113 HIIX KOJie6amrn 

ua3b!B!OT HOpMaJlLHbIMM IIJII1 rJlaBHhlMM KOJle6aHMHMM. Ilorrnoe ,llBII)Ke

HIIe CllCTeMbl rrorryqaeTC.11 KaK pe3yJibTaT cyrreprro3IIUIIII rJiaBHhlX KOJie6aHIIll C 

yqeTOM IIX aMITJIIITy.ll Il cpa3, orrpe.ztemieMbIX K034J4JIIUIIeHTaMII Ck. 0TMeTIIM, 

'ITO ITOJIHOe KOJie6anne cHcTeMbl ue coneplKIIT qacTOT, KpaTHhlX OCHOBHLIM, 

no Toii rrpocTofr rrpnq1rne, 'ITO paccMaTpIIBaeMLie MHoroMepnLre 1mne6aHIIll 

C'IHTaJIHCb MaJib!MII, Il03TOMY II OKa3aJIOCb B03MOlKHblM rrpe.ztcTaBIITb rroTeH

UHaJibHYIO :rneprHIO CHCTeMLI B BII,lle KBa.ztpaTII'IHOll qiopMLI, 'ITO xapaKTepHo 

,llJill rapMOHII'IeCI(OfO ,llBll)Ken1rn. KaK crre,llCTBHe 3TOfO MLI II rroJiy'IIIilII, rro

CJie BBe,lleHII.11 HOJ)MaJibHb!X KOOJ)LlIIHaT, JiarpamKIIaH CIICTeMhl B BH,lle cyMMbl 

rrarpam1rnau0B rapMOHII'IeCKHX OCUHJIJI.IITOJ)OB ( CM.( 58)). TaKIIM o6pa30M, Ma

Jlb!C I(OJie6amrn MHOfOMepHOll CHCTeMbi MOlKHO paccMaTpIIBaTb KaK pe3YJibTaT 

B036y,KLteHII.II pa3HbIX rapMOHll'IeCKIIX OCUIIilJI.IITOJ)OB, Kone6JIIOIUHXC.II C pa3-

Hb!MII qia3aMl1 11 aMIIJIHTY.llaMII. 

IlpttMephl 

(a) Orrpe.ztenIITb Korre6aHII.II CIICTeMLI LlBYX JIIIHe11Hb!X rapMOHII'IeCKIIX OCUIIJI

JI.IITOJ)OB, IIMeIOIUilX 0,llIIHaKOBY!O qacTOTY Wo II B3aIIMO,llellCTBY!OlllHX no 

3armny -cxxy (x, y - OCH .zteKapTOBOll CIICTeMbl KOOp.llIIHaT, no KOTOJ)bIM 

IIpOIICXO,ll.llT KoJie6anII.11). 

JiarpaHlKIIaH TaKOll. CIICTeMhl UMeeT BII.ll 

L = ~(:i:2 + 'i/) - ~6 
(x

2 + y2) + cxxy, 

a ypaBneun.11 LtBIIlKeHH.11 

x +w6x = cxy; Y + W6Y = CXX. 
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(b) 

B COOTBeTCTBHH C (11) 6y.ueM HCKaTb pernenue 3THX ypaBHem11~1 B BII.Ue 

x = Caxe-iwt, Y = Ca e-iwt 
y ' 

qTo rrpHBO.UHT K CJie.UyIOII.llIM anre6pauqecKIIM ypaBHellHllM: 

(wt - w2 )ax - cwy = 0, 

cwx - (wt - w2 )ay = 0. 

IlpnpaBHHBal! nymo .ueTepMHHaHT 3TOH CHCTeMhl, rronyqnM xapaKTepn

CTJiqec1we ypaBnenne 

(wt - w2
)

2 = ci 
C perneHHl!Mll 

2 2 2 2 2 A1=w1 =w0 -a (>->0--+a<w0 ), A2=w2 =w0 +a. 

Han.ueM 3JieMeHThI MaTpHUhI A = (a;k), i = x, y, k = l(w = wi), k 
2(w = w2 ). IIoncTaBlrn w1 B ucxo.uHbie anre6pauqec1rne ypaBnemrn, no

nyqHM axl = ayl, a .UJill W2 HMeeM ax2 = -ay2· l-IcrroJib3YeM npoH3BOJI B 

orrpenenemu1 a;k H nOJIO)KHM ax1 = a, ay2 = b, Tor.ua 

A= ( a -b) a b . 

Ilo BHL\Y narpam1uiana MO)KHO 3aKJIJOqHTh, 'ITO T llBJilleTCll e.u.0.m1qnon 

MaTpnuen, Torna, HCfIOJib3Y51 ycJIOBHe opTOHOpMnpoBaHHOCTII (52), rro

JiyqnM a= b = 1/../2, T.e. 

A= ( {2 
✓-i 

-}i) 
1 . 
✓-i 

O6Iuee pemenne 3a_uaqn 6y.ueT HMeTL BII.U 

X - l - ,/2(6 -6), 
1 

y = ,/2((1 + 6), 

r.ue 

6 =C1e-it~ 
. ' (2 = C2e-it~. 

Hall.TH HOpMaJILHLie KOJie6aHHll H co6CTBeHHLie qacTOTbl .UJill CHCTCMhl c 

L = ~(:i:2 + :i:y + y2) - ~(x2 
_:_ xy + y2). 

CpaBHHBal! rrocne.unee BLipa)Kenne c narpam1rnBOH cpynKunen mu106mero 

BH.Ua .UJill MHoroMepHbIX CIICTeM 

L = ~ '°'(1n· k:i: Xk - k kX·xk) 
2 

L-i ,, , i, , , 

~k . 

