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I. BBe8eirne 

HaCTOmnaJ! pa6oTa flBID!BTC.f! IIpO.UOJIJKeHll8M llCCJI8.UOBalrn.f! 

PR. -rpyrrrr (cu/71). B net\ Mbl IIOJII>ayeMCfl TeptlllHOJIOr:He:tl, B ocHOB

HOM, 06~e:yiiOTpe6HT8JlbHOM ~ aJire6pbl ll TeOplll1 :YHHTapHbiX IIpe.U

C TaBJI8HHM rpy IIII ( CM/3 14 ' 5/) • lli:KJIKl'l8HHe COC TaBJI.f!JOT H8KOTOp!i8 

IIOHJ'lTHfl, npHB8,1(8Hifb18 Hll.Ee. 

I\aR H3B8CTHO ( CM/5/), npOH3B8;D;8Hll8M 11, ( 1'!, >1) HerrycTbiX ... 
ITO,l(MHOlleCTB A/ A;. ·AI'\= n A; (B3flTbiX B ;nrurHotl: IIOJ)fl,nKe) 

G 
,,.4 

rpyrrnbl (rro;ryrpymHG ) Haab!BaeTcfl MHoxecTBo Bcex 

SJieMeHTOB G BJU:a 9 = x1· ')(.).• .. z~~. . r;ne z, E A,. 
B lJaCTHOCTH, MOlleT oRaaaT:bCfl, 'ITO Bee A,· - rro;nrpynnH G , 

lri lJTO G= A.,·A2.···A,..,. 
OnpeAeJieirne I. I'pynny G = A1 A2 ... An • 003JIOltHMyiO 

B rrpoHaBe;neHHe rro;nrpyrrn A~ , . . . A11. , 6y;neu Ha3b!BaTb 

Po - IIOOI43Be8eHHeM no,nrpynn At" , eCJIH ~ JIJ06oro K (U K~n.) 

AK n ( JJ~Ai) = E 
L?K 

(S,necb E - e,D;HHH'IHM no;nrpynrra G , a IIOPJ!;D;OK coMHolltHTe

Jie:tl COOTBBTCTByeT B03p8.CTaHHD HOMepoB). 

Ilpe;nnOJiollHM, lJTO Bee HS yKasamrux Bhl!lle no,nrpyrrrr ( n. ),2,) 
J'lBJISIIlTCfl OllHOIIat!!MeTpH'IeCKHMH THIIa R. • To ecTI:., rpyrrnbl 

A,_~ a, (t,) H30MOf41Hbl B.,l(IOJTHBHO:tl rpynne ;ne:tlcTBHTeJI:bHbiX 

lJHceJI R (a., co_.,. t, E- R • a, a, )a..: ( t:: J = a, al-~- t~-J) . 
Tor.na na MHOZecTBe no;nrpynn [ A<J,~1 HHor.na B03MOliHO BBeCTH 

.nm OTHOmeHH.f!: II " H 1} -< " . , 
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Onpe,nc;rem1e 2. EyJJ:eM c~HTaTh, ~To A.: 1/ Al , ec.Jlli X'J =!JX 

.ll,J!R JlroOWC X ' 'J ' X E A c: ' 'd f A j 
Onpe,IJ,eJieHne 3. Ey.n;eM c~HTaT:o, ~To Al --< A J' , ec-

Jm ,I\JLii JUOdbDC a<. ( t.:) f A i_ • a.J ( tJ ) E A J BH!IOJIH.HJOT-

C.Fl COOTHOIU8Hl1.Fl 

a,(tt)aJ(tj) = aj(tj)a{(e'C.,JtltJ, 
(1) 

r.n;e 0/ '(.(.j - HeKOTOPa.fi liOCTORHHaR (,llJIR Ka.1K,lll:lX (' H j 
3B.Me~amle. CooTHOllleHHR ( 1) aKBMBaJieHTH!i c;re.n;y I<lliHN 

aj(~·)ac (tl) = ac:( e-z.£Jtjtt) aJ(tJ). 
(2) 

Terrep:o JV!i MOllteM .n;aTb onpe.n;eJieHHe P R- rpyrrnH. 

Orrpe,IJ,eJieH:Il:e 4. rpynny G ' pa3JIOJOOeyiO B Po - rrpoH3Be

.n;eHJ!e O.n;HonapB.MeTplltJ8CKIDC rro.n;rpynn A { ( 1 ~ (_ {. n , n ~ .2.) 

Tvma f\ ' oy.n;eM Ha31lBaTb PR - rpynrro1t (:a:.~m rpyrmoit THna 

PJZ ) , eCJIM K8llt,llaR napa A i_ , A j ( l i j) CBRaaHa xo-
T.FI 61l O.n;HHM H3 COOTHOill8HHft 

Ai --< Aj ) Aj -< A l , A i II A J 

IlpH BHTTOJIHeHIDl" Bcex aTror Tpe6oBaHH~ ( cM/7 I) JJJriKAKBJI 

TpoilKa At , A j , A" He C"P.RaaHa cooTHOllleHw:qm (>I') 
A l. -< A.,·, A.i -< AK u HHKa.KaJI napa A t , AJ He CEJisaHa 

cooTHorueHMwr Ac -< Aj , A.: II AJ ( {t:J _, j 1: K). 
C .n;pyro~ CTOpOHll, eCJIJri H3B8C~HO, ~TO ReROTOpoe MHOX6CTBO 

~ , 3aMKHyToe OTHOCHT8RbHO accOUHaTHBHOro YMHOZ8HH.Fl (T.e. 

noJly~pvrrrra ) , y.n;oBJieTBOp.lleT rne6oBAHHRM nnne.neJreHJri.Il 4 

(npH aarr.efle "rpynny G " Ha'no.eyrpyrrny G ") H (H) , TO 

JierKo yde.IJ:HT'he.H B TOM, ~To G - PR- rpynrra. ~ &Toro 
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,ll;OCTaTO'iHO BOCllOJib30BaTLCR paCCMOTp8H.I:U1Wl: ,ll;OKaaaTeJibCTBa 

TeopeMH Haf7/ (cM./4/,/5/) • 

YcJioBHe (11:) oaHa'!aeT, HarrpHN:ep, '!To B narrpaBJieHHOM 

rpacpe [ [ Ad-1"' ; /1 ; ~ J 
( Ac: ~ Aj 4=} Al ~Aj ) 
K~~ nyTb COCTOHT 113 O,ll;HOrO pe6pa. 

B paooTe/7/ HaN.H 6uno .n;aHo ~roe, Ho aKBHBaJieHTHoe 

orrpe.n;eJieHHe PR -rpyniTH. TaN: JEe rroKaaaHo, ~To Bee 

PR -rpyrrTihl RBJ.l.fii)TCR rpynrraMI JIH. EOJiee Toro, eCJIH P R -rpynrra 

G=A
1
···An-, r.neA,9a,·(t.:J (a.dt<J~(ER, 

ai(ti) C(.-( [i_ )-== Cl..(f;+tj) - O,ll;HOITapaM8TpH'leCKJ18 no.n;rpyrrrr!i 

THna R , y .n;oBJieTBopruuune Tpe6oBaHHm:. orrpe.n;eJieHM 4, TO , 

.n;JIR JIJJ6oa liO,ll;CTa.HOBKH l,, ... , (_,_ J ( (,~ , ••• :. tl,J
rJIOOaJibHaR CHCT8Ma ~~epeH~pyeMWC KOOp.n;HHaT rpyi1D!i (; • 

IlpocTetln!HM ITpHMepoM Hea6eJieBoti PR. - rpynrr!i RBJ!ReTC.H 

rpynna aqmHHI:lX .n;Bim8HHti 11Pf.!MO~, COXpaHRKII\llX OpHeHTB.Ul'!IO 

(eM/Sf), 0Ha Jri30MO:plJHa ( CM/7/) rpyrrrre BeKTOpOB (Xo, X .. ) 

(X; E R ) c orre~cyyeft 

-&o 
( 'Xo, 'X1)(Yo, 'J1 ) = ( 'Xo+<:io, e ~1 + Y1 ) • 

3Ta rpynna RBJIReTC.H Po - rrpoHaBe.n;eHHe~ .n;Byx no.nrpyrrrr 

A1 =[(o,t1 )Jt
1
E:R H A 2 ==[(t2,o)]t~E-R' rrpH~eM 

A1 -< A2.. (-zn=-1)· 
HeKoTopHe no.n;rpynnu rpyrrrrH !IyaHKape, rpynrra .n;BllllteHH1l 

rrceB.n;OeBKJIJri,ll;OBO:A llJIOCKOCTH - M H ( 2) ( CM _II/) • a TaKllte 
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rpynna opRcwepM~ecKKX c~KroB nHTRMepHoro rHnep6ono~ 

(cM.IIpRJIOJEeHRe 2 ) .HBJifiJJTCH PR - rpynnro.m. KoHe'lHO, aTH 

yxe H3BeCTHiie rpynll.bl He RC~epll.biBallT paCCMB.TpHBaeli'Hil Ha-

Mll Mace. B rAaBe II 6y,neT noKasaso, HaCKMl.KO IIIHpOK KAacc 

PR -rpynrr. B ~acTHOCTR, MI:l yBH.IlHM, 'ITO ceMeitcTBo 

PR -rpynrr Go<~ (d..~ i-O,ol.,f3fR) cocTORillHX Rs Bcex MB.TpRU 

mma 

( 

e_oi.X Q 0) 
o eP:c o ( ~,y, z E R ) , 
y z -1. 

