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Bae,11;eu:ue 

O,n:HOH 113 aKTJa.JlhHhIX '3a,n:aq Teop1111 3JieMeHTapHbIX 'laCT11U 11BJI1!eTC11' IT0CTpo

eH11e M0.[(eJil1 .[(JI11 e,[(11H006pa3HOI'O, 0ITl1CaHl111 CITeKTpa '11 q>0pMcpai<:Top0B B3al1MO.zieft

CTBl111 nerK11X 11 TR)KeJibIX Me30H0B, TaK HaJhIBaeMhIX KBapK0Hl1eB, paccMaTpl1BaeMbIX 

KaK CB113Hhle cocT011H11; KBapKa 11 aHT11KBapKa. · T11)KeJihle KBapK0Ii11u' B HeKoTop~M 

rrp116Jil1)KeHl111 ycrreIIIH0 0ITl1CbIBaIOTC11 HepeJIRTl1Bl1CTCKOH KBaHTOBOli MeXaHl1KOli ~ 
peIIIeH11eM ypaBHeH1111 Illpe,n:11Hrepa Ha co6cTBeHHhle 3Ha'leH:ir11 [l]. Ilp11 orr11caH1111 · 

nerKl1X Me30H0B B03Hl1KaeT Heo6xo,n:11MOCT:6 B Y'l11ThIBaH1111 peJI11T11Bl1CTCKHX 3<p<peK:. 

T0B .. 

PeJIRTl1B11CTCKOe o6o6rn;eHHe ITOTeHU11a.JihHOli M0.[(eJil1 KBapK0HH11 rrpHB0.[(11T K pe

IIIeHl1IO crreKTpa.JibHoi'I 3a,n:aq11 .n:n11 ypaBHeH1111 BeTa - Conrr:inepa 11 pa3l111'lHhIX Ba~ 

p11aHT0B KBa311ITOTeHII11a.JihHbIX ypaBHeHl1li [2] -[6]. ' , 
B ,n:aHHOli pa6c>Te Mhl paccMaTp11BaeM peJIRTl1Bl1CTCK0e ypaBHeHl1e KBa3HIT0TeH

lll1a.JihH0ro Tl1ITa .[(JI11 BOJIHOBOli cpyHKlll111 .UByxqaCTH'lHOli Cl1CTeMhl [3]- [4]. B 'laCT

H0CTII, 0,[(H0MepHoe ypaBHeH11e Illpe.n:11Hrepa .[(JI11 pa,lll1a.JlhHOli BOJIHOBOll cpyHKIIHH, 

OITl1CbIBaIOrn;eil: 0TH0Cl1TCJihH0e .UBl1)KeH11e .IIBYX CKa.JIRpHbIX 'laCTHll C 11MITJJibCOM q, 
M0MeHT0M l 11 paBHbIMl1 MaccaMl1 m, 11MeeT BH,ll 

[2cJq2 + m 2c2 
- Ho - V(r)] Wq1(r) = 0, (1) 

2 (iii d)· li
2
l(l+l) (iii. d) 

Ho = 2mc ch me . dr + ( iii ). exp me . dr ' 
mr r+-

mc 

r.ue Ho - peJI11THBl1CTCK11H raMl1JlhT0Hl1aH, V - KBa311IT0TeHUl1a.JI, C - CK0p0CTh GBeTa, 

Ecn11 B ypaBHeHl111 ( 1) BeJIH'l11HY C cpopMa.JihHO ycTpeMl1Th K 6ecKOHe'lHOCTl1' C ➔ 00' 

TO 3T0 ypaBHeH11e IIepeXO,lll1T B HepeJI11THBl1CTCK0e ypaBHeH11e illpe.II11Hrepa. 

[
d2 l(l+l) 2] 
dr2 - r 2 - V(r) + q Wq1(r) = 0. (2) 

B pa6oTe [7] paccMaTp11BaeTC11 Borrpoc 0 peryn11pHOli CX0.IIHM0CTl1 pemeHl1li pen11-' 

Tl1B11CTCK0ro ypaBHeHl111 Illpe.II11Hrepa (1) K peIIIeHl111M ypaBHeHH11 (2) rrpll l ➔ 0. 
Ecn11 orpaHl1'll1ThC11 cnyqaeM S-BOJIHhl (l = 0) H rroJI0)KHTh Ii = m = 1, l = ! 11 

