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BeeOeHue 

B KonneKTHBHOM MeTo.n.e ycKopeHHJI 3neKTPOHHoe KOJib
~o, co.n.ep>Kall\ee HOHW, nocne BbiBo.n.a Hl KOMnpeccopa 
JJ.On>KHO YCKOpJITbCJI CHCTeMOB pelOHa TOpOB. )J.JIJI BBO)J.a KOnb
~a B HY>KHYJO clmlY yCKOpJIIOII\ero DOJIJI pe30HaTopa npe.n.yc
MOTpeHa clmlHPYJOII\aJI CHCTeMa THna rpynnHpYJOII\eB ce~H 
naaeiiaoro ycKopsTenJI aa 6eryll\eii Bonae I l/. OcaoBHoe 
HaJHa'leHHe 3TOB CHCTeMbl COtJOHT r TOM, 'IT06bl o6ecne
'IHTb Ko3cWlH~HeHT JaxBaTa 217- ~· ·;r, r.n.e /\¢- .n.sanaJOH 
cllal, scnonbJyeMwx )J.nJI ycKopeHHJI. Hccne.n.oBaHHJI no .n.saa
MBKe 'laCT~ DOKa3aJIH BOlMO>KHOCTb HCDOJlblOBaHBJI )J.nJI 
~eneii clmJspoBKH cnspanbHoro BOJIHOBo.n.a/21, pa6oTaiOII\ero 
aa Toii >Ke 'laC TOTe, 'ITO H ycKopJIIOII\He pe Joaa Topw, H 
o6ecne'IHBaiOII\ero Manwe cllaJoBwe CKopocTH 3JieKTpoMar

HHTHoii BOnHbl. 
B CBJilH CO cpaBHHTeJibHO 60JibWOB AJIHHOB CHCTeMbl 

/L"' 6 M/ )J.nJI o6ecne'leHHJI MeXaHB'IeCKOB npo'IHOCTH OT
)J.enbHbiX ceK~HB 6wn Bb16paH BapHaHT BOJIHOBO)J.a THna 
MOJJ.Hcl»H~HpOBaHHOB CDHpanB C KO>KYXOM /eM. puc. 1/. 
BnepBwe npe.nno>KeHHaJI B pa6oTe /3/, MOJJ.Hcl»~spoBaHHaJI 
cnspanb 6e3 KO>Kyxa 3KcnepsMeHTanbHO sccne.n.oBaaa B 
pa6oTe / 4/, B pa6oTax /S, 6 / scnonblOBanacb cnspanb c Ko
>KyxoM JJ.JIJI 'laCTOT f > 300 MFII H cpaBHBTenbHO Manwx 
JJ.HaMeTpoB cnspana /2a "' 2,4 eM/. ,lJ;nJI ~eneii KonneKTHB
aoro MeTO,Aa Tpe6YJOTCJI )J.HCDepCHOHHble xapaKTepHCTHKH 
cnspana ,nnJI 'lacToYw f "'150 MFII H paJMepoB BOJIHOBo,na, 
npBrOJJ.HbiX )J.nJI nponycKaHHJI 3JieKTpOHHOrO KOnb~a /2a "' 
"'10-12 eM/. 3Ta Ja,na'la CTHMynspoBana nocTaHOBKY Teo
peTH'IeCKHX H 3KCDepHMeHTaJibHbiX HCCJie)J.OBaHHii )J.HCDep
CHOHHbiX CBOHCTB MOJJ.Hcl»H~HpOBaHHOB CDHpanH. 
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~HCnepCHOHHWe xapaKTepHCTHKH MOAft~KQHpOBaHHOB 
cnupaJIH TeopeTB\feCKH H3ytfaJIHCb a pJI,n:e pa6oT /cM./3, 7' 8/1. 
B pa6oTaX / 3 ' 7/ nOJIJI Bhlpa)KaJOTCJI q~pe3 TOKH, B CBJI3H 
C 'leM BBO.Il:JITCJI npe,n:nOJIO)KeHHJI 0 TOM HJIH HHOMHanpaB
JieHHH TOKOB, npoTeKaJOUVfX no cnupanu. B pa6oTe /8/ pac
cMaTpHBaiOTCJI JIHIUb a3HMYTaJibHO-CHMMeTpH'IHWe BOJIHW. 
Tpy,n:HOCTH nonyqeHHJI .n:ucnepcuouuoro ypaBHeHHJI B .n:ocTa
TO'IHO o6meM BH,n:e COCTOJIT 3,n:ecb B HaJIH\fHH a3HMYTaJibHOB 
HeCHMMeTpHH H .n:aoiHoi nepHOAH'IHOCTH /no ¢ H z I npu 
,n:oBOJibHO CJIO)KHWX rpaHH'IHWX ycnoBHJIX. 

