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C fiOMOillblO MeTOll8 nonHhlX MOMeHTOB 4JyHKUIIII pacnpeneneHIHI BbiBO

llSITCSI ypaBHeHHSI llnSI CpellHCKB8llp8Tif'IIlblX pa3MepOB KOnbUeBblX 38pSill<eHHblX 

ny'IKOB C y'IeTOM 6eTaTpOHHblX KOne6aHI!H II 3HepreTli'ICCKOf'O pa36poca 

'IBCTIIU, llBIIlKYWIIXCSI B nlilleJIHblX 3neKTpOM8f'HIITHblX nonSIX. l1ccnellyJOTCSI 

CTBUIIOHapHble COCTOSIHIISI IIY'IKOB II I!X ycTOli'IHBOCTb, 8 cnyqae Meanei!HOI'O 

113MeHeHHSI BHeWHIIX sneKTpOM8f'HIITHhlX none!! nony'!eHhl 8Jllla6aTH'IeCKHC 

IIIIB8pHBRThl, H8 OCHOBe KOTOpblX B np0113BOnbHhle 1\101\leHThl BpeMei!U onpe

lleiiSIIOTCSI p83Mepb1 Hy'IKOB, nony'ICHHbiC ypaBHeHIISI Jl.'1SI 113MCHeH!ISI M8.'1LIX 

p83MepOB npll 8Jlii868Tif'IeCKOM 113MeHeHI!II BHelllHIIX noneii MOI'YT npliMCHSITb

CSI B pBC'IeTaX ClK8TIISI 31IeKTpOHHblX KOnen B KOIIneKTIIBHbiX YCKOpi!TeiiSIX 

HOHOB, xorna paaMepLI Koneu onpenenmoTCSI KaK paa6pocoM no 3HeprnH, 

TaK K 6eTaTpOHHblMII Kone68HIISIMII, 

Pa6ora Bhmonnena s Ornene HOBbiX Meronon ycKopeHIISI Ol1.fll1. 

Coo6menue 06beouHeHHoro HHCTHTyTa SinepHbiX HccneuosaHuil. lly6Ha 1978 

Kasarinov N,Yu., Perelshteyn E.A. P9 - II916 
On RMS-Dimensions of Circular Charged 
Particle Beams 

The system of equations for RMS-dimensions of cir
cular charged particle beams has been obtained using the 
mometum method. The betatron ocsillations and energy 
spread have been taken into account. The steady state of 
beams and their stability are considered. For slowely 
changing external electromagnetic fields adiabatic inva
riants are found. These invariants may be used for deter
mination of beam RMS-dimensions at arbitrary moment of th 
the time. 

The investigation has been performed at the 
Department of New Acceleration Methods, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubno 1978 

© 1978 06I.ellJ!HeHHbi/l HHCTHTyT HtlepHbiX /fCCIIei!OBBHHil [ly6Ha 

llpH HCCne~OBaHHH paBHOBeCHMX xapaKTepHCTHK KOnh

UeBMX ny'IKOB JapJDKeHHMX qaCTHU H HX llOBe~eHHJI npH 

a~Ha6aTH'IeCKOM H3MeHeHHH napaMeTpOB BHeWHerO 3neKTpo

MarHHTHOrO nonJI 06hi'IHO paCCMaTpHBaiOTCJI ~Be MO~enH. 

B nepaoB. I 1/ ue y'IHTMBaeTCJI 3HepreTH'IeCKHH pa36poc H 

pa~uanLHMH paJMep ny'IKa onpe~enJieTCJI aMnnHTy~aMH 

6eTaTpOHHMX KOne6aHHH 'laCTHU. Bo BTOpOH MO~enH /2/ 

pa~HanhHhiH liJaJOBbiH 06'beM C'IHTaeTCJI paBHMM Hymo 

H paJMep onpe~enJieTcJI 3HepreTH'IeCKHM pa36pocoM qac

THU B ny'IKe. 

