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The Relativistic Structure of SU(6) 

by 

R. Delbourgo, Abdus Salam and J. Strathdee 

International Centre for Theoretical Physics, Trieste 

It is shown thai a relativistic basis for invariance under 

SU{6) exists only if the group structure is extended to u+(6) $ U-{6) 

for any interaction terms. The notiPn of inhomogeneous extension 

u:{6) 8 u;{6) is introduced. This extension leaves the kinetic energy 

terms invariant, though it still does not provide a fully satisfactory 
theory, 
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-THE RELATIVISTIC STRUCTURE OF SU(6) 

1. ·Introduction.· 

We wish to examine in this note the relativistic basis
1 

of recent generalisations of Wigner 1 s supermultiplet theory
2 

to elementary particle physics. We start with the assumption 

that so far as the relativistic and internal-symmetry structures 

are concerned it is sufficient to start with an elementary 

multiplet of Dirac spinors -- elementary in the sense that it 

corresponds to-the fundamental representation of the internal 

symmetry concerned._ More sp_ecifically· for the internal symmetry 

group U{3), this fundamental representation corresponds to a 

Dirac set of three ()akata-like) quarks. Our assumption then 

amounts to saying that so far as group theory is concerned all 

particles can be.oonsidered as composed from Dirac quarks. 

There are three questions to be studied! 

(A) 

(B) 

The structure of the "algebras" formed from the Dirac 
. I. 

matrices and the 1nternal symmetry generators -r . 
\ 

For which ones of these ."algebras" are the kinetic energy 

and the mass t,erms in a free, Dirac Hamil ton ian invari~nt l 

(C) T}Je _types ,of interaction HemiltoniaJlS (if any) invariant 

for ,each "algebra". 

., 
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2. The Structure of the Combined Algebras 
. 'A 

Given a set of hermitian Dirac matrices 1'Yand internal 

symmetry generators 3 '"f¥, note th~t 

[1A14,0f&Tt] ,= i {1'\ 1~f[1•,T2) + ~[7'A,t']{T4 ,Tj} 

For the fundamental (tv- fold) representation of any. unitary 

group U(n,), the 1\Xll. matric~s T4 span the entire hermitian basis 

and. ~heref~re both _ , [1i,}'i] ~d {T-',"fi} . are ~rpre~~ible 
as ,the linea:. sums.of the 1 4 's themselves. So is·h·ivially the· 

case also with the full set of the 16 Dirac matrices. Specialising 
. . . . ~ . . . . 

to ·u(3) ( ,t.t. ·for the nine matrices 1"- , '·:: 0,1 , ... , t ) , :l,t 

is clear from the above that the 144 matrices '(AI;, (A :1, ... 1 1lt; 
;~.=ro,r, ... ,s) in general provide the set. of generators for a U(l2) 

structure. 

It is easy to see from the results for the anticommutators 
' , . . 

of the Dirac ·1(s give~ in the Appendix that the general U(l2) 

group contains two U(6) sub-groups each generated by the 36 

matrices, 

LtCb) Htt.('fs-)T4 
, 1 (t:f'.i'Y5 } ~l'T' 

L({') \_(t-.&'fs)T 4 ~ Ct- ci6) crl"" T• {1) 

The crupial remark is tha_t ,since ( 1 + i 75 )cr}'V is a 

set of antisymmetrio_ self-dual matrices, there are only thre2 

independent ones among these; and likewise for ( I~ .its)~., 

Clearly a U(6) . .;.inva:dant 'parity-c~ns'erving theory must neoes~arily 

possess. L(.i'~ 1.(, symmetry. .U+(6) andU~ (6) clearly are stra.ightt 

gene~~{isaUo~s:of su:f(2) an~'~u'7(2(' tbe_~~o su~~~~ps into 

·whi~h the '(itclid~~) ~~~p·~~ ~~tati.~ns i~· 4;.:dime~sf~ns. spllts'~ 
. !- '·; ' 

The relevant matrices are unimodular 
-" 

..., \ .,_ 
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.tor a~oren~z metri~gne must therefore first resort to the 

'·"unitary trick" of 'lfeyl, i.e., go to a Euclidean metric, 

. generalise u+ (2) , u- (2) to ut(6) and u'"'(6) and then pass back 

to the L~rentz metric 4 • Adopting an·obvious no~enclature.we 
shall call u*(6) the homoeeneous symmetry groun: in contrast to the 

inhomogeneous groups we consider in the next section. 

. 11Algebras1• of the second kind based on the ilibomogeneous 

rather than the homogenous Lorentz group are generated if we combine 

ge~eral ~elativistic "spin operators" with the T' 1 s. The "spin 

op~rators" are products of the Dirac Matrices with momentumJ one 

example is the set of the Pauli-Lubanski operator {which in the 

rest..:.frame of a particle give its intrinsic spin), 

v.rr ..,. j £rvp~t. o-vp ~" ·( ~I' LJ#'-= 0 ) 
' 

. (2) 

Since, 

[W'f,LATvl ~ .i.EJlVPI( ~piATIC. 

{ W'r, ~\' 1 . : a qr~v - ral'~). (3) 

4 new U( 6) algebltl 4:!9 generated by the 36 quanti ties I .f., 1Aif4 Ti. 
Since "t_ (like O'"l'v ±) commute with ~ . , it is also possible to 

set up the groups -1.\,(6) w,ith the generators • 

+ • . 
,U,~('J : f(1±~')5)T~ 

1 
iCtr.tls)Wj.&T., 

Now the ~ 1 s are only one example of the general class of 

"spin-operators". Another operator bas been des~ribed by Calogero 5 
this-is the tensor 

"""«~ -c .. - ;, eff.v«/J 15" 't,t f~ 

w~ ~ i ''r'·Wts = - ;is('f_.~f- ~~ct) 
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For a free Dirac particle, Calogero shows that the "even" 

components of th~ LVI" a~d IATI'-11 (in. the Foldy-Wouthuyse~ s~nse) 
represent respectively 

l t L 
IU" = .E'crb ·+""" •11 , l.C'o = ~ ·_'! 

I ••"" f ~ i t I'"~' ""L" = . M c:r, + '" cr-. I lriT u .. 1~' !f 
Here [I and . ~t ~~e. the. longitudinal (~~:long ~ ) and transverse 

components of spill ! , . In ,the rest..;f~ame therefore ~ and _W"'p)l 

possess the same physi~al significance. In a. future p~per w~ . 

hope to come 'back to the complete algebra of. these spin operators. 

3· Invariance of the Lagrangians 

(A) The Free Lagrangian 
The Pauli-~ubanski operator' ~ and Calogero· operator ~-

possess the remarkable property that the Dirac operator D • 7· ~ - t 
.commutes with these •. Thus 

k : \ii ( r~ _-1k)4i 
0 . 

is invariant for Uw- (6) {with generators T.; , IATp. T-' ·). Likewise 

d~fining . -t,_,lt -: . 1 (l:t(7'rJt,. dti.· tums w,_r~'J.t· llnd ~~tr-l'+~ 
a.re invariant: for u ~ (6) (generators ·T4, vr/7l :_l respec~vely. 
This is of course not true of the mass term · -11'- ( 'i'R. ~'L + · 'h. o/i) • 

·.. . . ± L 
Consider now the algebras U_ (6) generated by the T •s 

. . . . . ' . . . .. · 6 
and the Dirac matrices. _The transformations 

"'~ : ( l t i ct~.., T; Ofv + .i cti Tf }~&. 
'\'~: (I -~ ~ ~~ Tjcr~ + A r;Tj ) ""tt 
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even when taken in conjunction with the Lorentz .transformation 

t~ ~}4 + €;11 ~., 
do not leave the free.Dirao Lagrangian invariant 7, In fact 

. ~('F~.t~'i'~) =. ~t~~ 'Fl. T4 (~~ _.,,~~Nt. 
where the summation· is to be carried ov~r _.{,.'=- i to B. The 

co~clusion th-~refore is that so far as the f;ee Lagrangian is 
.. ·. . ~ 

concerned, the group ~...-(6). is the only }!bioh .leave_s the 

Lagrangian invariant; . U! (6) leaves· the kinetic energy · 

term unchanged but not the mass term, while for the. covariant 

groups ui' (6) (defined.with Dirac matrices 

than the spin matrix ~) the free La~an 

desirable transformation character. 

(B). The Interaction Lagrane;ia.n 

Oj&t' etc.-, rather 

possesses no specially 

It is at this stage that .our diff:i,oul ties start. It has 

so far app.eared impossible' .to· oon~truot an inter~otion Lagrangian 

involving a product of a·finite number of field operators which is 
. . . ·. .t . . 

invariant for U.,r(6) or Ull1'(6), It would seem therefore that 

ff U (6) is a rel~tively exact' s~etr;y of nature, only an S-matrix 

type of theory oan'be. constructed for it, 

On the other hand for'the group'struotures· U~.(6), even 

though the free Lagrangian is not invariant, on~ can Yrite.invariant 
. 8 . ., . 

interaction terms. ~or example, in the Euclidian sense 
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(with ii) : ..yt ) 1 the interaction part of the parity conserving 

Lagrangian 

~ {1t~-..,)~ +('f1r--ritX ~Tr T.~o/) "1' (\ft~t,-r·t 1(q;~~T;~) (5) 

+" -is invariant for U. (6) ® U (6) transformations, There. is a 

total of .72 currents of which only the su(3) ninefold 'fi'"'r~.:· 
is conserved, The divergences of these currents are listed in 

the Appendix. 

4~ Invariance of SU ... (3)~ SU-(3) u~der SU(6) 

The considerations of section 3 leave us with a dilemma, 

What is the U(6) firoup of Gii~sey, Radicati and.Sakita,· if ·it 

is not UW(6)? . If we are willing to give up covariance of the 

group-structure (though of course not of the basic Lagrangian) 
. . . . + . ·- ... 

a ~covariant. sub-group of the structure U (6) 0 U (6}. is 

provided by the 36 generators. 

. . .• ~., .. 0"'~ T" (:i,, = o,., ... ,8 . ; ~.b:~· I, 2,3) 
This structure coincides with .the 11 ttle-group, Uw-{6). for the ·re.st f~,,i= o. 
Thus the set of transformations, . 

l.f' ~ ( 1 + ,; 'J r' +. i ·elb tr~ i; )f (6) 
. . . 

lt_ f 1.' _ l .· · ~o L (space~otati~m) 
P"-10 , ra.- rAt ~o,~,rb· . 

leaves the i~teracti~n (\ft ... "rio/Xq;tl' Ti~}-r(fl,;ft~'f'J{ipf,t'f/r''f) 
as well so the mass term as well as q;t-tor invariant' changing -tile 

kinetic energy term by · ·, 

. ·, . ·'·.. . .. c .. 

8S..,-: ~G~.fr~hT~~~ >.(~=1, .. ,8) '-

The 'differential 'conservation 'la.w does· not hold for the 24'currents 

iF~oabT"\1-' .t;:;l~.-,s ; a.b -::1;2.,'3 
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Note quite generally that st.. ... ':L t:: o~'-Jf'. 

Now the Lagrangian (5) postulated above is precisely the 

type of I.agrang.ian previously written down in a different connection -

in connection with what has been called the [ SU,t;))L. ® [ SU(3)]R. 
theory 9• It is perhaps instructive to write the equations of the 

gauge version of this theory in detail as well as ·the transformations 

involved •. We shall use·the Lorentz metric and not adopt the trick 

of passing to the Euclidean s~ace. 

Start with the ·Lagrangian · 

4..: i f.i [iz~(a~'-z..i-o .. :z;+'i.f~ltz~z:J:-! z~Zk- !l'"~zt]+ 

t ifLf.{~+ilZ:T4)"'L. +'I'RY.{~~'i.z1r.)+IZ ~nt'l''/J 7 (7) 

where z.; and ~--are 18 eauge vector fielde which can be 

expressed as sums and differences of vector and axial vector fields, 

"Z1 = V + A , Z1 -= V -·A • ~i.:--· 
. . . . ,~~-"~· -

Now if' we specfalise to the Weyl representation Lthe !!(6) ® (.((b) 
transformation written in eq,(4) we have · 

I 

fL :: 

"'~ ~ 
( I+ .(. <i

4
T• 1" ... 6t"-· G""T

4 )~. "} . - - a... 

( I ·.,._· i fo 4 T i + i r-·· ! J•) 'i'e . (8) 

or 'f''= ft + A.(E"i..t1s1)i)T4+ -'!·(€i-t.C)S'q4J-ri]t 

with «-=~t.t~ 1 ~-='--'1J· Then it is easy to check .that · 

the Yukawa-like interaction terms in (7) .are· invariant providing 
.\.I . .t . . i'k · j It • ·. .. It . z,o ,. 210 + f ~ (a Z,o + ~· ~') 

z'' • zl .r\jk. (ex; zt + ~J ~~) 
-l. -1 ;. I -1 . 

!!1. • .. } 
cJ,'f."'!' It f' . ., 

.210 ., 
z' 

• z:O + fi~ ( ,; :z~- ~i. ~!) } 
• ~~ + J~lc. ( ~; ~~. - ~' z!) - ~·j~~j)l~t. -1 
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(9) 

(10) 

However the free Lagrangian changes by 

8Lo. ~ ... :1. \Ft.~'x!·.t_T4 o/.; + 2 'ft~'·<~>!T't~ + 
. . ' .. . { ' ._:' ' ._ . "·: : ., - . . 

. -t.im (~~{tJ.( \jilt [T"tL -'t~T~'f'~ )t (ll) 

+ meson terms 

Clearly the mass term ift i~ in.?ariant oply if the .. 'fs . 
containing part of the transformation vanishes (-f)~ 0 · D1' ~:f.'. ) , 
Also as stated before, the kinetic. energy term ·is at least.' 

invaria.rit ~ for the ~art of the trausformatio~ ·ca) ~oi;espo~ding · 
. - . . . ·,. ·. . . ·, .. . 

to tnire-·rotatioris, , -vfl• · 
'i' ~' ( '·"'" .rs•,-i· :.,: ·•s~!') .r .. , . r-~ i+ lx}. . . 

Note ai~o • that.· Z,.~ iS· invariant· in· th"E; Eucllde~ _ s~rise • i,.~·e., &CZ: + 1/) • 0 • 

We have omitted writinifthe meson equivalents of the fermion 

kinematic-energy in eq. (11) for the ~ake. of brevity·~ 

5· Conclusions 

To ·suJillllarise the situation in respect of combining the Lorentz 

with the internal symmetry groups, we succeed in writing down a 
I • . ·• 

complete field-theoretic formalism provided we ·exteno the algebra. 

of the ho~ogeneous, and not the inhomogeneous Lorentz group. The 

operators ( ·1 :1: i 76 ) Of&v co.z:respon'd. ~o the. two independent 

(angular momentum) operators whioh.!enera.te the homogeneous Lorentz 

group. 
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+ " -The group structures u _(6) eu (6) are f;J, direct generalisation 
:t " " " " " " 

from SU (2) to u*(6) of'. spinors of' each kind. However, we note that ·. 

these generalisations do not leave the kinetic energy terms invariant. 

The physically significant group rlth 36 generators is then the . . - . 
generalisation of' the homogeneous Lorentz group, this generalisation 

consisting of' 36 generators of space rotations_ ! and the unitary­

transformations T•, 2"1° • For the rest frame or· a eingle p~rticle, 
this. group coincides with u_,(6}, 'the "little group" of' Oiirsey, 

Radicati. and Sakita.· 

The authors are deeply indebted to Prof. P. T. Matthews and 

Dr. J. Ch~ap for stimulating discussions. They have developed the 

u+{6). v-(6) formali~m in_dependently. After completion of this work 

t~e authors have also seen a preprint by M. A. :B. :B~g and A. Pais on 

the subject and a reference ~herein to a preprint by LEier Co:mwall, 

Freund and :Bii.rdaltci> 
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.APPENDIX 

the 

We list here ,the commutato;rs and ~ti-commuta.tors that 

algebra of U(12). For the U(3) spin part, we have 

[Tl I Tj 1 ~ "'f~il -rlt ' {T•, Ti } . ::: d-A.J.h. Tit. I. 

arise 1i1 

The f and d are the same as those of' Oell-Mann (Phy~. Rev. 

]12
1 

1067 {1962)} ~d, A:: iT e~tabl;i.shes the corre~pondenoe with his 

notation. 

For thEi Dirac algebra we use the 16 matrices 

cyA-=- 1 , 714 , cr,.w = ~rt .. ,'fv 1 , Oj&r = ~1p'f• , ~" 

-.,A,I1 . for which-~ I T is-real. Then listing the results~ 

"" 0 

1:1 2,_()....., " 

li { ~lt' i-v - ~)y ..,..,.. ) 

[I, 6"t'v 1 
~,,crpvr 

['tl ,~v] 

{1)\ ,Oj&w} 

[ crK.) , G'"rlll 

t~~·~v1 
{ o;.,, <5"""} 

.. ,-: 'l. 6 "~""P 6ft " . . 
= 2,i (9""~~" +-~~1'~~- :--~~ .. Oi" ~-,~)v aK./£)" 

::: :z. ( ,~ ~lv -1~~'~"") ;:.. 2 e">.~11 tfr 

CO'is, t5f~J 
['ts , Oj&v1 

= .-l 8]\p.vprfp 

.. " !li (9lt- CFY!- ~)'li<Sps) 
'JI 0 

\ r~, ~·1 -= t I''~P" C5f>-: -
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i I 
: i 

I! 
'I ~ 

,· 

II 

I 

lie also include here the currents which· generate U+(6) e u-(6}. 
Thu~ under (4) we have 

. :. . ( .~ S·" ?JJ.. ·. ~~~] . 
st '=. Dl 'O(V.at.J .. 'tL + ~~t~J u'r,t .,. . 'I meson contributions 

~ -ol[ 'f~.'f~-( ~~a~a-,w 1j -+-'rtjTj )~._ + 

, -~-~~ 1A ·oi~~;,_j~4·pfTj)~f + .... J 
' • • "' • ,_ .. to • • • 

' 1111 '1 J.l · · , ' n "T J 4 a· T~ • I 'J -rl 

whtr.t 
::- 2'-'JIUCIA LJA•~l -jPpv.liA,JR/'tJ,l- ,(fi ~_vLl -lfl "A"Rl 

. . •, . . ' . 
J - · . . , .· . J • - ..•. 

.J'I.JW;>. -=- -~L rl cs;;.,T .~ .. +•.. , Ju = "'L ')) T' 'k. + •.• 
and similarly for . Ji, . Since. the only .. change in th~ Lagrangian is 
that of the ·rree part 

1 

Mtf 

J 
'Oa Ju ;: 

~ 8,. .Tu == 0 I · '= o; 1, ••. , 6 ' . . ,, ". . .. ' 

3~ JL#'Vil : !1 ljiL (~~I'- '1;'0~ )TJ \JIL ~u'·}· . .·. 
~~ JP.~,).c~~ 2_ \fRp-;_~-:~'O~)_Ti~l o~ .~:. : P-'r:·~~ 
o.1 J~,~ _-:: • ~~· J:p~l .. = •· o_ . · . 4f. · 11t= o·. 
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IO'l'P 64/ll .. · U(12) Aim BROKEN SU(6) SYMMETRY 

' § 1. Starting with a spin t' quark m~del the most general algebraic 
. , '1 

structure is the U(l2) ring of matrices· l~'T~ • We wish to. point out . ·~.· ~ ' . .. . ~-. ' - . 
that t\lis U(l2) structure can be usedto give a direct covariant 

:'.•, ,· •· , :.' , . , . ; , ' , 2 
formulation of the SU(6)'symmetry .of Ol)RSEY, ~ICATI and· SAKI'l'A , 

provided that for the physically realise~'multiplets orie writes:not 

only .the composite field ,operators but also~ the_ir conjugate mo!Dentum 

oper~t~rs as "independent~ d~mp~~~~ts within; t~e; s~e-riiu~t·i~l~tO.: ~ 
motivation of our,remark is as followsa a numbe~ of authors) have 

reoentli.su~~e~ted:that,the su(6) ~ym~et~ orr~f:·2 may b~ ~o~ked 
up~~· a;c~-~o~~~o~a~i~n<appr~x~matlo~ ·t~ a,sym~~tey'w{6) -~ _U~(6j'x 
UR(6) .~hi~~ ,i~self is a straightfo~a;t:d genera~is~tion~of, the: ... ·: . . 

UL(2) x UR(2) 'symmetry associated. with .the homogeneous _Lore~~z ~o1;1~4· 
. Starting with this, a number of e:x:amplee of .,interaction Lagrangian& 

: ihv~ri~t-;o~ W(6) have been''wr'itten do~} " . ,· 

Now ·the~e are:. eerious · qifficul ties in. elaboration of . these . 

ideas.'. First'/ the right and left: split-,of the basic' quark implies . 

that ·m • ~ and th~r~fo~e W(6) ~st be, badly- broke~ •. 'se'~ond, physio~i 
q .. , ; ' , .. " 

particles oorrespcmd to representations of the inhomogeneous Lorentz··.-
• • - ~ I • ~" ' j1' • ' 

group, _and since kin~tio energy, ~e_rms are not invariant for UL(6) x . 

UR(6) (in 'oo.ntrast to the Lorentz ·uL (2) :i: U~(2) case) it hae so far 

been possible ta develop~theorie~ cit physical states 'a't zero·momsnta5' 

only.. A third. difficulty is reb.ted. to- the secondJ . so long as there 

is nb< ~alogue_ of the 'inbc~~ge~~ous: Lor~~t~·group at~ot11re~ it .i,a
1 

imposSible _to, assign' ·physi.oal ·particles -unambiglioual.7 to the multiplet a 

of 11(6); thus l!aryo~ O()tet ~~ deoim~t oa.n _b;long e_q~ali;r :to (5li,l) + .. 
(1,56) -~r to (6~ 21) '+ i21,.6). . . . . , . · .. ' ' 

• ' ~ ~ ,, < 

.Fe~r theA-component Dirac equation, which includes the mass · 

term' the -~~s's~~e t.o· the ,-t~h~mogimeous gro~p i~--~ad~· in the ~ell-known 
f~-~h,i()n .~i~e-~~~~~lh~·th~: c~b--~1-ge~~~s· .UL (2):.:r: UR'(2) ·~~ltb dx . . 

gen~.rators 0"~~). to _the full Dirao algebra U(4) •. 'l'bis takea place , . 

ess.onti~llY b~~aue~ U{4) ~~nt~i~-~ i~ additio~ to. the cr~~. the four .. 

(t~anslatlo~~llk.e) m~t-rio;~.·: X,.~ ~lth oo~·t-a.ti~~ rules .. 
' • • ~ "· > ·" - • • ,- l ·'· - . •·- ,. . ~ - •. ' > 

