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1 . Bne.neHHe 

PeIIIeHIIJI 3a,lla'l, CBJl3amn,1x C paccell!IUeM HepeJIJITIIBllCTCKlfX TllJKem,1x no­

HOB Ha .smpax, CTaHOBJITCll IIJ>0llte II narJIJl.llUee, ecnn llCIIOJIL30BaTb KBa31fKJiacc11qecKoe 

11pn6JilfJKe111re, OCHOBannoe ua JCJI0Bl-111 Ma.rt0CTlf l{JllfHJ,I B0JIHJ,I B3alfMO,Zle1icTBYIOIUHX 

'-laCTllll no cpaBHClllllO C JIX xapaKTepllCTH'ICCKIIMII pa3MepaMn. 

llnll ynpyroro paccellllllll B 3T0M crryqae 061,I'-IHblM JIBJilleTCJI pac'-leT KBa311KJiac­

Cl!'-leCKIIX q>a:3 pacceJ11Ulll Ha 0CII0Be IIIITerpupoBaHl!JI 110 KJiaCCH'leCKllM TpaeKT0pll­

JIM ,ZlBIIJKelllIJI. llnll ueynpyroro paccel!Ulfll 11 peaKunii IlpllHIJlllllla.rtbHOH TPY.!lH0CTblO 

llBJllleTCJI y'-leT lI3MClleHIIll TpaeKT0pim .llBHJKeflUJI B M0MeHT 11epe.na'111 :mepr11n B036y­

JK,Zl~Hllll IIJIII l\laccJ,I OT 0Jlll0ro ll.Zlpa K npyrol\ly. O.nnaxo.• ecna 3Tll BeJill'-IIIHJ,I Ma.rtJ,I 110 

cpaBHeHUIO C 3Ueprneii 0Tll0CllTeJihH0ro l{BHJKeUHJI l!Jlll MaCCaMH yqacTBYIOIUHX B pe­

aKUHJIX .smep, TO KJiaCCll'-ICCKl!e TpaeKTop1111 I\I0JKH0 C'-ll!TaTh 0,Zll!HaK0BJ,lMH .no 11 nocne 

CTOJIKIIOBeHHll. 3To TaK Ua3blBaeMoe 11p116m1JKe1111e y,napa lUl!p0K0 llCII0Jlh30Ba.rtocb B 

pac'leTax B036Jl!(.ZleHuii 111131-(0JielKaIUIIX K0JIJieKTllBHblX COCTOJIHllii .smep npu pacCeJIUUU 

TlllKeJIJ,IX l!0H0B B KYJI0II0BCK0M II JlllepnoM none (1). 
O'-leBll.!lHO, '-!TO II0CTall0BKa ll pewc1111e 110/1,00HOH Jal{a'-111 B o6meM crryqae Tpe6y­

eT KaK y'-leTa CBSIJH 6om,moro '-IIICJia B3allMO.!leikTBYIOIUIIX KaHa.rtOB peaKuuii, TaK II 

nepecMOTpa Tpa.n11u110111mro KRaJ11Knacc11•1ecKoro 110,nxo,na. Illar Bnepe.n B 3TOM nanpa­

Bnemm 6hIJI CJlCJlall B [21, rJte IIC.IIOJIL30Ba.,oc1, KBa.JIIKJiaCCll'leCKOe np1t6J111JKe111te /1,JISI 

TpexMepHblX B0JIII0BLIX cj:,y1rnn11i1 BX0.ZlHoro If BJ,IXOllllOro KauanoB, "1tJJIOM TpaeKTO· 

p1tf1" onpe.nenllJICll c 110M01u1,10 ycnosuu, nony'laeMWX 113 JaKona coxpauennl! M0Me11Ta 

KOJlll'leCTBa /1,BllJKellllJI, a Ta.KiKC BKJII0'-laJiaCh CBJIJh KaHa.rtOB. 

B nacTOJIIUeii pa6oTe c.nenana IIOilblTKa IlpOll,BlfllYThCJI B 3TOii CJIOJKl!Oll Jal{aqe C 

IIOMOlUhlO MeTO.na KOHTIIHYaJILHl,lX IIHTerpa.JiOB. B (3] .nau Ilpl!Mep Ta.Korn paCCMOTpe­

lillll, HO 11p11 3TOM upe1monaranach crra6all CBllJh 0TIIOCl!TeJlbHOro l!BlllKCHllll C x·a11a­

J1al\lH BOJ6YlK.ZlCHllll. O6cy.nHM 6onee o6w11ii cnyqaii Bo36ylK.neHllJI Jl/1,ep s CTOJIKIIO· 

Bel!HJIX TlllKeJiblX HOH0B C ytieTOM Cl!Jlhlloii CBJIJH KaHaJIOB. BoJ6yJK.nem1J1 Jl/1,ep ll HX 

OTHociITeJibHoe llBlllKe1111e paccMaTpHBalOTCJI B e.!UIHOM no.nxo.ne. lb BIIYTpeHHHX ne­

peMeHHLIX Bl,llJ,eJIJIIOTCJI aMIJJIHTY.ZlJ,I ljlouounoro THIIa, 'ITO IIOJBOJIJleT BJJITh 110 IIHM 

KOIITHHyanhl!J,lH IIHTerpan T0'IHO. no TpaeKTOpHH 0TH0CHTeJihHOro /1,BlllKel!HJI KOH· 

