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Ill u 

naHHaSI pa6oTa SlBliSleTCSl IIpOLlOmKeHHeM npeLlbiLlyiUelt H B nanbHeH-
111 

meM CChiJIKH Ha Hee 6ynyT o6oaHa'l:aTbCSI npocTo KaK • Bee o6oaHa'l:eHHSI 

COBII8Ll810T C IIpHHHTb!MH paHee. 

§3. Bbi'l:HcneHHe nMnenaHCOB B peaoHaHcHoM cnyqae 

Ill 
B Mhi Bhrnennnn rrpononbHYIO HeycToi1qnaocTb oTpnuaTenbHOH MaCChi 

K8K a<fl<fleKT, .HMeiOIUHH MeCTO 1Ip.H LlOCT8TO'iHO 60llbliiOM paaneneH.HH rapMO

HHK qaCTOThi o6paiUeHHSl 'i8CTHU (.H 'i8CTOT IIOlleH B03MyiUeH.HSl) II C06CTBeH-

HhiX MOLl KOne6aHHH KaMepblo 

Tencpb Mhi paccMoTpiiM npoT.HBorronO)!(HbiH npenenbHbiH cnyqar':i 6nwaocTH 

K pe30HaHcy, T8K 'ITO BbiiiOliHSleTCSl yCliOBHe, o6paTHOe ( 1.2.1): 

_I_Im_n_l_» I,\' z - n 2(3 z_b_z_l. 
npo R2 

( 3.1) 

nw
0 

PaccMoTpHM naa KpalfHHX cnyqaSI: p 
0 

<< n H p 
0 

» n . KaK· BHnHo 

H3 <flopMyllhl ( 3.1), rrepBOMy CliY'i810 COOTBeTCTByeT 6liH30CTb IIY'lK8 K 

CTeHKe H OTHOCHTCllbHO 60llbliioe paaneneHHe pe30H8HCHbiX liHHHlf. BTopoii: 

cnyqaJt MO)!(eT BCTpeTHTbCSl, eCliii IIY'iOK HaXOLlHTCSl naneKO OT CTeHKH KaMe-

3 



pbi, rrpn aToM peaoHaHCbi BeCbMa 6nnaKn npyr K npyry. CMbicn TaKoro 

paaneneHHH COCTOHT B TOM1 qTo B rrepBOM cnyqae BpeMH p83BHTHH Heyc

TOiiqHBOCTH MHOrO 6onbUJe BpeMeHH rrpOXOlKll9HHH CHrHana OT rryqKa no 

CT9HKHo BO BTOpOM Cnyqae HMeeT MeCTO OOp8THOe ycnOBHe. 

OyqoK B6nH3H cTeHKH 

B aToM cnyqae B !f!opMynax ( 1.1.20) n ( 1.1.22) nnH nMrrenaHCOB 

onHoMy 

Torna, yqHTbiBaH, qTo lmO <<ReO, ReO= ncf3 

6yneM nMeTb: R 

E - CnOH H KOnbU8 MO*HO OCT8BHTb no 

E - cnoii 

NZ(O,n) = I61la ci3R 
0 ImO 1;"2 f(n); 

KOnbUO 

pe30H8HCHOMY qneHy. 

H rp(A' ),.,...!!..._ 
Ill> 2 ' 

( 3.2) . 

( 3.3) Z( 0, n) =- (277)s (l+i)R 
Ob 2 13 

• f( n) • 

v!.l.m.O....! 
ReO 

3necb B COOTB9TCTBHH C ycnOBHHMH ( 1.1.23) BM9CTO Q(r) Bb!OpaHa 

!flyHKUHH 
8(r -R) 

r 
<l>yHKUHH f( n) 

f( n) = 

onpenenHeTcH TaK: 

nJ' 2 (A' .!L) 
___ n_ n_po;,....;;b;.__ __ 

J 2 (A')(l-~) 
n np0 A, 2 

npo 

B6nH3H cTeHKH, KaK Y*e ynoMnHanocb, n 

( 3.4) 

nocTaToqHQ BenHKH1 H MD*-

HO nonb30B8TbCH acnMnToTnqecKnMH npencTaBneHHHMH !f!yHKUnii EeccenH, 

4 

--

\' 
.. 

'

;·n. 
.' ! 

~-
:) 

I'' \ .. ~ 
}:~· 

. ~: 

--~-.t·.·,_·. , . . , ~ : 

.1>:'' 
, .. ..., t 
': ,. 

. ~-'.· . 

.;~ 
:~ 
;» 

~ 

i 

/2 
apryMeHT H HHlleKC KOTOphlX BenHKH H 6nH3KH npyr K llpyry 

TH BHCTCKHX nyqKOB l3 "' 1 H B CHny ycnoBHH pe30H8HC8 ( 3.1 

-hyHKUHH Eecc enH A ' ..&. • n Q <l>yHKilHH ( 3.4) To rna aeneT 
"' npo b '"'· 
nyiOIIlHM o6pa30M: 

b 
R 

f(n) -n 4/3 

f(n) -nll/ae -2n/y
3 

OyqoK naneKo oT cTeHKH 

npn 
3 l«n«y, 

n»ys. 

Opn 6onbrunx p , Korna aneKTpOHbi apamaiOTCH naneKo o 

BenHK01 pe30H8HCHbie nHHHH 6nH3KH npyr K llpyry H BKm 
b __ .,. 

