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B nocne.QHee BpeMH B pHne pa OT 6bin pa3BHT M9'I'OA H HCcne-

.QOBBH BOllpOC 0 BnHHHHH KynoHOBCKHX CTOnKHOB9HHH qaCTHU Ha aenHH9HHOe 

B3BHMO.Qei1:<;:TBHe nearMJOpOBCKHX Bona B rmaaMe. Bbmo noxaaaao, qTo cy

ruecTByJOT o6naCTH napaMeTpOB nna3Mbi, r.Qe yqeT CTOnKHOB9HHH S!BnSieTCH 

npHHUHnHanhHbiM. TaK, coyAapeHHH MoryT H3MeHHTb aanpaaneaHe .cnexTpanb

n o il: nepeKaqKH B CTOpony YM9HbiU9HHH qacTOT Typ6yneHTHMX nynhCBUHH, B 

rrpo THBorronolKHOCTb 6eccoy.QapHTenbHOMY cnyqaJO. Bbmo TaK)f{e rroxaaaao, 

qTo COy.QapeHHH MOryT H3M9HHTb .QHCIIepCHOHHb!e CBOHCTB8 B38HMOLiafiCTBy~ 

IUHX BOnH. B H30TpO!lHOH rrna3Me 6e3 M8rHH THOrO IIOnSI MOryT pacrrpOCTpa

H.IlTbCH H B38HMO.QeiicTBOB8Tb M9)f{.Qy C060ii H C neHrMJOpOBCltHMH BOnHaMH 

rrorrepeqnbre {t) BonHbi. Cne.QoBaTenbHO, B03HHKaeT Borrpoc o BnHHHHH 

Ill 
CTOnKHOB9HHH H8 9TH B38HMO.Q9HCTBH.Il. MeTO.Q, pa3BHTblii B , M0)!{9T 

6b!Tb I!pHMeHeH H .QnH HCCne.QOBBHHH B38HMO.QefiCTBHSI YK838HHbiX BOnH. 

B nacTosrme~ pa6ore paccMaTpHBae'I'CSI BnHSIHHe xynoaoBCKHX coynape-

HHfi qaCTHU Ha H9nHHefiHbi9 B38HMO.QefiC'l'BH£ { t t ) Bona. Cne.QyeT OTMeTH Tb 

HeKOTOpbie OC069HHOC'l'H { t t ) B38HMO.QeliCTBHSI B OTnHqHe OT B38HMO.Qeik T-

BHH neHrMJOpOBCKHX BOna. nHHefiaag AHCIIepCHH t -Bona orrpenensreTcsr 

BbipalKeaHeM 

( 1 ) 

3 



rae Woe -neHr M!OpOBCK8H 'i8CTOT8, k -BOnHOBOif C11eKTp, c - CKOpOCTb 

CBeTa. 

CneUOBaTenhHO, AnSI TOrO 'lT06bi CTOnKHOBeHHSI CTanH cymeCTBeHHbl

/ 1/ 
MH, He06XOAHMO ( CM. ) , 'iT06bi 

w =W -w VCil:l +k2c2 
oe 

y W 2 + k 2 c 2 << II ' 
oe I scjJ. (2) 

3aecb V s<lJ. -s4JcjJeKTHBH8SI 'l8CTOT8 118pHbiX COyA.apeHH i1: 'l8CTHU. 

ilnSI 11pOCTOTbl, K8K 06bi'lHO, 6yAeM paCCM8TpHB8Tb AB8 11p e aenbHb!X 

cny'laSI 

I. 61 
08 

<< k c 
(3) 

II. w >> k c . oe (4) 

Toraa B 11epBOM cny'iae HMeeM 

w ( t1 k) c < v s<tJ. ... ... I l"1k=lkl-lkl. (5) 

T. e . B38HMOAeHCTBOB8Tb MOryT TOnbKO BOnHbl C t1 k << k ( "scT a<lJe T a") , 

8 BO BTOpOM 

w .., t1k c (...£..L) <II, ,h. 

w s'*'. (6) 
oe 

c k B S TOM cnyq:ae « 1 
61 oe 

, 1109TOMY MoryT B38HMOAeHCTBOB8Th, B006-

me rOBOpS!, BOnHbl c-A k "' It • 

KaK H3BeCTHO, anSI t -BonH B H30Tp011HOi1: 11naaMe v <P > c , 1109-

TOMY B03M0)f{H0 nHIIIb 38TYX8HHe H3-38 coyaapeHHii ( B .'l. HarpeB / 3 / J, KO

TOpoe oueHHBaeTcn cjlopMynoi1: 

