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1. · Bne.n;eHRe .. Orrpe.n;eJieHRJI. OcHOBHLie pe3Y.JIL
. TaThl < . 

B pa6oTe paccMaTpHBaIOTCJI 3al);aqH Ha co6CTBeHHhle 3Haqe

IUUI Tpex BHl];OB: Rallil];aJI l13 HHX BRJUoqaeT B ce6JI HeJIHHeiiHoe ypa

BHeirn:e 

-y" + f(y 2 )y = >.y, y ~ y(x), XE (0, 1) 

l1 Ol];HO l13 CJiel];yIOrn;HX Tpex rpaHHqHI,I~ ycJIOBHll 

y(0) = y(l) = 0, y'(0) = p, 

y'(0) = y(l) = 0, y(0) = p, 

y'(0) = y'(l) = 0, y(0) = p. 

(1) 

(2a) 

(26) 

(2B) 

3l);eCb Bee BeJIHqHHhl Bern;ecTBeHHhl, >. E R- crreRTpaJibHhlll rrapa

M~TP, f-· sal];aHHaJI lJ:OCTai:oqHo rn~l];Ra.H cpyHRIJ;HJI, a p- rrpoH3-

BOJihHhlii IlOJIO}l{HTeJibHblll rrapaMeTp, rrpHHHMaIOrn;Hii BCIOlJ:Y B CTaTbe 

o.ii;Ho H TO llie 3HaqeHHe. B l);aJibHeiirneM rrpel];rroJiaraeTCJI, qTO J(y 2 )y
- · HerrpephlBHO ll;HcpcpepeHn;HpyeMM cpyHRIJ;HJI apryMeHTa y E R, 
TaR qTo l];JIJI ypaBHeHHJI ( 1) BhlilOJIHJIIOTCJI o6hlqHI,Ie JIORaJibHhle Teo

peMhl cyrn;ecTBOBaHHJI, el);HHCTBeHHOCTH l1 HerrpephlBHOH 3aBHCHMO

CTH perneHHJI 3al];aqH KoIIIH OT HaqaJibHhlX l];aHHhlX l1 rrapaMeTpa A. 
EcnH rrapa (>-., y), rl];e >. E R H y = y( x )- l];Ballil];hl HerrpephlBHO 

l];Hq>cpepeHn;HpyeMaJI Bern;ecTBeHHaJI cpyHKIJ;HJI apryMeHTa x E [O, 1], 
Yll:OBJieTBopJieT ypaBHeHHIO (1) H OlJ:HOMY H3 rpaHHqHhlx ycJIOBHii 

(2), To Ha3oBeM >-. co6cmeetttt'bt.M 31-1,a'l(,ettue.M, a cpyHRTI;HIO y(x )- co

oTBeTcTBymrn;eii co6cmee1-1,1-1,ou <fiytt1C11,ueu paccMaTpHBaeMoii 3al);aqH 

( OTMeTHM, qTo, BBHlJ:Y Toro, qTo Rallil);Oe l13 rpaHHqHhlX ycJIOBHH 

(2) COl);eplliHT l);aHHhle 3al);aqH KornH l1 l];OilOJIHHTeJibHOe ycJIOBHe, no 

TeopeMe el);HHCTBeHHOCTH B Ra}l{l);OM l13 Tp~x cJiyqaeB Ra.llil];OMY 3Ha

qeHHIO rrapaMeTpa >-. MOllieT COOTBeTCTBOBaTb He 6oJiee O,ll;HOH co6-

CTBeHHOll cpyHRIJ;HH). CooTBeTCTBeHHO, MHOllieCTBO Bcex co6cTBeH

HhlX 3HaqeHHll JII06oii H3 '.3al);aq ( 1 )-( 2) Ha3OBeM. cne'ICmpo.M 3TOH 

3al);aqH. 

1 OI.H1ttliu:tl,blfi &h:'nit'JI' I 
j fl!l-:?,Jll~!X ntc!elO~il! 
I 6'1SJU,rOTEKA . ··- --~ 



Reno, qTo cnyqau: p < 0 cBo.z.1:i1TcH K pacnrnTp1rnaeM0My 3a

:-.reHou: y(x) ---+ -y(x). OTMenIM em;e, 11To 3aMeHoti: He3aBIICHMoro 

nepeMenuoro t = 1 - x 3a)],aqII na co6cTBeHHhie 3naqemrn ( 1 )-( 2) 

npIIBO)],HTCH K 3a)],aqaM na co6cTBeHHbie 3Haqemrn AJIH ypaBHeHIIH 

( 1) c rpaHIIqHblMII ycJIOBIIHMII, COOTBeTCTBenno, 

y(O) = y(l) = 0, y1(l) = -p; 

y(O)=y'(l)=O, y(l)=p; 

y'(O) = y'(l) = 0, y(l) ~ p. 

(2a') 

(26') 

(2B 1
) 

Jl.JIH Ka}I{,ll;OH II3 Tpex 3a)],aq (1)-(2) B nacTOHlll;eH CTaTbe II3Y

qaIOTCH CBOHCTBa co6cTBeHilhIX 3HaqenIIit II 
0

co6CTBeHHhlX q>JHKU:IIH 

II yCTaHaBJIHBaeTCH 6a3IICHOCTh PIItca B L2 ( 0, 1) CIICTeM co6crneu

HhIX q>yHKU:IIH 3a)],aq (1),(26) II (1),(2B), a TaKme 6a.3IICHOCTI:, Pn:cca 

.B L2(0, 1) ClICTeMbl cpyHKU:IIH, IIOJI.yqamm;IIXCH II3 ClICT~M~·co6~THeH

HhIX q>JHI{U:IIH 3a)],aqII (1),(2a) 'nocJie HOpMIIpOBKII B L2(0, 1). OTMe

TllM em;e, 1ITO )],JIH 3a)],a1rn (1),(26) 3TH BOIIpoci.I paccMaTpIIBaJIIICh B 

pa60T~ [l] . .LJ:oKa3aTeJibCTBO 6a3IICHOCTII PIIcca ~IICTeMbl co6crnen

HbIX cpyHKU:IIH 3TOH 3a)],aqII II3 yKa3annoit pa60ThI OIIIIpaJIOCb Ha 

II3Be~TnymTeopeMy H.K. BapII (cM. J],aJiee),. 8 nacTo~m;eii CTaTbe 

aBTOp rrpecJie)],yeT )],Be rJiaBHhle u:eJIII: BO-rrepBhlX, npe)],cTaBIITI:, rrpH

MOe (ne orrIIpa1om;eeCH na TeopeMy H.K. BapII) JJ.OKa3aTeJihCTBO 

pe3ymTaTOB pa60Tbl [1], II, BO-BTOpbIX, II3YqIITb 3a)],aqII .(1),(2a) II 

( 1) ,(2B ). 

ABTOp 3HaeT HeCKOJibKO pa6oT, B KOTOpbIX n:'ccJie)],OBaJIIICb IIOJJ

HOTa, 6a3llCHOCTb II anaJIOrIIqnhie CBOHCTBa )],JIH CIICTeM co6CTHeH

HbIX cpyHKU:IIll neJIIIHeU:HbIX Kpaeirnx 3a)],aq, II0)],06HbIX paccMaTpII

BaeMbIM B naCTOHlll;ell pa6oTe'. B MOHorpacpIIII [2) rrp~JJ.CTaBJieH 

pH)], IIHTepeCHhIX pe3JJibTaTOB B 3TOll o6JiaCTII. rnaBHhlll pe3JJihTaT 
. ' 

