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1. BBEllEHME 

Ilom1n1e O ITOJIHOM Ha6ope coxpaHKIO!UHXOI KBaHTOBb!X "IHCeJI KBJIKeTCl! O.IJ:HHM 113 

OCHOB!lb!X ITOHl!THH KBaHTOBOH MeXaHHKH [l]. IloJIHb!H Ha6op COCTOHT .113 cp113H"leCKHX Be

Jrnqm1, o6JianaIOIIIHX CJiellyIOIUHMH CBOHCTBaMH. Bo-rrepBbIX, 3TH BeJIH'IHHbI 113MepHMbl 

OllHOBpeMeIIJIO. Bo-BTOpbIX, eCJIH OHR OJlHOBpeMeHHO HMeIOT orrpeneJieHHble 3Ha"leHHll B 

HeKOTOpOM COCTOl!Hl~H, TO JII06al! npyraK qJH3H"leCKaK BeJIH"IHHa, He l!BJIKIOIUaKCK RX cpyHK

unei1, ue MOlKeT HMCTb orrpeneJICHHOro 3HaqeHHK B 3TOM lKe COCTOKHHH. IloJIHOC 01111caHHC 

COCTOllHHK HeB03MOlKHO 6e3 3HaHHK ITOJIHOro Ha6opa ero KBaHTOBb!X "IHCeJI. Ilo3TOMY 110-

CTpOCHHC TaKoro na6opa KBJIKeTcK OllHOll 113 OCHOBHbIX 3ana"l TeopeTH"leCKOll KBaHTOBOH 

MCXaHHKH. 

· B HacToKmei1 pa6oTe Mb! 11ccnenyeM 3anaqy .'.raKoro pona .IJ:JilI c11cTeMbl Tpex 6ecc1111-

HOBbIX qacTHU C HpOH3BOJibl!LIMH MaccaMH m 1, m2, m3 11 UCHTpaJibllb!MH rrapl!b!MH B3aH

MOJ1CllCTBHKMH Vi' rne k = 1, 2, 3 - IIOMep nap bl "laCTHU C HOMepaMH i 11 j. Mb! llOKalKeM, 

qTQ ITOJil!blll Ha6op coxpaHKIOIUHXCll KBaHTOBb!X "IHCeJI JII06oro COCTOKHHK TaKoii: CHCTeMbl 

coneplKHT oco6oe KBal!TOBOC "IHCJIO Pu = 1, CCJIH KaJKnoe (k = 1, 2, 3) B3aHMOJ1CllCTBHe -

cyMMa 

Vi=Vt+V,: 

CJiaraeMbIX llBYX pa3HLIX THITOB, a HMeHHO TaKHX, "ITO cyMMa CJiaraeMb!X rrepBoro THrra 

110 BCCM rrapaM "laCTHU TOlKJleCTBCIIIIO He paBna HYJIIO, a cyMMa CJiaraeMb!X BToporo THIIa 

no BCCM rrapaM "laCTHII TOlK.D;eCTBeHHO paBna HYJIIO: 

(2) 

IlycTb Hon E - cBo6onnblii: raMHJibTOHnan 11 rronnaK 3Hepr:1rn paccMaTpHBaeMoii: Tpex

"laCTH"IHOH CHCTCMbl C B3aHMOlleii:cTBHKMH, o6nanaIO!Il;HMH CBOllCTBaMH (1) 11 (2). Torna 

ITOJil!Oe B3aHMOlleHCTBHe V = Vi + Vi + Vi CBOllHTCK K cyMMe CJiaraeMb!X rrepBoro THIIa, 

V = ½" + ½" + ½", 11 1103TOMY CJiaraeMble BToporo THIIa OTCYTCTBYIOT B ypaBHCIIHH 

III pennHrepa: 
3 

( Ho - E ) \JI = -V \Ji = -( I: Vt ) \JI • (3) 
k=l 

J1I06oe perrre1111e \JI 3Toro ypaBHeHHK coneplKHT 1111cpopMaIIHIO o cnaraeMb!X Vt 11 ne co-

neplKHT HHKaKoii: n11cpopMarr1111 o cnaraeMb!X V;;'. Ilo3ToMy cnaraeMble Vt n V/ 6yneM 

Ha3b!BaTb <pll3ll"ICCK11Mll 11, COOTBeTCTBeHHO, JIOlKl!b!Mll CJiaraeMb!MH B3aHMOlleii:cTBHK vk. 
HnJKe Mb! nannM 6onee KoppeKTnoe onpenenenne n rroKalKeM, "ITO cnaraeMble, l!BJil!IOIUH-



eor JIOlKHh!Mll l\JIJI Ol(HOI'O KJiacca <j>yHKUHII, MOryT OKa3aThCll q>H311'1eClrnMII l(Jlll .npyroro 

KJiacca <j>yHKUHii u Hao6opoT. 

lfccJie.l(OBaHlle JIOlKHhIX crraraeMh!X npe.ncTaBJilleTCll oco6o H11TepecH1,IM B CBll311 C Bhl

BOl(aMH pa60ThI (2]. B Heii Ha npnMepe CHCTeMhl HeCKOJihKHX TOlKl(eCTBCHl!hlX 6030UOB 

B OCHOBHOM COCTOl!Hllll 6hIJIO BnepBh!e rroKa3aHo, qTo JIOlKHhJe CJJal'aCMLJe IIOTCIIUHaJIOB 

Heo6xOl(l1MO llCKJIIOqaTh, qro6hl rrpaBHJihHO perrrHTh ypaaneHllll q>aJ{.neeBCKOl'O 'H!lla JVlll 

l(ByxqacTHqHh!X aMIIJillTYJl, OilllCh!BaJOIUllX Jlllllih ·JlByxqaCTllqllhle KOppCJ!lllU1l1. KaK OT

Meqanoch B :noii lKe pa6oTe, nptt perrremrn ypaBHeHttii <t>a.n.neeBa (3] TaKoc 11cKmo•1e1rnc 

HHKor.na He .neJiaJIOCh. Mhl l\OKaJKeM, qTo l\Jlll HCKJl]Oqemrn scex JIOlKHLIX crraraeMLIX l13 

ypaBuenttii <t>a.n.neeBa l\OCTaToqHo BKJIJOql1Th HOBOe KBaHTOBOe q11crro Pu = J B IIOJlJ!hlH 

ua6op l13BeCTHhIX coxpaHl!IOIUHXCll KBaHTOBhIX q11cerr. 

B Teopn11 <l>a.n.neeBa (3] HCKOMoe perrren11e W ypaaneHHll Illpewmrepa (3) 11pe11craBJlll

eTCl! cyMMOll 
3 

W=LWk, (4) 
k=I 

a <j>aJ{.neeBCKllC KOMIIOHeHThI W1, W2, \V3 rro.nq11HlllOTCll Cl1CTe)\1e Tpex 3aueITJil!IOIUl1XCll J(H<j>

<j>epeHUHaJihHh!X ypaBHen11ii. B cnyqae (1), (2) 3TH ypaBHel!Hll HMCJOT CJieJ\yJOII\HH Bl1l\ 

3 

( Ho - E) IV;= -V; w = -( V;" + v/) L Wk, i = 1, 2, 3, (5) 
k=I 

11, B OTJinque OT ypasHeIII!ll Illpe,nnHrepa (3), co.nepJKaT <j>11311qecK11e crraraeMLic wia11-

Mo.neiicTBnii Haplll\Y C JIOlKHhIMli. B CBll3li C 3Tl1M B03HliKaJOT l(Ba aonpoca, He llCCJie;~o

BaHHhIX B Teopnn <l>a.n.neeBa, a liMeHHO: 3KB!iBaJieIITIIO JIH ypaBHeHHe lllpcJ\IIHrepa (3) 
J 

CllCTeMe ypaB~eHnii <t>a.n.neeBa (5), Kor.na B3aliMOl(el1CTBllll HMCJOT JIO)l(JILIC CJJaraeMhie, Ii 

KaK 3TH crraraeMhie BJil!l!IOT Ha CTpoenne BOJIHOBOH q>yHKUllH l1 ee <j>a.n.ueeBCKHX KOMITO

HeHT? Mh! OTBeTliM Ii Ha 3Tli BOIIpOChl. 

llrrll naqana HaHOMHllM HeKOTOph!e IlO!Il!Tlill Teopuu <l>a.n.neeaa (3] 11 MCTOl(a rnncprap

MOHllK (4, 5], 

TiycTh (x;, y;) - Tp!i (i = 1, 2, 3) na6opa CTaH.napTHhlX npnse.ne11H1,JX BeKTOpOB 5IK0611 

B 11IeCTl1MepHOM KOOp,UHHaTHOM IIpOCTpaHCTBe 7?,6 = R; EB 7?,~ Tpcx paccMaTpHBaCMh!X 

qacTHU (3]. KaM.noii ( i = 1, 2, 3) nape (x;, Yi) H3BeCT!IbIM crroco6oM (6] COJIOCTaBJil!CTCll 

rrrecTHMepHblll BCKTOp r; := (x;, y;) E 7?,6 C 06h!qHhIMII r11rrepc<j>cpw1eCKIIMH KOOp,u1111a

TaMli (r, !1i)- 3.necL: r = (x; + y1) 1!2 - rnrreppa.n11yc, a !1i = (x;, y;, cp;) - coB0Kyn11ocTL 

IIl!Tli r11rrepc<j>ep11qecKux yrrroB, TaKHX, qTo ij - rrapa c<j>epnqecKHX yrrroB TpexMepnoro 

BeKTOpa q = x;,Y;, a 'Pi= arctg(y;/x;). 

2 

B crryqae uenTpaJibllhIX rrapHh!X B3aHMOl(el1CTBl111 coxpaul!eTCll IIOJIHall 3HeprHll E, 

KBa.npaT £(£ + 1) norrHoro yrrrosoro MOMeHTa (I = Ix;+ ly;}, ero TpeThll npoeKUHll m 11 

qeTHOCTh (T ITO OTHOIIIeHHIO K HHBepcun r; ➔ -r;. 

06hlqHoe orpaHnqeHne, HaKJial(h!BaeMoe Ha rJiaJ(KOCTh liCKOMhIX perrreHlill ypaBHeHlill 

lllpe.umrrepa liJIII <l>a.n.neesa, - He11peph!BHOCTh scex rrpon3B0l(Hh!X BTOporo rropl[JlKa BO 

BCeM rrpocTpaHCTBe 7?,6 • 

TiycTh A' - Krracc <j>yHKunii, 06rra.na10ru11x yKa1ammii: rrral(KOCThJO n 3a.naHHhIM ua6o-

poM c: = (E,£,m,O') coxpaHl!IOII\liXOI KBaHTOBhIX qnceJI. BA' rroJIHhlll li oproHopMnpo

BaHHhrii Ha eJ{HHliqHoii c<j>epe S5 B 7?,6 yrnosoii 6a3liC (6] 06pa1y10T BIIOJIHe orrpe.nerreHHhle 

TpexqaCT!iqHhJe rnrreprapMOH!iKli (5]: 

Yz;;;,(!1;) 

L 

N ( . )"( )bp(a+I/2,b+I/2)( 2 )",lm(' ') Lab sm 'Pi. cos 'Pi n COS 'Pi .Y ab Yi, Xi , 

a+b+2n, n = 0,1..., a+ b = I, (-l)•+b = O'. 