., . C 

Wqo = w, TO ypaBHeillfe (1) M0~H? rreperrHCaTb B 6onee y.uo6HOM .IIJIR ,lla.JlhHeliIIIl1X 

11CCJie,llOBaHl1li BH,lle: 

[E, - H, - V(r)] ll!(r) = 0, 

E 2 [✓1 2 2 1] 2q2 
< = (2 + l q - = Jl + l2q2 + 1' 

0trt-t1:iu:Q:,~n t;u:.tlil'JT I 
fll~~i..Jl HCC!~la~lsd 

&MSSl~IOTEKA -~-:. ........... __ 

(3) 

(4) 



H, ~ ! [ ch ·(if!) - 1] . (5) 

Yno6cTBO 3THX o603Ha'lemrii: CBJI3aHo C Ba)KHhIM CBOHCTBOM, a HMenno: npn f ➔0, 

E, ➔ q2, H, ➔ f:2 • PaJnaraJI onepaTop ch ( it:1,:-) B pgn, MO)KHO nony'IMTh 

cneny10mee nmpqiepenunanhnoe ypaBnenue 6ecKoHe'lnoro nopjJJlKa: 

[ ( 
d2 2t

2 
d

4 
2t

4 d6 ) ] 
E, + dr2 - 4! dr4 + 6! drs +... - V(r) w(r) = 0. (6) 

Onnoii: U3 Ba)KHhIX oco6eHHOCTeii nocnenHero ypaBHeHUlI (6) jJBJilleTClI Ha.lIII'!He Ma

noro_ napaMeTpa npn CTaprneii npOH3BOJlHOH, 'ITO Il03BOJIJieT OTHeCTH 3TO ypaBHeHHe 

K KJiaccy c1rnryngpHO-B03MJilleHHhIX JlHq>q>epeHUHaJihHhIX ypaBHeHHH [8]. KpoMe 

::JToro; KOppeKTHaJI IlOCTaHOBKa KpaeBhIX 3a]la'I . JlJijJ ypaBHeHUjJ 6eCKOHe'IHOro IIO

PlIJlKa gBJrneTcg: neTpHBIIanhnoii MaTeMaTu'lecKOII JaJla'leii. Ilo3ToMy Mhl orpanH

'IIIMCJI HCCJieJlOBaHHeM Jlllq>q>epeHUIIaJihHOro ypaBHeHHlI KOHe'IHOro nopgnKa. 

[ ( 
d2 2t2 d4 2t4 d6 . . 

. H2mW(r) = E, +. dr2 - 4! dr4 + 6! dr6 + ... 

. 2(-1)¥t
2
m-

2
• Jlm )- V(r)] w(r) = 0 ... + m! dr2m . 

C KpaeBhIMH ycJIOBHlIMH Ha KOHe'IHOM npoMe)KyTKe H3MeHeHHJI r 

0 Sr Sa, 

dP 
w(0) = <I>o, -d w(r)lr=O = <I>b1'l, p = 1, ... , k1, rP 

dP. (p) 
w(a) = <I>ao, -d w(r)lr=a = <I>ao, p = 1, ... , k2, rP 

k1 + k2 = 2m - 2. 

(7) 

(8) 

(9) 

B HaCTOJIIlleii pa6oTe npennaraeTGJI cneny10muii rronxon K perneHuJO KpaeBoii Ja

na'III (7)-(9). C IIOMOillhlO qiaKTOpH3auuu ypaBHeHue (7) MO)KeT 6b1Th rrpencTaBJieuo 

B BUJle 

H2mW(r) = Hm ... H2 Hi w(r) = o, 
rne H; - nuqiqiepenuuanhHhlii orrepaTop BToporo rropgnKa 

• d2 2 d 
H; = dr2 + a; + Y1;(r) dr + Y2;(r), 

(10) 

(11) 

Yi;(r), Y2;(r) - HelIJBeCTHhle q>JHKUHII, O'; - IIOCTOlIHHhie. YpaBHeHUjJ JlJijJ HaXO)KJle

HUJI 3TUX. q>yHKUHH rrony'laeM 113 -YCJIOBUlI ( 10). 

