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Bne,n;eHHe 

Yllie HeCKom,Ko .n.ecJITKon JieT Mo.n,eJih lliII.D.Koil: KaIIJIII (M}RR) nepoil: II 
rrpan.n.oii cJiylliIIT JI.n,epHoil: qrn3IIKe. IIpe.n,JiollieHHaJI eIIIe Ha Jape pa3BII
nrn: JI.n,epHoil: q>II3IIKII <I>peHKeJieM [1] II BopoM II YIIJIJiepoM [2], oHa 
CJI.YiRIIT OCHOBOH II n MO.D,eJIII o6oJioqeqHhlX rrorrpaBOI{ CTpyTIIHCKOro [3]. 
3HeprIIJI JI.LI.pa n M}RR orrpe.n,eJIJieTCJI KaK: 

ELD = ELD E(O) + ELD E(O) + ELD E 
tot s s c c R R, (1) 

r.n.e rrcpnoe cJiaraeMoe - rronepxHoCTHaJI 3HeprHJI JI.LI.pa, nTopoe - KyJioHo
ncKaJI, TpeThe - npamaTeJihHaJI. Be3pa3MepHhle neJIIIqIIHhl EfD, EfD II 
E½D - cpyHKIIIIOHaJihl 3anIIcJim;IIe OT q>opMhl H.n,pa. Ei0l II Ei0) 3HaqeHHJI 
rronepXHOCTHOH II KyJIOHOBCI{Oli 3HeprIIII ccpepIIqecKoro JI.D,pa, a ER - 3a
BIICJim;aJI OT yrnonoro MOMeHTa qacTh npaIIIaTeJihHOil: aHeprIIII. Han6oJiee 
Tpy.n.oeMKaJI qacTh 3TIIX pacqeTon ~ Haxom.n,eHIIe EfD. Honh!il: cnoco6 
pacqeTa aToil: neJIIIqIIHhl II 6y.n,eT onncaH .n,aJiee. 

ITocTaHoBRa 3a.n;a~H II pemeHHe 

IIo orrpe.n,eJieHIIIO KYJIOHoncKoil: aHeprIIII aTo rnecTIIKpaTHhlil: llHTerpaJI, 
I{OTOphlil: BhlqIIcJIJieTCJI no o6'heMy JI.D,pa. 

Ee = E(O) ELD = E(O) 
15 j dV dV'-1 

c c c RS321r2 Ir - r'I (2) 

3.n,ech Ro - pa.n,IIyc ccpepnqecKoro JI.n,pa. 
MHoroKpaTHOe nonTopeHIIe BhlqIIcJieHIIJI llHTerpaJIOB KYJIOHOBCI{OH 3Hep

rIIII n pacqeTaX Tnna JiaHmeneHOBCI{Oli .D,HHaMlll{ll [4] npIIBO.D,IIT K Heo6-
XO.D,IIMOCTII onTIIMII3aIIllll MeTO.D,OB BhlqIIcJieHllJI ll pacqeTHhlX cpopMyJI. 
IIpe.n,noJiaraJI, qTo 3apJI.n, panHoMepHo pacnpe.n,eJieH no o6'heMy JI.n,pa, 
MomHo ynpocTIITh pacqeThl. TaK, yme n3necTeH cnoco6 nepexo.n,a OT 
.D,BOHHhlX o6'beMHhlX IIHTerpaJIOB K .D,BOHHOMY nonepxHOCTHOMY [5]. I1H
TerpIIpOBaHIIe npOII3BO.D,IITCJI no nonepxHOCTII JI.D,pa, a cpopMa JI.D,pa 3aBII
CIIT napaMeTpOB. TaKllM o6pa30M, noeyqaeTCJI, qTo IIHTerpaJI JIBJIJieTCJI 
cpyHRIIIIOHaJIOM OT cpopMhl nonepxHOCTII JI.D,pa. IIpeo6pa30BaHne I{ nonep
XHOCTHOMY IIHTerpaJiy no3BOJIJieT II36anIIThCJI OT .n.nyx IIHTerpnponaHIIH, 
HO nJiaTOil: 3a 3TO JIBJIJieTCJI ycJIO)KHeHIIe nO.D,hlHTerpaJihHOH q>yHKI!llll. 
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J ,l lj I l dVdV - = -- (dSa)(dS a)-, 
a 6 a 

