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Modified Boussinesq Equation and Nonlinear 
Wave Dynamics 

-~ Modified Boussinesq equation is studied both analy
tically and by computer. Head-on-collisions of solitons 
turn out to be inelastic and coefficient of inelasticity 
seems to grow up when amplitude of counter solitons in
creases. Closed equation has been obtained and investiga
ted which describes the dynamics of nonlinear ion-sound 
waves. 

The investigation has been performed at the 
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BBeaeHne 

B 1844 roay CKoTT-Paccen /I/ Ha6moaan yeanHeHHLie 
BOnHhl KOHe'!HOA 8MITnHTY.1lhl Ha MenKOR BO.[le, ilnH OITHCa
HIIH sTHX BonH EyccnHec /2/B 1872 roay npeano*nn ypaB
HeHHe 

utt = uxx + (u
2

)xx+ uxxxx ( 1 ) 

KOTOpoe OITHChlBaeT HenHHeAHwe BOnHhl 1 pacrrpocTpaHH~WHe

CH B o6onx HarrpaBneHHHX. B 1895 roay anH BonH, .1lBH
*YWHXCH B rronO*HTenbHOM HarrpaBneHHII OCR X 1 6hlnO ITO
ny'!eHO ypaBHeHne KopTeBera-ae Bpnca (KaB) 

2 
U +(U) +U =0. 

l X XXX 
( 2) 

YpaBHeHHH (1) H (2) HMe~T qacTHhle pemeHHH B BHae 
HennHeRHhlX ye.1lHHeHHhlX BOnH (conHTOHOB): 

u = A sech 2 [ K ( ~-) ~ 
6 

2 I 2 
M 1 =±0+3"A) B cnyqae (I), M2 = 

(x-Mt)J 

2A 
T 

' K = 1 t ( 3) 

B cnyqae ( 2). 

YpaBHeHHH KaB n EyccnHeca orrncwBa~T wnpoKnA 
Kpyr ¢nanqecKHX HBneHnR, yqnTwBaH rrepBwe Hencqeaa~
wne rrorrpaBKII 1 CBH38HHhle C HenHHeAHOCTb~ II OTKnoHeHHeM 
oT nHHeAHoro aaKoHa ancrrepcnn. Heo6xoanMo rroaqepKHYTh, 
'ITO OHII HBnH~TCH rrpn6nH*eHHhlMII II cnpaBe.[lnHBhl 
TOnbKO llnH .[lnHHHblX BOnH, 

B pa6oTe/4/6wno rroKa3aHo, 'ITO c rroMoWb~ (2) 
MO*HD HCCne.[lOB8Tb TBK*e HenHHeAHy~ .[liiHBMIIKY .1lnHHHhlX 
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HOHH0-3ByKOBb!X ( S) BOJ1H Manofi, HO KOH8'IHOfi BMIInHTY.llbl
1 

pacrrpocTpaasnoumxcH B o.uay cTopoay. B pa6oTe /5/ 6hmo 

OTMetieHo, 'ITO OIIHCBHHe .llnHHHhiX S -Bona, HCIIb!TblBBIOIUHX 

Boa.ueficTBHe B.'I. cn:nbi MHnnepa H pacrrpocTpaH.HIOIUHXC.H 

B IIpOH3BOnbHYIO CTOpOHy OCH X 1 ocyruecTBn.HeTC.H H80.ll

HOpD,llHbiM ypaBHeHHeM EyccHaeca, KOTo/toe 6bino aaTeM 

C IIOMOIUbiO ~ypbe-aaanHaa rronytieHO B 6/.B 'IBCTHOM 

cnyqae OTCyTCTBH.H B. 'I. IIOn.H ( HBIIpHMep, neHT'MIOpOBCKHX 

Kone6aHHfi) .lln.H S -Bona, .llBH~YIUHXC.H C OKOn03BYKOBOfi 
CKOpOCTbi01 rronyqaeTC.H (1). 

HaaecTHo, aaKoaeu, 'ITO (1) Mo.uenHpyeT pacrrpo

cTpaaeaHe BOnH B HenHHefiHOfi pemeTKe If T8CHO CB.H38HO 
c rrpo6neMofi cf>epMH-ITacTa-YnaMa ( cf>ITY) (eM., aarrpH
Mep,/7 ,8/ ) . 

B pa6oTe 191 aafi.ueHhi TaK aaahmaeMhie N -conHToH

Hwe peweHH.H (1), H3 BHBnH3B KOTOphlX cne.nyeT, 'ITO B38H

MO.ll8HCTBH8 COnHTOHOB He IIpHBOUHT K 8CHMITTOTH'I8CKOMY 

H3M8H8HHIO HX cPOpMbi, BMITnHTyil H CKOpOCTefi. 3TOT ~BKT, 
IIO-BH.llHMOMy, .HBn.HeTC.H Cn8/.lCTBH8M TOT'0

0 
'ITO ( 1) o6na

.ll88T C'I8THbiM aa6opOM 38KOHOB COXp8H8HH.H H, B8CbMa 

B8pOHTH0 0 .HBnHeTCH ITOnHOCTbiO HHTerpHpyeMofi CHCT8MOfi, 
He .uorrycKaiOruefi CTOXBCTH38UHH /I o/. B aTofi ~e pa6oTe 

6bmH aafi.ueHbi orrepaTophi, aeo6xo.uHMhie .unH peweanH ( 1) 
MeT on oM o6paTHofi aa.uaqn Teopnn pacce.HHH.H ( 03TP). 