CTaTbII aBTOpa [3) COCT0HJI B )],OKa3aTeJibCTBe 6a3IICHOCTII CIICTeMbI 

co6crnenHhIX cpyHKU:IIit OJJ.HOH neJIIIneiinoii 3a)],aqII TIIrra lllTypMa

-J1IIyBIIJIJIH B rrpocTpancTBe L2 • l'beH IIOJJ.XO)],a B 3TOH pa6oTe 3a

Kmoqanac1, B cBe)],eHIIII paccMaTpIIBaeMOH HeJIIIHellHOH 3a)],aqII Ha 

',-:t·- 2 

co6CTBeHHbie 3HaqenIIH K JIIIHeHHOH 3aJ~aqe na co6cTBeHHbie 3Ha

'ICHIIH JJ.JIH orrepaTopa lllTypMa_ - JlIIJBIIJIJIH c rroTenun:anoM, 3a

BIICHm;n::-.1 OT crreKTpaJII:,HOfO rrapaMeTpa. 3TH pe3JJibTaTbl TaK}KC 

anoucn:poBaHhI (6e3 JJ.OKa3aTeJibCTB) B [4]. I{ cmKaJienmo, pa6oTa 

[3) CO)],epllillT onrn6Kll, KOTOpbie O)],HaKO MO}I{IIO IICIIpaBllTb. 3TH llC

npaBJieHllH ll )],OIIOJIHenn:H I{ pa6oTe [3) HaXO)],HTCH B rreqaTll. He3a

BIICllMOe ( ll 6oJiee ROpOTROC) )],ORa3aTeJihCTBO pe3JJihTclTOB )],JIH He

mmeHHOH 3a)],aqII ua co6cTBCHHhie 3Haqenn:H ll3 [3), ocnoBanuoe na 

-reopeMe H.K. BapII, rrpeJJ.CTaBJieno B [5). HaRoneu:, B pa6oTe aB

Topa [6] JJ.OKa3ana 6a3n:cnocTh Pn:cca B rrpocTpancTBe Co6oneBa Hs, 
r)],e s < so, a so- OTpn:u:aTeJibHaH TIOCTOHHHaH, TIOCJie)],OBaTCJihHOCTII 

pemeHIIll nepBOH KpaeBOH 3a)],aqn: Ha 0Tpe3Ke C nyJieBhIMll rpanIIq

HblMll ycJIOBllHMll )],JIH HeROToporo HCJIHUeti:uoro JJ.Hcpcpepenu:n:aJib

noro ypaBnenn:H BToporo ,nopHJJ.Ka ( 6e3 cneRTpan1,noro napaMe-rpa), 

no;.1;06noro ypaBnenmo ( 1). 

BBe)],eM ne1wTOpb1e o6o31la1J.e1luJ1.. ITycTh L2 (a, b), r)],e 

a < b,- CTaHJ],apTHOe npocTpaHCTBO Jle6era, COCTOHm;ee II3 Be

lll;CCTBCHHhlX cpyHKU:HH apryMeHTa x E (a, b), KBaJJ.paTwrno n:n

Terpn:pyeMhlX no llHTCpBaJiy (a, b), co CRaJIJipHbIM npOII3BC)],CHl1CM 
b I 

(u,v)L2 (a,b) = Ju(x)v(x)dx ll HOpMOH ]lullL2 (a,b) = (u,u)L(a,b)· 
a 

ITycTh L2 = L2(0, 1), (·, ·) = (·, ·)L2 {0,1) n: II · II = II · IIL2 {0,1)• 

.LJ:anee, )],JIH npon:3BOJibHoro 6anaxoBa npocTpancTBa B c nopMof-i: 

11 · I 1B qepe3 £( B; B) 0603uaqIIM 6anaxoBo npoc-rpancrno JIIIIIett

HbIX orpann:qeHHblX onepaTopoB, )],ellCTBJIOlll;IIX ll3 B B B, C HOpMOH 

IIAll.c(B;B) = sup IIAullB-
. uEB: llul!B=l 

,UJIH y,n:o6cTBa qn:TaTeJiell BBe)],eM CJIC)],JIOlll;lle npIIHU:llTillaJih

Hble ·onpe)].eJieHHH 1-4 . 

Onpe,n:enenIIe l. Ce.M.eucmeo <fiymc11,uu {hn}n=o,1,2, ... C 
C L2 (a,b) 1-ta3'bteaemcJ1. 6a3uco.M. npocmpaHcmea L2 (a,b), cc.1u 
a.11,J1. npou3eo.11,'b1£ou <fiym,;11,uu h E L2 ( a, b ). cyu~ecmoycm eauucmoeu-

3 



H'btil 11,a6op Be'll{ecmee11,11,'btX 11,uce.11, {an}n=0,1,2, ... ma'l'.oi1, 11,mo 
(X) 

L anhn = h B npocmpa11,cmee L2(a,b). 
n=0 . 

B COOTBeTCTBllII C pa6oTaMII. [7,8] BBe,ll,eM cne.n;ymru;ee orrpe,ll,e-
. . . 

neHIIe. 

Orrpe.n:eneHIIe 2. Ea3uc {hn}n=0,1,2, ... npocmpa11,cmea L2(a,b) 
11,a3'bwaemcsi 6a3uco.M Pucca 3mo2O npocmpa11,cmea, ec.11,u i}.11,si npo-

= 
U3BO.l1,'b'H,OU <fiYH'l'.11,UU h = L anhn E L2(a, b), iiJe an ER, n = 

n=0 
00 

= 0, 1, 2, ... , B'btno.11,11,e11,o yc.11,oeue L a! < oo u 11,ao6opom, iJ.11,si 
n=0 

.11,106'btx ee'll{ecmee11,11,'btX 11,uce.11, an, iiJe n = 0, l, 2, ... , ma'l'.ux, •tmo_ 
(X) (X) 

La! < oo, psiiJ L anhn cxoiJumcsi B npocmpa11,cmee L2(a, b). 
n=0 n=0 · 

Orrpe.n:ene1rne 3. Cucme.Ma <ftyH'l'.V,Ui1 {hn}n=0,1,2, ... C L2(a, b) 
Hll3'bteaemc5l w-.11,u11,eii11,o 11,e3aeucu.A-wi1 B npocmpa11,cmee L 2(a, b), 

(X) • 

ec.11,u paee11,cmeo L anhn = 0, iiJe an- Be'll{ecmee11,11,'bte 1'.0::J<p<pv,v,u
n=0 

e11,m'bt, · BO3.MOJ/CHO B npocmpa11,cmee L 2 ( a, b) moA'b't.O npu O = 
= ao = a1 = ... = an = ... 

Orrpe.n:eneHIIe 4; ,l(ee cucme.M'bt <fty11,'l'.11,ui1 { en}n=0,1,2, ... u 
{hn}n=o,1,2, ... U3 npocmpa11,cmea L2(a, b) 11,a3'bwa,10mcit 
'l'.BaiJpamu11,11,o 6.11,U31'.U.MU B npocmpa11,cmee L2(a, b), ec.11,u 
00 

I: lien - hnlli2 (a,b) < OO. 
n=0 

B .n:an1,nei1meM o <pyHKD;IIII f rrpe.n:rronaraeTCH cne.n:ymru;ee. 

(f) llycm'b f(y 2)y- 11,enpep'bWHO iJu<ft<ftepe11,v,upye.Masi ifiy11,
'l'.V,U5l ap2y.Mem:1-a y E R u nycm'b J(r)- .Mo11,omo11,11,o 11,ey6i,wa-
10'll{asi 11,enpep'bte11,asi <fty11,,,..v,usi ap2y.Me11,ma r E [O, +oo ). 

IIpe.n:rronomenrre (f) crrpane.n:nrrBo, uarrprrMep, .n:nH J(r) = lrlq, r.n:e 

4 

q ~ 0- IIOCTOHHHaJI. OTMeTIIM, 'ITO rrpII q E (0, 1] cpymrn,Irn J(r) ne 

.1u1¢cpepenu;npyeMa B TO'IKe r = O; O,ll,HaKo IIpII TeX me 3HatJeHHHX q 

cpyHKD;IIH j (y 2)y HerrpephlBHO .n:mpcpepeHD;IIpyeMa IIpH Bcex y E R. 