TIIHYaJihl!J,lH HIJTerpan BIJ'IIICJilleTCJI B kBa3HKJI&CCH'-leCK0M npn6nmKeHllll e paMKax 

MeTOna CTaUHOHapuoi, (~a,31,1Jh YCJIOBHJI CTau11011apHOCTH q>a3J,I II0JIY'-laIOTCJI ypaBHe­

llHJI .ltBHlKel!Hll llJIJI KalKJWrO BHYTJ>ennero ncpcxo.na, B K0TOplJX Y'-IHTJ,IBaeTCJI BJilllll!He 

3Toro nepexo.na na oT11oc11TeJIJ.110e ns11lKe1111e. PeweHnll 3THX ypaB11em1ii .na10T Tpa­

eKTopmo OTIIOCIITCJll,1101"0 IlBl!lKelmsi B CaMocornacoBaHHOM Bll/1,e. 3TH TpaeKTOpllll 

2 

II03B0JIJIIOT paCC'lHTaTb .nnqiqiepeHIJllaJibHOe Ce'lemre CT0JIKH0BeHm[ TiDKeJibIX ll0H0B, 

II0JIJ'leHH0e B BH,ne IIpOIBBe,lleHIIJI ImacCH'leCK0ro .llHq>q>epeHUHaJibHOro Ce'leHlUI ll MH0-

lKHTeJIJI, BKJIIO'laIOmero peaKUIIIO Jl.llpa Ha B036ylK,neHHe, T.e. Bepol!TH0CTb Jl.llepHoro 

nepexo,na. 

2 Mo.n;eJibHbIH. raMHJibTOHHaH CHCTeMbl 

lfa COCTOJ!llllll Jl.llpa BJ,I,llemrM TOJlhKO KOJIJieKTHBHhle B036JlK,lleHJIJI .6030Hl!Oro Tmia. 

CTOJIKHOBeHHe :irona C ll.llP0M pacCMaTpHBa.eM KaK CJI0lKIIYIO KBal!TOBO-MeXaHll'leCKJIO 

CllCTeMy. "B TeH30J>IIOM IIp0CTpaHCTBe COCTOJ!Hllll 3TOH CIICTeMbI BBe,lleM 6a3JICHble BeK­

T0pbI I rn >=Ir >In> :ir < rn I r'n' >;,,;· h"(r-r')-Snn',r.ne Ir> - co6cTBeHHbie BeK­

TOJ>bI onepaTOpa Koop,nunaTbI OTHOCllTeJibHoro ,na:irlKe1111J1 r(t), a In > - co6CTBeHHhie 

BeKT0pbI onepaTopa 'lucrra 6o30HOB. raMl!JihTOHllaH .n11HaMll'lecKoii c:ircTeMhl pa3061>eM 

Ha 'laCTll,BbI,lleJillB B 11eM 'lJieHhl u.,., 0TBeTCTBel!Hbie 3a BIIJTpe1111:ire B036JlK,lleHHJI: 

H = i µr2 + l[u: + U = i µr2 + H.,.. + Uo(r) + U;,,_, (1) 

r.ne H.,.. 0IIHCbIBaeT BHyTpeHHHe B036y,K.nenllll Jl,llpa, a ½µi-2 + Uo - OTH0CllTeJibHOe 

,nB:irlKe11ne. 

Ilrrll noJiy'leHHJI KOHKpeTHhlX Bblpa,Ke1111ii B raMIIJibT0l!llal!e onmneM ll.llPO B Bll.IJe 

3JieMeHTapHhlX MO.ll ~036ylK,ne1111J1 K'one6aTeJibHoro THna. raMHJibTOHIIaH CIICTeMbI HY­

KJI0IIOB ll,npa C J'leT0M .llBJX'laCTll'll!O~O B3aIIMO,llellCTBIIJI V12(lr1 -rm B npe.zi:cTaBrieHllll 

BT0plI'IHOro KBaHTOBal!HJI 'lepe3 onepaTOpbI II0JIJI 3aIIHCbIB,ae_1:cJ1 B Bll.IJe 

;,,2 
Hu.= 

2
m j vw+(r1)V'1!~r1)dr1 

+½ J w+(r1)w+(r~)v12(lr1 - rrnw(r1)'1t(rD dr1 dr~. (2) 

Ilepeft.neM K TepMIIHaM onepaTOp0B IIJIOTHOCTlI p(ri) 11 TOKaj (ri) [4] 

p (r1) = w+, (r1)} (r~) /po (r1)+ 8p_(r1), 

in [ , · ] 1 
j(ri) = 

2
m w+(r1) Vw(ri) - vw+(r1) '1!(ri) = 2 (p Vcp + Vcp p), (3) 

r.ne p 0(r1) - cpe,nHJJJI nrroTnocTb .ll.llPa:, Sp(ri) - 0TKJI0He11:ire nn~T11~cT11 OT paBH0Bec­

Horo 3Ha'leHllll, cp - II0TeHUIIaJI CIWpOCTII (npe.nnorraraeTCJI 6e3B11XpeBoe ,llBlllKeH:ire). 

