











One important thing I should say is \t thesce results imply the

property of crossing, i.e., the possibility of continuing (on the mass

shell) from the amplitude AB—CD +to the amplitude AC—DB. This crossing

property is not obvious in cases where dispcrsion relations have not been

proved.
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The major dcfects of these results are the following :

the analyticity domains one obtains are "flat" in one variable :
only on a segment of t real onec has analyticity in s. Only

for rec” s has one anelyticity in cos® (or equivalently t):

there are processes for which dispersion relations do not hold at
all. In this case can one continue from the particle-particle
amplitude to the particle-antiparticle amplitude without going off
the mass shell ? What happens then to the Pomeranchuk theorem,
which, originally was established under the assumption that forward

dispersion relations arc valid ?

the Lehmann ellipse is too small at high e¢nergies. Thisy, I should
qualify a little bit : we expect; if we decompose the scattering
amplitude in partial waves that the numbzr of partial waves contri-
buting effectively will be of the order of L =~ kR(s) where R(s)
is the apparent range of the forces at thc particular energy s.
Since no sharp cut-off is expected, we believe that for large
angular momentum, the behaviour of partial waves will be governed
by a factor exp-L/kR(s). Now, if the Lehmann formula was the
optimum, one could deduce the rate of decrease of partial waves;
comparing the two expressions, ome finds R(s) ~ k ~ T This,

we believe, is difficult to accept.

we believe that there is a certain amount of truth in the Mandelstam

representation, and if we just use the results we have mentioned up

to now, we sece that we are very far from it.



these subjects of dissatisfaction, I shall give in tl

ions an answer which should make us rather optimistic on the
d theory. By optimistic, I mean that its consequences might
y sufficiently accurate so that one can compare it with

. maybe decide that it was wrong from the beginning.

[ TWO VARIABLES

'8t successful attempt to get a non-flat analyticity domain,

i which contains points where both s and t are complex,
ndelstam 8 in the particular case of # T scattering

mic case of & neutral scalar theory). In this work extensive
\g symmetry in s,t,u was made (s+t+u=4l&2 ). The result
icattering amplitude was analytic in regions delimited by

s El Lot S E L ot

for the Ti [T cage, one has ]s t] £ 256,444. Inside this

ittering amplitude has only the normal cuts : treal> 4,&2,
Yreal > 4 rz'

shmanri 9) was able to prove that complete crossing symmetry

ince of the scattering amplitude with respect to permutations
u) was not necessary to find a domain in two complex

: was able to prove that for any case for which dispersion
valid in -to < t SO, such a two—dimensional domain existas.

’scribe it in detail, as we shall show better results in a

[ shell say is that the dimensions of this domain can be

icitly from the dimensions of the Lehmann ellipse and, like

andelstam, does not need any continuation in the masses.






Whet Glaser, Epstein and Bros 1) have shown is that even if
irsion relations do not hold for the process A+B—C+D, one still
1 sufficiently large domain of analyticity for (jo. t can now be
arbitrarily large negative., This domain is the intersection of a cut
: and a finite region (see Fig. 1), From the result of thc previous
ion, all the physical region points are acc ible, and we see that

:an continue from the amplitude A+B—C+D +to the complex conjugate
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of A+D—C+B. This is enough to prove the Pomeranchuk theorem 12). If

%
(A_,L E-» C"’B) : \\\ \\ QZH--B >C+D)
¥ v

one dfslikes the fact that one goes from one amplitude to the complex
conjugate of the other amplitude, one can follow another path, using fixed
negative u first, and then fixed negative s. Anyway, =2 the NN for-

ward case, the analyticity domain is like this

so that the continuation from NWN—NN to NE - NN can be made directly.



He
susm o LaGuuls; L.€.y IOTM Yactors are always analytic in a cut plane minus

perhaps a finite region 13).

EXTENSTON OF DISPERSICN RELATIONS TO COMPLEX t, ENLARGEMENT OF THE
LEHMANN ELLIPSE

Here > want to answer point 4) of dissatisfaction. 8o far, in the
derivation of dispersion relations, unitarity has never been explicitly
used (though, perhaps implicitly, in the derivation of the large Lehmann
ellipse). The new ingredient wc shall use is precisely unitarity, or more
precisely, positivity as expressed as follows : the absorptive part of
the scattering amplitude and all its derivatives with respect to cos8®

are maximum in the forward directicn ¢

d A(;m@) > 4\ 4 (50 0)
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This property, together with the existence of dispersion relation for
—to < t £ 0 with a finite number of subtractions, and the existence of
analyticity neighbourhoods (B.E.G.) 10) allows to prove the following 14) e
the scattering amplitude for any process for which dispersion relations
held for to <4 5;0, (and for which no unphysical cut is present), is
analytic in the product of a circle |t|/< R eand a cut plane in s [with
cuts Srea1‘> (MA+MB)2’ Uloag >>(MA+MB)2]‘ For any |t] <R, dispersion
relations are valid., If the t =0 dispersion relations are valid without
subtraction; this persisis in |t|<i R. 1If there are n subtractions

for t=0, this persists in |t} { R if n 1is gven. TIf n 1is odd, it
may increase by one unit., More extensive use of unitarity allows in fact
to prove then that the Froissart bound F s,t—0)|<:conqt s logs/so)2 holds

at least for complex s, and hence n=2 .