X;=(x,y), i,k=:r,y, 
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~tOiKHO 6e3 Tpy.ua BhmncaTL l\taTpIIUhI 1' = (m;k) n V = (k,-k): 

T = ( 111 .rx m,-y ) = ( 1 1/2 ) 
my,· myy 1/2 1 ' 

V = ( 1'·u k.ry ) = ( 1 -1/2 ) . 
kyr kyy -1/2 1 

Pcmem1c ypaBHCIIIIII .UBlliKCl!Hll, COOTBCTCTBY!OlllHX 3anaHHOMY JiarpaH-

iKIIany, 
.. 1 .. 1 0 
:r + -y + .r - -y = 

2 2 ' 

1 .. .. 1 
-x + y - -x + y = 0 
2 2 

6y.ueM llCKaTb II BII.Ue 
.r; Ca;e-iwt, 

'!TO nocJie II0.UCTaH0BKH B ypaBHCllllll .uaeT 

2 ) 
1 

2 a,.(w -1 + tty(w + l) = 0, 
1 2 2 tt,.(w + 1) + ay(w -1) = 0. 

PeweHlllll\111 xapa1nepHCTil'!CCK0r0 ypaBHCHllll 

2 2l2 2 l .2. 2 (w -1) --(w +l) =:::-(l-3w )(3-w )=0 
4 4 

6y.UyT 

>-1 = wf = 3, >-2 = u.-•; = 1/3, 

( 
3 0 ) 

A= o 1/3 . 

MaTpuuy 

A = ( a,-1 a,.2 ) 
a yl ay2 

MO)KH0 IIOCTJ)0HTL JlB0llKO: IIJIII pew all I\Ia-TJ)ll'!II0C ypa.B!ICl!HC .·1 \ .. ·1 = ,\, 
HJI!l rroncTa.BJillll 1mpun xapa.KTCJ)HCTH'!ec1mro ypa.BHCHHll B CIICTC'l\lY aJI

re6panqec1rnx. B na.m10M rrpnMepe BTopoii. rryTh rrpome, II nnll >-1 = wf = 
3 HMeeM Clx1 = -ay1, a. .UJill A2 = w~ = l /3 IIOJI)"IHM Clx2 = ay2 • ( Hano

MHHM, qTO llH.UCKCLJ 1 II 2 YI{a3bJBa.IOT ua rrpnna..uJieiKHOCTh co6CTBeHHLIM 

3Ha.qemlllM >-1 II >-2.) l1crroJih3Yll IIJ)OH3BOJI B orrpenenemm a;k, BLI6cpelll 

a,.1 = a, ay2 = b n, rroncTa.BHB rronyqenny10 MaTJ)IIUY A B ycnoBnc opTo

nopMnpo11a.unocn1 .4.1' A = I, rronyqnM 

( 
1 ,/3/3) 

.4= -1 ,/3/3 . 
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Terreph ;\!OJKHO Bhllll!CaTh o6mee pemeHJie IICXOJlHhIX ypa1mem111 

:r; = L a;k(k-,. 
rne (k - HOJHlilJ1hHble KOJ1e6amrn: 

6 = C'ie-irv':i_ (2 = C2 t-itv':i/3_ 

O1wwra TCJlhl!O 

.r = A(, .r = (1 + JJt ;3 ~2, 
JJ 

y=3(2-(1-

Orrpenenm,1 KOHCTaHThI C'i H C'2, ucrron1,3y.11 cjrnpMynLI (55) H (56) 11 c<m

Ta.11, 'ITO Ha'IaJJhHhie ycnoarrn 3anan1,1 B 06me111 an.ue x;(O) n ,i:;(0). 

ReCn = mux1a1n + m12x1a2n + 1n21X2a.1n + m22:1.·2a2n, 

1 
ReC1 = 2(x1(0) - x2(0)) = .Y-(0), 

JJ 
ReC2 = 2(:1.·i(0) + X2(0)) = J3x+(O). 

To'IHO TaK iKe 

ImC1 = -
3
~(±1(0) - ±2(0)) = -~ .x-(o), 

ImC2 = - '7 (±1(0) + ±2(0)) = -J3i+(O). 

Ecmr rrpe.ucTaBIITh Cn B BII.Ue 

C1 = b1i51 , 

TO HeTpy.uno IIOJlY'IIITh 

b1 = 

Ilo3TOMY 

1 . 
(X-(0))2 + 3(X-(0))2, 

JJ x-(o) 
tgiS1 = -3 x-(o)' 

(1 = b1cos( V3t + Ji), 
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C'2 = b2eiS2, 

b2 = h/(X+(0)) 2 + (X+(0))2, 

X+(O) 
tgiS2 = - X+(0). 

JJ 6 = b2cos(-t + J2 ). 
3 

:i. 3aTyxa10m11e KOJie6aHHH . .IlnccnnaTHBHruI q>yHKUHH. BbIIIIe, paccMa

TJ)l!Ba.11 l\laJlhie KOJ1e6am1.11, Mb! rro.upa3yMeBanII, CITO Ol!II IIJ)OIICXO,U.IIT B rry

CTOTe, HJllI rrpenrronaraJIII, 'ITO BnH.IIHHe cpe.uhl Ha ,UBI!)Kel!IIe rrpeHe6pe)KHMO 

Mano. Ilpn CH.IITI!ll 3T!IX orpaHII'IeHIIH Heo6XO,U!IMO y'IeCTh, CITO npII KOJ1C-

6al!H.IIX B cpe.ue B03HIIKaeT corrpOTIIBneHue, KOTOpoe 3aMe,Un.lleT ,UBII)KCHIIe, a 

3Hepnrn Kone6momeroc.11 Tena B KOHUe KOHU0B rrpeapamaeTCSI B Tenno IInII, KaK 

roBOJ).IIT, .UHCCHIIIIpyeTC.11. ilBII)KeHIIe C ,U!ICCIIIIaunei'i 3Hepruu y)Ke He .l!BnSI

eTnl 'IHCTO MexaHn'IeCKUM, ero om1canHe Tpe6yeT paCCMOTpeHII& ,UBII)KeHH& n 

('BO(ICTB C31\!0l! cpenhl, BHyTpennero Terrnoaoro COCTO.IIHH& KaK cpe.UhI, TaK II 