OcTaBaJJCh B paMKax rapM0HJI'lec1wro np:ir6JIHlKeHllll, T:e. npene6perrur 'lJiel!aM:ir mi Sp 
ll cp Bblille BTOporo II0pll,llKa, nepen:irmeM raMllJihTOHHall B Bll.IJe 

H.,.. = m jPo (r1) (Vcp(r1))2dr1 + j 
8 

;,,
2

( ) (V 8p(r1))
2 

dr1 
2 mpo r1 

+ i j v 12(lr1 - r~I) 8p(r1) Sp(r~) dr1 dr~ 

+ ;,,
2 J [(V p )

2 
( 1 )] 

Sm pg(:i) - 6. Po(ri) (8p(r1))
2 

dr1 +constant (4) 

MbI llHTepecyeMCJI co6CTBeHHbIMH KOJie6aHHJIMll IIJI0TH0CTJI. <l>nyKTyaIJJIJI IIJI0THOCTH 

8p(r1) B 11pn6nnlKeH11:ir v12(lr1 - r~I) = g(ri)S(r1 - rD y,noerreTB0plleT eorr110B0My 

ypaBHeHl!IO 

I 
O!r\.CA{;t~tt~i.,,tr,m::my, t 

Q(J9UI m:cie;m::.lrmU l 
6t4Sfl"10TEKA ~ 
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82 8p(ri) 
8t2 

, · g(r1) 
= -v'po(ri)v'{-8p(ri) 

m 

+~[ (v' Po(ri))
2 

_ .6.(-1-)} Sp(ri) 
. 4m .. pMr1) Po(r1) 
' ,i2 . 1 ·. 
--v'(-( -)v'8p(ri))}. 

4m Po r1 
(5) 

B CJiy'l:ae g(r1) =. g0 = const~nt lI p0(r1) = p0 = constant, T.e. npeHe6peraeM noBepx­
HOCTH_LIMH ::upq>eKT:i,Mn:, C'l:HTaeM,'l:TO .smpo_ HMeeT JKeCTKIIH Kpaii:: 

8
2 

8p(r1) = (9oPo .6. · _ __!i:,_ .6.2) '5 (' - ) .=L O ( ) · at2 . 4 P r1 - p r1 m · mpo · · · 
(6) 

c rpaHII'l:HLIM ycnoBn:eM nv'op(r1) l,,=Ro = 0, r.ne n - BeJ{Top, HopManhHhlii: noBepx­

HOCTH H.npa. PerneHn:e 3TOro ypaBHeHml, neprro,nrrqecKoe BO BpeMeHII, H!UeM B Bn:.ne 
Op(r1, t) = Op(rt) ciwt. Tor,na HOpMaJihHble KOJie6aHHX YJJ:OBJieTBOpXIOT ypaBIJeH~IO: 

L op(r1) + w2op(r1) = 0 , (7} 

T.~. JIBJIXIOTCJI .nncneprn:pyIOilllIMII; OrpaHII'l:IIBal!Cb He,1111cnepmpyl0lll}IMH' HOpMaJib­
Hhl~li Kqne6aHRJIMll,' IlOJIY'lHM _xoporno ll3BeCTHOe ypaBHemi:e reJibMrDJlbUa ' . 

. ., . ' ' '' . . ·>:•,, . 

·· Liop(r~) '+ k2op(ri) =· o ; 
. ' . 

'k2 =. m, .. w2 . 
9oPo 

06mee pernenn:e 3Toro ypaauenn:'ir .uaeTcx BLipaJKenn:eM 

. r 
op(r1)'= LOPn1,;.ji(kn1r1) Yim(...!.)·. 

.nlm r1 

(8) 

(9) 

BBe.ueM orrepaTopLI pmK.uenux b!,m n: ynn:'l:TOJKenmr bntm fi03on~B,_ BLI6paB MHOJKIITenu 

B qiopMyne TaKIIM o6p~oM, '1T06bl rrpilnah raMI!JlhTOHIIa'.iiy H~,.; .nnaroHaJihHhIH Bun: 

C ' • ·,' ; I\ 't/2 
0 ··· ( . npo k~1 )- (b+ ( )m b • ) · 
, P7:1'{;, ~ 2m Nnl Wn/. . .. !'Im + - nl-m ' (10) 

f :, •' · > e • , 

,_,'r.ue HOpMHpOBO'lHaJI KO~C;aHT~ Nni' = ff;" r2i[(kn1r)dr. AHaJIOrH'lHLie pe3yJihTaTbI 
nony'l:aIOTCX ll .nnx' noTeHUIIaJIOB; CIWpOcTeii:, 'ITO H03BOJIJleT. B IITore. 3arincaTb · BLipa-
JKeHII~ .nnx raMHJihTOHIIa1i:a Ji;~·-= . . , 

~ 1 
H~,.. = -L li.Wn/ (b!tm bntm + 2 ). nlm 

(11) 

IIoTeHUIIaJibHa.ll 3HeprHJI B3aHMO.Ueii:CTBHJI HOiia C JI.APOM COCTOHT II3 KYJIOHOBCKOH ll 

H.nepnoii: qacTeii:: 

u = U"'YA- + uia. . 
&.J. &3. 83 l 

Uo = u;yA. + u;0• • 

llnx Ka:ac.uoro II3 noTeHUHaJIOB MOJKHO BOCilOJib30BaTbCX npo,ue.uypoii: ycpe.u11eHllll.3<p­

q>eKTIIBHOro B3allMO,neii:CTBHX no IlJIOTHOCTXM p(r2)' ll p(ri) CTaJIKIIBaIOillllXCX H~Ha II 

,4';. 

