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npH HCCn8JlOB8HHH ny'IKOB "18CTHU npaKTH'I8CKHlt HI!Te­

pec, aaqacTyiD, npeacTaBnHIDT ycpeaHeHnwe xapaKTepHc­

THKH, T8KH8 KBK ilnOTHOCTb, Cp8JlHHH CKOpOCTb, T8Milepa­

Typa H T,Jl. 3Ty HH~OpM8UHIO MO/KHO nony'IHTb, Bhl"'HCnHH 

MOMeHTbl ~YHKUHH pacnpeaeneHHH 'IBCTHU B cjJ830BOM 

npocTpancTae. B raaoaHHBMHKe noao6Hbie aaaa'IH caoaHT­

CH K perueHHID CHCT8Mhl ypaBH8HHH JlnH MOM8HTOB /1/, 
Mbi 6yaeM paccMaTpHBBTb JlBHIKeHHe ny'IKa KaK JlBH­

JK8HHe 38MKHyTOI'O ¢a30BOI'O MHOIK8CTB8, 'ITO il03BOnHeT 

BB8CTH MOM8HThl ~YHKUHH pacnpeaeneHHH no BC8H COBO­

KynHOCTH t!J830BhiX KOOpJlHHBT. 3aMeTHM, 'ITO B I'830JlHH8MH­

K8 06hl'IHO HMeiDT aeno C npocTpaHCTB8HHO HeorpaHH'IeH­

HOH Cp8JlOH, fi09TOMY HCnonb3YIDTCH nHlllb MOM8HTbl no 

CKOpOCTHM, 

B aannoti pa6oTe orpaHH'IHMCH cnyqaeM ManhiX nnoT­

uocTeti ny'IKOB, KOI'Jl8 HX C06CTB8HHbiMH nonHMH, a T8K/K8 

CTOnKHOB8HHHMH 'I8CTHU MOIKHO npeue6pe'Ib, 

PaccMoTpeHHe npoBOJlHTCH nnH penHTHBHCTCKHX ny'IKOB, 

'ITO Tpe6yeT, B 06Ul8M cnyqae, HCnOnb30B8HHH BOChMHMep­

HOI'O ~830BOI'O npOCTpaHCTBa. 3aMKHYTOCTh ~830BOI'O MHQ­

IK8CTB8 cneayeT H3 ~H3H'I8CKHX OC06eHHOCT8H ny'IKOB, B 

KOTOpbiX npennonaraeTCH KOH8'IHOCTb paa6poca 'IBCTHU llO 

KOOpJlHH8T8M H Bp8M8HH, HMnynbC8M H 9H8pi'HH. B cnyqae, 

KOI'Jl8 JlBHIK8HHH paanenHIDTCH, MOIKHO paCCM8TpHB8Tb H 

6eCKOH8"1HbiH B OJlHOM HanpaaneHRH ny"'OK H CTpOHTb MQ­

M8HThl ]lnH nonepe'IHOI'O ( ~HHHTHOI'O) JlBHIK8HHH. 
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CVICTEMA YPABHEHI1!1 nnH MOMEHTOB 

Ey~eM CYHTarh, 'ITO H3MeHeHHe ¢a3osoro MHOmecrsa 

38BHCHT or HeKoroporo CKanSipaoro napaMerpa s. 8bi6e­

peM B ¢a30BOM DXOCTp8HCTBe ODOpHyill TOYKY 0 C KOOp-

~HH8T8MH Z =' ( Uo ) , , r~e X - BeKrop B 4-npocr-o 0 

paacrse, U 
0

- seK-i?op B npocrpaacrse 4-cKopocreA. Ko-

op~HHarw DpOH3BOJ1bHOH TOYKH Q 6yaeM OTC'IHThlB8Tb OT 

TO'IKH 0, r.e. Z=c z o- z 0 • B 'I8CTHOCTH, TOYKY 0 MOlliHO 

Bb!6paTb COBfiaD8illWeA C ODHOH H3 'I8CTHU ny'IKa, rorna 

yCJlOBHe 38MKHYTOCTH MHOllieCTBa BhlDOllHHTCSI 8BTOM8TH­
'IeCKH, 

3anHWeM ypaBHeHHSI ~BHllieHHSI nyYKa B MaTpHYHOH 

¢opMe, npHHHMaSI CKopocrh csera s nycrore c = 1 : 

