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Bnaaaae aenaaellaocra aaewaax aneKTpoMarHHTHbiX nonell 
Sa napaMeTpH'IeCKHil pe30H8HC 6eTaTpOHHblX KOne6aHHi! 

PaccMoTpeHo anHBHHe xy6aqecKoi! Henaaefiaocra aaewaero anexTpoMar
HBTHoro nona Ha napaMeTpH'IeCKHil pe30H8HC 6eTSTpOHHh!X Kone6aHHH B npa
~YTCTBHH CHn npocTpaHCTBeHHOro 3apa,na, noK838HO, 'ITO COBMeCTHoe !leli
fTBBe npocrpaacraenHoro 3SpSI!la H Henaaet1HOCTH aaewaero nona npaaonar .. 
·x 6naronpaaTHbiM ycnoaastM Menneaaoro nepece'leHHSI peaoaaaca xax c yae
nl!'leaaeM, TaK II C yMeHbWeHHeM 'ISCTOTbl KOne6aHHil. 

Pa6ora Bbmonaeaa a Ornene HOBhrx Mero.aoa ycxopeHHH OJ.1.HJ.1, 

npenpHHT 06'beJlHReHHOro HHCTI!TyTa S!JlepHblX HCCnenOB8HHli, lly6H8 1978 

Kazarinov N,Yu., Shevtsov V.F. 
pg - 11720 

Effect of Nonlinearity of External Electromagnetic 
Fields on Parametric Resonance of Betatron 
Oscillations 

ECfect of nonlinearity of external electromagnetic fields on para
metric resonance of betatron oscillations at the presence of space 
charge forces is considered, It is shown that the common action 
of a space charge and external field nonlinearity leads to favorable 
conditions of a slow crossing of resonance both with increasing 
and decreasing of oscillation frequency, 

The investigation has been performed at the Department 
of New Acceleration Methods, JlNR, 
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BnH~HHe npocTpaacTseaaoro aap~na aa napaMeTpHqec
KHli pe30H8HC 6eTaTpOHHbiX KOne6aHHH B UHKnHqeCKHX yc
KOpHTen~X Hccnenosanocb B pa6oTax /l-3/. Co6cTseHHhiH 
aap~n nyqKa 6naronpH~TCTsyeT MenneaaoMy npoxo*neaHro 
peaoaaaca c ysenHqeaHeM qacTOThi, npH npoxo*neHHH pe
aoaaaca c yMeHbiiieHHeM qacTOTbi aMnnHTyna Kone6aaHli 
aeorpaaHqeaHo pacTeT, 

HasecTao TaK*e• qTo Mana~ Ky6HqecKaB aenHaeliaocTb 
sae111aero 9neKTpoMarHHTHoro nong ynyqiiiaeT ycnoBHB 
MenneHHoro npoxomneHHB peaoHaaca c ysenHqeaHeM 
(yMeHbllleHHeM) qaCTOThl, B 38BHCHMOCTH OT 3H8K8 He
nHHefiHOCTH /4/. 

B naaaofi pa6oTe paccMaTpHBaeTCB snHBHHe Ky6HqecKoli 
HenHaeliHOCTH saeiiiaero nong aa napaMeTpHqeCKHli peaoaaac 
6eTaTpOHHbiX KOne6aHHll B npHCyTCTBHH CHn npOCTpaHCTBeH
HOro aapBna. 

B npeHe6pe*eHHH CBB3bro nBH)I<eHHli, o6ycnosneHHOli 
C06CTBeHHbiMH nonBMH, CpenHeKBanpaTHqHblll p83Mep a 
Konbuesoro nyqKa, aaxonBIIIerocg B aneKTpoMarHHTHOM 
none, HMeromeM Ky6HqecKyro HenHaeliaocTb, ynosneTsopg
eT nH¢¢epeHUH8nbHOMy ypaBHeHHro 

2 a +v a 
2 F2 Qa o 

7- a 
2v 11 3 3a2 a + ( a cos 0 

0 

{1) 

rne v - qacToTa 6eTaTpoHHhlX Kone6aaHli, oTaeceaHa~ 
K qacToTe o6paiiieHHB qacTHUhl BO BHeiiiHeM MarHHTHOM 
none w 0 = f3c /R, F=va~ - senHqHHa 9<j:ltlJeKTHBaoro 
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2 
v eR 

<jlaaoaoro o6'heMa ny'l:Ka, Q = 
2

{32 3 2 - OTHOCHTenbHbiii: 
Y ao 

KynoaoacKRii: caaRr qacToThl, a 0 - cpeaaeKsaapaTH'l:Hhlii: 
paaMep cornacoaaaaoro ny'l:Ka, R - cpeaHHii: paaRyc 

