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Kaaapunoe H.IO., Oepenbwrelln 3.A. P9 • 11337 
BnHRHRe npocrpaucreeuuoro aapRna u uenunenuocTH Kone6auull 
sa H3Meuenue cpenueKeanpaTH'IHbiX paaMepoe ny'IJtOB 
3BpRlKeHHbiX 'IBCTHU 

BbreonurcR cucreMa ypaeneuull, onncbrea!OWBR H3Meueune eo epeMeHB 
cpenueKeanpaTH'IHbrX paaMepoe ny'IKB aapR>KeHHbiX qacrau c n:roTBOCTbiO 
38pRll8 0 BMe!OWell 91IIIBUTH'IeCKHe IIHHHH UOCTOSIHHOro ypOBHSI, 00Jiy'leHfiBSI CR• 
CTeMB ypaeHeHHll He 3BBHCHT OT KOHKpeTHOrO 8Hil6 :jlyHKUBH pacnpene.1eEHSI 
'18CTHU 8 ny'IKe, 0llH6KO BCUOIIb30BBHH6R IIBHeHH6SI annpOKCHM8UB R Ciiii .lo­
pe HUB He fi03BOIISieT Y'IHTbiBBTb H3MeHeHHe 9MHTT6HCB ny'IKB, Bbl3biBaeMOe 
uennuelluocTbiO Kone6anall. 

C fiOMOWb!O peweHHSI MOllellbHblX 3BllB'i fi0K63BH0 0 'ITO 9MRTT8HC. MOlKBO 
C'IHTaTb nocrosrHHbiM no MOMenTa epeMeHR nopsrnxa o6paraoro ae;ruuelluoro 
cneura 'IBCTOTbr xone6ausll. 

Pa6cTa Bbrnonaeaa a Ornene uoebrX Meronoe ycKopeHHII OHSU1. 

npenpiHT 06bellHHeHHOrO HHCTHTyTa srnepHblX HCCIIe:tOBaHIA, fiy6R8 1978 

Kase.rinov N,Yu., Pere1stein E.A. P9 • 11337 

Influence of Space Charge and OscUlation Nonlinearity 
on Che.nging of Charged Particle Beam R:'\IS-Dimensions 

For charged beams density with elliptic symmetry the equa­
tions for RMS-dimensions are derived. The obtained system of equa 
tlons does not depend on distribution function form. However, the 
linear approximation of Lorentz forces used does r.ot allow to 
account for charging the beam emittance caused by the oscillation 
nonlinearity. It is shown that nonlinear effects are insufficient for 
a time less than the universe oscillation frequency nonlinear shift. 

The investigation has been performed at the Department 
of New Accelerator Methods, JINR. 
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© 1978 06he/l11HeHH1:Jit IIHCTIITYT 11/lepHbiJC IICCRe/lOBaQ/1 Jly6Ba 

PaccwaTpasaa 41YHKUBB pacnpeAeJieHBJl, oTJIB'IH:we oT 

uyna, B orpaHB'Ieuaoi o6nacTB 4l&Josoro npocTpaHCTBa BJIB 

BHTerpBpye:w::we C npOB3BOJIIoH:WM CTeneHH:WM BeCOM, MO)I(IIO 

BBeCTB noJIH:We MOMeHT:W 41YBKUBB pacnpeAeJieHBJl, T. e. 

MOM8HT:W no BCeM 4la30B:WM nepeweHH:WM. 
B pa6oTe 111 B cnyqae penaTBBBCTCKoro ABJDKeHBJl B 

npOB3BOJIIoH:WX 3JieKTpOM&rHBTH:WX nOJIJlX cryCTKOB 3&pa­

)1(8HH:WX 'laCTBU MaJioi nJIOTHOCTB 6:wJia noJiy'leHa CBCTeMa 

ABcWlepeHUB&JlloH:WX ypaBHeHBi, CBJl3WB&IOIU&Jl MelKAY co6oii 

woweHT:W pa3JIB'IH:wx nopaAKOB. B JIBHeiiu:wx 3JieKTpo.war­

HBTH:WX nOJIJlX 3T& CBCTeMa pacnaAaeTCJl Ha He3aBBCBM:We 

nOACBCTeM:W AJIJl MOMeHTOB OAHOrO nopliAKa. 
B pa6oTe 121 Ha OCHOBe MeTOABKB, npeAJIOlKeHHOi B/l/ 

6:wJia noJiy'leHa CBCTeMa ypaBBeHBi AJIJl cpeAHeKBaApaTB'f· 

H:WX pa3MepoB npOB3BOJIIoH:WX cryCTKOB JapalKeHHWX qa· 

CTBU, ABBlKYIUBXCJl B JIBHeHH:WX 3JieKTpowarHBTHWX noJIJlX. 

EcJIB co6cTBeHHWMB nonawa crycTKa MO)I(IIO npeHe6pe'IIo, 

TO ypaBHeHBJl JIBHeiHW, B He JaBBCJlT OT BBAa 4!YHKUBH 

pacnpeAeJieHBJl qacTBU B crycTKe. Bnaauae npocTpaucTBeu­

Horo JapliAa Y'IBTWBanoc~o AJIJl JIBHeiiu:wx co6cTseuu:wx 

noJiei /ny'IOK C paBHOMepHOH no 3JIJIBnTB'IeCKOMY Ce'leHBIO 

nJIOTHOCTioiO 3apl1Aa/. 
B 13 •41 paccwaTpHBaJIBCio 3cWleKTW, csaJaHuwe c ue­

JIHHeiiuocTioiO C06CTBeHH:WX noJiei ny'IKOB JapalKeHHWX qa • 

CTBU. IloKa3aHO, 'ITO HeJIBHeiiHOCTio CBJI:W Jlopeuua co6cT· 

BeHHOrO 3JieKTpOMarHBTHOrO nOJIJl ny'IKa npBBOABT K B3Me • 

HeHBIO 3cWleKTBBHOrO 4laJOBOrO 06'1oeMa /3MBTTaHca/ ny'IKa. 

CpeAHeKBaApaTB'IHwe paJwep:w ny'IKa YAOBJieTsopaiDT npa 

3TOM ypasueuaaw BJiaABMBpcKoro-Kan'IBHCKoro 151 c ne­

peweHHWM 4la30BWM 06'1oeMOM. 
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B .IJ.aHHoil pa6oTe BbiBO.IJ.JITC.H ypasneHH.H .IJ.n.H HJMCHCHHJI 

BO BpCMCHH CpC)J.HeKBa)J.paTH'IHbiX pa3MCpOB OY'IKOB 3apg­

)I(CHHbiX qacTHil, c nnoTHOCThJO Japg.IJ.a, HMCJOUICH 3nnnnTu­

qecKuc llHHHH nOCTOJIHHOrO ypOBH.!I, B nHHCHHWX BHClliHHX 

3llCKlpOMai'HHl HbiX DOilJIX, a T8K)I(C paCCMaTpHBaJOTC.!I 3clJ­

ciJeKTW, CBII3aHHhie C HCllHHCHIIOCTbiO )J.CHCTBYIOll.lHX Ha 

qacTHUW CHn. 

