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PaccMaTpHBaiOTCSI nonepe'lHbie KOne6aHHSI aneKTpOHHO-HOHHOI'O KOnbUa 
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~y6Ha, 1972 

Kazarinov N~Yu., Kuznetsov A.B., Perelstein E.A., 
Rubin S.B.,_ Shevtzov V.F. P9-6284 

·Nonlinear Effects in the Sinuous-Instability 
of the Electron-Ion Ring 

~ransverse oscillations of the electron-ion ring are 
considered taking account of the nonlinearity of the pola
rization forces. The existence of the nonlinear stationary 
waves is pointed out as well as nonlinear stabilization 
of the sinuous-instability in the small supercriticality 
regime. 
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I1HTepec .K HeyCTOll'UIBOCTH ·aneKTpQHHO-;-HOIIHOI'O KOllhUa no OTHOUJ9HHIO . 

K H3I'H6aHUSIM 6ea' H3MeHeHHSI <f>opMb! nonepe<moro Ce'leHHSI ( "3Meli:K£\") 
1 · · . /1 I . 

paCCMOTpeHHOli: BnepBble r.H. EyAKepoM ' B0306HOBHllCSI B nocne)lHee 
/2-4/ . . 

BpeMsr , llOCKOllhKY sTa HeyCTOH'IHBOCTh MO)I{eT OI'paHH'II!BaTh Ha6op . 

sHepi'I!Il Ha e)lHliHUy llllHHbl H 'IHCJIO YCKOpsreMb!X HOHOB B KOlllleKTHBHOM 
/5/ 

MeToAe ycKopeunsr 

/1-3/ /6/ 
· B pa6oTax , a TaK)I{e B pa6oTe , I'lle Bhmcnsrnoch cTa6nnn-

anpyiOwee ·BJIHSIHHe BHeUJHeli: <f>oKycnpOBKH Ha AaHHYIO, HeyCTOH'IHBOCTh, pac~ 

'leTb! ~b!UOJIHSinHCh B npellll0Jl0)1{9HHH 0 llHHeli:HOCTH nonsrpH3aUHOHllb!X CHJI
1 

aoaHnKa!Ownx npn paaAenelllui noKanhHhiX ueuTpbB Mace ( uenTpoa Mace· 

'laCTHU Ha 3aAaHHOM 83HMyTe) sneKTpOHHOI'O If HOHHOI'O KOneu,'B ll9HCTBII

TellhHOCTH nonsrJHiaaunoHHbre cnnhr - Hennueli:nhre. HanpnMep, Bhi'IHcneuue 

nonsrpuaaunoHHbiX cnn, B03HHKaiOmnx npn paaAeneunn AByx npsrMonnneli:HbiX 

UJHypOB SlllllfllTH'leCKOI'O Ce'leHHH C liOCTOSIHIIOli: llliOTHOCThi0
1 

!10K83b!BaeT, 

'ITO 9TH CHllbl llOCTHI'aiOT M8KCHMallhliOI'O 3H8'1eHHSI npn paCXO)I{tleHHSIX no

Kallhlib!X ueuTpoa Mace Ha paccTosrunsr nopsrAKa nonyoceli:, XapaKTep ·nonsr

pnaaunoHHhiX cnn Ansr ABYX wuypoa .Kpyroaoro ceqeunn paanoro paAnyca 

lfllll!OCTpllpyeTCSI pncyHKOM 1, I'Jle ·s - O.TIIOUJeHne paCCTOSIHHSI M9)KJlY 

llOKallhHblMH UeHTpaMH Mace K paAnycy, f - li01ISipH3aUHOHHasr CHlla B 

6eapaaMepHbiX eAnnnuax. 
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I.D 

ao. 

0.1 

Q.1 

0. 

tQ f.S $ 

Pnc. I. 

Mbi rrpeArronaraeM, 'ITO KpHBHaHa KOnhua II Manbie oT.nH'IHSI pacrrpe-

AeneHHSI IInOTHOCTH OT IIOCTOSIHHOI'O He MeHmOT Ka'leCTBeHHOI'O xapaKTe

pa rronSipnaauHOHIIhiX ciin. JliiHe:iiJihiit poeT HX npH ManhiX paaAeneHIISIX ueHT

poa: Mace ocna5eaaeT AnSI cMememdl: Ha paccToSIHHSI, cpaBHHMbie c paaMe-

paMII IIOIIepe'IHOI'O ceqeHl!SI.KOneu. 

nnSI Ce'leHHll IIY'IKOB, IIM9JOIIIIIX IInOCKOCTb Cl!MMeTpiiii II COXp8HSIJO

IIIIIX ee IIpH pa3AeneHIIII noKanhHbiX UeHTpOB Mace, Mbl Y'lTeM 9TO ocna5-

. /1 2 6/ 
neHl!e, A05aBnSISI K Bb!pameHIISIM AnSI IIOnSipii3aUIIOHHbiX CHn pa5oT 

0 0 

ADIIOnHIITenbiiblll Ky51I'IeCKIIll 'lneH, l13 Ka'leCTB9IIIIblX COo5pameHIIll SICHO, 

'ITO IIpii yMeHblli9HIIII CBSI31I Me)I{Ay aneKTpOHHblM II IIOHHblM IIy'IKaMII yaenH

'Il!BaeTCSI ycTOll'IIIBOCTb HX B381IMHbiX KOne5aHIIll. 
161

, B 9TOit pa5oTe Mbl 

rroKameM, 'ITO neniineitnoe ocna5neHHe rronSipiiaauHOHHhiX cHn rrpiiBOAHT 

. K cymeCTBOBa!Il!JO Henii!IeitUOit CTaUIIOHapnoit BOnHhl C KOHe'IHOit aMIIniiTyAOit0 

II, rrpii orrpeAeneH!IhiX ycnoBHSIX, - K HeniiHeitHoit cTa51IniiaauiiH. paccMaTpHBa

eMoit HeycTOll'IIIBOCTH, 

4 

1. Hemmeit 

nepeiiii!UeM ypaBJ 

161 
IIOIIHOI'O lliHypoB 0 .I 

a2x 

at 2 

a2x2 

at 2 

iJ2x 

+ 2(/Jo at.ili 

'7 -a 2 ( x -

rAe x "' x2 - x1 , x1 II 

·~. 

