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JleKUHH .sIBlliIIOTC.sI HlJIOJKeHHeM Kypca «BeKTOpHbIH H TeH30pHbIH aHaJIH3», 
KOTOpbIH B TeqeHne p.sma JieT qnTaeTC.sI cryneHTaM qJHJHqecKOfO !paKYJibTeTa Epe
BaHCKOfO rocynapcTBeHHOfO yttHBepcnTeTa. IlporpaMMa Kypca BilOJIHe COOTBeT
CTByeT ero BCilOMOraTeJibHOH ponn: OH C!IYJKHT BBeneHHeM, cnoco6cTByiomnM nyq
IIIeMY Y~BOeHHIO MaTeMaTnqecKHX MeTonoB KJiaccnqecKOH MeXaHHKH, 3JieKTponn
HaMHKH, nmponHHaMHKH H T.Il. lllJIOJKeHHe aeneTC.sI Ha nocrynHOM ~ cryneHTOB 
BToporo Kypca ypoaHe, B Tex cnyqa.six, Korna 3TO He npnaonnT K TpynHoCT.sIM, nc
noJibJyeTc.si COBpeMeHHblH MaTeMaTnqecKHH .sI3blK. OcHOBHOe .BHHMaHHe yneJI.sieTCSI 
Bbipa6oTKe BblqHCJIHTeJibHbIX HaBbIKOB, Il03TOMY HeKOTOpbie yTBepJKneHHSI IlpHBO-
MTCSI 6e3 noKaJaTeJibCTB. . 

Papoyan V.V. YHU:-2001-10 
Lectures on Vector and Tensor Analysis 

This is in fact the course of lectures «Vector and Tensor Analysis» that has 
been given at the Physics Faculty of Yerevan State University for a number 
of years. The programme of the course totally conforms to its subsidiary role - it 
serves as an introduction making comprehension of mathematical methods of clas
sical mechanics, electrodynamics, hydrodynamics, etc. easier. The presentation is 
simple for second-term students even when present-day mathematical terms are 
used. Main attention is paid to practicing computational abilities; therefore, some 
statements are given without proofs. · 
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I. BBe.n;eHHe 

I'eoMeTpHll B03HHKJia KaK 3KCIIC!)HMeHTaJibHal! HayKa B CBll3H C rrpaKTHqecKOll .ue

l!TCJ!bHOCTb!O .upeBHHX (rrocTpOil:Ka IIHpaMH.U, 3eMJieMepue H T.rr.). EBKJIH.U .UaJI 

reol\leTpHH aKCHOMaTimy, rrpeBpaTHB ee B o6'beKT qucTOro MhIIIIJieHHll, qTo B 6y.uy

IIICM II03BOJil1JIO KaHTY rrpHIIHCaTb IIOHllTHllM H IIOCTyJiaTaM CBKJIH,uOBOll reo.MeTpHH 

arrpnopHhiil: CMhICJI. AHTHqHhle H cpe.uHeBeKOBhre HaTypq>HJIOCOq>hI (IIToJieMeil:, Ko

rrepHnK, famrneil:, Kerrnep) cqHTaJIH rrpe.urroqTHTeJibHhIM HCIIOJib30BaTb reoMeTpH

qec1rne MeTO.Ub!. O.uHaKo, HaqHHal! C lleKapTa, KOTOpbill BBeJI IIOHJl:THe KOOp.UHHaT, 

reoMeTpHll CTaJia paccMaTpHBaTbCll KaK IIpHJIO)KeHHe anre6pbI. C TOro BpeMeHH 

B IIO.UfOTOBKe MaTeMaTHKOB-IIpHKJia.UHHKOB H oco6eHHO q>H3HKOB reoMeTpHH OTBO

,UHJiaCh BTopocTerreHHal! pOJib, IlpHqJIHbl TaKoro rro.uxo.ua, B03MO)KHO, KpO!OTCll B 

rny6oKOI1 y6elK.UeHHOCTH q>H3HKOB XIX H HaqaJia xx BeKOB B TOM, qTQ 3aKOHhI rrpH

PO.Ubl ,UOJI)KHbl 6bITb ccpopMynnpoBa_HhI B cpopMe, KOTOpal! II03BOJIXeT rrpe.ucTaBHTh 

HX B BIi.UC .um:pcpepeHUHaJihHhIX ypaBHeHHll. Ilo3TOMY ycHJIHll B OCHOBHOM 6bIJIH Ha

rrpaBJieHbl Ha n3yqeHHe orpoMHOro pa3Hoo6pa3HX aHaJIHTHqeCKHX MeTO.UOB peIIICHHH 

')TIIX ypaBHCHIIll. 

llBa .UOCTH,KeHHll Hay1rn HaIIIero CTOJieTHH BhIHY.UHJIH H3MeHHTh CKeIITnqeCKHll 

B3f Jlll,U Ha COOTHOUieHHe "aHaJIH3 - reoMeTpHH". IlepBoe - 3TO OTKpb!THH 8il:H

UITeil:Ha: KaK CIIeUHaJibHal!, TaK 11 o6maH TeopHH OTHOCHTCJihHOCTH .UOBOJibHO Ha

f JIH.UHO .ueMOHCTpHpyIOT, qTQ a,UeKBaTHal! HhlOTOHOBCKHM B033peHHHM CBKJIH.UOBa 

reo.MeTpHll l!BJilleTCll JIHIIIb' rrpn6JIH)KeHHeM K rrpaBHJibHOMY OIIHCaHHIO q>H3HqeCKOll 

KapTHHhl MHpa. BTophlM, BCJie.u 3a KapTaHOM, HBHJIOCb OC03HaHHe Toro Ba,KHOro 

cpa,KTa, qTo COOTHOUICHHC "reoMeTpHH - aHaJIH3" .UBJCTOpoHee: C O.UHOll CTOpOHhl, 

aHaJIH3 MO,KeT CJIJ,KHTh OCHOBaHHeM npH H3yqeHHH reoMeTpHH, a C .upyroil: CTO

J)OHhl, reo.MeTpHH ecTeCTBCHHhlM o6pa30M rrpHBO.UHT K pa3BHTH10 aHaJIHTHqeCKHX 

.MeTO.UOB H IIOHHTHll (.uncpcpepeHUHaJibHble cpopMhl, BeKTOphl KaK .UHq>cpepeHUHPOBa

Hlie, MHOroo6pa3HH, pacCJIOeHHH u T,rr.). MeTO.Uhl COBpeMeHHOll reoMeTpHH nrpaIOT 

Bee 6onee 11 6onee cymecTBCHHYIO pOJib B TeopeTnqeCKOll q>H3HKe KaK B CMhlCJie 

yrrpomeHHll MaTeMaTuqecKoro cpopMaJIH3Ma, TaK H B CMhlCJie yrJiy6neHHH BOCilpHH

THH <pH3HqeCKHX HBJICHHll. 8TO B03p0)K.UeHHe reoMeTpHH CKa3hIBaeTCH He TOJibKO Ha 

reoMeTpH30BaHHOll ITO cBoeil: cyTH Te0pHH rpaBHTaUHH, HO H Ha .upyrux pa3.uenax_ 

qJH3HKH, KOTOphle He HCTIOJib3JIOT reoMeTpHIO q>H3HqecKoro npocTpaHCTBa-BpeMCHH, 

a HCilOJib3J!OT reoMeTpHIO a6cTpaKTHhIX rrpocTpaHCTB ( TepMO.UHHaMHKa, raMHJibTQ

HOB cpopMaJIH3M, cyneprpaBHTaUll:H H T. n.). 

feoMeTpHH, C KOTOpoil: Mhl rrpHBhIKJIH HMeTb .ueno, - 3TO TaK Ha3hIBaeMal! "BHy

TpeHHHH" reoMeTpHH, HHaqe fOBOpH, 3TO reoMeTpHll, co.uep,KaHHe KOTOpoil: He 3aBH

CHT OT Bhl60pa TeX HJIH HHhIX KOOp.UHHaT. B qacTHOCTH, BHyTpeHHHX reoMeTpHH 

IIJIOCKOCTH He 3aBHCHT OT TOro, KaKHM o6pa30M B Hell npoBe.UCHhl KOOp.UHHaTHhIC JIH

HHH, COBepIIIeHHO HecymecTBCHHO, l!BJIHIOTCH JIH OHM KpHBOJIHHCHHhIMH HJIH .ueKap

TOBhIMH. Boo6me fOBOpH, BHyTpeHHIOIO reoMeTpHIO rrpocTpaHCTBa C COOTBeTCTBy

!OIUHMH reoMeTpuqecKHMH o6'beKTaMH M0)KH0 TI0CTp0HTh, He ITOJih3YHCh II0HXTHeM 

rmop.UHHaT. TaKOll no.uxo.u anpuopH K0BapHaHTeH (cM. HH,Ke), 0.UHaKO npaKTHqe-
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CKH Heyno6eH, II03T0MY o6hiqHo BB0)lXT K0opnn:HaThI, conocTaBJIXX KaiK)lOll T0'!Ke 

rrpocTpaHCTBa HeK0Topoe qn:cJI0. Ilpn: 3T0M lIHTYHTlIBH0 XCH0, qTo K00pJlHirnT

HaH ClICTeMa - 3T0 BCil0MoraTeJihH0e cpencTB0, Bb16op K0T0poro B JiyqrneM cJiyqae 

yrrpomaeT BhlqHCJieH1rn, a pe3yJihTaTbI BhlqHcJieHHll He )l0JiiKHhl 3aBHCeTb OT Toro, 

B KaKHX 1mopnnHaTax 0HH BhIII0JIHeHb!. 

<P. KJieiIH, a BCJien 3a HHM n: A. 81rnnITeiIH 11cxon11JI11 H3 noMHHnpyiomero ceuqac 

y6eiK)leHHX, qT0 Q)ll3HqecKn:e BeJin:qn:Hhl )l0JiiKHhl 6b!Th npencraBJieHbl B BH)le C00T

BeTCTBYIOIIIHX reoMeTpn:qecKHX ofo,eKTOB, a 3aK0HhI Q)ll3HKH - B BH)le ypaBHeHlIII, K0-

T0pbie XBJIXIOTCX orrpeneJieHHh!Mll reoMeTpnqecKHMll YTBepiK)leHHXMH 0TH0CHTeJibH0 

3THX o6'beKTOB. <Pa3aqecKne XBJieHirn He MoryT 3amrceTh OT crroco6a onn:caH,rn, rro-

3T0MY Bb!6op rmopnaHaT He )l0JI)KeH BJIHXTh Ha conepiKaHne Q)H3H'IeCKOro 3aimHa, 

n, cJienoBaTeJihHo, ypa6ueuu.H, ompaJ1Ca1014ue coJepJ1Cauue ifiuau'-lecx:oii JmwuoMep

uocmu, 3anucauubze 6 6uJe coomuoweuuu MeJ1CJy zeoMempu'-lecx:u.1,iu 061,e'l.:ma.Atu, 

npu Jonycmu.1,1b1x npeo6pa3o6auu.Hx x:oopJuuam ue JoJZJ/CUbZ Meit.Hmb c6oii 6uJ, Jpy-

2UMU CJl06aMu, 60 6cex cucmeMax x:oopJuuam 3,nu ypa6ueuu.H JoJ1J1CUb1 uMemb 0Ju

uax:06y10 ifiopMy. BbJ)leJieHHOe KypcHB0M C0CTaBJIXeT conepiKaHne npn:HQMIIa K0-

Bapn:aHTH0CTM, B naJibHeiirneM llCil0Jih3YeMoro B KaqecTBe 0)lHoro H3 0CH0BHh!X 

rrocTyJiaT0B. 

UeJib HaCT0XIIIero Kypca C0CT0HT B ll3JI0iKeHHH 0CH0B BeJ(T0pHoro lI TeH30JHIOro 

aHaJia3a B o6'beMe, Heo6xo)lllMOM CTyneHTaM-QJll3HKaM, rrpn 3T0M B norrycTHMOII )lJIX 

CTyJleHT0B BT0poro rona o6yqeHllX CTeneHH Mhl Ilh!TaJIHCh HCil0Jih30BaTb TepMI!Hhl 11 

IT0HXT11X COBpeMeHHOll reoMeTpllH. Ilo Mepe B03MOiKH0CTl1 MaTepaaJI npeno)lH0CHTCX 

B )lOCTYITHOll ¢opMe, HHorna 3a cqeT MaTeMaTnqecKOll CTp0r0CTll. 

II. OcHOBHhie rroH.SITIUI II orrpe,ll;eJieHII.SI 

1. OTo6pa)KeHn:e. Onepa1111x (npaBHJio), K0Topax BCXK0MY 3JieMeHTY onHoro 

MH0iKeCTBa CTaBl1T B C00TBeTCTBHe HeKOTOpb!ll eJuucm6eUUbl'U 3JieMeHT npy

I'0I'0 MH0iKeCTBa, Ha3bJBaeTCX OTo6pa)KeHMeM (cM. p11c. 1). BhlcKa3b!BaHne 

"3JieMeHT MH0iKeCTBa B, KOTOpblll II0JiyqaeTcX 113 3JieMeHTa MH0iKeCTBa A np11 

OTo6paiKeHl1ll J, o6o3HaqaeTCX CHMB0JI0M f( a)" B KpaTKOII 3an11c11 HMeeT BH)l 

f: A-+ B;a rot f(a),a E A,f(a) EB. 

Ilp11Meph1: 

(a) OT06paiKeH11e g, cocToxmee B ynBoeHHH q11ceJI Ha oc11 x, g: R-+ R; x f-t 

2x. 

(b) O6h!qHax BemecTBeHH03HaqHax QJYHKIJHX Ha R, f: R-+ R;x f-t f(x). 

Pn:c. 2 Il0Ka3bJBaeT' qTo OT06paiKeHHIO f C00TBeTCTByeT e)lHHCTBeHHblll 

3JieMeHT f(x) )lJIH KaiKnoro X E R, HO B0BCe He o6uaTeJibHO, qTo6bl 

Ka)K)l0MY X C00TBeTCTB0BaJI0 e)llIHCTBeHH0e f(x). Ha pncy1me x 1 11 :r2 

OT06paiKaIOTCX B 0)lH0 11 TO iKe 3HaqeH11e f(x 1 )=f(x2
). 
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A 

a, 

a2 

Puc. 1 

f(x) 

'~ 

x' x' X 

Puc.2 

3aMe'!aHn:e 1. B o6meM cJiy'!ae roBopxT 06 oTo6pa;Kemm II3 M B N. Ecm1 

;1,e !(a)K,Uax ToqKa !13 N HMeeT npoo6pa3 B 1\1, TO I'OB0pXT 06 OT06pa)KeHIIH H3 

M ttaN. 

3aMe'!attn:e 2. Ilpeo6pa30Bam1e KoopmrnaT - 3T0 0T06paiKem1e MHOiKeCTBa 

Ha ce6x. Ilprrne.ueM npHMepb! HeCK0Jihl\llX '!a.CT0 HCil0Jih3j'eMb!X npeo6pa30Ba

HHll: 

(a) pacT.H)Kettn:.H: (:r,y) rot (k:r,ky); 

(b) II0BopoTbl: (x,y) f-t (,rcosc.p+ysinc.p,-xsinc.p+ycosc.p); 

(c) CJlBMrn:: (x,y) f-t (ax,y/a). 

3.uecb k, <.p, a - napaMeTphl npeo6pa30Baunf1. 

2. I'pynna. MHoiKeCTBO 3JieMeHT0B 1\1 06pa3yeT rpynny, ecm1 B 1\1 onpe.ueJieHa 

rpynnoBax onepa11Hx, ImTopax 1rniK,Uo1'1. nape 3JieMeHT0B a, b E Al craBIIT B 

C00TBeTCTBHe 3JieMeHT CE 1H: 

Al-+ M; (a,b) rot c =a* b. 

Ilpn 3T0M ,U0JilKHhl Bh!Il0JIHXThCX CJie.uy1omue aKCII0MbI: 
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(a) accounaTHBHOCTb: 

(a*b)*c=a*(b*c); 

(b) cymecTsosamre e.11:irnwmoro 3JieMeHTa: nm1 Va E AI:le - nesaH ennmma, 

TaKaH, qTO 

e *a= a; 

(c) cymecTBOBamre o6paTHoro 3JieMeHTa: nnH Va E A--f:Ja- 1 
- nesblfi o6paT

Hbili 3JICMCHT, Ta1wfi, qTo 

a- 1 *a= e. 

3naqoK "*" CIIMBOJIII3HpyeT rpymrosyIO orrepaUHIO, KOTopaH, B qacTHOCTH, MO

iKeT 6bITb CJIOiKCHI1eM, YMHOiKCHHCM mm JII060I1: npyroi:'i fornapHoi"r orrepaunefi. 

fpyrrrrosaH orrepaUHH orrpenenHeT npH3HaK rpynrrhI, 3To O3Ha'!aeT, qTo HeKo

Topoe MHO,KCCTBO l\!Oil(CT 6b!Tb rpyrrrrofi OTHOCHTe.Jib!IO J(OHKpeTHOll rpynnosofi 

onepau1rn n He 6yneT rpyrrrroii OTHocnTeJibHo npyrof1 rpynrrosoii orrepaurm. 

Ecmr rpyrrrrosaH orrepau11H TaKOBa, qTo 

a* b = b * a, 

rpynrra Ha3bIBaeTCH KOMMyTaTHBHOH HJIH a6eneeoii. 

llpnMepu: 

(a) MHOiKeCTBO neficTBHTeJibHbIX qnceJI 06pa3yeT a6eJieBy rpynrry OTHOCH

TCJibHO CJIOiKCHl1H, enHHH'!HbIH 3JICMeHT 0, o6paTHbIH I( n 3JieMeHT " - n". 

(b) KsanpaTHbie HeBblpoiKneHHhie ( c orrpeneJI11TeJieM, He paBHhIM O) MaT

pHUbI o6pa3yIOT nea6eneBy rpyrrrry. fpyrrrroBaH orrepau11H - YMHOiKen11e 

MaTp11u, enrmnqnbIH :ineMeHT - en11n11qnaH MaTpnua, o6paTHbii1: :ineMeHT 

- o6paTHaH MaTpnua. 

3. JlHHeiiHoe npocTpaHCTBO. JlnHeHHhIM rrpocTpaHCTBOM V Han rroJieM H 
( 06bJqHo Han ITOJieM neHCTBHTCJibHhIX HJIII KOMITJieKCHbIX qnceJI) Ha3bIBaeTCH 

MHo,KecTBO, cHafoKennoe BHyTpeHnefi 6nnapHofi orrepau11e!1: V x V ➔ V 

(a,b)f-ta+b 

11 BHerrrnei1: 611HapHofi orrepau11efi H x V ➔ V 

(k,a) f-t ka, 

KOTOpbie ynoBJieTBOpHIOT CJieny10m:nM aKCHOMaM: 

(a) CJIO)KCHHe 3JICMCHTOB rrpeBpamaeT MHOiKCCTBO VB a6eJieBy rpyrrrry C en11-

H:nqHhIM 3JICMeHTOM O 11 o6paTHhlM I( a 3JICMCHTOM" - a". 

4 

( b) yMHO;1..eHne a E V Ha 3JieMeHThI rrom1 H ynHTapHo: 

l*a=a 

11 accounaTHBHO: 

n(ma) = (nm)a;Vn,m EH. 

( C) CJIO)KCHl1e H YMHOiKeHIIe CBH3aHh! 3aKOHOM ,ll;HCTpH6yrHBHOCTH:. 

n(a1 + a2 ) = na1 + na2; (n1 + n2)a = n1a + n2a. 

llpnMephr: 

( a) MHO)l(eCTBO Bcex BCKTOJ)OB Ha IIJIOCKOCTH HJIII B 3-MepHOM rrpocTpaHCTBe. 

(b) MHoiKeCTBO Bcex BemecTBeHHblX HenpephIBHhIX <PYHKUHH f(x), onpene

JieHHblX na IIHTepBMe a :::; x :::; b. 

(c) MHOiKeCTBO Bcex KBanpaTHblX MaTpIIU, rrp11qeM BHyTpeHHHH orrepau1rn -

3TO IIOKOMIIOHCHTHOe CJIOiKeHile, a BIICIIIHHH - IIOKOMIIOHCHTHOe YMIIO)l(e

HIIC Ha q11CJIO. 

(d) HyJibMepHoe npocTpaHCTBO: MHOiKCCTBO, COCToHmee H3 onHoro 3Jie

MeHTa V = [OJ. 

4. JlHHeHHhle onepaTophl. IlycTh A II B- JIIIHeHHble rrpocTpaHCTBa. foBopHT, 

qTo Ha MHOiKeCTBe ~ C A 3anan onepaTop j co 3uaqenIIHMII B B ( orrepaTop, 

ne1lCTBy10mnr1 113 ~ B B), ecJIH Va E ~ ITOCTaBJieH B COOTBCTCTBHe 3JieMeHT 

b = ](a) EB. 

MHOiKeCTBO ~ Ha3b!BaeTCH o6JiaCTblO onpe,11;eJieHHH J, a COBOKYIIHOCTh Bcex 

3JieMeHTOB b Ha3bIBaeTcH o6naCTbIO 3Haqen:nii J :n 0603naqaeTCH R1 (R) ~ B. 

Ecn:n ~ HBJIHeTCH JIIIHCHHbIM rrpocTpaHCTBOM H ,ll;JIH mo6bIX a1' a2 E ~ H 

G1, G2 E H BhIIIOJIHHCTCH 

}(a1a1 + a2a2) = a1J(ai) + a2J(a2), 

TO onepaTop Ha3b!BaeTCH Jil'IHeHHbIM II o6blqHO 3aIIIICbIBaeTCH B B:nne 

J(a) = Ja. 

Ecn:n o6nacTh 3HaqeHIIH orrepaTOpa J - q:ncnoBaH ocb, TO orrepaTOp Ha3bI

BaeTCH q>yHKUHOHaJioM, a ecJIII rrp:n 3TOM TaKiKe 11 o6nacTh ero onpe.11:ene

HIIH HBJIHeTCH q:ncJIOBbIM MHOiKCCTBOM, TO orrepaTop j Ha3bIBaeTCH q>yHK
u:neii, B qacTHOCTH, ecJIH A - MHOiKeCTBO BCeBO3MOiKHbIX CHCTeM H3 n q:nceJI 

( G1, ... an,), COCTaBJIHIOmIIx MHOiKCCTBO En, TO j Ha3bIBaeTCH q>yHKUHeH n 
nepeMeHHhlX, a rrpocTpancTBO En - n-MepHbIM apHq>MeTH'IeCKHM npo
CTpancTBOM. 
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5. Koop.z:ui:uaThl, .uonycTHMhle cucTeMhl Koop.uunaT. Ka;,i,;.uoMy cp113w1ec

KOMY co6hlTHIO B MaTeMaTH'feCKOH MO.[leJUI peaJibHOfO MHpa, B paccMaTpI!Bae

MOM KJiaCCH'feCKOH qJH3llKOH rrpn6Jrn;i.;eHmI, COIIOCTaBJUieTOI apuifjMemu'l/,eC'X:UlI 

n-mO'l/,'X:U (o6bI'fHO n = 4): 

• apuifjMemu'l/,eCX:Oil n-mO'l/,1.0U Ha30BeM yrropl!.UO'feHHYIO CHCTeMy 11'3 n .ue(I

CTBHTeJibHbIX 'fHCeJI 

[ .il _ ( I .2 ·") x - x,x, .... t. 

• apuifj1,iemu'l/,ecnoe npocmpaucmBo n u31,iepeuuu: MHmKeCTBo Bcex apmp

MeTH'!eCKHX TO'feK .[lJIJ! .uaHHoro 3Ha'feHHJ! n Ha3oBeM ap11qiMeTH'feCiiHM 

rrpocTpaHCTBOM n ll3MepeHHH. 

• n-ny6 C -qeumpoM 6 mO'l/,'X:e Xo - MHO)KeCTBO BCeX TO'fel( apHqiMeTH'!ec1mro 

rrpocTpaHCTBa n ll3Mepemifi, 3a.UaHHhlX HepaBeHCTBaMH 

!xi - x~I < o, o > 0. 

• n-o6J!aCmb: MHOMeCTBO apnqiMeTH'feCKHX TO'feK [x] Ha3oBeM n-o6JiaCTbIO 

B TOM ll TOJibl(O B TOM CJiy'!ae, Kor.ua Ka)K.[laJ! TO'!Ka X J!BJIJ!eTCJ! ueHTpOM 

HeKoToporo n-Ky6a, co.nep;,i,;amerocl! B [x]. 

B3aHMOO.UH03Ha'!HOe COOTBeTCTBHe IIO.UMHOMeCTBa cpH3H'feCKHX co6bITHH C ap

llqJMeTH'feCKOH n-o6naCTbIO BIIOJIHe orrpaB.[laHO B rpaHnuax rrpnMeHHMOCTll 

KJiaccn'feCKofi qJH3HKH H Ha3hIBaeTcl! cucme1,wu noopau11,am (CK). Ba;KHO rro.u

'!epKHYTh, 'ITO HeT Heo6xo.nHMOCTll n OCHOBaHHH Tpe6oBaTb HaJIH'fHJ! rno6aJib

HOH CK .LlJIJ! Bcero qiH3H'!ecKoro MHpa, TaK ;,r,e KaK 11 Tpe6oBaTb c!nnwwcKOJ1: 

3Ha'!HMOCTH Bcex TO'feK apHqiMeTH'feCKoro n-rrpocTpaHCTBa. llocTaTO'fHO ro

BOpHTb O COOTBeTCTBHH IIO.UMHO)KecTB. 

Borrpoc o TOM, KaK 3a,naeTCJ! CK, HeCOMHeHHo qJH3H'feCKHfi, HO He MaTeMaTn

•recKnfi. Ecnn KaKHM-Jin6o crroco6oM -3a.naHa o.uHa CK [xi], TO, orrpe.ueJIJ!J! n 
qiyHKUHH Fk( xt MO;KHO rrepefiTH K .npyrofi HyMepaUHH TO'feI(, T.e. I( .upyroii 

CK: 

il = Fk(xi) = ik(xi). 

O.uHaKO !13 Bcex B03MOMHb!X CK, KOTOpbre MO)KHO IIOJIY'fHTb TaKHM o6pa30M, 

qJll31IKH llCIIOJib3YIOT TOJibKO aonycmUMble CK. Orrpe.ueneHHJ!, KOTOpb!e rrpn

BO.UJ!TCJ! Hll)Ke, IIOJ!CHJ!T 3TO IIOHJ!Tlle: 

• ifjyun-quJI X:J!acca· u: qiyHKUHIO F(x1, x2, ... xn), orrpe,neJieHHYIO .LlJIJ! Bcex TO

'feK apnqiMeTH'!ecKofi n-o6nacTn [x], Ha3oBeM q)yHKunefi rwacca u, ecm1 

OHa ll ee rrpOH3BO.UHbie rropl!.UKa :S U cymecTBYIOT H Herrpepb!BHbl B Ka

)K.[lOH TO'!Ke [ x] o6nacTn ( u > 0 - n106oe, o6hI'fHO u 2:: 2 ) . 

• npeo6pa306U'llUe 'X:J!acca u: COOTBeTCTBHe, rrpn KOTopoM apnqiMeTn'!eCKOH 

n-o6JiaCTH [x] COIIOCTaBJIJ!eTCJ! HeKOTOpoe MHO;KeCTBO [i] rrpn IIOMomn n 

6 

C!)YHKUHH KJiacca U x1(x ), x2 (x ), ... in(:r), Ha3bIBaeTCJ! rrpeo6pa30BaHHeM 

KJiacca u 
[.r] >-+ [i]. 

• JI1w6uau: MaTp11uy 

( 8x' /Ox' f);i 1/8x2 
DX'/Ox" ) 

\'i = 8P/8.r
1 8:i:2 /8J,2 8i?~xn 

- J ••• 

axn/8x 1 a '"/a 2 8i"/8xn .r X 

11a30Bel\1 .HKo6tteBoM MaTpttQeii rrpeo6pa3oBamrn 

.i-; = ,itrj), l,J = 1,:2, ... 71, 

a ee orrpenem1TeJib detXj - J1Ko6uanoM 3Toro rrpeo6pa3oBamrn. 

• pe2yJt1Ip11,oe npeo6pa3oBauue 'li,iacca u: rrpeo6pa30Ba1rne apnqiMeTn'fe

CKOJ1: 7!-06JiaCTll [x] Ha3hlBaeTCJ! perynl!pHb!M KJiacca ll Tor.ua II T0J!bKO 

Tor.ua, 1mr.ua OHO B3aHMHO 0.[lH03Ha'IH0 H ero J!IW6HaH He o6pamaeTCJ! B 

Q HH B 0.[lH011 T0'!Ke [J,j. 

• aonycmuJ.tbte CK: MHO)l(eCTB0M norrycTHMhIX CK Ha3oBeM coBoKyrrHocTh 

CK, KOTOpbie rrony'!eHbI H3 qiII3H'!ec1rn 3a.nan11011 CK rrocpe.ncTBOI\I BCe

B03MO)!(HhlX peryJil!pHhlX rrpeo6pa30BaHlIH 

ii = ,ftti). 

11TaK, Ka)!,,UOll T0'!Ke neKOToporo rrpocTpancTBa COIIOCTaBJllleTCJ! yrropl!.Ll0'!eH

Hbll1 Ha6op 'IHCeJI :rk(k = l. .. n ), KOTOJ)ble Ha3b!BaK)T KOop.nuuaTaMH. Pa3-

llb!M To•maM COOTBeTCTBYIOT pa3Hble na6opbl, COBrra.naIOIUJie TOJibIW B cnyqae 

C0Brra.uemrn TO'leI<. l.JucJIO KOOp.UHHaT 7! o6b!'IIIO na3bIBaIDT pa3MepHOCTblO 

npocTpaHCTBa. Ecm1 c rrn1wf'1-m160 T0'!1m11 npocTpaHcrna, narrp11Mep P, 
CBJ!3aHa COBOKYIIHOCTb 'IHCeJI xi, TO C 3TOH )Ke TO'IKOH MO)!(HO CBJ!3aTb rmyro 

COBOKYIIHOCTb, HarrpHMep ik. IlocKOJibKY o6e COBOKYIIH0CTII OTH0CJ!TCJ! (mm 

OIIHCb!BaJOT) K O.[lHOl1 u TOH )!,e TO'!Ke, TO l\le)!\,ll}' Hill\lll .UOJI)l(H0 cymecTB0BaTh 

q)yHKUHOHaJibHOe COOTHOIIIenne 

P ( i) p ( •k) i i( •k) ttx; ttx ==>x=x:r, 

KoTopoe Ha3hlBaIDT npeo6pa30BautteM Koop,nuuaT (1mn oTo6pa:iKeutteM). 

Ecm-r Ha,neJIIITh KOOp.UIIHaThl crreunaJibHblMH CBOf'ICTBal\lH, TO TeM caMhlll·I !\!bl 

onpe,neJIHM nm npocTpancTBa. HarrpnMep, ecJIH 

(a) Ka)!,,UOM: TO'!Ke COOTBeTCTBYIOT TpH KOop.n1rnaTbl (:r 1,,r2,,r
3

), 
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(b) pacCTmrnHe Me)Kny TO'!KaMH P(x1,x2,x3) n Q(y1,y2,y3) ecTb 

z2 =(xi_ y1)2 + (x2 _ y2)2 + (x3 _ y3)2, 

TO rrpocTpaHCTBO Ha3h!BaeTCJl TpexMepHb!M .n;eKapTOBbIM, a KOopnH

HaThl - neKapTOBhlMif. 

