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I . 

Borrpoc Oo Yllep)KBH!Ui IIOHOB B IIOTeHUUanbHOfi SIMe an~KTpOHHOI'O crycT

Ka rrpu ycKopeHuu rrocneaHero IIOCTOSIHHhiM aneKTpuqecKuM rroneM pemeH pa

H:ee /1 ~ , H KapTHHa IIOBelleHHSI HOHOB C~OllHTCSI K cnellyiO!IleMy: IIOll llefiCT

BHeM YCKOpS!IO!Iler'O nonS! .paBHOBeCHOe nono)KeHHe ~OJieolr!OlllHXCS! B noTeH- . 

UHanhHOfi S!Me HOHOB CMe!IlaeTCSI B CTOpOHy, npOTHBOnOnO)!{HyiO · YCKopeHHIO 

aneKTpOHHOI"'O cryCTKa, BenuquHa STOI"'O CMe!IleHHSI 38BIICUT OT BenuqHHhl yc

KOpS!!Olller'O nonSI, Tpe5oBaHue, qro5hr HOHhi ocraBanucb B npeaenax noTeH-. 

UHanbHOfi S!Mbl C a!fl!fleKTHBHbiMH nOCTOSIHHbiMH paGM~paMH "b" (B CUCTeMe· 

Ko.opauHa r, ~lle aneKrpoHHhifi crycToK noKoqrcSI), npnBOllHT K . c_neayiO!IleMy 

. · · orpaHuqeHHIO Ha BenuqHHy crarnqecKoro 

E <-1- bm 0 2
• 

CT, 2e l 

yCKOpS!!O!Ilei'O. nonSI: .. 
(1) 

. 3necb m l - norrepeqHaSI Macca aneKTpoHoB, 0 - qacrora Kone5a.Hufi iwHOB 

B noTeHUHanhHOfi S!Me B CIICTeMe KOOpllHHaT aneKTpOHHOI"'O cryCTKa, Pac-

.. CMOTpHM, K8K HGMeHSIIOTCSI 9TH peGynhT8Thl 1 ecnu BpeMSI aefiCTBHSI aneKTpu-. 

ti:ecKoro nonSI KoHeqgo u paBHo T (B. co5crE.eHHofi cucreMe. Koopl:mHaT) •. 

ByaeM cquraTh llBH)KeHue uoHOB B co5cTBeHHofi. cucreMe. KoopauHaT HepenSI

. THBHCTCKHM , H OTKnOHeHHSI. 4-MeTpHKII OT 9BKnHllOBOfi, Bbl3BaHHOfi yCKOpe

HHeM, ManhiMR,. Toraa. ypaBHeHHSI llBH)KeHHS! .HOHOB MO)!{HO CBeCTH K ypaB

HeHHIO rapMoHuqecKoro ocuunnSir.opa ( CM, patSory /2 I),. u OHH 5yayr nMe:t'h . . . 

BUll (anSI npocrorbr n·peanonaraeM, qro aneKrpnqecKoe none OllHopoaHo n 
t ' 

nOCTOSIHHO BO Bp.eMeHH): 
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0,5t:;:: T,. •• ' e I z+Oz=--E· 
m.l . '·· 

t> T , ·.;. + 0
2 

z = 0. (2) 

3JleCh z ....; oTKnoaeane HOHa OT ueHTpa cnn crycTKa. Ha'lanbHhie ycnoBHSI 

(npH t ,;0 . ) 3anHIUeM B T8KOM BHJle: 

z
0 

=a b sino, z
0 

·=abO coso·, (3) 

.. 
I'Jle ·a - OTHOCHTenhH8SI aMnnHTyJla, 0 ·- lfla::ia KOne6aHHSI Jl8HHOI'O HOHa · K 

MOMeHTY BKniO'leHHSI · :aneKTPH'leCKoro nonSI. TorJla npH 0_:::: t::::, T . peiUeHne 

rrepBOI'O 1'!3 ypaBHeHHii (2) 3~U~HWSM B BHJle: \ 

z =- p 0- cosO t)+a b coso • sinO t+ a b sino·. cosO t 

eE 
p= {12 

ml 

If pellleHHe BTOpOI'O ypaBHeHHSI (2) 6y'JleT: 

z =A sin n t + B cos f! t , t > T •. 

(4) 

(5) 

nocTOSIHHbie A H B orrpeAenSIIOTCSI 1'!3 ycnOBHSI · HerrpepbiBHOCTH •. z H z· 

npn t = T COOTBeTCTBYIOWHii pe3ynbT8T Bbii'nSIJlliT TaK: 

A =.ab coso-p sinO T, 

B=absino· +p (1-cosOT), 

H Kone6aHHSI HOHOB B o6nacTH, rAe :aneKTpH'lecKoe none nepecTano AeiicTBo-
' 

BaTh, OIIHCbiB8lOTCSI Bbip8)KeHHeM: 

t ~T, z ,:.'(a b coso-p sinOT) sinO t+( a b sino +p-p cosO T) cosf! t (6) 

EcnH. BpeMSI AeiiCTBHSI IIOnSI cpaBHHMO HnH 6onbme nepHOJla KOne6aHHii HOHOB 

B IIOTeHUHanhHOii SIMe, TO ·ycnOBHe yJlep)K8HHSI HOHOB B rrpouecce ycKopeHHSI, 

4 

r 
i ' , 
1 

I 

:-

ecnn ·a<< 1 , CBOAHTCSI K (1). llpn Ha'lanbHoit. ·.aMnnn 
'· . ' ' . " .. 