x.npa. Y'l:TeM TOJihKO Bo36yJK11em1e x11pa-MHIIIeH11. 5InepHyIO 'l:aCTh B3aIIM011eii:cTBHX 

npencTaBHM KaK 

U = u;0·(r) + u::_- = j p.(r1)V(lr - ri)I) dr1 = u;0·(r) + j V(lr - r1I) op(ri)dr1, 

r.ne V(lr - r1I) = J v12(lr + r2 - rij)p(r2)dr2 -B3am.m11e1kTBI1e l\telKllY HYKJIOHaMu 

B Jl,npe C uaneTaIOillHM HOIIOM ua OTHOCIITeJibHOM paccTOJIHIUI r. Ut0·(r) CBOJJ:HT­

CJI K n0Teum1any Tlma "noTeHUHaJI 6mI30CTH"(5]. Bo3bl\leM 3<p<peKTIIBHbie HYKJIOH­

uyKJIOHHLie CHJILI B m111e; npnHllTOM B Teopml KOHe'l:HhIX <pepMH-CIICTeM (6]: 

. (dpo)-
1 

v12(lr+r2-r1l)=f;n dfF o(lr+r2-r1I), 

r.ne J;n - KOIICTaIJTa 34i4ieKTI-IBl!Oro B3allM01leiicTBHll HYKJJOHOB B xnpe, ;:; - npo­

H3B011HaJI OT IIJIOTHOCTH no 311eprm1 <llepMn. Tor.na, Y'IIITblBall (9) II (10), IlOJIY'lHM 

cne.ny1omee BhipaJKeuue nnx v::_-: 
u::.- = L 1'nlm(r) (b!,m + (-r bntm) ' 

nlm 

(d )-1 ( 2 )! po lip0 knl 2 . r Ro 2 
1'ntm(r) = 41rpof;n -d 

2 
N 11(kn1r)Yim(-) f io(kn1r)r dr. 

fF m n/Wn/ r lo 
(12) 

3 BoJIHOBaJI <pyHKQIUI CHCTeMbl 

Cnenyx . KOHUeHUIIH l(O!ITIUIYaJihHhlX tIHTerpanoB <Pe1ml\lana; 6y11eM Oil!ICLIBaTb Bpe­

MeHHYIO 3Bomoumo cncTeMhl nponaraTopoM K(r1n1t1 I r;n;t,) = 
< r1n1t1 I r;n;l; >. lle11CTBI1Ten1,110, aonnoaal! <pyHKUHll cncTeMhl iI!(r, n, t) = 

< rn I w,(t) >=< rnt I iI!h > ,r.ue BeKTOp I rnt >= eillt I rn >,a I w,(t) > II 

I 1P h > - BeKTOphl cocTOlllUIX B mpe,n1rnrepoacKOM II re1'be116eproac1mM npe.ucTaBJie­

mrnx, cBx3annue cooT11olllem1eM I iI!,(t)•>,,;, e-illt I 'Ph>. C y'leToM nommThI opro-

11opMHpoBa1111oro 6a3Hca cucTel\lhI cne.nye·T co0Tnome1111e 

w(r1n1t1) =< r1n1t1 I 'Ph>. 

= I:j <_r1n1t1 I r;n;l; >< r;n;l; I wh > dr; 
n; 

=; :2:: / < r1n1t1 I r;n;l; > iI!(r;n;l;)dr;. 
n; 

(13) 

llnll Toro 'l:T06bl BOCIIO,J1h30BaTbCll Texmmoii: .KOHTIIHYaJihIIOro llHTCrpnpoBaHI!ll ,UJill 

BIIyTpemmx nepeMeHIIhlX,. Tai( )Ke, J(al( 'II .UJill OTIIOCHTCJlbIIOll Koop.unnaTLI, nepe11-

.neM K .6a3HCY nenpepLIBJIOro 11pe.ncTaane1111l! no 1mrepenTIIhIM cocTOllllllllM. 3ToT 6a-

3HC XBJil!eTcx neperrom1e1111LIM c _yi;noaneM non110Th1 1 = ¼ J cP z f :: >< :: I, r,ue 
d2 z = d( Rez )d( I mz) II mncrp1ipoaa11ne pac11pocTpam1eTCll 11a iic10 KOMI1JICKc11y10 

IIJIOCKOCT_b. Xop'omo H3BeCTIIO n BL!pa;KeJIIIe ,UJill co6CTBeIIIILIX COCTOllllllH rapMOllll'Je­

CKOro ocunii.irnTopa 

< z In>= (ii!)-½.:nexp(-~1::1
2

) 

5 



B. CJiy'lae, IWr,Zia IIMeeM ,ZieJIO co I\IHOrIIMII CTeneHlll\lII CB060.ZILI, Bhlpa)Kemre e,ZIIIHilllhl 
3aiIHCLIBaeTCll B 6oJiee o6weif <pOpMe: ·, 

. K . 

1 = 7rlK I·· I I {Zk} >< {Zk} I g d2Zk , 

r.Zie 
I {Zk} >=I Z1Z2···ZK_> . 