Xopomo II3BecTen pe3ym,TaT H.K. BapII (cl\L [2,7-9]), corna

cno HOTopoMy w-nnnefiuo ue3aBIICIIMaH CIICTeMa <pyHKD;IIll 

{hn}n=O,t,2, ... H3 L2(a, b), KBa.n:paTH'IHO 6nII3KaH I{ 6a3ncy PIIcca B 

3TOM rrpocTpaHCTBe, caMa HBnHeTCH 6a3IICOM Pucca B rrpocTpaHCTBe 

L2(a, b) (B .n:eficTBIITenI,HOCTII, B rrepBhlX pa6oTax [7,8] 3TOT pe3ym,

TaT 6nm rrpe.n:cTaBnen n necKonbKO 6onee cna6oi1 cpopMe; o.n:naKo, 

,ll,OI<a3aTenbCTBO II3 pa60Thl [8] rronHOCTI,IO IIpOXO,ll,IIT B yna3aHHOM 

cnyqae). OtJeBII,ll,no, 'ITO mo6oi1 opTonopMnpoBannhlfi 6a3IIC B rrpo

cTpancTBe L2 (a, b) ecTb 6a3IIC PIIcca B 3T_OM rrpocTpaucTne. Ba3HChl 

PIIcca, HBa.n:paTH'IHO 6nII3KIIe K OpTOHOpMnponaHHhlM, Ha3hlBaIOT 

TaKH{e _6a3uca.Mu Eapu. B [7-9] Taume rrpe.n:cTannenhl nenoTophle 

namnhle cnoficTBa 6a3IICOB PIIcca II Baprr. HarrprrMep, n [8] .n:o

na3ano_, 'ITO ecnrr crrcTeMa { hn}n=o,1,2, ... HBnHeTcH 6a3IICOM PIIcca 

rrpocTpancTBa L2 ( a, b), TO cytu;ecTBYIOT rrocTOHHHhle O < c < C 
TanIIe, 'ITO 

c(t,a~r < 
00 

L anhh 
n=0 

(

(X) )½ 
~ C La~ 

L2(a,b) . n=0 

,ll,nH nm6oi1 nna.n:paTII'IHO cyMMIIpyeMOll rrocne,ll,OBaTenbHOCTII Betu;e

CTBeHHhlX 'IIIcen { an}n=0,1,2, .... 
B naCTOHru;efi CTaTI,e B 'IaCTHOCTII ycTaHaBmrnaIOTCH 

w-nHIIefiuaH He3aBIICIIMOCTI, Ii: KBa,ll,paTII'IHaH 6nII30CTI, K opTOHOp

MIIpOBaHHOMY 6a3IICY B rrpocTpaHcTBe L2 crrcTeM nopMrrponaHHhlX B 

L2 co6cTBeHHhlX <pyHKD;IIll I{afil,ll,Oll II3 3a,ll,a'I ( 1 )-( 2)' a TaKme ou;eHKlI 

c < IIYnll < C co6cTBeHHhlX cpynnu;IIfi Yn 3a,ll,a'I (1),(26) II (1),(2B) 

c rrocTOHHHhlMII O < c < C, ne 3aBIICHill;IIMII OT n. TanrrM o6pa3oM, 

CIICTeMhl co6cTBeHHhlX cpynnu::Q:fi 3a,ll,a'I (1),(26) II (1),(2B), a Ta!{}Ke 

CIICTeMa HOpMIIpOBaHHhlX B L2 Ha 1 co6cTBeHHhlX cpyHI{Il;llll 3a,ll,a'III 

(1),(2a), HBnHIOTCJI 6a3IICaMII PIIcca (6onee Toro, rrocne.n;HHH CII

CTeMa HBnHeTCH TaKme 6a3IICOM Bapn) B rrpocTpancTne L2 • O.n:nano, 
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RaR y:ka3hIBaJIOCb BhIIlle, B CTaTbe rrpIIBO,Zl;IITCJI rrpJIMOe ( He IICIIOJib3Y

IOm;ee TeopeMhl H.K. Baptt), rrpocToe II RopoTRoe )IORa3aTeJibCTBO 

Toro, 'ITO 3TH CIICTeMhl JIBJIJIIOTCJI 6a3ncaMII Pttcca B L2 • 

IIepBbIH pe3yJinTaT pa6oThl cocTaBJIJieT 

TeopeMa 1. B npeano.1t0;>fCe1-tuu (f) 
( a) a.11,si .11,106oi1 U3 mpex 3aaa"i (1 )-(2) cyw,ecmey10m noc.11,eao

Bame.11,bftoCmU co6cmee1-t1-tbtX 31-ta"ie1-tui1 { An}n=o,1,2, ... u coomiJem~ 

cmey10w,ux co6cmee1-t1-tbtX <fiy1-t-x:u,ui1 {Yn}n=0,1,2, ... ma-x:ue, 'limo a.11,si 

.11,106020. u,e.11,020 n ~ 0 <fiy1-t-x:u,usi Yn( x) uMeem poe1-to n -x:op1-tei1 B 

unmepea.11,e (0,1); · 

, (6) a.11,si .11,106020 U,e/4020 n ~ 0 .11,106asi U3 3aaa"i (1)-(2) 06-

.11,aaaem eauucmee1-t1-tbt.M,U co6cmee1-t1-tbt.At 31lll"ieUUe.M, U COOmBem

cmey10w,ei1 co6cmeemwi1 <fiyu-x:u,uei1 rria-x:uMu, 'limo :Jma co6cmeeu

uasi <fiyu-x:u,usi UMeem poeuo n -x:opuei1 B uumepea.11,e (0, 1); 
(B) .11,106asi co6cmeemtasi <fiyu-x:u,usi .11,106oi1 U3 mpex Jaaa"i 

(1)-(2) -x:a-x: peweuue ypaeueuusi (1) UMeem eduucmeeuuoe npoao.11,

;>fCe1tue ua ec10 eew,ecmeeuuy10 ocb x E R; 
(r) a.11,Sl 'X:ll;>fCaou U3 mpex 3aaa"i (1)-(2) cucme.Ma co6cmee1t-

1lblX <py1t'X:.1l,UU {yn}n=0,1,2, ... U3 n. (a), npoao.11,J1ce1t1tbtX 1lll BC10 Be

w,ecmee1-t1ty10 ocb, paeuoMepuo 02pa1tu"ie1ta no x E R; 
()I) a.11,si .11,106020 u,e.11,020 n ~ 0 -x:op1tSl.M,U <py1t'X:'IJ,'UU Yn ( X) 1 npo

a0.J1,;)fCe1-t1toi1 ua BC10. npsiMy10 X E R, ~B.Jl,Sl10mc~ 11W"i'X:U n!1 (J c.11,y

"iae 3aaa"iU (1),(2a) U mO"i'X:U ;~!i B c.11,y'<j,ae Jaaa"iU (1),(26); B c.11,y

"iae Jaaa"iU (1) ,(2B) a.11,si .11,106020 1tamypa.11,'b1t020 n 'X:OpUSl.M,U <pyu

'X:U,UU Yn(x) SlB.Jl,Sl10mCSl mO"i'X:U 2~ +~ ( B 3mOM c.,iyitae co6cmee1t1taSl 

<fiyu'liv,usi Yo( X) mo;>fCaecmeeuuo paBtlll P, m. e .. ue UMeem -x:opueu) 

(3aecb BO ecex mpex c.11,yitasix k ·= 0, ±1, ±2, ... );. 
(e) a.11,si A106oi1 co6cmeeunoi1 <fiyu-x:u,uu y(x) .11,106oi1 U3 mpex 

Jaaa"i (1 )-(2) u a.isi .;1,106020 X E R Bbtno.11,ueno y(x ~ X) = -y(x + 
+x ), ec.11,u y(x} = 0, u y(x - x) = y(x + x ), ec.tu y'(x) = O; . 

(JR) Ao < A1 < ... < An < ... a.11,si 'X:a;>fCao1°1 U3 mpex 3aaa"i 

(1)-(2). 

6 

O1:_MeTIIM, 'ITO B hpnnu;ime TeopeMa: l n3BecTna crreunaJIIICTaM, 

XOTJI aBTOp ll He 3HaeT rry6JinRaunft, II3 pe3yJI1iTa.TOB ROTOphIX CJie

)WBaJrn 611 B TOlJIIOCTll yTBepm)IeHIIJI 3TOH TeopeMhl. OTMCTllM CIUC, 

'ITO awropy Hell3BeCTHhl npnMep1,1 HeTpmrnaJihHhIX cpyHHUllll J, IIJH1 

1wrnp1,1x co6cTBeHHhie cpyHHUHll HaHoil--JIII6o 3a)I~'I ( 1 )-(2) Bh!.pama

JillCh 61,1 B 3JICMeHTapHI,IX CIJYHRUIIJI~. 

OcnoBIIOil pe3yJI1TaT pa6oThl cocTaBJIJieT 

TcopcMa 2. B npeano.11,o;>fCeuuu (f) cucmeMbt co6crneeum,t.r 

<PYH'X:U,UU 'X:a;>fCaou U3 Jaaa"i ( 1),(26) ll ( 1 ),(2B) SW.!1,Sl10mCSl 6a3U

caMU Pucca e npocmpaucmee L2, a_ cucmeMa co6crneeu1-tbtX <fiyu

'X:U,'UU aaaa"iu (1),(2a) sie.11,_siemcsi 6a3uco.M mow :>1Ce npocmpaucrnea 

u crnauoeumcsi 6aaucoM Pucca y-x:a3aww20 npocrnpaucmea noc.11,e 

nopMUpOB'X:U ua 1 'X:a:>ICaou co6cmee1-t1-toi.i <fiyu-x:u,uu (J 31IW.M npo

cmpaucmee. 