.b ,· AnSI P8::JHbiX HOHOB (pa3Hbie. 0 ) ycnOBHe yJlep)Ka. 

. BeHHO, ·Il~II'nSIAeTb. rro-pa3HOMy. 

llOCMOTpHM, 'ITO H3MeHHTCSI,. ecnH BbiiiOnHeHO ycnOBJ 

IIpH6nH)K9~HSI, .KOTOpoe. Mbl 38IIHW9M B BHJle: 

HT << 1. 

Ycn~Bue (7) 03Ha'laeT, 'ITO· BpeMSI JleiicTI3HSI ycKopSIIOu 
. : 'L"- ' '.. . . • • 

MeHbWe nepHOJla KOne6aHHii HOHOB B nOTeHUHanbHOit SIMe 

H3. Bblp.8)K9HHSI ( 4), 'ITO 38 BpeMSI AeitCTBHSI IIOnSI HOH npa 

HHT CBOei'O nono)KeHHSI OTHOCHTenbHO UeHTpa noTeHUHan~ 

IIpH06peTeT Jl06aBO'lHYIO CKOpOCTb B HanpaBneHHH
0 

npOTHBC 

HHI0 0 IIpH6nH)KeHHO paBHYIO 

. 2 
I z I = o :T < p -.a b sino > . 

Kone6aHHH HOHOB nocne KOHUa AeiiCTBHSI nong onHCbiBaiO: 

IIPH 0 T<<1 • HMeiOrueit BHA: 

t ·> T, z =('a b coso- p 0 T) sin 0 t +'a b sin o • cos 0 t 

Ecnu OIISITh rron.O)KHTb ·a<< 1 

B BHJle 

, To Terreph .rrony'lHM ycnoBH 

PoT< b 

HnH B 6annHCTH'l9CKOM IIpH6nH)K9HHH: 

2 
. 2 I -E --. 

E <.LbmlO OT- cTnT ·6 e 

TaKHM o6pa3oM, JlonycTHMoe none B :aToM cny'l~e B 0~ 
'leM BenH'llt:Ha :CT8TH'leCKOI'O. (HnH KB83HCT8TH'leCKOI'O) II 

llpeAC~a~nSieT HHTepec paCCMOTpeHHe. BOrrpoca 06 YAE 

. II9pHoaifqeCKH nOBTOpSIIOIUeMCSI B03JleiiCTBHH KpaTKOBpeMeHH 

ro nonSI, 'ITO HMeeT npSIMOe OTHOWeHHe .K peanbHOii yCTa~ 

.5 



(2) 

TKa. HatianbHbie ycnoBHSI 

(3) 

JneoaHHSI A8HHOPO HOH8 K 

' npH O_s: t ::;, T . pemeHHe 

\ 

(4) 

(5) 

I ·Henpepb!BHOCTH ' Z H Z 

liT TBK: 

none nepecrano AefiCTBO-

cosO T:) cos (l i (6) 

nepHOAa KoneoaHHH HOHOB 

JB B npouecce ycKopeHHSI, 

I 

I, 
i 

l 

\, 

ecnH . a« 1 . cBoaHTCSI, K ( 1 ). ; Ilpu Ha'lanhHofi.-aMnimTyAe, cpaBmiMofi. c 

h !lnSI P8:3Hb!X uo.HOB (pa3Hb!e, a ) ycnOBHe ynep:»<aHHSI 6yAeT, ecTeCT

BeHHO, .~~IPnSI!leTh no-pa3HOMy. 

IT OCMOTpHM, 'ITO H3MeHHTC511 • ecnH BbinOnHeHO ycnOBHe. oannHCTH'IeCKOPO 

npH6nu~el!HSI, KoTopoe. Mbi 3anumeM B BHne: 

UT << 1. (7) 

YcnoBHe (7) 03Ha'laeT,. 'ITO. BpeMSI AefiCTBHSI YCKOpmomePo nonS! ropa3AO 
> \_ ~ - • • ' - • : • 

MeHhlile nepHO!la KOneoaHHfi HOHOB .B noTeHUHanhHOH S!Me. HeTpy!lHO BH!leTh 

H3 Bblp.a:»<eHHSI ( 4) 1 'ITO 38 BpeMSI !leHCTBHSI nonS! HOH npaKTH'IeCKU. He U3Me

HHT CBOePO nonome·HHSI OTHOCUTenhHO UeHTpa noTeHURBnhHOH S!Mbl
1 

HO 38TO 

npuoopeTeT !lOOaBO'IHyro CKOpOCTh B HanpaaneHUHr npOTUBOnonO:»<HOM yCKOpe

HUID, npHonu:»<eHHO paBHyro 

2 
I z I = n 'T ( p - a b sin a ) . 

(8) 

KoneoaHHH UOHOB nocne KOHUa !leHCTBUSI nonS! onHCbiB8IDTCSI <jlopMynofi (6) 
1 

npH n T«l ' HMeromefi BH!l: 

t •> T, z =(a b cos a- p n. T) sin n t + a b sin a . cos n t 
0
•(9) 