HhiX ueHTpoB ~ace ane 

BeCIISI, 38BIICSIIII1Ie OT E 

(JJ 0 - qacToTa o6pame1 

a 
1 

, a
2 

- KBaApaTbi qa 

none' aneKTpoHoB coo'r,e 

HenHneitHoCTh, ,\ 2 

UHOHapHOM COCTOSIIIHII 

ayeT, IIll!eM pellleHIIe c: 

UIIOHapimll: BOniibi 0 C'lHT 

z "' (JJ t ·- nv i rAe 

'lHCnO, nocne HeCnOlliHl 

AnSI BenH'liiHbl X 

d 2 x 

dz2 
+ 0 2 x ·-



~anbie oTmi"'UHI pacnpe

Ka<JecTaeaaoro xapaKTe-

ManbiX paanenennnx ueaT-

Hn, cpaBHHMbie c paaMe-

lfMMeTpnn n coxpaamo

' Mbi y<JTeM aTo ocna6-

6 
/1,2,6/ 

!llbiX cnn pa oT 

b!X Coo6pa)l{eHHfi SICHO, 

If HOHHbiM . ny<JKaMH yBenn

'6/ 
• B aToll pa6oTe Mbi 

:OHHbiX CHn IIpHBOllHT 

~- C KOHe'JHOfi aMnnHT~llOI10 

:Ta6nnnaaunn. paccMaTpnaa-

I 
I 

I 
-I 

1. Hennaefiaan cTaunonapnan aonna 

ITepennweM ypaaaennn nnn· BaanMHbiX Kone6aanfi aneKTponnoro n 
/6/ 

noaaoro waypoB , BBOllSI aenil:ael1aoe ocna6nenne nonnpnaaunoHHhiX cnn: 

a 2x a2 x 2 a2 x 
+..\2 

X (x -px 3 ) {1) + 2cu
0 + cuo = a1 

at 2 at.av av 2 1 

a2x2 3 
{ 2) 

at 2 
= -a 2(x -px )., 

rne X = x2 - x1 , X1 H x2- COOTBeTCTBeHHO KOOpllHHaTb! OTKliOHeHHSI noKanb-
"" 

HbiX ueaTpoB Mace aneKTponnoro n nonnoro wnypoB oT nono)l{eann pasno;_ 

BeCHSI, 3aBHCSIIliHe OT Bpe~eail: H a3HMyTanhHOft KOOpllHHaTb! V 

cu o - 'JaCTOTa o6pameHHSI aneKTpOHOB BO BHeWHeM MarHHTHOM none, 
·t 

a , a - KBanpliTbi <JacToT Kone6annfi aneKTpona B none noaoa n noaa B 1 2 ' 

none· aneKTpoaos coo'rseTcTaenno, p - Koa4!4JnunenT, ·xapaKTepnayiOmnfi 

aennaeftaocTh, ..\ 2 rpannenT. snewnefi 4JoKycnpy!OIUeft cnnbi. B eTa-

UHOHapHOM COCTOSIHHH X 1 = X 
2 

= 0 • Korna BHeiliHSISI tPOKyCHpOBKa OTCyTCT.-. 

ayeT, nmeM pewenne cncTeMbi ypasnennfi { 1-2) B snne Iienilae_ftnol1 eTa~ 

UHOHapHOfi BOl!Hbi, C'JHTaSI , X1 H X2 3aBHCSIIUHMH OT OllHOii riepeMeimoft 

z "= cut - nv i rne cu - aeKoTopan nocTo.naaaSI aennqnna, n ·- uenoe 

qncno. ITocne Hecno)I{HbiX npeo6paaoaannfi na ypaaaeanfi {1-2) nonyqaeM 

lll!SI BenH'Jl!Hbl X 

o, {3) 
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\:, 
\ 

rile 

nz = __ a_l 

( w - nw
0 

)
2 

+ a2 

w2 
IL = p!l2 • (4) 

/7/ 
YpaBnenne (3) - cyTh ypaBnenne nro¢¢nnra n pewenne ero 

x = · Csn [a ( z + h ) , k ] , (5) 

rile C n a h -- aMnnnTyJla n ¢asa, onpeJlenHeMhie ns naqanhHhiX ycnoBnfi, 

a a 2 n k 2 Bhipa)KaroTCH qepes C cneJlyrownM o6pa3oM: 

e = 
pC2 ( 6) 

2 -pC 2 

a z = ( 1 - ~ ) . !}2 ( 7) 
- '2 

- f>ewenne ( 5) n~eeT CMbiCn npn p C 2 -~ 1 • 11cnonhsyHCBoficTBO nepno

·Jln'lnacTn annnnTnqecKoro cnnyca no apryMenTy c . nepnoJlOM 4K ( k ) , 

rile K - nonnhiH annnnTnqecKnfi nnTerpan nepBoro poJla, n Tpe6'yH nepno-

Jlll'lliOCTn pewennH (5) no asnMyTy c nepnoJlOM 2 rr , 

Myn (4) n (7) nonyqaeM )lncnepcnonnoe ypaBnenne 

2 at· n = + 
(w-nwoJ2 

a2 

w2 

.4 

rr2 

ns KOToporo naxoJlnM Benn•mny w • 

K
2 

(k) 

pC ) 
(1- -r 

c noMOllihiD ¢op-

(8) 

IlpaBa51 '18CTh ( 8) MOHOTOHHO B03p8CTaeT OT 1 npn C = 0 llO ·"" 

npn p C2 = 1° • ct>ynKUllH !12 ( w) npeJlCTaBnHeTCSI cxeMaTn'leCKH B Bn)le 
- .... 