B peaynhTaTe p0mean.H (1) aTnM MeTonoM, cKopee Bcero, 
non~Hhi rronytiHTbCH N -conHTOHHbie pewean.H pa6oTbi /9/ . 
Ypaaaenne Eyccnaeca He norrycKaeT rrp.HMoro peweHn.H Ha 

3BM C )lOCTBTO'IHO MenKofi C8TKOH ITO OCH X , ITOCKOnbKY 

aa.uaqa Komn nnH nero oKaawBaeTc.H neKoppeKTHofi. 

B §1 rrpennaraeTc.H Mo.un~nKaunH aToro ypaBHeHn.H. 

B § 2 o6cy~.uaiOTC.H BorrpoCbi qncnenaoro nccnenoBa
Hn.H ( 1) n ( 7) na 3BM. 

B §3 nano~eHw ~n:anqecKne peaynhTaTw nccnenoaa

HHH Mo.un~nunpoaanaoro ypaBHeHn.H Eyccn:aeca. 

B §4 rrpenno~eao H nccnenoaaao ypaanenne nnH orrH

caHn.H ilHHBMHKH H8J1HH8HHbiX S -BOnH Manofi 8MITJ1HTY.llbl 

H Ha ero OCHOBe paCCMOTp8HO B38HMO.ll8HCTBH8 BCTpetiHbiX 
COnHTOHOB. 

4 

§I. Mo.undmKaunH vpaaHeHHH EyccHneca 

HonHo-aByKOBbie BOnHbi B rrpeae6pe~eann KHHeTnqec
KnMn a~cjJeKTaMn, KaK naBeCTHo (eM., aarrpnMep, /II I ) , 
OITHCbiBBIOTC.H cnenyiOIUHM o6pa30M ( HCITOnbayeM 6eapaa
MepHbi8 rrepeMeHHhie, o6oaaatieHn.H o6ruerrpnHHThie: v 
CKOpOCTb 1 ¢ - ITOT8HUHan, n i 1 n e - fiJ10THOCTb HOHOB 
H aneKTpOHOB) : 

a; 
); =- v ¢ -+(v V 

a r 
ani d. < .... -a - + lV n . V ) = 0 , t 1 

{4) 

¢ 
!1 ¢ = e - ni . 

nwaeapnay.H aTy CHCTeMy, n i =1 +On i • fie= 1 +One I 

!ani I •lone! •I¢.!• 1;1«1, nerKo rronytiHTb ypaaaenne 
'L 3 A = 0 , rne A - n106a.H H3 B8J1H'IHH On i 1 One, ¢,;,a 

a2 a 2 
( 5) 'L 3 = --:;-:, -!1 - !1 --

ar ar 2 

TaKHM o6paaoM, nnnefina.H tiaCTb orrepaTopa nnH s -Bona 

B IIJ10CKOM cny'Iae HMeeT BH)l 

'L 
a2 a2 a 4 

( 6) =ar2-ax2- ax2 ar2" 

ITpn aToM, ecTeCTBeHHo, rronyqaeTC.H TO'!Hoe nnnefinoe 
2 2 2 -I ilHCITepCHOHHOe COOTHOWeHne ilJ1.H S -BOnll 1 W = k ( 1 + k ) 

1 

B TO BR8M.H KBK ypaBH8HHe (1) .lln.H nHHefiHhlX BOnH il88T 

w 
2 

= k 
2

( 1 - k 2 
) , 'ITO HBn.HeTcH xopowHM rrpn6nw~enneM 

JIHWb rrpn k << 1 n naeT HeBepHhie peaynhTBThJ nn.H KopoT

Knx BOnH, k >> 1 ( nnnHa BOnHbl ITOp.H.llKB .ne6aeBCKOT'O pa

.llHyca de H M8Hblli8), ITpHBOil.H K ITO.HBJ18HHIO H8rpH3H'!8CKOfi 

HeyCTOH'IHBOCTH. B aTOM H COCTOHT cjJn3H'I8CKB.H IIpH'IHHB 

MaTeMaTHtiecKofi HeKoppeKTHOCTH aa.uatiH Kown .unH ypaBae

HH.H ( 1). B § 2 Mhi o6cynnM aToT Bon poe norronnnTenbHO. 
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YpaBHeHne c onepaTopoM, nnHefiHaH qacTb KoToporo 

coBnanaeT c L, 6hlno nony'leHo npn BhlBone (2) nnH 

BOnH, pacnpoCTpBHHIDlliHXCH nepneHDHKynHpHO MBrHHTHOMy 

noniD,B pa6oTe /I2/. UnH 3aMeHhl nnHefiHofi qacTn onepa

Topa EyccnHeca (I) Ha 'L ( T.e. u xxxx Ha u xxtt ) B npy

rnx ¢H3H'!e6KHX 38il8'l8X1 onHChlBBeMhlX ypaBHeHHeM THna 

( I), MoryT 6biTb ncnonb30BBHhi cneayiDmne coo6pa)!{eHnH: 