EcnH onSITh nono:»<HTh a<< 1 . , To Teneph nony'IIIM ycnoaue ynep:»<aHuSI uoHoa· 

B Blf!l9 

P n T < b 

E < . .L b m 0 2 _1_. = E - 2- • 
. 6 e .l n T · cT n T ( 10) 

TaKiiM o6pa30M, AonyCTHMOe none B STOM cnyqae B n~ 

'leM BenH'IIiHa CT8TH'I9CKOPO (Hnli KB83HCT8Tii'le~KOPO) nong. 

pa3 6onhme, 

Ilpenc;:Ta~nSieT HHTepec paccMoTpeHu~. Bonpoca o6 ynep:»<aHnli UOHOB npH 

nepHOaH'IeCKii nOBTOpSIIDllieMCSI B03JleHCTBHH KpaTKOBpeMeHHO~O sneKTpU'IeCKO

PO nonS!, 'ITO UMeeT npSIMOe .OTHOlileHue K peanhHOfi ycTaHOBKe, ·. Hcnonh3YID-
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(-

meii l:tnSI YCKOpeHHSI aneKTpOHHOI"O Cf'yCTKa C HOHaMH CHCTeMy pe30HaTOpOB, 

By~eM C~HTaTb, ~TO B npouecce ~BH*9HHSI B C06CTB9HHOii CHCTeMe KOOp~H-
. . ' 

HaT aneKTpOHHOI"O cryCTKa ~aCTOTa KOne6aHHii HOHOB 0 'ae M9HSI9TCSI · (aTO 

, : 3H8'IHT, 'ITO llpHM9HSI9TCSI TaKaSI tPOKYCHpOBKa; KOTOpaSI COXpaHSieT pa3Mepbl 

. llOT9HUHaJibHOii SIMbl B C06CTB9HHOii CHCTeMe KOOp~HHaT), IJepeiiaeM B CHC

TeMy OTC'leTa, CBSI3aHHYID CO Cf'yCTKOM, QqeBH~HO, OHa 6y~eT COBna~aTb 

c Menn;posoii 12i aa y'laCTKe ~eiic.TBHSI aneKTpu'lecxoro nonSI H c nopea-

' uesoii, xor~a noiie pasao aynro, By~eM C'lHTaTb TaK*e, 'ITO B na6opaTopaoii 

CHCTeMe ~JIHHhl y'laCTKOB yCKOpeHHSI paBHbl H fiOCTOSIHHbl (HanpuMep, 383Q-

pbl peaoaaTopos). : . 

<l>opMyna ~nSI npupocTa y npu npoxo*neHHH naHaciro ycxopgromero z . ·. 

yqacTKa B na6opaTopaoii cucTeMe .TaKosa: 

e Ek 
(11) Y .= V 1+(a TJI+ yy 2 

k• k k-1 
) 2 a 

-1 • k 

m .I.e 

h 
T =n c 

-~nuTenbHOCTb neiicTBHSI nonSI B na6opaTopaoii cucTeMe. Ecnu· 

y2 ·>> 1 
k-1 

, TO H3M9H9HH9 y 

~y =y -y. =a T 
k k k-1 k n 

Bhtpa*aeTCSI npocro: 

(12) 

Ilpu Hanucaauu ( 11) Mhi npennonaraeM, 'ITO B o6meM cnyqae HanpSI*eHHOCTb 

. aneKTpH'leCKOI"O llOJISI Ha pa3HblX y'laCTKaX M0*9T 6hiTb pa3HOi'!, HO B. npe

nenaX OllHOI"O·y'laCTKa llOCTOSIHHa BO BpeMSHH H npocTpaHCTBe, llnHTSJlbHOCTb 

uMnynbca s co6cTseHHoii cucTeMe pasHa (eM. /21): 

c T d T ak T n "' T n' 
T =J =1/a ·fn (1+ --) = --
. k o y + a T k y Y k- 1 

k-1 k k-1 ' 

akTn 
H ---«1 

(13) 

I 
cosnanaeT c $opMynofi To ecTb npu ycnosuu y 2 ·>> 1 

. k-1 
. ; . I . y k-1 

o6hi'lHoro iiopeHuesa npeo6paaosaHHSI. 

Tenepb Mhi MO*eM c¢opMynupos.aTb aatta'ly cnenyromuM o6paaoM: Hail-

TH saxoa nsn*eHuSI uoHoa np!i:.'neplionu'lecKoM. sci3neiicTsun yxaaaHHoro Bhi

me nonSI H_ ycnOBHSI, npu KOTOpbiX HOHbl. He BbiXOllSIT 3a npenenhi noTeHUHBn'b

HOH SIMhi a'nexTpoaaoro crycTxa. MaTeMaTu'leCKH, npu cnenaHHhiX npe.EJ.nono

*eHuSix, ·aanaqa CBOllHTCSI K peiiieHHID, ypaBH9HHSI 

6 

i 
r 
! • ., 

'[ 
i 

··~ . . I 

II' 

! 
I 
,J 

1 .. 