4 

:1 :1 
Ql 

Woe oe ..v \ ) • II 
:1 :1 

y 
• :1 .. 61 

Qj + It c 
oe 

w :1 

T.e. B ( _.!!_ ) pa3 Melibllle, 'ieM 38TyX8HHe neHf'M!OpOBCKH; 
61 

38HHbiX Bblllle ABYX 11peaenbHb!X cny'iaS!X ( 3) H ( 4) HM eeM H3 

CTBeHHO 

I. y II ( 
• 

w 
oe 

k c 

:1 

) 

H, cneAOBaTenbHO, 38TYX8HHe MO)f{eT 6hiTb CKOnb yrOAHO Man! 

. 
II. 

.. 
y "' II • 

61 
oe 

T.e . B cnyq:ae ManhiX It ( k < 
c 

38TYX8HHe1 K81! 

M!OpOBCKHX KOne6aHHi1: 1HMeeT TOT )f{e 110pS!AOK, 'lTO H V e 

ManocTb aaTyxaHHH BonH B cnyq:ae (3) 1103BonSieT, B 11~ 

AOB8Tb B38HMOAeHCTBHe AOCT8TO'lHO IIIHpOKHX 118K3TOB BOnH, E 

11pOTHB011ono)f{HOro 11peaenhHoro cny'laSI (4), rae anSI 11ony'leH 

BeHHb!X peaynbT8TOB He06XOAHMO p8CCM8TpHB8Tb B38HMOAe i1: C1: 

HO y3KHX 118KeTOB BOnH. 

YpaBHeHHSI MaKCBenn3 c y'leToM aenHHei1:HhiX TOKOB BTOJ 

ero 110pSIAK8 HMeJOT BHA: 

rae 

:1 2 • (:I) (S) 
(It BIJ- k1 1c 1 - w tiJ(k,61))E"

1
=4"di 

1 
+ j 

1 
), 

(2) 

i <~c>- Js e<k,k ,k >E E eB<k-k 
I IJ I :1 ~~ k2 

5 

-It )dk 
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2 2 
(iJ Qj 

Ofl Ofl 
y •Y 

- y .. C&l .. 2 2 2 
Qj + k c (7) 

Ofl 

(iJ 2 

T,e, B ( --
0
-

8
- ) pa3 MeHbWe, 'ieM 38TYX8HHe neHrM!OpOBCKHX BOnH, B yKa

QI 

38HHblX BbiWe llBYX rrpellenbHblX cny"iaHX ( 3) H ( 4) HMeeM H3 ( 7) COOTBeT-

CTBeHHO 

I. y v ( .. 
oe 

kc 

2 

) 

H, cnellOB81'enbHO, 38TYXSHHe MO)I(eT 6biTb CKOnb yrOilHO ManbiM; 

.. 
II. y .. v., 

Ofl 
T.e . B · cnyqae ManbiX k ( k < 38TyXSHHe1 KaK H llnSJ neHr-

c 

M!OpOBCKHX KOne6aHHH JHMeeT TOT )l(e llOpS!IlOK, 'iTO H V e 

ManOCTb 38TYX8HH SJ BOnH B cny'iae ( 3) 1103B01iSJeT, B 11pHHUH11e, HCCne-

ll0B8Tb B38HMOileHCTBHe llOCTaTO'iHO WHpOKHX l18K3TOB BOnH, B QTnH'iHe OT 

rrpoTHBorronO)I(HOro rrpellenbHoro cny'iaSJ (4), rile llnSJ rrony'ieHHSJ KonH'ieCT

BeHHbiX pe3ynbT8TOB He06XOilHMO paCCM8TpHB8Tb B38HMOileHCTBHe 6eCKOHe'i-

HO Y3KHX llSKeTOB BOnH. 