1. Pac<.:MOl pnM 6ecKOHC'IHhiH n O.IJ.HOM uanpasnenuu 

/och x 8 I ny'loK JapJI)I(CHHbJX qacTHU, .IlBH)I(YUIHXCJI B na­

npasneuun OCH X 8 CO CKOpOCTbiO V O fionepe'IHOC )J.BH)I(CHHC 

'laCTHU B n} 'IKC C'IHTaCTCJI Hepen.HTHBH<.:l CKHM. B nHHeHHbiX 

BHClliHHX 3ilCKTpOMarHHTHbiX DOll.!! X, B npcue6pC)I(CHHH co6-

CTBCIIHWMH MarHHTHbiMH DOllJIMH, CBJI3aHHbiMH C nonepe'I­

HbiM )J.BH>KCHHCM 'laCTHU B DY'IKC, ypaBHCHHJI )J.BH)I(CHHJI 

'laCTHUbl MOI"YT 6b1Tb 3aDHCaHbl ll CilC.lJ.YIOll.lCM o6meM BH)J.C: 

dxi 

dt 
V_ 

I 

dv . 2 s -• 
--

1 
= L (B.k(t)xk+A.k(t)vk)+F. (x,t), 

dt 1<=1 1 1 I /1/ 

r,ne Xi , V 1 - KOOp,nHHaTbl H CKOpOCTH 'laCTHUbl B )J.CKapTO­

BOH cncTeMe Koop.nunaT; B ik , Aik - KBa.IJ.paTHble ~aTP,HUbi 
BTOporo DOpJI)J.Ka, CBJI3aHHbJC C BHelliHHMH OOllJIMH; F s (x,t) -
BCKTOp, OllpC)J.CnJICMbiB CHnOB llopenua C06CTBCHHOrO 3ilCKT­

poMarnuTnoro nonJI ny'IKa. 

Ey.IJ.eM C'IHTaTb, 'ITO CTonKHOBCHHJIMH 'laCTHU B ny'IKe 

MO)I(HO npene6pe'lh. Tor.na illYHKUHJI pacnpe.IJ.eneuug 'laCTHU 

B ciJa30BOM OpOCTpaHCTBe f H3MCH.!ICTCJI BO BpCMeHH 

cornacno ypaBnenuiO lluysunnJI: 

df -- 0. ---
rlt 

/2/ 

MO)I(HO OOKaJaTb/ 2 / , 'ITO MOMCHTbl BTOporo DOpJI)J.Ka 

$yHKUHH pacnpe,neneHHJI f YAOBllCTBOpJIIOT CHCTCMC )J.HI)Mlle­

peuuuanhHhiX ypasuenuii:: 

dMxx 
--- ~ M + M* /3/ 

<)f XV XV 

4 

dM 
_J....v= BM + M* B * + AM + M A* + F + F * dt XV XV VV VV SV SV 

dMxv - M + M B * + F s*x. 
--- VV XX 
dt 

3)J.CCb DpOH3BO)J.HaJI DO BpCMCHH DOHHMaCTCJI KaK: 

d a a 
- =- +Vo- · /4/ 
dt at ax3 

3HaK "*" 03Ha'laeT Tpaucnonuposauue :waTpuuw; Mxx , Mxv• 

Mvv· KBa.IJ.paTHble MaTpHUbl BToporo nopJI,nKa, 3ne:weHTbl 

KOTOpbiX JIBllJIIOTCJI MOMCHTaMH illYHKUHH pacnpe,neneHHJI: 

M ij ~ u. ; 
XX 1 J 

rJj = v i v j ; 
vv 

M ij -- .. 1 2 
:.X.V.;l,J=,, 

XV 1 J 
/5/ 

r,ne nepBbiB HHACKC HyMepyeT CTpOKy, BTOpOB - CTOn6eu. 

Ksa.npaTHble :waTpHUbl BToporo nopJI,nKa I<' sx u F svcsJI­

JaHbl C CHllOB llopeHUa C06CTBCHHOrO 3llCKTpOMarHHTHOrO 

nonJI nyqKa: 

ij -s-­
F ""F. x. ; 

sx 1 J 
F

ij - -F--s-
- v. 

SV i J 
i, j ,.,1,2 . /6/ 

qepTa B !llop:wynax /5/, /6/ oJuaqaeT ycpe.nuenue .nauuoi 

oenH'IHHbl c !llYHKUHei pacnpe.neneHHJI f. TaK, nanpuMep: 

-- 1 ........ x
1 

x ... - f x. x. fdx dv . 
J N 1 J 

/7/ 

HnTerpuposauue B /7/ nposo,nHTCJI no nonnoMy!llaJOBOMY 

o6'be:wy, JaHHMaeMoMy qacTuuaMB, N - naueinaJI nnoTHOCTb 

'laCTBU B ny'IKC. 
CacTe:wa /3/ 6y,neT JaMKHyToi, ecnB 3neMeHTbl MaTpBu; 

F sx B F sv Bblpa)l(aiOTCJI qepe3 MOMCHTbl BTOporo DOpJI,nKa. 

llpe.nnonolKBM, 'ITO illYHKD;B.JI pacnpe.neneHBJI f .naeT nnoT­

uocTb qaCTBD; P , BMCIOll.lYIO 3nnHDTB'ICCKHC nHHBB DOCTOJIH· 

uoro ypoBHJI: 

p =p ( x* G (t) x, t), /8/ 

r,ne 0 (t) - KBa,npaTHaJI CBMMCTpB'IHaJI nonOlKBTCnbHO onpe­

,neneHHaJI MaTpBu;a BTOpOrO nopJI,nKa, T .e. B illBKCBpOBaHHbiB 
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MOMCHT HpCMCHH llJIOTHOCTb 181 IIOC I OHHHa Ha 3JIJIHIICaX, 

llOBCpHyl hi X D llJIOCKOCTH (X 1 , X:!) Ha HCKOTOphiH Yl'OJl 

,P.lJepCHJlCM B CHCTCMY KOOpJlHJJaT (Y l .X.!). CBJI3aHHYJO C 

HC X OJliiOH <: OOTHOIUCHHJIMH: 

x ~·x cos,', - x' sin A.. 1 1 . 2 'fJ 

x ox· sin,!, +X' cos A.., 2 1 . 2 'fJ 

/9/ 

TOr)l.a B IUTpHXOBaHHOH CHCTCMC KOOPJlHHa T llJIOTHOCTb 18/ 
3aiiHUJCTCJI B CJICJlYIOIUCM BH)l.e: 