(6) 

rnrrepraMOHliKli apryMeHTOB nk l1 !1; CBl!3aHhl YHHTapHh!M rrpeo6pa30BaH11eM coxpaHl!IO

IUI!M see KBaHTOBh!e qncrra Ha6opa c:: 

Yi~(!1k(!1;; 'Yki)) = L ( ablK('Yk;)lcd)u Yz;;;,(!1;). (7) 
cd 

3.necb H BC!Ol\Y .nanee HHl(CKCbI a ll b rrpo6eraJOT Bee .norrycTHMhIC IIPll 3al(aHHhIX L, £ I! (T 

3Haqennll, a MaTpnqnh!e ::irreMeHThI, 

(ablK('Yki)lcd)u = (Yz:J,(!1,)IYi~(!1k)) = L. d!1; (Yz:J,(!1;) )* Yz~(nk), (8) 

orrepaTopa K11neMaT11qecKoro rrpeo6pa10BaHnll K('Yk,) [7, 8] (Ko::i<j><j>nuHeHThI Peiinana

PeBan (9]) rrapaMeTpnqeCKll 3aBliCl!T OT KliHeMaTn'leCKOro' yrrra [5] 

')'ki = 9ki arctg (mj{m1 + m 2 + m3)/mkm;)
1
/
2 

. 

Tio orrpe.nerrenmo KnHeMaTnqecKHX yrrroB, ernn (k,i) = (1,2),(3,1),(2,3), To 

9ki = -g;k = 1 , 0 < 'Yki < 7r /2, L ')'ki = 7r. 
(k,i) 

2. JIO)KHhlE CJIArAEMhIE IIAPHhIX B3AHMO.IlEMCTBHM 

(9) 

(10) 

IIpeJK.ne Bcero .na.nnM KoppeKTHOe orrpe.nerrenne JIOMHhIX crraraeMb!X rrpon3BOJihHhlX 

rrapHhIX B3aHMOl\Cl1CTBI!l1. llmr 3TOl'O yKaJKeM, B KaKOM CMhICJie cne.nyeT IIOHHMaTb COOT-

HOIIIeHHll (2). 

3 



Bee qiH3lf'IeCKHe CBOMCTBa KBaHTOBoro COCTOJ!HlUI paccMaTpirnaeMoii TpextJaCTH'IHOH 

CHCTeMbI He 3aBHCJ!T OT MaTeMaTH'JeCKOro qiopMa.JIH3Ma, HCIIOJib3JeMoro JlJlll HX OIIHCa

HHH, B '!acTHocTH OT roro, B KaKoM H3 Tpex KoopmrnaTHblX rrpencTaanennii ( r; I, i = 1, 2, 3, 

3alll1CblBaeTCJ! BOJIHOBaJ! qiyHKIIHJ! w 3Toro COCTOJ!HHJ! H ypaBne1rne IllpeJllmrepa (3), KO

TOpOMY Olla IIOJl'IHHeHa. Ilo3TOMy IIOHJ!THe qiH3H'IeCKHX Vt H JIOlKHbIX v: CJiaraeMhlX B3a

HMOJleMCTBHJ! vk He JlOJilKHO 3aBHCeTb OT Bbl6opa KOOpJlHHaTHOl'O rrpencTaBJICill1ll, B KOTO

poM 3aIIHCblBaIOTCJ! COOTHOIIIeHHJ! (2). lla.nee, B KBaHTOBOM MexaHHKe [l] B3aHMOJleMCTBHC 

vk, a 3Ha'!HT H KOMIIOHeHTbl v.,u H Vt ero pa36HeHHJ! (1), BCerna IIOIIHMaIOTCl! KaK oncpa

TOpbI. B MaTeMaTHKe mo6oii orreparop acerna orrpenenHeTcl! B neKoTopoM npocTpaucTBc 

HJIH JKe KJiacce qiyHKIIHM. BceM YIIOMJ!HJTbIM BbIIIIe npHHIIHIIaM YJlOBJieTB0pl!eT CJICJlJIO

IIIee orrpeneJieHHe qiH3H'leCKHX H JIOlKHbIX CJiaraeMblX rrap!Ib!X B3aHMOJleMCTBHH. 

JlJ!H pacc.,11ampuaae.,11020 nJtacca (fiynn14ui1, onepamopbz Vt M ½,' 6yaeM 1tll3bWam1, ¢u-

3uv,ecnu.,11u U J!O:J/CltblMU CJ!ll2llEMblMU 63llUMOaeucmBUH Vk, ECJ!U COOffiltOllieltuH (2) BblnOJ!

ltH?OffiCH 6 .1!?060.,11 U3 mpex noopaunamitblX npeacmaBJ!EUUU (r;j, i = 1, 2, 3, U aJ!H J1106ou 

(fiyun14uu W :Jmo20 -X:Jtacca: 

3 

(rd L ½,u(rk)I W(r;)) cf. 0, i = 1, 2, 3, 
k=I 

( 11) 

3 

(rd L ½,'(rk)I W(r;)) = 0, i = 1, 2, 3. 
k=I 

( 12) 

BbrneneM JlOCTaTO'!Hble YCJIOBHJ! cyIIIeCTB0BaHHJ! JI0lKl!bIX CJiaraeMb!X IIeHTj)aJ!hHI,IX 

B3aHMOJleMCTBHM JlJill qiyHKIIMM Knacca A•. Ilapn1,1e B3aHMoneiicTBMll 11pencTaBMM onepa

TOpHb!MH j)J!JlaMH no HX co6CTBeHHb!M yrJI0BblM 6a3HCaM (6): 

V,,(xk) =LL IYf~(f!k)) vk~f(r) (Yf:;;b(f!k)I, k = 1,2,3. 
LL' ab 

(13) 

HcnoJib30BaB 3TH j)J!Jlbl H IIpMMeHHB CO0TH0IIIeHI1l! (7) - (9), II0JIJ'JaCM orrcpaTopuoe pa:1-

JIOJKeH11e IIOJll!Oro B3aHMOJleMCTBHJ! B npencTaBJieHHH (r;J: 

V(r;) = LL LL JYf~(f!;)) iV.,f~'b,(r) (YS;(f!;)I, 
L ab L' a'b' 

(14) 

iV.,f~,~,(r) = Jaa•Ow V;~{(r) + LL(abJK("Yk;)jcd)u x 
k#i cd 

( 15) 

x V.,~f(r) (cdjI<("Y;k)la'b')ut, 

rnc HIIJlCKCbl a, b, c, d n a', b' npHHMMa10T Bee nonycTHMble npn 11a11111,1x L, £, a H L' 31Ia

qe11nl!. Te 3Ha'JCl!Hll L, IIpH KOT0pb!X iv..¾t:b,(r) = 0 JlJIJ! BCCX B03M0lKlll,IX i = 1, 2, :!; 
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.. 

a,b,a',b', L' 11 r, ofr1,cn111111i1 B HCKOTopoe ~mo;KecTBo £. Ecnn 0110 mrnlKeTCll 11e nycTb1:-.1 

(£ cf. 0), rn noncym11,1 fll!Jl0B (13) c L rJ. £ 11 LE £ 6ynyT, B rnny nonnoTbI 6a311ca (6) H 

onpeJJCJICIIHH (11) II (12), q>H:lH'ICCKHMH H, C00TBeTCTBeJmo, JI0lKl!blMH C.'Ja!'ae!\lbl'.\111 Jl.'lll 

<l>YHKilHH Knacca A': 

Vt(rk) = L v,t,u(rk), v,t,u(rk) = I::I:: IYf:b(f!k))V/~f(r)( Yf:;;b(f!k)I, (16) 
i,~f L'' ab 

v;:(rk) = L vj'•(rk ), vj'•(rk) =LL IYf~(f!k)) vk~f (r)( Yf:;;b(f!k)l- (17) 
1,a L' d 

JiciicTHHTCJJl,IIO, II0 0IIJ)CJJCJICIIHIO MII0)KCC'!'Ba £, CJl\lMa TJ)CX onepaT0J)OB Vt OT06palKaeT 

X0Tll 61,1 0JUIY 6a:111c11y10 1'1111CprapM0lll1KY (6) B IICll)"JICB)'IO, a cyi1Ma Tpex onepaT0J)0B i-;: 
OTo6paJKaCT mo6y10 6a:111c11ym nrncprapMOIIHKY B TOlKJlCCTHCIIIILII1 nym,, IIC3aBl!Cll1!0 OT 

110Mepa i = 1, 2, :J na6opa H; rHiicpyrrnrn, B KOTopoM :na nmcprapM01111Ka 3annca11a. B 

nmy IIOJIIIOThl 6a:rnca l'HIICprapMOIIHK )!Jill mo6oii qiynKIJHll W KJiacca A' n BO H('('X TJ)CX 

KOOpJlHIIaTIIblX ll(lC)ICTaBJICIIHl!X HhIIIOJllll!JOTCll COOTIIOIIICIIHll (11) 11 (12). 

HTaK, CCJilf £ # 0, TO JJO)Klll,[C CJiaraeMhlC C)'IIICCTB)'lOT 11 BCJ)llhl ll(lCJlCl'aB.'ICllllll ( 16) 

H (17). 

Tc11cpL JlOKalKCM o6paTIIOC YTHCJ)lKJ!Clll1C: CCJIH JIOlKl!hIC cnaraCMhlC cymccrny10T. TO 

lfMCCTCll HC!lJCTOC MIIOlKCCTBO £ :rna'ICIIHl1 nmq>M0MCIITa, TaKoc, 'ITO BC(llll,l IIp<')ICTa

BJICHHll ( 17). 

<PH3H'ICCKIIC (cCJIH TaKOBblC MMC[OTCll) H JIOlKlll,IC ('JiaraCMl,IC KalK)I0l'0 H'.lall~IO)l('J!('THIIll 

¾ IIJ)CJlCTaBIIM onepaTOJ)Ill,IMH j)l[)laMH THlla (1:l) IIO cro co6CTHCIIIIOMY 6a311,y (G). l1c

IIOJ[1,3JJ! 3TH J)llJJl,I H cj>opMJJ!hl (7) H (8), Bhl'IHCJIHM MaTpH'llll,IC :JJl('MC'IITI,[ cyMl\l (2) <jlll311-

'ICCKHX H JIOJKIII,IX CJiaraeMhIX H 6a:rncc (G), 3a[IHCaIIIIOM B KalK)I0M 113 Tpcx K0OpJ!HIIaTIII,IX 

llJ)CJlC'I'aHJICIIHl!X. B pc:iym,TaTC J(Jlll KitlK)!OJ1 )(OIIYCTHMOM 'ICTBCpKII c!mK,11poBa11111,1x :111a

'leJIHM L, L' II a', b' 11ony'IHM CHCTcMy paBCIICTB ( 15), B IWTopoii i = I, 2, :l, IIIIJ(('KC'l,I a, b 

IIJ)IIHHMaioT BCC B03MOlKHhlC npM 11a11111,1x L, e, 0- 311a•1CI1Hll, a cpy11KtUlll i\;~lb~,,·b,(r) 0T.'Ill'llla 

OT HJJlll XOTll 61,1 npn IICK0TOJ)LIX L'' a', b' H 1' HJIH TOlKJ!CCTHCIIIIO patt11a 11yrno 1Ip11 ;11061,1x 

L', a', b' H r, cooTHCTCTBen110, J!Jlll <!>H311'ICCKHX H JIOlKIILIX cJia1·acM1,1x. Tc 311a•1c·n11l! /,, 

11pH K0TOJll,IX iV.,1i:!;'b, = 0 IIpH HCCX i, a, b, H r, 061,CJ!flllllM H ll<'K0T0(J0(' MII0)K('('Tll0 £. 

l1cnom,3yll cro, IIOJIY'IaCM C00TII0lllCIIHll ( I 6) 11 ( 17). 