3aMe11antte 1. I1_3 )IOHa3aTeJibCTBa TeopeMhl 2 ( CM. ouenuy 

(20)) CJie)IyeT, 'ITO B CJiy11ae 3a)Ia11w(1);(2a) IIYnll--+ 0 rrpII n ~ CXJ, 

II03T0MY BBII)IY TeopeMhl 2 B 3TOM CJiyqae IIOCJie)IOBaTeJihH0CTb co6:

CTBeHHhIX cpyHRUIIil ne JIBJIJieTCJI 6a3IICOM Pttcca B rrpocTpancTBe L2 • 

l.JTo uacaeTCJI IIpllJIOJReHIIM rroJiy11eHHhIX pe3yJinTaTOB, TO, no 

MHeHlllO aBTOpa, MO}I{HO Ha)IeJITI,CJI, 'ITO B nepcrreRTirne OHM MoryT 

6blTb IICIIOJII,30BaHhl B lJaCTHOCTll B MeTO)IaX f aJiepirnHa ll <l>ypr,e 

)IJIR neJinneiiHhlX )III<pcpepenunanr,nhlx ypaBneunil. KpoMe Toro, 

OHII MoryT HaiiTII rrpnMeHeHtte B TeX MHOr01IllCJieHHhlX o6JiaCTJIX 

RBaHTOBOH <pII3IIRII, B ROTOphlX B03HllRaIOT BCeB03MO}l{Hhle pa3HO

Bll)III0CTll neJIIIHeiinoro ypaBnennJI Illpe)IIIHrepa. 

IloJib3YRCb cJiy11aeM, aBTop BhipamaeT IICRpennmm 6naro)Iap

nocTr, 'IJI.-Hopp. PAH, rrpocpeccopy C.H. IIoxomaeBy 3a cocTo

JIBillllecJI necROJihRO JieT Ha3a)I nay11nhle )IllcKyccnn, KOTopue cy-
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rn;ecTBeHHO IIOBJIJIRJIII Ha B03pacTaHIIe IIHTepeca aBTopa K ~a.z:i:a,re 0 

IIOJIHOTe II rro.no6HhlX ei1 .llJIR CIICTeM penienIIi1 neJIIIHei1HI,IX KpaeBhIX 

3a,na'l. 

2. ,l(mm3aTeJibCTBO TeopeMhl 1 

CnaqaJia ,noKameM JTBepm.nenIIR TeopeMnI 1 ,n:JIJI 3a,n:aqII 

(1),(2a). PaccMoTpIIM cJie,n:y10rn;y10 3a,n:aqy Konrn 

-y" + J(y2)y = >.y, y = y(x ), 

y(0) = 0, y'(0) = p. 

(3) 

(4) 

BBII,n:y rrpe,n:IIOJIOffieHIIR ( f) ,n:JIJI Hee CIIpaBe,n:JIIIBhl 06hl'!HhIC JIOKclJih

Hbie TeopeMbI cyn~eCTBOBaHIIR, e,n:IIHCTBeHHOCTII II HerrpepbIBIIOi1 3a

BIICIIMOCTII penrenIIJI OT rrapaMeTpa >.. IlocKOJihKY p > 0, rrpII mo-

6oM ). E R .llJIR COOTBeTCTBJIOII.I;ero penreHIIJI '!i ( X) 3a,na'III 

(3)-(4) IIMeeM y'(x) > 0 B HeKOTopoil OKpeCTHOCTII TO'IKII x = 0. 
,n:aJiee, xoponro II3BecTno, 'ITO ypaBHeHIIe (3) IIHTerpnpyeMo B 1rna

.npaTypax, II, KaK HeTpy,n:Ho y6e,n:IITbCR, ecJIII penreHIIe y(x) 3a,n:aqn 

(3)-( 4) onpe,n:eJieno Ha neKoTopoM .oTpe3Ke (0, d], r.n:e d > 0, II ecJIII 

y'(x) > 0 npII x E [0,d), TO cpyHKD;IIR x(y), o6paTHaR K cpyn

KD;IIH y( x ), B3JIToil c o6JiaCThIO onpe,n:eJiemrn (0, d], HMeeT cJie,ny10-

W:IIil BH,n:: 

y dr 
x(y) = J ~,, · , r 2 ) 

0 

(5) 

r 

r.n:e F(r) = J J(t)dt, U(>., r 2
) = p 2 + F'(r2

) - >.r2, a y E (0, y(d)J, 
0 

npnqeM x(y( d)) = d. ,n:eucTBHTeJihHo, yMHomaR ypaBneHne (3) 
na 2y' ( x) n IIHTerpnpyn OT O .no x, B CIIJIY JCJIOBHH ( 4) noJiyqaeM 

p 2 
- [y'(x)] 2 + F(y 2(x)) = >.y 2 (x), oTKy,na OIIRTi BBII,n:y Ha'!aJihHhIX 

ycJIOBIIH ( 4) CJie,nyeT (5). OTMeTIIM, 'ITO rrpn 3TOM x'(Y1 -0) = +oo, 

r.n:e y 1 = y( d), ecJIII y'( d) = 0. KpoMe Toro, ecJIII npII neKoTopoM 

8 

). > X cpyHKD;IIR U(>., r 2 ) rroJiomnTeJihHa B rroJiynnTepBaJie r E (0, b), 
r.n:e b > 0, TO na oTpe3Ke (0, x(b)], r.n:e x(y)- cpyHHD;HR H3 (5) (Mo

}I{eT farTh, x(b) = +oo), onpe,n;eJieHo penreHne y(x) 3a,n;a'IH (3)-(4), 
y(x(b)) = b, y'(x) > 0 npn x E [0,x(b)) n cpyHHD;IIR x(y) c 06-

JiaCThIO orrpe,n:eJieHIIJI (0, b] RBJIJleTCJI o6paTHoi1 cpynKn;nei1 H 3TOMY 

penrenmo y(x) 3a,n;aqII (3)-(4), B3JITOMY Ha oTpe3Ke [0,x(b)]; rrpn 

noM y~(x(b)) = 0, ernn x(b) < +oo·n x'(b- 0) = +oo. 

O6o3Ha'!HM qepe3 A MHomecTBO 3Ha'!enni1 napaMeTpa >., npH 

Kam,n:oM II3 KOTOpnrx cyrn;ecTByeT r > 0 TaKoe, 'ITO U(>., r 2
) = 0. 

BBII.ll:Y ycJioBIIR (f) inf A ~ J(0). ,n:aJiee, JICHo, 'ITO ernn XE A, TO 

JI106oe >. > X TaK}I{e rrpnHa,n;JiemHT A. Ilo3TOMY JIII6o A = (X, +oo) 

( rnyqai1 A), JIII6o A = ['X, +oo) ( cJiyqai1 B) ,n:JIJI neKOToporo X ~ 
~ f(O). 

,n:Jin Ham,n:oro >. E A. o6o3Ha'!HM qepe3 z( >.) TO'IHYIO HII}I{HIOIO 

rpaHh MnomecTBa 3Ha'!enni1 r > 0, rrpH KOTOphlx U(>.,.r
2

) = 0. 
Tor.n:a z(>.) > 0 n U(>., z 2 (,\)) =·0. ,D;aJiee, Jicno, 'ITO z(>.)-
- MOHOTonno y6nrna10rn;M cpynKn;nn apryMeHTa >. E A, no3T0MY rrpH 

>. > X [U(>., r 2)tl = 2z(>.)J(z2 (>.)) - 2>.z(>.) < 
r=z(,\) 

< 2z(>.)(J(z2 (>.')) - >.') :S O ,n:JIR JII06oro >.' E (X, >.) (rrocHOJihHY 

0 ~ u;(>.', r 2 )1 = 2z(>.t)(f(z2(>.')) ;_ >.'), r.ne z(>.') > 0), 
r=z(>.') 