(3) 

r.n:e a= r - r' II a= jr - r'j. 
ITpIIBe,n:eHaJI B1mre cpopMyJia HarJIJI,n:Ho .n:eMoHcTpIIpyeT 3TO. II011BJIJI-

eTCJI yrJIOBaJI 3aBIICIIMOCTI, OT opIIeHTaUIIII 3JieMeHTa IIOBCpXHOCTII II pa3-

HOCTII pa,n:IIycoB-BeI{TOpOB. .Ll:BOHHOe IIHTerpIIpOBaHIIe Be,n:eTCJI IIO BCC:ii 

IIOBCpXHOCTII, II RameTCJI, 'ITO 3TO .D:OJilRHO IIpIIBO.D:IITI, I{ He3aBIICIIMOCTII 

OT yrnoB. TaROH ycJiomHCHHhlli BII.D: IIO.D:hlHerpaJibHOH <PYHRUIIII IIOJIBIIJICJI 

II3-3a CJIOmHoro Bhl6opa CRaJIJipHoro rrpoII3Be,n:eHIIJI. Mhl ,n:oJimHhl II3 qe

Thlpex BCRTOpOB o6pa30BaTI, CRaJIJip, IIOTOMY 'ITO 3HeprIIJI JIBJIJICTCJI CRa

JIJipHoii BeJIII'IHHOH. Ho B TO me BpCMJI, 6oJiee rrpocToe CRaJIJipHoe rrpOH3-

Be,n:eHHe ,n:aeT HaM rrpOH3Be,n:eHHe ,n:Byx 3JICMeHTOB IIOBepXHOCTII, ROTOpoc 

Mhl .D:OJilRHhl YMHOmHTI, Ha HeROTopyIO <PYHRUHIO, 3aBHCJIIIIYIO OT MO.D:YJIJI 

pa3HOCTH pa,n:nycon-BeRTOpOB. 

j dVdV'~ = j(dSdS')J(a). (4) 

MaTeMaTH'ICCRaJI IIOCTaHOBRa BOrrpoca 3BJ'IHT TaR: MOmHo JIII Ha:0:TII 

TaRyIO <PYHRUHIO f (a) H RaR 3TO MOmHo c,n:eJiaTb HaH6oJiee rrpoCThlM 

crroco6oM . .Ll:JIJI IIpHMepa, CCJIH HCIIOJI130BaTI, cpopMyJiy (3) .D:JIJI IIOBep

XHOCTHOro IIHTerpHpOBamrn, TO .D:JIJI HaXOJR,n:CHHJI IIO.D:hlHTerpaJibHOH <PYH

RUIIH Heo6xo,n:IIMO ,n:eJiaTb cpyp1,e-rrpeo6pa30BaHHe, 3aTeM rrepeiiTH B ROM

IIJieRCHYIO IIJIOCROCTh, 'IT06hl HaiiTH cpyp1,e-06pa3. Crroco6 JIBJIJieTcJI pe

ryJIJipHhlM, HO He 3q:>q:>eRTHBHhlM rrpH rrpII3BOJII,HOH HHTerpIIpyeMOH <PYH

RUHH B .D:BOHHOM ofrI,eMHOM HHTerpaJie. 