l1TaK, CCJIH J[0)Kill,IC CJ[al'aCMl,[C cyII(CCTBJIOT, TO OIIH ll(l<')(CTallJIMhl ll 1111)1(' cy~1~1 ( 17). 

r)le £ cf. 0. 
OIIH1IICM ,1pyrm1 cnoco6 II0CTpoc11Hl1 MIIOlKCCTllit £. 
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Ilo orrpe.neJiemuo (8) {ab/K(-)-;;)/a'b')u = tS00 ,tSw. Ilo3Tm1y B 060311aqe111rnx 

xfc~~'b'(r) = vk~.f (r) (cd/K(,'k;)/a'b')L'l (18) 

.llJIJ! KalK,noro L c11cTeMa o.n11opo,n11h1x ypas11e1111ii (15) c mo6hIMII cjrnKc11posa11111,1~rn L'. a', b' 

II mo6hIMII B03MOlKHh!MII i' a' b rrpi!HIIMaeT BIi.Ii 

xtt,b,(r) +LL (ab/K(,'k;)/cd)uXfc~~'b'(r) = 0. (19) 
k,fci cd 

MaTp111.1a ML rroJiy'leHHOll CIICTCMhl ypaBHCHIIH (19) IIMCCT KOHC'!IIYIO pa3MepHOCTh, paB

HYJO yTpoeHHOMY 'IIICJIY r11rreprapMOHIIK (6) C .naHHhIMII KBaHTOBh!MII 'IIICJJal\111 L, £, rn, 

er. CorJiaCHO Kp1nep1110 pa3pCIIIIIMOCTII o.nnopo.nnoii Cl1CTCJ\lhl Jll1IICHHhlX ypaBIICHl1H C KO

HC'IHOH MaTp11ueii [10], CIICTCMa ypaBHCHl1H (19) l!MeeT HeTp11B11aJihHhlC peIIIelll1J! TOI'J(a 11 

TOJihKO Tor.na, Kor.na ee MaTp11ua BhlpOlK,nena ( det ML = 0). CJie,noBaTeJihHO, MHOlKeCTBO 

[ COCTOIIT !IX Tex 3Ha'leHIIH L, rrp11 KOTOph!X paccMaTp11BaeMaJ! CJICTeMa ypaBI-!CH11ll (19) 

l!MeeT BhlpOlK,lleHHYJO MaTp11uy, a MaTpll'IHhIC 3JieMeHThl vk~f' rrapHhlX B3a11Mo,neiiCTBIIH 

TaKOBhl, 'ITO rro.no6uwe IIM cj>yHKl.(1111 (18) y.noBJieTBOpl!!OT 3TOH CJICTeMe rrp11 Bcex L', a', b' 

II r. 

IlpocyMMllpyeM ,noKa3aHHhJe YTBeplK.neHIIJ! B B11,llC CJie,ny10ruero Kpl!Teplll!. 

TeopeMa 1. 1l.11JI x:.11acca ifjyux:v,uii AE .110:J1C1tble c.11a2ae.Mble napublX v,eumpa.11bUblX 63au

.ModeiicmBuii cyw,ecmay10m mo2Ja u mo.11bx:o mo2Ja1 x:02Ja [ =J 0. Muo:J1Cecmao [ co

cmoum u3 mex 3ua11,euuii L, npu x:omopblX ifjyux:v,uu V;~f (r) u.11u nodo6ub1e U.M ifjyux:v,uu 

xtt,b, ( r) c .11106bl.MU B03.M0:J/CUbl.MU uudex:ca.Mu i, a, b ydoa.11emaop1I10m coomBemcmay10-

w,eii oJuopoJuoii cucme.Me ypaaueuuii (15) HJIII (19) npu acex L', a', b', r. JloJ1C1tble c.11a-

2ae.Mb1e npeJcmaBU.Mbl p.H.Ja.Mu (17). 

IloJ!CHIIM CJie,ny10ru11e YTBeplK,neHIIJ!: JIOlKHh!e II <p113ll'lecKIIC CJiaraeMh!C MoryT 6h!Th 

'laCTHh!MII 11 0611.(l!MII, a caMo ITOHJ!Tlle "JIOlKHhle (cj>11311qecK11e) CJiaraeMh!e" J!BJIJ!CTCJ! 

OTHOCIITeJlhHh!M. 

IlycTh ALE - KJiacc cj>ynKu11ii, 06Jia,na10ru11x .norrom111TeJihHhIM K ua6opy e coxpaHJ!-

10ru11MCJ! KBaHTOBhIM 'IIICJIOM L. B TaKOM KJiacce ITOJ!Ilh!H 6a311c Ha S5 06pa3yeT Ha6op 

r11rreprapMOHIIK (6) C <pllKCl!poBaHHhIM 11u,neKCOM L. IlocJIOBHO IIOBTOpllB Bh!BO,ll .If aua

Jlll3 CIICTCM ypaBHCHl1H (15) .If (19) B TaKOM 6a311ce, MO)l(HO y6e,nl!ThCJ! B c11paBC,llJIHBOCTH 

CJie.ny10ru11x YTBCplK,ne1111ii:. 

Bo-rrepBhIX, MHOlKCCTBO [ ,llJlJ! KJiacca AL• JIH6o rrycToe, JIH6o COCTOHT H3 o,nHoro 

3JICMeHTa L. Ilo3TOMY ,llJIJ! TaKoro KJiacca Jil!60 vk = v;_Lu' Jill60 vk = v/·' r.ne k = l, 2, 3, 
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r 

a V/" 11 vLs orrpe,neJICHhl cj>opMyJiaMII (16) u (17), B KOTOphlX L' = L. Bo-BTOphlx, eCJil1 

onepaTop yLu - <pll31!'!eCKOC cJiaraeMoe ,llJIJ! KJiacca ALE, TO 3TOT lKe orrepaTop - JIOlKHOC 

cJiaraeMoe ,nJill .npyroro ( L' =J L) KJiacca AL',. B-TpeThllX, nMeeT MecTo cJie.ny10ru11ii 

Kp11TCp!!H. 

TeopeMa 2. Jl.11.H. x:.1wcca ifjyux:v,uii ALE JI0:J/CUble c.11a2ae.Mble napub1X v,eumpa.11bUblX B3a-

u.Modeucmauii cyw,ecmay10m mo2Ja u mo.11bx:o pio2Ja1 x:02Ja .1wmpuv,a ML cucme.1{bl 

ypacmeuuii (19) c max:u.M :J/Ce 3ua11,e1me.1{ 2unep.Mo.Meuma abipo:J1Cdeua, a coaox:ynuocmb 

ifjyux:v,uii (18) JlBJ1JiemcJI oJuu.M u3 uempuaua.11bUblX pe111euuii 3moii cucme.Mbl npu L' = L 

II JI1061,1x a', b' Hr. 

lIJIJ! KJiacca AE KalK,nhIH onepaTop yLu HJIH yLs JIOI'H'IHO Ha3hIBaTh qacTHhIM <p113ll-

qecKIIM !!Jill JIOlKHhlM CJiaraeMhIM B3aHMO,lleHCTBllll Vk, a ,llJIJ! cyMM (16) !!JIii (17) TaKI!X 

orrepaTopOB rrpe,ncTaBJIJ!CTCJ! pa3yMHhIM HCIIOJih30BaTh TepMHH o6ruee <pll311'ICCKOC !!JIii 

o6ruee JIOlKHOe CJiaraeMoe TOI'O )KC B3alll\10,llCHCTBIIJ! Vk-

ITycTb A - KJiacc cj>y11Ku11ii, ne 06Jia.na10ru11x orrpe,neJieHHhlMH 311aqe1111l!MH £, m, er. B 

3TOM KJiacce ITOJil!h!H 6a3HC ua S5 o6pa3yJOT 'rnrreprapMOHHK,H (6) co BCeMH B03MOlKHhlMH 

u11,neKcaM11 £ = 0, 1, ... ; rn = -£, -£ + 1, ... , £ n L, a, b. IlocJIOBHO rroBTOpHB Bh!BO.ll cncTeM 

ypaBHCHllll (15) II (19) B TaKOM 6a311ce, HCTpy,nno rrpHHTH K cJie,ny101UHM Bh!BO,naM. 

Bo-rrepswx, MHOlKCCTBO [ ,nJIJ! KJiacca A cocToHT 113 .Tex 3naqe11nii: ~urrepMoMeHTa 

L, rrp11 KOTOph!X o.n11opo,nHh!e CHCTCMhl ypaBHCHHH (15) HJIH (19) y,noBJieTBOpl!!OTCJ! rrpn 

mo6oM MYJlhTHl1H,llCKCC e, T.e. rrpu BCCX B03MOlKHhlX £, m, er. Bo-BTOphlx, ,nJIJ! KJiacca A 

<pl13H'ICCKHC l1 JIOlKHh!C cJiaraeMh!e KaJK.noro (k = 1, 2, 3) B3aHMO,lleHCTBHJ! vk rrpe,ncTaBHMhl 

B BU.lie cyMM 

Vt(rk) = I: I: I: /Yr::'&(fh)) vk~f (r) (Y1:::b(!1k)I, (20) 

lmu L,fce L'ab 

vk•(rk) = I: I: I: IY1:'&(!1k)) vk~f (r) (Y1:::b(!1k)I- (21) 

lmu LEt: L'ab 

Ilo IIOCTpOellll!O MHOlKCCTBO [ ,llJIJ! KJiacca A J!BJIJ!CTCJ! IIO,lll\lHOlKCCTBOM MHOJKeCTBa [ 

,nJIJ! JI106oro KJiacca A'. Ilo3TOMY JIOlKHhie cJiaraeMhie (21) AJIJ! KJiacca: A J!BJIJ!JOTCJ! qacT

HhIMH JlOlKHhll\111 cJiaraeMhll\111,llJill JIJ06oro KJiacca A'' HO <pH3ll'leCKUC cJiaraeMhie (20) ,llJIJ! 

KJiacca A, B00611.(e roaopl!, J!BJIJ!IOTCJ! cynepno3Ul.(HJ!MH cj>U::3u'ICCKHX H JIOlKHhIX cJiaraeMh!X 

,nJIJ! JI106oro KJiacca A'. 
IlycTh [(B) - MHOJKCCTBO [ ,nJIJ! KJiacca B = AL•,A<,A, ror.na B cu:Jiy orrpe,neJieHnl1 

pacCMOTpeHHh!X KJiaCCOB H MHOJKCCTB [(B) 

A'= UL AL'=} &(A') =J uL &(AL'), A= u, A'=} &(A) = n, &(A'). 
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OmuneM 6orree rrpoC'roii, qeM yrroMJIHYTbIH BbIIIIe, crroco6 nocTpoemrn rro;1rnL1x .unll 

Knacca A crraraeMbIX ueHTpanhHb!X napHblX B3alIMO.UeHCTBIIH. lfaqHeM C BblBOJja .uocTa

TO'!HbIX ycnOBIIll cymecTBOBaHlrn TaKIIX cnaraeMh!X. IIapHble B3a!IMO.UellCTBIIJI npc.ucTa

BIIM <pyHKUIIOHa!IhHbIMII Pll.!laMII no !IX co6CTBeHHblM nonHhIM Ha S5 6a311caM IIOTCHU11-

anbHh!X runeprapMOHIIK [4, ll]: 

Vi(xk) = L vt(r) yzgo(flk), k = 1,2,3. (22) 

L=0,2, ... 

llcnonb3YJI 3TH npe,ncTaBnCHIIJI II npaBuna (7), (8), nonyq11M qiyIIKUIIOHaJibIJOC pa3!I0)KC

H!Ie IIO!IHOro B3al1Mo,neiicTBl1JI B Bb!6paHHOM KOop.u11naTHOM npe.ucTaBJICJl1111 (rd: 