6ynyT naBaTb MHorne cocenune peaoHaHCbi. B npenene 
R 

ce6H KaK B cso6onHoM npocTpaHcTse. PaccMoTpHM aTm BeneT 

nepexon nnH Han6onee nHTepecHoro cnyqag TOHKoro aneKTpoHI 

AHanna 6yneM nposonnTb, ncxonH H3 o6mero Bbipa*eHHH ( 1.1 

HO y6ellHTbCH 1 qTo npn : , CTpeM~IIIeMCH K oeCKOHeqHOCT 

BKnaJl. B CyMMY ( 1.1,20) ll810T OOnbUJHe 3HaqeHHH KOpHeii !flyHK 

nH, T.e. 6onbiiiHe 3HaqeHHH p • Torna B ( 1.1.20) MO*HO neJ: 

.cyMMHpoBaHHH K HHTerpnposaHniO, nono*HB A .. A ' .. "P • 
• np np 

PacKnallbiBaH npn aToM TaK*e :9KcnoHeHTbi B ( 1.1.20) n< 

nopHnKa no az , no_nyqnM HMnenaHc 
~ -.2~2.---

8 
3 17c rrJ2 (77p..!)y-u-~p2 2 2 

Z( n ) _ 17 { [ n b c2 R 0 
u ,n --,;-- +---

0 o' p c2 

5 

J ,2("P R)": 
n r 

2 2 
vo b -772p 

c2 



IHaHCbi BeCbMa 6nH3KH apyr K apyry. CMbrcn TaKoro 

B TOM 1 qTo B rrepBOM cnyqae BpeMR pa3BHTHSI Heyc-

6onLrne BpeMeHH rrpoxo~eHKR cHrHana oT rry'iKa ao 

cnyqae KMeeT MecTo o6paTHoe ycnoBHe. 

CTeHKH 

e B <jlopMynax ( 1.1.20) K ( 1.1.22) am1 KMrreaancoB 

a MOMHO OCTBBKTb ITO O.QHOMY 

TO Im n « Re n ' Ren = n c {! 
R 

(U,n):: l61la cfJR 
n Imn t;2 f(n); 

3 

pe30H8HCHOMY 'ineHy. 

K ¢(A' ) ... ....!L 
IIIJ 2 ' 

( 3.2) . 

(2rr} (l+i) R 
) =- t3 

Ub
2 

--- f(n). 
( 3.3) 

v' I ..l.m.U_ I 
Ren 

BHH C ycnOBKRMH ( 1.1.23) BMeCTO Q(r) Bbr6pana 

orrpeaenHeTcR TaK: 

n J ,2 p.' .!L) 
---"- "._Po;..._;;.b __ ( 3.4) 

( n) = 
2 2 

J (A' )(1- -"-) 
n npo A, 2 

npo 

KaK yMe yrroMKHanocb, n LIOCTBTO'iHO BenKKH1 H MOM-

CHMITTOTK'ieCKKMH rrpe.QCTaBneHKRMH <jlyHKUKA EeccenR1 

4 

~ 

Wi· ..... 
.,,$:~-. 
~ I 

,. 

;ft 
:l~-
,,4 
.-f:{ 

' ,.~ 

" .. ~; 
'''lC\!;'' 

' :~_:;rt ,. I 

·:..:' 

·t ',;1·;· 

·~' 
~ 

/2/ 
apryMeHT K KH.IleKc KOTOpbiX aenKKK H 6nH3KH apyr K apyry • DnR pensr-

THBHCTCKHX IIY'iKOB fJ "' 1 H B CHny ycnOBHSI pe30H8HC8 ( 3.1) aprylleHT 

<jlyHKUHH Eecc ensr A ' .R. .. n Q. 4lyHKUHSI ( 3.4) Toraa aeaeT ce6R cne-
, npo b 1-' 

LIYIOIUHM o6pa30M: 

b 
R 

f(n) -n 4/8 rrpH 

f( n) _011/ae -2n// 

ny'iOK ,llaneKO OT CTeHKH 

3 1 «n«y, 

n»ya. 

( 3.5) 

(3.6) 

npH 60nblliHX p , KOr.Qa aneKTpOHbl BpBIUBIOTCSI .QaneKO OT CTeHKH 1 

BenKK01 pe30H8HCHbie nHHKH 6nH3KH apyr K ,llpyry H BKnaa B HMIIEl.ll8HC 

b 
6yayT aaaaTb MHOrHe coce.QHHe peaoHaHCbi. B npeaene R-> oo IIy'iOK 

aeaeT ce6H KaK B cao6oaHoM npocTpaHCTBe. PaccMoTpKM aToT npeaenbHbiA 

nepexoa anR HaK6onee HHTepecHoro cny'iaH TOHKoro aneKTpOHHoro KOnbua. 

AaanHa 6yaeM npoao.QHTb1 HCXOLISI H3 o6mero BbrpaMeHHSI ( 1.1.20). HeTpya

ao y6e.QHTbCSI 1 'iTO IIpH ~ , CTpeM~IUeMCSI K 6ecKOHe'iHOCTH, OCHOBHOA 

BKnaa. B cyMMy ( 1.1,20) aaroT 6onblliHe aHaqeaHst KopHeA <jlyHKUHH Eecce-

nR, T.e. 6onblliHe 3Ha'ieHHSI p. Toraa B ( 1.1.20) MOMHO nepeATH OT 

cyMMKpoaaHHR K KHTerpHpoaaHHIO, nonoMHB A .. A' "' rrp. 
* np np 

PacKna.llbiBaSI rrpH 9TOM TBKMe 3KCIIOHeHTbl B ( 1.1.20) .QO BTOporo 

nopRaKa no a , nony'iKM HMneaa..,H ... c_,__ 

8zrra ~ rr ~ ("P ~ )y'a:~p2 R2n2 Jn'2("P.,..)"2P 
Z( n , n) = -b { [ c + -- d p ( 3. 7) n - 2 • 

o P c n2b2 

5 
~ 

v'- -112p2 
c2 



I 

r 

MO)KHO ITOKa3aTb, 'ITO MHHMaSI 'laCTb aToro Bb!pa)KeHHSI npeHe6pe)KHMO 

Mana, ecnH Bb!ITOJIHSieTCSI ycnosHe v' I lm 0 I << 1 a semecTBeHHaH 'laCTb 
ReO ' 

