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KpttTepmI OCUHJIJI.HUHOHHOCTH ,nJUI .nmpcpepeHUHaJibHbIX ypaBHeHHH 

BTOporo nop.H,nKa HeiiTpaJibHOro Tttna co CMernaHHbIMH apryMeHTaMH 

B pa6oTe yI<.a'.laHO, '!TO .nncpcpepeHUHaJibHOe ypaBHetttte HeiiTpaJibHOro THila 

(x(t) + PtX(t - t 1) + p2x(t + t 2))
11 = q1(t)x(o"i(t)) + qz(t)x(o"i(t)) 

c JanaJ,UhIBaIOII.{HM tt onepe)KaJOII.{HM apryMeHTaMH 6y.neT OCUHJIJI.HUHOHHblM nptt 

onpe.neneHHbIX ycJIOBH.HX Ha K03!p!pHUHeHTbl H apryMeHTbl. OcHOBHbIM cpe.ncTBOM 

.HBJI.HeTC.H IlOJ:{XOMII.la.H TeopeMa cpaBHeHH.H. 
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Oscillation Criteria for Second Order Neutral Differential Equations 
with Mixed· Arguments 

It has been shown that neutral differential equation 
II 

(x (t) + p1x (t - t 1) + p 2x (t + t 2)) = q1(t)x ( cr1(t)) + qi(t)x ( crz(t)) 

with delayed and advanced arguments oscillates under certain conditions on coef­
ficients and arguments. The main tool is suitable comparison theorem. 
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BBE,IJ;EHHE 

UeJihlO HaeTo.mn;efi pa60TbI JIBJIJieTeJI yeTaHOBJiemrn HeKOTOpbIX HOBhIX KpH­

TepHeB oen;HJIJIJIQHOHHOeTH ,D;JIJI ,n;mpq>epeHQHaJ!hHbIX ypaBHeHHfi BTOporo rro-

pJI,D;Ka HefiTpaJibHOro THila BH,D;a ' 

rrpHqeM rrpe,n;noJiaraIOTeJI BhIIlOJIHeHHhIMH eJie,D;yIOIIIHe yeJIOBHJI: 

(a) Pi, Ti, i = 1, 2 IlOJIO:lKHTeJibHbie noeTOJIHHbie; 

(6) q; E C([t0 , oo), R+), i = 1, 2; 

(1) 

(n) <1i E C([to,oo),R+) TaKHe, qTO <11(t) < t, <12(t) > t H lim <11(t) = oo. 
t➔oo 

Ilo,n; peIUeHHeM ypaBHeHHJI (1) 6y,n;eM rro,n;pa3yMeBaTb HerrpepbIBHYIO nern;e­

eTBeHHYIO q>yHKQHIO x(t), onpe,n;eJieHHYIO Ha [Tx, oo) ,D;JIJI HeKoToporo Tx > t0, 
TaKyIO, qTQ Bblpa:lKeHHe x(t) + P1X(t - Ti) + P2X(t + T2) JIBJIJieTeJI ,D;Ba:lK,n;bI 

HenpephIBHO ,D;Hq>q>epeHQHpyeMbIM, H y})aBHeHHe (1) enpane,n;JIHBO rrpH t ~ Tx, 
By,n;eM rOBOpHTh, qTO HeTpHBHaJibHOe peIUeHHe ypaBHeHHJI (1) JIBJIJieTeJI KO­

Jie6JIIOIIIHMeJI, eeJIH ,D;JIJI JII06oro t* > 0 Ha ( t*, oo) eyrn;eeTByeT ero HYJih, B rrpo­

THBHOM eJiyqae 6y.n;eM Ha3hIBaTb ero HeKOJie6JIIOIIIHMeJI. -YpaBHeHHe (1) 6y,n;eM 

Ha3hIBaTh OeQHJIJIJIQHOHHbIM, eCJIH nee ero peIIIeHHJI KOJie6JIIOIIIHeeJI. 

