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1. BBE.llEHHE 

HccneAOBaHI110 KliaHTOBbiX CI1CTeM CO MHOri1M11 CTeneH.AM11 CB060Abl , 

o6naAa1011111X A11HaMI14eCKOi1 C11MMeTpl1ei1 11 AOnonHI1TenbHbiMI1 11HTerpa

naMI1 ABI1meHI1.A, noce.A~eHo 3Ha411TenbHOe 411cno pa6oT 1 1- 91 . B P.AAe 

cny4aee 
18•9 1 

Afl.A TaK11X cl1cTeM YAaeTc.A, 11Cnonb3Y.A .ABHbli1 B11A 11H

Terpanoe ABI1meHI1.A, npoi13BeCTI1 pa3AeneHI1e nepeMeHHbiX 11 TeM ca

MbiM ynpOCTI1Tb 3aAa4y 06 0TbiCKaHI111 cneKTpa 11 C06CTBeHHbiX ~YHK~I1i1 

COOTBeTCTBYI0~11X raMI1flbTOH11aHOB, B HaCTO.A~ee epeM.A, OAHaKO, He 

Hai1AeH 06~1111 cnoco6 nOA06HOi1 peAYK~I111 MHOrOMepHbiX 11HTerpl1pyeMbiX 

KBaHTOBbiX cneKTpanbHbiX 3aAa4 K Ha6opy OAHOMepHbiX. B 4aCTHOCTI1, 

Hei13BeCTHO, KaK pa3Aefli1Tb nepeMeHHble Afl.A CI1CTeM C raMI1flbTOHI1aHa

MI1, CTPYKTypa KOTOpbiX onpeAen.AeTC.A CI1CTeMaMI1 KOpHei1 anre6p 
n11 14-7/ 

N p2 N N 
H= ~ .~L T a(a-1) ~[V(x . -xk)+£V(xJ+Xk)]+ !.W(xi), 

J=l 2 j > k J J= l 

/1/ 
V (0 =(Sh ~) - 2

, ( = 0,1, 

-2 -2 
g1 (sh0 + g

2
(ch0 + g3 ch2~+g 4 ch4~. (~1. /Za/ 

W(0= 
2 ~ 2 ~ - -2~ - -4~ 2A ( e - 2 e ) + g 1 e + g2 e , £ = 0. /26/ 

nonHa.A 11HTerpl1pye MOCTb KflaCCI14eCKI1X CI1CTeM BI1Aa /1 ,2/ AJl.A npOI13-

BOflbHbiX ~Ha4eHI1i1 KOHCTaHT a ,g 1, ... ,"g 2 6blfla AOKa3aHa HaM11 B pa-

60TaX 5
•
6

· 

B 4acTHOM cny4ae g 3 = g•=0 , g
1

,g
2

>0, enepBble paccMoTpeHHOM 

OnbWaHe~KI1M 11 nepenOMOBbiM · 4 ·7 1• CI1CTeMbl /1/ o6naAaiOT P.AAOM 11HJe
peCHbiX CBOi1CTB. np11 HeKOTOpbiX 3Ha4eH11.AX KOHCTaHT a , g1 ,g 2> 0, 
YKa3aHHbiX e / 71 . raM11flbTOHI1aHbl /1/ ce.A3aHbl c onepaTopaM11 nannaca-

6enbTpaMI1 Ha HeKOTOpbiX CI1MMeTpl14eCKI1X npOCTpaHCTBax; Hai1AeHa 

aCI1MnTOTI1Ka BOflHOBbiX ~YHK~I1i1 HenpepbiBHOrO CneKTpa /B Cfly4ae 

g 1 , g
2 

> 0, paCCMaTpi1BaBWeMC.A e 1 7 ~ A11CKpeTHbli1 cneKTP OTCYTCTey

eT/. B AaHHOi1 pa6oTe Mbl 6yAeM 11ccneAoeaTb cocTO.AHI1.A A11CKPeTHoro 

cneKTpa KBaHTOBbiX CI1CTeM C raM11flbTOHI1aHOM /1/ np11 

W(O = ~-~<~-1) (sh~)-2 - .\(,\+ l)(ch~)-~ ,\ > o. ( = 1. 
2 

W(~) ,2A2 (e~ -2e~), 

r·" ·,.,..__,... 
-~- .. 

/3a/ 

/36/ 
1 



Ar!R CaMOCOnpR>KeHHOCTH raMHJlbTOHHaHa He06XOAHMO BblnOJlHeHHe yc~ 

JlOBHA a (a-1) ~3/4,, ILVt-1) ~ 3/4., · T . e. a;;:: 3/ 2, 1L <::. 3/2 . <llyHKI.II-1>1 W (~) 
/3a/ - xopowo H3BeCTHbiA a <llH3HKe o6o6111eHHbli1 noTeHLIHan nel.lnR

Tennepa. OTMeTHM, 4TO HeAaBHee HccneAoBaHHe 1111 ceR3aHHbiX co
CTORHHA 1-1 paccen~HR OAHOA 4aCTHI.Ibl a 3TOM noTeHI.IHane yKa3ano Ha 

HX TecHy~ CBR3b c HenpHBOAHMbiMH npeACTaeneHHRMH rpynn SU(2) 
1-1 SU(1,1). B cny4ae /36/ nony4eHHble HaMH HOBble pe3yJlbTaTbl AO

nycKa~T RCHY~ <llH3H4eCKY~ HHTepnpeTal.ll-1~: raMHJlbTOHHaH /1/ npH 

YCJlOBI-11-1 /36/ OnHCbiBaeT CHCTeMbl N nonapHO B3aHMOAei1CTBY~liiHX 
4aCTHLI Ha npRMO~, HaXOARl!IHeCR B OCI.IHJlJlRTOpe Mopca. 04eBHAHO, 
HMe~TCR TaK>Ke 1-1 COCTORHHR HenpepbiBHOrO cneKTpa. Mbl, OAHaKO, 
COCpeAOT04HM BHHMaHHe Ha B036Y>KAeHHbiX COCTORHHRX AHCKpeTHOrO 

cneKTpa 1-1 noKa>KeM, KaKHM o6pa30M MOryT 6b1Tb Bb14HCJleHbl KaK 
3HepreTH4eCKHe ypOBHI-1 /HX 4HCJ10 KOHe4HO 1-1 onpeAeJlReTCR 3Ha4e-