dZ = T(X)Z, 
ds 

T(X)= 

0, -B.1 , B 2 , 

0 

0 _e_p(B E) 
m • 

E I 

B. 
P<B,E) ~II .3' 

0, -B 
1 

, E 
2 

-B 2, B l' 0, E.1 

E 1 , E 2 , E 3 , 0 

( 1 ) 

rae e H ill - 38pSID H M8CC8 nOKOSl "48CTHU, COOTBeTCTBeH­

Ho; B H E - seKropbr HanpmKeHHocreA MarHHTHoro H 

sneKTpHYecKoro noneA, a HHTepsan ds onpe~eneH KaK 

2 2 2 2 \12 
ds ~, [ dx 

4 
- dx 

1 
- dx 

2 
- dx 

3
] , x 

4 
~ t . 

Ee3 yqera cronKHoseHHH ¢YHKUH51 pacnpeneneHHH 

YDOBJ1eTBOp51eT ypaBHeHHill nHyBHJ1J1SI 

df = ZTV(Z)f-= 0, 
ds 

4 

(2) 

f 

( 3) 

r~e CHMBOJ1- 03H8'I8eT rpaHCDOHHpOB8HHe M8TpHU, a 

V(Z)- ~H¢¢epeHUHal1bHhlA seKropawA oneparop c KOMrroaea­
raMH Vi<Z> = _a_ . 

azi 
0603H8'I8SI ::meMeHT o6beMa MHm!<eCTBa U "48pC3 d\' (U), 

onpe~enHM MOMeHTbi n -oro rropSI~Ka ¢YHKUH 11 pacnpe~ene­

HHSI f 

M._ k , .•• , k 
"1 ' 2 n 

= fZk (s)Zk (s) ••. Zk (s)f(Z(s))d\'(U). 
n 1 2 " 

( 4) 

3~eCb HHDeKC k j MeHSieTCSI OT 1 DO 8, 0pO/ll11j)(jJOflCIIUHpyCM 

paBeHCTBO (4) noS C yqeTOM (1 ): 

dM~r. ,k 
2

, ••. ,k _ ____::___l' ____ _n_ 

ds 

, L J Zk <s>Zk (s) ... Zk. Tk.,k_zlzk. ... zk fdV(~!), 
k 1,-k(n)H I 2 o-1 1 J J 1 ' l n 

i 

( 5) 

rae k(n) k 1,k?"""' k B ¢opMyne (5) H n nanhHci1mcM 
- D 

Mbl npeanonaraeM CYMMHfJOB8HHe ITO 11013TOps!illlllHMCSI 11H-
aeKC8M, 

OpaKTH'IeCKH sceraa MaTpHuy T MO)KHO npencranHTh 

B sune creneHHoro pa3nomeHlfSI s oKpecrnocrH TO'IKH Z=O: 

T<s>- T"<sJ • L 
r~ 1 

_1_/T 
f! 

( 6) 

r~e. no onpeneneHlfll, cKanSipHbii1 CHMBon d= Z V <Z>, 
f . 

a on epa TOpbl \', BXODSIWHe B d , aeifCTBYillT JlHWb Ha 1 , 
noacraBJ15ISI npencrasneHHe T B BHae (6) B ypasHeHHe 

( 5), nonyYHM CHCTeMy ypaBHeHHH DllSI MOMeHTOB: 
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dMk k , .•• ,kn I , 2 

ds 

l IT0 M + 
k. ~ k(n) ki,kj kl ,k2 , ... ,k i-1 ,k j k i+l , ... ,k n 

1 

(7) 

+ i _1_ ( V k V k .Yk jTki~c.lz=O Mlq,k2, ... ki-I•ki ,ki+l"'kn+l 
f= I f! n+l n+2 n 1 

TaKHM o6pa30M, cucTeMa ypasHeHHH anH MOMeHTOB 
rrpeacTaBnHeT co6oU. MapKOBCKYJO uerroqKy. Oco6eHHO rrpoc­
ToA BHa rrpuo6peTaeT CHCTeMa (7) B cnyqae ITOCTOHHHhlX 

BHeWHHX rroneA. Toraa MaTpuua Tk. k .= Tk. k. He 38BHCHT 
,. J ,. J 

OT KOOpaHH8T, H Mbl HMeeM 

dM 
kl'k2, ... ,k 

-----'-----"'------"nL = l T M 
ds kiCk(n) ki kj 1<1 ,1<2, ... ,1<i-l ,k j ,ki+l , ... ,l<n' (8) 

B oTnuque oT "3auerrnHJOWeAcH" uerroqKH ypaBHeHHil anH 
MOMeHTOB (7) B aaHHOM cnyqae rronyqaJOTCSI CHCTeMbl JlH­
HeHHhlX ypasHeHHH oaHoro ITOpHaKa. 