B ~auuoB. pa6oTe c noMOIUhiD MeTo~a nonHMX MOMeHTOB 
I I 

liJyHKUHH pacnpe~eneHHJI i 3; paCCMaTpHBaiDTCJI CTaUHOHap-

HMe COCTOJIHHJI, CB060~HMe KOne6aHHJI H a~Ha6aTH'IeCKOe 
HJMeHeHHe cpe~HeKBa~paTH'IHMX pa3MepOB KOnhUCBMX nyq

KOB JapJI:>KeHHMX 'laCTHU C OTnH'IHbiMH OT HynJI 3HepreTH'IeC

KHM pa36pOCOM H pa~HanhHMM l1Ja30BMM 06'bCMOM. 

1. PaccMoTpHM aJHMyTanLuo-cHMMeTpH'IHMH ny'loK Ja

pJI:>KeHHhiX 'laCTHU, HMeiDIUHX 3HepreTH'IeCKHH pa36poc H 

~BH:>KYIUHXCJI B MarHHTHOM none H ·~ (H , 0, H ) . JluueapHJO-r z 
BaHHMe ypaBHeHHJI ~BH:>KeHHJI B UHnHHAPH'IeCKOH CHCTeMe 

KOOI)~HHaT (r, 0, z) MO:>KHO JallHCaTb B cneAYIDIUCM BH

~e 7 2,4( 

Yo 2 wo 
X+--- X+ wrX + Fx = ------- W, 

Yo m Yo ro 

Yo 2 
z + ---- z +- w z + F 

Yo z z 
= 0, /1/ 

w = 0, 
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r~e m- Macca qacTHUbl; x=r-r 0 ; w ~Me- M~; 
wr,z ~ v r,z w 0 - 'laCTOTbl 6eTaTpOHHbiX Kone6aHHB; Yo ,w0, 
r0 , Me - pemnHBHCTCKHii cllaxTop, qacToTa o6paiUeHax, pa
~ayc H o6o6IUCHHbiB MOMCHT KOnH'ICCTBa ~BH:>KCHHX paBHO· 
uecHoii 'laCTHUbl cooTBeTCTBeHHO. Cana F o6ycnouneHa 
~eiicTBHeM co6cTBeHHoro 3neKTpoMarHHTHoro nonx ny'IKa. 

06pa3yeM H3 KOOp~HHaT H CKOpOCTCB 'laCTHUbl BCKTOp
CTOn6eu Y: 

xl X 

x2 : l ( : y - I vl - - I /2/ 

v2 z 

v3 w 

YpauHeHHX ~BH:>KeHHX /1/ npe~cTaBHM B MaTpH'IHOM BH~e: 

dY 
~· AY +FA· 

dt 

MaTpaua A onpe~eneHa cne~yiDIUHM o6pa3oM: 

Ao(~!) 

~=(100) 0 1 0 b 
(

-(() 2 0 ) 
or -wz2 ; 

0. 0 

Yo 
0 

wo 
--

I 
Yo 

Yo 
my oro 

a = 
0 ---- 0 

Yo 

0 0 0 

/3/ 

/4/ 

BexTop-cTon6eu FA nocTpoeH H3 KOMnoHeHTOB cnnhl Jlo
penua co6cTBeHHoro 3neKTpoMarHHTHoro nonJJ nyqxa: 

4 

0 

0 ' I o 

F'/\ =I ~:I =I F I. /5/ 

0 
. I 

TaK :>Ke KaK B pa6oTe· 5,, BBC~eM MOMCHTbl BTOpOrO no-
pX~Ka cllYHKnHH pacnpe~eJICHHX f 'laCTHU B ny'IKe: 

M=YY* = ~ f YY*fdQ, 
n 

/6/ 

r~e N - JIHHeiiHaJJ nnoTHOCTb qacTHU, 3HaK "*" 03Ha'laeT 
TpaHcnoHapouaHHe MaTpHUbl. HHTerpapouaHHe B /6/ npo
BO~HTcx no Bceii o6nacTH clla3ouoro npocTpaHcTua, 3anJJ-
Toro qacTauaMH (dQ = dxdzdidzdw ). MaTpauy M 
y~o6no npe~cTaBHTb B 6no'IHON BH~e: 

M = ( M xx Mxv). 
M;v Mvv 

/7/ 

Ma TPHilhl M , M , M onpe~enenbl TaK lKe, KaK B I 51 
XX VV XV ' 

nanpaNep, Mxx - NaTpaua cpe~neKua~paTH'IHbiX pa3NepoB 

ny'IKa: 

ij 
Mxx = xi X j ' i, j = 1, 2. /8/ 

B OTJIH'IHC OT / 5/ 3TH NaTpHilbl HNCIOT pa3Hb1B nopB,AOK. 
M xx • M vv - KBa,ApaTHble CHNNeTpH'IHble NaTpHilbl BTopo
ro H TpeTLero nopJJ,AKa COOTBeTCTBeHHO, a Mxv - npBNO
yrOJILHaB MaTpHila pa3NepHOCTH 2x3. 