CJie,n:oBaTeJihHO no TeopeMe o,neRBIIOH cpyHKD;llll z(>.)- nerrpephlBHO 

,n:IIcpcpepenn;npyeMaR cpynHD;HR apryMenTa >. > X n z' ( >.) < 0 rrpn 

). > X. KpoMe Toro, JICHo, tJTo B. rny'Iae B ligi z(>.) = z(X). 
,\-+).+0 

,n:oKameM Teneph, 'ITO ,n;JIJI Ham,n:oro d > 0 cyID;ecTByeT >. > >. TaHoe, 

'ITO 
z(,\) 

J(>.) _ J dr _ d - ✓u(>., r 2 ) - ' 

' 0 . 

(6) 

r.n:e IIHTerpaJI B rrpaBOH '!aCTII IIOHIIMaeTCR HaH neco6CTBeHHhli1 B 

OKpecTHOCTII TO'IKII i- = z(>.). OTMeTIIM, 'ITO IIOCROJihHY, KaK yHa-
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3aHo Bnmre, [U(>., r 2 ))~1 < 0 npH >.·>I, npH mo6oM >. > I 
· r=z(,\) 
Heco6cTBeHHhlll HHTerpan B npaBOH qaCTH (6) CXO)J.HTCH n J(>.)-
-HenpephlBHaH q>yHHD;HH apryMeHTa >. > I. 

PaccMOTpHM rnyqai1: A. Tor)J.a A = (I, +oo ). RCHo, qTQ 

z(I + 0) = +oo (HHaqe BBHJJ.Y HenpepnIBHOCTH q>JHHD;HH U(>., r 2
) 

apryMeHTa ( >., r) nonyqHJIH 6hl, qTO I E A) H qTQ z( +oo) = 0. 
OTc10)J.a nerHo BhlTeHaeT, qTo I·= lim f(r 2

) < +oo, a H3 3Toro 
r---+oo 

cne)J.yeT, qTo 

ligi J(>.) = +oo H lim J(>.) = 0. 
A---+A+O . A---++oo . 

(7) 

Ilo3TOMY B CJIJlfae A cyrnecTBOBaHHe )J.JIH Halli)J.Oro d > 0 TaHoro 

>. > I, qTo BnIIIOJIHeHo (6), BnITeHaeT H3 HenpephlBHOCTH q>yHHU.HH 

J().) IIpII ). > I_ 
PaccMoTpHMCJiyqai1:B. KaHHRCJiyqaeA,HMeeM lim J(>.) = 

' , . ,\---++oo . 

= 0. Ilo3TOMY BBIIJJ.Y HenpephlBHOCTH q>yHI<D;HH J(>.) npn >. > I 

ocTaeTcH JJ.OHa3aTn, qTo ligi J(>.) = .+oo. J,fa TeopeMhl o He
,\---+,x+o 

JIBHOH q>JHHD;HII cpag.y rneJJ.YeT, qTQ [U(I; r 2
))~ I _ = 0 (HHaqe 

r=z(,\) 

no 3Toii TeopeMe HaIIIJIIIC:h 6hl 3Haqemrn napaMeTpa >., MeHnIIIHe I 

H IIpHHa)J.JielliaID;He A), OTHJ)J.a BhlTeHaeT Tpe6yeMoe CBOHCTBO, IIO

ciwni:,:iy JICHo, qTQ ligi J(>.) 2: J(I) (TaH HaH U(I, r 2
) > 0 rrpn 

,\---+,\+O 
. y 

r E (0,z(I)) H HCHO, qTQ )J.JIH JII06oro y E (0,z(I)) f ~-
0 U(,\,r ) 

y 

- J ~ npH >. - I+ 0), H, HpoMe roro, U(I, r 2
) = 

o U(,\,r2) 

= O((z(I) - r)2) npH r - z(I) - 0, II03TOMY J(I) = +oo. 

BBHJJ.Y npeJJ.hlJJ.JIIJ;HX paccylliJJ.eHHii JJ.OHa3aHo, qTo JJ.JIH n106oro 

d > 0 cyrnecTBJeT >. E R TaHoe, qTo cooTBeTCTBJiornee peIIIeHHe 

y( X) II]JOJJ.OJI}l{aeMO Ha OTpe30l{ [O, d), y'( X) > 0 IIplI X E [0, d) lI 

y'(d) = 0 H qTQ npH 3TOM y(d) = z(>.). JJ:oHallieM, qTQ JJ.JIH n10-

6oro d > 0 cyrnecTBJeT poBHo OJI.HO 3HaqeHHe >. E R, 06na.n:a10rn:ee 
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(\ ) 

3Tl1M cBoil.cTBOM. TI pe.n:nonoHrnM npoTllBHoe. IlycTn JJ.JIR HeRoTo

poro d > 0 cyrn.ecTByeT ,D,Ba 3naqeunn >. 1 < >. 2 Tam1e, 'ITO RaJH,D,oe 

113 COOTBeTCTBJ!Olll,HX perneimti YI ( X) H Y2( X) 3a)J.aqn (3)-( 4) npo

)(OJI}l{aeMO na OTpe3oH [O, d], y:( x) > 0 npH x E [O, d) H y:( d) = 0 
(i = 1, 2). BBH,D,y npe,D,hl,ll,JID;ero >. 1 > I. YMHOlliHM ypaBHeHH~ (3), 
3anncamrne ,D,JIR y(x) = y1(x), na JJ2(x), TO llie caMoe ypaBne1mc, 

3a:rmcamrne )J.JIH y(x) = Y2(x), Ha· Y1(.:i:)"; Bhl'ITeM 3TH paBeHCTBa 

O)UIO H3 .n:pyroro If npoHHTerpnpyeM TIOJIY'IHBllleeCJI TOlli)J.CCTBO no 

oTpc3RY [0, d]. BBH,D,Y naqan1,n1,1x ycJIOBIIil. ( 4) nonyqae.M 

d 

0 = j Y1(x)y2(x)f>.1 - >-2 - f(y~(x)) + J(y;(x))Jdx. (8) 
0 

B CHJIY ( 5) ,z.i.JIH o6paTHhlX q>yHRD;liti X1 (y) H Xz(Y) COOTBeTCTBeHHO 

I{ q>yHHD;lIHM Y1 ( X) H Y2( X) HMeeM. X1 (y) < Xz(Y) ,l],JIH Bcex 3Ha11e

HHH y E (0,min{y1(d);y2(d)}]. IlmToMy Y1(x) > y2(x) ,ll,JIH Bcex 

x E (0, d]. Ho cne.n:oBaTeJinHo, BBHJJ.Y ycnoBHR (f) npaBaJI qacTh B 

(8) OTpHD;aTeJihHa, T. e. nonyqaeM npoTHBOpeque. TeM caMbIM, 

.n:0Ra3ano, qTo JJ.JIR n106oro d > 0 cyrn.ecrnyeT e.n:nncrnenuoe >. E R 
TaI{Oe, qTQ )J.JIH COOTBeTCTBy10rn.ero pemeHHH y ( X) 3a)J.aqu ( 3 )-( 4) 
_HMeeM y'(x) > 0 npH x E [0,d) n y'(d) = 0. 

HaRonen, BBHJJ.Y aBTOHOMHOCtH ypaBHeHHH (3) u ero HHBapn

aHTHOCTH OTHOCHTeJIJ,HO 3aMeH nepeMeHHbIX y(x) --t -y(x) H X --t 

- c - x, r,D,e c E R._ npoH3BOJihHaH nocToHHHaH, nerRo nonyqaeM, 

qTo ecJIM peIIIeHHe y(x) 3a.n:aqn (3)-(4) np0,D,OJJlliaeMo na oTpc30K 

[O, d), me d > 0, y'(x) > o· IIpH x E [O, d) i1 y'(d) = 0, TO OHO 

. npo,rtonlliaeMo Ha Bcio Bern.ecTBenHy~ npnMyro ~ E · R; y ( d + x) = 
= y(d- x) (B qacTH0CTH y(2d) = 0) H y(2kd + x) = 