C .n:pyroii CTOpOHhl, HCIIOJib3JJI IIHTerpaJibHJIO TeopeMy O rpa,n:IIeHTC 

([6], CTp. 175), MOmHo rrpeo6pa30BaTI, HOBYIO cpopMyJiy ( 4). 

j (dSdS')J(a) = j dV'(dS gradr,)f(a) (5) 

Terrepb IIOJIBHJICJI ofrI,eMHhlli HHTerpaJI H CRaJIJipHoe rrpoH3Be,n:eHHe rro

JIBHBIIIerocJI BCRTopa rpa,n:HCHTa H OCTaBIIIerocJI BToporo IIOBepx

HOCTHOro HHTerpaJia. IIpIIMCHHM HHTerpaJibHJIO TeopeMy .D:HBepreHUIIII 

BCRTOpa. 

2 

j dV'(dS gradr,)f(a) = j dVdV'divr gradr,f(a). (6) 

II<)Jl:vqaeM .n:no:iiHOH o6'1eMHhlli HHTerpaJI, a IIO.D:hlHTerpaJibHaJI cpyH

RUIW -➔TO cRJIJipHoe rrpoII3Bc,n:eIIe .n:nyx orrepaTopoB ,. Ha6Jia'·, ancpcpe

pcHUIIPYI{)IIIIIX rro pa3HhlM rrepe11eHHhlM HeII3BecTHYIO <PYHRUIIIO. IIo

cROJILRY 3TO 6hlJIO HaIIIICaHO .D:JIJI rrpoII3BOJII,HOH IIOBCpXHOCTII IIHTerpH

poBaHIIJI, TO IlO.D:hlHTerpaJibHhle <PYHRUIIlI .D:OJilRHhl 6hlTI, paBHhl. 

1 
divr gradr,f(jr - r'I) = Ir - r'I. (7) 

3aMCHlIM rrcpeMeHHhle r, r', no l{OTOphlM .D:Hq:>q:>epeHUHpyeM, Ha a = r - r'. 
BCRTOp pa3HOCTII .D:BYX pa,n:HycoB-BeRTOpOB. 

-divr gradrf(lr - r'j) = -Cirf(jr - r'j) (8) 

Tor.n:a rroJiy'InM JiarrJiacnaH HCROMoii cpyHRUHH, ROTophlii: .D:OJiiRCH 6hlTb 

paBCH 3JICRTpocTaTH'IeCROMY IIOTeHUHaJiy. Boo6IIIe, 3TO ypaBHCHlIC B 

3JICRTpOCTaTJII{C Ha3hlBaeTCJI ypaBHeHIIeM IIyaccoHa. 

-e;(lf(a) = p(a), (9) 

r.n:e p(a) = ¾ 
IIocROJibRY "pacrrpe,n:eJieHIIe 3ap11aa" p( a) ccpepII'IeCRII-C'lIMMPTplI'IHO. 

TO lI "rroTCHUliaJI" J( a) ,n:oJilReH 6hlTb TaRlIM me. IIepCXOllJI n cq:>C'plI

qecRyIO CIICTeMy l{OOp.D:IIHaT, rroJiyqaeM llIIq:>q:>epeHUIIaJibHOC ypaBHC'HII{' 

BTOporo rropJI,n:Ra Ha IICROMJIO <PYHRUHIO. 

1 d [ 2 d ] --- a -f(a) = p(a). 
a2 da da 

( 10) 

IIo,n:cTaBJIJICM HOBJIO q:>yHRUHIO B ypanHeHHe IIyaccoHa 

J(a) = 11(a) 
a 

( 11) 

II IIOJIJ'IaeM 
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1 d2 1 
---u(a) = -. 

ada2 a 
(12) 

TipmrnrerpnpyeM BhlpallieHHe (12) 

a2 
u(a) = - 2 + C1a + C2 ( 13) 

n rroJI0filHM R0HcTaHThl panHhlMH Hymo, T.e. C1 = C2 = 0. TioJiyqaeM 

pellleHne f(a) = -f 
l1Tal{, Mhl IIOJiyqnmI HOBhlll rrepexo;:i: OT JJ:BOllHOro o6nCMHOro lIHTe

rpaJia I{ JJ:BOllHo:\IY rronepXHOCTHOMy: 

j dVdV'l = -1 j(dSdS')a. (14) 