Tena. ilpyrHMH cnoBaMH, 3a,Ua'Ia 0 ,UBH)KeHl!H Tena B cpe.ue y)Ke He &Bn&eTC& 

3anac1efr MexaHHKH. O.uHaKO .un.11: onpe.ueneHHOfr KaTeropHII &BneHIIH ,UBH)Ke

HI!e B cpene MOiKHO rrpu6nmKeHHO orrncaTh Ha &3hIKe KnaccwieCKOH MexaHIIKII 

rryTeM BBe,Uemrn B ypaBHeHH& .uorronHHTenhHhIX CineHOB. CIO.ua 0THOC.IITC& KO

ne6amrn, rrepHO,Uh! KOTOJ)h!X MHOro 6onhIIIe BpeMeHH, xapaKTepnoro .un.11: 3a

BepI1IeHirn ,UHCCHIIaTHBHh!X rrpoueccoB B O,UHOpO,UHOii cpe.ue. B 3TOM cnyCiae 

Bmrnm1e cpe,Uhl Ha Kone6aHH& Tena MO)KHO yCieCTh BBenenIIeM CHJibl TpeHHH, 

JIHHCHHO 3aBHCHIUCH OT CKOpOCTlf. 

iln.11: MH010MepHhIX CHCTeM o6o6meHHa& cnna TJ)CHH.11, COOTBeTCTBYIOIUa& K0-

op.uunaTe x;, 6yneT nuHei'iHoi'i <pyHKUHeii cKopocTII: 

f Tp ~ • 
i = - ~CXikXk. 

k 

Ko3<pq>IIUHeHThl Ojk onpe.uen&IOTC& IICKnIOCIHTenbHO CBOHCTBaMn cpenhl, a IIC

n0Jlh3YH cpencTBa CTaTIICTHCieCKOH q>II3IIKH, M0)KHO noKa3aTh IIX CIIMMeTpIICI

HOCTh no HHneKCaM. O6o6meHHhie CIInhI TpeHII& BeChMa opraHIICIH0 BnHChIBa

IOTCSI B ypaBHeHH& JiarpaH)Ka, ecnII BBeCTH TaK Ha3h!BaeMyIO nnccHnaTHB

HYIO q>yHKUHIO 

1~ .. 
F = - ~ a;,kXiXk 

2 i,k 
II onpe.ueJJIITh o6o6meHHh!e CIInhl B BIIne np0II3B0JlHbIX: 

J,:P = _ 8F 
• ax;· 

Tor.ua 3TH cnnhl npoCT0 no6aBn&IOTC& B npaByIO CiaCTh ypaBHCHIIH JiarpaH)Ka: 

d 8L 8L 8F 
dt8±; = ox; - ax;· 

IloMHMO 3TOH ponII, JlHCCIInaTIIBHa& ·<pyHKUII& IIMeeT cyruecTBCHHhIH q>II3HCie

CKHH CMhICn - eIO onpenen&eTC& IIHTeHCIIBH0CTh JllICCIInauIIII 3HeprIIII B CII

CTeMe. B 3TOM nerKO y6e,UIIThC&, no,UCCIHTaB npOH3B0.UHYIO no BpeMeHH OT 

3HeprIIII CIICTCMhl: 

dE d ( . 8L ) . ( d 8L 8L) · . 8F 
dt = dt LXi8x; - L = ~Xi dt8x; - 8x; = - ~Xi8x;· 

' ' ' 
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IIocKOJibKY JIHCCHIIaTHBHal! cpyHKUHl! - 1rna1waT11'11Ial! ct)YHKUlll! CKOJ)OCTC'fI, 

corrracHo TeopeMe 3fmepa 06 onHopOJIHbIX cpyHKUlll!X, rrorrr1ael\1 

dE = -2F 
dt ' 

- CKOJ)OCTb H3MeHeHJll! :meprHH CHCTeMbl BO BpeMCHII naeTCl! YJIBOeHHOII JIHC

cnnanIBHOII cpymn1neii. 3To COOTHOIIIeHJie IIOKa3b!BaCT, '!TO JIIICCHIJaTIIBJial! 

cpyHKUHl! - IIOJIO)l(HTeJibHO onpenerreHHal! 1rnanpaTl!'IIIal! 4iop11a, T.I,. JIIICCll

rraTHBHbJe rrpouecCbl Bcerna rrpHBOJll!T K yMeHbIIIeHHIO :rneprm1. 

Terrepb, no6aBHB o6o6meHHble CHJibl Tpemrn, Mb! 6e3 Tpyna Bbl!UIIIIel\! ypaB

HeHHl! MaJiblX KOJie6amu1 rrpn HaJIH'IHH Tpemrn B BHJie 

I)m;1.-.rk + O'.ikh + k;k:rk) = 0. 
k 

B OJIHOMepHoM crry-qae 

mx + a:i: + kx = 0 

HJIH IIOCJie nerremrn Ha m IIOJIY'IHM 

x + 2,\i: + wJx = 0, ~=2\ 
m 

k 2 
- =Wo
m 

- JIHHeH.HOe nncpcpepeHUHaJibHOe ypaBHeHne C IIOCTOl!HHb!MlI K03cpcpnuneHTaMH. 

CorrracHo rrpnHl!ThlM rrpaBHJiaM perneH11e Ta1rnx ypaBHeH1111 HIIJYT rroncTaHOB

Koii x = ert_ Torna nmc r- UMeeM xapaKTepncTH'!ecrwe ypaBnem1e 

r-
2 + 2,\r- + wJ = 0 

n o6mnM peIIIem1eM nncpcpepeHunaJibHoro ypaBHemrn 6yneT 

X = C1er,t + C2er21
, rne r-1,2 = -,\ ± ✓>- 2 - w5. 

Ilo Ilj)H'IHHe, KOTOpal! Bbll!CHllTCl! B xone naJihHefauero H3JIOiKCIIHll, A ua:31,1-

Ba!OT K03cpcpuuueHTOM 3aTyxamrn II, B 3aBHCHMOCTH OT ero 3Ha'!elllll!, 6yJICI\I 

pa3JIH'laTb Tj)H crry'lal!: 

( a) ). > Wo, Torna o6a 3Ha'!eHHl! r- BemecTBeHHbl H OTj)HUaTeJibHbI: 

x = C1exp[-(>. - ✓>- 2 - w5)t] + C2exp[-(>. + ✓>- 2 - w5)t]. 

B 3TOM crry-qae, Karna TpeHHe JIOCTaTO'IHO Bemmo, :r y61,rnaeT, aCHMIITO

TU'leCKU 11p116JIU)Kal!Cb K IIOJIO)KeHHIO paBHOBeCill!. Ta1wii THII JIBH)Ke!!Hl! 