3a noeJie,D;HHe rO,D;hI HeKOTOphre aBTOpbI (eMOTpH, HanpHMep, (1], [4], (61) 
IlOJiyqHJIH ,n;oeTaTOqHbie yeJIOBHJI ,D;JIJI Toro, qT06bI Bee orpaHHqeHHhie (Heorpa­

HHqeHHhie) peIIIeHHJI ypaBHeHHfi HefiTpaJibHOro THila BH,n;a 

(x(t)+px(t±T))" =q(t)x(a(t)} (2) 

6bIJIH KOJie6JIIOIIIHeeJI. MbI paeeMaTpHBaeM 6oJiee o6rn;ee ,D;Hq>q>epeHil;HaJihHOe 

ypaBHeHHe HefiTpaJibHOro THna (1) H rrpHBO,D;HM KPHTepHH oeQHJIJIJIQHOHHOeTH 

,D;JIJI (1), rrpHMeHHMbie TaK:lKe ,D;JIJI ypaBHeHHJI (2). 
UeJihIO HaeToJirn;efi pa6oThI JIBJIJieTeJI o6oeHonaHHe HeKoTopbrx, JierKo rrpo­

nepJieMhIX yeJIOBHfi, ,n;oeTaToqHhIX ,D;JIJI oeQHJIJIJIQHOHHOeTH (1) H o6o6rn;aIOIQHX 

HeKOTOpbre H3BeeTHbre KPHTepHH. 

,[(JIJI neex Q>YHKQHOHaJibHbIX HepaBeHeTB, KOTOphre HerrOJib3YIOTeJI B ,D;aJib­

HefiIUeM, npe,n;noJiaraeTeJI HX BbIIlOJIHeHHe ,D;JIJI neex ,n;oeTaTOqHQ 60JibIIIHX 3Ha­

'JeHHfi t. 

0CHOBHhlE PE3YJibTATbl 

B CJie,n,yIOrn;efi TeopeMe yeTaHOBHM ,n;oeTaToqHbie yCJIOBHJI, rrpH KOTOpbIX nee 

peIIIeHHJI ypaBHeHHJI (1) JIBJIJIIOTeJI KOJie6JIIOIIIHMHeJI. 



TeopeMa 1. Ilpe.n,uoJIOJKHM, 'ITO a2(t) > t + T2 H a1 (t) < t - T1. IIycTb 

H 

U2(t)-T2 

t~1!sup / (a2(t)-T2-s)q;(s)ds>l+p1+p2 

t 

t~~ sup / (s - a1(t) - T1 )qi(s)ds > 1 +Pl+ P2, 
u1(t)+T1 

(3) 

(4) 

r,L{e q:(t) = min{qi(t - Ti), Qi(t), Qi(t + Ti)}, i = 1, 2. Toma ypaBHeHHe {1) -
OC~HJIJIJI~HOHHOe. 

,l(ox:a3ame.tibcmao. ,IJ;onycKaR npOTIIBHOe, npe,ll.IlOJIO)KIIM, 'ITO ypaBHeHIIe (1) 
IIMeeT IlOJIO)KIITeJibHOe perneHIIe x(t). 8To 3Ha'llIT, 'ITO cym:ecTByeT to 2:: 0 
TaKoe, 'ITO x(t) > 0 IIplI t 2:: to. IloJIO)KIIM 

z(t) = x(t) + P1x(t - T1) + p2x(t + T2) 

II 

y(t) = z(t) + P1z(t - T1) + P2Z(t + T2). 

Tor,!J.a z(t) > 0, y(t) > 0 II TaK)Ke 

z"(t) = q1(t)x(a1(t)) +q2(t)x(a2(t)) > 0, t 2:: t1 > to. 

IIoaToMy z'(t) coxpaHReT 3HaK Ha [t2, oo). Tor,!J.a 

y"(t) = q1(t)x(a1(t)) +q2(t)x(a2(t))+ 

+ P1Q1(t -T1)x(a1(t) -T1) + P2Q2(t + T1)x(a2(t) - T1)+ 

+ P1Q1(t + T2)x(a1(t) + T2)P2Q2(t + T2)x(a2(t) + T2) 2:: 

(5) 

{6) 

2:: qi(t)z(a1(t)) + q;(t)z(a2(t)) > 0. (7) 

,IJ;anee paCCMOTplIM ,!].Ba CJie,!J.yIOlll;IIX CJiy'laR. 

C.11,y"l.a'iJ, 1. IlyCTb z'(t) > 0 nplI t 2:: t2. Tor,!].a y'(t) > 0 II Ha OCHOBaHIIII (7) 

y"(t+T2) 2:: q;(t+T2)z(a2(t) +T2). 