CO,ItepltUT MHOllteCTBO MOI!lHOCTH KOHTHHYYM ITOITap!fO HeHSOMOp:l}H.biX 

rpynrr (eM, n. 2B H 2C rn. IT). 

nanee (n, 3 rA, II) M.b1 TIOKallteM, 'ITO e TO'JHOCTl.D 80 

Bu6opa KOMMyTaTopoB PR -rpynll.bl MoryT 6uu oxapaKTepMso:aa-

Hbl KaK Bee CB.f!3Hhle H 08HOeB.f!3HLie rpynllLI JlH, anre6p.bl JlH KOTQ

pLIX 3a.D;aDTeR KO~WoYTanHOHHHMH OOOTHOWeHHRMH THna: 

[ H t ' H J] = Pi.j H t ( { <J). 

H rnaae III ycra.HosneHo, llTO Bee PR- rpynll.bl RMRDTCJI &KcnoHeH· 

UHaAl.HbiMH (CM,/3,I2/ H TJI, ill), KaK R3BeCTHO, ~ OnHCaHHH He

TipHBO,nHMLIX YHHTapHLIX npe,ncTaBJieHRit 8KCTIOHeHUHaJI:OHI:lX rpynn 

npRMeHHM MeTo.n op6HT KHpRnnosa (eM,/3,I2/ H llpano~HHe I). 

ll3 HaliiHX pesyJIOTaTOB BLITeKaeT npOCTOe ,I{OCTaTOIIHOe JC.I!OBHe 

npRMeHHMOCTH 3TOro M6TO,I{a K HCCJie,I{OBaHHU KOHKpetH.biX rpynn, 

Hacroa~aa crar:oa MOlter dur:o nonesHoa B padore cPR-rpynnauH. 

6 

II. HeKoTopue cBoilcTBa PR -wnn 

1:. Cnoco6u sarmcR rmoRsBe.neHIDI B PR. - rwrrnax 

B pa.6oT/71 ycTaHoMeHo, ~To eMir G =A..,···~-
PR - rpynna H nonrpynnbl A,? Cll(t,) ( t~· -napaNeTpu 

o.mwnapalv'!eTpH'leeKKX no.nrpynn A ( , y,noBJieTEopmou.l'lx TpedoBa-

HHRM OTipe,neAeHHR 4 ), TO, 8AR AE60H 

nepecTaHOBKH i1 , ••• , i-~~. 

G = A·. 
L1 · A irt_ • 

Ho npH HeKoTopoM qmKcRpoBaHHOW nopR8Ke ( l~ , ... , i ,_.) 
ene.no:aa.HH.fi eoMHOlltHTMeil KaJK81iil MeMeHT j E G HMeeT o,nHo

sHa~Hym sanRc:o BHli/3.ff= Cl.-,((.)·. ·{{.-,_((,-,_) (ct,ir£:-A.:,.-)• 
~Oil TaKOH B03MOXHOeTH eOOTBeTeTByeT eBOH cnoeo6 saUHeH 

npoR3BA8eHH.fi B rpynne G . 
HaMH 6HA BL16paH HeKOTOpili "eeTeeTBeHHhl:A" ITOpR,nOK ene,no:aa-

HH.fl eOMHOltHTeneit. 3TOT BLI60p OeHOBaH Ha ene.ny~ eoodpa-

&eHHRX, B COOTBeTCTBIUI e onpe,neJieHReM 4 11: eBOHCTBOM ( *) 
.nAB Kalt8oro A i E [A .<]..,rt- ,nOJiliHo BHTIOJIH.fiTl.eR TOJil.Ro o.nHo 

H3 yeAOBHit: 

a) eymeeTByeT TaKoil MeMeHT AJ E [A.<]-~~ ~To 
AJ >-Ai ; 

B) cymecTByeT TaKoil MeMeHT A k f [A .d_,/t, , 'ITO 

AI(-<Ai • 
c) A i 1/ A t .II.1IR JII06oro -({n_ (-( f c) 
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O'l'ciO,IJ;a BhiTeKaeT, lJTO [A~]1~'~- ltOlKHO pa36RTb Ha Tp>i Herrepece

Ka!OillHXCB rro.m·Mro:KecTBa 81 , B 2 , 8 3 , OTHecB B KalK

.uoe 113 HMX Bee Mer,,eHThi CA.<)_/''' , y.uoBJJeTBOPBJOI!l1ie, cooTBeT

CTBemw, o.uHm:y 113 Tpe6oBamn1 a), B), c). 

Ec.m1 G- a6eJieBa rpyrrrra, TO B 3 = [ A.<)-lrv • }J.Jlfl Hea6eJie-

Boil rpy rrr:H G - B~ -f. 0 :f: BA-, a B 3 rwJKeT 6h!Tb 

R rrycTm.:. 

B crrJiy BH6opa rro,UMHo:KecTB B K : At' -< A j 
RJ!I1 A c:, 1/ AJ rrpn A [ E 8-1 , A j E B 2 

Aii/Aj rrpR Al,AJ E B~ (1<=-1,2,3); Ai/IAJ 
nprr A.: E BK (K==-1,2,3) , Aj E B3 • 

Paccr.'oTp:mr. CJiy'!ati Hea6eJieBo:ti rpyrrrrH G (B KOMMyTaTRBHOM 

CJiylJae, KaK JierKo 3ru.<IeTRTb, G R30Mop'!ma a.n.rurTRBHoti rpyrme 

En., i'O ecT:o G-BeKTOPHM rpyrrna). IIpn 8
3 

=- 0 
ycTaHOBl1~' rrop.FI.UOK CJie.UoBaHR.FI A c.,· · ·A t"n.. TaK, '!T06H 

,IJ.JI.fi l1H.UeKcoB (" BbiiTOJIHmrnc:o yCJIOBM: 

Ai EB ~ -1~1\~p 
I( 1 (-up<n), 

A{K E B 2 ¢:::=:} p+1 (I<~ n-

EcJIM JKe f3 3 i f2f. TO ,IJ.JI.fi HH;neKcoB (k rrorpe6yeM 

BbiiiOJIHeHHR YCJIOBHH: 

A LK E B-1 ¢=:=::} -1 {. k ( C£ (-I~ cz ( ?U) 

ALl< E 82¢==::?- 'j+1~k~( (rt-+1~/<h) 

A {_K E B 3 ~ -t +I .f k {. 'Jt- • 
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B OClOHX CJIY'!a.FIX CrrpaBe~H COOTHOIDeHR.FI: 

Qx(// = a. (t +- o-('Z:2 L<z+··+ 'L;n. ti',)f/.) X 

d d t1 (1 '--- l ( 1 

/7 (L -r--z23t-+··+f:~~z-L· )(/) )( V(_, • + 0 ' t3 -<- L/1, ' X 
(~ {2 '- L2 

.. x tlc· - ( ( + e._- z;,!t tt;,_ l ~ tq . /t . t t ~ ) 
II. I Gn-t tn_-t j'l /A- \_ ~ Lf1 (':) (3) 

(cM/7{, r;ne j' == cz'./ ( 1.~)---at~((/h). 
//=: tl?~({<~) .. ·tlc'n_{{/"'}• --t/kS = Zc.:rG~ ( CM. (I)), 

rroJiaraeM ->c C:J = o , ec.m1 A l II A j 
IIp:n 83 = f2f B coorBeTCTBIU! c HaruHMJl rrpe.unoJIOJKeHR.FI

MH !fJopMyJia (3) IIpHHHMaeT BH;I(: 

jxj/= Clc·1 (ti1+ e-(?:;p,dcf>+l+·•·r'Z:n()[4)x ... 