HHRMH napaMeTpoe raMHJlbTOHHaHa A , IL , a I, TaK 1-1 BOJlHOBble <llYHK-

LIHH , HOPMHPOBaHHble yCJlOBHeM 

f dx1 ••• dxN 11/r (x1,., ... ,xN) 12 
= 1. /4/ 

AnR peweHHR 3Toi1 npo6neMbl Mbl 6yAeM npHMeHRTb cnoco6 , He Hc
noJlb3Y~liiHA RBHOrO BHAa AOnOJlHHTeJlbHbiX HHTerpaJlOB ABH>KeHHR, KO
TOPble npeACTaBJlR~T co6oi:i nOJlHHOMbl no HMnYJlbCaM AOBOJlbHO BbiCO
KOi:i CTeneHH /7 (, Haw cnoco6, npeAJlO>KeHHbli/1 paHee B/ lO / AJlR CJly4aR 

/36/, OCHOBaH Ha pa3JlO>KeHHH peweHHA ypaBHeHHR WpeAHHrepa 

Hl/r = El/r /5/ 

B PRAbl cnei.IHaJlbHOrO BHAa no <llYHKI.IHRM, CHMMeTpH4HbiM OTHOCHTeJlb
HO nepeMeHHbiX {xj }. 0TMe_THM TaK>Ke, 4TO raMHJlbTOHHaH /1,36/ 

MO>KeT 6b1Tb nony4eH 1-13 6onee o6111ero raMHJlbTOHHaHa /1 ,3a/ <llop

MaJlbHbiM npeAeJlbHbiM nepeXOAOM 

X J -> X j - q (j = 1 , ... ,N ) , 

A .... A exp( 2q) +A -1/2, 
2 

IL _; f exp (2 q) - A + 1/ 2 , q .... +"" . 

/6/ 

3HepreTH4eCKHe YPOBHI-1 B CJly4ae /36/ npH 3TOM BeCbMa npOCTO CBR-
3aHbl C C06CTBeHHbiMH 3Ha4eHHRMH raMHJlbTOHHaHa /1 ,3a/. 4TO Ka

caeTCR BOJlHOBbiX <llYHKLIH A , TO yKa3aHHbli1 BbiWe npeAeJlbHbli:i nepeXOA 
/6/ MeHee TpHBHaJleH, 1-1 Bblpa>KeHHR AJlR HHX np0111e nOJlY4HTb , He

nocpeACTBeHHO H3y4aR raMHJlbTOHHaH /1,36/, 

2. nPE05PA30BAHHE YPABHEHH~ WPEAHHrEPA 

nocne 3THX npeABapHTeJlbHbiX 3aMe4aHHi1 o6paTHMCR K paCCMOTpe

HI-1~ ypaeHeHHR UJpeAHHrepa /5/, BblnOJlHHB B HeM 3aMeHy nepeMeHHbiX 

z J = thx i , j = 1 , ... N /npH oTcyTCTBHH B3aHMOAei1cTBHR c noTeH
LIHanoM V(~) TaKaR noAcTaHOBKa npHBOAHT ypaeHeHHe ABH>KeHHR 4ac-

2 

THI.Ibl B 0606l!leHHOM noTeHI.IHaJle nei.IJlR-Tennepa K rHnepreOMeTpH4e
CKOMy BHAy/: 

N 1 2a 2 a 2 2 !. 1- -[(1-z . )-(1-z . )-+(1-zj)(A(A+ 1)-Il( 11 - 1)z . 
j <= l 2 J az . J az . J 

J J 

N 
+ !. 

j > k 

2 2 2 2) 2 a (a -1)(1- z j ) (1-z k) (z j + z k 1 c/1 = E ifr • 171 

( z~ -zk2) 2 

YpaeHeHHe /7/ HMeeT CHHrynRPHOCTH Ha rHnepnnocKOCTRX zj = 0, 
z j ± z k = 0 , j, k = 1, ... , N, pa36Hea~l!IHX N -MepHoe npocTpaHcT

eo Ha COBOKynHOCTb MHOrorpaHHbiX yrJlOB. noCKOJlbKY nOTeHI.IHaJlbH~e 

6apbepbl BHAa gz-2 
, g ;;:: 3/ 4 a6COJl~THO HenpOHHI.IaeMbl, Mbl MO>KeM 

paCCMOTpeTb /7/ B Jl~60M 1-13 3THX yrJlOB /Ha rpaHHI.IaX KOTOpOrO 

BOJlHOBaR <llYHKLIHR AOJl>KHa o6pal!laTbCR B HYJlb/ 1-1 pacnpocTpaHHTb pe-

3YJlbTaTbl Ha ocTanbHble yrn~ CHMMeTpH4Hb~ o6pa30M. AnA onpe Ae
neHHOCTH 3a¢HKCMpyeM MHOrorpaHHbli:i yron YCJlOBMRMM Jz ' 0, 
Z + z '>0 • . kl J j - k . • J ' • 

Ocyl!leCTBMM Tenepb noHM>KeHMe nopRAKa CMHrynRpHocTeA B /7/. 
nonaraR 

({3) 

c/l(z1'"''ZN) = )((Z1'"''ZN)<I>all(z.l''"'ZN ), !81 

rAe 

({3) z ) 
<1> (z 1 .... , N au ~ z11 ( 1- z 2 ){3 {{ ( z 2 - z 2 )a 

.t· l J J j '> k J k 191 

M BblnOJlHRR 3aM e Hy nepeMeHHbiX 
)( ( z 1 , ... ,z N) ypaeH e HMe 

z 2 ~ q i 
J 

1 , ... ,N, nony4MM AnA 

N .2 a 2 
-1 l [ 2q (1-q . J-

jc~ 1 I J d q2 

2 ·- 1 
t (4 a q (1-q ) l (q i -q k ) • (1-q .) (21l+1-(4{3 t21l+3)-: 

I J ko j J 
J 

iJ 
X q D- 1 

J cJ q 

N 
p (f3) l q I x 

j= 1 J 
(E - , (/3 ) ) x /10/ 

.I 

3AeCb 

p ({3) - {3 (2 t3 . 2 11 • 1) (11-A ~~Il-A~ + 2 a<?(N -1 )2 , a(N -1)(4fl 2 11 · 1), 
2 

( ( {3 ) - N ( t3 ( 2 11 · 1) " a (N -1 )(2 fl ' 2 11 · 1 J 
2 

(11-A)(Il· A . .:... 'J ..• !!_ (N-1 )(4N-5)] · ----·2-- 3 . 