L/2 

) '-"' '-"'i L oo V(r; = L.., L.., Va (r) YLaa(fl;), (23) 

L=D,2, ... a=O 

i~L(r) = vhr)8ao + L (aa!K(,ki)I00)LO l-i(r). (24) 

k,fci 

<PyHKUIIII Yf~a nuHellHO He3aB11C1IMhI no 06011M IIH.!lCKCaM L 11 a. JI03TOMY B mo6oM 113 

Tpex (i = 1, 2, 3) KOOp.!l11HaTHbIX npe.ucTaBneHIIll Pll.!l (23) IIC co.uep)K!IT II0TCHl(IIa!IbHhlX 

MY!IhTHnonen V/, Vl, V:f c HeKOTopLIM 1p11Kc11posairnwM L-Tor.ua 11 TOJJLK0 Tor.na, Kor.ua 

Bee MY!IbTHnOJIH (24) 3TOro pl!.l(a c HH.l(CKCaMl1 i = 1, 2, 3 u a = 0, ... , L /2 T0,K.l(CCTBCHH0 

paBHhI Hyn10. 3To ycnOBHC paBH0CH!IhHO cne.uy10iuen KOneqHOll (a = 0, ... , L/2) UCI!O'-IKC 

He 3auennJ1IOIUHXCJI CHCTCM H3 Tpex (i = 1, 2, ?) TO)K.l(CCTB no apryMCHTY r: 

NLayL(r) = o, a= o, ... ,L/2, \/r 2: 0. (25) 

3.uech yL - cTOn6eu (V/, Vl, V:Ff, a NLa - MaTpuua c 3neMcIITaMu 

Nta = .Sao, Nfa = (aa!K(,k;)I00)LO, k ,f- i = 1, 2, 3. (26) 

EcnH naiI.l(eTCJI X0TJI 6hI 0.UH0 3HaqeHHC HH.UCKCa a, npH KOT0p0M MaTp11ua NLa IJC Hbl

p0)K.l(CHa, TO BCCH UCn0'IKC T0,K.l(CCTB (25) 6y.UyT Y.!lOB!ICTBOpl!Th TOJU,KO TpHB11aJil,IJblC 

MynhTHnonH (\,l = 0, i = 1, 2, 3). 

llccne.uyeM ycJIOBHJI, npH KOTOpb!X MaTp11ua NLa BbipmK.uena. 3aMC!ll1B MaTpll'lllblC 

3!ICMCHThl (26) no 113BCCTHh!M qiopMynaM [8, 12] 

(aalI<(,k;)I00)LO = (-1)° (aalK(1;k)I00)LO = (27) 

C ( • 2 )a p(a+l/2,a+l/2)( 2 ) La SIIT 1ki L/2-a COS 1ki , 

_ I a c112. 1/2)( ) CLa = NLaa 2 NLOo PL/2 -1 , 

8 

! 

II JIOJ!O;Kl!H no onpc.uenemuo (k, i) = (1,2), (2,3), (3, 1), BblBC.l(CM paBeHCTBO 

det NI.a - 8ao - 8ao Ci,0 L ( P{~~2
• 

112
\ COS 2,ki) )2 + 

(k,i) 

+ ( I + ( -1 )") ct II ( sin 2,ki )" P{'jt~~2
• a+l/

21( cos 2,ki). 

(k,i) 

(28) 

KaK cne.uyeT H3 :noro paBCIICTBa, MaTp11ua N°0 II HCC ;,.iaTp11Ubl NLa C ueqeTHbl~llf a Bbl

poMJ!Cllbl npn mo61,1x .uonycTHMh!X 31Ja'-ICll11JIX (10) Kl1HeMan1'-ICCKHX yrnoB (9), ;,.1aTp1!Ub! 

NLa C L i- 0 11 '-ICT!lb!MH a MoryT 61,1Tb Bb!p0,KJICil!IblMH T0!IbK0 np11 onpe.ueneHJlblX 3Ha

'!Cll11l!X Kl111CMaTH'ICCKl1X yrJJOB, !IpH'-ICM MaTpHUbl NLa C '-ICT!Ib!MH a > 0 Bb!pO,K.l(Cllbl 

Tor.na 11 T0nl,K0 T0l")la, KorJ1a X0Tll 61,1 0)11111 113 Tpex KIIHCMaTl1'1CCKl1X yrJJOB l!B!Il!CTCJI 11y

ncM 1j1y11K111111 PX'jt~2 • a+l/2)( cos 2, ). ]lance, eCJIH L = 4p, r;ie p -- HCKOTopoe 11aTypa.'1LHoe 

•111cJ10, TO npu a= L/2 = 2p, cprnac110 cjiopMyJ1c (28), 

d t N 4p,2p 2 c3 II ( . 2 l2p c = , 4P,2P sm 'Yki . 
(k.i) 

CJICJ!OBaTCJII,Ho, Ilpll mo6b!X .nonycTJ1MhlX 3Ha'IC1!11l!X (10) Kl11!CMaTII'll'CKl1X yrnoB ~!a-

Tp11ua N4
P,

2r ne Hh1poM.uena. 

v!TaK, BCl! llCil0'IKa T0)KJ!CCTB (25) M0)KCT Bbll!0JIIll!ThCll, CCJIII /. 0 IUIII. ('(';Ill L 

'-ICTIIOC, !IO He KpaTII0C 'ICTh!pCM, '111CJI0. 

flycTh £ - MII0MCCTB0 311aqe1111ii 1111.l(CKCa L, J!Jlll KOT0pb!X cnpase.nmrn1,1 lll'IIO'IKII 

T0M.l(ecTB (25). Tor)la .unll KJiacca A IIOJlCYMMhI 

V,;'(rk) = L V['(r) yzgo(nk)' 
I,¢[ 

V/(rk) = L v/ yggo(nk) 
[,EE 

pl!J!0ll (22) 6y.n.yT (jJl1311'!CCKHMl1 II !I0)Klll,IMH cJiaracMhIMH 11ap1!1,IX B3a!lMOJ\Cl1CT!lllll. 

(29) 

(:10) 

Ileii:CTBl!Tem,110, 110 II0C'!'p0CII1110 MII0)KCCTBa £ 110)\CYMMa. pll)\a (2:3) l(Jlll IIOJ!ll(ll"O !l"!a

l-lMO.UCHCTBHll no 1111;1eKcy L E E .ueiicTnycT 11a npo11:1BoJ11,11y10 cj,y11KLlHIO ljJ KJ1a.cca A KaK 

onepaTop YMII0)KCH11ll na TO,KJ(CCTBClllll,IH nym,, a OCTilHII!a.llO! IIO)lCYMMa :JTOl'O ii((' pll)la 

no 1111;1cKcy L r/:. E pan11oc11m,11a 011cpanipy yM!I0MCIIIU! 11a c\1y11K111110, TOMJl<'CTH<'11110 II(' 

pasnyK> 11ymo. CJ1c.uosa-rcm,no, sec T0M)lecTBa ( 11) H ( 12), n K0Top1,1x \'/ 11 I/ mwpa

Top1,1 yMII0)KC!IHll (29) 11 (30), 81,III0Jl!llll0TCll, a II0J!H0C H:!al·IMO)l("l!CTBIIC' V BblpO,KJ[a!'TC~ 

B cyMMY qJl131-!'!CCKHX CJ1aracM1,1x: HpH mo6oM i = I, 2, ;I II )!Jill JIIO0Ofl IH'T(lllHlla:11,11011 

cpyHKllHH ljJ KJiacrn A 
:! /,/2 

V(r,) = I: V,;'(rk(r,)) = L I: V;·(r) Yt,~"(!1;), V(r;) w(r;) f. 0. 
k=I /,¢[ n=O 
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lITaK, eCJm [ f 0, TO nm1 KJiacca A JIOlKHhIC cnaraeMbie rrap11h1x BJa11~10nc11cTBH11 

cymecTBJJOT. 

lloKalKeM o6paTHoe yTBeplKnem1e: ecnw JIOlKHhie cnaraeMhie cymecrny10T, TO [ f 0 

w BepHhl rrpeJICTaBJICHHll (29) u (30). 

ITycTh JIO)KHh!C cnaraeMbIC cymecTBJIOT, Torna OIIH [Jl!Jll,l THIIa 

s "°"L 00 V (rk) = L, Vk (r) YL00 (!1k), (31) 
LE:F 

r ne :F HeKOTOpoe He rrycToe MHOlKCCTBO, w JlJill mo6oii qiyHKUHlf ljJ E A TOlKJ!CCTBa ( 12) 

paBHOCHJibHbl TOlKJlCCTBaM 

3 

LV,:(rk(r;))=0, Vr;, i=l,2,3. (32) 
k=I 

IToncTaBHM pl!Jlbl (31) B TOlKJlCCTBa (32). CrrpoeKTHpOBaB IIOJIJ'ICl!Hh!C COOTHOIIlCHlfll 

Ha 6a3uc r1meprapMOHHK (6), JIJill KaJKnoro L E :F rrony'IHM uerro'IKY ( a = 0, ... , L/2) 

Bb!IIOJIIUI!Oll!HXCJ! TOlKJlCCTB (25). CnenoBaTCJibHO, :F = [, w BCpHO rrpeJICTaBJICHHC (30). 

If3 :noro rrpeJICTaBJICHIUI H paBCHCTBa Vt= Vi - v:' CJICJiyeT rrpeJICTaBJICHHC (29). 

CqiopMynnpyeM JlOKa3aHHhlll BbllllC KpHTepnii. 

TeopeMa 3. J].llJI n.llacca ifjyun-quu A .llOJICll.ble c.J1.a2ae.M.b1e nap11b1x -qeumpa.llbitblX 63au.M.o

aeucmauu cyl.Ljecmay10m mo2aa u mO.llbli:O mo2aa, no2aa [ I 0. MHolKCCTBO [ cocmoum 

u3 mex 311.aite11.uu L, npu nomopbzx nome11.-qua.llbUbze .M.Y.llbmuno.llu V/ nap11b1x a3au.Moaeu

cmaui1 (22) noa'tU1lJ110mCJ1 -qenoitne moJ/CaecmB (25). Ee.flu L E [, mo U.llU L = o, U.llU 

J/Ce L /2 HC'ICTHOC 'IHCJIO. 

3. YP ABHEHIIE IIIPEJlMHrEP A 

AnanH3 ypaBHeHHll IllpeJIHHrepa (3) Hero o6mero pemennH lj/ E A' B cnyqae [ f 0 

Ha'IHCM C orrpeneneHHJ! rrpoeKUHOHHh!X orrepaTopOB. 