2. CMb!CJl MOMEHTOB Hl13Wl1X TIOP.HilKOB 

l13 orrpeaeneHHSI (4) cneayeT ecTeCTBeHHwA swaoa o 
TOM, qTQ MOMeHT HyneB010 IIOpSiaKa, KOTOphlA COOTBeT­
CTByBT rronHoMy· qHcny qacTHU N, ecTb B cuny (3) HH­
Terpan aBH)KBHHSI: 

N = f f(Z(s))dV(n). ( 9) 
D 

6 

" 

MoMeHTbi rrepaoro rropHaKa o6pa3yJOT aeKrop 

- 1 
Z = N fZ(s)f(Z(s))dV(n), 

n 
( 10) 

IIpH'IeM IlpOCTpaHCTBeHHbie KOMITOHeHTbl BeKTOpa Z aaJOT 
cpeaHHe KOOpaHH8Thl B IIpOCTpaHCTBe-BpeMeHH, a CKOpOCT­
Hhle KOMITOHeHThl OIIpeaenHIOT CpeaHHe 3HaqeHHH 4-CKOpOC­
TH, MoMeHTbi rrepaoro rropHaKa a nuHeHHOM rrpu6nu*eHHH 
yaoaneTBOpH!OT ypaBHeHHIO 

dZ = To(s)Z 
ds 

( 1 1 ) 

PeweHHe ypaaHeHHH (11) MO*HO 3arrucaTb a auae 

Z(s) = R<T 0
, s/s )Z(s ) , 

0 0 
( 12) 

rae MaTpHqHa51 lPYHKUHH H<T 0
, s/s O), H83J,JB80M1l51 MaT-

puuaHTOM, smnHeTCH peweHHeM MaTpuquoro 
UH8nbH010 ypaBHBHH51 

~ = T"(s)H 
ds 

C HaqanbHLIM ycnOBHBM 

H< T ", s "I s" ) = I, 

rae 1 - eaHHHqHaH MaTpuua. 

auql<lJepeH-

( 13) 

B KaqecTae orropHOH ToqKH 0, OT KOTopoil aeaeT~SI 
OTcqeT BCeX KOopaHHBT, yao6HO Bhl6Hp8Tb TOqKy Z. 

MoMeHThl BTOpOrO IIOpSiaKa MO)KHO 38ITHC8Tb B BHae 
CHMMeTpHqHOH KBaapaTHOH (8x8) MaTpHUhl 

~ = lJZ·Zf<Z<slld\'<Q). ( 14) 
Nn 

iluaroHanbHwe sneMeHThl MaTpuuw I aaJOT cpeaHe­
·KBaapaTuqHhle pa3Mepw, apeMeHHOH pa36poc H cpeaHe­
KBaapaTuqHwe pa36pOChl KOMITOHeHT 4-CKOpOCTH rryqKa 
qaCTHU. 

ilu<iJ<iJepeHUHpyg (15) ITO S H HCITOnb3Y51 ypaBHBHHe (1), 
38ITHWBM B nHHBHHOM IIpH6nHM8HHH ypaBHeHHSI anSI MOMBH­
TOB BTOpOrO IIOpSiaKa: 

7. 



d~ 

ds 
=To~ + ~To' ( 15) 

YpaaneHHe (15) anH MaTpHUhl ~ coanaaaeT no ¢opMe 
C ypaBHBHHBM (A.8) anH orH6aiDrueii MaTpHUhl, npHBeaeH­
HhlM B DpHno*eHHH. 0rH6aiDruaH MarpHua xapaKrepHayer 
M8KCHM8nbHhle p83M8phl nyqKa B ¢a30BOM npOCTpaHCTBe. 
KaK cneayer H3 Dpuno*eHHH, perneuue ypaaneHHH (15) 
HMeeT BHa 