' '· . ' . - . ' . . , .. - . i 

~~~ ,:yii_~]-: ~-- ~• t;.r~~~\.~ ~~~:t") (1) 
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allowing one to writs equations invariant for the inhomogeneous 
~oupl 

( r,... p~'" - m) + = 0 
I '\Art'" ~I' :t a 0 

where ; wt'" • i "( 5 [-rt'" 1 "().lp)] 
,, ·:,. +. . . ... ' ..... · 

Note, in paaning, tha~, >:. tyj4 )'5 w-1", = tij4 ~I'-·. 
1 

first equation 1aa,y be.wdtten in the .form , .... 

(2) 

so. that. the 

· ·· [r.~'"< ~~+. ·~ysw-'")J~J~ J~::~ o 
' • ' e ' " - < • •- j -' '" • • ' ~ -' • (3) .. 

what'we.wi~h to emphasise is that there ia a close analogy 

betwee~·the'gr()UPci_ompl~tl~n u{(2) ·x UR(2j ... U(4) -~dUL(6)'xUB(6) 
~ U(l2),, The gene~atoz:~ for u1 (6) x u~(6)are theJ2.riiatrioea . · 

cr~"" T~ · T 
4 

'')- 51"',.· :i:n·~ddition to these U(l2) contains· .. ) " . ' J . J . ' 

another set of" 72 matri~es' 

r"'~ r~"Ti ··r"'= lr~'"r 5.T' ·A.·;<~'''>. i~t;~:.r'·~~-·~.:~. 
. j • . . I ..... ~-. . '·· .. J. •. • 

with the trpioal.oommutation'rules (similar.to (1})1" 

("(~-r•·., .cr~'"+"J] : ~J~jlt ( 9~~-'-(;... S byr )!k + t ~j~e~tAVf')'.'yS 
. ' ' . . . ., ~' - .. ' '.. '" ' ' ' . . . . . ' 

[)i,.)' 5 Ti;Tj]··;& q:ija l).Y 5T"· 
'' .· -" '. .. · .. , ·. A: .A 6'· 

Defining a .72-comp~nent vector' (P ,w, ·). onoe ,again one IIII,T write an 
"(inhom~geneou~) W (6) ,; in~~ri';~t e~U:ation. 

. ; 

[r"·( P" ;i: ·Lr5 wAr+· ":'ltf. = o c+> . 
Note~hat. S[P.\i-wY].o :andalao ~[ti't~-'\OI"IV~}-~·. 
whe;·e t"· ptw, wi" ~ w~"0 , It is ,;orth stressi:ng too th~t the L~an~ 
ian mass.· term r•3maine invariant as .well7, • · · '· 

' It is l>'srreotlr possible 'noli to wri.te' ~ covariant UL (6) X UR(6) 
s.:.matrii 'rormallsm, 'using the U(l2) algebra, in o~~plete analogy with .. 

·a Lorentz covariant :f~rmali~m 'r~r spih ·fpsrtioles whioh ;uuiisea 'the 

U(4) algebra, The ohief pioblem''is' the 'pa'~sa~~ to the ph¥sioai' li~it 
.· · -~ · · ·. · ·' · ·' · · ·· ·· . :' · .. -.•. 8 : · ' A·· · or suoh S-matrit elements, ·the phrsioal limit being defined as P ~ 

~ ~. all other 'components or p and v v~ishing. ' This' i~st '&t~p 'wiu 

natura~l;y break the u1 (6) x ~R (6) s;rD!met:rr in a. vell-defin~d and 
determinate ~snner havin• • t11rria&ue~ vhloh ia · tuli;y Lorenta c~-· 
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variant, The symmetrr breaking is well defined in the sense that we 

know precisely ths'transformation properties or the broken vsotor 

( ~~~ o), 

} 2, .Consider now the problem or higher representations, Starting 

from a single Dirao field ¥~and a 4-oomponent spinor one generates 

suooessivsly highs~ multiplet& and their algebras b¥ taking outer 
produots9 . 

vi'" -
$ l1') -

I'K IX·· xyl")dlt •• X 

The first oonorete example of this is the 4x4 representation or . 

DUFFIN and KEMMER10 with the associated algebra ~I' =i(Y~XI + I ~ yr). 
This gives rise in the well-known manner to particles or spin one 

(10 components) and spin zero (5 oomponsnts) within one multiplet, 

.The oruoial point is not that this is obviously the "natural 11 form­

al~sm for extension to U(6) ideas in that it combines zero spin and 

spin one1 it is more 1 ~T by imposing the requirement that the field 

quantity satisfies a linear equation, Kemmer could show that the spin 

one field is composed of the potential A I" as well as the field 
11 12 ,..., . . 

tensor ' F , Likewise the spin zero part consists or+ as well 

as its conjugate momentum l,. ~ , Altogether the spin deoompoeit ion 

is 16 • 10 Gil 5 @1, (The«l11 does not oorrespond ··to any dynamical 

situation and is called the trivial representation of the algebra,) 

The next algebra is generated by the matrioes13 

ctl" , yi"·IC.I + I ll. pi" 
the reducible representations describing particles or spins i and ~ 
In a future paper this decomposition will be exhibited in detail1 . ~ . 
like for .the case or the t -algebra, both/. field operators as well as 

their conjugate momenta ooour together in the description of a 
physical oyatsm, 

The octension of the above to inoluds unitary spin (passage from 

U(4). to U(l2)) presents no essential oomplioations though the formalism 

gate tedious as is well known from past experience of calculations 

involving for example (l-formalism for mesons, But the oompensationa 

ere two~foldl first the ambiguities of U (6) x UR(6) assignments for 
the eame phynioal multiplet are avo1dad1~1 the formal1em inoorporatee 

them all .in a et•eoifio manner. Seoond, using the methode of i 1 a 
1~ -



broken but covariant SU{6) formalism oan readily be oonstruoted, In 

praotioe sinoe one is hardly ever going to work out the dynamics of 

p .. rtioles of spins ) 3/21 we hope one oan set up the neoeesary formal 

machinery onoe and for all, This will be treated elsewhere, 

Our thanks are due to Dr, M, A, Rashid for numerous helpful 
suggest ions, 
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with the •>ase of the normal Dirao equation (eq, (3)) If and pA'by 
the implicit equt,tion 

WA(P) • constant X i r
5 

[ r ._ 1 ps ('P 6 + l )' 5 W6)] 
(5) 

For the physi,al limit PA -'t r"' , eq, (5) solves to give 

W ~"-' ( ~ ) _t>C '( s [ )' i'T t. 1 "(" f'' ) 
Clearly, ~i"WI"'(~)a 0 for ap i , ~d when i - o, Wl"0 (~) 
is just the norm~l spin pseudovector, More generally the 36 oper-

. i 
a tors W t'' l~) ar,d T generate the little group ~~ (or Uw(6) of ref, 

3), . We have thus demonstrated .that the. solutions of the free. equation 

[r"'('PA +LY5 W") +M1-t. = 0. in what·we have oalled the.phys..; 

ical ~imit PA _.. t I' oan be labelled by the eigenvalues of. ~I" 
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t»t'"'·(~) 
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of wt"
0 

the relation!­
' ~I'" ~ I'" ~ constant + j (j+l) 
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Properties. of .the Weak Interactions. 

R. H. Dali tz. 
The Clarendon Laboratory, Oxford. 

1 • Introduction. 

In .these lectur.es ~ we shall· be interested' in· the 

experimental .situations;providing evidence for the conserva­

tion laws and' symmetry principles which appear likely 'to­

hold for the weak interactions, and in the predictions· and 

implications .of: these principles, especially in their 

possible relationship withu:riitary symmetry. In discussing 

weak interaction processes~ we. shall assume· as a· general 

framework the plausiple "current-current hypothesis 11
·; intro­

duced by- Feynman: and Gell-Mann 1 ). This·, hypothesis assumes 

that' these, processes result from the coupling between two 

11weakinteraction currents" of vector form.· Its-success 

inakes plausible a further hypothesis, that these weak inter­

actions. are ,act:ually cal'.I'ied by an intermediate vector meson 

field coupled-directly with the weak interaction current,. 

althoug}l,~here.is not yet any direct evidence which requires 

this "weak vector meson" hypothesis. 

The current-current hypothesis is known to describe the 

situation ·for the simplest weak interaction, the decay of 

the muon, 

~+~e+ + ve + v~ 

as well as for the nucleon beta-decay n~p + e 

~-decay, the decay interaction takes the form 

G~ { Jto. J } +· h.c., ea. 
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( 1 ~1) 

-+ ve. For 

( 1 • 2) 



where the currents J~~ and Je~ are given by the rorm, ror 

b = ~ and e, 

Jb~ = vby~ (1 + y5)b+ (1 .3) 

There is now rather strong evidence ror u-e universality, 

i.e. ror the hypothesis that the muon and electron inter­

actions all have exactly the same strength and rorm. 

For weak interactions, this means that the leptonic weak 

interactions always involve the leptons through ·a lep.tonic 

weak~interaction current, of .the rorm 

J.e~ = {'i'e y~(1+y5)e+ + v~ T~(1+y5)~+]. (1 o4) 

We shall begin (S'ectionsc2 and 3) with a discussion or 
leptonic.modes.or decay. Since these processes involve 

relatively rew strongly7'interacting_particles, their inter­

pretation is simpler than ror the non-leptonic modes, which 

Will be. discussed in Section 4.- .The interactions ror the 

description or the leptonic.modes take the general rorm 

[ J a. + s ~} t J t~ + h 0 c 0 ' ' ( 1 0 5) 

where Ja. denotes the weak-interaction current ror'strangeness­

conservmg transitions betweenstrongly-interacting particles, 

and SG de.notes the weak-interaction current ror ·strangeness-

changing trans i tiona. ' · 
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2o The Strangeness-conserving Leptonic Decay Interactions. 

The strangeness-conserving decay processes which have ~een 
beta · 

,, + 0 + studied to date are, ror theL.transitions n-+p, 1r -1r , and ~~A. 

Generally, the 

vector part J~ and 

rurther terms (the 

relevant weak current, J~, consis~s or a 

an axial vector part ~' together with some 
If 

tensor and pseudoscalar terms) which are 

considered not to be present in the primary current (the c~rrent 

remaining whe.rt :all strong interactions are turned off) but to 

be induced rrom the primary current by the e'uecta o'r the 

strong interactions (just as the neutron ~agnetic moment is 

considered to be an electromagnetic ef'f'e.ct induced 'l:)y the 

strong intera:ctions). 
' . . 1 ) 

For the vector current, Feynman and Gell-Mann , and also 

Zeldovitch and Gers~in2), have put rorward the hypothesis that .· . ._, . ,. . - .... . .· 
v J. is proportional to the component I . of' the.isospin.current 
~· . . .... • ~+ . .. ' . 

I~· - This implies that: 
v (i) J is a ·conserved, current, i.e. 
~ ' ' ' v . ; 

oJ~ 
~ = a . 

·ax~- . ' 
. ·:<?.1) 

since this is the•case ror the ieospin current. However, the 

converse is. ~ot true: · the hypothesis·. that J~ is conserved is 

not· surricient to ensure • that J! is related .with the isospin ·, 

current • 

. {11) matrix-elements or J~ are directly related with. 

the matrix-elements ror co~responding electromagnetic processes. 

Explicitly, ir the electromagnetic current .. is written 'in terms 

or I = a and. I = 1 components, .175 



e [j~ + = <_:!> 3} (ja.)EM , ., .(2.2) 

. . v 
then the matrix-element of Ja. is proportional to the matrix­

. 1 
element of (j ) • 

~+ .. 
(iii) for transitions AY = o, this form.of JV . . a. 

induces only transitions for.which AI~ 1. 

To discuss the beta transition n~p, we consider the 
- < < ·'. '' ' •• 

correspond_ing m~trix-elemen~ of jEfo\' giving the charge and 

magnetic moment structure of. the nucleon. Thus, for small 

momentum transfer q, we have 

(N/{Ja.)EMIN) -{ 1+Z)+e = '"N ey a. 2 2M [ ( 1 +r~) . . < 1 :--z:-3)7' lu ~13ql3 llp ~ .·. + Jl.n ~:Jj l'f 

. (2.3) 

where J1 .. J1 denote' the. magnet-ic moments of the .proton and P n . 
. . ·.. . . . . . . 1 ' .· 

neutron respectively. Picking out the term ja.'from (2.3); 

for JV 
a.' 

we obtain the form 

J"~ ,-v {r a.r+ 
• 1 
+ .eM (llp -JJ.n) 

(~.4) ~~ql3~+] , 

leading to the vector part of the n~p weak interaction 

Jrt J,la. = G~[ 7f+ya. + 't"+~l3.u (JJ.p ~ JJ.n)} ~4'.• {2.5) 

The first term in.the curly.brackets is the usual vector 

term.. The coef:f.icient G~ is determined experimentally~ its · 

value being given by G~/G11 = 0.980! 0.002. For larger q2 , 

th~ momentum t~ansfer 'dependence of the vector coe-fficient is 

pr7scribed, being given by {Fc~(q2)·- Fc~(q2~ , where: 

Fdb and Feb are the charge form factors ·for proton and neutron 

respectively. The terms proportional to ~!3 are the "weak: 

magnetism" terms of Gell-Mann3), induced by the strong interactions. 
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A term of the form (G~ t"+ ~f3ql3 d/2M) is always possible. As 

pointed out by Gell-Mann3), such a term modifies the allowed 

beta spectrum for a 1 + ~ 0+ trans.i tion by a factor ( 1 + ~ ti;E'), 

where E is the electron energy and 

a.. = 
v . 

~ (<GI3/G~) I (1 + 0 )/2M, (2.6\ 

where the + sign holds for electron emission, and the - sign 

for positro:riemissiono'• Following Gell...:M~nn's·suggestion, 

the existence of such a term has been·established by the com­

parison of the 'beta spectra ·for B
1
-
2 

and N
12 

decay to the 

ground state of e 12 , as 'described in Professor Wu' s lectures
4

) •' · 

The particular'feature of the' eve hypothesis is that the value 

of a is prescribed, namely' d = (JJ.p - lln) •' and the experimental· 
12 . 12 . .~ + data on N· and B decay does give oexp/(JJ.p-JJ.~) = 0.97 - 0.24. 

The: pion beta de~ay, 
+ 0 + 

1r ~ 1T + e + "e'. (2.7) 

pr0vides another check on the eve hypothesis. If· the isospin· 

current of the pion is included in the above expression for J~, 
we have 

:r:t:fta. ~ G; [N r+yJLN · + JZ(ff+~::;_ ~r;:7To)+···} J&, .· (2.8) 

from which we can obtain.at once the matrix-element for the 

process (2.7). Sinceth~ pion"beta'decay involves' very 

small • momentum t·ran~fer, the ma.trix-:-~ len.ten t _is.· given bY: the, 

0. =~0 C?mponent Of. the pion; current, .i.e o pion beta: decay iS 

an allowed vector tr.ansit~on, with_ the matrix_ element . 

-/2G~(~+~n-o>· Again, as pointed out by Feenberg and 

Primakoff5), the existence of the pr~cess (2.7).is,-always to . . ' . ~ . . 

be e?Cpectedj the particular feature Of· the CVe hypothesis is. 
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that its matrix~element should have this definite value, 
"" " . -8 . 

corresponding to a branching rat_io _1 .• 07 x 10 relative to 

'IT+_;~+ + v~ .decay. The experi:e!ntal_ values available6) 
are in good agreement (within 20 ~ accuracy) With this 

expectation from the eve hypo,thesis •• 

2.2 The Axial Vector Current and the Goldberger-Treiman 

relation. 

The axial vector part~ of-the lls=O weak current is 

certainly not· conserved for the physical particfes. However,, 

the hypothesis that ~-is .a "partially-conserved currentn_ 

appears to work rather well,, as we shall· see.: 

For .example, consider a. transition between two baryon 
states· B-;;.c. 

The matrix-element of the_ axial vector current 
has the general form 

(c{~/B) = iZc[a~c YaY5 + 
1> 

GBC <let Ys + G~ ~13 q~ YJ~:, (2.9) 

where ~ denotes the momentum transfer, qa = 
Pcct. - PBa • 

Now consider .the. ~orresponding matrix-element of O~/ox ·: 
. . . .. ---· ·•· a; ·. a 
-J.(c(~/E}= ~(C/~/B) /.• 

a .. 

= [- 0~c <~B."~- Me) + .. 11fc q
2}(4c Ys ~) • (2.10) 

Clearly~ this matrix-element is riot identically zero; · :for this 

to be true would require G~c::'~ G~0 (o) (llB + Mc)/q2 for small q2 ~ 
Which is certainly not the case.'·-~ 'The-hypothesis that~ iS·. 

"partially ·con'served". is the hypothesis that the matrix-elements · 

of clcr!/dx~ ·do· approach zero for :sufficiently large momentum 

transfer, sufficiently rapidly that, an unsubtracted:dispersion 
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relation holds for these matrix-elements. For the matrix-element 

just considered, this means that the coefficent within the curly 

brackets of (2. 10) is __ given by the expression 

' . 1 Cb 

~""A'/ M -r Me) - rP Q.2. = . ~ F.,-tJI 111.,. +1 . F{ts2) d<r-~ 
l.?ec\.' '8 · ~c' · ·· ·1 ·· · .2. ·2 

' ' . _CJ -:"'::.' . (3~/-? :...() . 
(2.1f) ' 

The sum on the right-hand side of this dispersion relation is 

over th~ c~nt;ibu~ions f~om i~t~rmediate, ~~a~~s-~1~~- B.:=-~, ~:~~ 
and spin-parity (0-). The state of lowest mass corresponds to 

one-pion-exchange, as depicted in Fig.1b, and'this·gi.ves rise to 

the isolated pole term of (2.11). 
. . . 

1 
The coefficient P'ITiY is 

defined in terms of the pion decay amplitude, 

tft{.r~ lv)' = . 'dv_~;~ {~4(t+i5)l); : (2.12a) 

- 1;-Jv ~ (~(t-4$)~)' (2~12b) 

and is directly related with the pion lifetime, 

rtrr~-t1 .. > (~1~;4,) m/1" ~~t~~·"i'l"'-i-X '" 

(2 .1,3\ 

G1rBC denotes the pseudoscalar.coupling constant for-the-interaction 

C ~'IT+ B. •' 
The remaining . terms :correspond to. intermediate· states 

including three or_more pions. Thus, the function considered has 
' .. . . '·" ' ' ·~. 2·: .... 2 . .· . . <.: ·: 

a pole of known residue at Q = m , and a branch cut along the . , 'IT 

posi t1 ve real q2 .;;axis, from q2 :: 9m2 • . 'IT '(· 

2 . . . -~ea~ q = 0, the region of physical int_erest for the decay 

processes to be considered, the p~le term is very much closer than 
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i:i! 

:: 
'• 

that due to the branch cut, so that the latter contribution may 

be regarded as a background term. 
~- 2 

Evaluating (2.11) at q ~ 0, 

we have 

- (i~(o) (A18 -t-hlc) = C'irroc Sr!v ( 1+Jec)• (2.13) 

For~= 0, this is: the Goldberger-Treiman ."~elation 7). Its 

validity depends both .on the hypothesis __ .of partial conservation, 
> ' • '" " l r • > " >.• - ~ "• ~ • 

and on the dominance of the.pole term over the background from 

the-higher-mass cont;i-butions. 

For--nuclear beta-decay, we ··then have 

--~~fGA 
!-· 

. . ' :~q~~/=;,_lv (1-t-,C). (2.14) .i • 

For this ease, all of the coupling parameters are known, so that 

the_ value of -t can be d~du~-~~- With ~~~~~· ~ 1 .15 :': ~:o-54), 
Eq-.(2-~14) gives (1 +t) = ~·8,6 :': 0.04~ ~o that the background 

term is of ord~r 10~. 

_ The pseudoscalar ·coefficient G~ can then .be 
; i ' _j . • •.•. - 2 . . ' '' ' ' 

evaluating (2.11) at some J?()int q =/=0_. Equivalently, we may 

obtained by 

' ' 2 ' 
differentiate both sides-of. (2~11) with respect•.to q. and-equate_ 

. the ;two derivatives at :q2 ·-= 0~ with the result: 

--·:·. ·_,+"·- ... -. ,; ,·,•, . " > '. ' . " . : - ' .. 

·__:§9~./oJRY'\t\l:--~e:c~; _-::-·- 7.~-F,Iv {1-r, _9J-)jJt;;., __ ·- <2.15) 

where R denotes the r.m.s.- radilJ.S; for _the axial.:vector t'orm 

factor, and the background term _has been written as 

- GTrBCF1rlv [~ + ·,@-_(~2/~;) ~-- •• • .] • 
' .. -~ . t ,· ., 

"d 

We note that the amplitude 
. " 

lBO 

~ of the background term does not appear in this expression 

(2.15); only the slope if of the background term appears. It 

is reasonable to expect s- to. have a value of or~er ~~~ (m~iii) 2 

~ f1!9, where iii corresponds to the mass region from which the 
2. 2 integral of expression (2.// ) along the branch cut cr ~9mTr 

derives its major contribution. 

Thus, the Goldberger-Treiman relation between G~ and 

GTrBC' 

(i;_(oJj(j1113C = -F;lv/(Af~+Mc), (2.16) 

is not exact. Its validity depends on the importance of the 

background term -C ·relative to the one-pion-pole contribution. 

It is dif'f'icult to give an estimate of'- ~C since .there are. 

no known mesonic resonant states with the quantum numbers (0-), 
. . . 

G = -1, I= 1, which .could dominate the background integral. 

Later, we sh~il discuss the use of the Goldberger-Treiman 

relation to connect the weak and strong interaction coupling 

constants. It will then be important to remember that the 

corresponding value for ~BC may not a~ways be -as small as the 

value known for (NN . 

2.3 ~-A Beta Decay. 

First we discuss the theoretical expectations for these' 

processes, 

2---'fl' t1 + e- + ~ (2.17a) 
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2+-~ 11 + e+ -r ~. (2.17b) 

Cabibbo and Gatto8) 

(111_-:;;V{z) = ( V(t/) a; + Lftt7~1p ·;~ N{r;) 9c<)~ (2.18) 

. -
The current conservation condition gives at once, 

c;c(<A.IJ;/t-z> = l1'#)(tftt-M.~) + N{t;VtJZ. = (). (2 .19) 

Further, identification of J~ with the isospin current gives 

the result 

/l(o) = o: · (2.20) 

since the isospin current is .necessarily diagonal in 'the 

particle fields_ and does not include· an;Y :U. term. We may then 
,.''2''. 2-2 2. : 2 .. 2 2 

write V(q ) = v1 {q )qJM , with N{q) = V1(q )(M~-MA)/M • 

Final~y, t~e coefficie~t L(O) is directly reiated with the :u. . ... . .-,- .. ·.· . * ' . 
transi~ion_.m~gnetic }J1oment ,. L(O) = 1-l:u./(M~ + M.A.). Since the 

" . ~' . -' ·~ ' 

* With unitary symmetry, Coleman and Glashow10) obtained the 

result 1-1~ = (/3/2)1-ln' ·where J.ln denotes the neutron ~agnetic 
moment.- ·This val~e corresponds to S: lifetime of 2.6 x 10-19 . . 

. ·. . . "o 
sec. for the transition ~~A+ y. Unitary symmetry also 

2 2 2 2 predicts V(q ) = -q R~6 + ••• for small q , where Rn 

denotes the charge radius for the neutron, known to be very 

small (Rn, = (o:!:o.oa ) x 10~1-3c~ 1}). 

momentul!l transfers _of interest are relatively small (q~80 MeV/c), 
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-

the contribution of the vector current to these decay rates is 

expected to be rather small. 

The matrix-element of ~ is dominated by G!.Y_ y
5
·, where the 

~ . ~·~ 

relation (2.13) gives 

A 
Gzl\ 

G.,zl\ ~iv ( 1-t- fz11) 
!lz. -(- Mt\ 

(2.21) 

~ Nothing is known about -{;:u. so it is usually_neglected. 

With this value (2.21), the rates expected are 

r(;z11;), /f:'t. (ZJ ,; f.3 X 10_.,_ (Cl,._v.jfi.,.NN):J. 
~· ot J (2.22a) 

•, ·.· ·. 

.. 
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r r x+ ·);r. c~:t-; l• 1\e tot 
2. 

0;4 X lo-4((j7r'ZII./q.,.NN)• (2.22b) 

Thebranching ratio expected for ~+ decay is about four times 

smaller than that for ~- decay both because of the smaller energy 

release in ~+-+A decay, the final phase space being 60~ of 

that for the ~-~A decay, and because of the shorter lifetime 

for~+ decay, rtot(~+)/rtot(~-) being ab~ut 2. The strength 

of the coupling constant G~~ is believed to be comparable 

with G~NN' from the following arguments: 
1 (i) the comparison of the S

0 
AA interaction with the 

'1 S
0 

AN interaction. These interactions are both due dominantly 

to two-pion exchange, whose contribution is proportional to 

(G~~A) 4 for the AA.system, and to (G~~G~:fm)2 for the AN system, 
. . . . . 12-14) so that a direct comparison of the interaction strengths 

gives a rough measure of the ratio G~dG~NN' with the result 

G~~~G~NN ~ 1. Also,. for such a value of G~~, the absolute 

strength.of the 1s
0 

AN potential is in good accord with the 

experimental evidence, for a reasonable value of the hard-core 

radius15). . . . 
( 11) for the ~A system, the Y1 (1385) resona,nce is the analogue . . . . 

of the N~2 (1238) resonance in :he ;
12 

state of the vN system. 

The.branching ratio ~~/A~ for Yf (1385) decay is unexpectedly 

low,, which· appears as an indication that the coupling constant 

G~~~ is small relative to G'lr~ and that the resonance state is 

dominantly in.the ~A channel. Then, in order that this corres-
. . . ·. . 

pondence should hold between the Y1 resonance at Q(~A) = 130 MeV 
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. . . . . . 
and the N3J.2 resonance at Q(~N) = 160 MeV, it is ne~essary that the 

attractive interactions in the ~A and ~N systems should have 

comparable strength, Which.requires that G~~G~~· sh~uld be 

com~arable with unity. Alternatively,. in the relativistic 

·chew~Low.theory of the p~2 decupiet in ~nitary symme~~y16), the 

attraction. in the. h/2 state ·is strongest for the. decuplet state, 

relative to all oth~r unitary multiplets (except possibly the 

unitary ·singlet) for value~ of the mixing coefficient ·:r (cf. .... 
Sec._ 3.6 below), which occurs in the expression for the meson-

.; . ·. ' . . '1 
baryon coupling1 in the neighbourhood off= 4• Since G~~AIG~NN 

= 2(1-:r)/~j;·~~d;G"' iG NN .. = 2f, th~ observ~d situation that~ . 
',Tr,ur:f 1T . . 

the decuplet resonance does lie lowest again requires G~~~G~NN ::::::, 

and G~~li'G~~ i_ Y2.~. In,f~ct, t~e ~~lcu~~ti~ns ;or: f = }'4 g~ve a 

~1r/A~ ratio of about 9%, larger than the observed ratio of 
,7) 1 2~2<}'0 .,, .•. A smaller value for f, in the range 0 < f .< /4 , 

would reduce this discrepancy. 

The branching ratios observed by Bu;nstein et .al. 18) , 

. , r(~~JI!f:t(z) = (o.·7!i:t:o·2~J x ,o-~ 

· ·rc~Je)/ti;. (z' = (C?·66x o·~J x ro-~ 
. •.' . l>t'. . ' 

(2.23a) 

(2.23b) 

are in reasonable agreement .with the expectation (2.22), in view 

of. the uncertainties:in the use of the Goldberger-Treiman relation. 

The momentum distribution of the recoil A particles (measured 

in the ~ rest frame) has also been obtained by Burnstein et. al. 

for 19 LAe ~events, as shown in Fig.2. In part, this 

spectrum reflects the form of the electron-neutrino an~lar 
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- 2 
correlation; ~ince the spe~trum is plotted as ~nction of fA• 

the phase sp.ace factor approaches zero like PA, for. ~mall PA. . ,, 
The curve V shown on Fig. 2 gives the spectral shape expected 

· · · ·valve 
for an allowed vector interaction, i.e~ .with a non-zeroffor the_ 

coefficient V(O), and its strong vanishing at PA = 0 reflects 
~: c •••• 

the e-v correlation form (1 + c,os ee) appropriat: to an 

allowed ~~ctor interaction; thi.s vanis~~~ f'!r fA = 0 since 

the electron and neutrino then necessarily have opposite 

directions and cos ee = -1. v. 

a poor fit to the curve V. With V (o) = 0, as expected from 
. ' ~~ ._ . '· ; " '':' ' . '·. '~ " ' ' .. ·' ' ' . ~ ~. . -· ,. ·. . . ~ ~ ~- . 

the' eve hypothesis, the recoil spectrum will be correspondingly 
_, . - .. ~ . . . ~ ~ .. ·:; ~- . ~ . ' -- ' 

peaked still more strongly towards the upper'end. 
-> ··:· • 

The curve 
..- <'-'"·';•', 

·:u 

.. 
~ ~ ,; 

A gives the expected distribution for an allowed axial vector 

tra~si ti~n: for whi~h' the ev angu!Br. correlation has-' essenti~lly 
-. . . ;· 1 . ... . ' -. . '.. . . . . '· . ~ . 

the f~rin_ (1 - 3 'cos ·a e). and :ieads to the ·fall-off in the 

spectrum at the 'uppe~<~~d~ This is th~ distribution expected 

according to the above considerations and it pro;icies a"~c;~·d '•fit ' 

to the limited data available. 
,; 

Observations on the longitudinal-polariz_ation of the recoil 

A particles would give the most direct evidence on the form and 

magnitude o!' the vector part of the . ~ beta interaction, since 

this polarization depends on the v...:A interference.; · However, a· 

large increase-in statistics will be required'for'an'investigation 

·. 'of.·this effect. 
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3. The Strangeness-changing Leptonic Decay Processes. 

The decay processes available for discussion are .. the leptonic 

modes of K-meson decay, 

(i) the K£2 mode, K~l~, 

(11) the Kl:3 modes, K--rrlv.e, 

(111) th~ K.e4 mod~s, . K:-'mrtvt, 

and the leptonic modes of hyperon decay, 

(i) ~p-+.i- + ;.t, (3o1) : 

(3o2) 

C3i3) 

(H)· ~--;.. n + ,(,- -~ ~-; 

(iii) .:.; --. i.. + l- + ;.e: 
The absence o£ evidence ':ror the u;ode ~+ ~· n + ,£+ -+ v_e. is also 

' ' . - ., . ' -. ' ~ 

'particular significance. 

The general properties observed for these' modes, and hence 
• • • - • i : • )' • -~ ' : ,_ i -~: : . '' ~- ~ <.· • 

for the strangeness-changing weak interaction current S , are as .. . . ,. . ... · . " . . a. ' 
:follows: 

1 o AY = ± 1 only, _where Y, denotes the hypercharge o:f the. 

strongly interacting particles_. , There_ is no evidence :fo-r· 

llY = ±2 transi tiona. with strength comparable to those for the .. 

llY = ±1 transi tiona, especially .not for_ _the. mode. ~-_. n + ,e:- + ~ o 

•. _ 2o AI=~ holds for the_ relationehi,p betwe~n.the initial 'and 

· 'fi:nal is~spiris 1-or the strongly interacting particles in these 

processes. . AI = ·~ necessarily holds :for Kt
2 

decay, for the 

· A,e decay (3~1) , and for the ==i·decay 6.3); for the :Ej de~ay 
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(3.2), this rule'provides no restriction. The tests available . . . 
For the inverse antineutrino-induced reactions, 

- h 0+ 0 v..t + r ~ -1/ + ~ , 

v.t + 12 --;;. ;f! + ~-, 

1 0/ - 1 the t.I = 2 rule does require the cross-section rati(' ~- ~ = 2· 

therefore come essentially from the study of .the K,:e3 mode, as 

will be discussed in Sec. 3.1. The implications for the ~4 
mode. will be disdussed briefly in Sec. 3.5. 

3. t.Y/t.Q = +1 holds. A t.Y/t.Q = -1 current. would allow 

the decay processes ~+ __; nvt+ and K+ ~ 1T+1T+e-;e·' for which there 

is no strong evidence. In the work of Burnstein ~t a1.
18),, the 

ratios (~+;~-) = 0/22 and ~+/~e- = 0/52 were obtained, for 
IX. p. . . e' 

corresponding decay configurations, such as to avoid. identification 

biases. Na.u.en~erg et a1. 19) have r'eported one possible example 

of the ~e+ mode (to be compared with '16 examples of the ~- mode) , . e 

and Barkas20). h~s reported one possible example. of the ~~ mode. 

For the K:
4 

processes, Birge et a1. 21 ) have found no examples ot; 

the AY/t.Q = ...;.1 mode K+-1T+1T+e-ve' compared with the 'observation 

of 75 K+~1T+1T-e+ve events satisfying the AY/AQ = +1 rule. The~e 

is also evidence on th,e AY/I::tQ = -1 rule from the. studY of .the K,e3 
mode for neutral K-mesons, since the interactions K0~ 1T+,t-;..t and 

i{0 --.:;;.1T~.t+v.C .could occur if the t.Y/AQ = +1 rule were violated. 

Although some earlier evidence suggesting· :the violation of the 
" ~ . . : 

AY/AQ = +1 rule was reported, the most detailed evidence available 
' 22 23) now on the decay of neutral K mesons ' is completely consistent 
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with the absence of AY/AQ = -1 transitions. However, all 'these · 

data w.ould also be consistent with the presence of a small 

AY/AQ = -1 amplitude, of order less than 20~0 of the AY/AQ = +1 

amplitude. Since this AY/AQ = -1 amplitude is not required by 

the data, we shall assume that AY/t.Q ='-1 transitions are com­

pletely absent. 

These selection rules, and the selection rule 't.i = ·1 for 

AY = o, for the.leptoriic'decaymodes (for which.necessariiy 

AQ = ±1 for thestrongly-interactingparticles) run parallel 

with the quantum numbers for the charged members 'or a unitary 

octet, and would theref~re foliow naturaliy from the hypothesis· 

that the currents J , S are themselves members of.·a··unitary . a. a. . . .... 

octet of weak interaction currents •.. This hypoth~sis, which 

has been considered especially by Cabibbo24), will.be considered 

in detail below,\in Sees.~· 3.2 and 3.6. ~ 

. . . . 1 . . . •' 
3 .1 · The ~I .:: ~ Rule for x,e

3 
Decay. 

The test of the !J.I·,;.~·rule for the weak ~urrent sa. which 

is possible at present involves the coinp't:lrison of' the decay inter­

actions for the processes, 

kr~ 

ko·~ 

:,_ .. : . 
.,-o + ·J, + ~ ' 

+ .. 
7T- + .t . +· ~' 

(3.4a) 

(3.4b) 

and f'or the corresponding antiparticle decay processes. With the 

t.Y/AQ';:.+1 rule, and with CP invariance; the inf'ormation on the 

neutral K-decays is essentially contained in the information on 
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the K~ decay p~oqesses, 

/(.0 - tJf-
~-~ -7T+~ +~, (3~5a) 

~ 7T-t- + l_- + ~. (3.5b) 

The transitionK~'Ir .• is limit~.d. to t~e isospin ch1,mges 

l!I = ~ and lli = ~. with l!I3 = -~. 

. Th_e most con_venient way to .calculate the .decay amplitudes 

correspo~ding to _these isospin changes is to use the spurion 

procedure, and .to con.sider the P_rocesses K-;+'lr +, sp(I), with 

I = i~n~ ~- in turn.. The Clebsch-Gordan coef:ficients 

appropriate to these tr11nsitions are as follows: 

k+-+·· 7r0 + Sf(-J.} 

-~-: · 7T~+ ~eli;. 

k+-? 7r
0 + ¥t1:) 

k.o ~ v- + sp(J:.) 

c(i,+i; ~i,o,+i) = - ((1/a): .. -

c(~, -(,· ~k, -~+i) ~ .. {C:l/3) 

( .J.. .l. .J.. .l.) c .:t,+t~..r{:~.,o,+:J. ·= ((.Qja) 

ca,-J. ; t;f, ~1, +i) = v(l/3) 

If we __ introduce amp~i_tudes.A1 , ~3 , ~haracteristic of the lli:=:= ~ 
and lli = i transitiolls respectively> th~n ~he .. matrix-elements< 

become 

(k+j'(r0 l+"t) = -(fA-,+ ~As, (3.6a) 

"_·.! . (koj.,.-.e+ ~} = ./:2. A .f.L. . 
V:F n, + . v a A.! • 

(3.6b) 

Assuming CP invariance, we have also that 

Cfj.,.+t-rre) = (k0 f.,.-.t+J!t) .... (~Ar-t /}A3 • (3.7) 
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0 . . . . • 
For the K2 state actually'studied, we have 

k;_ . (K0 + k 0)/f2, (3.8) 

• Note that here the following sign conventions have been used: 

CK0 = K:0 , and PK0
.; -K0

• It is convenient to•adopt.the parity 

-1 for the K-meson since it belongs to the same unitary 

multiplet as the 1r and , mesons, which have parity -1 • We 

recail that the KA parity has been established to be..:1, so 

that this convention assigns parity·+1 to the A hyperon, which 

is also appropriate since the A particle b.elongs'to the same 

unitary multiplet as the nucleons. With these conventions, 

the state (3.8) is an eigenstate of CP, with CP = -1, the 
. . 0 

eigenvalue physically appropriate for the K2 meson. 

so that 

( Kf / .,.:t+ ¥e) f2(Kof.,..:.C" ~) = jj-A, + v'f 1a, 
+ v'lAa. (~jrr+--t~yt) = "ff(i0/7r+'--~J = (fA-, 

. 1 . + 0 
If the lli = 2 rule holds, then A3 = 0, and the K and K

2 
decay rates satisfy 

(3.9a) 

(3.9b) 

G. tt:r) = o<. r{t), <3~1o) 
.where r 2 ( ..t±) denotes the total rate for K~ decay into leptons 

IJ+ . + I + 01+ 
A'- ;and:r ("') is the decay rate :for K _,..'lr -c- ~-. In this case, 

the decay spectra f"oi ~ Eieeay &'flee1;ra :for K~ ~ 1r''i and 

K+ __,;.,1r0 t+Y.t ar.e expected to b~. ldimtl.~al, and the data available 

on th~,K~ decay_spectl'e.25)and the x• decay spectra26 ) are quite 

consistent with this expectation. 

Including the possibility of a AI=~ transition, and assuming 
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that the spin and momentum depend~s of A1 and A
3 

are essentially 

the same, the relationship betwe.en these decay rates is given by 

r;rt:t;jr1-a) = ~ /(A;t (fA~J/(-+t ~ 1.2 ~) (~ (3.11)' 

First, we consider. rY.t.J • The experimental situation is 

that the K+ branching ratios are really not so well known for 

the Kl3 modes as one, would r~asonably expect at this stage in 

K meson physics. The -~3 and x:3 branching ratios obtained 

from emulsion data and from the xenon bubble chamber are .as follows: 

"llt3 

Ke3 . 

Xenon bubble chamber (ref.27). 

3.0 :!: 1 .• o% 

4.6 :!: 0.3~ 

Emulsion data. 

2,8 :!: 0.4% (ref. 28). 

2.8 :!: 1.0% (rer~ •. 29) 

5.9. :!:,1.3% (ref. 30) 

3.2 ~ 1.3~0 (ref. 29) 

5.1 ~ 1.3% (ref. 30) 

The K~y~3 ratio obtained from the xenon chamber is 0.65 ± 0.2. 

This is compatible with the we ratio of 0.73 ± 0.15 obtained by 

Luers et al. 25). for K~ . decay. Since these ratios are in agreement, 

as expected, ·we shall compare the total leptonic rates for K+ and 

K~ decay. From the known value of the K+ lifetime, and the 

branching ratios from the __ xenon chamber, we have 

f7 .,_(J) = (o·o6~ r o•of:YI) x to8 .sec: (3! 12) 

F<;>r :~2 (..l±); ;here are t~o independent determinations. First, 

we shall di~cuss.an indirect method, based.on quite a substantial 
~ '. ""· . ' '~ . 

amount of data. This depends on three items of input data: 

(i) the K~ lifetime. A Brookhaven group31) has_ recently made an 
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accu~ate d~_termin~tion of t:Qe K~ decay rat_e, in agre.ement with all 

earlier an~ less accurate values, giving r 2 = (18.5, ± 2~0) x 106sec-1 • 
' ' • 0 • • · '' 

o· (11) the_ ratio r2 (ooo)/r2 (charg~d) f~r K2 _d_ecay, where r2 (~00) 
denotes the rate forthe mode K~_~31r0 • Al'llkina et al • .3Z) have 

- ., • • ._•, <. • 

obtained the _value 0.24± p.o8 for this ratlo, by counting internal 

palrs from ~~e .1r0~_'Y" +. e+ .+ e~ ,decay of plena resulting from. 

K~~31r0 de?ay, l~, a ,cloud c~a~ber exposed to a K~ b_~am. They .. 

assume, as appear"! reasonable, that_ all y, rays from neutral modes 
....... -- •· ' ' " 'Ind. 

of ~ decay a.ri~~= t'ro!ll~ _t~e 31r
0 

mode, f?_r example that the K~~Y' + ~ f 
is insignlficant _relative. to the_ 31r0 mode. Here we shall assume 

. ~-.. 

that ,the neutral, mo,des. pf _.!\~ decay are strongly dominated by the 

0 ' 31T decay mode. :. 

(iii) the branching ratio r 2 (+-oVr2 (charged) for, K~ decay, wher~ 

.r.2 ~-+;:-:~) d~notes tbe dec~y ra~e for, K~~1T+1T -1To... Tbre~ values .are 

av~ilable for tbis ratio; Luers et al. 25) have obtained the value 

0~:·(57 ~- 0.03-~ Astie: et al. 33) ~a;e' obtai~ed 0.18;5 : 0.035, and 

Aniki~a -et, a1.32) ,-~~ve ob~~ine~- 0~14 ± 0.05. We sh~ll a~opt 
- . ; - '~ ; . 

0.165 ± o.o2 as a reasonable \veighted average. 
,· --.-. ·, . ,, ... ,- .... 

. From _these values, _we. obtain 

t;rcJta-reerl)//I : = . 1j(t.:u,. :t: o·o8) ~ 

IJ(l~ j/;_(cho.,.ged) = (1- 0;16fi:i:0•02) = 0·83S:i 0•02 •. 

With the above value for r 2 , these ratios lead to the'estimate 

8 . 
t;'f.t.X) = (O•I:JS"~o·OI7) >( 10 · &e: 

This result is in ~ood agreement wlth tbe expectation r
2

(£±) = 
·. 8 1 
(0.124 t 0.018) x 10 sec-1 obtained from (3.12) and the ~I = 2 
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(3.13) 

rule. 



A direct determination of r 2 ( ..[,±) has been made ·by Alexande; · · 
34) but .• . . . .. 

et al. ,,with considerably less statistical· acc~racy •. Their .. 
0 . '. . . ' ·- . 0 ·. 

experiment used K 111esons produced in the reaction 1T + p ~A + K : 

For those produ~tion events for whi.ch the A particle was observed, 
o· . . . .. . ~- . . . 

the number of K2 mesons produced is known, and the velocity and 
0 . . . . . .. '> 

direction of each·K
2 

is known from the production kinematics. 

Then, the number of leptonic decay e~ents ·alo'zig th~se K~ paths 

is counted; 'since the individual velocities are known, the 

._.,·. 

. ' .· ' ' .... 0 .. · .. ' ··. ; . ' ·" .• 
total time (measured in the K2 rest frame) corresponding to this -

path length is known, and so 'the d"ecz:v rate ·r'2(.t;.;) may be 

determined absolutely. The value obtained wa-~. (o.o93 :± a·.o25) . ·" 
6 _

1 
th0 a.bore 1 ,. · . 

.,_ 
x 10 sec , which is in satisfactory accord with expectation 

from the AI = -~ rule. . 

Very recently, Aubert et al'_79),·have made a direct determiiiation 

of .qce±f·along tile eia:nie lines/ ba:secr on the observation oi'<~Ye3 
decay events' in a heavy liquid ~hamber,' with.' the re'scilt t;.<fi±f ;;·,;;' 

(7. 58 .± ·1 .3) x fo6 sec - 1 • Sinci th~ K:_3 branching ratio is :n. 

especially well known from the xeriori chamber studies~ it is .. ' ( 
convenient to compare t;<e±) directly with the K!3' decay rate1·: 

[f(e) :. (3.84 .± 0.25) x 106 sec-1 • ·This ratio r;_(e±)j.f+(i~) =· 
( 1. 97 .± o. 35) provides an _independent check on the AI= t rule 

for the Ke3 processes. 
,_ .• 

. ·.' 
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We ~Y note that quite a small value for A3 can cause a 

considerable deviation from the prediction r2(l±) r+(l) = 2. 

For small A3' this ratio is given by 2{t + 3./2AfA1 + •• }. 
OJ -the 1 . 1 

A 25to deviation fromfAI = }2 prediction only requi~es AfA1 ~ i1 7 , 
0 . ~ 

i.e. about 5 fa admixture of AI = ~ interaction. Hence, the 
. . . Nei!J/:: 

agreement found implies a strong dominance of thejK-1T transi-
1 ' 

tion by a AI = 2 interaction. 

3.2 The Octet Kypothesis of Cabibbo~ 

As mentioned above, it is an attractive hypothesis that the;· 

weak interaction currents J and S are members of a unitary octet 
. ~ . ~ . 

of currents. The essential implication of this hypothesis is that, 

for different leptonic decay transitions, the matrix-elements would 

be related by the same Clebsch-Gordan coefficients~ as would the 

corresponding members of the octet. It is useful. to refer to. the 

pseudoscalar.meson octet, whose elements are given by the (1,1)·, 

traceless tensor M~ (with i'j = 1,2,3) and.which may be. conveniently 

arranged' in-a matrix form: 

7/"o-.!L ' +- k"~-

A1~ (.· fit a ·lT 
-J - 1To -.!L ' 

rr - Vi t f6 
ko 

\"! \ k- ': \ ' · K 0 -i-3!1.. 
V6 

in whlchthe lower index refers to theYrow, and the upper index 

f 2 + re era to·the::.column, of thislmatrix. • .::Thus-M1 denotes 1T , and 

M~ denotes\K+.;: :,The three axeaJ,2,S are ,such•·that the 1-axis.is 
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• It is frequently_convenient to recall the now-obsolete Sakata 

model, according to which there were three basic baryonic 

fields associated with these three axes, and having the same 
as _ 

quantum numbersJ?•n,A. _ In this model, axis 1 'was assoc:;iated 

with __ "/1 _ . p, axis 2 was associated with 1f2 = n~ and axis 3 

was associated with Y,
3 

= A. 

associated with charge (+ for a suffix, - for a s·uperfix position), 

and the 3-axis.is associated with.;hypercharge (...; __ for a suffix, + for 

a superfix position). 

- The hypothesis is then· that the' currents J , . S . are members 
' a. a. 

of an' octet· of weak currents (J~) a.·;· whose transformation properties 

under· the- operations of unitary symmetry are-- .the. same. as those 

for the' members· of the--meson- octet: lrt;. - .As- far as the leptonic decay_. 

modes -are concerned,'· only the currents- J~ and Jf ,- which transform_- :v 

like 1T+-' and K+i respecti \rely,· are of ·interest (for the.· antileptonic: 

. ·- .. 1 1 . - -modes,- it is-the currents J2:and J 3 ,which transform like:1r and-K-- ·-

respectively, which are physically relevant);.-. In· order to gi v~-~ 

an explicit example, consider the ~akata model based on the three 

fields 'fi = (p,n,A); for this_ model, possible forms for· these 

primary weak currents would be -

Ja. 
,·,· 2 
(J1)a. = ii.,a.(1 + .,

5
)p, (3.13a) 

_sa.: = JJf)o. = Aya.(1 + y5)p~. . (3.13b)-

Although ·this Sakata' model· is not compatible with -the. facts. of. .~ 

strong interaction physics,. analo.gous forms for Ja. and Sa. are . ,., 
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appropriate possibilities in any triplet model (e.g. for the 

quark model of Gell-Mann35) based on three B = J spinor fields 

)Pi= (d+,d_,s)) of unitary symmetry. 

With this octet hypothesis, the observed selection rules 

then follow as consequences: 

(i) sa. = (Jf)a. has the properties = -1 ' 
1 2 and !J.Y ftJ.Ij = 
- 1 .· 

with IJ.Q = -1. The hermitian conjugate currents!= (J
3

)a. 

leads to IJ.Y = +1, with IJ.Q-,;. +1. Thusthe strangen~ss~ 

changing current satisfies IJ.Y/IJ.Q = +.1. Also there are no 
i . .. . 

weak currents in the octet (Jj)a. which lead to IJ.Y 
2 -

(ii) J = (J1 ) is an isospin vector, so leads to a. 0.-

+ - ---
= -2. 

rnr.AY=o 
{AI/= t 

as required. 

However, the rate observed for IJ.Y = ~1decays-is slower· than 

expected from the .IJ.Y = 0 ·leptonic: interactions, by_: about a. 

factor 20. For example, the branchi~g rat~? for A..:,;p'V~e-
-3 . -2 

is about 0.8 x 10 , compared with the expectation 1.5 x 10 . . . . 

for a beta interaction with the-same form and strength as 

for n~p'Yee-. Similarly, ~or K --.1-J.vi--L decay, the lifetime 

-:is comparable with that for 1T~IJ.VI-L de-cay, although the energy 

.release is very much larger;. 

The complete weak current is some linear combination of · 

the .currents (J~)a.. ft is not app~rent that all of these 

currents should appear with the same'strength. As 'tar as 

the cur_rents appropriate to leptonic decays are concerned, 

Cabbibbo
24) has adopted a parametrization in terms of an angle 

e, such_that 
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'!r 

: 't 

i= DJs (f (:T/1 + ~f) ( ;;;_3 )C( :- • ·(3.14) 

To adopt this form assumes that the same value of e holds for the 

vector and ax,ial ~ector p~rta of Ja.• and this is not obvious a 

priori. However, with the forma (3.13) of the triplet models 
- .. •,'. ' '·.-..... ; . 

for unitary ayminetry,_this would appear_a rathernatural 

assumption;. also, as we shall see below, this assumption is 

well in_accord with the experimental data.c 

Consider first t~e- K-:;...l~and 1r-?-/i'~e~ay 'm?~e~. ~~~ce 
• .. -.. . ! • • . ~ '. 

these transitions are 0--:>0+.for the strongly-interacting 
"- ' - . - ~. 

particles, they are induced only by the axial vector component 

j{ Fo~ the K-meson deca;;· ~he ~atrix-element is .: , <: _ 

... _., AA(K~ '")--.- .. ,-./of iAfK+> J;_ . --. (3.15) 

.. . • fV( . -t,. ~ , "' J-0( . . -<-()( • ' ~ 

Since' the .:only- vec_tor · available·.in- the mat:i>ix-element: ,-. 

<:o/j!/K+;> ia'pK~ =·p~~ + p~G' it may be written 

"<o(d-A / k-r) - . . ·p ~- . . 
. ~ <to( .· . . kfv. Ko( 

~~- T 

(3p16) 
.,..,-: 

Using (3.14), this may be written 
- --~ -- t .: -~- ~ ·, ' .- ·,- ' - •• , .. - •• "\- -~ 

'(3.17) t=;jjl'kO(, -= ("of (:Jj_
3)j, / K.+> .Sin 1)·,·;. 

since only the component Jr has the correct-quantum numbers.to 

give,_a non-;-zero matrix-element.:_ For the. process 1T-?f..L~, we 

have again th~_same form (3.~6) with FK-lv replaced by F1rlv' where 

., ·;=;.~~ Prr~,·· =·. <ofj{''J:rr+>; .I)', 

,.·_, ... - ::·. •'*•...--;_:,-

- :(of(~~o(A/rr+> cos.~. . i -~ ;f ; (3 018) 

Since J~ transforms like 1r+, and Jf like K+; the ass'umpt:i~n·o'f 
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unitary symmetry implies that 

<of (J;.~«A (rr+) < 0 I (i;.J)o(A / Ki-). (3.19) 

With exact unitary symmetry, the 1r+ and K+ masses are equal, and 
are 

therefore alsojthe momenta PKa.' p1Ta. appropriate to K+ and 1r+ 

decay. It then f'ollows that, with unitary symmetry, FKfv and 

F 0 are directly related 
1T~V . 

F;£v/t:;tv ih~t e. (3.20) 

Finally, using expression (2./3), the ratio of' decay rates is 

given by 

ru:+---:7'~11) = tan2e ?tZ" (t- ~/?Jt.V. 
r (rr-f-- fAv} ' . 'Pl.,. {1- "'ftj'bt~) . 

(3.21) 

Using the K;2 branching ratio f'rom the xenon bubble·_ chamber26), 

and the known K+ and 1r+ lif'etimes, this ratio leads to the 

estimate36 ) 

BA = 0·.26/o :± O·OOS (3.22) 

f'or, the angle e. appropriate to th~ axial ve:cto~ current j !· 

·Next, Cabbibo·considers the comparison between 't~e decay rates 

f' th . . + . . o . + - . d -K+ . . o -+ ... or e -processes:_1T ~ 1r + e + v an ~ 1r· + -e ·· + v .• ·. -- _- . e e 

Sine~- these trans! tiona involved 0_: --;,. 0- - for the strongly-

interacting partfcl~~, i.e. they are pure Fermi-trans! tiona, they 

are due on.ly t~ t_-he v_ector compon~~t {v 'or_ the ~eak interaction . . ' . r:f_a. 
current~; __ We know alr~a-dy (~f. -Sec. 2 ~ 1 ) that the Ll a '= 0 

tran.slttcin n:+~1To . is induced by a weak current which is proportional 

to the isoapln 'current and the eve hypothesis gives 'tis the' f'or~ and 
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value of its matrix-element: 

M {rr~~ .,..e+-ve) = li 9( (A+A)O{ ~. (3.23) 

However, in terms of the weak current (3./~ ), this matrix­