EnwuH'IHhiii Ha S5 orrepaTop / rrpencTaBHM B BlfJle cyMMhI / = Pu + P, JIBYX opToro

HaJihHhlX rrpoeKTOpOB 

Pu = I: I: IY1~(n;)) (Y{~(n;)I, P. = I: I: IY1~(!1;)) ( Y{~(n;)J. (33) 
L¢t: ab LEt: ab 

TaK KaK rrpeo6pa3oBaHne (7) yHnTapHo n coxpaHHeT rnrrepMoMeHT, To rrpencTaBJieHnH (33) 

mrnapnaHTHhl OTHOClfTCJihHO Bh!6opa lfHJlCKCa i = 1,2,3. I1o3TOMY PHJlhl (16) n (17) 

MmKHO 3allHCaTh B 6onee KOMIIaKTHOll qiopMe: 

Vt = P,., vk , v,: = P. Vi , k == 1, 2, 3, (34) 

10 

' i. 
\ 

I 

'~ 
! 
I 
/ 
I 

1 
l 
I 

I 

) 
t 
I 

rne !IpOCKTOpbl IIOHUMaIOTCH, KaK cyMMhl (33), 3a11ncaHHh!e B TOM )l(C KoopnnHaTHOM 

npencraBJieunu (rkl, 'ITO n B3aHMOJieiicTBHe Vi- If3 cooTHOIIIeHnii (2) n (34) cnenyeT 

l!CIIO'IKa paBCHCTB 
3 3 

L ½'=I: P.Vi=P.V=0, (35) 
k=l k=l 

cnpaBCJlJilfBall B mo60M H3 Tpex KOopnnHaTHbIX 1IpCJlCTaBJICHlfHX, 6naronapH yrroMHHJTOll 

BbllllC HHBapnaHTHOCTlf rrpoeKTopoB. TaK KaK V If P. 3pMIITOBCKlfe orrepaTopbI, TO H3 TO

lKJICCTBa P, V = 0 cJienyeT, 'ITO VP,= 0. 3Ha'IHT, [P., V]_ = 0, a TaK KaK Pu = I - P,, 

TO [Pu, VJ_ = 0. CnenoBaTCJihHO, o6a rrpoeKTopa P, n Pu KOMMyTnpyIOT c rronHhIM ra

MHJihTOnnanoM El = Ho - V. ITo:iTOMY co6cTBCHHh!e 'IlfCJia Pu orrepaTOpa Pu l!BJIHJOTCH 

coxpaHl!IOll.{lfMlfCH KBaHTOBb!Mlf 'IIICJiaMII. JII06al! q>YHKl!IIH u Il3 IIOJlIIpocTpaHCTBa 

U' = Pu A' HBJil!eTcl! co6cTBeHiloii JIJIH orrepaTopa Pu II OTBC'IaeT ero co6cTBeHHOMY 

3Ha'ICHHIO Pu == 1. JII06al! qiyHKl!lfH s lf3 opTOI'OHaJibHOro JlOIIOJIHCHlfH s• = P. A' IIOJl

rrpocTpaHCTBa U' no rrpocTpaHCTBa A' rrpnHannelKnT HJlpy orrepaTOpa Pu, T.e. oTBe'IaeT 

co6cTBeHHOMY 3Ha'IeHHIO Pu == 0. 

IJoHCHIIM B KaKOM CMbJCJIC rrpoCTpaHCTBa U' If S' OpTOI'OHaJibHbI. IJo orrpenene

l!IIIO (33) rrpoeKTOpOB Pu If P, !IOJ!Hhlll Ha S5 6a31fC IIpOCTpaHCTBa U' lfJIII S' o6pa3JIOT 

rI1rreprapMOHI1KI1 (6) c L f:_ [ nJin c L E [. ITo:iTOMY 3TII rrpocTpancTBa opTOroHaJihHhl 

npyr npyry, BOo6me roBopH, TOJihKO OTHOCIITCJibHO lfHTerpHpOBamrn: Ha cqiepe S5, 
0

HO !IO 

JII06oii Il3 Tpex ( i == 1, 2, 3) COBOKYIIHOCTCU I'IIIIepyrnoB !1;. 

B ypaBHeHne IllpeJIIIHrepa (3) rroncTaBIIM ncKOMOe B KJiacce A' pemeHile lj/ B BIIJlC 

CJMMbl lj/ = u + s ero opTOI'OHaJihHb!X rrpoeKunii u = Pu lj/ II s = P, lj/ Ha IIOJIIIpocTpaH

CTBa U' If S'. IfcIIOJib3JH paBCHCTBa (33) - (35), CIIpOCKTlipyeM IIOJIJ'ICHHOC ypaBHCHlfC 

ua 3Tl! IIOJlllpocTpaHCTBa. TaK!fM o6pa30M, B IIOJI!IpOCTpaHCTBC s· IIOJIJ'IlfM TO)l(JlCCTBO 

S = 0, a B IIOJl!IpOCTpaHCTBC U' - ypaBHCHlfC 

( Ho - E) U = - ( Pu V) U. (36) 

B cnJiy TOlKJieCTBa S = 0 crreKTp (lj,, E) ncxonuoro ypaBneHnH IllpennHrepa (3) coBrra

naeT (1j, = U) co crreKTpoM (U, E) ypaBHe11n11 (36). 

IlpocyMMnpyeM pe3JJibTaTbl llCCJICJlOBaHilll ypaBHCHIIH IllpennHrepa B BHJlC CJICJIYIO

mero YTBCplKJlCHHH. 

TeopeMa 4. Ee.flu B ifjy11.n-quo11.a.11b11.o.M. npocmpaucmae A' Bbzno.1111.J110mcJ1 yc.11OBU.H (11) II 

(12), mo .J1.106oe 11.empuBUa.J1.b1toe pewe11.ue \Ji ypaB11.e11.u.H filpeau11.2epa (3) npu11.aa.J1.e;JJcum 
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U1t6apua11.m11.o,11y noJnpocmpaucmay ue onepamopa Pu . .YcJW61le (12) paa110c1ub110 .Ja-
1-ouy coxpaueuuJI 1-aa11.moao20 1111cJta Pu = 1 u onpeJe,,tJiem ,1111.o:>1Cecmao £ nocpcJcmoo.H 

0JuopoJ11.b1X ypaoueuuu (15) uJtu (19). 

4. YP ABHEHM5I <l>A.Il.IlEEBA 

AHamn c11cTeMbI ypaBHemrii: <lla.n.ueeBa (5) 11 ee o6mero peIUemrn (1¥1, 1¥2, 1¥:i), np11-

Ha.nnei1rnmero KJiaccy Ae B enyqae £ # 0, Ha'-!neM C 11ecne.n0Ba!Ulll xapaKTCpHL!X eBOHCTH 

npoeKUl1ll Uk 11 sk KOMilOHeHT TaKoro peIUeHl1ll Ha no.nnpoeTpaHCTBa ue 11 S'. 

IIo onpe.neJICHll!O npoeKT0p0B (33) 11MCeM 

Wk=Uk+sk, uk=Pu'Vk, sk=P,Wk k=l,2,3. (37) 

HanOMlll1M, '-ITO B Teop1111 <lla.n.neeBa KalK.D;al! K0MIIOHeHTa 1¥ i 11 ypam,crme ClleTeMI,[ ( 5 ), 

co.nep)l{amee 3TY K0Mil0l!eHTY B CBOell JICBOll qaeT11, 3aI111CbIBa.eTCll H TIX eo6CTHCIIIIOM 

npe.ncTaBne111111 ( r J 
lloKalKeM, '-ITO, ecJIH Bee TpH npoeKUHH U1 , U2, U3 TO)l{,neeTBe11110 ne paBHLI uyrno, -ro 

11X eyMMa o6na.naeT anaJIOr11'-!Ilb!M CBOlleTBOM B CMLICJie 

3 

(r;ILUk(rk))c/0, i=l,2,3. 
k=I 

IIpe.nnoJIOlK11M npOT11BHOC: nyeTb B npocTpaHCTBe 'R,6 
BCpIIbl Tp11 TOlKJJCCTBa 

3 

(r;I I:Uk(rk)) = 0, i = 1,2,3. 
k=I 

3aMeHl1M B 3Tl1X TOlK.IJ;eCTBaX BCe CJiaraeMblC pll.naMH 

Uk(rk) = LL ukLab(r) Yi;J,(Ok) 
L<f_£ ab 

(38) 

(39) 

no HX co6cTBCHHblM nOJ!HblM yrJIOBblM 6aJ11caM npoeTpaHCTBa ue. CnpoeK'rnpoHaB 1]0-

JIY'-ICHHbIC TO)l{)];CeTBa Ha TaKHC 6a3HCbl no npaBHJiaM (7) ll (8), .D;Jill KalK/IOl'O cjl11KC11pO

BaHHOro £ fc £ HMeCM o.n11opo.nHyro c11eTCMY TOlK)ICCTB no nepeMCHHOH. r: 

U;Lab(r) +LL (ablK(,,k,)lcd)u ukLcd(r) = 0, (40) 
kepi cd 

r;re i = 1, 2, 3, a mmeKebI a, b n c, d npo6eraroT Bee .nonycTl1Mhie np11 ;ra11111,1x L, f. 11 u 

3Ha'-ICHllll, MaTp11ua Cl1CTeMhI (40) coBna.naeT C MaTp11uei1. ML e11eTeMI,1 (19), OTBC'Ia

IOIUeH. TOMY )KC 3Ha'-!CHl1IO £. IIo onpe)IeJieHl1IO M!IO)l{CCTBa £ TaKall MaTpnua !IC Hb!pO

lK.D;CHa. IIo aJII,TCpHaTHBC <llpe.uroJibMa (10] paecMaTp1rnaeMall OJIHOpo.u11a51 el!CTCMa ( 40) 
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C !ICBI,Ipo:n-;,re111Io11 MilTJ)HIJCl1 JIH6o IICCOBl\leeT11a, m160 IIMCCT JlllIUL Tpl!Blla.'lbHOC pe1Ue-

1111e. IloJ1y•1e1111oc npOTl!BOpC'-ll!C 031la'-!ae-r, '-ITO OJIHOBpeMeHHO HeTpl!Blla.'IbHLie e.1arae

Mhle U1' U2, U3 cpaJIJ~CCBCKHX KOMilOIICl!T (37) BCer)Ia o6nanaroT CBOH.CTBOl.l (38). 

A11a.1orH'-IHI,rM o6pa3oM MOlKHo noKa3aTb 11 6onee o6mee yTBeplK.UeHne: cyi.nia Tpex 

rno61,1x O)!l!OBpCMCIIIIO IICTpHBHa.JihllhlX cpyHKIUIH, 3an11ca11111,1x B HX co6cTBeHHhlX Koop

Jll!l!aTIIhlX npeJJCTaBnemrnx II np1111aJIJIClKaIII11X nonnpocTpaHCTBY U', TOlKJiee·Tse11110 HC 

paH11a ny,rro. 

Tc1Icp1, JIOKalKcM, '!To cnaraCMhIC S1, S 2 , S3 cpa.n.ueeBCKllX KoMnonenT (37) Bcerna yno

HJICTBop5110T HO BCCM IIp0CTpa11CTBC 'R-6 TpCM TOlKJICCTBaM 

:i 

(r,II:Sk(rk))=0, i=l,2,3. 
k=l 

( 41) 

B ypas11c1Ittl!X (5) :iaMcimM Bee i-icKOMhlc cj>yHKUHII cyMMaMH (37). CnpoeKTnpoBaH no:1y-

'!Cllllh!e ypaHIICIIJ.151 C ll0MOIIjl,10 paHC!ICTB (33) - (35) na ITOJIITpOCTpancTB0 S'' BhlllO)Ill~I 

cJie.uy101u11e ypaa11c111rn: 

3 

(llo-E)S;=-P,V; L(Uk+5h), i=l,2,3. (-12) 
k=I 

OnnmcM pcmeHllll COOTHCTCTBJIOIIJHX OJif!OpOJJIILIX ypaBHCilllli 

( Ho - E) S, = o , i = I, 2, 3. (·13) 

KaK H3HCCTIIO [5, 6], npn E < 0 H KJiaccc A' l!MCIOTC51 Tom,Ko TJH1B11ru11,111,1<' pc·u1r1111l!. 