1(1) 
<llyHKI.I MR ¢ all , KaK 6yAC T noKa 3 aHO HM~e, n pM Onpe Ae Jle HHOM 3Ha 4e-
HMM napaMeTpa {3 ABJlAe TCA BO JlHOBO~ ~YH K LI Me~ OCHOBH Or O COCTOAHM R 
paCCMaT PMBa eMO r O HaMM r aMMJlb TOHMaHa / 1, 36/ . 
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-1 
JlerKO BHAeTb, 4TO npl-1 OTCYTCT-BI-11-1 B /10/ CilaraeMbiX !, (q , -qk) 

k~ j J 

nepeMeHH~e pa3Aei1fl~TCfl, 1-1 peweHHe MOmHO HCKaTb B BHAe npOI-13Be
AeHHi1 CTeneHHbiX PflAOB no q j , KOTOPble B 061JleM Cily4ae paCXOAflTCfl 
np~-1 qi~1. CxOAHMOCTb Ha 3THX rHnepnnocKOCTflX, o6ecne4HBa~Ulafl 
B~nonHeHHe YCilOBHfl HOPMHPOBKI-1, HMeeT MeCTO Ili-1Wb B TOM CI1Y4ae, 
KOrAa PflA~ o6pbiBa~TCfl 1-1 npespal!la~TCfl B r10Ili-1HOMbl KOHe4HOi1 CT'~
neHI-1. 3TO npOHCXOAHT Ili-1Wb npl-1 onpeAeileHH~X 3Ha4eHHflX napaMeT
pOB E 1-1 ~; B pe3yilbTaTe nony4aeTCfl cneKTP CBfl3aHH~X COCTOflHHi1 
N HeB3aHMOAei1cTBY~IJli-1X 4aCTI-1~ B o6061JleHHOM noTeH~HaJle ne~nfl
Tennepa, 

Anfl nocTpoeHHfl peweHHi1 /10/, cooTeeTcTBY~IIlHX AHCKpeTHOMY 
cneKTPY, MW eocnonb3yeMcfl aHanQrHei1 c onHcaHHoi1 ewwe cxeMoi1, 
npHMeHHMOi1 npl-1 OTCYTCTBI-11-1 B3aHMOAei1CTBI-1fl. DYAeM HCKaTb pewe
HHe /10/ B BHAe PflAOB, no $yHK~I-1flM, CI-1MMeTpM4HWM OTHOCHTeilbHO 
nepecTaHOBKH n~6~x ABYX KOOPAHHaT { q j , q k l. Cor nacHo 1 1 ~ TaKafl 
CHMMeTpHfl He06XOAMMa 1-1 AOCTaT04Ha Ailfl YCTpaHeHHfl CHHrynflpHOCTei:\ 
npl-1 qj_.qk B /10/. npi-13TOM YA06HO CHa4aila BblnOilHHTb B ypae
HeHI-11-1 /10/ .3aMeHy nepeMeHHbiX q 1 ~1-tj, i= 1, . •. , N, npHBeAfl 
ero K BHAY 

H(~) x = (E- ((m)x, /11/ 

rAe 

- N a 2a2 2 
H(~) = !. [ 2(tj -t j) .......- + (4~+2~-t+3) t . 

J=t at~ J 

2 
-2(2~+1)t . +4at.(t.-1)x 

J J J 
J 

N -1 a N 
X !._(tj -tk) -) + p(~) !. tj, 
k~J ati i=1 /12/ 

-;(~) = d/3) -Np(/3) =- ~ [(2~+a(N-1))2 + a2~N2-1}]. 

Aanee, eeeAeM BMecTo {til HOBble nepeMeHHble, o6naAa~He flB-
Hoi1 CHMMeTpHei1 OTHOCHTeilbHO nepeCTaHOBOK tj -> tk: 

N 
al = n tj 

i=1 

0f-t ,.. N a 
af =- a 1 , D = I. ~ , f = 1, ... , N. 

(f-1) t i=1 at 1 
/13/ 

Ecn~-1 e AailbHe~weM HHAeKc m y seilH4HH laJ 6yAeT npHHHMaTb 3Ha-
4eHHfl, MeHbWHe 1 Mill-1 6onbwHe N, TO cneAyeT nonaraTb 

a = 1 a = a =a = ... =0. N+1 ' 0 N+2 N+3 /14/ 

AJ1fl nepeXOAa B /11,12/ K nepeMeHH~M {ajl /13/ He06XOAHMO 
npeACTaBHTb B BMAe $YHK~Hi1 {ajl CileAY~UlHe BblpameHHfl: 

4 

• 

,.. 

Biaf 

A 

q ae 

(i) 

Ffm 

,.. N t a 
B

1
= I. t

1
- , 

] "' 1 at i 
i ~ 1,2. 

,.. N t t a 
ct -- .I _,~_ -. 

p'- k ti-tk ati 
i =2 ,3. 

N i aa f a am 1. _ 2 '> . f m , 1 , ... ,N · I. t - - - -- • -- • , • • 
J ~ t J ati ati 

BW4HCI1MM cHa4ana B~Pa*eHMR /15a/. 3aMe4aR, 4TO 

ro.s 1 1 ~ iB 1_ 1 • 
~ ,.. 
B0 =D 

1-1 nOilb3YRCb onpeAeneHMeM af /lj/, Hai1AeM 

/15a/ 

/156/ 

/15e/ 

/16/ 

- 1 ~ ~f- 1 - 1 f- 2 ,.. . ,.. " ,.f- 2 - j ,.f 1 
((f -1)!) B. D a 1 ~ ((f-1)!) [ !. OJ [B . ,D]D <HD - B. a]. /17/ 

1 j=O 1 1 1 1 

TaK KaK Bl.al .= Na 1 , B2 a
1

,. aNal 
TO M3 /16,17/ nOilY4MM 

"f 1 " f 1 ,.f-2 
D - (aNal) ~~D - a1t N{e-1)0 a

1
, 

A 
A 

B 1ae -- (N-£ -1)ar, B2ar ~ aNaf -(N-f - 2)af_
1 /18a/ 

nepei1AeM K B~41-1CileHM~ /156/. 0rpaHM41-1BWI-1Cb BHa4aJle Cily4aeM 
£ = 1 , HaAAeM 

A N - 1 ! 1 
C. a1 = a 1 !.(t . -t) t .-

1 j = k J k J /19/ 

Bbi4MCI1RR CYMMbl B /19/, nOJ1Y4MM COOTHOWeHHR 
A 

C1 a 1 =- o c a _ N (N-1) 
' 2 1 - --- a 2 1 • 

,.. 
C3 a 1 =aNa 1 (N-1). 