HMneaaHCa C ITOMOlUbiO aaMeHbl nepeMeHHOi!: HHTerpHpOBaHHSI rrp ~ = n{3 sin@ 

onpeaenHeTCSI B BRae: 

( 3.8) 
4 2 2 7T 2 2 2 2 

ReZ(O,n)c- 7T n I [J (nf3sin8)ctg e +f3 J' (nf3sin8)]sin8d8. 
0 n n 

3aMeTHM aaecb, 'ITO semecTBeHHaSI 'laCTb HMneaaHca xapaKTepHayeT pa6oTy 

ITOJISI Haa ny'IKOM, a HMeHHO, MOlUHOCTb noTeph ny'IK8 Ha H3Jly'leHHe Ha 

n -oil: rapMOHHKe aaeTCSI npoHaBeaeHHeM HMneaaaca Ha'xsaapaT ~yphe-. 

KOMITOHeHTbl TOK8o J1 CITOJlb30B8HHe ljJopMyJihl ( 3.8) anSI onpeaeneHHSI MOlU

/3/ 
HOCTH H3Jly'leHHSI npHBOaHT K H3BeCTHOi!: ljJopMyne liJOTTa ( CM. T8K)Ke 

/4/ 
pa60TY , rae Bhl'IHCJISieTCSI H3JIY'leHHe KOJlbU8 B npH6JIH)KeHHH aaaaHHOrO 

TOKa) • ~OpMyny ( 3.8) MO)KHO T8K)Ke npeacTaBHTb B BRae 

3 2 f3 
ReZ(O,n) =- ~[nf3 2 J' (2nf3)--0- fJ

2 
(2ng)dg] 

R 2n Y 2 n wo 0 

/2/ 
H aanbme ITOJlb30B8TbCSI aCHMITTOTH'leCKHMH Bb!pa)KeHHSIMH H3 

I 

§4. PaaHauHoHHaH aeycToi!:'IHBOCTb 

( 3.9) 

KaK BHaHo H3 Bb!pa)KeHHi!: anSI HMneaaaca, nony'leHHhiX B npeahiaymeM 

paaaene1 B6JIH3H pe30H8HCOB C C06CTBeHHh!MH '18CTOT8MH KaMepb! HMneaaHC 

coaep)KHT BemeCTBeHHYIO '18CTb, CBSI3aHHYIO c noTepHMH aaeprHH aa H3-

ny'leHHeo noaTOMy HeyCTOi!:'IHBOCTb ny'IK81 ITOSIBJlSIJO'TlYIOCSI B 8TOM CJiy'lae, 

6 

~ 

., 
;· 
~. 

(; 

:·~ ;t.~, '1, 

,'•"1 ·', 

• 

MO)KHO H83BaTb paaHaUHOHHOi!:o 3Ta HeyCTOi!:'IHBOCTb 6b1Jla Haftae 

/56/ 
6oTaX ' H Ha3biBaeTCSI TaK)Ke HHayUHpoBaHHblM UHKJlOTpOHHhU 

HHeM. 

nnSI ITOJly'leHHSI HHKpeMeHTOB STOll: HeyCTOft'IHBOCTH 6yaeM 

ITOJiy'leHHbie <jlopMyJlhl anSI HMneaaHCOB B aHcnepcHOHHOe ypaBHeJ 

11ccneaosaHHe ypasHeHHSI ( 1.1.15) anSI npoHasonbHol!: ljJyHKUHH p. 

HHSI CJ10)KHO, IT09TOMy aaaaaHMCSI HeKOTOpb!MH 'laCTHhlMH BHaaMJ 

pacnpeaeneHHSI. 

a) Bhi6epeM caa'lana HaH6onee npocTyJO anSI aHanHaa ljJyHI 

aeneHHSI - CTyrreHhKy: 

t/1 (w)= 1 o(w-w 
1 

) o ( w -w ) • 
2 0 w -w 

2 1 

3aecb w 
2 

> w 
1 

• Toraa aHcnepcHOHHoe ypasaeHHe MO)KHO npHE 

ea NOi z ( 0, n) 1- - 2 

- (2rr)3 MR 

1 

(0 -nw )(0 -nw ) 
1 2 

rae w .. w( w ) , a Tax Ha3hiBaeMaSI :aljlljJcxTRBHaSI Macca or 
1,2 1,2 

cneayJOIUHM o6paaoM 

M =(2rrR 
2 ~)-1 • 

dw 

noacTaBJISISI B ljJopMyny ( 4.2) BbJpa)KeHHe anSI HMITeJlSHCa 

paCfiOJlO)KeHHOrO B6JIH3H CTeHKH 1 H3 (3.2) ITpHXOJlHM K anre( 

My ypaBHeHHJO, H3 KOTOporo HaXOJlHTCSI HHKpeMeHT HeyCTOft'IHBO 

7 



TO MHHMaSI 'laCTb STOrO Bb!palKeHHSI rrpeae6pelKHMO 

SI9TCSI ycJIOBH9 . I I lm n I « 1 a semecTB9HHaSI 'laCTb 
v ReO ' 

b!O aaMeHbl rrepeMeHHO~ HHTerpHpOBaHHSI 77p ....R = n{3 sin E) 
b 

ne: 

( 3.8) 

f [J
2 

(nf3sinEl)ctg
2

El +f3
2
J'

2
(nf3sinEl)]sinEldEl. 