Ilm1 npocTOThl 3anHCI1 orpaHH'IHMCll TOJibKO O,!IHOH BHyTpeHHeir CTerieHbIO CB060,!Ihl. 
Y'ITeM MHorne CTeileHII CB060,ZihI B OKOH'laTeJibHOI\I pe3yJibTaTe, 'ITO npHBe,ZieT K COOT­
BeTCTBYIOWHM npOH3Be,ZieHHllM II cyMMHpoBaHHIO. Tenepb MO)KHO 3anncaTb nponara­
TOp < r1n1t1 I r;n;t; > B CJI_e.IIYIO~eM BH.Zie: 

< r1n1t1 I r;n;f; >= j d2zid2 z; < n1 I ZJ >< r1z1t1 I r;z;t; >< z; In; > . (14) 

qT06bI OCB060.IIIITbCll OT 6030HHbIX aMnJIHTY.ZI b+' b, Bbl'IHCJIHM B nponaraTope 
< r1z1t1 I r;z;f; > KOHTIIHYaJihHLiii HHTerpan no BCeM B03MO,KHLIM "TpaeKTopnllM" z, 
BbI,ZieJIHB B raMIIJibTOHHaHe fl cnaraeMbie, B KOTOphle BXO,llllT aMnJIUTY.ZihI, T.e. H1(t) = 
H .... +u., .. Pa3o6beM Bp~MeHuoir npoMe)KyTOK Me,K.ZIY f; II t I Ha (N +I) paBHhIX 'lacTei'I. 
Tor,Zia 

<z1t1lz;t;>= J-··J d2z1 ... d
2
;;;<z1t1lzNiN> 

x < ZNiN I ZN-1tN-1 > ... < z1ti I z;t; > . 

BLI'IHCJIHM nponaraTop Manoro cerMeHTa npn N ·_. oo: 

. i. . i . 
< z;+I I exp{-hrH1(t;)} I z; >=< z;+1 I I - hTH1(t;) + O(r

2
) I z; > 

·
1
• (i . i < z;+I I H1(t;) I z; >) 

=< z;+I z; > - ~T I 
·• 1£ < Zj+I Zj > 

··
1 
.. {{ i <;;+1IH1(t;)lz;>} 

=< z;+I z; > exp --T .-
• ;,, < z;+I I z; > · 

B pe3JJibTaTe noJIHLI:ii nponaraTOp 
·- >· 

N 

< z1t1 I z;t;·•>= J· · · j IT < z;+I I z;:> 
;=0 . 

{ i <•z;+I I H1(t;) I z; >} 1 d2 d2 
xexp -~T • I I N z1· ... ZN, 

tt < ZJ + Zj > 1r 

(15) 

(16) 

r,Zie Zo = z;,ZN+I = ZJ. llcnoJIL3Jll q>aKT; 'ITO KOrepeHTHhle COCTOllHllll llBJillIOTCll 
co6cTBeHHhlMH cocTOllHHllMU onepaTopa b, T.e. b I z >= z I z >, Il3BecTHoe Bhlpa2KeHne 

< z I z' >= exp (-½lzl2+ zz'...:. ½lz'l2) n npoBe.zix N-<K~~THoe llHTerpiipoBaiine ~o z, 
noJiy'laeM .ZIJill nporraraTopa < zjiJ I z;z; > BLipa,KeHne: · _ · 

< z1t1 I z;t; >= exp{z1z;eiw(t,..:.t,)...:. ~[z/e-iwt, r, eiwt'Yntm(r)dt ,,, li. \ 
. {'1 . I 1,t1 {' . . 

+z;e•wt; lt, e-,wt'rntm(r)dt] - ;,,2 · t; ds },, .:Yn1m(r(s))'Yn1m(r(t))e'w(t-•Jdt}. (17) 

6 

' 
i ~l 
,-;l 

i 
il 
;J 
/ 

i' 

Ilo.ZicTaBIIB noJiy'leHHoe_BLipa,Kemre B (14) II npoI1HTerpI1poBaB ~o.z; II ZJ, nonaraK, 'ITO 
ll.IIpo B Ha'laJihHLiir MOMeHT HaXO.ZIHTCll B ocHOBHOM cocTOllHHH, T :e. n; = 0, noJiy'lnM . . . 

< r1n1t1 I r;n;t; >=< r1 I exp{-¾(½µr2 + U.(r))}Tn,n.lr] Ir;>, (18) 

r.Zie 

. - [ 1 1· tj iw(t-t ) )"I 1 Tn,n,[r) - ~ 'Ynlm(r) e I dt --
. " i,. t, Fi· 

{ 
I · f'' {' . . . . . } 

X exp - ;,,2 lt, 1s lt, "rntrn(r(s)) 'Ynlm(r(t)) e•w(t-•ldt 

ecTb aMnJinTy.Zia sepollTHOCTH nepexo,Zia n; -+ n1,T.e.np<?naraTOp < z1t1 I z;t; > B 
npe,ZICTaBJieHHll 'IHCeJI 3ailOJIIIeHHll, Bhl'IHCJieHHall: npn qmKCHpOBaHHOM 3Ha'leHim r(t). 
3-ra aMnJinTy.Zia 3aBHCHT OT BLI6opa TpaeKTOpnn, no3TOMY II 3anncaHa B Bll,lle <pyHKIIll­
OHaJia OT r(t). TaKHM o6pa3oM, nponaraTOp < r1n1t1 I r;n;t; >, onnc1,rna10wni'I pacce­
llHne,cooTBeTCTBy10wee nepexoey n; -+ n J, npe,ZicTaBJilleTCll B Bll,lle · q>eiiHMaHoBcKoro 
HHTerpaJia no TpaeKTopnn r(t); o6o3Ha'IHM ero 'Iepe3 Kn1n,(r1t1 I r;t;) n npe,ZicTaBnM 
B BH,lle (7] ' . . · . . • . 