element also bas the form 

(Tr0 ( J: {rr+> ~01 = ecsB (rr
0

/ (T1
2 ):frr+> {a, (3.24) 

from which we conclude that 

(7ro / (rt ): /1f+) C {/J+- +Po)O(, (3.25) 

where 

C = li~J/C(JSe. (3.;26) 

c + c 

The matrix-element for, Ke
3 

decay is then, similarly, 

/II(K+-+ Tr0 e+Ye.) = <-rro/ J:lk+> Ye« 

= <~ / ( J"13 ); J /(+> sin$ J;oc. (3.27) 

In_the limit of exact unitary symmetry (cf. Sec. 3.3 below), the 

K ~1T matrix-element must have the same form as the' 1T -'l>-1T matrix-

, element, apart from a Clebsch-Gordan coefficient. Using the 
(an6"s~mMetric) * 53) 

F-type~coefficients given in the tables published qy de Swart, · ) 
(we have . 

• In considering these matrix-elements, it is convenient to 
positive~ -Prom the right: , , 

take, the charge(mesontto _tfle left or the ll!atrix-element - ·.; 
· n~trve!y) · · · 

(in which case it becomes the corresponding . ,(Chargdmeson), 
2 V o - ( 3)V o -

and to consider, the transitions (J 1 ) ~1T 1T , and_ J 1 ~1T K •_ 

Since 1T and K belong to the same octet, and since they are 

necessarily in a relative p-wave (J~ is a vector interaction),, 
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Bose statistics requires that they be in .an ,odd _state as far 
~ . ' .. - .. . : . . . ' ,, . , .. ' . ~ 

as t~e_ iztt.~_r<?h.a_ng~ o:t: ,thei.r su3 wavefunct~l:n .i.s co_nc~r~ed. ·• 

This excludes 1;he D-type coupling, (which ,is even for inter-. 
~ -. ·- .... . . . .. . . ~ .. .·. . . . . . . " '' . ... . ; . -~ 

change .of ,the two o,ctets being combined). and.allows _pnly the .· .-· .. -.: ._ ·. .. . . " " ~ . . ' . ' - ' ~- . -'~ . . . "'· .. " 

F-type_ ,cCiul?H~ • 

·:: ·"<tr0((r,3
): (k+>: ,; -jJ:~ (P;+Po)cr. 

• , . • . ;. '} . ~- : ~~ .--~ ·; ~ . •• ,; :. f 

(3.2a)·; · 

Starting with the matrix-element (3.25) known from the CVC 
:·: i1': . ·,~~ ···: · .•. .; ~: ~.:- .. ,_.-, ; ;{:'. .,. . .., ,': .: -:~ • : _-

hypothesis (the experimental branching ratio ror pion beta 
~4 --.> ~. :~ - ~ . ,:j .;:·".~:~.:.~r ·-~:· ..... :: ..• ,.,, 

decay 
':·· ~ 

is compatible with this matrix-element but the accuracy of the 

expe~lmental_ ~alue is, .o~l,;. a~~ut 2'?~~)~: ~h~ ';£3 -~~~"c;;y .~~:~·~can : 
' c ' "' '"'' • ' ' ,, • ,, " 2 . . '., ' ·. ' . ', .. ' '"' i '' i • .• 

be calculat~d, apart from a factor tan a, from the matrix-element 

(3.28). . F~~~ the, ob~e_rved K~3 ~~a~c~ing ~~·t,~o26) a~d,:th~ ~it- ' 
_ ... · . 2' ·','· ... "'. ·' ., ''·'<' 

liretime, a value ror tan a is thus obtained, giving 

:-. 

; J 

,.:: ;,,·, '!.f.'"': 

(}. = 0•2.,1j.l ~ 0•003_ i . ,, > ' ' •• J3~29) v ..... ·; -. . . ,. ., . , ..... ,, 
for the vector current J.!• .•.} ., , .. ·.. . .. "' ;: ... ~ 

These .two _yaluea, 9V .~d 9A!, f~r ,the v;e~.tor and axtal:-Yector 

parts or J 11r~ in quit~ remarkabl~, agree111ent. The. errors..... .: 

quoted arise, essentially from .the uncertainties. in_ .the K+ branching,. 
$ ' . ~ -·~ '" ., • . • ; '. ,•. ' ~. '< •. ' • ,. ' •. -. ' ~ ! -~ 

! 

ratios.,,. The s_mall, ?-Uference;_b~t~~en .ev 11~-~:-~A-ca~ !~adily b:_ .. 

attributed .to the. effect of. d,eviatio_~s frQm unitt;trY .. .symmetry, 
.·- . . ~ ~ " - .. "'' .. .' . . ' -~ ~ - ' - .. - ., - ·- ._. ... - .·• . .. . .· 

since these can certainly cause appreciable and,difrerent modifi-

cations to eA and eV rrom the values' t~ey-.w~uli:q~v~>if ~ita~y 
. ;. 

symmetry were exact ror the strong interactions. 

The significance of the par.ticula~. ~ombinat~Ol)- {J~ cos 9 + Jr sin 9) 

·is not completely clear. If the su
3 

axes (in the three-dimensional 

space with axes 1 ,2 ,3) were rot~ ted bi: angle a abo~t· th~ 1-a.:Cis~' 
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this 'torm would ~ransf'orm to 'the simple 

denotes the new position of'·the 2-aXis. 

21 
· I f'orm J 1 ·, where 2 

· -With. exact uziftacy 

symmetryi·the strong interactions .wouldgive'no means:f'or 

distiniuisl1ing any particular set of axes. in the BUfspace ~ . 

Howe;er, in f'act, we know that. there. are medium-stro-ng inter-·· 

act~ons which break the symmetry in such a way as. to separate 
-· '~ ? ' ~ --_ ' - -' • 

states of' different hypercharge'and total isospin, by distinguish-
.- " • ' 'i ~ 

ing a special axis in this space to be the 3-axis, but still · · · 
·~ ,: . ' - -- . , -· "' ~: :" 

leaving no _111eans to di-stinguish the 1-and 2-axes_. Next, the 
--:~ • .'.1 ·~·:u'"'~:·1···· .. ·. -~.~::. ;·;." ~:0;,_{".-:- ·.;r:~· ··"' 

electromagn~tic interactions define electric charge1 and the 
""···- , .•.. ~~-: ••· .• !.·· ·.-r .... ·. ~.,., 

property 'or charge' then allows a uniqU:e 'definition of' the 1..:axis . 

in th~ ·~~3>s~~~-~~/ th~s f'ixin~ als:o the 2-axi~':' It a~p~a~~,;~;~e 
. ··. · ·: · ·above · · : · ... :·.• . . ,.·. -.-· 1 

interactions discusse~choose to pick out a 2'-axis in the 1-2 
_, ;.. . ' ',. • : - ~ • '• ,· J •• • .• ' .. ," 

plane which is skew to the 2-axis by an angle e, rather than · 

to favor the 2-axis itself'. There is.not yet any natural 

theoretical interpretation f'or this situation. 

·• cabibbo !las suggested that ·an.• appropriate rorm or the 

hypothesis- of a uriiversai strenit~ f'or' the weak interactions 
.. :- ·. {-.- '-·: - ,. - - ... . '.- ·- -· - -.: . . .· ,· .. 

would be the hypothesis of' equality f'or the coupling strength G :. . J.L 

f'or·the J.L~e· decay interaction (1.1) and t.lie coupling 's'trength G 

of' the leptonic':decay interaction just' discussed:, in the rcirin 
··. 

-- -~, ;. ."ci[}, {.. + k;c.J 
- -. G r (~~~~J&-. + ~.c.;. (3.30) 

The coupling coeffic~ent G is. given by . . . . .. . ~ . .. 

G = Gff~e (3.31) 
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and has the value (1 .011 ± 0.003) GJ.L, rather close to the value· 

. required by this modified hypothesis.· Since the strong inter-

actions can give rise to a: reno.rmallzation of G, and since G and 

G are not connected by any conservation law, there is no rigorous 
1.1. 

argument requiring equality for G_and GJ.L' even if' there were 

some symmetry principle requiring G and G to be equal in the· . 11 

primary weak interactions when all strong interactions are . 

turned off. Nevertheless, G and G
11 

are indeed remarkably •· 

close, and it is entirely possible that the deviation between 

them may be <!ue to the modification of the, strangeness-changing 

currents due to· the effects "of'·· symmetry-brea~ing strong inter­

actions. Sakurai37} has point~d out that the weak K-1i vertex 

due to the strangeness-changing ·-vector interaction is closel~ 

related with the vertex K*-;..K +·11' f'or the decay; of the·.vector 

meson K*, the weak 1r-1r vertex being related in a similar·way 

..with the vertex p~1r.+ 1r for the decay of 'the. vector meson f , 
and.has attempted to relate the renor_malization f.actor f'or 

these weak vertices with the widths of the corresponding vector 
. ~ }. ~· 

meson decay~ • Since the K* width (50 MeV) is about 50~ larger 

thall:. expe?ted, o~ ~he basis of unita:ry symmetry and the_. known. f 
width (1_00 MeV), Sakurai concl~des that the renormalization 

effects associated with symmetry-breaking interactions may 

enhance the weak K-1r verte~ by, ~bout 50% relative to. the weak 

11'-11' vertex. This would mean that the value observe_d for .. ev is 

.larger'by 25?'0 than the true value appropriate to exact unitary. 

symmet~;y-·; the value which would. ~e obtained if': the symmet~y- · . 

breaking interactions could be turned off. With eV reduced 
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to 0.19,.as a result, the value obtained for G from (3.31) 

would.be in good accord with G~. Although Sakurai's argument 

is far .. from rigorous, the correspondence between the weak K-1r 

. vertex and the strong K*~K +·v vertex being far-from complete, 

this argument does serve to illustrate rather well the possible 

influence of the unitary symmetry-breaking .interactions on the, 

relationships implied by unitary s~mmetry models between the 

weak interaction processes. 

3.3 The Structure of the Kt} Interaction. 

In the decay process K~_v.E~ , .there are .two momenta, 

pK ~nd Pv• characterizing the strongly-interacting particles. 

The general form-possible for the K-v matrix-element in this 

decay is therefore 

<5rfj:{ k) = ·[ i,_(flj{P~c+P,.).>( +- {te;; (pk-Ar'h}, (3:32) 

where q_ = PK - Pv denote's the momentum transfer to the leptons. 
. . . ' . . . •, 2 ' .. "· 

With time-reversal invariance, the form factors f+(q ) ·are real. 
~ .. ~ ' - ' 

The decay spectrum corresponding to this matrix-element has 
'· .' ___ ·. ' ' ·---··' 

been given in many forms in the literature; in practice, the 

most convenient form is given in terms of the pion momentum P 

(the ~.orres~o;ndi~~ e,nergy b~ ing: E = [ m! + P2 J ~) and the angle 

e between the pion and lepton directions,' all specff'ied in' tli~' -
:-. - ' - - .- . . ~ ' -

rest frame of the K-meson: 

p(~-i-~-m}-~~t:tfp;;n1Jt+4~td(,J7/:~~e)~f_("'tc-E+7>~&jl21d]}J.~~l 
~('htk-E-f-P~e)"'" r .. ~ T.j." . . .. ~j' ... , / 

. ·. . . . . . . . . (3-33) ' 
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In these variables, the momentum transfer is given by 

~2= (Pk.-P.,.)2. = 'In: +m:. -~11/,kE', (3.,34) 

a function only of the pion energy • 

The situation is simplest for Ke
3 

decay, since the term 

proportional to f_in the decay interaction reduces to 

i (1:-Pn)~ ~ - ~-"2{~ (1-~}L), (3.35) 

which may be neglected relative to the f+ term, for the electron 

decay mode. As is apparent in the differentiaL probability 
~he llrnit '111e == o, 

(3.33J,Athe Ke3 spectrum thus involves only the form fUnction 

f+(q2). 

The Ke3 spectrum has been studied by Luers et al. 25) for 

K~ decay in a hydrogen bubble chamber, and by Roe et al.3B) for 

K+ decay in a xenon chamber. In the work of Luers et al., ,the 

complete decay configuration (i.e. the direction and momenta of 

b'oth pion and electron).is determined, although there is sometimes 

a two~fold ambiguity in the analysis of the config~ration. 
. . 0 . . . . 

Although the K2 direction is known a priori, its momentum is 

known ~nly to lie within certain broad iimits; however, the 

effect of these ambiguities can be taken into account in the 

comparison with theory. In the K+ study, the direction of the 

electron can be determined. and the directions .of the two y-rays 

resulting from the v
0
-'>y + y decay .i~ the .~hambez:. are obsez:ved. 

· · · . between the two. y-ray- di:rec t1:o:ns, 
Since th_e distribution ~(e ,P) of the angle e ./is known f'or 

yy . . yy" 
0 ' . 

Siven·v momentum P, the form of the function f+(E) can be 

determined by comparing the observed 6yy distribution With the 

distribution obtained by integrating (3.33) over e and folding 
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': 

¢(eyy'P) with the resulting P distribution. Arter determining 

f {E) in this way, the 9 distribution then expected from (3.33) 
+ 

can be most conveniently compared with the aata by computing the 

expected distribution of the angle between the electron direction 

and the direction of the bisector between the two y-ray directions. 

In both experiments,_ good agreement is found with the distribution 

(3.33) resulting from the vector interaction (3.32) with form 

fun~tlon f (q2) eSI3Ent1ally constant. Fc.r example, Roe .et a{)S) 
+ 

find f ·= (1 + Aq2/m2) provides a good fit, with ). = o.o4 ± o.o45. 
+ 1T / 

For K 
3 

decay, the most detailed and reliable studies are 
> J.l. 

those due to Brown et a1~6 ) , based on 76 complete decay events 

observe_d in a xenon· chamber, and to Bisi et al_39), who have 
. . : ' 

obtained a complete muon spectrum, the lower part of the spectrum 
. ~ ... -· ' . 

be.~ng obtained fro~ obs~rvations. ?f KJ.l.3 decay. in a hydrogen chamber, 

the upper part of the spectrum b~ing obtained from observations.in 

a heavy liquid chamber, with appreciable overlap between these 
. ~- -- : 

two parts of the spectrum. In·the xenon chamber.study, the , ,. 

determination of the muon momentum and direction and of the 

directions of the two y-rays from the 1T0~y + r decay allow the 

reconstruction of each K~3 decay event; generally, two soluti?~s 
0. . -

are possible for the 1r direction and momentum but usually o~ly 

one of these is compatible with rough estimates of the energies 

of··the two y-rays. 

Brown et al~6 ) have analysed their K~3 and K:3 data together 

using the same form factor shape ( 1 + Aq2 /m!) for f + (J.J.) and f+ {ey , 
I 2 2 ) allowing a different form factor shape (1 +A q /m ) for-f (J.l. • 

1T -
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They find that the ratio f+(J.J.)/f+(e) depends weakly on the shape 
. _: I 
parameters, A and A, and has the value 1.07 ± 0.18, providing a 

direct check on J.l,-e universality for Kl3 decay. With 

f+(J.l.) = f+(e), and definite values for X, x', _the ratio f_/f+ 

can be obtained from the relative rates for KJ.l.3 and Ke3 decay. 
. . I 

There are always two solution: to illustrate, consider X = X = o, 

for .which case. the integration of (3.32) leads to the following 

quadratic expression for this ratio: 

l'{Kp_g) = 0·6o- + ()•12tr(f=.) + 0·019 (,~~ (3.36) 
r (/:;:~) IF+ . . ~ 

For K~ decay, Luers et al. 25 ) obtained the ratio 0. 73 ± 0.1 5, 

leading .to the valu~s f-lf+ = 0.66:?:~ or -6.6~~:~· For K+ 

decay, Roe et al. 27) -have obtained "the ratio 'o~·65 :!: 'o.2, which 

ieads to f /f = 0:!: 1.5 or -6.5 ± 0.8. - + . The muon momentum 

spectra corresponding to (3.33) for these two solutions f_lf+ 

are shown in Fig.3 and differ quite considerably~ The second 

solution predicts a spectrum which favors high energy muons and 

low energy pions and gives· rather"low t"ntensity for low energy 

muons; this solution can be rejected directly by comparison 

with the muon spectra obtained by Brown et al. and by Bisi et al., 

especially by the latter (shown in Fig.3) since this includes 

tlle low energy part of the spectrum which is par.ticularly important 
: ~ 

-in discriminating between these two possibilities. If the shape 
I 

parameter X is permitted to vary, the ratio f_/f+ does not vary 

strongly; the present data.does.not allow the determination of 
I 
~ ' which is.not surprising since f_ is small. 

Further information on the ratio t_/f can be obtained from + . 
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I. 

·, 
I • 

! 

:he study of the ~+ polarization from K~3 decay. .As pointed out by 
. . 40) 0 + . 
Cabibbo and Maksymowicz and others, if the ~ and ~ momentum are 

~pecified, then the ~+ has 100~o polarization in some direction 

lying in the plane of the decay process. These authors have 

recently reported calculati·ons of the angle @ between 'the ~+ 

polarization vector and the ~+ momentum, as function ~f the pion 

and muon energies, and have found that ~ is a fairly sensitive. 

function of f /f 0 

- + 
For example, for muon kinetic energy 95 MeV 

and pion kinetic energy 35 MeV, the angle €J ra~ges from -25° 

to.-80° as f_/f+ .varies from -1 to +1, and has the value +115° for 

f /f = -6. Such detailed polarization measurements have not yet 
- + 

been made. However, several measurements of the mean longitudinal 

polarization for muons emitted with kinetic energy in the range 
' . ' ·. 

40-100 MeV have recently been reported. · Using nuclear emulsions, 

Smirnitski ~d Weil/=n~erg41 ) obtained P~ = +0.7 ± 0.45, this 

helicity being opposite to that for ~+ from~·~~+ decay. Gidal 

et al. 42) ,· using a heavy liquid bubble chamber, obtained 

P~ = .. +0.74 ± 0.16, which allows the values -0.15 ± 0.9 or -4.0 ± 0.7 

for f /f • 
- + 

3.4 Partial-Conservation for the flY = i:t Vector Current. 

In the limit of exact unitary symmetry, the strangeness-changin. 

current (J31) V will be a conserved current, since it may be obtained 
a. v 

by an su
3 

transformation from the flY = 0 current (J~)a. which is : 

kno_wn to be conserved (being a component of the isospin current) 

even after the symmetry-breaking interactions are introduced. In 
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the actual world,. we may then expect that (Jf)~ may. still 

satisfy this conservation law in the limit of; large momentum 

transfers, i.e. that this current may still be "partially conserved". 

In .the unitary symmetry limft, the weak K-~ vertex will 

necessarily have the same form as the weak ~~~ vertex (3.28). 

This means that, in this limit, weak K~ vertex corresponds to 

current of the same form as (2.8) for the .weak ~~~ vertex, 

namely 

( k'+ Olf
0

' _ ~k'+ 7r0) • 
oxo< ~K"'' . 

(3._37) 

This.corresponds to a K.....;.~£'i matrix-element of the form f+' 

i.e. to f /f = 0 •. Hence it is rather satisfactory that the - + . 

K 
3 

data does lead to a small value for this ratio f /f ; 
~ .. .- + 

although the uncertainty in f /f is of order. ±1, the values . . . . . - + 

obtained are compatible .with the value zero. 

For the actual K~ir~v~ interaction, the symmetry-breaking 

interactions can still introduce ·anf_ term. To illustrate this, 

let us consider a particular.model, in which the interaction .is 

t~ans:f'erred fr~m.the K:..~.vertex to the J.LV vertex dominantly throUgh 

as depicted in. Flg.4. · The K._,.,/'j 
-.. .. . . 

an intermediate K meson, 

inter~ction will :h~v~ the 
.. ,-l _ .• ~ ·,. -. • . , .• 

form~~a.J/a.' and the natrix-element corres-

ponding to'this decay diagram is.given by·· 

ht(k-? 71"1~) = <Sj*(fi+P,.)~(c/-M~)~'(o!Xf3- 9ct:9,A/M*:> ~·, (3·38) 

Where q = pK - p~,M• denotes 'the K* mass; and r<PK + P~)ct is ·the 

t - * ma rix-element for the strong decay process K ~ K + ~. This 
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expression reduces to the form 

a-f-*{t;'-- M1t-~-'f (I}+PTT")ot -~-Rr)ot(~·-m;)jM*1 ~· (3.39) 

2 ' . 
For the small q of interest for K~3 decay, the first coefficient 

~/ *2. * . is essentiallY~g M • ; · if K exchange is the only intermediate 

state, ·then the conservation iaw in the unitary symmetry limit · 

requires o-f" /M* 2 = G sin(},· bu~ there can certainly be contrib- .:· 

utions from other intermediate states. 

The f term introduced in (3.39) •corresponds to 

cL L 2. ·. • *'2. 
u-.tlr = -{mk-»t;;.)/M = -o•3, (3.40) 

a value. which·is certainly quite compatible with the data. we· 

note that this value has such a form as to ensure that 'it vanishes 
exact-

in the limit ofLunitary symmetry. There can also be further· 

contributions to f _ arising from intermediate s-wave·· K~'IT systems·g 

but relatively little is known about the magnitude appropriate 

for these terms. No strongs-wave K-'IT reJ?Onance is known which 
'; -

could dominate these s-wave exchanges; · possibly the K'(730) meson 
' . -· ' .:'": 

is an a-wave resonance, but, as its width is rather narrow·g it 
. . . . '. .;:: 

would not be expected to contribute a large term to f_. The fact 

that f dominates is most probably a consequence of the conserv~ + ·-. :-.. . . . ... •.: 
ation of the f1Y = ±1 weak vector current in the unitary symm~try, 

1 imi t, i.e. of the partial conservation of the ~Y = :!: 1. weak., , 
h : ~ ~ 

vector current. However, this could alSo be the result of the 
* . . . 

.~ominance o:r K .ex_change in this process, .as emphasized in the. 

~is.p!3rsion theoretic treatments43) of K/3 decay;. 

210 

3.5 The Properties of the Kj
4 

Decay Mode. 

Recently, 75 examples of the K;
4 

decay mode, 

v+: ~ .,-+ + 7T-~ e+ + v. (3.41) ~~ e . 
21) . have been observed by Birge et al. , from which the branching 

ratio r(K;4)1rtot{K+) = (4.3 :!: 0.9) x 10-5 was obtained. The 

'IT-'IT mass distribution for these 75 events is shown in Fig.5. 

For a first orientation, let us consider some phase space 

ratios. For the ratio (KeyK~2 ), we have44) 

r{Ke~}/r"(~. = '<2·1 X lo-2 {m-,~;:L/ (3.42) 

The characteristic length L measures the ratio of the matrix:.. 

elements for theK.f.2 and Kt3 decay processes, since these differ 

fn dimensions by a length. For the·Ke4 rate, we have 

: r{K~)/IYkea) = ''J>.9x to-lf(7~t;:L)~ 
(3.43) 

where the same qharacteristfc length has been assumed to relate 

the K,f3 and K,e4 matrix-elements. Since the ratio (3.42.) is 

known';to' be about 1/14, w_e obtain the' estim~te L ~ 1 .8/ink' 

certainly a very reasonable value. With this estimate, the 

phase space estimate (3.4a) becomes., lar Kr deca.J, 

·rrKef;_;/!fot~/K+j 14 ·xto-: (3.44) 

As remarked·above, therateobserved ~xperimentally for Ke4 

decay is only about three.times less than this. rough phase-space 

estimate, and so' appears a rather reasonable result~ in order 

ot magnitude. The phase space estimate'for_the ratio K~wK:4 
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round by Mathur44) is 

r(~t)/r_(K~) . = '/7·3. (3.45) 

N_o K~4 events have yet been reported, although this estimate 

and the branching ratio {3.44) would make it reasonable to 
.... ·· .• .. + . ,. 

expect about 10 K~4 decay events· in the pres-ent data. 

As pointed out by Mathur44) and Shabalin45), the matrix-
' ' 

element ror X£4 decay has the general rorm 

M ( k-?> Tf7riyt) ( TrTr/jc( I K) i-' (3.46) 

where 
' .. 

(7T7r~jk) ~{AI{+B~<~_,_c(p/\~fk)/7/j,k-+- b€q/Jr;oAFP/Ja/mf, (3.47) 

where p = p1 + .p2 , q = p1 - p2 ; p1 and._ p2 denote :the four.;..-­

momenta o:f the two pions, andpK is the' initial K-meson rour-

The terms A, Band C arise rrom theaxial-vector ·::·momentum. 

curre~t J~; 
Th:e ractors mK 

- Jv the term D arises rrom the vector _curre~t-. a.~- . 

have been included ror dimensional reasons, the 

characteristl~ mass in the intermediate st~tes being mK,_or 
• .;· I 

greater~ Owing to the smallness. or p/mK and q,/mK, the_ t:rm. 

D is expected to co11t~ib~te ·relativel;_little ( ~- 1%) to- th~ 
K+,e4 de~ay _rate; the 

axial-vector current. 

Kj
4 

decay process is dll!l dominantly to the 

For K~4 decay, the· term C ·can be 

negl~cted, since it is proportional to the lepton mass;· with 

pK - p = Pj + pv, this term has the rorm (p.t + P)a.J k = 

· m,e,Ci(1 - y5)l~. 
The~~~calar coernCi~nts A,B,C andD are runctions of--the 

-2 
scalar products p , PK•P and pK.q. The total c.m. energy 
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of the ~-~ system is given by 2 2 2 ~1 . 
m~ = p , and pK.p = mK(mmr + P.J'Z,. 

where l! is the total momentum ?f-the two pions, measu;ed in the' 

K+ rest frame. The variable pK.q is directly. related with the 

angle e between the ~-~ relative momentum .9. measure'd in the ~-n­

c.m~ system and the mo'mentum Ji just denned,"the' explicit relation 

being·pK.q::: cos 9 pqmE!m~, wher'e p·arid q>denote. the,magnituaeif~ 

or these momentum vectors l! and .9,. 

1 . . . 
With the ~I = 2 rule, the •K ~mr weak transition can lead 

only .to rinal ~-~ stat~s with I= 0 or I= 1. For I= o, Bose 
' -.. ;'i> .,,. 

statistics require that the matrix-element (3.47) be even ror . ~ . ' .- ' . ' . ._ 

interchange of' the pion lables, 1 and 2. · 
. - . . Th.is requires that A 

' .. , 
a~d C be even f'unctio~s of' ?K~q, _and that ,B an_d D b_e odd .functio~s 

- ·~· ,. . " .. _,. ~ . 
of' pK •. _q;/thu;s, 

Ac~ ...: A,; ·_,. -A~· (/Jk ·~/'ll(;kf + · · (3.48a)' 
.... :::-::-. 

·. ''b(D).- IJ. ·:,j,· 2.'(· Q ·.+ A /J. ·,I. 2.)2+, . ·-c: - . lt'k~f/IJt*k_ 4:7 ~ U''k'9t»tk - ;, ); '(3.48b) .. 
. ~ :.·::J 

. ·. . <: . .-:. .2. 
where the Ai and Bi are f'unctions_._of' m -,:and(/>), For I-=, 1,--

' ... TMr, -

final· states, the matrix-element (3.46) ~ust be odd with respect 
) ; : ~ 

to the ~ion labels 1 and '2. . For . this case' . A and c mus't be 
~ • ' • • • p ' 

odd·f;m~{i~~~;,o:f pK.q' a~:d··:B, :D must b~·~ven f'unct:i~'ns of';~~~.; 
thus, ~-.:-:. "-- '.·. :.·: ' '' 

· .. ·.· :: (t) 'J . . ' ·:· . • . ., . .. . . .. . : i . '" •. , .. ; 

. A .. :; ~(fk·fJJ/~;[ ,A, .. 1·~3.Cf~:~1('!!% ;~+~~ "~ J~ .. d'.49a) 

1!/'~~, -.~· +~-.~ tPk~1~~i),_ -1- ••· .. 
Si . '2 ·- . ; l ·'. . '. . • 

. . nce:JK·:,qf~K is smau,· we ~hall ;neg:~:ect. i~"in thea_~ expres;sions. 
~.. '' ' ._ ' 

With this simplif'ication,· the dominant terms in the Ke
4 

decay 

'(3.-49b) 
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matrix-elerne!lt are 

[(Ao(~~;~'f) + Al~~-~j(~·r;f~J)Ar _+~ ,4f~~rn-•f~)CJ •• } ~. (3.50) 

Here A
0

. des_cribe_s transi tiona t.o. the I = 0 s-wave 1r:-:1r system,;: 

and Ap B
0 

~es,cribe tra11sitions to t_he I = 1, p-wave _1r-:-1T system. 

Generally, :for KA· decay, transitio!ls to :final I.= 0 and I= 1_ ·.· 
both . 0 

states willjoccur; :for Kl4 decay, . 

· k 0 ~- · ·-,r; + TT- -r .{t-+ ~;: (3 0 51) 

·' . ' . .. ' ' ' ' ;· ' 1· ·, .· '. .. ·' 
the charge relationships and the 6I = 2 rule allow only :final 

I = -1 ~t~tes. If' A;, B~', ci and ])i denote the a~pii't.ud'es :ror 

K£4' dec~y, th~: ampli't~des :for ;the. K~4 ·d~cat (:3. 51) a'I'~ ''g'i~e~ . 

b~>P,~/{2', rijJ2', 'A1~i f2, C7/ ./2, B}f2, et~::~, the other am'~lltud~~ 
being zero. 

0 ' "·' ., 
Thus, :for K2 decay, the amplitude :for the mode· 

(3.51) _is obtained :from (3.50) by:th,e,rep~!fcements ~0~ 0~ 1 1 . ' ., 
A1 ~ 2A1 and B0~2B0 • As we shall see later, the I = 1 

tr~Ilsi~!-ons cont~,ibute relat.ively.~~:ttle to' 1t~e.\~j4 decay·rate, 
. 0 ' 

so that we may expect the (K2);4 decay rate to be about an order 
that:/ . . . 

of' magri~tude smaller. thanJ.~orKA' decay~·; ·. · · . . ·' ~ • 

Next, the Watson :final· state interaction ~~eorem46 ) tel{s . 
., ~ ~ . ' ' 

us that, assuming time-reversal holds :for the weak, interactions, 

' 
., 

each ·K~'II'IT amplitude has phase equal to the 1r...:..rr scattering 
. 

phase in the 1T-1T.scattering state appropriate to the :final system. 

Th~~\~ ·~ave A
0 

:· R
0
ei0o ,1 wh~re. ·,0

0 
l·de~ot~s \~e \~::;~~~e 1r-1r 

a.ntl ~ ·is Yedj/ 
scatt~x:~ng phase as :ru;,ction of' t?e .• ?,·~~ ~nei'gy m-n-nf!. an_d · 

A1 = R1 ei01, B
0 

= S ei 1 , where . cf1 de~~tes the p-~aV'e 1r-1r 

scatt-~ri~g ;ph~~t~"lA~1 ;bii':t~~{~~tb:C1abf~bci ~n·d Mak.sy~owicz47), 
"; << '. ; : ' - ~ •• ' .:: " -; • .',' • ~· :. 

214 .· 

there are two e:f':f'ects of' ~articular interest which depend on these 

phases 00 ~n~ • 0~ • .. The :qua~~· of' the inat~iX-el~ment (3.46), 

with C = D = 0, _summed ove~ electro? and neutrino _spins, takes 

the :form 

f!P., + 8 )}.)( Afp ~ 81,<) K fe.A.p +A,A,.-,"..pli.·A )+ e.,.!y< Pelf"'"}, . ( 3.52) 

where the :first term within the curly brackets results from the 

parity-conserving terms of the decay interaction, and.the second 

term, having the opposite parity,· is the result.of inter:f'erence 

between the parity-conserving and parity-reversing interactions. 
' . 

With p -p = Q, and the energy-momentum conservation equation 
e v . - . . 

p + p = pK - p, the A-B interference in the parity-conserving e v , 

terms leads to the following term in the di:f'ferential decay 

probability; c. 

.t RecA~J [ ~o"-"J·'If~::.·' - ~~·t;4J·,o]., .·. (3.53) 

taking into account the identityp~q = 0. Ave·raging over the 

electron and neutrino directions for fixed pion momenta leads to 

(Q~Q~~ = ;MPx-P)a. (pK-p) 1:3 - Oa.(:3 (pK-p) 2), and the corresponding 

. terrnjpro~tional t_o co_s e is -then. 

*Ros,·~(~~J{fk7P)·~!k·~ = §!f,s,~ra;-a;;['4~clc,;,.+e~-m;,]kfJ., <~·54) 
recalling from above that pK.q is directly proportional to cos e. 
There is one other significant term which leads to a cos e term o:r 

comparable magnitude,.-which arises.from the interference of A
0 

and 

A1. This is included in the A•A term of (3.52), and contributes 

to the' differential· decay prob-~bility the following term: 
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f ~oR, ~co;-o;){PI!ff)/~ [!l.{(!j,_-p)·'l/-:l{p.(j/"-p~-p/-ol)}. 
.· (3.55") 

Averaging this term over electron and neutrino directions results 

in the contribution, 

fRoR, ~(~-{)~9)(~/Jf-pJj/)jrn; = ~ ~ ~ ~t{-l;)(/:)~PJ:'fJ), (3.56) 

where ~ denotes the total ~-v momentum in the K rest frame. 

The second effect of particular interest concerns the up-down 

asymmetry of the electron distribution relative to the plane 

defined by the two pion momenta. This is an effect of parity 

non-conservation and arises from the last term of expression 

(3.52). The only non-zero term arises from the A-B interference, 

giving 

f ~,e",« ( 4~8- A-~*) P«~{Pk-p),~(j)F (3.:7) 

• In the K rest frame, this reduces to 

. ~ ~s; s,'n ({-l;) 9!, f X !t.. == :(tnk.R0 S, Sln(l',-/;)f_e •Ell J. , (3.58) 

• In this expression, 51 may be evaluated either in the K rest 

frame or in the ~-v rest fra~e. Only the component of,!l 

transverse to ~.-contributes to (3.58). Since the Lorentz 

transformation between the ~'-'IT rest frame and the K rest 

frame is. ·along the vector ~' the transverse component of. s · 
·is the same in either frame. 

since S ; 2~ - ~· Cabibbo and Maksymowicz point out that the 

ratio of the coefficients of pK.q in (3.54) and of ~~·~x,g in 

2ta 

(3.57) for configurations o~ given m~ and.~2 gives tan_(~ ~a1 ) 

.as function of m~, apart from known functions, independent of 
2 . 

them~ and~ dependences of the amplitudes R
0 

and s
1

• In 

this way one may hope to obtain·rather direct and unambiguous 

information on the pion-pion phase shifts. However, the situ-

ation is confused by the ·possibility of the pK.q term (3.56), 

which adds to the term (3.54) considered by Cabibbo and 
~ Maksymowicz. Howeve:r;, this additional term is propor-

2 . 
tional t~ ~ , and since relatively low momenta are favoured 

for the pions, it is possible that this additional term may be 

~~latively unimportant. Since Kl4 decay has the rather unique 

feature that it leads to final states including only. two 

strongly-interacting particles, these two-pion states being spread 

in C.M. kinetic energy from 0 to (effectively) 150 MeV, this 

possibility of obtaining rather direct information about the 

low-energy ~-v interaction is perhaps the outstanding motivation 

for the further study of the X~ processes, 

· An estimate of theenergy dependence of A , the a-wave ampli-
-·:: . . . 0 

tude which is. expected to give the dominant term, may be obtained 

u~ing -~a~son's app~oximation48 ), according to which A is es~i-
.. . 0 

mated ;bY:. 

. ,f. e;o; -
--0 {sinl;/~) lie;~ 

(3.59) 

where:k == q/2 is here the c.m. momentum in the ~..:~system, and H 

is'a constant •. In the. low-energy region of interest inKe
4 

decay,·~the phase shif't % may be represented by the relativistic 

e:r:recUve range .:f'ormula of' Chew and Mandelstam49) 
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.I .L :2. " f. .L. . J 1(~-t:o; = t7o -+ 7FMtt2 (!+ l./~)2. + J;,,. ' (3.60) 

where a
0 

is the I = 0 s-wave ~-rr scattering length. From 

indirect arguments, based on the ABC experiments on 2~ production 

in p~d collisions50) and on the analysis· of the energy dependence 

of s-wave ~-N scattering51), it is believed that the low-energy 

I = 0 ~-rr interaction is very 

et al.51) have estimated a
0 

= 
. . . . 

scatter1ng length. In Fig. 

strongly attractive; Hamilton·· 

1 .3/m for the borresponding 
~ . 

5, the m'fMr distribution inK:4 ; 

• On the other hand, all the direct experiments which involve 

the production imd· observation of 2~ states, for example in 

the reactions ~N -'!1-'fMrN and in K+- 3~ d'ecay, have really given 

no indication of such large low-energy scattering, and an 

alternativ~ interpretation of· the ABC effect has been sugge.sted 

by Anisovitch and Dannto52). 

decay obtained with the energy-dependence (3.59) corresponding to 

~ = 1 .3/m i~ compared with' the distribution calculated for 
0 ~ 

A ·=constant (neglecting p~wave contrib~ti~na)·a~d with the data. 
0 

The spectrum for A.; constant provides an adequate fit to the 
0 . . ~:s 

data; for example, the mean value predicted form = 327 MeV, to 
. . . . . ll!v 

'be compared with the opserved value 320.5 ± 3:5f-b'"t'ained from the 

data shown. The curve (c) shown on Fig.5 gives the m'fMr distribU~ 

tion for the p-wave transition, with B0 = A0 = constant; 

naturally it peaks for much larger m'fMr. The inclusion of·some 

p-wa.ve transition would therefore worsen significantly the 
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the agreement with the data; for example, an admixture of 

.p-transition amounting t~ 10~o in-intensity_would lead to. m'fMr = 329 

The spectrum corresponding to the s-wave matrix-element (3.59) with 

/1 ,;. 1.3/m peaks more.strongly at low m and gives a better fit 
~ ~ 'fMr 
to the· observed spectrUm. For example, it ieads to iii'fMr = 317 MeV; 

the inclusion of a'small.admixture. of the p~wave transition B' 
. 0 

would' then lead to ~ather sa t1 sfac tory agreement. The amplitude 

of 'the p-wave transi tion''is best estimated from ~he magnitude' of' 

the cos a term in the cos e:..:distribut'iori; but the data cin'this dis­

tribution are not ·yet availB;ble. 

In view of·the'uncertainties concerning the p-wave and higher· 

transition, and concernins the ·m' and. PK•P dependences of A'·beyond 
'fMr '··. . 0 

the Watson approximation,_it is not~eally possibl.e to disting~ish 
. the~·case A

0 
= constant from the case (3.59) with a· = 1 .3/m ~with 

0 . ~ . 

the:.:~tesent data. It is ?nly pos~~ble ,~o e,xclude the possibility of 

very l~J:'~e values for ~ (for example, ~alues a. '?'. 2~.8/m wo';lld give 
. . . .• ' . .0. . . . 'II" . ; • 

a much. ~arger peak at low energies .than, that observed), o~ of I = 0· 

s-wave.~-rr resonances below about 400 MeV. -- ._ ·, . '. . : . . . . ~~ ~ 

:It·iB:also.of intereet·to.consider the relative rates for .the 

K:4 ~d'K;4modes, using·the matri~-eiement (3.47). Here, we limit 

ourselves to constant values.ofor A;B and c, with D = o. The spectra 

then obtained have been integrated by Shabalin45), with the result 

. fYK/),_) .· 0'11/li/~ + O·O!it ~ (iJ~tc I+ o·ooi /C/2 T: O:Oio/8/2 

~ - --~~------------~~--------------------
f'.(I(J,_) - /It/~ . :..,... O•flo /8/2 .. , 

(3.61) 

Owill.g to .the A-C interference term, this ratio can fall considerably 
. - ,, . . . '· 

below the-phase-apace ratio for suitable values of C/A. It reaches 
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its least value, 

(o·03/It('-+ 0•015/B/2 
)/( /A/

2 + O·:J.o/B/2.) ,· (3.62) 

f'or C/A ~ -3. For B = o, then, r(K~4)/r(K~4) must e~ceed 3%, 

and this lower limit does not increase appreciably _OVf,lr the 

range of' reasonable values f'or B. It is reasonable to expect 

.the term C to be comparable with A, and the_ pre~ence of' this 

~erm C ma~ well.account f'or the low value of' the K~4fK:4 ratio, 

and the absence of' ~ny reported K~4 events. 

1 ' ( 0) With the AI = 2. rule, the K2 .e4 decay rates. f'o·llow at 

once. Assuming constant matrix-elem~nts, only B (and D) can 

contribute~ The ratio of'·decay rates .is 

rcK.;~ 7r+7ro,['fi 4t!.A, 7T-7Tol+'J,) . i x 0·2o /B/ 2 

r ck+ ~ -n-+tr-.t+ >; y /lt/2 + O·:lo/B/2. (3.63) 

In principle, the magnitude of' B could be determined f'rom the 

(K~),.e4 decay rate. In practice, this wo~ld be exceedingly . 

dif'ficult. For B ~A, the (K~)_e4 decay rate pr~dicted.by 

(3.63) is about 300 sec-1 , ~hich corresponds to a K~ branching 

ratio of' 1.7 x 10-5. Even if' the branching ratio were~much larger, 
0 c the separation of' the~e (K2)f4 'events f'rom the domina~t~ (K2),t3 

events would be exceedingly dif'f'icult. ···' 

.. , 
In this section we shall discuss the'application of' 'cabibbo's 

octet. hypothesis f'or the weak current f 'wit.h·· the data _available aa. . 
on the leptonic modes of' hyperon decay. The matrix..:element 
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appropriate to .the transition C~D is then 

*(D/~e((:r/t -r- {:r()~) + ~·ne(c:r,;! +(:r!J: )/c). (3.64) 

The initial and f'inal baryons·_which we consider llelong to 

the same octet, whose elements ·we dEmote by ~;, with i,j ,;, 1 ,2;3. 

These elements are convenie~tly arrayed as a matrix 

r&·= ( ~0_..:~ 2+ p 
;z- -.20 1\ 'h.-

~-{6 

-- --=-0 <21\ 
vb 

It is convenient also to denote.the elements of' the antibaryon 

octet by }.6;, this being the antiparticle to dB~. The corres-
ponding matrix is 

--Lo _A ~-~ ( v~ .;~ -

-~-A ::::0 ~+ 
7.2 . vb 

' .:zif 
-h. v'6 

p 

• The matrix-elements which.we require are composed of' matrix-elements 
i 

ce;t :rf; ca;) c pifT" 

otjp 
(3.65) 

• The a. and ~ are inverted on the right-side of' (3.65) since the 

matrix-element involves the complex conjugate of' the wavef'unction 

or State e ~ 1 Which · transf'orms like 63 ~ • 

221 ' 



' ~ I·, 

,, ,, ' 
I' ,,' 

! 
:.1 
t! 
!i· 

! ,I 

,I 

These coefficients c~;~ are essentially Clebsch-Gordan coefficients, 

apart from over-all multip~ factors. They are characterized 

completely by the fact that the form 

~ = Z ( c_ f!>~cr- ri £"' r;l) 
. •- o(d f "' P cr · ' 

(3.66) 

-· where the summation is over all indices from 1 to 3, should be a . 

unitary scalar. This remark is essentially.equivalent to the 

statement of the Wigner-Eckart theorem. The Clebsch-Gordan 

coefficients necessary can readily be obtained by reference to 

tables in the literature53). Here we shall ·derive these directly. 

We have to construct scalar quantities from the product 

jXJj3/hf' 
Jit.Qa.!Do • 

This. can be done only by contraction of upper 

indices with lower indices. There are just two ways in which 

this can be done, giving (~ JI i!(Bj) and (~ JI~jGB!). In 

terms of the convenient matrix notation, these combinations can 

be written as trac'es, Tr(J/BfE) and Tr(J~~), respectively. The 
' ' 

combinations of special interest are those symmetrical and 

\J 

antisymmetrical in~ and~, called the D and F couplings. Hence, 

the most general unitary scalar is 

· :DJ;[rr~e+BtJ} -r F r,.[rce~-tE~)], (3.67) 

so that there are two reduced matrix-elements D and F necessary 

for the specification of the matrix-elements (3.65). 

For the. strangeness-conserving decays, we .need the matrix­

eleme,r.ts)3 .65), of Jf. These are obtained· from. the coefficients., 

of J~ in the expression (3.67),·i.e. from the terms 

(/)-F) (R;i): + (})-t F)(tB~),:J. (3.68) 
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Explicitly, we have 

·2 +( ~o:_ "~) -(~0 + ~)~- + {gB),:l - -·--o-=-..:: -,, {3.69a) 

@lJt :·[~0 ~z)~-+ ~+(-~
0 

~ ~) + Pn-. (3.69b) 

For the strangeness-changing decays, we need the matrix-elements 

(3.6~) of Jf. For these, we have to consider the terms 

(D-F)(IJi)~ + (J)+F)(~e&t. (3.70) 

(~)$ = "f ( ;zo -..1.) - n 2- +it·-~-=·~ (3.71a) I ~ ~ . 

Again,, we have explicitly, 

(~~a . = ( ~o _;_ /-);_- ~ Sf ;o +- ,t pif: 
I . . .. V.'l . b . ·. . (3.71b) 

With these expressions, we ca·n read off the desired matrix­

elements, as follows 

'(PI J,:J.f"tli) = ])+ F, 

(I\}~;, ~J = c~+~-r~/") = -~D/v6 , .. 

(pJ7/JI\) = (}J-r3FJfvr,, 

c~p·: I~) -D+F ·. 7 

(A/ :r/' ~~-) (h-31=")/16. 
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(3. 72a) 

(3.72b) 

(3.72c) 

(3.72d) 

(3. 72e) 
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These matrix-element forms are now used in the expression (3.64) 

·for the corresponding decay matrix-element. Here we shall make 

the following assumptions: · \' 

(i) for the c.urrentJ~· the components (J~)~ and (J;)~ are 

directly proportional to the isospin currents (I ) and + a. 
(I ) • Hence it is natural to assume that the components 

- a. 
(J;)~ form an octet directly proportional to the octet of 

currents to which the isospin current belongs. However, 

since the isospin current has no ~ component, it follows 

from (3.72b) that the isospin current gives rise to a 

pure F-type coupling. 

it follows that Dv=O· 

Hence, for the weak curren~~' 

(ii) Unitary symmetry is assumed to hold exactly in the 

calculation of these matrix-elements. For the lls=O 

vector transitions, there are no renormalization effects, 

since this vector current is conserved (eve hypothesis). 

However, for the other vector transitions, and for the 

axial-vector transitions, the matrix-elements will be 

caused to deviate from the pattern (3.72) by the renormal­

ization effects of the symmet.ry-breaking interactions. 

These effects are necessarily neglected here. 

(i~i) The Cabibbo angle e is assumed to be the same for the 

vector and axial-vector currents, as was found compatible 

with the data in the comparison of K and T decay processes. 

Here, the hyperon leptonic decay processes lead to a 

further independent estimate for the angle e. 
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With the general form (3.64), and the individual matrix-elements 

given in expressions (3.72), the matrix-elements for the leptonic 

decaY processes of particular interest are readily obtained, as 

usted in Table I. For the vector interaction, :Dy= 0 and 

F 
_ 1• for the axial vector interaction, the coefficients D and 

V- ' A 
F are parameters to be determined from experiment. From the 

A A V Professor 4) 
magnitude of G~/G~ obtained by / WU from the data on neutron 

-beta-decay, these coefficients must be constrained to fit the 

relation: 

-1)4 -t- '4 - /.1 !!r :J: () •Ot,.. (3.73) 

The most accurate branching ratios available from Table I 

are those for the A~p and ~~n leptonic transitions, from which 

we can then obtain DA' FA and sin e. The ratio of these branching 

ratios does not depend on sin e, being given by 

(f+ j(!>A+~!itl) X I·S (t./ :t I•O) 
• (3. 74) 

(/3 .± 2) (I + .9 (-~+FAt) X o•R 

Taken together with (3.73), this quadratic equation leads to two 

solutions for (DA' FA): 

Solution I: DA = -0.76 ± o.os, FA = -0.39 ± o.os, 

Solution II: DA = -0.23 ± o.os, FA = -.0-9? ± o.os. 

For each set (DA,FA)' sine may then be determined from the branching 

ratio forA beta-decay. 

t sinr/8 [ £ + t(Dilr + a~At·] >< /.!i' >UO-~ = (8•1 z I·O) X to-If (3. 75) 

For solution I, we thus obtain ei = 0.26 ± 0.02, a value in good 

agreement with the values &A and eV obtained from the K and T decay 
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rates in sec.3.2. Solution II leads to e11 = 0.195 t 0.015, a 

value·which is appreciably below these independent estimates for e. 

A check on these solutions can be obtained from the branching 

ratio for ~-~A beta-decay. From Table I , this branching ratio 
2 (2 2 2 -4 is given by 4 ~ DA cos e) x 2.4 x 10 • Since solution I 

gives a much larger value for DA than does solution II, the com­

parison between this value and the experimental branching 

distinguishes between these two solutions rather clearly. Solution 

I predicts .a branching ratio.~~e/~tot = (0.65 ± 0.08) x 10-4, which 

is in good agreement with the experimental value of (0.75 ± 0.28) 

x 10-4 , c .. However, solution II predicts a branching ratio 

(0.06 ± 0.03). x 10-4 , which is significantly smaller than the 

• experimental value. 

• The moat satisfactory procedure ia to make. a least squares .fit 

to all of the data in terms or DA' FA' and e. · This has recently 

been done for the hyperon decay data by Snow et al. (private 

commun1ca.t1on from Dr. o. Snow, August, 1964) using the Ae' 

~~e' ~; and ~;branching ratios, 0~0~ and 0~0~ as input data. 

The two solutions thus found were: 

I. 
2 DA = -o,74, FA= -0.44, e = 0.272, with X probability 

32% .. 

II. DA = -0.38,·FA = -o.75, e 0.246, with x2 probability 

. a%. 
. vi/ The inclusion of 0 0 in this analysis makes solution II appear 

~ ·. 

somewhat more favorable than in our discussion above. Thia 

eol~tion II also leads to a rather low branch!~ ratio (0.16 x 10-4) 

tor ~e· 
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For the ~-~A lepton~c transition, the branching ratio is 

given by 
_j_[.3 

'+ ::z 

The predicted 

+ f( D
4 
-~ ) 2 } sin:J.e x .;<.ox. to-~ 

value is then (5.1 ± 0.7) x 10-4 

(3.76) 

for solution I, and 

-4 (8.5 ± 1.1) X 10 for solution II. Although these values appear 

much smaller than the experimental value quoted in Table II,_this 

value is based only on three observed events, so that this apparent 

discrepancy may well result from a statistical fluctuation. Further 

data on the ~ .beta decay will be of particular interest, as a check 

on this prediction of the octet hypothesis. 

The matrix-elements of Table I now lead to definite predictions 

concerning the (V,A) character of these strangeness-changing beta­

decay interactions, and these predictions are. summarized in Table 

II • It will be seen that the predicted interactions (V + ~) 

differ appreciably from the (V-A) form. The. value of A has been 

determ.ined experimentally only for the A-p beta-transition •.. The 

most accurate determination is that of Rubbia e~ al• 55) who measured· 

the up-down asymmetry of the electrons emitted in the decay of 

polarized A particles in a spark chamber experiment, obtaining from 

this the value A = -0.8 ± 0.3, in good agreement with the expectation 

given in Table II for either solution • The most striking prediction· 

given in Table II . is that, for the ~:.,;..n beta-transition with 

solution I, the coefficient A should have sign opposite that known 

for the n~p and A~p beta-transitions; a positive value for A is 

an unexpectedprediction, so that its verification would provide a 

striking check on the validity of the octet hypothesis. With 
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solution I, the coefficient A is predicted to be quite small ~or 

the ~-~A beta-transition, another striking prediction of this 

analysis of the hyperon decays. 

For the favored solution I, the axial-vector coupling is 

dominantly of D-type, with 

~~(~+-'A) = 0·3ft. :to.os-. (3.77) 

This appears aiso to be the case for the Y«kawa str~interaction 
.~~~ . . 

coupling L the pseudoscalar meson octet and the baryon octet. 

For this interaction, the coupuog strengths are usually written 
-vG-1'· 

"'G(I-f') for the D-type coupling, and f,. for the F-type coupling, 

G being the pion-nucleon coupling constant_, G2/41r :f3.fi:. Our 