0 n n 

semecTseaaast 'laCTb HMrrenaaca xapaKTepHayeT pa6oTy 

a HM9HH0 1 MOillHOCTb 1IOT9pb IIY'IKa Ha H3JIY'I9HH9 Ha 

naeTcst rrpoHaBeneaHeM HMrrenaaca aa 1KBanpaT ~ypbe

Y! CliOJib30BaHH9 <jlopMyJibl ( 3.8) llJISI 01Ip9ll9Jl9HHSI MOill

/3/ 
H3B9CTHO~ <jlopMyJie llJoTTa ( CM. TaK:lK9 

H3JIY'I9HHe KOJibU8 B 1IpH6JIHlK9HHH 38ll8HHOrO 

1Ip9llCT8BHTb B BHll9 

2 {3 
[nf3

2
J' (2nf3)-.JLfJ (2n0d~] 

2n Y 2 
0 

2n 

( 3.9) 

/2/ 
8TbCSI 8CHMIITOTH'I9CKHMH Bb!p8lK9HHSIMH H3 

§4. PanHauHoaaast aeycTo~'IHBOCTb 

a BbipalKeHHii nnst HMrrenaaca, rrony'leHHhiX B rrpellbillymeM 

930HaHCOB C C06CTB9HHblMH '18CTOT8MH K8M9pbl HMII9llaHC 

9HHYJO 'laCTb1 CBSI38HHYJO C liOT9pSIMH SHeprHH H8 H3-

HeyCTO~'IHBOCTb IIy'IKB, IIOSIBJISIJO'llYJOCSI B 9TOM CJiy'lae, 

6 

.,. 

!Ill,\\ 

't: 

,-~. 

-·t 

') 
~~ 

MOlKHO H83B8Tb p8llHaUHOHHO~o 3Ta aeyCTO~'IHBOCTb 6biJI8 Haftneaa B pa

/5 6/ 
6oTaX 1 H H83biBaeTCSI T8K:lKe HHllYUHpOB8HHbiM UHKJIOTpOHHbiM HaJiy'le-

aHeM. 

nnSI nony'leHHSI HHKp9M9HTOB STOH HeycTOH'IHBOCTH 6yneM liOllCT8BJISITb 

liOJIY'l9HHbl9 <jlopMyJihl llJISI HMIIenaHCOB B llHCIIepcHOHHOe ypaBH9HHe ( 1.1.15) • 

MccnenosaaHe ypasaeHHSI (1.1.15) nnH rrpoHasonbaoft <jlyHKUHH pacrrpenene

HHSI CJIOlKHO, II09TOMy 38ll8llHMCSI H9KOTOpblMH '18CTHbJMH BHll8MH <jlyHKUHft 

pacrrpeneneHHSI. 

a) Bbi6epeM caa'lana aaH6onee rrpocTyJO nnst aaanHaa <jlyHKUHJO pacrrpe-

ll9JI9HHSI - CTyD9HbKy: 

1/J ( w)"' 
0 

1 

w -w 
2 I 

u(w-w 
1 

)u (w -w ). 
2 

(4.1) 

3necb w 
2 

> w 
1 

• Torna nHcrrepcHoaaoe ypasaeaHe MO:lKHO npHsecTH K BHllY 

e
2

NOi Z(O,n) 
1 "' - 3 2 

(277) MR 

(4.2) 1 

(0 -nw )(0 -nw ) 
I 2 

rne w ,. w( w ) , a TaK aaabiBaeMaSI a<P<i>cKTHBHaSI Macca orrpeneneaa 
1,2 1,2 

cnenyJOillHM o6paaoM 

M ,(277R 
2 ~)-1 • 

dw 

(4.3) 

flollCT8BnSISI B <jlopMyny ( 4.2) Bb!p8:lK9HH9 llJISI HMII9ll8HC8 E - CJIOSI, 

pacnono:lKeaaoro s6nHaH CT9HKH, H3 (3.2) 1IpHXOllHM K anre6paH'I9CKO-

MY ypaBH9HHJO, H3 KOTOporo H8XOllHTCSI HHKp9M9HT HeycTOft'IHBOCTH 

~ 7 



I' 

K x 8 -4 n 2 ~ w 
2 x -4 = 0. (4.4) 

3aecb 

Xz __J 

(1m 0 ) 2 

A= 2.~2ac{3 f(n); ~w= lwl-w21 
MRb 2 2 

- nonypa36poc qacToT o6pameHHH qacTHU B nyqKe. B KpaAHeM cnyqae Mano

ro aaepreTHqecKoro pa36poca, qeMy cooTseTcTsyeT ycnosHe 

HHKpeMeHT PH paseH 

Ul 
3" 

( nl\w) 
>> 1' 

lm n ~~ e2ucf3 f( ) u=+v---- n. 
- MR b 2 

( 4.5) 

(4.6) 

BepXHHA 3H8K 3.[leCb H aanbme sceraa COOTBeTCTByeT OTpHU8TenbHOA Macce. 

BemecTseaaaH qacTb qacTOThi Mano oTnHqaeTCH oT cpeaaeA qacTOThi 

~6pameHHH qacTHU H pasaa 
1. 