= -y(2kd - x) JJ.JIR Bcex x E R (k = 0, ±1, ±2, ... ) (6onee 110.n:

po6no o ,ll,0Ra3aTeJJhCTBe 3Toro q>aRTa CM. [1 ]). IIocROJihH.)' na

paMu, COCTOJilll,HMH H3 C06CTBeHHhlX 3Ha1ICHHH H COOTBCTCTBYIOII(HX 

co6cTBemrnx q>yHHD;HH 3a)J.aqn (1),(2a), HBJIJIIOTCH TC H TOJihH0 Te 

nap1,1 (>.,y(x)), COCTOJilll,He lI3 3HaqeHHH napaMeTpa). E fl l1 CO0T

BeTCTBY!Olll.HX perneHHil. y ( X) 3a)J.aqu ( 3 )-( 4)' ,ll,JIJI J{OTOpbIX y ( 1) = 0' 
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Bee yrnepm.nemrn TeopeMbl 1 ,n:;rn 3aJ.J:aqn ( 1), ( 2a), 3a 11c1{mo,1emi:eM 

yrnepmJ.J:eHHH ( r) 11 ( m), J.J:OKa3aHI,I. YrnepmJ.J:eHne ( r) CJieJ.J:yeT ll:3 

Toro, qTQ cpyHKUll:R z( ,\) apryMeHTa ,\ > "X, KoTopan rrpn KamJJ,oM 

,\ > "X coBrraJ.J:aeT c cooTBeTCTBYIOlll,ll:M 3naqeH11eM y(d), MOHOTOHHO 

y6mraeT. HaKoHeu, rrocKOJihKY, KaK JJ,oKa3aHo BblIIIe, JJ.JIR Ka}H.noro 

d > 0 cylll,ecrnyeT eJJ,HHCTBeHHoe ,\ E R, rrpnqeM ,\ > "X, TaKoe, qTo 

y'(x) > 0 rrpn x E [0,d) n: y'(d) = 0, rJJ,e y(x)-pe111eHn:e 3aJJ,aqw 

(3)-(4), orneq~JOlll,ee 3TOMY 3HaqeHlllO rrapaMeTpa ,\, If IIOCl{OJibl{Y 

3TO 3HaqeHne d > 0 Herrpep1>IBHO 3aBHCHT OT ,\ ( TaK KaK d = J ( ,\)), 
B Cll:JIY CBOMCTBa (7), l{OTopoe, }{al{ JJ.OKa3aHO BhIIIIe, crrpaBeJJ,JillHO B 

06011x cJiyqanx A 11 B, 3TO 3HaqeHne d > 0- MOHOTOHHO y61>rna10-

lll,an cpyHKUll:R apryMeHTa ,\ E ("X, +oo ). OTCIOJJ,a If 113 rrpnBeJJ,eHHbIX 

BhIIIIe paccymJ.J:enn:ii cpa3y cJie.n;yeT yrnepmJ.J:eHn:e ( m) TeopeMbI 1 J.J:JIR 

_ 3aJJ,aqn: (1)-(2a). 

.lJ:oKameM yrnepmJJ.eHHR TeopeM1>I 1 JJ,JIR 3aJJ,aq (1),(26) n: 

(1),(2B). PaccMoTpllM cJie.n;y10lll,y10 3aJJ,aqy Ko111H 

-y" + f(y2)y = ,\y, y = y(x ), 

y(0) = p, y'(0) = 0. 

(9) 

(10) 

.lJ:Jin nee BBHJJ.Y yCJioBHR ( f) OIIRTh crrpaBe.n;JIHBbl JIORaJibHnie TeopeMnI 

cylll,eCTBOBaHHR, e.n;HHCTBeHHOCTll ll HerrpepbIBHOM 3aBllCllMOCTll pe-

IIIeHllJI OT rrapaMeTpa ,\. · 

Bo3bMeM rrpoH3BOJinnoe ,\ < f(p2). TorJJ,a B CHJIY (9) .n;1rn 
coonieTCTBYIOIUero peIIIeHllR y(x) 3a.n;aqll (9)-(10) llMeeM y"(0) > 0. 

Ilo3TOMY B CHJIY ypaBneHHR (9) y(x) > p, y'(x) >·OH i/'(x) > 

> 0 B HeRoTopoii rrpaBoii rroJiyoRpecTHOCTH ToqRH x _:_ 0 . .fl:anee, 

IIOCl{OJlbl{Y BBllJ.J:Y ycJIOBllJI (f) cpyHRUllJI f(r2
) apryMeHTa r. > 0 

MOHOTOHHO He y61,rnaeT, B CllJIY ypaBHeHllJI ( 9) y ( x) > P, y' ( x) > 0 

ll y"( X) > 0 J.J:JIR Bcex X > 0, JJ,JIR l{OTOphlX peIIIeHlle y( X) 3aJ.J:aqll 

(9)-U0) orrpeJJ,eJieHo (6onee rroJJ,p~6Ho CM. B [1]). EcJIH ,\ = f(p2
), 

TO y ( X) - p- COOTBeTCTBYIOIUee pe111eHHe 3aJJ,a'lll ( 9 )-( 10) .. TaRllM 

o6pa3oM, 3naqeHHR ,\ < f(p2
) HJ rrpHna.n;JiemaT crreKTpaM 3aiaq · 

( 1) ' ( 26) ll (1) ' ( 2B)' a 3Ha'leHHe ,\ = f (p2
) He RBJIReTCR TOql{OM 
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crreRTpa 3aJJ,aqH (1),(26), HO rrpHHa.n;JiemHT crreRTpy 3a.n;a11H (1),(2B) 

c COOTBeTCTBYIOIUeii co6cTBeHHOM cpyHKUHeit Yo( x) = p. 
IlycTI, ,\ > f (p2

). Tor.n:a B CllJIY ypaBHeHllJI ( 9) y' ( X) < 0 B 

neKOTOpoii rrpaBOM IIOJIYORpeCTHOCTll TOql{ll X . 0 ( 3J.J:eCb y( X )-

- pe111eHHe 3aJJ,a11ri: (9)-(10)). KaK ll panee, cpyHKUHJI x(y), o6paT

HaJI I{ cpyHKUllll y( X) B HeRoTopoii rrpaBOM IIOJIYOKpeCTHOCTll HYJIJI, 

rrpeJJ,CTaBHMa B Bll.n;e 

JP dr (y < p), 
x(A, Y) = JV(,\, r 2 ) 

x(,\,p) = 0, (11) 
y 

rJ.J:e V(,\, r 2
) = F(r2

) -:- ,\r2 
- F(p2

) + ,\p2, a HHTerpaJI rroHnMa

eTCR RaR Heco6CTBeHHbIM B ORpeCTHOCTll TOql{lI r = p ( 3.n;ecb yRa-

3aHa RBHO_ 3aBilCllMOCTI, cpyHKUllll x( ,\, y) OT rrapaMeTpa ,\; RpOMe 

TOro, TaR RaR d~ V(,\,r2
) = 2f(r2)r - 2,\r < 0 rrpII r E (0,p] n 

V(,\, p 2
) = 0, rronyqaeM, 'ITO V(,\, r 2

) > 0 rrpn r E [0,p) H 'ITO 

Heco6cTBeHHblM llHTerpaJI ll3 ( 11) C y E [ 0' p) CXO,ll;llTCJI B ORpeCTHO

CTlI ToqKn r = p). · OTc10.n;a_ JJ,JIJI JII06oro ,\ > f (p2
) JierRo cJieJJ,yeT, 

rrornoJibKY (rrpII ,\ > f(p2
)) .n;.ri:JI JI106oro y E [O,p] RoppeRTHO orrpe

.n;~JieHo BhlpameHne .l];JIJI x(,\,y) ll3 (11), "'ITO IIplI ,\ > f(p2
_) co

OTBeTCTBYIOIUee pe111eHHe y(x) 3a;ZJ;a1Ill (9)-(10), MOHOTOHHO y6brnan 

crrpaBa oT TO'IRII x ~ 0, o6paruaeTCR B HYJih rrpH x = x(,\,O) >.0, 

TaR qTo y'(x) < 0 rrpII x E (0, x(,\, 0)]. KaR II paHee, rrocROJihRY 

ypaBHeirne (9) aBTOHOMHO H lIHBapIIaHTHO OTHOCIITeJibHO 3aMeH rre

peMeHHblX y( x) ~ -'-Y( x) II x --t c - x, r.n;e c E R- rrpoH3BOJibHan 

IIOCTOJIHHaR, IIOJIY1IaeM, "'ITO rrpll A > f(p2
) cooTBeTcTByioruee pe-

111eHIIe y ( x) rrpo.n;oJimaeMo Ha BCIO Belll,ecrneHHYIO IIpRMYIO x E R 
-II rrpII 3TOM y(-x) = y(x); y(x(,\,0) + x) = -y(x(,\,0) - x) H 

'y(2x(A, 0) + x) =.~y(x) .n;JIJI Bcex x ER. HaKoHen;, ll3 (11) Jierno 

CJie.n;yeT, "G:TO x(,\, 0)- He11pepb1BHO .n;IIcpcpepeHD;IIpyeMan cpyHRD;llJI 

apryMeHTa ,\ > f(p2
) lI x~(,\, 0) < o. J13 IIpIIBe.n;eHHblX apry

MeHTOB cpa3y BhlTeRaIOT Bee YTBepm.n;eHlIR TeopeMhl 1 .l];JIJI 3a.n;aq 

(1),(26) H (1),(2B). TeM caMbIM, TeopeMa 1 ,ll;ORa3aHa. 
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3a:Me1Iam1e 2. YTBepm,D,emrn TeopeMhl 1 ,ll,JIJI 3a,D,a'IM (1),(26) 

61,rnM )],OKa3aHI,I panee B pa6oTe [1] ,D,pyrMMll MeTO)],aMM. 