ABYX xapaKTepllhiX rpa¢nKoB ( pnc. 2,3). B nepBoM cnyqae nMeeTCH qeThipe > 

TO'lKH nepeceqennH KpllBOH !} 2 ( W ) C npHMOH f( W) = 1 H B03MO)Klibl ne

nnHeHHbie cTaunonapllbie BOnHhi c aMnnnTyAofi C B npeJlenax 0 < C .< _L - -y-; 

6 

-n 

·. 

j 

\ 
... J<~-

t; ~.._~'~vt : 

~--
' . 

f f ~ 

Bo -~TopoM cnyqae Mnm 
; ': \; :: ,_ . .'· .'' . '- .- .·· .. 

: \ • ~ n cymecTsyroT nnwh· TaE 
... ·r ; ~ ~ .•: '· " ·-.,.,.. ~ ~. . -

we MnllnManhnofi, onpeJl 

,4 
!1 2 (wmiri) 

TT 2. 



(4) 

171 
i perneane ero 

(5) 

1 na aaqanhHbiX ycnoBnil, 

)6paaoM: 

( 6) 

( 7) 

Ib3YH CBOHCTBO nepno

nepHOllOM .4K ( k ) , 

poaa, n Tpe6y~ nepno-

" , c noMOllihiD ~op-

. , . (8) 

npn C = 0 ao . "" 

CX9M8Tll'I9CKll B BHll9 
.... 

. cnyqae nMeeTCll '19Tbipe · · 

= 1 H B03MO>KHbl He-

B npe.nenax 0 .< C .< - 1- • - yp 

I'' 
! 
i. 
I 

i • 
I 
I 

I 

I 

1 

I 
I. 

I 

·. 

Puc. 2 

·Pnc.'3 

'-

Bo \hTopoM cnyqa~ MHHllMYM n 2 ( (i)) pacnono>KeH Bblllie, npHMOH £ ( (i) ) = 1 
< ' , .·: -:.~· • • • 

::. -~-n ·cymecTayroT nlirnh TaKne aennaeli:Hbie BonHhi, y KoTopbiX ·aMnrinTyrii,I 6onh-t"f.: ( \ '· 'L io ~. \ • 

rne~-MnHnManhHofr, onpeaenlleMoli: na ycnoBnll 

( 1-
·pC2 

min ) 
2 

( 9) 
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~ 
'\} 

~~ 

. Bbrpameane '.onSI i:>THocnTenbHoro cMemeHHSI .x B cny'lae pC2- k2 .<<1 

n 0 2 (w,;,
1
n)-:: 1 nn6o 0 2

(wm 1n) .< 1 , nMeeT BH.O 

x =-C·sin(wt -nv ), (10) 

r.oe W - KOp9Hb .oncnepCHOHHOr'O ypaBH9HHSI 

2 . . 3 2 0 ( w ) ., 1 +- pC • 
•,4 

( i 1) 

Ecnn C .... 0 , .oncnepcnoHHoe ypaBHeHne ( 8) Jiepexo.onT a cooTBeTcT-
. . . . Ill . · 

Byromee ypaBH9HHe nnHeiiHOii TeOpHH • llame B TOM cny'lae 1 KOI'.08 

nHH9iiHoe· J?8CCMOTpeHH9 .oaeT HeyCTOii'IH.BOCTb1 Mbl nonylJaeM CT8UHOH8pHbl9 

HennHeiiHbi9 BOnHbl KOH9lJHOii aMnnnTy.Oblo 

· B peanbHbiX ny'IKax, r.oe aaKOH ocna6neHHSI nonSipnaaunoHHbiX cnn 

cnomHee, lJeM BbrppaHHbiii B Hameii Mo.oenn; nony'leHHbre a.oecb peaynbTaTbi 

6y.oyT cnpaae.onnBbi .onSI He olJeHb 6onbmnx aMnnnTy.o, Kor.oa a pa3no

m!mnn ci:!n a pSI.O Teiinopa MomHo orpaHn'IHTbcsi Ky6nlJecKnM 'lneHoM. Mom

Ho noKaaaTb,. 'ITO cymecTayroT cTaunoHapHbte aonHbi a 6onee. o6meM cny

lJae, ·~onia nonSipnaauno~maSI cnna npe.ocTaBnSieTcst MOHOTOHHO pacTymeA 

$yHKUH9ii ·u ' (X) • llncnepCHOHHOe ypaBHeHHe .Oml .TaKHX BOnH nMeeT 

BH.O 1 
..;2-17 

"2 

I 
"t 

dx 1 , 

y E - 0 2 ( w ,n)'U(x) 

r.oe E npOH3BOnbH8SI IIOCTOSIHH8SI1 CBSI38HH8SI C aMnnnTy.ooil: BOnHbl 1 

x 1,2 - pelllelinSI ypaaHeHHSI 

E = 0 2 ·u (x) • 

2. PaaanTne HeycToii'IHBOCTH npn Manoil: HanKpHTH'IHOCTH 

PaccMoTpnM paaanTne ao apeMeHn HeycToii'lnBocTn c .y'leToM cna6oii 

HennHeftHocTn nonHpnaaunoHHhlX cnn• OrpaHH'IHBaSicb cny'laeM, Kor.oa aoa-

6ym.oaeTCSI nHlllb O.OH8 83HMyTanbH8SI rapMOHHK8 C HOM9pOM n H1 KpOMe 

8 

-~c:· 

~ 
)J 

~ 
!I 

.'l'Or'01 HHKpeMeHT ~eycTO 

HHIO. C .oeftCTBHTenbHOii. q 

H8.0KpHTH'IH?CTH) 1 BOCIIOl 

YKaaaiiHbie ·. ycnoBHSI peal 

rapMOHHKH 1 KOI'.08 napaM 
.. . . . /.1 21·· 

ycToft'IHBOCTH ' .• TaE 

(~ [ 1+( ~)t/3]2 
· wJ a 2 

. . 
MO)KHOCTb cymeCTBOB8HII 

n ·:;:: 1 cne.oyeT ria pe'ay 

nn~ 'yno6CTB8 B~l~ 
6eapaaMepHbiM aenaaec-I 

. Yn 1 
x 1 , 2 = a 0 e _ul 

r.oe t = w0 t - 6eapaa~ 

'IBnbHblMH OTKnOH9HHSIMl 

Hnii: 
iJ2 Uz . 2y . iJt 
~+ -!1..(-.-

iJr2 w
0 

iJT 

~u -·£ . ....;; 
2 . 