B uacTOJIUlei pa6oTe npe,n:Jio)KeH awao.n: .n:ucnepcuoHHoro 
ypaBHeHHJI 3JieKTpO,Il,HHaMH\feCKHM cnoco60M C yqeTOM yKa· 
3aHHWX OC06eHHOCTeB CHCTeMW. 

Bbl600 oucnepCUOHHOZO ypaaHeHUJI 

Hcxo,n:HaJI CHCTeMa ypaBHeHHB COCTOHT H3 ypaBHeHHB 
.Il:JIJI COCTaBJIJIIOJnHX BCKTOpHOrO llOTeH:QHaJia: 

l a2A l a aAr 1 a2Ar a 2'\ Ar 2 !!..:P_- 0 
- ~ at2 r +;- J";(r-a;:-) +~ a¢ 2 + az 2-- -;:-:r- ;T a¢ f1a/ 

2 ') 2 
l a A¢ 1 a aA¢ 1 a-A¢ a A¢ 

--+---(r-)+- --+--
at2 r ar ar r2 a¢2 az2 

A¢ 2 dAr 
--+- --=0 

2 c r 2 r2 a¢ 

2 2 2 
1 a Az 1 a JAz l a Az a Az 

-- --+- -(r-) +- --:;-;T-~ =0. 
c 2 az 2 r ar ar r a cp az 

/1a/ 

/1c/ 

~JIR BHxpeaoi qacTH nons HMeeM: 
__, 1 a A 
E = -- -· 

c at ' 
fi = rotA. 

PaccMOTPHM peweHHR ypaaueHHi /1/ ,n:nJI cnupaJIH, H3o6pa
)KeHHOH Ha puc. 1. 3,n:ecb a 1- BHYTpeHHHB paAUyC KOJib:Qa, 

a 
2 

- BHeWHHB pa,n:uyc KOJib:Qa, b - p~HYC KO)KyXa, ~ =¢o -
pa3Mep nepeMW'IKH no ¢,S0 =¢oa 1 , L-E - pa3Mep KOJib:Qa 
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no z , D = 2L - nepuo.n: cucTeMw, E - paccTOJIHHe Me)K.Il:y 
KOJib:QaMH. 

Puc. 1. BoAHoaoo c Moou~uijupoaaHHoii cnupaAbiO. 

PaCCMOTPHM TPH o6nacTH: r :~ a 1 , a 1---:r ~a 2 , a 2 / r ·:;_b. 
PeweHHJI ypaaHeHHi /1/ B nepaoi H TpeTbei o6nacTJIX 
6y,n:eM HCKaTb B BH,n:e: 

A
->-A->() i(wt-k z-¢l - r e nm rn 

k 0 = 
k 

{3 
k 

(1) 

c 
{3 

' r.n:e k nm=ko+ 
2
o"(n+m)' 

v 
c 

jV - ~30BaJI CKOpOCTb, (O - 'laCTOTa, c - CKOpOCTb CBe
Ta, n, m - :uenwe qucna/. TaKoe npe,n:cTaBJieHHe ,n:nJI ~3W 
Y.D:OBJieTBOpJieT OCHOBHOMY CBOBCTBy CHMMeTpHH MOAH~H
:QHpOBaHHOB cnupanu: ( r, ¢ , z) -• ( r, ¢ ± rr , z + D/2) T .e. npu 

cMemeHHH no z Ha nonoauHy nepuo.n:a ~3a no ¢ MeHJieTcJI 
ua rr 131. Bo BTopoi o6nacTH peweHHJI umeM B BH,n:e: 
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A r = iA r ( r) cos q¢ sin gze iwt , A¢= A¢ ( r) sin q¢ sin gze iwt 