/20/ 

A A 

3aMeTHM, 4TO KOMMYTaTOp~ onepaTOPOB C1 ,0 TaK*e MMe~T npOCTOi1 
BHA: 

lC\ .Dl = -iC1_ 1 [C
0

,o] a o. /21/ 

nocneAOBaTeilbHO npHMeHRR /21/ B TO~AeCTBaX, aHanorM4HbiX /17/, 

A A f- 1 f-2 ,._' " A A f- 2- j " f- 1 " 
C. D a 1 "" !. IY l C1 , D J D a 1 1 D C. a , 

1 j ,.. 0 1 1 

1-1 HCnOilb3YR COOTHOWeHHR /20/, Hai1AeM 

c a = (N-f+l)(N+ f-2~ a C a - (N-1)a a _ (N-f -2)(N t- f-3i 
2 f 2 f • 3 f - N f 2. f- ! . I 186/ 

5 



(1) 
HaKoHell, nony41-1M RBHbJe Bbtpa>KeH"'R AnR eeni-141-1H F fm I 15e/. TaK 

A a a A 

KaK onepaTop [ D, tJ -a· l= -a· KOMMYT"'pyeT c D, 1-13 onpeAeneH"'R 
t j t j 

non"'HOMOB af /13/ nerKO nony41-1Tb "'X CBO~CTBO 

aaf aaf_ 1 
tj - =a f - -· -- . 

a·,J atJ 
/22/ 

(3) (2) 
3To ceoi1cTeo no3eonReT cpa3y >Ke Bblpa31-1Tb Ffm 4epe3 Ffm • A,ei1cT-
B!-1TenbHO, rpynni-1PYR MHOlK"'Tenl-1 B /15B/ 1-1 np"'MeHRR /22/, nony4"'M 

(S) N aa f 2 aam N aar 1 2 aam A 

Frm = .I (tJ --)tj -- = I (ae- ----)tJ-=arB2 am-
.l"'l atJ atJ j=l at J at J 

(2) (2) 
-Fn 1 = aNana -(N-m+2)a 1an -Ff 1 t- ,m c. m m- L - ,m 

/23/ 

nocKOnbKY Bblpa>KeH"'e B neeoi1 4aCT"' /23/ C"'MMeTp"'4HO OTHOCI-1-
TenbHO nepecTaHOBKI-1 "'HAeKCOB f 1-1 m, TeM >Ke CBO~CTBOM AOn>KHa o6-
naAaTb 1-1 npaeaR 4aCTb /23/. 3TO np"'BOA"'T K C"'CTeMe ypaBHeH"'i1, 
KOTopoi1 AOn>KHbl YAOBneTBOPRTb eeni-14~-<Hbl Ff!> : 

(2) (2) 
Ff-l,m - F f,m-1 = (N- f +2) a m-la f -(N-m+2) a f-1 am. /24/ 

Hecno>KHO nony4"'Tb TaK>Ke RBHoe eblpa>KeH"'e AnR F~, 
a a. 

TaK KaK --at:" 
I -1 

= t j a l , TO 

(2) f 2 aa1 aae A 

F 1 f =It.-- =a1B 1ay =(N-f +l)a1 af. 
• J = 1 J at. at . 

J J 

/25/ 

Hcnonb3YR /24/ AnR nocneAOBaTenbHOro noH"'>KeH"'R nepeoro "'HAe~ca 
een"'4"'H F <2> "' Bbtpall<eH"'e /25/, MOli<Ho Hai1T"' Fe~) e RBHOM B"'Ae: 

'-1 (2) 
Ffm =(N-m+ 1) af am I(f + m-2r)at:af+m-r 

T= 1 

H3 /18e/ "' /23/ OKOH4aTenbHO nony4"'M Bbtpa>KeH"'e AnR Fi!> 
(3) 

F 6 = ao a aN -(N-m+2) a 1 ao -(N-f +2)ao a + Lm L m m- ' t-1 m 

f-1 
+ I (f +m-2r-1) x ar a tt-m-r-1 • 

T= 1 

a2af 
C y4eTOM /18a-r/ "' npOCTOrO COOTHOWeH"'I'l ----= 0 , rAe f i = 

· at? · 
1 , ... , N, ypaeHeH"'e /11,12/ MO>KHO 3an"'ca·h e nepeMeHHbiX 

I a 1 , ... ,aN 1: 
6 

/18e/ 

/18r/ 

• 

.I 

I 

... 
(H

1 
( f3) + H

2 
({3))x = (E-7(f:l))x 

N f-1 1 
H

1
({3) =2 I [ I I (t +m-2r-v)aral+m-r-v -(N-m+2)am_1af 

f,m=1 Tel V=O 

/26/ 

a2 N 
-(N- f +2)amaf_1 -(N-m+l)afam) -I[ae_1(N-f+2)(4f3+21l+3+ /27a/ 

aae aam ~1 

a 
+2a(N+ f -3)) +2ae(N-f+1)(2f3+l+a(N+ f-2)))--, 

aa f 

A N a2 N a 
H2 (f3) =aN[2 I af aM +I af -(4f3+21l+3+4a(N-1)) +P(/3)). /276/ 

f,m aae a am lh1 aae 

HMeHHO 3Ta $OpMa ypaeHeH"'R WpeA"'Hrepa oKa3bleaeTCR Ha"'6one~ YA06-
HOi1 npl-1 OTbiCKaH"'"' peweH"'i1, YAOBneTBOPR~~"'X ycnOBI-1~ HOPM"'POBK"' 
/4/, KOTOpOe AnR. ~YHKLI"'i1 X ecneACTB"'e /8,9/ "'MeeT B"'A 

lN ~ N 
f n dzj z~ll (t-z2 >2 1 n I z2 -z:1

2
a lx 12 =1. 