YpaBHeHHSJ MaKCBenn::~ c y'ieTOM HenHHei1HbiX TOKOB BToporo H TpeTb-

ero llOpS!IlKS HMe!OT BHil: 

(8) 

rile 

(2) 
i

1 
(k),.. fs n<k,k ,k )E E 0 8(k-k -k )dk dk (9) 

I J L 1 2 ~ J k 2 L 2 1 2 
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(8) 

j I (k) f I !'s (k,kl ,k2 ,ka)Ek I Ek eE k s8(k-kl-k2 -ka)dkldk2dk8 
II I 2 8 ( 1 Q) 

Bbipa)KeHHH nnH HenHHei1HhiX nonHpH3yeMOCTe!i 5 11e H I ufs ner-

6 • X /1/ 3 
KO MOryT b!Tb nonyqeHbl H3 Bb!p8)K8HHH, H8nLl8HHb!X B • TO CB£!38HO 

C T8M, "!TO Mbl orpaHH"lHB88MCH paCCMOTpeHH8M 'paCC8HHHHr nH!Ilb qepe3 

npononbHYJO BHpTyanbHyJO BOnHy . 8 STOM cnyqae B03HHK88T CB8pTK8 5 I 

k_ 
H 52 c npononbHhiMH opTaMH 

11 
1 l . 0TcJOna cnenyeT, "!TO MO)KHO 

- / 1/ 
BOCITOnb30B8TbCSI pe!Il8HHHMH nnH V ~2 ), nony"leHHb!MH B , H cnenyeT 

nH!Ilb yTO"lHHT~ Bb!p8)!<8HHH anH TOKOB qepe3 V~2 ) • 8 pe3ynhT8T8 nony

"lHM: 

k 
-I ---5 I"'" I I k I lj e ( k -. k I • - k ) = - i k- n 0 e 8 1 • 71 II 2 e 8 

m2e W I W 2 {! {! Jf 

k -f 
5 0 (k,k ,k 

lit I 2 ... 
I~< _I 

e 

e 
3 

n0 I k_ I .. 8 
) = i II 

2 m
8

W
1

Kw
11

w 

( 11) 

(12) 

111 
(OTHOCHT8nbHO BC8X 0603H8"l8HHH CM ). 

ITpH Bbi"lHCneHHH I IJfs B03HHKaeT onHTb-Tai<H npononhHaH KOM-

(2) 
ITOH8HT8 V k . 0I<OH"l8TenbHO nony "lHM 

2 
(((kl,k2,1.: t'-1.:2)+ I<kt ,1<2 ,-k2,kl n .. 

n e 4 k 2 1,7111 
0 - e 

"' 8e .. , 
UIJ (13) 

w m 
2

w1
2
w 2nn 

- e e 

CoepTh iBaH ( 11), ( 12) H t 13) c nonepe"!HhiMH opTaMH H ycpenHHH no no-

nHpH3B UHHM, nony"lHM, "!TO B38HMO!l8ACTBH8 (tt) BOnH OTnH"l88TCH OT 

6 

t( 
II 

... ... (k k ... l )2 
(ff ) k, k I 2 1 

BOnH 38M8HO!i ( ) Ha - ( 1 + ) 

k k I 
2 k 2 k 2 

I 
neneHHe 

k p k l 
IE ek I 

2 
+_I (8 -

kp k J 
>I< 1

2
1 <E E > .. { 

k, p kj k 2 2 pj k2 

rne < > 03H8"!88T ycpenHeHHe no CT8THCTH"leCKOMy 8HC8M6J 

(8) Ha E k, P npoeKTHpyH ero Ha HanpaBneHHe, nepneaJ 

H ycpenHHS! no CT8THCTH"!8CKOMY 8HC8M6n101 HCnOnh3YH (14) 

OKOH"l8TenbHO, Y"!HTbiB8SI, "'TO pacnanbi -BonH 3anpe!IleHb 

coxpaHeHHH, 

2 2 t t 2 
(k -w f (k))IEk l =-4rriw Etl

2
fRu(k k liE i 

k ' I k 

rne 

Rtt (k,k )=2[I 
0 

(k,k ,k ,-k 
I tuns I I 

• ( 8 tf -
~<t ~< e 

1.:2 
)(8 

ms 

4 IT i 
---- 5 (k ,k,-k )5 

nns - I t . w dk 

k k 
lm Is 

k2 
I 

) . 