Ha3bIBaJOT anepuonnqecKttM 3aTyxaHHeM. 
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( b) ,\ = wo- B ')TOM CJiy<Iae xaparnepllCTH'!eCKOe ypaBHenue HMeeT TOJibKO 

0111m 1wpe11b r = ->., a pernenne 1111cp4)epeHu11aJibHOro ypaBHeHIIl! HJ\!eeT 

Billi 

:r = (C1 + C2t)e-.\t_ 

11 BIIOBI, !\!I,) llJ)lllllJIJI I, arrepHOlUl'ICCl,O'.\IY 3aTyxamno (He 111\ICCT KOJie6a

TPJll,IIOl'O xapaKTepa.). 

( C) A < Wo, 8 3TO~! CJIJ'Iae IWJ)HII xapaKTepllCTl!'leCIWro ypaBI!eHUll IWM

UJieI,CHO corrpl!iKCHhI, a pernem1e nncpcpepenunaJibHoro ypaBHemrn 3arr11-

ChrnaeTCl! B BIIJie 

:r = Re{ Ae:rp(->.t + it ✓w5 - >.2 )}. 

BbIJieJIIIB nef1cTBIITCJ!bHYIO '!aCTb, IIOJIJ'IHl\1 

:r = ae-.\tcos(wi + a), w = ✓wa - ).2_ 

Ta.Kill\! o6pa301\1, B :nm, CJI_\''Iae JIBlliKfllllE' l\!OiKIIO pacntaTj)llBaTb Ka!, 

rapl\!OHH'IE'CKIIE' KOJie6amll! C 31,CflOHE'HUl!aJlbl!O y61,rna10mei"1 al\lIIJIIIT)'JIOII 

at,-.\/' J!Ha'IC rOBOJ)l!, KaK 3aTyxa10mne KOJJe6aHtt.ll, IIJ)ll'Iel\[ '!aCTOTa 

IWJJe6annii MCHbIIIC 'laCTOTbl CB060JIHblX IWJ1e6am111 B OTCJTCTBl!e Tpe

lllll!, a CKOJ)OCTb y6bJBaHUll al\1IIJIHTYJibl orrpenemceTCl! K034J4JIIUHCHTOJ\1 

3aTyxaHHl! >.. 

6. BbIHY:lK1IeHHbie KoJJe6aHtt.ll nptt HaJJnqnn TpeHH.11. IlorrycTHl\I, 'ITO na 

J\Iexanl!'IeCKYIO CIICTeMy' KOTOpal! COBeprnaeT 3aTyxa10m11e KOJie6amll! (1wJ1e-

6JieTCl! B cpe.ue C TpeHHeM), .uef1cTByeT HE'CTau110Hap11al!, T.e. 3aBl!CllIIJal! OT 

BpeMeHH, CHJia. IIpeJIIIOJIO)KUM, 'ITO 3aBHCHMOCTb 3TOII BHernHefr CHJILI OT ape

Menn 6y11eT crre11y10me11: 

J = Joe01 cos1 i. 

Ypamcemrn .uamKemrn 3a.Ua'!H B 3TOJ\1 crrpiae npnm1~1aioT an.u 

.. •), • 2 Jo ,t 
.r + -"·r + w0 .r = -e' cos,t 

m 

HJIH B y.uo6HOII .UJil! pac'!eTOB KOMITJieKCIIOII 3aIIHCH 

x + 2>.:i· + wi:r = Jo eat+i--yt. 
m 

Pernenue 3Toro ypaBnemrn ,1: = :z:0 + :r1 eCTh cyMJ\ta o6mero perneHlll! o.u

Hopo.unoro ypaanemrn, KOTopoe, KaK 113aecTno, nMeeT xapaKTep KoJie6annrc 

TOITbKO rrpu >. < w0 u HMeeT BHJI ,r0 = ae-·\1cos(wt + /3), r1Ie w = /wJ - ,\2
, 11 

[{aKOI'O-JIH6o '11\CTHOro J)ClllCHlll! HeO.UHOJ)O.UHOl'O ypaaneHHl! :r1, EyneM IICKaTb 
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'IaCTHoe pewemre neo.nnopomwro ypaa11emrn B Bir.ne .r 1 - Bt 01+ht_ flo,1craBI1B 

B IICXO,IlHOe ypaBHemre, IIOJlJ'lll1! 

B = Io 
m[w5 - "/2 + a,2 + 2o>. + 2i"((>. + o)] · 

flocKOJlhKY B - KmmneKcHal! aenwnrna, rrpe.ncraB111\1 ee B an.ne fl = bc;s. onpe

.nem1:,,1 b n 8. llnll ,roro 11eo6xo,n111\10 npe.ncraBHTh B B 061,Fmol\1 B1111e u + iv. 
no:-.rno;KnB qucJJHTeJJb H 3HaMeHaTCJlb B Ha BeJJII'!IIIIY, Ko:\!IIJJeKCIIO conpll

:tKeHHYIO 3HaMenaremo, Tor.na, IrnK H3BCCTHo, b = ✓u2 = v 2 , a tg8 = v/u.. 
Bb!,neJJHM 3aTeM BCWCCTBe11ny10 '!aCTh ,r1 II B J)C3)'JlhTaTe no;1y•11111 

x 1 = be01cos("/t + 8), 

r.ne 

b _ Io 
- mJ(w5 - "(2 + a,2 + 2o>.)2 + 4"(2 (>. + a,)2' 

tg8=- 2"((>.+o) . 
w5 - "/2 + a,2 + 2o>. 

KaK yMe 61,mo cKa3ano, o6ll!ee pewenne 3a,na<rn ecTb cyMMa x = ,1·0 + xi, 
o.nna,w o6ll!ee pewem,e o.nnopo.nnoro ypaBnemrn •Xo 3aTyxaeT co BpeMeHeM, 

fl03TOMY qepe3 .IlOCTaTO'IHO 6oJJbillOH rrpoMe;KyTOK BpeMCHH pewemieM 3a,naqn f 

6y,neT 

x = x 1 = be01cos("/t + 8). 