ReO= nw + ( e2 u cf3 f(n))2/a 
O- IMIRb 2 

(4.7) 

B apyroM npeaenbHOM cnyqae 6onbworo pa36poca, oTseqaxomero o6paTHOMY 

ycnoBHIO ( 4.5), nonyqaeM HHKpeMeHT 

8 

~ 

' 
·:·, 

'~~ 

:* ,t 
f 
J 

. ~;, 

I 
l.,l 
"'• 
I, 

lm 0 = - ...; e 2 
q c {3 f ( n ) 

I M I Rb 2 
n ~w 

BemecTBeHHaH qacTb qacTOThi npH aToM npHMepHo pasaa 

Re 0 "' n ( wo ±. ~w ) . 

Jlanee noacTaBHM Bhxpa>KeHHe (3.3) anH HMneaaaca KOnbua se 

cTeHKH B ¢opMyny (4.2). PewaH nonyqHsweecH aHcnepcHOHHoe 

nonyqaeM B cnyqae Manoro pa36poca (eM. ¢opMyny ('4.5)) HHI 

lmO l!!- ( 
2 -- 2/5 

e N(3ynwo l(n)) 
2 

IMI R b 

H semeCTBeHHYIO qaCTb qaCTOTbl 

ReO;;; nw
0 

± 
2 - I e N{3..jnw0 f(n))2 5. 

IM I Rb 2 

JlnH 6onbworo pa36poca nonyqaeM 

2 
lmO ~..;.( e N{3f(n) 2js - ) 

..jn~wo IM I R b
2 

ReO ~ n( cu
0 
:!:~w ). 

9 



K X 
3 -4 n 

2 fl w 
2 

X -4 = 0 . (4.4) 

A = .3_~ 2 a c {3 f ( n) ; tlw = I w I - w 2 I 
MRb 2 2 0)2 

oT o6pameHHH qacTHU s ny'IKe. B KpaAueM cnyqae Mano

pas6poca, qeMy cooTseTcTsyeT ycnosHe 

aseu 

Ul 
3· 

( nl\w) 
>> 1' 

a e 2u cf!o 
lm 0 = ± \1 ---- f ( n ) • 

MR b 
2 

(4.5) 

(4.6) 

b H nanbme scerna COOTBeTCTByeT OTpHUaTenbHOA Macce. 

'IBCTb '18CTOThi M8110 OTIIH'IaeTCH OT Cp9UHeA 'IBCTOThl 

H pasaa 

ReO= nw + ( ell a cf! f(n))ll/a 
O- IMIRb 2 

( 4. 7) 

OM cnyqae 6onbmoro pas6poca, OTBe'laiOmero o6paTHOMY 

yqaeM HHKpeMeHT 

8 

~ 

,, ' 
l~, 

., 11 

'{I 
J 

II 
.\' . ,J 

I 
1 .. 1 
~, I, 

I 

ImO=-V e 2 acf3 f(n) 

I M I R b 
2 

n Llw 

BemecTBeHHaH qacTb qacToThi npH aToM npHMepuo pasua 

Re 0 .. n ( wo ±. Llw ) • 

(4.8) 

( 4.9). 

Llanee ITOUCTBBHM Bhipa.lKeHHe ( 3.3) UIIH H MneaaHca KOIIbUa B61IH3H 

cTeHKH B ~opMyny (4.2). Pemas nony'IHBmeecs nHcnepcHoHHoe ypasueuHe, 

nonyqaeM B cny'lae Manoro pas6poca (eM. ~opMyny (14.5)) HHKpeMeHT 

ImO !!! - ( 
-- 2/6 e2 N {3 ynwo f(n)) 

2 IMI R b 

H Beii{eCTB6HHyiO 'IBCTb '18CTOTbi 

ReO;: nw + 
0 -

- 2/6 e 2Nf3v'nwo f(n)) . 
iM!Rb 2 

Llns 6onbmoro pas6poca nonyqaeM 

~ 

.. 

2 
ImO ~-( e N{3f(n) 

v'n!iwo I M I R b
2 

ReO !!n(w +dw ). 
0-

9 

) 
2/8 

(4,;10) 

( 4.11) 

(4.12) 

(4.13) 



t 1 

~-
1 

EcnH KOJlhUO pacnono*eHO B.OSnH OT CT9HKH1 TO .anH OU8HKH HHKpeMeH

Ta aeycToil:'IHBOCTH MO*HO pemaTh .OHCrtepCHOHH08 ypaBH8HH8 C HMil8.08HCOM 

(3.9). B peayn&TaTe nnH Manoro paa6poca1 'ITO axsHsaneHTHO Tpe6osaHH~ 
LimO I » 1, nonyqaeM 

nl'!.w 

nnH 6on&moro paa6poca 

-ImO 'It- vi A I ' 

ReO ;;: nw +ViAi 
0 -

ImO ~ + -A-
n !'!.w ' 

( 4.14) 

( 4.15) 

( 4.16) 

H setneCTB8HH8H '18CT& '18CT0Tbl npe.OCT8BnH8TCSI .TSK *e, K8K H p8H&Ill8 

s cny'laHX 6on&moro paa6poca. B t\lopMynax ( 4.14) - ( 4.16) qepea A o6oa-

H8'19HO: 

e2 N 2 n
2 

f3 1 A= [nf3 J' (2nf3)--fl 2 (2ne)de. 
2MR2 2n y2o n 1. 