-li=l J j>k J 
/28/ 

3. AHCKPETHbltl CnEKTP rAMHJlbTOHHAHA 

KaK y>Ke OTMe4anocb e npeAbiAYt•~eM pa3Aene, ecTecTeeHHO "'CKaTb 
peweH"'R ypaeHeHHR /26/ B B"'Ae CTeneHHbiX PRAOB no laj J: 

X= I 
S=O 

I c(s) lt jN 

0 
J J. a 1 ... a 

..5 J 1' .. · ,j N ::; s 1 · • N N 
/29/ 

jl+ ... jN=s 
A 

H3 paccMoTpeHHR CTPYKTYPbt onepaTopoe H 1 2({3) B"'AHO, 4TO e o6-
~eM cny4ae PRAbl /29/ COAep>KaT 6eCKOHe4HOe ~HCnO cnaraeMbiX H MO
ryT pacxOAHTbCR e HeKOTOPbtX o6nacTRX npocTpaHcTea I a 1 , ... ,a I. 

A • J N 
,llei1cTBHTenbHO, onepaTop H2({3), Aei1cTBYR Ha nonHHOM all ... aN 
CTeneHH S, nepeBOAHT ero B nonHHOM (S +1)-1:1 CTeneHI-1~ Ta~4TO 
4eno4Ka ypaeHeHHi1 AnR c (Js) . , B03H"'KatO~aR npH noACTaHoeKe /29/ 

l"·lN 
B /26/, B o6~eM cny4ae 6eCKOHe4Ha, 06pb1B CYMM"'POBaH"'R no S 

H npeepa14eH"'e PRAOB /29/ B nonHHOMbl, He o6naAaiOUI"'e CHHrynRP_,t10-
CTR~H, MOll<eT npOI-130i1T"' TOnbKO B TOM cny4ae, KOrAa onepaTOP H2 ({3) 
o6pa14aeT B Hynb non"'HOM MaKC"'ManbHOi1 CTeneH"' n B /29/: 

AH ({3 h jN 2 )al ... aN =0, jl + ... jN =n. /30/ 

H3 /276/ H /11/ cneAyeT, 4TO ypaeHeHHe /30/ 3KBHBaneHTHO 
cneAYIOllleMy ycnOBH~, KOTOpoe AJn~HO 6b1Tb HanO>KeHO Ha napaMeTp/3 : 
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2{32 + {3(21J. + 1 - 4n + 4a(N-1)) ..;.. n (21J. + 2n ~ 1) + a (N-1) Wll + 4n - 1 

-t 2a(N-1)]+ (f.L- A)(IJ.+A+ l) .-, Q, 

2 

/31/ 

PeweH~e /31/, COBMeCTHOe C YCI10B~eM HOpM~POBK~ /28/, ~MeeT B~A 

A- ll 
f3(n) ~ -- - a(N-1) -n. 

2 /32/ 

~3 /28} cneAyeT TaKme, 4TO {3 >0, T.e . ~enoe 4~cno n, onpeAe
nR~~ee MaKC~ManbHY~ cTeneHb non~HOMa /29/ /~, cneAOBaTenbHO, 
4~cno ypoeHe~ A~cKpeTHoro cneKTpa/, cornacHo /32/, orpaH~4eHo: 

n < ~ _ a(N-1) • 
2 /33/ 

0603Ha4~M nocpeACTBOM D MaKC~ManbHOe ~enoe 4~CnO, YAOBileTeo
PR~~ee HepaeeHCTBY /33/, CoeoKynHOCTb ecex non~HOMOB no nepe
MeHHbiM ! a .l cTeneH~, He npeebiWa~~e~ ii , o5pa3yer n~Hei1Hoe npocT-

J -
paHcTeo L pa3MepHocT~ .QJ -~_n) 1• B 3TOM npocTpaHcTee H 1 (f3(n)), 
~ N!n! 
H2({3(n)) RenR~TcR n~He~HWM~ onepaTopaM~. nonHoe 4~cno ypoeHe~ 
A~cKpeTHoro cneKTPa raM~nbTOH~aHa . /1 .3a/ paeHo pa3MepHocT~ yno-

MRHyToro BbiUie npocTpaHCTBa L , (N + n) I ; CaM~ 3T~ YPOBH~ OnPeAe-
N!n! h ~ 

nR~TCR co6cTeeHHWM~ 3Ha4eH~RM~ MaTp~~w H
1
({3(ff))+H (f3(n)) c To4-

2 2 
HOCTb~ AO een~4~Hhl c ({3(ff)) -= ~ ~[ ; (N2 -1) • (A - IJ. - a(N-1) -2iiT]. 

PaccMOTP~M CTPYKTYPY 3To~ MaTp~~w e 6a3~ce npocTpaHcTea L, 

h JN · · - N -· o6pa3oeaHHOM 3neMeHTaM~ ! a ... a l, 0 < J , .. ,J ::;; n, l j , n 
1 N - 1 N a"' l a 

BeeAeM e 3TOM 6a3~ce ynOPRA04eH~e no cneAy~~~M npae~naM. Bo
nepewx, pa306beM BCe MHONeCTBO 6a3~CHWX 3I1eMeHTOB Ha nOAMHO

>KeCTBa Mk' onpeAenReMble ycnoe~RM~ jl + ... j N""k ' k ·= 0' 1 ' ••. n' 
~ 6yAeM C4~TaTb, 4TO 3I1eMeHTbl ~3 Mk ~Me~T ... MeHbW~~ ~oMep, 4eM 
3neMeHTbl Mk'' ecn~ k > k'. np~ 3TOM MaTp~~a Hl(f3(iT)) + H2(f3Lii)) pa3-
6~eaeTCR Ha (n +1j2 6nOKOB, KOTOPble MW 6yAeM o603Ha4aTb H kk' 
/e AanbHe~weM TaKoe npeAcTaeneH~e 3To~ MaTp~~w 6yAeM Ha3weaTb 
6no4HWM/. Bo-eTopwx, ycTaHOB~M ynoPRA04eH~e e KamAOM ~3 MHO>KeCTB 

Mk, COAepma~~x (N+k-l)l 3neMeHToe: ecn~ AI1R ABYX 3I1eMeHTOB ~3 Mk 
i1 iN . , (N-1).Jk! . . • . . , 

& 1 ... aN ,all ... aJ'M ~Me~T MeCTO COOTHOWeH~R Jl = J l , J = J . . , 1 w~ _ s s 
JS+l > J s'! , TO nepBbl~ 3I1eMeHT ~MeeT MeHbW~~ HOMep. 