2 KOllbUB, e 
ve""Ne ro- napaMeTp EyaKepa, ro "'-2; e,rn-

rnc 
38pSill H MBCCa 'i8CTHUbl 1 COOTBeTCTBeHHO, C - CKOpOCTb 
caeTa a aaKyyMe, N e - nRaeii:HaSI nnoTHOCTb 'iaCTHU a 
KOllbUe, Y - peliSITHBHCTCKHii: <jlaKTOp 'iBCTHU. nH<jl<jlepeH
UHpOBBHHe B ( l) ITpOBOa!fTCSI ITO yrnoaoii: nepeMeHHOii: 

e=wot~ DapaMeTp ~ paaea HeliHHeii:HOMy caaRry OTHOCH
TenbHOii: 'l:aCTOTbi Kone6aHRii:. BenH'l:HHa c xapaKTepRayeT 
OTHOCHTenbHYIO oum6Ky noKaaaTenSI cnaaa aaewaero nonSI. 
YpaaaeHHe (1) nonyqeao a npearrono*eHHH ManocTH 
H3MeHeHHSI <jlaaoaoro o6'beMa F, o6ycnoaneaaoro aenRHeii:
HOCTbiO C06CTBeHHOI'O H BHeWHero 3lleKTpOM8I'HHTHbiX 
noneii: /5/. 

B OTcyTCTBHe aenRHeii:aoro 'ineaa ( TJ =0), co6cTaea

Horo 3apSiaa (Q=Q) H B03MyWeHHSI MBI'HHTHOI'O ITOliSI (c-0) 
o6mee peweane ypaaHeHHSI (1) MO*HO aanRcaTb a BRae: 

( _a_) 
2 

= E + V E 2 -1 sin ( 2 v 8 + ¢ ) . 
ao (2) 

rae E H cp - I1pOH3BOllbHb!e ITOCTOSIHHbie. 8 nepBOM 
nopSiaKe MeToaa ycpeaaeHHSI Kpbinoaa-Eoroni06oaa1 6/ 

E 288+¢ MeaneHHO MeHSIIOillHeCSI <jlyHKUHH H W = --
2
-- yaosneT-

BOpSIIOT ypaBHeHHSIM: 

E = 2 a V E 2 -1 cos 2W , 

W =o-a _E __ 

'./E 2 -1 
aaecb 

sin2W- ~-.,.,E 
E+1 

a=-(-
2v ' 

0 =V 
1 
2 

4 

(3) 

YpaaHeHHSI (3) rrprr TJ =0 cosrraaaiOT c OCHOBHbiMH 
I I -

ypaBH8HHSIM!i pa60T I 1,2, . 

DpH MeaneHHOM rrpoxo*aeHHH peaoaaaca aMnnaTyaa 
Kone6aHHii: cpeaHeKaaapaT!i'l:Horo paaMepa rryqKa, corna
cosaaaoro s aaqanbHbiH MoMeHT speMeHH, aon*Ha npRMep
HO cneaosaTb ycTOH'iHBbiM CTBUHOHBpHbiM peweHHSIM CHC
TeMbl (3). Ha p rr c. 1-4 noKa3aHa 3BB!iC!iMOCTb cpyHKUI111 U: 

u 
a max 
-~-=(Eo+ v E~ -1) 1/2 (4) 

:~ ',~, 7/(j=-3 I 
'\ QjG= 6 

' ' ' 
2 

1 

' ' '\ \ 
\ 
\ 
\ 

L I I ---::' lD~ ::::- I I J D 
-16 -12 -3 -4 0 4 8 12 16 

Puc.l, 3aBHCHMOCTb cpyHKUI!H U OT OTHOCHTellbHOH pac

CTpOliKH D npH ry/a =-3, Q;'a =6. 
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PHc,2. 3aBHCIIMOCTb tPYHKUHH U OT OTHOCHTenbHOii: pac

CTpOii:KH D npH Tf/a=3, Qja,lO. 
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PHc.3, 3aBHCHMOCTb tPYHKUHH U OT OTHOCHTenbHOH pac

CTpOHKH D llpH ., ;a =3' QjQ =30. 
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PHC,4, 3aBHCHMOCTb tPYHKUHH U OT OTHOCHTenbHOH pac

CTpOHKH D npH .,;a,.,a, Q/a=45. 