,2 , 2 
x1 x2 / I r ~ r (- + --. t) 10 
a!? h2 ' 

r,ne a
2 

H h 2 
- o6paTHLIC C06CIBCHHLIC 3Ha'ICHHJI MaTpH­

ULl G . 
lly'IKH C llJIOTHOCTLIO 110/ paCCMaTpHBaJIHCb B pa6o­

TC /
4 l. Mo>Kuo noi<a3a TL/ 3 .4 l, 'ITO .D.JIH co6cTneuuoro 3JICKT­

puqecKoro nonH E' ny'IKa c TaKoif nnoTHOCTLJO cnpase.n­

nBBo COOTHOIUCHHC, HC 3aBHCJIU(CC OT BH)l.a <lJYHKUHH p : 

x'E'-PN a . 
1 1-' ~b' 

'"""7];-,. e N b 
x2 2 = a0l. 1111 

e - 3apJI)l. 'laC THULl. B CHJIY CHMMCl pHH CHCTCMLI: 

'E' 'E' 0 x 1 2 =· x2 1 "" · 1121 

Bo3BpaiUaJICL B HCXO)l.HYIO CHCTCMY KOOpJlHHaT, nony'IHM, 

ucnonL3YJI IIJopMynLI I 11,12/, swpa>KeHHe JlJI.H. MaTpHULI l~ 
sx 

., G -1/2 
~' e~ s 

F =-- =BM 
sx Y 3 spa-1/2 xx 

M-1/2 
Bs=..!~~-~ 

y 3 Sp M112 
XX 

1131 

B IIJopMyne II31 ucnonL30BaHLI cnCJlYJOIUHe o6o3Ha'lcHH.JI: 

<) 

r•= Nr0 - napaMeTp liy,nKepa; n· .. - . .. •) 

n mr;--
m - Macca qa-

6 

CfHUbi; C- CI<OpOCfl. CHCfa B BaKyyMe; ) - pCJlliTHBHCT-
1 "' CKHH <lJaKTop npoJloJibHoro JlBH:>KCHHJI qacTuu. MaTpuua M xx~ 

OllpCJ(CJICHa Tal<, 'I ro: 

M 112 M 1 ~=M ll4l 
XX XX XX 

s 
UbipmKeuue JJ.JIH Ma 1 pH Ubi B conna)laeT c noJIY'ICHHbiM n 

pa6o re 2 B CJiyqae UY'IKOB C llOCTOJIHHOH 110 :JJIJIHHTH'IC­

CKOMY CC'ICHHKl IIJIOfllllCfbKl 3apJI)l.a *. 
)].JIJI HaXOJK)l.CHHJI 3JICMCHTOB Ma TPHULI r' -.;v DOC flO Jib­

JyeMCJI MCTO)l.HKOH, upe)l.JIO>KCHHOH B 
1 4/. PacCMOTpHM Ja­

)(a'IY MHHHMH3aUHH B t~HKCHpOBaHHLIH MOMCHT UpCMCHH CJIC­

JlYKllUHX <lJyHI<UHOHaJIOB: 

0 1 ~.Lf[t (t)x ~t (t)x 
N · II I 12 2 

1 D, e -- J [ f (t )X I t (t) X 
2 N 21 1 22 2 

s --+ ;! ,. ,. ) , 
-F (x,t)l f(x,v)dxdvcmin 

1 

s _. ] 2. . ' I 'd • . - F (x,t) I (x. v)' x v, mm. 
2 

/151 
<l>yHKUHH < lJ (t ). OCYU(..!C fBJIHIOIUBC MHHHMYM <lJyHKUHlllliUIOB 

I 151, y,nosneTBoplltor cucTeMe nuueliHLIX ypauueuuu: 

" t 11X"' +< xx ~xF' 8 

12 I 2 1 1 

---;-)· 
f X X +t X"-

11 1 2 12 ;: 

t ;r+tXX 
2 1 1 22 1 ., 

t XT+cXX 
22 2 21 1 2 

X F s 
2 1 

o X fo' S 
l 2 

X f' s 
2 2 

KoropyiO MO:>KHO 1anuca lb B MaTpH'IHOH IIJopMe: 

f(t)M =F 
XX SX 

' MuoJKHTCJIL 4 a ~~~·PMY 11.: 1241 pa6oTLI 

/1o/ 

/171 

OUJHI.l. I'IHbiH. 
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nocne qero peweHHe 1161 nerKo Haxo,nHTC.H 

( (t) = F M -l = B s 
SX XX 

1181 

PaueHCTBa 117,181 3KBHuaneHTHbl ToMy, 'ITO cHny JlopeHua 

co6cTBeHHoro sneKTpoMarHHTHoro non.H ny'IKa MO)I(HO Ja­

MeHHTL nuHeiiHoii cHnoii: 

s ... s 
F (x,t)=B x, 1191 

npH 3TOM, o,nHaKo, He y'IHTbluaeTc.H H3MeHeHHe 31}lclleKTHB­

HOro l}laJOBOrO o6'beMa ny'IKa, CB.H3aHHOe C HellHKeHHOCTLIO 

co6cTBeHHbiX noneii 13 •41 . llo.ncTaBn.H.H I 191 B 161, nony'IHM 

uwpa>KeHHe ,nn.H MaTpHUbl Fsv : 

F ,. Bs M 1201 
SV XV 

TaKHM o6pa30M, CHCTeMa ypaBHeHHH ,nn.a MOMeHTOB 

BToporo nop.H,nKa 131 BMecTe c onpe,neneHHeM MaTpHU 

Fsx H F sv no l}lopMynaM 1131, 1201 couna.naeT c nony­
'leHHOH B 12 1 ,nn.H ny'IKOB C noCTOJIHHOH no 3llnHnTH'IeCKOMY 

Ce'leHHIO nnOTHOCThiO 3ap.a,na. fipH BbiBO,ne l}lopMyn 1131, 
1201 Mbl nonLJouanHCh TOllhKO npe.nnono>KeHHeM o no­

CTOJIHCTBe, B l}lHKCHpOBaHHblH MOMeHT BpeMeHH, nnOTHOCTH 

qacTHU B ny'IKe Ka 3nnHnTH'IeCICHX llHHH.aX, H He ,nenanH 

KHICaKHX npe,nnonmtceHHB 0 ICOHICpeTHOH JaBHCHYOCTH nnoT­

HOCTH OT KOOPAHKaT. TaiCHY o6pa30M, ypaBHeHH.M, onHCbiBa­
IOI.UBe B3MeHeHHe BO BpeYeHB cpe,nHeiCBa,npaTH'IHWX paJ­

MepOB ny'IKOB Jap.M>KeKHWX 'laCTHU, nony'leHHWe B /2/ , 

cnpaue.nnauw ,nn.a npoBJBon&HbiX l}lyHKUHii pacnpe,neneHBJI, 

,naiOLUHX nnOTHOCTh BB,na 181. 