6. BeKTopbI. IIpocTeihnue npe.n;cTaBJieHHH. O6hI'IHO c TO'!KaMif neKap

ToBa rrpocTpaHCTBa yno6HO CBJl3b!BaTb BeKTOpbl. IlycTb TO'!Ka O - Ha'laJIO 

KoopmrnaT, Torna HarrpaBJieHHhli:'i OTO K TO'!Ke P oTpe30K Ha30BeM panuyc

BeKTopoM, a KoopnHHaTbl P(x 1, x 2
, x3) - KOMDOHeHTaMM (HJIH Koopnirna

TaMH) 3TOro BeKTopa. 

x2 

a2 a 

a' 
x' 

PHc. 3 

PacCMOTpIIM HeCKOJibKO rrpHMepoB Ha IIJIOCKOCTH x 1x 2 • BcJIKHfI BeKTOp a 
MO)KHO pa3JIO)KlfTb Ha nBe COCTaBJIJIIDIUHe B rrpJIMoyroJibHOH CHCTeMe Koop-

,ll;HHaT TaK, 'ITO 
..., 1 ➔ 2-
a = a k1 + a k2 . 

B KOcoyrOJibHhlX KOopnHHaTax TaKoe pa3JIO)KeHHe, KaK BlfnHo H3 pHC. 4, 
MO)KHO npoBonHTb nBOJIKO, 

Xl 

a1 a1 x' 
PHc. 4 

KaK H npe)l(ne, no a1 H a 2, TaK H C IIOMOIUbID opToroHaJibHb!X rrpoeKllHH Ha OCH 

a1 II a2. B o6meM cnyqae 

8 

" - '°'( ;-) - i-a = ~ a e; = a e;, 
i=I 

ai == aei, i = l...n. 

Ha30BeM ai KOHTpaBapttaHTHbIMH, a; - KOBapttaHTHbIMM KOMIIOHeHTaMif 

BeKTOpa a, a e1.,,en - BeKTOpHbIM 6a3MCOM KOopnHHaTHOH CHCTeMbl. 3necb 

u B naJibHefnneM 6yneM rrpnnep,KIIBaTbCJI rrpaBirna cyMl\,rnpoBaHHJI no nBa)Knhl 

IIOBTOpllIDIUifMCJl HHneKCaM, onHH If3 KOTOpb!X 3aHHMaeT BepxHee (KOHTpaBa

pnaHTHb!H 1rnneKc), a npyroii - Hlf)KHee (KoBapHaHTHhlli HH,ll;eKc) IIOJIO)KeHHe. 

Pa.cn,mTpHM naJiee KpHBOJIHHeirHyro CHCTeMy KoopnHHaT z 1 , z2
, z3 • By.n;eM 

C'IHTa.Tb panHyc-BeKTOp r = r(z1,z2,z3
) nmpq>epeHllHpyeMOH q>yHKllHeH KO

opnIIHa.T. BeKTOp 8r/8z1 
J(a.CaTeJieH K KOopnIIHaTHOli JIHHI!If z1. 

XJ 

kJ---t 
2 

X 
k2 k, 

/ 

x' 

PIIc. 5 

Ta.KUM o6pa30M, B Ka,Knoir TO'IKe rrpocTpaHCTBa MO)KHO BBeCTH Tpoil:Ky BeK

TopoB e; = 8r/{)zi(i = 1, 2, 3), KOTOpble MO)KHO IIpHHJITb B Ka'!eCTBe 6aJHCHbIX 

BeKTOpOB rrpl! ycJIOBl!H HX HeKOMITJiaHapHOCTH. 

y CJIOBHJI HeKOMIIJiaHapHOCTH BeKTOpOB 8-r/ {)zi' Kai( H3BeCTHO, l!MeIDT BHn 

rne 

xii-

detXJ-/- 0, 

( 

8x1/8z1 8x1/8z2 
8x2 / {)zl 8x2 / {)z2 
8x3/8z1 8x3/8z2 

- HKo6tteBa MaTpm~a npeo6pa30BaHMH 

xi = xi(z1, z2, z3
). 

Q 

8x1 /fJz3 ) 
fJx2/fJz3 
fJx3/fJz3 



CornacHo H3BeCTHofi: TeopeMe o He51BHhIX <pyHKUmix, ecmi: detXj =f 0, TO cy

mecTByeT TaK)Ke o6paTHoe rrpeo6pa3oBaHHe 

zi = zi(x1,x2,x3
) 

C l!K06IIeBOII MaTpHuefi: Zj = ( azi I 8xi) H C OTmiqHh!M OT HYJill l!K06HaHOM. 

liTaK, ecm1 BhIIIOJIHeHo ycnom1e detX} =f 0, B Ka,Knofi: ToqKe rrpocTpaHCTBa 

cymecTByeT CBll3aHHhlll C KpHBOJIHHefi:Hofi: CHCTeMOII 1mopn1rnaT 6a3HC 

e; = 8r/8xi, 

KOTOpbifi: MeH5leTCll OT TOql(H K TQql(e II II03TOMY Ha3hJBaeTCll JIOKaJibHbIM, 
rrpnqeM 

e; = x{fj, - i-k; = Z; ei. 

lloKa)KeM 3To B rrpocTOM cnyqae .l!ByMepHoro rrpocTpancTBa (.lIJill n-MepHoro 

rrpocTpaHCTBa .lIOKa3aTeJihCTBO rrpoBO.lIHTC51 auanornqHo): 

I 2 - I - 2 - (OXI I 0X2 2) - (0X2 I 
dr = e1dz + e2dz = k1dx + k2dx = k1 f)zl dz + f)z2 dz + k2 8zl dz + 

8x2 2) (- OXI - OX2) I (- OXI - 8x2) 2 
oz2 dz = k1 f)zl + k2 f)zl dz + k1 o::2 + k2 oz2 dz . 

HeTpy.lIHO IJOKa3aTh, 'ITO lIK06HeBhl MaTpIIUhl X/ H Z/ B3i\.IIM006paTHhJ: 

i k i xkzj = 1\, 
( 

1 0 

c5i _ 0 1 
]- .. 

0 0 

~ )- { 1, i = ~ . 
. - 0, i =f J 
1 

llefi:CTBHTeJibHO, e; = X{kj = x! Zjek, II J.(JI51 Toro, qTo6bJ rrpaBal! H JieBal! qa

CTH paBeHCTBa COBI!aJIH, He06XOJ.(HMO, qTo6bI IIpOH3BeJ.(eHHe Xj Zj paBHlIJIOCh 

CHMBOJIY KpoHeKepa Of, KOTOpblll H3 CYMMhI ITO k BhIJ.(eJIHT JIHIIIh Te CJiarae

Mhle, y KoTOphIX k = i. 
PaccMOTpHM B KaqecTBe rrpHMepoB HeCKOJihKO o6meH3BeCTHhIX THIIOB KOOj).lIH

HaT. 

(a) .IleKapTOBbI KOopm,rnaTbl x1 x, x 2 y, x3 z. Ea3HCHhie 

BeKTOpbI kx, ky kz. 
(b) U1m1rnnpuqecKue Koop,nuHaTw z 1 = p, z2 q>, z3 "'· Ea3nc-

HbJe BeKTOpb! fp, c<P, fz. 

x = pcoscp, y = psincp, z = z, 
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-'-. 

p=J.r2+y2. 
y 

9 = arctg-. 
.r 

y r,10Bal! KOOIJJ.(llllaTa O !\IHOrG3Ha'JHa. T.K. {p. 0,:::} H {p, ¢ + 2rrl.:.:::} 
ll306pa,Ka!OT om1y II TY /Ke TO'IKY. II03TOl\lY o6bi'IHO IIOJiaraJOT O ::; ¢ ::; 

2;r. 5:r1w611<:>Ba l\taTpnua 

( 

cos¢ -psi11¢ 0 ) 

XJ = si~¢ pc~s¢ ~ 

m,1eeT l!Ko611aH Y = p. B 06nacT11 p > 0 MaTJrnua Xj HeBhlpOJK.lleHHa, 

a 11p11 p = 0 oco6e1IHOH CTaHOBIITCll BCll OCh :::. l\IaTpnua o6paTHOro 

11peo6pa.)OBi\.HHll 

( coso 
zi = -sin~/p 

.I 

0 

( c) CqiepuqecKue Koop.rnrnaTh! - 1 

Bt'KTO]lbl t,.. to, t 1;. 

si119 
cos<!>/ p 

0 

r, _2 

,r = rsi nOcos</J, y = rsinO8in¢, 

n 
0. 

r = /:r2 + y2 + ::;2, cosB = ~y2 + ::;2' 

_3 (D. t>a.3!1CHLIE' 

::: = rcosB, 

y 
¢ = arctg-. 

.r 

l\1Horo3naqHOCTh yrJIOBh!X KOOp.lllIHa:r ycTpa.Hl!JOT ycJIOBllll O ::; 0 ::; if II 

0 ::; q> ::; 2rr. 5.hm6neBa I\IaTpnua. 

( 

sinBcoscp rcos0cos¢ 
Xj = .si11O.:i11d) rco~O-~in¢ 

co80 -1 smO 

-r8inBsi1·1.cpO ) 
rsinOcos<b 

0 

mweT l!Ko6na.H Y = r2 sin 0. B 06nacT11 1· > 0 n JIJill O =f 0. () =f rr 
lllm6naH Y =f O n cc!iepw1eCirnl! c11cTe1rn Koop;umaT ne HJ\!f:'eT oco61,1x 

TO'IeK. Toql(H r = 0, 0 = 0, 0 = rr - oco6bIC TO'IKII, T.e. ,., 0, ¢ 

HCJib3ll Bb!pa311TL '!epe3 ;r, y,::: TaK, 'lT06hJ B pe3yJihTa.Te IIOJI)''IHJIIICL 

nnqicpepemn1pyeMLIE' B 3THX TO'lliaX <pynKUHII. 

7. <l>yH.UaMeHTaJibHM MaTpuua. BBeJ.(eM IIO!llITHe qJYH.UaMeHTaJibHOH Ma

TPIIQhl 9ik, onpeneJIHB ee liaK IIplIMOe npo1nBenem1e BE'KTOIJOB JIOKaJ!bHOro 

6a3HCa. 

9ik· = Cj · Ck, 

OTKyna cpa.3y cnenyeT ee CHMMeTpnqHOCTL no IIJIJ(eKCal\1: 

9ik =9k·i· 
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8 ne1mpTOBb!X 1wop.zurnaTax x 1 = :i:, x 2 = Y, .r
3 = Z 6a3HCHb!e BeKTOJ)bl 

k;(i = 1,2.3) - KOHCTaHThI llJill Bcex TotieK Ka;Knof1 113 1wopn1rnaTHhIX ocef1 

(BeJIH'IHHY, IIOCTOllHHYIO Ha BCeM MHOiKeCTBe, Ha3b!BaIOT 2JI06a.,lb1WU, B OTJIH

'!He OT ~leHlll<)llleficll OT TO'IKH K TO'!Ke .,w1i:a.,1bHOii BE'Jlll'IHHhI) co 3Ila'lf'Hllll1111 

k1 = kx = (1,0,0), k2 = ky = (0,1,0), k3 = kz = (0,0,1). 

1103TOMY 

( 

1 0 0 ) 
(O)Yik = J;k = 0 1 0 . 

0 0 1 

(3necb 11 nanee 3HatIOK {OJ( ... ) 03HatiaeT 11pnuanne,KHOCTb K ne1rnpTOBbl~I KO

OJ)llHHa TaM.) Haii:neM <pYHllaMeHTaJibHYIO Ma Tp11uy B c<pepntiec1rnx Koop.zu1-

HaTax z 1 = r, z 2 = 0, z3 = </>, C'IHTa>I HX CBll3b C ne1rnpTOBb!MH H3BeCTHoii: 

x = rsin0cosef>, y = rsin0sin¢, z = rcos0. 

ITo.nctIHTaeM KOMIIOHeHTbl BeKTOpa JIOl(aJ!bHOro 6a3HCa e;. I1nIOJib3Yll COOTHO-

weHne 

- ax1 -
e; = 7,7kt, 

uz' 
IIOJIY'IHM 

_ ax - oy - oz - - . - · . . -
er = or kx + or ky + or k, = kxsm0cos</> + kysm0sm</> + k,cos0; 

_ ax- oy- oz- - - . - . 
ee = 

00
kx + 

00
ky + 

00
k, = kxrcos0cosef> + kyrcos0smef>- k,rsm0; 

_ ax - ay - - . . - . 
e4, = oef> kx + oef> ky = -kxrsm0smef> + kyrsm0cosef>. 

YtIHTbIBa>I opTorouanbHOCTb ne1rnpTOBhIX Koop.nnHaT (k;k1 = Jit), llJI>I Henc

tie3aIOlllHX KOMIIOHeHT cpyumiMeHTaJibHOH MaTpHUbl nerKO Hai-iTH 

Yu= Yrr = 1, Y22 =gee= r 2
, g33 = Y4>4> = r2sin2

0, 

Yik = ( ~ 1~2 

0 0 
0 ) 0 . 

r2sin20 

A HaJIOriftlHO Bbl'IHCJ!l!IOTC>I KOMIIOHeHTbl <pyHnaMeIITaJibHOH MaTpI11.{bl B l.{H-

JIHHJlJ)H'!ec1rnx KOO))llHHaTax z 1 = P, z2 = </>, z3 = z: 

x = peas</>, y = psin</>, z = z. 

Ilnll KOMilOHeHT BeKTopa J!OKaJibHOro 6a3nca HMeeM 

_ ax - oy - az - - - . 
ep = op kx + op ky + op k, = kxcosef> + kysm</>, 
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_ ax - oy - oz - - . -
e4, = oef> kx + o</> ky + oef> k, = -kxpsmef> + kypcos<f>, 

e, = f,, 
a llJlll HeHC'Ie3aIOlllHX KOMilOHeHT <pyHJlaMeHTaJibHOH MaTpHl.{bl 

Y11 = YPP = 1, Y22 = Y4>4> = p2, g33 = Yzz = 1, 

( 
1 0 0) 

Yik = 0 p2 0 
0 0 1 

Ifa 011penenemrn <pyH1laMeHTaJibH011 MaTpHl.{hi nerKo 3aKJIIO'IHTh, '!TO detgik =/:-

0 ( HallOMHHM, '!TO Yik = ei · ek, a ei = xf kj - JIOKaJibHhlH 6a3HC Jonycmu.1,1,oii, 
cucTeMbI Koop.zurnaT, c l!Ko611anoM detX/ =/:- 0), 3TO 03HatiaeT, '!TO cymecTByeT 

MaTpHl.{a ik, o6paTHal! K <pyH.UaMeHTaJibHOH, KOMIIOHeHThl KOTOJ)OH onpenen>I

IOTC>I J(aK pernemrn CHCTeMbl anre6pautieCKHX ypaBHeHHH: 

ik i 
g Ykl = JI ==> ii i2 i3 i 

g Yll + g Y21 + g Y31 = JI· 

Bo Bcex Tex cnytiallX, Korna, !(al( B pacCMOTpeHHhlX Bb!IIIe KOOJ).UHHaTax, <pyH

naMeHTaJibHa>I MaTpHl.{a .UHaroHaJibHa, o6paTHal! MaTpHl.{a 

kk . 
g = 1/gkk, 

( 3.Uecb neT cyMMnpoBaHH>I 110 k). Ileii:cTBHTeJibHO, 

uycTb l = 1, il i 
g Y11 = JI ==> gll = 1/gu, gil(i =fl)= 0, 

(TotIHO TaK Me H .nn>1 l = 2,3). 

TaKHM o6pa30M, 

(O)ik = Jik = 0 1 0 = (O)Yik, ( 
1 0 0) 

g"(p,,f,,z) ~ ( ! 
0 0 1 

g"(,,O,,j,) ~ 0 0 
1/r2 

0 

0 ) 0 . 
1/r2 sin20 

0 
1/p2 

0 n. 
HarrneM 3aKOH npeo6pa30BaHH>I <pyH.n:aMeHTaJibHOH MaTpHl.{hl Yik IlpH KOOp

.UHHaTHbIX rrpeo6pa30BaHH>IX xi = xi(zi). By.n:eM HCXO.UHTb H3 011pe.n:eneHH>I 

Yik = e;ek H H3 3aKOHa npeo6pa30BaHH>I 6a3HCHhlX BeKTOJ)OB ei = kj(f)zi /oxij, 
Tor.n:a 

- - - f)zm - f)zn azm f)zn (0) 
g;1 = e;e1 = km {)xi kn {)xi = {)xi {)xi 9mn• 

KaK 6y.n:eT IlOKa3aHo, 110 TaKOMy 3aKOHY npeo6pa3yIOTC>I TeH30J)Hhle BeJIH

'IHHbI, 1103TOMY 3aKpe11HM 3a 9ik 0.l(HO H3 qame HCIIOJ!b3yeMb!X Ha3BaH.IIH -

ifjy11,Ja.1,1,e11,ma,11,b11,b1u HJIII .1,1,empuv.ecnuu TeH3op. 
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8. CKaJU!phl tt BeKTOphl. BbIUie Ha rrpocThIX rrpnMepax 6wrro rrponeMOHCTpH

poBaHO, 'ITO omrn H TOT )Ke BeKTOp a MmKeT 6b!Tb rrpencTaBJieH Kai( KOHTpa

BapHaHTHblMH ai' TaK H KOBapHaHTHb!MH a; KOMIIOHeHTaivrn, TaK 'ITO 

- i__.. a= a e;, ai == aei. 

IlocKOJibKY 3TO KOMIIOHeHTbl OJlHOro H Toro )Ke BeKTOpa, 5ICHO, 'ITO Me)KJlY 

HHMH JlOJI)l(Ha cymecTBOBaTb CB513b. Ilorrpo6yeM ycTaHOBHTb ee, HCIIOJih3Yll 

BbIIIHCaHHble COOTHOIIIeHH51: 

-- k - - k a; = ae; = a ekei = g;ka , 

IIOMHO)KHB narree o6e '!aCTH paBeHCTBa Ha gil n cyMMHPYll no /, noJiy'lHM 

ila; = gli9ikak = oiak = al. 

lITaK, ycTaHOBJieHhl npaBHJia IIOJlH5ITH51 H orryc1rnmrn HH]leKCOB: 

a;= g;kak, i ik a = g ak. 

3aMeTHM, 'ITO B neKapTOBblX KOOpJlHHaTax HeT pa3HHUbl Me)KJlY KO- H KOH

TpaBapHaHTHb!MH KOMnoHeHTaMH BeKTopa: 

(o)ai = (Ola;, 

nOCKOJibKY (O)gik = (0)9ik· 

licnOJib3Y51 rrpaBHJIO no]lHl!TH51 H onycKaHml HHJleKCOB, BBe]leM 

( 
;;'\i ik-e; = g ek, 

CJie]lOBa TeJihHO) 

(e/e1 = gikekel = ik9kl = of, ( ;;'\i(;;'\l ik- (;;'\I ik r1 ii e1 e1 = g ek e1 = g uk = g , 

T.e. BeKTOp ( e)1, HaIIpHMep, 0pTOrOHaJieH e2 H e3, a ero npOH3Be]leHHe C e1 
naeT 1. CoBOKynHOCTb BeKTOpOB ( e)i Ha3oBeM 63aUM1/,blM HJIH conp.HJ1Ce1i1tb!M 

(K e;) 6a3HCOM. BeKTOpbl JIOKaJibHOro 6a3HCa e; - 3TO MeH5IIOIUHeC51 OT TO'lKH 

K TO'!Ke BeKTOpbI, KacaTeJibHbie K KoopnnHaTHb!M JIHHH5IM, B TO BpeMll KaK 

BeKTOpbI conp51)[,eHHoro 6a3nca He HMeJOT HerrocpencTBeHHoro OTHoIIIemrn K 

IWOpJlHHaTaM. 

ITI060H BeKTOp MO)KHO pa3JIO)KHTb KaK no BeKTOpaM JIOKaJibHOrO e;, TaK H ITO 

BeKTopaM conp5I;>KeHHoro ( e)i 6a3HCOB. lleiicTBHTeJibHO, 

a= aie; = aigik(e'/ = ak(e)\ ai = a(e/, ai == aei. 
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PacCMOTJ)IIM rrpeo6pa30Ba1111e, CBll3LIB3IOlllee JlBe npOII3BOJibHb!e CIICTe1!bl KO

op.mrnaT ,r; H :i:;: 

,r; = ,r;(.P,:i-2
, •••• rn), n = 1,2, ... n. 

Ecrn1 "JTO nonycnrl\me rrpeo6pa3oBamre, TO cymecTByeT TaK;>Ke o6paTHoe npe

o6pa'30Ba1111e 

:i:i = ,i:tr'' :r2. ... :rn). 

B COOTBeTCTBHH C npHHUHnOM KOBapIIaHTHOCTH 

OT"yna. !!Mell B BHJlY 

IIOJI.Y'IHM 

- i- ,k:., a= a e; = a ek. 

e; 

,, '.k 
U.l , 

fJ.z-i e.-, 

ak - fJ.fk . 
- ~ (t I • 

u.rt 

To,mo TaK )Ke MO)KHO IIOJIY'IHTb 

u.ri 
Clk = i);i:kct;. 

• CoBoKynHOCTh n 'lHCeJI A;, orrpenerreHHhIX B Ka)[(noii TO'lKe npocTpaH

CTBa, KOTOpa51 rrpu npeo6pa30Bamrnx KOOPJllIHaT 

i i( , j) X = X X , i,j,= 1,2, ... n 

npeo6pa3yeTrn corrracuo 

f);f;i, 
A;= ~Ai, 

u~c' 

06pa3yeT KOBapMaHTHhIM BeKTOJ) (HJIH KOBCKTOp) H H33bIBaeTCll ero 

KOBapMaHTHhIMM KOMIIOHeHTaMH. 

e CoBOKJIIIIOCTh n 'IIICeJI .4 i, onpe1.1.erreHHblX B 1,a)[,JlOil TO'JKe rrpocrpaH

CTBa, IWTopa51 rrpn Tex lKe npeo6pa3oBaHHllX npeo6pa3yeTrn corrracuo 

!'.l i 

A ;= !!!_A' i 
!'.l'. ' u;rJ 

06pa3yeT KOHTpaBapttaHTHhIM BeKTOp ( IIJIH rrpoCTO BCKTOp) H Ha3bl

BaeTC51 ero KOHTpaBapMaHTHhIMM KOMnoHeHTal\m. 

OnHa 113 B03MO)[(HOCTelI nepeMHO)[(eHH51 BeKTOpoB, !(al( H3BeCTHO, COCTOHT B. 

TOM, 'IT06bl COCTaBHTb HX CJ{aJil!pHoe npon3Benem,e. Ha30BeM 

X • B = Ai B; = ik AkBi = Aks~· = 9k1A1Bk 
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cKan.apHhIM npo1nne.neHHeM ae1nopoa A n B. OTl\teTHM, 'ITO aepxHee 

H l!Hilrnee IlOJIOiKeHJJe IIH.UeKca cyl\lMHJ)OBaHJ!ll (1rnor.ua )TOT IIH,UeKC Ha3bJ

BaIOT HeMbIM) B3aIIM03aMem1eMhI, T.e., no.umrn O.UHH 113 HeMblX IIH,UeKCOB, Mhl 

,UOJiiKHhl onycTHTh napHb!H II, Hao6opoT, onycnrn O.UHH 113 lIH,UeKCOB HeMoi"I 

napbl, l\Ihl .UOJiiKHhl IlO.UHJl:Th .upyrof1: 

ai bkl d; = a;bk c,.i . 

Onpe.uemll\l KBa.upaT .UJIH!lhl BeKTOpa .4 KaI, CKaJI51pHoe IIp0113Be.uem1e ero IWM

IIOHeHT: 

I (.4)2 I= Ai A;. 

HeTpy.UHO y6e.nHThCJl:, '!TO CKaJI51pHoe IIJ)OH3Be,UeHne, a BMeCTe C HHM H rrna

.upaT .UJIHHhl BeKTOpa He MeHJl:IOTCJl: II])H npeo6pa30Bamrnx KOOj).UHHaT. Ilen

CTBHTeJihHO, 
::i i ,:i 'k 

AiB =.'.::...~ALB.= JkALB. = ALB 
1 f}i:,1 f}xi k I k I• 

TaKHe BeJIH'IHHhl Ha3bIBaIOT HHBapHaHTaMH KOOj).UHHaTHh!X npeo6pa30Ba

HIIH. Boo6me, cjJ)'HKUHJl: .p(.r) (tta6op acex rmopmmaT o6o3Ha'!cH o.ntton 6y

KBOH .T ), KOTopa51 npn npeo6pa30BaHHJl:X KOopmrnaT coxpaHJl:eT CBOe 'IHCJIOBOe 

3Ha'!enne 

'P(x) = .p(i), 

Ha3h!BaeTCJl: CKaJI.HpOM. 

l1HBapnaHTaMH OTHOCHTeJihHO KOopmrnaTHhIX rrpeo6pa30BaHHH Jl:BJ!Jl:IOTCJl: He 

TOJ!hKO caMH CKaJIJl:j)hI, HO H HX .nmp<PepeHUHaJihI "d'P: 

O'P . O'P f)i:,k . O'P f)i:,k oxi 
d'P = 8xi dx' = f)i:,k 8xi dx' = f)i:,k 8xi f)i:,1 di' 

O'P rkd ,L O'P d 'k = f)i:,kul X = f)i:,k X • 

IlonyTHO Y.UaJIOCh ycTaHOBHTh TpaHCqJOpMaUHOHHh!e CBOHCTBa Ilj)OH3B0,UHOH 

cKaJIJrpa O'P / oxi, KoTopaJ:1 npeo6pa3yeTcJr, KaK KOMIIOHeHThI KoaapnaHTHoro 

BCKTOpa, H .UHqJgJepeHUHaJia KOOj).UHHaT dxi, rrpeo6pa3y10merocJr aHaJIOI'H'IHO 

KOMIIOHeHTaM KOHTpaaapnaHTHOI'O BeKTOpa. TaKHM o6pa30M, O'P/oxi 06pa-

3yeT KoaapnaHTHhin, a dxi - KOHTpaaapnaHTHhIH aeKTO])hI. 

B .neKapTOBhlX KOOj).UHHaTax KBa.npaT paCCTOJl:HHJl: Me)Kny .UBYMJl: 6eCKOHe'!HO 

6JIH3KHMH TO'!KaMH eCTh 

dl2 = dx2 + dy2 + dz2
• 

Jlerrm BH.UeTh, HMeJl: B BH.Uy MaTpH'IHOe npe.ncTaBJieHne <PYH.UaMeHTaJihHOI'O 

TeH3opa 9ik, '!TO )TO Bbipa)KeHHe MOiKHO rrepenncaTb B BH,l{e 

dl2 = 9ikdxi · dxk. 
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'° -~ 
~ 
~ 

ITo.ncTaBHB c10.ua rronyqemrhle paHee qJOPMYJihI rrpeo6pa3oBaHHJr .llJ!Jr 9ik n dxi, 
HeTpy.UHO y6e.uHThCJl: B TOM, '!TO dl2 

- CKaJIJl:P, rrpnqeM B IIpOH3B0JlhHOH CH

CTeMe 1mopmrnaT coxpaHJreTCJl: He TOJ!bKO ero 'IHCJieHHOe 3Ha'!eH:ne, HOH qJOpMa 

,arr11c11: 

dl'2 , d ,; d ,k = 9ik X • X. 

Ilo.no6Hhre aemI'IHHhI Ha3h!BaIOT ¢op.1,iu1tBapua11maMu. TaKlIM o6pa3oM, <PYH

.naMeHTaJihHhIH TeH30p 9ik, orrpe.neJIJl:Jl: KBa.npaT 3JieMeHTa .UJIHHhI B rrpon3-

BOJihHOH CHCTeMe KOopmrnaT, TIO cymecTBY orrpe.neJIJreT reoMeTpHIO rrpocTpaH

CTBa (Ha.IIpHMep, II03BOJIJreT OTJIH'IHTh eBKJIH.UOBY reoMeTpHIO OT pHMa.HOBOH 

1-1 T.rr. ), H rroToMy ero qa.me acero Ha3bIBa.IOT· Mempu1tec1mM meit3opo.M. BhI

qrrcneHHhie paHee KOMIIOHeHThI MeTpH'!ec1mro TeH30pa II03BOJ!Jl:IOT 3annca.Tb 

1rna..npa.T )JleMeHTa .UJIHHhl 

• B UHJIHH.Upnqec1mx rmop.nnHa.Tax 

dl2 = dp2 + p2d¢} + dz2
, 

• B c<1JepnqecKHX Koop.nnHaTax 

dl2 = dr2 + r 2d02 + r2sin20q}. 

Ilpome acero C'!HTa.Th, '!TO BeI(TOp - )TO CTpeJIKa, HanpaBJieHHM OT O.UHOH 

TO'IKH (A) K .npyroi"1 (B): 
llAB = B-A. 

B Ta.KOH TpaKTOBKe BeKTOp - 6nJIOKaJihHhIH o6'beKT, CBH3aHHh!H C .UBJMJr TO'I

J{a.Ml!. CymecTayeT 3KBHBaJieHTHhIH crroco6 orrncaHHJr aeKTopa. Ilpe.ncTaBnM 

CTpeJIKY B anne rrapaMeTp113oBaHHOH rrp51MOH P(;>..) = A+ )..(B - A), np:nqe1v1 

A = 0 COOTBeTCTByeT OCHOBaHHIO CTpemrn, a ).. = 1 - ee OCTpHIO. Bo3bMeM 

IIJ)OH3B0.UHYIO OT )TOI'O Bh!pa,KeHHJr: 

d~ {A+ )..(B -A)}= B - A= P(l) - P(O) = iiAB· 

B JTOH TpaKTOBKe BeKTOP - JIOKaJihHhIH o6'beKT, KacaTeJihHhIH K JIHHHH P()..): 

➔ dP 
a= d>... 

• IlpHMep: nycTh P(t) - npJrMM JIHHHJr, no KOTOpoii .llBH)KeTCJr cao6o.nHax 

qacTHUa, t - BpeMJr ,l{Bll)KeHHJr, napaMeTpH3JIOIUee TpaeKTOpmo .llBH)Ke

HHJl:. Ilepe1v1erueHne Ja 1 ceKyH.ny .na.eT cTpeJIKY iJ = P(l )-P(O), 1mTOpax 

B TO'IHOCTH COBna.naeT co CKOpOCTh!O qacTHUhI. EcJIH )Ke JanncaTh iJ KaK 

npon3BOJlHJIO v = dP/dt, TO JTO Bhlpa)KeHne npnMeHnMo TaK)Ke n .UJIH 

ycKopeHH0I'O .UBH)KeHIIJr. 

~o :ee!:,;;~ 411~n ~~;;i4m c 
~il~~~hl~ Btc~ei;~inO l 

t>biSJb,!OT['J{A I ---



TaKilM o6pa30M, BeKTOp - 3TO reoMeTpllqecirnlI o6beKT, KOTOpbri:'i MOJKeT 6bITb 

orrpe,n:eJieH He3aBilCilMO OT KOOpJJ:IlHaT. (IlettCTBHTeJibHO, Tpae1nopm1 II CKO

poCTb qacTilUbI - IIOHJ!TmI, He CBJl3aHHble C IrnKIIMlI-JIII6o Koop.n:trnaTal\m.) 