~2 
0 

iJ 2u:z 2yn. au2 
--+- --+ 

iJr2 W0 iJr . 

.2 
f = p a 0 .<< 1. • 

B nnHeltHOM njm6 

nSieTCSI a an.oe: u = 1 

~2·= 

"''·'= n , 



.x·. B cnyqae pC2 -k2 .«1 

l 

( 10) 

( i 1) 

!) nepeXOilHT B COOTB9TCT-

1 TOM cnyqae, Korna. 

bl nonyqaeM CT8UHOH8pHbl9 

nonSipH38UHOHHblX CH1I 

'l9HHble 31l9Cb pe3y1IhT8Tbl 

l(Yil, Korna B pa.3no

Ky6H'leCKHM 'llleHoM, Mo>K

:abi B 6onee o6meM cny-

:si MOHOTOHHO pacTyweA 

lSI T8KHX B01IH HMeeT 

- = 1 

t) 

~ C aMnliHTyllOH B011Hbl 1 

anoi:t H8AKpHTH'IHOCTH 

['IHBOCTH C y'leTOM cna6ofi 

mcb cnyqaeM, Korna Boa-

C HOMepOM n H 1 KpoMe 

~ 
!( 

TOro, HHKpeMeHT ~eycTOH'IHBO?TH ·B 1IHH9HHOH TeOpHII ·y n Man no cpa~He-

HHIO C ll9HCTBHT91IbHOii '18CTbiO ~aCTOTbl KOne6aHHi:t c..l n ( Clly'lai:t M81IOH , 

181 
HallKPHTH'IH?CTH), BocnonbayeMcSI MeTo.ooM KpbmoBa-Eoronro6oBa • 

YKaaaHHhte ycnoBHSI peanHa:rroTcSI 6ea aaewaefi <floKycHpoBKH .onsr. nepBoi:t 

rapMOHHim, Korna napaMeTpbl ny'IKa Bbi6paHbi B6nHaH rpaHHUbi o6nacTH 
' /.1 2/ . ' . 

yCTOH'IHBOCTH 1 
. 1 TaK 'ITO B036y>Kil89TC.II TOllbKO :3T8 rapMOHHKa 

· a · a · t/3 2 ) 
( __:.:.z_ [ 1 + ( ...:::L) ] •;:; 1 , flpH Ha~H'IHH BHeWHei!: <floKyCHpOBKH. B03-

ruJ a2 

MO>KHOCTb cyweCTBOB8HH.II 91lHHCTB9HHOH HeyCTO~'IHBOCTH rapMOHHKH C 

/6/' 
n ·~ 1 cnenyeT H3. peaynhTaTOB pa6oT?I • 

nn~ _yno6CTBa Bb!'IHCneHHi:t B ypaBH9HHSIX ( 1-2) nepeH:.oeM K HOBbiM 

6eapaaMepHbiM HeH3B9CTHbiM: <flyHKUH.IIM U 1, 2 no· <flopMynaM 

( 12) 

rne ~ = ru
0 

t - 6eapa3M9pHOe BpeMSI, a 0 - KOHCT8HT8 1 CBSI38HHBH C. Ha-

'181IbHbiMH . OTK1IOHeHHSIMH, <l>yHKUHH U l,:Z yiJ.oBneTBOpSIIOT CHCTeMe ypaBHe-

HHH! 

.a'ul +'2yrJ..( aul+.~)+2 a:zul + a:zui +~(y:+al+>-'J.'ul 
ar2 (l)o ar av, ari)v av 2 

(l) 0 ' 

2 Yn 
--r 

ruo 
-'=L u 

. 2 2 
ruo 

(13) 

':z 
E = p a 0 « 1 • 

B nHHeH:Ii:oM npH6nH>KeHHH ( E = 0) · peweaHe cHcTeMbi ( i3). npencTaB-

u 1 = cp 1 cos r{l,; + ¢ 2 ·sin r{l n. 

( 14) 

;...· n v · 
7 

9 

; 



~ 

I'.!l9 ¢yHKUHR if> 1 (d = l,2,3, 4)'- npoH3BOnbH09· H~TpHBHanbHOe 'peiii9HH9 . 
. - - ·-.·:· . ,' ;·,: 

CUCT9Mbl. anr,e6paiitJ9CKHX ypaBHElHHti: 

, ·[y!+at+,'NJ -(run~nruo)2]if>z+2yn(run-nruo).¢2-at¢3=.0 ( 15.1) 

., 

-2y (ru ~nru j ¢ +[y2+a +.\2 -(ru -nru ) 2 ]¢-a ·cp =0 •. (15 2) n . n 0 · 1 n 1 · .. n . 0 2 .~ 4 • 

-a2¢t + (y! +a2 -ru2;,) ¢3 +2ynrun¢4= 0 ( 15.3) 

- a2¢2.- 2y~run¢.3+ ( r!'+a2 -ru~) ¢4 = o. ( 15.4) 

11s . ycnoBUSl · · cymecTBOB8HHS1 HEtTpHBH8nbHOro peiii9H.HS1 9TOti. CHCT9Mbi 
• . ' '" • . ll 

nonyqaeTCSl nncnepcnoaaoe ypaaaeane, npencTaBngromee co6oii o6bitJHoe 
c . . . . /~/ 

-nncnepcuonnoe ypaaneane nnnetinoii Teopnn ,naKoToporo naxonSITCSl 

aenntiHHbi y n n (jj 
n 

at . . + . a 2 

( ru -nru ) 2 -y2 -.\2 
. n 0 n 

(jj2 -y2 
n n 

+' 

• 2 ,. ' . 