2. PaccMoTpHY Kon~oueuoi: ny'IOK Jap.a>KeHHWX qacTBll, 

HaXOAJILUHHCJI B l}loiCyCBPYIOI.UeM noTeHUHane B BMeiOLUHH 

pa36poc no 'laCTOTaM o6pameHBJI. B OTCYTCTBHe CBJI3H 

Me>K,ny nonepe'IHbiMB CTeneH.MMB CB060,nbl ypaBHeHBJI ABB>Ke­

HBJI MO>KHO JanacaTh B cne,nyromeM ua,ne: 

8 

~sV; 
dt 

~ ""-cJ?. X 
dt 

1211 

B npeHe6pe>KeHHH cTonKHOBeHH.HMH qacTHU l}lyHKUH.H pacnpe­

.neneHH.H y,nouneTBOp.HeT ypauHeHmo JIHyBHnn.H: 

df a r a r dv a r a r d w a r -- .. --+V-+- -- +w--+-- ---"' 0. 1221 
dt at ax dt av a¢J dt aw 

CHna, .neiicTBYIOIUa.H Ha qacTHUY B 1211, HenHHeiiHa no non­

Hoi COBOKynHOCTH l}la30Bb1X nepeMeHHbiX (X ,V ,¢J ,CJJ), no3TOMY 

uenO'IKa ypaBHeHHH All.ft MOMeHTOB l}lyHKUHH f y>Ke He 

pacna.naeTCJI Ha HeJaBHCHMhle no,ncHcTeMw ,nnJI MOMeHTOB 

OAHOrO nop.H,nKa. liy,neM C'IHTaTh, 'ITO 'laCTOTa "J He JaBHCHT 

OT BpeMeHH, H nonO>KHM All.ft npOCTOTbl: 

ar 
-=0. 
a¢J 

1231 

)J,nJI MOMeHTOB BTOporo nop.H,nKa C nOMOI.UbiO 1211, 1221 
MO>KHO nony'IHTb CHCTeMy ypaBHeHHH: 

dx 
2 

_ 2 XV ---
dt 

-~xv = ~ _ w2 x2 
dt 

2 -
~ s-2w2xv. 
dt 

1241 

qepTa B 1241, TaK >Ke KaK B n. 1, OJHa'laeT ycpe,nHeHBe c 

l}lyHKUBeii pacnpe.neneHHJI f B ua.ne 17 I. TaKBM o6pa3oM, 

MOMeHTbl BTOpOrO nO:Q_JI,niCa OK~Cb CBJI3aHHbiMH C BblC­

WBMB MOMeHTaMB - td2 x2 , w2 XV • 83 1241 HeTpy,nHO 

nony'IBTL ypaBHeHue ,nnJI cpe,nHeKBa,npaTB'IHoro paJMepa 

ny'IKa: 

22 --
_!_~ + 4 w2x2 = 4 E 
dt 2 

1251 
- d v2 w2x 2 dE_,_ ( __ +--) =0. 

dt dt 2 2 
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Boe.D.eM MOMeHTbl cilYHKUHH pacnpe.IJ.enenuH: 

M
il -~2. 

= w X , 
n 

~ 
E ~ w E ; n = 0. 1 .2 ... n /26/ 

MoMeHTbl /26/ Y.D.OBneTBOpJIIOT ueno'IKe nuueiiublx .IJ.Hcilcilt:­
peuuuanbHblx ypaoueuuii: 

2MII II 
~~-_n_ ~ 4M

11
+

1 d t 2 
4E 

n 
n=0,1,2 ... /27/ 

II H .D.nH cpe.IJ.HeKBa.IJ.paTH'IHoro paJMepa M 0 peweuue /27 I 
HMeeT cne.IJ.yiOII.(HH BH.IJ. /eM. npunmKeHHe/: 

II -- "" x2 
M =X2 = (((f(x,v,w,t=0)[-(l+COS2(ut)+ 

0 . 2 
-oo 

2 
+ xv_ sin 2 w t + _v_ (1- cos 2 uJ t ) l dx dv d(JJ , 

(I) 2w 2 /28/ 

r.D.e f (x ,v. w , t = 0) - cilYHKUHJI paenpe.IJ.enenuH B uaqanbHLiii 
0 II u MOMeHT BpeMeHH. eTallbHble MOMeHTbl M MO)I(HO HaHTH, 

. n 
uenonbJYJI /271 KaK peKyppeuTuoe cooTuoweuue. 

Auanoruquo /28/, MO)I(HO nony'IHTb Bblpa)l(euue .D.nH 

HJMeueuug oo opeMeHH nono)l(eHHJI ueuTpa Mace ny'IKa. 
)J.nJI MOMeHTOB clJYHKUHH paenpe.IJ.eneHHJI: 

I -rn-. 
M =w X, 

n 
n =0,1,2 ... 

enpaBe.IJ.nuoa ene.D.yiOiuaJI ueno'IKa ypaoueuuii: 

d2M I 
n I --;2- + M n+1= 0; n ""0 ,1, 2, ... 

/29/ 

/30/ 

Peweuue CHCTeMbl /30/ HaXO.IJ.HTeJI TaK )l(e, KaK H /27/: 

MI -=X 
0 

(JJf (x, v ,w, L:O) [x COS cot+ -~sinwt}dxdvdw. 
w 

/31/ 

10 

EcnH clJyHKUHJI pacnpe.IJ.eneHHJI JaBHCHT OT (p , TO BH.IJ. 
peweuuii /28/, /31/ uecKonLKO HJMeHHTeJI. HanpuMep, .IJ.ll.ll 
x 6y.D.eM HMeTb: 

x ,. I Tr 11> ( x . v . ¢- cut • w ) [ x cos w t + ::!..._ sin (d t ] dx dv d w • 
-oo w 

r.D.e 11> (x. v. o. vJ) - uaqanbHaH cilYHKUHJI pacnpe.IJ.eneHHJI. 
llyCTb clJyHKUHH paenpe.IJ.eneHHJI B Ha'lallbHbiH MOMeHT 

BpeMeHH npe.IJ.CTaBnHeTCJI B BH.IJ.e: 

N v -f(x,v.w,t=O)= -fl>
1
(x. --)11>

2
(w-w 

w (1) 

H clJyHKUHH It> t , It> 2 Bb16paHbl TaK, 'ITO: 

00 

r I (I> 1 ( X • u ) dx d u = 1 ; r It> 2 ( y ) dy = 1 
-~ -oo 

It> (Y)=Il> (-y). 
2 2 

Tor.D.a .lJ.llJI H3MeHeHHJI BO opeMeHH X H x2 HMeeM: 

- - vo 
X = X O F l ( t ) COS (;"J t + -:::- F 1 ( t ) Sin w t 

w 

~ --
"'X2o:-:oc1+F1 (2t)cos2wt)+ x:o F1 (2t)sin2W"t t-

v2 
+ --~0 2 ( w 2: ~2) - (1- F 1 (2 t) cos 2 w t ). 