B ( I) qneHbi ( u 2) xx n u xxxx HBnHIDTCH nnH nnnHHhiX 

BOnH H MBnhiX aMnnHTYil ManbiMH nonpaBKtaMH no CpaBHeHHID 

C qneHaMH U tt H U XX> KOTOpb!e B HyneBOM nopHDKe no k 

n aMnnnTyne paBHhi npyr npyry. Bocnonb3oBaBmncb 

9THM 1 MO)!{HO BHOBb nony'lHTb onepaTop 'L. 3To pacCy)!{

DeHHe SKBHBaneHTHO O'leBHDHOMy npn k<<l nepeXOJly OT 

w2 == k 2 {1-k 2) K w2 (1 +k 2)=k 2, 4>H3H'leCKH nOHHTHO, 'ITO ilHH8-

MHK8 npoueccoB, onpenenHIDWYID ponb B KOTOphlx nrpaiDT 

rrnHHHbie .BonHhi 0 k << ~ npH TBKOM nepexone npaKTH'leCKH 
He MeHHeTCH. 

·CoxpaHHH ¢opMy HennHefiHoro qneHa B (1), nony'IHM 

Monn¢nKaunro ypaBHeHHH EyccnHeca B Bnne 

Utt=Uxx+(u2)xx+Uxxtt. (7) 

DepennmeM ( 7) B BHrre SKBHBaneHTHOfi CHCTeMbi, 
BBOilH ¢yHKUHID V, HMeromyiD CMbiCn " CKOpOCTH": 

a2 -- av .i___o - -:-!)u - ax at ax 

( 8) av -- __ a(u +u2) ---
a t ax 

Hcnonh3YH cncTeMy (8), nerKo nony'lHTb npn HyneBhlX 

ycnOBHHX HB 6eCKOHe'lHOCTH
1 

X -+ ± oo ( KOTOpbie nanee 

nonpa3yMeBaroTcH Bcerna, Korna pe'lb nneT o6 HHTerpanax 

ilBH)!{eHHH),3aKOHhl COXpaHeHHH "MaCChl" H "HMnynbca" 

~=0, 
dt 

00 

B I = f u dx , ( 9) 
-oo 

dB2 - 0 - - ' dt 

0(1 

B
2 

=f v dx. ( 10) 

-oo 

'" 

0TMeTHM 1 'ITO HHTerpan JlBH)!{eHHH ilnH ( 1) 1 Bb!p8)!{8IDll1Hfi 
38KOH coxpaHeHHH sHepnm ( CM., HanpHMep, /I 0 ,I3/) B 
Bnne 

dB 3 oo U 2 V 2 U 3 { U x) 2 
at =0, B3=f[-+-+-- -- ]dx 

t _ 00 2 2 3 2 ( 11 ) 

He HBnHeTCH HHTerpanOM ilBH)!{eHHH DnH (7). 
UnH HennHefiHoro qneHa ¢ypbe-aHann3 /6 I aaeT 

Bbipa)!{eHne ( u 2 ) tt . OnHaKo ypaBHeHne ,L u- ( u 2 ) tt = 0 
. d 0(1 

HMeeT 38KOH COXpaHeHHH d- f( U+U2 )dx =0, T.e. JlnH 
t -oo 

KOHe'!HbiX aMnnHTyJl, Boo6me rOBOpH, He BbiiTOnHHeTCH 38-
KOH COXpaHeHHH "MaCCbi" • 

YpaBHeHne (7) HMeeT conHTOHHbie perneHHH, onncbi

BaeMbie ¢opMynofi {3) c K = 1/ MI. (ConHTOHHbre peJIIeHnH 
1LU - ( U 

2
) tt = 0 DnHCbiBBIDTCH <flopMynofi ( 3) C K = 1 

1 

M == ( 1 - ~ A) -Y. . KaK H cneaoBano O)KHJlaTb, npn Manbrx 

A« 1 n(M-0«1 conHTOHbi ypaBHeHni1 (1) H (7), HMeiD

mne XapaKTepHyiD lllHpHHy ·L >> 1 , npaKTH'leCKH He OTnH'la
IDTCH Jlpyr OT Jlpyra. 

CneayeT OTMeTHTb, 'ITO (2) He yaaeTcH npeo6pa3o

BaTb K OilHOMy JlH¢¢epeHUHanbHOMy ypaBHeHHID TpeTbero 

nopHJlKB, JlBIDllieMy TO'lHOe ilHCnepCHOHHOe COOTHO:IleHHe 

anH nnHefiHhlX s -BonH. 3aaaqa Korn11 JlnH Hero oKa3hlBaeTcH 

MaTeMaTH'leCKH KOppeKTHOfi, HeCMOTpH Ha HeBepHOe OITHCa

HHe BonH c k ;c 1. KaK noKa3aHo B pa6oTax /I2, 14 I, ( 2) 
HMeeT aBTOMOJlenbHOe perneHHe; Heo6XOJlHMO OTMeTHTb, 

'ITO npn Manhlx xapaKTepHhlX pa3Mepax (Manhlx BpeMeHax) 

sTo perneHHe BbiXOJlHT 3a paMKH npHMeHHMOCTH ( 2). TaK, 

BOnHbl C k > 1 JlB)!{e He YilOBneTBOpHIDT OCHOBHOMy JlOnyme

HHID, cornaCHO KOTOpOMy BCe rapMOHHKH JlBH)!{yTCH C no

nO)!{HTenbHOH CKopocTbiD VdJ == w I k. UnH cpaBHeHHH yKa)!{eM, 

'ITO ypaBHeHHH ( 1) H (7) He HMeiDT aHanorH'!HbiX BBTo
MOJlelibHbiX perneHHH. 0TMeTHM TBK)!{e, 'ITO ( 2) He Tpe6yeT 