TiponepHM ero aHaJIHTHqecRH JJ:JIJI ccpcpnqecRH-CHMMeTpHqHoro cJiy

qaJI. ,[J:eJiaJI rrpocToe HHTerpHponaHHe, rroJiyqaeM o6LiqHhlll pe3yJihTaT: 

1 -2 j(dSdS')a = R8321r2. 
15 ' 

(15) 

me B[,D = 1, RaR H JJ:OJiil{HO 6LITh JJ:JIJI ccpepHqecRoro JI;:i:pa. 

3aIIHllleM IIOJiyqeHHYIO cpopMyJiy n Il,HJilIHJJ:pHqecl{HX I{OOpJJ:HHaTaX. 

OrpaHHqHBaJICh TOJihl{0 cpopMaMH, 06Jia;:i:a10mHMH aRcHaJihHOll CHMMe

Tpneft, T.e. p = p(z), rroJiyqaeM 

j (dSdS')lr - r'I = (16) 

[2max rz'max I r21r I dp(z) 1 dp(z') 
2,r lzm,n dz lz;,.,n dz Jo d¢>{p(z)p(z )cos¢>+ p(z)----;f;-p(z )-----;[;,} x 

{p2(z) + p2(z') - 2p(z)p(z')cos¢> + (z - z') 2
}

1
/

2
_ 

EcJIH Mhl HMeeM HeJIBHYIO 3aBHCHM0CTh I{0OpJJ:HHaT p( X) lI Z ( X), TO 

cpopMyJia BhlI'JIJIJJ:HT CJie;:i:y10mnM o6pa30M: 

4 

.) 

() 

j (dSdS')lr - r'I = 

j l jl I r21r I dz(x) dz(x') 
21r _

1 
dx _

1 
dx lo d¢>{p(x)p(x )cos¢>~~+ 

( )dp(x) ( ')dp(x')} px --px -- x 
dx dx' 

{p2(x) + p2(x') - 2p(x)p(x')cos¢> + (z(x) - z(x'))2}112
. 

Tiepeft;:i:eM Terrepb I{ o6cyil{JJ:eHHIO tJ:HCJieHHhlX pe3yJihTaTOn, I{al{OBa roq

HOCTh H 6hlCTpOTa BhlqHcJieHIIJI no 3TOll cpopMyJie. l-IIIcJieHHOe cpaBHeHHe 

Halllell cpopMyJihl rrpoB0JJ:lIJI0Ch C cpopMyJioll H3 [7] ( CTp. 73). 

15 2 ,2 · 2,1.. 
BfD = -lZmax dz rz dz' r1r d¢>p p sin 'I-'' 

47r Zmin }Zmin Jo Z - zl + f (17) 

3;:i:ecb BBCJJ:CHhl 0603HaqeHIIJI f = /(z - z') 2 + p2 + p'2 
- 2pp'cos¢> II 

p' = p(z'). 
MLI XOTHM o6paTHTh BHIIMaHHe Ha eme 0JJ:H0 rrpeIIMymecTBO IIOJiyqeH

HOll HaMH cpopMyJihl - II0JJ:hlHTerpaJibHaJI ¢YHRil,HJI He IIMeeT oco6eHHO

CTH B 3HaMeHaTeJie, I{al{ 3TO HMeeT MeCT0 B aHaJiornqHhlX cpopMyJiax B 

[5, 7, 8]. cho oqeHh xopollIO C T0ql{H 3peHIIJI qncJieHHhlX pacqeT0B. He 

HYfilHO crreIJ,IIaJibHO o6xo;:i:HTh 3TY oco6eHHOCTh. 