/33/ 

/34/ 

/35/ 

r.IJ.e HH.D.eKeOM "0" OTMe'leHbl MOMeHTbl uaqanbHOH clJyHKUHH 
paenpe.IJ.eneHHJI /33/; A - pa36poe no qaeToTaM o6pall(eHHJI 
/\ 2 

= ( uJ- ~-)2 ; clJyHKUHJI F1 (t.) onpe.IJ.eneua clJopMynoii: 

00 

F1 (t) = ( ~t>2(y)cosyt.dy /36/ 
-oo 

11 



llpu t"" 0- F 1 (t)"" 1 H ,nn.11 mo6oii HHTerpupyeMoii c Ksa,npa­
TOM clJyHK.UHH <fl2 (y) , F1 (t) + 0 npu t '"'. TaKHM o6pa30M, 
if HlMeH.IleTC.Il no rapMOHH'IeCKOMY JaKOHY C 'laCTOTOH 
w H c aMnnuTy,noii Kone6auuii, y6blsaro~eii co speMeHeM 

KaK F1 (t). Cpe,nueKsa,npaTH'IHoe JHa'leHHe x2 Kone6neTC.Il 
c .nsoiiuoii qacToToii 2 w oKono pasuosecuoro JHa'leHH.Il 

1 - vr 
--(x~ + o ) 
2 U) 2 + (\2 

c aMnnuTy,noii, MeH.IIIO~eiic.ll KaK 

F1 (2 t). 3aKOH JaTyxaHH.Il aMnnHTYA Kone6auuii JaBHCHT 
OT BH,na clJyHKUHH <fl2 (y): 

y2 

<fl2 (y) = _1 __ e- 2.12 

.1y2; 
F

1
(t)_=e 

.12t2 

2 /36.1/ 

.J<:t 2 2 
<fl (y) "'~ a ( 3 A - y ) ; 

2 2.1 

1 -
F 1(t)= -=--siny3 At /36.2/ 

y3 At 

y 17
2 -8 y 17

2 - 8y TT 
2 A 2 2 . 

<fJ (y),--COS a(--- -Y ); 
2 4.1 2A rr 2 -8 

cos TT At 

F 
1 

(t) = _ _jrr2_8 

1- _4 A2t2 

rr2-8 

a(x)"" l 
1; X > 0 

0; X< 0 

/36.3/ 

B OTCYTCTBHe pa36poca no qacToTaM (;\,. 0) peweuue ,nn.11 
Xi! nepexo,nuT B o6mee peweuue ypasueHH.Il ,nn.11 Kone6anuii 
cpe,nueKsa,npaTH'IHoro paJMepa ny'IKa B clJoKycupyro~eM no­
Ten:uuane ' 21 . B cnyqae A -f,. 0 aMnnBTYALI Kone6auuii- Ft (t) 

12 

I 
1 

~ 
~ 

JaTyxaiOT, KaK 3TO cne,nyeT Hl /36/, npu t >> l . Oco6blii 

HHTepec B 3TOM cnyqae npe,ncTasn.ReT HJMeHeHHe so ape­
MeHH palM epa ny'IKa a: 

a2 = ~ -2 
-X • 

/37/ 

fipe,nnonOlKHM, 'ITO B Ha'lanLHblH MOMeHT BpeMeHH BblnOnHJl· 
eTC .II ycnOBHe: 

~ 
0 

2 
vo 

~ +A2 
/38/ 

Tor.na ua 6onLwux speMeHax ( t ~ i;-) paJMep ny'IKa 6y,neT 
CTpeMHTLC.Il K BenH'IHHe: 

2 2 -2 a ,a 0 +x 0 , /39/ 

r.ne a 0 - uaqanLHLiii paJMep ny'IKa. Ysenuqeuue paJMepos 
ny'IKa CB.IIJaHo c nepexo,noM 3Hepruu KorepeHTHLIX Kone6a­
HHii Ja C'leT pa36poca no qacToTaM B 3HeprHIOHeKorepeuT­
uoro ABIDKeHH.Il. 

KaK Mbl y)l(e OTMe'lanH BLIWe, HenHHeHHOCTL BHeWHHX 
noneii npHBOAHT K 6eCKOHe'IHOH :uerrO'IKe ypaBHeHHH ,nn.11 
MOMeHTOB clJyHK:UHH pacnpe,neneHH.Il, peweHHe KOTOpOH B 
o6meM cnyqae HeHJBeCTHO. Ero MO)I(HO HCKaTL npu6niDKeH­
HO, o6pb1Ba.ll :uenO'IKY Ha HeKOTOpOM MOMeHTe /HanpHMep, 
B paccMaTpusaeMoM cnyqae nono)I(BTL M 1•11 "'0 npu n, N /. 

n 
3TO, O,nHaKO, npHBOABT K TOMy, 'ITO nony'leHHOe npa6nu-
)l(eHHOe peweuue cnpase.nnuso nuwL ,nn.11 KOHe'IHoro BHTep­
sana BpeMeHB, BenB'IHHa KOTOporo JaBHCBT OT N. ,lleHCTBB­
TenLHO, peweuue cucTeMbl /27 I BMeeT Tor.na cne,ny10~ii 
BHA /eM. npuno)l(eHue/: 

II - 2N n 
M =X2. = I b t ' /40/ 

0 n""O n 

r,ne K03cllclJB:UHeHTbl bn CB.Il3aHbl C MOMeHTaMH uaqanLHOH 
clJyHK:UHH pacnpe,neneHH.Il. Mo)I(HO noKaJaTL, 'ITO Bblpa)l(eHHe 

/40/ .IIBn.lleTC.Il palnO)I(eHHeM B p.ll,n no CTeneH.IIM BpeMeHH 
BnnOTL AO 'lneHOB -t 2N TO'IHOrO peweHH.Il ,nn.11 i{'2'"' /35/, 

13 



,--

T.e. Ha 60nLWHX BpeMeHaX BnH.IIHHe OT6poWeHHLIX qneHOB 

CTaHOBHTC.II Cy~eCTBeHHLIM. 
TeM ue Meuee, 6eci<oHe'IHa.R ueno'II<a ypaaueuuB: 121 I 

MO*eT 6LITL CBe~eHa I< O~HOMY ypaBHeH~ ~n.ll cpe~ue­

I<Ba~paTH'IHOrO pa3Mepa ny'II<a C BBe~eHHeM 3~ei<THBHOrO 
4la.Josoro o6'LeMa I3MHTTaucal ny'II<a 12 ·:~ ,4 ': 