,4yn lil nJru n -nru oJ . = 1 

[ ( ru n-nru cl2-y~ -.\2] (w~-y~ 

(ru- nru ) (y2-~2 +a) +ru [y2-(ru .;..nru l2+a +,\2] ...,o·. 
n 0. n n 2 n· n n 0' 1 

( 16) 

Panr M8Tp~Ubl, . cocTaBnennoii na K09cpcpnunenTOB CHCT9Mbi ypaanennii ( 15). 

paaen nnyM, noaToMy nne cpyHKUllii liS >'!eTbipex ¢ 1 Bb!6nparoTCS1 npona;.. 

BOnbl!O. npennonax::aSl,. ~TO. KOM6HH8UllOHHbi9 ~8CTOTbi1 COCT8BneHHb!9 ll3 

·, qacToT nnyx ycToiitJri:Bi:.xx u aaiyxaroureii aeTBII Kone6aimii He connana10T 

c qacToToii . ru , J!meM peiiie.Hm! nennnetinoii cncTeMbi ypaanennii ( 13), 
n . 

cnenyH MeTony KpbinOBa-Eoronro6ona, B i:mne: 

u 1 = C ( (J) { ¢ ·z cos [ t/1 n + a ( 0) ] + ¢ 2 ·sin [ t/1 n +a ( 0) ] I H ~ ( C, t/Jn , t) 

( 17) 

u = C(O) ·sin [tfr +a(O) ] + ( u (C, t/1 , t) 
2 . . · . n .. 2 n 

rne (J = f r , C II a - ~ennenno MeHSiromnecH 6eapaaMepaaSI· aMhniiTy-

na n ·¢aaa Kone6annii, ¢z II ¢2 - peiiienng anre6panqecKoii CIICTeMbi 

10 

\ .. 

J 

' I 
! 

... 

nnnetiaoro npn6nn~eang; 

aTOM liln 
¢1 '= 

a.2 

11aM9H9HH9 BO Bp9M9HH a; 

· dC 
ueunti --- = f A (C, .0 

dr ·· · 

~ =£ B (C, (J; 
dr 

· . rne cpyHKunn A · n ·-n ua 

CHCT9M9 ypaBH9HHti ( 13) ~ 

n'o.!lCT8BUM Bbipilmel 

aMnnnTy.!lbi n cpaabi no cpo 

MBnOCTH .no f ~. npn y< 

6biCTpbiX oc~nnnSiunti ;.py~ 

lloMnomaSI .. nonytieHHbie··Yl . , . ' 

npn cpnKCHpOBSHHOM V 

neHHIO no tfr n • Tpe6y 

neM acnoMoraTenhnoe pa 

ypaaaennii, · nonytJaiO.IIIIIXC 

BOnbHbiX KOHCT8HT E z ,:J, 

HIISl TaKOii CllCT9Mbi. neof 

MaTpiiUbt coananan c pal 

cnyqae paBHSlnCg ABYM• I 

a2 (Ez f/>2 + E2if>z 

a2 (E2¢;- Ez¢.z) 

B .·ycpenueuaoti. CIIC 

U 
2 

ponb KOHCT8HT l. 

nopSI.!lKe no f npn no 

qnel!bl YAOBneTBOpSlnH Ct 



i ,I 

iTpnBnanbHoe pememm 

( 15.1) 

( 15,2) 

o. ( 15.4) 

pem_eHIJSI -9TOii- CHCTeMbi 

momee co5oii o5bztiHoe. 
' ' ' 

H3KOTOporo H8X0JlSITCSI 

( 16) 

cncTeMbi ypaBHeHnii ( 15), 

S 1 Bbi5nparoTcSI npona~ 

OTbi;' COCT8BiieHHbie H3 
' ' ' 

me5aHHii. He COBIT8Jl8IOT 

licTeMbi ypaBH.ennii ( 13), ' 

( 17) 

~-- 5eapaaMepnag aMnnnTy

re5pan'IecKoli CHCTeMbl 

nnHeiiHoro npn5nn*enng; Mbi nono*nnn anecb ¢ 3 = 0 ¢ 4 = i , npn 

aTOM 
2 2 

Y n·-w n +a 2 
(18) ¢ = 

1 a:z 

HaMeHeHne BO BpeMeHn aMnnnTYJlbi n ¢aabi onncbiBaeTCSI cncTeMoli ypaB-

dC 

dr 

da 

dr 

=! A (C, 0 ) ( 19) 