MoNeHTbl BToporo nopa,AKa Y.AOBJieTBOPBIOT cacTeMe 

.AHclMl»epeHilBaJILHbiX ypaBHCHHB: 

~ --- ---
dt = N!4 + MA* + F 1\ Y* + YFA. /9/ 

Cor nacHo 4-opwynaM /2/, /5/ 3a1111111eM: 
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CucTeMa 191 6y,neT JaMKHYTOH, ecnu 3neMeHTbl MaT
PHUbl YF:~- Bblpa:>KaiOTC.H qepe3 MOMeHTbl BToporo no
p.a:,nKa. 3TH JaBHCHMOCTH nerKo uaxo,n.a:Tc.a: B cnyqae nuueH:
HbiX C06CTBeHHbiX noneil, T.e. ,nn.a: llY'IKOB C paBHOMepHOH 
llO 3nnHllTH'leCKOMY Ce'leHHIO llllOTHOCThiO 3ap.a:,na/ t/. )l.n.a: 
TaKHX ny'IKOB y'leT C06CTBeHHOrO 3lleKTpOMarHHTHOrO non.a: 
npHBO,IJ;HT K 3aBHCHMOCTH 3neMeHTOB MaTpHUbl b 141 OT 
cpe,nueKaa,npaTH'IHLIX pa3Mepoa ny'IKa: 

b=b t+b ' ex s 

r.ne MaTpuua b ext 
puua bs paaua: 

bs 

3,nech 

2 
vC 

y3 SpM lh 
O XX 

v = N r e 

1111 

coana,naeT c b B dJopMyne 141, a MaT-

_lh 
~*M XX 

e 2 
napaMeTp .6y,nKepa; r = -----~ 

e mc2 

1121 

e 

3a~.a:,n qaCTHUbl; C - CKOpOCTh C_Jt,fTa B
1 
BaKyyMe; MaTpHUa 

M;tz onpe,nene~a TaK, 'ITO M xx
2 

• M ;: = M;,Z ; Sp M t1x 

cne.n Ma TPHULI M t~ 
llonyqeHHble ypaBHeHH.H ,IJ;llH MOMeHTOB BTOpOrO nopH,nKa 

OCTaiOTC.H cnpaBe,IJ;llHBLIMH H ,nnH ny'IKOB C llllOTHOCThiO 
JapH,na 6onee o6~ero au,na. Onpe,nenuM d!YHKUHIO pacnpe-

.neneHHH f KaK 

-l 
f = f(Y*M Y). 1131 

-1 
Ma Tpuua M B I 131 - o6pa THaH Ma Tpuua K M 17 I. 
llpoao.n.a: BLI'IHCneuue nnoTHOCTH JapH,na u TOKa TaK :>Ke, 

KaK BIt!, nony'IHM: 

6 

' ~ 

1 

' 

IMxx 
6eu: 

p 
eN 

. Vz X 
7T I M I ( 1 + -~) 

XX r 
0 

-1 
p,
0 

(X*M X), 
XX 

114.11 

M* M- 1X . 114.21 
XV XX p 

- onpe,nenuTenh Ma TPHUbl M xx , j - aeKTop- cTon-

- ( ~~ ) . 1151 
]3 

KOMllOHeHTbl j 1. 2 onpe,nenHIOT TOKH, CBH3aHHble C 6eTa
TpOHHbiMH KonefiaHHHMH, a j 3 o6ycnoaneH OTKllOHeHHeM 
aJHMyTanLuoro ToKa oT cpe,nuero 3Ha'leHH.H j e = w 0 r 0p. 