2 ---:-2 2 - 2 F = x v - (xv) 1411 

3MHTTaHc F y~osneTBop.ReT ypasueuuro, .RBn.RIOIUeMycJI 

cne~CTBHeM CHCTeMLI 1241: 

dF2 -22 di2" -2 d w
2
x

2 
-- = W X --- - X ----
dt dt dt 

1421 

H3 1241 c noMO~LIO 1411 ueTpy~uo nony'IHTL ypasueuue 
M.R cpe~Hei<Ba~paTH'IHoro pa3Mepa ny'II<a a~ Jx 2 ·: 

_<.!_ 2a F2 

d~2 -7 
2 2 

W X 
+---%0, 

a 

Pewa.11 1421 OTHOCHTenLHO ul 
2 

X 
2 HMeeM: 

-22 2ft 1 dF d I c 2 w x =-a -- -- t + a 
o a4 dtl 

1431 

1441 

Haxo~JI c noMO~LIO Ha'lanLHOH ciJyHI<UHH pacnpe~eneHHJI 

1341 nOCTO.IIHHYIO C H no~cTaBn.IIJI 1441 B 1431, nony'IHM: 

2 2 t 2 
d a c-2 A 2) F r 1 dF I --- + u_, +o. a -- -a - -- dt = 0. 
dt 2 a3 o a 4 dt I 

1451 

Tai<HM o6pa3oM, ecnu 3MHTTauc ny'II<a - H3BeCTHaJI 
ciJyHI<UHJI BpeMeHH, 6eCI<OHe'IHaJI uenO'II<a ypaBHeHHH 1211 
3I<BHBaneHTHa O~HOMY ypaBHeHHIO ~nJI cpe~Hei<Ba~paTH'I­

HOrO pa3Mepa. B OTCYTCTBHe pa36poca no 'laCTOTaM 
(!\~ 0) 3MHTTaHC He MeH.ReTC.II H ypaBHeHHe 1451 COBna~aeT 
c ypaaueuueM Bna~HMHPCI<oro- Kan'IHHCI<oro ' 5 . MoMeHTLI 

14 

ciJyHI<UHH pacnpe~eneHH.II, BXO~.II~He B 1411, MOryT 6LITL 
uaii~eHLI no ciJopMynaM: 

~ 2 
xv = JJif(x,v.w,t=O)[xvcosr,Jt- x

2
wsin2wt + 

-~ 

v2 
+- sin2w t ldxdvd<v 

2w 

- ~ 2 2 
v2= ((Jf (x,v,cd,t=0)[-1L.uL (1-cos2wt)-xvwsin2wt ~ 

2 

v2 
+ --(1+COS2rdt)]dxdvduJ 

2 
1461 

PaccMoTpHM ~n.11 npuMepa uaqanLHYIO cllYHI<UHIO pacnpe­
~eneHHJI: 

x2 

f(X,V,uJ, t=0)= __ _1 __ e- 2a8 o(-;;)<fl
2

(w-fil), 1471 
a

0
uJ y2 rr 

c ciJyui<uueB: <ll
2

(w-w ). onpe~eneuuoB: cornacuol36.1l. B ua­
qanLHLIH MOMeHT BpeMeHH 'laCTHULI HaXO~JITCJI Ha ciJa30BOH 
nnOCI<OCTH (x,v) Ha nHHHH v-0. 3MHTTaHC I41IH3MeH.ReTCJI 
so apeMeHH cornacuo ciJopMyne 

2 2 2 
2 w a4 -41\ t 

0 1481 F (t)~ -- (1-e ). 
4 

llpu BLIBo~e I 481 MLI ucnonL30Banu ycnosue '\ <" z, Ha 

1 
6onLWHX BpeMeHaX t ~ i\ 3MHTTaHC ~, CTpeMHTC.II I< npe-

wi?: 
~enLHOMY JHa'leHHIO F ., _.Q_ . 

k 2 
H 'laC THULl 3aHHMaiOT 

Ha ciJa30BOH nnOCI<OCTH o6naCTL C 3~ei<THBHOH nnoiUa)lLIO, 
paBHOH F k · 

15 



3. IlpeAnono:>KHM, qyo a cHne Jlopeuua auewuero 3neKT­
poMarHHTHoro non.11 HMeeTc.ll uenuueii:HOCTL -x n. YpaaueHH.II 
ABJDKeHH.II qaCTHULI B 3TOM cnyqae 3anHWYTC.II KaK : 

dx 
-=V 
dt 

/49/ 
dv __ ,. 2 n 
dt -wo x - {3x 

H An.ll MOMeHTOB BTOporo nop.IIAKa HMeeM cneAYIOIUYIO CH· 
CTeMy: 

dx 2 

dt 
=2xv 

dxv • v2 _ w~;2 _ f3 ~n+1 
dt 

dv2 2-- --- ""-2Ub xv -2{3vxn . 
dt 

/50/ 

TaK )l(e, KaK B n.2, An.ll H3MeHeHH.II BO BpeMeHH cpeAHe-

KBaApaTHqHoro pa3Mepa a=y'X"J2 MO)I(HO nonyqHTL ypaBHeHHe 

d2a 2 F2 x n+l 
--+Ci{)a -~+{3--zO. 

dt2 a a 
/51/ 

3MHTTaHc F. onpeAeneHHLIB no cllopMyne /41/, YAOBneTao­
p.lleT ypaBHeHHIO: 

2 2 -- -n+r 
dF = ~{3xn+1 -a2 ~ _dx-=--
dt dt ll+l dt 

/52/ 

CqHTa.ll 3MHTTaHc H3BeCTHoii: cilYHKUHeii: apeMeHH, pa3pewHM 
/52/ OTHOCHTenLHO xn+l- H nOACTaBHM ero B /51/, B pe-
3ynLTaTe HMeeM: 

d2a 2 F
2 f3 n+1 t 1 dF 2 -

--.:-lr +woa -a--2(n+1)a r~ --dt'+{3an=0, 
& a o {3a &' 

/53/ 

16 

rAe 

-xn+l --:-r-

{3- .. f3 ...:JL..__ x n+l a2 "'x 2 
1 • 0 • 0 0 

an+ 
0 

uoii cilYHKUHH pacnpeAeneHH.II. 

- MOMeHTLI uaqanL-

EcnH H3MeHeHHeM 3MHTTaHca F MO)I(HO npeue6peqL, TO, 
cornaCHO /53/, cpeAHeKBaApaTHqHLIB pa3Mep ~ YAOBneT-
BOp.lleT ypaBHeHHIO: 

d2 a 2 F 2 n 
- + w a -- + rJa - 0. 
dt2 o a3 

/54/ 

B 3TOM cnyqae Mana.ll CTaTHCTHqecKa.ll HenHHeBHOCTL 

( j-.1}_"" 0) 
dt 

npHBOAHT K HenHHeHHOMY CABHry qacTOTLI 

Kone6aHHB. B oTcyTcTaHe uenHHeiiuoro qneua <li = 0) o6-
mee peweHHe /54/ MO)I(HO 3anHCaTL B BRAe: 

(~- )2 =v'1+A
2 

+Asin(2w0t+¢ ), 
am 

/55/ 

rAe am - pa3wep cornacoaaHHoro nyqJCa. B nepaow no­
P.IIAKe ManoCTH no {3 B BLipa)l(eHHH /55/ awnnHTYAY A H 
cila3Y cP cneAyeT cqHTaTL MeAneHHO MeH.IIIOIUHMHC.II cilYHK· 
UH.IIMH, KoTopwe, cornacuo MeTOAY ycpeAHeHH.II Kpwnoaa­
Eoronro6oaa161 YAOBneTBOP.IIIOT ypaaHeHH.IIM: . 