AMIIJJHTy.na Bhrny;K,IlCHHbIX KOJJe6am1f1 rrpn naJJnq11n TpeHI!ll rrpu COBrra.nemrn 

'!aCTOThl BbIHYM.UaIOll!eH CHJlbI 'Y c qacTOTOH co6cTBeHHhIX KOJJe6annH Wo pa

CTeT' HO He o6pall!aeTCll B 6ecKOHe'!HOCTb, KaK )TO 61,mo rrpn pe30Hance B 

OTCYTCTBHe Tpemrn. flpn 3a,nanno11. aMIIJJHTy.ne CHJJbI Io aMIIJJHTy.na KOJJe6a

HHH CTaHOBHTCll MaKCHMaJJbHOH rrpn qacTOTe 'Y = Jw5 - 2>.2 (.UJJll ynpoll!eirnll 

paC"lCTOB 3,IlCCb II .nanee rrpnMeM C\' = 0). 

PaccMoTpHM o6nacTb B6JJH3H pe3onanca 'Y = w0 + E (E « w0 ), 6y.neM cqnTaTb 

TaroKe >. << w0 , Tor.na 

"(
2 

- w5 = ("! + wo)("/ - wo) ~ 2woE, 2i"(>. = 2i>.wo, 

II03TOMY 

B= Io 
2mwo(E - i>.)' 

b = Io 
2mwo✓E2 + ).2' 

tg8 = ~ 
E 

IT pn ycTaHOBIIBWCMCll J:(BII;KeHHH 

X = bcos("(t + o) 
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3Hepnrn CHCTel\lbl OCTaeTCll HeH3MeHHOH. B TO ;Ke BpeMll CHCTeMa HerrpepbIBHO 

rrorJJOll!aeT :rneprHJO OT HCToqmrna BbIHYM.UaIOll!CH CHJlbI, KOTOpal! .UHCCHIIH

pyeTCll 6naro.napl! Tpe1rn10. Ecmr 0603naqnTh. rrocpe.ncTBOM I ("I) KOJIRtJeCTBO 

3Hepnm, rrornomaeMOll B cpe.nHeM B e.nnHIIUY BpeMeHHII, TO, KaK 6bIJIO IIOKa-

1a110 B rrpe.n1,1.nymeM nynKTe, 

I("!)= 2F, 

r.ne F ~ cpe.nnee 3a rrepuo.n 3Haqenne .nnccnrraTIIBHOH <l>YHKUHH. B o.nHoMepHoM 

rnr1ae F = ox2 /2 = >.mx2 nrru F = >.mb2
"(

2sin2 ("!t+8), Tor.na, nMell B Bn.ny, 

'ITO cpe.nnee OT rrna.npaTa cnnyca 3a rrepuo.n ecTh 1/2, nMeeM 

I("!)= >.mb2"f2
• 

flo.ncTaBHB cm.na Bbipa:tKeHne aMIIJIIITYJ:(bI KOJie6aHIIH B6JJII3H pe30HaHca, no-

rryqnM 

) fl _>.__ 
I(E = 4m €2 + ).2 

I/I(O) 

-i +i 

Pnc. 16 

TaKOH BHJ:( 3aBHCIIMOCTII rrorrromeHHll OT qacTOThI Ha3bIBaIOT ,rui:cnepcHOH

HblM. I(t:) MaKCHMaJJbHO rrpn c = 0: 

fl 
I(0) = 4m>.. 

TaKHM o6pa3oM, npn pe3oHaHce norrromeHHe Han6orrbluee, a npH yMeHbure

HHH K03q>q>HUIIeHTa 3aTyxaHHll pe3oHaJICHal! KpIIBal! CTaHOBHTCll y;r,;e H BbIUie. 

ITorryurupHHOH pe3oHaHCHOH KpHBoii Ha3bIBaIOT 3Ha"leHHe E, npH KOTopoM 

I(c) = I(0)/2. 

lb q>OPMYJibI .nrrll I(c) JierKo 3aMeTHTh, "ITO 3Ta uorryurHpnHa coBna.naeT c 

TIOKa3aTeJieM 3aTyxaHHll. 
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7. HapyrneHHe CHMMeTpHH npH KOJie6aHHHX B none CHMMeTpH'IHOro no

TeHQHaJia. B rrpn6rrmKeHHbIX K peaJibHbIM 3a_uaqa.x o 1mrre6amrnx rrnne{moro 

OCUIIJIJl5ITOpa IIOTeHUIIaJibHa5I 3Heprn5I rrpe.urrorraraeTC5I 3aBJ!C5III[e{1 TaJ,;Ke II OT 

.UOIIOJIHHTeJlbHblX rra.paMeTpOB, KOTOJ)ble Ha3b!Ba.IOT yrrpaBJI5I!Oll[lll\lll. Ilplll\lC'

poM Ta.KHX Korre6aHHll 5IBJI5IeTC5I .UBHA(eJrne B IIOTeHUHaJibHO~I IIOJie: 

kx 2 
1x 4 

U(x k)=-+-
' 2 4 ' 

"Y > 0. (60) 

IlorrmKeHHe paBHOBenrn onpe.uerrHeTCH Ka.K KopeHb ypaBHemrn 

( a.) 

(b) 

dU = kx + ,:r3 = 0. 
dx 

(61) 

IlycTb k > 0, Tor.ua (61) HMeeT e,UHHCTBeHHbll1 I<OpeHb :ro = 0, KOTOpbifl 

cooTBeTCTByeT rrorr?;KeHHIO ycToftq11Boro paBHOBenrn ~:~ lxo > 0. 

IlycTb k < 0, Tor.ua BMecTo (61) HMeeM 1 :z:2 =I k I c TpeMH 1<0pHHM11: 

X1,3=± /ITT y-::;-, d2U I = 2 I k I> 0, dx2 x1,3 
(62) 

X2 = 0, <i2U I = - I k I< 0. 
dx2 x2 . 