From this result, it follows that the absorptive part is e--7-<+:-
*
in ]t[ < R ) and then, by using again unitarity, that the absorptive
part is analytic in the allipse in the cog® variable, foci cos8=1%1,

and semi-major axis xé==1+(R/2k2).

This removes the difficulty we had mentioned previously and the
range of the forces, as defined from the exponential decrease of partial

waves for large angular momentum, is finite, independent of energy.

Now, what is R ? One of my collaborators, G. Sommer, has found

a very simple lower limit for R 16).

Let xo(s) be the semi-major axis of the small Lehmann ellipse

(using cos® as a variable). This ellipse contains the circle
[ < 287 (%o ()-1) = R(S)

[Wotice that R(s)=0 for k°=0 ana k2=m). Then
R:> maximum R(s
2 )
(threshold { s <co )

The results are the following :

htr ’?: A'f"nL

Kn R = 4pp"
KK R = 4{“(11-

The anomaly for [T N scattering is connected with the presence of the
nucleon pole. We hope that it can be removed. Once R 1is known, one can
still enlarge thc domain of validity of dispersion relations by using the
new ellipse for the absorptive part. TFor TT]T scattering, one finds a

region as indicated in Fig, 3.

*
) A similar result holds even if dispersion relations are not true,
but only for sufficiently high energies.
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Fig. 3

For Tj X scattering, & similar thing can be done. For [T N scattering
one gets also such a domain, which originally contains the real segment
—12.4'42 {t <1.83r~?. This, however, can be then improved because the
analyticity of the amplitude in a larger domain implies at least in the
elastic region analyticity in a larger domein of the absorptive part, In
this way one finds that the dispersion relations can be extended down to
t=—18.8P2, which constitutes a confirmation of the result of Jin 5).

It seems that the only limjtations to the domain of validity of dispersion
relations for T¥ N are due to the singularities of the absorptive part
for energies above the inelastic threshold. Thie is also the case for

Tt W scattering.

HOW CLOSE ARE WE TO MANDELSTAM REPRESENTATION ?

It is quite clear that if we are in a situation where in all three
channels fixed tranéfer dispersion relations are valid for complex transfer
(complex t, or complex s, or complex u), the domain of analyticity
of the scattering amplitude is not natural and has a holomorphy envelope
which is definitely bigger than the union of the three domains. In this
way one can extend the dbmain quite a lot but, as has been shown by Bros
and Glaser 17), there is no hope of getting Mandelstam representation.

However, we have many other information :



11,

— analyticity in the neighbourhood of physical points.

— slze of the ellipse of analyticity of the amplitude at high energy
as deduced, by using the unitarity condition, from the enlarged
ellipse of analyticity of the absorptive part;

— unitarity in the elastic region, which allows to extend the
analyticity domain of the absorptive part in the elastic region
and then, by using crossing symmetry in the inelastic region
(this is a non-trivial step, as opposed to what happens when the

Mandelstam representation is valid).

The most favourable case is undoubtedly the case of W scattering.

shall only present the most striking results 8 .

Generalizing the Mandels method, one finds a family of domains

(} > {L—)//'(T-A‘

where :J lies inside the region of validity of fixed transfer dis—
persion relations. Inside these domains, the only singularities are

real cuts. For O <:;] < 4 one finds, defining

g — (S~
A e €4 - (sc-4)*

)Z_

domains :

2

IxE4 Sa
s alle-a] < 22222 1

It iz esasy to see that these domains envelope the double spectral
function border

. C4
- €+ &5
=1 +§«/—l

from s=4 to s=8, and






This latter result, together with the analyticity in the neighbour—
hood of physical points is what makes it extremely difficult (hopefully
impossible) to construct a counter—example to the Mandelstam representation
consistent with all what we know. The question is : have we accumulated
enough information to carry the final analytic completion and get Mandelstam
representation ? This is a field in which I am rather a poor "amateur"
knowing only a few tricks like the tube theorem; and I would like to urge

experts, of whom many are here, to get interested in this problem.
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