\r{. . ).; 
) 

j 

r 

·z· +02 
z .::-f(t ), 

.rne f(t),.!~ HM99T npuMepHblH BHll, llOKa3aHHbiH Ha 
m 

:1 

I " I " I " • t 

PRe. 1. 

P as.iiO*HM npasyro 'laCTb ( 14) s uHrerpan <t>ypbe, Torn a 1 

HafiTu pemeHue nocne aexoroporo qucna uuKnos .n 

k-1 

·' 2 · .n · +. -lw ! T C 
'z+O z=-1- ~fk r.lc . &t . 

-IW Tk '' lwt 
(e -l)e dw 

2rr i k=ot """" w 

4acTHoe pemeHRe aeonaoponaoro ypasaeauSI (15) · MO*fiO npE 

ne: 
k-1 

1 n , .+oo 1 iW(t-Tk'- ~ Tf) 

zn"'-.- ~ ·fk J ---- Lc · · t=o~ 
2rrt k=l ...oo w(02 -<U 2) 

k-1 
IW(t- ~TO) 

f:1L 
-e 

I'"!'! 

BKnan ,B HHTerpan (16) naroT noniOChi no~HHTer'panbaoro Bhl 

IJpH' y'leTe KOH9'IHOI"O; 3aTyXaHHH, HM9IDIII9f'O MSCTO .B P.«;E 

HeTpyllH() ycTaHOBHTb, 'ITO OHH · CM9III9Hbl BB9j)X :or. ll9HC.TBll 

KoHKpeTHOe Bbl'lHCJ19HH9 3aBHCHT OT .. Toro, B KaKOH o6naCTH 

pusaeTCR pemeane. Ilpu L > n~l T + T 
. k=1 k n 

HHrerpan B 

nocpencTseaao c .noMOllibiD TeopHH Bhi~eToa' npu aaMbiKaHH~ 

KOii nonyoKpymHOCTbJ?. B ~epXH~ii 'nonynnOCKOCTH. KoMu'neK 

STOM HMSeM: 
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~H ·CHCT~MY pe30H8TOpOB, 

~BeHHOH CHCTeMe KOOPLIH

B 0 He MeHsieTCSI (aTO 

opaSI coxpaHSier paaMepbi 

IHH8T) • nepefineM B CHC-

01 oHa 6ya,eT coBnaaaTb 

[eCKo~o nonSI H c nopeH

KJKe, 'ITO B na6opaTOpHOH 

·ostHHhi (HanpHMep, aaao-

m LI8HHP~O ycK~pSIIOIIIe~o 

(11) 

JaTopHoii CHCTeMe. EcnH· 

>CTO:· 

(12) 

3M. cnyqae uanpSilKeHHOCTb 

6hiTb .Pa3HOH, IIO B, npe

JCTpaHCTBe, ,UmiTellbH06Tb 

·,·., 

( 13 ), 

coBnaaaeT c 4JopMynoii 

;neayiOIIIHM o6pa30M: Haii

nefiCTBHH. yKaaaano~o Bbi

r aa npeaenbi noTeHunanh

npH caenaHHbiX npeanono-

':l. + 0 2 z ,,: - f (t ) • ,(14)' 

.~Lie f(t)= .:~ HMeeT npHMepHbiH BHLI, llOK838HHbiH Ha puc. 1, 
ml 

lcfJ 

t 

Pac. 1. 

P aa.lxolKHM npaByiO qacTb ( 14) B HHTerpan ct>yphe, Tor a a nony'IHM, JKenaSI 

HaRTH peiiieHHe nocne HeKOTOpO~O 'IHClla Ul!KliOB n 

k-1 

.. 2 .I ·n ~j I -lw ~ r c 
z+O z=-- ~fk -c lht · 

217 i k=t -oo w 

-IW Tk ' lwt 
(c -l)c dw. ( 15) 

., 
4aCTHOe peiiieHHe HeOLIIIOpOLIHO~O ypaBHeHHSl ( 15) MOlKHO npeLICTaBHTb B BH-

::-•" _, . 
ae: 

k-1 
lw(t- ~ re) 

lht 
-e ] dw. (16) 

. BKli8LI B HHTe~pan ( 16) LI810T llOliiOCbl llOLIHHTer'panhHO~O BbipalKeHU~ · W"' ± 0 • 

npH y'IeTe KOHe'IHO~~ 38TyXaHHSI, HMeiOIUe~o MeCTO B p~allbHOH CHCTeMe,, 

HeTpyAH() ycTaHOBHTb, 'ITO OHH CMeiiieHbl BBepX OT AeHCTBUTellbHOH OCH W. 