B CHny npennono)KeHHH o cna6oli HenHHei1HoCTH nony"!H~ 

LlHCnepCHOHHOe ypaBH8HHe, OnHCbiB8JO!Ilee aq,¢eKTbl HenHH8HHOT 

CTBHH nonepe"!HbiX BOnH. 
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.. .. (k lc .. )2 
lc,lcl (f£) BOnH 38MeHOH ) 

2 
Ha ( 1 + I ) 

• Bae.oeM OITpe-
lc lc I 

2 lc ll lc 2 
I 

.oeneHHe 

lc p lc J IE ek I 
2 

_I (8 lcp lc J t 2 <E E >a{ + ) IE k I 1 8 < lc+ 1c , >. k, p kj lc ll 2 pj Jell ( 14) 

r.oe < > 03H8"!8eT ycpe.oHeHHe ITO CT8THCTH"!eCKOMy 8HC8M6mo. YMHOlKHM .. 
(8) aa E k, P ITpoeKTHpySI ero Ha Ha.rrpaaneHHe, ITepiTeH.OHKynSipHoe lc 

H ycpe.I:(HSISI ITO CT8THCTH"!eCKOMy 8HCaM6mo
1 

HCIIOllb3YSI ( 14) . [1 ony"!HM 

OKOH"lBTenbHO, Y"lHTblBSSI, "'TO paCII8.0bl -BOnH 38IIpe!UeHbl ·38KOH8MH 

coxpaHeHHSI, 

r.oe 

( lc 2 - w 2 f t ( lc )) I E t k I 2 :s - 4" i w I E kt I 2 J R tt ( lc' lc I) I E t 12 die I • 

kl 
( 15) 

Rtt (lc,lc ),.2[I n (lc,lc ,lc ,-lc 411' i lc lc 
---- s <~c ,~c, -1c > s e <~c.~c .1c >-' -~. I ltrns I I 

f{Jc nns - I I P 1 Jr.ll w 

• < 8 .e -
lc lc 

lm Ia ) . ( 16) 
)(8 

ms 

B CHny ITpe.orronolKeHHSI o cna6oJ;l HenHHeHHOCTH ITony"!aM cne.oyww ee 

.OH CIIepCHOHHOe ypaBHeHHe, OIIHCb!B8W!Uee 9cp<jleKTbl HenHHeHHOrO B38HMO.I:(eJ;i-

CTBHSI IIOITepe"!HhlX BOnH. 
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., • • ... 1< k 2 1 71 ~ ~ 
UW +I y., I f(l+(--1-) ) , Y 8 ]<_ e 

I< I< 
I W w' flfl m ~ 

oe - • e 

f (I< ,_, 

0- " - >IE' jdl< 14 
f (I< ) k I 

(17 J 

fleikTBHTenbHaSI H MHHMaSI 'laCTH 8(11 onpeAensnoT .UHCllepCHOHHbie CBOlfCT-

Ba H HHTeHCHBHOCTb cneKTpanbHOii: nepeKa'lKH t -BOnH, (Dony'leHHbie Bbl-

-+ ... 
palKeHHSI cnpaBellnHBbi npH w_ <<I<_ v Te ). Pa306beM o6nacTb H3MeHe-

HHSI W aa .UBe o6nacTH: 

1) w «I< v H 2) 
Tl 

w »I< v 
Tl 

KalK.UYIO H3 KOTOpb!X )lnS! y.uo6CTBa pa306beM eme Ha ABe: 

a) w « 
I< 2 v 2 

Te 

y 
e 

6) w >> 

~ 2 
I<_ v Te 

y 
e 

11 ccne.uyeM 3.uecb nHmh o.uay H3 yKa3aHHbiX o6nacTeH., npe.ucTaBnsno

myiO HaH6onbmHH HHTepec, a HMeHao: 

1<2v2 
- Te 

y 

" 

<< w <<I< v I< v 
- Te Tl 

flng .U9HCTBHTenhHOH 'laCTH ypaBH9HHSI tl7) nony'lHM 

Bw ... 
k 

t ~ 
3,84! E .. I .... 

k I I< kt 2 
=W f ---...:_-(1 +(--) 

08 
4 rr T It Jr. I 

n 0 e 

Jr. II v ~ 

MHHMaR qacTb ( 17) 6y.ueT B =-.!!. << 1 
y c» . -

8 

~ 2 .. 
lr._vT.,dlr.l 

w~ (2,14 + Ti/Te) 

pa3 MeHbme (19). 

( 18) 

ll9) 

Ecmr cneKTp myMOB cocpeLIOTO'leH B o6naCTH OKOno 1<
1 

.. 