IIcnoJib3YR MOiIOTOHHOCTb z, noJiyqaeM 

y(a2(t)) = ,z(a2(t)) + p1z(a2(t) - T1) + p2z(a2(t) + T2) ~ 

~ z(a2(t) + T2){l +Pl+ P2). 

2 

.. it:· 

KoM61Im1pyR IlOCJie,!J.HIIe ,!].Ba HepaBeHCTBa, IIplIXO,!J.IIM K 

q* (t + 1' ) 
y" ( t + T2) 2:: 2 2 

y ( a2 ( t)) , 
1 + P1 + P2 

T. e. y(t) RBJIReTCR IIOJIO)Kl!TeJibHbIM BO3pacTaIOm;llM perneHIIeM ,!J.1Iq>q>epeH1.1,1I-.. 

aJibHOrO HepaBeHCTBa 

y"(t) 2:: qi(t) · y(a2(t) - T2). 
1 + P1 + P2 

{8) 

C .D.pyrott cTopoHbI, cornaCHo pe3JJibTaTy tfaHTYPIIII II KonJiaTa,!J.3e [2] (cMo­

TPII TaK)Ke ~YPIIHa [3]), ycJIOBIIe {3) npOTIIBOpe'llIT cym:ecTBOBaHIIIO IlOJIO­

)KIITeJibHOrO BO3pacTaIOm:ero perneHIIR HepaBeHCTBa {8). 
C.11,y"f.a'iJ, 2. IIycTb z'(t) < 0, TOr,!J.a y'(t) < 0 II (7) BJie'leT 3a co6ott 

Tor,!J.a 

y"(t - Ti) 2:: qi(t - Ti)x(a1 (t) - T1). 

y(a1(t)) = z(a1(t)) + P1z(a1(t) - T1) + p2z(a1(t) + T2) ~ 

~ z(a1(t) - T1)(l +PI+ P2), 

nplI'leM Mbl IICilOJib3OBaJIII cpaKT, 'ITO z(t) y6brnaeT. CJie,!].OBaTeJibHO, 

y"(t - T1) 2:: qi(t - Ti) y(a1 (t)) 
1 +PI+ P2 

II y(t) IIOJIO)Kl!TeJibHOe y6b1Ba10m:ee perneHIIe ,!J.IIq>cpepeHIJ,IIaJibHOro HepaBeH-

CTBa 

y"(t) 2:: qi(t) y(a1 (t) + Ti). 
1 +PI+ P2 

(9) 

C ,ll.pyrott cTopoHbI, KaK nOKa3aHo tfaHTyp1Iett II KonJiaTa,!J.3e [2] (IIJIII CMOTplI 

[3]), ycJIOBIIe (4) 06ecne'l1IBaeT TO, 'ITO (9) He IIMeeT IlOJIO)KIITeJibHblX y6brna­

IOlll;IIX perneHIItl. 8TO npOT1IBopeq1Ie. TeopeMa ,!J.OKa3aHa. 

CJie,!J.yIOlll;IItl Kp1ITep1Itt OCl.l,IIJIJIRIJ,IIOHHOCTII ,!J.OilOJIHReT npe,ll.bl,!J.ylll;IItl pe-

3JJibTaT. 

TeopeMa 2. IIycTb a2(t) > t + T2 H a1(t) < t - T1. IIpe.n,uoJIOJKHM, 'ITO upH 

i = 1, 2 cyII{eCTBYIOT TaKHe cjJyHK~HH: 

ai(t) E C1 (to, oo), 

/Ji(t) E C1 (to, oo), 

ai(t) > 0, 

(-l)i/Ji(t) > (-l)it, 

3 

(-l)ia~(t) ~ 0; (lOi) 

/3Ht) > 0; (lli) 



'ITO 

(-l)i(ai(t) - (-I)iri) 2:'. (-li.Bi(.Bi(t)); {12;) 

q;(t) 2:'. {1 +PI+ P2)ai(t)a;(,Bi(t)),8:. {13i) 

ECJIH AH</J<jJepeHI~Ha.JlbHOe uepaneHCTBO uepnoro IIOPHAKa 

v'(t) + (-I)i+Ia;(,Bi(t)).BHt)v(,B;(t)) 2:'. 0 {14;) 

He HMeeT IIpH i = 1 OTpHI~aTeJibHOI'O pemeHHH (upH AOCTaTO'lHO 60JibIIIHX t) H 

IIPH i = 2 He HMeeT IIOJIO)KHTe.JlbHOI'O pemeHHH, TO ypaBHeHHe {1) - OCIJ,HJIJIH­

IJ,HOHHOe. 