(63) 

U(x) 

Xz 
Xl X 

P11c. 17 

Bo BTOpOM crryqae B03MO)KHbl .UBa CHMMeTpH'!Hb!X IIOJIO)KCHH5I ycToftqnBoro 

paBHOBeCH5I X1 11 X3. IlpH nerrpepbIBHOM H3MeHe!IHH rrapaMeTpa. k OT IIOJlO)KH

TeJibHb!X 3HaqeHHll K OTpnuaTeJibHb!M IIOJlO)Keirne YCTOH'II1BOI'O paBHOBeC!lll Xo 

rrpeBpalil,aeTC5I B HeycToftqHBoe X2 H 3Ta neycTOllqfJBOCTb Hapyma.e_T CHMMe

T!)HIO, rrpncyIUyIO 3Heprnn B3a.HMo.ueftcTBH5I U ( x, k) = U ( -x, k), rrocKOJibKY 

rrpn .UBH)KeHHH C E < 0 qacTHUa MOA(eT OKa3a.TbC5I lIJllI B JieBOH,.HJIH B rrpaBOll 

IIOTeHUHaJibHb!X 5!Max. B OKpecTHOCTH TOql(H X3 rrpn .UBH)KeHHH C E < 0 

x(t) = x3 +a· cos(wot + a), -✓21 k I 
Wo- m 

pemenne He o6rra.uaeT CHMMeTpneft B3a.HMO,UeHCTBH5I. Ta.KHM o6pa30M, npH ne

pexo.ue rrapa.MeTpa (B .uaHHOM crrriae k) qepe3 KpHTH'ICCKOC 3Ha.'IC!n!C (3.UCCb 

106 

k = 0) IIJJOIICXO.UIIT Ka'IeCTBeHJia5I rrepecTpoiIKa CIICTel\lbl. :)ro 5IBJleHne Ha3bl

BaJOT 6mf>ypKaQHett. 

VIII . .IIBIDKEHHE B HEHHEPUHAJihHOM CHCTEME OTC9ETA. 
ITPHHUHIT3KBHBAJIEHTHOCTH 

Ka.K onpe.uerrHeTCH nemiepu11aJ1b11a51 cucrellta orctiera (HCO)? OrBeT na 3TOT 

Bonpoc B Ha3Bamm - mo6a5I CO, Koropa.51 ne y,noBJieTBOp5IeT orrpe.nerremuo 1rnep-

1111a.m,11011 CIICTel\lbl OTCl!eTa (11.CO), 5IBJI5IeTC5I HeIIHepuuarrbHO!f. 11.3 .nocTaT0'IHO 

6om,111oro 'rncrra. Ta1mro po.ua. ''orp11ua10IU11x" orrpe.uerreHnii Bh1.uerr11M o.uno - CO, 

B l(OTOJ)OII pa..unyc-BeKTOj) H30Jlllj)OBaHHOII '!aCTIIUbl He 5IBJI5IeTC5I mrne11:noi\ cpyHK

Hllell Bj)Pl\lC!III, Ha30BCM HCIIHCJ)Ulla.JlbHOl1. Ilorrpo6yeM Bbl5ICHI!Tb, J(a.KIIMII 6y.uyr 

ypaBIIeHIIH JlBmKemrn 'Ia.CTHUbl B HCO. IloHHTHo, 'ITO l\lbI He l\!OA(el\1 rroJib30Ba.TbC5I 

rrarpa.mKcBoii cpy1mu11e{1 

mv 2 

Lo= --0 
- U, 

2 
BIILl KOTOJ)Oll 6bIJI ycTa.HOBJleH c rrpIIBJle'IeHHel\l IIJ)IIHUIIIla. OTH0CIITeJibHOCTII, T.e. 

cyIUecTBeHJIO ucnoJib30Barra.cb 1rnepuna.rrhH0CTh CO. O.uHaKo ypa.BHeHirn JJarpaHA(a. 

6b!JlH IIOJl}"'IeHbl KaK CJJe,UCTBJ[e np1rnu11rra. nam.1eHbII1ero .uerkTBlrn, KOTOJ)blH ccjiop

r.1ym1p0Ba11 6e30THOCHTCJlbHO K co, II03T0M.Y rra.rpamKCBbl ypa.BHeHII5I .UBIDKCHII5I 

Hl\1e10T o.nnu u TOT ;,i,e Bll.U B 11.CO, 11 B HCO: 

!!__ a~ _ a~ = o. 
dt iJu 81· 

Ta.KHM o6pa.3oM, .UJI5I Toro qTo6u BhIImca.Tb ypa.Bnemrn .UBIIA(CHH5I B HCO, Heo6-

XO.UHM0 npeo6pa3oBa.Tb cpy1mu1110 J1arpauA(a.. Ilpo,nerrael\l 3TO B .UBa. 3Ta.na. Bo

rrepB1,1x, nepe11.ner.1 oT 11.CO I<u K HCO k, ,nBHA(JllJe11c51 OTHOCl!TeJibH0 /10 rrocTy

rra.TeJibHo, HO co C!Wp0CTblO, KOTOpa.51 5IBJI5IeTC5I IIj)OH3BOJlbHOH cjlyHKUHefi BpeMemr. 

5Icno, qTo 

uo = & + i\t), 
IIO.UCTa.BHB KOTopoe B Bb!pa)Ke1rne Lo, Hafi.ueM 

, m.v 2 mV2 ~ , 
L = - + -- + m V(t)v - U. 

2 2 

OT6poCHl\l BTopoe crra.raeMoe, KOTOpoe eCTh cjlyHKUII5I OT BpeMeHII II IT03TOMY 1IO)K('T 

6h!Th npe,ncTaBJieHa [(a.K IIOJl!Ia.51 rrpOI13B0.UHal! ITO BpeMeHII OT .npyrof1 cjlym,uun, n, 

3a.Me'ra.H, '!To mV(t)J + rnW(t)17 = d(mV(t),7)/dt, OKOH'Ia.TeJihHO 1IMee11 

'2 , 1nv ~ , 
L= 2 -mW(t)r-U, 
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r.ue IT'( t) - yrnopem1e rrocTyrraTeJibHoro ns1rn;e111rn CO k OTHOCJITe,11,110 /\"0 . IIon

cTaBirn :no Bb!pa;,i,em1e B ypaBIIeHIIe Jlarpa11,Ka, 110.,y'!II~I ypaBIICIIIIC J--lBlliKCl!II51 