~-0 
dt 

~ n-1 217 --2 n-1 

ddpt •2 am J(l+ yA1+~sini/J)(y'1+A2+ASini/J)2 di/J. 
77610 0 

/56/ 

,IV1.11 Ky6HqeCKOH HenHHeBHOCTH (nz3) BLiqHcneHHe HHTerpa­

na a /56/ AaeT: 

- 2 
d ¢ 3 - a; --2- 3 f3 am A2 

-- =-{3- y'l+A = 2 __:.. (1+- ). 
dt 2 w 0 w0 2 

/57/ 

TaKHM o6pa30M, B OTnHqHe OT HenHHeBHLIX JCOne6aHHB 
OAHOB qacTHULI, KpOMe HenHHeii:Horo CABHra qacTOThl, npo-

17 



I' 
nopuuouanLHoro KBa,D;pary aMnnury.D;LI J , .D;IIll cpCJ\Hero 

pa1MC}ta ny'IKa HMeCTCll nonpaBKa, HC 'laBHCli~Ull OT 

UM llJIH'I y ,!J;bl KOne6aHHH. 

B cnyqae ManOR C ra fH'H!CKOH HenHHCHHO(.; I H MO)I(HO 

raK)I(e nony'IHTL Bblpa)I(CHHe ,!J;JIJI H3MeHCHHll 80 B~•CMCHH 

cpe,D;HeKoa,D;pa TH'IHoro paJMepa ny'IKa, yqu rLIBaJO~t!e HJ­

Mcueuuc 3MHTTauca. B nepaoM nopH,D;Ke Manocru no N , 
COrJiaCHO /6/ , ypaBHCHHll ,UDH)I(eHHJI /49/ :JKBHBanCHTHbl 

~.;nc.D;yto~eii cucTeMe: 

,,; 
,, t 2 

2 +w (E)x=O 

tiL' d v 2 w 2 (E)x2 
----k'- :- ( -- + ) 0 d t dt 2 --2----~. ' . /58/ 

Anll KyfiuqecKoii uenuueiiuocru Jaou~.;nMocrL ~a~,;rorw oT 

:JHepi UH HMeCT BH,D;: 

3 f3E 
w(.i.<:)=w t-4 --3-. /59/ 

0 (JJ 

0 

TaK >KC, KaK B n.2, BBC,!\CM MOMCH fbi I~YHKUHH pa~,;npe,LJ,C • 
nCHHll: 