401CaJame11bcmeo. Ilpe.n;noJIO)KHM, '-ITO x(t) > 0 pememie {l). IlyCTh z(t) H 

y(t) onpe.rr;eJieHhI cornacHO (5) u (6) COOTBeTCTBeHHO. Tor.rr;a, IlOCTYilaJJ KaK u 

npu .rr;OKa.3aTeJihCTBe TeopeMhI 1, npuxo.rr;ttM K (7). 
C.11.y11,aiJ. 1. IlycTh z'(t) > 0. Tor.rr;a TaK )Ke, KaK u a cJiy'-lae 1 TeopeMhr 1, 

Haxo.rr;uM, '-ITO y(t) noJIO)KHTeJihHoe BO3pacTaromee pemeHue HepaaeHCTBa (8). 
Bo3hMeM 

b2(t) = y'(t) + a2(t)y(,82(t)). 

Tor.rr;a b2(t) > 0 u, ucnOJih3YJI {102)-{132), noJiy'-laeM 

b;(t) - a;((t)) b2(t) - a2(t),B~(t)b2 (.82(t)) = 
a2 t 

= y" (t) - :~ ~:~ y' ( t) - a2 ( t)a2 (.82 ( t)) ,B~ ( t)y (.82 (.82 ( t))) 2:'. 

~ y" (t) - a2 ( t)a2 (,82 ( t)) ,B~ ( t)y (.82 (.82 ( t))) 2:'. 

~ y"(t) -
1 

+qHt~ y(a2(t) - r2), 
PI P2 

OTKy.rr;a BMeCTe c (8) BhITeKaeT 

b;(t) - a;((t)) b2(t) - a2(t),B~(t)b2 (,B2(t)) 2:'. 0. 
a2 t 

IloJIO)KHB b2(t) = a2(t)v(t), 3aKJIIO'-laeM, '-ITO v(t) noJIO)KHTeJihHoe pemeHue 

{142). OTO npoTHBopeque. 

C.11.y11,aiJ. 2. ,Il;onycTHM, '-ITO z'(t) < 0. Tor.rr;a y'(t) < 0. CJie.rr;y11 aceM maraM 

CJIY'-laJI 2 TeopeMhI 1, HaxO.D;HM, '-ITO y(t) IlOJIO)KHTeJibHOe y6hrnaromee pemeHue 

HepaaeHcT~a {9). Bo3hMeM 

b1(t) = y'(t) - a1(t)y(,81(t)). 

4 

I 

) 

I 

Tor.rr;a b1 (t) < 0 H (9) BMecTe c (101)-(131) BJieKyT 3a co6ofl: 

Vi (t) - a~((t)) b1 (t) + a1 (t),B~ (t)b1 (.81 (t)) = 
a1 t 

= y"(t) - :~~:~y'(t) - a1(t)a1 (.B1(t)),Bf (t)y(.81 (.B1(t))) ~ 
~ y" (t) - a1 (t)a1 (,B~ (t) ),B~ (t)y (.81 (.81 (t))) ~ 

2:'. y"(t) -
1 

/i(t~ y(a2(t) + ,Bi) 2:'. 0. 
PI P2 

IlOJIO)KHB 

b1(t) = a1(t)v(t), 

BH.D;HM, '-ITO v(t) OTpHIJ,aTeJihHOe perneHHe {141). 2ho npOTHBOpe'-IHe 3aBeprnaeT 

.D;OKa.3aTeJihCTBO. 