=£B(C,O), 

· . rne ¢yHKUHII A · n B naxoARTCSI npn BbiAeneHnn ceKynstpHbiX 'IneHoB B 

CIICTeMe ypaBHeHHii (13), 

_ 00ACT8BIIM BbiPil*eHHSI ( 17) B ( 13) 1 3aMeHHM npOH3BOAHbie OT 

aMITniiTYAbl H tP83bl no ¢opMynaM ( 19) II orpaHH'IIIMCH nepBbiM nopSIAKOM 

ManocTn .no £ • npn ycnosnn ~ « 1 9KCITOHeHUII8nbl 38 BpeMSI 
.. Wn 

5b!CTpbiX OCUIInnHUIIii ¢yHKUllii . u-; ll U 2 CyuteCTBeHHO He MeHSIIOTCSI, · 

JloMHO*BS! nony'IeHHbie. ypaBHenng · Ha cosr/1 n n ·sin r/1 n , ycpe.nnHeM nx 

npll tPIIKCllpOB8HHOM V ITO 5biCTpOMy BpeMeHH 1 'ITO COOTBeTCT~yeT ycpe.n-

HeHI!IO no , Tpe5yeM qrpaHn'IeHHOCTll ¢yHKUIIii u . 
1 II • npoae-

neM BcnoMoraTenbiioe paccMoTpeHne HeonHopo.nHoii cncTeMbi nnneiiHbiX 

ypaBHeHnii, nony'IaromnxcH npn no5asneHHll B npaBbie 'IaCTH ( 15,1-4) npoHa

BOnbHhix KOHCTaHT E 1 , 2 , 3 , 4 • KaK naaecTHo, ,nng cymecTBOBaHHSI peme

HHH TaKOii CHCTeMbl He05XOAHMO ll AOCT8TO'IH01 'IT05bi paHr pacmnpeHHOii 
/9/ 

M8TpllUbl COBna,nan C paHrOM MaTpl!Ubl CHCTeMbl ( 15) _ , T,e, B. HallleM 

cny'Iae paBHHnCH .nByM, 0Tcrona nony'IaeM ycnoBHSI cymecTBOBanng pemeHl!H 

( 20) 

B ycpe.nneiiHoii cncTeMe nnneiiHbiX ypaanennii .nnn ¢yHKunii u 1 ll 

U 
2 

pOnb KOHCT8HT E I BbinonHHIOT ·. ;neHbl1 OCT8IOIUl!eCSI .B .irepBOM .. 

nopR.nKe no £ npH no.ncTaHOBKe (17)a ( 13). 0oTpe5yeM, 'IT05bi aTH, 

qneHbl y,noBneTBOpHnll COOTHOUieHHSIM ( 20), 

11 



1\ L 
' ~ 
t~ .. 

J1s' nony'IeHHhiX TaKHM o6paSOM ypaBH9HHll: HaXOJlHM BenH'IHHhl A H B 

21::!!:.. 
A = - C 3 _1_ e c<ro F(Ci.l~•Yn) 

(L)Q 
2Y, T 

2 2- n 
B = _ _J_ ~ (yn+Ci.l~2 e --;;;;;-{ 2c12Ciln 

16 (L) Q 
[(Ciln-nCiJ oJ2-y~ -,\2] + 

Cil
0

, a] CiJ -nCiJ 
n - 0 

{ 21) 
+ ( (L) 2 + y2 .) 2 

n n 

2 2 2 
.3 (Yn +Cil J · 2 2 2 2 2 2 2 

F (Ci.ln•Yn) = .32 3 {8a2YnCi.ln- (Ci.ln+Y;,) (yn-Ciln+ a2) I. 
'YnCiln a 2 

0TMeTHM, 'ITO <PYHKUHSJ A BeerJla OTpHUaTenbHa B eHny BhUIOnHeHHSJ 

JlHenepeHOHHOrO ypaBH9HHSJ {16), noneTaBnHSJ {21) B {19) H HHTerpHpySI 

nonyqeaaoe ypaBHeHHe e Ha'IanbHhiM yenoBHeM C (0) = 1 , HMeeM: 

c 1 

F(Ci.l y ) 2Yn r V 1 + ( n n ( e c;r:- -1) 
Yn ° 

TaKHM o6pasoM, aMnnHTyna Kone6aHHll: a HSM9HSieTeSJ no saKOHy 

a 
aoe Ynt 

\}1+£ F(Ci.lnYn) (e2Y"t-1) 

Yn 
.. 

{ 22) 

( 23) 

HeeMoTpSI Ha Manbrll: napaMeTp E , KoacpcpHuHeHT npH aKenoaeuuHane 

B fl0JlKOp9HHOM Bh!pB>K9HHH MO>KeT 6h!Tb ropasno 6onbUie 9JlHHHUhl 0 T,K, 

F(Ci.lnYn) Ci.l; 1 

,_, 

--- - --
2
-.>> 1 , noaToMy sa BpeMeHa t aKenoaeauHanb-

Yn Y n Yn 

Hblll: poeT aMnnHTYJlhl npeKpai:naeTeSJ, H OHa BbiXOJlHT Ha nnaTo, JlOeTHrBH 

BenH'IHHbl 

12 

\ 

2yn 

(L) 
n 

(~)3/2 
(L)2 

n 

rne 8 - pasMep Manoro 

npH oTcyTeTBHn BH 

KOne6a.HHSI ny'IKOB n'epeXI 

K aenHHefiaoll: Bonbe e Mi 

, . ( a 
'eHpOBaHHOrO ny'{Ka. -

a2 

CiJJ=CiJo·=.a2, 

H aMnnHTyna BenH'IHHhl 

.4\}.L (..!:1 )1/6, 
. p a2 . c 

MHHHManbHaSI aMnnHTyn~ 

B 2\}2 pas MeHbUie npel 

TOTbl BOnHbl npH HaChiiii€ 

HOeTbiO JlO MHO>KHTenSJ n 

B enyqae nepeKoMr 

Yn 1 yenoBHe -- << , een 
Ciln 

8SHMyTe, noaTOMy nepei 

npH yepenaeHHH 6yneM e 

Torna eoxpaHHIOTeSJ Bee 

BeTeTBYIOIIIHX cpopMynaX 



IJlHM Benn'IHHbi · A M B 

_n _ [(QJ -nQJ )2-y2 -A2] + 
n 0 n 

( 21) 

oHa B CHny BbinOnHeHHH 

21) B (19) H MHTerpnpyH 

?(O) = 1 , IIMeeM: 

( 22) 

eHHeTCH ITO 38KOHy 

( 23) 