M II ow 2n(E) x 2 . 
II ' 

~~~ 
~ (u (E )F. ; 11=0,1,2 .. /60/ ~: 

n 
II 

MoMeHTLI M n 

/27/, T.e. ,!J;nJI 

H E 11 y,uoaneTsopHIOT ueno~Ke ypaoueuuii 

cpe,D;HeKBa,UpaTH~HOro x2'- HMCCM: 

00 ., 

x 2 ~ (Jf (x,V,t=0)(~~(l"'COS2(tJ(E)t)t ~- sin2<,,(E)t+ 
_ 

00 
2 (u (E ) 

2 
+ _v __ (l-cos2<·•lE)tll dxdv, 

2 w 2(E) 

;ol/ 

r·,LJ,e f( x, v, tzO) - Ha'lanLHaH tiJyHKUHH pacnpe,LJ,eneHHll. Aua­

noru~uo /61/, ,D;nJI nono>KeHHll ueuTpa Mace ny~Ka x MO)I(HO 

IIOJIY'III l'b Bblpa>KeHHe: 

X = ({f(x 'v 't =0) r X eo~, I (F.)t t ......!..~-sin(,) (E )t I dxdv. 
. ("(E) -00 

jbl./ 
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HJ tiJopMyHLI /59/ cne.D;ye'I, tJTo qneubl, JaBHCJIUUIC oT npl'­

MCHH B /61/, /62/ lla 60JlhiUHX B]>CMCHaX JIBJlJIIOTCJI 6bJC1 JlO­

OCUHJIJJHpyJO~HMH IJi}'HKUHJIMH H HHTCrpHpOBaHHe HX ,D;ac J H 

peJyJJLTale BCJlH'IHHy, y6biBaiOillYIO C pOCTOM B]>CMCJfll. 

lloJTOMY Ka'ICCTBCHHo BJMeHeHHJI no apeMeHH x u ;{:: uu­

'leM He OTJJH'IaJOlCll 01 cnyqaJI, paJo6pauuoro B n.2. UcHIJl 

Mace ny'IKa x conepwac1 Jal yxaJoiJUie Kone6auu.11 c 'Ia­

cToToii <•Jw Cpe,D;HcKna,D;palHlJHbJH paJMep x2 Kone6ne1c11 c 

,!I;BOHHOH 'laCTOTOH H Ha 60JlbWHX BpeMeHaX CTpCMH I CJI 

1 " v 2 
K paBHOBCCHOMY 3Ha'ICHHJO -lx(j -l {--,-)o). 

2 (1)2(E) 
3aKoH JaT)xa-

HH.ll aMnJlHTy,D; KOJle6aHHH JaBHCHl 01 BH,D;a Ha'lanLJJOH tiJyHK­

UHH pacnpe.D;eneHHJI. HanpuMep, .D;JJJI f!lyHKUHH f(x ·', t o 0) , 
paBHOH: 

-
f( ~N 2 2 x,v,t=O)= --a(3a 0 -x )o(v), 

2a 0 
/63/ 

aMnnBTy,D;a KOJle6aHHH CpC,!J;HCKBa,D;paTB'IHOrO paJMepa y6LJ-

1 
BaCT Ha 60JlbWHX BpCMCJJaX no JaKOHY -r;------- 3MH1-

..LL a 2 t 
uJo 0 

TaHc P I 41 I B 3TOM cnyqae yaenuquaaeTc.ll OT 0 ,D;o npe-

2 (·) a 
.D;enLHoro JHa'leHH.ll F'k ·• __ _Q __ o_, 1.e. 'laCTHUbl Ja apeMJI 

' 2 

t 2: -K- ·- JaHHMaiOT Ha f!laJOBOH nnOCKOCTB o6naCTL C 

('\J a o 
:JcWleKTHBHoii nnoma.D;LIO F k. 

4. B JaKnJO'IeHae KpaTKo HJJJO>KHM nony'leHHble peJynL· 

TaTLI. IIOKaJaHO, 'ITO CHCTCMa ypaBHCHHH, OnHCbiBaJO~a.ll 
H3MCHeHBe BO BpeMeHH CpC,!J;HCKBa,D;paTH'IHbiX pa3MC]>OB 

ny'IKa JapJt)l(eHHbiX 'laCTHU, nony'leJJHa.ll B pa6oTe /2 , cnpa­

Be,D;JlHBa HC TOnLKO B cnyqae ny'JKOB C paBHOMepHOH no 

3JlJ1HD1 H'ICCKOMY CC'IeHHJO nJJOTHOCT biO 3ap.li,D;a, HO H ,!\JIJI 

ny'IKOB c nnoTHOCTLJO 3ap11.n.a, HMeJOil{eii 3JlJJHnTu'lecKHe 

nHHHH nOCTOJIHHOrO ypOBJI.ll. fipH 3TOM CHCTeMa He 3aBHCH1 

OT KOHKpCTHOro BB,D;a f!lyHKUHB pacnpe,D;eneHH.ll. 0.D;HaKO 

HCnOJlb30BaHHa.ll JlHHCHHaJI annpoKCHMaUHJI CHJl Jlopenua 

He noJaonJicT Y'IBTLIBaTL HJMeHeJJHe JMHTTauca, Bhl3b1Bae­

Moe HCJJHHCHHOCT hJO Kone6aHHH. 
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34M}leKTLI, CBJI3aHHLIC C B3MCHCHHCM 3MHTTaHCa, npo­

CJIC)I(CHLI Ha npOCTLIX MO,IJ,CJI:bHLIX O,IJ,HOMCpHLIX 3a,IJ,a'laX C He­

JIBHCBHOCT:biD CHJI nopeHUa BHCWHero 3JICKTpOMarHHTHOrO 

nonJI. YqeT H3MeHeHBJI 3MBTTaaca no3BOJIJieT 3aMKHYTh 

ypaBHCHBJI ,IJ,JIJI MOMCHTOB BO BTOpOM nopJI,IJ,KC, T. e. nony'IBT:b 

3aMKHYTLIC ypaBHCHBJI ,IJ,JIJI cpe,IJ,HCKBa,IJ,paTB'IHLIX BCJIB'IBH. 

3aKOH B3MCHCHBJI 3MBTTaHCa MO)I(HO 3a,IJ,aT:b B3BHe, B qacT­

HOCTB, B3 peWCHBJI MO,IJ,CJI:bHLIX 3a,IJ,a'l. 

H3 nonyqeaawx pe3yJI&T.aToB cne,IJ,yeT, 'ITO B Te'leHae 

speMeHB nopJI,IJ,Ka o6paTHOrO HCJIBHCBHOrO C,IJ,BHra qa­

CTOT:bl Kone6aaai /o6paTHoro pa36poca no qacToTaM o6pa­

~eHBJI B KpyrOBOM ny'IKe/ 3MBTTaHC MO)I(HO C'IBTaT:b no­

CTOJIHHLIM. Ha speueaax, ropa3.D.O 6on~owax yKa3aHHLIX, 

34M}leKTBBHLIB 3MBTTaHC CTpeMBTCJI K npe,IJ,CJI:bHOMY 3Ha'le­

HBIO. Ha TCX )I(C speMeHaX KOJie6aHBJI UCHTpa MaCe ny'IKa 

3aTyxaiOT B a3-3a nepexo,IJ,a 3HeprHB KorepeHTHLIX Kone-

6aaai B HeKorepeHTHLIC cpe,IJ,HCKBa,IJ,paTB'IHLIB pa3Mep pa-

CTCT. 
AsTopw 6naro.D.apJIT B.Cil.Wesuosa 3a nouo~& B pa6oTe 

H ueHH:ble o6cy)I(,IJ,eHBJI. 

IIpuAoJICeHue 

II 
,U:JIJI o6pa3UOB nannaca MOMCHTOB /26/ M np 

cor nacHo ypasHeHHJIM /27/: 

BMCCM, 

p2MII +4MII = 4En + pMII(t=O)+ dM~ I =F ./64/ 
np n+ 1 p p n dt t=O n 

PaccMoTpBM nocne,IJ,OBaTeJI&HOCTh onpe.D.eJIHTenei (N + 1)- ro 

nops.,IJ,Ka: 

p2 4 0 0 

D = 
• 0 p2 4 

N 

0 

I • 0 • 0 

0 0 p2 
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Fo 1 

Do I F1 
I) 

~ p'"' 
N 

FN () 

HeaJsecTuoe Mll 

Mil 
op 

"" 
D" 

lim _Ji 
N '"" D N 

0 0 

0 0 

I /CJS/ 

:! 
. ..... p 

MO)t(CT 6bll b HaH,IJ,CHO no 4•opM \ Jll': 

I CJCJ/ 

Bhi'IHCJieuae onpe.IJ.CJIHTCJI11 DN JJCI'J<o npoBO.IJ.HTCJI: 

D = p2(N+l) 
N /CJ7/ 

Pa3JIO)t(HM onpe.IJ.CJIHTCJih D~ no 3JICMCHTaM nepsoro cTo.rJG­

ua. B peJyJihTaTe nonyquM Bhipa)t(cHne: 

oo 
N 

2N N n 2 2n 
p ~ (-1) F ( --) . 

n=O 11 P /t18/ 

llo.IJ.cTasnu /67 I, /68/ s /66/ n nepexo.IJ..II K npe.IJ.cny, 

HMCCM: 

Mil 
op 

1 ~ 11 2 2 _... (-1) F ( _ _?__) n 
p n=O II p · /fJ9/ 

BOCDOJih30BaBWHC:b onpe.IJ.CJICHHCM MOMCHTOB /26/ l}lopM) JIY 

/69/ MO)t(HO nepeUHCaTb B CJIC.IJ.YJO~CM BH,IJ,e: ' 

II 
00 

A ') 
M = (((f (x ,v ,rd, t ~O)[ .:L. E, px ~ +-2xv] x 

op -coc p 

1 "': n 2 ,,J 2n 
"-~ :1 (-1) (--) dxdvd,,,. 

p'"' woO P 
/70/ 
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CyMMBpy.a B no,AWHTerpan&HOM swpa>KeBBB PJIA B npoBlBO.AJI 
o6paTHoe npeo6pa30BaHBe nannaca, nonyqaw oKoHqaTen&­

HWB pelyn&TaT: 

II 
00 

2 XV · M
0 

=Jf[f(x,v,w,t=O)[x cos2wt+--sm2wt+ 
-oo 

+ L (1-cos2wt)]dxdvdw. 
w2 
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w 
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