3. ,II;oRa3aTe.JibCTBO TeopeMhl 2 

CorrocTaBMM TpeM 3a)],a'IaM (1 )-(2) COOTBeTCTBCHHO CJie)],yIO-

IIIMe TPM JIMHeitn1,re 3a)],a'IM Ha co6cTBeHIIhie 3Ha'IeHMR: 

-u" = µu, x E (0,1), u = u(x), u(0) = u(l) = 0, (12a) 

-u" = µu, x E (0,1), u = u(x), u'(0) = u(l) = 0, (126) 

II 
xE(O,1), u = u(x), u'(0) = u'(l) = 0, (12B) -u = µu, 

r,D,e Bee BeJIM'IMHhI BeIIIeCTBenm,r M µ E R-- crreKTpaJihHhlit rrapaMeTp. 

B 3aBMCllMOCTll OT-Toro, ll3J'IaeTCR JIM 3a)],a'Ia (1),(2a), (l),(26) (IJIM 

(l),(2B), 6y,D,eM 6paTI, B KaqecTBe CMCTeMI,I { en}n=0,1,2, ... opTOHOpMH

poBaHHhlll 6a3MC, COCTORIIIllll H3 HOpMIIpoBaHHhlX B L2 co6CTBemrnx 

cpyHKIIllll 3a)],a'III (12a), (126) JIII6o (12B), COOTBeTCTBeHHO, 6onee 

TO'IHO. en ( X) = V2 sin 7r ( n + l )x B cnyqae, CCJIII paccMaTpIIBaeTCR 

3a)],aqa ( 1), ( 2a), en ( x) = v'2 cos -ir(2n2+1 )x B cnyqae 3a,D,a'III ( l), ( 26) 

(B 3TIIX )],BJX CJIJ'IaRX n = 0,1,2, ... ) II eo(x)-1, en(x) = 
= y'2cos1rnx (n = 1,2,3, ... ) )],JIR 3a,D,a'IM (1),(2B). CooTBeTCTBJIO

IIIIIMII co6CTBeHHhlMH 3Ha'IeHIIHMII 3a,D,a'I (12) JIBJIHIOTCH 'IllCJia µn == 
=: (1r(n + 1))2 

)],JIH 3a)],a•rn (12a), 'IIICJia µn = ( 1r(2~+1)r B cnyqae 

3a)],a'III (126) II 'IIICJia µn = (1rn)2 
)],JIR 3a,D,a'III (12B) (n = 0, 1, 2, .. .)-. 

,l(nR·Kam)],Oll H3 3a,D,a'I (1)-(2) ITOJIO}I{JIM vn(x) = 1~~1,. 
JleMMa 1. J{.11,51, X:a:>1eaou U3 3aaa'l{ (i)-(2) U .11,10602,0 'll,e/40ZO 

n 2'.: 0 e npocmpa11,cmee L2 u.«eem .«ecmo 1!.a3.,,1,o:>1ee11,ue e p5la 

@ypM 
00 

Vn(x) = Ldn,kek, 
k=O 

e x;omopo.M eew,ecmee11,m,te r.:o:J<fi<}ju'll,ue11,m1:,t dn,k max;oebt, •tmo 

dn,0 = • •· = dn,n-l = 0 U dn,n > 0. 
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,l(01rn3aTeJIJ,CTBO. ,l(JIH rrpOH3BOJibHOI'O u.enoro n 2'.: 0 )],JIJI 3a

)l,a'I (1),(2a) II (1),(26) pacCl\rnTpHM rrpocTpaHCTBa L 2(O, In), r.ue 
In= n!l B cnyqae 3a)],a'IM (1),(2a)H In= 2n~l .ll,JIR 3a,n:a1IM (1),(26) 

( T. e. 1 n > 0- MllHMMaJihHhlll IIOJIO}KJITeJibHhIH KopeHh cpyHHUHll 

Vn ( X) - CM. TeopeMy 1 (,D,)). IT poBepHM, 'ITO B Ha}I{)l,OM ll3 3TllX .ll,BYX 

GIJ'IaCB q>JHI{ll,llll ll3 COOTBCTCTBYIPlll.eii CllCTeMhI { Cn} n=0,1,2, ... , 06-

pan1,aI01IIlleCH B HJJih rrpn x = In, 06pa3y10T opToronaJihHhlil 6a3HC 

B coOTBeTCTBYIOlll.CM rrpocTpancTBe L2(O, In)- ,ll;eiicTBHTCJihHO, pac

CMOTpHM na oTpe3He [O, In] 3a.ll,aqy na co6cTBeHHhle 3Ha'leHHR 

-u" = µu, x E (0,ln), u .= u(x ), u(O) = u(In) = 0 

,ll;JIR 3a,D,a'III ( 1), ( 2a), nn6o 

-it"= µu, i E ·(oJnY, u = u(x), u'(0) = u(In) = 0 

B cnyqae 3a,D,a'III, (1),(26), r,ne µ E fl:- crreKTpaJihHhiii rrapaii:eTp. 

CIIcTeMhl co6CTBCHHhlX cpynKIJ,IIH 3TIIX 3a,D,a'l' OTBe'laI01IIllX pa3Jill'I

HhIM co6cTBeHHhIM 3Ha'IeHHHM, 06pa3y10T opToronaJihHhie 6a3MChI B 

COOTBeTCTBJIOlll.llX rrpocTpancniax L2(O, In) II, KaK neTpy.n:no rrpo

BepMTh, 3TH co6CTBeHHhle cpyHKIIIIll C TO'lHOCThlO )1,0 ,IIOCTOHHHhlX 

HeHyJieBhlX MHO}I{llTen:eii' COBIIa,D,aIOT' HaK pa3· 'c. cpyHKIIMHMll ll3 co

· OTBeTCTBYl~lll.llX CllCTeM {en}n=0,1,2, ... , paBUhlMll HJJIIO rrpII X = In. 
0TMeTHM eIu.e, 'ITO ,D;JIR 'mo6oro u.enoro n 2'.: 0 MllHMMaJIJ,HhlM U.C.i'IhlM 

k 2'.: 0, rrpII KO;OpOM ek(In) = 0, HBJIJieTCJI HOMep k = n. Ta
RIIM o6pa3oM, Tpe6yeMoe YTB~pm.,D,emie ,noKa3aHo, IlO3TOMY MO}l{HO 

(B c1Iyqae 3a,D,a'l (1),(2a) ll (1),(26)) pa3JIO}~llTh cpynHIIllll Vn B 

pH,ll,hl <l>yphe B cooTBeTCTBYIOlll.llX npocTpaHCTBax L2(O, In) _no TCM 

II3 cpynKIJ,IIIl II3 ciicTeMhl {edk=o,1,2, ... , )],JIJI K0Top1,1x ek(Tn) = 0: 