~uneHT npn aKcnoaeaunane 

I 60libiiJe e)lHHHUbi1 T,K, 

1 
·aKcnoaeaunanb-

Yn 

)JlHT aa nnaTo, nocTnraH 

2yn (_2)3/2 
(Ll (Ll2 

n n 

rAe o - pa3Mep Manoro ce'!eHnH ny'!Ka, 

Opn oTcyTcTBnn BHeiiJHefi !jloKycnpoBKH B acnMnToTnKe B3aMMHhie 

Kone6aHHH ny'IKOB nepexoJlHT B aennaetl:uyro cTaunoaapuyro Bonny, 6nn3KYIO 

K aennaetl:aofi Bonae C MaKCHManbHOfi aMnnnTynofi. B cn~'lae aenoKoMnea-

(~ « 1) 
a2 

cnposauaoro ny~Ka 

QJ 1 = QJ o =.a 2 

n aMnnnTyaa senn'IHHbi x 2 - x 1 npn6nn:meauo pasua 

4y .2.... ( ~ )z/6 8 • (24) 
. p a2 

MnanManbHaH aMnnnTyna x uennaefiaofi CTaunouapaofi sonHhi npiiMepno 

B 2y2 pa3 MeHbiiJe npeAenbHofi aMnnnTyJlhi ( 24). H emiaefiHbifi CJlBIIr 'lac-

TOTbl BOnHhl npn H8CbiiUeHIIH Kone6aHHfi H CTaUHOHap.HOH COBITaAaiOT C TO'I

HOCTbiO AD MHO:mHTenH nopstAKa e)lllHllUbi, 
. a2 

B cnyqae nepeKoMneacnposaaaoro ny'IKa ( --u:-; « 1 ) aapyiiJaeTcst 

Yn 1 ycnosne -- << , ecnn ycpenaeane BecTn no-npe:mueMy ua nocToHHHOM 
(Lin 

a3nMyTe. noaTt:iMy nepetl:neM K uosotl: yrnoBofi nepeMeuuotl: v '. = v +' (Llo t 

npn ycpenueann 6yneM C'IHTaTb v '· = canst n npon3Be)leM· 3aMeHy x 1 t x 2 • 

Torn; coxpauHIOTCH Bee pe3ynbTaThi · np.eJlhiJlYIUero cny'laH, ecnn B cooT

seTcTByromnx !jlopMynax 3aMeHIITb ~ ... ~-
a 2 az 
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BimaocTb aMnnnTyJlbi ycTaaosnsmnxcSI Kone6aanii n aMnnnTYJlbi eTa-
. a 

unoaapaoii son.Hbi coxpa.HSieTCSI n. B npoMemyTotiaoM cnytiae · --2 - - 1, 
a.z 

Dpime,aeM · Bbipamennst ilnSI· acnMnToTntiecKnx aaatieHnii aMnnnTyJl npn 

uannqnn suernaeii ljloKycnpoBKn. B. npeaenbHOM cnyqae HeJloKoMneucnposaa

uoro nytiKa nMeeM anst wn = nw 0 -.\ 

y, . 
2y a a ~v.---

... max(x2.-x.1) = n 
2 .[1- 2 ]y....§.o, (25) 

~ 
·3p 

· (nw -.\/(1- .J. 2 ··crru -->../(1-.1 .Jnw~->..)~1 ) -
. 0 ·2 0 . 2 v .. 

... · .· .\~ · : .\a 2 

. a 1 

·.anSI nepeKoMneacnposaaHoro ny'!Ka 

max(x2-x1 ) 

y, 
. .2yna.:z 

( a 2 J/J [1 
a
1
-;;;;; [(nwj

2 
.... .\2]4/3 

a:z. ...y, 
. ] 8 

( a
2 

:z/3 . v- 0 
a1nw} [(rruo/-.\2]'~13 3p 

Ha o6mero BbrpameHnSI anSI aMnnnTyJlbi Kone6aanii npn Hacbruteann, 

a TaKme pa3nll'!Hb!X 'l8CTIIb!X npnMepoB ( 24-25) BllaHo, 'ITO OTHOille!Ine 

aMnnnTyJlbi K xapaKTepiioMy paaMepy nytiKa coaepmnT Manbril: papaMeTp 

_IE_ ll TaKHM o6pa30M MomeT 6b!Tb JlOCTaTO'l.HO Manb!M, 
w 

n 

Bb!BOJlbl 

Hennaeil:aoe ocna6ne!Jne nonSipnaaunoHHbiX cnn npn paaaeneHnn noKanb

HbiX Ue.HTpOB MaCC aneKTpOH.HOI'O ll HOHHOI'O lliHypoB, KOTOpOe JlOnmHO HMeTb 

MeCTO JlnSI peanbHb!X nytiKOB, npllBOJlllT K HOBb!M a<f>ljleKTaM no cpaBHe.Hnro . 

c nnHeil:Hou Teopneil: HeycTofiqnaocTn Tnna uaMeiiKn'. DoSIBnsteTcSI aennaeii

Hast cTaunouapaast aonaa aame Toraa, Koraa cooTBeTcTayro~ne aoaMyute.HnSI 

14· 

t 
I ". 
1 

. a nnaeil:aoil: · Teopnn Hapac 

npn6smmeann . B03MOmaa a. 

npeaenb~i.re··aMnnnTyJlbr_ N. 

'IIIBb!X BeTBeH Kone6aHHH 

cnn npnBOJlHT K aennaeiia 
• • "• c •• ""! 

TYJlY nOCTOSIHHOH BO Bp~M 

Kpbrnoaa.:.Boromo6oaa, ,a' 

aaeT co aaatienneM caanr 

~pn6nil~eann. 