:-.- ~ 

\ 

\ 
I 

_PaccMoTpMM Terreph cneny10my10 KpaeBy10 JaJla'ly JlJilI ypaBHeHHJI BToporo ·no

plIJlKa: 

H1W(r) = 0, (12) 

lll(0) =_<I>0 ; lll(a·) = <I>ao• (13) 

Pewem1e 3TOH JaJla'IH lIBJIJieTCjJ TaK)Ke H 'laCTHhIM pewenueM HCXOJlHOro ypaBHeHUjJ, 

(7), a rrpu crreuuanhHOM Bhl6ope KpaeBhIX ycJIOBHH (8)-(9), neUJBeCTHhIX q>yHKUUH 

Y!i,y2; u rrocTOJIHHoii a1 6yneT pewenueM Hc~onnoii: KpaeBoii Jana'lu (7)-(9). B cne

ny10m11x paJnenax pa60ThI Mhl y6enMMClI B rrpaBHJihHOCTII 3TOro YTBep)KJleHHlI na 

rrpHMepe anan1na KpaeBhIX JaJla'I JlJIJI JlHq>q>epeHUMaJihHOro ypaBHeHHJI 4oro rropl!Jl~a 

npu V(r) = V0 - rrocTOlIHHOii: H V(r) - Janannoii q>JHKUHH. 

-KpaeBaJI 3aAaqa AJUI ypaBHeHH.H 4°ronop.HAKa. 
V = Vo - nocTO.HHHaJI BeJIHYIHHa 

TaK KaK rrocTOJIHHhIH n0Tenu11an V = V0 rrpHBOJlHT K cnBury co6cTBeHHhIX JHa

'1em1ii: Ee Ha BeJIU'IHHY V0 , TO JlJilI rrpocTOThI nanee ITOJIO)KUM Vo = 0 u paccMOTpuM 

ypaBne1rne (7) B cny'lae m = 2 u V = 0. 

rne 

rne 

[ 
d2 d4] 

E, + dr2 - µ dr4 w(r) = 0, 

2t2 
µ= 41· 

O6mee pewenue ypaBHeHHJI (14) uMeeT BMJl 

lll(r) = c1 sin(a1r) + c2 cos(a,r) + c3sh(a2r) + c4ch(a2r), 

ar = * · [ J1 + 4µEc - 1] , 
a~ = 1Iji · [ Jl + 4µE, + 1] . 

3aMCTHM, 'ITO 0'1 rrpu µ ➔ 0 CTpeMUTCjJ K q, a 0'2 rrpu µ ➔ 0 CTpeMUTClI K oo. 

(14) 

(15) 

( 16) 

IlycTh pernenue ypaBHCHUlI ( 14) YJlOBJICTBOplleT CJICJlJIOillUM rpaHU'IHhIM ycno-
BUJIM: 

w(0) = 0, 
d2 

dr2 lll(r)lr=O = 0, w(a) = 0, 
d2 
dr2 w(r)lr=a = 0. (17) 
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Ilo.ucTaBJIJUI (15) B (17), MO)KHO y6e,lllITbCH, 'ITO C2 = C3 = C4 = 0 II perne1me KpaeBO!f 
3a,llatIII ( ( 14), ( 17)) HMeeT BII,ll 

Wn(r) = sin (01nr), 

(nrr) 2 _ (nrr) 2 
1 2 (nrr) 4 

01n = - qn - - + -( -a a 3 a 
(18) 

Ilpu <: ➔ 0 perneHHe ypaBHemrn (18) nepexo,llIIT a· perne1me uepeJIHTHBIICTCKoro 

ypaauenmr lllpemrnrepa (2) c rpamitIHbIMII ycnoanHMH 

lll(0) = 0, lll(a) = 0. 

C .llpyroft CTOpOHbI, ypaaneiiIIe (1'4) MO)KHO npe,llCTaBIITb B cne.uyromeM <paKTOpll30-
BaHHOM BH,lle: 

[!22 - o~] [d~2 + Oi] lll(r) = 0. 

PaccMoTpHM cne.uyromyro Kpaeayro 3a,llaqy: · 

[d~2 +oi] \ll(r) = 0, 

\ll(0) = 0, w(a) = 0. 

(19) 

(20) 

(21) 

Henocpe,llCTBeHHOll ITO,llCTaHOBKOll MO)KHO y6e,llIITbCH, 'ITO perneHne (18) lICXO,llHOll 

Kpaeaoft Ja.uaqu (14),(17) HBJIHeTcH TaK)Ke perneHneM Kpaeaoft 3a,llaqu (20),(21) u 

Hao6opoT. Cne.uyeT oco6o OTMeTIITb, 'ITO TaKoe COBITa,lleHne perneHnft BO3MO)KHO 

TOJibKO npu CIIMMeTpII'IHOM BbI6ope rpaHII'IHbIX ycJIOBilll. 