KoopJJ:IlHaTbl BBOJJ:JIT, Kor.n:a B03HIIKaeT Heo6XOJJ:HMOCTb KOHKpeTHbIX pacqe

TOB, orrpe,n:eJIJIJI KOMIIOHeHTbI BeKTOpa 11 6a3IICHbie Be1nopbl corJiaCHO 

- i-a = a ei. 

9. CttMBOJibI KpttcTocpcpen.!l. KoeapttaHTHa.!l npott3BOJJ:Ha.!l. Hat1.n:eM npo

Il3BOJJ:Hyro no KOop.n:nHaTaM rrpoH3BOJibHoro Bernopa fJA/ f);i/. IlocKOJibKY, BO

o6me roBopll, A= Aiei, a B .n:e1rnpTOBbix Koop.n:irnaTax 6a3HCHbie Be1nopb1 -

KOHCTaHTbI, TO 

8A iJAi-
iJxi = iJxi k;. 

B npOH3BOJibHbIX KOO[)JJ:}!HaTax 

aif oAi _ oe; Ai 
8xk = iJxke; + iJxk . 

8To Bbipa)KeHIIe B qacTHOM crryqae .n:eKapTOBb!X KOOpJJ:HHaT JJ:OJilKHO COBIJa

.n:aTb C rrpeJJ:bIJJ:YIUIIM, II03TOMY Heo6XOJJ:IlMO, qTo6bI OHO IIMeJio BIIJJ: npO!I3Be

.n:emrn HeKoToporo COMHOlKHTeJIJI C BeKTOpaMH JIOKaJibHOro 6a3IIca, qTo B03-

MOlKHO, eCJIII npO!I3BOJJ:HaJI BeKTopa JIOKaJibHOro 6a3HCa pa3JIO)KeHa no 3THM 

)Ke BeKTOpaM. Pa3JIO)KeHile 

Oe; I _ 
iJxk = rikel 

co.n:eplKlIT TpeX!IHJJ:eKCHbie Bem1qlIHb! r;k, KOTOpb!e Ha3b!BaIOT 1W3[P[PU1pte11,

ma.MU aifjifjuwnou C6JI31WCmu. yqlfTb!BaJI 3TO pa3JIO)KeHne, noJiy<IHM 

aif i)Ai - rI -Ai ·(i)Ai ri Al)- - ( Ai -
8xk = iJxk e; + ikel = iJxk + lk e; = 'v k )e;. 

Ha3oBeM 
. i)Ai . I 

'v kA' = iJxk + rikA 

1w6apua11,m11,oii, npou360J11,011 1w11,mpa6apua11,m11,ozo 6ei.mopa. 

IIcxo,n:JI II3 COOTHOilleHilJI (e/ek = JL HeTpy,n:HO IlOKa3aTb, qTo 

IlettCTBHTeJibHO, 

( ;;'Ii · ;;'\I ~ = -rkl(e,. 
iJxk 

!!_((;;'Ii-) __ iJ(e)i (;;'\ii)ek _ Q 

a I e, ek - ek-8 I + e, f) I - , 
X X X 
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cne.n:oBaTeJibHO, 

- 8( eJ 1 

;:'\i ,m - &i m i 
Ek~= -(e, l ,;1em = - ,,,rkl = -rk/• 

ux 

l1oMHOiKIIM o6e qacTH paBeHCTBa Ha ( e)1 
II npocy11111111pyeJ11 no l, qTo C yqeT0M 

( e)1 ek ==: Ji 3aBepruaeT JJ:OKa3aTeJibCTBO. Tenepb, HCXOJJ:JI II3 BblnHCaHHOrO 

Bb!Ille pa3JIO)KeHHJI npOH3BOJJ:HOfi Bernopa COIIJ)Jl)KeHHOro_ 6a3nca II rrpe.n:cTa

l!JleHirn A = A;( e/, rrorryqnl\1 BbipaiKeHire KOBapHaHTHofi rrpoII3Bo.n:uor1 KOBa

pmunuoro BeKTopa: 

fJ_,T a ( 1 (-Ji) (;;'\;BA; B(e'/ (;;'\;BA; 
4 

1 ;;'Ii i ) 
i)- k = i)--k ." j e = e, ~ + .4;-a k = e, a .k - . /''Yk;(e, = (e) (Vk.4i . 

X 3- uX X 3-

l1TaK, ii06UJJU<lH/1lltUJI npoUJ60JuaJI /i06apua1t111JlOcO 6fh:IIIOJJ<l 

. fJA; I 
'v,.A; = fJ.rk - A1rki" 

I-lat,neM 3a1wu npeo6pa.30BaH11J1 Ko3cpcjrnu11eHTOB acpcp1rnuof1 CBJl3HOCTII npu 1,0-

op.umia.THbIX npeo6pa30Ba1rnJ1x .ri = .rtrj), ucxo,n:JI H3 nx orrpe.n:erremrn: 

Oe; I -
0:1,k ==: f;kE/ ::::::::} 

fJ (fJx"':.. ) 0Xn :.. ( fJ2;f'" fJxP f);i;" 'm) :.. I fJ.rm 
a.'n O .i em -i) .k = em f} i:::> .k + ~~rpn ==: emfik::l[" .r x 3- x ul- ux u.r u.r 

OTKy.ua nonyqaeM 

a .I i) •p:::, •n , fJ2 •.m rl _ _::_ (-=-'.::.:_rm __ x_) 
ik - , · n + · · 8:1_,m 8:r' 8:z·k P 8:r'O:rk 

y J\leC'J'!IO OTMeTHTb, qTo T .K. B Hamel\! ll3JIO)KeHHII BeKTOj)bl JIOKaJibHOro 6a-

3l!Ca onpeneneHbI rrnK e; = 8i1
/ 8.ri, To, 11cxo.uJ1 H3 onpe.uerremrn K03cj:,cjmuneuToB 

acj:,cj:,HHHOH CBJ13H0CTH, J\IO)KH0 3aKJil0'U!Tb, 'ITO OIIII CIIJ\IMCTJ)ll'!Hbl no Hll)KHIIM 

HH,Ll(:'KCal\l: 

rL = r;k. 
8To 06cTOJ1TeJibCTBO n03B0JIJ!eT CBJl3aTb HX C cj:,yH.n:aMeHTaJibHbIM TCH30j)0lll, 

CCJill ytieCTb, '!TO 9ik = e;ek, Tor,n:a 

09ik fJe; _ _ Oek m m 

a ,/ = -0. /ek + ei-0_ I= 9mirk/ + 9mkf;1 · 
J. .r .r 

To•mo TaK lKe 

8gli = 9mir;;: + 9m1f?,;, ihk 
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rm 09kl _ g 1r 1k~ + 9mk Ii 
0 ---- m ' 

8:ri 



CrrmKHM IIOCJie.UHHe .[{Ba paBeHCTBa H Bbl<.JTeM H3 cyMMbl rrepBoe, YMH0i!(a51 

.uarree pe3yJihTaT Ha 9nl /2 c rrocrre.uy10rruu.1 cyMMnpoBamreM no l, rrorry<.JHM 

fl = ~ Im (09im + 09km _ 09ik) 
,k 29 O,rk oxi Oxm . 

TaKHM o6pa30M, ecmI 3a.UaHbl KOJ\IIIOHeHTbl l\leTpl!'Iec1wro TeH3opa, TO no

cJie.[{H5151 cpopMyrra onpe.uerrHeT r\k ll Tel\! cal\lbll\l KOBapnaHTHbie IIJ)Oll3BO.[{Hble 

BeinopoB. 3al\leTIIJ\I, 'ITO K03cpcpnuneHTbl acJJcJJIIHHOH CB513HOCTH, Bb!pa,Ke!Illble 

qepe3 KOMIIOHeHTbl MeTpnqec1wro TeH3opa corJiaCHO BbIIIHCal!HOH Bblllie cJJOp

Myrre, Ha3bIBaJOT cu.MBOJW~w KpucmoifiifieJLJI. 

Ilo.uc<.JnTaeM cnMBOJihI KpncTocpcperrH, rrpe.urronaraH cpyn.uaMe11TaJibHYIO Ma

Tpnuy .unarOHaJibHOH ( Bee KOMIIOHeHTbl MeTpnqecKoro TeH30pa, KJ)OMe .unaro

HaJibHb!X, paBHbl Hyrr10), a ee 3JieMeHTbl - 3aBHC511UIIMH JIIIlllb OT :r 1 H ,r2. 

• IlycTb l = I 
rl - 1 lm(09im 09km - 89;k) - 1 11 (09il 09kt - 09ik), 

,k - 29 8 k + 8 i O m - 29 0 k + 0 i O I ' X X X X X X 

l = I, i = 1 

fl _ ~ 11 (0911 89k1 _ 891k) _ ~ 118911 
lk - 29 O k + » I » I - •)9 » .k ' X uX uX ~ uX 

l=l,i=2 
r1 _ ~ 11 (0912 09kl _ 092k). 

2k - 29 oxk + ox2 oxI ' 

l=l,i=2,k=l 

r1 _ ~ 11 (8911 _ 8921) _ ~ 11 0911. 
21 - 29 8x2 oxl - 29 ox2 , 

l=l,i=2,k=2 
1 118922_ r l ---9 -8 I' 22 - 2 X 

l=l,i=2,k=3 
f;3-=0; 

l = l, i = 3 
fl _ ~ 11 (8913 09tk _ 093k) 

3k - 29 8xk + ox3 8x1 · 

liTaK, OTJIII'!Hbl OT HYJIH 

1 118911. r t = -9 -f) k' lk 2 X 

1 118922, 
f~2 = -2,9 f)xl' 

1 11 0933 
f13 = -2,9 OX 1 
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• IlycTb l = 2 
f2 _ 1 22 ( 09;2 09k2 09ik). 

ik - 29 f)xk + f)xi - 8x2 , 

l = 2, i = 1 

r2 = ~ 22 (a9k2 _ 091k). 
lk 29 f)xl 8x2 , 

l = 2, i = 1, k = l 
r2 __ ~ 22 0911 . 
ll - 29 f)x2, 

l = 2, i = 1, k = 2 
r2 _ ~- 220922. 

12 - 29 fJxl' 

f~3 = O; 

l = 2,i = 2 

f2 -' ~ 22(0922 09k2 _ 092k) _ ~ 228922. 
2k - 29 oxk + 8x2 8x2 - 29 8xk' 

l = 2, i = 3 

r2 _ ~ 22 (8923 09k2 _ 093k) _ -~ 22893k 
3k - 29 8xk + 8x3 8x2 - 29 8x2 · 

liTaK, OTJIH'!Hbl OT HYJIH 

• IlycTb l = 3 

l = 3, i = 1 

l = 3,i = 2 

l = 3, i = 3 

r2 - -~ 2209n. 
ll - 29 0X 2 ' 

r2 _ ~ 228922. 
2k - 29 8xk, 

r2 _ -~ 228933 
33 - 29 f)x2. 

r3 _ 1 33 ( 09;3 89k3 09;k) • 
ik - 29 f)xk + 8xi - 8x3 ' 

r3 _ ~ 330933_ 
lk - 29 f)xl, 

r3 _ ~ 330933_ 
2k - 29 f)x2' 

r3 _ ~ 330933 
3k - 29 8xk. 

l1TaK, OTJIH'!Hbl OT Hym1 

1 330933 
f~k = 2,9 fJxk . 
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• .IleKapTOBbl K00p,Z:U1HaTbl. B .ueKapTOBbIX IWOpmmaTax KOMIIOHeHTbl 

MeTpIIqecKoro TeH30pa llBJUIIOTCll rJI06aJibHbIMH BeJIIl'IIIHi\!\lH H IIOCTO

llHHbI, II03TOMY CHMBOJ!bl KpHCToq:,q:,eJill paBHbl HYJIIO: 

( 

1 0 0 ) ik g;k = g = 0 1 0 , 
0 0 1 

fjk = 0. 

• Un.nuu,np1P1ecKne Koop.n:uuaTw: 

( 

1 0 0 ) 
g;k = 0 p2 0 , 

0 0 1 

/k ( 
1 0 0) 
0 l/p2 0 , 
0 0 1 

r12 = -p, 

• CcpepuqecKne Koop.n:uuaTbl: 

g.,-0 
r12 = -r, 

0 0 ) 
T'2 0 
0 r 2 sin20 

r13 = -rsin20, 

3 1 r13 = -, 
T' 

r2 1 12 = -
p 

g''-0 
r:2 = ~ r' 

0 
1/r2 

0 

r~3 = ctgB. 

0 ) 0 ' 
l/r2 sin20 

r;3 = -sin0cos0, 

10. MaTpll'IHble o603Ha'IeHllH. 513b!K MaTpIIII 3aMeTHO ynpomaeT KaK HCIIOJib

'30BaHIIe, TaK II 3aIIIICb COOTHOIIJeHHH Me;K.uy reoMeTpuqecirnMH 061,eJ(TaMH 

XOTll: 6bl IIOTOMY' qTQ MO)KHO 06011THCb 6e3 HH.UeKCOB: 

k . ' , 
b;=A; •ak (i,k, ... =l,2,3,)===:,.b=A•it, 

no.uqepKHBall TeM caMb!M He3aBHCHMOCTb q:,opMbl 3THX COOTHOIIIeHHH OT Bbl-

6opa KOOj).UHHaTHOH CHCTe.MbI, npuqeM BeKTopaM (o.unoun.ueKCHb!M o6'beKTaM) 

CTaBllTCll: B COOTBeTCTBHe O.UHOCTOJI6IIOBb!e MaTpHIJbl 

a - o:) 
- .UJill KOMIIOHeHT KOBapnaHTHOro BeKTOpa H 

a· - u:) 
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- JlJill KOMIIOHeHT KOHTpaBapHaHTHOro BeKTopa. ToqHo TaK )Ke orrpe.uemrM 0Jl

llO('TOJI6IIOBb!e MaTj)Hllbl .UJ!ll: BeKTOj)OB JIOKaJibHOro II COI!j)ll)KeHnoro 6a3HCOB: 

( 
e1) 

f = ~ ' ( 
(-)!) 

e· = . (;l2 . 
(el3 

C Te!\1 qT06b1 cornacoaaTb orrpe.uenemrn CKaJillJrnoro rrpoII3Be.UeHIIll, q:,yn.ua

MenTaJibHof1 MaTpHL\bl II T.11. C !\IaTpH'IHbIMII o603HaqeHI!lll\UI, BBe.ueM TaK;i.;e 

O.UHOCTJ)OqHbie !\!aT])HL\bl KaK T])aHCIIOHil])OBaHHb!e K Ct, a,*, e, e*, TOI'.Ua 

.UJ!ll <)JYH.UaMeHTaJibHOH !\!aT])Hllbl 6y.ueM HMeTb 

, "T - -

( 
e1) g = (g;k) = ee = :2 · ( e1 e2 e; ) 

( ~!~! 
e2e1 
e3e1 

Toqno TaK ;Ke 

e1e2 
e2e2 
e3e2 

e1e3) e2e3 
e3e3 

C3 

( 

glJ 

g21 
g31 

g12 
g22 

g32 

( 

(e)
1

) 
fl-1 = (ik) = e*(e*f = (e)2 . ( (e)1 

( e)3 
a .UJ!ll: CKaJill:j)IIOro Ilj)OII3Be]leHHll 

913) 923 . 
g33 

( e)2 (e)3 ) , 

-- ,T'• ( ab= a b = a1 a, a, ) • ( :: )- a,b' + a,b' + a,b'. 

IloHllTHo, qTo 

k ' "• a; = g;ka ===:,. a = ga , i ik ~. ~-1~ a = g ak ===:,. a = g a; 

e = fie*, e· = 9- 1e, 
OTKy.ua .UJ!ll: 0.UHOCTj)OqHb!X Ma.TpHIJ, J'IHTb!Ba.l! CHMMeTpH'IIIOCTb q:,y11na.l\1e11-

TaJibHOII MaTpHL\bl (gik = g1,.; ---+ g = gr). IIOJiyqae.M 

a_T = ( a.•f g ===? (a*f = O.T 9-l · 

Jlerim I!j)OBepHTb COOTHOIIIeHHll: 

- •T•• (-)! (;;'\2 + (;;'\3 a= a e = a1 e + a2 e, a3 e1 , a= (a*)Te = a1e1 + a2e2 + a3E:3. 

llonycTHM, qTo MaTpHIIa A 3a,naeT rrpeo6pa.3oBa.mre 6a.3HCHb!X BeKropoB llBYX 

KOOj),[(HHaTHb!X CHCTeM: 

(e)' = Ae. 
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51:cHo, 'ITO npn 3TOM 0.llHOCTOJI6UOBb!e MaTpIIUbI, COOTBeTCTBYIOilllle KOBapu

aHTHb!M BeKTOpaM, npeo6pa3y!OTOI TaK iKe: 

(a)'= Aa, 

a <pyH.naMeHTaJibHal! MaTpnua - corrracHo 

(fl)'= (el'· (ef = AeeT AT= AflAT ===} (g- 1 r= (iF)- 1r 1 k 1
• 

lfoa IlOCJie)lHHX COOTHOilleHirn, C yqeTOM a• = g- 1a, Il03BOJill!0T 6e3 Tpy.na 

HaHTH <popMyrry npeo6pa30BaHirn O.UHOCTOJI6UOBblX MaTJ)HU, COOTBeTCTBYIO

mnx KOHTpaBapnaHTHbIM BeKTOpaM: 

(a*)'= (ATrla•. 

IlycTb HeKal! MaTpnua b - orrepaTop, KOTOpb!fi: B paMKax o.uHoi'1 n Torr iKe 

KOopmrnaTHOll CHCTeMbl rrpeo6pa3yeT BeKTOp a B BeKTOp b: 

b= ba HJIH if= bet'. 

Ilpe.nnoJIOiKHM .narree, 'ITO A - 3TO MaTpnua npeo6pa3oBamrn Koop.unHaT OT 

O.UHOH CHCTeMbl I( .npyrofi:: 

a'= Aa 

Il03TOMY h = A-1 D'Aa, OTKy.na 

b = ,4- 1bl 

HJIH 

lIJIH 

If= Ab, 

b'= AbA-1
• 

Ilocrre.nHee npeo6pa3oBaHHe Ha3bIBaJOT npeo6pa3o6auueM noao6u.JI. 3aMeTnM, 

'ITO ecrrn MaTpnUhI An b KOMMyTnpy10T, TO MaTpnua b .l!Bm1eTO1 nHBapnaH

TOM npeo6pa3oBaHH.ll A. B qacTHOCTn, e.nnHH'IHa.ll MaTpnua f KOMMyTnpyeT 

c rr106ofi: MaTpnuefi:, n no3TOMY oHa HHBapnaHT rr106oro rrpeo6pa3oBaHnll, n 

Hao6opoT: BC.l!Kal! MaTpnua - nHBapnaHT TmK.necTBeHHoro npeo6pa3oBaHnll. 

B TeopeTn'leCKOll <pll3HKe qacTO ncnOJih3yeTCll nOHl!Tne C.Jlea Mampu4bZ, o6o-

3HaqaeMoe Tr A nrrn SpA, - cyMMa .nnaroHaJihHhIX 3JieMeHTOB A: 

SpA = A!-

lh orrpe.nerreHnll cpa3y iKe crre.ny10T cBofi:cTBa 3TOH orrepaunn: 

' AT A SpA = SpA, Sp(AB) = Sp(BA), Sp(ABC) = Sp(CAB). 

JlerKO o6HapyiKHTb TaK)Ke, 'ITO crren MaTpHUbl - lIHBapnaHT rrpeo6pa30BaHHll 

rrono6nll, T.e. SpA' = SpA, ecrrn A'= DAb- 1
• 
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11. 061.Qrui xapaKTepHCTHKa npeo6pa3oBaHHM. IlpHMepbI. Ilpeo6pa3o

Bmwe ue1we20 .,1,1uoJ1CecmBa X - :Jmo 63auMuo oauo3ua'luoe omo6paJ1Ceuue 

.f : X ➔ X 311w20 MU0J/CecmBa ua ce6JI, 'lmo noapa3yMe6aem cy~ecmBoBa

uue 06pa1mw20 omo6paJ1CeuuJI J-1 
: X ➔ X, npu'leM 

f . rl = rl O f = e, 

zae f · g - noc.Jleao6amf.!lb'l/,O 6b!n0.Jl'l/,1lf,Atb!f omo6paJ1CeUUJI: 

(f·g)x=f·(g·x), xEX, 

II f' - Jl!OJ/Caecrn6eUUOe npeo6pa306ll'l/,UC ex= X. 

CoBoKyrrHoCTh G rrpeo6pa3oBamriI MHO,KeCTBa X Ha3b!BJOT rpynnou npe
o6pa3oBaHHM, ecrrn G co.nep,KHT 

• TOiK.UeCTBeHHoe rrpeo6pa3oBaHne e, 

• BMecTe c rrpeo6pa3oBaHneM g E G o6paTHoe g-1 E G, rrpn'leM 

g. g-1 = g-1 . g = e, 

• BMecTe c rrpeo6pa3oBaHn.llMH g1, g2 E G n nx rrpoH3BeneHne g1 · g2 E G. 

Ilpeo6pa3oBaHnll, coxpaHl!IOIUHe paccTO.llHHe l(x1, x2 ) Me)Kny .llBYM.ll TO'IKaMn 

rrpocTpaHCTBa l(g(x1);g(x2 )) = l(x1 ,x2 ), 06pa3y10T rpynny .llBH:>KeHHM 3TO

ro rrpocTpaHCTBa. fpyrrrra Tex 1rnn nHhIX rrpeo6pa3oBaHniI, coxpaH.llJOIUnx 

HeKHll o6'beKT HJIH KaKne-rrn6o ero CBOHCTBa, o6bl'IHO HHTeprrpe'tnpyeTC.ll KaK 

COBOKYIIHOCTb CHMMeTpHH. IlponeMOHCTpnpyeM 11 H3MepHMOCTb11 IIOH.l!TH.ll CHM

MeTpHH Ha rrpoCTOM npnMepe: noKa)KeM, 'ITO 60Jibll1YIO CHMMeTpH'IHOCTb paB

H06enpeHHOro TpeyroJibHHKa no cpaBHeHIIIO C HepaBH06enpeHHb!M H paBHOCTO

pOHHero no cpaBHeHHIO C paBH06e.11peHHb!M MO)KHO oueHHTb KOJIH'leCTBeHHO. 

lleiICTBHTeJibHO, 'IHCJIO nepeMerueHHH, nepeBO.ll.llIUHX TpeyroJibHHK B ce6l!, co

CTOHT I-13 

• TOJibKO oauozo npeo6pa30BaHH.ll - TO)K.IIeCTBeHHOro .IIJI.ll HepaBH06enpeH

HOro TpeyroJibHHKa; 

• 113 a6yX rrpeo6pa30BaHHll - T0)KJleCTBeHHOI'O H OTpa)KeHH.ll OTHOCHTeJibHO 

OCH CHMMeTpHH .IIJI.ll paBH06e.11peHHOro TpeyroJibHHKa; 

• I-13 wecmu npeo6pa30BaHHll - TO)K)leCTBeHHOro, OTpa)KeHHll OTHOCHTeJib

HO Tpex oceiI CHMMeTpHII, noBOpOTOB Ha 120° II 240° .IIJI.ll paBHOCTOJ)OH

Hero TpeyroJibHIIKa. 

CIIMMeTpH!O npHH.llT0 npIInIICbIBaTb II aHaJIHTH'leCKIIM Bb!pa)KeHII.llM. B qacT

HOCTll, roBOpll:T, 'ITO HeKOTOpb!ll o6'beKT f, 3a.IIaHHblll Ha MHO)KeCTBe X, CIIM

MeTpII'leH OTHOCIITeJibHO rrpeo6pa30BaHIIll X, eCJIII 3TO npeo6pa30BaHIIe He Me

Hll:eT f. fpynny 3THX npeo6pa3oBaHIIH Ha3bIBaJOT zpynnou cuMMernpuu. llrr.ll 
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COBpeMeHHOil <pll3IIKII Ba2!rnerrrnerr xapaKTepncnIKof1 llBJU!eTCll CHMMeTpHll cpH-

3ll'-IeCKHX 3aKOHOB. 3To 03HaqaeT, qTo cyruecTByeT rpyrrrra rrpeo6pa.3oBa.HHJ1, 

coxpaHllIOIUIIX 3aKOH. 

B <pHJIIqecKIIX rrpIIJIO)KeHIIllX qarue Bcero BCTpeqaIOTCll oi1U1teii1tble npeo6pa.Jo-

BU1tU.H 

xi= Atxk, 
. 8xi 

r.ue Ak = 8xk = canst. 

Pa3yMeeTcll, paccMaTpIIBaIOTCll .uorrycTHMhre rrpeo6pa3oBamrn, T.e. rrpeo6pa-

3oBaHIIll c detAi =f. 0, a 3TO 03HaqaeT cyruecTBOBam1e MaTpHUhI B = 11-1 

o6paTHoro rrpeo6pa3oBaHIIll 

xi= Bix\ rrpIIqeM A~Bt = c5/. 

JI1rnerrHhre rrpeo6pa3oBaHHll Hano6ruero BH.Ua 

xi= At:l + Ai, xi= B[xk + Bi, 

r.ue, rroMHMO At n Bi, rrocTOllHHhI TctK2l,e Ai n Bi, Ha3bIBaIOTCll atjJtjJuHHbt.Mu. 

OHII B3aHM006paTHbI rrpn ycJIOBHllX 

A~Bf = c5!, Ai= -AtB\ Bi= -BiAk. 

IlpIIHl!Ta crre.uy10ruall KJiaCCH<pHKaUIIll a<p<pIIHHb!X rrpeo6pa30BaHlII1. 

(a) UenTpoacf>qmHHble npeo6pa3oaaum1 

Ai= 0, Bi= 0. 

(b) 3KBHacf>cf>HHHble npeo6pa30BaHIUI 

det(At) = ±l. 

( C) y HilM0.UYJUipHble npeo6pa30BaHIUI 

det(A~) = l. 

( d) II peo6pa30aaum1 TpaHCJI.HQHM 

A~= c5L B£ = c51. 

( e) OpTorouaJibHble npeo6pa3oBaHH.H. AcpcpIIHHhJe rrpeo6pa3oBaHIIll ae
-x:apmoBblX CIICTeM K0Op.UIIHaT 

i Ai •k 
X = kX, 
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xi= Bixk, 

coxpaHl!IOIUJie paccTOllHHe Me)l(.uy .UBYMll T0qKa.MH. y CJIOBHe opToromWib

llOCTH rrpeo6pa3oBaHirn crre.uyeT H3 orrpe.nerremrn: 

,ri:1:; - A/:r1A;"i·m = imi,,., ecrru i m m "T " .... 
A1Ai = c51 => A · A = I. 

IIocrre.uHee COOTHOllleH11e H ecTb ycJIOBHe OpToroHaJibHOCTH, IIOMHO)l(HB 
ero CJieBa Ha .4- 1

, IIOJiyqnJ\I 3KBHBaJieHTHOe ycJIOBHe 

.4.1' = A_-1_ 

OpToroHaJihHhie rrpeo6pa30Bamrn 06pa3y10T rpynrry CHMMeTp1rn 3a.na.n

nofl B TpexMepH0M .ue1rnpT0B0M rrpocTpaHCTBe cpyHKUIIH J(x 2 + y 2 + z2 ), 

'!TO nenocpe.ncTBenno cJie.uyeT H3 HX orrpe.uerremrn. On.teTIIM, qTo IIHo

r.ua l\laTpuuy opToronaJihHoro npeo6pa3oBaHnll Ha.3b1Ba10T npocTo opmo
.!011a.,1b11o'!'i .. 1iampu·11el'i. 

II pnl\1epb1: 

• MaTpIIUhl 

( 
1 0 0) 

I= 0 l 0 
0 0 l 

H 
(

-1 

6 = ~ 
0 

-1 
0 !, ) 

0IIHCh!BaIOT rrpeo6pa30Bam1e 

,~ U) i'= Ii:, f'= CS:, 

IWT0poe Hct3b!Ba.IOT npeo6pa306UHUeAl U1l6epcuu. Jier1rn rrpoBepHTh, 'ITO 

MaTpHUhl j H c: o6pa3yIOT rpyrrrry' IIJ)IPIPM 

detC = -1, c-1 = 6. 
• Ha6op MaTpnu 

A = -sin</> cos</> 0 , 
( 

cos</> sin</> 0 ) 
0 :::; <P:::; 27T 

0 0 l 

06pa3yeT rpyrrny, rra.paMeTpn3yeMy10 yrrroM <P, rrpn'leM emrnn'IHOMY 3Jie
MeHTY COOTBeTCTByeT <P = 0, Kp0Me Toro, 

A=A-1
, T.e. A·A1 =i, 

a 3TO 03Ha'!aeT, 'ITO Ma TPHUhl A rrpe.ncTaBJil!IOT qacTnufI crryqatJ opTo

ronarrbHh!X rrpeo6pa3oBannrr. Jienrn y6e.UHThCll, '!To rrpeo6pa3oBanne 

x'= Ax C det.4. = l 
OITHCh!BaeT IlOBopoT HCXO,UHOH CIICTeMbl K0opmrnaT Ha yrorr <P BOKpyr OCH 
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• Paeel\10TpeHHhie B rrpe.UhI.UyIIIeM rrpnMepe rrpeo6pa3osamrn 06pa3y10T 

rro.urpyrrrry o6mei:'i rpyrrrrhI rrpeo6pa3osamlfi 

x' = .4,t,)oA,t,,x, 
KOTOpax Ha3bJBaeTell: eo6cTBeHHOll rpyrrnofi opTOrOHa.JlhHbIX npeo6pa30-

BaHHH HJIH zpynnofi, 6paw,e11,ufL MaTpHUhI A,t,, n A,t,2 nMeIOT Ta1mfi ;Ke 

BH.U, 'ITO n MaTpuua A npe.uw.uymero npHMepa, e 3aMeHOI1: cp Ha cp1 n </J2 
COOTBeTeTBeHHO, a 

A,=(! 0 
cos0 
sin0 

-s~n0) , 
cos0 

o::;0::;1r. 

Ha11:.unTe eaMoeTOJ:ITeJihHO :meMeHThI MaTpHUhI A A,t,, AoA,t,2 , ee .ue-

TepMHHaHT u erre.u. ll01<a;KHTe, 'ITO 3Ta MaTpnua - qaeTHhIH erryqa11: 

MaTpHUhl OpTOrDHa.JlhHbIX npeo6pa30BaHHH. 

• CnpaeKa: no.urpynnofi N rpynnw li-1 Ha3oBeM no.uMHO;KeeTBO 3JieMeH

TOB rpynnhI M, KOTOpb!e o6pa3yIOT rpynny OTHOeHTeJibHO rpynrroBOH 

onepauuu, yeTaHOBJieHHOH B M. 