( 4.17) 

Cpasaeaue HHKpeMeHTOB nnH xon&ua 
H E -cnoSI npH pa.BHhiX nHaeA-

HblX rtnOTHOCTSIX H8 p8CCTOSIHHHX1 H8 O'I8Hh .aaneKHX OT CT8HKH
1 

ItOK83biB8-

eT1 'ITO HHKp8M8HT aeycTOA'IHBOCTH .anSI KOJ1&U8 M8H&IU8 COOTB8TCTBy~mero na z .'!, 
HHKp~MeaTa .anSI E -cnoSI H nponopuHoaaneH ManoA senH'IHHe ( -.;-J." 3To 

o6'hHCHHeTcSI TeM, qTO .anSI E -cnoH peaoaaac HMeeT MecTo &a onaoA rap

MORHKe no k z ( kz • 0), B cnyqae xon&ua B peaoaaHce yqacTsyeT aenpe-

10 

.,. 
.,., ........ ---~· .. ·--· -· 

)J 

pbiBHbiA Cit8KTp rapMOHHK ItO k z H B030Y>!<.08HHe OCHOBHOA peao 

rapMOHHKH C kz paBHbiM Hyn~, OK83biB88TCH M8HhlUHM, qeM .OJl 

KaK rtOK83biBaeT aaanua, aToT *e atPt\leKT HMeeT MecTo rtpH 

OT KOnhU8, OJ1H3KOrO K CT8HKe, K KOnhUY B CBOOO.OHOM rtpoc~ 

nan&aeAmero aaanHaa paccMoTpHM erne nse npocTbiX tPYHKUH 

xo.ne 

.llnSI 

npe.neneHHSI: 

6) Pacnpe.aeneHHe raycca 

~yHKUHSI pacrtpe.aeneHHH HMeeT BH.O 
w2 

rfro e 

..fi;1 wo 

2 w2 
0 

Mbt paccMaTpusaeM .aocTaTo'IHO yaKHe rry'IKH, rrpH aToM .auc 

HOe ypaBHeHH9 (1,15) MO*HO 381lHC8Tb K8K 

1 
= __...!! 2 ON Z ( 0, n) 

( 2 77) 
3 n2 

( !'!.w) 
2 

R
2 

M 

11-J 0-nwo)l. 
nl'!.w 

3nec& !'!.w = I w ( w 0 ) -w (0) I , J (x) = xL(x) , I - HHTerpan, BBE 

- {2rr -
171 

cl>oKOM H paBHbiA .. 
2 

t + oo X 

I_(") = f e -2 ~ 
) -oo {3- X 

rtpH Imf3 < 0. 

Hac HHTepecyeT aaBHCHMOCTh nony'leHHhiX Bbtme B paa.aene a) p 

OT BblOOpa t\JyHKUHH pacrrpe.neneHHSio noaTOMY HeT H800XO.OHMOCTII 

see npe.Ohi.OYIUHe BbiKJia.OKH. BbiHCHHM snHSIHHe t\JopMbi pacrrpe.nen 

rrpuMepe E -cnoH sonHaH ·cTeHKHo Tor.na, HCilOJ1h3YSI COOTBE 

11 



cnono*eHo snanH oT cTeHKH 1 TO nnH oueHKH HHKpeMeH

O*Ho peruaTb .QHCIIepCHOHHOe ypaBHeHHe C HMIIenaHCOM 

nnH Manoro paa6poca, qTo aKBHBaneHTHO Tpe6osaHHID 

eM 

oca 

ImO ~- v"iAT f 

ReO ~ nw +-vi\ A I 
0 -

ImO ~ + -A.
n~w ' 

( 4.14) 

( 4.16) 

(4.16) 

CTb qaCTOTbl npe.QcTaBnHeTCH .TaK *eo KaK H paHbWe 

o paa6poca. B <jlopMynax ( 4.14) - ( 4.16) qepea A o6oa-

2 n2 {3 1 
nf3 J' (2nf3>--fJ 2 (2nOde. 

2n y2o n 

(4.17) 

KpeMeHTOB nnH Kon&ua 
H E -cnoH npH pa.BHbiX nHHeA-

paCCTOHHHHX
1 

He O'leHb naneKHX OT CTeHKH 1 IIOK83MB8-

HeycTOft'IHBOCTH .QnH KOnbU8 MeH&We COOTBeTCTByiDmerO 

E -cnoH H nponopuHonaneH ManoA eenH'IHHe ( ~a z ~ 3To 

'ITO nnH E -cnoH peaoHaHC HMeeT MeCTO Ha o.aHoA rap

= 0), B cny11ae Kon&ua a peaoHaHce yqacTayeT Henpe-

10 

~ 

pbiBHbiA cneKTp rapMOHHK IIO k z H B036ylK.lleHHe OCHOBHOA pe30HHpyJOWeA 

rapMOHHKH c kz , paBHbiM nyn101 oKa3biBaeTcH MeH&WHM, qeM .anH E -cnoH. 

KaK IIOKa3biBaeT aHanH31 aTOT *e a<l><l>eKT HMeeT MeCTO IIpH nepe

xo.ae OT KOn&ua, 6nH3KOrO K CTeHKe 1 K KOnbUY B CB060.llHOM rrpOCTpaHCTBe. 

llnH .aan&HeAwero aHanuaa paccMoTpHM eme nee rrpoCTbiX <jlyHKUHH pac

npe.aeneHHH: 

6) Pacnpe.aeneHHe raycca 

~yHKUHSI pacnpe.aeneHHSI HMeeT BH.ll 

tPo = e 

.J'2;J wo 

w2 

2 w2 
0 (4.18) 

Mbi paccMaTpHaaeM .aocTaToqHo yaKHe ny'IKH 1 npH aToM .aHcnepcHoH

Hoe ypaBHeHHe (1,16) MO*HO aarrHCaTb KaK 

1 
= ___..!! 2 ONZ(O, n) 

(4.19) 
11-J ) I. 