OT~eT~M, 4TO np~ AaHHOM cnoco6e ynoPRA04eH~R MaTp~~a onepa
Topa H2 ({3(ff)) RBnReTCR eepxHe~ TpeyronbHO~, ~ e~6no4HOM npeA
CTaeneH~~ eA~HCTBeHHble ee HeHyneeble 3net-~eHTbl - (H 2 )k+l.k ...: B 3TOM 
me npeACTaeneH~~ OTI1~4HW OT HYI1R MaTp~4Hble 3I1eMeHTW (H 1 ) .kk' 
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(Hl ) k-1 ,k · noc ... neA.t'ee 05CTORTei1bCTBO, Hapywa~~ee TpeyrOilbHOCTb 
see~ MaTp~~w (H 1+ H2 ) e 6no~HOM npeACTaeneH~~. cneAyeT ~3 cTpyK
TYPbl nepeoro cnaraeMoro e H 1({3(n)) /27a/: np~ f+m~N+2 e cyMMe 
nor,v ~HAeKc y MHom~TenR a~r-v MOmeT np~H~MaTb 3Ha4eH~e 
N+l. TaK KaK aN+ l = 1, . To e H1 (f3(n)) coAepmaTcR 4I1eHbl B~Aa 

a2 J1 JN 
(2(N+1)- f·-m) a f+m-N -l ~ .. aa , noH~ma~~~e CTeneHb non~HOMa a1 ... aN. 

f m 

HeTPYAHO AOKa3aTb TaKme, 4TO Bee MaTp~~w(H 1 )kk RBI1R~TCR 
eepxH~M~ TpeyronbHbiM~: Ae~CTB~e onepaTopoe a e-1 a~ ' 

. 2 N m-1 1 a 2 f 
alae a 'lll(f+m-2r-v)araf+-r a a 

m- a af aa m f> rn T=-1' V=O m -v af am 

Ha 3I1eMeHT a~1 ... aj; np~BOA~T K 3I1eMeHTaM C MeHbW~M~ HOMe paM~, 
HaXOAR~~M~CR e npemHeM MHomecTee Mk • 

noKameM Tenepb 1 4TO, HeCMOTpR Ha Cy~eCTBOBaH~e OTI1~4HWX OT 
HYI1R 3I1eMeHTOB (H

1
\_

1 
k' BC~ MaTp~~y (i{ 1 ({3(n)) + H2({3(n))MO,tJ<HO 

np~eecT~ K TpeyrOilbHOMY B~AY· 3aMeT~~ CHa4ana, 4TO 6noK (H 1 ) 01 
~eil~KOM COCTO~T ~3 Hyne~, a MaTp~~a H 11 MOmeT 6b1Tb np~BeAeHa, 
nocpeACTBOM Bbi4~TaH~R . CTOI16~0B, K A~aroHailbHOMY B~AY, np~4eM 
3Ta npo~eAypa He ~3MeHReT ee ,q~aroHailbHbiX 3I1eMeHTOB. 6noK (H 1 ) 12 
yme CO,qepm~T OT I1~4Hble OT HYI'R 3I1eMeHTbl B HeKOTOPbiX CTOI16l\aX 
/~ CTPOKaX {f} /. ~X MO>KHO o5paT~Tb B HYI1b, Bbi4~TaR ~3 3T~X 

CTOI16~0B eceJ71 MaTP~l\bl (if 1 +H2 ) TaK~e, KOTOPble, npOXOAR 4epe3 
6noK (H 1 ) 11 , ~MeiOT e 3TOM 6noKe A~aroHailbHble 3neMeHTbl, s_ooTeeT
CTBY~~~e CTPOKaM { f }. np~ 3TOM 3a C4e"J: 3I1eMeHTOB 6nOKa (H2 ) 2 1 
B03H~Ka~T HOBble cnaraeMble B MaTP~lle (H 1 ) 22 • 0AHaKO BCileACTB~e 
ew6paHHoro HaM~ cnoco6a ynoPRA04eH~R 3T~ cnaraeMwe He ~3MeHR~T 
CTPYKTYPbl MaTP~l\bl (H 1 ) 22 - OHa no-npemHeMy OCTaeTCR eepxHe~ 
TpeyrOI1bHOJ71, np~4eM ee A~aroHailbHWe 3I1eMeHTbl TaKme He ~3MeHR~T
CR. npoAOI1>KaR 3TY nPOlleAYPY, MO>KHO nocneAOBaTeilbHO ycTpaH~Tb 
see OTI1~4Hble OT HYI1R 3I1eMe'"!_Tbl B 6noKaX (H 1 )k-1,k' He ~3MeHRR A~a
IOHailbHble 3I1eMeHTbl MaT8_~ll (H1) kk, ... KOTOpble ~ RBI1R~TCR C06CTBeHHbi
M~ 3Ha4eH~RM~ MaTP~llbl (Hl (f3(ii)) + H.2({3(n)). npRMOe Bbi4~CI1eH~e no 
$OPMYI1e /27a/ noKa3biBaeT, TaK~ o5pa30M, 4TO A~CKpeTHbl~ cneKTP 
raM~IlbTOH~aHa /1 ,3a/ onpeAenReTcR Ha6opoM N llenwx 4~cen 

ljl'"''jN l 'O_$j1'""jN.$ n !.j.l + ... jN=S .$ ii; YPOBH~ 3Hepr~~. 
c T04HOCTbiO AO een~4~Hbl c(f3(n)) , RBI1RIOTCR A~aroHailbHbiM~ 3I1eMeH-

TaM~onepaTopa -2{2l(N-f + 1)afa a
2 

+ 
f> m m aae a am 

N 2 a2 a 
+ l [ (N- f+l){af .2- 2ae(2{3(n))+l+a(N+ f -2)) -)] 

f= 1 a a f aaf 

e 6a3~ce ! a{t ... ai: I: 