... xa· (t· +e-(~;pttft-,.,+ .. ·+'Z/n(,_)f/)x 
tp ( f (_ (!' ( 4) 

)( a ~f>fl (tt~~-~ + t ~.,+) · · · a<~ ( ti~z- + t :"). 

}<;CJm lEe B 3 -=/:: f5 , TO 

f/ / ~ a:. (.,~.· +e-cz:,+~ t~a +··+rc:-~'6· )[,/) c!',; tt Ct rt' t , x .. . 
7 t1 

• • tlti (ttt + e-ez; ~+1 t1H +>. • +- 'Zit tlt ~ ;1 )x 
( 5) 

a{r--1 (t{1H+ t~7.-1) · · ·ar-n_ (ti~~. + ti,,J. 
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0 TM81'l!M, 'lTO ll3 HaJIH1X !IOCTpoemd1 BHT8Ka8T 

F.BJK.ll:a.H CTpOKa ll CTOJICleJJ; !>.!aTp:IIU 

( 

Y{:~H . 

./-(pp+-1 
(

/ 7-[~fv \ k1'J+-f 

/[~) u ?;it" 

CJie.nyl!lljee: 

/ \ 
J-{"ft 

/[tt 

CO.IJ:8pXHT ITO H8HYJI8BO~zy 3Jl8M8HTy (B03MOX8H CJiy'lafi, KOr.IJ:a 

Bee ::JJI81.t;8HTb! OTJIH'lHb! OT Hy.JI.H). 

l. OXHO pB.CC!>.'!aTpl!BaTb R .npyrHe IIOpR,li,KH CJi8.IJ:OBaHHJI COMHO

XHTeJiet\ A 1 • !13 HHX HaM Ka.XyTCR HaHOoJiee HHTepecHHMl! rropM

KH,rrpoTHBOIIOJIOJKHble BB8.IJ:8HHblM Bblille, 

li,Jm HHX JI8I'KO ycTaHOBHTb, C IIOMOil!bRl COOTHOili8HRH (I) 

:2) H M8TO.IJ:a 11H,ll,yKJJ;HI1,CllpaB8;nJIHBOCTb iflopMyJI!l! 

jj/= a(~ ((+ti1)xCl(~ (e cz;~t:tt<z + tc~)x 
(~ / {/ / {I ) 

X a . (0 31 <.t + 732 c2 '-/. + t. ~ ) • • • 
L 3 '-- C. C3 c 3 

.. «c~ ( e('c~ ~ tc: + rz:,.z t~ + .. + rz:zn_, tL,)-1_ 
{.{" 

( ~;s = -7<"'< c~ 
' 

rz~s =- 0 npu A (.k II A i5 ) • 

-t t./) 
('V 

0TCID,ll,a H8llOCpe,nCTB8HHO CJI8.IzyiDT COOTHOID8HHR, aHaJJOrH'lHH8 

( 4) H ( ~l) • 

;_;. 0 KJiacce P R - rpyrrn 

r paeior/
71 clHJJO !IOKa3aHo, 'lTO BCRKaR PR - rpyrrrra RB

JJR8TCfl paspeiDHMOH, CTylleHH 2. TipMB8.IJ:8HHHe Hl!Xe pe3yJJ:OTaTbl 
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MOXHO paccMaTpRBaT:O KaK H8KOTOpOe O!IHCaHRe nHTepecynmero 

Hac KJiacca rpyrrrr. 

2A. TeopeMa cyuJeCTBOBaHIDI 

Ey.neM pacc~'!aTpHBan MHoxecTBa [ A.:I,IV c q10pMaJihHU!'Im 

OTHOili8HRHMH ,,II "H "...<_ '', Y.IJ:OBJieTBOPfll!lljHMH (ljioprraJI:OHO) 

TpeClOBaHHJ'!M (*-) }! OIIpe,n:eJieHH.Fl 4. ~TH CHCT8!.:H MOJKHO paCCMaT

pHBaTb KaK H8KOTOpH8 Ha!Ip8BJI8HHhl8 rpa<JlH, feOM8Tpll'l8CKH (IIpH 

Ai<Aj~ (·~·) HM MO::'YT cooTBeTCTBOBmn, HarrpHMep, cJie-

.IJ:YDill18 CX8MH: 

3 

/1\ 
s 6 . . 
,\l/~ 

-1 

8 g . . 
s. 6 + 

~; 
' 

B CHJIY orrpe,neJieHIDI 4, Ka.JK.IJ:Ofi 

2. 't (, 

t f I 
-( 3 s 

P R -rpynne coornercTByeT 

H8KOTOpufi rpacfl paCCMaTpHBaeMOrO THna. l"olKeT B03HHKHYTb 

Borrpoc: JJOOOMy JJH TaKOMY rpa!Jly cooTBeTcTByer PI\ -rpyrrna? 

Ha 9TOT BO!IpoC YTB8p.IJ:RT8JibHO OTB8'l88T CJI8.IzyDmaR 

TeopeMa I, )J.JIR J!Rleiofi cHcTeMu [ Ai J;" (n.);.2..) c 1)opMaJJ:OHHMH 

OTHOUI8HHRMH ,, II'' H , -<·", y.noBJJeTBOp.HJlll!HMH \cf:opMaJibHO) Tpe-

CioBaHHRM ( * ) H orrpe.neJieHHR 4, cymecTBY er P R -rpy nrra 

~ , pa3ROEHMaH B Po -npol!sBe.neHHe o.nHonapaMeTpH'leCKHX 

rro.nrpynrr A i. ( B CMHCJie onpe,neJieHHR 4), 1 ~ l ~ n • TipR

'leM A i If A j ( B CMHCJJe orrpe.neJieHIDI 2) ¢:=::?- A [ 1/ A J 

11 



(q~opMaJII>Ho), Ai-<' A j ( B CM:&CJie orrpe.neJIBHM 3)¢=;:- Ai< J1J 
(!JiopMaJII>HO). KoHcTaHT:& --'r<j (rrpH A< . ..( AJ ) ~r.oryT dh!TI> 

Bb!dpaHhl rrpozsBOJII>Ho ( R. ? >r: ij I 0) . 
llm<asaTeJII>CTBo. Tiycu B = [A~]~ - c:vJcTerlla yRasaHHoro B 

ycJIOB.Im nma, H B Heil ecu napa A i , Aj , CBf!saHHaH OTHo

JJJemwl'l ,, -<: " ( CJI:y'Iait, 1\0r,n:a BCe MeMeHThl 8 CBf!3aHh! OT-

HOJJJeHI1e!V: 1/ " Mhl He paccMaTpHBaeM BBH.n:Y ero TpHBHaJibHOCTH). ,, 
Torna, aHaJIOrH'IHO y~e rrpo.neJiaHHOMY B rr. I ,n:JIR H~OpMaJII>HhiX 

CHCTeM, ee MO~HO ITepeyrropR,n:O'IllTl> TaR, 'ITOClhl BhllTOJIHRJIHCl> COOT

HOI!JeHHR: A /K //A :t rrpH JIJ06.h!X k, { f:, f 11 JIJ06h!X K, ( > p 

( r,ne f , f < n) - HeROTOpb111 HOMep, orrpe,n:CM8Mhlll CHC Te-

MOll), A ;I( <A/ k!Jm A;" //A :t npH JIJ06h!X I< , { , K ~ f , 
-{ >p • Tiycnt "Cr:j'= o rrp11 Ai //Aj ,a ,n:JIR Ai -<Aj 

'IHCJia -'r,J , 0-1- 'l:j f R rrpOI13BOJibHhl. TioJIO~M -?'; t = kc~ c(_ • 

PaccMoTpHM rpyrrnoH.n: ( cM/4/ ) G , cocTORlll.Hii H3 Bcex 

,n:ei1CTBI1T8Jll>Hb!X B8RTOpOB ((. :> ••• / t n) , C orrepaUHefi: 

Ct~:> ... ) Cn-)(t;, """) L~)=: c"t + {("(:p+itpfl+· ;z:'<tni/ 
~ I y· 

t +e-(~P~,(p,r'···+Z(o'"t")F t, ft/ -' tJ 
•• ' p p) J.'fl /?1-1;. 'J (11. + "' •• 

( 7) 

ITy C TO J = ( f; 7 ... ~ C"' ) , ~ '= ( ( ~ ... , f :._) , j? 1"= ( ( ~ . ", ( 1,_) -
rrpoHsBOJibHh!e 8JJeueHThl G . Tor.n:a 

(jj/)J/1 = (t +e.-ez:p+itf+' + ... +z,~,_tlt)t/ 
_, ' ... 