B pa6oTe / 6; noKa3aHo, 'ITO ,nnH ny'IKOB c nnoTHOCThiO 

JapH,na au.na I 14.11 cnpaae.nnuao Bhipa:>Keuue 

XF* M XX b ~ ' 1161 

ue JaBHCHIUee OT au.na dJyHKUHH PD. BocnonLJoBaBWHCh 
onpe,neneuueM nnoTHOCTH ToKa I 14.21, HMeeM: 

VF* = M* M--l XF;-= M* h * 
XV XX XV'S 

1171 

TaKHM o6pa30M, ypaaueuu.a: 191 c yqeToM 1101, 1161, 
117 I o6pa3yroT JaMKHYTYIO cucTeMy .nn.a: MoMeHTOB BTo
poro llOpH,D;Ka H BHA HX He 3aBHCHT OT pacnpe,neneHHH f. 

2. Ecnu pa,nuanLuoe u aKcuanLHOe ,naH:>KeHHH paJ,nenH
IOTCH, TO MO:>KHO HCKaTh 'laCTHOe peWeHHe CHCTeMLI 191 
C ,nuarouanhHOH MaTpHIJ;eH M xx . )l.n.a: MOMeHTOB BTOpOrO 
nopH,D;Ka, CB.H3aHHblX C pa,nuanhHLIM ,IJ;BH:>KeHHeM, HMeeM 

B 3TOM cnyqae cornacuo 191: 
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x 2 = 2 xvr • 

2 Wo ---- 2 -- . Yo 2 
V = 2---- V W - 2w XV - 2- V r r r r y,- r• 

myor o o 

XV 1 

2 wo -- 2 2 Yo ---
v -+ --- XW - w X - -- XV r , 

r myoro r 'l6 
/18/ 

xw vr w , 

wo --2 2---- Yo 
v w ~ --- w - w xw - - v w 

r m Yo r 0 r y 0 r ' 

v;2 .~- 0. 

Y'leT co6cTseuuwx noneil ny'IKa npHBO.AHT K o6w'IHOMY 
KynouoscKoMy C.ABHry qacTOTLI 

v; 11 -1-n-~ 
Yo Po 

r2 
0 

ar(ar +az) 
/19/ 

r.Ae a r, z - cpe_AHeKBa.ApaTH'IHLie nonypa3Mepw ny'IKa, 

a r = v x2 , a z = v z 2 , n- noKa3aTenL cna.Aa BHeWHero no

woro 
ll.ll, {30 = --- - OTHOCHTellLHa.ll yrnoBa.ll CKOpOCTL 'laCTHI( 

c 

B KOllLI(e. 
YpasueHH.II .An.ll MOMeHTOB BToporo nop.II.AKa, CB.II3aHHLIX 

C aKCHallLHLIM _ABJDKeHHeM, B 3TOM cnyqae COBOaAaiOT 
c ypasueuH.IIMH, no.Apo6uo uccne.AOBaBWBMHC.II B 15/. HeTpy.A
uo noKa3aTL, 'ITO H3Meueuue aKcuanLuoro pa3Mepa a z 
onpe.Aen.lleTC.II ypasueuueM Bna.AHMBpcKoro -Kan'IHHcKoro: 

d da - z 2 
Yo dt Yo -ill+wzaz-
1 

8 

E2 
z 

---=0. 
y2a3 

0 z 

/20/ 

! 
t 

i 

2 
v r o 

3.AeCL v 2 = n- ---- ------ E - senH'IBHa 3cWleK-
z 3 2 ' z 

Yof3o az (artaz) 
THBHOrO !l>a30BOrO 06'beMa, CBJ13aHHOrO C aKCHanLHLIM8 

Kone6aHHJIM8: 

2 222---2-. 
E =y

0 
(z v -(zv) J = const. 

z z 
/21/ 

B CTai(80HapHOM COCTOJIH88 ypaBHeH8Jl /18/,/20/ nepe

XO_AJIT B C8CTeMy anre6pa8'leCK8X ypasueu8il, onpe.AenJIIO· 

li(HX pa3MepLI DY'IKa: 

a2=a2+a2 
r 6 r, 

v2 
r 2 - ---

a6-- 2 2 

ac; 