knowledge of the parameter f is not particularly precise at 

present. However, the following arguments appear relevant: 

(i) the known p~ resonances for the meson-baryon system form 

• • -• n a decuplet, N3V: (1238), Y1(1385), ~ 1 (1530), and~,(168o). The 
2 '2" • . 

extension of the relativistic Chew-low theory of N3 (1238) to the 
. . ~ 

discussion of the p
3
;2 meson-baryon resonances in unitary symmetry 

has.been carried out by Martin and Wali16). They have pointed out 

that the attraction in the deaplet state due to the one-baryon 

exchange process is greater than that in any other su3representation 

over the range 1;4 ~ f < (1 + 11{3)/4. In. the decuplet state, the 

attraction is greatest for f = 1/4 , and only the singlet representati 

has greater.attractive interaction than the decuplet over the range 

0 ~ f ~ 1,.4. There are other interactions5i) which are considered 

likely to be important for the singlet representation, although not 
I 
r 
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tor the decuplet representation, which may well weaken the 

attraction in the singlet representation. Hence, the observation 

that the low-lying P3/2 
resonances do form a decuplet suggests 

strongly that the value of f should lie in the neighbourhood of 

Y4, probably somewhere _in the range 0.1 - 0.5. 

(ii) the reciprocal bootstrap.mechanism relating .this a3* 
decuplet and the tB octet has .been • discussed by Cutkosky57) and 

the self-consistency of this_mechanism leads to a definite 

estimate for f, f = (,{6~1 )/ (,/6+2) = 0.326. In t~is mechanism, 

the generation of the baryon octet is assumed.to be due dominantly 

to the exchange of the p1'
2 

/6 • ~ecuplet, and ther~ are certainly 

other processes which can contribute significantly to this •. 

Nevertheless, it is rather satisfactory and encouraging that this 

simple estimate f~r f does lie in the range allowed by the above 

considerations (i). 

(Hi) with f = Y4 , .the (:E'Ir/ A'lr) ratio calculated for the two ' 

• modes of Y1 decay is about 0.065, which is -~ le:Iger ~ the 

observed ratio (0.02 ± 0.0~)!7). Since the calculated ratio falls 

with decrease of the ratio G~~GtA'Ir , and since'G~~'Ir = 2:f'G, 

G~'lr = 2(1-f)G/,.'3, .the experimental ratio suggests that .the .value 

for :f' should be somewhat lees than Y4, perhaps as small as 0.15. 

(iv) the K coupUngs are given by GANK = -(1 + 2f)G/.{3 and 
' 1 

G~NK = (1-2f)G, according to unitary symmetry. Forf = 4' the 

expected values are o2 _ 141r 1=:'-10 and G2 --'. 4'11" ~ 3.5. The only 
· ANK" ' ~NK" 

data bearing at all directly on these coupling parameters are.the. 

threshold cross-sections for A and ~ photoproduction from protons. 
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The interpretation of these data depends on the application of 

the Kroll-Ruderman theorem, which may well be s!gnificantly 

inaccurate for K-meson photoproduction (especially in view of 

the ex~~~~nce of strong competing processes with lower thresholds). 

On· the basis of calculations based on one-baryon and one K-meson 

exchange processes, arid including the magnetic ·interactions, 

the data appears compatible with values as -large as G~41T,. 
2 . - ' G~Nx_I41T ~ 3. If f. is' too large, or too small~ one or other 

of' these coupling parameters wiU·greatly exceed this estimate; 
' ' - ' 1 'however' for f in the neighbourhood of /8 ' the unitary symmetry' 

v~iues for G~41r' and G~m(41T ar.e both. in the region of 7' a 

magnitude for which there is still some hope of obtaining agree­

.ment with the photoproduction data. 

The fact that D-type coupling.dominates for both the strong 

BtfJM coupling and the weak I!JB J coupling' with. the comparable ' ' 

values ofir:~J1J4 and F;/(DA + FA)~ 0.34 respectively, may ~imply 
reflect the validity of the Goldberger-Treiman relationship~ 

A . . . . . 
GBc/qecrr ~--- ~v (t+lec)j{MB+Mc)7 ·(3. 78) 

for the 6s = 0 transi tiona C~ B~ The denominator (MB + Me) 

doe~ no.t differ by more than 20~ from its mean value 'for 'these ·­

baryon-tr~nsitions; if"the background terms ~BC are small; 

then this relationship would lead directly to the expectation 

that the ~atios f and F,t/(FA + DA) should be quite comparable in 

value. Essentially, this argument depends only on the As = 0: 

transitions, for which the pole term in (2.1!) corresponds to 
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.,_ 
one-pion exch_ange, __ a favorable ~itua_:t~on ~ince the pole is· th~n 

v~r;·-m~c~- ~io:~r -~~ th~ phYsical, re_gion th~ i~ .• th~. ~-~~nc~~t~~-. 
However,_ l~ ~~t16·_ G~c!GBC1r. is ~~; _same- (~it~ -~ ;; ~ )·' ror- ~~:1 :t;e 

. ~ . - ~ - -. -:-- - ·'- ... . ~ ... -

t.s = o_ ~transitions, unita~y symmetry requires Jt to have the· 
• •, : .. ~ • ~ ~ ~. • • -~ ~ • > -

value , . , - , ... . ,_. --: .:.:•.--, , .. , . :-::. . , __ 

·e;:c_;(f~~. -~ fti~e-~,/{-\_;Ab)_=.:.·'~~v/(A18-t-A1c)_., (3.79) 

for the As= ±1 transitions_~- In;ot.her wor<l_s_,_-~he.Go1dberger:­

Tr~iman relation should be-expected to hold valid also for 

As= *1 tran,~i~iop.s.,·eyen though the 0branc~-c!-lt begins not very 

much .further .from. the .phy_sical region than the· P~c:>si ~ion cf the 

K-:-pole which gives .rise to the .Gcldber.ger-Trei,m~ rela1;1on~. i.e. 

the background .term :t'r.om .the ~ranc~ e~t must- ~lso be il_nimpo~tant 
. . .· . . - "" .· . ") - ~:.._ ' ~ 

relative to .. the·-pole- ter~,-_ev~n .. ror· As = .±. 1. 7xch~ge.,_: >::; .. , ,7 

The_ general agreement o.:t' -the·· qata,: with~ the· Octet _Hypothesis 

o:f'. Callibbo is quite remarkable: at -:thb .. sta_ge. Most. st:riking is .. , 

the agreement between the. three independent .estimate obtained for 
:~ -, 

the an-s1e e, :trom the ''i12~~2 com?ar~son,, _the· ~e3-x63 c.omp!J.;t'ison, 
• ·-· ' ' ~ ~ " ' ' '? ' ' ' ·" ' :. 

and·:f'rom the analysis o:t' the hy:per-on-:-decay,,_.ra1;es. __ - .. _HoYfever,"· the 
~ ' "' > ~ 

. above comparbon- with the.- hyperon: data has negle~t~d th_e induc~d 
interactions (we-ak magnetism,: a~d< the~pseudo.~cal~r termL and the 

possibili.ty o:f' .form :f'actora:, w~ich,~m~y· ~oJ; -~~ ,at.;all. ~egligible 
:f'or those decay-processes -Which· inv;lve :'~\:~;ge; en~rg~- ~elea~~-' 
(e.g. 1:-~n, where the ene~gyc~~l~as~'i~:·abo~t:26CkM·~;.):. The 

•ore complete interaction can be;~s~~-~~thou~-intro:~i,~g~_any. 
1'urther parameters · si th ' · · · · ·.- · - : . • · · 

' nee e weak magnetism--terms~ are prescribed 
b

7 

Wlitary SYlllllletry and the kno~l-edge ~:r: -t~e ~e~t-ron ·and proton 
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magnetic moments1 and. the pseudoscalar. terms ~r~ ~iy:en, . .b_y tpE! -. .. 

Goldberger-Treiman relation •... The only quantiti~s which .are .. ,.-. 
~ ' . ·. ' ' .... . .._ . .. . ... ' . -' " . ~ .,, ' " ' - ... . -. 

.• unknown .. are the form factor~. associate~d· wi~h DA and. FA' b~~.J~~se 
. . ~ ~ . -~ ; 

form factors are certainly quite unimpor~ant t'or._,:any .re.asonaple . - .. -. - - ,.,-. "·· . .. . - -· . ~ . .. . ' ,_ ~- ~- . ,. ., .. ·· ' . . ,. ~ ~-

r.m.s. radii. ;. Some calculations using th~se complete inter::-:-. 

actions have recently been summarized .briefly by Bren~ et ·a~)6), 
' . . •, ~ . ' 

and it appears that .the inclusion ot' these refinements does not 
... .:·~,;_ 

affect the conclusions significantly. 

''··!;-- , ... ,-
With the current-current picture, the interaction Lagrangian 

:·; y ,.,,, •• ;·«·~"· -· .... · ·.~ -~:~.:-!..··· ~ ...... ~\- -
describing the non-leptonic weak i~teraction processes is proportional 

to J~Ja.. . : .~.~nee. ;h.~- ~i~me~~~:~-~-'Ja:.:~.~e· ,~~mbe;~ .o_r ~~;.~~~~t·, 
th.e e_l~m~nts;~~ J~ b~ing ~~~b~~.~- ~~f ~he s~-~e octet;')~h~ .~lemente 
of this Lagrangian have transformation properties which correspond 
• • -? :. ~ • - ·- • • • ; • • " •• -. - '" ~ '··. 1 '"-. - • •• ~ ' \. 

to the representations included in the product of two identical 

oc·~~ts~ ·'T~~se r~pre-~e;~~a~-~~~~- a~e- (1 )~··(a)'~~ (~7). The singlet 

rep~-~~entati~n (1) d~es · ~ot -~~~t~ibute to ~h~ l~ptonic ~-e:~~ys 
obser~ed, ~ince th~se i~~

7

olve A~ :,. t1.~a~d a half~int~gra·t~hange in 
-- . , .... ...- -_· ;- ., { :· 

the total isospin. The octet representation allows only AY = ±1 

tran~i tiona,. ~i ~h:· A; I.··=··~~- .. Th~ ~(2i) ~e~resent_ati~n ha~. AY.. = ±1 

elements giVing ~oth- AI ~ i. a·nd.AI =~·transition~, as well as 
, . '· ... · · · .. :. . · .. . .- ·'. 2 .. ·., ·· · .• · .c· -·~ . . : ·, .·. 

AY = ±2 transitions for which AI = 1 holds. We must emphasize 

t·~at th·~·- pr~s·~~.ce in~- .JlJ~ ... ot' s~me eleiJ!e~_ts or.,.a .gi~en 
representation does not necessarily imply the presence of all the 

element~ of this repres~~tation. T~is- l'~·illust;~t-ed~by. t~e 
·r·~-rm. of Ja. .itself •. · The for~ ·;eq~ired by·· thee leptonic 'decay 
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processes 

form for 

requires only the presence of 

Jla. .may include.other elements 

J~ and J~; the complete 

J;, as the study of the 

non-leptonic pro~esses may indicate, but this·is not necessary 

~ priori.. Thus, _the presence of (AY = ±1 , AI = .2.) elements of . 2 . . 

the (27) representation in j~J a. does not require that the .... 

(AY = ±2, AI :::; 1_) .elements of this representation should also be 

present. This point will be illustrated by a specific model 

in Sec.4.2. ...:.. 

The experimental situation is that: 

(i) forAY= ±1, the AI=·~ transitions appear to be 

dominant. The experimental evidence for this conclusion will 

be revieWedbriefly in Sec~4.1 •. 

- '~ ':~" 

(11) _there are no AY = ±2 .non-leptonic _interactions with , 

amplitude larger than the square of the amplitude of the·AY = .±1 

interactions. A AY = ±2 interaction of amplitude 1 would have a 
o -o 

matrix-eleme~~. of. ~rder f be_tween K and K states, which would 

lead to a ~~- :- -~ .. mass d.it't'erence J'm12 of order(}. Empir~-~.ally, 
. ; ' .. '· -· 0 

this mass dH'ferenc_e ,is .. or order om12 ~ 1/ -z;- (K1), an et't'ect of 
. . . . . 

second order in th_e _weak interaction coupling G. 

To account for the AI·= 1 rule within the scheme of unitary .... 2 .~ 

symmet:J:'y for weak .'interactions, there has been put forward the· 
ss-6a 74-$~ J a 

hypothesis .of octet dominance ' 1that the terms of ! ra.' 
in the ()Ctet .representation are enhanced relative to those in·· 

the (27) repr_esentation. Coleman and Glashow60) have :suggested 

a specific mechanism to achieve this result, the "tadpole mechani~m", 

Which is a generalization.ot' the "Kf~vacuum" mechanism proposed 

earlier by Salam and Ward61J. This implies the view that the 
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1 . ~ 
~I = 2 selection rule is an approximate rule, and that ~I = ~ 
transitions should also be expected to occur, but with some smaller 

or octe~ dominance 
hypothesis/is much stronger than the 

amplitude. ActuallY' this 

experimentaldatarequires at present. 
As mentioned. above, 

~y = ±2 non-leptonic transitions are absent, and only the ~Y = ±1 

non-leptonic transitions are known empil•icallY• 
Hence the data 

requires onlY that the strangeness~changing elements of~lJl~ 
0 -D should transform like K and K • EssentiallY nothing is known 

empiricallY about strangeness-conserving non~leptonic interactions, 

that is about the ~y _= 0 elements .ofJ~J=~. 
1 

J±.1 The ~I = 2 Rule. 

In this section·, we shall summarize briefly the evidence 

concerning the ~I = 1 selection rule for ~y c ±1 non-leptonic decay·· 
. 2 

processes6?.) -~ 
1. K~21T. The tii = -~ rule was first proposed by GeU-Mann and 

Pais63) t~ acc~\mt for the large value. rif the ratio r(K~~21T)/r(K-t.; 1r+1r

0

) 

With t.I = ~· ·the final 21T states which can be reached fn 
~ 500· 
K ~21T decay are limited to I ,;, 0 and I = 1 • Since .t = 0 holds for 

the 21T systemr Bose statistics allows onlY I= 0 and I= 2 final 

states. 
These two constraints-allow K{ transitions to the I =·0 21T. 

state, whereas they are inconsistent for t+ decay,. so·that the 

K+_,..1r+1TO decay process is forbidden, except through· deviations from 

the AI = ~ rule. This interpretation requires that the K~ branching 

ratio r (K~~21T0)/r tot (K~) should have the value h, characteristic 

of a' final I = 0 state, and thiS prediction is quite :well--satisfied 
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when allowance is made for the small ~I = ~ and~ amplitudes i~plied 
by the observed 

by the data, 

~ . . 

compilation of Chretien et al.~), 

for example, the three most' accurate determinations listed for 

~~a· ratio were 0.335 ± 0.014, 0.288· ± 0.021, and 0~260 ± 0.024. 
. . 

'2; A~N1r. Writing t}le A-+N'1r. decay matrix:_element in the 

t'ona (.s + ~~), the ~I = h ~ule r~qutres 
·Sols_ · := P/P_r = . -1//2. (4~ 1) ' 

The (1r0 n)/(1T-p) branching ratios ob·s;;~ved are in excellent 

agreement ~1 th ~he expe~t~ti~n (· fs~J 2:'+ /1'~/ 2 )/( (S'_/ 2 + jpj) = 
64) Por example, in the recent compilation by Chretien et al. , 

the four most accurate determinations-listed for this ratio'were 

0.460 :1:0.037, 0.555·±·o.040, 0.41~±0.075 arid 6.595 ± o.'o75. 

The asymmetry coeff'icients ~ (g~ ve~ ,~Y . ~~e { .s1' )f{ fsf2, +, fpf 2) ) • 

have been measured f'or. the n1r0 and P1T- modes,.the ratio being 

o'o5. 

+ ' .. -· ._: -: <· .. 

o./~- • 1.10- 0.27, in agreement with'the equality expected from 

(4.1) • 

Por A__..,.,,.- decay, polarization studies have establi'ahed that 

the decay is dominantly a-wave (p_js_ = 0.35_~_,0.03). The same 

conclusion has also been reached for the· A~n1T interaction', . 0 ' ·' 

from the branching ratio ~bserv,ed for . (AHe4 ~ _al~. :fr~ !~'_~des)/ _ , 
( 4 - ) . .. . ' I 39+0.2 ABe -..all ..- modes , Whic_l'llead_s to ,the_ e~timate po',~o 7 O. -0.12' 

in agreement with the ratio ·f';r the ~;,.:m,~d_e; .ll,.B e~e.cted :With (4.1.). 
- • • >•,·- • .._J..,_ ·;-~,··~· .• ~ .... -·· 

or the A~N1T decay __ amplitu~es are i!l_agreement 
Hence, the rorms 

with expectation 1 .·. '· .... ' . :' 
from the ~I = -· rule, in ·some detail.' 

2 
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- . : ''1 
.3. -=-~Jf'""·' The AI:= 2 .rule:predicts . · 

r(.:. ~ 1\rr-)jr'(~ (J-.1\"rrOj = ¥.2. . .. ---(4-.2) 

- - . 10 -1 The expe_rimental I'esults _are r( :::".~A'II" ) = (1. 76- ± 0.05) x 10 sec • 
0 0 10 -1 to be compared with the. valuesr(z ~A1r ) = (2.42 :!: o.3). x 10 sec 

obtained by the Alvarezgr_oup at Berkeley, 3,·5~:~ x_ 1o10_~ec~1 , 
obtained by the U.C.L.~. gro~p, a~d~~t~~:~,x1,o10 sec~1 ?bia.ined 

by the Ecole Polytechn~group60>.· The ~atio observ~d f~r these 

decay r_ates is not, f'ar' from the expected· ~alue (4.2). If we 
--o . -take the mea~-value of' these:::-:-:decay,rates·,.the;deViation from 

this _value.can be•accouii~~~- f'or\gy,a·AI =.~admixture about.:10% 

in amplitude~ -,:.. -~~ ~ .i 
'~ \ 

4. ~ ~Ni. · With th.e ~]::;,;'i ~~1~·: tb~ · ~~trix.ielements f'or the 
. _ ,-, ,~·- .. :; J -:. __ ·- r·-;:;· · -~ ., r•:;' -~.. .. . ... ··-~ . --~· ~:· .. . 

three observable ~~N1r decay processes can be written in terms 
':- ~ ~ . ' - ~ -· ' ~ 

of' two ampli ttides.1 

. ' • ' ' .. ·, . 'f '· ........ ''' ,·. •• :< ,., •.• , 
,;:.;., 
.: I 

r, '",•• ... - ~ 

-z+~ 11.-11"+': .•..• -~·····. -fT. + i:7; 
,, . .,. :;,;.;t, ... :·;·,· ,,1._ ·: ···'· •• 1 (4.3a) 

~+-.-.. p-rr-0: 

z~mr-: 

z+ 
0 

=+12r. t--~7: e ' . .a 3, 
., ' 

\ 

z~--· , .. ·::: -- .. ·· ... 73, 

_(4.3b) 

(4.3c) 

. ; . . . ', '·; .... ·; ·;•·· , ···: .. -~ :1 .-:: ... ·'- .. 
where T1 is'the amplitude leading to the I =-,final state, and 

'T
3 

the ·amplitude' leadin:g-·to' th~- I = i '~dri~l'·sia.te. · P~om these 
' ... ·: . : .·, . , ·'. , .. , .... , '{ . .· ., .. . 

expressions. (4.3), there follows' the AI = - relationsh-ip, ··-:- ·. + :•;:• ... .;;.:. :.: ·,·; ;:,.;:: ... ··.: 2_ 

~ ~ 0 ~ '·. : -."?"- +. ~-+ .• ~- : . . ··, ; . ' . .- , (4.4) 
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This· relationship holds for. both s-·· and p-'. wave parts· of the decay 

ampli tudes• '' ··with time-revexml. invariance, Watson's f'inal state · 

:interaction theorem46 ) states that-'these amplitudes are real excep1 

f'or f'inal-state scattering: phases;· These phases are known-and 
0 . . are small;· the largest being about 12 • · · It is therefore an 

adequate .. approximation to assume the amplitudes· (4.3) to be real.·. 

With the f'orm (s + PQ!~) f'or each· of' these amplitudes;· it is 

convenient_to.represent each amplitude as a vector-in.an (s,p) 
i , • : ." ,; • • ,· ; \ · ' ~ r 'i • ., ' " ' "'" • ·' ; • ' • ' • , 

plane, a~ f'irst done by Gell~Mann and Rosenf'eld66') • 
··~··,_.~ ~-~ ~. - .. ·. 

The magnitudes "of 'these vectors are obtained f'rom the correa-· 

pending partiai lifetimes, 

rtit) 
j. '' ~·· 

· ·-- · ·· ·· · · · · · · to ·· -1 · = (0· 63 .r O·Oif-) x 1o Ste • , 
., . . ' . . . 

(4.5a) 

.. ri2tJ . ·'. ··: . " ' •. 10- ._,' 

- (0~{,3 I 0 •O*) )( I() S¢ • J 
(4.5b) 

r{2:~) = (o··6~ r o·o2!l) x toto~: (4.5c) 

Theil" ·o~ie~~aiio~s are -l~dic~te~ by the 
. . . .... ~·- ·, ,. ·,.· . ;'' ''2 .·· '2; 

corresponding asymmetry 

parameters ~(given by 2sp/(s + p )), 
·~ ' . . . 

. ot(~:r· = . ~o. 03 :/:. 0· oa, 

Ct(2.t) = ,-0}8 :f: 0~101 . 

C({L=) = -0·/0 ± 0·15". 

' 
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(4.6a) 

(4~6b) 

(4~66) 



the value_~<~~) being-a weighted average of the values 0.73 ± 0.11 

0 ubtained by Beall et al. 67) and 0. 90 ± 0. 25 obtained by Tripp et al bB 

and·the value a:(~=) .being a-weighted average of the values -0;,16 :t 0.21 

obtained by Tripp et al. 68 ) and· -0.04 ± 0.023 obtained by Nussbaum 

et al.69). With~<~:)~ o, the~: decay amplitude is essentially 

; either pure s-wave·or pure p-wave. Similarly, the-~: amplitude 
'I,: 

I 

is dominantly pure a-wave or pure p-wave• 

If the triangular relation (4.4) is to hold, the equality of 

the magnitudes (4.5) ind:ic~te that.the triangle fo~med by 

/2~+,~+, and~- must be approximately right-angled. If the ampli-
o. + . -. - ' . ' 

tude~+ is along the p-axis, then~: must be"approximately along + -- . . 

the s-axis; alternatively, ~+ may be along the s-axis, in which 
+ ·-·. . . . 

-case ~= must be approximately along the p-axis~ In either case, 
• + 0 

relation:(4.4) then requires~ to make an angle of -45 with the 
0 ·- - ' . . 

s-axis, so that ~<~~) ~ -1 is predlcted by the 11! = ~ rule. 

With the experimental value (4.6b) for ~(~~), .the triangle 

actually does not close. Since this value~(~~) is compatible with 

two values for pc/s
0

, which are reciprocal, there are two directions 

_possible for ~~. as shown in Fig.6. The ·best solutions obtained 

by least squares fitting deviate from the.closed triangle predicted 

with the AI = ; rule, by about one standard deviation in one case, 

·- . .and by about 1 .5 standard deviations iri the other case. The best 

fits require the value ~(~~) = -0.95, rather larger than the present 

experimental value. 

The assumption that ~: lies along the s-axis, and ~: lies along 

the p-axis, or vice versa, urgently needs a direct experimental test. 
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+ + 
For each of the decays ~----?--~ + 1r, ._the (s,p) orienta_tion .of the 

• ' • . . r~ 

corresponding ampl"i. t~de could be est~"blished by de_termiriing _the __ 

y-coef.fi~ien0Jin t~~ distr;bution of neutron po1~ri-zat:ron i~r the 
. . + .-. - . ._·· - ' 

decay of polarized ~-, since each_ Y is proportional to the corres--
2 2 2 2 ,• : . . . . . 

ponding (s - p )/(s + p.). · . In fact, at the present stage,_ ·only 

the sign of each y need be determined_ to es.tablish which axes each 

of ~ ~+ ~ E- lie along. However, to date there has been no + - . 

attempt at these difficult experimental measurements. 

5. K-+Y[. All of the data available on the decays K+-'IT111"+1l"'· 
+ 0 0 0 + - 0 

and 1r 'IT 'IT and K2 -+ 'IT 'IT 'IT. ·are _comparable with the. requirements or. 

the AI = ~ rule. The only f~atures or these decays which provide 

a significant test for the absence of lli = 3/2 transitions are as· 
f'ollows: 

(
i) the ratio r(K0~'1T+'IT-'1T0)/r(K+~'If+'ITO'ITO) is .. predicteo. to. 2 . . 

-- . - . 1 ' 62) 
have the value 2.06, with AI ~ 2• The experimental values available. 

lead to the a~une value 1.6o! 0.3 ror this ratio. This caribe 

attained with sjAI = ~ admixture,of relative amplitude 7:!: 5%· .:· 

(11) the slopes of the 1r
0

. spectrum (divided 'b;:r-_:;;!e phase-,space -. 

epectrua) in K~ decay and the ,..- spectrum (divided by phase-space) 
+ ++- 1 . 

in x..,...- 'W 1r decay are required--to be equal, by .the lli =.-·rule.>.· ·• •· · 
. . -. 2 

The experimental ratio 1a (13 :!: 8)/{1-1 :!: 6), 1n accord with this · 

However, th1s observaU~n allows the lli· = 2 ampl1 tude ·.-
. 2 to have the value 16 ! 40°jo relative to the relevant lli = 1 . ' 2 

expectation. 

aaplitude. 
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4.2 Weak Vector Mesons and Unitary Symmetry. 

fLee and Yang7i) have discussed the generation of' the weak decay inter­

actionsvf~«'~!~:~~~~7through the coupling of' intermediate vector 

'fields Wie with' the currents· ~e and J~ • In particular, they have 

discussed the conditions which these W-f'ields and thei':r couplings 

must satisf'y in order to ensure the absence of' ~Y- = ±2 transitions, 

and the existence of' the ~I = ~ rule. Here we shall adapt their 

arguments to the situation where the currents Je· belong to an octet. 

The coupling between the charged· ~y = 0 current Je (f'or _which 

~I= 1) and the charged ~y = 1 current Se (for-which-~I = ~) is 

generated by their coupling with a charged intermediate vector meson 

'field w1e' and takes a 'form propotional to (J~Sa + h.c.)'. This 

'form is necessarily a superposition of' AI = ~ and AI = ~ interactions. 

The simplest· procedure· to remove the ~I = ~ te~ms is to·· introduce 

corresponding ~y = 0 and AY = 1 neutral currents, whose coupling also 

leads necessarily to a superposition of' ~I = ~ and ~I = ~ interactions, 

and then to combine these charged and neutral couplings in. such a.way 

as to eliminate the AI = ~ terms. This-procedure necessarily involves 

the introduction of' neutral vector mesons w2e coupled with these 

neutral currents.· Th~ absence of' As·= :1:2'transitions then makes 

it clear that the neutral 'field w2e must _be distinct 'from· its antiparticle 

'field w2!.· Hence, the minimum number of' weak·vector mesons-required 

is 'four, consisting of' the doublet (w1 , w2) and their antiparticles. 

Within the unitary symmetry scheme, the neutral AY = 1 current 

corresponding to J; is necessarily Jj. The coupling of' the (W1 ,w2) 

doubled to these strangeness-changing currents then takes the 'form 

Lws = /sine [ (r/Jor ~0( + {~)0( 114ct + "h.c.], (4.7) 
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where w1 and w2 transf'orm like an isospin doublet. 1 
With I = 2 

f'or (w1 ,w2), then, this interaction conserves isospi?· Since 

w2 is distinct from w2t, this interaction cannot generate any 

~y = :1:2 matrix-elements. 

. 1 1 
The neutral ~y = 0 currents corresponding to J 2 are J 1 and 

J~. These may be combined to form a neutral isovector 

(J~ - ~)//2, and an isoscalar (J1 + ~)//:2. In order to obtain 

the AI = ~ rule, the W-J coupling must be an isospinor; 

~I = i terms may be constructed, giving 
2L /'_ _f I 1 !1. 

/liT = rc;qstJZ ( T.2a' ~a- $(Jj()(.- J.;,.J~ct) + h.c. 
+ i~ ( -?i~ + ~~) ~~ + h. c.}. 

In expressiona (4.7) and (4.8),the coef':f'icients :rsin$ 

two 

(4.8) 

and fcose 

have been chosen such that the observed leptonic interation (3.~) 

results from the coupling of' these currents with the weak lepton 

current, through the charged vector meson coupling 

Lwt = f( i,~ +/,.c.). (4.9) 

The coupling coeff'icient f is then fixeCL by the requirement. 

-/jM; = (i~, (4.10) 

that the coupling of J~e with itself she>uld have the observed 'form. 

Since there ~s no direct information poe>sible on the neutral 

currents, the coefficient X in expressie>n (4.8) is still a 'free 

parameter, except that time-reversal in~ariance requires that it 
' . 

should be real. 

• We note that the LwJ given by (4.8) cannot be written in the 

Bchizon form of Lee and Yang7!) \inless X is purely imaginary. 

In this case, LwJ does_ not satisrY tin1e-reversal invarinnce. 
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This failure of time-reversal invariance is a serious· objection 

to the possibility of a schizon form with the above Lagrangian a; 

since the two terms of (4.8) involve the same currentsJ~ and 

J~, their contributions will necessarily be- coherent and ·there 

will be a failure of time-reversal invariance for the non­

leptonic interactions generated by W2 exchange (unless A= 0). 

The non-leptonic strangeness-changing decay interactions 

generated by. vi-exchange. have initially the form 

< Lws Lw;r > == f~lnfJcose(4rp -1cl1,s/Mw) { (:r}1 ~) - -j ( :r;1 (:r/- J;.A 
-2. A.l ~ J l~ f 0( "' 

+ fA(J;2);{ (J;J+J;.}~ +h. c.}, 
(4.11) 

where q denotes the W momentum transfer. Since this form will 

be strongly modified by radiative corrections due to the strong 

interactions, our interest in this interaction lies only in its 

su3 properties, since these will be preserved by strong interactions 

invariant with respect 'to su
3

• The form (4.11) certainly,guarailtees 

AI=; forAY= ±1, as a necessary consequence of:the struct~re of 

(4.7) and (4.8). However, the .interaction (4.11) _is not generally 
~·.' 

of octet form; it still includes elements· belonging to the (27) 

representation. Omitting the _suffices a.,~, and making use of the 

relation (J~ + J~ + J~) = o, ;he ~urly bracket o~ (4~11) m~y ~~ 
written 

( 
-rl;r2 2 2 :r.3 2.) 11+1 ( "7"2 "7'".3) h' . 
v 3 1 + J3 ~ + 3 :J; - T ".3 "3 + .c. (4~12) 

The first bracket of this expression is 1rff, an element-of an octet. 

The second bracket J~J~ is not of octet form, but includes the-

242 

element T§~ of a (27) representation. Howaver, it is easy to 

eliminate the (27) term, by .the choice A= -1. The interaction 

(4.11) illustrates the point made earlier, that the absence of 

~y = ±2·nonleptonic interactions and the ~I=~ rule for the 

AY = ±1· non-leptonic interactions are not sufficient to ensure 

that the AY = ±1 weak non-leptonic interactions have the octet 

form. The octet hypothesis for the AY = ±1 non-leptonic inter-

actions does involve still more specific assumptions, as we 

have·just seen. I 
With A= -1, the effective Lagrangian for the weak ~Y = :1 

non-leptonic interactions has the su3 form, 

LTS 
T2 + Ta ·.s .2 

(4.13)' 

This is precisely-the form obtained in Okubo's discussion7Z) of 

the intermediate vector mesons in unitary symmetry. Now, since 
2 · o ~ 3 -o T
3 

transforms under unitary symmetry like K , and T2 like K , this 

interaction transforms under unitary symmetry like (K
0 

+ K0
), 

i.e. like th~ K~ state. In Gell..;Mann's notation7..3), LJS trans­

forms like the sixth component F6 of the unitary spin. 

As far as its space-time properties are concerned, LJS trans-
0 forms like the x1 state since it necessarily has CP = +1. It. 

is of interest to note5&9)that the particular tadpole transition 

K~~vacuum is, :forbidden by unitary symmetry, since a weak 

interaction (LJS) transforming like the K~ state necessarily has 

zero matrix-element between v~cuum and K~ state, the xf 
and K~ states being ~hogonal with respect to unitary symmetry. 
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We may note explicitly that the h~pothesis of "octet 

dominance" is stronger than the hypoth~ses which lead to the form 

(4.13). With~= -1, the ~Y = 0 weak non-leptonic interactions 

have the following form with respect te> unitary symmetry: 

<Lw:rLwr>"' (~;;; -1-:J;~ Jt:Jcos2
B ~ (~ Jt! + ~ :;;!Jsin~ 

= (Ji!~ccs2(} + ~Ji!sin28)- ~.Tt.! CI)S29- ~: ~ sin28. (lf-.1/f) 
1 3 The first bracket of th.is expression Consists of T
1 

and T
3

, but the 
last two 
/terms again include terms from the (27) representation. More 

complicated schemes, involving at least another neutral W meson, 

are needed if it is required that all ~lements of the weak non­

leptonic interaction belong to an octet, i.e. -if true "octet 

dominance" is required to hold exactly~ rather than as an approxi­

mation resulting from some dynamical e~ancement of the octet 

. terms. However, there is really no e~perimental evidence at 

present which requires hypotheses beyo~d those leading to the 

form (4.13). 

4.3 Octet Dominance for ~Y ~ *1 Decay Processes. 

In this section we wish to discus~ consequences of the form 

<Lws Lw-r> Tfl+ T.a 
.3 2 (4.15) 

appropriate for the ~Y = ±1 non-lepton:tc weak interactions in the 

scheme of unitary symmetry with octet ~ominance for these inter-

actions. The most convenient way to ~iscuss thes.e is through the 

introduction of an "octet spurion" S , whose matrix form is 

s (; 0 

I) - (4.16) 0 

t. 
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The weak interaction (4.15) can then be written in the form 

Tr(OT). 

Charge conjugation parity ~can be defined for an octet 

of mesons, or for an octet of currents which is charge conjUgate 

to itself. The eigenvalue ~ is necessarily equal to the 

charge conjugation parity of the diagonal elements of the octet. 

For the octet product of two octets, -~ has value equal to the­

product of the separate ~- values times +1 if the coupling is 

D-type, or -1 if the coupling is F-type: this is seen directly 

as follows 

IJ {A~ 13i -rAJ!:/-) =- C,..,A~cC-tBic + C-IAicc-'.B~c 
(p :J1..-'1."J 'J ~- 1 'J 

;p(J1.. !J == i>A rt>a A.t 8; ± 11 Bt.) 

= :t~{8 (Aj-Bj + A/Bj). (4.17) 

Since the current t is parity non-conserving, it is really 

f:l-) ·sG:-J necessary to introduce two octet spur ions, S and , for the 

parity-conserving and parity-reversing parts of the.decay inter-

action. 

- sC#which 

~~ +1, 

j!~~ 

Since CP = +1 for the weak interaction, the apurion 

corresponds to t~~) terms j~'J~ and J!'J.! _has· 

and the spurionS which corresponds to the terms 

and J~~! has ,( = -1. 

Consider the decay interaction K0~~+ + ~-. This is a 

0-~ 0+ transition, so that it involves _the octet spurion ~- ... _ 

and it is convenient to consider the decay interaction in the 

form 
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I 

. (:-) 
k?+ 7r+ + Tr-~ .s (4. 18) 

• 
Trev and K mesons belong to the same octet M~. In order to form 

this interaction, we are required to form an octet.from three 

identical meson octets; the only combination possible is the, 
• ijk: ,? 0 

symmetric product (MjMkM~). Since ~ = +1 forM( ~(v) = +1, 

si~ce v0~2y occurs), the interaction thus formed necessarily 

has .( = +1 • Since -t = -1 holds f'?r st=-J, it follows that,. . . . 
This'statement assumes that the interaction involves only the 

field strengths, not their derivatives. For example, allowing 

first-order derivatives we could form the combination 

'C> .;,)( a / i) -1 AA J a / M ;4)) '()~(AI;. (}'\{lAf~ . M.t - lY/~,(J)(O(L' 't ( i) 

which has -1 = -1 • With exact unitary symmetry, these 

antisymmetric terms necessarily vanish since all the meson fields 

are then on the same footing (e.g. this interaction (i) may be 

re-written (,m_i-' ~2.) x M~(1 )Mj(2)MJ(3) which vanishes when· 

m
1 

= m
2 

= m
3
), and the inter~ctions can all be reduced to the 

form given in. the text .• In the symmetry-br?ken situation, 

antisymmetric c_ornbinatlons can be formed, but their coefficients 

are necessarily proportional to. the mass differences. ,However, 
2 2 2' 

for K ~2v decay, the simplest factor is (mK - mv)/M , whe~e M 

is_some characteristic intermediate mass (of order 1 BeV), and 

this may not be such a small factor. 

with octet dominance, the K~ ~2v decay is forbidden in the llml t 

of exact unitary symmetry. 
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This/conclusion that octet dominance forbids K~~2v decay 

appears rather distressing, since a strong motivation for the intro­

duction of octet dominance was the 6! = 1 rule, which arose from the 
2 

attempt to explain why K+~V+VO decay appeared forbidden in com-

parison with K~~2v decay. However, Gell-Mann58 ) and Cabibb~9) 
have emphasized that, With Octet dominance, the r-v+vO decay 

1 is allowed only through electromagnetic deviations from the 6I = 2 
rule. Such electromagnetic corrections would be expected to give 

rise to a ratio r(K+~v+v0)/r(K~~2v) ~ (a.jv) 2 ~ 10-5, so that 

it has never been easy tc understand how the ratio could be as 

large as the observed value, of about 1/500, on this basis. With 

octet dominance, K~~2v decay is also forbidden but can occur 

through the effect of the symmetry-breaking interactions,which are 

moderately strong, with a typical coupling parameter abciut1/10. 

With these estimates, the branching ratio r(K+~v+v0)/r(K~~2v) 

is expected to be of order (electro-magnetic interactions/symmetry­

breaking interactions)2 ~ 10-3 , as observed experimentally. 

Next we discuss the implications of octet dominance for the 

non-leptonic decay interactions of the baryons, for which the 

observed transitions are of the form~~~+ v. Generally, 

these weak interaction processes may be wr~tten, with introduction 

of the octet spurion, 

IE ~ ~ + ?'It +S . (4.19) 

In.this form, the interactions (4.19) have an invariant form with 

respect to unitary symmetry. The most general form is obtained 

by contraction-of the indi~es in the product .. dB~~~M~~ in all 
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possible ways. Taking into account the tracelessness of the 

octets, this form consists of nine terms: 

f11 Tr( ~Sln~) + M.2Tr{~Jlt~S) + ~ 7Y{iBSm) +'\ Tr(iffsBmJ 

+ M
5 

Tr{?Jmse; + M, rr(~lflms) + lv17 7r(im}h-(eS) 

, + A18 rrr&r~;rrEillJ + Me, 7;(iB~)TrrmS), G-·'-0) . 

with scalar coefficients Mi. Actually, there exists one linear 

relationship between t~ese nine traces. This may be obtained by 

considering the identity 

2, c-1' P CB rx t8f3 nl s. d' p .J .-\ftva- so (4.21) 

where the sum is over all permutations. P among the four suffices, 
p 

and (-1) has the value !1, according. as the permutation Pis even 

or odd. This identity holds since these suffices (A~v~) are 

each limited to the values 1,2,3, so that some two of them are 

necessarily equal. If we now carry out.the contractions (A~), 

(~y), (v8) and (a.~), .the identity (4.21) reduces t.o the following 

identity between the nine traces, as pointed out by Okubo72), 

-rrciiSm~J + rrcim®sJ + Tr(~~sm; +Trclsff>m) 
: ' . 

-r Tr{'tms(fJ) +:Trtit~ms;- Tr-(lm)7i'(~S) 
- l;(~S)Tr-(~m) - ~(UJ)h{lllS) s 0 (4.2.2) 

This means that all the matrix-elements for individual processes 

given by (4.19) remain unchanged if M1 ,.M2 , M3 , M4 , M
5 

and M6 are 

increased by an arbitrary amount ~. while M
7

, M8 , and M
9 

are 

decreased.by the-same amount¢, i.e. one linear combination of 

these.·amplltud~n3: i~c.arbitrary •. Hence, only eight linearly 
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independent amplitudes are necessary for the specification of 

the form (4.19). 

The matrix-elements for the individual processes (4.18) of 

physical interest can be picked out from (4.19), leading to the 

following expressions, given by Sugawara74): 

M{l\-prr) ""-v'2M(tt~nrro) =-viM, +It~+ vtA1.3, ·. (4.23a). 

A1(Zt) = A1:l + M7, (4.23b) 

M(z:) - Ma + M7, (4.23c) 

No. ext; - v'J ~ - (f Afa 
. ' (4.23d) 

llf{Z~IIrr) :=:: {il fllr(:;D._.IIrrD) = -vtM1 +Vi M3 - VfM4 • (4.23e) . 

The amplitudes M5, u6, 118 and 11
9 

do not contribute to the observed 

processes (for example, the term M9 clearly does not change Y for 

the baryons,.and so describes only K0 (or X0 ) emission processes). 

We note that the amplitudes t 1 can be eliminated from Eqns. 

(4.23b-d) to give the linear relation, 

~~ ~.,. - -:z- -1- L. + 
0 - -~-

(4.24) 

obtained previously (cf. Sec.4.1) from the AI • ~rule. •obviously, 

this relation must also be obtained in the present discussion, 

since the model of octet dominance was constructed in order to 

achieve the AI • i rule within a framework of unitary symmetry. 
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Since the five amplitudes listed above are expressed in terms of 

four independent amplitudes (e.g. M1-M2 , M1-M3' M2+M7 and M3+M7), · 

this is the only relation between these e•plitudes which can be 

obtained without further assumptions. 

One further relation between these amplitudes can be obtained 

by appeal to CP invariance. However, this relation depends on 

the assumption th&.t, when the decay interaction ~..-> fa + 'ht is 

written in the relativistic form 
- p ~ 

(~~~ (A- 8os-)CB;Jtlt}l (4.25) 

the coefficient A, 8 have the forms (4.23) appropriate to unitary 

symmetry. If unitary symmetry were exact, this assumption would 

not involve any limiation on the validity or the relation given 
. ' 

below. In the physical symmetry-broken situation, the ·inter-

actions can always be reduced to this form but, since the relation 

between different forms depends on the physical masses, there 

be appreciable deviations from unitary symmetry for (ti,B) generated 

in the use of the form (4.25).: For example, there could be a 

term Cya.(pf- pi)a. in the parity-reversing term of (4.25); this 

term contributes C(mr-mi) to A, a contribution which would be 

zero in the limit of exact symmetry. Similarly, the.re could be 

a t.erm Dy
5
ya.(pf+Pi)a. in the parity-conserving term of (4.25), 

which would contribute D(mf-mi) to B. Essentially, the assumption 

here is that terms with these properties are not dominant in the 

e~ $ + 1r interaction, so that the deviations of ·cA,B) from 

the forms (4.23) may be neglected, in first approximation. 

:::; 
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Under the operation of charge conjugation, the baryon and 

meson octets transform as follows: 

cBa.~.QA 
'A Lfl.la.' 

· (4.26a) 

~n; ~ m;. (4.26b). 

The corresponding transformations for the traces in expression 

(4.19) are then, 

Tr{l3sn~) .~ Tr rtms£)) 

Tr(iB6Srrt) ~ .· > Tr(dfJ~'!nS}, 

Tr(~Tr(&J ~ Tr(?Jm) "ht_tsJ, 

(4.27a)' 

(4.27b) 

(4 •. 27c) 

with Tr(~>n.es), Tr(lBS~)tt), and Tr(~ )Tr(}ltS) remaining invariant. 

For the A-term of (4.25), we have P = -1, and CP-invariance for 

the weak interaction f8 ~ fit> + M then requires that expression 

(4.19) for the A-interactio~s should reverse sign under the 

operation C • Thus CP invariance requires 

(4.28a) 
:r'".:~!l. = A-~ - ltiJ = o, 

A3 = -A6' 
(4.28b) 

A7 = - AB, (4.28c) 

A, - -As-. (4.28d) 

Expressions (4.23) then become 
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A (11~) = -/-:A, + (lAa, 

A(:z.:; = -(IA3, 

A{-=-~J = -(fA, + v'f A3' 

where A(BQ) refer to the decay mode of baryon B of charge Q, 
q 

(4.29a) 

(4.29b) 

(4.29c) 

leading to a pion of charge q. 

one additional relationship, 

These expressions (4.29) imply 

-2 A[-:) -A c~;- = - t'3 Acz:), (4.30) 

-first pointed out as a consequence of CP invariance by Gell-Mann
58

). 

For the B-term of the interaction (4.25), we have P = +1, 

and CP invariance for this weak interaction therefore requires 

that the corresponding expression (4.19) should be invariant 

under the operation C. This requires 

-131 = B.s-, (4.31a) 

~ = B~., (4.31b)' 

~= 8-r, 
(4.31 c) 

with_ no new constraint on B2 , B4 and B9 • These conditions do not 

impose any new relationship on the B amplitudes. 
the. ~plitudes 

_With the form (4.25),LA and Bare related to 
1 ctS -Follows 

the decay rate) : 

r{8;~tt+7TJ = ~?-pttt~~+M.;J2._tr?J + !8f(C~r~i~t- m:) }, 
- ~ 

(4.32) 

where q denotes the final c.m. momentum. The asymmetry parameter 

~for this decay mode is given by~= 2x/(1 + x2), where 
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.J... 

:;c = f/S- = (l3/AJ[£~-M_;):_TI!;;.J/f!._~+M;)2__ ~:.J },2 

(4.33) 

where we have·ass\.uned again that A and Bare real, on the basis_ 

of time reversal invariance and the smallness of the ~ - Br 

scattering phases. -- ' 0 For. ;. _ and A_ decays, the amplitudes A 

and B are well known from rather detailed polarization studies; 
± - ' -

for the ~ decdys, the amplitudes given are obtained from the 

partial lifetimes and asymmetry coe~ficients given in Eqns. 

(4.5) and (4.6). The amplitudes (A,B) for each of these decay 

processes are collected together- _in .. Table IIL - For a given 

decay proces~, only the sign of B/ A is determined by the experi-

mental data. The absolute signs are not known for the individ-

ual sets (A,B). As a convention, we take A(A~) to be positive; 

then, the question is whether agreement with the predictions 

following from the Cabibbo current-current form and octet dominance 

can be obtained for some assignment of the signs for the A 

= --amplitudes for the ~ and ~- decay modes. With the sign choices 

shown in Table IV, we have 2A(~=) - A(A~) = + o.51 ± 0.04, to_be 

compared with the two possible values (i) '+0.29.±0.04, and (ii) 

+0.62 ± 0.06. - The agreement with possibility (ii) appears 

reasonably satisfactory; • the agreeme~t would be improved for 

• A better fit is obtained in the discussion of the empirical 

status of· the relation (4.30) by Stevenson et al.75), who have 

used the value ~<~~) = -o.9o ± 0.25 obtained by Tripp et a1. 68) 

both_ of these possibilities i:f' the value ~<~~)were close to -1. 

Further relationships, especially for the B-amplitudes, have 

been obtained by Sugawara74) and by Lee76). Sugawara assumed 
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that R invariance should hold for the weak non-leptonic interaction, 

where R denotes the operation of hypercharge conjugation. 

octet xi, the operation R is given by 

7( X."· 7(-' = e.x x4 , 
' J I, 

where the choice eX = ±1 is characteristic of the octet x3. 
the baryon and antibaryon octets, we have+ 

cB q' ~ rB .\ ~p ~ ,.. £/4-
,\ ~, f- ~· 

P'or an 

(4.34) 

For 

(4.35) 

+ It is unimportant which choice is made for C here, since all the 

expressions of interest involve both fR and ~ , so we choose 

~ = +1 0 

Then, for the peeudoscalar meson octet,·it is necessary to choose 

~r 
v 

1? ~ )I 

+- lltr, (4.36) 

since tbe df~~ strong interaction is dominantly ~ P-t~ Qouplin8 

(and so the product ~is even under R}. The effe~t ~~~Ron 
expression (4.19) is then simply to reverse the order of tho !I!Atrigf,!l!l 

in the traces. R-invariance for (4.19} then requires 

A; = ..46 , tk ==- A-~ , . A-~ = A.s-, (4~37} . 

with no conditions on ~~ A8 and A9, and 

. ~I=- ~6' ~cat = A4-' 4s = 13~ • I 
(4.38) 

with no conditions on B7 , B8 and B9• It has been e-.~n~~ized by 

Hara77) that the conditions obtained abov~ f"F.OJIJ. C?T? ~P.Y!ilr~!P.~~ JIJ.'l.B~ 
still be taken into account. With (4.37) and (4.3§), :fibeM le!~ 
to the following equalities tor the amplitudes, 
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A(A~) = A-C.;::-) = -fa A(~t) -= -vi A;, (4.39) . 

0 1l -8(A;.) = - o( --) = Aj{8(Zt) = -lt,.L(B,-B:;.). (4~40) 

These expressions are necessarily consistent with the Gell-Mann -

relation (4.3o) for the A-amplitudes; however, they are also 

consistent with the same-relationship for the B-amplitudes, 

.Z 8(.::.:) -~{A~) = -/3 8{::£:), (4.41) 

given first by Sugawara74) and by B.W.Le~6hThe expressions (4.39) 

and (4.40) are roughly in•accord with the data shown on Table III. 

Exact agreement would not be expected, in any case, for it is 

known that R-invariance does not bold exactly for the strong 

interactions. The outstanding requirements of R-invariance ~or 

the strong inte·ractions, which disagree with the experimental data,. 

are as follows: 

(i) R invariance requires the meson-baryon Yukawa coupling­

to be entirely D-type or F-type, and does not allow a mixed 

coupling. As discussed earlier, this coupling is dominantly 

D-type, the f/(f+d) ratio probably being in the lower half of the 

range 0.1 - 0.5. Pure D-type coupling would require the existence 

of a (10) decuplet ( (KN) 
0

, Ni, Y~, ~ l) of P:n_ resonances, de~en­
erate with the known (10) decuplet in ~be limit of zero mass 

splittings. These (10) decuplet resonances certainly do not exist. 
. Ai) . 

However, the work of Martin and Wali)has shown that the forces 

effective in these two representations do rapidly become different 
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as f moves away from _the R-symmetry value, f = 0; in fact, no 

(10) resonance would beexpected to survive, for f as large as 0.1. 

(ii) With R-invariance, the branching ratio r(pp~~+~-)/r(pp~K0f0 ) 

is predicted7S) to have the value 1, apart from th~ phase-space ratio, 
I . 

whereas the experimental ratio79) for stopping antiprotons is 7.0±1.0. 
1 o) (iii) As pointed out by Coleman and Glashow , R-invariance 

predicts zero magnetic moment 1-Ln for the neutron. Since 1-Ln~ -IJ.p' 

and R-invariance places no such restriction on 1-Lp' it would appear 

rather unreasonable to attempt to attribute IJ.n to small deviations 

from R-symmetry. 

On the other hand, for the weak interactions themselves, the 

main motivation for considering the hypothesis of R-invariance. is 
i the possibility that the currents (Jj)~ may transform simply with 

respect to R. For ·the leptonic transitions of the baryons, the 
. •. i v 

vectcrcurrents ·(Jj)~ do transform withe= -1, 

l( ( C'/J':) _R-1 = - (.lj'):, 
since the relationship of these currents 

requires F-type coupling. R-invariarice 

would then require the same e for (J;)!, 

(4.42) 

with the isospin current 

for the weak current c}l~ 
whereas we know that the. 

axial-vector currents are dominantly D-type ;. the ratio F Ji (D A + F_d~Y3. 
was obtained from our discussion of the Cabibbo currents in Sec. 3.6~ 

Hence, despite the agreement between··the data and the relations 
~~~ . . 