TO B rrpeLinonolKeHHH Bw -+ >> Bw ... 
k kl 

HOH HeyCTOH'lHBOCTH HM99T llOpS!LlOK 

I< v 2/8 

llpH T 
• 

w' 

.. T 
I 

1/3 
<-!:.!...) ----). y .. w 

oe w 
oe 

YcnoBHe (18) cnpaBeLlnHBO npH 

I< v 
Tl 

w 
oe 

2 v 
___:r,L, » 

v2 
Te 

w 

n T 
0 e 

---- -» 
n T 

0 • 

v a 
e 

I< 2 v 2 

Te 
(II 

HHKpeME 

oe 

OueHKa HHKpeMeHTa (20) crrpaBeLlnHBa npH BhmonaeHHH ycnoBHl 

n 
lKe Mbl HaXOLlHMC g B ycnOBH SIX o6naCTH ( 3), TO cu:.::: •1 I< c 

Bwk > w ~, H3 (18), nony'!HM: 

~I< v « _.I£ 
I< c 

T.e, 3CTa<jleTHaSI nepeKa'!Ka llpOHCXOLlHT B 6eCKOH9'lHO 6nH3KHe· 

BOnHOBblX BeK TOpOB. 

B 3TOM cnyqae Mbi MOlKeM HanacaTb 

8w 
-+ 

k I 

.. 8w + 
it 

-----
dk 

Hcnonb3YR nocneAHee BbtpalKeHHe H 3aMeHRSI 

~k . 

I< a a 

BM9CTO (19) cneLlyiOmee .QH¢¢epeHUHanbHOe ypaBH9HHe: 

Bw ... 
k 

d8w -+ 2 
k ) 

dk 
=w oe 

9 

w 2 
--- v 

n
0 

T
8 

Te 

~1 



EcnH cneKTp myMOB cocpeaoroqea B o6nacrH OKano k
1 

.. k 
10 

H k >> k 
101 

TO B npeanono~eHHH Bw ... >> Bw ... 
k kl 

HOM aeyCTO~'iHBOCTH HMeeT llOpHAOK 

k v 'l/8 w t t/8 
<-~) <----->. y "'W oe 

w n T 
oe 0 e 

YcnoBHe (18) cnpaBeanHBO npH 

k v 
Tl 

w 
oe 

w 
---- -» 

n T 
0 e 

3 v 
e 

HHKpeMeHT HenHHeH-

(20) 

(21) 

OueaKa HHKpeMeara (20) cnpaBeanHBa npH BhmonaeHHH ycnoBH5! ( 4). EcnH 
n 

~e Mbl H8XOAHMC5! B ycnoBH5!X 06naCTH (3), TO w:.:: -~k c H, TaK K8K 
n 

8wk > w _, H3 ( 18), nony"!HM: 

v 
« --I.!. 

k c 

T,e, SCTa<jleTHaH nepeKa"!Ka npOHCXOAHT B 6eCKOHe"!HO 6nH3KHe· 3H8'ieHH5! 

BOnHOBbiX BeKTOpOB. 

8 STOM cnyqae Mbl MO~eM H8llHC8Th 

Bw ... 
k I 

.. Bw + 
k 

_d _B_w...;lt;;.__ f. k . 
dk 

11cnonh3Y5! nocneaaee Bbrpa~eHHe H 3aMeH5!5! k a a 

BMecTo (19) cneayromee AH~epeauHanbaoe ypaBHeHHe: 

Bw ... 
k 

d8w ... 2 
----k"---) 

dk 
..w 

oe 

9 

w 
--- v 

n T 
0 e 

2 
Te 



.. 

Dony'IBIOlllHHCH OTCJO)la HHKpeMeHT aenHHeHHOH HeyCTOH'IHBOCTH B TO'IHOCTH 

paaea HHKpeMeHTy, onpenenHeMOMY (20): 

k v Te 
y .. w 

oe 
w 

oe 

2/8 
) ( 

w t/8 
--) 

nOTe 

./1 I 
HTaK, Mbi BHJlHM, 'ITO pe3ynhTBTbi, nony'leHHbie B , nerKo nepeHOCHTCH 

HB cnyqai{ pacceHHH.I'I ( t t) BOn H. AHanOI"H'IHb!M o6pa30M STO OTHOCUTC.I'I K 
/2,3/ 

1!: pe3ynhTaTaM, nony'leHHbiM B • HaKoHeu, 3aMeTHM, 'ITO Mbi orpaHH-

'llinHCb paCCMOTpeHHeM B3aHMO)leHCTBH.I'I ( l t) BOnH 1 HO HeTpyJlHO nony'IHTb 

oueHKH H nnH npoueccoa c yqacTHeM (t l H (f) BOnH. 
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