BbiiTOliHeHHH 3BKOHa COXpaHeHHH ( IQ) 1 KOTOpbiH HMeeT MeCTO 
JlnH ( 1) H ( 7) • 
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§2. MeTOilHKa Bbl'iHCJieHHii: Ha 3BM 

PaccMoTpHM llJI51 ( 1) npocTeii:myiD pa3HOCTHYlO cxeMy 

( T, n - mar H HHileKC no BpeMeHH, h ,i - no KOOpllHHaTe 

X , llJl51 npOCTOTbl 6ylleM CqHTaTb HX noCTOHHHbiMH): 

n+I 2 n n-I 
U . - U. +U . 

I I I 
~ [(u+u2).ni-2(u+u2)~+(U+u2).niJ+ 
h2 1+ I 1-

r2 
+ -- ( U? -4 U ~ +6 U ~ -4 U .n + u ~ ) . 

h 4 1+2 HI 1 1-I 1-2 

( 12) 

AHaJIH3 ycToii:qHBOCTH aToii: cxeMw npHBOilHT K ycnoBH5J.M 

r< h ,h>2. PacCMOTpeHHe llPYT'HX CXeM He CHHMaeT nocJiell

Hero orpaHHqeHHH. 3TOT pe3yJibTaT o6~HCH5J.eTCH H3JlO*eH

HhlMH B §1 C006pa*eHH5J.MH 0 HeKOppeKTHOM OnHCaHHH 

c noMOillblO ( 1) KopoTKHX BOJIH. PellKasr ceTKa aBTOMaTH

qecKH HCKJilOqaeT TaKHe BOJIHhl H3 paCCMOTpeHHH (JlJIH 

BbliiOJIHeHH51 yCJIOBH51 k<<l Tpe6yeTCH h>>l, h = 2 npHMepHO 

COOTBeTCTByeTk=1/~H JlHKBHilHpyeT HeyCTOifqHBOCTb cqeTa • 

.[lnsr HCCJiellOBaHHH Ha 38M ypaBHeHH51 (7) 6biJia 

HCnOJib30BaHa eCTeCTBeHHag 9-ToqeqHaH CXeMa 

n+I n n-I r 2 2 n 2 n 2 n 
u. -2u. +u. =-

2 
iu+u ). I -2(u+u ). +(U+u ). I]+ 

I I I h H I 1-

( 13) 
2 n+I 2 n 2 n+I ] 1 , .., 2 

2 + [(o ui) -2(8 ui) +(o ui) b2'u ui=ui+l" ui+~I· 

3Ta CXeMa OKa3hlBaeTC5J. 6e3yCJIOBHO ycToifqHBOii: npH aHa-

JIH3e JlHHeii:HOii: qaCTH pa3HOCTHOT'O onepaTopa, 

C 1L . .[leii:CTBHTeJibHO, 

npH u ... 0, nonyqaeM ( 

nOilCTaBJIHH U n+I=A u n 

t= sin..¢, rile u. =U 
2 i+m 

CB513aHHOii: 

B ( 13) 
e im¢ ) 

2 2 t 2 T 2 4 t 2 -I 
A -2A [ 1- ---0 + --) ] + l = 0. ( 14) 

h2 h2 

8 

• 

nerKO y6ellHTbCH, qro I A I= 1 npH npOH3BOJlbHOM OTHOllle-

HHH r I h. 3roT HeO*HilaHHbiii: Ha nepBbJii: B3T'Jl5J.Il pe3ynb-

TaT HBnsrercsr cnellCTBHeM HeHBHOCTH cxeMbi (13). MolleJib-
a2(u2) 

HOe HCCJiellOBaHHe CXeMbl ( 13) C 3aMeHOH qneHa -----
a au a X 

Bbipa*eHHeM dxA CJX, rile A - KOHCTaHTa, I u I< I AI , H aHa-

JIH3 qHCJieHHbiX pacqeTOB noKa3biBalOT0 qTO B npelleJiaX 

npHMeHHMOCTH {7) 8Ta CXeMa HBJIHeTCH ycToifqHBOii:. 

PaccMoTpHM KpaTKO Bonpoc o rpaHHqHbiX ycnoBHHX 

npH MOileJIHpoBaHHH Ha orpaHHqeHHOM oTpe3Ke. DpHMeHH

TeJibHo, HanpHMep, K 3aJlaqe I:PDY B ee nepBOHaqaJibHoii: 

nocTaHOBKe npellCTaBJIHeT HHTepeC peilleHHe (1) H (7) 
C "3aKpenneHHbiMH KOHUaMH", T.e. u(S):Q ( S - rpaHHUa 

o6nacTH pemeHHH). 