-· 
~ ( s) = R (T c•, s / s 

0
) ~ ( s 

0 
) R (To, s / s 

0
) ( 16) 

3. OllHOMEPHAH HEPEflHTHBv!CTCKAH 3Al1A4A 

4T06hl npuaaTb pa3BHTOMY Bhlille ¢opManH3MY 66nbruyiD 
HarnHaHOCTb, paCCMOTpHM npoCTOH cnyqaii HepenHTHBHCTC­
KOrO neuroquoro nyqKa qacTHU, aBH*YWHXCH B uanpaaneHHH 
Z paBHOMepHO CO CKOpOCTbiD V(), H orpaHHqeHHOrO B Ha­
npaBneHHH x 1 • 

YpaaneHHH aBH*eHuH qacruu B nyqKe npeacraauM B 
BHae: 

dx 1 
dt=X2=F1, 

dx 2 dt = F2(xl't). ( 17) 

¢yHKUHH pacnpeaeneHHH f yaoaneTBOpHeT ypaBHeHHID 
nuyaunng 

ar (}f iJf 
( 18) --+v ---+F at () a z i ax i 

= 0. 

DocTpOHM 6eCKOHeqayiD 
c ¢ynKuueA pacnpeaeneHHH 

CHCTeMy MOMBHTOB, CBH38HHYID 
COOTHOWeHH HMH: 

p,q p q p q 
M (t,z)~Nx x = fx (t)x (t)f(t,z,x ,x )dV(n), (19) 

12 0 1 2 12 

8 

.\ 
f 

\ 
1 

rae N- nuueiiuaH nnoruocrb nyqKa, paanaH ~·0 ; dV (H) 
- 8neMeHT o6beMa aayMepuoro (x 1 , x 2 ) aaMKHyroro MHo­
)Kecraa f! ¢a30Bb!X KOOpaHHBT nyqKa. DepBblf OMOMeHTbl 
HMeiDT npocroii ¢HaHqecKuii CMbicn. TaK, -~ ecTb x 1 N o 1 
- KoopaHnara noKanbuoro ueurpa Mace rryqKa, M __ ·_­

N-­
V M 2,o-

N 
cpeaHHH CKOpOCTb nyqKa B HanpaaneHHH XI , 

M0,2 
cpeaneKaaaparuqHbiii paaMep, -N- cpeanee auaqeuue 

KBaapaTa CKOpOCTH, KOTOpoe MO*HO OTO*aeCTBHTb C Be­

nHqHHOH T/2m , rae T- nonepeqnaH TeMneparypa nyqKa. 
DpeacraauM cuny F 2<x 1 ,t) B auae crerreuuoro paano­

HceuuH: 

F (x ,t) = ~ a (t) x k . (20) 
2 l k k l 

11u¢¢epenurrpyH paaencrao ( 19) no apeMeHrr u nonb­
ayHCb ¢opMynaMH ( 17) u (20), nonyquM 

dMp,q 

dt 

p -1 , q+ l ~ p + k , q - l 
=pM +q-ak(t)M , 

k 
(21 ) 

d rae nporraaoanaH no apeMeHH nouuMaeTCH KaK 

~c _i}__ + \' _!!_ __ B cnyqae nuueiiHbiX noneii (F =-v2~~)x ) 
at 0 az 2 l 

CHCTeMa (21) npHHHMaeT Brra 

dM P • q M p- l, q+ l 2 ( ) u p + 1 , q- 1 
--- = p - Q V t lVJ 

dt 
(22) 

TaKHM o6paaoM, uenoqKa, "aauennHIDWHXCH" ypaBHeHHii 
(22) pacnaaaeTCH HB noaCHCTBMhl ypaBHBHHH nnH MOMeH­
TOB oauoro rropHaKa n= p + q • BbmHrueM ypaaneHHH anH 
MOMeHTOB HH3WHX ITOpHaKOB. DpH ll = p+ q=0 H3 ypaBHBHHH 
(22) cneayer coxpaneuue nHHeiiuoii nnoruocru nyqKa 

dMO,O 

dt 
0. (23) 

Ha CHCTeMhl ypaBHBHHH nnH MOMeHTOB rrepaoro ITOpHDKB 

9 



dM 1,0 

dt 

= 1\10,1 
' 

dMO,l 

dt 
= - v 2 ( t) M 1 'o (24) 

nerKO nonyqHTb XOpOWO H3BBCTHOB ypaBHBHHB CB060DHhlX 
Kone6aHHfi ueHrpa Mace nyqKa: 

d2Ml,~ +1'2(t)M1,0 = 0. 

dt 
2 

(25) 

CHCTeMa ypaBHBHHM DITH MOMBHTOB BTOporo DOpHDKa eCTb 

') 0 1 '1 
(~c21\1' 

dt 

1,1 
d~1__ 

dt 

dl\1 0,2 

dt 

1\10,2 _
1

, 2(t)M 2.0. 