-EJ. J. =li[2!.(N2-1)+(A-u-a(N-1)-2ii-2] "-
1'" N 2 3 ,.. J 
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N 
-t2s(N-t1)(81A - I! - 2n-aN)+ ~ fjf(a(2N + 1) -'- 2ii + IL - A-jf -t af) 

f=' 1 

+ 2 ~ fj D j 
f > m L m 

/34/ 

0TMBTI1M, 4TO napaMeTpbl raM11IlbTOHI1aHa /1 ,3a/ BXOAfiT B /34/ TOilbKO 

B B11AB KOM611Ha~1111(A-jl.).na3TOMY MOmHO cpa3y OnPBABili1Tb A11CKPBTHbllll 
cneKTP raMI-1IlbTOHI-1aHa /1 ,36/, on~t~.cb1Ba~111ero c1-1cTeMy N nonapHo 

El3ai-1MOABIIICTBY~l!111X nOCPBACTBOM nOTeH~I-'Iaila a(a-1) x (sh ~)-2 4aCT114 
Ha npfiMO~, HaXOAflll\Y~Cfl B OC~J.11111RTOpe Mopca: npl-1 npeABilbHOM nepe
XOAB /6/ A - jl.-+2A-1. noACTaHOBKa 3Toro 3Ha4BHI1fl B /34/ npi-1BOAI-1T 

K HymHOMY pe3yilbTaTy. 3Heprl-1fl OCHOBHOrO COCTOfiHJ.'Ifl MOmeT 6b1Tb 

Bbi41-1CileHa no ¢opMyne /34/ np1-1 j 1=n, i
2

= ... jN = 0: 

(0) N f a 2 ( 2 2] E "' - - - N -1) - (A -I! - a (N -1)) . 2 3 . 

4. BOJlHOBbiE C!>YHKU1111 

nocne Taro, KaK Ha~ABHbl YPOBHI-1 AI-1CKpeTHOrO cneKTpa /34/, 
3aAa4a 06 OTbiCKaHI-11-1 BOilH08biX <)>yHK~I-1~ C80AI-1TCR K nOACTaHOBKB 

/34/, /29/ 8 /26/ 1-1 PBWBHI-1~ CI-1CTBM ~ +n)! OAHOPOAHbiX IlHHB~HbiX 
n !N! 

~Ilre6pai-14BCKHX ypaBHBHH~ C paBHbiM HYil~ OnPBABili-'ITBilBM. nnR npOI13-
80IlbHbiX n HaM HB YAailOCb Haii!TI-1 3TH peweHHR 8 RB HOM B1-1AB. 11c

KI1~4BHI-1e nPBACTaBJlRBT co6oil! CJly4aill n = 1 , KOrAa <)>yHK4MM X 
MMB~T 8MA 

N 
X ,. " ~ c . a 

j · 1 J j /35/ 1 c N • 1 ' 

11 MaTPM4Hble 3IleMe HTbl cnaraeMbiX 8 H
1
(f3(1) )..coABP)f(aiJ1V1X A8YKPaTHoe 

Al-1¢<)>epeH4V1POBaHV1 e no nepeMe HHbiM l ai I. o6pa1J1aiOTCR 8 HYilb. CV1cTe
Ma ypa8HBHV1~ AilR K03<)>¢V14V1BHTOB C j / 35/ MO)f(B T 6b1Tb 3anMCaHa 
B <!JOpMe 

(E -c( {3(1) )) c N+
1 

0, 

/ 36/ 
(N-j +1)l2A- 1-2a(N-j) ]r j•l - I2(N-j 1)(A-tL- 1-<2(N-j)) E- •(f3< 1) )]cj '- 0. 

npl-1 nOACTaH08Ke B /3 6/ 8MBC TO E YP08HB~ 3HeprMM npM n = 1, 
E<f> , c (,'3(1))- 2 (N- r 1) (A 11 - l - u (N- f) ) ,nony4MM 

(f) 
(N-f 1)cNH 0, 

(N-~"·1)[2A - - 1-2a(N-j) ]e 1 ~ 1 1 -2(j-f)[a(.i f -2N-1) - A ,,- l ]c ; fJ 0, 

f, 2, . . N - 1. 
10 

/ 37/ 

(f) 
HenocpeAcTseHHae Bbi411CileHI1e K03<1>¢l11~11eHTOB cJ • cor nacHo /37 I, 

n03BOill'IBT B fiBHOM B11AB HaiiiT11 BOilHOBble <)>yHK~1111 X(f) np11 n = 1 

/c T04HOCTb~ AO HOPMI1POB04HOrO MHOmi1TBJlfl/: 

f f-J (N-j+ 1) l 
r(

2A-1 ~ A-t.t-1 D • ~-N+r.) f'(a -2N+L+J-1)aJ 

x~
1

)==df;1 (-1
) {N-f+l)!(f-j)l f'(2A-l_N+j)f'(A-u-1 -2N-t2f -1) 

24 a 
/38/ . 

BOilHOBafl <)>yHK~I1R OCHOBHOro COCTORHI1R CI1CTBMbl C raMI1IlbTOH11aHOM 

/1 ,3a/ 11MBBT BI1A /9/ 
A-J.L A-IL 

N ...;._r;--a(N-1) N a (--- a(N - 1)) ~ 

4> 2 "'z- n z~(1-z~) 2 n (z~ -z~). 
i=1 J J j > k 

/39/ 
aJ.L 

11HTerpan, onpBABilR~Il\11111 HOpM11POB04Hbl171 MHOmi1TBilb Z B /39/, 6b1Jl 

Bbi411CJleH B pa6aTe
1121

: 

z, fi f'(ja) ~1 f'(IL+~+ja) f'(A-IL-a(N-1)+ja) 

i=1 f'(a) J=O f'(A+~ +ja) 

AnR <I>YHK~I-1171 /38/ HaM He YAanocb Ha171TI1 RBHbiX BblpameHI1171 AilR d f. 
A-IJ. (f) (...kJL..- a (N -1) -1) 

3aMeT~M, 4TO np11 0 <-
2

--a(N-1)<2se1111411Hbl Xl 4>al 
(~-a(N-1)) 

/38/, 4) 2 /39/ o6pa3y~T BBCb Ha6op 8011HOBbiX <)>yHK411111 
aiL 

A11CKpeTHaro cneKTpa Hawero raMI1IlbTOHI1aHa. B <)>113114BCKI1 11HTepec
HOM CJly4ae /36/ BOilHOBble <)>yHK~1111 A11CKpBTHOrO cneKTpa np11 n = 1 

MOrYT 6b1Tb nOilY4BHbl nyTeM peweHI1R CI1CTBM ypaBHBHI-1171, aHa110ri14HbiX 

/37/: 