OT OTHOCHTenbHOii: paCCTpOii:KH D =0 /a llpH pa3nHqHbiX 

COOTHOIII8HHSIX napaMeTpOB Tffa H Qja. 8 tfJopMyne (4) 
E 0 03HaqaeT CT8UHOHapaoe peiiieHHe CHCTeMbl ( 3), 

nyHKTHpOM Ha rpatfJHK8X OTMeqeHbl HeyCTOii:qHBbie CT8UHO-

H8pHbi8 peiiieH!ISI, l13 rpalf>HKOB BHAH0 1 qTo B 38BHCIIMOCTH 

OT COOTHOIII8HHSI napaMeTpOB ., I a H Q I a B03MO)I{Hbl 

TpH pe)I{HMa npOX0)1{ll8HHSI pe30H8HCa. 

B nepsoM pe*HMe ( Tf < 0) eHa ¢YHKUHH U, BbJqHcnea-

Hoii: llpH .,;a =-3 11 Qja .6
1 

llOKa3aH Ha pH c. 1. 
B aToM cnyqae B03MO)I{HO Meaneaaoe npoxo*AeHHe pe3o

Haaca C ysenHqeHHeM qacTOThi (D > 0). npH STOM 

M8KCHM8nbHOe ysenHqeHHe pa3Mepa nyqKa npOHCXOAHT 

B ToqKe D=Dmax (eM. p11c. 1·): 
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Dmax =-
Eo Q 1 
_2_-=.+ -- ------ + T/ E 

yE -1 0 E +1 -0- O • 
0 0 

Q 213 
E 0 = 1 + [ 2 ( -- _ _!L) 

40 0 

1 1 
--+-

2 6 

Q -1 ( 5) 
---1 

Q 
(--ry) 

4 

$opMyna (5) cnpaae,llllHBa np11 BhlnonneHHH ycnoBHSI 

Q 
4-TJ»G. ( 6) 

YseJIHqemre paaMepa B sToM cnyqae MO)KeT 6biTb uanneHo 
c noMOlllbiO cjlopMyllbi ( 4), rne crauuouapuoe pellleHue 
CHCTeM:oi ( 3) paaao E . 

max 

E = 1 + 1 57 ( ~ + I T/ I ) -213 
max • --

40 0 

t 7) 

T,e, yMeHblllaeTCSI c poe ToM Q H I Tf 1 
Dp11 npoXO)KJl8HHH peaoaaaca c yMeHbllleHHeM qacToTbi 

(D < 0) aMnnuryna Kone6aHHfi aeorpaa!fqeuao pacreT. 
Bo aTopoM pe)KHMe ( TJ> 0. Q ~ Q o ) aaaHCHMOCTb 

U(D) npuql0=3 11 Ql0=10 noKaaaHaHa 

p 11 c, 2. Benwmua Q 0 onpenenSieTcSI coornolllenueM: 

8 

3E (E +1 ) 2 

Q= oo 7]. 
0 

E 2 o+ 

Eo= 1 + .!_ c2CL) 215 

2 TJ 

( 8) 

.Umr .ll8HHhrX napaMeTpoa T/ 11 Q Q o = 24. 
B cnyqae npoxmK.lleHHSI peaoaaaca c yMeRbllleHHeM 

qaCTOTbi M8KCHM8llbHOe yaeJI!fqeHHe 8MllllHTY.llbl KOJie6aHHH 
npoHCXO.llHT np11 D. paBHOM HeKoTopoMy D min ( CM, 
p 11 C. 2) . .UJISI cna6oti: H8lllfH8HHOCTH, K0f".ll8 T/ << Q: 

E 0 Q 1 11 D. = --====-- +-- ---+-- E 0 , 
m m y E 2 -1 0 E o+ 1 0 

0 

QITJ E0 '"' [ 1 + __ 
112 

(9) 

(1 + yQ/ry)2 

3aaqeHHe E 
max 

cpopMyllhi: 
MO)KHO HafiTH, npH TJ > 0, c noMOlllbiO 

~ Ql 17 l112 E = 1 + -· . ( 10) 
ma:x -- 4 --

[1+yryiQ- y0 2I(ryQ)(1+ ~YTJIQ)] 2 

2 

Cornacao Bbipa)KeHHIO ( 10) E max ysenHqHaaeTCSI c poe ToM 
Q H yMeHblllaeTC.SI C pOCTOM T/ • 

DpH npoxo)K,lleHHH peaoaaaca c ysen!fqeaHeM qacToTbi 
8MITllHTYJl8 KOlle6aHHH HeorpaHHqeHHO pacTeT, 

B TpeTbeM pe)KHMe ( 7J > 0 , Q > Q o) aaaHCHMOCTb U (D) 
npH 17 I 0 = 3 11 Q I 0 = 30, Q I 0 = 45 noKaaaaa Ha 
p If C, 3,4, COOTB8TCTB8HHO, 