A = A (r) cosq¢· cosgz.eiwt , 
z z 

r,IJ,e q = q(s), g=g(p,s),p,s- u.enble 'IBCna. B pe3ym.TaTe,no
nyqaeM cne.IJ.YJOIIJ.YJO cucTeMy ypaaHeHBii /.IJ.nB. I B I II o6-

nacTeii/: 

2 
a2A l aAo 2 ~-n-Ao = o, __ Q_ +- -- -K nmAo- 2 

a ') r ar r r~ 

a 2A1 
--+ 
ar 2 

J2A 
__ z + 

ar 2 

2 
1 aA1 2 (~AI= 0, - --- KnmA l- - 2 
r ar 

aAz 2 A -1 __ - Knm z 

ar 

r 

2 m 
r2Az=0. 

/2/ 

. . 2 2 ') 
3,IJ,eCb A

0 
=A¢-1Ar, A 1 =A¢+1Ar, K 0 m=knm-k-. AHanorB'IHYIO 

CBCTeMy ypaBHeHBH nonyl{aeM B ,II,llB. BTOpOH o6naCTB C 3a-
~ 2 2 2 

MeHOB: m = q , K nm =X ps , X ps = g ps- k • 
B pe3ynbTaTe,nonyqaeM cne,IJ,yroliJ.He peweHBB.. 
B o6nacTB I: 

00 00 

Ar = in~-oo m~=-} bnmim-1(x1) -bnmim+ l(x l)] e -i(~mz+m¢)' 
/3a/ 

Ar~,= L [b I l(x1) +b I (x )]e-i(knmz+mcp) 
'f' nm m- nm m + l l ' 

A = ~ a I (x) e-i(~mz+m¢) 
z n,m nm m 1 · 

3,IJ,eCb x 1 = Knm r • 
B o6nacTB I I: 
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/3B/ 

/3c/ 

00 00 

A=-·~~ ![Z I _ 1 (x2 )-~psiq+1(x2)] + 
r p=O s=1 psq 

- = 
/4a/ 

+[ d K 
1
(x

2
) -d K + 1(x 2 ) llcosq¢sing_ z, 

ps q- ps q l's 

A¢= ~ ![Z I 1(x 2) +~ I 1(x2) 1 + 
p=O, s=1 ps q- ps q+ /4a/ 

-
+ [ dps~ -1 (x2) + dpsKq+ 1 (x2) II sin q¢singp 8 z 

Az= ~ l;siq(x 2)+-;:;psKq(x2)lcosq¢·cosg;>sz. 

r = 0 ' s = 1 r I 4c I 

l.IJ.eCb 

T7 
q = ---- ( 2s - l) , s = 1,2, ... , 

2(77-¢0) 

217 
g ps = f- ( P + 2s) , p = 0 'l 

x 2 = X ps r . 

PeweHBJI ao aTopoii o6nacTB y,IJ,oaneTBOP.IlfT 
ycnoBBJIN: Az'= Ar =0 npu :¢\=TT-q)o, \z\ / 2 

rpaHB'IHWM 
B Ar=O npB 

\zl=4,o<I¢\$;(TT- ¢o) • 
B o6nacTB I I I: 

00. 

A ~ ~ !cnm[Im-1(x3)- enmim+l(x3) l + /Sa/ n=-oo m =--oo 

+ dnm [ Km-l(x3) -hnmKm+l(x3) Je-i(knmz+m¢) 

Ar~- = L ! c [ I I ( x3) + r I m +I (X 3) I + 
'!-' nm m- nm /5 / n,m B 

-i(k
0

mz + m¢) 
+ d [ K 

1 
( x o) + h K + 1 ( x 3 ) J e ' 

nm m- • ·"> nm m 

Az = L !a' [I (x) +G K (. )] -i(k z+m¢\ /Sc/ 
n,m nm m 3 nm m x 3 e 

r.IJ.e x
3 

= K
0

mr / I ( x) , K ( x)- MO,II,B~BilBPOBaHBble ~YHKU.BB 
lieccenB./. 3,IJ,ecb ae3,IJ,e onymeH MHO:>KBTenb e iuJt 