(4/?.Cf'>f., the hypothesis of R-invariance for the weak currents appearB. 

to be directly contradicted by· our knowledge of the baryon leptonic· 

decay processes. 

However, B. w. Lee76) has considered the hypothesis of combined 
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RP-invariance for the weak currents. For the vector currents, the 

parity p is -1, ao that RP-invariance requires 

7? [{r/J:J7<_, = ...- f,r.l)V 
l d Jot' (4.43) 

corresponding to F-type coupling. However, for the axial-vector 

currents, the parity P is+, which.means that RP-invariance requires 

1( { ( ~~ J~A] '/?'"71 = + (_ ;r~)A 
3 o(' 

(4.44) 

so that D-type coupling is required. · The observed axial-vector 

coupling doescontain more D-type than F-type coupling (although 

the ratio is only 2:1), So there is less objection to the RP­

invariance hypothesis on this ground than there was to the 

R-invariance hypothesis. 

For the B-amplitudes, RP-invariance has the same consequences 

as R-invariance, since P = +1. Hence the relation 

~-~~A~ -~2+ 
0 (4.45) 

again holds for both parity-conserving and parity-reversing parts 

of these decay amplitudes. For the A-amplitudes, there are now 

some additional constraints. Here P = -1, and so RP invariance 

requires expression (4.19)to reverse sign under R. Taking into 

account the relationships (4.28) following. from CP-invariance, 

we obtain the equalities 

1 = A-a = -As- = - A6, (4.45a) 

~ = A~r _,; A7 = 48 = A9 = o , (4.45b) 

leading to the 1'ollowing relations ror the physical amplitudes, 
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A(11~} = -A{-=-:) = -/flr{:z~J = -/t4,, (4.;46) 

A{L:} = 0. 
(4.47) 

The· relation (4.47) may be in accord with the experimental data; 

at present, we know only that either A(~+)~ 0, or B(~+)~ 0. 
+ - + 

However the relations (4.46) ave in strong disagreement with the 

data, as displayed in Table UI. This is most striking in the 

0 . - ( 0) ( -) comparison between A_ and :::=: _ decay. The rela tiona A A_ = -A ~ 

and B(A0
) = -B(=-) require the equality a(A0

) =a(=-), whereas - - - -
0) -the experimental situation is that a(A_ and a(;_) are both large 

and well determined, but have opposite sign. 

We conclude that there are strong disagr.eements with the 

experimental data f'or either of' these hypotheses concerning 

R-symmetry, whether f'or R-invariance or f'or RP-invariance of' the 

weak interactions, and that these hypotheses must be rejected. 

However, it ·is of' interest to look again at the experimental 

data concerning the relation (4.~S), presented on an (s,p), or 

(A,B) plot in Fig. 7 . The vector J3 ~~ does not close the triangle 

formed by -A0 and 2~-, f'or either of' the amplitudes given in - -
.Table nr. Nevertheless it is quite remarkable that if' '43 ~~were 
equal to the vector which closes this triangle, which would require 

a(~~)~ -1.0, this va~ue f'or ~~would also satisfy the triangle 
1 relation (4.2~) required by the AI = 2 rule. Clearly, a remeasure-

ment of' the asymmetry parameter a(~~) would be of' the greatest 

interest at this point. 
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Table I. " The Matrix-elements for L'eptonic Decay Modil~ ·of Hyperons, · :·' 

according to the Octet Hypothesis' of Cabibb·o: 

.. 
Transition Vector Axial Vector Branching Ratios 

(i) U.F.I~ ;. (ii) Expe.rimental54) 

> ' ' 

rt- p cos e (D A+F A) co,~, 9 

~-~A 
~ ;_ : '.: .~J~ ?A _co_s e 2.4 x 10-4 (o. 75±0~28) x w-4 

A~p J~ sin e Jt(DA + 3FA)~in e. 1.5% (8.1:!:1 ~0)· X 10-4 

~-~n sin 9 (-DA + FA) sin e 5.8% (13:!: 2) X 10-4 

8- ____,.. A j~ sin e /t(DA-3FA)sin 9 2.o<Jo (24 ± 14) X 10-4 

"' The branching ratios listed in this column correspond to the 

hypothesis (U.F.I. = Universal Ferm1 ~nteraction) that these decay 
th~ same vector Qoupling 

interactions all have the (V-A) form witl~strength as the nucleon 

beta-decay interaction. 
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! A~p I ~~n -=.~A 

~:::::: :~: 
(o.64 :t O.OS)AI-v '+ (0.37:!: 0.10)Al V ·- (0.14 ± 0.07)A 

:. 

- (1.0 :t 0~05)AI v ~ (0.23 ± 0.10)AI v ~ (0.84 ± 0.05)A 

Table II. The. (V ,A) forms pred;cted· for the.:"strang~ness-changing 

b'e-ta-decay interactions hsing 'the·::cabbibbo ·currents and the two 
• ,• ! • "v ' 

s
1

olut~ons for (n.A',FA,e) bven_in the:!text. The only_form known 

ein-giric~lly is that determined_by Rubbia:et,al.55) for the A~p . 
transition, v~(o.8 :!: o.3)A. 

' 1 -

;~·, 

t.-

() 

t: 
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element (3.47) with A = H(sin c\"m(k'IMT), H being constant 

and B C = D = 0. The I = 0, a-wave ~-~ scattering 
' ' ' . . . 

phase 8 .. · used corresponds to the Chew-Mandelstam ex-
• . • ; 'IMT:-. '. . . . . 

. pression (3.60) wit~. zero-energy scattering length a
0 

1 .3/m. 
. . . TT .. 

(c) the M spectrum obtained for the B term of 'IMT 
.3.47) alone, with B taken to have the same contant value 

as taken for A in spectr~m (a). This spectrum corres-
'· 

ponds to 271"-emission with I = 1., p-wave relative motion. 

Fig. 6. The amplitudes (E- + v2E+) and E+ are compared on an 
. -: .. ,.·, 0 '. .. + . 

\ : 

Fig. 7 • 

(A,B) plot, in order to test the triangle relation 

~= ; (2E~ = E: predi~ted by the l1I = 1/2 ~ele.ction rule. 
<:, \ ·' 

The comparison is made for the two.conpgurati.ons (i) 

and (ii) for the E+ amplitude, for each of the possi-,. . ., .. o...... . ·,; . . ' . 

b~litie~ (a) and (b) for the E+ and E- amplitudes, which . ·. +·. - ...... 
come closest to satisfying this triang~e relation. The 

amplitudes used are those given in Table III. 

The amplitudes ( 2:~C - A 0 ) and ( -,"3E+) are compared on 
.... -. - ·.· 0. . ·.· 

a~ .~A,B) plot, .1J1 .order to te~t .the s~3 .relationship, 

2E-- A0 = -(3E+·predicted on the basis of octet 
- - 0 . 

dominance and other_.as.sumptions. This comparison is 

made for the two possibilities ( i) and (11) f'or the E+ ' ·.• ·.. . . . . . . 0 

amplitude, as given in Table III. The relation is 

satisfied by .the A-components f'or the case (i). We 
; l . '; .· .:·; ; -. ·' ' ·'. -·- ·' ; . - ' 

note that the partial decay rate r(E+) constrains 
•. ·• .. · : .. •. . .. 0 

(~/JE~) to lie on an ellipse with axes along the A and 

B axes; with a.(E~) ~ -1, the vector ( -13 E~) would lie 
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roughly midway between the two positions shown and would 

then agree well with the vector equality. 

_-:.-~~.{. 

-~·;~.~ 
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~Note added Septemb~r. 1964. The simplest W-meoon scheme which 
• ~ • 1 • '- • -, • : ,· - ,._ • • j 

leads to non-le~to~ic decay i;tcr~cti;;~·of·~ct~t f-orm involves 
' . 

the· iritroduction of ·three 'v~~tor 'mcs6n ':fiel.d.s (w~ ~·!w2 , w
3

) which 

transfo.rl;l:·as n.:uni tary •triplet •.· The ,appropriate :;interaction Jforr.ts · 

are then·· ~ '. ,. : ~ I': ·, ... 4 •• _.. ,. -~ . ' • I • 
.. { ·; 
·~- ' ;:; . ! '"\ ""····/ 

and 

LwS'~ 'f siri"e··£J;~W1d'+ J~~W2~::+ J~;w3~'+~h.c'} '. 
• ':>.: .. : ·,· ... ·r::·:· ·.J::•.• · .. :.: ;: .. ·: .·:.·,···· 

(i) 

( ., . ··.·: :'<,:". . :: -~ ,"' . ·\ .t ·..• ·'.: "2 ' ,, ·'. 3 ·, '• .. 

.LvfJ.:·";. t,~oe c9 ,[l2ctw.1cx.··+ J.2cl2~/ J,2J'3ct .~·~~} ' (i~L 
where :J~ ,is ~~: j;race1:ess octet. The curly .bracket. of' expression... . : 

(4.11) is then gi vcn by the form 

( \ r 2 t- 2 2 2 3 h. I < > 
. Lws~IJfr-.; oin9cos9\ J 1,J3« -+ J 2o_;_J ~+ .• J ;4' 3~ +· .cT--· iii ·-.· 

proportional to (T~ + J~), where '1'~ = ~J~J~. The corresponding 

term in the AY = 0 non-leptonic interaction is then given by the 

form 

LwJLw + LvvsLws rv sin 9 T3 + cos 9T2 (iv) < > < ~ 
. ·2 3 2 2 

(Note that T)is not trace cos; s~ that· (iv) also includes a singlet 
whose clements are proportional to members of tne same octet.;bc~t: ·) 

. u 1on 
d'Espagnat and Villachon (Intermediate Bosons and Unitary Symmetry, 

to be published (1964))' have pointed out that the couplings (i) 

and (ii) actually involve interactions for only five independent 

vector particles. If the following transformation is made from 

(w1 , w2 , w3) to the fields (w1 , w
2

, w3 ~: 
~=~ 
w2 = -W2 sin 9 + w3 cos 9,. 

w
3 

= w2 cos 9 + w
3 

sine, 

the W-interactio~ takes the form 
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(v) 

(vi)· 

(vii) 



· Lws + LwJ = f t<J~:x:cose + J~sine)•:1r.x + (.J~er.cos2e + 
(J3 - .J2 . ) sine~ose + J 2eii:l2e)w · + (J2 cos

2
9 + 

~-_2·{; .. _:R 2')(_ 2'. 

·3 _2) 3 2 } (J
3

o< + J3!X_si~9cos9 +.J3;r.sin_e)w3CX + h.c_ •. ··:~viii) 

We note that· the :coefficicnt:.of w
3 

is hermitian,· so. that only tho 

field Re(w
3

) = (w
3 

+ w'3) is coupled. In this scheme, tho field 

Io(w;?:J has\ no. couplillgS., and. therefore ,,no physic!}l consequences, 
: - ~ ' > ; • '• '·. ~ ~. ' • "' • •. ". • • 

so that there arc effectively only five vector mesons required. 

If :J~ is not. o.ssumed traceless, then additional interaction terms 

cr:t\s~new3~Tr(.Jhand crtdo~GW2'XTr('J)xmay be added to {i) and (ii) 

respectively: : these tcrt.is also load to co:upling 'with Rew3' but not 

with Icn•y 

H 
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1964 z. Ceum.n6pb T. LXXXIV, awn. 1 

YOIIEXH lPHBHTJEORHX HAYR 

539.12 

YIUITAPHAH CIIMl\IETPIIH 3JIEMEHTAPHbiX tiACTIUJ; 

H. A. C~wpoauuc~>:uii 

§ 1. BBE,AEHHE 

·ConpeMCHHLIU .pnanK, l!CCJie):lyJI HBJICHI!Jl B lfllJlO :lJIOMCHTapmnX '!aCT~, 
C'IJITaCT CBOIO pa6ory 3aBCIJIIICHHOU, eCJII! OH MOJKCT C.POIJMYllliiJOBiiTb aaKO­
HOMepHOCTII :mcnepnMeHTaJILUOrO MaTepnaJia B KpaTKOU .popMe . 3aKOHOB 

CoxpanemiH. ~OKBaHTOBaH .PnanRa anaJia JllliiiL HCCKOJILRO .pyn):laMeHTaJIL­
HLIX aaROIIOB COXpaHCllliH RJiaCCll'IeCI(QU J.ICXaHJIRIIj B .pnaHRe RBaHTOBOH, 
II OC06eJ!llO B .PH3JIR8 . 3JICMenrapHLIX 'IaCTliiJ;, HaROUIIJiaCb yJne : 6oJILIIIaH 

cepnll TaRHX aaROHOB. . . . . 
<MoJKeT 6LITL, o6nJIIIe aaRC>HOB COXpaneHHJl CBH3ano C TOlii, 'ITO MLI C!IIC 

ne anaelii 6oliee rJiy6mtoro Mexannaliia, RoropLiii: peryJinpyer liinoroo6paaHe 
rrpoiJ;eccon, nponcXOJIHIIIHX. c 'IaCTHIJ;aliin. B 6YJIY!IICM, neponTno, oRaJKeTCH, 
'ITO )!HOrne aaROHLI_ COXpaneHHJl CBJiaanLI 061r1eii llpll'IHHOH II HBJIHIOTCJI CJIO):I­
CTBl!Clii neROTOpOU 06!IICH Clll\IMCTpllll llpOCTpaHCTBa II BpeMeHH, 0):1HaRO 
ceii:qac OHII BLICTyiiaiOT RaR neaaBIICHMLIC II IIX ll3Y'JCHI18 HBJIJIOTCH OCHOBHl>Il\I. 

narrpaBJIC!IlleM COBpeMCHHLIX IICCJIC):IODaHIIH. 
· 3aROHLI coxpanennn B .PnanRe aJieliienrapnLix -'!aCT~ n CBJiaannan c neii: 

CllMMeTpiiJI xapaRTCpHLI TOM, 'ITO OHII BO' l!HOTIIX CJiyqaJIX OHa3LIBaiOTCH 

ne TO'IHLIMH, a JIIIIIIL npn6JIHJKeHHLIMn. B CBJI3II c 3TIDI n . .pnanRe nOJIBnJiaCI> 
HOBaJI B03liOJKHOCTL ll3YlJCHllll HBJICHHU, o6ycJIOBJICHHaJI TOM, 'ITO napymeHIIe 
Cl!AIMCTpHI! OR33LIBaeTCJI BO MHOri!X CJiyqaHX OTHOCliTOJILHO MaJILIM nO CBOOH 
BCJII!'lHHe ll ):IOCTaTO'lHO npOCTIDI no CBOIDI CBOllCTBaM. 

flpiUiepOM TaltoH CIDHIOTpllll JlBJIHCTCJI H30TOnll'IeCRaJI CHMMeTpll1Ij napy~ 
maro~r~rre ee :JJieRTpoMarnnTnLi:e II cJia6Lie naaiL'I!O):IeiicTBHJI xopomo IIayqenLI. 
He 6y):leT 6oJILIUllll npeyneJinqcnHeM . cRaaar:r,, 'ITO naH6oJiee HnrepecnLI~ 
peayJILTaTLI JIOCTHraJIJIC:b B .pnaJIRe lll!eHHO TOT):Ia, ROf):la BLIHCHJlJiliC:b 3aROHJ,I 
na pymennH CIDIMeTpUII. 9Ty JIIInlliO MOli\HO npOCJICAHT:b ):lal!;e B acrpOHOMH­
'leCKIIX na6JIIO):IOHIIHX. ramme:ii: C'lHTaJI, 'ITO nJI3HCTLI COBepmaiOT CDOU nyTI> 
no ecTecrnennLIM Rpyronml op6nTaM. Hapymeniie aRcnaJILnoii CHMMeTpiiH 
ITYTCH nJiaHCT, OTRpLITOO 1\errJiepOM, npHBOJIO R. C03):1aHUIO, RJI3CCII'ICCHO:ij 

MCXaHliim. TpnyM!fJOM o6~r~eii Teopiiii OTHOCI!TCJI:bHOCTll 6LIJIO OTRpL::THO JIBll­
llteHHH nepnremm Mepuypnn, anaMenytorqee co6oii e~r~e OJIHO napyme:ane CHM~ 
MOTpliii - aauunyTOCTll Op6nT RJiaCCJI'lOCROJ~! liCXaHHRH. · 

B KnanTonoii .Pmimle nonpoc o HOBLIX aaRonax coxpanennn noanm:ae·r 
TOr):la, HOr):la nLITaiOTCJI nOH1ITL CTpoenne CBH3aHHLIX COCTOJIHIIU Cl!CTeMLI. 
OmpLITHe yponne:ii: aroMa no):lopo):la npnneJio · R liiOJICJIII Eopa. CncTeM:armta 
ypoBnCU ORa3aJI3Cb CBJI3aHHOU C IIOBLIMI! CJJOllCTBaMH CIDDieTplll!, KOTOphle 

1" 
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rorl!.IW ~moro JieT cnycTn GLIJII! ctflopMyJinponanLI <DoKoM n tflopMe cnMMeT­
pnll npailiCIIIIll B 'lCTLipcxMepnoM Mnpe *). BoaMOlRIIOCTL 'lUCTo rpyrrnonoro 
OIIIICaiii!ll aTOMa BOJIOPOl\a I!pCJICTanJIHCT co6oii O'lCHL B3JKHOO HnJICHIIC n aTOM­
IIIIii tfln3nKe, J:otopoo ue3ac.rrymenno oGxoAHT n 6oJILII!IIIICTBe Kypcon r;nanTo­
noii Mcxanmm. · 

CmiMcrpnn ornocnreJILHO nepectanonoK II cnrraannuii c HilMI! npnnunn 
llay.rru J(aJOT noaMoatHOCTL nonHTL CTPYKTYPY yponneii aToMon c MnornMn 
:JJHJI{TponaAm. 

l3 HJiepnoii .pnanKe nay'leHIIe yponneii aTmmLix HJICp npnneJio K oTI{pLI­
ruro aapHJ(onoii IInnapnanTnocTII 11 cnnaannoro c neii naoTOIIII'IeCKoro upo­
CTpancTna. IIaoTorrn'lecKnii cmm -qacTIJU II HJ(ep ,HnJiaercn ceii-qac ne Me nee 
npiiBLI'IHOii xapaKTCpl!CTIIKOii, 'leM 06LI'lHLill Cl!IIH l!Jlll 33pHJ1 HJ(pa. 0TKpLI­
TLill BnrnepoM n 1937 r. 3aKon coxpanenna II30TOnll'lecKoro cnnna oGnapy­
;mm cnoro IIOJIHyiO CI!Jly n ~113IIKe 3JICMCHTapHI.IX 'laCTIIU· 

Ao TCX nop noKa ULIJIII naneCTHLI TOJILKO Jlne TnmeJILie 'laCTIIULI, npoton 
II ueiiTpOH, nonpoc 0 HOBLIX KnanTOnLIX 'lliCJiaX He n03Hl!KaJI; KOrJ(a me 6LIJIII 
OTKpLITLI rnnepOHLI, n03HIIK noiipOC 0 TOM, n 'lCM COCTOIIT IIpii'IIIHa IIX 60JIL-
1110ll CTa6IIJILHOCTII, TaK Kai{ npeMH mii3HII 1Q-lO eel> HO JIJ(Cpl!IDI MaCmTa-
6aM - O'ICHL GoJILmoe npeMn. IlepnLIM ill3rOM nocTpoennrr Teopnn, KaK 
II IJ JICTOpllll TCOpHI! aTOMa, 6LIJIO nBeJICHIIC «rJiannoro KnitnTOBOrO 'liiCJia» 
JIJIII CIICTCMLI yponnefr 6apJIOHOn (TaR MO)I{IIO naanaTL CCMCHCTnO HYKJIOHOn 
II rnnepOHOB). TaKIIM rJianHLIM KBaHTOnLIM 'IIICJIOM OKa3aJiaCL OTKpLITaH 
feJIJI-MannoM II Hum!IJ\mnMoii <<CTpannocTL» S (11JI1I rnnepaapnJI Y,' panHLiii 
cym1e S 11 Gapuonnoro 'IIICJia B). 

Ceii•IaC MLI He ID!CCM HI! MaJieiimero npeJICTanJICHIIII 0 TOM, C KaKI!MII cnoii-. 
CTnaMn CIIJILHO n3aliMOAellCTnyiOillllX 'laCTIIU cnnaano liTO KnanTonoe 'li!CJIO. 
1\ILI He 3HaeM, HnJIHCTCH Jill OliO neaanUCI!MLIAf OT 06LI'lHLIX cnoiicTn, KOTOpLie 
OIIIICLinaiOTCH KnaHTonoii MCXaHI!KOH U Teopueii OTHOCIITCJILHOCT!l, II ero npo­
HCXOlRJ(CHHe MOmeT 6LITL nLIHnJICHO 6oJiee rJiy6oKOH TCOpiieii; HO, MO)I{CT 6LITL, 
II· aTO KameTCII 6oJiee CCTCCTneHHLIM, . CTpaHHOCTL CCTL IIpOCTO KOMIIaKTHOO 
OIIIICaHne naal!MOJICHCTnl!H 'laCTIIU II Toro He O'ICHL IIOHHTOro tflona, KOTO­
pLiii npnnmo naaLinaTL «tf!I131l'leCKHM naKYYlfOM~. Ho, KaK 6LI TO HII 6LIJio, 
OTKpLITIIC CTpannOCTll, HCCOMHCHHO, HnJIJJCTCH OJIHI!M 113 CaMLIX CYiliCCTneHHLIX 
JTaiiOB pa3n1ITIIH tPII31IKII llJICMCHTapHLIX '!aCT~. 

AJin Toro 'lT06LI nKJIIO'li!TL «CTpannocTL~ n annapaT Teopnii, Heo6xOJIHMO 
6LIJIO pacmnpiiTL cxeMy naoTOIIII'IeCKoro cniina. Ilepnarr .nonLITKa TaKoro 
poJia GLIJia CJiel'iana CaKaToii AI, A2, paccMoTpenmnM cxeMy U (3) ynuTap­
noro neKTopa (npoTOH - neiiTpon - A-rnnepon), a TaKme MapKonLIM A' 
II 0KyHeM A3. 0JIHaKO nLIJICJICHI!e 113 ncex rnnepOHOB n OCHOnHOH neKTOp 
TOJILKO TpCX OKaaaJIOCL HCJIOCTaTO'lHO p3JII!KaJILHLIAf, II peaJILIILill ycnex 
Teopnn npnneCJia cxeMa-SU·(3), npeJIJIOmeHnan feJIJI-MaHHOM II HeiiManoM. 
lha cxeMa, KOTopan 6LIJia npiiHHTa cna'laJia O'lCHL CJiepmanno, OKa3aJiacL 
ceii'lac nan6oJiee ~~~~eKTnnnoii. TpnYlfcpOM ee 6LIJIO OTKpLITIIe npeJicKaaan­
noro ero Q-Me3ona Gt. 

· Cxel!a feJIJI-MaiiHa c2, 3 II HeiiMana ct 6LIJia naanana nepnLIM anTo­
poM «nOCLMCpll'lHLIAf IIytCM~ -«eightfold Way»**). IfHTepeCHO OTMCTIITL, 'ITO 
rpyrrna SU (3) OIIpCJ\CJIHCT CIIMMCTplliO yponneif TpCXMCpHOrO rapl!OHII'lC­
CKOrO OCI(IIJIJIHTOpa. 

*) TOT <j>aKT, 'ITO ypoBHII aTOMa BOI\OpOJia OTpamaiOT CIDIM9TJliiiO ae B <j>!I31I'19CKOM 
Tp9XMepHOM BpOCTpaHCTB9, 0'19Bb BO}"l!ITM91I, TaK KaK OII JIMaeT Meaee B90llGIJiaiiiiLlM 
BOJlBJieBII9 B CB09 Bp9MJI II30TOBII'I9CKOrO B yBHTapiiOrO BpOCTpaiiCTB. 

**) •HaaBan!Ie rpynnu cnJiaaJio c JiereJIJIOii o BYMe II o BOCbMD nyrllx K yn!I'ITomemno 
cTplli\aBWI: npaBIIJibiib19 BarJiliJI&, npaBIIJILIIble !IaMepemm, npaBIIJILIIble CJiona, npaBHJIL­
aue I\9HCTBWI, npaBIIJILBall lKII3Bh, npaBIIJILIIble yc!IJIWI, npaBIIJib!IOe Hm1Lll91Il'le 11 npa­
BaJILBaJI KOBneBTJlafiiiJI, 
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HccAtoTpn na To, 'ITo paanocTII Mace rnrroponon, paniiwo nymo n SU(3), 
nC,'II!Kll, nLIHCHI!JIOCL, 'ITO neCLMa IIpOCTLIC llpCJIIIOJIO:IWIIJIIl 0 Clll!A!C'tpl!I! 
naamtoAeiicTBmr, napymaroillero cmuwTpmo SU(3), noano.'IIIIOT onncaTL 
«flartTII'WCKoc pacillenJieHne Mace. Bo.'Iee Toro, pacillemwmrc ·uaotonn'lecrmx 
AIYJIJ.TIIIIJICTOB Tait;Ke YJIO)KJIJIOCL n HpOCTyro CXeMy. Y CliO X TCOpnu nee npe­
MIJ. · napaCT3CT; IlOJIY'JC'IIHLIO . J(aJIIJLIC II03nOJilliOT OlKIIJ\3TL 3ll3'liiTCJILHOro 
npoJ(nmrmHIIll n TCOp!lll CJia6LIX naai!A!OJ(eiiCTnllii II n II3Y'ICHIIII pearn~nii MClliJIY 
aneMenTapnwlm' 'lacnui.aun. · · ·'· · 

Ymc ceii'JaC GonLmoe IWJin'leCTno 'lacTnu 11 peaonaHcon, Jlna roJ(a naaaJ( 
KaaanmnXCH GeCCIICTCliHLIAII!, YJIO)I{JIJIIICL' n CTpOiiHyiO CXeMy Tpex OKTCTOn 

·n OJIIIOro JICr:anJieta (He C'lnTan anTuGapuonon, oGpaayroillux Cille OJIIUI or:TeT 
II OJIIIH J\CitaiiJieT), TaR 'ITO «HaCLHHC>) 113 llJICMeiiTapHLIX 'JaCTIIU IU!CCT Ceii•IaC 
nee OCHOn&HIIH ;· «nLiiiTII». . . 

-Ycnex cpannuTeJILHO npoctoro·onncarmn nopomJ(aeT naJ(emJ(y, 'ITO onn­
camre naauMoJ(eiictnnn 'laCTIIULI c naKyyMou ne nnnnetcn GeanaJ(emnoii aaJ(a­
'leii, a MonteT GLITL peaJinaonano n cpannuTeJILHO npocToii tflopMe; naqano 
Tarwro onucannn JlaeT onncanne· pacillenJiennn Mace· n Tep1mnax MYJILTII­
HOJILnoro naaiiMOJICHCTnnn C atflcpeKTI!BHLIM IIOJICM. . .. '. ·• . ; . 

RaK GLI To nn 6LIJIO, Teopnn ynnTapnoii CIIMMeTpnn ctaiioBnTcn ceii'lac 
Heo6xoJ1nMLIM arinapaToM, KOTOpLiii J\Onmcn 6LITL mupoKo uasecTiin: GTo'mu 
3pCHHH ynntapuoii MOJlCJIII;. O~HaKo; OCTaCTCH HeHOIIIITHLIM, HO'lCMy B npn~ 
pOJIO HOT 'laCTIIU, OTBe'laiOili!IX HpCJICTanJICHI!IO MIIIII!MaJILIIOii pa3MCpHOCTII ...:_: 

·TpexKoMnoneiiTHOMY CIIIInopy, KoropLiii n Teopmr CaKaTJd ULIJI tPYHJiaMenTairL-' 
liLIA!. IlOJIOmenne 3J\CCL TaKoe me, 1\ai\Oe. 6LIJIO 6LI n KnaHTOBoii· MeXaiiiiRe, 
eciru 6LI HO CYiliCCTnonaJIO. 'laCTIIU CO CIII!HOU 1/2 .. IlOIILITKa. nneJICHIIH TaKIIX 
'lacnlu · 6LIJia CJICJiana feJIJI-1\IauiioM (Knapmi: .....:·quarks El); OJIHaKo TaKne' 
'IaCTI!ULI.He. 6LIJII! OunapymeHLI Ha OIILITC E2, .. ' .·• ' r . •. ··r 

. TeopnJi, · nKmo'laiOillan nena6Jiroi\aeMue · «npa1IacTnuLI~, paannnaJiaCL 
illnunrepoM F2. IloKa, OJIHaKo, CillO pano roBOpl!TL 0 KaKOM-.'Ili60. YAOnJie~ 
TnopnTeJILHOM pemennn aroro tPYHJiaMel!TaJILHoro Jilin Teopnn nonpoca. 

HacTOHillan cTaTLH JIOJimna npeJ(cTan.ITnrL co6oii aJieMeHTapnoe nneJieime 
-n Teopnro ynnrapnoii Cl!MMeTpun. B neii l!3Jiomena tenaopnan aJire6pa, cnn-
aannan c rpyunoii SU (3). . .. . . . , ... 
. II3JIOmenne neJieTCH TaR, ~T06LI IIOJ\'lCpKHYTL anaJiornro c o6Liqnoii 
TCH3opnoii aJire6poii, cnrraannoii c rpynnoii npaillennn IIJIII, .'ITO.To me; c ynn­
Tapnoii rpyunoii na HJIOCKOCTu.::.. rpyunoii SU(2). rro~TIJMY II3JIOmemm 
Ha'lnnaercn KpaTKHM o63opoM cnoiictn SU(2). B CJieflyrorrwx, § 3 n. 4 pac-

~ CKa3LinaeTcn o TCH3opax SU (3) •. 1 •' • • 

Teopurr ynurapnoii Cl!MMeTpnn aJieMenTapnLix -qacrnu na'lnnaeTcn c § 5, 
rJie onncanLI cnoiicTna MYJILTIIIIJieTon. B aToM naparpa.pe onncanLI Jlna KJiac­
ca MYJILTIIIIJICTon: 1) . tflepMIIOHHLie MyJILTIIHJI CTLI,' :onucunaeMLie KOAIIIJieKC­
HLIMII MaTpuuaMH - IIX ll3nCCTHO 'lCTLipe; OK TOT, J\CKaiiJICT II IIX anTHMyJIL­
T111IJieTLI, 2) 6o3onnLie MYJILTmiJieThl, :. onncLI ilaeMue apMnToncKnAm MaTp11-

.. I(3Ml! - IIX 113neCT110 2; K HIL\1 HaJIO JI06an IITL CillO II YHI!TapHLiii CKaJinp 
ro-Me3on. · · · ·· · · ' 

<DopMyJihl J\JIH pacillenJiennn :Mace nuneJienLI n § 6 11 7. II paBHJia nnTep­
naJion YJinnuteJILHO nanOMHnaroT tflopMym.r aJieMenTapnoro a~cpeKra 3eeMana. 
AnaJiornn c aToMnoii crieKrpocKonneii nacToJILI\0 o'lenuJina, 'ITO no3nuKaeT 
lltCJiaHne OIII!C3TL paCiliCIIJICHI!C C llOMO!qLIO BnCJICHI!H HCKOTOpOrO Kna3l!­
M3rHIITHOrO IIOJIH, KOTOpoe' ·atfltfleKTIInHo OHIICLinaeT naal1MOJICHCTniie MYJIL­
TliiiJICTa C naKYYlJOM. TaKoe IIOJie MOmeT 6LITL TpaKTonano KaK HOJie Me-30HOn F3, F'. 

<l>aKTI!'lCCKn. nee (:Ka3annoe 0 . tPOpllyJiax' pacn(CIIJICHHH M3CC AIIJ)KIIO 
orpanll'li!T:L nLinOJIOM tflopMyJI (7,16), 1\0TOpLie II COJICpmaT B ce6e npaKTII­
'ICCKII nee peayJILTaTLI. 
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3TH pe3yJibTaTW: CIIO}J.HTCH !{ TpCM •· !flopMyJiaM · IIHTCpBaJIOB · }J.JIH Ol{TCTa 
uapHOHOll (6, 7), (7, 7), (7,8), IIO O}J.HOll ):(Jill MC30HOB (6,19), (6,28) II 0):\HOii 
f(JIH ')~eitarrnera (7;14). . . . . · · , · 

l{pmie rrpamm nnrejJBaJion, cy~ecrnyer e~e 6oJibiiiOe Komi'lecrno f\PY­
rnx' peayllbTaTOB, CBli33llllblX C M3rHIITHblMH MOMCHT3Mll; ~ !flopM-op3KTOp3MH, 
peaKunmm; · : · ·. : . · .. · · · . · .. , 

Ocil6enno nnrepecna paaBnBaro~ancn reopn:n cna6blx naaJIMOAeiicrnnii. 
3TH TCMW: · rpeuyiOT OT}J.CJlbHOll CT3Tbll. , . . .. .. 

. : IlOCJICAHCe aaMeliaHIIO OTHOCIITCli It JIIITeparype. TaK KaK · KOJIIlliCCTBO 
crareii, orry6JinKonannblx no- yiinrapnoii cm.tMerpnn,- OliCIIb .neJinKO, 6blJia ,. 
C}J.CJI3H3 HOilb!TKa OT06paTb cpaBHilTOllbHO IlCMIIOrO CTaTeii, B,IWTOpb!X CO}J.ep­
iKIITCli 66Jibiiian li3CTb nAeii n peayJibTaron, ony6mmonannhlx K 1nroHn 1964r. 
B. arnx crarLnx· .linrareJib naiiJI.CT ·II }J.a:rbneiiiiiue mrreparypnble yKaaaiinn. 

'.,. § i . . II30TOinilJ:ECI\IIll Cin!H 

3apli}J.OB3li .IIHBapnammicri. riAeprrLIX CI!Jl Hpi!BO):(ll~ K roliiYt'ITO cocron­
I!IW .cncrci.r. ·nytmonori n Apyrirx .q,ynf(a1HJUTRJibiibiX liaCT~ YA06no 'Jmaccn­
!fluunponarr, c: HOMO~biO. II30TOlllllJCCI:OrO' Clllllla.' ECJIII npene6pClib :JJI!)KTpO-' 
MarHIITllblM HOJHlM n CJiauriii' naauMOf(eiiCTniiCM, TO. cnoiiCTBa 'CIICTCMLI onpe­
f(CJiliiOTCli TOJibiiO neJiiitJniioii · naoronuq'ecKoro · cnnna T n ne aa'nncHT ·or· ero 
npoeKUllll .T 3· : . " .. . . . . . .. , ; 

;·. 3JiertrpimarH:urnoe nomi u cml6oe 'naamlof(eiicr~ue ·HpnB<JAHT t(<<pac~e­
nJiennro>> ypomreii(·Ti:m'liro ,cnoiicrila' cncreMbi aamrcnr II or _npoeK~Hn IIao-' · 
ronuliccKoro- cnuiia T 3 •. . . : · - . . · · • . · · 

BoJIIIOBan q>yrmunn · nporona · II IIeii:ipona onucbiBa~TCH f(nyxrtoMIIOHenr-
IIOit qiynKuneii-cnunopoM.*) ,: · . . ,, ·· 

, . •:._ (''¥ -1/z \ 
'l'=ur }· 

"., ~ 1Jz . 

(2;1) 

fi pOCKUllll_ JI30TOHllliCCKOTO 
. 1 

cnHIIa T 3 = + 2 coornercrnyer aapnmennoe 
' . 1 . ' .,. .· 

COCTOliJIIIC p · (npOTOII), . npoeitUilll 
oipo~1):' . . , .. 

T 3 =:' - 2 - neiirpaJibHOO COCTOliiillC n (neii-

IIJI!I 

-:: 

'¥=G). 
GonplllKCIIHYIO 4JynK~nio liLI 6yp;eM ~6oanalia'T~ crpmwii 

. W "'= (W -1i, , W +i;,) 

'ii=,(n, p). 

(2;2) 

(2;3) 

. (2,4) 

IDyHH~IIIO (2,1) MOiKHO nop;nepriiYTL -JiuneiiHOMY npeo6paaonamiiOC IIOMO~b!O· 
M3Tp~hl U: . ' . . -.. - . 

··(a p) ('I' _i'•) · 
'¥' ~ U'¥ =:', y {) '¥ +1/z : 

··-. (2;5) 

EcJin. C~ecrnyeT ·'naoronll'iecKali llHBapHaHTHOCTb, ·TO ROMIIOIIiJHThl IIOBOll . . . . - . ' . . . 

-..:...,..:.c,.,---
. . *) Jta~all H3 ~O>UioneHT B CBOtO O'lepB,!lb 38BBCHT e~e II OT KOOpJlHH8T II CHile 

HOB, KOTOpi>!e MI>I 3,!\BCb ae 6y/(eM BBOJ\IITh HBHO, 

284 

YHIITAPHAII CIIMMETPIIII :JJIEMFHTAPHblX 'IACTIIU 

opynKUIIII 'f' MOlKHO C Tainm lKC YCIICXOM CliUTaTb aa !flytmrtllll, OIIIICLIB3!0~110 
f(B3 aapH}J.OBbiX COCTOllllllli, 1131{ II IWMllOIICIITbl IICXO}J.HOii. !flymtrtlll! 11'. 
0Anatw AJIH :Jroro HOBbiC cpym:unn f(O.aamLI ubiTI. oproronaJibiiU 11 nopA!npo­
nanLI. 3m rpe6onamw 6yf(cr BLIIIO!!IICIIO, ccJin Marpnua U ynnrap11a, T. c. 
ecJin oupar11an Marpnua panna apmiToncim corrpmKeniioii: 

u-1 =u·, · uu·= 1. (2,6) 

3TII COOTIIOIIIOIII!ll UYAYT BLIIIOJIHCIIbl, CC;tii Matpnua u· JIA!eCT BHA 

( 
a Pi) 

U= -P* a* ' (2,7) 

npnqeM 

I a 12 +I P 12 = 1. (2,8) 

'Y CJIOBI!C (2,8) 0):\IIOBf-CMCIIIIO 03H3liaeT, liTO f(CTCp111!113IIT M3Tp11Ubi paBCII 1. 
Marpuua ocraercn yiiurapnoii, ecJiu ee yMIIOlKI!Tb na cxp (icp); .nercp­

~nmar ocraneTCll pannLIM CAIIIIHUC, ecmr. q> = 0 nmt TJ. 
EcJin '¥ npeo6paayercH MaTp~eii U, TOw npeo6paayerCH Matpnueii u+. 

npi!liCM YMHOlKCIIl!e liB Matpnuy HpOIICXOAIIT CJ!ena: 

'¥' = U'l', (2,9) 

w· =Wu·. (2,10) 

EcJIII Bblll!ICLIB3Tb IIIIJ.ICKCLI HBHO, TO AJIH CIIIIIIOpon, npeo6paayiO~IIXC11 110 
33KOHY (2,9), ·nnf(CKC CT3BliT BBepxy II CHHHOpbl H33LIIJ3IOT II 0 II T p a B a­
p II a H T II L1 M II: 

'¥'"'= U~'¥~ (2,11) 

(no Of(HII3KOBbiM 3HaliK3M CyMMIIpOBBTb!). 
CnnnopLI, npeo6paayro~neca no aaKony (2,10), orMeliaror UHACKCaMn 

CJIII3Y II II33biB3IOT K 0 B a p ll aliT II LIM u: 

w~ = <u·>~ w,.. (2,12) 

llOCIIOJibiiY Ullf(eKCLI BLIHIIC31ILI IIBIIO, IIOpHf(OK MIIOlKI!TCJieii B npanofi 
'lacrn !flopMyJILI Hecy~ecrnen.. . 

Ha nanncaiiiibiX !flopMyJI cJief(yeT, liTO npeo6paaonamm (2, 9) n (2,10) 
IIC II3MCIIlieT C!(3JIHpiiOTO HpOII3BC,IIeiiiiH: 

(W'; 'l'')=('WU+, U'¥)= lf'Y. 
¢opMyJia (2,13) CJiymnr OIIpef(eJieiiueM ynnrapnoro npcoupaaonannn • 

Bnef(eM anrHCII11Merpnliiiyro Marpuuy 

(0 -1) 
8«~ = 1 0 

n eli. o6patnyro 

e"~ =( -~ ~) • 

(2,13) 

(2,14) 

(2,15) 

Torf(a K3lKJ.IOMY KOIITpanapna!lTIIOMy CIIIIHPpy MOmHO COIIOCT3BIITb l:OBapu­
aHTIILIIi, onycrnB nnf(eKc: 

'¥a= e.,.~'¥~. (2,11\) 
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Hao6opoT, A!Oamo, noJJ.HliB nnJJ.eKc, npenpaTIITL Ronapiianrmaii cmmop 
B KOHTpanapnanrBMfi: 

'PCII = ea~'JI ~· (2,17) 

0TCIO,ll3 CJie,ll.yeT, 'ITO pa3JIII'IH6 M61K.llY 1\0HTpaBapnaHTHl.IMll II KOB3pn:aHT­
Ill.IMll KOMIIOH8I!Tllllll '!IICTO 4opM3JILH06 ll 

'Pt =-1JI2, 
'Pz= 1Jil. 

MaTpm,a ea~ ne }!eHlleTCH rrpn: ynnTapnl.IX rrpeo6paaonannnx: 
e=UeUT. 

(}To paneHCTBO JieriiO rrponepnTL; OHO eCTL IlpDCTO CJI8Jl.CTB!le 
eJIIIHH~e OIIpefleJIUTeJill U. 