CpanHeHHC pe3yJihTaTOB npe;:i:cTaBJieH0 B Ta6JIIIIJ,e. ,[(JUI cpopMhl JI;:i:pa 

Mhl Bhl6paJIH { c,h,a }-napaMeTpH3aIJ,HIO [3]' IIOJiaraJI JJ:JIJI npoCT0Thl, ;:i:na 

napaMeTpa paBHhlMH HYJIIO h = 0, a = 0, H II3MeHJIJI T0JihRO YJJ:JIHHeHHe 

JI;:i:pa C. BH;:i:Ho, qTo pacxofil;:i:eHHe B pe3yJihTaTaX Ha6mo;:i:aeTCJI B IIJITOll 

3Haqameft IJ,Hq>pe, IIpH HHTerpHponaHIIII MeTOJJ:OM I'aycca C 32 Y3JiaMH, H 

n ce;:i:hM0H - c 96. Ha npHMepe ccpephl ( c = 1, BfD = 1 ) xopolllo BHJJ:H0, 

Hallla cpopMy.'la rrepeoueHHBaeT ToqHhlll pe3yJihTaT, a npelliHJIJI He;:i:ooue

HHBeT ero. OTMeTHM Tal{file, qro pacqeT TIO HOBOll cpopMyJie 3aHHMaeT Ha 

10 - 15% MeHbllle npeMeHH, B 3aBIICIIMOCTlI OT napaMeTpII3aIJ,IIII cpopMhl 

JI;:i:pa. 

3amuoqeHHe 

Tipe;:i:craBJieH HOBhlll cnoco6 rrepexo;:i:a OT JJ:BOllHhlX o6neMHhlX R JJ:B0ll

HhlM nonepXH0CTHhlM IIHTerpaJiaM. L(aH IIpOCTOll II peryJIJipHhlll cnoco6 
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Ta6mrn;a 1: CpaBttem1e pe3yJihTaTOB pacqera no cTapoil: ( crnp) ( 17) 
rr HOBOH (HOB) - (16) q>OpMyJiaM. c - napaMeTp y,n;JillHeHllfl B { c, h, o: }

napaMeTpll3aUllll. Urrq>phI 03HaqaIOT KoJirrqecTBO y3JIOB nprr llHTerprrpo
BaHllll MeTO,ll;OM raycca. 