'!aCTilllbl B /~': 

d~ [JU -
111- = --, - mlV(t). 

dt [Jr' 
l1TaK, yc1wpe1moe IIOCTyrraTeJibHOe LlBIIiKeHHe co pasnoue1mo llaJlll'llllO OJUIO]lO.[l

HOro CIIJIOBOfO IIOJI.SI, II!)H'IC~I ne(JCTB)'IOll!a51 B 3TOM IIOJJe CJIJia eCTb m If', Hanpa

BJJeHJie KOTO!)Oll rrpOTIIBOIIOJIOiKIIO nanpaBJJeHJIJO yc1wpemrn. :)Ta 1KBJ!HaJieHTIIOCTb 

0.[lHOponnoro CI!JJOBOro IIOJI51 HeJIHC]lUllaJII,H0CTH CHCTeMbl OTC'leTa njwp~1ym1posa11a 

3J°:iHIIITelll!O~I B BII.[le npIIHUllna 3KBl1BaneHTHOCTl1 II 5IBJJJJaCb 0.[lHIIM 113 Kpac

yroJlbHbIX Ka~rnefi IIOCTpoemrn pe:rnTJIBHCTCl(OII TC0pim THOTernrn - 061uer, Teopm1 

0TH0CHTeJibHOCTJJ. 

• IIp11Me<JaHIIe. Ilp11Hu11n 3KBI1BaneHTHOcT11. KaKoBa pcaKUH51 cpmw1e

cKott CIICTCl\lbl Ha B03.[leikTBI!e BHenrnero rpaBHTaUH0HHOro rromr'? OTBeT Ha 

3TOT BOIIJ)OC B o6mel\l BH.[le naeT 11J)l!HU11II 3KBIIBaJICHTHOCTII (II:)). Oc110-

BO!i II3 CJJYiKHT I'IIl10TC3a O paBeHCTBe IIIICJ)TH011 H rpaBnTaUHOHIIOll Mace 

(famrne(1, r1011reHc, HbIOTOH), nposepeH!Ia51 3KCIICJHIMCIITaJibII0 C 60JTbIIIOfr 

TO'IHO'!TbIO (Beccenb, '.)TBeIII, IImmc, BparnHcKm~1). YTBcp,KJJaeTC}I, '!To Hl1-

KaKoe BHellJHee CTaTll'IeCKOe l1 O.[(Hopo.n;Hoe rpaBIITaQI1OHHOe none He 

MO:lKeT 6bITb o6Hapy:lKeHO B CB060.[(HO na.naIQmeM nIIq>Te, nOCKOnhKY 

Ha6n10.n;aTenh, npo6Hble Tena l1 caM n11qiT np1106peTaIOT B 3TOM none 

O.[(IIHaKOBble ycKopeHIIH He3aBl1CHMO OT HX MaCCbl (m,rnepu. = mrpas.). 
3To HCTPYLlHO nponeMOHCT!)HJ)OBTb .[lJll! CHCTCMbl N qacnrn, LlBirn(yll!HXCl! c 

HepeJI5ITIIBl!CTCKHMll CKOJ)OCTl!l\111 IIO.[l LlCllCTBHCM CHJlbl F(ra - i'i,) H BHCIII

Hero rpaBHTaUHOHIIOro 110JI51. Ypa.BI!CIIH51 LlBHiKCIIl151 B nnepnnaJJbHO!i CHCTeMe 

OTC'IeTa (Ha6JJIO.[laTeJib K) HMC!OT BH.[l 

d2ra _ _ _ 
ma dt 2 =mag+ L F(ra - rb). 

b 

IIepe(meM B CB060.[lHO rrana10my10 OTHOClITCJlbHO K HCHHepIIHaJibllY!O Cl!CTCMY 

OTC'leTa (na6mo.naTeJJb /{) cornacno 

Torna 

:.._ - g-t2 
r-r--

2 ' i = t, 

d2ia :.. :.. 
ma-d 2 = L F(ra - rb)-

t b 

l1 TaK, Ha6n10naTeJJb K n ero cB060.n110 nana10mni\ KOJJJiera k He o6napy,KaT 

HHKaKHX pa3Jll1'1Hfr B 3aKOHax LlBH)KCHHl! 3a HCKJl!O'ICHHeM Toro, 'ITO K 6yneT 

qrnKcHpoBaTb ne(1cTB11e rpaBHTaIIno1111oro IIOJil!, a k ne 6yneT ero cpnKcnpo

BaTb - rpaBIITaUIIOHHaH cuna CKOMneHCIIpOBaHa HeIIHepuIIanbHOCTbIO 

Ha6n10.naTena. 
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Ilp1rnmm 3KBJIBaJieHTHOCTH YTBCp,KnaeT, 'ITO KOMIIeHcaum1 (T. e. 3KBHBa

JICHTHOCTb) rpaBIITaIIHOHHOH CIIJibl II CIIJibl HHepunn B03HHKaeT BO Bcex CB0-

6onno rranaIOll!IIX CIICTeMax OTC'!eTa He3aBIICIIMO OT Toro, OIIHCbIBaeTCl! JIH 

CHTyau1rn IIj)OCTb!MII ypaBHCHIIl!MII, rrpH 3TOM rpaBIITaUHOHHOe IIOJie .[(OJI)KHO 

6b!Tb CTporo 0.[lHO!)OLlHbIM. B HCO.[lHOpOLlHbIX HJIH MCH.ll!Oll!IIXC.ll co BpeMeHeM 

rpaBIITaIIHOHHb!X IIOJll!X TaKOll KOMIICHCaUHII HeT, onnaKO MO,KHO 0)1(!1.[laTb 

HX np116mDKCHIIOH KOMIICHCaUIIII, eCJIH orpaHH'IIITh pacCMOTpeHIIe HaCTOJibKO 

l\Ia.Jib!MH o6JJaCTl!MH npocTpaHCTBa H rrpoMe,KyTKaMH BpeMeHH, 'IT06bl II3Me

HCHH51 rpaBIITaUIIOHHoro IIOJil! MO,KHO 6bIJIO C'IHTaTh rrpene6pe,KHMO MaJihIMII. 