KonKpeTnoe Bbl'IHCneHHe 38BHCHT ,OT TOI'O, B KaiWH o6naCTU .t paCCMaT-

· n-1 
PHBaeTCSl pemealie. npH l· > ~ T + T 

· ""'' k n 

HIITerpan Bbi'IHCnsteTCSI ne-

nocpencTBenno c noMOIIIhKi T~opHH Bbil{eToB · npH aaMbiKaHHH KOHTYP~ nane

K()fi llOliY()KPYlKHOCTbiO B BepXHeH nonynnOCKOCTH KOMlllleKCHbiX W npn 

9TOM JIMeeM: 
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l n . 0 T k . , k-1 
z =---I. f sin--·- sinO (t- I.r - T /2)· 

n 0 2 k =1. k 2 ~ . &1 e ,k (17) 

n-1 n-1 ~~. 
Ecna k~ 1 rk +T •> t> .I. rk , To B HHTe'rpane (16) rrpenhillyriiaSI rrpo- · 

- " k=1 -- - - -
Uenypa H9IIOCpe,llCTBeHHO He IlpOXOllHT, npome BCei"O Bbi'IHCnHTb IlpOH3BOll-

HYIO OT Hero IIO BpeMeHH, 
k-1 

• n -too -iw(I.r k-1 
l(t)=...l..I.r f l L' f=1et'Tk-t> tw<t-I.rr> 

2rr k=l k-oo n2 2 e -e &1 
u-w 

] dw. (18) 

B HHTerpane' ( 18) BCe tineHhl CyMMb! 1 KpOMe k =n~ 1 Bbi'IHCnSIIOTCSI TaK )1{9, 

KaK. nnn HHTerpana (16), B cnai'aeMhie c k=n naeT, KaK nerKo BHJleTb, 

BKnan TOnbKO BTOpag 9KCIIOH9HT8 B IIOllHHTerpanbHOM Bbipa)KeHHH. B peaynh

·TaTe Bbi'IHCneHH:ii HeCnO)KHO rrony'IHTh: 

, n-1 _
1 

k-1 £
0 

n-1 

Ht)= .1_ I. f [sinO(t -Tk- ~ rr )-sinO(t- I.rr )]- -sinO(t-I.r ). 
o k=t k £=1 &1 o k=1 k 

(19) 

BbiiiOnHSISI HHTei'pHpOB8HHe IIO BpeMeHH OT 0 llO 1 nony'IHM 'l8CTHOe pe-
' n-1 n-1 

weaue (15) B o6naCTH I. r k + T > t ·> I. rk : 
k=1 n k=1 

. fn n-1 2 n-1 OTk· . T k-1 
z =--- Ll-cosO (~- I.r J 1--I. f ksin --sinO ( t-i- I. T e>· 

n 0 2 .· . k=1 0 2 k=1 ' 2 2 r =1 
(20) 

nonaoe peweHae aana'IH rrony'IHM, rrpuoaBHB K (17) H (20) o6wee peweaue 

Oll!IOPOllHOI'O ypaBHeHHSI, Y'IHTb!B8IOWee Ha'lanbHb19 ycnOBHSI BH,lla ( 3): 

z = a b cos 8 • sin n l.+ a b sin 8 • cos 0 t • .. ( 21 ) 

I / 

.npu n=l rrony'leHHhi:ii pesynhTaT, ecTeCTBeHao, CoBrranaeT c (4) H {6). 

H OBOe B BOIIpOCe 00 ynep)K8HHH IIOHOB IIO CpaBHeHHlO CO CBOooJ:iHhiJi.m 

KoneoaHHSIMH (21) ,[la!OT BhJHY)Kll9HHhie KOneoaHHSI ( 17) II (20). nerKo' y6e

JlliTbCSI, 'ITO· OTKnOH9HHSI HOHOB B oonaCTII BHe ne:ii:CTBHSI sneKTpli'19CKOI"O 

IIOnSI ( 17) Ilp9Bb!W8IOT OT.KnOHeHHSI BO BpeMSI ne:ii:CTBHSI IIOnSI (20) 1 rrosfoMy 

Jl0CT8TO'IHO HCCnenOB8Tb peW9HH9 B ¢opMe (17), 

,, 

/ 

Bo~hMeM rrpaKTH'IeCKH B8)!{Hbi:ii cny'Iait 6annHCTH'IeCJ 

OTk 
KOI'll8 << 1 , · TOI'lla IlpH6nH)KeHHO· MO)KHO H8IIHC8T 2 . . 

l n k-1 
z "' - - .I. f T sin 0 ( t - I. T - T I 2 ) 

n n k=1 'k k £=1 e k • 

nepBbi:ii C&'lali. 1 KOTOpbili. Mbi paCCMOTpHM IIpH 8H8nJ 

)1{9HHSI (22) 1 OTHOCHTCSI K Bapii8HTy yCKOpSilOWe:ii CHCTe!l 

cnenoBaHHSI HMrrynbcoB rronn B co6crBeHHOli. cucTeMe KOO 

H paBeH T , 3TO 3H8'1HT1 'ITO B naoopaTOpHoli. CHCTeMe 

ycKopSIIOmeli. cacTeMhi yBenH'IHBaeTcSI rrporropunoaanhHO .po• 

n 
Tk=ryk. 

HeTpynao rroKaaaTb, 'ITO HaaMeHbwrie a6coniDTHhie aaa'l 

IlpHHHMaeT IIPH ycnOBHH 1 'ITO IIepHOll cne,llOB8HHSI HMIIynhCO 

noBHHe rrepaona HOHHhiX Kone6aaali. 