TaKIIM o6paaoM, ecJiu 

TO 

3aMeTIIM, KPOMe Toro, 'ITO 

'Pa= (;) ' 

'¥~=(-~). 

'Pa'Pa= 0 

(2,18) 

(2;19) 

(2,20) 

panencTna 

(2,21) 

(2,22) 

(2,23} 

II 'ITO MaTpii~a ea~ nrpaeT poJIL MeTpiiYiecKoro Tenaopa. 
T aK me, RaK II n o6M'IHOii Tcnaopnoii: aJire6pe, BBOJlliTCll TenaopLI, 

aaBIICH:miie oT necKOJILKIIX nHAeKcon. CMeraannMii renaop BToporo panra 

npeo6paayeTCH 
noro II o,llnoro 

(A
1 

· A') Ag = A~ A~ (2,24) 

KaK JIPOII3B6Jl.6Hll6 .Jl.BYX CIIIIHOpOB, OJl.HOrD KOHTpanapnanT­
KOBapiiaHTHOro. CJie,ll 3TOro Tenaopa 

SpA=A~+A:. (2,25) 

0'!8BIIJl.HO, ne HeHlleTCJI rrpii rrpeo6paaOBaHIIHX II BBJIB8TCH cKaJillpDM• 
Tenaop 

a (A~ 
Ab= A; 

A') -A~ 
(2,26) 

yme nenpiiBOJl.IIH. 3-ror renaop aKnnnanenTen neKropy B rpexMepnoM npo­
crpancT!Je. CnH3L ue1K,Il.y KoMnonenTaMII 3-neKTopa ·n renaopa (2,26) peann­
ayeTCH c noMo:mLro uaTpii~ IlayJIII. YHnoman cKannpno 3-neKTOp A na 
neKTop IlayJIII a (a~o a2 , aa), noJIY'IHH 

a_(Aa At-iAz') 
Ab- At +iA: -Aa • 

(2,27) 

MM ne 6y.ne1r .noKaaunaTL, 'ITO.YHliTapnue :upeo6paaonaHIIH Tenaopa Ag aKBII­
nanearHLJ npamenli!O neKTopa A B TpexHepnoM npocrpancTne. 

,I\aJILHeii:IIIIIe cne.neHIIli o Tenaopax 6onee nucoKoro panra HaM afleCL 

ne nyJKHU. · V 'ITeM TerrepL aneKTpoHarrriiTHOe none. B aTOM cnYlJae B naoToni!'Ie-
CKOM npOCTp3HCTB6 OCL 3 OKaaUBaeTCH BUJl.e116HHOii, T3K KaK rrpoeKI}Hll 
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na ary ocL onpe,llMlieT aapJI.ll cocrommH. B aTOM_ CJiyqae naaiiMOJ~ei!crnne 
yme · ne 6y.neT R30TOIIII'!ecKn: HHnapnanTmw:. MaTp~ npeo6paaonarriiH 
CTa;HOBJITC.Il ,llllaronaJILHl.IAIII II MOryT 6l.ITL aanncaHLJ B Bll.ll6 

( 

exp( -1) 
U= . 

0 
0 ) 

exp1 

. Onn OIIIICl.IBaiOT npa~enne B :jiJIOCKOCTll BORpyr OCII z. Mu IIOJIYlJ36M O):lllOIIa­
paMeTpii'IeCKYIOIIO,llrpynny .nnyXMepHLJx npa~eHIIii R (2). B cooTnercrnyro­
~en aTon rpymw Tenaopnon aJire6pe ncYieaaeT paan~II~;a Me1KJJ.y nepxHllM 
n HHmnHM nn.neKcalm, n e.nnncTnenin.IM npeoopaaonanneM ocTaeTCJI YMHOlKe­
HIIe na t~JaaonMii MHOlKHTeJIL. MomeT 6l.ITL, IIMeeT Cltl.ICJI nanoMnnTL, 'ITO nee 
CK333HH08 0 CBOHCTBaX M3Tpliii; MOlKHO npollJIJI!OCTpHpOB3TL na MO,lleJIII '13C· 
T1II1; CO CIIIIHOM, KOr,lla ct1Jepii'IeCK3H CllMMeTpHli napymaeTCJI M3rHHTHUM noJieM, 
ilanpaBJiennUM no eCII z. · 

BamHI.IM CJIYlJaeM cniin-Tenaopa HBJIHeTcH onepaTop (neKTop) naoTOIIII'Ie­
cKoro cnnna T. B corJiaCIIH c (2,27) nannmeM 

(Ta· T.) 
T= T+ -Ta • (2,28) 

3JieMeHT3MH 3TOU MaTpliii;l.I HBJIIIIOTC.Il lWMIIOHeHT:U ll30TOIIII'IeCKOrO CniiHa, 
KOTOpl.Ie CaMII no ce6e TOlKe HBJI.Il!OTC.Il M3Tpliii;aMII. Bll.ll 3TIIX MaTpliii; ('IIICJIO 
CTpOK II CTOJI6~oB) 33BIICHT OT npe,llCT3BJieHII.Il rpynrrl.I, T. e. OT BeJIII'IllHLJ 
CnHHa 'IaCTIIII;l.I, na BOJIHOBYIO 4JynKUIIIO KOTopofi ,ll6HCTBYJOT BTII MaTp~. 

]J.;IH nyKJiona T = -} KoMnonenTM T CYJL Marp~ 

Ta=(~ -~), T+=(~ ~), T-=G ~) · 
C noMO~LIO 3TIIX MaTpliii; MOllmO, narrpHMep, aarrncaTL TOR, BXO,ll.ll~Jill 

B CJia6oe naamro.nencTnne (neKTopnl.In n ·ncen,lloBeRTOpHLJii). TaR, BeRTOpHLlii 
TOR, OTBe'!alO~IIH ~-pacna,lly nefiTpOHa, .npe,l{CTaBJIHeT COOOU J +-ROMIIOH6_HTY 
ll30TOnii'!eCROrO TOKa 

Ia+= {pI Ya (i +1..y$) T +In). 

3,llecL aaniicano, 'ITO MaTpii'Inl.Iii: aJieMerrT 6epeTcn M61KJlY naYiaJILHLIM cocTon­
HIICM n II Rone'IIILIM p oT onepaTopa Cll:a6oro naaHMop;eiiCTBI!:H Ya (i + "-Ya) 
(A. i":! 1,25, Ya II y5 - MaTpnu:u ,II;npaKa),· ;o:.encTnyro~ero na o6WJrrl.Ie cnn­
nonl.Ie nn.rteKcl.I, II OT II30TOIIII'!eCKoro onepaTopa T +• npenpa~aro~ero neii:­
rpon B npOTOH. 

RoMrronenTa TOI{a I., CBHaannaH c onepaTopoM T ., oniicUBaeT rroan­
rponHLJii: pacrra.n; a neii:TpanLnan RoMnonenTa 1 3 nxo.nnT, corJiacno TeopHB 
yHHBepcanLnoro · naamm.neiicrnnH, n aneKTPD.llllll3MII'!ecnllfi · TOR. Ta~HM 
o6pa30M, nanpHMep, BeRTOpnull TOK MOllmO aanncaTL B .. MaTpii'IHOii tlJoJW& 

(
Va 'V-) 

V= V+ -Va ' 
Ilpii aTOll y ncex aneMerrToB no,llpaa;YMenaeTCH HeBIDIIIcaHH.hlii: nn.rteRc ROM­
nonenTl.I n o6l.I'InoM 4-npocTpancTne MmmoncRoro. 'Boanpa~ancb R q;opMy­
Jie {2,28), aaMeTIIM, 'ITO SpT = 0, a onpe.nennTeJIL aToii HaTpl'!IIH 

DetD ={<T+T-+T -T+)+Tz-:= T2 

(rrpn Bl.I'IIICnennn orrpe.rteJin:TeJIH on O:LL'I CHHMeTpiiaonan no aneMenTaM T _ 
n T +• _TaR Ka.It aTn: MaTpHUl.I ne noMMyrnpyroT). Ilocliep;nnH t~Jop~~y.'Ia 
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nm;aar~naeT, 'ITO onlli'J~C;mTeJib ;(aCT MaTpnny unnapnauTa npeo6paaona­
nnl1 - rmanpaTa naoTonn•rrcr;oro emma. Hcno, •ITO :JTa cflopMy;ra nc aanncuT 
oT Hpl'J\CTaB:ICJillll, T. C. ncpna 1{.111 ;IJOUOii BI';IJI'lllllhl Clll1113. 

Jl:rn no.11IOTLI OllliUINI r;pan;o erne n pacmnpenne rpynnLI. Ecmr oTJ{a­
:mn.cn oT yc.1onun ynnTapnocTn, coxpannn ToJli,I{O yc;ronne ynuMonynllp­
nocTn DctU = 1, To MaTpnnhl omrchlnaroT npcoupaaonannc Jlopcnna L6(4) *). 
Tm; r;m; B ~TOll l'.1y•rac lj+ =/= U-1, TO BMCCTO ABYX TllllOB CllllllOpon B Ten-
30plloii a:ucopc rpynnw Jlopenna cyrnccmyroT 'ICThlpc nma cmmopon, npe­
olip.uyt•lllJX MaTpnnaMJI U, U- 1, lj+ II ij+-1• )l;;m OIIHC11HHI1 JTIIX TIIIIOB 
BllO;\llTCI1 I'IIJ;C 3II3'10I; C TO'IKOii, Tar; •ITO npcoupa30Daii1111.331IllCLIB3IOTCH TaR: 

qr'" = u~qrP. I 
qr;. = w-1)~ qr a. I 
"''' ~ (U'); "' J 

(2,29) 
a ' 

w~ = cu·-1>~ qr •. 
" a 

Onnar;o n TenaopHoii aJircupe•L (4) cym;ecTsyeT oncpannl1 non1mManu11 11 ouy­
cimmrll ana<JRon, Tm; ;r;e RaJ{ n n a/lro6pc SU (2}. IloaroMy n nopeunesoii 
rpynnc npencTannenue xapaRTepnayeTcn nnymr 'IJICJiaMn :;-'lJICJIOM ITYHR­
TilpHLIX u 'lnczroM nenynRTnpnhlx ana'!Kon. Ten3op s JToii anreupe aann­
cblnaeTcn c noMOII\biO qeTupex MaTpnn Ilay.'ln cro, cr1, cr2, cr3, rne cr0 - enu­
HI!'IHan MaTpnna. Tcnaop 

;. _ ( t-z, x-iy) 
A~ - x+iy t+z' 

OTIIC'IUCT 4-BCI{TOpy; CfO IIpco6pa30B3lli!H aKBIIBUJICHTIIbl Hpeo6pa30B3IIIIHM 
Jlopen~a. Tm' nai{ cyMMIIponaTb no nynRrnpnoMy n IIenynRTnpnoMy aHa'l­
r:aM IIC.'IL3ll (T. C. npii TaR OM CY1!MI!p0B3HIIII HC B03I!l!I{3CT IlHB3pii3HTa), 
CiiC;\ TCH30pa (2,30) IICJlb311 CI\CJiaT.b paniiWI HYJIIO BO DCUX CliCTCMaX IWOp­
;\llliUT. 

)l;.'IH nepcxona OT rpynnu Jlopenna L 6 ( 4) r; rpynne TpexMepnux nparne­
nnii n (3) 1\0CTaTO'liiO ne pa3Jlll'IaTL 3II3'llm c TO'IHOU II Gea TO'll{ll. TorAa 
113 TCH30pa Dbl;\C•1HCTCII CKannp - ero CJIOI(, 0cTaBJIHII D MaTpnnax IIPCI\CTaB­
-·Iciiilii TO:IbKO l\113fOHa,JbHblC IWMITOI!CI!TLI, MLI nepeXO){IIM R rpynne R (2). 
Taram oupaao~I. peAYRI\IIH rpynnLI 

L (4) ::J R (3) ::JR (2) 

conponomnacrcn coorneTCTBCHHLIM ynpom;eniieM TenaopHoii anre6pbl •. 
B 33RJIIO'ICHIIC llORalReM, RaR COllOCTaBJIHIOTCll ROMllOHCHTbl TCH30pa 

anaqcnnaM npoeRnnn II30TOITII'lecR<iro cnnna. · 

TeHaop c p nepxnnMll aHa'lRal\m OTBC'!aeT uaoronuqecRoMy CIIIIHY f = 
= T, TaR I{3R Tenaop nMeoT p + 1 I{OMnoneuTy. Ecm1 nee IIHACRChl pannhl 1, 
TO yCJIOBm!CH llplllliiCLIBaTb T3ROU ROMIIOHCHTC TCH30pa aHa'ICHIIe T3 = - T = 
= -f. To rna, CCJIII y ROI\lllOHOHTLI TCH30pa p (f) llH){CRCOB paBHbl 1, a 

p (2) = p - p (f) IIII){URCOB paBHLI 2, TO ){JIH TaROH ROMIIOHCHTbl 

T3 = -T+p(2)= p(t)tp(2)+p(2)=p(Z)-:;-p(i). (2,30) 

*) llpeo6paaosanue 4-uepnoro npocTpanCTBa, aasncnll\ee OT mecTn napaweTpos. 
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AHaJIOrll'lHO IIOJiyqaeM /(Jill TU1130pa C q (1) HIDRHilllll 3Ha'lRaMu, paBHLllln: 
1, II q(2) HIIJKHIIAIII 3Ha'lli8MII, p3BHL1~11:2, 

Ta = - q (2)-;-q (I) 
(2,31) 

)l;nn CliCillaHHoro TeHaopa c p nepxHnMII 11 q numnmm llHAeRcaMn u co 
CJIUAOM, pannwu HYJIIO, IIOJiyqaeM (cp. c (4,14)) 

r,'(e 

1 ( · m 
Ta=;r mz-mt)""'mt--z, 

m2 ;,p(2)-q(2), 1 
mt'=p(1)-q(1), . 

in =·ni1 + mz. 

(2,32) 

(2,33) 

1 ' . 
l\IomHo crmaaTb, 'ITO 'IIICJio 2 (P+q) = T xapaRTepl!ayeT npencTannemre, 
a iiiiCJIO mz-mi xapaRTepnayeT liOArpynny npaiiJ;CH!IH BORpyr OCII 3, T. e. 
aHa 'IeRne npoeRniiii T na ayy ocr.. 

§ 3. YHIITAPHAH fPYilllA 

'Anre6pa :ynnTapHoii rpyunu IWMnnerteni>rx 1\taTPIIn TPOTJ,ero nopnnr;a 
CTponTcn TeM me nyTeM, •Iro n SU (2). ByneM o6oanaqaTr. MaTpliJ.\u 'TpeTb-
ero IIOPHAJta TaRme 'lOpe a U IIJIII . U~ (a, b = 1, 2, 3), CCJIII Hano yrmaaTb 
HBHO ROMllOHCHTLI. MaTpHJ.\bl U DLI6npa!OTCH TUR, 'lT06LI 

uu•~1. 

DetU=L 

Cunuop B 3TOM IIpOCTpancrne lUIUCT Tpl! IWMITJICRCHble ROMllOHCllTbl: 

(3,1) 

(3,2) 

(3,3) 'qt"=(::). 
<hoT ROHTpanapnanTIIhlii cnnnop, cmmop c nepxnn11 IIIIIWRCOM, npeo6paayeTcn 
C· nOMOll\!.10 MaTpnnLr U. Cym;ecTDyeT erne n RonapnanrHrJii cunuop, cniinop • 
C IllllKHIIMII l!H){CRCaMII .'. : , . . .: ' , ' , 

; '' ·, <ll= (11>,, !l>z> IDa). 
'' 

Cniinop I!> upeoupaayeTcn ·c IIOMOll\biO MaTpnnw u•. Qqenll,ll,Jio, 'ITO cunnop, 
COIIPJIJKCHHblii c (3, 3), npco6paaycTCH R3R <D. 

CRannpHoe nponanenenne,. R(>Topoe · coxpallireTcii npn ·ynimipilblx npe~ 

. (3,4) 

o6paaonaniinx; · oupell,eJiaercn' Tall: · · ··' '' ' ' 

(I!>,' ly) = <Da: 'IJl'". 
(3,5) 

B SU (3) onepaJ:III.II onycr:anii.n:· IIHAeRca 
BneneM nna aHmcriM1feTpn'IriMx Tenaopa, 

. npocTpancTne TPH ·~AeRca: 
BhlrJI.!IAIIT HHaqe~ .'lCM B SU (2). 
IWTOpLie . llMCIOT B · Tpenmpuou 

( ·, 1 ('ICTHI>re. nepcctanonRn a, b,. c), 
Babe= Babe = i -1 (HO'lCTIIUe ' » • ), (3,6) , . . ' .0 (Ana HHACI{Ca pa~Hbl). 
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TaR RriK Det U = 1, nemPnma KoMnonenr aroro. TeHaopa' ocTaerca 
HCil3M€HIIOii npn npeoupaaonanllRX. rpynnLI. . 

. .IJ:ciiCTnliO TCII30pa Babe MOlKIIO 1IpOJ1€MOHCTp11pOB3T:£, Ha IIpi!MCpe TeH­
aopa nroporo paura n SU(3). 

Tenaopbi nroporo panra ,Moryr uLITL paam>~x Tunon. 
1) '!'g - T9!130p C o]lim~i nepxilllM Il C 0;1HIIM IIIIli;IUIM ana•IKO~I. C."Je]l 

TaKOfO TOH30pa nn."llieTCJI CK3JIHpM! rpyllilhl, a IIOT(my JICilpllBO;J;JIMhlll. TeH-
30p (anaJIOfll'IHLiii T€H30py I\B3]1pyTIOJILHOf0 . A!OM€HT3 B 3JI€KTpOCT3TJIKe) 
;~;oJimeH IIMerr, cJie]l, panHLiii nymo: · 

Sp'¥='¥~=0. (3,7) 

2) '¥•b- renaop c ~~:n~lll riepXl""\IH ana'JK3MII. Paao6LeM aTOT TePaop 
113 Ana Tenaopa: CilMMeTpii'Illhlll (no a II b) II 3HTIICIIMlleTpll'IHhlU: 

'¥ab = \jr[•l~] + 'l'(ab}, (3,8) 

'!'[ab) ={('l'~b _.: wb•), (3,9) 

'¥{a, b} =} (\f'"b + \f'ba ). (3, 10) 

Tar;oe paauncmre renaopa ~oliapiianrno .. oTnocnre.rrr,no ynnrapnux npeo6pa­
aonamrii .. Tcnepr, .Mhl. MOlKeM ncno.rrr,aonaTr, renaop Babe· 'YMnomnn ero 
na ,rillraop, (3,10), Mhl no;ryqiiM ~mmop c ?AIIIIM nJilRHI!!r ana'JKOM 

'¥a= Ea~e 'I'[bcJ. (3,11) 

TaKn~l o6paam1, anrnCIIMMeTpll'Inhlii. renaop nroporo panra aKnnna.rrenren 
n aToii a:xre6pe cmmopy. HaoGopoT, CnMMCTpll'Inuii Tenaop (3,9) ynpoCTIITh 
nen~>all. Ilponane~~:enne ero na e. Jlaer nynr,. IIoaroMy Mhi MOmeM o6oana'IaTh 
qepea 'l'•b cnMMerpii'Inhlii Tenaop; anTncmmeTpll'IHlo!MII renaopaMII Mhl nonce 
no.rrr,aonancn ne · 6yAei.r. . 

3) Ana.ITOfll'IHhle paCCYll\IJ:Cllllll MOlRHO IIOnTOpliTb ]l.liH TenaopOB C AnJllll 
nnmniiMn aiia'IRaMn '¥ ab• ncnonr,ayn ~~:.rrn aroro cJiyqan renaop eabe. · B pe­
ay.rrr,TaTe II 3TOT TCH30p Mhl MOiRCM C'JUTaTb CIIMM9Tpll'IIIhlM. 

Bee CKaaannoe MOli\HO noiiTopnrr, ~~:.rrn Jiro6oii napu nepxniiX Il.liii napu 
IIumnnx. ana'IKOn. IIoaroMy o6JI~nii cJiyqaii nenpiinOIJ:IIMOro renaopa xapaKrepii­
ayercll.· IJ:nYA!ll 'Iuc.rraMn .- 'IJIC.ITOM. HIImnnx n 'IIICJIOM · nepxnnx. ana'IKOn. II pn 
aTm!· nee cJieAhl. (CJliMhl no .Jiro6oii nape an.a'IKOB O]lnoro nnmnero n o~~:uoro 
BepXIIero) IJ:O.lllRHhl o6pa!IIaThCll B IIY.llb. HenpnBOJIIDihiC TCH30phl (II COOTneT­
CTBYIO!IIIIC JIM npe~~:cran.rrenJill) o6oana'IaiOT ·. CIDIBOJIOM D (p, q), r~~:e p -
'IIIC.liO BepxnnX HHIJ:CKCOB, a q- 'IIICJIO HIIlRHilX IIHIJ:CRCOn. TmmM o6paaoM, 
llhl npJIXOIJ:IIM R CJieAYID!IIeii RJiaccnlfJHKaiiHII Tenaopon B SU (3): 

. fl (0, 0)- CRa.rrnp ( O]IHa ROMHO~~HT~), . . . .. . ..... 
D (1; O).....:Ronrpanapiianrnuii cminop (Tpu'Rimi:rominru), 
fl (0, 1)-ROBapJiaHTHblii CHIIHOp (Tpll ROMTIOHCHThl), 
D(1, .1)-cMemanllhlii Tenaop \f': (noceMb ROAIIIOH~HT), 
D (2, 0) :-RonrpanapJianrnuii Tenaop. 'I'~b (meCTh. KOMnonenr), · 
D (0, 2)-;-RonapRaHTHhlii renaop 'I'ab (mecrr, I{oiinonenT) n T. A· 

Ilp1Ine]leM necROJibKO cpopMyJI ](Jill IIOJIC'IeTa 'InCJia ·ItOltnonen"I:. CHMMeT­
Jlii'IHhlii T€H30p C k IIHIJ:CRC3Mil' (TO.llhKO . BCpXHIDIII U:.llll TO.llbRO HlllRHIIMII) 
II)!CCT 'JIIC.liO KOMnOHCHT, paBHOe . 

N(k, O)=N(O, k) (k+t~(k+2). (3,12) 
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TeHaop c. OJinHaHonmr 'IIICJIOM nnmnnx II nepxnnx IIH]IeKcon IIMeeT 'IIICJio 
KOllllOHeHT, paBHOe 

N(k, k)=(k+ 1)3 • (3,13) 

Ilepnall cpopMyJia ectr, upocro ~cJio cnoco6on, RoropbiM AIOiRIIO cocrani!Tb k 
IIa rpex ue.rrLrx 'IIICeJI ('Inc.rro e]IIIHIIU, ](BOeR u TpoeR B IIH]IeRcax). · Bropall 
noJiy'Iaercll na naJJecrHoii cpopMy.rrLI ](Jill cyMMLI Ry6on 'IIICeJI Harypa.rrr,noro 
PR]Ia 

k+t 
f<k+1) 2 (k+2)2 = L} s3• 

S=t 

3aMeTnM, 'ITO c.rrelia cronT RBa]lpar npanoii .'Iacru (3,12), T. e. no.rrnoe 'IHMo 
ROMHOHCHT Tenaopa, y I:OTOpOrO 'IIICJIO BCpXHIIX II IU!lRHUX IIHIJ:€1\COn OIJ:II­
HaROBO, a C.liCJihl OT.llll'Illhl OT HYJill. fiO:JTOMy MOlRHO llHTeprrpeTI!pOnarr, 
rroc.rre]IHIOIO cpopMy.rry wl.R cpopMy.rry paa.rrmi\CHIIll rm:oro Tenaopa na IIenpn­
BOJIIIMhle C MCI!hiDIIll 'IIICJIOM llliiJ:CRCOn (AOKaaaTCJlbCTnO Jiemo IIponeCTII 
!IO IIHIJ:YKIIIIII). . . . 

.Il:Jin cJiyqall Ten;JOpa c p nepxnnuu· II q nnmniiMII ana'IRalll! 'Inc.rro ROll­nonenr panno 
. 1 . . . 

N(p, q)=z(P+ 1)(q+1}(p+q+2). (3,14) 

c:DopMy.rra no.rryqaercn cpaay, eCJIJI aaMeTUTr,, 'ITO JIO o6pa!IIeHnll C.'ICIJ:OB n nyJir, 
1 'IIIC.liO ROMIIOHCHT O!IpCIJ:CJif!OTCll IJO cpOpMyJie (3,12) ll panno 
4
- (p + 1) (q + 1) X 

x(p+2) (q+2). Yc.rronne o6pa!IIerrnn c.rre~~:a n'nyJir, 3Rniina:xeHrno panencTny 
. 1 

nyJiro Teiiaopa D (p- 1, q- 1) c 'IIIC.'IOM I:Olmonenr 
4 

pq (p+1) (q+1). 
PaaHocrr, aTnx ~~:nyx 'IIICe.rr II ]laeT cpopMy.rry (3,14). 

Terrepr, liioiAmmeM ccpopMy.rrnponarr, rrpanii.rro CJIOll\eiinn neKTQpon. B rpyn­
IIe npaJIICHIIH 3TO HpaBHJIO CDO]IiJJIOCh R TO My, 'ITO II3 ]ln~"X TCH30pon C 2j I + 1 
II 2j2 + f ROMilOIICHTaMII B03HilR3IOT TCH30phl C 'IIIC.liOM ROMnOHCHT 2J + 1, 
r~~:e J npo6eraer nee ue.rrue arra'Iennn (n.rrn noJIYUeJihie) OT I il - i2l 11:0 i1 + i2· 
B SU (3) il o6!IIeM CJiyqae npannJio numn~~:nr ·c;wmnee II rrpo!IIe ncero Aeil­
crnonaTh npHMLIM IIyreM. 

TaR, Il3 ]lnyx CIIliiiOpOB \f'" II '¥ b MOiKliO COCTanJITh C!talilfp '¥ II TCH-
30p '¥~ C 8 ROMHOH€IITaMn. CruiBOJIII'ICCKl! Mhl 6y~~:ei.1 :JTO aaiiiiChinaTb TaR: 

D(1, 0) x D (0, 1) =D (0, O)+D (1, 1) 
HJIJI npocro no 'IIICJiy KOMnonenr 

(3,15) 

3x3=1+8 •. - (3, 16) 
PaCCMOTprut npouane]ICI!IIC Anyx Tenaopon 'l'~ll>J . .Il:Jin Toro 'ITOUhl nauru 

IICHpnnOJIID!hle 'JaCTJI, nocrynru1 TaR. B03bl.!Cll )\noiinyro CJ)my, IIOJiyqnn 
cRa.rrllp 

X= 'l'~.(D~ (o~~:na I\O~morre~Ta). 
IlpOCJAU!IIponan TOJILKO OJIJIH paa JlnJ)tn cnoco6aun II o6parnn 
noJiyqiru ]Ina Tenaopa: 

(3,17) 

c.rre~ B rryJIL, 

X~='¥~<!>~, Xb = \f'g.:!>~ (rro nOCCMh RO!IHOHCHT). 

EcJin c noAIO!IILIO Tenaopa e · no~~:nnrr, nnmnne ana'II\n, a aaTeu Cl!MMCTpn­
aonarr, no nceM nepxniiM ana'IRaM, MLI npn;(CM K Teiiaopy rperr,ero panra 
C nepXHliMII 3Ha'JRaMJI 

(3,18) 

xabc. 
(3,19) 
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Ananorn'IHO nocTponM Tenaop c TpeMH ana 'lila Mil BHli3Y 

X abc• 

OcTaOTCH eiiie Tenaop 'leTnepToro panra c p;nyMH ana'!KaMn nnepxy n 
ana'II<aMn nunay n co cJiep;aMn, pannLnlll nynro. 8ror Tenaop 
(2 + 1)3 = 27 ROMHOHCIIT 

X~~ = 'l'~~ Cl>~~ • 

<l>opl!aJILnan aanucL aroro peaynLrara TaROna: 

D(i, 1)XD(1, 1)=D(O, O)+D(i, 1)+D(1, 1)+ 
+D(3, O)+D(O, 3)+D(2, 2) 

llllll 
8 X 8=1 +8+8+ 10+10+27. 

(3,20) 

JIB}'MH 
Hl!COT 

(3,21) 

(3,22) 

(3,23) 

B o6oana'IO!li1HX OTMO'IOH TOT <flaKT, 'ITO o6a OKTOTa (TCH30pL1 BTOporO panra) 
9KDUBaJICHTHhl, T. e. npeo6paayJOTCil O)l;llllM H TOM me o6pa30M, a )l;OKaUJIOTM 
(Tenaophl TpeTiero panra) npeo6paayxoTcJI conpnmenniiMn MaTpnuaMI!. 

llpunep;eM OIIIO if>opMYJIY )l;JIJI nponanep;en1111 p;nyx p;eRanJieTon: no <f>op-
liyJie (3,13) MOmeM cpaay nanncarh (k = 2) 

10x10=1+8+27+64 (3,24) 

H.11H 
!D(3, O)+D(O, 3)=D(O, O)+D(1, 1)+D(2, 2)+D(3, 3). (3,25) 

llpnncp;eM 6ea BMBO)l;a eiiie neCKOJILKO <f>opMyJI: 

3x3=1+8, 
D(1, O)xD(O, 1)=D(O, O)+D(1, 1), 

3x3= 3x6, 
D (1, 0) X D (1, 0) =D (0, 1)+D (2, 0), 

3 x3=3+6, 
D(O, 1)xD(0, 1)=D(1, O)+D(O, ~). 

6x3=8+1D. 
D (2, 0) X D (1, 0) =D (1, 1) +D (3, 0), 

6x3=3+15, 
D(O, 2)XD(1, O)=D(O, 1)+D(1, 2), 

6 X 3=3+15, 
D(2, O)xD(O, 1)=D(1, O)+D(2, 1), 

6x6=1+8+27, 
D(O, 2)xD(2, O)=D(O, O)+D(1, 1)+D(2, 2), 

6 X 6=6+15+15', 
D(2, O)xD(2, O)=D(O, 2)+D(2, 1)+D(4, 0), 

6x6=6+15+15', 
D(O, 2)xD(O, 2)=D(2, O)+D(1, 2)+D(O, 4) n r. n 
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.Mu nn~nM, 'ITO TOJILRO npocTeiimne npcp;cTannennrr l!Oli\HO onncunaTt, 
O)l;HIIM 'IIICJIOll. ~na TCII3opa D (2, 1) II D (4, 0) o6a UMCIOT no .15 1\0AI­

UOIICIIT, ·n, 'IT06bl pa3JIU'IIITL IIX, MLI IIIIC3JIIl 15 II .15'. 
. "BoJiee JJ;JIIIIIIILIM nnn"neTCH BLI'IIICJienno RootpqmunenTon n <f>opMynax 

cJioJKennH (Koa<f><flnunei!Ton HJie6ma - ropp;ana). TaR HaK ann nau ne nona­
JI06HTCH, MLI o nux a]lecL· ronopnTL ne Uyp;eli (ann ]lanu n B2). 

§ 4. YHHTAPHhlfi cmm 
lloJio6no TOllY RaR 'n SU (2) npeJICTanJiemw xapaxropnaonal!ocL neJill'ln­

noii naoTOHII'ICCKOro emma, Tal\ nn anre6pe SU (3) MOlimo nnecTn ananont'l­
nyro xapaKTep.ncTi!Ky - yiinTapnulx cnnn, I<OTopuii. MLI 6yp;el! o6oana'laTI> 
qepe1J U. HoMnonenTunaoTonnqecxwro emma, ROTopue aamxcunanncL n BIIJIO 
MaTpnuu 2 X 2: 

(
Ta T -) 

T~ T+ . -Ta ' •(4,1) 

npep;cTaB.JIHIOT co6oii reneparop~ rpynnu ~paiiieHnii. Sro ana~llT, 'ITO MaTplllla 
nonopoTa na yroJI. 6<p noKpyr ocn 3 nMeeT BIIJI 

M ~1 + i 6<pT3 • (4,2) 
~JIH nonopoTon noKpyr oceil: 2 II 1 cnpanep;nnnM ananorn'IHMe <f>opMyJILI, 
B KOTOpLie 6yp;yT BXO)l;HTL COOTBOTCTDeHHO MaTpllllLI" 

1 
TI=T++T-, T2=i(T+-T-). '(4,3) 

YnnrapiiLlii cnnu nnop;nrcn MaTpnueii 3 x 3: 

(

Q.T- .. !L) 
u~ T+ Y-Q 1 K-. . ·"" 
. L+ K+·. j-Y 

(4,4) 

lleTupe aJieMenTa, cTOHIIIIIe n JienoM· nepine11 ymy, o6paayror MarpH!IY Tmia 
MaTpnuhl (4,1), B ROTOpOH, O)l;HaKO, .CJIO)l; He paneH.HYJIIO (T. e; ·aTa MaTpnua 
np11nop;JI11a n SU (2)). 8ry Marpnuy li!omno aanJicaTL n nnp;e CYMMM .r.taTpnu, 
O)l;Ha II3 ROTOpbiX IIMOCT CJIC)l;, pannuii HYJIJO:· .. 

Q T_ . Q....:.2y· L'' 
1 

YO 

( 

1 . . ) 

(T+ Y-Q)= T+ -}Y-Q +-z(o y)· 
Cpannnnan c _(4,1), MLI Bll)l;HM, 'ITO 

I!Jlll 

1 
Q-z-Y=Ta 

1 
Q=Ta+z-Y. 

. (4,5) 

. (4,6) 

(4,7) 

EcJIJI no,q co6crnenllbiM auaqenneM Q"nonJIMaTL aapnp;, TO Y ecTL MaTplllla, 
oTneqaJOIIIan nmepaapnp;y S + B (S - crpannocTL, B - 6apnoHnoe •mcno). 
OcTaJILHLie aJieAICHTbl (aneMenri.r L., £_, K., K-). ripep;cTanJimOT co6oii 
MaTpll!ILI, . IDIOIOlllHC TY ·me <f>opMy, 'ITO "n lfaTPllllhl U30TOIIU'ICCKOfO 
emma T 1; T 2 rr T 3 , TOJILRO onpep;eJIHeAILie n rro)l;llpOCTpancrnax (2,3) n (1,3). 
Tax KaK rpynna SU (3) cocTOIIT na npeo6paaonannii, coxpaamoiiinX Rna­
p;parnqnyxo <f>opAiy I X I 2 + I Y I 2 + I Z 12, n xamAoM na JIBYXMepHMX 
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HOJ(HpocTpancTn cym;ecTnyeT noJ(rpynna, COJ(epmam;aH Cy?oury ABYX RBaJ(paTon 
.liiOAYJieii, T •. e. no,!(rpynna, aKnnnanenTnaH SU (2). lia CTPYKTYPDI MaTpn­
uu (4,4) Bll,!(HO, 'ITO MOlKHO pa3Hhi.lii o6pa30lt BhlUIIpaT.b CIICTCMhi ROMMYTII­
pyiOID;HX MaTprrq. BLiurrpaH B Ka'ICCTBC IIOJ(rpynnu MaTpllD;LI (4,5), Mbl UOJiy­
'InM crrcTeMy MaTpnu; Y, T 2 n T3• Ecmr n KaqecTne IIOArpynn nLI6paTL 
MaTpnu;y 2 X 2, CTOIIJUYIO n mrmne~r npanoM ymy (4,4); TO nonyqaeM MaTpnu;y 

(Y-Q. K-)=(Y-}Q 
K+ ~y . K+ 

. . I(_ . . ) 1 (Q 0) 
·_ y +f Q - 2~ OQ . (4,8) 

B.aToM cnyqae ROMMyTII.PYIDJUilliii MaTpnqaMn 6y,!(yr MaTpHD;LI Q~ K 2 n K 3, rJ(e. 

K3~y..;.;.}Q. (4,9) 

II pH. TaKOM BhluOpe ROMMyTHpyiOJUHX OHCpaT~pOB OJ(HIIM H3 RBaHTOBLIX 'IHCCJI 
6yJ(eT onpeJ(eJIJITLCII aapliJ( qacTrrqLI. TaRoe npeJ(cTannenrre y,!(o6no npn pac­
CMOTpemm · aa,!(a'I cna6oro n aJieRTpoMarniiTHoro. naaRMOJ(eiicTnuii:. 

BepneMCJI R nLI6opy CIICTCMLI KOMMYTIIpYIOJUIIx 1\IaTpnq. Y, T 2 , T3 • 

PaCCMOTpliM l1p01I3BOJI.bHhlll TCH30p C p. BCpXHIIMll II q HIIiKHllMII IIHACRCaMU. 
06oana'!nM ero, RaR n cn11aannoe c HIIM npeACTannenHe, 'Iepea D (p, q). 
Rami:\Liii na p + q IIHAeKcon MMROT npunuMaTL arraqenne 1, 2, 3. BneJIOM 
CJICAYIOJUI!e o6oarraqennJI: . 

.p(1)-qucJIO nepxHUX UHAORCOB, paBHLIX 1, ) ·. 
p (2) » » » » 2, t. 
p (3) » » » » 3, . 
q (1)'.:....'IIICJIO II lim HIIX UIIJ(CKCOB, paDHhiX 1, J 

. q (2) » l} » )) 2, . 
q (3) » I) » » 3. 

(4,10) 

CnHaL co6cTnllnllhix ana'Ienuii Y, T2 u T3 c IWMnonenTaMII Tenaopa 
D (p, q) ycTanannnnaeTclt, ecnn MLI aaJ(aJ(IIM; Y · J(JIJI KmmonenT RaRoro­
nn6y,!(L OJ(HOfO TOH30pa. liMOHHO B :!TOM HyH!{TC ll HpOIICXOJ(l!T BhluOp IIpOJ(­
CTaBJICHllJI AJIJI oiirrcaniiH peaJILHLix qacTnn;. B MOJ(eJin renn-Manrra II Heft-. 
Mana n ocnony npnnRMaeTCII ORTeT D (1,.1). · 

3a,!(3J(IIM rHnepaapliJ(hl J(JIH ROMUOHCHT. :JTOfO · ORTCTa: 

· 'l'g(a, b=1, 2, 3): Y=;o; ) 
s . · I 

'!'~ (b = 1, 2, 3). y = 1, 1 
'l'3 (a=1, 2): Y=-:-1, 
'I'~: . . . Ya=O. 

(4,11) 

HanOMHIIM, 'ITO ROMllOHCHThi 'fg JIBJIHIOTCII CMOC.biO II30TOllll'IOCROfO BCKTOpa 
ll II30TOlllt'ICCROfO CRaJIJipa (a, b = 1, 2): 

'l'g-{agSp'l', T-neRTop, 

Sp '!', T- cRanHp, 

'!'~' 'l'g, 
Ti, 

T-cnnnop, 

T- cKaJIJIP •. 

) 

l 
(4,12) 

By,!(eM cocTanliliTL na ORTeTon Tenaopi.r nLicmrrx nopHJ(Ron. llprr nepeMnome­
nnii ORTeTOB.Mhi 6yAeM nonyqaTL Tenaopu, y RoTopLIX.'IIICJia·nepxnnx II nnm­
nnx IIHAOKcon oJ(nrraROBLI, no clieALI ne panl!hi nynro. 06oami'IRM TaRoii Ten­
aop qepea D' (k, k), OTMe'IaJI mrpnxoM TOT iflaRT, 'ITO SpD' =!= 0. rrinepaapJIJ(, 
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OTBC'IaiOiqllii I:OMHOHCHTC TCH30pa, UYJ(CT OIIpCJ(CJIIIT.bCII 'IHCJIOM HHJ(CKCOB, 
pannh!x 3, T. e. 'IHCJiaMnp (3) II q (3); TaK KaK comacno (4,11) KaJRALiii nepx­
nnii l!IIJ(CKC BHOCHT BKJian B Y, paBHLill 1, a Kali'AbiH III!ll(Hllll IIHACKC BHOCHT 
nKJiaA, pannuii -1, AJin rmMnonenT Tenaopa D' (k, k) rnncpaapnn panen 
p (3) - q (3). 0TCIOJ(a BRAIIO, ,'ITO B ROMIIOIICHTax 3TOfO TCHaopa Y ll3MC­
HHCTC.H B IIpeJ(CJiax -k ~ Y ~ k. 

· TenepL Dl>IJ(CJIIIM ·ria Tenaopa nenpnnoJ(IIMLic cocrannmoiqne. ,ll;JIH :JToro 
npemAe ncero cmmeTpnayeM ninaop no p nepxmm II OTJ(eJILIIo no q nmu­
HHM ana'IIWM. lloJiy'IIIM HCI!piiDOJ(IIMLrll TCH30p D (k, k), J(JIJI ROTOporo Y 
MCHIICTCII D TCX l!>C IlpCJ(CJiaX- k _,;;;: Y _,;;;: k. 

EcJIII p IIJIII q>2, TO c IIOMOJULIO Babe Moamo onycTIITL y D'(k, k) J(Ba 
IIIIJ(CI>Ca, npenpaTIIB J(Ba nepxnnx IIHACKCa B O,!(IIH IIIImHrrii:. TO'IHO ·TaR me 
C IIO.li!Oiq.biO TCH3opa Babe MO}RHO IIOJ(HJIT.b J(Ba IIIImHIIX HIIJ(CKCa, npenpaTIIB 
nx n o;~nn nepxniiii. TaKmr o6paamr MDI MomeM npenpaTIITL Tenaop D' (k, k) 
n Tenaop D' (k- 2, k + 1) nnn n Tenaop D' (k + 1, k- 2). llocne 3Toro 
na,!(o cr!:>.ateTpnaonaTb nonyqenl!hie Tenaopu J(O Tenaopon D (k - 2, k+ 1) 
HJIII D (k + 1, k- 2) COOTDCTCTBCIIHO. . 

Tenaopu E anTncnMMeTpii'IHLI, noaroMy ecnn y Tenaopa D (p, q) nee p 
IIIIACKcon pannu 3, To YMIIomenHe ero na Ea be ;~aeT nynr,. Toqno TaR me, ecnn 
y Tenaopa D (p, q) nee HHmnHe IIHJ(CRCLI pannu 3, To YMHomeniie ero na ~::abc 
TaRa:e J(aeT nyJIL. 0TCIOJ(a Momno aaKJIIO'!IITL, '!To Tenaop D (k - 2, k + 1) 
m.reeT na OJ(no anaqenne Y MCHLme, 'IC.llt IICXOJ(HLiii Tenaop D (k, k): on ne 
m.reeT KOMIIOIIeHT c. Y = k. TaKrm o6paaoM, Tenaop D (k - 2, k + 1) 
IIMeeT IWMnonenTLI c Y n npeJ(eJiax -k ~ Y ~ k - 1. TaKa;e .r.wamo npiiiiTrr 
R aaRJIIO'ICHHIO, 'ITO TCH30p D' (k + 1, k - 2) IDfCCT. ROMHOIICIIThi C Y 
n npeJ(eJiax -k + 1 ~ Y ~ k. Ecnrr MLI onycTmr 2s nepxmrx IIHJ(eRcon, npe- · 
npaTHB rrx n s nrrmnrrx, TO, paccym,!(aJI ananorlt'Ino, naii:J(eM, 'ITO y nonoro 
Tenaopa D (k - 2s, k + s) mnepaapliA naMemreTCJI n npe,!(enax -k ~ Y ~ 
~ k- s. Toqno TaR me J(JIH Tenaopa D (k + s, k- 2s): ·-k+s<Y ..,;;;:k. 

0TCIOJ(a J(JIJI npo1Iano;rr,noro Tenaopa D (p, q) naxoJ(RM, nonaraJI k = +2 . - . 
= Y 11 s = -:.y (p= k-2s, q= k+s), 'ITO rnnepaapHJ( IIaMenJie:rcJI n 
npe;~enax 

_ P+2q <;: y _,;;;: 2p+q • 
3 3 {4,13) 

runepaapJIJ( ROMllOHCIIThl Tenaopa D (p, q) onpe,!(CJIIIOTCJI 'IIICJIOM IIRAOR-
con, panllhiM 3. llonomnM . · 

Y=p(3)-q(3)+a, . (4,14) 
f,!(O a- HOCTOJIHHaJI. lJTy HOCTOHHHYIO HaHjiCM, aaMOTRD, 'ITO Hplt p (3) = p 
II q (3), paBHOM HYJIIO, Y panen CDOeMy AiaRCIIMaJILHOMY 3Ha'ICHIIW 
1 0 1 .. ) S(2p+q). TCIOJ(a a= -;j(P-q · 

· 06oana'IaH. p (3)- q (3) =rna, p- q = m, nonyqaeM 

Y . 1 
=ms-gm. 