CJie.n;cTBHe 1. !IycTb 0-2 ( t) > t + r2 H 0-1 ( t) < t - r1. IIpe,a,uoJIOlKHM, 'ITO 

(10;)-{13;) HMeIOT MeCTO upH i = 1, 2. ECJIH BbIIIOJIHeHO 

t 

liminf / a1(,81(s)),B~(s)ds > ! 
t➔oo e 

(15) 

.81 (t) 

H 
.B2(t) 

lim / a2(.B2(s)),B~(s)ds > !, 
t➔oo e 

{16) 

t 

TO Bee pemeHHH ypanHeHHH (1) HBJIHIOTCH KOJie6JIIOIIJ,HMHCH. ----

401CaJame11bcmeo. IfaaeCTHO (cMOTpH, HanpHMep, [8]), '-ITO YCJIOBHe {15) JIBJIJI­

eTCJI .D;OCTaTO'-IHhIM .D;JIJI TOro, '-IT06hr {141) He HMeJio OTpHIJ,aTeJibHOrO {npH .rr;o­

CTaTO'-IHO 60JihIIIHX t) perneHHJI. C .rr;pyrofl: CTOpOHhI, ycJIOBHe (16) .D;OCTaTO'-IHO 

.D;JIJI Toro, '-IT06hI (142) He HMeJIO IlOJIO)KHTeJihHOro perneHHJI. 

CJIE~CTBH.H, 3AMEqAHH.H H PACillHPEHH.H 

MbI IlOJIY'IlLllll pa.3JIH'IHble KpHTepIDI OCIJ,HJIJIJll.l,HOHHOCTH ypanHeHHJI {1). 
,IJ;a.nee npuae,n;eM HeKOTOphre CJie.rr;cTBHJI npe,n;hI.D;ylll;HX pe3yJihTaTOB. 

CJie.n;cTBHe 2. !IycTb 0-1 > r1 > 0, 0-2 > r2 > 0 H 

q;(t) 2:'. ( (
2 

+ €;: 2 (1 + Pl + P2) AJI.H HeKOTOporo t: > 0, i = 1, 2. 
O"i - T; e 

5 



Tor~a nee pemeHH.H ypanneHH.H 

( x(t) + pix(t - r1) + p2x(t - r2)) 
11 

- q1 (t)x(t - a1) - q2(t)x(t + a2) = 0 

.HBJI.HIOTC.H KOJie6JIIOmHMHC.H. 

,l(or.a3ame.11bcmeo. B CJie,D;CTBHH 1 ,ll;OCTaTO'IHO IIOJIO)KHTh 

ai(t) = (2 + c)/(ai - Ti) 2 u /3i(t) = t + ( ~l)i(ai - ri)/2, i = 1, 2. 

Cne,n;cTBU:e 3. IIycTb a1 > r1 > 0, a2 > r2 > 0 H 

4 
qi > (ai - Ti)2e2 (1 + PI + P2), i = 1,2. 

Tor~a ypannenne 

( x(t) + pix(t - ri) + p2x(t + r2) r -Qt x(t - a1) - q2x(t + a2) = 0 (17) 

OCIJ,HJIJI.HIJ,HOHHOe. 

,l(or.a3ame.t1bcmeo. JlerKO BH,ll;eTh, 'ITO q;(t) = qi. IlyCTh 3Ha'IeHHe € > 0 

TaKOe, 'ITO qi > [(2 + c)/(e(ai - 1"i))]
2

(1 + Pl +p2). ,Il,JIR ,ll;OKa3aTeJihCTBa 

CJie,ll;CTBHR ,ll;OCTaTO'IHO IlOJIO)KHTh ai ( t) = ( 2 + c) / ( e ( a i - Ti)) u /3i ( t) = t+ 

+(-l)i(ai - Ti)/2, i = 1, 2 B CJie,ll;CTBHH 1. 

3a.Me"l,attue. ,[I,JIR ypaBHeHHR (17) Mhl ycTaHOBI1JIH TOT )Ke pe3yJibTaT, 'ITO H 

rpeil:C B [5]. Harn IlO,ll;XO,ll;, OTJIH'IaIOIIJHil:CR OT TeXHHKH rpeil:ca, MO)KeT 6hITb 

HCilOJib3OBaH TaK)Ke B CJiyqae ypaBHeHHR (1), KOTopoe .HBJI.HeTCR ypaBHeHHeM 

C HenOCTO.HHHbIMH Koacpq:mu;ueHTaMH. 

CoBMeIIJM pe3yJibTaThl TeopeMhl 1 H CJie,n;CTBHR 1, IIOJiy'IaeM CJie,ll;yIOIIJHe 

TPH KpHTepHR OCU:HJIJI.Hll;HOHHOCTH ypaBHeHHR (1). 