III. I'eoMeTp11qecKHe o6'beKThI 2-ro 11 Bhlrne 
paHrOB 

bOJiblllUHeTBO q>U3H'!ee1rnx BeJIH'IHH 3a,UaIOT B BU.Ue '!HeJIOBb!X cpyHKUHH OT TO<IKU B 

rrpoeTpaHeTBe. Eerru y Hae HeeKOJ!bKO TaKUX BeJIH'IUH - HeeKOJ!bKO cpyHKUUH TO'IKH 

(B TpexMepHOM npoeTpaHeTBe - 3, B n-MepHOM npocTpaHeTBe - n), TO HX MO)J(HO 

uenonh3OBaTb .unx 3a,JJ:aHUJl: BeKTOp-<pyHKUUU TO'IKU. <PH3U'!eeKue, reoMeTpU<ieeKue 

BenuquHbl onuebIBaIOTCJl: Ha6opoM <pyHKUUH TO'IKH nu!llb rroene Toro, KaK B rrpo

eTpaHeTBe 3a,UaHa KaKaJ:I-nH6o eueTeMa KOOp.UUHaT, a quenoBaJl: 3anueb 3TUX Benu

<IHH eymeeTBeHHO MeHJ:IeTex, eenu 6y.uyT 3a,UaHbl .upyrue KOOp.UUHaTbl. Bonb!llOH 

Knaee ofrheKTOB TaKoro po.ua eoeTaBnll:IOT mf11,30pb1, npoeTeH!llUM npuMepOM KOTO

pwx cny;KaT y;Ke 3HaKOMhie HaM KO- H KOHTpaBapnaHTHb!e BeKTOpbl. TpnBHa.JlhHh!H 

<iaeTHh!H enyqafi TeH3OpHb!X Benl!'Il!H npe.ueTaBnll:IOT eKa.Jill:pbI, KOTOpb!e He MeHJl:

IOTeJl: npu 3aMeHe KOOp.UUHaT. 

1. Anre6pa reoMeTpHt.JeCKHX o6'beKTOB. IlyeTb B Ka)l(,UOH eueTeMe KOOp

.UUHaT (x1,x2,x3) u B Ka;K.UOH TO<iKe npoeTpaHeTBa 3a.uaHo 3n+m queen (B 

N-MepHOM npoeTpaHeTBe - Nn+m queen). B 3TOM enyqae roBopxT, 'ITO B npo

eTpaHeTBe onpe.ueneH reoMeTpu<ieeKufi 061,eKT paHra n + m e n KOHTpaBapu

aHTHhlMU u m KOBapuaHTHhlMU UH.UeKeaMII. 3aKOHbl npeo6pa30BaHIIJl: KOMno

HeHT reoMeTpuqeeKoro ofrbeKTa MoryT 6b!Tb BeebMa pa3H006pa3Hb!Mll. Ilpo

eTeH!llUMU npuMepaMU -reoMeTpIIqee1rnx 061,eKTOB Jl:BnJl:IOTeJl: eKa.Jill:pbl - o6'b

eKTbl O-ro paHra, KO- u KOHTpaBapHaHTHble BeKTOphl - o6'beKThl 1-ro paHra. 

PaeeMOTpl!M a.Jire6py 3TUX o6'beKTOB. 
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• C.,zo:J1Ce11,ue. B enmKeHUH MoryT y<iaeTBOBaTb o6'beKThl O.UUHaKOBOro 

eTpoeHHJl: ( e O.UUHaKOBb!M quenoM UH.UeKeOB, IIX paerrono;KeHUeM u qepe

.UOBaHIIeM): 

A'.}m + B_i;_'m = c_i;/m. 
PaHr eyMMhI paBeH paHry Ka;K.uoro U3 enaraeMwx. 

• Y~mo:J1Ce11,ue 11,a '1/.UC.!lo: 
Bi ... k =a. Ai.,,k_ 

r ... s r ... s 

• B11,eu1,11,ee npOU36eae11,ue. BHe!llHIIM npOII3Be,UeHIIeM o6'beKTOB rrpOII3BOnh

Horo eTpoeHUJl: (HarrpuMep, A'.fm u B:,:") Ha3bIBaIOT o6'beKT C e KOMIIO

HeHTaMu 
ci,lmp,s =Ai.Im. BP·•. 

,k.,,r .k ,r 

KaK ene.ueTBHe onpe.ueneHIIJl: OTMeTIIM HeKOMMyTaTIIBHOeTb rrpOU3Be.ue

HHJl: reoMeTpuqeeKUX o6'beKTOB. PaHr BHe!llHero rrpOII3Be.ueHIIJl: paBeH 

eyMMe paHroB eOMHO;KH:renefi. 

• Ilepecma11,061rn u11,aencoa. EenII rrpou3BOnhHO rrepeeTaBUTh O.UHH nnII 

HeeKOnhKO HH.UeKCOB o6'beKTa A, TO rronyqeHHOe o6pa3yeT 1/,06blU o6'beKT 

B Toro ;Ke paHra. TaKaJ:I onepauIIx Ha3h!BaeTcx nepecTaHOBKOH IIH.UeKCOB. 

PaccMoTpHM qacTHhie cny<iaH 3TOH onepau1rn: 

- CHMMeTpH3aQHH 

, 1 , , , 
Bic1 = 2(Aic1 + Aik) = A(kl) 

Hnll no TpeM HH.UeKCaM 

1 
A(ikl) = 31 (Aikl +Auk+ Akli + Akil + A1ki + Aili); 

aHTHCHMMeTpH3aQHH ( HHa<ie a.JlbTepHIIpOBaHHe) 

1 
Bik = 2(Aik - Aki)= A[ik] 

IInH no TpeM IIH.UeKeaM 

1 
A[ikl] = 3!(Aikl + A1ik + Akli - Akil - A1ki - Aill)-

feoMeTpII'IeCKIIH o6'beKT Ha3hlBaeTCJl: CUMMempU'l/,1/,blM, ecnII ero KO

IInII KOHTpaBapIIaHTHble KOMnoHeHThl He MemIIOTCX OT rrepecTaHOBKII 

.UBYX IInH HeCKOnhKIIX IIH.UeKCOB, HanpIIMep, 

A ... kl... = A .. .lk.,., 

H a11,mucUMMempU'l/,1/,blM ITO OTHOIIIeHHIO K .uaHHhlM IIH.UeKCaM, eenII 

ero KOMilOHeHThl MeHJl:IOT eBOH 3HaK Ha o6paTHhlH npn JII06oii HetieT

HOH nepecTaHOBKe IIH.UeKCOB II OeTaIOTeJl: HeII3MeHHh!Mll npII JII06oii 
qeTHoii, HanpIIMep, 

A ... ikl, .. = -A ... ilk ... = A,,,lik .... 
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• CBepmx:a. 8Ta onepar:vrn BO3MO)KHa TOJlhKO Ha,U o6'heJ{TaMH, IWTOphie 

HMeIOT He MeHee '-leM no O,UHOMY KO- II KOHTpaBapnaHTHOMY IIH,UeKcy. 

CBepTKa COCTOHT B 3aMeHe O,UHOro KOHTpaBapnaHTHOro ( KOBapnaHTHOro) 

HH,UeKca Ha TaKOH )Ke KOBapnaHTHh!H (KOHTpaBapnaHTHhif"r) C nocne.uyIO

mnM cyMMnpoBamreM no 3TOMY HH.UeKcy. HanpnMep, .UJill o6'heJ{Ta AL 
CBepTKa COCTOHT B TOM, '-ITO IIH,UeKC k 3aMeHl!eTCll Ha i C nocne.uyIOmm,1 

cyMMHpoBaHHeM: 

B1 = A)1 = A~1 + A;1 + A~1 + ... 
B '-laCTHOCTH, CKaJillpHoe npoH3Be,UeHHe BeKTOpOB (lj H bk co.uep,KHT ,UBe 

onepaunn - nx npoH3Be.uemre ai · bk n nocne.uyIOmyIO CBepTKy: 

ab= ai · b; = a 1
b1 + a2b2 + a3

b3 + ... 
CKanllpHoe npoH3Be,UeHHe - npHMep B1tympe11,11,e20 npo1t:JBeae-1wJI. 

BHenrnee npmi3Be,UeHHe co CBepTKOH Me)K.UY COMHO)KHTeJil!MH CTaHeT B1ty

mpe1t1t1LM, npo1t:JBeae1t1teM reoMeTpH'-IecKHX o6'heKTOB. HanpnMep, 

i il 
c.km = A,.m . Elk· 

PaHr BHyTpeHHero npOH3Be,UeHHll paBeH cyMMe paHrOB COMHO)KHTeJieI1 

MHHYC Y.UBOeHHOe '-IHCJIO HH,UeKCOB, no KOTOphIM npOBO,UHJiaCh CBepnrn; 

B nocne.uHeM npHMepe CBepTKa npoBO,UHJiaCh no O,UHOMY HH,UeKcy II paHr 

BHyTpeHHero npOH3Be,UeHHll paBeH 3 = (3 + 2) - 2. 1. 

2. TeH30pbI. reoMeTpH'-IeCKHH o6'heKT, KOTOph!H npH .uonycTHMhIX npeo6pa30-

BaHHJl.X KOOp,UHHaT npeo6pa3yeTCJl. corJiaCHO 

!l i !l k>l'r >l's 
Ai ... k = :!.!._ ~~ .'.:.:___;in···P 

l. .. m oxn · · · OxP oxl · · · oxm r ... s ' 

Ha3oBeM me1t3opoM. 

TeH30pHhIH 3aKOH npeo6pa30BaHHJl. o6na.uaeT rpynnoBhIMH CBOHCTBaMH, '-ITO 

nerKO YBH,UeTh, Y'-IHTh!BaJl. H3BeCTHOe COOTHOllJeHHe 

oxi axi ox1 

oxk = ox' oxk. 

3aMeTHM TaKMe, '-ITO reoMeTpH'-IeCKHH o6'heKT, KOTOph!H Jl.BJIJl.eTCll TeH3OpOM 

OTHOCIITeJihHO O,UHOH. rpynnhI npeo6pa30BaHHI1, MO)KeT He 6h!Th TaKOBhIM OT

HOCHTeJihHO KaKOH-JIH6o .upyrorr. 

J,b 3a1mna npeo6pa30BaHIIll TeH3OpOB cne.uyeT, '-ITO ecJIH Bee KOMnoHeHThl TeH-

3Opa paBHhl HYJIIO B O,UHOH CHCTeMe KOOp.UIIHaT, TO OHH OCTaIOTCJl. paBHh!MH 

HYJIIO B JII06orr .upyroi1: rmop,UIIHaTHOI1 CHCTeMe. 8TO, B CBOIO O'-Iepe.uh, O3Ha

'-laeT, '-ITO eCJIH q>H3H'-leCKHH 3aKOH HMeeT q>opMy paBHoro HYJIIO TeH3OpHoro 
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COOTHornemrn, TO 3TOT 3aKOH 6y.ueT HMeTh TaKyIO Me q>OpMy B JII06oI1 H3 .uo

nycTl!MhIX KOOp.UHHaTHhIX CHCTeM. J,lcxo,Ul! H3 3a1mna npeo6pa3oBaHirn TeH-

3OpOB, MO)KHO noKa3aTh, '-ITO CILMMeTpH'-IHOCTh JI anTHCHMMeTpH'-IHOCTh TeH-

3Opa - CBOlICTBa a6cOJIIOTHhie, T.e. He 3aBHCllmne OT Bhl6opa KOOp,UHHaTHOH 

CHCTeMhl. 

CymecTByeT TaK na3hIBaeMhll1 "oopaTHhIH TeH3opHhIH nptt3HaK" {nnor.ua 

)TOT npH3HaK Ha3h!BaIOT cmpo2oi1 mtope.1toi1 'IUC/71/tOi!O ), KOTOphII1 nO3BOJil!eT 

Bhll!CHJITh, Jl.BJil!eTCl! JIH reoMeTpll'-Iec1rni"r o6'heKT TeH3Opor-.I. CyTh ero COCTOHT 

B cne.uyIOmeM: nyCTh B pe3yJihTaTe CBepTirn 3TOro 06'heKTa C HeIWTOph!M BeK

TOJ)OM Ak nony'-laeTcl! .npyro11 BeKTop Bi, T.e. 

riAk = Bi, 

Tor.ua MO)KHO yTBeplK.UaTh, '-ITO Ti - TeH3op. B caMoM .uene, Y'-IHThIBall. 3aKOH 

npeo6pa3oBamrn KOHTpaBapHaHTHoro BeJ{TOpa II TO o6cTOJl.TeJihCTBO, '-ITO B 

rnTpnxoBanH011 cHcTeMe Koop.u1maT ffA_k = Bi, HMeeM 

>l k >l .i >l i 
Ti~A_I = .!!.!_13m = .!!.!_fm A_I 

k axl 0xm 0xm I • 

ITol\!HO)KIIM o6e qacTII paBeHCTBa Ha f};i;P / fh·i H, npocyMMHJ)OBaB no i, f!OJIY'-IHM 

;OXP OXk 'p 'I 
(Tk~~, -T1 )A = 0. 

ux' ux 

IlocKoJihKY BeI{TOp A.1 
npon3BOJieH, To JI.CHO, 'ITO Tf npeo6pa3yeTcll, IrnK TeH-

3op. 

llorrn)KeM TaroKe, '-ITO cBepTKa .UByx Ten3opoB no o.uHor-.ry 1m.ueKcy ll.BJil!eTcll. 

TeH3opoM: 

!l k !l .m !l ~q !l 'r !l '! !l .k >l.'.q >l.'t 
Sk = Akm B = ux ux uX A_lp ux ux J3 _ uJ. u.r ux Jr A_lp J3 

m , mn 0xl oxP oxi q oxm oxn rt f):fl O:ri O.rn P q rt 

OXk 0Xq 0X1 , 
----'>' - ax' oxi oxn L qt· 

AHa.norH'-IHO MO)l(HO y6e,UHThCll, '-ITO B pe3yJihTaTe f!OJIHOH CBepnrn Teinopa, 

HMeIOmero O,UHHaKOBOe '-IHCJIO KO- H KOHTpaBapHaHTHhIX IIH,UeKCOB, noJiylfaeTCl! 

CKaJIJl.J). 

PaHee, HCXO,Ull. II3 onpe,UeJieHI!ll q>yH,UaMeHTaJihHOll MaTpHUhl 9ik = e;ek H 3a

KOHa npeo6pa30Bamrn BeKTopoB JIOKMhHoro 6a3nca e;, 6hIJI Hai1:.nen 3aKoH npe

o6pa3oBaHHll q>yH,UaMeHTaJihHOI1 MaTpHUhl: 

o:fm ox" 
9ik = oxi f}3.:kfJmn• 
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3To 11O3BOJUieT 3aKmoqHTh, qTo 9ik, TaK )Ke !(al( H gik' - Te1nopHb!e BeJinqHHhI, 

IIO3TOMY B llaJibHei'hneM, KaK 3TO rrpHmITO B reOl\ieTpirn, 6yneM Ha3blBaTb 9ik 

!fiyuaaMe1tma.r1b1tblM (1mn .uemputtec1rn.1i) Te113opoM. 3ananne MeTpHqecrwro 

TeH3opa orrpenemieT paCCTOl!HHe Me)KllY llBYMll 6ec1w11eqHo 6JIH3KIIMH Toq

KaMH: 

dl 2 = 9ikdxidxk. 

Ilo orrpenenenmo, ecJIH yqecTh BeKTopHhIII xapar(Tep d;i;i, 3TO paccTOl!HHe -

HHBapHaHT. 

cf>yHnaMeHTaJib!lbllI H o6paTHb!II eMy Te!l3Op, TaK )Ke !(aK H B cnyqae BeKTOJ)OB, 

6yneM HCIIOJib3OBaTh JlJill IIOllHl!THll II orrycrrnHHll lIH)leKCOB. HanpHMep, JlJill 

TeH3opa 2-ro paHra 

Tik = /I gkmTlm, Tik = 9il9kmT
1
m, Ti= 9i

1
9kmTt. 

Tenepb noKa)KeM, qTo CHMBOJI KpoHeKepa oi, onpeneneHHhIJI rrnK 

oi = / 1
9tk, 

l!BJilleTCll ennHHqHbIM TeH3OpOM 2-ro paHra. lleJICTBHTeJibHO, 

{) i ~ I {) 'P ~ 'q {) i {) 'q ' ~ i ~ 'q Ji _ ii _ X UX X UX ,mn , _ X X JP ,mn , _ uX UX ,mn , 
k - g 9Ik - f)i;m f)i;n fJxl fJxkg gpq - f)i;m fJxk n9 9pq - f)i;m fJxkg 9nq 

fJxi axq, 

= ~ , m ~ o:;' ux ux 
a e1IHHHqHOCTb 3TOro CHMBOJia BllllHa H3 

Ai= oiAk. 

3. CHMBOJI H TeH30p JleBH-qHBHTa. IlJIOTHOCTb nceB.UOTeH30pa, TeH-

30pH1U1 UJIOTHOCTh, nceB.UOTeH30phl. CoB0Kyn110CTb BeJiuquH lik .. .l HJIH 

lik ... l C qucJIOM mrneKCOB, COBnanaJOUUIM C pa3MepHOCTb!O rrpocTpaHCTBa, an

THCHMMeTpH'IHblX no BCeM CBOHM lill)leKCaM (" COBepllleHHO aHTHCHMMeTpH'I

HbIX BeJIHqHH"), npuqeM l123 ... n = 1, Ha3OBeM CHMBOJIOM JleBH-qHBHTa. 1fa 
onpe.neneHHll cne.nyeT, qTo 

• eCJIH cpenu HH.UeKCOB eCTb O.UHHaKOBble, TO lik .. .l = lik ... l = 0, 

• eCJIH IIOCJienoBaTeJibHOCTb HH.UeKCOB noJiyqeHa H3 123 ••. n qeTHOII rrepe

CTaHOBKOJI, TO lik ... l = lik .. .l = +1, 

• eCJIH nocnenoBaTeJihHOCTb HH.UeKCOB rroJiyqeHa H3 123 .•• n HeqeTHOII nepe

CTaHOBKOII, TO lik .. .l = lik .. .l = -1. 
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B ,llaJibHei:'illleM Mb! orpa11nq11MCll paccMOTpeHHeM 3-MepHoro cnyqal!, noCKOJih

K.Y 0606mem1e Ha n-MepHh!II Tpyna He npencTaBJil!eT. llTaK, 

<ik/ = ikl = { +1 
-1 

ikl rronyqeHo rn 1, 2, 3 qeTHOJI rrepecTaHOBKOJI, 

ikl rronyqeHo H3 1, 2, 3 HeqeTHoi'r rrepecTaHOBKOJI. 

B OCTaBilIHXCll cnyqallx, T.e. npH COBnanemrn HH)leKCOB, CHMBOJI JleBH-LlHBHTa 

paBeH HJJIIO. 

llpllMbIM Bb1qucne11neM HeTpy.UHO y6e.UHTbCll, qTO orrpenemITeJib rrpOH3BOJib

HOII MaTpHIIhI A c MaTpuqHhIMH :meMeHTaMH Ai CBl!3aH c CHMBOJIOM JleBn

LlHBHTa COOTHOilleHHeM 

i i k I 
lmnpdet(Ak) = liktAmAnAp. 

B 'IaCTHOCTH, ecJIH A - l!K06HeBa MaTpuua rrpeo6pa3oBaHHll Koop.nuHaT, TO 

llIW6UaH Y Bbipa)!(aeTCll qepe3 Cl!MBOJihl JleBII-LlHBIITa COrJiaCHO 

. ()i;i fJxk ();fl 
}' lmnp = likl-{) -

8 
-
8 

• 
xm xn xP 

3To COOTHOilleHire orrpe.neJil!eT TpaHCq>OpMaIIIIOHHbie CBOIICTBa CIIMBOJia JleBII

LlnBIITa. Ecnu npeo6pa30BaHIIll Koop.nrrnaT IIMe!OT RK06HaH y·= 1, TO l!CHO, 

qTo likl rrpeo6pa3yeTCll, KaK KOBapuaHTHbllI TeH3Op 3-ro paHra. Bo3HIIKaeT 

BOIIpoc: MO)!(HO JIII B IIJ)OII3BOJibHOII CIICTeMe KOop.nnHaT BBeCTII TeH3OJ)HYIO 

BeJiuquHy, aHanoruqHyJO no CBOIIM CBOIICTBaM CIIMBOJIY JleBH-LlnBnTa? II pe-

06pa3yeM C 3TOII IIeJib!O likl OT CHCTeMbl KOOpllIIHaT, B KOTOJ)OII 3Ta BeJinqnHa -

TeH3op, K IIJ)OII3BOJihHOII Cl!CTeMe KOOJ).UIIHaT. B pe3yJihTaTe IIOJiyqHM TeH3Op 

{);f;m {);f;n {);f;P 

Eikl = lmnp fJxi fJxk fJxl ' 

Y'IHTbIBaR 3aKOH rrpeo6pa30BaHIIR CHMBOJia JleBH-LlnBIITa, IIOJiyqnM 

Eikl = y likl. 

C .npyro11 CTOJ)OHhI, KOMIIOHeHThl MeTpH'IeCKOro TeH3Opa rrpeo6pa3yJOTCll co-

rJiaCHO 
{)i;m fJxn , 

9ik = fJxi fJxk9mn, 

OTKy.na 

det(g;k) = Y2 
• det(§mn)• 

llorrycTHM, qTO Ymn - MeTpn'IeCKHJI TeH3op B TOII KOOJ).UHHaTHOII CHCTeMe, B 

KOTOpOII likl o6na.naeT TeH3OJ)HhIMH CBOIICTBaMH. TaKOII CIICTeMOII KOOJ).UHHaT 

RBJilleTCll, HarrpnMep, .neKapTOBa, r.ne det(§mn) = 1, IIO3TOMY 

Y = ..Jg, r.ne g = ldetgl 
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H BeJIHqHHa 

Eikl = .jgeikl 

eCTb COBepIIIeHHO aHTHCHMMeTpHqHb!Il TeH30p 3-ro paHra, KOTOpb!II mnoBeM 

meu3opoM Jleau- l/uauma. KoHTpasapHaHTHbie KOMTIOHeHTbI ,Toro TeH·mpa 

Eikl _ imgknglp E _ r;;
9

im kn Ip e - 9 mnp - y 9. 9 9 mnp, 

a .ueTepMHHaHT mo6oft MaTpHilbl, B qacTHOCTH ik' Bb!pa;1rneTOI •repe3 CIIMBOJI 

JleBn-l.J.HBHTa cornacHo 

eikldet(gik) = i"'gknglpemnp· 

Tor.ua 

Eikl = .jgeikldet(gik). 

BBH.UY TOro, qTO i'91k = st, .umr det(ik) HMeeM det(ik) = 1/g, Il03TOMY 

KOHTpasapHaHTHb!e KOMTIOHeHTbl COBepIIIeHHO aHTHCHMMeTpHqHoro TE'H30pa 

onpe.uemnoTCJI CHMBOJIOM JleBH-l.J.HBHTa corrraCHO 

1 ikl 
Eikl = .jge · 

Orrpe.ueneHHe CHMBOJia JleBH-l.J.HBHTa Il03BOJIJleT Ilj)OCT0 rrorryqnTb 

ikl _ Sikl _ 
l lmnp == mnp -

Si Si Si 

Sk Sk s~ 
m n p 

S1 S1 S1 
m n p 

ikl _ ik -11 s:n s~ II · e tmnl = Smn - St:, S~ ' 

eikllmkl = 2S~ eikleikl = 3! 

(B n-MepH0M Ilj)OCTpaHCTBe eik .. .llik .. .l = n!). YqnTb!BaJI 3TH paBeHCTBa )lJIJI 

JJ:eTepMHHaHTa A, rrorryqnM 

cl t(Ai) _ 1 mnp Ai AkA/ 
e k - 3!e likl m n P' 

a ,UJIJI JIK06HaHa KOOp.UHHaTHb!X rrpeo6pa30BaHHll 

1 ,:i,; !l'k !l'I 
Y = -fmnplik[_u_x_~~-

3! 0Xm OXn OXP 

Ha.pll.D:Y C C0BE'j)IIIE'HH0 aHTHCHMMeTpHqJiblM TE'H'30j)0M JleBH-l.J.HBHTa, BBE'llCl\l 

TeH30p, KOTOJ)blll 0CTaeTCJI HeH3MeHHb!M rrpH qeTHOll nepecTaH0BKe HHlleKC0B 
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u MeHJleT 3HaK rrpu nx HeqeTHoi'1 rrepecTaH0BKe, HaJOBeM ero coaepweuuo a11-

mucu.1,utempu1l1tblM me11.10poM pauza, paa11020 pa3.1,1ep11ocmu npocmpaucmaa. 

TaKoiI TeH3op onpe.uenJ1eTcJ1 Bcero o.unnM qHcJioM. HanpnMep, B TpexMepHoM 

npocTpaHCTBe 

T123 = T312 = T231 = -T213 = -T321 = -T132 = T. 

IloHJITHO, qTo TeH30j)bl TaKoro THila 

Tiki = T [jk/ HJIH Tiki = T (ikl' 

a npn npeo6pa30BaHUJIX K0O]).!lllHaT 

T=YT. 

lleiicTBHTeJibHo, 

axi axk ax1 , axi axk ax' . , . 
T = Tl23 = "1l~!l3Tikl = "11-f) 2 !)JTlikl = YT<-123 = YT. 

uX uX UX uX X uX 

B JaKmoqem1e rrprrne.ueM o6mee orrpe.uenemre, KoTOpoe no3som1eT KJiacnrqrn

u;upoBaTb reoMeTpuqecKHe o6beKTbl no TpaHCq>OpMaIJ;HOHHblll-1 CBOllCTBaM • 

feoMeTpnqecrmft o6beKT, KOl\fllOHeHTbl K0Toporo rrpu npeo6pa30BaHHJIX K00p

.UHHaT rrpeo6pa3yIOTCJI corJiaCH0 

,:i i ,:i k!l'r !l'• 

Ai ... k _ vp. ~ y· ~ ~~ ~A'n ... p 
l ... m - I ,gn ,:i, ···a'. 0 1···,:i. r ... s• uxn xP ;r uJ.·m 

na3oBeM OJIOTHOCThlO ncee.uoTeH3opa paura n + m H eeca p ~ 0. lfTaK, 

• rrpn sgnY = 1 Hp= 0 061>eKT A J1BJIJ1eTcJ1 HCTHHHbIM TeH3opoM; 

• rrpH sgnY = 1 II p =f. 0 061>eKT A HaJb!BaeTCJI TeH3opuoii nJI0TH0-
cThlO Beca p. HarrpnMep, det(g;k) - CKaJIJlpHaJI IlJIOTHOCTb Beca 2, a likl 
- Tell30J)HaJI IlJIOTH0CTb Beca 1; 

• rrp11 sgnY = -1 Hp= 0 061>eKT A Ha3b!BaeTcJI ncee.uoTeH3opoM. 

4. KoeapuanTHrui: npo113eo.uurui: TeH3opa. A6coJIIOTHhIH .uu<t><t>epeuuu
an. IlpenMyIIIeCTBa TeH30pHoro ncq11CJieHIIJI C0CTO.!IT rrpe)K,Ue Bcero B B03M0)K

H0CTH 3aIIHCb!BaTb ypaBHeHHJI B KOBapHaHTHOll qiopMe, He 3aBHCJIIIIell OT B_bl-

6opa CHCTeMbl K0O]).UHHaT. Ilo3TOMY rrpn H3Jl0)KeHHH Te1nopnoro aHaJIJBa CJie

.uyeT c ca.Moro naqaJJa orrpe.n:enHTb orrepau;uro, c o.unoft cTOpOHhI, o6na.uaromyro 

BCeMH 0CH0BHb!Mll CBOJ1CTBaMH qacTHOII npOH3BO.UHOll, a C .upyroft - coxpan.1110-

myro Te1nop11uft xapaKTep. B rrpe.Ubl.!lYIIIeM H3JI0)KeHH_n 6blJio noKaJa110, qro 

qacTHa.11 npoH3B0.UHaJI CKaJI.!l])HOll q>yHKilHH - KOBap,rnHTHblH BeKTOp, T.e. Be

JIHqn11a, TeH3opHbIH xapaKTep KOTOpoil: oqean.n:en. C TeM 1.JT06bl coxpaHHTb 
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TeH30pHbie CBOHCTBa, 6bIJIO BBe,UeHO IlOHl!Tl!e KOBap11aHTHOfI npOH3B0.UHOfI BeK

Topa. 3TO IlOHJITHe no.n.uaeTCJI pa3yl\lHO!\IY 06061lleHIIJO Ha cnriafr TeH30pOB. B 
caMoM .uene, neTpy.uno BH.UeTb, 'ITO npu 3ar,,1eHe KoopmrnaT rrpeo6pa30Ba1me, 

COOTBeTCTBYIOlllee Ka)l(,UOMY II3 KO- HJIH KOHTpaBap11aHT!lblX TeH30pHbIX IIH

.neKCOB, u.ueHTH'IHO rrpeo6pa30BaHHIO KO- HJIH KOHTpaBapnaHTHbIX BeKTOpOB. 

Ilo:noMy, pa3BHBall :ny aHanoruro, BeCbMa rrpaa.uorro.uo6no rrpe.urrono;KHTh, 

'ITO KOBapnaHTHaJI rrpoH3BO.UH3JI Te1nopa COCTaBJIJ!eTCJI 113 cnarael\lb!X Tpex 

THITOB: 

• 1-fr THll - 'IaCTHaJI npOII3B0,UHaJI TeH30pa no COOTBeTCTBYIOlllei°:I KOOP.UH-

HaTe: 
fJT··· 
fJxk , 

• 2-H nm, co 3H3KOM llJIIOC, COCT3BJIJ!eTCJI .UJIJI J<aiK.UOfO KOIITpaBapnaHT

HOro TeH30pHoro lIH,UeKca ( HarrpnMep, i BT_'.:·) B BH,Ue rrpOH3Be.uemrn IWM

ll0HeHTbl TeH3opa Ha CHMBOJI KpHCTOcjicjJeJIJI, rrpIFieM 3TOT KOHTpaBapH

aHTHb!H HH.UeKC i rrpncBaHBaeTCJI Cl1MBOJIY KpncTocpcjieJIJI, a B3aMeH Hero 

CTaBHTCJI HeMOH HH,UeKc, KOTOpb!H np11Ill!CbJBaeTCJI H CHMBOJIY K J)HCTOcp

cjieJIJI B Ka'!eCTBe O,UHOfO 113 Hl1)l(Hl1X HH,UeI(COB; BTOpoi1: Hl1iKHHll HH,UeKC y 
c11MBOJia Kp11cTocjicperrJ1 - 11H.UeKc m1cpcpepeHu11poBaHHJ1 k: 

+r; T1. .. lk ... , 

• 3-fr Tl1II, co 3HaKOM M11Hyc, COCTaBJJJ!eTCJI ,UJIJI !(a)l(,UOfO KOBap11aHTHOfO 

TeH30pnoro IIH,UeKca ( Harrp11Mep, m BT;;.-..) B B11.Ue rrp0113Be,UeHl1JI KOM_IIO

HeHTbl TeH30pa Ha Cl1MBOJI KpncTocjlcpenJI, IIj)H'IeM 3TOT 11H,UeKC m 3aMe

HJ!eTCJI Ha HeMOH 11H.UeKC cyMM11p0B3HHJI, KOTO])b!H rrp11IIHCbJBaeTCJI TaK)Ke 

H CHMBOJIY Kp11cTocpcpeJJJ1 B Ka'!eCTBe BepXHero HH,UeKca; O,Ul1H 113 HH)l(Hl1X 

rrn.ueKcoB y CHMBOJia KpucTocjicpenl! - IIH.UeKc .uucpcpepeHu11poBamIJ1 k, a 

BTopoiI - m: 

:._rn T···. 
mk n .. 