CCJ!ll lKe E > 0, TO mo6oe pcmc1111e - p51J\ 

,~;(r;) = L cL L D[~b Ju2(n.,IF:) Y/;b(n;), 
LE£ ab 

1 = 1,2,:l, (·1•1) 

coneplKaLUHH. pcryJI51p111,lC cpyHK!J1111 l,ccccJill J,,, 11pOH3HOJil,Ill,Ie K0IICTilllTI,I CL II ll('KOT0-

pb!e Ko:icj>cjrnuneHTLI D{~b· CJ1enoaaTeJILIIO, 11pn E < 0 HO BCPM Koop;ru11aT11ol\l npocTp,111-

CTBe 'R,6 
BhlITOJ!IllllOTCll TOlK)IeCTBa 

3 

(r;I L Sk(rk)) = 0, z = 1,2,:l. (-15) 
k=I 

lloKalKCM 3TH TOlKJ\CCTBa B cJ1yqae E > 0. JlJI51 :rroro JaMPHHM cj>ymrn1111 ,'i1, ,'i2, .~·:1 rnoT

HeTcTBJIOIIJHMH cyMMilMI! (44). llpHMCIIHH I!paHHJia (7)n (8), cIIpm,KTIIpycM II0JI_\"1('!1111,1(' 

COOTIIOilICilllll Ila nx c:06cTBCIIJ!l,IC ynmBl,!C 6a311CI,J 11pocTpit11CTBa S'. Tor,ra J(J151 Ka;Kfl()I'(} 

/, E £ llpl!XOJIHM K KOIIC'IIIOH 11, 110 npcJ\II0J!OlKCIIHIO, OlUIOpOJ(IIOii ('[l("['('MC' ypaBll('llllii 

Df~b + LL(ablK('l'h)icd)u ntd = 0, 
kepi rd 

{Hi) 
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r.ue i = 1, 2, 3, a nn.ueKChI a, b, c, d rrp111mMaJOT ace BOJMO;KHhie npn .uannhIX L, f II .a JHa

qemrn. MaTp11ua :JTOH CIICTeMbl COBrra.uaeT C Bb!pOlK,UeJIHOll 110 onpe.ue,1e111110 MI!OlKCCTBa 

E MaTp1mei1: ML c11cTeMbI ypaanem1i1: (19), OTBe'!aJOmei1: TOMY JKe 3Ha'le111110 IIIIJ\eKca L. 

Cne.uoBaTeJJbHo, ecn11 nawe rrpe.unonoJKem1e o crrpaae.umrnocnr cooTHOII1em1i1: ( 45) BCJ>Ho, 

TO cymecTBJIOT KO:J<p<pllUIICHThl Df:,b, O,UHOBpeMeHHO ne paBHb!e l!JJIIO. B IIJ>OTIIBIIOM 

cnyqae, Kor.ua rrpaBall '!aCTb XOTll 6hi O.UHOro ypaBHCHilll CIICTeMbl ( 46) OTJIIl'llla OT HJJill, 

KO:J<p<plU\IleHTbl Df:,b ne cywecTBJIOT, T .e. rrpe,ucTaBJJeHile ( 44) IIC IIMCCT Meer a. TaKIIM 

o6pa3oM, IIOJIJ'!eIIO rrpOTIIBOpe'!Ile, 03Ha'!a!Owee crrpaBe,UJIIIBOCTh TOlK]lCCTB ( 45). 

B CIIJJY paBeHCTB (43) II (45) <j>yHKl\1111 (44) C KO:J<p<pI1U11e11TaM11 Df:,b, 110.U'llll!Cl!Hh!MII 

ypaBHCHilllM (46), YJlOBJieTBOpll!OT ypaBHeHilllM <l>a.u.ueeBa (5) npII E > 0 II JII06b!X B3aII

MO]lCHCTBill!X. 0,uHaKO 3TII <pJIIKUIIII, 6rraro.uapl! TOJK,UeCTBaM (45), OTBe'la!OT TpllBllaJib

HOMY peweHIIIO ypaaue1111l! Ill pe.u1111repa: 

3 

'¥=1Ii=L!h=0. 
k=l 

HeTpIIBilaJibHOe pe1IIeuI1e CIICTeM.bI ypaaue1rni1: <l>a]l]leeaa, OTBe'!aJOmee TpIIBilaJibHOMY 

pellieHIIIO COOTBeTCTBJ!OIUero ypaBHCHilll lllpeJlIIHrepa, npIIHllTO Ha3b!BaTb JIOlKHblM pe-

1IIeHI1eM. Cch!JIKII Ha pa6oTbl, noCBl!IUeHHble rrpo6JieMe JJOlKHb!X pe1IIel!IIH, ,ual!bl B o6-

3ope [8]. KpI1TepI1i1: cywecTBOBaHilll TaKIIX pe1IIen11i1: B KJiacce A' ,n;oKa3aH B pa6oTe [13]. 

KaK 6b!JIO noKa3auo, o6wee pe1IIeHI1e (S1,S2,S3) CIICTCMbl ypaaue11IIH (42), 

3 

S; = -( Ho - E)-1 P.V; L Uk+ S;, i = 1,2,3, (47) 
k=l 

co.ueplKIIT JIOJKHoe pe1IIeHI1e (Si, S2, 53), 3a]lannoe <j>opMynaMII (44) 11 (46). CyMMIIPYll 

TPII paBeHCTBa (47), 3aIIIICal!Hhie B IIX co6CTBell!IhIX KOOp.UIIHaTl!blX npe,n;cTaBJICHilllX, 11, 

J'IHTb!Ball <j>opMJJ!bl (35) II ( 45), 3aBep1IIaeM ,UOKa3aTeJibCTB0 TOlK,UCCTB ( 41 ). 

McnoJib3Jll npe.ucTaBJJeHilll (37) II TOlK,UCCTBa (47), cnpoeKTilpyeM ypaBHCl!Illl (5) Ha 

no.urrpocTpa11cTBO U'. Tor]la noJIJ'IIIM cncTeMy ypaBHCHHH 

3 

(Ho-E)U; = -Pu V;w = -Pu V; L Uk, i = 1,2,3, (48) 
k=I 

He co.ueplKaIUy!O HU JIOlKl!b!X cJiaraeMblX rrapHb!X B3aIIMO,ll;eHCTBIIH, IIH npoeKUIIH <j>a,n;.ue

eBCKIIX KoMnoneHT (37) ua rromrpocTpaHcTBO S'. Bee pellleHilll ( U1, U2, U3) :noi1: CIICTeMbl 

rrpn11a.urreJKaT rrpocTpaHCTBY U' II II03TOMY o6na,ua!OT ,n;onoJIHHTeJibHb!M K na6opy C: KBal!

TOBbIM 'IIICJIOM Pu= l. B CIIJIY COOTl!OIIIeJll!ll (37), (38) II (41) KalK,UOMY HeTpIIBHaJibHOMY 
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pewe1m10 ( U1, U2, U3) OTBe'!aeT HeTpIIBilaJibHoe pe1IIeHI1e ( 4) ypaa11eHI1ll lllpe,uIIHrepa (3) 

3 

'¥ = L Uk, (49) 
k=I 

ne co.uepJKan1ee npoeKUHH sk, k = l, 2, 3. Ilo 3TOH npil'IIIHe cnaraeMble Uk n sk <j>a,n;

.ueeBCKOH KOMnOHeHTbl '¥k, T.e. KalK,UOH CJMMbl (37), Ha3b!BaeM ,n;anee ee <pH3Il'!eCKIIM n, 

COOTBCTCTBemm, J!OlKHblM CJiaraeMb!M. 

llnll rroJIHOTbI paccMoTpIIM oco6bIH cny'laii, Kor,n;a E # 0, Ho U1, U2, U3 = 0. B :JTOM 

rny'lae no <j>opMyJiaM (37) 11 (47) IIOJIJ'!aeM wk= sk = sk, k = 1,2,3. Ilo:JTOMy llC

XO,UllblC ( CTaH,n;apTHbIC) ypaBHeHUJ! <l>a.u.ueeBa ( 5) IIMe!OT TOJlbKO JIOlKHble peweHUJ! ( 44), 

( 46), a COOTBeTCTBJ!OIUal! UM BOJIHOBal! <pJHKUllll ( 49) J!BJIJ!CTCJ! TpUBilaJibHOH. Mo,n;n<j>u

UilpOBaHHble ypaBHeHUJ! <l>a,n;,n;eeaa_ ( 48) no IIX nocTpoeHUJO He IIMe!OT JIOlKHb!X pellleHUH. 

KaK 6h!JIO noKa3aHo, JIOlKHhle cnaraeMble napHb!X B3allMO,ll;eHcTBllll nopo2K,n;a10T Jl())K

Hhle n, Boo6we roBOpll, HeTpllB!IaJibHble CJiaraeMble ( 47) <j>a,n;,n;eeBCKlIX KOMIIOHeHT (37) . 

IlpnBe,UeM cxeMy .UOKa3aTeJibCTBa o6paTHOro YTBCplK,ll;eHIIJ!: CCJIU <j>a,n;,n;eeBCK!Ie KOMIIO

HCHTbl lIMe!OT JIOlKHhle CJiaraeMhle, TO lI rrapnue B3aUMO,ll;eHCTBUJ! co,n;ep2KaT JlOlKHble 

cnaraeMble. 

IlycTh BepHbl rrpe,n;CTaBJieH!IJ! (37) n TOlK,ll;eCTBa (38) u ( 41 ). CrrpoeKTnpyeM :JTU TO

lK,ll;eCTBa Ha noJIHbIH yrnoaoii: 6aJnc (6) npocTpancTBa A'. IlpnMennB aJihTepnaTnBy 

<l>pe,n;roJibMa, ,ll;OKa2KeM '!TO cymecTBJeT HeKOTOpoe MHOlKeCTBO £ TaKUX 3Ha'!eHUH L, 

'!TO nerrO'IKlI noJiy'leHHhIX Heo,n;nopo,ll;Hb!X UJI!I O,UHOpO,ll;Hb!X CllCTeM ypaBHeHUll ,ll;JIJ! ru

rrepc<j>epn'leCKUX KOMIIOHeHT UkLab UJIU SkLab CJiaraeMh!X Uk UJIU Sk, k = 1, 2, 3, UMe!OT 

neTplIBUaJibHble pewennl!, ecnn L ¢:. E mm, coOTBeTCTBeHHo, ecnn L E £. Bae,n;eM npo

eKTopb! (33). Ilo,n;eii:CTByeM npoeKTOpOM P. Ha ypaBHeHUJ! (5). Y'!TeM TOlK,ll;eCTBa (38) 

n (41). TaKUM o6pa30M nOJIJ'lllM Tpn BbIITOJIHJ!!OIUUXCJ! paBeHCTBa (47). CyMMIIpyll nx 

n BBe,n;l! o6o3na'!ennll Vk• = P. Vi, k = 1, 2, 3, npuxo,n;nM K TOlK,n;ecTBaM (12), 03Ha'!aro

IUIIM, 'ITO JIOlKHhie CJiaraeMhle napHb!X B3alIMO,ll;eHcTBUH cymecTBJ!OT. qT06bl onncaTb 

MH02KeCTBO £ U TeM caMhlM 3aBeplllUTh ,ll;OKa3aTeJihCTBO, npnMCHUM TeOpeMy 1. 

Terreph MOlKHO c<j>opMyJJupoBaTb ,ll;OKa3aHHblll KpnTepni1:. 

TeopeMa 5. B 'K.,wcce ifiyn'Kv,uil A' ifiaJJeeBC'KUe 'KO.M.nonenm1,1, noJ•wnennble cman

Japm1tbl.M. ypaB1te1tUJl,M, <J>aJaeeBa (5) C V,e1tmpUJ1b1tbl,M,U nap1tbl,M,U B3llU.M.OJeuCmBUJl.M.U, 

u.M.eiom J!O;)IC1t1,1e c.ia2ae.M.b1e mo2Ja u mo.ib'KO mo2Ja, 'Ko2Ja J.iJI 3mo20 'K.iacca cy14e

cmBy10m .io;)IC1tb1e c.ia2ae.M.bie ma'Kux B3au.M.oJeucmBuil. 