r,1, i 
Kn,n,(r1t1 I r;t;) = lr;t; Drexp(hS.(r))Tn,n,[r), (19) 

r,Zie s.(r) = J,:, (½µi-2 - U.(r))dt - KJiaccn'leCKoe ,ZieircTBne B,!IOJII, TpaeKTOpnn r(t). 
3anncLIBall: Tn,n,(r] KaK 

i . . 
Tn1n,[r] = ITn1n,[r]lexp(p'n,n,[r]); C{)n1n, = MmlnTn{n,(r], 

HMeeM ,ZIJill Kn,n; 

["i 1
, {i · "} -

Kn,n; = J,,t, Dr exp h(S.(r] + <,on1n.(r)) 1Tn1n.(r)I, .(20) 

T.e. noJiy'laeM MO,!IHq>llllHPOBaHHYIO q>yHKUHIO ,Zie:iiCTBllll ,!IJill CHCTeMhl. Ee H3MeHe­
!llle o6yCJIOBJieHO B3aHMO,ZielICTBUeM C BHyTpeHHHMll CTeneHllMll <iB060,Zihl ll:,llpa. ECJIH 
paccellHHe Y.ZIOBJieTBOpJieT YCJIOBHIO 

(S0 (r] + <,on1n.(r]) >> n, 
MO)KHO BOCnOJIL30BaTLCll KBa3llKJiaccn'leCKHM npn6JIH)KeHneM ,ZIJill llHTerpana (20). IIo­
,llhlHTerpaJILHOe Bhlpa,KeHne npe,ZicTaBJilleT co6o:ii KOMnJieKCHhlii q>JHKllHOHaJI OT Tpa­
eKTOpllll r( t) C 6hlCTpo OCilllJIJIHpy10me:ii q>a30ll. llHTerpan 6epeTCll B npn6JIH.lKeHH~ 
CTaunoHapHoii q>a3hl, corJiaCHO KOTOpoMy OCHOBHO:ii BKJia,ZI B Hero ,ZiaIOT TpaeKTOpnn, 
,ZieJia10mne <pa3Y cTaunoHapHoft: 

c5(S0 (r] + <,on1n,[r]) = c5(S0 (r) + MmlnTn1n,[r]) = 0. 

ECJin HMeeTCll HeCKOJILKO TaimX TpaeKTOplllf, TO. KBa3IIKJiaCCH'leCKllll 
np~cTaBJilleTCll cyMMOll no HMM (8-10]: 

1 

µ t I a2
s"' I' i 1 . Kn,n; = L(2 t') -a a . exp(~So, - -2v1ri)ITn,n;[rall 

. a 1rnz , r1 r, ,._ 

~ ( µ ) 1 1 
( i 

1 
") I I 11 = L.., 2 t. • 1 exp ~Sa - -2v1rz Tn1n, ra , 

a 1rm l8r1/8r;l 2 
" 

7 

(21) 

nponaraTop 

(22) 



r,ne V - 'lHCJIO qJOKa.JlbHhlX TO'IeK B,UOllI, KJiaCCH'leCKOH TpaeKTOpl!H r 0 , T.e. KOr,na 
h . . 

=o6naH "Fif = 0. Orrpe.nenHB Kn1n;, Mhl rronHOCTbIO orrpe.nennnn BOJIH0By10 qiyHKIIHIO 

CHCTeMhl (13). 

4 .Il:mpcpepeua:1:1aJI1>Hoe ce--cieH1:1e pacce.HHl:I.H 

Ilm1 orrpe.neneHl!ll ce'l:eHiili pacce.llHH.ll Heo6xo.nnMO HaHTH aClIMIITOTH'leCKOe 3Ha'l:eHHe 

(13). Ilpe.nrrono:iKHM, 'ITO Ha'lanbHOe COCTO.llHlle Cl!CTeMI,J orrpe.neJI.lleTCJI qiyHKIIHeii 

exp({(p;r; - E;t)), COOTBeTCTBYIOIIIe:ii: OTIIOCHTeJibIIOMY ,UBIUKeHHIO llOHa II a.npa. To­

r.na 

'11!
1
,.;(r1t1) = j Kn,n; exp{¼(p;r; - E;t)}dr;, t;-+ -oo. (23) 

BepxHHH HH,UeKC y BOJIHOBOH q>YHKllllll wt,n; ( r 1t f) 03Ha'laeT' 'ITO OHa_ COOTBeTCTBy_eT 

BOJIHe,cBo6o.nHo:ii: rrpn t-+ -oo, n,c11e.noBaTe111,Ho, OTBe'laeT "3aIIa3.UhlBaromeMy" rrpo­

rraraTopy K,.1,.;(r1t1 I r;t;). Ilo.ncTaBJI.llJI 3Ha'l:eHne K,.1,.; H3 (22) n ncrro111,3yJl Bhlpa)Ke­

Hne S0 = J(pdr - Hdt), 6epeM HHTerpan (23) MHoroMepHhlM MeTo.noM cTaunoHapHo:ii: 

q>a3hl [11]: 
3 

w+ ~ lt;l
2 

{ i /'' . 1 } 
,.,,.,=L..J[8r1/0r;j½ exp li(p;r;+ },; pdr)-2v7l"i. (24) 

Ile:ii:CTBHTeJibHO, B HI!Terpan (23) Han6oJII,IIIHH BKJiaA .naeT TpaeKTOpmr, ,UJIJI KOTopo:ii: 

8~; (p;r;+S,.) = 0, T.e. Pi = -:~,'ITO JIBJIJleTCJI CBOHCTBOM KJiaCCH'leCKOH TpaeKTOpHH. 