B 3aKJIIO'leHIIe 3Toro pa3,lleJia npIIBe,lleM O,llHO Il3 TO'!HbIX perneHnft ypaBHeHIIH (3) 
C rpaHH'IHbIMH_ YCJIOBIIHMII 

d2m d2m w(O) = 0, dr2m w(r)lr=O = 0, w(a) = 0, dr2m w(r)lr=a = 0, . (22) 

n C rpaHII'IHbIMH YCJIOBIIHMH 

d2m-l 

Wn(r) = Ci sin (01nr) 

m=l,2,3 ... 

dr2m-l lll(r)lr=O = 0, 
d2m-l 
dr2m-l w(r)lr=a = 0, 

m = 1.,2,3 ... 

Wn(r) =,Cl cos (01nr), 

4 

(23) 

) 
l 

) 

r.ue 

01n = (:71") 1 ( nrr) q~ = <:2 sh2 (--;- . 

Pa3naraH <jiyHKIIHIO sh2 (lnarr) B PH.ll n_y.uep)KlIBaH qnem,r c TO'IHOCTbIO .uo <:2, Mb! 

ITOJIY'IIIM pe3yJihTaT (18). 

KpaenruI 3a.n;a-qa ,Zl;JUI ypannemrn:. 4or0 nopH.n;Ka. V(r) # 0 

PaccMoTpnM ypaBHe1me (7) B cnyqae m = 2, V(r) =f 0 

[ 
. d2 d4 . ] 

H4\ll(r) = E< + dr2 - µ dr4 - V(r) w(r) = 0. (24) 

Ey.ueM lICKaTb perneHHe ypaBHeHHH (24), Y.llOBJieTBOpHIOIIIee rpaHH'!HbIM ycJIOBHHM 

(17). l!II<jicpepeHIIIIaJibHblll onepaTop 4oro nopx,llKa [/4 npe.zicTaBnM B BII,lle 'npQH3B(}

,lleHnH .uayx i:i:n<ji<jiepeHIIIIaJibHbIX onepaTopoB 2°ro nopx.uKa 

H4\ll(r) = -µH2H1W(r), 
• d2 2 d 

Hi = -d 2 + o1 + Yi(r)-d + y3(r), 
r r. 

• d2 2 d 
H2 = dr2 - o2 + Y2(r) dr + y4(r). 

Ifa ycJIOBIIH BhIIIOJIHeHHH onepaTopHoro paBeHCTBa (25), T.e. 

iI4 = -µiI2 Hi, 

(25) 

(26) 

(27) 

nonytinM. cne.uyromyro CHCTeMy ypaBHeHnft Ha Hell3BeCTHhie <pyHKIIIIH Yi ( i = 1, 2, 3, 4): 

{ 

Yi+ Y2 = 0, 

, 2y~ + YJ + Y4 + Y2Y1 = 0, 

Yr - Yio~ + Y20; + 2y~ + Y2Y~ + Y2YJ + YtY4 = 0, 
11 , 2 2 V(r) 

YJ + Y2Y3 + Y4YJ + O1Y4 - O2Y3 = µ . 

(28) 

Ifa nepaux .uayx ypaBHemift HMeeM 

{ 
Y2 = -yi, 

- 2 ' Y4 - Yi :-- 2yl - y3. (29) 
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Ilo.ucTaBmur (29) B (28), nony'IHM 

{ 
Yr - Y1012 + 2y~ - 3y1y; - 2y1y3 + yf = 0, 

,, 2 2 , ·, , . 2· 2 Vr. 
YJ - 012y3 + 01(Y1 - 2y1)-Y1Y3 - 2Y1YJ + Y1YJ - Y3 = Y.J;l, 

o12 = Jl + 4µE, 
µ 

IlepBoe ypaBHeHHe (30) nepenmneM B cne.uy10meM BH.Ue: 

y~ + py3~Q,'. 

r.ue 

Q 1(,, 3 , 3) : = -:-2 Y1 .- 012Y1 - Y1Y1 + Y1 , 

p = -yi. 

06rtim1: HHTerpan Haxo.u11M ~o qiopMyne 

~ pdr' r pdt . J' [- -- --. Jr• l 
y3(r)=e _. J Qdr'e +C. 