_ z,, 2 (t)l\11, I . 

(26) 

113 3TOM CHCTBMbl HerpyDHO BbiBBCTH ypaBHBHHG DITH MO­
MBHTa 1\1 2 •0 : 

d3~12,o ')dM2,o zod~,2 
--- I 41• ----- + 2~1 '---

dt 3 
dt dt 

0. (27) 

noKB}I<BM, qro ITHHeMHOe ypaBHeHHe (27) 3KBHBaneHTHO 

H3BeCTHOMY HeiTHHefiHOMy ypaBHeHHID DITH OrH6amwefi nyq-
Ka a* : 

2 ') 

d a ') F -
(28) --...,-+,,-a -- = 0 :l • 

dt- a· 

rne F - ¢aaoBbJM o6'beM nyqKa. 

*Ha 3TOT <iJaKT Harne BHHMBHHe o6paTHIT ID.H.AneKCa­
XHH. 

10 

I 
I 

I 
J 

~t 
~, 

noMHO:lKHM ypaBHBHHe ( 28) Ha a H npODH~·<iJepeHUHpyeM 
pe3yiTbT8T DO BpeMeHH. nonyqHM 

JL (a-d2a_) + ~(v2a2) + 2£~ ~ = 0. 
dt dt 2 dt a 3 dt 

(29) 

3aMeTHB, qro 

d 2a 1 d 2 a 2 da 2 
a-=----(-) 

dt 2 2 dt 2 dt 
(30) 

H, KaK cnencrewe (28), 

~( da_) 2 = -v 2~::._ + 2_y_:_ ~ 
dt dt dt a 3 dt 

( 31) 

npeo6paayeM nepewfi qneH B ewpa:lKeHHH (29). B peaynb­

rare HMeeM ypaeHeHHe, coenanammee no ¢opMe c (27): 

d 3a 2 

dt3 

2 2 
4 2 da 2 2 d v +v--+a--

dt dt 
0. (32) 

OrMeTHM, qro npH Bbmone ypaBHeHHB (27) MbJ He HC­

nonbaoeanH cneuwanbHoro npennono:lKeHHB OTHOCHTenbHO 

3ITITHDTHqecKoro ¢aaoeoro noprpera qacrHu, Koropoe rpe-

6yercg nnB nonyqeHHB ypaeHeHHB (28). Orcmna MO:lKHO 

npHfiTH K aaKnmqeHHID o roM, qro peaynhrarw, nonyqeH­

HhJe C MODeiTbHbiM ypaBHeHHeM (28), MO:lKHO nepeHOCHTb 

Ha cnyqafi nyqKOB C npOH3BOITbHbiM orpaHHqeHHbiM pac­

npeneneHHeM qaCTHU B 4Ja30BOM DITOCKOCTH, ecnH BMBCTO 

OrH6amwefi HMeTb B BHDY cpeDHBKBanparHqHblll p83Mep. 

PaccMorpHM aanaqy o cneKrpe co6creeHHhlX Kone6a­

HHfi CHCTeMbl (22) B cnyqae DOCTOBHHbiX nonefi ( v 2 = 

=canst> 0) • Yl3 ypaBHeHHll DITH MOMeHTOB HH3WHX DOpBD­
KOB (23), (25), (27) cnenyer, qro npH n=O co6creeHHaB 

qacrora A= 0 , npH n= 1 eenHqwHa A npHHHMaer 3HaqeHHH 

A= ±iv , npH n=2 - A= 0,± 2iv. npH npOH3BOITbHOM n 
6yneM HCK8Tb peweHHe CHCTeMbl (22) B BHDe: 

M p,q = Mb'q eAt • (33) 

11 



Torna co6crseHHbie l.!acrorbi A onpenenSIIOTCSI H:3 ypas­
HeHH:SI: 

A.,-n,O,O,. 