( 211) 3 n2 
( ~w) 2 R

2 
M 

3.aecb ~w=\w(w0 )-w(O)\ 
171 

~OKOM H paBHblil: 

J ( ) 
xL(x) I . 

X = , - HHTerpan, BBe.aeHHblft 
- .J2rr -

.. 
2 

I_( .. )"' +Joce -T- ~ 
) -oc {3- X 

npH Imf3 < 0. (4.20) 

Hac HHTepecyeT aaBHCHMOCTb nony'leHHhiX BbJWe B paa.aene a) peayn&TaTOB 

OT BbJ6opa <jlyHKUHH pacnpe.aeneHHSio noaTOMY HeT He06XO.llHMOCTH IIOBTOpHTb 

see npe.llbi.llYmHe BbiKna.aKH. Bb!HCHHM BnHHHHe <jlopMbi pacnpe.aeneHHH Ha 

rrpuMepe E -cnoH a6nHaH CTeHKH. Tor.aa, HCITOnb3YH COOTBeTCTBYIO-

~ 
11 



I' 

I 
I. 

~ 
I , 

\)<o, 

mHA HMne11aHc ( 3.2) a ypaaHeHHH ( 4.19) llnH 6om,woro paa6poca, T.e. 

Jm.!l_ «1, nony<~aeM 
n&w 

lmO !!! -
e 2 

u c /3 _f i!!_l 

I M I Rb 2 n 2 (&w)2 

ReO~ n( w
0 

+&w ). 

B) PacnpelleneHHe nopeHua 

/8/ 
Bbi6epeM ~yHKIIHJO pacnpe11eneHHS1 B BHile 

1 

TTWo (1 + £) WJ 
r/10 

.llHcnepcHoHHoe ypasaeHHe 11ns1 E -cnoH a6nH3H 

KAK 

1 
= ____ -_i_e_2_u_c...:,f3 __ _ 

M R b 2 n2 ( &w) 2 I m 0 [ 0-nw 9 

n&w 

H HMeeT peweHHe1 COOTBeTCTBYJOII!ee PH 

--

Im 0 = - e2 u c f3 f ( n) 

21M I Rb 2 n2 (~w) 2 

ReO~ n(w +~w ). 
0 -

12 

-i] 
2 

( 4.21) 

( 4.22) 

CTeHKH aanHCbiBSeTCH 

(4.23) 

(4.24) 

Pa.oHauHoHHaH aeycToA'IHBOCTb CBH3aHa c TeM, 'ITO a c~ 

C cymeCTBeHHOA KpHBH3HOft ~830BAH CKOpOCTb aneKTpOMarHHTJ 

83HMyTanbHOM HanpaaneHHH MO)!<CT 6b!Tb MeHbW9 CKOpOCTH CBE 

npH aTOM cpe,llHHH CKOpOCTb o6pai.UCHHH 'IACTHU B ny'IKe MO:>K• 

KA K ~830BOA CKOpOCTH BOnH B 83HMYTAnhHOM HanpaaneHHHo 

KOrllS ~~OKTHBHAH MSCCa 'ISCTHU nonO:>KHTenbH81 cpe,llHHH CKI 

THU 6onhwe 83HMyTanhHOA ~830BOA CKOpOCTH BOnHbli KOrlla a 

MSCCa OTpHUSTenhHA 1 COOTHOWeHHe CKOpOCTeA o6paTHOe. B Of 

ecnH 6naro.oapH ~nyKTySUHH B 83HMyTanbHOOilHOpO.IlHOM ny'IK9 

BOnHa1 TO 'ISCTHUbl ny'IKA CO CKOpOCTSIMH 1 6nH3KHMH K Cp9Jlflj 

a~~eKTHBHO B38HMO,Ilei!:CTBOB8Th C BOnHoil: H 'ISCTb H3 HHX 6yJ 

BSThCSI B o6naCTHX1 r11e BbinOnHeHbl ycnoBHSI 8BT0~83iipOBKHo 

OTpHUaTenhHOA MSCCOA o6'naCTh 38XBST8 CllBHHyTa no ~a3e H 

17 no OTHOWeHHIO K o6naCTH 38XB8Ta COOTBeTCTBYJOIUeA 'I 

:>KHTenhHOA MaccoA. TaKHM o6pa3oM 1 npocTpaHCTBeHHaSI nnoTJ 

CBH3AHHhiX C ~nyKTyauHeA, 6y11eT paCTH 1 a BMeCTO C Heft BO: 

peHTHOe. H3ny'leHHe1 'ITO, B CBOIO O'lepellb1 npHBelle'I· K 110n0n 

38XBATYo 

Q6paTHM eme BHHMSHlie HS 3aBl>!CHMOCTb HHKpeMOHTS P• 

HeycToii'IHBOCTH oT HoMepa rapMoHHKH B03MymenHH. Bonhwas 

qaCTb HMnellaHCa ecTeCTBeHHbiM o6pa30M CBH3aHa C noTepH~ 

ny'IKS 1 H nOCKOnhKY MeXAHH3M noTe ph- CHHXpoTpOHHOe H3ny'l< 

HOe 3Ha'leHHe HMnellaiiCa ne:>KHT B o6naCTH 3Ha'IOHHil D n1 

011HaKO npH CHnbHOM penHTHBH3Me llnHHbl COOTBeTCTBYJOIIIHX 

CSI ropa31l0 MeHhWHMH Manb!X pa3MepoB KOnhUa H Hallie pace 

HOBHTCSI He3AKOHHb!Mo 

noaTOMY MO:>KHO nHWb yTBep:>KilaTh, 'ITO llnH JlOCTaTO'IHj 

BOnH, HO ace' )l(e MHOrO 6onbWHX pasMeTpOB ny'!Ka, HHKpeMe 

HOMepOM rapMOHHKHo 
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.2) B ypasaeHHH ( 4.19) JlllH 6onbworo paa6poca, T.e. 