7 



rpaHH'IHWe YCJIOaHJI Ha rpaHH:QaX pa3~ena CaO~TCJI, Ka.J< 
06W'IHO, K HenpepWaHOCTH TaHreH:QHaJILHWX KOMnOHeHT 
3JieKTpouarHHTHoro noJIJI npu nepexo~e ~3 o~uoi o6nacTH 
a ~pyr)'IO H K paaeHCTay HYJDO TaHreH:QHaJII.HOB KOMnOHeHTW 
3JieJCTPH'fecKoro noJIJI ua H~eaJILHO npoao~J:Qei noaepx
HOCTH: 

r = b Az3 = 0 A¢3 = 0, /6/ 

To'IKa 03Ha'faeT ~ui}MIIepeH:QHpoaaHHe no apeueuu. 
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r = a2 ' . . . . 
A = A , A¢ = A¢ 

z2 z3 2 3 

aA r 
(-

az 
_ a A z ) = ( a Ar _ a A z ) 

ar 2 az ar 3 

a ( r A¢) aAr a ( rA ¢) iJA r 
- a¢ ]2 = [ ar - a¢ ] 3 

A 
z3 0' A¢

3 
= 0 

npHf/2 < z :S L/2 

npH lz 1 < J. 
2 

/7a/ 

/7aj 

l¢1<rr-¢o 

/7c/ 

rr-¢o.SI¢1 ~rr 
/7d/ 

r = al' 
. . . . 

A =A 
zl z 2 A¢1 = A¢2 /8a/ 

aAr a A z 
(-- ----) 

az ar I 

npu 

I z I < e 12, /8a/ 
aAr a A z 

(--- --)2 
az ar 

a(rA~ aAr a(rA¢) aAr 
[ ---- -J =[ - ---] ar a¢ 2 ar a¢ 3 I ¢1 < rr- ¢ /8c/ 

e , 
1 

L 
npH 2 ~ I z 'S_ 2 . 

Az 
1 

0, A¢
1
=0 

rr-¢o ~ 1¢1 ~ 77 • 

/8d/ 

1 

l 

J 

.I 

H3 ycnoa.aJI /6/ noJiy'IHM: 

Im(x) Im_ 1 (x) Km_fx) c =- , e =- , h =- ----,/9/ 
nm K ( x) nm I ( x) nm K ( x) 

m m+l -> m+f 
r~e x = Knm b . HcnoJIL3YJI cooTuoweuue divA = 0, uai~eu 
HeKOTOpWe CaJI3H K03I}MIIH:QHeHTOa: 

k nm 
b -b = ---a 

' /lOa/ nm nm nm 
Knm 

cps - cps = 
gps -

d -d ~s = 
/lOa/ --a 

ps ' = -a 
' xps 

ps ps 
xps 

ps 

c nm = 
knm knm Gnm 

------- a~m ' d nm = - ---------a ~m . 
K nm ( 1-~m) K nm( 1-hnm) 

/lOc/ 

H3 rpauuquwx ycnoaui /7/, ucnoJIL3YJI HJaecTHYJO ueTo
~KY / 9/, noJiy'IHM CHCTeMy ~JIJI onpe~eJieHHJI K03I}MIIH:QHeH
TOa ;ps , ;p s , dps, ~s. C 3TOB :QeJILIO nO~CTaBHM /4a/, 
/4c/, /Sa/ H /5cj a jla/, YMHO)I(HM nepaoe COOTHOWeHHe 
Ha cos cW cos gps z , aTopoe - Ha sin q¢ sin gps z H npouu
Terpupyeu no z OT -L/2 ~0 L/2 H no ¢ OT -TT ~0 TT C y'feTOM 
ycnoauJI /7 d I. ~anee, no~cTaanJieu /4/ H /5/ a /7a/, /7c/, 
YMHO)I(aeM COOTaeTCTaeHHO Ha Te )Ke MHO)KHTeJIH H HHTer
pHpyeM no z OT - e /2 ~0 e /2 H no ¢ OT -(rr-¢J~o (rr-¢ 

0
). 