DpH HCCJiellOBaHHH BOJIH Ha MeJIKOii: BOlle H S -BOJIH 

H3 ycJIOBHH HenpoTeKaHHH v(S) =0 H (8) CJle!lyeT Ux(S)=U• 

HaKoHeu, B03MO*Ha nocTaHOBKa rpaHHqHbiX ycnomrii:, yqH

ThiBalOmHx BbiXOil B03MymeHHH H3 o6JiaCTH pemeHHH C 3a

llaHHOH nOCTOHHHOii: CKOpOCTblO, HanpHMep, ellHHHqHoii: HJIH 

CKOpOCTblO COJIHTOHa. 

§3. HenHHeii:Hasr llHHaMHKa pemeHHii: 

MOilHWHUHposaHHoro ypasHeHH51 EyccHHeca 

PaccMoTpHM pemeHHe (7) npH cnellylOmHx HaqaJibHbiX 

uaHHbiX: u(O,x) =A sech 2 (my~=x) , ut (O,x) =0. 3somo-
6 

UH51 TaKOT'O B03MyilleHHH H306pa*eHa Ha pHCo 1 (A=0,5; ffi=0,3). 

Crporo roBopsr, BOJIHbi TaKoii: 6onbruoii: aMnJIHTYilbi HeJib351 

OnHCbiBaTb ypaBHeHHHMH THna ( 1), (2), (7) o 0JlHaKO cy

mecTBylOT 8KcnepHMeHTaJibHbie nOilTBep*lleHH51 Bb!COKOH 

TOqHOCTH (2) npH 3HaqHTeJibHbiX HeJIHHeii:HOCT.HX /I5/ · 

C llpyroii: CTOp0Hbl 0 XapaKTepHOe BpeM51 HeJIHHeii:HOT'O 8BO

JllOUHOHHOT'O npouecca MO*eT 6biTb OUeHeHO KaK t- u - 3/ 2 .. 
max 

0TClOila CJiellyeT, qro xapaKTepHa.H 8BOJllOUHOHHaH llJlHHa 

'L -:. l· t - A-3/2 
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U! 0.3'6 +t 
! 

II I 

0.5" 
0.~3 

O.ff 
' n II ! 
i 

I 
1f= 1ii? 

t-=/18 

t:::o 
X=O X= 5"60 

Pffc, 1. ct>opMffposaHffe uyra conffTOHOB ff3 CffMMerp!ttmoro 
HenoaBff*HOf'O B03MyllieHffg (H306pa*eHa nonOBffHa KapTffH-
Kff) • 

HaqanbHag cTaaffg asonJOUffH - pacnnhiBaHwe 3Toro 
naKeTa Ha asa - OTnff'laeTcg oT TaKoro *e npouecca, 
onffChiBaeMoro ypasHeHHeM utt = u xx , rnaBHhiM o6pa30M, 
TeM, 'ITO nepeaHffH ¢pOHT KB*~Of'O ff3 asyx o6pa30BaB
lliHXCg naKeTOB Kpyqe 3aaHero, KOTOphlH paCTgHyT BCneaCTBHe 
awcnepCHff ¢a30BOH CKOpOCTff, V ¢ =(I +k 2)-l/2_. 0 npff k->oo • 
BnocneacTBHH nepeaHwil: yqacToK oTaengeTcB, H H3 Hero 
¢opMwpyeTcg conwToH, B 3aBHCHMocrw OT Ha'lanbHhiX aaH
HhiX B03MO*HO nocneaoBaTenbHOe o6pa30B8HHe pa3nH'IHOf'O 
'IRena conRTOHOB If HeKoToporo "xsocTa", ang KOToporo 
yaosneTBOpffTenbHhiM BBnBeTCg nffHeHHOe OnlfCBHHe •l U = 0 , 
DpR ysenR'IeHffff napaMeTpa m npR ¢ffKCffposaHHoil: senff'lffHe 
A 'lffcno o6pa3yJOmRxcg conffTOHOB yMeHbwaeTcg, oaHaKo 

lf3 n106oro HaqanbHoro B03MyweHffB, ang KOToporo j~udx >0, 
¢opMRpyeTcg no Kpail:Heil: Mepe asa conffToHa. -oc 

3aaaqa o6 asonJOUlflf Ha'lanhHoro B03MymeHRB Blfaa 

u(O,x)=Asech 2
(my :x), ut (O,x)=-ux(O,x), (15) 
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l 

j 

~ 

nepeHOClfMOf'O npH t = 0 C eaffHlf'IHOH CKOpOCTbl0
0 

COOTBeT
CTByeT 3aaaqe o6 asonJOUHlf npu peweHfflf (2) HenoaBH*Horo 
B03MymeHffB, 3aaasaeMoro nplf t= 0 Toil: *e ¢opMynoil:. 
11ccneaosaHRe TaKoil: 3aaa'IR ang (2) Ha 38M npome, TaK 
KaK naKeT nepeMemaeTcg O'leHh MeaneHHo: I M-11 <<1 npu 
A<<l.OaHaKo (2) lfMeeT HeKOTOphie "ae¢eKThi" (eM. §1 ). 

Dpu asonJOUlflf B03MymeHRH ( 15} c m< 1 , onwchmae
Moil: ypaBHeHHeM (7), B 38BffCHMOCTlf OT napaMeTpOB m,A 
¢opMffpyeTCg pa3nH'IHOe 'IHCnO COn.ffTOHOB - TeM 60nhwee, 
'I eM Me Hhwe m ( KaK ff s pa6oTe /14/ ) . 