!' 2' ..\ '-(n-1),0 

0, 2v 2
, ..\,-(n-2),0, ........... 

0, 0, 31' 2,A ,-(n-3}, 0, 

0,0, . (n-l}v 2,..\, 1 

0,0, ... 0, nv 2 A. 

ilnSI nepBbiX 3H8'-18HHH n llenocpe!lCI'BeHHOM nposepKOH 

MO.IKHO y6eJJ.HI'bCSI, 'ITO npH Hel.!el'HOM ll = 2k + 1 

,\ = ± i 1/ (2 j + 1) ' 

0 

npa l.!eTHOM n = 2k ( 35) 

A= ±2il'j, j == 1,2,3, ... , k. 

Ma ¢aaal.!eCKHX coo6pa.1KeHH:H cne11yer O.IKH:Jl8Th, 'ITO aaKo­
HOMepHoc Tb ( 35) H Meer Mecro npa n106oM n • 

DPI1J10/KEHi1E 

PaccMoi'pH:M naHeHHoe na¢¢epeHuaanbHoe ypaBHeHae 

dx 
-- = P(s)x, 
ds ( A.I) 

rne P(s}- Marpal.!HaSI (pxp)-¢yHKUHSI, a x-f3-MepHbiH 
BeKTOp. nycTb MHO.IKeCTBO H8'-18JlbHb!X Jl8HHbiX Do 38Jl8l.!H: 

KouiH JJ.JISI ypasHeHHSI (A. I) ne.IKHT BHyrpa npoaasonbHofi 
38MKHyTOH ranepnosepXHOCTH: BTOporo llOpSIJJ.Ka 

f'(Ao 'bo, C) = rol OllHCbiBaeMOM ypaBHeHHeM 

12 

I 
~ 

x;,A
0

x
0 

+ b
0

x
0 

+ x0 b 0 = C, ( A.2) 

rne A 0 - caMrv•eTpH:'IHaSI <A=A) KsanparHaSI ({3x(3) -Marpa­

ua, b- {3 -MepHb!H BeKTOp, C -CK8JISipH8SI ITOJIO.IKH:I'8JlbH8SI 

senH:l.!H:Ha. 

3anaweM peweHae aana'-IH Kowa ypasHeHHSI ( A.l) l.!epea 

MarpauaHT R<P, s I s0 ): 

x(s)= R(P,s ls
0

).:x(s
0
>=Rx

0
, R(P,s01s

0
)=R

0
=l.(A.3) 

Dycrb Xo HaXOJJ.H:I'CSI Ha nosepXHOCI'H: ro. noncTaB!fM B 
ypasHeHHe (A .2) 3Hal.!eHHe x 0 , onpeneneHHoe H:3 (A. 3): 

- --l -1 - -1 ---1 - - -
xR A

0
R 'X+b0 R x+xR b 0 =xAx+bx+xb=C, ( A.4) 

rne 

--1 -l --1 
A= R A

0
R , b = R b

0 ( A.5) 

YpasneHue (A.4) SIBJISieTCSI ypasHerrueM noaepxHOCTH 

f'(A,b,C~ B KOTopyiO nepeXOJlHT H8'-18JibH8SI nosepXHOCTb 
f'0 B cuny ypaBHeHHSI (A.l ), DoaepXHOCTb l SIBJISieTC5I 

orw6a10wet\ ¢aaoaot\ nosepxrrocTbiO ceMeHCTBa peweHHH 

H3 MHO/KeCTBa f! , 
Marpwuy a 1 o6paTHYIO MaTpaue A 1 

-1 -
a = A = R < P , sIs 

0
) a 

0 
R < P , sl s 

0 
) , ( A.6) 

HrpaiOWYIO B8.1KHYIO pOJib B TeOpHH OrH68IOWHX 1 H830BeM 

oru6aiOwetl MaTpwuett. 
Dponw¢¢epeHuwposas no s ypaaHerrwe (A.6) H wcnonb3YSI 

ypaBH8HHe JlJISI M8TpHU8HTa 

dR --=P(s)R 
ds ' 

nonyl.!HM nw¢¢epeHuuanbHoe 

da -
-- = Pa + aP. 
ds 

(A.7) 

ypaBH8HHe JJ.JISI MaTpHUbl a ; 