. . ' -c + e- (rz;?+' tp+t + .. ·-~- ~~}?_ t!V)t/ t +(/ p P , p+~ b+J . 
-' I /" •• 

12 

• 

• • ' t 11- + t :V) • ( f 1/ .j. I/ ) = l-1, ···) Lfv 

:::: ( t1 + e- ec:p+l t?41 + ··+ 'C~n- tnJt_; + 

+ e- ( rz;p+t ( tp+• + t;~-.) + ··. + -'(;n- (trv+ t:V)) r_: 
) ... 

t e-c-z;P+' tr+' +··+-'lf,~trv) 11 +-
..'J p+ Cp 

+ €-(l(pp+l (lr>+,+i~+,)+··+ 'L~rv((rc+t~))L 1~ / t f+l +t;Jt;:, 
_) 

f_ h- + t ~ + t /~ ) 
) 

f( ?:!//) = (~, ... , t~J-( t; + e-(?~+,~p:/ .. +z:,/14 
,_, 

( -?:/ .;./ +f7/ t/) // • • t..' -1- e- PP+t lfn+ ... <--f'n n.. tp -(l +f'' 
) f ' ffl p fl' ••• 

-JI +-Ill) 
·")ltv L~ = 

= ~1 + e- (rz;P+' tf'+'+ .. + "c;/'1- t~v) (t:+ e -ez;p" t;~-,+ .. + z;l!. t~t''J, 

... 'fr + { (?:;,+, tP+' + ..... rz;,_ th-J(i; + e- (z;Pf1 t ;~, + ... + 'Z;It t ~)t~ 

tfi-1 +t~fl +t;+t) ... ) th + t:._ + t:) . 
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0TCio.na BR.II.Ho, 'lTD onepaUI'l.H B G accommTHBHa. IIpH aTOM 

o'leB:~~.IJ.Ho, 'lTo ( 0, .. , 0 ) - e.ILRHRn;a G . JierRo npoBepRTh, 

'lTO )J)lJ! rrpoM3BOJihHoro aJieMeHTa ( (. , •• , C~v) t G 
llpaBhiM ll JIBBUM OdpaTHhiM .F!BJI.f!8TC.Fl M8M8HT (-1 ' l 1

), r,ne c.,) •. , IL} 

(~=-[;v '···; c;r1=-[f'+l) 
.J I _ e ( Gp p+t tpn t ... t rz pn.. tn.- )tf' 
lp-- ;,••;J 

il = _ e cr-c~p+-1 tp+l + .. ·+ rz~ILt~J t.., • 
Vfs rro~'leHHoro yJKe cJie.nyeT, 'lTo G -rpynna (cM/4 • 5/). 

r:oRaJKeM Terrepb' l.JTO rpynna G y.noBJieTBOp.F!eT OCTa.Jlb

H11M TpeOoBaHR.f!M TeopeM~. IlyCTb 14ck - MHO.lK8CTBO BCeX M8M8HTOB 

((, . .. , tn.) rpynnhl G , y RoTopux: tj == 0 npH j =FK, • 

B CllJIY ( 7), npH JIRldux k ~ tv , Ai"' - O.IJ.HonapaMeTpH

'lecRHe no.nrpyrrrru G , H30MOJXPHHe R H G =Jl,;; · ·4 ilL•. 

fpyrrrra G RBJmeTcR Po - npoHsBe.neHHeM rro.nrpynn A,~ , 
nocROJihK.Y sJieMeHT A i.K MOJKeT paBH.f!ThC.f! ( (.., ••. , f k, ... , {""") 

C t 1r. "'" 0 , Tor,na H TOJ!bRO Tor,na, Ror,na OH paBeH 8,lLRHHU8, 

liaROH8U, B CHJI.Y (7), ,YCTaHOBJI8HHOe HaMH B Ha'la.Jie ,lLORa3aTeJib

CTBa coorBeTCTBHe MeJK.ny cHcTeMoii [ Af.J.,n- H G noRasbiBaer, 

'lTO G -rpyrrna TpedyeMoro TRna. TeopeMa .noRasaaa. 

2B. 08HO yTBep!8eHHe o MomHocTH 

Tenepb MH MO.lKBM ,YTBe~Tb, 'lTO cymecTByeT no R~HeA 

Mepe c'leTHoe MHOJKecTBO nonapHo HeHsoMo~hiX PR-rpynn. Ha 

CBMOM .D;eJie MaKCHM8JibHa.H MOmHOCTb TaKoro MHO.lK8CTBa - ROHTHHyyM, 

3TO BhlTeRaeT H3 CJie.ny~ero. 

TcopeMa 2. CymecTByer ROHTHHyyM nonapHO HBHSOMOpPHhlX Tpexrra

paMeTpH'l8CRKX PR - rpynn. 

~oRasaTeJibCTBO, PaccMOTpHM rpexnapaMeTpH'lecRHe PR -rpymm 

14 

THna G =:A.. A2A 3 , A.,-< A3 , A.z ..(A 3 , A-1 // A2 
(rpynrru c rpa¢aMH Tllrra: 

A 
i z 

ECJIH G H G ~ .nBe rpyrrrru TaRoro nma, TO MO.lKHO C'lHTa Tb, 'lTD 

onepaUI'!H B HHX, COOTB8TCTB8HHO, 3a.D;aiDTC.f! COOTHOlli8Hll.HMH: 

( t., , t!). , r 3 ) ( c : :J r ~ ~ t ~ ) = ( r _, + e -7
'
3 t? t ~ , 

t'l -~e-'C23 -{3t;, c3+t;) 
' 

( t { { ) I( _j / .j I .j I) _ ( _/ -f e -( :J t3 t I 
.,, :L, 3 l_,,l;.., l3- Lt .,, 

t;l_ + e- 'Z~ 3 t 3 [~ , t 3 + t; )', rAe (f,, t2., t3) == 

== ClJ t, Jat {f..Jtzdfl) f G, GX (,, t 1 , t 3) '= a:: (f, > «/(U tl{(t1J 
I ' 

a Z .. H li) - nocTOIIHHYe, CBIISa.HHble cGH G B CHJIY cooraoweHH~(I). 
ij 

~a.Jiee Mbl BOCTIOJIL3Y8MC.f! pesyJihTaTaMH," KOTOpble dy.nyT HesaBHCHMO 

nOJiy'leHY B n. 3. TaR RaR ([; H (; 
1 

- CB.f!3Hhle H o.nHocBR3HHe 

rpynnHJIH ( cM/9 •14/H n. 3B), ToG HSOMOpPHa G' ror.na 
T, /3 I 

H TOJibRo Tor.na, Ror.na L HSOMOJXPHa LJ ( eM. ' 1 4 ) , r.ne 

L H L - a.JireCSpii JIH rpynn G H G , coorsercTBeHHo. 

E CHJIY TeopeMH 4 ( CM. rr. 3A). aJiredpy L (L ~ {H_,, H2 ,H3v 
MO.EHO Sa.D;aTb KOMMyTauHOHHhlMH COOTHOlli8HH.HMH: 

[H_,,H3 ]==-'r13 H1 , [H2 ,H3 ]-= 'l;qH~, 

[H..,, H.:t]-== o 
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a arrredpy L ( [.; = { H ~ , /-1:, H; j) eooTHOIIJeHHRMH 

[H~, H~] co -t;3 H;, [H;, H~} = ?;-s H~, [H;)Hi]=o 

Yl30Mopjm3M L H [ 3KBMBa.JI8HTeH eymeeTBOBamno TaKIDC 
3 H; = z; o{ ij f-1( ( L U"' I, 2, 3). '!TO 

J "' -

~ ' 3 - 1'$ 1 

[ H~ ,H~] = rz;3 H: ~ dei ( d.ij) -f- 0 { 

[H " H''J- ~I H11 

[ H" H"]=o 
1 ' :2. 