0 T = 11 ( 2 m + 1) , m = 0, l , ... 

neli.CTBHTenhHO, eCnH 

L f k T k = f T = const , 

TO 

"' fT n 
z n =-0·k~t sinG ( t-( k-l)r) =- fT . o 

n-1 
sin 0 ( t '- -- T ) 

2 
Or 

·sin2 

npa0r=2mrr B (25) HM99TCSI pe30H8HC H Z 
n 

c 

MHHHManhHaSI aMrrnaTyna Kone6aaali. z llOCTHI'aeTCSI 
n 

fT 
H paBHa ± ~ , npa 'leTHb!X n ¢yHKUHSI Z n paBH 

Z .
0
'), a II pH H9'19THbiX OTKnOH9HH9, HOHOB C' y'leTOM H8'1 

HMeeT BH,[l: 

z 
2m+.1 

eET 
(ab cos8 ---.- )sinOt +ab sin8· cosU t 

m:l.O 



(17) 

·pane (16) npellbillYiilBSI npo- · 

BC9I'O BbJqHCn!iTh llpOH3BOA-

k-1 
t>(t- ~ re> 

&1 ] dw. (18) 

, 0 , Bbiqu_cnSIIOTCSI T8K lKe, 

A89T 1 K8K nei'KO BHA9Th 1 

hHOM BhtpalKeHHH; B peaynh-

( 19) 

t' , nonyquM qacTHOe pe-

T k-t 
nO(t-.;,l.- ~re). 

. 2 e =' (20) 

(17) H (20) o6mee pemeHHe 

bl9 ycnOBH SI BHll8 ( 3) ! 

. (21) 

10, boBnat:taeT c ( 4) H ( f>). 
> CpaBHeHHIO CO CB060AHbiMH 

lSI ( 17) H (20) o nei'KO y6e-

A9_HCTBHSI ~neKTpHqeCKOI'O 

!HCTBHSI nOnSI (20), ~03TOMY 
~. 

/ 

BoabMeM npaKTHqecK~ BalKHhiH cnyqafi 6annucTuqecKoro npu6numeHHSI, 

. nT 
KOI'A8 __ k_ << 1 , · TOI'Aa npH6nHlK9HHO MOlKHO HanHC8Thl 

2 . 

, 1 n k-1 
z "' - - -~ f T sin 0 ( t - ~ r ....; T / 2 ) 

n n· k=l 'k k £=1 ·e k ~. 

nepBbiH cnyqafi, KOTOpbiH Mbi paccMoTpHM npH aHanuae o6mero Bbipa

)KeHHSI (22), OTHOCHTCSI K . B8pH8HTy YCKOpSI!OIU9H CHCT9Mhl 1 KOI'A8 nepHOA 

cnet:tOB8HHSI HMnynhCOB nonSI B co6CTBeHHOH CHCTeMe KOOPAHH8T ilOCTOSIH9H 

H paBeH .T · • .3To 3H8qHT, qTo B na6opaTOpHOH CHCTeMe KOOpllHH8T nepHOJl· 

yCKOpSIJOIUefi CHCT9Mbl yBenuqHB89TCSI nponopUliOHanhHO pOC:fY Y 

(23) 

HeTPYAHO noKa3aTh, qTo HaHMEHihiUHe a6conJOTHbie aHaqeHHSI tPYHKUHSI z 
n 

npHHHM89T npH ycnOBHH, qTo nepHOA cne)lOB8HHSI HMnynhCOB nonSI KpaTeH no-. 

nOBHHe nepHOAa liOHHbiX Kone6aHHH 

Q T = IT ( 2 m + 1) , · m = 0, 1 , .. , 

nefiCTBHTenhHO, ecnH 

1. f kTk =fT=const, 

TO 

.. fT n fT 
z =-- ~ sinQ (t-( k-l}r) =--

n Q k=l n . 

.. (24) 

n-1 n 
sin n ( t- --r )sin- Or 

·. 2 2. 
. Or (25) . 

sm 2 
npu Or= 2m IT B (25) HMeeTCSI pe30H8HC H zn c poCTOM n pacTeT. 

MHHHManhHaSI aMnnuTyAa Kone6aHHfi .z n llOCTHI'aeTCSI npH ycnoBHH (24) 

fT 
H paBHa :!: Q . npu qeTHb!X n tPYHKUHSI Z n paBHa eynro ( TaK~e H 

Z ·n'), a npH · HeqeTHhiX OTKnOHeHJie HOHOB . C · yqeTOM HaqanhHbiX KOne6aHHH 

HM99T BHll! 

. ·· eET · 
z = ( ab cosO - --- ) sin n t +a b sin a. cos Q t 

2m+,1 m n 
. l 

(26) 



I• 
i 

q ,, 

". 

d 

T.e. COBIIat:~aeT C (9). cflR31I-iecKH 8TOT. pe3y.llbT8T SICeH: IIpH flOCTOSIHHOM'. 

n:Mnynbce t:~eiicTayromeii canhr oT6pocbr aoHoa Ha · Ka~t:~OM ycKopSiromeM yqacT

Ke oJimiaKOBbi, R IIpR 'leT HOM 'IIIC.Ile RMIIy.llbCOB (24) IIOI'amaJOT t:~pyr t:~pyra. 
Ha He'leTHblX y'laCTKaX KapTM:Ha IIOBTOpSieT pe3y.llbTaT rrepaor.o RMIIy.llbCa. 