Ilpu Been CBOeH rrpaB.uorro.uo6HOCTH 3TO rrpe.urrOJJO)KeH11e Hy)l(.uaeTCJI B .UOKa3a

TeJJbCTBe, K KOTOpOMY Mb! 1Ip11CTYII11M. PacCMOTpHM .UJJJI 3TOfO HeKHll CKaJJllp 

c.p, KOTOpbIH ecTh pe3yJihTaT IIOJIHOH cBepTKl1 TeH3opa Ai H BeKTopoB b1, cm: 

c.p = Atb;ck. 

HaiI.ueM KOBapnaHTHYIO 1Ip0113B0.UHYIO c.p, Y'Il1TbIBaJI, 'ITO '!aCTHaJI rrpOII3B0.U

HaJI CKaJJllpHOH cpyHKU11H rrpeo6pa3yeTCJ1, KaK KOMIIOHeHTa KOBap11aHTH0fO BeK

TOpa, H ll03T0MY, B CMb!CJie TeH30pHb!X CBOHCTB, COBrra.uaeT C KOBap11aHTHOH 

rrpoH3BO.UHoi1:: 

O<.p oAi k ; (ob; k ock) 
V,c.p =ox'= ox' b;c + Ak oxlc + b; ox' 
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I 

i 
l 

}) 

l 

= :~ b;ck + At [ ( V1b; + rfibm )l + b; ( V1l - r~cm )] 
. -. . . . 

= AtV,(b;ck) + [~~~ + r;mA;;'·- rlkA:,.]li;~i,_ :, ,_;, 

3a!\!eTHM, 'ITO, BO-rrepBbIX, corJJaCH0 ci6paTHOMY TeH30pHo.My "rtpi13HaKy co

.neplirnMoe 1rna.upaTHhIX cKo6oK rrocrre.uHeiI qacT11 paBeHcTBa ecri.-'TeH3op 3-ro 

panra, BO-BTOpbIX, cpaBHl1BaJI C 0'IeBl1,UHb!M COOTH0llleH11eM 

. k . k 
V1c.p = AiS1(b;c ) + (V1ADb;c l 

rrony'IHM Bbrpa)l(eHne .UJJJI 1wBapuaumuou npo
0

U3BoJuoii, meu3opa Ai: 

"Ai oAi r; Am rmAi 
v I k = OX/ + Im k - lk m • 

lITaK, rrpe.urroJJOJi(eH11e/.06061Ua.IOIUee II0HJITl1e KOBap11aHTHOH IIpOI13B0.UHOH 

BeI<Topa, ,UOJ<a3aHO. O.UHOBpeMeHHO y.uanocb IIOKa3aTb, 'ITO 1W6apuaumuall 

npOU360auall 1W6blWUem ua,.eJuuu4y pa11,2 meU30pa. 

y MeCTHO BBeCTH CBJl3aHH0e C KOBap11aHTHOH 1Ip0113B0.UHOH IIOHJITIIe a6coJIIOT

HOfO .un.cpcp~penuuana. A6co.1t10mubl.M. (x:0Bapuaumub1.,w,} Juif5if5epeu4ua.1to.,w, 

TeH3opa A (1rnor.ua Mbl 6y.ueM IIOJ!b30BaTbCJI ·TaKHM o603Ha'!eHUeM TeH30pa, 

rro.upa3yMeBall, 'ITO eMy M0)l(eT 6wTh rrpIIIIIICaHo KaKoe yro.uno 'IIICJJO IIH.UeK

coB H IIX paCIIOJIO)l(eHHe) Ha30BeM npoII3Be.uenIIe KOBapIIaHTHOH rrpoII3B0,UHOH 

A rro x1 Ha dx1 c nocrre.uyroIUIIM cyMMIIpoBaHIIeM no l: 

DA= 'v1A · dx1. 

HeTpy.UHO rroHJ!Th, 'ITO a6comoTHbIH .UIIcjicpepeHUIIaJJ DA IIMeeT paHr TeH3opa 

A (.uoKa)l(IITe!). 

.Ilrrll Toro, '!T06bl eIUe pa3 o6oCHOBaTb Heo6xo.UIIMOCTb BBe.UeHHJI IIOHJITIIH KOBa

puaHTHOH rrpoII3BO.UHOH 11 a6conroTHoro .UIIq>q>epeHuIIaJJa, rroKa)l(eM, 'ITO dA; He 

BeKTop ( a o A;/ oxk He TeH3op) . .IleiicTBIITeJJbHO, nocKOJJbKY dA; eCTb pa3HOCTb 

BeKTOpoB, paCTI0JJ0)l(eHHblX B pa3Hb!X (xoTJI II 6eCKOHe'IHO 6JJII3KIIX) TO'!KaX 

npocTpaHCTBa, B KOTOpblX 3TII BeKTOpbI rrpeo6pa3yIOTCJI C pa3JJII'!HbIMH ( 3aBl1-

CJIIUIIMII OT TO'IKII) K03<pq>IIUIIeHTaMII npeo6pa30BHl1ll, dA; He M0)l(eT rrpeo6pa-

30BbJBaTbCJI, KaK BeI(TOp. B CKa3aHH0M JJefKO y6e.UIITbCJI nerrocpe.ncTBeHHO: 

(
oxk , ) oxk , , o2xk i 

dA; = d oxi Ak = oxi dAk + Ak oxioxl dx . 

TaKIIM o6pa3oM, dA; (TaK )l(e'KaK II oA;f oxk), Boo6IUe roBopll, npeo6pa3y

eTCJI He KaK BeKTOp (TeH3op). dA; rrpeBpaIUaeTCJI B K0MII0HeHTbl BeKTOpa, a 

oA;f oxk - TeH3opa TOJJbKO B cny'!ae JJIIHeHHhIX rrpeo6pa3oBil.HIIH Koop.unHaT, 

T.e. eCJJII BTOpal! npOII3B0.UHMI B IIOCJie.uneM Bblpa)l(eHIIII o6paIUaeTCJI B HyJib 
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(HanpnMep, B ,neKapTOBhlX Koop.nnHaTax). (KcTaTI1, 3TO Hennoxoii: rrpnMep 

y:lKe 06cy:lK,naB1neii:c.11 CHTyau;nn, Kor.na 0,UHa H Ta )Ke BeJIH'IHHa llBJilleTCll BeK

TOpOM (TeH30poM) OTH0CHTeJibH0 0.UHOH rpyIIIIbl rrpeo6pa30BaHHH KoopmmaT 

H He llBJilleTCll TaK0BhlM OTH0CHTeJibH0 .npyroii:.) C .npyroii: CTOp0Hhl, K0Bapn

aHTHa.11 np0H3B0.UHa.11 HMeeT TeH30pHhlH xapaKTep, a B rrp0H3B0JibHhlX Koop.nn

HaTax HrpaeT TaKyIO )Ke p0Jib, 'ITO H oA;/fJxk B .neKapTOBb!X Koop.nnHaTax. 

IloKa:lKeM Ba:lKHoe yTBep:lK,neHne - gjyuaa.Meuma,111,H1,1ii. ( .Ac1empu1tec~uii.} mrn3op 

1waapuaHmHo nocmo.aHeH, 'ITO 03Ha'laeT o6pameHne B HYJib ero KoaapnaHTHoii 

rrpoH3BO.UHoii. KaK n .nn.11 n106oro TeH3opa 2-ro paHra, 

"k 
V gik = og' + ri gmk + rk gin 

I fJxl Im In · 

Ilo.ncTaBHB CIO,Ua Bb!pa:lKeHHhle 'lepe3 MeTpH'leCKHH TeH30p CHMB0Jihl Kpn
CTOq>q>eJill 

fi _ ! i (09km 09/m _ 09kl) 
kl - 29 m fJxl + fJxk fJxm ' 

II0JIY'IHM 
f) ik O mn 

V ik _ _JJ_ + in km_9_ 
19 - fJxl g g fJxl • 

TeH30p ik M0)KH0 paccMaTpHBaTb KaK pe3yJibTaT II0,UHllTHll HH.UeKCOB y 9mn, 
T.e. ik M0)KH0 rrpe.ncTaBHTb B BH,lle 

/k = /m gkn gmn. 

IIpo.nmpq>epeHilHpoBaB 3To cooTHorneHne no x1, nony'IHM 

,:i ik ,:i in ,:i km ,:i ,:i ik ,:i 

'!!!_ _ '!!!_Ok _u_g_oi in km U9mn _ 2'!!!_ in km U9mn 
fJxl - fJxl n + fJxl m + g g fJxl - fJxl + g g fJxl 

HJIH 
ik 

og _ _ in km 09mn -----'-- V ik _ o 
fJxl - 9 9 fJxl · --,, 19 - • 

To'IHO TaK )Ke M0)KH0 y6e,UHTbCll, 'ITO 

V19ik = 0. 

Hap.11.llY C MeTpH'leCKHM TeH30p0M KOBapuaHTH0 II0CTOllHHbI CHMB0Jihl KpoHe

Kepa H Jlean-l.JnBHTa, nepBhlH - BCJie,UCTBHe H3BeCTH0ro CO0TH0!lleHHll i 191k = 
01, a BTOpoii: - BBH.UY TOro, 'ITO Bhlpa:lKaeTCll '1epe3 orrpe.nennTeJib MaTpHIJbI, 

3JieMeHTaMH KOTOpoii: llBJillIOTCll CHMB0Jibl KpoHeKepa, T.e. 'lepe3 cyMMY rrpo
H3Be,lleHHH oi. 

5. TeH30phI, nopo:>K,naeMhle npmlf3BO.UHhIMH nepeoro nopJI,nKa. KoeapH

aHTHhle npOH3B0.UHhle BTOporo nopJI,UKa. PaccMoTpHM reoMeTpH'leCKHe 

o6'beKThl, KOTOpb!e rrony'laIOTCll B Pe3YJibTaTe K0BapnaHTH0ro .UHq>q>epeHilH

poBaHHll KO- H K0HTpaaapnaHTHhlX TeH3opoB. 
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( a) rpa,llneHT CKaJIJipHoii cpyHKUHH II0JIY'laeTO! IrnK pe3yJibTaT IWBapn

i\llTH0!'O nmj)cj)epenu11poBaH1Ill CKi\Jlll))i\ II II))0CT0 paaeH 'laCTHOll IIJ)0H3-

sonnoii cKan.11pa: 
o<.p 

V;<.p = oJ.-i = ('?),; 

II II03T0l\lY rrpeo6pa.3yeTCll, IrnK KOBapnaHTHbifi BeKT0J). 

(b) .IlneepreHUHJI rrony'laeTCll Ka.K pnynbTaT caepnrn 0,llHoro 113 K0HTpa

aapIIaHTHbIX IIH.UeKC0B TeH30pa C HH.UeKC0~I K0BaJrna.HTH0ro nmpcpepeH-

UIIJ)0Bi\Hllll: vr(i ... ) 
' ( ... ). 

B pe3yJILTaTe rrony'laeTCll TeH3op, panr K0Toporo Ha ennnnuy l\leHbllie 

paura 11cxonnoro TeH3opa. B 'IaCTH0CTII, mrneprenun.11 ae1nopa (KoH

TpaBapnanTnoro) - cKaJill)). IT01rn;M•~1. "ITO ecm1 n11aeprenun.11 6epeTCll 

OT aeKTopa !IJlll aHTIICIIM~IeTpll'!II0I'0 Teinopa. TO Olli\ IlJ)0CTblM o6pa3011 

Bbrpai!rneTcl! •iepe3 qatTHY!O rrpoU3B0ilHYJO. lle{ICTBIITeJILHO, cornacno 

o6meMy rrpaBIIJIY 

. oTik ... l . . . 
V T'k ... l = --- + r· rmk ... l + rk T""···l + + rl r•k ... m 

I o:rl ml ml · · · ml · 

CHMBOJibl KpHCTOcpcjleJill CHMMeTpH'lllbl 110 HlliKIIHM HHJWKCa.M, 1103T0MY 

Bee cnaraeMbie, co.rrepiKamne r~1, 3a ncKJIIO'lem1eM rrocne,llnero, 06pama-

10Tcll B nynh, TaK IrnK o6a HH)KHHX l!H.UeKca CB0pa'IHBa!OTCll C 1rn.neKCaMH 

a.HTHCHMMeTpH'IH0r0 TeH30pa. TaKHM o6pa.30M, 

. oTik ... l . 
V r•k ... l = --- + rl r·•· ... m 

I OJ."/ ml · 

Ilo.nc'IHTaeM r;,,1: 

fl = ! In (09nm + 09nl _ 09ml) = ! In 09,il. 
ml 29 OJ.:1 o,rm o,r" 29 OJ.'"' 

• ll01rn.;KeM, '!TO IlJlll JIJ060{1 Ma.TpHUbl <I C 3JieMeHTi\Mll llik H neTep~III

Hi\HT0M ao = deta 

r,lle 

Bao =Ai\ 
OGik 

(*) 

Aik _ l ivw knp 
- (3 _ l )! l l GvnGwp 

- anre6pan,1ec1me .norrom1em1e. ( II pe.nrronoil,eHo, '!TO rrpocTpa.11CTB0 

Tpex111ep110, o6o6menne na 6onbwee 'IHCJI0 IIJMepennii 11e rrpe.llCTa

BJilleT T))Y.llHOcTeft.) C<mTal! 011pe.rrem1TeJih 

1 ttVW .,nnp ao == -( ( llumllvnllwp 
3! 
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q>yHKUHeI1 CBOHX :meMeHTOB Clik, .UH<jlq>epeHuupyl! no Cljk c y'-!eTOM 

Toro, '-!TO OCluv/ OClik = J~J~' ITOJIY'-!Hl\l 

Octa l ( ivw knp uiw mkp uvi mnk ) 
~ = I E E ClvnClwp + E E ClumClwp + E E ClumClvn = ua;k 3. 

~(Aik + Aik + Aik) = Aik_ 
3 

Ilpe.urrorrolKHM .uarree, '-!TO cymecTByeT o6'beKT ai\ .UJil! KoToporo 

IloKalKeM, '-!To 

Cl;kakl = a;. 

Aki 
ak'=-, 

Clo 
.UJil! '-!ero llO.UC'-IHTaeM CBepTKy: 

Aki l kvw lnp 
Cl;k- = ( I E E ClvnClwp• 

ao 3-1).ao 

CorrraCHO H3BeCTHOMY COOTHOllleHHIO 

(**) 

kuw lnp • lnp kuw EinpClO = E CljkClnuClpw ==? E EinpClO = E E ClikClnuClpw 

II BBH.UY Toro, '-!TO 

Elnp EinpClO = 2!aoJ;, 

rrocrre cpaBHeHHl! c ( **) HMeeM 

Aki 
a;k- = a;. (:) 

ao 

McrroJih3Yl! ( *) II (:), rrorry'-!aeM 

l oao kl 8ak1 
---=a --
ao fJxm fJxm 

HJIII B o6meM BH.Ue .UJil! JIJ06oil: HeBblpOlK.UeHHOH MaTpHUbI A(x) 

Sp(A-
1!:) = a!;(tn(detA))-

8roT pe3yJihTaT IIO3BOJil!eT 3aBepllIIITb BhI'-IIICJieHHe 

1 1 nl og,n I l og r ml = -2g ~ ==> r ml = -2 -f), r.ue g = detgik, uxm g xm 
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H Bb!palKeHHl! .UJil! .UHBepreHUHH aHTIICHMMeTpu<rnoro TeH3Opa 

. arik ... , . arik ... , 1 8 r,:;9 . 
'y y1k ... l = ___ + fl y1k ... m = ___ + __ V_ ::Jy1k ... m 

I fJxl ml {)xi -jg fJxm 

HJIH OIWH'!aTeJibHO 

'v1Tik ... l = ~ f)~I ( JgTik .. .l). 

B qacTHOCTH, .UJil! BeKTOpa Ai H aHTIICHMMeTpII'IHOro TeH3Opa 2-ro paHra 

Aik = -Aki HMeeM 

'v-Ai _ 1 fJ ( 
I - -jg ox' JgA')' 

'v;Aik = 1 fJ ( -jg8xi JgAik). 

IIo.uc'IIITaeM Terrepb KOBapHaHTHYIO .UHBepreHUIIIO .UJil! CMelllaHHhIX KOM

IIOHeHT CHMMeTpII'-!Horo TeH3opa Aik = Aki_ MMeeM 

k f) Af k I I k 1 {) ( k) I k 
'v kA; = fJxk + r,kAi - r kiAI = Jg fJxk JgAi - r kiAI. 

IIocrre.uHee crraraeMoe 3.uecb paBHO 

-~ (09;1 + 09kl - Of]ik Ak'). 
2 fJxk OX 1 ox1 

J13-3a CHMMeTpHH A kl rrepBblH II TpeTIIH '!JieHbI COKpamaIOTCl!, II OKOH'!a-

TeJibHO 

'v Ak = _1_~( ;;;A~)_~ 09kl Aki 
k , -jg {)xk v 9 , 2 {)xi · 

( c) PoTop. KoHTpaBapIIaHTHhIH BeKTop 

1 Emli ... k {)A-
Rm= --- ~ 

(n - 2)! -jg ox1 

HaJOBeM poTopoM aHTHCIIMMeTpII'!Horo TeH3opa A; ... k paHra n - 2. B 
corrracHII c 3TIIM B TpexMepHOM rrpocTpaHCTBe..BeKrop poropa orrpe.uerrl!

eTCl! crre.uy10II1IIM o6pa3oM: 

R
i - _1_ ik1aA, 
- V9f. oxk" 

TaKHM o6pa30M, B TpexMepHII BeKTOp poropa COIIOCTaBJil!eTCl! BeKTOpy, 

II TOJibKO B rrpocTpaHCTBaX pa3MepHOCTII n ;?: 4 OH MO)KeT 6bITb COIIOCTa

BJieH aHTIICHMMeTpH'!HbIM TeH3opaM (B 4-MepHH - TeH3opy 2-ro paHra 

H T . .u.). AHTIICHMMeTpII'-IHOMY TeH3opy 2-ro paHra MO)KHO COIIOCTaBIITh 
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-

(d) 

TaK HaJbIBaeMbIH meu3op Cmonca - Ilyaunape, KOTOpbrii B 3TOM qacTHOM 

cnyqae IIMeeT BII.lI 

fJF;k 8Fi; f)Fk1 
P;k1 = fJxl + fJxk + fJxi, F;k = -Fki• 

MHTepeCHO OTMeTIITb, qro ecJIII 

fJAk fJA; 
F;k = 'v;Ak - 'vkA; = fJxi - fJxk' 

TO rrpHMOH IIO.I(CTaHOBKOH MOJKHO y6em1TbCH, qTo B 3TOM cnyqae TeH30p 

CToKca - IlyaHKape paBeH Hymo. (B rrocne.nHeM cooTHOIIIeHMII pa3HOCTb 

KOBapIIaHTHbIX IIpOII3BO.I(HbIX COBrra.naeT C pa3HOCTbIO qacTHbIX rrpOII3-

BO.I(HbIX, T.K. cnaraeMbie C CIIMBOJiaMII KpMcToqiqiena y Bbipa)KeHMM KO

BapMaHTHbIX IIpOII3BO.I(HbIX M3-3a CMMMeTprm 3TIIX CMMBOJIOB ITO HMJKHHM 

IIH.I(eKCaM COKpamaIOTCH.) 

3aMe'IaHne. OrreparrMH aya.11b1tocmu II03BOJIHeT IIOCTpOMTb HOBbie 

TeH30pbI M3 aHTMCMMMeTpHqHbIX TeH3opoB. B TpexMepMII .I(JIH JII0-

6oro BeKTopa V; II nro6oro aHTIICMMMeTpIIqnoro Ten3opa BToporo 

panra T;k = T[ik] HOBble TeH30pbI orrpe.neJIHIOTCH paBeHCTBaMII 

t'.k/i 
V kl _ -V;, 

* - v9 
t'.lik 

*T
1 = -T[ik]· 

v9 
TeH30pbI co 3Be3.I(Ol1 Ha3bIBaIOT .nyaJibHb!MII TeM TeH30paM, II3 KO

TOpbIX OHII IIOCTpOeHbI. B qeTbipexMepHOM rrpocTpancTBe .lIYaJibHbre 

TeH30pbI COIIOCTaBJIHIOTCH BeKTopy, aHTIICIIMMeTpnqnoMy TeH30py 2-
ro panra II anTHCIIMMeTpnqnoMy Ten3opy 3-ro panra no rrpaBIIJiaM 

*pm_ l t'.mik/ 
- 31 ,Jg F[iklJ, 

*ylm _ l t'./mik 
- - -~T, 2 y9 [ik], 

klmi 
Vklm _ _ l __ V;. 

* - v9 

Terrepb HeTpy.nno y6e.I(IITbCH B TOM, qTo pOTOp - 3TO BeKTop, .lIYaJib

HbIM TeH3opy CToKca - IlyanKape. lle11cTBIITeJibHo, B qeTbrpexMeprm 

m l t'.mik/ l t'.mik/ (fJF;k fJFi; fJFkl) 
*F = 31 y9 p[ik/J = 31 y9 fJxl + fJxk + fJxi 

_.!_ t'.mik/ 3fJF;k = _l_t'.mlikfJF;k 
3! ,Jg 8x1 2!yg 8x1 

coBrra.naeT c orrpe.nenenneM poTopa aHTIICIIMMeTpMqnoro TeH3opa Fik• 

KoaapttaHTHhle npottJBO.lIHbie BTOporo nopH.nKa. KaKIIM 6y.neT pe-

3JJibTaT CBepTKII ik C .I(BaJK.I(bI KOBapnaHTHO rrpo.nnqiqiepenrrnpoBaHHbIM 

CKaJIHpOM cp? O603naqnM TaKyIO IWHCTPYKIIIIIO 

6.cp = gik 'vi 'y k'P 
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H 11a30Bel\l ee onepamopo.11 Jlan.wca. JlerKo rroKa3aTb, qTo 6.cp .nocTa

TO'IHO IIJ)OCTO Bb!paiKaeTCll qepe3 o6bi'!Hble 1IpOH3BO.I(Hb!e. B caMOM .nene, 

6 ikv(fJcp) ik( 0 'P,k r1 ) 
cp = 9 i fJ.rk = 9 a.ri - ik'P,I . 

ITo.rK'mTae~, caepn.:y: 

ik fl _ ! ik Im (a9mi a9mk _ ag_ ik) 
9 ik - ·)g 9 a k + a- .i f) m • 

- X X :r 

ITocKOJibKY 

Im JI Im 09mi aim 
g g,,,; = i ===} g axk = -gmi a,rk ===} 

! ik Im (a9mi 09mk) 
29 g fJxk + axi 

aim 

iJr"' 
TO 

l a . a Im a Im Im a ;;:; l a 
gil'T/ = --/kg/"' 9ik __ 9_ = __ 9 __ L__V_Y9 = ----(..Jgim). 

,k 2 axm fJxm a,rm /g a.rm ..jg fJ,rm 

ITo.ncTaBHB 3TO B BbipaJKemre .I(Jill orrepaTopa Jlarrnaca, rrony<IHl\l 

6 = lik(O'P,k - r1_M) =' ima'P_,i + 'fj__J_( r,:;ggim). 
'P g a:r' ,k.,.. ,I g OJ."m jg a,rm VY 

HTa.K; KOBapnanTnoe BbrpaJKenue .nna orrepaTopa Jla.rrna.ca nMeeT BH.lI 

I\ l a ( r,:; ik acp ) ucp=-- v99 -. · jg 8.rk 8,r' 

IV. BeKTOpHbIH aHaJUI3 B TpexMepHOM 
eBKRM~OBOM rrpocTpaHCTBe 

1. CttcTeMbI opToroHaJibHbIX KOOp.I(HHaT. CucTe~,y Kprrnommeflllb!X KOOp

.I(HHaT Ha.30BeM opTorona.JibHOH, ecmI B 1rn.lK.I(Of1 TO'!Ke (J.· 1
, .r

2
, ,r

3
) BeKTOpbl 

JIOKa.JlbHOI'O 6a3HCa., Ta.K )Ke Jrn.K H KOOj).I(HHa.THble JIIUIHH, B3aHMH0 nepnen

.I(HK)'JillpHbl, a MeTpH'Iec1mf1 TeH3op g;k(J., 1
, x 2

, ,r
3

) .nna.ronaJien. IlpocTefirrrne 

rrpHMepbI 0j)TOI'0HaJibHb!X Kj)HBOJIHHeMHb!X Koop.nnnaT - 3TO IIl!JIHH.lIPJlliecrme 

KOOj).I(HHaTbl (BMecTe co CBOHM qacTHbIM CJiy<IaeM - ITOJIHj)HblMII r,;oopmma

TaMn) H cqiepnqecrme rwop.nnnaTbI. 8 rrpOH3BOJibHOH CHCTeMe KO0j).I(HHaT 

"pa.ccTOJ!HHe MelK.lIY .lIBJMH 6JJH3KHMU TO'IKaMH" 

ds 2 = g;kdxi dJ.,k, 

a. B Oj)TOI'OIIa.JlbIIOIJ: CHCTe~Ie KOopmmaT 

ds 2 = 91dcfr1)2 + 922(<"1·2)2 + g33(d.r
3 )2. 

BBe.rreM ":rneMeHT .LIJIHHbI" !IO J(a)K.lIOJ,I H3 rwopmma:rHblX JIHH!lfl: 
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-
di; == vrf;;dxi ( cyMMupoBamrn: no i HeT ), 

Tor.a.a 

ds2 == (di 1)2 + (di2) + (di3 )2, 

M .llJU! :meMeHTa 06be11,1a 6y.ueM HMeTb 

dV == /di1di2di3dx 1dx 2dx 3 == y'gdx1dx2dx3 . 

B UHJIMH.UplI<IeCKHX Koop.unHaTax 

ds
2 

== gppdp2 + 9<1><1>def} + g,,dz2 == dp2 + p2d¢} + dz2 , 

dip == dp, di¢,== pd¢, diz == dz, dV == pdpd¢dz. 

B ccpepuqecKux Koop.auHaTax 

ds
2 

== 9rrdr
2 + 900d02 + 9¢,¢,dc/>2 == dr2 + r2d02 + r2 sin20d¢2 , 

dir == dr. die== rd0. cll/vhi == rsin0d¢, dV == r2 sin0drd0d¢. 

KaK B unm1H.apnqecrrnx, TaK n B c<jJepnqecimx KoopmrnaTax Ber,TophI JioKaJih

Horo 6a3HCa He e.UMHMqHhl M He 6e3pa3MepHb!. Bo3HHKaeT Borrpoc: MOiKHO 

JIH BBeCTM TaKyIO CHCTeMy Koop.uuHaT, B KOTopofi: B l(aiK.lJ.OU: TOqKe 6a3HCHble 

BeKTOphl JfBJIJf!OTCJf 6e3pa3MepHh!MH H e.aHHHqHh!MH? 8Toro MOiKHO .UOCTJ!qh, 

eCJIH rrpHHJfTh B KaqeCTBe 6a3HCHh!X BeKTopoB 

ei 
e·== -, -,. 

' ei 

B opToroHaJihHoii: CHCTeMe Koop.aHHaT I e-; l2== g;; (cyMMHpoBaHHJf rro i HeT), 
T.e. 

A I -e; == --e;. 
v9ii 

Tor}la B UHJIHH.UpHqecKofi: CIICTeMe 

ep == ~, ez = ez, e</> == -isin¢ + ]cos¢, 

a B ccpepuqecKofi: cncTeMe 

lr == er, eo == icos0cos¢ + Jcos0sin¢ - ksin0, e</> == -isin¢ + ]cos¢. 

Jho6aH BeKTOpHaH <jJyHKUHH A(i) == A(x, y, z) MoiKeT 6h!Th O.UHO3HaqHo rrpe.u-

CTaBJieHa B BH.Ue _ • . . . 

A==A'~ ==A'~==A;~, 
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r.ue A_i - TaK Ha3h!BaeMb!e "cpn3uqecKne" KOMITOHeHThl BeKTOpa ,4i_ JierKo 

BH.UeTb, qTO 

A
·; l - ;- ·; ~ ; r,,::e; == A e; ==> A == v g;;A HJIH 

v9ii 
A.k == #Ak. 

B Ka)K.ll.011 ToqKe rrpocTpaHCTBa KaK 6aJHCHb!e BeKTOphl e;' TaK H "cpH3J.IqecKHe" 

1,oMrroHeHThI BeKTopa Ai KacaTeJihHhI K Koop.anHaTHhIM JIMHHHM. tb-Ja HaJIH

q1rn MHOiKHTeJieii: ytg;; u ,/? "cpn3uqeCKHe" KOMITOHeHThl He rro.aquHHIOTCJf 

'Jcll,OHil~I rrpeo6pa3oBaHHJf BernopoB JI ITO3TOMY He JfBJIJf!OTCJf KOBapHaHTHhIMH 

BeJiuqrrnaMn. 

CB5!3h "c1nnnqec1rnx" KOMITOHeHT BeKTOpOB B UHJIHH.UpHqecKOH HJIH cq>epHqe

CKOll CHCTeMaX KOOp.UHHaT C COOTBeTCTBJ!OIUMMH KOMITOHeHTaMH B .ueKapTOBOH 

CMCTeMe MOiKHO HaliTH .UOCTaTOqHo rrpocTo, HMeJf KOMIIOHeHThl MeTpHqecKoro 

TeH3opa. HarrpnMep, 

• B cqiepnqecKJIX KOOp.UHHaTaX 

·r r,:;- ,. Ar rr 8x; 8x 8yA 8zA 
A == v 9rr· A == == g Ar == A,. == 8r A; == 8r Ax + 8r Y + 8r z . 

Cne.aoBa TeJihHO, 

k == Ar == Ar == Axsin0cos¢ + Aysin0sin¢ + Azcos0. 

ToqHo TaK iKe 

•0 _ we _ we8xi __ wn(8x 8y A 8z ) 
A - V g-- Ao - V g-- 80 A, - V g-- 80 Ax + 80 y + 80 Az ' 

IIO3TOMY 

A.8 == Axcos0cos¢ + Aycos0sin¢ - Azsin0, Ao== rA.e, 
A ,40 

e == -
r ' 

A.¢>== ~Axsin¢ + Aycos<p, A¢>== rsin0A.<I>, 
A.¢> 

A¢, == rsin0. 

B qacTHOCTH, "q>HJJiqecKHe" KOMIIOHeHThl rpa.aHeHTa 

(gradlp i == [i 8¢ 
8xi' 

(gra# y' == 8¢ 
8r' 

· 18¢ 
(grad¢ )e == :;: 80 ' 

. 1 8¢ 
(gradip)<I> == rsin0 8¢ · 

AHanor11qHo 3TOMY 
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• B IIIInIIH.D.pIIqecKl!X KOOP.D.IIHaTax 

AP= AP= Ap = Axcos</> + Aysin</>, A 2 = A
2 

= A 2 = Az, 

. . A¢ 
A¢= -Axsin</>+Aycos</>, A¢= pA<P, A,t, = -. 

p 

A "qmJIItJeCKl!e" KOMIIOHeHTbI rpa.nl!eHTa l!MeIOT cne.uy10mmr BII.D.: 

(gradip)P = 8¢ 
op' 

(grad¢)¢ = ~ 8¢ 
po</>' 

(grad¢ )2 = 8¢ oz' 
Jlanee B 3TOM pa3,nene, ecnII 3TO CIIel.(IIaJibHO He OI'OBopeHO, HCIIOnb3J!OTOI 

.ueKapTOBbI KOOp.D.IIHaTbI, II03TOMY KO- H KOHTpaBapIIaHTHbie HH.D.eKCbI pa3nH

tJaIOTOI TOJibKO .umr Toro, tJT06bI coxpaHHTb rrpaBnno CJMMHpOBamrn: '.:Hin
IIITeiiHa. 