2 
a 

z 

t<>o 11 r 

y w2 

m Yo [3 c ~· 2 0 r 

Ez 

Yo wo v z 

/22.1/ 

/22.2/ 

/22.3/ 

/22.4/ 

KaK B8.AHO 83 !l>opMyn /22/, cTanuouapuLie pa3MepLI ny'IKa 
3a.B8CJIT OT Tpex np083BOllLHLIX OOCTOJIHHLIX: aKC8allLHOrO 
4>a3osoro o6'LeMa E , pa36poca no o6o6meuuLIM MoMeu-

z ---
TaM KOll8'leCTBa _AB8)1(eH8Jl y w2- /8ll8, C TO'IHOCTLIO _AO 
OOCTOJIHHOrO MH0)1(8TellJI, 3HepreT8'leCKOrO pa36poca/ 8 
pa.A8anLuoil "TeMnepaTypLI" v¥, Ang ny'IKOB qacT8n Manoa 
llllOTHOCT8 6e3pa3MepHLie 'laCTOTLI 6eTaTpOHHLIX KOne6a
H8H vr, z He 3aB8CJIT OT pa3MepOB DY'IKa 8 !l>opMynLI /22/ 
onpe.AenJIJOT pasuosecuLie pa3MepLI. B 3TOM cnyqae KBa.ApaT 
pa_A8allLHOrO pa3Mepa JIBllJleTCJI cyMMOH KBa_ApaTOB "6eTa
TpOHHOro" pa3Mepa a 6 , onpeAenJleMoro paA&anLuoil TeM
nepaTypoil, 8 "c8uxpoTpouuoro" pa3Mepa llc, onpe.Aenge
Moro 3HepreT8'leCK8M pa36pocoM. llp8 a6 << ac 83 /22/ 
cneAyJOT pe3ynLTaTLI MOAenu I 11. B o6paTHOM npeAenL80M 
cnyqae ac » 3() ypasueu8Jl /22/ cosnaAaJOT c nony'leHHLIM8 

u121 
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Ecnu co6cTBeBHbiMB nomiMB qacTBU MO)KHO npeue6-
pe'IL, To ypaaueHBJI /18/ n8ueiiubl. B cTaTBCTB'IeCK8X 
nonJix cucTeMa /18/ ,!J.aeT ycToii'IBBble Kone6aH8JI cpe)l.ue-

KBa)l.paTB'IHOro pa3Mepa: 

x2 = C 
1
+ C

2
cosw t + C sinw t + C cos2w t + 

r 3 r 4 r 
/23/ 

+ C sin 2w t, 
5 r 

r,!J.e llOCTOJIHHble Ci nBHeHHblM o6pa30M CBJI3aHbl C MOMeH
TaMB Ha'lanLHOH illYHKU88 pacnpe,!J.eneHHJI. 

KaK B8,!J.HO 83 !llopMynhl /23/, Kone6aHBJI cpe)l.HeKBa)l.pa-

T8'1HOro pa3Mepa x 2 8MeiOT xapaKTepuble qacTOTLI w r 

B 2wr. 
Oco6euublii 8HTepec npe,!J.cTaBnJIIOT a,!J.8a6aT8'1eCK8e 8n-

aapuaHTbl CBCTeMbl /18/, /20/, )l.a10IU8e 3aB8C8MOCTL OT 
apeMeH8 pa3Mepoa ny'IKa np8 Me,!J.neuuoM 83Meueu8H napa
MeTpoa auewuero 3neKTpoMaruuTuoro nonJI. llp8 Me,!J.neu
uoii 3aB8C8MOCT8 napaMeTpOB C8CTeMLI /18, 20/ OT apeMe-
88, KOr)l.a BblllOnHJIIOTCJI COOTHOWeH8JI 

Yo ro 
----- - ------ - f « 1. /24/ 

woYo woro 

nepable npOB3BO,!J.HLie no BpeMeH8 B /18/, /20/ JIBnJIIOTCJI 
aen8'18HaM8 - c llpeue6peraJI aen8'18HaM8 6onee BLICOKoro 

nopJI)l.Ka ManocTB, nony'I8M: 

mf3o cyo v/xw O' w 2= const. 