Ananorii'IIIO ~ Monmo IIOJIY'Il!Tb ifl~PMYJIY II J(JIH aapRAa: 

1 
Q=-m1+3m, 

{4,14'). 

(4,15) 

r,!(e m1 = p (1) -q (1). Ee nn,!( onpeJ(eJIIIeTcJI cmnreTpiieii: onpeJ(eJIUT:!JIJI (4,4) 
OTITOCUTCJILHO 3aMenLI (Y =<=- Q ll 1 :;:!: 2). ECJIII J(06aDHT.b em;e, 'ITO Y- Q,;;, 

• . 1 . . . •. . 
= - mz +3m, TO MmRno aweTnTL, 'ITO Tpn 'InCJia mtt m2 , m

3 
nrparoT 

2 Y¢>II, T. LXXXIY. Dh!n. I 
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pom •. marnnTHbiX» RnaiiTOBbiX 'lncen. ~JIII .;roro 'ITOULI .c:~cnaTL cyMMY 
co6cTBeiiiibiX aiia'!eiinii Tpex oneparopon, CTOII!l\IIX na ;\naronaJin (4,4), 
pannoii nymo, DBOJIHTCJI 'IJien -}m=-}(m1 +m2 +m3). iho u ecTL anre6-

. . 1 
panqecRafi npu'lniia nOJIBJieiinH tmaifl¢nnueiiTa 3 n clJopMynax (cp. (2,31)). 

lla iflopMYJibi ( 4, 13) MOJni!O noJiy'lnTL Bhlpameiine AJIJI «mnpnnblt ynn­
Tapnoro MYJILTnnnera: 

Ymax- Ymtn= p+q. ( 4, 16) 

ITo ananornn c .uaoTomt'leCRIIM cnnBOM, nononnHy noJIHoro 'IIICJia IIB]IeKcor. 
MOliiHO BaanaTb BOJIII'IJII!Oll YHIITapnoro CJIUHa U, 

U= "ti, (4,17) 

TaK 'ITO 'IUCJIO pa3HbiX 3118'1CHI!ll Y paBHO 2U + 1. ~JIJI «I!CHTpa TJiliiCCTIU 
MY JILTnJIJiera nonyqacM 

Y -1-Y p-q max • mtn=-3-. (4,18) 

I!JopMyJibl ( 4, 14)- ( 4, 17) JIOJIJHlCTbJO OIII!Cb!B8IOT rnnepaapJI):IOByJO CTpyKrypy 
llyJILTHnJICTa. . J -

Sr11 iflopMyJibi J18IOT ]IJIJI Y. rtenble 3Ha'!ennJI, no TOJILKo ]IJIJI raKux ren­
aopon, AJIJI ROTOpbiX paanocrz. I p - q I = 3n, rAe n - nenoe nonomuTenr.­
noe 'IIICJIO. B HpiiHJITOll naMll CXCMC llOCTpOCHIIJI TCH30pOB n3 TCII30pa D (k, k) 
B03HHR810T TCII30pbi .. D (k + s, k - 2s) II D (k - 2s, k + s), IWTOpbie YAO· 
nneTnopJIIoT :JTOMY ycnonnro. Ten3opbi c I p - q I =1= 3n ne 1110ryr 6hiTL nony­
'ICHbl Tal\IIM nyre111. Sro HanOMIIHaeT noJIOliiCHlle B rpyrrne Bp8JHCHIIH, f]IC 
C nOMO!l\1>10 BCI\TOpOB MOlRHO noCTpOl!Tb TCH30pbl Jlllilll> C HOJ!biMII 3H8'1CHliHMII 
li30TOnll'leCKOfO cnuna; Cni!HOpLI C nOJIYIJ;CJILIM 1130TOnii'ICCKliM Clll!HOM ,!IOJI}K­
Hbl 6hiTI> BBC]ICHlJ HC3aBnCI!liO. B rpyrrne S U (3) TaKl-1\C B03HUKaiOT CnnHOpbi 
c Henenbllln 3Ha'leHllliMII runepaapJI]Ia, KpaTHbiMll 1/3. CoxpaHJIJI nonyqen­
Hhle npanJIJia n AJIJI reHaopon c I p - q I =I= 3n, lllbl HOJI}"'IIIM, HanpllMep, 'ITO 
,!IJIH cnnHopa c OJIHIIM nepxHmi aHa'!KOM D (1, O)·conocranneHne Y c KOMHO-
HBHT8MII BblfJIJI):IIIT T81(: , 

'fl: p=O, 1 
Y=-3 

'1'2: p=O, 1 1 
a<P-q>=a· 

1 
Y=-a· (4,19) 

'f3: p= 1, 2 
Y=-a· 

1 1 2 
Ananorii'IHO TeHaop 'I' a ruxeer HOliHOHCHTLI c . Y = 3, 3 , - 3. TaKn.\1 o6pa-

80M, B SU (3) HOJIBJIJIIOTCJI ]1p06Hble 3H8'1CHllli Tli118p3apJI]18. fionLITKII o6na­
py;RnTI. qaCTIIItbl, OTBC'l3IOJHIIC TaKI!M npeACTaBJICHHI!ll (Knaptm, no TCpMH- . 
Honor11n renn-MaHna), norepnennnoKa HCYJia'ly (eM. Bne]1en11e). 

Tenepb MLI MOliiCM 11pOAOJiliiiiTL KJiaCCH!fJI!KartiiJO . ROMnOHCHT TOH30pa 
n nepeiiTn R ana'ICHIIJI.\1 naoronll'leCKoro cnnHa n ero npoeKnnii. ECJin n reH­
aope D {p, q) Mbl HOJIO}KIDI HCROTOpoe 'li!CJIO HH]\CKCOB paBHbiMH 3, TO OCT8JIL­
Hbl0 IIIIJICKCLI, llpl!HliMaJI 3Ha'ICHHJI 1 II 2, o6pa3yiOT TCH30p B ll30T0llii'ICCI\OM 
npocrpancTne c p (1) + p (2) = p (1, 2) nepxHIDIII liHACRCaMII 11 q (1) + 
+ q (2) = q (1, 2) HllliiiillMII HHJICHcaMu. Pa3nomen11e raRoro TCH3opa SU (2) 
Ha HenpiiBOJIID!biC TCH30pLI npOIICXO]IIIT TIO 06bl'IH0ll CXCMC. CY!fM11pOB8HHH­
no OJIHOMY nnmHeMy IIOJIHOMY nepxHeMy IIH]IeRcy no 3Ha'leHIIJI.\I 1, 2. TaK 
KaK TCH30p C p (1, 2) HH]ICKC8Mll, npll!ll!M8IOJHIIMII 3H8'lCIIIIJI 1, 2, IIMCCT 
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p (1, 2) + 1 .KOMnonenry, naoTonuqectmii cuitu r:moro renaopa ·. panen 
1 . . . . 

Tp=2 p(1, 2). (4,20) 

Ananoru'!no fiJIII Teiiaopa c· q (1,· 2) nnm11nMu nn.r~eKcal!u 
. i 1 

Tq =2: q(1, 2). (4,21) 
' 

Tenaop. c p (1, · 2) ·BepxnuMn· n-q (1, 2) nnmnmnt nn.r~eKcaMn paanaraeTcJI 
na. nenp!IBOJIIIMbiC TCll30pbi, Clli!Hbl KOTOpbiX paBHlJ 

Tp+Tq, Tp+Tq-1, . .• , ITp-Tql. (4,22) 
.Ha.Konert, B~JIII'lnny KOMnoiieaT.iJ n~oTorniqecKoro cnnna onpe.r~enneM no clJop~ 
Myne ! (2;32): . : · .. · .. ; . , . : 

1 . .-. . • 1 . ' 
T3=2Cm2..:_m;) =2'1P (2) :-q (2)~ p (1)+q (1)],. (4_.23) 

'ITO cornacyeTCJI c onpC]IeJlfHII€M T3 = Q- f y II clJopMyJiaMII (4,14) II (4,15). 
TatmM o6paaoM, MlJ npnxo]lmt it _CJICfiYID!l\eii RJiaccnif!l!Kantm IWMnoiieHr 

ynnrapm,rx Tenaopon. : Holinoaenrbl nenpnBoflnMoro yanTapnoro Teiiaopa 
X a paKTCp113YJOl'CJI' TIJITLJO · l\B8HTOBhiMII 'll!CJI8.\IJI: . . '' . ' : . 
- . 1) 'IIICJIOM. BCpXHIIX ·aHa'!KOB ·p, 

2) 'IIIC.."'0.\1 HII}KHIIX 3Ha'IROB q, 
3) ll30TOTIII'ICCKIIM CniiHOM T 

1 

4) rnnepaapliJIOM Y (iflopMyJia (4,14)), · 
5) npoeKrtneii H30TOJIII'lecttoro emma T3 (~opAiyna (4,23)). 

.. •: BMecro p 11 q Momuo.nnecrn: 1 .: 

1') ynllrapnblii. cnnn U = f{p + q) (if!opMyna (4,17)), 
' -" ' ' '- .· .. ·.' 1' . . . ' 

2') .. «~CHTp TJI}KCCTII& . MyJI~TIInJieTa C =. 
3 

{p - q) (iflopMyJia (4,18)). 
Buecro C, Y n Taitomno nno.r~nrz. KnanronMe 'lllcna _ 

Tor.r~a_ 
m,=:'/)(s)-.q (s),::,s=f, 2, 3. (4,24) 

' . 1 .. ,; · . ..: :-: .... • ·~: .. ;• 

.. . ~--~ l (m,_+':z -f:,m3\_·_-·j·: ... -,., 
T3':':'2(mz.::..~,), · ' . ··- (4,25)' 

1 ' Y=al2ma-m~-_m2]· :- _. 
~InCJia mt> m 2 , m3.BMecre c .U n TnpeAcrannJiror co6oir Jlpyroii na6op na nJirn 
I\B811TOBbiX 'IHCCJI 1 Oni!CbiB810~: YJlHTU pmaii MyJJLTllnJICT. ; 

.. 0TMCTHM ~e noJIC3Hyro clJopMy)Iy- ,!IJIJI TCH30pOD
1 

y 1\0TOpLIX CCTb 3Ha'IKll 
TOJibKO OJIHOfO copra,- Tenaopon TnnaD (p, 0) nD (0, q). fxmepaapJI,ll ROlmo-

HCllTLI Tena~p~ D (p, 0) panen comacHo (4,,14) Y = p (3) - : • llaoronn'le-
" • > 1 

Cl\HII CHilli KOMnOHCHT C .. 3ajlaBHbiM;Y paBCH, 0'!CBH):IU0
1 

';) (p -:-: p (3)), TaR 

na1: p ~- p (3) ecri. 'lHC..'IO nn.r~eKcon, panHblx 1 unn 2. Orcro.r~a MLI Bll.'liDd, 
>iro' AJIJI renaopon rnna D (p, 0) CY!l\ecrnyer coori:tomen11e· -: 

.·- Y. +. 2T. 2 . .{' '>") 
· =3p .. ,_u 

11 ananorwmo ]\Jill TCH30pon D (0, -. q) 
. . . 2 .. 
. · -Y+2T~~Tq. 

.(4,~7) 

2•. 
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·TaKIIM o6paaoM, y 7aKnx renaopon T onpe;o:eJinercJI· aa;o:anneM Y. PaccM:or­
pnM TenepL HeCKOJI.bKO MYJI.bTllliJICTOB. 

Ta6nn~al 
MyJILTBUJI9TLt su (3) 

I. OKTeT D (1,1); U=1 II • .D:eKanner Konapnanrnuii D (0, 3), 
3 

U=2 

I y I T. I 
'l'g (a,b= 1.2),: , · . 0 1n0 'I' abc (a, b, c = 1, 2, a; 

I 'Vg (b = 1,2), :. , • _ 1 . 1/2 

'1'3 (a= 1,2) -1 ·1ri 

'1'ab3 (a,b = 1, 2, 3) 
, .'1'433 (a=:=1,2,.3) 

'1'333 
., 

... 

'I':= -'I';.:_; 'I';. II mi n~mo'leH IIoaroMy Ii ra6Jin~)< · , , 
III. ,n:emimtcr lionrpanapHanr•ILiii · ' IV. 27-nJier "_n (2, 2), 3 . ·. . . · .. 

D(3,1)),U='2 . · , I , 1 

I 
'J'abc(a, b c=1,2,3): 

'J'•ba (a, b = 1, 2;3) · 
'1'"33 (a = 1, 2, 3) 
'J'333 

y I 
-1 
-0 

1 

2' 

T 

3/2 
1 

1/2 
o· 

.. 

'I'~J (c, d = t', 2, 3) 

'!'~~ (b, cd = 1, 2, 3) 

'I'~~( a, b, c, d =1, 2, 3) 

'~'a~ (a, b, a= 1, 2,3) 

W~~ (a, b = 1, 2, 3) 

§ s; JimsoHhl n BAPIIOIIbl· 

y I T 

. 1 3/2 
··o '1 
-1. 1/2 
-2 0 

U~2-

'T 

1 

Conocranmr renep.b ynnTapH.biM renaopaM peaJILH.ble '!aCTIIIIIl. 0 K T e T 
6 a p II 0 II 0 B COCTOHT H3 HfKJIOHa II rHJiepoHOB A;.~ II S. B COrJiacun C IIDa­
BIIJiaMII. npe;o:u;o:ym;ero naparpacpa, ero MOlKHO aanncaT.b B nn;o:e MarpnnLI 
(nepxnnii: nn;o:eKc-crpoKa, HIIlKHHH - i::ToJI6e~): 

( 

~2 ~ o + ~ A. :E- s- J 
(Bg)= ~· --~~o+)6A soT : .. ,(5,1), 

-p .n -{3 A 

Koaiflcpnl(nenrLI n. MaTpnl(e· uu6panLI TaR! 'IT06LI B BLipamemm 

· SpBB.;,'Jip+iin+Y·~·+.l:o};o+f-~-+3oso+8-s-+i\A (5,2) 
nee Koaiflcpnl(neHTLI 6LIJIH 6LI pa~HLI 1 n. 'ITOULI Sp 'I'= 0. 

B Marpnl(e (5,1) nporon nxo;o:ar co anaKoM Mnnyc. 1ho corJiacyercn c on­
pe;o:eJienneM K 0 B a p li a H T H Ll X KOMUOHSHT CUIIHOpa cpopMyJIOii (2,22), B JIH­
Teparype ncnonLayercn onpe;o:eneuae oKrera, OTJIH'Iaroll(eecn oT (5,1) nepe-

• CTaHOBKOii CTpOK li CTOJI6I(OB CO 3HaKOid lllllliYC y SO. . . . · · 

.. 
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MeBOHLI (n peaonancu) o6paay.IOr ;o:na IIanecrH.blx OKTera. 0 K T e T 
II C e B :0: 0 C K a JIll pH L1 X Me 3 0 II 0 B COCTOHT II3 n-, T)- II K-Meaonon. Mupn­
I(a 3TIIX M830HOB COCTaBJiliCTCll 3HaJIOrli'IUO MaTpiii(C (5,1) II llMCST BHJl: 

[ 

1 1 
¥2 no+ ¥6 TJ n-

(Pg) = n• ](0 . 
(5,3) 

1 f 
- ¥2 no+ ¥6 TJ 

-K• KO 

x- ) 

- V".~ TJ 
0Rrer neKTopHHx Meaoaon Q, K* (peaoaanc Kn) II cp o6paayer Marpnl(y 

r 
f 0+ f 

V2 11 ¥6 cp 

(Vg) = ~~· 

-x•· 

~~-

K*~ 
1 I 

---110+-- <p ¥2 va 
x•o 

x•- ) 

v- 2 
- -cp 3 

MeaOHHLie OKTSTLI OTJill'laiOTCll OT . 6apHOHHOrO. OKTeTa . Teii, 'ITO 'I3CTIII(LI 
n_ HIIi nxo;o:nr o;o:nonpeMeauo co CBOIIMu anrll'!acrnl(aMn. Sru OKTeTLI OUIIC:LI­
narorcn apMnTOBLIMII MarpHI(aMn 

p·=P, v·=v. 
(5,4) 

KpoMe OKTera (5,1), uanecren ell(e 6apuonnuii ;o:eKamrer, noamaBJineMLiii 
anaMennrLIM g--rnneponoM. lhor ;o:eKanJicT oniicunaercn ren~opoM c rpeMn 
HHiKHH!!H ana'!I<aMn 'P'abc, KOTOpLiii: COCTOliT ill! 10 pa3HLIX KOMHOHOHT. ::Jru 
KO!IflOHeHTLI MOlKHO CBCCTH B Ta6JIHI~y; !IOCJie Hmiepa KOMUOIIeHTLI (HIIlKHIIe 
liH,!IeKCLI!). MLI OTMe'laeM 'IHCJIO OJl:HHaiWDLIX KOUliOHeHT Tenaopa 'I' abet 

noJIY'!eliHiilx nepecranonKoii nn;o:eRcon, 3m 'lliCJio onpe;o:eJiner Ko:~,P<}lni(IICHTLI 
B nocJie;o:neM croJI6I(e. 

I\ounoaearu 6apaoanoro )leKanJieTa · 
Ta6Jinqa II 

~m~ HoMno" I y I T I I ~NM/HoMno-/yl T / Tal PeaoHuc 
n.n. neHTa , 

Ta . re,~OB~BC -n.n. '~~BTa- f '. 

333 (f) -2 0 0 Q-
322 (3) 1 _!_ ::!:•• 

f 

__!_ ,._ 6 

¥3 
2 331 (3) -I f/2 -f/2 v:r- 7 fl1 (f) f 3/2 -3/2 a-

332 (3) f/2 .:!._ ooo 
8 112 (3) -f/2 ~l\0 

3 
y3-

}'3 311 (3) 0 1 -1 _!_ ::!:•-
1/2 ~&· ' 

4 
¥3 9 f22 (3) 

Y3 I f 
222 (f) 3/2 l\ •• 

5 312 (6) 0 ¥61:*0 10 

I ·I 
HopMnpoBRII nu6panH TaR,· 'l:To6u n Kna;o:parnqnoe nupaa;enue qflJ! nee· 

'laC7III(LI BXOJl:IIJID•C OJl:HHaKOBUlll: KOalfl<jlni(IICHTOll, paBI!Lill C,!IIIHIII(C . 
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§ 6. PACID;EllJIEHIIE MACC MYJibTIIllJIETOB 

1\lyJII.THnJieTU.'Iacrnn; noJIHocnro nupomJ(eiii.t, i.e. nee nx KOMHOHCHTLI 
nMeJin 6u cTporo OAnHaiWBLie Macchi, eCJIII 6u '!acTnn;u Hn c Kelt ne naamto­
Aeiicrnonami. HaJinqne cnJII.Horo naaUMOAeiicTnnu c nnpryaJihHUMH qacrn­
n;aMn (6y]:leM rOBOpiiTh ]:Iilli RpaTIWCTil-C «BaKYY/>IOl!»} llpiiBOJ(IlT K paC!ll;eUJie­
Hll!O MYJII.TIIUJieroB, 3To pacmenJienne MOiRHO onncarh cnoco6oM, neci.Ma 
6Jin3KIIM K TOMY, Roropmt n. rmanronoii ~texaHnKe onucusaror aeeManonc1we 
pacmenJieHne aToMnux yposneii. 

ByJ(eM C'll!T3Th, 'ITO naamiOAeiicrnne uyJILTnnJieTa c naHyyMoM onncu­
naeTCJI HCIWTOpLIM acpcpeitTI!BHLIM llOCT01IIIHLIM I!OJreM, KOTOpOe I!O CBOIIM 
csoiicTnaM ecrr. nemecrsenRLiii TeHaop D (1,1) *). OGoauaqnM no~e qepa H ;;Hg 
(CM. CTp. 30). ,Il;.:r11 UOJiee TO'IIIOro Olll!CaHJIJI paC!ll;CllJICIIIIH MOiKHO BBCCTl!.llOJIH» 
U UOJICO BLICOKOrO parrra, Jl~J, Jid~t II T. )'(.; O]:IIIaJ;o, KaJ< 6yAOT paCCKaaauo 
IIHiKe, cpaBIIOIIIIC C OI!LITOM IIOIW3UBaeT, 'ITO COOTBCTCTBYJO!ll;IIC 'IJieHLI B331I· 
MOAeiiCTBl!H onaaunai<lTCH MaJILiun. B cno6o]:lnUil (ncnoaMylll;enuuii) Jiarpan­
mnau CIICTOMLI BXOAllT Macca '!aCTIIIJ;LI B KOM6nnan;nu 

, m Sp !'¥ AJill 6apuonos, } 

m2 Sp '¥'¥, AJill Meaonos. 
(6,1} 

BoaM~eHne (saanMoAeiicTsne c «UOJieM»). CiyAcT AOCiaminTh caaraNwe R Mac­
ce ]:IJIH 6apHOROB II I( I\Ba}:lpaTy MaCCU.]:IJIH MC30IIOB **).·lJT06U BU'II!CJIUTh :lTy 
A06am;y, naiiAeM ananor MY.JII.TnnoJieii cnc:teMu. Ha cpyaKn;nrr 'l' nee conpu-
iKCHBOii 'lf MOlKHO COCTaBI!Th ***) , , 

0-UOJIL: . Sp W'l'. 

. 8-noJiu: W~'l'g ± W~'l'~. 
(6,2) 

OcTaJII.nue KOlmonenTLI o6paayror 27-noJih •. 
CpeAnee anaqenne 0-noJIR (cKaJinpa) onpe)l;eJiner nenoaMylll;eHnyro Macey, 

8-UOJlb I!pl!BCACT I{ B03M:Yrn;ennro, nyonopiJ;IIOH3JILROMY Hg, 27-UOJih-K B03· 
M~ennro, nponopn;nonaJihHOMY H~d· · 

'· ECJil! 'l' - apMHTOBO (6030HU), TO ooa 8-UOJili pannu, TaR KaK ]:IJIU apMI!· 
TOBUX MaTpl!ll; 'l''f = 'f'f; ll03TOMY ll3 KOMllOIICHT 6apnOHI!Of0 O!{TCTa 
MOiKHO COCT3BIITh ABa 8-UOJIH, a II3 KOMUOHCHT MC30HBOfO OKTeTa TOJihKO 
O]:IIIH 8-nOJih, 

AnaJIOfl!qRO 1!3 UOMUOHCRT ACK3IIJieTa MOiKHO COCTaBIITh: 

0-UOJIL: ('if, 'f), l 
8-UOJib: w.abc'f abfr 

(6,3) 
7 qrabc'l' J 2 -noJIL: aef• 

64-no;ri.: w•bc'l' del 

(nee CJICAU o6pamenu n nyJIL). llpn BUBOAe cpopMyJI comacrro cRaaarrHoMy . 
BLIWC MU 6yACM Y'Jl!TUBaTh TOJihKO D3amiOJ(CJiCTBIIC C 8-UOJICM, 

*) ECJIH paccMaTpiiBaTL B 3TOii cxeMe peaKD;IIII 11 pacna~u, TO aeo6xo~RMO 6y~eT 
ytJHTLIBaTL 3aBHCHMOCTb KO:MllOlleUT TeH30pa OT 3Heprnn. 

**} TaR KaK pacm.ennen11e y 6ap1IOHOB cpaBIIRTCJILBO HaJio, uomao C'IRTaTL, 'ITO 
ll ~Jill HIIX UOlly'IaiOTCJI COOTIIOmeiiiJJI ~Jill K B a ~ p a T 0 B HaCC, · 

***) ,D;m1 KpaTKOCTII HyJILTIIUOJIL. c k K~HnonenTaMII MLr na•usaeH k-no;leM, · 
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HaqneM c 6apnon~~:oro ORTeTa. BaaUMo.l(eiicTsne c noJieM H onncu:BaeTCll 
,!IBYAIH 'IJienaun BHAa (Ct II c2 -I!OCTOHHnue) 

, . Ct Sp H'if'l' II C2 SpH'l'W. (6;4) 

Bu6epe~1 Tenepy, H. EcTeCTBenno n nepsou npn6Jin1Keniin npene6pe'lh paa­
nocnro Mace nnyrpn naoTonnqecRoro MYJihTilliJieTa,. C'IIITaa, 'ITO T ·npOJIOJI­
maeT OCTaBaTI.cH XOpOWHU RBaHTOBUM 'lllCJIOM, B HOHll;e CTaTI.u MU paCCl!OTpllM· 
.TaKme n pacmenJieHne IISOTOIInqecRoro MYJihTnnJieTa. 

Bu6epeM H TaK, 'IT06u OTJll!qHOH OT RYJIH 6uJia 6I.r KOMITOnenTa n:. Tor,t~a 
naanMoAeiicTnne c nomi11 (6,4) nepenncunaeTcH n BHAe 

. . . . . . · dM =a'¥~'¥~+ bl¥~1¥~. (6,5) 
' ' ! • ' .' -, •. • 

llocTonnnue a n b onpeJ(eJinroT cJIJiy naanMoJ(eiicTnnn noJin c o6oUMn 8-noJin-
liH, EcJin Teneph oupaTHThCH K (5,1), TO J(JlH Mace 6apn0HOB llOJl.Y'!HM CJieJ(yro-
lll;ne ana'lemm (rJle m0 - Macca · HenoaM~eHHoro ,ORTeTa): · 

m (2)=m0 +a, ~ 
m (N)=m 0+b, 
m(~),;,~~ • . 

-m(A)=mo+i-(a+ b). 
J 

<hciOAa CJie.l(yeT cpopMyJia feJIJI-Manna - 0Ry6o 

(6,6)' 

-}_em (E)+m(N)J =+ fm (~)+3m(A)J. (6,7) 

EcJin npnHnTI. Macey ~ aa naqaJio orc'!eTa *), Toua n~necrnu~ lliacc 6apno­
non MoJimo cocTannTI. ra6JI, III (AJin.2 n 'N 6e­
peM · noJiyCYAtMy Mace o6enx RoMnonenr) • 

Q>opMyJiaM (6,6) MOiKHO IIpHAaTh J(pyroii BHA; 
If a cpopAIYJILI ( 4,5) Moamo noJIY'JIITh, '!To nocJie no­
nnmenuH CUMMeTpnn ,110 SU(2) nnnapnaHTallm rpyn­
nu ·ocTaiOTcu CJieJ( MaTpnn;LI 2 x 2n ee onpeAeJinTeJII.. 
OnpeJ(eJIRTeJih panen 

1 ' ' . 
QY-Q2+T(T+T-+T.T.) .. 

Ho na cpopMyJiu (4,6) CJieAyeT, 'ITO 

Q2~QY~n--+Y~~ , · · 

OrcroAa CJieAyeT, 'ITO RnanTonr,um 'IIICJiaMn, xapalt­
TepnayiO!ll;HMrr pacmenJienRLiii MYJII.TnnJieT, 6y)l;yr 

Y II. T (T + 1) -+ Y~.· (6,8) 

Ta6nnn;a III 
IIn~cpBRI!Lt B 6apnomlo~ 

OKTCTe 

j m-m(:Z:O), u .. 

s I ~~ N -253 IO 0 
A . -77 

IZ+N 
-2- -64 
3 
4" ,-S8 

lloaroMy Macca 6apnona c TO'Inocriro lJ.O •menon nepnoro nop~AKa panna 

11J =JIJo+MsY +.M2 [T(T + 1)- 1 Y 2 ] , (6,9) 

----~'-

rJ(c Mo, Af1 n lila- IIOBLie nocTomrnLie. B TaRou BnAe cpopMyJiy MOJRHO npn­
~ICHilTh R JII06oMy 6apuOHHoMy MYJII.THUJicTy. Cnnah MClii'JIY a,, b II .11

0
, J../

1
' 

. II 11-f 2 ycraHanJinBaeTCJI nerRo. 

•) ECJin 0003H3'I1ITJ. CIIMBOJ!Oli, oapnoaa paaaocn. Macca 6apnona n Maccu . .:t•, 
TO <}opMyJia (6,7} npmser an~ 8 +N =-}A. 
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H. A, CMOPOlJ.IIHCRHfi 

BoaniiKaeT ec~eeTeeiiHHii: eonpoc o aaRonnoeTH nenoJILaonannn «flopMyJI 
reop1111 noaM~e11nii: nepeoro noplllJ.Ita; .Reno, 'ITO Mepoii: MaJiocTn noaM~e~ 
HIIH alJ.eCb. ne Mo.mer CJIYJ«<!Tb oTnomenne pacm;enJiennn Mace R Maceo neeoa­
M~ennoro MyJibTnUJiera, na~J.o .neKaTb ~J.pyroe o6'bncnenne; eTporo roeopn, 
raKoeoro eeii:qae ne c~ecTnyeT.. . . 

Mo.mno npelJ.eTaBIITb ce6e, 'ITO B 6apnonnoM MYJibTmiJieTe neT noece 
nplUieCH 6oJiee BLICOKOii MYJibTHllOJibBOCTH; ·no1J.o6no TOMY. RaK y ~J.eii:Tpona 
neT :mei<TpnqeeKIIX · llOlfCHTOB nume · KBalJ.pynoJibnoro. 9To , oanaqaeT, 'ITO 
ne c~eeTeyeT 11.pyroro 6apnonnoro MYJibTHllJieTa c 6mraKoii: Yaeeoii, ROTopuii 
MOT 6LI BBeCTH B03M~enne 6oJiee B113KO.il: ClllUieTpiiii. Bo nenKOM CJiyqae, 
peaKoe BLilJ.eJienn!J naaHMOlJ.eiicTBIIH rmameii MYJibTHllOJibnoeTH liBJIHeTeli na.m­
BUM «flaKTopoM, o6ycJionJIHBarom;HM ycnex nceii cxeMLI napymennli yrmTap­
noii CHMMeTpnn. · · · · . · , ' . · 

~ EcJIII .me. yqeeTb D Maceono.il:' «flopMyJie noJie H~: (KOMnonenTa n:!>. TO 
K (6,5) lJ.06aenTCH cJiaraeMoe *) 

cW!'l'!, (6,10) 

ROTopoe CJIBHBeT Macey A n opopMyJiax (6,6) na nemnny 2c/3. ffcHO, 'ITO aTa 
nOCTOHHHali 6y]leT onpe]leJIHTb OTKJIOnenne OT «flopMyJILI (6, 7), TaK 'ITO 

c;,.-; [2m(8)+2ni(N)-m(l:)-3m(A)I. (6,11) 

0TCrolJ.a eJieeyeT, 'ITO c;;,36 Mae, 'ITO n onpe](eJineT' neJin'lllny CBH31I 27-
noJili e JI:!. · 
·' . , Hepeii:](eM, renepr.; K lJ.eKanJieTy. B aTOll· cJiy'la~ nonpam;a R Maeee 
onpeli._eJinTCH cJielJ.yrom;nM o6paao.M: 

llM = diJF'b31!' aba· (6, 12) 

C ricmo~blo ra6n. II noJiy'lnM CJICAYIOm;ne ana'leHHn 11aee: · 

m(Q)=m0 +d, l 
' ' '. 2 . 

m(E*)=mo+Td, · 

m(l:*)=m~~-}d, I 
ll'! (ll) =mo. J 

(6,13)' 

TrumM o6paao11, n ](eRanJieTe yponHH paenoJio.menbl SKBliJIHCTaHTno, c pae­
·e:roniinel! +d.· Ha onLITa aTo paccToanne panna 145 l!.fas,' Tait 'ITO 

d,; 435 Mae.. ' · (6,14). 

9KBillJ.HeTaliTHOeTb MOII\BO noJLY'IIITL na «flopMy.'ILI (6,9), eeJin yqecrb: 'ITO 
Jlll11 lJ.CRanJiera no opopMyJie ( 4,20) 

1 T=TY +1, (6,15) 
OTKy](a 

M=:=(Af0+2Mz>+( M,+; M2)Y, (6,16) 

T):le;:noo6m;o TOBOpli; noeTOHHHLI8 ne paBHLI noeTOHHnWl OltreTa, 

*) 27-HOJIL BMOeT KOMllOIIeHTLI' 1J'ab_ if{c>1J'b} .:... _!_ if01J'b6a - _!_ ;ya~e6b + • eel- {c 4} 3 c e cl 3 • a c 

+if~ '1':6~6~. · YMnomenne 27-nona na HU upHBep;eT K eMe~qenmo oeTaJILBLIX uacc. Op;na­
Ko 8TO CMCIIICHil9 CBe)l;eTCil K Depeo603Ha'!eHBIO HOCTOIIHHLIX, TJIK 'ITO liOlKHO IIBDO 
paeeMaTpnBaTL nnmL nepBLiii 'IJien B nanacann o ii cjlopMyne. 
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YHIITAPHAli CIIIIOIETPIIli 8JlEMEHTAPHhlX 'IACTIIIJ; 
·- c 

,D;mi 11eaonHUx OKTeToB «flopuyJia nonyqaeTcH na «flopMyJI lJ.Jili OKTeTa 
6apnonnoro, ecJin noJio.mnn •. B neil: a =b=e (nJin e «flopuyJie (6,9) noJio~ 
limn. M1 = 0) n · C'lnTan., 'ITO aTn «flopeyJiu nauncanu ne lJ.Jili Mace, a fiJIR 
liX KBalJ.paTOB. )J;JIH OKTeTa nceBlJ.OCKaJilipBLIX Me30HOB nOJIY'IIUI, no anaJIO-rnn _c (6,6): · · 

!lm•.=eSp(HPP), (6,17) 

, m
2
(K)=m:+e, ) 

m2(~),;,.m:, . · .. 

2 '' 2 4 .. ' ' ,,m (t))=m0 .+Te. 

. ... 
(6,18) 

m0 n aToii: «flopMyJie, Roneqno, ne panna noeToHnnoii m
0 6apnonoe. B «flopMyJie JlllH 

Ha (6, 18) BOJIY'laeM cooTHomenne, no1J.o6noe (6, 7): 

1 
m2 (K)= 4 [m2 (n)+3m2 (TJ)]. 

RBalJ.paTLI. Mace nceB,liOCKaJIHPULIX MC30HOB eo6panu B Ta6JI. IV. 

T~onn~a IV. 
I\Ba/lpJITLI ·Mace 

DCeB/lOeKaJIJipHLIX 
Me30HOB (HHTCpBaJILI)' 

I (Macca)•-
-m•(:t), cr •• ,. 

'I 0,28 

K 0,22 

n 0 

Ta6;zn~a V 
I\Ba/lpaTLI Mace 

BeitTOpHLIX Me30HOB 
(nnTepBanu) 

I (Macca)2--m• (p), era•)• 

'fP 0,46 
K• 0,21 
(I) 0,03 
Q 0 

CooTnomenne lJ.JIH paaHoeTe.il: KB.a~J.paTon .•mec 

' 3 ; 
' m1 (K)= 4 m2 (TJ) 

(0,19) 

(6,20) 

BLinoJinneTcH lJ.OeTaToqno xopon:io. 
)J;JIH OKTeTa neRTopnux Meaonon corJiaene OKaaunaeTcJI anaqurenr.no 

xy.me. 9TO, nO-Bli,!IHMOMy, MOJ«HO 06'bHCBI1Th Telii, 'ITO BllyTpn OKTeTa .iiCll\HT 
em;e OJlHH neKropHLI.il: Meaon w (Y = T. = 0). 9Tor Meaon, ecTeeTnenno, 
,llOJIJ«en B03M~aTb OKTeT (Ta6JI. V) •. 

Onneanne noaMym;ennH, Koropoe nnocnr ro-Meaon il neKTOpHLiii: OKTer, 
BLIXO,llnT, noo6m;e roeopH, liaR aa paMRn rpynnu SU (3), TaK n aa exeMy 
napymeRnH ClUIMeTplll1, onneaniiyro nume. To, .'ITO. n npnpo]~e o6napymeHLI · 
,llBa Meaona (ro-Ateaon n fjl-Meaon) c 6JinaKHMH Maeerum n c OlJ.HHaKonwm KBarr­
ronLIMn 'lneJiaMu, ynaaunaeT, no-nnJIHMOMy, rra eym;ecTnonanne 6oJiee nuco­
Ro.il: ClUIMeTplll1; napymenne uoTopoii: ):leMoneTpnpyerca pacrqenJieBHCJol ro­
n fjl-Meaona, no~J.o6no TO.My RaK napymenne emiMeTpnn SU (3) nplUlOJIIIT R pae­
m;eUJieHnro il:aec fjl- n Q0-.Meaonon. 011.naKo npocToe pacmnpenne rpynnu, 
nanpHMep ,llO SU (4), npHBOlJ.HT K yBeJIIl'ICHHIO 'IHCJia KOlfllOHeHT llYJILTil-
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/I. -\· CMOPO]J;IIHCKIID: 

JLllera, TaR 'ITO pernenne aToii aaraAKH ]l;OJimno 6LITL 6onee xnrpLIM *). CJie­
]];yeT OTMaTHTL li BTOpyiO aara]J;Ky, KOTOpyiO !IpCIIOI\HOCHT HaM MC30HHL18 OKTe­
TLl. Jfa !IpHBC]J;CHHLIX ]l;aHHLIX BII]J;HO, 'ITO B ]l;Byx OKT8TaX paBHLl ~epnl>!e paC-

CTO/IHJIII: 
m2 (K)_:_ m2 (n) ~-m~ (K*)-:- m2 (Q). (6,21) 

flcno, 'ITO 'TaKoe COOTIIOIIIC!III8 JI8 AiomeT CJIC]l;OBaTL 113 CIIMMCTp!III SU (3). 
31\CCL pC'Il'> :ri.p;eT 0 TOM, 'ITO CBH3bpa3HLIX MC30HHLIX. OKT8TOB C·liOJI8M H 01\II­
HaKOBa (yHnnepcariLnoe naanMOIIeircrnne). Ecnn TaKoe conna]J;eHne ire cny­
qaiino, TO ero 06'hHCHCHIIC TOll(C ]l;OJIJKHO 6J.JTb CBH33HO C napymeHHCM 60JICC 
BLICOKOH CHMMCTplll!. Momno e~e yK333Tb, qTO eCJill 33MCHIITL KB31\p3Tf.l MaCC 
<p II UJ l!X IIOJIYCYMMOH, IIOJ!yqCHH3H CXCl!a npaKTII'lCCKII .COBll31\38T CO CXC­
MOll IICCB]J;OCK3JIHpi!Of0 OKTeTa. 06paTJIMCH K B03M0ll\I!OCTH OIIIICai!IIH pac-
~ellJICHIIII,_ yKaaaimoii IDmmrepoM *"'). . · . 

JlpeAnonomrm, ]leiicrnnreJILno, 'ITO ]l;CBIITLiii Mea(m nxo]lnT n C:mTeT, KoTo­
pLiii IJ. aTOM CJiy'lae nA!CCT CJIC]l;, OTJII!'IHLIU OT nyJI/I. TaKOll OKTCT OlliiCLI-
naeTCII M3TPIIU.8ll . . . 

l
1 0+ 1 + i y2 Q y6 <p Jf3 (1) 

I!' 

-K· 

Q~ 

1 1 1 
- ,r- Qo+ ,r-<Jl + ,r~(J) 

.,2 r6 r3 

KO 

K-* l 
7(0 • 

2 1 -V acp+¥3(1) 

(6,22) 

B Ha'leCTBC B331IMO;J;8llCTBIIII, napymaro~ero . CIIMMeTpiiiO, B03bMCM ]l;B3 CJI3-
raeMLIX: OI\HO o6LI'lnoro rnna, SpHVV, a .1\pyroe...::.,np()cr'eiimee, KOTopoe 
pac~ennaer Macey w .n · !Jl· 3ro nTopoe cnaraeMoe MLI aallliiii.Cll npocTo n nn­
]];e hww. B3aiiMO]l;eiicTmre, Koropoe MLI pacc.MaTpnnaeM, TenepL. 6y]l;eT nepe­
MemnnaTL <p- II UJ-M830HLI, T31( ·. K3K ORO COI\CplRIIT KB31\p3T :lJICMCHT3, CTO­
/I~Cro B llii}KHCll npaBOM yrJiy (6,22). l1raK, paCCMOTpliM B331IMO]l;CllCTBIIC 

!lM = gV~v~ +hrow. (6,23) 

BaanMo,'leiicrnne (6,23) npuno,'IIIT K cJieAYIOIIIIIM uaccaM Meaonon (m~- nonaa 
UOCTO/IHH31I, HC CB/I33llH3/I C llOCTOHHHOll B (6,18)): . . 

m2 (K)=m:+g, 1 

m2 (Q)=m:, 
' 4 

m2(!Jl)=m~+Tg, 

~~(~)=m~+ i g+h, 

· - 2•r2 
m2 (w!Jl) =-~-g; 

(6,24)' 

m2 (OO!p) ol'ioana'laCT .1t!aTpii'IHLIU 9JICMeHT, nepenyTLIJl3IOII\IIll IICXO,'IDL18 !p ll (J), 
l\aK 11 n Teopnn aeeMan-acpcpenra, pcanbnLie ypoBim, Maccu peanLHLIX !p u w, 

*} KaK npnMep noxomeii cn~ya!ll'l~; )!omuo yRaaatlo 'ua pacmnp~uae tpynnLI ~pame- · 
unii 110 rpynnLI Jlopeu!la. 1\aK naBeCTIIO, npn TaKOll pacmapeuaa nponcxoAHT nepeMemu­
oauae COCTOIIUIIU C 38/131IBI>Dl cDBUOM C C0CTOIIIII'IHMII C llaiiLWUllii CIII'III811U. ' 

**) CMemusaulie·Cil 11 cp paccMaTpasanoCL B patloTe_ CaRypaii.F.
4
, · 
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¥HUT.APHAII CBMMETPIIII 3JIEMEHT.APHLIX 'l.ACTIIIt 
: • : , ' ' 0 ·""'·" -· " ' ~ ·' ' .r • : 

illlliCHBaiOTCH KOpHHMB ypaBHCBlfH C06CTBC~HX. 31la'leBHii: 
4 . . ·. 2 2 .· .... ·. . . . c m:+a g) m1(!p)+ r gm1 (w)=i.~~Jcp)! I ; 

: 2r2g,;;i<~>+(;,:+. ;·:i+~),;;i·<~j::';;~~(Cil~.- : .. 
Onpel\eJin~JJIL 3Tor~ · ypanR~IlBH ~Mee;·~B~ . . -

,·, 
t:.- \' 

4 m!+ag 

'~f2{;·> 

2~g 
3· 

. "•) 

'm1+.ii+h 
:. ~ 0 • -3 .... ·.~-~ tlt 

(6,25) 

Raii ii:JiiecTuo, cy}fiia Kop:Heii ypanueJiHH ·co6cTneBHHX.'IIBnennii panna c.rre- · 
JI.Y (6,26): : . . .. . . 

-..l.',·,; 

.·'····.::. '~1 (cp)+m1 (w) ::;,2m:4-2g+h. 
CpaBili!Ball c (6,24), noJIY'IJ.HM 

h =m• (cP) +m' ((!))-'-2m• (K*). 