. He;rcTOH'IHBbre ·Konel 

aeil: ljloKycnpoaKn nepexoa 

K MHHHManb.HOil:, 

Dpri aann'IHH BHeiDHI 

B aenn,aeuaoM pemnMe .Ta 

aa . apeM~Ha nopSIJlKa o6pa 

TaKne me_ peaynbT~Tbr. 6br 

tiHH aaernHeil: ljloxycnpoaKn 

OJlHHO'l.Hb!X rapMOHHK, .Hac 

apeMeaa n He conpoBO)KJll 

TaK~~ o6paaoM, 6n 
CTH p~3BHTHe ee .He Belle 

aneKTpO.H.HOI'O H HOHHOI'O 

. Cnyqafi, KOI'Jla napa 

Ta'ii'!H~OCTW (~T.H~CHTenbH 
eTCSI MHoro rapMo.HnK), 1 

B aaKnroqeane aaTo: 

<PTH AH YCCP n HT8<P 

•· 



:· 

e6amdl: II aMnnnTyllhi eTa-
.· .. a 

HOM cnyqae · -· - 2
- - 1, 

a. I 

ax snaqeniifi aMnniiTyn npn 

:nyqae nenoKoMneacnpoBan-

re6aniifi npii naCbiiiieniiii, 

BllllHO, qTo OTnollleUIIe 

~P*IIT Manbtlt napaMeTp 

HO' ManbiM, 

IIn npii pasneneniin noKanh

'PpB, KOTOpOe llOn)KnO. IIMeTb 

a<f><f>eKTaM no cpaBuenmo . 

tKn'. · TiosmmreTcst uenHuefi-

TBeTCTBY!Oi!llie BOSMymeniist 

' ' 

B niinefiuofi 'TeopiiH napacTaiOT, TipH Manofi, nanKpiiTIIqUOCTII B ·OilnOMOilOBOM .· . 

npH6niime-~IIH BOSMo)Kna n_ennnefinast cTa6nnHsauHst miycTofiqiiBOCTII, np~qeM 

npenenh~bte ·~MnniiTYilbi_Manht no cpaBnenli!o. c pasMepoM ny:'~Ka.· .llnst ycToil:

qnBbiX BeTBeil: Kone6anHil: .·niiileil:noil: Teopn~ ocna6nemi~ · nonstpii3auiiOHHbiX 

cnn npiiBOiliiT K nennnefiuoMy: CllBIIry qacTOTbi Kone6aniiil:, ocTaBmist aMnnii-
' ' ' 

Tydy ·.nocTostnnoil: B.o BpeMenii. GllBIIr qacToTb't,. Bbtqucnennhtil: _no ·MeTonr . 

KpbinOBa-Eoronro6oBa, · B nepBoM nopstll~e .no napaMeTpy ManocTII · coBna- . 

~:taeT co snaqenneM CllBIIra nennnefinofi cTauiionapnofi BonHhi B ·aToM )Ke 
' . ' 

· npii6nn*eunii. 

Heyc~oil:qJIBbte Kone6anJIS1 B pe)KJIM'e naCbiiUenJist IIpJI OTCyTCTBIIII Bnelll-' ·. 

nell <f>oKyciipOBKII nepexonstT B .Heniinefinyro Bonny c aMnniiTyno~, 6.rinsKoil: 

K MHnJIManbHOfi, 

TipH nanJiqJIII Bne111nefi <f>oKyCIIpOBKII neyCTOifqiiBOCTb SaKpbiBaeTCS1 

B nennuefiuoM pe*li.Me TaK*e np~ cpaBniiTenhuo Manon aMn~IITyne Kone6annn 

sa . BpeMena nopstnKa o6paTnoro HHKpeMenTa nnnefinofi Teopnii~~- KaqecTll_enno 

TaKne · *e pesy11hT~Thi 6bmH nonyqeHbi B _aKcnepiiMeuT/ 
101

, rne npn ~ann
qnn Bnellinefi <t>oxyciipoBKII na6.rironanocb nocnenoBaT~~hnoe Bos6ymneiiiie 

OllHnoqHbtX rapMOHIIK, naCbiiiieHIIe KOTOpblX npOHCXDilHnD sa oqegb KOpOTKIIe. 

BpeMena II ue conpoBo)KJlanocb noTepeil: qacTJIJl ns nyqKa, 

TaKHM. o6paaoM, 6naronapsr nemmeltnoil: cTa6n.rinsaunn neycTofiqiiso-' 

CTH p~3BIITJie ee He BeneT K nepexony napaMeTpOB nyqKa ( JIH.Te~CJIBHOCT~tl: 

aneKTpOHHoro JI IIOHHOrO.IIY'IKOB) B o6nacT:b nnnefinotl: ycToil:qJIBOCTH, 

. Gnyqail:, Korna napaMeTpbl Bbt6panbi naneKO OT rpaHJIUbl o6naCTJI yc-
,. >• ' 

Ta'tl:qJIBOCTW ( oTnDCHTenhnbttl: .. JIHKpeMenT BenJIK JI OllHOBpeMeUHO B036y)K/la-:-

eTCSJ M~oro rapMoHIIK), HY*IlaeTc_st B nono.Ji'niiTenhnoM paccMoTpennn. 

B SaKnroqeuiie aBTOpbl 6naronapstT yqacTUJIKOB ceMJIUapoB OHMY. o~um, · .. · 
4>TI1 AH YCCP n 11T34> sa o6cy)KJleHnst n nonesHbte saMeqannst, 
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DperrpHHThl H coo6me 
HMHOr? o6MeHa,yHHBepcn 
aaytJHhiM rpynrraM n OTllE 

.. DonytJaTenHM H3llaf!H 
SIBHTb nanuHaTnBy B 6ecn 
o6MeHa npnHHMalOTCSI' Ha: 
ny6nnKaunn no TeMaTnKe 
' E.rinHcTBeHHhiH BHll.'I 
STO perrpHHThl ( OTTHCKH C' 

,e pSine cnytJaeB Mhl 
6onee KpyiiHhiM rronytJaTe; 
cnaTb:HaM K8KHe-nH60 KH 
:lKypHanbi1 H3lla!OlllH8CSI B .1 

11anaTenbcKHH oTnen 
COB Ha Bh!CblnKy H3ll8f!Hil: 
YK83biBaTb. RHJl8KC aanpa 

DnCbM8 rr·o BCeM • BOI 
oTnenbHbte nanaHHSI cnenyc 

Anpec llnSI IIOChinKH 
6ecrrnaTHOn IIOlliiHCKH Ha J 