2. f = f = const • 
.k 

B aToM cnyqae c y'leToM (12) a (13) t:~nSI z n . Mo:tKHO Hanaca Tb:' 

_ IT 11 n -sin!l(t-(k-1)r) 
z ;::; ___ ,I 
. n. n k=1. h 

Yo+ a- k . . c 

. (27) 
r 

BaeaeM t = (n -1) T+ T .+ !'-. t ' ,!'-. t MeHSieTCSI OT 0 ]:10 r- T n 
n • Toraa 

n 

z =.-_£_I 
n a!l k=1 

sin!l(!'-.t + Tn+nr-kr) 

k+ Yoc 
na 

f 
=--sin!l( f'o.t+ T. ); cos!lrk 

a!l n +nT "' k=1 k Yoc + -.---
h a 

n sin!lrk . 
.+ __ £ cos!l(!'-.t+ T,:+nrU\+ ~ 

a!l ha 

(28) 

Mn:HHManbHhie aaatieHRSI (no a6conJOTHOii aenR'IIIHe) Bbipa~eHRSI (28) coana

aaroT c MIIHHMyMaMH cyMM B rrpaaoii '18CTII. HeTpyaHo ycT~HOBiiTh, 'ITO nep

BaSI CYMMa RMeeT MRHRMYMbl IIPII ycnOBRR (24) 1 BTOpaSI npa. 8TOM paBHa 

Hynro. TaKaM· o6paaoM, n:MeeM 

k 
n+1 n (-1) 

z = (-1) 
. f 
---sin(!'-.t+ T ) I y. c 

k+ _o_._ n an n k=1 

ha 
npa 60.IlhiiiRX. n cyMMy B (29) MO)KHO OUeHRTh TaK: . 

n 
-~ 

k=l 

k 
(-1) 

k + Yo c 
h·a 

Yo0 _ 

h·a 
I X 

~of l+x 

Yoc ---t 
-I 

ha . 
ha 00 e ha 

dx - -- = J dt - ---- • 
yoc o l+e-t Y(jC 

(29) 

I. 
(30) 

. y c 
E cna ...:...!L._ ·>> 1 

ha , TO MO)KHO IIHTerpa.ll B (30) 3aMeHM:Th II8pBblM '11leHOM 

h·a 
, R OKOH'laTe.llhHO. . ero aCRMIITOTR'leCKOI'O pa3110)KeHRSI1 paBHbiM 

2yoc 
rrony'IIITb: 

n £To h 
z ~ (-1) -- sin !l ( !'-. t+ T ), T = -

;, 2!1 n o cy
0 

(31) 

10 

... 

TaKRM o6pa30M, aCRMIITOTR'leCKOe_ 3Ha'1eHae z n 

'!eM cor-nacHo (25). 

B STOM < 

HaKoHeu, paccMoTpRM Haa6onee RHTepecHhiii cnyqafi, Kor. 

]:IOB8HHSI IIO.IlSI B na6opaTOpHOH CHCTeMe IIOCTOSIHeH II paBeH r, n 
. ' ' , -~ . . 

npn: STOM _B C06CTB8HHO:fi,-CiiCTeMe OH 'II3MeHSieTCSI o6paTHO II) 

y 

r 
n r =·-~ . 

k yk. 

\ 

cflopMyny (22) nepenn:llleM, 

n-1 

BBeasr t=!'-. t + T +I r 
n •1<=1k 

n-1 . 

cosn <g_~ r r..,. i'k /2> £Tn 
z =---sin n ( !'-. t + T 

n 

I 
n n n k=1 

. Y0 +~k 
c 

£T n 
-·- cos !l ( !'-. t + T ) I 
. n n k=1 

n-1 

sin !l ~k 'C - Tk/2) 

Y. +~k 0 . c 

n 

TotiHoe rrccne.aoaaHn:e aToii !flopMynhi B03MO)KHO .llRIIIb 'lacneHH 

OaHaKo B · RHTepecyromeM Hac acn:MIITOTII'lecKOM cnyqae, III 

MO)KHO caenaTb p~m Ka'leCTBeHHblX 38K11I0'1eHRH. 

flpii 60.IlhiiiiiX n . rrpeHe6pe)KeM II~pBbiM '111eHOM B ( 3~ 
!}r « 1 
• n 

, BO BTOpOM '111eHe 38M8HIIM CyMMI!pOB8HHe IIO n 

HII8M,· npli 8TOM, C'lliTaSI, 'ITO \,_ 1<< T n- 1 , B COOTB8TC1 

a apryMeHTe sin · npeHe6pe*eM . T /"2·. 
0KOH'1aTe.llhHO IIOC.Ile HeC.IlO)KHbiX' Bb!K118]:10K IIO.Ily'IIIM OU8l 

£Tn 1 . !l~ Yn . 
z =- -·- -- t 1-cos --- Cn --], 

n !l Ur aT y n n o , 

Y =Y +a (n-1). · 
n 0 

TaKHM o6paaoM, rrocne 6onhiiiOro tiHcna n:Mnynhcoa nonsr aMii 

]:leHHbiX KO.Ile6aHUH IIOHOB He rrpeBOCXOJ:IHT 
. ··~ ' 

lz~L_< _2_1 z61 =I z CT I 
!lrn 

Tn 

r 
·n 

11 



~· 

lT · s:rceH: npH nocios:rHHOM '.· 

t~~oM ycKops:rromeM yqacT-

4) IIOI'8lll8IDT ~pyi' ~pyt'a, 

IbTaT nepsot'.o HMnynbca, 

MO~HO H8IIHC8Tb! 1 

' (27) 

~0 r- T n Tot'~a 

(28) 

n sinOrk 
UH+ T .+nrl:£1---· --. 

n bk+ ~ . 
ha 

Bb!p8~9HHSI (28) COBIIa-

~HO yCT8HOBHTb 1 qTo nep

' BTOpas:r IIpH. 8TOM paBHa 

(29) 

tK! 
0 . 
~t 
2 . . 

ha 
--dt---. 
t Y(iC. 