JlerKo npoBepHTb, tJTO B L Taxnx H ~ He eymeeTByeT, eCJIH 

I 
7.,3 

~~3 l '"lt::, ~2~ ! 
>-cz,31 -:/::: o i: k~3 k~3 . 
}[23 

ITycTo G - rpynna, yKa3aHHoro Bb!Ille THTia, 38.!\aBaeMaB KOHcTaH

T8Mh L;3 ::--/, JC23 ::::- d. (J.fO). 
Tor.na, KaK yJKe ycTaHoBJieHo, rrpH cJ.-:/: j3 , cl./5 :f i. 

n:Be TaKHe rpynnnr G a< ¥I G, He H30MopqiHH. OTciQUa yxe cne,llyeT 

yTB8plK88H118 T80p8Mhl, TIOCKOJioKy, HaiipHMep, MOIIIHOCTb MHOlll:eeTBa 

[ GcJ. ; c/ E ( -1, 00
)] - KOHTHHYYM. 

TeopeMa .uoKa3aHa. 

2C. 0 J!HH8llHOCTH p R - rp:vrrn 

I'.aK 113B8eTHO, Jll1H8MHWMH H83h!B8IOTC.R TaKHe rpyiiTib!, KOTOpb!8 

.nonycKaiDT TOtJHoe JIHHefiHoe npen:cTaBJieHne. CrrpaBe~HBa CJie.nyromaR 

TeopeMa 3. 1\a.JK.naH P R. -rpyrrna JIIDrefiHa. (~~ 
noR838TBJibeTBO, JlerKO lipoBepHTb, '!TO MHOJK8eTBO C:,J· BC8X 

MaTpHU Bl!,D.a 

("C:j) . ) 
cij (t~)J) = (

e /(.'i t.-J 

t(_ -1 

0 
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1 , 

l 

r.n:e t ;_, tj E R .3 /[iJ =Cons f, -'4j :/: 0 ( ,· fJ), 
RBJIHeTeR P R -rpynno:H • .UeilcTBFTeJibHO, np.11 

1 [ ( -1 Q)] 1 [(€ /f.<JtJ Q)l A l = A·= 
ti 1 t·E-R. ' 0 o -1 .J(ER' 

(->t<.J>A'A'H A~nA~~ (-1 °) r-'l'.i!;) . c ij = j t L J '= 0 1 ' TO eeTL Cc"j -
P

0
-npOl1.3Ben:eHHe A~ 11 A~· (eM. onp. I) • .UaJiee, Bil.I\HO, '!TO 

A~ -< Aj 11 /{ ij -KoHeTaHTa n:JIR a Tow naph!, B eiv.bleJie eoor-

HOIIJeHl-lW (I) • 

IIyen Tenepo G - H8K:lTopaH P R - rpynna, onpe.neAA-

eMail MHOJKecTBOM (eM. n. I, rJI. IT), 

[ Ai]
1
'L = 81 U BP- U 83 

r.ne B-1UB.2.-:fef (eJiytJafi B-~UB2.=¢ otJeBMn:eH). 

IIoeTaBHM B eooTBeTeTBne KaJK.nofi nape A c: , AJ, A c· E 8_, , 
A J. f B

2
, npn A C: -< Aj MHOJKeeTBO MaTpnu C ~](/} , 

rn:e -'(;; KoHeTaHTa, eooTBeTeTBYI<IDIM Ai, AJ· B CiiJIY (I) 

PaeeMOTpHM eoBoKyTIHOCTb G Beex 6JIO'lHO-JU!aroHaJioHb!X 

MaTpHU e H8KOTOpb!M gJI!KeHpOBBHHb!M paeTIOJ!OJK8HHeM yKa3aHHb!X 
r?:r:.;J 

6JIOKOB ( ITO O,UHOMY pa3y KBlK.I\OrO) c,./ { L (. 1 tJ) 
(H n:naroHaJibHb!X 3Jl8~,:8HTOB e t.: ,n.JI.H BC8X A.: f 83 Dpl1 

B3 f:¢ ). EcJ!l1 A (t~,···• t.,)-Ma'Ip11Ubl Tarwro Tnna, cooT-

BetCTBYilllll18 3Jl8Y:8HTaJ~ /! :: a.((,)'" Cl.n ((.,) f c. TO JierKO 

npoBep:wTo, llTO otoCipa.xeHHe 9 = tlJ(,) ···tl"-(t,) ~ A (t1, · ··, t,.) 
.RBJIR8TC.fl TO'lHhiM npe.ucTaBJieHH81' G . }J,JIH aToro .nocTaTO'lHO, 

Hanp:ww.ep, ycTaHOBHTb, tJTO yr.:HoJKeH.Ile B G 11 G 1 
MOJKHO sa,naro 

o.nHHaKOBHMH ~OPMYJia~m (eM. n. I, rJI. II). 

Teopewa .uoKasaHa. 

CJie.ucTBHB I. I'pyrrrrru/JM 6JiotJHo-n:naroHaJibHb!X MaTpnu, rrpHBen:eH-

HWMH B )l:OKa38T8JlbeTB8 TeOpeMb! 3, He48plib!B8IDTCR, e TOIJROCTbiD~ 

zsoMoptlH3Ma, Bee PR-rpyrrmi. 
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3a.Me'1aHIDI, !fOlltHO RCKaTb I'! npyrl'le, 6oJiee SKOHOMH!le 

npe,ncTaBJieHRR PR -rpynn, HanpRMep, PR- rpyrrnu c rpa.Q}a.MH 

A.: -<'Ah>~' Ai /IAJ· , i,J£: h (n'l2)R KOHcTaHTaMI'! 

--'(<·n;-1-=r/.i MO:m!O pea.JJHSOBaTb MaTpi'!Il8-M}l: BH,na: 

0 o<,tntl __ 0 
---<:::.. 0 . - - . 
o eo<,t"''o----o 

0 CJ.nth~ 

t t -· t--1 ~ ~ ~ 

TeOpeMY 3 MOlltHO 6UHO 6H I'!CTIOJlb30BaTo KaK OCHOBaHI'!e ~ pe-

3YJloTaTOB rJiaBH ill, Ho TaM OHI'l TIOJiy"JeHH HeSaBHCKMO, 

3, PR - rpynnu :H RX aJire6pu JIH 

:1A, KoMMYT8.U!'JOHHHe cooTHollleHWI B Mre6pax .iiH PR- ruynn 

TeopeMa 4, EcJI:H P R- rpynna G RBJIReTCR Po - npo:H3Be,ne-

HReM CBO:HX o.nHonapaMeTp:H'1ecirnX no.nrpynn Ai T:Hna R , y,noBJieT

BOpmlll1l'lX ycJioBRRM onpe,neJieHIDI 4, TO ee aJire6py .iiH L ( L = 
={H., ... , Hn-J , Ai. --->- 1-1) MOMHO onpe,neJIHT:& cJie,Icyiiii:HM:H cooTHOIIIe-

HI'!RMI'l: 

[Hi,Hj]=->c'JHi , cs> 

r.ne -'rtJ - KOHCTaHTH Ra (I), Tipl'l A i.-<. AJ , ~'J = 0 , npH 

A i II AJ· • 
]oKaaaTeJioCTBO, Ees HapyllleHRR o6mHocTR MOmiO C'1HTaTo, ~To {; 

COCTO:HT H3 SJieMeHTOB 

aJt,J--- -a~v(t~v)-== (t.,, ... , t,_,_) 
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H Kalt,IJ,BJi no.nrpynna A I( = [a K ( tK u t .. f R COCTOI'!T .113 

aJieMeHTo~ BH,na (0/·~0, t><, o, .. ,O) • TiycTo HK =tl;(o}::-
....----..,__ ( J 

=(0,---,0,-f,O, ... ,D) ~ (K=-1,.--Jft-.) 

0'1eBH.IlHO, "'TO npH A i 1/ A J- 6y,neT [ H ~ • Hj 1 = 0 , ECJIH JKe 

A l. -<' A J , TO KOMMyTaTop ( cM/3 • II/) 
~· 2 (t> 

r.ne 
[ H ~ I HJ· 1 -:::: -L-(.)n --:i:" ' 

t4o"~- t 

z(t )-=a, {t) aJ (t J at ( t >a.J-'(t ). 
TaR KaK 

aJ( tJ a< __ , (t) =~-a )a, (-t) == cti (- e -7
'i tt)fl.;·ft) 

((
J -?.:jtJt) -"l··t )) 

(eM, C2J), To Z(t)=tlc" 7-e =(o, .. ,(l-e •J )tr-0;. 

l1TaK, [ H,: , f-IJ] -= -t.-J H t' , TIOCKOJII>Ky 

-tm, ( 1- e. -'tt:/t)t -
t-+0.. t 2 .Zc.J . 