06cy,n;nM <j>opMynnpoaKn (3), (5) n ( 48) 3a,n;a,rn Tpex qacTIIll c TO'IKII 3pennll 3aKona 

coxpaHeHnl! KBaHTOBoro '!l!cJia Pu = 1. 
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CorrracHo npe,ucTaBrremuo (37), pewemrn cTan.uapTHbIX ypaBHeIIIIH c:f>am~eesa (5), Bo

o6rn;e roBopH, He o6rra,uaIOT KBaHT0BbIM qlICJI0M Pu = 1, .ueiicTBIITeJibHO Pu IV k = Uk f IV k, 

k = l, 2, 3. O.uHaKo, 3TIIM q1IcrroM o6rra,uaIOT qJIIJ1IqecK1Ie crraraeMble ( U1, U2, U3) TaKIIX 

perneHIIll n HX cyMMa ( 49), T.e. B0J!H0BaH q,yHKUllH IV, Y.U0BJieTB0pmorn;aH ypaBIWIIHIO 

Illpe.un11repa (3). c:f>n31IqecKne cnaraeMble U1, U2, U3 no,uq1111eHbI MO.U1Iq,mu,1potta11111,1M 

ypaBHeHHHM c:f>a.u.ueeBa ( 48). 3TII ypaBHemrn, KaK II ypaBHeHIIe Illpemmrcpa (3), C0JICp

)KaT Jlllillb qJH3llqecKHe CJiaraeMble napHbIX B3allMO.UeiicTBIIll. Ilo3TOMY 3KBl1BaJICIITII0CTJ, 

MO.UIIqJIIUHpoBaHHbIX ypaBHeHI!ll c:f>a.u.ueeBa II ypaBHeHHH Illpe.u111irepa He HI,13h!BaCT co

MHeHIIll. B CHJIY 3TOll 3KB11BaJieHTH0CTll 11 rrpe,n;cTaBJieHl151 ( 49) 11CX0,UHa51 CJ1CTCMa ypaB

HeHllll c:f>a.u.ueeBa (5) TaK2Ke 3KBIIBaJieHTHa ypaB11e1111IO IIIpe.UIIHrepa (3), IICCM0Tp51 11a TO, 

qTQ 3Ta CIICTeMa co.uep2KIIT J!0)KHblC crraraeMbie II B3alIMO.UeiicTBllll, ll cjia.u.uccBCKl1X K0M

Il0HCHT. Crre.noBaTeJibHO, IICKJIIOqeHHe JI0)KllbIX crraraeMbIX II3 CTaH.uapTiihIX ypaBIICH11H 

c:f>a.u.ueeBa He 5IBJI5IeTC51 neo6xo,UIIMbIM, HO, KaK 6y,n;eT IT0HCHeH0 HJ12Ke, npe,UCTaBJIHCTCll pa-

3YMHbIM .UJIH 3K0H0MII3aUIIII arrroplITM0B q1IcJieHnoro perneHIIH 3TIIX ypaBHe!lllll MeT0JlOM 

rmreprapM0HIIK. 

KaK 6blrro noKa3aHo, .UJIH 1ICKJIIOqeH1IH Bcex rro2KHbIX cnaraeMhIX V{ II Sk, k = l, 2, 3, 

II3 CTan.uapTHhlX ypaBHeHIIll c:f>a.u.ueeBa (5) cne.uyeT yqecTh 3aK0H coxpa11eI11Ill KBaHTOBOf"O 

qncna Pu = l. 3ro M02KH0 c.uenaTh crre,uyIOrn;IIM o6pa3oM. CHaqana 11eo6xo,U1IMO 11ocrpo-

1ITb npoeKT0p Pu, npe,n;JI0)Ke!IHbIM B pa3,n;erre 2 cnoco6oM. 3aTeM IIOTpe6osaTh, 'IT06bl 

llCK0Mhie q,a.u.ueeBCKIIe K0MII0HeHThl o6na,uaJIII KBaHT0BhIM qlICJI0M Pu = 1 B J\OIIOJIIIC

HIIe K na6opy c coxpaHHIOIIl;IIXCH KBaHTOBbIX q1Icerr, T.e. II0JI0)KIITb Pu IV k = \JI k = Uk, 

k = l, 2, 3. B pe3yn1,TaTe norryqaTcH ypaBHeHIIH c:f>a.u.ueeBa ( 48) B rrpocTpa11cTBC U'. 

IlorrHbill 6a31IC 3Toro rrpocTpaHCTBa na cq,epe S5 
o6pa3yIOT ne Bee r1IneprapM01111K11 (G), 

a JIIIIlib Te, y K0T0JJbIX £ (/:_ [. llMeHIIO TaKIIe rlineprapM0HIIKI! I! crre.uyeT 11CJ10J]J,:JOllaTh 

.UJill arrrrpoKcHMauim l!CK0MbIX perneHl!ii ( U1 , U2 , U3 ) Koneqn1,1MI! cyMMaMII 11x pa:iJ102Kc-

Hl!ii (39). 

OTMeTl!M, qTo B qacTH0M cnyqae, a l!MeHH0 .UJIH 0CH0BH0ro C0CT051Hllll CJ1CTCMI,1 TJJCX 

T02K,[(eCTBeHHb!X 6o30HOB C 0CUIIJIJIHT0pHLIMII Il0TeHUIIaJiaMI!, JI0)KHh!e cnaraCMJ,Je q,aA

.ueeBCKIIX K0MII0HCIIT BrrepBh!e IICCJie,[(0BaJIIICh B pa6oTe [14]. Ilpo6JieMhI, II0J)0)KJ~acMhJe 

JI())K!lbIMII cnaraeMblMII IlJJII q1IcJie!IH0M perneHIIII ypaBHeHIIll c:f>a.u.ueesa .UJIH Cl!CTCM Tpcx 

T02K,[(eCTBeHHblX 6030!10B C S-BOJIHOBblMII 3arr1Ipa!01I~IIMII II0TCHIU,!aJiaMI!, o6cy2KJ\aJIHCh B 

ofoope [8]. 
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5. IIPMMEPbl 11 3AMEqAHl151 

B Ka'ICCTBC 11p1n1epa paCCM0TflllM c:1yqa11 no.110611bIX llCIITpa.'!bllblX B3al1110,UCIICTBI111 

Vi(xk) = ck F(xk), k = 1,2,3, (50) 

rJ(e Ck II F - IICKOT0JJblC IICIIYJICBbIC K03qJqJIIU11CIITh] H q,yHKUIIll. Yc.'!OBIIH (25). onpe

JtCJll!IOIUHC 'laCTIILJC JIOlKJll,IC CJiarac11LJC ( L qJIIKCllJJOBano ) TaKHX B3am.10.ue1'.icTBIIII .u:rn 

KJJacca cjiy11Kl(HH A, CB0Jll!TCll K coB0Kym1ocTH ycnoBHl1 .U'1ll cTon6ua C: 

N1,"C=O, C=(c1,c2,c3f, a.=0,l, .... L/2. (51) 

llycn, L = 0. Tor.1\a HIIJICKC a. IIJH11111MaeT T0JIJ,Ko 0.11110 3Ha•1e1111c a. = 0. Cor:rac110 

tj>OJJMYJJaM (27) llCC '.JJIC~!ellTbl (2G) 1'laTJJ11IU,1 N°0 paam,I PJllllllll(C !IC 3aBHCIIM0 OT 3Ila'JC

IIHl1 KIIIICMaTll'ICCKHX yrmm, u paccMaTpHBaCMal! CIICTCMa ycJIOBlll1 (51) llhlp0lKJtaCTCll B 

Tpe6oaa1rne 

r1 + C2 + C3 = 0 . 

ECJ111 0110 BhlfI0JIHllCTCll, To, con1ac110 011pc.ucne111110 (:lO), CJiaraeMhlP 

v/•(rk) 

pL(r) 

Ck Ylgo(nk) F 1'(r) = (JLO + Loo) rr-3/2 FL(r) cos L'Pk, 

rrr/2 
('1-L)rr- 112

10 dcp (sin(L+2)cp)2 
F(rcoscp), 

(52) 

(5:l) 

110.uo6111,1x naplll,IX B3aJ1MOJICllCTBllll (50) 6y.11yT •1aCTIII,IMl1 JIOlKl!blMII n1araCMbl1111 (" L = 0 

J~Jlll KJJacca cjiy11K1111ii A. 

3aMCTHM, '!TO JlJlll mo6oii Cl1CTCMbl Tpex T0lKJ(CCTBCIIJII,IX 'laCTHll 11ap11I,J(' B3aH~IOJ(C]l

CTBl151 110.uo6m,1, Ilpl'.I'ICM c, = C2 = C3, II 110'.JT0MY YCJIOB11ll (52) II(' Bblll()JllllllOTCll. 

IlycTh L = 2, Tor.11a ttMecTcll J(BC (a. = 0, I) c11cTeM1,1 ycJIOBHH (51 ). B rnny rnoT110-

me1rnii (10) 11 (2G) - (28) 

N?t = Jk;(-If cos((2- a.)--yki -a.rr/2), det.N2
" = 0, a= 0, l;J.·.i = 1,2,;l. 

llo:JTOMy o6a (a.= 0, 1) IICCJICJ(YCMb!C MaTpH'IIll,JC ycJJOBl1ll (51) Cll0J(llTCll K OJ(ll011 II Toii 

)KC C0ll0Ky1111ocT11 .1myx YCJIOBl111: 

c 1 sin 2,12 = r:1 sin 2,2:1, r2 sin 2--,.12 = C3 si11 21:ll . (.'it) 

EcJIH KO:Jtjlcjm1me11T1,1 c,, C2, C;1 II0J('lillllllOTCll :)TllM ycJI0llllllM, TO ll:JallMOJ(('iiCTllllll ( 50) 

IIMCIOT •1acrm,1c ( L = 2) JIO)Klll,IC ](Jill KJiacca cJ>YIIKl(lll1 A CJlaJ'iH'Mbl(', :iaJtallllbl!' 1jH>p~1_,._ 

JlaM11 (/i3) c L = 2. 
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3aMeTIIM, 'ITO ycnoBllll (52) n (54) necOBMeCTHbl. Tio3TOMY MHO:-KeCTBO £ Jlilll J,JJacca 

A ue ~IOJKeT onuoapeMem10 co.o:eplKaTb 3neMe11TLI L = 0 11 L = 2. 

CTOHT TaKJKe OTMeTHTb, 'ITO ycJIOBHll (54) Bb!ITOJ!Hll!OTCll .0:Jlll JII06ott CHCTeMbl Tpex 

T0JK)leCTBeHHLIX '!aCTHU, Korna c, = c 2 = C3 11 ")'12, ")'31, ")'23 = 71" /3. CnenoaaTem,110, 11on

Hbltt ua6op coxpaUll!OlllHXCll KBaHTOBbIX 'lHCeJI JII06oro COCT0llUHll IIp01i3BOJlbHOH Cl1CTCMhl 

Tpex TOJK.O:eCTBeHHbIX '!aCT11U C ueuTpanLHbIMH napULIMII B3al1MO)leHCTBHllMl1 COJlCplKHT 

'IHCJIO Pu = 1. 