Y2w 2 a 4 = E 2= const 0 z z z • 

/25.1/ 

/25.2/ 

Bbipa*euue /25.2/ coana,!J.aeT c a,!J.8a6aT8'1eCK8M uuaa
puauToM 6eTaTpOHHLIX Kone6auuii I 41. 

)J.nJI uaxo)K)J.euu.a: TpeTLero a,!J.Ha6aT8'1ecKoro 8HBapuau
Ta BOCllOnL3yeMCJI B3BeCTHblM CBOHCTBOM C8CTeMLI n8Heii
HLIX ,!J.B~epeHUBanLHblX ypaBHeHBH /18/ /7( 

10 

D Ce 

t Yo , 
-9 J---dt 

- Yo 
0 

/26/ 

r,!J.e C - npoB3BOnLHaJI nocToJIHHaJI, D - onpe,!J.enuTenL 
MaTpBULI MOMeHTOB, CBJI3aHHblX C pa,!J.BanLHblM ,!J.B8)KeH8eM: 

x2 X Vr xw 

--- --- ----1 
D = I xvr v2 /27/ 

r vrw 

--- 0 

xw vrw w'"' 

llpeue6pera.a: np8 Bbl'IBcneu88 onpe,!J.en8TenJI senB'I8HaM8 
- f 2, BMeeM: 

y2v2(x2w2 -(xw)2) =C=C w2 
0 r 1 

/28/ 

JiJ TpeTLero ypaBHeH8JI C8CTeMLI /18/ B 3TOM )Ke llp86n8· 
)KeH88 HaXO,!J.8M: 

v 2 + 
r 

wo --- 2 2 
------- xw - wr X = 0. 
my oro 

/29/ 

HCKniO'I8M V~ 8 XW-- 83 /29/ C llOMOIULIO !llopMyn/25.1/, 
/28/. B pe3yJILTaTe nony'I8M HCKOMLIH 8HBap8aHT: 

Yow (a 2-
r r 

____ w 
2 
_____ ) = const 2: 0. 

v;myoworo 

/30/ 

3To Bblpa)Keu8e y,!J.o6uo nepen8caTL, 8cnonL3YJI "6eTaTpou
HLiii" 8 "c8HXpOTPOHHbiH" pa3MepLI, auanor8'1HO !llopMynaM 

/22/: 

a2 = 
r 

2 2 
a c + a6 /31/ 
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npH'IeM a; 
0 

const 

Yo wr 
a CHHXpOTpOHHblH pa3Mep no-npe:>K· 

ueMy onpe)l,emieTCJI Bblpa:>KeHHeM /22.3/. 
YpasueHHJI /22.3/, /25.2/, /31/ onpe)l.enJIIOT 3asucu

MOCTL pa3MepOB OT speMeHH npH a)l,Ha6aTH'IeCKOM H3Me

HeHHH napaMeTpOB CHCTeMbl. lJpH ManOM 'IHCne 'laCTH:U 

"6eTaTpOHHb1H" H "CHHXpOTpOHHbiH" pa3Mepbl He 3aBHCJIT 

)l.pyr OT )l.pyra H H3MeHJIIOTCJI BO BpeMeHH cornaCHO CBOHM 

HHBapuauTaM. Ksa)l,paT pa)l.HanLuoro pa3Mepa, TaK :>Ke KaK 

B crauuouapuoM cnyqae, JIBmieTCJI cyMMoii KBa)l.paros 

"CHHXpOTpOHHOrO" H "6eTaTpOHHOro" pa3MepOB. 

llony'leHHble ypaBHeHHJI )l,nJI H3MeHeHHJI ManbiX pa3Me· 

pOB npH a)l,Ha6aTH'IeCKOM H3MeHeHHH BHeWHHX noneii: MOryT 

npHMeHJITLCJI B pac'ieTaX C:>KaTHJI 3neKTpOHHbiX KOne:u B Kon

neKTHBHblX YCKOpHTenJIX HOHOB, KOr)l,a pa3Mepbl KOne:u 

onpe)l,enJIIOTCJI KaK pa36pocoM no 3HeprHH, TaK H 6erarpou

HhlMH KOne6aHHJIMH 3neKTpOHOB. 
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26 ceHmR6pJI 1978 zooa. 