2. BeKTOpHoe rrpOH3Be,neHne, CMeUiaHHOe rrpOH3Be.D.eHHe, .D.BOHHoe BeK

TOpHoe rrpoHJBe,neHue. BeKTopHoe rrpol!JBe.D.eHIIe BeraopoB b II c B Tpex

MepHoM eBKnll.D.OBOM rrpocTpaHCTBe orrpe.uemreTC1! cne.uyIOII.(HM o6pa3oM: 

- f z J 
a = [b, cJ = II bx by bz = i(byCz - eyb2 ) + J(bzCx - Czbx) + k(bxcy - Cxby), 

Cx Cy Cz 

HeTpy,nHo y6e.D.l!ThC11, 'ITO B KOMIIOHeHTax 3TO orrpe.uenenl!e Bhrrn11.unT CJie.D.y
IOII.(IIM o6pa30M: 

i ik/ a = l bkc1, 

a B Kpl!BOnHHeH:HbIX KOOP.D.IIHaTax 

i I ikl 
a = -l bkcJ. 

,/9 

Terrepb 6e3 Tpy.ua MO)I(HO IIOKaJaTb, 'ITO CMeIIIaHHOe rrpOH3Be,nenl!e .uorrycKaeT 

IIIIKnl!tJeCKl!e rrepecTaHOBKl!: 

a[b, cJ = 9a, b] = b[c, a]. 

JleiicTBIITenhHO, 

- "" ik/ lik k/i a[b, cJ = a;l bkc1 = Ctl a;bk = bkl c1a;. 

B TeH30pHbIX o603HatJeHl!11X nerKo rronytJl!Tb TaK)I(e qJOpMyny .un11 .D.BOH:Horo 

BeKTopHoro rrpoIIJBe,nemrn: 

[a[b, cJ]; = likfakimnbmcn = (c5;'c5J: - c5;:'c5;')akbmcn = 
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b;ancn - c;akbk = b;(ac) - c;(ab). 

}]Ba IIOJIC3HhIX TOiK.D.ecTBa - TaK Ha3hIBae~1oe moJ1Cdecm60 fbw6u 

[a[bcJJ + [c[ablJ + [b[calJ 

H 

[a, 6] 2 = a2b2 
- ( ab) 2 

.uor,a3aHhI B pa3.uene "PeIIIeHH11"'. 

3. BeKTOpHhlrI aHaJIH3 B TeH3OpHhIX o603HatJeHH.HX. OcHOBHa11 Ja,ll.at.Ja BeK

Topnoro aHaJIH3a COCTOHT B TOM, t.JT06b! .D.HqJqJepeHIIIIpOBaHHeM 3a.uaHHh!X CKa

J111J)HhlX nnn BernopHb!X <l)JHKIIHfi IIOJlJ'IIITh HOBh!e BenHt.JHHhI, KOTOpbre o6Jia

.uaIOT KOBapnaHTHbIMH CBOllCTBaMH, T.e. npeo6pa3JIOTC11, I(aK CKaJI1!pbl HJIH 

BeKTOpb!. KaK 6hIJIO OTMet.JeHO BLIIIIe, TaKIIMH CBOHCTBaMH B rrpoU3B0JlbHOII 

cucTe~re 1wopmrnaT o6Jia.uaeT orrepaTop KOBapnaHTHoro .un<P<PepeHIIHpoBaH1111, 

KOTOpblll B TpexMepHOH .rierrn.pTOBOi-'r CIICTeMe 1(00p.D.IIHaT MOlKHO npe.ucTaBHTb 

B BH.D.e - . (a ) . -8 v = v';(e)' = ~ ± ri (e)' = 1,;•~-
ux1 · ux' 

fi = {i,],k}. 

llTaK, B .ueKapTOBb!X KOOp.LJ.HHaTaX .umj.Jcj)epeHI.(liaJlbHhlll orrepaTop 

- -8 -8 -8 
v'=i-8 +i-8 +k-8' :r y :: 

KOTOpb!H o6b!'IHO Ha3b!BaIOT onepamopo...,t 1w6,ta, reHepnpyeT HOBble CKaJI11p

Hb!e IIJIII BeKTOJ)Hhie BeJIIIt.JHHbl H3 3a.D.aHHb!X. 

(a.) CKaJI.HpHoe rroJie, rroBepxHOCTH ypoBHH M rpa.u1-rnHT. IlonycTHM, 

B HeIWTopofr o6JiaCTH rrpocTpaHCTBa. Af Ja..uana. <PYHKIIH11 <p = <p( ;I'. y,::)' 
K0Topa11 rrpe.unoJiara.eTc11 o.unoJna•mou, HerrpephIBHoii H HMe10meu nerrpe

pbIBHhle t.JacTHh!e rrpoH3BO.LJ.Hh!e nepBoro rrop11.uKa.. 8 3TOM cnriae roBO

J)11T, '!TO B M Jana.Ho cKan11pnoe none. Tot.JKH, B KoTophrx <PYHKIIli11 

c.p( :r, y, Z) npHHHMa.eT O.D.HO H TO )KC 3Hat.JeHHC, npnna..uJieJKa.T IIOBCJ)XHO

CTH 

,p(:r,y,::) = C, r.ue C = con8t. 

CeMelICTBO IIOBepxnocTeii O.LJ.HHaKOBhlX 3Ha'leHIIH <p( .I', y, Z), KOTopoe na

paMeTpH3yeTClI K0HCTaHTaMn Ci, C2, ... , Ha3bJBa.eTClI noaep.ruocm1um yp

oauJI HJIH 3·n:aunomeu11uaJtb1tbl.M.U noaepxuocmJI...,tu ::iroro CKaJillpHoro nonl! 

c.p( x, y, z ). HarrpnMep, TeMnepaTypa BOJ.D.yxa nnn aTMoccpepHoe .uaBne

HHe B pa3Hb!X TOt.JKax npocTpaHCTBa o6pa3JIOT none TCMnepa.Typ nnn 

none .uaBnemru, a. IIOBepXHOCTH, o6pa30BaHHb!C TO'IKa!>,lll C omrna.IWBblMH 

3ua.•1eHHlIMH TeMnepaTypu (T1, T2 , ••• ) (.ua.BJiemrn (Pi, Pi, ... )) lIBnlIJOTClI 

1130TepMHt.JeCKHMH ( HJ06ap11qecKHMII) II0BepXHOCTlIMH ypoBHlI. 

IlpIIMCpb!: 
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-- -

• 3apll.ll e, pacrroJio)KeHHhru B Haqane rwopmmaT, co3naeT none, rro

TeHuuan KOToporo B rrpor13BOJibHOII TO'!Ke A C rwopnrrnaTaMu x, Y, Z 

ecTb 

r.p=:., ,·=J:c2+y2+z2. 
r 

CKanllpHoe none orrpeneneHo se3ne, KpoMe HatJana KoopmmaT r = 0. 
• CKaJillpHoe none 

'-P = J R2 _ (.r2 + y2 + z2) 

orrpeneneHo JIHIIIh B qacnr rrpocTpaHcTsa,orpaHH'leHHof1 cq.iepofr x 2 + 
y

2 + z2 = R2 
C ueHTpOM B Ha'laJie IWOj)JlHHaT, T.K. 'f) rrpHHH

MaeT neuCTBHTeJibHbie 3Ha'leHirn TOJibKO Ilj)H x 2 + y 2 + z 2 ::; R2. 

IIosepXHOCTllMH ypoBHll 6yneT ceMeUCTBO KOHUeHTpH'!ecrrnx cq.iep 
x2 + y2 + z2 = R2 _ c2. 

• CKanllpHoe none c rroTeHUHaJioM 

. z 
r.p = arcszn--

✓x2 + y2 

orrpeneneHO BO Bcex TO'!Kax BHe H Ha IIOBepXHOCTH Kpyrosoro KOHyca, 

ypaBHeHHe KOToporo HMeeT Blf.ll x 2 + y 2 - z 2 = 0. 8KBHIIOTeHUHaJib

Hbie IIOBepXHOCTH orrpeneJilllOTCH ypaBHeHIIeM z 2 = (x 2 + y2 )sin 2C. 

B KaMnou TO'!Ke CKaJillpHoro IIOJill MO)KHO IIOCTJ)OHTb BeKTop, eCJIH no

neHCTBOBaTb BeKTOpHbIM orrepaTOpOM Ha6na Ha IIOTenunaJI CKaJillpHoro 

rroJIH. IIonytJeHHhru B pe3yJihTaTe BeKTOp 

- .,.f)r.p .,.fJr.p -fJr.p 
'vr.p = gradr.p = z fJx + J fJy + k oz, 

fJr.p 
(gradr.p ); = oxi 

- 3To y)Ke 3HaKOMhIH HaM BO,mop 2paJueuma cna4Jip11,oii ifjyunv,uu 

r.p(x,y,z), 

KoTOphIH 06pa.1yeT BeKTopnoe rrone. TaKHM 06pa.10M, orrepaTop na6na no 

3anaHHOMY CKaJillpHoMy IIOJI!O reHepHpyeT BeKTOpHoe IIOJie. 

PacCMOTpHM CKaJillpHOe IIOJie r.p(x,y,z), 3a.llaHHOe B HeKoTopou o6JiaCTH 

M, TO'IKY Q E Mn csuaHHhru c 3Tou TO'!Kou BeKTOp s. IlpenrroJio)KrrM, 

'ITO cyrueCTByeT rrpenen OTHOIIIeHllll 

r.p(P) - r.p(Q) 
PQ 

rrpn CTpeMJieHHH p I( Q B HarrpaBJICHHH BeKTopa s. Torna 

or.p -t· r.p(P)-r.p(Q) 
fJs - Zmp➔Q PQ 
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Ha3bIBaeTCll npornBOJlHOI1. CKaJillpHOll <pyHKUHH r.p(x, Y, z) B TO'!Ke Q ITO 

1rnrrpaBJieHH!O SH xapaKTepr13yeT CKOJ)OCTb H3MeHeHHll CKaJillpHoro IIOJill 

'-P B HarrpaBJieHHH s. 5IcHO, 'ITO 

ar.p or.pox ar.p ay or.p oz or.p or.p or.p 
OS= ax as+ oy OS+ az Os= ox cosa + oy cos/3 + oz cos,, 

rne a, /3, I - yrJihl Me)K.llY OCllMH x, Y, z If BeKTOJ)OM s COOTBeTCTBeHHO. 

J1TaK, npO113BO.llHal! no HarrpaBJieHH!O - 3TO rrpoeKUllll rpanHeHTa Ha 3TO 

uarrpaBJieHue, H ecJIH T = s/ s - ennHH'!Hhlll BeKTOp B HarrpaBJieHHH s, TO 

~~ = i · gradr.p = grad;r.p = gradr.p · cos'!/J, 

rne 1P - yron Me)K.llY HarrpaBJieHHllMH i n gradr.p. Ecnu i pacrrono

:,KeH B IIJIOCKOCTH, rrncaTeJibHOll K 3KBHIIOTeHUHaJibHOll IIOBepXHOCTll, TO 

a'f)/Os = 0, T.K. Ha 3KBHIIOTeHUHaJihHOU IIOBepXHOCTH <p = const. Ta

KUM o6pa30M, gradr.p HarrpaBJieH B CTOJ)OHY BO3pacTaHHll <p ITO HOJ)MaJill 

K 3KBHIIOTeHUHaJibHOll IIOBepXHOCTH ( T .e. rreprreH.llHKYJillpen IIJIOCKOCTH, 

KOTOpal! rrncaTeJibHa K rroBepXHOCTH ypoBHll B Ka)KJlOll TO'!Ke) II 'IHCJieHHO 

paBeH CKOpOCTH H3MeHeHHll <pyHKUHll r.p( X, y, Z) no 3TOMY HarrpaBJieHH!O. 

PaccMOTJ)HM .llBa rrpuMepa. 

1. HauneM gradf(r), rne r = ✓x2 + y2 + z2: 

dlf( ) 
_ of(r) ar..,. aJ(r) or..,. aJ(r) ork-

gra r - >) j:) z + j:) a J + >) a , ur ux ur y ur z 

:., or = ¥.., ar = ~ ===> gradf(r) = of(r) ~-
r ay r az r ar r 

or 
ox 

B qacTHOCTH, 

r 
f(r) = r ===> grad(r) = -, 

r 

1 1 1 r 
f(r) = - ===>grad-=---. 

r r r2 r 

II, HauneM grad(ii. r), rne ii= iax +Jay+ kaz - IIOCTOllHHhlll BeKTOp: 

ii. r = xax + yay + zaz ===> grad(ii. r) = ii. 

McrroJih3Yll nonyqeHHhle paHee <popMyrihl, rrpnBeneM .llJill crrpaBOK Bhlpa

)KeHHll .llJlll BeKTopa rpanrreHTa B neKapTOBhlX, UHJIHH.llJ)H'!eCKHX ll cqie

pn'IeCKHX KOOp.llHHaTax: 

Vr.p = e;. (gradr.p)i = 
..,. or.p ..,. or.p - ar.p 
z·-+J•-+k•-= 

ox oy az 
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, 8c.p , l 8c.p , 8c.p 
ep · - + e,t, · -- + ez · - = 

8p p 8¢> 8z 

, 8c.p , l 8c.p , l 8c.p 
e · -+e0· --+e,t,· ---

r 8r r 80 r sin0 8¢> · 

BBe,QeM TaK)Ke IIOHHTHe npOU36oa1toi1 6enmop1toi1 fPYllX:1,/UU a no llanpa-

6.!le'/l,UIO c. CocTaBHM ,rvrn 3Toro cKa.1rnpHoe rrpmIJBe,neHne c n V H rro

JIJ'IHBIIIHMCH CKa.JIHpHbIM .nncpcpepeHUHa.JibHbIM orrepaTOpOM rro.neikTByeM 

Ha BeKTOPHYIO <pyHKUHIO a. B pe3JJibTaTe IIOJIJ'IHM rrpmI3BOJJ:HY!O a ITO 

HarrpaBJieHHIO c: 

( _ .=;) _ -,( 8 o o ) 
c · v a = z Cx OX + Cy oy + Cz Oz ax+ 

..,( o o o ) -( o o o ) 
J Cx OX + Cy Oy + Cz OZ ay + k Cx OX + Cy oy + Cz OZ llz 

HJIH B KOMIIOHeHTax 
oa; 

( c. V )a; = Ck oxk · 

(b) BeKTOpHoe none, BeKTOpHhle JIMHMM, IlOTOK BeKTOpHoro IlOJIH, 

,QMBepreHQMH. Ecmr Ka)K,QOH TO'IKe HeKOTopo:ii: 06.Jiacnr rrpOCTpaHCTBa 

M corrocTaBJieHa BeKTOpHaa cpyHKUHH A(x, y, z ), TO roBopaT, 'ITO B 3To:ii: 

06.JiaCTH orrpe,neJieHo Benmoplloe no.!le A. l1Ha'Ie roBopa, Ja,naTb BeK

TOpHoe IIOJie 03HaqaeT Ka)K,no:ii: TO'IKe p E Af IIOCTaBHTb B COOTBeT

CTBHe o,nHy BeKTOPHYIO A(P) = A(i) HJIH TPH cKaJiapHbie cpyHKUHH 

Ax(i), Ay(i), Az(i). 

JlJIH rpacpH'IeCKOro H306pa)KeHHJI BeKTOpHoro IIOJIJI BBO,llHT IIOHJITHe BeK

TOpHbIX HJIH CHJIOBbIX JIHHH:ii:, KOTOpb!e HMe!OT TaIOKe 11 orrpe.neJieHHblll 

<p113H'IeCKH:U CMb!CJI. KpHBYIO, B Ka)K,nO:ii: TO'IKe KOTOpo:ii: KacaTeJibHaH 

I( Herr COBrra.naeT C HarrpaBJieHHeM BeKTOpHoro IIOJIH B TO'IKe KaCaHrr.sr, 

Ha3oBeM BenmopllOU (u.!lu CU.!l060i1) .!lU'/l,1tei1. Y:epe3 Ka)K.llY!O TO'IKY BeK

TOpHoro IIOJIH, Boo6me roBop.sr, rrpoXO,llHT 0,llHa BeKTOpHa.H JIHHHH, Ka.ca

TeJibHaH K KoTopoii: coBrra.naeT c BeKTopoM A B 3To:ii: TO'IKe. B Ka'IecTBe 

Ha.rJIH,nHOro IIpHMepa BeKTOpHoro IIOJIH paccMoTpHM IIOTOK HeOKHMaeMOH 

)!(11,llKOCTH. JlorrycTHM, 'ITO B Ka)K.no:ii: TO'IKe )!(11,llKOCTb ,llBH)KeTCH co CKO

pOCTbIO, KOTOpaH 3aBHCHT TOJibKO OT IIOJIO)KeHHJI TO'IKH, HO He 3aBHCHT 

OT BpeMeHH - TaK Ha3bIBaeMOe CTaurroHapHoe Te'IeHHe. BeKTOp C!WpOCTH 

)KH,llKOCTH v( X, y, Z) ,naeT B Ka)K,llOH TO'IKe HarrpaBJieHHe, ITO KOTOpOMY 6y

,neT rrpo.nBrrraTbCJI 'IaCTHua., rrorraBIIIaH B 3TY TO'IKY, a BeKTOpHble JIHHHH 

6y,nyT JIHHHJIMH TOKa )KH,llKOCTH. 

Ha.:ii:.neM CHCTeMy .nucpcpepeHUHa.JibHbIX ypa.BHeHHH, or_pe.neJIJIIOW:yIO BeK

TOpHbie JIHHHH rroJI.sr. IlocKOJibKY 3.JieMeHT ,nJIHHbl dl BeKTOpHoii: JIHHHH 

HarrpaBJieH no KaCaTeJibHOH K Heu:, TO B CHJIY orrpe.neJieHHH BeKTOpHOll 
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JIHHIIII 06pa.3y1om11i'1 IIOJie BeKTOJ) .4 H di KOJIJilIHea.pHbI, T.e. HMelOT rrpo

IIOJ)UHOHa.Jibllbie npoeKUHH: 

d/1 dl2 d/3 
.4' = .42 = _43° 

I10:no111y ypaBHemrn 

<fa- dy d:: 
Ax= Au - A=' 

dp _pd¢,_ d:: 
AP - A</> - N' 

dr 
.4r 

rdO 
.40 

rsin0d¢ 
.41> 

llBJlll!OTCll .nmpcpepeHUHa.JibHb!l\111 ypaBHeHHHI\IH BeI(TOpHb!X ( CHJIOBb!X) 

JIHHHll noJIH AB .ne1rnpTOBbIX, UIIJIHH.npuqecKnx H ccpepn'lecKHX Koop.nn

Ha.Ta.X. 

BBe.neM Tenepb BaiKHOe noHl!THe - nomo/\ Be>.mopa. JlonycTHM, 'ITO no

npe;1rne111y BeKTOpHoe noJie onpe.neJilleTCH cj:,ymmuefl .4(;r, y, z ). Ha.3oBel\l 

noTOKOM BeKTopa. A( ;r, y, z) ,,epe3 npon3BOJibHJIO noBepXHOCTb S 

<I> = r Adii = r Ando-, ls ls 
rne dii = ii do-, a. do- - 3.Jiel\leHT pa.cnia Tp1rna.e11wi1 noBepxHOCTII S, ii -
BHel.lIHllll HOJ)I\IaJIL K 3T011 IlOBepXHOCTH. cfJ1131p1ec1mi\ CMblCJI 3Toro onpe

neJiemrn 11po3pa.'IeH: eCJIJI C'IHTa.TL .4(:z,., y, z) BeKTOJ)0I\I CKOJ)OCTII HeJ,;Q

Toporo TIOTOKa. HeOKIIMa.e111of1 )KHJl!WCTH, TO IWJIJl'IeCTBO )KHJlKOCTH, KO

TOpoe npoTe1.;a.eT B eJlHHHUY BpeMeHlI qepe3 TIJ)0113B0JibHY!O noBepXH0CTb 

S, Haxonamy1oca B 3TOM IIOTOKe, 0'!eBHJlHO, COBna.naeT C <I>. 
IloToK BeKTopa. - cKa.Jiapua.a BemI'IHHa.. Y'IHThIBa.H dii = dydzi + di,dz] + 
dxdyk u pa.3.JimKenue .4 no opTa.M Toi'r )Ke KoopnnnaTuofI cncTeMLI, npen

cTa.BnM <I> B cpopMe TI0BepXHOCTHOro HHTerpa.Jia. no KOOJ)Jll!Ha.Ta.111: 

<I>= f Adii = f Ando-= {A,,· dydz +Au· d.rclz + Az · dxdy. ls ls ls 
Oco6hlll HHTepec npeJlCTa.BJIHeT cJiyqafr, 1,;orna. noBepXH0CTb s 3a.l\lKHyTa. 

n orpamI'IHBa.eT ne1rni:"i o6'beM V. CcpopMyJinpyeM n npn111e111 6e3 no-

1..a.Ja.TeJibCTBa qa.cTO HCTIOJib3JeMyio Teope111y, H3BCCTIIYIO 1.;a.K TeopeMa 

raycca - OcTporpa.ncKoro: 

IIornoli: Be>.mopa A 'lepeJ Ja.Atli:llymy/0 noBepntocmb S pa6eu uumei!pa.,ty 

om div A, 631Imo1,1y no 061,e.Aty V, npu'le.l! S oi!pa11u'lu6ae,n u.,w o.rna-

1nbl6aem ;nnom 061,e1,1: 

1 Adii = f div.4dV. 
ls lv 

3.necb div.4 - nnBepreuuua BeKTopnoro no.Jill .4 - onepa.u1rn, onpeneJieHHaH 

pa.Hee, KOTOpall no 3a.Jla.HHOMY BeKT0J)H0MY nopmKna.eT cKaJillpHoe nime: 

divA = V · .4. 
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lfcrronh3Yll rronyqeHHble BbIIIIe COOTHOIIIemrn H cpopMynhI, rrpiIBe.IJ.eM Bb!
paiKeHHll .llnll 

'v Ai = _l _i__ ( r,:;gAI) 
' ,.jg iJxl v Y 

• B .lleKapTOBbIX KOOP.llHHaTax 

d . A-_ iJAx oAy iJAz 
zv -o +a +o, X y :; 

• B unnHH.llpnqecrrnx rwopmrnaTax 

. - 1 iJ(pAP) l iJA¢ ok 
dzvA = ---- + -- + -, 

P op P 0¢ az 
• B ccpepH"IeCKHX IWOp.llHHaTax 

divA = _..!:._ 8(r
2
A') + _1_8(sin0A8

) + _1_8A1> 
r 2 or rsin0 80 rsin0 8¢ . 

TeopeMa raycca - OcTporpa.D.cKoro no3BOnl!eT Bhil!CHHTh cpn3nqec1rnii 

CMbICn .llHBepreHUHH. BepHeMCll K aHanornn C nOTOKOM iKll.llKOCTII. IIoTOK 

iKll.llKOCTII qepe3 3aMKHYTYIO IIOBepxHOCTb paBeH HJnlO, ecnn KOnH"IeCTBO 

iKII.llKOcTn, BhITeKaIOmeii n3 ofrheMa, orpaHn"IeHHoro paccMaTpnBaeMoii 

3aMKHYTOH ·noBepXHOCTb!O, paBHO Konn"IeCTBy )KH.llKOCTII, BTeI<aIOIIIeMy 

B )TOT 06'beM, T.e. ecnn "IHCno IICTO"IHHKOB H CTOKOB )KH.llKOCTH B 

06'beMe 0.llIIHaKOBO HnH HX HeT. Ecnn )KH.llKOCTb Bb!TeKaeT H3 06'beMa, 

TO, T.K. yron MeiK.llY n H CKOpOCTb!O )KH.IJ.KOCTH OCTphlii, IIOTOK qepe3 

3aMKHYTYIO S' rronO)KHTeneH, a CJMMapHoe "IHCno HCTO"IHHKOB B o6'beMe 

6onbIIIe "IHCna CTOKOB. If, HaKOHeu, ecnn )Kll.llKOCTb BTeKaeT B o6'beM, TO 

yron MeiK.llY 11, H CKOpOCTb!O )Kll.llKOCTH Tynoii, noTOK qepe3 noBepxHOCTb 

OTpHUaTeneH, a cyMMapHoe "IHcno HCTO"IHHKOB B o6'beMe MeHbIIIe "IHCna 

CTOKOB. Tenepb l!CHo, "ITO cornacHo TeopeMe raycca - OcTporpa.D.cKoro 

MO)KHO YTBep)K.IJ.aTb cne.IJ.yIOIIIee: 

• ecnH B KaKoii-nH6o o6nacTH npocTpaHCTBa divA = 0, TO cyMMap

Hoe "I.Hcno HCTO"IH.HKOB .H CTOKOB BeKTo_pHoro nomr A paBHO HynIO. 

Ilpyr.HM.H cnoBaM.H, BeKTopHbre n.HH.H.H A 3aMKHJThI (H.Hr.lle He Ha"IH

HaIOTCll .H H.Hr.lle He KOH"IaIOTCll); 

• ecn.H B KaKoii-n.H6o o6nacT.H npocTpaHcTBa divA > 0, TO cyMMapHoe 

"I.Hcno .HCTO"IH.HKOB 6onbIIIe "!Hcna CTOKoB, T.e. BeKTOpHh!e n.HH.H.H A 
Bb!XO.lll!T H3 3TOH o6naCT.H (Ha"I.HHa!OTCll Ha 0.llHOH .Hn.H HeCKOnhK.HX 

TO"!Kax BHYTP.H o6nacT.H); 

• ecnH B KaKoii-nH6o o6nacT.H npocTpaHCTBa divA < 0, TO cyMMapHoe 

"!Hcno HCTO"IH.HKOB MeHbIIIe "I.Hcna CTOKOB, T.e. BeKTopHhie n.HHH.H A 
BXO.lll!T B 3TY o6naCTb (3aKaH"I.HBa!OTCll Ha 0.llHOH Hn.H HeCKOnbK.HX 

TO"IKax BHYTP.H o6nacT.H). 
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IIBa CBoficTBa mrnepreHUHH: 

• 
div(a + b) =diva+ divb. 

IlefrcTBHTenhHO, 

d
. (- b-) a(a + b)i fJai abi d. - d. -b 
zv a + = f) . =-----: f) + -

8
. = zva + zv . x• x• x• 

• 
d

. ( _) o(r.p·a/ aai .,.;ar.p d. _ _ d 
zv r.p • a = f) . = r.p-

8
. + a -

8
. = r.p • zva + a • gra r.p. 

x' x• x• 

( c) l'.IHTerpaJI no KOHTYPY, 1.u1pKyn.11u1rn eeKTopa, poTop, JianJia
cuaH. PaccMoTpHM HeKoTopyIO .D.yry npoH3BOnhHOii Kp.HBoii L B none 

BeI(TOpa A. ilmpcpepeHUHaJI dr pa.IJ.Hyc-BeKTOpa TO"IKH, KOTopal! nepeMe

maeTCll B.IJ.Onb L, ne,KHT Ha 1rncaTenbHOll K 3TOH KpHBOH n, KaK H3BeCTHO, 

HMeeT MO.D.Jnb, paBHhIH ·.IJ.HcpcpepeHunany .D.yrn dl. KpnBonnHeiiHwii HH

Terpan 

w = i Adi= i Adr = i (Axdx + Aydy + Azdz) 

Ha3bIBaIOT .r1u1tei11tbl.M. u11,me2pa.r1O.M. nnH u11,me2pa.r1O.M. no -x;o11,mypy. Ero 

MOiKHo HHTepnpeTnpoBaTh KaK pa6oTy ·"cnn" BeKTOpHoro nonl! A npH 

nepeMeIIIeH.HH TO"IK.H no KpHBOH L. (3.D.ech di 03HaqaeT BeKTOp, Hanpa

BneHHhlii no KacaTenhHOH K KpHBOH B .IJ.aHHOH TO"!Ke, MO.D.Jnb KOTOporo 

paBeH .llH<pcpepeHunany .D.yrn dl.) B cnyqae, KOr.lla KpHBal! L 3aMKHyTa .H 

3TOT HHTerpan 6epeTC.ll no Bceii KpHBOH, OH Ha3h!BaeTCll 14up-x;y.r1K1-1ueii C 
BeKTopa B.llOnh KpHBoii L: 

C = t Adi= t A1dl = t (Axdx + Aydy + A2 dz) 

(B npaBOH CHCTeMe KOOp.llHHaT KOHTYP np.HHl!TO o6xo.UHTh npOTHB qaco

BOH cTpenK.H). 

CcpopMynnpyeM H npnMeM 6e3 ,IT0Ka3aTenbCTBa eme 0.UHY "IaCTO .Hcnonh-

3yeMy10 HHTerpanbHJIO TeopeMy, H3BeCTHYIO Kai( TeopeMa CToKca: 

[Jup-x;y.r1K14Ull ae-x;mopa A no 3a.M.'X:1tymo.M.y -x;o11,mypy L paa1ta nomo-x;y ae-x;
mopa rotA v,epe3 11,axoJKw,y10cK B pacc.M.ampuaae.M.o.M. ae-x;mop1to.M. no.r1e 
npoU3BO.rlb1ty10 noaepx11,ocmb S, 11,a -x;omopy10 onupaemcK .r1u1tu1l L: 

t Adr = l rotAdiJ .HnH t A1dl = l rotnAda. 