TeopeMa .noKaaaHa, 

3aMe'1aHI'!e, AHaJIOI'HlJHOe YTBeplUleHHe CTipaBe,IJ.IJJIIBO R ,nJIR 

rpynn Bl'l,na G ® Tn , paccMoTpeHHHX B pa6oTef7/, 

ITeperpynTIHpoBaB A i TaR, KaK a To c,neJiaHo B rr, 1 rJiaBH 

IT, MH npH~eM K yTBePJUleHHD. 

TeopeMa 5. EcJIH PR- rpynna G RBJIReTcR Po- rrpoRaBe.neHReM 

o.n;HonapaMeTpH'lecKRX no~rpynn A i1< = [ Cl.:K (til<) ]t, E-R., K~l1.·y,noBJieTBo
PRDitHX ycJioBHJIM ( 4) HJIH ( 5) , To aJire6pa JIH rp;nnu G orrpe-

1 
~eJIReTcR (npH A,:,._ "7 HK) KOMMYTB.llROHHHMR cooTHomeHI'!RMH mna 

[ H c. , HJ·] = PiJ Hr: ( . ( ') L J , (9) 
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f>OJiee ,neTaJibHO, rrpH yCJIOBHRX ( 4) 

{

0 7 ECflU K,S~f /AII/.1 K,S~p-H ) 

[HK,Hs]-= 
---'[~S f-/K 

7 
ECJIU !<{;p, S~p-H 

) 

(IO) 

a TipH ycAOBMRX (5) 

0 , E CJIU K, S ~ C{, u lilA k, S ~ Cf -1-1 ; 

~H K, H s] -'l~sHK, np1-1 K~~ 14 q+t~S{.t)· 

Q,npV1 K~q. 7 (+-I~S{.fv 
(II) 

r.ne -?"~s::?'~,s(CM, (I)), ~<J=OrrpH A~IIAJ. 
~OKasaTeAbCTBO , liOCTaTO~HO rrpHMeHMTb TeopeMY 4 K paCCMOTpe

H¥!RM rryHKTa I rJJaBbl n. 
3B. P R -rpynrrhl H P R- aJireciphl JIE 

JieMMa, Bc.flKafi P R -rpynrra G CBJ13HB R o,nHocB.flsHa, 

lloKasaTMbCTBo. ITycTb G- PR -rpyrrrra. TiocKMbKY orrepanHn B G 
MOlltHO sa,naTb C IlOMOIJ1hXl COOTHO!IIeHRR THITB (3), TO OHa Herrpepb!B

Ha B ecrecTBeHHO~ TOITMorRR, nosTOMY rpynrra G C B sToil To

rroAorHH) roMeOMOp¢Ha eBKAR,UOBY TipOCTpaHCTBY R, CJie,UOBaTeAbHO, 

CB.fl3Ha H O,UHOCB.fl3Ha (CM,/9,II,I4/), 

BBe.neM HeKOTOpble .norrOAHMTe~hHhle orrpe.ne~eHRst, 

Orrpe8e~eHv.e 5. F:cJ!l'l H.: v. Hi -paMH~Hble s~eMeHThl ciasHca 

aJireciphl JIH L , TO ciy.neM CtJHTa Th, ~To H t <::: HJ rrpR yc~oBRH 

( 8) ( -7 ;j + o) , a rrpH [ H '- ~ ~-] -= 0 Hi r--' HJ ( -T,j = o) . 
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TiycTh [H~}1tv - ciasHc aJireciphl JI11 PR- rpyrrrrhl G 
TV.Tia, paCCMOTpeHHOrO B noKa3aTe~bCTBe TeopeMbl 4, Tor,na, B CH

~y roil JKe TeopeMhl: KaJK.nM napa Hi. , HJ (i ·IJ, i ,J ~ tv) 
y,noMeTBOpHeT XOT.fl cibl O,UHOM;y H3 YCJIOBID1 -

H~<HJ, Hj< ~li, Hi 0--'Hj. (:) 
J13 y CJIOBHR ( -Jf) c~e.n;y eT, 'ITO HHKaKa.fl 

H K ( <. tJ,Jt~ He CB.fl3aHa cooTHO!IIeHIJ:RMH 

TpOi'!Ka Hi . 1-IJ • 

H L < Hj· y H J < H I< • 

0.nHaKO ~erKO IlpOBep¥lTh, 'ITO ,II;JI.H 3JI81\'eHTOB 6a3I'!Ca IlpOH3BOJihHOH 

aJirecipbl Jhi, y noMeTBOpHXl!l1eH (: ) , TaKl!e COOTHO!lleHHR He MOry T 

RMeTb M8CT8, 0tJ8BR.ll:HO, 'ITO H IlpH Hi< HJ· He MOJK8T OblTh 

H~ '"""' HJ· • 
Onpe8eAeHRe 6. A.rrrecipy JIIJ: L 
JIR (:v.Jllll aJirecipoit JIR TRrra P R 
88 6a3RCa CB.fl3aHbl YCAOBRHMH 

ciyneM RasHBaTh P R - aJirecipotl 

) , eCJIH MeMeHThl Hk HeKoToporo 

(:). 
B COOTB8TCTBI1l1 C BTRM orrpeneA8HR8M H Bhllli8CKa38HHblM aJirecipa 

Jin Bc.HKo:ii PR -rpyrrrrhl RB.JIReTcst PR- aJirecipotl J'&. CnpaBe,IJ,JIIJ:Bo 

H 60Aee ocimee yTBep~eHIJ:e, 

TeopeMa. 6. P R -rpyrrnhl II TOA:&Ko OHR REARJOTCR CB.fl3Hh!MR l!l 

O.nHOCB.fl3HhlMH rpynnaMH JIH c aJirecipaMR JIR TRrra P R. • ITpv. :noM 

COOTBeTCTBH8 Me~ TBKRMR rpynrraMR l! aArecipBMR B3aHMHO-

O,nH03HatJHO, 

.UoKrsaTeJihCTBo. ltacT:& yTBep:ll';neHHR HBMR yJKe noKasaHa (eM. Teope

MY 4 1r1: Onpe.neAeHHe 6). IToKaJKeM, 'ITO ,II;JI.H BC.HKo:ii aJireciphl JIR L 
TRna P/Z HBi1.neTc.H e,nRHCTB8HHast, c TOtJHOCThD .no R30MOp'fJH3Ma., 

PR -rpynna c Mrecipoil JIR L . nef1cTBl!lTMhHO, yCJIOBRH (!) 
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q;,opr:.a.JI:&HO rrepeXO;IJ.HT B COOTBeTCTBylCil1He YCJIOBIDI orrpe,neJieHIDI 4 

' II ' ' / ' ' " ' ' rrpH corrocTaBJieHJiiH: , "'--' ' ~ " , , '- +---"" , ' ..;. 

CoxpaHHM 11 KOHCT8HTI:l --(if 113 (8) l'l (I) 6e3 113M8H8HlUi (ClfflTaJI 

-zr:::: 0 ' rrpH Hi. A;~- ' A.: !I A j ) . B CMY 

COOTB8TCTB:I'l.fi TeopeM I n 4 

c aJJre6poi1 Jiz L 
cymecTByeT P R 

ycTaHOBJ18HHOrO 

-rpyrrrra G 

Tpe6oBaH11e B38MMHO~ O.IlH03Ha~HOCTH BHITOJIH.fieTe.fi (cM,/3,
9
,I

41, 
rrocHoJJ:&Ky BCRKaJI P R -rpyrrrra CBR3Ha M o.nHocBRsRa B ClrJIY JieM-

MH, 

TeopeMa )J,OKasana. 