TiycTb B3aHMO.!l,ettCTBllll (50) - KYJI0H0BCKHe: 

F(xk) = 1/xk, Ck= li- 1 ftµ:; Z;Zje
2

, k = 1, 2, 3, 

rne µ;j - np11ae.o:e11uall Macca, a Z;e H Zie - 3apll.O:LI qacTHU c noMepaMH i HJ- Torna 

.O:OCTaTO'lHble ycJIOBHll (52) H (54) cyIDeCTB0BaHHll '!aCTHbIX J!0lKHb!X cnaraeMLIX c L = 0 

IIJll1 L = 2 CBO.O:llTCll K COOTBeTCTBY!Ollll1M ycJJ0Bl1llM 

Z1Z2 
m 1m2 

m1 + m2 
+ Z2Z3 m2m3 + Z

1 
Z3 

m2 + m3 

m1m3 

m1 + m3 

( 

m; + m3 )3/2 ( m3 , ) t/2 
(Z, 8;2 + Z2 c5;t) --- = Z3 c5 c5 

m, + m2 m, ;2 + m2 it 

a q>OpMyJILI (53), Oill1Cb!Ba!Ollll1e TaKHe cnaraeMLie, IIpllHHMalOT BH.!l, 

Ls ~ ( L) 16 vk (rk) = Z;Zjy2µ;j 1 - 10 37r2r cos Lcpk' k = 1, 2,3, 

=0, (55) 

l = 1, 2, (56) 

L = 0,2. 

Bcn11 Z1, Z2 , -Z3 = ±n, n = 1, 2, ••• , TO cooTHOIIIen11e (55) BLIII0J!HlleTCll JlJ!ll 'laCTHU 

C MaccaMH m1 = m2 = 7m3. C OTHOCIITeJ!bHOH TO'lH0CTblO 10-
3 

TaK11e MaCCbl HMe!OT 

CHCTeMLI, B K0T0pb!X 0)lHa qacTnua - aHTIIIlp0T0H (npoToH) (m3 ~ 1,007 aeM ), a JlBYMll 

.o:pyrnMII '!aCTIIUaMH llBJIJIIOTCll TI0J!0lKHTeJ!bH0 (0Tp11uaTeJILHO) 3aplllKeHHLie IIOHLI aTOMa 

7 Li (m1 = m 2 ~ 7, 02 aeM [15]). 

B cny'lae Z 1, Z 2/2, Z3 = 1, o6a (i = 1, 2) ycnoBHJI (56) BLIII0J!Hl!IOTCJI, ecnn m1, m 3 = 1 

aeM, m 2 ~ 4, 09777 aeM nn11 JKe npn m 1, m3 = 2 aeM, m2 ~ 8, 19548 aeM. Bnn3KHe K 

yKa3aH!Ib!M 3Ha'!eHHllM Mace HMeeT Cl1CTeMLI H3 JlBYX npoTOH0B (m1 = m3) H JlBYX3apl!.!l,

noro noua 4 H++ ( m2 ~ 4, 0026 aeM ) nnn, C00TBeTCTBemm, cncTeMa H3 JlBYX .!l,eHTpOHOB 

(m1 = m 3 ~ 2,0141 aeM) n JlBYX3apl!JlHoro nona 
8 Be++ (m2 ~ 8,005 aeM [15]). 

qT06bl TI0llCHHTL npHKJ!aJ{H0e 3Ha'leHne nony'leHHbIX pe3yJILTaT0B, o6cyJlHM npo-

6neMy BL16opa peanncTn'leCK0I'O na6opa napHLIX B3aHMOJ{eHCTBHH H3 JlBYX pa3Hb!X na6o

poB A= (Vi, Vi, Vi) n A= (Vi, V2, ½), 0JlnHaK0B0 xopomo onnc1,rna10ll1HX ace nMe10mnecJ1 
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Jlalllll,IC 110 paccel!IIIIIO H CIICKTpaM B Ka:-Knoi\ nape UeK0T0pblX qacnm a, b. C. vb Ta1mx 

<pa30BO'.JKBJ1BaJICIITlll,IX ua6opoB IIpl111llT0 C'lHTaTL peanHCTH'lCCKHM TOT, HCl10.'!b3Yll K0-

TOJ)LIH YJlaCTCll :1y<1111c OIJl1CaTL BC!O HMeJOUlY!OCll C0B0KYllU0CTb .!l,aUHLIX 0 CBOlfCTBax 

Tpcx<Jacn1,111oj:\ nH"J'eMI,I abc. Ecm1 o6a aa6opa A n A ne HMeJOT JJ0lKHLIX C.'!arae111,1x. 

TO YIIOMllHYTLIH 06111cnpHUllTLIH peuenT npe11cTaBJilleTcl1 uenpoTI1Bope'lHBLIM. 

Tiycn, ua6op i1 MMceT JIOlKHLJc c:1arae~11.1;, a na6op A ue o6naJLaeT TaKoBLnm. Ec:111 

Jlllll B1,l'IHCJ1e1111h 110 ypasnem1l!M Illpcn111II'cpa mm <l>a.o:,neeaa 11cnon1,3ycTCll na6op A. To 

HCCJICJlYCMI,JC CBOl1CTBa CHCTCMLJ abc onpcneJill!OTCll BCCMH B3all1!0JlC11CTBl1ll!\111 Vi,,~;, \~3. 

EcJII! )KC Jl)lll anaJJ0l"ll'llll,IX Bhl'lllCJICUHH l!Cll0Jll,3YCTCll na6op A, TO CBOHCTBa TOi"I lKC 

CHCTCMhl abc 0IIJ>CJlCJllllOTOI UC BCCMH B3aHMOJlCHCTBHllMH Vi, V2, V3, a Jllllllb IIX q>H3II'le

CKI1Mll CJiaraCMLIMll \~"' \~"' "".1". u paCCI\I0TJ>Cllll0M CJ!y<Iac 061llCllJ>HHl!Tbll1 pCll('IIT Bbl-

6opa J>CaJJHCTH'lCCK0J'0 na6opa OKa3hIBaCTCll IICKoppcKTIII,IM 110 JlBYM IIJ>11'JHila~t. 

Bo-ncpBLIX, CCJlll B3itl-lMOJICHCTBl1ll B Cl!CTCMC abc 0lllICI,JBaIOTCll ua6opoM ('1) A. TO BC'(' 

ce COCTOlllll1ll ( He )06J1a)laIOT KBaHT0BhIM 'IIICJIOM Pu = 1. Bo-BTOJ>hlX, ua6opy .1 ronocra

BJlllCTCll uc ua6op A, a 11a6op A"=(½", Vi", V3"). 

CJJe)lOBaTCJll,HO, JlJJll KoppcKTII0l'0 BhJ6opa peaJIHCTJ1'IeCK0ro na6opa U:! ua6opoB A II :1 
cpaBIIHTCJJLHhJM a11am13oM Tpex<JaCTH'llll,IX ;1a1m1,1x uco6xo,1111Mo, 'lT06h! o6a ua6opa ,11160 

IIC HMCJIJ1 JJO)!(IILIX CJJaraCMI,IX, 111160 HMCJIH JI0)!(IJI,IC CJiaracMbIC, 0llpCJlCJJCil!lhlC 0Jllllll\l II 

TeM )KC MII0)!(CCTB0M £. 

Tipo6ncMa BbJ6opa pcan11cTll'ICCKl1X 11apm,1x B3al!M0JlCHCTBHH 'laCT0 B0311HKaCT H llJICp

llOH <pll3HKC 11113KHX :mcpl'HH. B IIJ>CJlCJIC lll13Kl1X :mepl'IIH xop0llll1l\1 11p116J11J)!(('IJll('1I C''lll

TacTCll 3aMclla Cl!Jll,III,IX B3al1MOJ1CHCTBHH HX 8-BOJIIIOBI,JMII K0l\lll0ll<'IITa.MH. ]{ill! KJJarca 

tj>yuK1111tt A' TaKnc K0M11011e11n,1 cyMMhI (13), B K0Top1,1x a = ( 11 b = 0. llo:JTm1y 

ycJJOBHll, onpe;.1cJ1l1J0lllHC JJOlKIII,Ie CJJaraeMLIC S-BOJIIIOHhlX B3allMOJ{CliC'rBnii - 0;1110po;1-

HLJe ypaBIJCIIHll (15), B K0T0pblX ½~f = 0 np11 BCCX r;, i = 1,2,3 11 a-/ (,b-10. 

6. 3AKJUff4EHME 

Oc11oa111,ic TcopcTw1ecK11c pc3ym,raTI,I 11acTOlllllCH pa6oThl nl>opMym1poHa111,1 H BIIJIP 

TeopcM I - 5. 1Ip11Mcp1,1 HCII0Jl1,30Ba1111l1 :JTHX pc:iym,Ta.T<>B H HX IIPHKJiaJuJO<' :111a•l('IJII(' 

o6cylKJICIIJ,J H 11pc;11,1;1y11ieM pa3JlCJie. KaK CJICJlJCT 113 :JTOl'0 o6cylKJ!<'llllll. 11po6JJ{'l\Jil :1olK

llh!X CJia!'aCMbIX B :ia.11a'JC Tpcx 'laCTHll llpc;1cTaBJll1CTCll JI0CTaT0'l110 BitlKIIOH II IIIIT<'IH'('IIOII 

JlJJll JlaJll,IICttlllCl'(J 11CCJlCJ\0Balll1ll. 
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TTym1weB B.B. PS-99-314 
Jlm1rnue cJiaraeMhie B 3~aqe Tpex 1.JaCTHU 

MeTO,Q rnneprapMOHHK npm.1em1eTC5! M5! ITOCTpoeHmI pa36HeHHH ueHTpaJih
HhIX napHh!X B3aHMO.QeHCTBHii H qi~eeBCKHX KOMITOHeHT BOJIHOBOH qJYHKUHH 
TpeX'-laCTH'-IHOH CHCTeMhl Ha qJH3H'IeCKl!e H JIO,KHhie CJiaraeMhie. Cj'?,!Ma qJH3H'-le
CKHX CJiaraeMhlX B3aHMO.QeHCTBHH, HJIH qi;µmeeBCKHX KOMITOHeHT, no BCeM napaM 
qacTHU OTJIH'-IHa OT uym1, B TO BpeM5! KaK CYMMhl JIO,KHhIX CJiaraeMhlX H B3aHMO
,QeHCTBHH H qi~eeBCKHX KoimoHeHT no BCeM napaM '-laCTHU TO,K,QecTBeHHO paB
Hhl Hymo . .[loKa3aH KpHTepHH cywecTBOBaHH5! JIO,KHhIX CJiaraeMhIX. TToKa3aHO, •ITO 
,QOCTaTO'-ll!Oe ycJIOBHe 3TOro KpHTepm1 3KBHBaJieHTHO JaKoHy coxpaHeHH5! HeKOTO
poro KBaHTOBOro 'IHCJia. 

Pa6orn BhIITOJIHeHa B Jla6oparnpuu Teopern'IeCKOH qJH3HKH HM. H.H.Eoromo-
6oBa 0J15U1. 

TTpenp1111T 061,emmemwro 1mcrnryra J1.Uep11L1x HCCJ1e.uosa1111ii . .Ily611a, 1999 

Pupyshev V.V. PS-99-314 
Spurious Terms in Three-Body Problem 

The method of hyperharmonics is applied to construct the splitting of central 
pair interactions and the Faddeev components of the three-body wave function 
into physical and spurious terms. The sum of physical terms of the interactions or 
Faddeev components over all pairs of particles is not equal to zero, while the sums 
of spurious terms of the interactions and the Faddeev components over all pairs of 
particles are identical with zero. The existence criterion for spurious terms is 
proved. It is shown that a sufficient condition of this criterion is equivalent to the 
conservation law for a quantum number. 

The investigation has been performed at the Bogoliubov Laboratory of 
Theoretical Physics, JINR. 
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