.• if) rl. N 2x N 2X· 2x 'i'l· (x
1

, ... XN)=~ IT 8xp {xm(2A-2a(N-1)-3)-Ae m1 IT le J -e kla 
m=1 J> k 

£ f-J f f'(2
A-

2 
-2N+j+f-1) N -2xm J-1 . N 

x ~ (-1) (2A )-i (N-j+1)1 a (~-e _ _L) exp(2~x1 ). 

i= 1 (j-1) l a . (f-j) !(N-f+l) I rf-A-2 -2(N-f ) -1t=1 2 axm 1=1 

a 

5. 3AKJ1104EH~1E 

TaKI1M o6pa30M, Mbl HaWJ111 B RBHOM BHAB 3HepreTI14BCKI1B YPOBHI1 
11 npOCTeiiiW11e BOilHOBbiB <)>yHK~1111 B036ymAeHHbiX COCTORHI1111 A11CKpeT

tiOrO cneKTPa KaK a6cTpaKTHoro raM11IlbTOHI1aHa /1 ,3a/, TaK 11 ra

M11IlbTOHI1aHa /1,36/, npeACTaBJlR~Il\BrO <)>113114BCKI1171 11HTepec 11 Oni1-

Cb1Ba~U1ero CI1CTBMbl B3ai1MOAB~CTBY~Il\11X 4aCTI14 Ha npRMOIII B OC~I1Jl

IlRTOpe Mopca. np11 3TOM Mbl He 11CnOilb30BaJ111 RBHbli1 BI1A AOnOilHI1-
TBilbHbiX 11HTerpailOB ABI1mBHI1R, CYII\BCTBY~Il\11X AilR 3TI1X raM11IlbTO

H11aHOB. EcTeCTBeHHO na3TOMY, 4TO npi1MeHeHHbli1 HaMI1 cnoco6 He 
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MO>KeT 6b1Tb pacnpocTpaHeH Ha 6o11ee C110>KHble raMI-111bTOHI-1aHbl/1 ,2a-6/, 
KOTOp~e TaK>Ke, nO-BI-1AI-1MOMy, Oni-1C~Ba~T I-1HTerpi-1pyeM~e KBaHTOB~e 

CI-1CTeMbl. B C11Y4ae /1,26/ B011HOBaH $yHK41-1H OCHOBHOrO COCTOHHI-1H 
MO>KeT 6~Tb npeACTaB11eHa B $aKTOPI-130BaHHOM BI-1AC, nOA06HOM /39/, 
111-1Wb npi-1 HeKOTOP~X orpaH!-14eH!-1HX Ha napaMeTp~ noTeH41-1a11a SHeW
Hero n011H A , f 1 , g£ 141; 0 B011HOB~X $YHK41-1HX B036Y>KAeHH~X COCTOH
HI-111 npi-1 g1 , g2 f, 0 B HaCTORl!lee epeMR OTCYTCTByeT K~KaR-111-160 
1-1H$opMa41-1R. BoaMO>KHO, CI-1CTeM~ c raMI-111bTOHI-1aHaMI-1 /1 ,2a~6/ YAaCT
CH TeM 1-1111-1 1-1H~M CnOC060M BK11~41-1Tb B CXeMy KBaHTOBOA o6paTHOA 
3aAa41-1 pacceHHI-1H 1 18( yHI-1Bepca11bHOCTb KOTOpoA 6~11a HeAaBHO npo
AeMOHCTPI-1POBaHa ycnewHoA PeAYK41-1eH 3aAa4H 0 cneKTpe KBaHTOBOA 
nepHOAH4ecKoA N -4acTH4HOH 4eno4KH ToAa1161. Pea11H3a4HH TaKoA 
nporpaMM~ Aa>Ke e npocTeAweM HeTpHBHa11bHOM c11y4ae N = 2 noaeo-
11H11a 6bl, Ha HaW B3r11HA, AOCTH4b Cyl!leCTBeHHOro npOABH>KeHHH 
B H3Y4eHHH KBaHTOBbiX CHCTeM /1 ,2a-6/ H nOHHMaHHH nPHPOAbl TOA 
CHMMeTpHH ypaeHeHHH ~peAHHrepa, KOTopaH npHBOAHT K cpaBHHTe11b
HO npOCTOMY B~pa>KeHH~ /34/ A11H YPOBHeA AHCKpeTHOrO cneKTpa HH
TerpHpyeM~X CHCTeM /3a-6/. 
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CocTOftHHft AHCKpeTHoro cqexTpa xoHeqHoMepHHX 
KBaHTOB~ CHCTeM 0 CBft3aHHHX C anre6paMH nH 

P5-85-399 

PacCMaTpHBaeTCft npo6neMa Haxo~eHHft sHepreT~ecKHX ypoB
HeA H BODHOBYX ~YHKQHA COCTOftHHA AHCKpeTHOrO cneKTpa Anft 
Knacca raMHnbTOHHaHOB , CBft3aHHYX C CHCTeMaMH KOpHeA anre6p 
nH H B npeAenbHOM cnyqae OOHC~~ KBaHTOB~C CHCT~ ~ 
B3aHMOAeAcTB~~ qacTHQ Ha npftMOA B OCQHnnftTOpe Mopca. lloxa-
3aH00 qTo 3Ta npo6neMa MOZeT 6~Tb CBeAeHa B anre6pa~eCKOA. 
llonyqeHH T9qHHe ByPazeHHft 0 onpeAe~e 3aBHCHMOCTb ypoBHeA 
3HeprHH OT napaMeTpoB raMKnbTOHHaHa B3aHMOAeAcTBHft. 

Pa6oTa BHOOnHeHa B na6opaTOPHH TeopeT~eCKOA ~H3HKH 
OHHH. 
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Inozemtsev V.I., Meshcheryakov D.V. PS-85-399 
The Discrete Spectrum States of Finite-Dimensional 
Quantum Systems Connected with Lie Algebras 

The problem of finding the energy levels and wave 
functions for discrete spectrum states of a class of Hamil
tonians connected with root systems of the Lie algebras is 
considered. In a limiting case these Hamiltonians describe 
the motion of quantum interacting particle systems on a line 
in the Morse oscillator. It is shown that this problem can 
be reduced to algebraic one; the exact expressions deter
mining the dependence of energy levels on the parameters 
of the Hamiltonian are obtained. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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