Dpu m > 1 o6pa3yeTcg oaffH conwToH ff "wneil:¢" oc
URnnguwil: (pffc. 2, A= 0,1;'m=2 ) c MOHOTOHHo yMeHhWaJO
meil:cg K XBOCTOBOH '18CTlf anffHOH BOnHbl ( k --> oo ) . A MnnH
Tyaa OCUlfnnBUlfH cnaaaeT no 38KOHy, HanOMHH810llieMy 
3KCnoHeHUffanhHhiH, 

u 
0.1 

0.051 
f 

f='t20 

0 
X=Soo Pffc. 2. 06pa3oBaHHe oaHoro conffTOHa ff sonHosoro wneil:-

¢a lf3 B03MymeHHB ( 15) nplf m = 2. 

Dpff 'lffCneHHOM peweHfflf (7) c Ha'lanhHhlMH aaHHhlMH 
(15) 6hinlf o6Hapy*eHhi sonHhi, ·6erymRe sneso co CKo
poCThJO, 6nH3KOH K eaRHHUe, J1x nogsneHHe nerKO nOHBTh 
c noMowhJO 3aKoHa coxpaHeHRB (10). OaHaKo npw ManbiX 
aMnnuTyaax (A<< 1) OTHOCRTenbHag senR'IffHa 3TH X B03Myme
HHil: HesenwKa. 
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PaccMoTpuM aanee ssauMoaeH:crsue asyx scrpe'!HbiX 

conuToHoB, orrucbmaeMoe ypasHeHueM (7). KaK u cneaosa

no Q)KUllaTb ( CMo § 1 ) , rrpoUeCCbi B3aUMOllei1CTBUSI COnUTO

HOB ManbiX aMIInHTYll (A<< 1)rrpH OIIHC8HUH C IIOMOIIIbiO 

(1) u (7) Mana OTJIH'tJaiOTCSI apyr oT apyra. KapTuHa 

B3aUMOlleHCTBHSI MeHSieTCSI IIpH rrepeXOlle K COJIHTOHaM 

60Jib!IlOH aMIIJIHTYllbl ( MeHb!IleH IIlHpUHbr) j llOJISI KOpOTKHX 

rapMOHUK 9KCIIOHeHUUaJibHO HapacTaeT C yMeHb!IleHHeM 

IIlUpUHbl COJIHTOHOB * · YIMeHHO U3MeHeHue B UX OIIUCaHUU 

(rrepeXOll OT (1) K (7))rrpUBOllUT K TOMy, 'ITO CTOnKHOBe

HUe craHOBUTCSI HeyrrpyruM (puc. 3, AI =A 2 = 2 ) • 3a 

paCXOllSIIUHMHCSI COJIUTOHaMU OCTaeTCSI 30Ha 3HaKOIIepe

M8HHOrO pe!IleHUSI B BUlle BOJIH, 6JIH3KHX K nHHeHHb!M ( UX 

1.98 f 

f=22 

'::!- I I t~l~ 
\ t-10 

I L '> I \: -t~O 
X=·-3C X=30 

Puc. 3, LluHaMuKa Heyrrpyroro ssauMoaeH:cTBHSI conuTOHOB 

ypaBHeHUSI (7){AI=A2=2). 

aMrrnuryaa cpaBHUTeJibHO Mana, a anuHa sonHbi rropSillKa 

pa3Mepa HCXOllHb!X COJIUTOHOB), AMIIJIHTylla COJIUTOHOB 

rrpaKTU'tJ8CKH He MeHSieTCSI B pesyJibTaTe B3aUMOll8HCTBUSI. 

* 3a o6cy)Kll8HHe 9Toro Kpyra sorrpocos asrop 6naro-

aapeH B.f.MaxaHbKOBy. 
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Bo scex 9KcrrepuMeHTax c OllHHaKOBbiMU BCTpe'!HbiMH 

COJIHTOH8MH ypaBH8HUSI (7) MaKCUMaJibHaSI B8JIH'tJUHa ~YHK
UHH U, Ha6JIIOllaeMaSI B MOMeHT HX rrepeKpb!TUSI, 6biJia M8Hb-

1Ile YllB08HHOH aMIIJIUTYllbi K8)Kll0rO COnUTOHa (TaKUM )1(8 

CBOHCTBOM 06JiallaiOT BCTpe'IHhle COJIHTOHhl ypaBHeHUSI 
( 1 ) /9/ ) . 

JluHaMUKa B3aUMOll8HCTBHSI BCTpe'tJHbJX COJIHTOHOB 

pa3Hoi1 aMIIJIUTYAbi uso6pa)KeHa Ha puc. 4 (A I =1 ,A2 =2). 

u t 

:::t= I t=lg 

......_ I ~ I f=8 

X=--Ja 
....... I t=D 

X·=-~0 

Puc. 4. CronKHOBeHue BCTpe'!HbiX conuTOHOB ypasHeHHSI 

(7) pasnu'tJHoi1 aMrrnuryahr (A I = 2, A 
2 

= 1). 

EcrecrseHHbiM o6o6meHueM (7) SIBnSieTcSI ypasHeHue 

C Ky6U'tJ8CKOH HenuHei1HOCTbiO 

3 
utt =Uxx +(u )xx+Uxxtt ( 1 6) 

KOTOpOe M0)!(8T 6b!Tb HapSIAY C MOllU~UUUpOBaHHbiM ypaB

H8HUeM KaB IIpUMeHeHO llnSI UCCJI8ll0B8HUSI CBOHCTB aH

rapMOHH'tJ8CKOH pe!IleTKH H H8JIUH8HHbiX anb~BeHOBCKHX 
, BOnH. 