(30) 

8M9HHTb nepBblM qneHOM 

, H oKoHqaTenbHO. 

(31) 

! . 

TaKHM o5paaoM, acHMIITOTHqecKoe 3HaqeHIIe z n 

iJeM COI'nacHO (25), 

B 8TOM cnyqae M9Hblll9 1 . 

HaKoHeu, paccMoTpHM HaH5onee HHTepecHhifi cnyqafi, KOI'Jla nepiiOil cne

~oriaims:r nons:r B .na5opaTopHofi c;IIcTeMe. nocTos:rHeH II paBeH r, n. II f k =f=const. 

Dpii 8TOM B C05CTB9HHOfi CIICTeMe OH 'II3M9HSI9TCSI o5paTHO nponqpUIIOHanbHO 

y 

r 
. n 

r k= --. 
y k 

fTn · 
.Z = - --sin 0 ( 1'1 t + T 

n· 0 n 

fT n n 

-·-cosO( 1'1 t+ T ) :£ 
. 0 n k=1 

n-1 

n-1 

BB9~SI t=f'1t+Tn +:£rk 
; k=1· 

sin 0 ~k rc - Tk/2) 

Y. + .!u:.... k 
0 c 

. (32) 

! . 

ToqHoe HCcne~oBaHIIe aTofi tjlopMynhi B03MO~Ho nulllb qiicneHHbiMII MeTOJlaMH, 

0~H8KO B HHTepecyiOIU9M. HaC 8CHMIITOTHqecKOM cnyiJae, 11pH . 5onbllUiX n 

MO~HO c~enaTb p~~ K8'19CTB9HHbiX 3aKniO'l9HHfi, 

flpn 5onblliHX n npeae5pe~eM nepBbiM qneHOM B (33), cquTas:r, 'ITO 

Or « l 
• n 

, BO BTopoM qneae aaMeHHM cyMMHpoBaHIIe no n HHTerpupoBa-

HHeM,· DpH aToM, cqHTaSI, qTo \,_ 1<< r n- 1 1 B COOTB9TCTBYI01IIIIX qneHaX 

B apr-yMeHTe sin · npeae5pe~eM T /'2. 
-"·--· 0KoHqaTenbHO nocne Hecno~HbtX· BbiKnallOK nony'liiM oueaKy: 

fTn 1 . O'n y n .
1 z = - -n-- ---· ll- cos --- Cn -- , 

n u Or . aT y n n o , 

Y n =Y o +a (n -1 ) .. 
{34) 

TaKIIM o5pa30M 1 nocne 5onblliOI'O 'liiCna HMIIynbCOB IIOJHI 8MIInHTYil8 Bb!HY~":" 

~9-HHb!X KOne5aHHfi IIOHOB He npeBOCXOAJiT 

lz,.l_<-2-!z5! ;=jzCT I 
· Orn 

(35) 
r 
·n 

11 
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. \ eE · · 2eE 
3.uech cornacHo (1 ), 11 (9), I z ol =- T 11 I z CT:1 = -·-2 . 

. m. n n ; m. n 
~ ·~ J 

l1 ccne.uoaaHIIe !flop~ynhi ( 33), B TOM qncne. qllcneHHhl~ll M~TOMMII, .IIOKa3hi-- .. 

. BaeT, qTo Z n - B 06IIIeM cnyqae lPYHKUIIH rrepiiO!lllqecKag, llpll ,9TOM1 ecn11 

n ·>> I , To MaKCI:IManhHag aMrrniiTy.ua ee 'oqeHh xopoiiio cornacyeTcg c (35). · 

Tipu ManhiX n aMJJniiTy.Ua Z n rrpeBOCXO!lll; (35•) He 6onee, qeM ~ y2 
pa3, 

0TCIO.Ua cne.uyeT Ba)KHblll B rrpaKTII'IeC;'(OM OTHOIIIeHIIII BhiBO!l
1 

'ITO llpll 

IIOCTOgHHOM B na6opaTOpHOH CIICTeMe llpOCTp~HCTBeHHOM rrepiiO.Ue yCKOpgiO

IIIero rrong II n T k <<I OTKnOHeHIIe IIOHOB Mefibiiie, qeM B CTaTIIqecKOM cny-

r· _n_ 

Tn 
- "CKBS>KHOCTII" YCKopg!OJUe.fi CIICTeMbl, qae B OTHOIIIeHIIU 

ABTOp 6naro.uapeH A.B. KysHeUOBY sa rrone3Hhle o6Cy)K.UeHIIg pesynh-... 
TaTOB p_a60Tbl, 

nnrepar.ypa. 
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