PaccMoTpnM ,nBe TpaeKrop1rn: rrpn r -+ oo. Ilo rrepBo:ii: TpaeKTopnn HOH .UBH)KeTcJI 

CB06o,nHO C IIOCTOJIHHhlM llMilYJibCOM p;. B 3TOM cny'l:ae w+ -+ ekP;•.Bo BTOpOM cny'l:ae 

HOH .B3aHMo.ne:ii:cTByeT C }l,UpOM. IlpHHHMaJI BO BHHManne, 'ITO }IK06nan npe,ncTaBJI.lleT 

co6o:ii: OTHOIIIeHne_ npeo6pa3y10mnxrn .npyr B .npyra 3JieMeHTOB 06'1,eMa II 'ITO BOJIHOBhle 

BeKTOphl rrponopnnoHanbHhl 3JieMeHTaM ,UJIHHU, 3aIIHIIIeM 

3 

jt;j• 1 
l l 

l 

I 8r1 I Br; 12 I 8r1 / 8r;j½ 

= (dV;)' = (pdpdcpk;)' 
dV1 r 2 dnk1 

B 3TOM cny'lae 

1. ( r; . ) 0 1m - - r; = . 
ti--00 ti' 

pdpdcpk· l i f.'' w+-+( 2 d k ') 2 exp{,;-(p;r;+ pdr)-1/2vii}[T,.1,.;[r)l-
r w ·1 " r; 

OKOH'laTeJII,HO BOJIHOBa.ll cpyHKUH.ll HMeeT BH.U 

+ _ i,p;r P P 'P • _e__ ix . ( d d k·) ½ ik1r -
iI!,.,,.;(r1t1) - e + dnk1 r e ITn,n;I, 

r.ne X - BemecTBeHHaJI cpyHKIIHll, BH.U KOTopo:ii:·,n11J1 .nan1,ne:ii:IIIero He Ba)KeH, HJIH 

w+ -+ ekp;r + leik1r r -+ 00 n,n, r ' , ' 

8 

(25) 

l 

1 
( IJ 

r.ne 

f _ ~ (du) k; IT. I ix - an ,: "'"; e . 
l<A. f 

OTcro.na rrony'laeM Bhlpa)Kem1e .n11J1 .n1-1qiqiepeH11HanbHoro ce'l:eHHJI pacce.llIIH.ll B rrepBoM 

IIOpll,nKe KBa3l!KJiaCCll'IeCKoro rrpn611n:-Ke1rn.ll KOHTHHyan1,11oro IIHTerpana (20) 

dun;-n1 = L (du) jT,.
1
,.;[r]l2, 

an a an !CA. 
(26) 

r.ne ( 1~ )u. - .nnqicpepeHunanbHoe ce'l:emre .nnJI KJiaccu'l:ecKoro .UBll)KeHUJI B.no111, _ Tpa­

eKTOpun r(t), no11yqem10ii 113 ypaBHeHI!JI (21).T,.,,.;[r) - COOTBeTCTBYIOIIIa}l KBaHTOBaJI 

ar..mmITy,na B.no111, Toro )Ke nyTn. 3Ta aMnJIHTy,na onpe.ne11J1eTcJ1 B KBa3IIKJiaccn'leCKo.fi 

Teopm1 peaKIIHl1 C TJl)KeJII,JMJ-1 HOIIal\tu [5] nyTeM peIIIeHHJI CHCTel\lhl mmeIIHhlX .nmp-, 

cpepeH111Ian1,111,1x ypaanennfi, K 1wrop1,1M CBOJIHTCJI ypaB11enue llipemrnrepa. l1crro111,-

3yeTCJ1 MCTOJI rroc11e.noaaTen1,n1,1x rrpn6nm1,e1111fi.B rrpaKTil'IecKHX pacqeTax 061,1qHo_ 

orpamI'lIIBaJOTC.ll rrepBblM rrp1i6111DKCHHCl\l,COOTBeTCTBYIOllllll\l rrepBOMY IIOpll.UKY 3aBU­

ClllllCH OT BpCMCJII[ Teopmi B031\IYII!CIIIIJI. B cny<rne B036y:-KJICHHJI n f 6030HOB pa3111I'lHOH 

MYJibTllIIOJII,IIOCTII Olla HMeeT BH.U 

[ l J,t' . ]"' 1 T,.
1
,.;[r) = IT -:-,:- 'Yntm(r)e'w,.,(t-ti) dt Ci 

Iii I; ynJ! 

i re, r - . 
X exp{- L 7" J, ds }, 'Ynlm(r(t)hnim(r(t)) e•w,.,(t-,) dt}. 

nlm n, I; t, 
(27) 

B cny'lae yrrpyroro pacce.1111n.11 

· I J,t' 1,• Tn,n; = exp{-,:E ~ ds 'Ynlm(r(s)hntm(r(t)) eiw,.,(t;:•> dt}. 
nlm ,i t; '• 

(28) 

TaKHM o6pa30M, B emumM rro.nxone K BHellllleMy 11 BIIYTPCIIIIeMY llBll)KeHII.IIM rrony'leHI,J 
Bhlpa)KCHIIJI .nnJI ·.nmpcpepen1111ain,111,1x ce'!en11i1. 