ConHTOHHhre pe!IleHHSI ( 16), HMeiOIUHe BHA 
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u = A sech [ -~ ( x ± M t) ) , M 
My"T 

v' 1 A
2 

+-
2 

(17) 

OlllfCb!B810T K8K BOnHbl C)I{8TIISI, TaK If BOnHbl pa3pe)l{eHIISI. 

TipoeeAeHHbie c ITOMOIUb!O 38M 8KCrrepliMeHTbl no

K838nlf, qro CTOnKHOBeH!fe BCTpeqHhlX COnlfTOHOB (17) 
OK83WBaeTCSI T8K)I{e HeynpyPIIM. 

YpaeHeHIISI (7), (16) He Moryr 6biTb perneHbi Mero

AOM 03TP; ace N -con!fTOHHbie perneHns:r, nonyqaeMbie 

8TIIM MeTOAOM, OITHCWB810T 8CifMITTOTHqecK!f HeB381iMO

AeHCTBYIOIUHe COnlfTOHb! ( HarrpnMep, ( 1), (2), ypaBHeHne 

WpeAIIHrepa c Ky6!fqecKoti Hen!fHetiHOCTbJO /16/ MOAif<jm

UHpoeaHHoe ypaeHeH!fe KA8 If T .A.). n oc TPOIIT~ aHanlfTli

qecKHe perneHHSI AnSI (7), (16) 8BpHCTli'-IeCKIIM CITOC060M 

XHpoTbi He YAaercs:r. 8o3MO)I{Ho, MeTOAIIKa Xu:poTbi /9/ 

s:rens:rercs:r rrnoAoreopHoti nHrnb Ans:r rex ypaeHeHifli, AnSI 

KOTOpbiX B03MO)I{HO rrocrpoeH!fe rrapbi orreparopoe 03TP. 

8 §4 06Cy)I{A810TCSI CBOHCTBa eme OAHOPO Hen!fHeti

HOPO ypaeHeHns:r c orreparopoM 'L. 

§4. Q AHH8MHK8 Hen!fHeHHhlX IIOHH0-3BYKOBWX BOnH 

ClicTeMa (4) e rrpH6n!f)l{eHHH Manwx Hen!fHetiHwx 

H AHCITepCHOHHWX a¢¢eKTOB rrpeo6pa3yeTCSI M8TOAOM, 

6nn3KHM K H3nO)I{eHHOMY B pa6ore /17/, K OAHOMy HenH

HeHHOMY ypaeHeHHIO OTHOCHTenbHO CKOpOCTif V, KOTOpoe 

B ITnOCKOM cnyqae HMeer BHA 

2 
V =V -(V) +V 

tt xx tx xxtt ( 18) 

0HO rrpaBHnbHO OITHCbiBaeT ITOBeAeHHe HOHH0-3BYKOBb!X 

COnlfTOHOB Manoti BMITnHTYAhl (AnSI HIIX BWITOnHeHO ycnoene 

A(~x) 2 -1, ~x- rronyrnlipHHa con!fTOHa aMrrn!fTYAbi A) H, 

B qaCTHOCTH, IIX BCTpeqHbie CTOnKHOB8HHSI. ConHTOHHbie 

peilleHHSI ypaBHeHHSI ( 16) HMeiOT BIIA: 

v = ± A sech 2 [ ( x _ Mt) v' A __ 1_ ] 
+ 6 -

v'M 
( 19) 

M =v1 +<..!_> 2 + _!_ 
3 3 

(20) 
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Tipn ManbiX aMrrnnryAaX (A <<1) CKopocTb conHTOHa 

M = 1 + 1 coerraAaer co cKopocTbJO conHTOHOB ypaeHeH!fli 

( 1) li (7 ) .. 3H8Kif B ¢opMyne ( 19) COOTBeTCTBYIOT ABli)I{8-

HHIO COnHTOHOB B ITOnO)I{HTenbHOM li OTpHUaTenbHOM HarrpaB

neHHH OCH X. 

8eeAeHHeM "rrnoruocrn" u (18) MO)I{eT 6biTb 3arr!f

caHo B BliAe CIICT8Mbl ABYX ypaBH8HliH: 

2 2 ) ~ =~0- _a_, v + ~, (21 ) ax at ax2 ax 

au av 
(22) - = ---. at ax 

0TCIOA8 nerKO rronyqHTb, qro AnSI ( 18) BbiiTOnHSIIOTCSI 3a

KOHbl COXp8H8HHSI 
11 MBCCb!" If "IIMITynbca" (9) If (10). 