3.uecb BeKTOP rotA - poTop BeKT0pHoro non.SI A - onepaunll, onpeneneH

Hal! paHee, KOTOpal! no 3anaHHOMY BeKTOpHOMY non!O nopO)K_naeT HOBOe 

BeKTOpHoe none: 
• f.ikl oA.k 

rotA = (rotA)iei = e; ./9 fJxl. 
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Ilpll:MOH pacqeT noKa3h!BaeT, qTo B 3KBHBaneHTHOH 3anHCH 

1 

exi ex2 ex3 
- 1 8 8 8 

rotA = -/91 1:
1 

8,.x2 8,.x3 
Ax2 Ax3 

l1cnonb3YJI Tenepb nonyqeHHh!e Bhlll!e HY)KHb!e COOTHOll!emrn, Hal!)],el\J 

Bh!pa)KeHHJI JJ.nJI rotA: 

• B )].eKapTOBb!X KOOpJJ.HHaTax 

i J f 
- - - II 0 8 8 rotA = [v', A] = ax 8y &z 

Ax Ay Az 
• B UHnHHJJ.pnqecKHX KOOpJJ.HHaTax 

1 II ep 
e"' ez 

rotA = - .2._ 8 8 
P op 84> &z 

Ap pA4> AZ 

• B c¢epnqecKHX KOOpJJ.HHaTax 

- 1 II ~ ee e"' 8 & rotA= ~ a,: 80 84> r sin Ar rAe rsin0A4> 

BeKTOpHoe none Ac paBHhIM Hynro poTopoM rotA = 0 Ha3hIBaIOT 6e36U
xpe6blM nnrr nome11,4ua.t1b1tb1M. IlporrcxO)KJJ.eHrre 3Toro Ha3BaHI1JI nerKo 

npoll:CHHTh, ecnn yqecTb cooTHOllleHHe rotgradu = [V, Vu] = 0, KO

Topoe 03HaqaeT, qTo nro6oii BeKTOp C paBHhIM Hynro poTopoM MO)KHO 

npeJJ.CTaBHTb KaK rpaJJ.HeHT HeKOTopoii CKaJill:pHOH <l>YHKUHll, KOTopyro 

npHHJl:TO Ha3bIBaTb noTeHunanoM nonJI, C03)].aHHoro 3TlIM BeKTOpOM. Ha 

OCHOBaHHH TeopeMbl CTOKCa MO)KHO 3aKnIOqHTh, qTo B noTeHUHaJibHOM 

BeKTOpHOM none pa6oTa "crrn" BeKTopa no 3aMKHYTOMY KOHTYPY paBHa 

Hynro, a 3TO 03HaqaeT, qTo pa6oTa He 3aBHCHT OT nyTH, no IWTOpOMY 

3TH "CHnhr" nepeMeruaroT TOqKy Me)l(JJ.Y JJ.BYMJI <l>HKCHpoBaHHh!MH nono

)KeHHJl:MH, rrnn pa6oma nomeu-qua.t1b1to2O Bex:mop1to2O no.t1JI BJ0.t1b 11,ex:o
mopou x:puBou 11,e 3aBucum om if5opMb1 :Jmou x:pu6ou u pa61ta pa311,ocmu 
31ta11,euuu nome11,4ua.t1a no.t1JI 6 11,a11,a.t1b1tou u x:O11,e11,11,ou mo11,x:ax. BepHo 11 

o6paTHOe YTBep)KJJ.eHHe: BeKTOpHoe none l!BnJieTCJl: noTeHurranbHb!M ( T.e. 

HMeeT HyneBOH poTop ), ecnH pa6oTa nonJI BLI.Onb nro6oii 3aMKHYTOH KpH

BOH paBHa Hynro .. OcHOBHaJI oco6eHHOCTb noTeHUHaJibHOro BeKTOpHoro 

nonJI COCTOHT B TOM, qTo noTeHUHaJibHOe BeKTOpHoe none BnonHe onpe

)],enJieTCJl: 0)],HOH CKaJill:pHOH <l>YHKUHeH - ero noTeHUllaJIOM, TOr)],a KaK 

JJ.nll: 3a)],aHHJl: npOH3BOnhHOro BeKTOpHoro nonJI Tpe6yeTCJl: 3a)].aHHe Tpex 

CKaJill:pHb!X <l>YHKUHH - npoeKUHH BeKTOpa Ha OCH KOOpJJ.lIHaT. 

IloMHMO 3TOro, poTop o6na)],aeT lI cneJJ.yIOIUHMH CBOHCTBaMH: 
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• lhrnepreHmrn poTopa BeKTopHoro nonll paBHa Hynro. IleiicTBIITenh-

HO, 

div(rotA) = V[V,A] = .4[V, VJ= 0. 

llpyrnMH cnoBaMH, BCKTO[)HOe none, C03)].aHHOe poropoM nro6oro BeK

Topa, C0JlE1tOUJa.lo/W - TaK Ha3bIBaJOT none BeKTOpa, JJ.HBepreHUIIll 

KOTOporo paBHa 0. 

• rot( u.4) = u • rotA + [gradu, .4]. 
B cal\1011 JJ.ene, B JJ.e1rnpTOBhIX rwopmrnarax 

{ . (· 4-)}i - ikliJ(u.4)1 - .. ikliJ(.4)1 - ikl iJu ( 4-) -
I ot lt. - t iJJ.,k - ll l fJ.i-k + - t fJxk . I -

u • rot.4 + [gradu, .4]. 

• cliv[a, bJ = brota - arotb. 
HeTpyJJ.HO BHJJ.eTh, 'ITO 

div[a,b] = v[a,b] = b[V,a] + a[b, vJ = 

b[V, a] - a[v, bl= brota - arotb. 

Ta.KIie nOHl!Tllll Teopmr nonll, rrnK rpaJJ.HCHT, JJ.I!BepreHUHJl: H poTop, Ill\l

e10T onpe;:{eneHHblll qrn3nqecrrn11 CMbicn; HanpHMep. rpa.rureHT eCTb CKO

poCTL 1!3MeHeHHll crrn.nllp!!Oll cj)JHKUHH no HanpaaneHHIO, no KOTO[)OI\IY 

3Ta CKO[)OCTb JJ.OCTllraeT CBoero MaKCIII\IYl\!a; .mrnepreHUilll Bb!pa,rrneT 

yJJ.enLHYIO nnoTHOCTb IICToqHIIKOB IIJIII CTOKOB nonll; J)OTOp )].aeT, rpy6o 

roBOpll, UHpKynllUHIO BeKTopa, npHXOJJ.llIUYI0Cll na e)],HHIIUY nnoruam1 IlO

BepXHOCTH C TaKOll opHeHTau11e11, qTo6b! 3Ta UHpKynllUHJl: 6Lma HaH6onL

ll!eH. 8TH noHJITHll CBl!3aHbl C JJ.H¢¢epe11u11anbHblM oneparopoM - onepa
mopo.M I'a.MUJlb/H01W,IlnH, IrnK Mb! ero Ha3bIBaJIH, 1rn6na, KOTOpbifr COJJ.ep

tl'11T qacTHLie npOH3B0JJ.IILie nepBoro nopl!JJ.Ka. Ba,rrny10 ponb B cpH3IIKe 

urpaeT onepaTop Jiannaca, KOTopLIH npeJJ.cTa.Bnl!eT co6ofr rrnaJJ.paT ( crrn

nllpHoe npmnBeJJ.eHHe Ha ca.Moro ce6JI) onepaTopa fa.MnnLTOHa H no3TOMY 

COJJ.ep)KHT qacTHLie npOH3BOJJ.HLie BToporo nopl!JJ.Ka. KoBapnaHTHOe BLI

pa)l,eHHe onepaTopa Jiannaca B o6rueM BHJJ.e 

/\ 1 iJ ( ;;; ik iJ<.p) u.<.p= --. - v99 -. ,jg i);r•· f);r' 

6L1no nony<remro pa11ee. IlpnBeJJ.eM JJ.nll cnpaBOK Bbrpat1,e1111c 3Toro one

paTopa: 

• B )].eirnpTOBLIX KOOpJJ.HHa.Tax 

a2 82 82 

6. = fJ,r2 + f)y2 + f):;2' 
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• B UHJJHH.1lpH1IeCKHX KOOp.UIIHaTax 

1 a ( a) 1 a2 a2 

6 = pop pop + p2i)¢2 + i)z2' 

e B cqiep111IeCKHX KOopmrnaTaX 

1a( 2 a) 1 a(· a) 6 = r 2 or r or + r2sin0 80 szn° 80 

1 82 

+---. 
r2sin20 8¢2 

OrrepaTop Jlarrrraca MO)KeT .ueii:CTBOBaTI, !(aK Ha CKam1pHy10 6r.p, TaK II 

Ha BeKTOpHyJO qiyHKUHIO 

l::.A = f:::.(Aiei). 

Ecmi rroTeHUHarr cKami:pHoro rromr y.uoarreTaop,i:eT ypaBHeHUJO Jlarrrraca 

l::.r.p=0, 

TO r.p(x,y,z) Ha3bIBaeTCll: rapMOHHtJeCKoii: qiyHKUUeii:. HHTepeCHO OTMe

THTb, 'ITO BeKTOpHoe rrorre, KOTopoe 0,UHOBpeMeHHO ll:BJJJieTCll: IIOTeHUH

aJJhHbIM H COJJeHOH.1laJJhHbIM, Y.UOBJJeTBOpll:eT ypaBHeHHIO Jlarrrraca. lieii:

CTBHTeJJbHO, ycrroa11e rroTeHU:HaJJhHOcTu rotA = 0 03HatJaeT cymecTBo

BaHHe cKarrll:pHoii: qiyHKUHH r.p(x, y, z ), KOTOpa,i: orrpe.uerrJieT A= gradr.p. 
IIo.ucTaBnB rrocrre.uHee B ycrroane correHOU.UaJJhHOCTH divA = 0, rronytJHM 

divgradr.p = l::.r.p = 0. 

YIIP A)KHEHH51 

1. Haii:Tn JIK0611eah! MaTpHUhl rrp,i:Moro u o6paTHoro rrpeo6pa3oaaunii:, ,i:rw6nau 

rrpeo6pa30Baun,i: H IIOCTpOHTb JlOKaJJbHb!H 6a3UC HOBOH CHCTeMbl KOOP.UHHaT 

(a) IIpH rrepexo.ue OT .ueKapTOBOH CHCTeMbl KOOp.UHHaT K UHJJHH.UpHtJeCKOHj 

(b) IIpH rrepexo.ue OT .ueKapTOBOii: CHCTeMbl KOOP.1lHHaT K cqiepHtJecKoii:. 

2. Ha11:TH KOMIIOHeHTbl MeTpnqecKoro TeH30pa H CHMBOJlhl KpHCTOqJqJeJJJI B 

(a) UHJJHH.UpHtJecKoii: CUCTeMe Koop.unuaT; 

(b) cqiep11qecKoii: rncTeMe Koop.uuuaT. 
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:3. Ilor,a3aTh, '!TO B .ue1rnpTOBOii CHCTeMe ImopmrnaT KO- H KOHTpaaapHaHTHble 

KOMITOHeHTbl reoMeTpHtJeCirnX 061,eKTOB COBrra,uaJOT. 

4. I101rn3aTh, tJTO rrpn rrpeo6pa3oaamrnx THrra xi = xi(xk) .urrnua aeKTopa A;Ai 
- 1maapnauT, a I: Ak Ak ue JIBJJJieTcJI uuaapnauTOM. 

.5. I101rn3aTh, 'ITO rrpu rrpeo6pa30BaHUll:X TUIIa xi = xi(:fk) BeJJH'IHHa d<p - HHBa

pHa!IT' ecJJH <p - CI(aJJll:p. 

6. Ilorrn3aTh, 'ITO rrpn rrpeo6pa30BaHHll:X THIIa xi = xi(xk) BeJJHtJHHbI 8r.p/8xi 
rrpeo6pa3YIOTCJI, KaK KOMIIOHeHTbl KOBeKTopa, a dxi - KaK KOMIIOHeHTbl BeK

Topa. 

7. Ilorrn3aTh, 'ITO CHMBOJJ KpoueKepa - TeH30p, KOMIIOHeHThl KOTOporo BO Bcex 

CHCTeMaX KOOJ).UHHaT HMe!OT O.UHO H TO )Ke 3HatJeHHe. 

8. lloKa3aTh crrpaae.urrrraocTh .qiopMynhr 

8ei i I 
8xk = -fkle. 

9. IlorrytJHTh 3aKoH rrpeo6pa3oaaumr cuMBOJJOB KpncToqiqien,i:. 

10. 1IoKa3aTh crrpaBe,UJJHBOCTb qiopMyJI 

'viAk = l 1'viAI, 

'viAk = 9ki'v;A1. 

11. 1Iorrn3aTh, 'ITO rrpH rrpeo6pa30BaHHll:X TH!Ia xi = xtrk) KOBapnaHTHM rrpOH3-

BO,UHall: 'v;Ak - TeH3op 2-ro paura, a 8Ak/8xi ue TeH3op. 

12. YKa3aTb rpyrrrry rrpeo6pa3oBaHHH KOOp.UHHaT, OTHOCHTeJibHO KOTOpbIX likl ll:B

JJJieTCll: TeH30J)OM. 

13. IloKa3aTh, 'ITO ecnrr <p 

TeH30p. 

Aibka; - cKarr,i:p, r.ue bk rr ai - aeKTOphr, TO Ai -

14. 1IoKa3aTh, 'ITO 

'v1(Ti + sD = _'v1Ti + v sL 
'v1(AiBm) = Bm'v1Ai + Ai'v1Bm. 

15. IloKa3aTh, 'ITO qiyu.uaMeHTaJJbHb!H TeH30p 9ik KOBaprraHTHO IIOCTOJIHeH. 

16. IloKa3aTh, 'ITO ecnn <p - cKarrll:p, a A- aeKTOp, TO a6coJIJOTHhlii: .urrqiqiepeuurrarr 

D(r.pA) = r.pDA + Ad<p. 
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17. 1loKa3aTb, 'ITO 

SpA = SpA, 

SpAB = SpBA, 

SpABC = SpC AB = SpBC A. 

18. IIorrn3aTh, 'ITO cnen MaTpIIIIhI - IIHBapnaHT rrpeo6pa3osam1J1 rrono61rn. 

19. KaKIIMII MaTpIIIIaMII MO)KHO OIIHCaTb rpyrrrry IIHBepCIII!? 

20. IloKa3aTh, 'ITO g = detg;k He l!BJil!eTc.H CKaJI.HpoM, II Haihu 3aKoH rrpeo6pa3o

samrn BeJIII'IHHhI g. 

21. HaftTII CBepTKy Aiksik, eCJIII Aik = -Aki, a S';k = ski• 

22. KaK rrpeo6pa3yeTc.H cBepTKa Tik P;k, ecJIII yik - TeH3op, a P;k - rrcesnoTeH3op 

2-ro paHra? 

23. IIorrn3aTb, 'ITO CIIMMeTpII'IHOCTb HJIH aHTIICHMMeTpH'IHOCTb TeH30j)OB 2-ro 

paHra - CBOllCTBa a6coJIIOTHhle. 

24. IloKa3aTb, 'ITO .[(Jll! IIj)Oil3BOJibHOro TeH30pa yik 

(a) yik A;k = y[ik]A;k, 

(b) yiksik = r<ikJsik, 

ecJIII A;k = -Aki, a S;k = ski· 

25. IloKa3aTb, 'ITO cyMMa .[(IIarOHaJihHbIX KOMIIOHeHT TeH30pa 2-ro paHra - IlHBa

pIIaHT. 

26. HaftTil Bll.[( MaTpHIIbI Hpeo6pa30BaHH.H KOMIIOHeHT BeKTopa HpH IlHBepCIIIl Tpex 

Koopn11HaTHbIX oceft, a TaK)Ke IIpll IIOBopoTe KOOp.[(IIHaT BOKpyr OCII Z Ha yroJI 

'P· 

27. IloKa3aTh, 'ITO ecnn A - MaTpIIIIa opToroHaJibHoro rrpeo6pa3oBaHHl!, To A = 
A-l_ 

28. IloKa3aTb, 'ITO rrpH OTpa)KeHill!X 'leTHOro 'lllCJia KOOp.[(IlHaTHbIX oceft l!K06IIaH 

rrpeo6pa3oBaHH.H paBeH + 1, a rrpII oTpa)KeHIIl!X ne'!eTHoro 'lllCJia oceft oH paBeH 

-1. 

29. 1loKa3aTb, 'ITO CIIMBOJI JleBII-l.JIIBHTa B neKapTOBOll CIICTeMe KOOp.[(IIHaT 06pa-

3yeT COBepIIIeHHO aHTIICIIMMeTpll'IHhlll e.[(HHII'IHhlll TeH30p 3-ro paHra. 

30. Bbl'IHCJIIlTh €ik/€ikl. 
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:31. IloKa3aTb, '!TO .[(JIJI mo6oro TCH3opa At BhIIIOJIHl!eTcl! 

- 'i 'k ., I - I t 'i .:iJ..:f:-1m.---in.'--lp == t.nwp< e .---ik. 

:32. llmrn3aTb, qTo B TpexMepHO:\I rrpocrpaHCTBe KOMIIOHeHTbl aHTHCHMMeTpHq

!IOro TeH30pa. 2-I'O pa.11ra. rrpu Bpa.meHIIl!X rrpeo6pa.3j"IOTCl!, I{a.K KOMIIOHeHTbl 

BeKTopa. 

:r\. J101rn·iaTb, '!TO l\IaTJ)Illlil 6eCKO!lf''lll0 l\IaJ!Oro IIOBOJ>OTa. CHCTeMbl IWOJ).[(IIHa.T 

l\IOiKCT 6b!Tb 3am1caua. B BII.[(e .--i = j + i. rne l\Ia.TpIIUa E aHTIICIIMl\IeTpllqHa.. 

:3,!. lloI,a3aTb, '!TO C.[(IIHCTBeHHbll\l BCKTOJJOM, KOl\lIIOHeHTbl KOTOJ)OI'O 0.[(lll!a.lWBbl 

HO BCCX CIIC!'el\IaX rwopmrnaT, l!BJil!eTCl! HYJib-BeKTOp. 

:35. riorrn·iaTb, '!TO BCl!IillfI TCH30J) 2-ro pa.nra.. KOMIIOHCHTbl KOToporo 0.[(HHa.KOBbl 

BO BCeX CllCTel\1ax KOOJ).LUIHaT, rrporropIUIOIIaJieH 6;.,. 

:3G. llm,a.3aTb, '!TO .[(JIJI mo6ofr nes1,1pmKne1rnon MaTpI!UbI A(.r) BbIIIOJIHl!eTCl! co-

OTIIOlllCIIIIe 

Sp(A-
1 i:~) = a~-i (tn(det.--t)). 

;37. Dmrn.3a.Tb CJlf'Jl)'IOllUte COOTHOIIIeHHll: 

:38. 

(a) 9ik.l = Lkl + r,.;1, 

(Ji) _(/;k(.</1).111 = -gk/9ik.m, 

(c) (gik),t = -f:nt9'"'' - f~;itg"'i, 

(d) 9,i = ggk19kl,i, g = dctgik, 

i ) I ) (c) fik = (ln/g ,k = ,jg( v'9 ,k, 

(f) (A·i),; = }a( /§A;)_;), 

( . ) ( .d·) I ( fn 4· k ) fm 4n g •"'i ;k= ,jg y9• i ;k- in· m' 

(I ) ( 1ik) I ( In 1ik) ( 1ik _ 4ki) l ,- ;k = ,jg V 91 :k I - - , , 

(i) 6.S = (S;i);i = }a(v0ikS,k),;. 

l1ycTb A = detA;k, rne A;k - Te1nop 2-ro pa.nra.. Do1rn3a.Th, 'ITO A uc nrnm1p 

n IJ0'3TOMY K0Bapna.HT11y10 rrpoII3BOJUIYIO uem,3l! oupeneJil!Tb Ka.K v';A = A,; = 
A,;. Ka.K HYiKHO orrpeneJIHTb A,; (•iepe1 A,; 11 A)? 

:3!). 1loKa.3a.Tb, qTo 

(a) (ii· b] 2 = a2b2 
- (a· b)2, 

(h) (ii· [b · c1] + (c· [a· bl]+ [b · [c· ii]]= 0. 
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40. llmrnJaTh, qTo 

grad(c.p •if;)= c.p ·grad¢+ if;· grad <.p, 

grad(ii. b) =(ii. V)b + (b. V)ii + [ii, rotb] + [b, rota]. 

41. llorrnJaTh, qTo 

div( c.p · ii) = i.p ·diva+ ii· gradc.p, 

div[ii. b] = b. rota - ii. rotb. 

42. IIoKaJaTh, qTo I:13 o6mero orrpe.n:enemrn: poTopa cne.n:yeT 

II ex, 
ex2 ex3 

- 1 & 8 & 
rotA = v9 t~ &,._x2 &,._x3 

Ax2 Ax3 

43. lloKaJaTh, qTo 

rot( c.p · ii) = c.p · rota - [ii· grade.pl, 

rot[ii. b] =a. divb- b. diva+ (b. V). ii - (ii. V)b. 

44. IIoKaJaTh, qTo 

• divgradc.p = 6c.p, 

• rotrotA = V · (V · A) - 6A, 

• rotgradc.p = 0, 

• divrotA = 0. 

45. Haii:TI:1 gradf(r), divr, rotr. 

46. HaiinI "qmJI:lqecrrne" KOMIIOHeHTbI 6a3I:ICHhIX BeI(TOpOB B 

(a) UI:IJII:IHJJ:pI:lqeCKoii: CI:ICTCMC Koop.D:I:!Ha T' 

(b) cqiepHqeCKoii: CI:ICTeMe Koop.n:HHaT. 

47. HaiiTI:I "q>I:1JI:1qecKI:1e" KOMIIOHeHThI rpa.n:HeHTa B UI:IJII:IHJJ:pI:lqecKI:IX If cqiepl:lqe

CKI:IX KOOp.D:I:!HaTax. 

48. IIoKaJaTh, qro "q>I:1JI:1qecKI:1e" KOMIIOHCHThI BeKTOpHoro IIpOII3BC.D:CHI:IH a If b B 

IIpOI:13BOJibHOH KOOpJJ:I:!HaTHOH CI:ICTeMe I:IMeIOT BI:IJJ: 

•i ffii ikl b 
C = - · E Clk I• 

g 

49. KaK rrpeo6pa3yIOTCH KoMrroHeHThI rota If BeKTopnoro rrpoI:1JBe.n:eHI:1H [ii• b] 
IIpI:1 BpameHI:IHX If OTpa)KeHI:IHX, CCJII:I 
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(a) ii, b - HCTI:IHHhle BeKTophij 

( b) ii - BCKTop, a b - rrceB.D:OBCKTop; 

( c) ii, b - rrceB.D:oBeKTOph!. 

.so. TimrnJaTh, qTo O.D:HOBpeMeHHO IIOTCHUI:laJihHOe H COJICHOI:IJJ:aJihHOC BeKTOpHoe 

none orrpe.n:enaeTcH ypaBHenHeM Jiarrnaca. 

.51. Bh1qncm1Th 

grad(A(r) · r), A- r= c.p(r), 

grad(A(r) · B(r), 

div(c.p(r). A(r)), A(r) = r, 
rot(cp(r) · A(r)), A(r) = r. 

52. llmrnJaTh, qro 

[[V, A]B] =A. divB - (A. V). jj - [A, rotB] - [B, rotA], 

[[A, V]B] = -A. di vii+ (A. V). ii+ [A, rot BJ. 

• K yrrpa)KHeHI:IIO 4. 

B TO )Ke BpeMH 

PElliEHH51 

i OXi , k oi/ , I , k , , k , 
A A;= f):f;kA fJxiA1 = JkA A1 = A Ak. 

AkAk = axk fJxk , , 
f):f;l f):f;m Al Am 

He HBJIHeTCH l!HBapI:laHTOM. 

• I( yrrpa)KHeHI:IIO 10. BocrrOJih3YCMCH KOBapI:laHTHhIM IIOCTOHHCTBOM q>yH.n:aMeH

TaJibHOro TeH30pa y' ;yk1 = 0 If rrpaBI:IJIOM IIO.D:HHTHH If orrycKaHI:IH I:IH.D:eKCOB 

Ak =gk/A1, 
Ak = gk1A1, ror.n:a 

v';Ak = v';(l1Ai) = A1V;l1 + l 1V;A1 = l 1V;A1. 
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• K yrrpa:arnemno 13. r.p - CKaJI.ap, II03TOMY B lilTpHXOBaHHOII CHCTeMe KOOp.IUIHaT 

IlaJiee, 

i k "i 'k., Akb a; = Akb a;. 

8 k f) 'm f) I f)'i 
Ai bk . _ Ai _:_b'I-=--_, _ Am~b'k_!_b'k,. _ A'i b'k,. 

k a, - k 8il fJxi am - I 8ik fJxm a, - k a,' 

'ITO .IIOKa3bIBaeT TeH30pHhIII xapaKTep At. 

• K yrrpa)lrneHHIO 14. IloKa)l<eM 3TO .IIJI.a BeKTopoB ( 0606mem1e na cJiy<1a11 Te11-

3opoB 3JieMeHTapHo). IlycTh Ci= Ai+ Bi, Tor.ua 

"Ci 8Ci ri cm 8Ai 8Bi ri Am r; Bm "Ai "Bi 
V k = fJxk + km = fJxk + fJxk + km + km = V k + V k . 

Terreph IIOJIO)KHM Ck= Ai Bk, Tor.ua 

n Ci 8C£ ri cm rmci f)Ai i8Bk ( i m)B A (rm ) 
v I k = 8xl + Im k - lk m = fJxl Bk+ A 8x' + r,mA k + i lkBm 

= (v',Ai)Bk + Aiv'1Bk)-

• K yrrpa)KHeHHIO 16. 

D(r.pA) = v'k(r.pA)dxk = r.p(v'kA)dxk + A(v'kr.p)dxk = r.pDA + Adr.p. 

• K yrrpa)lrneHHIO 17. Ilo orrpe.ueJieHIIIO CJie.II MaTpHUhl - 3TO CJMMa ee mrnro

HaJihHhlX 3JieMeHTOB, a orrepaun.a TpaHcrroHnpoBaHn.a ( A = AT) He Ja Tparn

BaeT .unaroHaJihHhlX 3JieMeHTOB MaTpHUhI, II03TOMY SpA. = SpA. 

CorJiaCHO rrpaBHJIY YMHO)KeHH.11 MaTpHU H BBH.IIY Toro, 'ITO HeMb!e HH.IIeKChl 

(HH.IIeKChI CJMMHpOBaHH.11) MO)KHO rrepeHMeHOBh!BaTh, HMeeM 

i k i k SpAB = AkBi = BkAi = SpBA, 

SpABC = AtB[Cf == ctAf Bf= SpCBA. 

• K yrrpa)KHeHHIO 18. IIpeo6pa30BaHHe rro.uo6n.a MaTpHUhI A ocyruecTBJI.lleTC.11 

MaTpnueft D corJiacHo A= DAD- 1 , a 

SpA = Sp(DAD- 1
) = Sp(D- 1 DA) = SpA. 

• K yrrpa)KHeHHIO 21. CorJiacHo ycJioBH.IIM Ja,uaqn 

ik ki A sik = -A ski, 

a B03MO)KHOCTh rrepeHMeHOBhIBaHH.11 HeMh!X HH.IIeKCOB .uaeT 

Aiksik = Akiski· 

CpaBHeHne 3THX COOTHOlileHnft rrpHBO.IIHT K 3aKJIIO'leHHIO 

Aiksik = 0. 
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• K yrrpa)KHeHHIO 22. Ecm1 pik 6bIJI 6bl TeH30poM 2-ro paHra, TO ero CBepTKa 

C Tik .IIaJia 6b! HCTHHHhlll CKaJI.llp. B OTJIH'!He OT 3aKOHa rrpeo6pa30BaHH.II 

!ICTHHHOro TeH30pa, rrpeo6pa30BaHIIe rrceB.IIOTeH30pa co.uep)KHT 3HaK .IIK06H

aHa rrpeo6pa30BaHII.II sgn y = -1, KOTOphlll 6y.ueT rrpHCJTCTBOBaTh II IIOCJie 

cBepTKH Tik Pik = -fik Pik, T.e. 3Ta cBepTKa - rrceB.IIOCKaJI.ap. 

• K yrrpa)KHCHIIIO 23. IlorrycTHM, 'ITO B lilTpHXOBaHHOll CHCTeMe Koopmrna-T 

TeH3op S;k CHMMeTpH'IeH, T.e. sik = ski HJIH sik - ski= 0: 

c• 8:f1 f) ',m 
Oik = ~ X , 

f);i;i fJxk Sim' 
8 '.nf)'P f).'mf)'l 

~ . - _:_ -=- ~ - -=----=- ~ ::,k, - a k a .. L np - 8 k 8 . L ml, x x' :r .i:• 

IIO,TOM)' 

' -, i):fl f);f;m ', ', ' ' 
S;k - ::,ki = -8. 

0 
k (Sim - Sm,)= 0 ===:, sik = ski• 

x' _;r 

To'!HO TaK )Ke MO)l(HO rrpo.ueMOHCTpnpoBaTh, 'ITO aHTHCHMMeTpH'IHOCTh TeH-

30pa Aik - CBOl!CTBO a6coJIIOTHoe. 

• K yrrpa)lrneHIIIO 24. J1I06011 TeH30p l\lO)KHO rrpe.IICTaBIITh KaK cyMMY CIIMMe

Tj)H'IHOII II aHTHCHMMeTpH'IHOll qacTefr: 

Tik = ~Tik + ~Tik + ~Tki - ~Tki = ~(Tik + Tki) + ~(Tik - yki) 
2 2 2 2 2 2 

= y(ik) + T[ik]. 

CBepTirn CHMMeTpH'IHOro II aHTHCHMMeTJJH'IHOro TeH30pOB .uaeT HJJih, T.e. 

eCJIH A;k = -Aki, a sik = ski, TO 

1. yikAik = y[ik]A;k, 

2. TikSik = y(ik)Sik, 

'ITO H Tpe6oBaJIOCh .IIOirn3aTb. 

• K yrrpa)l(HeHIIIO 25. 

if) ,1 'k 'k . 8x x A' k _ d A,· = Ak. A• - I - Uk ·=-f)'kf) i • X X 

• K yrrpa)KHeHHIO 28. MaTpnua rrpeo6pa30BaHII.II, COOTBeTCTBJIOma.a OTpa)Ke

HHIO i-ft KOOp.IIHHaTHOH OCH, .IIHarOHaJihHa, IIJJH'leM ii-11 .uuaroHaJihHhlll 3Jie

MeHT paBeH -1, a OCTaJihHble + 1. EcJIH OTpa)l,eHHIO IIO.IIBeprJIOCh He'!eTHOe 

'IHCJIO ImopmrnaTHhIX oce11, TO Ha .unaroHaJIH - He'!eTHOe 'lHCJio" -( II03TOMY 

.IIeTepMHHaHT Taimi:'i MaTpHUhl paBeH -1. EcJIH )Ke 'IHCJIO OTpa)KeHHbIX oceJI 

'!eTHoe, TO na .unaronaJIH MaTpHUhI Tarmro rrpeo6pa3oBamrn '!eTHoe 'IHCJIO 

"-1" ( OCTaJihHh!e + 1), a ee .IIeTepMHHal!T paBeH + 1. 
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• K yrrpa;irnemuo 30. Ilo orrpe]leJiemno HeHyJieBbie KOMIIOHeHTbI CHMBoJia Jleau

l.JnBHTa paBl!b! + 1 HJIH -1. IloCKOJibKY Ka;I(JlOe cnaraer-.rne cyMMbl -· npo

H3Be]leHJie OJll·IHaiwBb!X Cjk/, TO HCKOMb!H pe3yJibTaT eCTb Q"ll!Ma cnarae~ll,IX, 

Ka)K]lOe 113 KOTOpb!X paBHO + 1, a 'IHCJIO 3THX cnaraeMbIX JlJIJI TpexMepHoro 
rrpocTpaHcTaa paaHo 2 · 3 = 3! 