Jlponiine:zienHe · Roimeii 'ypa.n:Hemill (6,25) panRo · neJIB'll!Re. onpeAenHrena 
<f:i,26). BMecro cllopMyJIH ]];Jill ?trace _MLI noJI)"IIIM. cpopiilyny ·]];Jill nmepilanon 
(sH6HpaH aa Ha'laJio OTC'leTa Macey Q). 3To ana'li!T, 'ITO MH noJiolRHM no­
<lTOIIHnyro m:. B cpOpMYJI8 (6,24) paBilOH uynro. 06oana'laJ! TenepL KBa]];paTLI 
MaCe. B TaKOH,IIIKaJie CHMBOJiaMB lC8MHX ·-qacm~, B3H]l;eM; 'ITO :onp8]];8JIIIT8JIL 

. ... . 4 . .·, '.• 
{6;26) paseR Thg. TaK KaK g-,-aTo Macca K*, a h onpe]];eJreno 'liume, ro 

"4· ' . 
mcp=-K* ((l)+cp-2K*) 

: : .3 . . . •. . 
(6,27) 

') 

BJIH, B- KBa]];parax. Mace,· • , 

{m1 (w)-m1 (q)J (pi' (cp)-m2 ((/)),;, 

::·4 i .·... . . . . ' ·.... ,. . '' . 
.. =·a [m1 (K*)- m1 (q)J[m1 (cp)_+m' (w)..:...2m1 (K*)J. (6,28) 

' ··-~ DpC]];CJiaX omn60K. a~Cll~p~eRTa ·a~~. CO~T~Omenne y]l;OBJI8TBOp11eTC/I 
:aKcnepBMenTaJILm.IMn aua1Jen11ru.tn· Mace. Hcno,· 'ITO ori:ncalll!all npo~eAypa 
(lC~OBa!la . 'na MaJio'HOil11THHX npe]];llOJIOHcaHHIIX; Cl)oj;lMaJILHO. MH ]l;OJIIImH '. 
OHJIH 'pacCMOTpeTL naaHMO]J;eii:cTBHe o6~ero TIIDa h' (oo!p + .Pw), n'noil;ll i:I:Be 
HOBH8 HOCTOIIBRHe, h H h' ,'_ Cpasneune C OHLITOM B. aTOM. CJiyqae HpiiBCJIO 6J.J . 
K · HeKoTopoMy cooTRoineunro ,MeJKAY. h · 'R h', O]l;HaKo· RHKaKoro cooTnomeRna 
l!Elll\AY., MaccaMn;" O'l8BH]l;HOI ~Re BoanHKJIO. PemeRne Ulnnirrepa · OTBe'lae:l 

:iJ~6op;. h' ~ 2r2g .•: JfMe:e?~n. T~KOH, ~~oop K3KOH~JIII6~. ~~y6oKnii'. C~HCJI, 
uo.Kamer ~aJI_Jc>Beiimee paa~HTne Teo pun. · . . · · . .': 

: 1. 1. PAcri(EnJIEHHE · nsoTonntzECKHX • MYJII.TnnnETOB · 

.... Cxe¥a · onncauli~ pac~e~~eiiua: ~HTapl!l>U: · MY~L:l~e:lon it:o~er ouTL · 
pacinripena. TaK, .'IT06H nKiitO'l:HTL B ce6a n onncanne pac~enneirnii: ::apn,'lo-· 
BHX ·uyJILTHllJICTOB, KOTOpHe nQ yCJIOBIIIO aa]l;a'lli OCT3BaJII!CL BLipOll\]l;elllri.wn 
B UMHX ,n:. li JP.:.; . .· . : . . . . ~-. •. ' . . ; ·. . .• 

· Han60JI!le npocToli:. ny:rL o6o6~eRHII ncnoJILayeT. CHMMeTpnro yHIITapRoro 
liYJILTHilJI~Ta . OTHOCIITCJILBO aaMeRH . 31!P,HAa Ha rllliepaapJI]l;; ·BHnnmeM e~e, 
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II~ A:' cJ.Ioi>oAllHCRna :· 

paa - '· .. ~(; MaTpllll;y uapnonnoro OKTeTa 
,, •. :.-1 

( 

1 • ""o · .. · 1 .· · I -· . :- ._, : : . . . . " ~ .. ,::., , , 
---41 +---Ao -· ~ . ,::.1 ' 

V2. , , ~6-- ., I .. 1 . .._,o - ·1 .• , . .I· .' .-... ': , ·:J , .. ~. ·1-v2..l.J+v6Ao '·.~.::.o:· • 

! •' ' . ' ... '•._ .. vi=''. .. '•. : 
-p ! · n · - 2A 

i . ',. ' 3 

(7,1) 
·~:_.. 

PaccAHlTpllM no]lrpynny, OTBe'laro~yro · MaTpnne, oqep~ennoii B npano11 nnm­
nelit yrJiy. Ee CTPYKTypa, o'leBn]lno, anaJiorn'lna cTpyKType MaTpllll;H naoTO· 
mr'lec:Koro cnnna; ee KBanTonoe 'lnCJio naaNBaiOT · K~cnnno11. KoMnonenTH 
K-!tyJibTnnJieTa · onpe]leJIIIIOTCSI Te!I ll\e nyYeM, 'ITO n AJISI T-uyJibTJIJIJieTa , 
(naoT~nnqec;~t~ro MynhTIInmiTaf. CJieA MaTpm:iN noCJie y)Inomenml: iia ].(6!2';. 
AileT cocToanne c K ~ 0 (cpannme, RaK noJiyqaeTCSl A nr. MaTpnnN T uyJib-
TnnJieTa) ... · " ·. · · ' 

<D~ =:+ n'r~0 +,A.~>:" ::: ... ,7,2> ., 
• ' ' ~- • ', r { - - ( t,·:-' ,1 ~ 

BN'lnTaa na ]lnaronaJibHI>IX :meMeHTOB o'lep'lennoii MaTpunN 2 X 2 nononnny. ~ 
ee cne]la, noJiy'lliM.cpyHKnnro c.K,;, 1i. ·· : · · · :.: · . · · · 

'" .... , .. '·'. ·1_: .. : '· 0 .;-.3. ·' , ... : : -- .. ;. i: . ·.• 

;~• ~ ~-;:'":,~( 8 A, 1 ·~<E;:'a)' ·. 
. . 2v2 .. 

~- ,_ 

. 3JieMeHTLI MaTpllll;LI (7 ,3) ' cocTannenLI na Tpex KOMnoneHT Cll1: n, 
1 . ·' + 2 (-~

0+ V3A), ~0, llO]I06HO TOllY KaK JI30TOllll'lCCKan M3Tpllll;a I! CO-: 
CT:i.BJIHeTCIIli31\0MllOHeHTl:+,l:O,I;-, •:(..;) .. ,•'··~•:-.·.'• d 

. HaKonen, ABe cpyHKnnn tweroT K-cnnn, pannLiii 1/2:. 
. ., ': . <Dt}~=P~:.~ s-);' .· $ti~=cf:,-p).'. (7,4) 

KoMnonenTN It~mAoii na aTn~ ~y~-Knnii. n11~roi .·~AunaKolll.iii' :ia p~A. · noA~6no . 
TOMY RaK JtOMnoneHTLI. ll30TOllll'leCKUX.· MYllbTHIIJieTOB liMe roT O]IHBllKOBLIU:. 
rnnepaapR):I. , · · · .. :. ': .. : .. , . _, . · . · · · 

. BriaMym;ennn,. coxpannro~ne 3a pnA·, : BBOAnTcn · :KOMnoneniauu . nomr: 
H~ n H~~·: 3]1eCb ·· y .nac ·ueT ·· ocnonaunii npeue6peq'~ .·no.JieM H~:. TaK .. 
KaK. OAnn. im. npori.eccon, npnno)i;n~nx K pac~enJiennro 'itao±omi'leclinx MYJib• 
TnnJieTon,' eCTb ·naJijlenue. nJiu nomo~eune. cpoTona; MaTpll'lHLiii 3JieMenT 
TaKoro· nponecca:· npeo6paayeTcn KaK KBa):lpaT H~ ·IIJiu, 'ITO TO me ca11oe;. 
KaKH::. ..· • . .··:······ , .•. , _ ... ·.• .., .,. . ., 

KoMnoneHTLI noaMy~aro~erocJI noJin ·uMeror Te ·me '~tnanT'oBLie ·qucJia, • 
'ITO II COOTBeTCTBYIO~lle KOMHOHCHTI>I 6apnonuoro llJill MC30RHOrO MYJibTli­
RJieTa (ADa· Tnna · noJieiil), TaR itaK·' KllaccucpnKanun, o.Jeini)i;no; lie cnnaana 
C KOIIKpCTHLIM BLI60p0M 'laCTHJ:t. I!OJIC H:: npeo6paayeTCII IiaK COOTBeTCTBy­
IO~aSl . KOMllOBeHTa . 27-nJiera·: . B. Teopnn CJia6LIX ·. B3all!oJO):IeiicTBHU; 6y):lyT 
nrpaTL poJib.KoMnouenTLI H! II H~. nMero~e :aap·sm.xi cTplin!locrh.'(onn· 
npeo6paayroTca KaK K• II K'). TaK me Momno paccMatpnBaTb 11 nonJI,· npe-. 
o6paayro~necn KaK ]leKaHJieT.·E]IHUCTBCHHaJI lWllllOHe'HTa ):leKanJieTa,: KOTO· ·. 
pan ne !denneT nn aapnAa, Hll rnnepaapHAa, ~aTo· I(ounonenia; npeo6paay;-
ro~ancn xa!t l:•o. MLI paccMoTp~M ee · OTAeliLno,' · ... _ • ·· · · ·· · · · · 
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YHIITAPHAII CIIMMETPIIII_ 3JIEMEHTAPHLIX ,'IACTIID; 

· TaKllM o6paaoM, npllMeM AJIII A06aBKn K Macce . BNpa~eHlle BliAa 
, . -1 o: -o: I. -i I 
t:.M =a'l'o: .'1' 1 +~'1' 1'l'o:-2Y'l'1'1'1. 

BuecTe ·co cTapl>IM pac~enneHlleM nonY'IaeM: 

m c:::-) =mo+a+a, 
m (3°) =mo+a, 
m(~-)=m0 +a, 

' ' . . " 1 ' . ' 
m (~o) = m0 +2 (a+~)-y, 

m c~·)=mo+~ •.. · 
' '2. 1 1 

m(A)=mo+-a(a+b)+6 (a+~)-3 y, 
m(n)=m0 +b, 
m(p)=:mo+b+~. 

1 '. '· 2' 
m(A~)= .r(a+~>-.r3 Y· 

: . ' 2 y 3 ' . y . ' 

Koacpcpnll,HeHT y' o~e~Baercsi na COOTHOmelll!a 
: . . . ·. ' ' 1 .. 

(7,5) 

(7,6) 

y=m (~0):-2 rmW)+m c~-)J. (7,7) 

lla aKcnepn!IeHTaJibHLix ana'lennii Mace cJieAyeT, 'ITO y= :.:C0,95±0,20.·MJ,y 
llOJIOmDM y = 0. IIOCJie 3TOrO 113 (7,6) B03HDKaeT e~e, 0]\HO CoOTHOmeHlle, 
CBSl3LIBaiO~ee . Tpll pa3HOCTJI Mace: . . . ' . , ' . . 

lm (5-)-m (SO)]- [m(p) ,;__ m (n)] ::' m(I:-)-m (I:•), 

KOTopoe cpaBHUTeJibHO XOpomo COrJiacyeTCJI C, OllLITOM: 

m (!::-) -:-m(SO) = 6,5±1,0, } 
" m(p)-m(n)=-1,3, . 

· m (:£-)-m (l:•) = 7,7±0,3. 

(7,8) 

(7,9) 

BepneMcJI Tenepb K B03MY~eHllro : Tnna 1\CKamieTa. EcJin no-npemneMy · Tpe-
6oBaTb; 'lT06LI runepaapn):l B. CJICTCMe ne .li3Ml'IIIIJICJI, TO e]IHllCTBeHHLIU 'lJIBB 
c·'Q..;.Y=O ):leRanJieTa-a.To·Bl23, npeo6paayro~niicJI KaK ~o•. BKJiaA. 
B Macey or ACKamieTa nlieeT BUJ:I · · 

(llM)g = EabeH~d~if~'l'~ + ead~H abeW~'l'~. 
OcTaBnnJI, TOJibRO 'lJienLI, nponopnnonaJibHLie H123 n H 123, · n oT6pacLinaJI Te, 
poiJ:i.: ROTOPLIX. CBO):III'I'CJI K miMeHl'HIIIO UOCTOIIHIILIX B (7 ,5), llOJlY'lliM 

. "-. • . ' ... ~ . '. ·- __:.1 t ~- _;_-1, i-' .::..:..2 't . -2 1 .. 

(t:.M)d= 61 ('1'1 '1',- '1'2 '1'1) + ~ ('1'2 '1'1- '1'
1
'1'

2
): (7,10) 

,_;: ·.·'•: •. '; .. . .... . . 

. . . . . 1' . 1 
0TcJ?_fla noannKaeT~o6anKa_K Macce. ~ 0, pannan_; 2 (61 + 62)= 

2
-6, It :r.Iac-

1 . ' . 
(;e A, panuan 6 6 .• K Macce l: •, pannan-6" n K Macce ~-, panna II - 6

2
• 

H~· iix~Aii ·~:upoTunope'lmi c aKcricpmrenTanr.uLIMix ~annLIMit, HO»mo noJio­
mJITb 61= 62 =0. PaccMOTpiiM Tenepr. CMelllneaune A n' l:, Ha-aa :meK­
TpOManurrnoro naamlo~teiicTnnn A 11 .:£, KOTopLie 6LIJIU co6cTnenm.iMn co­
cronnunMn li30TOllJI'leCKOro CJiliiia, nepCMCliiiiBa!OTCH, OCTaBaHCb · COUCTUBli­
HLWll. ana'leunnMu, npocttnnn iiaoTom!'lecKoro emma T

3 
= 0, (HBJienne, 
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II. A._ cJiiOPO.l{IIIICI{IIn 

anaJIOrii'IIIOe- 11Cpel!CIIIIIB3111110 ClllliiOBOrO CllllrJICT3 II CHHIIOBOrO :'fpli_IWCT3 
a MarHninoM noJie.) IJoJiaraiin (i,6) y = 0, no.1yqm1 

. 1 ' -
m (AI)= fj {m (3-) -m (:::.0)- m (n) + m (p)], 

l - - . 
(7 ,11} 

Jla 3KCUepUMeH~3JILHIJX 31131JCIIIIll ltaCC Hall,!ICM 

m (Al:) = 1,5±0,4 M:~B. (7,11') 

0tCIO,lla ,llJill !flnanqeCKIIX (CMC1113lllliJX) COCT01lllllll UOJIY'JIIM (~aJIIIU D7) 

r;w 

A<1>11•= A cos a+ '2.
0 
sin a,_ } 

'2.<1>•• = -A sin a+ '2.
0 
cos a,. _ 

tg2a= m(Al:) -O,Of9±0,006, 
m(1:)-m(A) 

(7 ,12) 

(7,13) 

Yro:r a xapaKrejmaye-:: crenenL nepeMeHJnn~imll cocronnni; c T = 0 11 T = 1. 
TaK KaK neiitpa:ILHIJC KOMUOHCIITIJ ·_ :niiX COCTOHIIIIH 06Jia,!laiOT paaHOH 'IBT­
HOCTLIO OTHOCJITCJILHO aapll,liOBOii'cnmteTpllll (aaMeHa p ~ n II :rt+ ~ n-),· 
To (7 ,13) xapaKrepnayer. creminL orK.10ilennn OT aapnnonoii cnmwrpnn A­
rBnepona. llpnMepOM peaKI~IIH, KOTOpiJC MOryT 61JTL IICHO.:YL30B3HU ,liJlll 
:mcnepJIMenraJILnoro IIaMepennJi yma ~-, M:oryt cJiymntL peaNl\IIII :rt + + d -
-A+p.+K+nn-.+d-A+n+K". -- · . - ·. ·--

- _ Aini!JorllqiJo'6a!hio!lnoMy :6~-fir~y Momilo paccMo~pe'n; 6apnoli:nuii J:\eKa~ 
HJieT. ·Ecnn ll3,lleCL orpaHII'IIITLCll HII31IIIUI MYJILTilllOJILHIJ~l B3311liO,liCliCTBHCM;' 
ro no ananonm ·c pac!IIenneHneM ynntapHIJM MIJ nonyltn~I. 'ITO ypouim. pac· 
!IICIIJIHIOTCH 3KBII,liiiCTaHTHO, TaK 'ITO . ·.- > 

m c~··)-m (~·> = m c~·):.:..:.mw> ~m (~0)-m W>""' 
=m (!.*•) -m (!,*O) = m (i:*o) ::..m (P-) =In (S*O) -m (S*-). (7,14) 

OtK.li:ouenne OT ;>IIIHeiinoit aanncJIMOCTH 6y.lleT yKaaDIBaTb ua upm1ecL naauMo­
;J,eiicrnuH c 6oJiee BIJCoKoii MYJILTitnOJILHOCTLIO. 

_ B cJiyqae Me30HUIJX ONTCTOB- COOTHOIIleHIIC (7 ,10) oopall\a!!TCH B TOIKiJ;e­
CTBO. B ncen,!locKaJinpnoM oKrere, onnaKo, noauuKaet nonpoc o npnpone paa­
noctn Mace :rt 0 n n±, KoTopan noJimna 6un; panna uy.r10 B 8-noJILHOM npB6Jiu· 
lRCHI!H, Ee CJie,!lyCT OTUCCTII aa > C1J6T aneKtpOMarHIITHOro B331W0,!16HCTBII/I 

THUa m~. 
<l>opMyJIIJ (7 ,16) l!Oll\HO lla'!'IICaTL B UOJiee npOCTOM Bll;J;C, B IWTOpOM 

~tacca l:O OCTaeTCH HCCMCil\CHHOll. . _ _ -
IJoJie H% ,liOJill\110 IIMCTL KBaHTOBIJC _'IHCJia Q >=' Y> =, 0; ero MOII\HO ·aann­

caTL n . ~opMe ·· ;J,narouaJILiio_ii > Marpnl\IJ c · anelieitalln · ,na ·. ,llnaroiiaJiu 
A, -A,+B,-B; ·rAe A 11 B -uponano.:JLHIJO_ BC!IIBCTBenHIJe •mcna. 

- BIJ'ITeM 11a taKoii MaTpHl\IJ e;J;IIHli'IHYIO ltatplll\Y, y.mo;NeHHYIO na 1/211. 
TaKall onepaUIIll CBO,!IIITCH npOCTO K_ CMe!IIeHIIIO naqaJia OTC'IBTa Mace, taR KaH 
on_a ue BIJaiJnaeT pac!IIeriJieunn. MLI ysnnnM, 'ITO taKnM o6paam1 MIJ aaKpeu--
mreM MaCey l: ° KaK .uaqa.rro OTC'ICTa.' -• , .. _ . 

06oaua'IaH A - 112 B = x n 3/2 B := -A, no.rryquM, •1ro no:~e MOamo 

aanncarL n _.popMe ~atplll\u,_ ·.(-'x _0 ~)-- · · ' · 
,- "HZ'= 0 -:-x _o ._ ·' (7,15) 

' : 0 0 A " 
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l"HliTAPHAII CIIMMETPIIJI 3JIEMEHTAPHLIX "'ACTHU 

IJpOU3BC,liCHllll KOMHOHCHT HOJill Ba BeJIH"'HHY .loiYJILTHHOJill B !f!OpHy­
JIC (6,4) liU o6oana'InM 'Iepea 

a=XC~o IJ=xC2, a=AC1 b=AC2 • 

Tor,lla c noMO!IILIO MaTpliii;u (7,15) (coxpanllll ycnonHe y = 0) .HU nonyqHH 
nonuii: na6op ,PopHyJI ,!~Jill ltacc 6apnonon: 

m(::n=m0+a+a, 
m(EO)=mo+a-a, 

·mp:-)=m0 +a-IJ, 
m(l:0)=mo, 

m(l:•) == m0 -a+IJ, 
·. 2 2 

m(A)"" mo+a-a+-yb, 

m(n)=mo+b+IJ, 
m(p)=mo+b-IJ. 

l (7,16)_ 

<l>opxynu ~(Jill- pac~I~ennenHll Mace, nonyqennLie .no cHx nop (nx 6uno 
Tpll, TaK KaK .HaCCLI 8 6apHOHOB OnHCUBaJIHCL 5 napaMeTpaMII), Be aann­
CeJIH _ OT llO,liCJIH, EcJIH,' O,liHaKo; OTHOCHTLCll K llOJIIO cepLeBHO, TO 113 npn­
Be,lleimux COOTBOIDeBHH CJIB,llyeT, 'ITO a/j} =a/b HJIH (cp. J\OJILMaH H fJia-
moy Dl) - . 

m (EO) -m(E:-) m (E:O)+m (E-)-2m (:!:0) 
_m (n) -m(p) = m (11)+m (p)-2m (.tO) (7,17) 

Sro eoornomenne nunoJIHHeTCH nJIOxo. JiesaH ero '!acn, panna -5, npa­
nan -0,5, 8TO 3Ha"'HT, 'ITO B HSOTOllH'IBCKYJO paaHOCTL Haec BBJIRl( BKJia,D; 
'IHCTO 8li8KTpOMarmrrHUX HOHpaBOK. IJnoxo BIJIIOJIHJICTCJI 11 ,llpyroe COOTBO­
meHI!C. BeJIH"'HHa 

m (E:-)-m (EO)+m (p)-m (n) 
. 1 . . . 
2 [m (E-l+7n (SO)+m (pJ+m (n))-2:!:0 

2a+l3 
a-b (7,18) 

CI:apaKTepHayeT OTnomoBI!e Ko:amoneHT noJieJi: x II A. Ha naBOCTHLIX suaqeum'i: 
Haec 6apHOHOB ·uaxO,liHM ,llJIH nero BeJIII'IHBY 0,038. -

TaKyro me BeJIII'IHBY MOll\BO BU'IHCJIHTL Ba Kna,qpaTOB .Mace nceB,llOCI;a­
napBLtx xeaonon. Ha~eM 

m2(K+)-m2 (KO) = -0,017. 
_!_ [m' (K+)+m' (KO)) -m2 (n1) 
2 

(7,19) 

CHLI:CJI !flopeyJI (7,18) H (7,19) MOll\BO IIOHJlTL, CCJIII3a.HeTHTL, 'ITO, OTC'IH~ 
TUBaH :w:acCU OT cepe,llHHIJ MyJILTimJiera, T, e. OT MaCe l: 0 H n° COOTlleTCTBCHHO, 
:w:omno: nepermcaTL o6e .popMy.rru raK: 

t\m (E)+&m (N) 2 t\m (K) (7 20J 
2mcp(B, N) m0 p (K)' ' 

r,lle ~m ,_ paanOCTH xacc _ (ne KBa,llpaTon!) . cootlleTcTBYX>liiiiX ,qyt)Jieron. 
a incp ~ BX.cpe,llnee paccTOJIHIIe oT l:0 II n°. Ib (7,20) -Bll,liHo, 'ITO pe'IL H,ller 
06 ymmepcaJILHOCTH li30T0llll1JBCKOrO pac~ellJICHHR, KOTOpoe 'IDI:eeT l!SHI.­
myro TO'IHOCTL, 'IeK yniiBepcMLBOCTL paCII~en.rreiniH yn11Tap110l'O. 
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JI. A. CMOPO,tiHHCRHll 

§ 8. tfOJIOBACTiiKib II tBEChb 

cTaM na nenep;o1on.rx ,!t,opo;&rmx 
Cne~LI nenup;annux anepeii ... • 

A. llyUIKU" 

B namy aai\U'IY ne nxogn;IO n3JIOl!ICrrne ncex np;eu II peayni.TaTon yniiTap· 
IIOii TCOJHIIl, II MLI OCTUBII.'lll B CTOpOHC TaJWC, narrpm!Cp, namiiOC, 110 em:o 
ne ocpopmmmcecJI IIanpanJieiine, KaK TCopmo CJiauLix naammp;eiicTBuii; Tell 
ne MC!ICC IIMCCT CMLICJI OTMCTIITL IIeiiOTOpLIC IIOBI>lC, IIOita em:e CneKyJIJITUBIII>le 
HACII, Tall IWK OIIIJ. ylla3LIBaiOT naTO, 'ITO .payiia YIIIITapuoro MHpa MOl!ICT 6blT1> 
BCCLMa ueo6bl'IHa. Pacm;eu.'leHIIC Mace llOIIaaaJIO, 'ITO naanMOACUCTBIIC 'IaCTII~ 
C naKyyMOM MOmHO C YCHCXOM OlliiCLIDaTL HCIIOTOpblM llOJICM If~, HCiiTpaJILHblC 
IIOMIIOIIeHTLI KOTOporo, Jl: II If~, OTBCTCTBCHHbl3a ynnrapnoe II 1130TOIIII'ICCKOO 
pacm;eiiJICHifli COOTDCTCTBCHHO. B03H!!KaCT nOIIIITIIOO men anne rrpnp;aTL 3TOMY 
llOJIIO CMblCn peaJILHOrO cp113Il'ICCKOrO non11, COIIOCTaBIID KBap;paTaM TaKoro 
ynnTapnoro noJTJI nonLiii yiinrapnLiu MeaonnLii! MY.JLTIIIIJICT. Tmwii Meaonnblu 
OKTCT ULIJI paCCMOTpen n pa6oTe rJiamoy II KoJILMana F3. 

li;:J;en. roJionacnma 6LIJia nucKaaana n pa6orax Jllnnn~;epa (Annals o[ 
Phys. 2, 407 (1957)) n Ca.aaMa n Yopp;a (Phys. Rev. Letts. 5:390 (1960) 
n Revs. Mod. Phys. 33, 428 (1961)). Meaonnblu OitTeT ublJI nnep;cn CaKypau f''. 

llpep;crannM ce6e, 'ITO none Hg eCTL. none CKanS~pHLIX Meaouon. EcJin 
uanncaTL Marpn~y aTOro IIOJIJl no ananornn c MaTpn~eu rrcen;(OCKa.Jllpnux 
MC30IIOD, TO p;naroiiaJILJ!IJMI! Km!IIOHCHTaMII OKamyrCII ABC HCi!Tpa.J LIILIO 
qai:THI~LI, IIOTOpLie Ml>l, 'ITOULI IIOg'ICpi\HYTL TOliiACCTBCHIIOCTL ymiTapHLIX 
CBOllCTB, o6oaHa'IHM 'ICpC3 ll' 0 ll rJ'. (ocTanLIIhlC I>O~IllOIICHTLI OKTCTa :t':l:, 

K'±, K' 0
, K' 0 cnllaanLI c naMenenneM aap11p;a nnn rnrrcpaapliAa u ne nnocHT 

nKnap;a n pacm:ennenne, Tal( me KaK n nop;o6nLie IWMnoneHTLI nom1 If~). 
Tal( I\al( ItBaiiTOBLIC 'IHCna 1t' 0 ll 1]' TO 1K~, 'ITO II y DUI(yyMa, OHH MOfYT 

annnnmnponaTL 6eccJiep;no, ecJIH TonLKO IIX Maccu panHLI nymo, npenpam:ancL, 
nanpmrep, n neHa6mop;aeMoe cn11aaHHoe cocTonnue ·npoTon .- anTn:npoTon· 
c nomwu Maccou, pannoii nyJiro! 

iho ana'IHT, 'ITO .PopMaJILHO cym:ecrnyeT npo~ecc uaJiyqeHnll HellTpaJIL· 
noro Meaomi, mrerom:ero n nnpryaJILHOM cocTonnun :me.prmo, pannyro nyJiro, 
npenpam:arom:erocn n IIeKoropoe nena6nro.ilaeMoe cocTommc; Tal( KaK ua Ana· 
rpaMMe ra"oii npo~ecc nao6pamaercn nnnneii c <<Knlii(COii~ Ha IWU~e. TO Tai(OU 
MC30II HaaLIBaiOT «rO.iiOBUCTiiKOM» *). . 

Ta"au cxeMa, oqennp;Ho, .popMaJILHO connap;aeT co cxeMoii noJill /lg. Ecmt 
I{. CKaaaHIIOMY p;o6annTL Ilpep;nonOlRCHIIC 0 TOM, 'ITO B3aHMOACUCTDHC rOJIO· 
naCTllita CO BCCMI! MYJILTI!nOnHMI! Olll!CIJBaeTCJl YHHBepcanLHOii llOCTOilllliOU, 
MLI nonyqae~! MOp;enL, D KOTOpoii npann.rra liHTCpBanon, CB113L!BaiOm;I!e p a 3· 
11 LI e MYJILTimneTLI, noJiyqaror. ecrecrne1mym nnTepnpeTa~uro. 

CitannpnLiii MC301l, ll3 KOTOporocrpOIITCII rononaCTIIK B CBOUOi\llOl! COCTOJI· 
nun, MOater IIMCTL Macey n ne panuym uymo. ll 3TOM cnyqae anTopLI MO;(emr 
YJia3IJDaiOT ua D03MOl!moe OTOJRACCTD.lCIIUC cro c peaonaJICaMU K' -
-> x (730 Mae), ll'.-> 6.(570 Mao) n TJ' c Maccoir -770 M:Je, GmlaKoi'r" Q0 ; 

.y TaKI!X rpex IIOMllOllCHT KBap;paTLI MaCC XOpOIIIO YAOIIJICTIIOplliOT rrpaBIIJIY 
nnrepnaJion: 

m2 (K')-m2 (n')=0,22, m2 (1J')-m2 (n')=0,28. (8,1) 

*) 'InTaTem., none'Ino; aaMe-rna, 'ITO rOJTonacrnn npnna)lJielKliT K ceMeiicTBy tmny­
pnonon•, BBO!(D>IL!X paaHL!Mll aBTopa•m AJIH onncannn npoueccon napymenna cnmwTpnu. 
)l;narpaMMa ro.~onacTnKa, O'Ienn)J,uo, MOlKeT r.y~ecTnonaTL n AJIII OOL!'IBL!X n°· n t)·"e30IIOB, 
no eCJm nx naaiD!o)J.eiicTBlile yanTapno · nnnapaanmo, TaKBe. rOJionaCTIIKII ne nrnne;~yT 
K pac~enaennro. 
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YHHTAPHAJI CHMMETPHJI llJIEMEHTAPHLIX 'IACTH~ 

OAUaKo caMo cym:ecTnonanne peaona11con 11 :nx RBaHTOBLie 'InCJia ycTaHonneHLI. 
WIOXO, ll I{ Tai{OMY. COnOCTaBJICHIIIO HCnL3JI em:e OTHOCHTLCJI CBpLC3HO *). 

Momno nonLITaTI>CJI onncaTL «roJionacrmm• 11 nnaqe, ncnonLayJI Hl(ero 
renJI·Manna 06 ynnTapHLIX cnn:Hopax «KBapl(aX», KOTOpLie no·pyCCKH, 
.IIO·BllAHMOMy, HaAO Ha3LIB3TL «6ecaMH». 

lloJie II~ MOmHo npep;craBnTL, ItaK nponaBep;eniie p;nyx ynnTapHLix cnn­
nopon ~ n: cpa: 

Ilg=~cp". (8,2) 
YnnTapHLiii cnnnop' cpa HMeer I(OMUOHCHTLI c aapJIAaMII-e/3, -e/3n 2e/3, 
ynnrapHLiii cnnuop ;p;, UMeer KOMnoirenTLI c aapJIAaMn e /3, e 13, -2e /3. TaRne 
me Apo6nue ana'IeHnJI HMeeT n: rnnepaapJIA cnnnopoB. 

llOJlBnCHIIO p;p0611oro aapJIAa CBll3aHO. C TOM, 'ITO B rpyune SU (3) MaT· 
p~LI aapHp;a Q II rnnepaapJIAa Y p;narouanLIILI n IIMeroT cnep;, pannLiii uyJiro. 

· Ecnn MLI nopMn:pyeMco6cTnennLieauaqeun:1f Q n Y TaK, 'IT06LI p;nJI I(OMnoueuT 
OKTCTa OHH npiiHHMaJiu 6LI 3Ha'ICHIIJI 0 H ± 1, ll Tall Kal( 3TH 3Ha'ICllllJI paBHLI 
CYMMB aapJIAOB KOMnOHCHT C!IllHOpoB1h, cp", BCe 3TH Tpe6onaun:JI YAOBJJC· 
TBOpJIIoTCJ11 CCJIH 3apJIALI KpaTHLI 1/a. B 3TOM CJiyqae 1/

3 
+ 1/

3
-:- 2/

3 
= 0 

II na a a pHp;on 1jJ b 11 cpa ~!Omuo cocTannTL TOnLKo a a PHALI 0 11 ± 1. KaK n paHLme, 
TOJILKO neiiTpaJILHLie KOMnonenTLI nponanep;eHuJI 1jJ b, cpa yqacTnyror no naa· 
UMop;eiicTnnH. · · 

Ecnn !IpHIIJITL (8,2), TO AOHCTBHe noJIJI Hg MOmHO onnCaTL, KaK 113JIY· 
'Ieune n nomom:eune «6eca» n op;Hoii n Toii me TO'II(C p;n:arpaMMLI (nnn: nal:ryqe­
nne na pLI iji b II f)la c noCJiep;yrom;eii anniirWin~neii). Ta"an neT Jill npnnop;nr 
it pacm:enneunro Mace n Tomp;ecTBCHHa rononacTxiKy. EcJin, op;uaRo, cpb n cp" 
Moryr pomp;aTLCJI B · CB060p;HOM COCTOHHI!ll, MLI npnxop;nM ~ CXCMO reJin· 
Mauua, ue nOATnepmp;enuoii, op;Hal(o, onLITO!!. . 

llo11cR11 'Iacrn~, ornercrnenHLix aa uapymenne ynnrapHoii cruwerpHn, · 
uanoMnHaeT oxoTy aa neiiTpn:Ho, ocrannnmero cnoii cJiep; n <:(lopMe Hecoxpaue­
HHJI :meprn:n:. qeM KOII'Il!TCJI nonaJI oxora - no"ameT 6yp;ym:ee. 

. . . . . SAKJIIO'IEHiiE 

llJopMyJILI AJIJI Mace 'IaCT~1 Win, Ral( l!X MOamo HaaBaTL, cnep;yJI CllCIITpO· 
CKOnii'ICCI(OH TepMIIHOJIOrun:, npannJia HHTepnaJIOB, OTHIOAL He IIC'ICpiiMBaiOT 
npHMenenn:e cxeMLI yunTapnoii CHMMeTpnn II ee napymerme. Op;HaRo 3TII 
.popMyJILI IIMeror oco6oe. ana'IeHne. 

YrriiTapnan cxeMa nnepnLie noanoJinna paccMarpnnarL MaccLI qacrn~ 
c ep;n:Hoii, nycTL em:e O'ICHL neconepmennoii TO'IKH apeHnJI. ,lJ;o cnx nop paa­
JIII'Ine B Maccax· 'laCT~ paccMaTpnnaJiocL JIHmL Ka" p;ocap;Hoe napymeniie 
CIIMMOTpHll II KaaaJIOCL, 'ITO TOJILI(O D o6naCTll 6onLmux 3Heprnii, B I(OTOpOii 
3TO pa3JIII'IHO MOmCT CTaTL HCCym:eCTDCHHLIM, MOmHO nLITaTLCJI CTpOllTL TCOpe· 
TII'ICCKIJC CXCMIJ. 

B cxeMe SU (3) ueomnp;aHHO o6napymiL'IOCL, 'ITO Hapymenne.cmmerpiin: 
o6Jiap;aeT npoCTLillll cnoiiCTBalm II onncLinaeTcn O'IBHL ecrecrnermo n cxe!!e 
ynnTapnux MynLTllllJieron. BoannKaeT nonpoc, IICJIL3JI JIII no xapaiiTepy 
HapymeHIJJI CmiMerpnn. IIayqaTL CBOllCTBa. B3aUMop;eiiCTDllJI MY.iiLTllllJICTOD 
C BaKYYMOM? TaKoii BOnpOC CTaHOBllTCJI CCTCCTBCHHLIM, CCJIII BCIIOMHHTL, 

*) fJiamoy n: KoJILMaa ccuaaroTcH na CJieAYIOIIIHe ancnepmrenTu: G. A I ex an­
d e r et ai., Phys. Rev. Letts. 8, 447 (1962); D. H. M iII e ret al., Phys. Letts. 5, 279 
(1963); S. G. Wojcicki et al., Phys. Letts. 5, 283 (1963); ~: D. B. Lichte n· 
berg, Stanford Linear Accel. Rep.· No. 13 (1963) (ne ony6annouano), CTp. 53, t)': 
H. H a pop ian, W. S e I ore, Phys. Rev. Letts. 10, 553 (1963); Z. G i or ago s· 
sian, Phys. Rev. Letts. 11, 85 (1963). 
3 Y.PH, T. LXXXIV, BhiD. ! 
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II. A. CMOPO;D;UHCRHn 

'ITO HapymeHHe ll30TOUH'IeCKOll CIIMM8Tpiiii BH3LIBaeTCII 3JI8KTpOMarRJITiJ:HM 
UOJieM (B3aiiMOJJ:8llCTBIIe 'laCTII~Ll C 3JI8KTpOMarRJITHLIM UOJI8l! BaityyMa); nayqall 

OTKJIOH8HIIII OT H30TOUII'l8CKOll CIIMM8TpHII B pa3HLIX peaK~HIIX, MOlKRO 6HJIO UH 
B IIpiiR~HUe UOJlY'!liTb. )l;OBOJlbHO MHOrO CB8)];8Hllll 06 :!TOM B331IMO)l;8llCTBIUl 

(XOTII pacmeUJieHne B :!TOM CJlY'!li8 MaJI6). l:JToro, KOHe'lHO, HO Ha)l;O )l;eJiaTb, 
TaK KaK y nac ecTb 6oJiee cosepmennLie MeTOJJ:LI nayqennn sJieitTpoMarHIITnoro 
UOJlll. liHa'le 06CTCIIIT )l;8JIO B CJiyqae E33llMO)l;eiicTBHll UOJill n:, napymiu<imoro 
CIIMM8TpHIO SU (3). ~ . ' 

. l:JTo BaanMOp;eiiCTBlle, KOTOpoe, K C'laCTbiO, CpaBHIITOJlbHO BOJIHKO, 118 CBO­

Jl:llTCll Hll K KaKOMY H3B8CTHOMY UOJIIO. IIO:JTOMY nayqemre pacna)l;OB ll peart­
~nii c TO'lKII apennn rpynnLI SU (3) cJiyamT xopomHM ncTo'lmiKOM nH!flopMa-

. ~HII 0 BaaiiMOJJ:8llCTBIIII '!aCT~ C · BaKyyMOM. . . · . 

II pocToTa soaHIIKaromeii cxeMLI noaBollneT oamp;aTb nMeHHO B sToM 
nanpaBJI8Rllll cyrueCTB8HHOrO UpO)l;BillK8Hllll B liOHIIMaHllll aaKOHOB CllJlbiiOro 

saaiiMO)l;8HCTBllll. 

llPIIJIOlKEHllE 

1. OKTET KAK 8-BEKTOP 

B anre6pe .SU (2) ROMnonenTLI TCH30pa BToporo panra o6paayroT ·. TpeXMepnLiii 
BCI<Top. Cnll3L MelKI\Y oGoiiMU npel\cTanJieBl!RMII ocyll\eCTBJIReTca MaTpnqaMII IlayJin­
ijlopMyJia (2,22). Ta!<IIM ate o6pa30M ROMUOBCBTOM YHJ<Tapnoro ORTCTa MOlRHO COIIOCTa­
BIITL 8-Be!<TOp. B o6o3Ha'leHII!lX reJIJI-Manna02•3 ORTeT A{; 33IIIICL1B3CTCll B BUI\9 

. 1. 
A1-iA2, 

[

Aa+ y:lA8, 

.A{;= A1+iA2, 

A~.+iAs, 

1 ' 
-Aa-t- ya A8 , 

. A
6
-iA

7 
;. 

A~.-iAs]· 

Ae+iA7, 
2 . 

- y3 As 

B T3ROU <j\OpMe MOlRHO 33IIIIC3TL, O'ICBHI\RO, JII060ii ORTCT. 3aMeTIIM, 'ITO ROMIIO­
. RCRTLI·YHIITaplloro CUIIll8 (4,4) upiiR!lTO o603R3'1aTL qepe:J Fa(a=1, 2, ... , 8). 

CooTnomennn MClRIIY A~ n Au aarrncunarorcn npoll\e ncero, eCJin nnecTn ceML 
MBTPII!l Aa, IIrpaiOII\IIX 31\CCL pOJIL, anaJiorii'IIlyro poJiu ><aTpni:( IlayJiu. MaTpnqu Aa 
IIMCIOT · BUI\ . 

Aj=G 1. 0) 
0 0 ; 
0 0 

Aa=(! 

·(0 0 1.) 
A,~ 0 0 0 ' 

. 1 0 0 

-i 0) (1 
0 0 ' "-3= 0 
0 0 0. 

(
0 0 -i) 

As= 0 0 0 , 
i 0 0 

0 0) 
-1 0 ' 

0 0 

(o o o)· (o o 
Ae= o _o 1. , A7"" o o 

0 ,1 0 0 i 

0) 1 (1 0 
-~ , As= ys g ~ g). 

-2 

IlapLl MaTpiiq (AI~ :\.2), (A4, As) II ().g, ~) cyTL M3TPllllLl IlayJin <11 II <12 B Tpex 1\BYX­
Mepnux UOI\IlpocTpancTnax; MaTpnq Tnrra cr3 31\CCL 1\Be, TaR RBR cyll\ecrayeT 1\0IIOJIHII-
TeJILnoe ycJioBIIe Sp"-a=O. · 

MaTpiiqU "'"' YIIOBJieTnopnroT cJiei\YIOII\IIM ycJionuaM: 

Sp, AaAp =20~p, 

. [:\.,.,A~],; AaA~-ApAa=2ifa~vAv• 
. . . :. ' '4 
{A,., A~} s ArzA~+A~Aa=2da~vAv+;rlla~· 
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....,...,--,\ 

• 

YHHTAPHAII CUMMETPHII llJIEMEHTAPilhlX 'IACTH~ 

3aaqenne CCTPYRTypnan BeJIII'IIIH-a n T II c II M MeT p 11 q II o ii /a~v II c II ,.·MeT p n ..,_ 
HOH dapy- 331\3IOTCJI ijlopMyJiaMH . 

1 
/ap1 =4rSp (AaAp] A1 : /t2a=1, 

. 1 
/u7=/21,f,=/257:=/3,s=/ue=/ae7=z, 

I I - y3. 
,_ss= 67s--2- • 

. 1 . . 1 
dapv=4fSP{Aa, Ap}Ay: dus=d2as=daas=-dsss= ya, 

d1,e=d1s7= -d2(7=d25s=da"= 
. . t' 

.=dass= -da66 = -da77=z , 

1 
dus=dsss=dses=d77s=-

2 
y:l · 

0CT3JibHLI9 0TJIH'IHLI9 OT HYJill I<OMIIOHCIITLI UOJIY'J3IOTCll nepeCTBIIOBROH HHI\CRCOB 
c y...etou anaRa B cJiyqae anTHCIIMMeTpii•moii f <>-P\•" 

0'1CBIII\IIO, 'ITO 
7 

A~=~ Aa(Aa)~, 
a= I 

2Aa=SpAAa sA~ (Aa)~. 

KoaijlijJIIqiieHTLI f n d noanoJIIIIOT aanncLIBaTL npOB31lel\enue O!<TCTOB. <DopMyJia YMHo­
menlln O!<TCTOil 

(X±)a_.!_(AaBe ± Ae Ba) 
b-:! c b b c 

1IepeniiCLIIl3eTca TaR: 

(X±),.=i G::;) AaBp. 

CIIMMeTpii'IHoe npoii3BCI\CHIIe IIB3LIBBIOT IIHCrl\a D-rrpoltaBel\eHneM, a anrnciiM­
lleTpii'IBOe F-npoiiaBeAenneM. 

2. '(j-qETHOCTb 

PacCMoTpiiM 1\Ba npeo6paaonan1In ORTeTa: 1) R-rrpeo6paaonanuo- nepecTarrosRa 
CTpOR II CTOJI6qon ORTcTa, 2) aapni\OBoe corrpnmeniie C. HeTpy;~,no llHI\CTL, 'ITO npoiia­
BCI\CIIHe o6onx npeo6paaonanuii 

'/'j=RC 

OCTaBJI!lCT llCC 3-.~CMCBTLI MC30BRLIX (apMHTOBCRHX) ORTCTOB B3 CBOIIX MCCT3X II MOlRCT 
IIX ncex YMBOlRIITL na + 1 JIII6o IIa -1 (TaR RaJ< 'i'j2=1). TaRl!M o6paaoM, UOllllJiacTcll 
BOBOC l(B8HTOilOO 'IUCJIO: '/'j-'ICTUOCTL, XapaRTCpii3YIOII\CC apMIITOBCRUC ORTCTLI. 

0'1eBIII\HO, 'ITO '/'j-'ICTBOCTL Onpel\eJilfCTCll 3aplii\OBOH 'ICTBOCTLIO 'IOCTR!l, CTOilll\liX 
B3 1\IIafOHaJIII B 0CT8IOII\UXCll npB R-npeo6p830BaiiUII B3 MCCTC. Il03TOMY OHTCT UCCBI\o-
Cl(3Jillp1IUX MC30HOB IIMCeT '/'j=+1, a ORTeT BCRTOPIILIX MC30IIOB '/'j=-1. . 

lfa OllpCI\CJlCHHll I<OMUOHCHT 8-llCl(TOpa liCBO, 'ITO 3ap!li\0Ball 'ICTHOCTL ROMIIORCHT 
A~o A 3, A 4 , A6 , A8 OI\BnaRona II npOTIInonoJiomna aapni\OBoii 'lcmocrii RoMrronenr A

2
, 

As, A1· . 
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