CJJe,II,CTBne 2. P R -rpynrm M TOJI:&Ko OHH .fiBJI.fimTC.fi eBR3HHMH H 

o,II,HoeBR3HHMM rpynuaMH .lin c aJire6paMH JIM, onpe,II,eJI.fieMHMH ( TipH 

IlO,IlXO,lLII!l\8M BH6ope KOMMyTaTOpoE) COOTHOID8HIDIMH THila (9) • · 

1::. 8KerroHeRUHaJI:&Roen P R- rpynrr 

P R- rpyrrrru .fiBJI.fiiOTC.fi paspeiDHMHMH (eM / 7 I) rpyrrnaMH JIH. B 

KJiacce pa3p8WHMHX rpynrr JIM CO,II,ep&aTC.fi BCe 3KCilOH8HUHaJI:&HH8 

rpyiTilbl, KaK H3B8CTHO ( cM/3 • 12/), CB.fi3Ha.fi 11 O,IlHOCB.fi3HaJI 

rpynna .lin G H cooTBeTeTBYKI!laR e::! aJire6pa JIM L HasuBallT

CR aKcnoHeHUMaJI:&H!lMH, ecJin o6pas L rrpn KaHOHH~ecitoM aKenoHeH

unaJI:&HOM oTo6pruteHHHH eoBna.rr.aeT e G . ri.H noK8J[8M, ~To 
Bee PfZ -rpyrrrru aKerroHeHUMaJI:&RH, CymeeTBYilT paMnHHe KpHTe

pHH 3KCITOH8HUllaJI:&ROeTH (CM,, RarrpHMep/I2/), M11 BOeiTOJI:&3y8MC.fi 

CJI8,IlyiDll\HM yTBep~eRHeM, BHTeKaJOmHM H3 pe3yJI:&TaTOB pa60T/IO,I3/: 

~ Tore, ~To6u eB.fi3RaJI H o,II,HoCB.fi3HaJI paspeiDHMaJI rpynrra ~ 
6~a 3KeiTOH8HUMaJibHO~,He06XO~a H ,noeTaTo~a pa3p8WHMOCTb 
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B G JIOOoro ypaBReRM BH.Ila .X 2 
o= f , r.ne / , ;r {' G. 

Ea.JTee MH 6y,neM rrpHMeHRT:& aTo yTBep~eHMe. 

TeopeMa 'I, PeRKa.R PR -rpyrrrra G aKerroReHUMaJI:&Ha. 

,lioKasaTeJI:&CTBO, IIyen G - npOH3BOJ!bRM rpynna Tltma PR 
Tor.na MOl!HO e~TaTb, ~To G =A..,·· ·A~-v , r.ne 

Ai 7ClJ()-TaKHe ee O,IlHOnapaMeTpH~eeKHe rro.nrpyrriTH, ~TO onepauHR 

B (; 3a,II,8.eTC.fi e IIOMO!l\biO COOTHOill8HHll THITa (3) (eM, IT, 1 ~JI. n). 
HaM ,IlOCTaTO~RO, B enJiy Jl8MM11 H ynOMiiRYTOro BHIDe yTBeplK,IleHim, 

,IlOKasaT:&, ~TO ~ .mo6oro! f G ypaBH8HHe :.?: 2 = j paspeiDHMO 

B G. 
EcJIH x = a .. (f,). · ·tZ,,Jt,) (z-#e) , To B enJlY (3), 

'2"2= a.., ( ( -1 + e-(7,2.t2 + ... +~,,1Jn}t..,) 
all-! ( ( f -1- e- ?~-In Cn) tn-) tl;v (2 t ~) .. 

I I I I 

IfyCT:b Tenep:& ./ ==- Q._ ( (,') " ' {Z A ( C :._ ) i: e (IT pH " o::- e 
HM88M: e 2.:::- e ) . Tor.na paspeiDHMOeTb ypaBH8HH.fi .X 2. =I 
3KBHBaJI8HTRa pa3p8IDHMOCTH eHCT8M11 

2 th_ = t~ 
(I+ e- ?n-ln t,') Cn-1 ::: t ~-/ 

(1+e-(..>t,2tz+· .. +~m.CnJt .. = t~ 

OTROCHT8Jl:&HO t I< (1 ~ K ~h), 0Ha HM88T CJI8.IlYIOI1188 (e,II,HHeTB8HH08) 

pemeR~e 

.. -~~-) l_, -

-c: t~ 
2 ) 

t '., 

..L * -
l h-1 

t ~-I 
1 + e- ?n-lrt. (:!_ 

1 + e -('0" t2~ .. + .z,n. t:T 
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TrucHM oCSpasoM, !Jibl noKasaJrn, 'ITO rpynrra G eKcrroHeHnHaJil>Ha. 

'l'eopewa ,n:oRasaHa. 

3aMe'l'runm. BCJIKaH Hea6eJieBa PR ~ rpynna G BKDuHeHIUffi,Jll>Ha, 

HO HHKaKafl TaKafl rpynna He RBJIReTCR HRJil>IIOTeHTHO~ (CM./3 , 5/). 

,UeficTBl'!TeJil>HO, n Ka:M.UOii Trucoi1. rpynne G HMeKJT MecTo cooTHome-

mm: [G,G]=AtE, [G~ A]= A 
Bee PR- rpynm• HeRoMnaRTHH. 0TMeTHM eme, 'ITO He BCRKaR eKcno

HeHIJ,HaJil>HaR rpynna RBJIReTcR P R -rpynno~. To ecTl> B TeopeMe 

7 rroJiy'ieHH .nocTaTo"'Hhle ycJIOB!Ml ei<enoHeHIJ,HaJibHocm. Hs TeopeMH 

7 Bh!TeKaeT, 'iTO ,n:JIR IIOCTpOeHHR rapMOHH"'8CKOrO aHaJIHSa Ha 

PR. -rpynnax, B '!acTHOCTH, .MR on:11camm HX Henpno,n:HMHX yHHTapHHX 

rrpe,n:cTaBJieHl'Ji1. MOEHO IIOJibSOBaTl>CR MeTO,UOM Op6HT Kl'lpHJIJIOBa 

(cM./3 ,12/). YKaSaHHhlH MeTO,U rrpv.MeHHM ,n:JIR JIKJ6HX BKCIIOHeHU:Il:aJ!l>

HHX rpyrrn (RpQTKOe ero OIIl'!CaHHe ,n:aHO B ITpHJIOZeHRRX). 

B saKJIKl'!eH:Il:e aBTOp rrpoHOCHT rJiy6oKyD 6Jiaro.napHOCTl> 

B.J'. Ka,UHmeDCROMY sa HHTepec K pa6oTe H ueHHH8 COBeTI:l, 

1.1. raBJIH"'eRy' E .A. MBaHOBY' r .H. KoJiepoBy' B. JlaccHepy' 

A.B. MaTBeeHKo, P.L MHp-I<acnMoBy H H.E. CKatiROBY sa rroJieSHIW 

o6cyJK.neHHR. 
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IY. TipHJIOlK8HHR 

1. KpaTRoe omwaHHe MeTo.na op6HT KHpRJIJIOBa 

Ilycu L (.nei1cTBHTeJibHM) aJire6pa Jill sRcrroHeHU>laJibHOH 

rpyrrrrh! JlH {j . ~epes L' o6osHatiHM npocTpaHCTBo, corrpHJKeHHoe 

L , TO eCTb IIpOCTpaHCTBO BCeX JIHHeiiHh!X ~HKUHOHaJIOB ~(~) 
HaL. 

EcJIH H ~ L - HeRoToprur no,n:aJire6pa [. , TO -qepes e::rp H 
ooosHa'!HM no.nrpyrrrry G , RBJIRruzylllc.fi o6pasoM H npH sRcrroHeH

UHaJibHOM OTo6pWKeHnH ( cM/3/): [ ~ G ( B '!aCTHOCTH, 

G=e?C?L ). 
CKaJI.fipHHM ITpOHSBe,n:eHHeM BJieMeHTOB ~ f L H I f L / 

HasoBeM sHa'!eHHe 

frx) onP ( x :J f ). 
TipH 3TOM :::t H / C"'HT8JOTC.fl opTOrOHaJibHhlMH, 8CJIH (~.;/)~o. 
llo,U,MHoJKecTBo S <;. [, H sJieMeHT f f [.' C'il'IT8JOTC.fl opToroHaJib

Hh!M:Il:, ecJIH (-;r,fJ=o rrp11: Jll!JOoM AefS. J'cJiv He [ 
rro.naJireopa L , To opToroHaJibHh!M .nonoJIH8Hl'!eM H B [ / 

HasHBaeTc.fi MHoJKecTBo Hl_ ~ L , cocToRmee Hs Bcex sJieMeHTOB 

IE L . ,n:JIR ROTOpb!X (';,:,f).::: 0 ITpH Jll!JOOM ~ c- H . 
06osHatiHM '!epes J ( f ) orrepaTop, .nei1.cTBYI0111l'li1 B rrpocT

paHCTBe L , c MB.Tpm\ei-i ( b:{pacl t / ( r.ne ad/ (x)-= [t>V , 
I" 

a 11 osHa"'aeT TpaHciiOHHpoBaHHe). 