N -conHTOHHhie perneHHSI ypaeHeH!fSI (18) MeTOAOM 03TP 

!fnlf crroco6oM X1iporw rronyqlfTb He yAaerc~ 

.UHHBMIIKB Hen!fHeti:HbiX BOnH, OITHCbiBaeMbiX C ITO

MO!Ub!O ( 18), 6hrna HccneAoeaHa Ha 38M. 8hiqHcnMrenb

Hbiti: rrpouecc OKa3bJBaercs:r ycroti:qHBhiM, ecnH AnSI HenH

HetiHoro qneHa HCIIOnb30B8Tb 8IIIIpOKCHM8UHIO B BHAe 

[v.n (v.n+~v~-1)-v.n (v.n+l_v.n-I)J {2rh)-1 
HI HI HI 1-1 1-1 1-l 

(23) 

Mcrronb3ys:r (18), paccMoTpHM no6oeoe cronKHOBeHHe 

COnHTOHOB paBHOH 8MITnHTYAbl, HMeSI B BIIAY, qro AnSI CTa

UHOHapHbiX perneHHH BHAB f (X- M t) H3 ypaBHeHHSI Hepa3-

pb!BHOCTH cneAyer n = ( 1 -v M-1
) -I, HnH, rrpli ManbiX aM

rrnHTyAax, on= u = v M-1 ( v<O, ecnH on> 0 H M< 0 ). 
4HcneHHhlH 8KCIT8pHMeHT C COnHTOH8Mif 8MITnHTYAhl 

A =2 noKa3an, qro e paMKaX ( 18) IIX cronKHoeeH!fe s:rens:r

erc s:r HeyrrpyrH M ( p HC. 5) • 
3ror pe3ynbrar, oaHaKo, He rrpoTHeopeqnr CAenaH

HOMY B pa6oTe /18/ Ha OCHOB8HHH qHCneHHOPO perneHHSI 

roqHoti: cncreMbi ( 4) BbiBOAY o6 yrrpyroM xapaKrepe B3aH

MOAeti:creHSI s -COnHTOHOB C 8MIInlfTYAOM, He IIpeBbiili8JOIUeti: 

HeKOTOpyiO KpHTHqecKyJO, TBK KBK ypaeHeHHe (18) s:rens:reTCSI 

IIpH6nH)I{eHHbiM H OIIIICbiBaeT nHilib ITOBeAeHHe S -eonH 
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v 

X=-19 

r 
I 

! 

f-=l!i.O 

t =6. '1~ 
t=6.0 

t·=O 
X=l9 

Pac, 5. Heyrrpyroe cronKHOBeHae conaroHoB yp8BHeHHB (18) 

(A1 =A 2 = 2). 

M8DhlX 8MITDHTYA· C Apyrofi CTOpOHhl, OKQHq8TeDbHO OTBe

TffTb H8 BOITpOC 0 TOM, 9BD9eTC9 DH B38ffMOAefiCTBHe S -

CODffTOHOB, OITHCbiB8eMOe CHCTeMOA ( 4) 1 yrrpyraM, MO)KeT 

DHllib 8H8DffTHqeCKOe HCCDeAOB8HHe. 

Kp8TKHe BbiBOAbr 

HccneAOB8HHe AHH8MHKH HeDHHeiHhlX BODH C ITOMOllibiD 

(7) H (16) IT03BOD9eT 38KDroqHTh, qro ruapOKHI Kpyr ¢a3H

qeCKHX 38A8q ffMeeT q8CTHhle perueHH9 B BHAe CODHTOHOB, 

Heyrrpyro B38HMOAeiCTBYIOlliHX Me)KAY CO.QOI ITOH CTODKHO

BeHH9X (eM. T8K)Ke pe3yDhT8Tbr p86or I 19-2 1/, rae 6brno 

rronyqeHO Heyrrpy~oe B38ffMOAeiCTBHe renHKOHHbiX H DeHr

MIDpOBCKHX CODffTOHOB, ITpHBOA9lliee A8)Ke K CDffiT8HHID 
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ITOCDeAHHX B lliffpOKOI o6n8CTH IT8p8MerpoB /S/ ) , AH8DHTH

qeCKHe perueHH9 AH¢¢epeHUH8DbHbiX yp8BHeHHI B q8CTHbiX 

rrpOH3BOAHbiX B BHAe N -comfTOHHbrx ¢opMyn ( N> 1), orrw

CbiB8IDruHe yrrpyrHe B38HMOAeiCTBH9 CODHTOHOB, rronyqeHbi 

K H8CTOHllieMy BpeMeHH DHllib AD9 CITeUH8DbHOPO KD8CC8 

yp8BHeHHI, peru8eMbiX DH6o MeTOAOM 03TP, DH6o MeTO

AOM Xwporhl; arw yp8BHeHHB He BCePA8 BBDBIDTCB roqHhlMH 

MOAeDHMH ¢a3HqeCKHX 38A8q*, 

YBenwqeHHe "Koa¢¢wuweHT8 Heyrrpyrocrw" c pocroM 

8MITDHTYAbl1 ITO-BHAHMOMy, 9BDHeTC9 X8p8KTepHbiM CBOICT

BOM Heyrrpyro B38HMOAeiCTBYIDlliHX CODHTOHOB, 

ABrop BeChM8 rrpH3H8reneH rrpo¢. B.f.M8X8HhKOBY 

38 rrpeADO)KeHHOe H8ITp8BDeHHe HCCDeAOB8HHI H 06Cy)KAe

Hffe rronyqe.HHbrX pe3ynhT8TOB, rrpo¢. E.TI.)KrrAKOBY 38 

rrHrepec K p86ore a rroaaep)KKy, C.H.CeparoKoBoA 38 o6-

CY)KAeHwe MeTOAHKH BbJqHcneHHI H8 3BM. 
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