( A.8) 
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Ka)KL(85I H3 KOMIIOH8HT X. ( j = 1,2,3 ... {3) B8KTOpa X rrpo6e­
] 

raeT Ha IIOBepXHOCTH r (A,b,C) BH8'I8HH5I OT H8KOToporo 

x. . 
j,ITitn L\0 H8KOTOporo X j,max , rae 

x. =max x. 
],max J 

x .~nA,b,c) 
J 

x . . =minx . , j = 1,2, ... , {J •. 
j,mlD ] 

x .~;nA,b,c) (Ao9) 
J 

BeKTOp X , y KOTOpOf'O J -85! KOMIIOH8HT8 HM88T H8 

rrosepxHoCTH I '(A,h ,C) 3KCTpeMallhHOe 3Ha'IeHHe, 6yaeM 

0603H8'I8Th 'Iepe3 x(j,extr) o TiollO)!(Cifll.8 U8HTpa #-Mep-

HOf'O 3llllll.IICOHL\8 1 OIIp8A8ll5I8MOf'O ypaBH8Hll.8M (A,4), 

o603H8'IHM qepe3 x 0 Toraa MO)KHO rroKa3aTh, 'ITO 3lleMeH­

TJ,r M8Tp11Ubl a Bl>lp8)1(8JOTC5I 'Iepe3 KOMIIOH8HTbl 3KCTpe­

M8llhHOf'O ¢a3onoro neKTopa x (j, max) : 

a =a 
ij ji 

1/{3 vi-3(x) 2/fi 
= Ia I (___t-) 

0 \' 
li 

<x.<i ,max>-x.Hx .<j,max>-x. ). 
J I I I 

3aeCb V{i(x) - 06'beM MH0)1(8CTB8 n , V 1- 06'beM {i -Mep­

HOH c¢epbl 8AHHH'IHOf'O paAHycao Yl3 Bbfpa)K8Hll.5I (AolO) 

BHL\HO, 'ITO t:\118f'OH8llhHhl8 3ll8M8HThl a .. B paCWHpeHHOM 
ll 

¢a30BOM rrpocTpaHCTBe (x, s )orrpeaen5IJOT orH6aJOwHe KpH-

Bbie Ha IlllOCKOCTif (x j ,s) , BHyTpll. KOTOpbiX ll8)1(8T BCC 

Tp88KTOpliH, H8'IHH810lllll.8C5I H3 MH0)!(8CTB8 f} O : 

14 

xj, max (s)= 
vt-3 I/# I/211 

(--) (lA!) 
V {J(x) 0 

va .. (s)+x, 
II 

X. . 
), miD 

v f3 1/ f3 l/2{3 -- -
(s)=-(--) (JA

0
J) ya .. (s)+x. 

V (X) ll 
f3 

(A.ll) 

(Aol2) 

l 
~ 

Jlng HYll8Bh!X AH8f'OH8llhHh!X 3ll8M8~TOB p jj (s) 

MaTpHUhiP B ypaBHeHHH (Aol) £jla30Bh!.lf 06'beM 'V{J(x) 

He 38Bll.CHT OT S H paBeH 06'beMy 'Vj3
0
Ha'IallhHOf'O MHQ­

)!(8CTBa 0 0 o MaTpHuy Ao rryTeM cooTseTcrayJOwero Bhi-

6opa IIOCT05IHHOH C B ypaBH8Hll.H (Ao4) OIIp8A8ll5IIOT T8Kll.M 

o6pa3oM, 'IT06hi ee onpeaenHrenh 6hin paseH eAHHHue 

<1Aol=la 0 I=Uo 
Jlng IIpOH3BOllhHOf'O £jla30BOf'O MH0)1(8CTB8 f!, Orrpe­

t:\8ll5I5I ITO H8MY 3KCTp8M8llhHhie £jla30Bhl8 B8KTOpbl x(j, extr) 

(j = 1,2, ... , {3) If BeKTOp Il0ll0)!(8HH5I ero UeHTpa T5I-

)K8CTH X • MO)KHO H8H:TH 0IllfC8HHh!H 3llllHIICOHA ( Ao4). 
or~t6aJOIUa5I MaTpHUa a KOToporo onpeaen5IeTC5I Bhipa)Ke­

HHeM(A.lO). 
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