C rreToM 3Toro o6cTOl!TeJibCTBa rrepecppa3npyeM II8 cne.ny10ll!IIM o6pa3oM: 

B Ka:lK.[(OH TO'!Ke npocTpaHCTBa-BpeMeHII B npOII3BOnhHOM rpaBHTa

U:IIOHHOM none MO:lKHO Bb16paTb noKanbHO-IIHepu;uanbHYIO ClICTeMy 

OTC'IeTa TaK, 'IT06bl B .[(OCTaTO'IHO Manoii 0KpecTH0CTII paccMaTpH

BaeMOH TO'IKH qJH3II'IeCKHe 3aKOHbl IIMenu TaKyIO :lKe qiopMy, KaK II 

B HeycKopeHHbIX .neKapTOBblX CHCTeMax KOop.n;IIHaT. 

OTl\1en1M rny60Ky10 aHaJioru10 Me21<ny II8 11 aKCIIOMoii, K0Topy10 faycc rro

no;,1rnJI B OCHOBY CBOCll reoMeTpHH. raycc rrpenrroJia.raJI, 'ITO B OKJ)CCTHOCTII 

JII06oii TO'IKII IICKJ)HBJICHHOH IIOBepXHOCTII MO,KHO Ja,naTb .neKapTOBY CIICTeMy 

[(00!).[lIIHaT, B KOTOpott BbIIIOJIHl!!OTCl! COOTHOIIICHH.11 eBKJIH.[(OBOH reoMeTpIIII 

(11arrp11Mep, TeopeMa Ilncparopa). 

IIepe11neM Terrepb OT cncTeMbI OTC'!eTa f<, .n;BH,Kyll!eiicl! rrocTyrraTeJibHO c rrpoH3-

BOJibHOH cKopocTbIO V(t), K CO I<, KoTopal! IIMeeT o6mee c k 11aqano KoopmrnaT 

(T.e. f' = i) II BpamaeTCl! C 3aBHCl!ll!CH OT Bj)CMCHH yrJIOBOH CKOpOCTb!O O(t) 0THO

CHTeJlhHO o6mero Ha'!ana HCO k II I<. B 3TOM cnyqae 

&= v+ [n,rJ. 

IIoncTaBHB rrocne.n11ee B Bbrpa,KeHIIe LlJil! l, IIOJIY'IIIM o6mnii BHLl cpyHKIIHH Jla

rpa.m1rn '!aCTHUbl B rrpOH3B0JlbHOll HCHHepUHaJibHOH CIICTeMe OTC'!eTa: 

mv2 
- m • [Q,r'] 2 

-
L = -

2
- + m · v[O, r'] + 

2 
- mW(t)i- U. 

I!Jil! Toro 'IT06bl BbIIIIICaTh ypaBHCHIIl! .[(BII,KCHIIl!, Haii.neM IIOJIHbIH .n;IIcpcpepeHUIIaJI 

IIOCJie,nnero Bb!pa,KCHHl!: 

dL = mvdv + mdv'[Q,rj + m. v[n,df1 + m. [O,r'][Q,df1 - mW(t)di- !~di 

= mvdv + mdv[n, r] + mdr'[v, n] + m[[O, r']Q]di- mW(t)di - !~di, 

'ITO II03B0JI.lleT BbIIIHCaTh HCK0MOe ypaBHCHHe .[(BH)KCHH.11: 

dv dU - :.. - - -
m dt = - di - mW+ m[i, !1] + 2m[v', !1] + m[O, [r, !1]]. 
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IlepBbIII qJieH B rrpaBoi1 qacTn 3Toro ypaBiremrn - c1IJia, o6ycnoBJieHimll'. B3a1Il\!0-

.ue11cTBIIeM, OCTaJibHble cJiaraeMbie Bbl3BaHbl HeIIHepunam,I!OCTblO co H IIC'!e3aJOT 

rrpn nepexo.ue K MCO. IlepBoe TaKoe cnaraeMoe nponopunouaJibHO yc1mpem110 lV 
nocTynaTeJihHO .UBmKyIIIeikll'. HCO, BTopoe 06513auo CBOIIM nponcxo;K.ueHl!eM 1n111e

HeHnJO co BpeMeneM yrnoBoi1 cimpocTH BpaIIIeHirn HCO, TpeThe, nponopu11O11an1,Hoe 

nepBOll CTenem1 !1, Ha3b!Ba!OT !WpHOJIHCOBOll CHJIOll H IIOCJIC,Ullee - ue11Tpo6e:,1rnaa 

CHJia, nanpaBJieHHall'. B TIJIOCKOCTH, npoxo,Ul!IIIefi qepe3 r II !1, rreprrel!,Ul!KYJlllpHo K 

OCH BpaIIIeHHJl'., TIO BeJIH'II!He ona paBHa mp!1 2, r.ue p - paccTOJl'.IIHe OT OCII BpaUlCIIl!ll. 

PaccMoTpnM oco6o cnyqaf1 paBHOMepuo Bpa1ua10IIIef1rn CO, ue nMeioIIIeu rrocTy

rraTeJihHoro yc1wpennll'.. <J)ynKUHll'. Jlarpa1rnrn B TaKoii MCO 

1nv
2 

-["' ~ m. [D,f12 r L=--+m·VH r +-----'--'- - 'J 
2 ' 2 ' 

a ypaBiremrn .UBmKemrn 

dv dU - - -
m dt = - dr + 2m[v, !1] + m[D, [f, !1]]. 

Bbl'!HCJII1M 3HeprnJO B 3TOM cnyqae: 

-8L mv2 
- 2 E = v- - L = - - m · [!1 fl + U av 2 '· i · 

JinneMHb!M no !1 'IJICH OTCYTCTBYCT, T.e. H3MCHCHHC 3Heprnn, o6ycJIOBJ!CHHOC Bpa

IIICHHCM co, rrponcxo.unT 3a C'ICT ue11Tpo6e;1rnoii, HO ne KOj)HOJIHCOBOll CHJil,I. '.}ry 

,UOIIOJI!IHTCJibHYIO 3Heprnm Ha3b!Ba!OT UCHTpo6e;KHOM. 
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