• K yrrpa)KHeHHIO 32. JlI060My aHT11CHMMeTpH'IHOMy TeH3opy 2-ro panra Aik B 

TpeXMepHOl\l rrpocTpaHCTBe MO;I(HO COIIOCTaBHTb IICeB]lOBeKTOp Ai cor Jiac1m 

4i _ I _ikl 4. • - :2'' - kl• (1) 

(B 3TOM cnyqae Aiu A;k Ha3h!BaIOT aya11bHbtM.u ,llpyr ,llpyry). Boo6rr~e roaopa, 

Akt Te113op, a Ci,·/ -- IICeB,l.{0TeH30J), II03TOi\l.Y cornanw o6paTl!Ol\Iy Tl'II30p

HOMY rrp113HaKy Ai - rrceBJlOBeKTop. 0.1lHa1w IIOCKOJihKY aKo6naH rrpeo6pa30-

aam1ii, o6ycnoaneHHbIX apameHHJIMH, I = l, a rrpn Ta1rnx rrpeo6pa3oBaHHJIX 

Eikl rrpeo6pa3yeTcJI, KaK TeH3op, TO BeJIII'IHHb! Ai o6pa3yIOT HCTHHHblll BeJ(

Top. OcTaeTCJI IlOKa3aTb, 'ITO B TpexMepHOM npocTpaHCTBe COOTHOIIIemre ( 1) 
Bb!IIOJIH5ieTCJI JlJIJI mo6oro aHTHCHMMeTpH'IHOro TeH30pa 2-ro paHra. fle1kTBl!
TeJibHO, T.K. A;k = -Aki, To 

A;,~ ( 

Cornacuo ( 1) 

0 
-A12 

-A13 

A12 
0 

-A23 

A13) 
A;3 · · 

2A 
1 
= c:

1
k

1 
Aki = c:

123 
A23 + c: 132 A32 = A23 - A32 = 2A23. 

To'IHO TaK ;Ke 

A2 = A31, A3 = A12. 

• I( ynpa;1rneHHIO 33. Ilpn IIOBOj)OTe Ha yron c.p = 0 MaTpHua A. = i COBITa]laeT 

C MaTpHueii TO,KJleCTBeHHoro npeo6paJoBaHHJI, a ecn11 yron IlOBOj)OTa Man, TO 
A= f + i, rrpn'IeM F-ik « l, TOr.na 

i Ai •kA[, (Ji i) •k(JI /) , X X; = kx ;X/ = k + ck X i + €; Xt ~ 

JiJfxkx1 + Jic:!xki1 + JMxki1. 

IlocKOJlbKY JlJIHHa BeKTopa rrpn BpameHHJIX Hel!JMeHua xix;= f:ki1, TO 

J£1;rrki1 + Jf1;txkX/ = Q l!Jll! •k •I •k •I 
Ck/X X = -EtkX X ==? Ck/ = -Ek/• 

HTaK, MaTpHua i aHTHCHMMeTpH'IHa. Bae.neM BeJ(Top, .nyanhHbIH Eik, TaK 
'IT06bl 

i l ikl J"' = -( €kt, r 2 
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II03TOMY 

•) .J i _ kli . _ (Jk JI JkJI ) _ _ 2 -lmn1 c.p - l lmn,ck/ - m n - n m ck/ - Emn - €nm - Emn• 

Cnenoaa TeJibHO, 
cik = liklJc.pi. 

Bau.ny TOro, 'ITO 

i (Ji i)•k •i ik• •i ikl• J 
X = k + ck X = X + c Xk = X + l Xk '-Pl, 

a aernopHbIX o6o3Ha'femrnx 

Jr= [Ji- rJ. 
Ta1rnM o6pa30M, auTHCHMMeTpH'IHaJI MaTpHua i OIIHCbIBaeT 6eCKOHe'IHO Ma

Jlb!H IIOBOj)OT Cl1CTeMbl KOOJ)JlHHaT, a JlYaJibHb!H eii BeKTOp Jcp' eCTb yron 6ec

KOHe'IHO Ma.Jioro IIOBOJ)OTa (aeJIH'IHHa 3TOfO BeKTOpa COBira,llaeT C Jc.p, a ua

rrpaBJieHHe - c uarrpaaneHHeM 6a1ucuoro aeKTOpa ocH apameHuJI). 

• K yupa;i,;Hemuo ;34_ Ilo ycJTOBHIO 3a,lla'IH Ax = .4.x, Ay = Ay, Az = Az. JlI0-

6oe rrpeo6pa30BaHHe KOOJ)JlHHaT JlOJI;I(HO 6b!Tb COBMeCTHMO C 3THM ycrrOBHeM. 

flonycnrM, 

r.ne 

T= 

A= i'(A); 

( 

cosc.p 

-s~nc.p 

sinc.p 

cosc.p 

0 n 
- MaTpuua apameuuJI Ha yroJT c.p aoKpyr ocn z. BbI6epeM c.p = 1r, Tor.na Ax= 
-Ax, Ay = -Ay, Az = Az, 'ITO COBMeCTHMO c ycrroBHJIMH Ja,lla'IH, TOJibKO 

ecnH Ax = Ay = 0. EcrrH Bb16paTh Terrepb T TaK, 'IT06bl oHa npe.ncTaBJIJIJia 

BpameHHe Ha yrorr c.p = 1r BOKpyr OCH x, TO TO'IHO TaK )Ke IIOJIY'IHM Ax = 0. 
TarrnM o6pa3oM, A= 0. 

• K yrrpa)I(HeHHIO 35. IlpoH3B0JibHb!H TeH30p MO;i(HO rrpe.ncTaBHTb B BHJle cyMMbl 

CHMMeTpH'IHOii S;k = T(ik) u aHTHCHMMeTpH'IHOH A;k = T[ik] qacreii: 

1 1 
T;k = 2(Tik + Tki) + 2(Tik - Tki) 

= T(ik) + T(ik]· 

AHTHCHMMeTpH'IHOii qacTH MO)KHO COIIOCTaBHTb JlYaJibHblll rrceB,llOBeKTOp, H 

corrracuo pe3yJibTaTaM 3a,lla'IH 34 ero KOMIIOHeHTbl 6y.nyT OJll1HaKOBbl BO acex 

CHCTeMax KOOJ)JlHHaT, TOJibKO eCJIH 3TO HYJib-BeKTOp. Bb16epeM .nanee CHCTeMY 

KoopnHHaT, B KoTOpoii S;k = T(ik) nMeeT nnaroHaJibHblii ann 

( 
1 0 0) 

S;k = >,(m)Jik, J;k = 0 1 0 
0 0 1 
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Ecmr ,x(IJ -1- .x<2
J -1- ,X(3l, TO KOMnoHeHTbl S;k 6y.uyT 3aBHCeTb OT BbI6opa KOOp

.UHHaT, '!TO nponrnope'!HT YCJIOBH11M 3a,Ua'!H. OcTaeTC11 npe.unoJIO)KHTb, 

S;k = ,\ . J;k, 

'!TO H 3aBeprnaeT .UOKa3aTeJibCTBO. 

• K ynpa:arneHHIO 37a. Y'IHThIBa11 'laCTO HCnOJib3yeMoe o603Ha'!eHHe qacTHOH 
npOH3BO.UHOH 

HMeeM 

8( ... ) 
( ... ),1 =: 8xl ' 

( - - ) ( - ) - - ( - ) rm - - - rm - rm rm gik,l == e;ek ,l == e; ,lek + e; ek ,l = ii emek + e; k/em = gmk ii + g;m kl· 

IIo.ucTaBHB Bblpa.lKeHHhie qepe3 MeTpH'!eCKHH TeH3op CHMBOJibl KpHCTOqJqJeJI11 

rm _ ! mn (8gni 8gnk _ 8gik) 
,k - 2g 8xk + 8xi 8xn ' 

nony'IIIM 

g;k,I = rikl + rkil, 
r.ue 

r- _ !(8gik 8g;1 _ 8gkl) 
,kl - 2 8x1 + 8xk 8xi . 

YTBep)K.Uemre .uoKa3aHo. 

• K ynpa.lKHeHHIO 37b. Ilpo.uncpcpepeHIIHpoBaB H3BeCTHoe cooTHornemre 

/kgkl = Jf 

no xm II HMe11 B BM.UY paBeHCTBO HYJI!b npOII3BO.UHOH OT e,UHHII'!Horo TeH3opa 
Jf, noJiy'IIIM lICKOMbIH pe3yJihTaT. 

• K ynpa,1rneHHIO 37c. <l>yH.UaMeHTaJibHbII1 (MeTpH'leCKHH) TeH30p KOBapIIaHTHO 
nOCT0111IeH, T.e. 

ik 8gik i mk k im 
'\i'ig = 8xl + rlmg - rlmg = 0. 

EcJIH IICnOJib30BaTb 66o3HaqeHHe 

noJiy'IHM 

(/k) = 8gik 
,/--8x1' 

(gik) == -ri mk _ rk gmi ,l mlg ml · 
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• K yrrpa)KHem110 38. TeH3op 2-ro paHra A;k rrpeo6pa3yeTc11 cornacHo 

8:i:1 fJxm , 
A;k = -a i a k Aim 

X X 

HJIH ecm1 BBeCTII MaTpnuy 5ho6n Xf == 8:i:1 I 8xi' TO B MaTpH'!HblX o6o3Haqe

HIUIX 

A== xAxr. 
Ilo3ToMy 

detA. == detX detAdetXT == Y 2detA. 

TaKnM o6pa3oM, A.== det(Aik) - TeH30pHa11 TIJIOTHOCTh Beca 2. 

KaK H mo6a11 KOBapnanTna11 rrpm13BO.UHa11, .4;; .UOJI)KHa 6bITb mrne11Ho11 no A.,; 
H .4: 

A;;== .4,; + !{;A, 

3.UCCb I{; - Heorrpe.ueJieHHbie K03qJqJIIUIIeHTbl. 

Orrpe.uem1TeJib g MeTprF1ec1wro TCH3opa, 1rnK u A, 11Bn11eTc11 Ten3opnoii rrnoT

HOCThIO Beca 2, a IWBapnaHTHall: TIJ)OH3B0.UHall: g .UOJI)KHa 6b!Tb paBHa Hymo, 

T.e. 

g;; == g,; + I<;g = 2gr7k + l{;g == o ==} I{;== -2r7k. 

• K yipa,1rnem~IO 39J. _ _ _ _ 

[a. bJ2 = [a. bl[a. b] = b[[a. b]a] == a[b[a. b]J == 

a(a(b. b) - b(a. b)) == a2b2 
- (a. b)2. 

• K yrrpa,KHeHHIO 39b. 

[a• [b • ell + [c • [a• bl]+ [b. [c. a]] == 

b( acJ - c( ab) + a( cb) - b( cii) + c( ba) - a( bcJ = o. 

• K yrrpa,1rneHHIO 40. (gradcp ); = fJcp / 8:ri, rro3TOMY 

8cp fJ~• 
(gradcp · i/J); = 1/.•-. + cp-_ -· 

8,r' ox' 
BocrroJib30BaBIIIHCb noJiy'!eHHblM B TeKCTe COOTHOIIIenneM 

Bak 8a; - 1 
8xi - 8xk = lik1(rota)' 

HMeeM 

(grad(a · b)); = ak(lik1(rotb)1 + ::~) + bk(likl(rota)1 + ;;:) = 

k 8b; 8a; _ - - _ 
a fJxk + bk fJxk + [a, rotb]; + [b, rota];. 
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• K yrrpa;.irnemno 43. 

( [-. b-])i = ikl 8(ambn) = ('i Jk _ ,i ,k )( m 8bn bnaam) 
rot a c t/mn Bxk um n unum a Bxk + 8xk 

a\Vb)-bi(Vii) + (bk a:k )ai - (ak 8~k )bi= adivb- bdivii + (b· V)a- (a• V)b. 

• K yrrpa)lrnemuo 44. 

- divgradr.p = V(Vr.p) = (V. V)r.p = 'v2r.p = 6.r.p, 

- rotrotA = [V, [V, A]] = V(V. A) - (V. V)A = graddivA - 6..4, 
- rotgradr.p = [V, Vr.p] = 0, 

- divrotA = V[V, A] = (V, V]A = 0. 

• K yrrpa)lrnemuo 45. divr = ;;: = 3. 

z J f 
rotr = 11 ;x /j 

-/-; 11 =0. &y 
X y z 

Pewem-rn ocTaJibHblX yrrpa)KHeHHM rrpHso.n:aTcH s TeKcTe JieKu;Hii. 

BHOrP Alf>HqECKHE CBE.IIEH1151 

• rAMHJihTOH BHJibHM Poyau (1805 - 1865) - IIpJiaHL(CKIIH MaTe

MaTIIK II q>II3IIK, npe3IIL(eHT HpJiaHL(CKOH AKaL(eMIIII B .IIy6JIIIHe. OKOHqIIJI 

TpIIHIITII-KOJIJieL(;-K, c 1827 r. rrpo4>eccop .IIy6mrnCKoro YHIIBepCIITeTa II LiII

peKTOp acTpOHOMIIqeCKOH o6cepBaTopIIII. Pa3BIITaH faMIIJibTOHOM aHanorIIH 

MelKLiY BOJIHOBOH II KoprrycKyJIHpHOH OIITIIKOH noqTII qepe3 CTO JieT 6bma IIC

nOJib30BaHa lllpeL(IIHrepoM npII q>OpMyJIIIPOBKe OCHOB KBaHTOBOH MexaHIIKII. 

faMIIJibTOH ycTaHOBIIJI aHanormo MelKL(y KJiaCcIIqeCKOH MexaHIIKOH II reoMe

Tp!IqecKOH OnTIIKOH, BBeJI nOHHTIIe rpynnOBOH CKOpOCTII, pa3pa60TaJI BapIIa

l(IIOHHbIH npIIHI(IIII HaIIMeHhIIIero L(eikTBIIH II aHaJIIITIIqecKIIH anrrapaT KJiac
CIIqecKOH MeXaHIIKII. 

• r AYCC Kapn lf>pH.n:pHx (1777 - 1855) - HeMel(KIIH MaTeMaTIIK, Ha-

3BaHHb!H COBpeMeHHIIKaMII KopoJieM MaTeMaTIIKII. POL(IIJICH B BpayHIIIBei1:re 

B ceMbe BOL(onpoBoL(qIIKa. Ero YLiIIBIITeJibHb!e MaTeMaTIIqeCKIIe cnoco6HOCTII 

68 

!I 

o6HapylKHJIIICh, IWrL(a eMy IICIIOJIHIIJIOCh TPII roL(a. BhlqIICJIIITeJibHYIO TeX

HIIKY' B KOTopoi''r OH 6bIJI HerrpeB30HL(eHHhIM MaCTepoM, faycc COBeprrreHCTBO

BaJI BCIO iKH3Hh. Ilocne o6Hapy;KeHIIH Manon rrrraHeThl Uepepar rrpeLiBhrqIIcrreH-

. H011 I'ayccoM, OH CTaJI cq11TaTbCH BeJIIIqafIIIIIIM MaTeMaTIIKOM MIIpa II rrorryqnJI 

llO"leTHOe 3Bam1e "reTTIIHreHCKoro KOJiocca". raycc BOIIIeJI B IICTOpIIIO MaTe

Ma.THKH KaK OL(HH H3 C03L(aTeJieH HeeBKJIHL(OBOH reoMeTpHH. Tpy,LiHO YKaJaTb 

TaKyIO o6JiaCTh "lliCTOH H npmmaL(HOH MaTeMaTIIKil, B KOTopy10 6bl faycc He 

BHec cymecTBeHaoro mrnaL(a. 

• rPHH .Il)Kop,n:)K (1793 - 1841) - aHrJIHHCKIIH MaTeMaTIIK-CaMoyqKa. fpIIH 

llOCTYllHJI B KeM6pHLilKCKIIll YHIIBepcIITeT B copoKaJieTHeM B03pacTe II OKOH

'IHJI ero B 1838 r. B 1828 r. fpIIH ony6rrnKOBaJI KHnry "OrrhIT rrpIIMeHeHHH 

MaTeMaTw!eCKOro aHaJIH3a B TeOp!III 3JieKTpII"leCTBa II MarHeTII3Ma". B Heft 

OH BllepBbie BBeJI B HayKy IIOHHTHe H TepMHH "rroTeHU:IlaJI" II pa3BIIJI TeopHIO 

:JrreI,TJ)OMarHeTH3Ma. KHnra fpnHa, BblIIIeL(IIIaH He3HaqIITeJibHhIM TnpalKOM, 

OCTaBaJiaCb HeI13BeCTHOll L(0 ee rrepeII3L(aHHH (1845) L(alKe B caMoii: AHrJIIIII. 

3a 3TO BpeMH .n:pyrHMII yqeHblMH 6blJIH rrepeoTKpbIThl HeKOTOpble pe3yJibTaTbl 

fpnHa. 

• .IIEKAPT Peue - Bhl.Lia!Oll(IIHCH q>paHU:Y3CKHii MaTeMaTHK, q>H3HK, 4>nrroco4>, 

c[m3Horror. Po.LiHJICH B 1596 r. B LiBOpHHcKoii: ceMbe. C 1629 no 1649 r. rrpolKIIJI 

B I'orrrraHLiHlI. YMep B 1650 r. B CTOiffOJihMe. MaTeManrqecKIIe nccrreL(oBamrn 

.IIeKapTa TeCHO CBH3aHhI C ero q>HJIOCOq>CKIIMH II q>HJHqeCKHMH pa6oTaMII . .IIe

rrnpT BIIepBble BBeJI IIOHHTHe KOOJ)LiHHaT, rrepeMeHHOH BerrnqHHhl H q>YHKU:HH, 

qTQ COCTaBIIJIO ero OCHOBHYIO 3acrryry B MaTeMaTHKe. 

• EBKJIH.U - LipeBHerpeqeCKnii: MaTeMaTHK, aBTOp rrepBoro H3 LiOIIIeL(unrx L(O 

Hae TPOpeTnqecKHX TpaKTaTOB TIO MaTeMaTIIKe. Ero HayqHaH L(eHTeJibHOCTb 

rrpoTeKana B ArreKcaHLiJ)IIH B Haqane III B. LiO H.3. fJiaBHM pa6oTa EB

rrnIIL(a "Haqana" COCTaBIIJia u:erry10 3TIOXY B pa3BHTIIII 3JieMeHTapHoii: reoMe

TJ)IIII. B "Haqanax" EBKJIIILia, cocTOHll(HX H3 13 KHIIr, L(aH o6paJeu: Lie.LiyK

THBHoro H3JIOlKeHIIH reoMeTpnqecKoro MaTepIIaJia Ha OCHOBe npe,LiIIOCJiaHHOH 

CHCTeMhl aI,CHOM. Ilo CBHL(eTeJibCTBaM COBpeMeHHHKOB EBKJilILi 6blJI MHrKHM, 

oqeHb CKJ)OMHhIM II He3aBIICIIMhIM qerroBeimM. 

• KAPTAH 3JIH (1861 - 1951) - q>paHU:Y3CKIIH MaTeMaTHKj rrperroL(aBaJI 

B JlnoHe, HaHCII, c 1912 r. - B IlapIIlKCKOM yHIIBepcIITeTe. C 1931 r. qrreH 

IlapHlKCKoii aKaL(eMIIII Hayrc ABTOp MHoroqncrreHnhlx pa6oT no TeopnII Herrpe

pbIBHhIX rpynrr, TeopHII OTKJ)hIThIX HM cnIIHOpOB H Teopmr OTHOCHTeJibHOCTH. 

• KJIEHH lf>eJIHKC (1849 - 1925) - HeMeU:KHH MaTeMaTnK; o6yqancH B BoH

He, rrpo4>eccop MaTeMaTHKII B 3prraHreHe, MIOHXeHe H feTTHHreHe. ABTOp 

pH.Lia q>yHLiaMeHTaJibHblX pa60T no HeeBKJIHLiOBOH reoMeTpHII, TeOplIH Henpe

pLIBHhIX rpyrrrr u pa3JillqHbIM BOnpocaM reoMeTpHH. B ·cBoeii: pa6oTe !IO.Li 

Ha3BaHHeM "3pnaHreHcKM rrporpaMMa" (1892) Knei1:H pa3pa6oTan 06my10 
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CXeMy reoMeTpHqecKoro HCCJie,n:oBaHlIJL 3Ta pa6oTa OKa3ana CHJihHOe BJIH-
5IHHe Ha LlaJibHen:rnee pa3BHTHe reoMeTpHH. 

• KPMCTO<l><t>EJib 3JihBMH BpyHo - HeMeQKHH reoMeTp. Pommrn B Mo11-

Tya (Ha Pen:11e) B 1829 r., yMep B CTpac6ypre B 1900 r. Ilpo<jJeccop IIo

mnexm1qecKon: IIIKOJibI B Uropnxe, BepnHHCKOI':i rrpoMbIIIIJieHHoft aKa,n:PMHH 11 

CTpac6yprcrmro ymrnepnrTeTa. YqeHHK Ilnpnxne, a B IIIHpo1wM CMucne u 
PHMaHa. IfaaecTeH 3aMeqaTeJihHhIMH uccne.n:oBaHirnMn anre6paw1ecrrnx n a6e

JieBbIX <pyHKIIHH, ypaBHeHHH B qaCTHbIX np0H3B0JJ:HhIX H LlH<p<pepeHQHaJibHO!i 
reoMeTpHir. 

• KPOHEKEP JleonoJib,n: (1823 - 1891) - HeMewrnn: MaTeMaTHK. YneH 

BepnHHCKOH aKa,n:e11rnn n npo<jJeccop Bepmrnc1mro y11nBepnITeTa ( c 1861 r.). 
OcHOBHhle pa6oTbI KpoHeKepa 0THOC5ITC5! K anre6pe n Teopnu queen, Teo

pun KBa.n:panJqHblX <popM H Teop1rn rpynn. KpoHeKep 6LIJI CT0p0HHHl,011! 

"apH<pMeTH3aQ1rn" MaTeMaTHKH, K0Topa5!, no ero MHeHuro, .n:omKHa 6bJTb CBe

.n:eHa K apu<jJMenrne QeJibIX qncen, TaK KaK T0JibKo nocne,n:H5!5!, KaK OH JTBep-

2KJJ:an, o6na.n:aeT no.n:JIHHHOH peaJibH0CThIO. 3amnma51 3TH B3rmI,n:bI, KpoHeKep 

BeJI ynopHyro 6opb6y c nocne.n:oBaTeJI5IMH TeopeTHKO-<pJHKQHOHaJibHOH Illl(OJibi 
BerreprnTpacca rr TeopeTHK0-MHo,KeCTBemwn: IIIK0JihI KaHTopa. 

• JIAITJIAC Ilhep CttMOH - cjipaHIIJ3CKn11 MaTeMaTuK H Mexamm. Po.n:11ncl! B 

BoMoHe B 17 49 r., yMep B Ilaprr,Ke B 1827 r. YneH Ilapn,Kc1wn: a1rn,n:eMn11 uayK, 

o.n:rrH H3 ocHoBaTenen HopManhuon: rr IIonrrTexHuqecKon IIIKOJI. OcHOBHbie pa-

60Thl Jlannaca 0THOCllTC5! K o6naCTH He6ecHOH Mexaumrn. EMy nprrHa,n:Jie)KHT 

p5!,n: <pyH.n:aMeHTaJibHblX pa6oT no JJ:H<p<pepeHQHaJibHb!M ypaBHeHH5IM H Teop1m 

Bep05ITHOCTH. MccJie.n:oBaHH5! JlanJiaca no !pll3HKe KacaIOTCl! BOnpocoB Teopuu 
Kan:nJIJI5lj)HOCTH, aKyCTHKH II :mewrpoMarHeTH3Ma. 

• JIEBM-l.JMBMTA TyJIJIMo (1"873 - 1942) - HTaJihl!HCKHH MaTeManm n 

MexaHHK, npo<jJeccop B IIa.n:ye :n PHMe. ABTop :nccJie.n:oBaunrr no Teopirn .n:mp

<pepeHQHaJibHhIX ypaBHeHHH, He6eCHOH MexaHHKe, rn.n:po.n:nHaMnKe; HM pa3pa-

6oTau TeH30pHhIH aHan:n3, o6ocnoBaHa Te0pHll a.n:ua6aTnqenrnx mrnaprranToB; 

eMy npHHa,n:Jie)l(aT pa6oTbl no MeXaHHKe rr reoMeTpHir HeroJIOH0MHbIX CHCTeM 
H peJil!THBHCTCKOH MexaHHKe. 

• TTY AHKAPE AHpH - KpynneHIIIHH <ppaHQJ3CKHH MaTeMaT11K. PomIJicl! B 

Hanc:n B 1854 r., yMep B IIapH2Ke B 1912 r. O6yqaJICll B IloJI11Texm1qec1w11 

H I'opuon: urnonax B IIapu;Ke. C 1886 r. npo<peccop Ilap1rn:rnoro ymrnepcu

TeTa. YneH IIapu2KcKon a1rn.n:eMHH nay1c Ero :nccne.n:oBaHn5! 06 ycT011q:nBocTrr 

LlBH2KeHH5! H O <p:nrypax paBH0Benrn )!(HJJ:KOH BpamaromeHC5! MaCCbl OTI,pb!JIH 

HOBhie ropH30HTbI B acTpOH0MHH H KOCM0rOHHH, n03B0J!l!5! nprrMeH5!Tb 6onee 

COBepIIIeHHb!e MeTOJJ:bl COBpeMeunoro aHaJIH3a. On llBJilleTCl! TaIOKe OJJ:HHM H3 

OCHOBaTeJien: crreQHaJibHOH Teop1rn OTH0CHTeJibHOCTH. Mccne.n:oBaHllll Ilyau-
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Kape 0XBaTbIBaJOT IIO'ITH ace pa3neJibl MaTeMaTIIlrn II MaTeMaTH'leCKOfI <pH-

3IIKII. 

• PMMAH reopr <l>pttnpttx BepHxap.n: (1826 - 1866) - Bhr.n:aromnnCll 

ueMeUKII{I MaTeMaTm,. PommCll B Bpe3eJieHQe (I'aHHOBep ), yMep OT Ty6ep

KyJie3a B I1Tamm. B feTT1111rencKoM ymrnepcnTeTe cnyrnan neKIIHH I'aycca, 

MHorne nnen KOToporo 6bIJIH pa3BHTbl 11111 no3)1(C. Tall! )l(e c6JIH3HJIC5! C cjm-

3111(0111 Be6epoM, KOTOphnI npo6ynnn B HeM rJiy6mrnfI HHTepec K BonpocaM 

MaTe111an1qeowro eCTeCTB03Hamrn. PnMaH noJIO)!{IIJI Ha'!aJIO HOBOMy Hanpa

BJlCHHIO TCOJ)Hll aI1aJIIITH'Iec1rnx <!>JHI(IIHfl H llIHpO!(OMY npHMeHeHHIO nnen: H 

MCTOJJ:OB MaTeMaTH'leCKOli !pH3HKH, nan OCHOBHbie nnen TOIIOJionm. OH pac

CMaTpIIBa.JI reoMeTpHIO B BeCbMa llIHpOKOM CMbICJie, KaK yqenne O Henpepb!B

Hh!X MHoroo6pa3115IX. BBenenne puMaH0BbIX rrpOCTpa.HCTB pacKpbIJIO HOBble 

nyTn B pa3BHTIIH MaTeMannrn. BoJibllIOe 3Ha'!eHJie nn51 tpIBHKH xx B. HMeJI 

pa3pa60TaHHhlf1 PnMaHOM ( 1861) annapa.T m1cpcpepeHQ1la.JibHh!X 1rnanpaTH'l

HhlX <jJOJ)M. 

• PMl.Jl.JM Kyp6acTpo rperoptto (1853 - 1925) - HTaJihllHcKuf1 reoMeTp. 

Ilpocpeccop Ilanyanc1wro ymrnepcnTeTa. Puqqn 5IBJI5leTcll onnnM H3 ocHoBa

Tenefl TeH30Jrnoro HC'IHCJleI!Hll. B pa6oTe "MeTOnhI a6COJIIOTHOro mnpcpepeH

IIHa.'IbHOro IIC'IHCJieIU!ll II IIX npIIJIO)Kemrn'' (1901), 11am1cammf1 IIM COBMeCTHO 

C JleBH-YHBHTa, nano He TOnhJ(O rrepBoe CHCTel\taTH'leCl\:Oe H3JIO)!(eHHe TeH3op

H0ro HC'IHCJieHJrn, HO H ero rrpHJIO)KeHHll K KJia.CCII'!eCJ(Ofl 11iexamme, TeopeTI!

qecKOH tpH3HKe H pHMaHOBo{1 reoMeTj)HH. 

• CTOKC .II)Kop,n:)K ra6ptteJih (1819 - 1903) - anrm1f1c1mf1 <pH3HK n MaTe

Manm, qneH JloH.n:oncKoro 1wponeBc1mro o6mecTBa. Tpynh1 CToKca oxBa.TbI

Ba10T pa3JIH'IHbie Bonpocb1 onnnrn, nrnpomrnaMIIKH n 111aTe111aTw1ec1.;of1 cpn-

3HKH. Cpem1 rnnpo.n:HHa.Mnqec1rnx pa6oT nan6onhrnee 3Haqenue nMeroT TPYLlhI 

no· Teop1rn nBH,Kemrn Bll3IWf1 )!rnnKocrn (ypaBHenne HaBbe - CToKca). CToKc 

- a.BTOJ) pllna KpynHhIX MaTeMaTH'leC1rnx nccnenoBaHIUi. 

• 3HHIIITEHH Anb6epT - Bem1qaf1rnnr1 cpm1m co ape111e11 HbroTona. Po

nnncl! B 1879 r. (YnhM, I'epMaHn5!), yMep B 1955 I'. (IlpnncTon, CIIIA). 

B HCTOj)HH ecTeCTB03Hallllll 3aHHMaeT COBeprnemIO oco6oe MCCTO. Co3na11neM 

TeopHH OTHOCHTeJihHOCTH 8frnrnTeIIH 3aBeprnuJI 1rnacC1l'IeCKYIO tpII31IKY II 0Jl

IIOBpeMeHH0 3aJIO)!,HJI OCHOBbl HOBOro yqemrn O rrpocTpaHCTBe, apeMe!IH II Tll

roTeHHH. Ero cpyn.n:aMeHTaJihHhle nccnenoBamrn no 1rnaHT0Bofl Teopun caeTa, 

pa3BHBaromue n.n:ero IInaHKa o .n:ncKpeTHOH npnpone TennoBoro H3nyqemrn, 

II0JIO)!\HJIH uaqano HOBOfl 3pe - 3pe tpH3HKH aTOMa H a.TOMHOrO llnpa. 

• 51KOBM KapJI rycTaB 51Ko6 - HeMeIIKHfl MaTeMaTHK. Pommel! B IloT

cna.111e B 1804 r., yMep B Bepmrne B 1852 r. Ilpocpeccop Bepmrnrnoro yun

BepcnTeTa. C 1827 r. 'IJieH Bepmrnc1mii a1rn.n:eMHH HayK. MM nony'leHhl 
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q>yH.naMeHTaJlhHble peJyJihTaTbl B o6nacTH ypaBHemu1 c 'laCTHbIMII ITpOHJBO.!l

Hh!MI!. 8 CBOIIX JieKUIIJIX ITO LlHHaMIIKe II B Pll.Zle IICCJie.noBam1ii ITO Teop1rn 

3JlJIIIITTil'!ecKIIX q>yHKUHlI 5lKo6II peurnn pll.Zl BailrneI!UIHX BOITpOCOB 'IHCToi'I H 

ITPIIKJia.nHoii MaTeMannrn. OH ycoBeprneHCTBoBan ITpe.ZlJIOiKeHHhrfr faMHJihTo

HOM MeTo.n HHTerpnpoBamrn LlHq>q>epeHUHaJihHh!X ypaBHemrii: LlHHaMmrn, 113-

BeCTHhlJI I<aK MeTO.!l fa11H1JihTOHa - 5IrW6H. 

PyicoIIHc& nocryrrHJia B H3,nare.11&cKHH or,ne.11 
15 J1HBapJ1 2001 ro,na. 
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