BseneM lllHPHHy "peaoaaacaofi nonoCbi" P (eM, p 11 c,3,4) 
KaK: 

P = D - D 
min max ( II ) 

rae aaaqeHH.SI Dmax• Dmin aaiOTCSI ¢opMyllaMH (5), 
(9). EcnH P> 0 (pHc, 3), aMnnuTyaa Kone6aHHfi cpea-
HeKsanparHqaoro pa3Mepa np11 M8Jlll8HHOM npOXO)K,ll8HHH 
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pe30H8HC8 H3MeH5IeTC5I TaK )Ke, K8K BO BTOpOM pe)KHMe. 

Ha pH c. 5 noKa3aHa 3aBHCliMOCTb umpaHhi "pe3oHaHCHOH 

nonocbl" P oT napaMeTpa Q I G npa HeCKOJlbKHX 3Ha"leHH-

5IX TJ I G. l13 rpaqmKOB BHJlHO, "'TO BeJIH"lliHa P y6hmaeT 

c pocToM Q I G ( npH cpaKcapoBaHHOM TJ / G ) H npn Q I G , 

6oJiblllHX HeKoToporo ( Q I G) kp•cTaHOBHTCSI orpnuaTellbHOH 

p 
~ 

2 

-2 

-6 

-lO 

-14 .....___..,___.___L~ 
0 tO 20 JO 4o 50 60 

Pnc.5. 3aBHCHMOCTb lllllpHHhi "pe3oHaHcHoi1 nonocbr" P oT 

napaMeTJ)a QIG npH cJieJlyiOillHX 3Ha"leHH5IX TJIG: 

1 3 9 15 
KPHBa5I - TJIG=---, KPHB85I 2 - TJIG=- , KpHBaSI 3 -TJ IG:-4 4 4. 

(puc. 4). B aToM cnyqae B03MO)KHO MenneHHOe npoXO)K

AeHne pe30H8HC8 K8K C yBeJIH"leHHeM, TaK H C yMeHbllleHH-

10 

eM "laCTOTbi Kone6aHHi1. 3Ha"leHH5I ( Ql G ) kp 
MoryT 6brTh Hail:neHbr H3 ypaBHeHR5I 

npH Q»Tf 

' , I 
1 i 2 1 -3, 2 ( ) 

y'..!L.=-[z -yz -z [1--(4x) -3x(1+x)]], 12 Q 2 0 0 0 2 

rne 
1 1 -3; 2 -1 

z 0 =[1+x--(4x) ] 
16 

.fO 

30 

20 

10 

0 2 3 4 

X=!.._(__£__) -213. 
4 40 

v ...... 

' 
5 

'~ 
3 

2 

5 6 7 /G 

Pnc.6. KpnBa5I 1 -
pa Tf I G. KpaBa5I 2 

38BllCHMOCTb (QIG )kp OT TiapaMeT-

HeKB8Jlp8TH"lHOT'O 

QIG=(Q/G) kp. 

- 38BRCRMOCTb M8KCliM8JlbHOT'O cpen-

pa3Mepa ny"!Ka OT napaMeTpa Tf I G npa 

Ha pH c. 6. npencTaBJieHa 3aBRCHMOCTb (QIG)kp oT 

rrapaMeTpa Tf I G ( KpRBaSI 1). MaKCHMaJibHoe yBeJIH"leHHe 
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pa3Mepa nytJ:Ka npoacxonaT B TOtJ:Ke D = D min a MO.lKeT 
6biTh BbitJ:acneHo no ¢opMynaM ( 4), ( 10). 3asacaMoCTh 
MaKCaManhHOrO cpeJlH8KBa)lpaTa'IHOrO pa3Mepa OT napa-

MeTpa t TJ /G npa Q/G = (Q/G )kp) noKa3aHa Ha 

p a C. 6, ( KpaBaSI 2) • l13 rpa¢aKa BaJlHO, 'ITO senatJ:aHa 
MaKcaManhHoro pa3Mepa y6hiBaeT c poe ToM TJ I G. 

TaKaM o6pa30M, cosMecTaoe )lelicTsae npocTpaHCTBeH
aoro 3apSIJla a Ky6aqecKoli HenaHeliaocTa BHewaero aneKT
poMaraaTaoro nonH npasonaT K 6naronpaHTHbiM ycnosaHM 
nepecetJ:eHaH napaMeTpaqecKoro pe3oaaaca KaK c ysenaqe
HaeM, TaK a c yMeHbWeHaeM qacTOTbi Kone6aaali. 
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