C 32cTap 32HOB pa3HllUa 95cTap 95noo pa3HllUU 

1.00 0.999999 1.00001 -l.64E-5 0.99999999 1.0000006 -6.26E-7 

1.01 0.999977 0.99999 -l.66E-5 0.99997771 0.9999783 -6.35E-7 

1.02 0.999911 0.99992 -1.69E-5 0.99991133 0.9999119 -6.44E-7 

1.03 0.999801 0.99981 -1.71E-5 0.99980155 0.9998022 -6.54E-7 

1.04 0.999649 0.99966 -1.74E-5 0.99964902 0.9996496 -6.64E-7 

1.05 0.999454 0.99947 -l.77E-5 0.99945435 0.9994550 -6.75E-7 

1.06 0.999218 0.99923 -1. 79E-5 0.99921811 0.9992188 -6.85E-7 

1.07 0.998940 0.99895 -1.82E-5 0.99894084 0.9989415 -6.97E-7 

1.08 0.998623 0.99864 -1.85E-5 0.99862304 0.9986237 -7.08E-7 

1.09 0.998265 0.99828 -1.88E-5 0.99826517 0.9982658 -7.20E-7 

1.10 0.997867 0.99788 -1.91E-5 0.99786765 0.9978683 -7.32E-7 

1.11 0.997430 0.99745 -l.95E-5 0.99743087 0.9974316 -7.45E-7 

1.12 0.996955 0.99697 -1.98E-5 0.99695520 0.9969559 -7.58E-7 

1.13 0.996440 0.99646 -2.02E-5 0.99644095 0.9964417 -7.71E-7 

1.14 0.995888 0.99590 -2.05E-5 0.99588843 0.9958892 -7.84E-7 

1.15 0.995297 0.99531 -2.09E-5 0.99529790 0.9952987 -7.98E-7 

1.16 0.994669 0.99469 -2.12E-5 0.99466959 0.9946704 -8.13E-7 

1.17 0.994003 0.99402 -2.16E-5 0.99400371 0.9940045 -8.27E-7 

1.18 0.993300 0.99332 -2.20E-5 0.99330044 0.9933012 -8.42E-7 

1.19 0.992559 0.99258 -2.24E-5 0.99255991 0.9925607 -8.58E-7 

1.20 0.991782 0.99180 -2.28E-5 0.99178227 0.9917831 -8.74E-7 

1.21 0.990967 0.99099 -2.32E-5 0.99096760 0.9909684 -8.90E-7 

1.22 0.990115 0.99013 -2.37E-5 0.99011599 0.9901169 -9.06E-7 

1.23 0.989227 0.98925 -2.41E-5 0.98922748 0.9892284 -9.23E-7 

1.24 0.988302 0.98832 -2.46E-5 0.98830210 0.9883030 -9.40E-7 

1.25 0.987339 0.98736 -2.50E-5 0.98733985 0.9873408 -9.58E-7 

1.26 0.986340 0.98636 -2.55E-5 0.98634073 0.9863417 -9. 76E-7 

1.27 0.985304 0.98533 -2.60E-5 0.98530469 0.9853056 -9.94E-7 

1.28 0.984231 0.98425 -2.65E-5 0.98423169 0.9842327 -1.0lE-6 

1.29 0.983121 0.98314 -2.70E-5 0.98312165 0.9831226 -1.03E-6 

1.30 0.981974 0.98200 -2.75E-5 0.98197449 0.9819755 -1.05E-6 
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BhlqncJICHllfl nO,ll;hlHTerpaJihHhlX q>yHKUllII B noBepxHOCTHmI lIHTerpaJic. 
Heo6xo,nm.10 npoBeCTll JIIIIllh )];Ba llHTerprrpoBaHllJI OT q>yHKUIIII, CTOJIII.(eii 
B o6ne:\IHOM llHTerpaJIC. B HOBOH q>OpMyJie nO,ll;hlHTerpaJihHaJI q>yHKUIIJI 
If(' ll:\H'CT oco6eHHOCTeii TIIna .n;eJieHllfl Ha HYJih, qTo n03BOJIJieT He nprr:-.1e
HJITh cncunaJihHhlX qucJICHHhlX nprreMOB. D:aHHhlll MeTo,n 6h!JI npH:-.IeHeH 
K BhlqHcJieHHIO KYJIOHOBcKoil: 3HeprHH aTmrnoro JI.n;pa B ;\l}KK c pe3KH:II 
Kpac:-.1. ITpcme.n;cHo qHcJICHHoc cpaBHeHne pe3yJihTaTOB pacqcToB no Ho
Boii II 0,ll;HOll H3 nplil',ICHJIBllIHXCJI paHee q>opMyJI. KyJIOHOBCKHH q>yHKUH
OHclJI, paccqrrTHHHhlH no HOBO.ti q>OpMyJie, IIMeeT ,ll;OCTaToqHyIO TOqHOCTh, 
KOTOpaJI paCTCT C yBeJIHqCHIICM qHcJia Y3JIOB HHTerpnpoBaHHJI. BpeMJI 

BhlqH('JICHllfl ITO HOBOH cpopuyJie MeHhllie Ha 10 - 15%. qe;11 ITO pam'e 
II<'II<>Jih3YCMhl.'ll. 

ABTOphl 6Jiaro,napJIT B.B.ITallIKeBHqa 3a noJie3Hhle .n;HcKyccHH H pJI,n 
KOHC:VJihTaUHll. 
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