:::ha qiopMyna II03BOJUieT Bhl'IHcnHTb qiyHKUHIO Y3, ecnH 3a,llaHO YI• 

(30) 

(31) 

(32) 

(33) 

(34) 

Mcnonb3YH ypaBHeHHe (31 ), MO)KHO ·nony'IHTh qiopMyny .unH Bhl'IHcneHHSI npTeH

unana V(r), TO ecTb 

V(r) = µ [ (y; - y~ - 012) YJ - Y5 + Q' + oi (Yi - 2y~)] . (35) 

3aMeTHM, 'ITO Bbipa)KeHHe (35) He co.uep)KHT npOH3BO,llHhIX OT qiyHKUHH Y3• Tenepb, 

ncnonhJyx paBeHcTBO (25) BMecTo perneHHX KpaeBoft 3a,lla'IH ((24),(17)) .unSI ypaB

HeHHX 4oro nopx.uKa, 6y.ueM pernaTb 6onee npocTyIO KpaeBy10 3a.Ua'ly .unx ypaBHeHHSI 

BToporo nopx.uKa: 

, [d2 2 d ] Hi W(r) = dr2 + o 1 + Y1(r) dr + y3(r) IJ!(r) = 0, 

w(0) = 0, w(a) = 0. 

Ilo.ucTaHoBKa 

1 Jr 
lll(r) = <I>(r)e -2 Yi(t) dt 

6 

(36) 

(37) 

I 

npHBO,llHT ypaBIIeHHe (36) K BH.Uy 

[ d~2 + oi + W] <I>( r) = 0 (38) 

C rpaHII'IHb!MH ycnOBHS!MH 

· <I>(0) = 0, <I>(a) = 0, (39) 

nie 

y; y;. 
W=y3-4- 2 (40) 

Tiycn, pernettne Kpaeaoii Ja.uatIH (38),(39) .unSI 3a.UaHHhIX qiyHKUHH y1,y3 cymecTByeT. 

Tor.ua no pernem1e 6y.ueT perneHneM ypaBHeHHSI (24) c noTeHuuanoM V(r), f!hI'IH

cneHHhIM no qiopMyne (35). PaccMOTpHM HeKOTOpb!e 'laCTHhle ~nytiaH no.u6opa qiyHK
UHH Y1,y3. 

1. 

TiycTb y1 = 0, Tor.ua 

YJ = D, 
W=D, 

V = -D✓l + 4µE,, 
(41) 

D-IIOCTOSIHHaSI BenH'IHHa. IloTeHUHaJlhl V, w rrony'IHnHCb IIOCTOSIHHhlMH BenH'IH

HaMH. 8ToT BapnaHT no.upo6Ho o6cy)K.uanu B npe.uhl.llymeM pa3.uene. 
2. 
TiycTb YI = -·~, v > 0, Tor.ua 

_ + -vr _ 1 ( 2 ) y3 - c1 ce , c1 - 2 v - 012 , 
-vr v2 

W = c1 + ce · -: 4 , 

V = µ [ 2c1 ( c1 + ce-vr) - ( c1 + ce-vr) 
2 + of v 2] • 

3. 
TiycTb y 1 = Ar, A - nocTOSIHHax aenH'IHHa, Tor.ua 

A 2 
--r 

y3 = c1 + c2r2 + ce 2 , 

1 A2 
D1 = -3A - 2012, C2 = T• . 

A2 · A 

(42) 

W = YJ - 4r2 - '2°' . 

V = µ [(A
2
r

2 
-A- 012)y3 -y~ + !A3r2 

- (Ao 12 + 3A2 ) + o? (A2r 2 - 2A)]. 

( 43) 

7 
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B BaprraHTax 2 H 3 peweHHe KpaeBOM 3a.rwm (38),(39) .llJUI ypaBHeHHll BTOporo 
rropH.L{Ka C IIOTeHI~HaJIOM W(r) llBJilleTCll peweHHeM ypaBHeHHll 'feTBepToro IIOpllnKa 
C IIOTeHUHaJIOM V(r). EcJIH BhI'-IHCJiemiwe IIOTeHUHaJibl W(r), V(r) ynoBJieTBOpH!OT 
ycJIOBHIO 

IW(r)I $ D1, 
IV(r)I $ D2, 

( 44) 

D1 < oo, D2 < oo Ha oTpe3Ke 0 $ r $ a, To Kpaeah!e ycJIOBHll IJ!(0)" = IJ!(a)" TaKMe 
fiynyT BhIIIOJIHJITbCJI. 
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