TeopeMa 4. IIpeJJ.IIOJIO)KHM, 'ITO a1(t) < t- r1, a2(t) > t + r 2, crrpane~JIHBO 
YCJIOBHe ( 4). H HMeIOT MeCTO yCJIOBH.H (102)-(132). EcJIH BbIIIOJIHeHO yCJIOBHe 

(16), TO ypannenne (1) - OCIJ,HJIJIHIJ,HOHHOe. 

TeopeMa 5. IIp~OJIO)KHM, <ITO a1(t) < t - r 1 , a2(t) > t + r 2, crrpane,ll.JIHBO 
yCJIOBHe (3) H HMeIOT MeCTO yCJIOBH.H (101)-(131)- ECJIH BbIIIOJIHeHO yCJIOBHe 

(15), TO ypannenne (1) - OCIJ,HJIJI.HIJ,HOHHOe. 

Cne,n;cTBu:e 4._ IIycTb a1(t) < t - r1 H a2(t) > t + r2. ,l{aJiee rrpeJJ.IIOJIO)KHM, 

tfTO 

* 1 + Pl + P2 1/2 * ( ) 1 + PI + P2 2 \ 
q2(t) > t[t _ 7

2
/(

2
,\

2
)], ..\2 > e , q1 t > t2 H ,\1 - 2ln"1 - 2 > 0. 
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Tor~a ypannenne 

(x(t)+p1x(t+r1)+p2x(t-r2) )"-q1(t)x(,\~t)-q2(t)x(,\~t) = 0, ..\1 < 1, ..\2 > 1 

OCIJ,HJIJI.HIJ,HOHHOe. 

,l(or.a3ame.t1bcmeo. ,II,ocTaTO'IHO IIOJIO)KHTb a2 ( t) = 1 / t' /32 ( t) = ..\2 t - T2 /2 B 

TeopeMe 4. 

B HaCTO.HIIJeil: pa60Tbl Mhl IIOJiy'IHJIH HeKOTOpble HOBhie KpHTepH.H OCU:HJI­

JI.Hll;HOHHOCTH ypaBHeHHR (1). Pe3yJihTaTbI, ycTaHOBJieHHhie B pa6oTe, OCHOBa­

Hbl Ha HCilOJib3OBaHHH HOBbIX ycJIOBHil: H no,u;xo,u;OB OCil;HJIJI.Hll;HOHHOil: Teopuu. 

Harnu pe3yJibTaTbl npHMeHHMbl TaK)Ke MR ,n;ucpcpepeHU:HaJibHhIX ypaBHeHHil: 

C IlOCTORHHbIMH KOacpcpuu;ueHTaMH, rrpH'IeM H3BeCTHbie KPHTepuu o6ocHOBaHbl 

HOBhlM crroco6oM. 

EcJIH JIH6o YCJIOBHe (3) T~opeMbl 1 HapyrnaeTCR, JIH6o YCJIOBHR (102)-(142) 
TeopeMhl 2 He Bb!IlOJIHRIOTCR, TO Tor.n:a STH TeopeMhl rrpe.n;cTaBJIRIOT KpHTepHH 

orpaHH'IeHHOil: OCil;HJIJI.Hll;HOHHOCTH (1), Kor.n;a Ka)K,ll;Oe ero orpaHH'IeHHOe perne­

HHe RBJIReTCR KOJie6JIIOIIJHMC.H. C ,n;pyrott: CTOpOHbI, eCJIH HapyrnaeTCR ycJIOBHe 

(4) TeopeMhl 1 HJIH He Bh!IlOJIH.HIOTCR ycJIOBH.H (101)-(141) TeopeMbl 2, TO STH 

TeopeMhl o6ecrre'IHBaIOT HeorpaHH'IeHHYIO OCil;HJIJI.Hll;llOHHOCTb (1), npH KOTO­

pott: Ka)K,ll;Oe ero ueorpaHH'IeHHOe perneHHe RBJI.HeTC.H KOJie6JIIOIIJHMCR. TaKoil: 

)Ke Bb!BO,ll; npaBOMepeu )l;JI.H OCTaJibHbIX TeopeM H CJie,ll;CTBHil:. 
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