B peJyJIJ.TaTe.nony'IHM: 

;:iJ +oil< = l a' f 1 .D q q nm nmps n,m 
/lla/ 

..B..(~I 1 -l~k 1)+(~I'-dK') =I a' £
2

C ~ 
X q+ q+ q q n,m nm nmp:s /lla/ 

- 2 - 2 
a(-xi~+ _g_lq+l) +;(-xKq- ..1L_Kq+1)-

X . X /lie/ 
2qg (-I - dK ) 
--- cq q l a' f D' 

nm 3 nmps n,m xa2 

g(-;;Iq + ~Kq) + 2x( ~\- dKq) = la~m£4 C ~mps /11 d/ 
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3,AeCL y K03clxllHU.HeHTOB a , a, c , d On~eHW 3Ha'IKH 
p,s. ApryMeHT c1JyHKU.BH lieccenJI lq ,K.q paseH <x psa2). 
IIITpHX o3Ha'laeT .AHcllcllepeHU.HPOBaHHe no apryMeHTY. Bse
,AeHLI cne,Ayro~He o6o3Ha'leHHJI: 

£1 = I + G K , m nm m 

knm Im-1+Ynmim-1 Km-J+hnmKm+1 
f2 = --l ------------- Gnm-------~----]' 

Knm I - e nm I - h nm 

2 

£3=-K [I'+G K']+-knm [~-1-rnm Im+1 nm m nm m -~-------
K nm } - enm 

G 
K m - I - hnm K m + 

} ' 
/12/ 

- nm 
. - hnm 

< 1 +e ) < 1 + h ) 
f 

4 
= k [ ___ E_IE_ I + G -----~~- K ] 

nm ( l --f ) m nm (1 _ h ) m 
nm nm 

L/2 TT 

D = f f 
nmps -L/2 -TT 

-i{knmz+mcp) cos(q¢) cos(~psz) d¢dz, 
e , 

/13/ 

-i(~ z+m¢l . ( ..!.) sin(g z) d¢sz. e m sm q'f' p s 
L/2 TT 

- f f 
Cnmps --L/2 -TT 

Ko 3clxllHU.HeHTLI D ', C' aHanorH'IHLI D, C , HO B npe,Aenax no 
z OT £/2 .AO £ /2, no cp OT -(rr-¢0),Ao (rr-¢ 0)ApryMeHT c1JyHJ(IJ,HH 
lieccenJI c HH.AeKCOM m 3,AecL paseH (Knm ·a')) .Onpe,AenHB 
K03clltPHU.HeHTLI ;-, ~, ;_:-, d H3 /11/, no,ACTaBHM HX B co
OTHOWeHHJI, aHanOrH'IHLie /11a/ • /llc/, HO nony'leHHLie 
H3 rpaHH'IHLIX ycnoBHH /8/, T .e. npH r = a 1 • B pe3ynLTaTe, 
,AnJI HaXO>K,AeHHJI K03c1lc1JHD,HeHTOB a' , a , b nony'IHM nm nm nm 
cne,Ayro~yro CHCTeMy ypaBHeHHH: 
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t 

.. 

-
~ ( a~m !/; 1 - anm t/;1 ) = O 

n,m 

~ (a~mt/;2 - anm t/;2 -_ bnm t/;2) 
n,m 

0 /14/ 

- = 
~ (a, lj, 3 - a !/; 3 - b t/;3) 

n,m nm nm nm 
o. 

3,AeCL BBe,AeHLI 0603Ha'leHHJI: 

k - k 2 
t/;1 = I D ; !/; 2 = - ~I + r C ; tj;3 = [ -K I' + ~I + 1] D ', m K m nm m K m 

nm nm 
knm 

t/; 2 = 2I' • C; 03 = 2m---. I • D'. 
m Knma1 m 

/15/ 

liH.AeKCLI n , m, p , s y K03c1lcllHU.HeHTOB D,D ',C on~eHLI. 
B /15/ lm = Im (Kum a 1 ) .)J.anee. 