5 y paBHeHl:I.H ,[(Bl:l)KeHl:I.H 

Ilmpqiepe1111HanbHhle CC'ICHIIJI pacce.llHH.11 (26} 3aBHCJIT OT TpaeKTop1111 OTHOCIITCJILHO­

ro .UBIDKCHHJI. YpaBHeHHC .nm1 Koop.zumaTbi OTIIOCl!Tem,,mro'. .UBJl)KCJlll.11 l\lO)KIIO rrony­

'lHTI,, Bapb!Ipyll MOJ1HqJHUHpOBa1111y10 cj>yHKIIHIO .neiicTBl!ll (21 ). PacCl\lOTplll\! nepexon 
H3 OCHOBIIOro B O,UH06030IIIIOe B036y;i,.neinioe 2ocTOJIIJHe. Ta.I, KaK " . 

·" c{I I T. } ~ /j I J,? v'-y~1m(r) eiw:,t' 6rdt' 
11, u 1n ll n,ni, - l. ni t . , · .fr/ 'Ynlm(r)t:•w,.,t dt' 

-:-~ Im J,_
11 

dt J, 1
_v' • 'Yntm(r(t))'Y,.1m(r(t')k"'"1<1

''-t) 6r(t} dt' 
II, t, t, 

-¼ Im l' dt [' y'. ?•lm(r(tn~ .. 1m(r(~'}}eiw,.,(l-t') dt' 8r(t}, 
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nony-,1aeM oKoHqaTeJihHO ypaB11e1rne B cne.11y101UeM BIi.lie: 

µ r(t) + Vr U(r(t)) = ¼ Im Vrin1m(r(t)) { 1~1m(r(t')) eiwni(t'-t) dt' 

l J,11 . < 'l +;:; Im Vr,nlm(r(t)). 
1 

in1m(r(t')) e'Wnl t-t dt' 

-ft Im t Vrtnlm(~(t)) eiwn1t • (29) 

ft/ 'Ynlm(r(t')) eiwnit' dt' 

IlpncyTCTBile l!HTerpanhHbIX qneHOB B.(29) 03HaqaeT, qTo 3HaqeHile 1mopmrnaTbl OT­
HOCIITeJibHOro ,llBillKeHilll B onpe,lleJieHHblll MOMeHT JaBl!CIIT OT TpaeKTOpl-lll ,llBil,KeHl!ll 
B ueJIOM. Cne.110BaTeJibHO, perneHile ypaBIIeHilll (29) MO)KHO IICKaTb MeTO,llOM 1nepa111-1ii: 
C 11aqanbHblM rrpo6HblM 3HaqeHileM ro(t) pernaeM ypaBHeHIIe (29) ,llJill HOBOro 311aqeHI1ll 
r1(t), 3aTeM BblqIICJil!eM BemrqHHbl ceqeHHii II T.,ll. 

TaKHM o6pa30M, ,llJill KalK,ll0ro l!,llepHoro rrepexo.11a HaXO,lll-lTCll TpaeKTOpllll ,llBillKe­
Hllll, rrpI1 BblqI1cnemrn KoTopoii yqn:TbIBaeTcll BJIIll!Hlle :noro rrepexo.11a. B TaKOM" ca­
MocornacoBaHHOM IIO.llXO,lle B IITOre rronyqaeM BeJillqllHbl .llil<p<pepeHUilaJibHblX ce'IeHilll 
B036yiK.lleHllll l!,llep. . 

B JaKJI10qeu1-1e cqn:TaIO cBOHM rrpHl!THbIM .11onroM rro6naro.11apn:Tb B.K.JlyKbl!HOBa 
3a 11,rnoroqn:cJieHHble ll IIJIO,llOTBOpHbie o6cylK.lleHllll pa60Tbl. 
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Bo36y)K.l:(eHHe 51.l:(ep HepeJrnTHBHCTCKHMH TIDKeJlblMH HOHaMH 

PaCCMOTpeHO pacce.siHHe HepeJI.sITHBHCTCKHX T.sI:)KeJlblX HOHOB. IloJiy11eHbl 
.l:(H!pcpepeH~HaJibHble ce11eHH.sI pacce.sIHH.sI Ha 6a3e cpemIMaHOBCKHX HHTerpaJIOB 
no nyT.sIM. KoHTHHYaJibHbIH HHTerpaJI no BHyTpeHHHM nepeMeHHbIM 6epeTC.sI 
TOllHO, no TpaeKTOPHH OTHOCHTeJlbHOI'O .l:(BH;lKeHH.sI - B KBa3HKJiaCCHlleCKOM 
npH6JIH:)KeHHH. HanHcaHbl ypaBHemi.sI .l:(BH;lKeHH.sI C y11eTOM B036y)K.l:(eHH.sI .sl.l:(pa. 
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Excitation of Nuclei by Nonrelativistic Heavy Ions 

\ Scattering of nonrelativistic heavy ions has been considered. Differenti:d 
<:ross sections of scattering are derived by using Feynman path integrals. 1, 
ixmtinual integral is exactly taken over internal variables' whereas over the 11 
1,ajectory of relative motion it is calculated in the quasiclassical approach. 

The investigation has been performed at the Laboratory of Theoretfrni i 
I'hysics, JINR. . \ 1 

Prep__ri11_t_c>f the Joint Institute_f_or Nuclear Research. Dµbna.1993 