qaeM 

e 2 acf!f(n) 
I M I Rb2 n 2(i\w)2 

lmO "'-

ReO ~ n ( w 
0 

+i\ w ) . 

eneaue nopeaua 

/8/ 
yHKUHID pacnpeJJ.eneHHH B BHJJ.e 

r/1 = 
o (l wz) "wo + --WJ 

pasaeaHe JlllH E -cnoH s6nH3H 

-ie2 acf3 

2 ( i\w ) 2 I m 0 [ O-nw 9 

ni\w 

e, COOTBeTCTByromee PH 

Im 0 = _ e
2 

a c (3 f ( n) 

2 I M I R b 2 n2 ( i\w) 
2 

ReO~ n(w +i\w ). 
0 -

_,.: 

12 

-i] 
2 

(4.21) 

( 4.22) 

CTeHKH aanHCbiBaeTCH 

(4.23) 

(4.24) 

PaJJ.H8UHOHH8H aeycTOA'IHBOCTb CBH38H8 C TeM, 'ITO B CHCTeMaX 

C cymecTBeHHOH: KpHBH3HO.il: <J!aaosaH CKOpOCTb 3lleKTpOM8rHHTHblX BOllH B 

83HMYT8llbHOM HappasneHHH MO)KCT 6biTb MeHbWe CKOpOCTH CBeTa B fiYCTOTe. 

llpH 3TOM cpeJJ.HHH CKOpOCTb o6pameHHH '18CTHU B ny'IKe MO)KCT 6biTb 6nH3-

K8 K <J!aaosoil: CKOpOCTH BOllH B 83HMyT8llbHOM HanpasneHHHo B cnyqae, 

KOrJJ.a ~<J!CKTHBH8H M8CC8 '18CTHU nOll0)KHTellbH8 0 cpeJJ.HHH CKOpOCTb '18C

THU 60llhWe 83HMyT8llhHOil: <J!aaosoll: CKOpOCTH BOllHhli KOrJJ.a ~<J!eKTHBH8H 

Macca OTpHUaTellbH80 COOTHOWeHHe CKOpOCTeH: o6paTHOe. B o60HX cny'laHX, 

eCllH 6narOJJ.apH <J!nyKTy8UHH B a3HMyTallbHOOJlHOpOilHOM ny'IKe B03HHKaeT 

BOllHa, TO 'laCTHUbl ny'IKa CO CKOpOCTSIMH 0 6nH3KHMH K cpeaaeil:, 6yJJ.yT 

a~eKTHBHO B3aHMOJJ.eACTBOBaTb C BOllHOA H 'laCTb H3 HHX 6yJJ.eT aaxBaThl

BaTbCH B o6naCTHX0 !'Jle BblllOllHeHbl yCllOBHSI asTo<J!a3li!JOBKHo llnH 'laCTHU C 

oTpHuaTenbHOil: Maccoa o6'nacTh aaxsaTa CJJ.BHHyTa no <J!aae aa senu•may 

1T no OTHOWeHHIO K o6naCTH aaXB8Ta COOTBeTCTByromeH: 'laCTHUbl C nono

)KHTellbHOil: Maccoa. TaKHM o6paaoM, npocTpaacTseHaaH nnoTHOCTb qacTHu, 

CBSI3aHHhiX C <J!nyKTyauueH:, 6yJJ.eT paCTH 0 a BMeCTC C HeH: BOapacTeT H Kore-

peHTHOe. H3llY'leHHe, 'IT0 1 B CBOID oqepeJJ.b 0 npHBeJJ.e1· K JJ.OnOnHHTenbHOMy 

aaxsaTy. 

06paTHM ewe BHHMaHHe Ha 3aBHCHMOCTb HHKpeMeHTa paJJ.HaUHOHHOA 

aeycTOH'IHBOCTH oT aoMepa rapMoHHKH soaMymeHHSI. BonhWaH semecTBeHHaH 

qaCTh HMneJJ.aHCa ecTeCTBeHHbiM o6pa30M CBH3aHa C noTepSIMH 3HeprHH 

nyqKa, H nOCKOllhKY MeX8HH3M noTepb- CHHXpOT..j)OHJIOe H3llY'ICHHe, MaKCHMallb-

HOe aHa'lenue HMneJJ.anca ne)KHT B o6nacTH aua•ICHHH n nopSIJJ.Ka y 
8

• 

0JJ.H8KO npH CHllbHOM penHTHBH3Me JlllHilbl COOTBeTCTBYIDWHX BOllH CTaHOBHT-

CSI ropa3Jl0 MeHhWHMH MallhlX paaMepOB KOllhUa H Hallie paCCMOTpeHHe CTa-

HOBHTCH He3aKOHHhiMo 

lloaTOMY MO)KHO llHillh YTBep)KJJ.aTb 1 'ITO JlllH JlOCTaTO'IHO Mallb!X JlllHH 

BOllH, HO Bee' )Ke MHO!'O 60llhWHX paaMeTpOB ny'IKa, HHKpeMeHTbl pacTyT C 

HOMepOM rapMOHHKHo 
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ry, I1,H,I1sa!;()By, B,I1,KypHnKo u A,H.neoet:~eey aa o6cy>KJJeHHSI H rronea-

Hbie aaMe'laHHSI, 
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