!/; =(FI +FK ), 
1 0 q 1 q 

t/; 2 = 11 1(F0 Iq+1 -F1 Kq+ 1 ) +2(F2 I~-F3 K~), /16/ 

t/;3 = -11 2 (F 0I~ + F1 K~) +11 3 (-F2 Iq+ F 3 Kq) + 

+ 11 4 ( Fo I q + 1- F 1 K q + 1) • 

r.Ae 

g 
11 = _ _ps 1 -' 11 =X 2qg 

2x ps 2 ps' 113 = -~ 
X ps a 2 

g2 

' 114 = ~ 
X ps 

I = I (X a 1 ) , 
q q ps 

K =K (x a 1). "l q ps 

)J.nJI Ko3c1lcllHD.HeHTOB F HMeeM: 
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F = 0 
Q OKq + Ql K ~ + Q 2Kq+ l 

z 
Q0 Iq +Q1 Iq -Q2Iq+I 

' FI = - -~----'-----'--. z 

F - Q 3K +Q K' 
2- q 4 q 

z I F3 
Q31q+Q41~ 

zl 
3~eeL 

Q = f D' +fl ·f ·C'-11: ;f -0, 
0 3 4 4 6 I 

Q I = ~ fl D ; Q 2 = !14 f l' • 

Q 3= 21L I ( Fo I q +I - l<j Kq + l) - f 2C ' 

Q4 = 117 f 4 C' - 11 1 fi D, 

11s=113 /2xps; f16=f1sgps' f17=l/21L2, 

Z=IK'-I'K;Z=f1Z+f1(IK +KI )= 
I q q q q 2 I 4 q q +I q q +1 

/17/ 

/18/ 

k2 
-----
X a 

ps 2 

B /17/, /18/ see 41YHKUBB lieeeenJI 6e~yT~JI npB r =a 
2

• 
HanoMHBM, 'ITO B /14/ BenB'IBHLI (P, tjJ, tjJ 3aBBeJIT OT 
n,rn,p,s. 

YenoBBe pa3pewBuoeTB eBeTeuw ypasHeHBH /14/ 3a
Knro'laeTeJI B paBeHeTBe HYniD ~eTepMBHaHTa, eoeTaBneH
HOrO B3 'IReHOB, JIBRJIIOli.UIXeJI K034141BUBeHTaMB npB HeB3· 
BeeTHLIX a' , a , b , 3TO yenOBBe B JIBRJieTeJI ~Be-nm nm nm 
nepeBOHHLIM ypaBHeHBeM ~nJI MO~B41BUBPOBaHHOH enBpanB. 
Onpe~enBTL B3 ~eTepMBHaHTa eBeTeuw ypaBHeHBH /14/ 
3aBBeBMOeTL 4la30BOH eKopoeTB OT 'laeTOTLI B reOMeTpBB 
enBpanB e Y'leTou rapuoHBK MO)I(HO nBWL e nououu.IO 3BM. 
llpose~eu HeKoTopwe ynpoiQeHBJI. )J,nB KonneKTBBHoro ue
To~a yeKopeHBJI eYIQeeTBeHeH ~Bana30H ~H BORH, npB 
KOTOpOM BLifiORHJieTeJI HepaBeHeTBO: .\ >> f. TonutHHa nepe
MLI'IKB B Koneu B pa~BaRLHOM HanpasneHBB 06LI'IHO Mana: 
h =a 2- a I << e. B 3TOM enyqae ~nJI ,') = Xp~ h<<1 BMeeu: 
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I .. 

lq"(y 2 ) =lq (Y!) +0(o), Kq(y2 ) =Kq(Yl) + O(o), 

r~e 

v l = X a l ' y2 = X a2 • ' ps ,LJS 
BLipa)l(eHBJI MJI 41YHKUBB t/J I , t/J 2 , tjf3 , BXO~JiutHX B onpe~enB-
TenL eBeTeMLI /14/, TenepL ynpoiQaeTeJI: 

r/J 1 = f 1 • 0 + o ( ~I ) ; X t/1 2 = f 2 C + o ( C. 2 ) ; 0 3 = f 3 0 ' + o (C. 3) • 

3,D;eeL £1 , £2 , f 3 onpe,D;enJIIOTeJI swpa)l(eHBJIMB /12/. OnB
eaHBe anropBTMa ,ll;RJI /14/, 'IBeneHHLie B 3KenepBMeHTanL
HLie pe3yRLTaTLI 6y,D;yT ~aHLI OT,D;enLHO. 

B 3aKniD'IeHBe aBTOPLI 6naro,D;apJIT r .A.HBaHOBa 3a 
noeTOJIHHOe BHBMaHBe B BHTepee K pa6oTe. 
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