Op6HToi1. Q(/}eJieMeHTa / (- L: HasHBaeTc.fi MHOJKecTBO 

Be ex sHa'l'eHHi1 j( t') / rrpH ( f- L . Tio,n:aJireopa H <;. L 
HasHBaeTC.fi IIO.I('IHHeHHotl BJieMeHTY / E L1 

, ecJIH MHOJKeCTBO 

CH 1 1-1) opToroHaJibHO / • IIycTb H rro.I('IHHeHa f . B 3TOM 

cJiyqae 6y,n:eM rrncaTb: H < j . IIpH H Z j 11;opNJYJia 
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A ( -e~fl )= e«j> {c·(~.~/J) 

(r.ne f_ xapanep e-x;lf, ez~ B npaBoii "laoTH - o6wma.H 

:3KCTIOH8HTa, q (-i;f)- CKaJJ.SipHOe npOH3B8,U8HH8, BBe,neHi:JOe BU

rne) onpe.ne.ruJeT o,UHoMepHoe yHHTapHoe npe.ncTaBJieHHe no.nrpyniiH 

-e«p II~ G . 'tJ:epes imi (H, /} o6osHa-rmM npe.ncTaBJieHHe, KH

.nyuHpoBaHHoe ::JT'HM xapaKTepoM ( CM/I, 3/). Tipe,nCTaBJieHKe Wuf(H,/J 
HenpHBO,UHMO TOr,na 'H TDnbKO TOr,na, KOr,na BHTIO~HRDTCR Y~OBHR: 

c1 rm H = c/ &n L. - i clim ( S2 (f)) , ( I2) 

~HHe:Raoe MHoroo6pasHe 

i +Hj_ ~ J(_(f) 
(I3) 

( s.necb npH j f H.L no.npasyMeBallTCR Bee a~eMeHTI:.l L1 
BH,na 

/ + !I , Y f H .L ) Ec~Jil H < f , H.., ( f.., , TO npe.ncTaBJieHHR 

ti?o/{H,/) H tnc/(fl.,j.) SKBHBMeHTHI:.l Tor,na H TO~bKO TOr,na, 

Kor.na f H /-t ~eJEaT Ha o.nao:R opdHTe, TO ecTb Q(/)-=Jl(t}. 
M, HaKOHeJ.J;, OCHOBHOe, Ha Haw BSr~R,U: 

~oe HenpHBO,nmMoe YHHTapHoe npe,ncTaaneHHe rpynTII:.l ~ 
yHHTapao 8KBH~eHTHO HeKOTOpOMy npe,nCTaBJieHHJl ffio{ (H, f) , 
npH no.nxo,IUlllleM BH6ope H 111 j ( cM/I2/). 

Ms CKa3aHHOro Bl:.lWe Bl:.lTeKaeT ~e.ny~ MrOpHTM ITOCTpOeHHH 

BCeX, C TO"lHOCTbll ,UO 8KBH~eHTHOCTH , HenpHBO,nHMI:.lX YHHTap-

Hl:.lX npe.ncTaBJieHKR ~ rpynn paccMaTpHBaeMoro THna: 

I) Haxox,neHHe BCeX Op6HT B L OTHOCHTe~:bHO _f( f') , 
2) Bl:.l6op no,nxo,IUllllero npe.ncTaBHTeM / Ha KB.X,~~;oti op6HTe_Q 

~ 

26 

3) Bl:l6op no.nMre6pu H ~ L , no,U"lirneHHo:R f { H < /) , 
y.noBJieTBOJlRDIIe:R y~oBMM (I2) H (I3) ~ ~oro TaKoro npe.n
CTaBHTeM ,, 

4) noc TpoeHHe npe.ncTaBJieHHii inot' (H, / ). 
Eo~ee no.npo6HO C 8THM MeTO,UOM H MeTO,UOM UOCTpoeHHR rap

MOHH"leCKOrO aH~Sa ~ 8KCITOHeHJ.J;HaJffiHI:.lX rpynn MOXHO 03HaKOMHTb• 

CR B pa6oTax/3 ,I2/. 

2. TipHMep (rnynna opHcffiepH"lecKHX C8§HroB TIRTHMepHoro 

mneOOOJIOW) 

B pa6oTaxl2•6/ paccMaTpH~acb rpynna opHc~pH"lecKHX C.nBH¥< 

roB TIRTHMepHoro rHrrep6o~oH.na, KMeDma.H BaEHoe sHa"leHHe ~ pas

BHTHR HOBOrO TIO,UXO,Ua B KBaHTOBOii TeOpHH TIUHR. 3Ta rpynna 

Jll30MO~Ha "leTupexnapaMeTpH"leCKOM rpynrre ~H }( , COCTORmeii H3 

Be ex .neltc TBHTMbHUX BeKTOpoB ( -;r-0 .> X) = ( ~0 .... x.,_,.~ ~) ~- Orrepa-

UHR B K sa.n.aeTCR TaR: 

(zo7X)(Yo,'7)=(tzo+Yo 7 e-':lo_f +Y )· (!4) 

B pa6oTe/G/ C UOMomnn O,UHOrO H3 TpB,nHUJI!OHHUX MeTO,UOB 

6ano TIOKaSaHO, "lTO rpyrrrra ~ SKCUOHeHUHMl>Ha. E STOM MOXHO 

ropas.no ~er"le y6e,nHTbCR, ec~ HorrannsoBaTb pesy~nTaTu, no~

"leHHI:.le B HaCTORmeit CTaTbe • 

K- THTIH"lHa.H P R- rpyrrrra. ,Ue:RcTBHTe~:bHO, I<- Po- npoHs

Be.neHHe "leTupex O,IJ;Horrapru.~eTpH'IecxHX no.nrpyrrn A i TKrra R , 
C:=I,2,3,4, A.,~(o)z,1 o.~o), A..2.7(o"07 Zz.~o), 

A3 3(00101:tJ)• Ay 7(;yo; D.~01 0) (e.=(01010o)- e.nHHH'IHIDi s~eMeHT, 
(;ra_,X) ::;- (~o.~ 0 )(o; f) ) • Tax roax (o, X)(o,Y)=(o7 X+-1}, 
TO A., IIA.z• A 2 /1 A3 , A1 II A3 • Ms cooTHomeHHit (!4) ~e.nyeT, 

"lTO Ac: ..( Aif, i=1;2.,j(HarrpHMep, (O;~'.~o1 o){':t01 0 1 07 0)= 
( -~ ) ( -Zo ) -::: ~o_,.~e 0

:('1 /0,0)=(Za 1 0,o,o o,e X-./0 7 0_, 

.-?'.,o/ =-:f CM. (I)) • HarJI.H.IlHO rprup rpyn-

27 



nh! K Blli'Jill,JJ;IIT TaK: 
1.; 

./i~ 
--1 2 3 

Hs ITOJIY'l'GHHh!X COOTHOlli€HH~ Bh!T€Ka8T, 'l'TO MHOJt€CTBO [ -4<),"' 
y.noMeTBOP.f!eT ycJIOBIIl.fiM onpe,JJ;eJie!m.H 4. IIoaTOMY K- PR- rpynna, 

TO GCT:O aKCTIOHGUI/laJI:OHall rpynna JIJ/l ( CM, TeopeMY 7), 

B pa6oTe/G/ C ITOMOII1:0ID MGTO,na opc:illlT KJ/lplllJIJIOBa HaH.D:€Hll 

BOG, C TO'l'HOCT:O~ .D:O 3KBHBaJI8HTHOCTIIl, HGITplllBO.D:IIlMllG YHHTapHh!€ 

npe.ncraBJieHIIl.fi rpynnh! ~ • Ka~oe TaKoe oecKoHeqHo-MepHoe npe,JJ;-

craMeHHe TcCj) B npocrpaHcTBe L:l(-oo,ao) lllMeerBn.n: 

fc (j)fr (51)-== e L. eYt-zo(C/X) j('J+Xo) (i2=-1 

r.ne -jc<:f)EL;LC-oo~=), c =(ole)/ IJCII=i " ' 

J-= {Zo,X)t-K 7 (C, X) - o6U'l'HOe cKaJI.flpHoe npolll3Be.neHHe 

B f:3 • OcraJI:oHue rrpe.ncraBJieHIIl.H o.nHoMepHu, 

PyKOTIJ/lCb TIOCTYTIJ/lJia B J/l3,JJ;aTGJ!hCKJ/l~ OT,JJ;GJ! 
II lllDHll 1~76 ro,JJ;a 
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