00 

Vn(x) = Ldn,kek, n = 0,1,2, ... , 

k=O 

( 13) 

r)],e dn,k = 0, eCJill ek(In) #- 0, n BBM.ll,Y npe,ll,hl,ll,JIIICro dn,O = ... = 

= dn,n-1 = 0. KpoMC Toro, dn,n = llcnllL:(O,ln)(vn, Cn)L2 (0,/11 ) > 0. 
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ITOCROJihKY vn(x) > 0 II en(x) > 0 rrpH x E (0,In). 3aMeTUl\1 eru:e, 

qTQ .B cJiyqae 3a_n:aqJI (1),(26) cpyHR[{llll Vn(x) II ek(x) qeTHbl OTHO

CJITeJihHO TOqI{JI X = 0, I103TOMY pa3JIO}KeHIIR (13) B 3TOM CJiyqae 

TamKe crrpaBe,n:JIHBhI B rrpocTpaHCTBe L 2 (-In, In)- .ll;aJiee, neTpy

,n:Ho rrpoBepHTh, qTo eCJIH ek(In) = 0 ,n:JIJI HeKOTOporo 3HaqeHJIJI 

IIH,n:eI{Ca k, To 3Ta cpynR[{HJI ek(x), rrpo,n:oJimeHHaJI ,n:JIJI Bcex x ER, 
o6parn:aeTCJI B HJJih TaRme BO BCeX TOqRaX Beru:ecTBeIIHOH rrpJIMOH, 

JIBJIJIIOIJJ:IIXCJI ROpHJIMII <pJHR[{IIII Vn ( X). flo3TOMJ, IlOCROJihRJ JI CHO, 

qTo JII06aJI cpyHR[{lIJI ek ( x) HeqeTHa OTHOCHTeJihHO mo6oro CBoero 

ROpHJI, B CIIJIY TeopeMhI 1 ( e) JierRo rroJiyqaeM, qTo p~3JIO}ReHmi ( 1 :3) 
cpyHR[{Hil: Vn ( x) ( n = 0, l, 2, ... ) IIMeIOT MeCTO TamKe B mo6oM npo

CTpaHCTBe L2(J), r.n:e I- HHTepBaJI Mem,n:y .ll:BYMJI npoH3BOJihHI,IMH 

coce,n:HHMII R0pHJIMII cpyHR[{lIII Vn ( X). CJie.l]:OBaTeJihHO, pa3JIO}Relflrn 

(13) cnpaBe,n:JIHBnI TaJuKe B rrpocTpancTBe L2 • 

B CJiyqae 3a_n:aq1I ( 1) ' ( 2B) COBeprnenno anaJiornqno rroJiy•raeM 
CX) 

vn(x) = Ldn,kek(x), n = 1,2,3, ... , B rrpocTpaHCTBe L2 , r,n:e 
k=O 

dn,O = ... = dn,n-1 = 0 II dn,n > 0, H, RpoMe Toro, Vo( X) = pea( X). 
TaRHM o6pa3oM, JieMMa 1 ,n:oRa3ana. · · 

3aMeqa111Ie 3. B [6] rrp1rne.n:e11 rrpHMep pa3JiomenHil: Toro me 
BH,n:a, qTo II B JieMMe 1, B ROTOphlx MaTpH[{a D = ( dn,k )n,k~o- Hep

XHeTpeyroJihHaJI II C IlOJIO}RIITeJihHblMII 3JieMeHTaMJI Ha rJiaBHOil: .[(ll

aronaJIII, Il0Ra3bIBaIOru:Hil:, qTo, Boo6ru:e roBOpJI, IlOJIHOTa (B qacTHO

CTH, 6a3JICHOCTh) CIICTeMbl cpyHR[{lIH { Vn}n=0,1,2, .. , He CJie,n:yeT ll3 

yRa3aHHnIX CBOHCTB MaTplI[{hl D. 

JieMMa 2. Cyw.ecmeyem C > 0 ma1,;oe, '1/,ffi0 

llvn - enll S C(n + 1)-1
, n = 0, l, 2, ... 

a.11,51, 'K:ll;)l(;aou U3 3aaa'I/, (1)-(2). 

.ll;oRa3aTeJihCTBO. floJIOJRIIM tn(x) = V21r(n+l)en(x) ,n:JIJI 3a.z:i:aq1I 

(1),(2a), tn(x) = 7ien(x) .[(JIJI 3a_n:aqJI (1),(6) (B 3THX .[(BJX CJIJqaJIX 

n = 0, l, 2, ... ) II tn(x) = hen(x) (n = 1, 2, 3, ... ), to(x) = pe0 (x) 
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.l]:JIJI 3a_n:aqJI (l),(2B). OTMeTIIM 1 qTQ B Cirny TeopeMbl cpaBHeHIIJI 

(CM. [ 10]) II3 TeopeMbl 1 ( r) CJie,n:yeT cyl[{eCTBOBamre C 1 > 0 TaROro' 

qTo 

JAn - µnJ S C1 (14) 

,n:JIJI Bcex n = 0, l, 2, ... ,n:JIJI RaJR,n:oil: 113 Tpex 3a.z:i:aq (1 )-(2). flo

noMy II B CIIJIY TeopeMbl l(r) .l]:JIH RaJR.[(OH 113 Tpex 3a_n:aq (1)-(2) 

.l]:JIJI <pJHR[{lIH Un ( X) = Yn ( X) - tn ( X) IlOJiyqaeM 

-u~ = Wn(x) + µnun, XE (0, 1), (15) 

H, RpoMe TOro, B rnyqae 3a_n:aq (1),(2a) 11 (1),(2B) B 'c11Jiy TeopeMbl 
l(e) . 

un(0) = u~(0) = un(l) = u~(l) = 0, (16) 

r.n:e .[(JIJI JII06orr II3 3a_n:aq (1)-(2) Wn(x) = (An - µn)Yn(x) -
-f(y~(x))Yn(x), (n = 0,1,2, ... )- paBHOMepno orpamIqe1111aJI Ha 

0Tpe3Re [0, 1] IIOCJie.[(OBaTeJihHOCTh HerrpepbIBHbIX cpyHR[{IIH. 

B rnyqae 3a.z:i:aq11 ( 1), ( 2a) IIJIII ( 1), ( 2B) .[(JIJI RaJR,n;oro H0Mepa 

n YMHOJRIIM paBeHCTBO (15) Ha 2xu~(x) II rrpo1IHTerpI1pyeM noJiy

. qaIOrn:eecJI TOJR.l]:eCTBO no ~Tpe3RY [0, 1] C IICnOJih30BaHlleM IIHTerplI

poBaHIIJI no qacTJIM. Tor.n:a BBil.n:J (16) II oqeBil.l]:Horo HepaBeHCTBa 

2ab S a 2 + b2 noJiyqlIM · 

1 1 1 

µnllunll2 = 2 fawn(x)u~(x)dx - j[u~(x)] 2dx S j W,;(~)dx 
0 0 0 

(17) 
(n = 0, 1, 2, ... ), OTRy,n:a BhITeRaeT cyrn:ecTBOBa1111e TaRoro C 2 > 0, 
qTo 

µnJlunll2 S C2 (18) 

.[(JIJI Bcex u;eJihIX n 2'. 0. IlornoJihRY B rnyqae 3a_n:aq1I (1),(2B) IIMeeM 

lltoll =.p, lltnll = 72, r.n:e n = 1,2,3; ... , II3 (18) BbITeRaeT, qTQ 

/ IIYnll -, his C~(n+l)-1 ,n:JIJIHeROToporo c~ > 0,,He3aBIICJI:rn;ero 

OT n = 1, 2, 3, ... , a oTcIO,n:a II Il3 ( 18) cJie,n:yeT JTBepJR,n:eH11e JieMMhl 

2 ,n:JIJI 3a_n:aqI1 ( 1), ( 2B). 
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B cnyqae 3a,n:aqn: (1),(2a) HMeeM 

. -- ~. -

p 
lltnll= v2 (n=O,1,2, ... ), 

21r(n + 1) 
( 19) 

IIO3TOMY II3 (18) cne,n:yeT cym;ecTBOBaHn:e C3 > 0 Ta1wro, qTo 

IIYnll :::; C3(n + 1)-1 
(20) 

,ll,JIJI Bcex IJ,em,rx n 2'. 0. BBn:,n:y TeopeMhl l(r) ,ll,JIH·3TOM 3a,n:aq11 (20) 

BJieqeT cyIIIeCTBOBanue C4 > 0 TaRoro, qTo lllVnll:::; C4(n + Jt 1 

,ll,JIJI BCeX n = 0, 1, 2, .... Ta.RUM o6pa30M, B cnyqae 3a,n:aqn: (1'),(2a) 

H3 IIOCJie,n:neiI OIJ,eI-IRH H ( 1 7) ORonqaTeJihHO nonyqaeM 

llunll:::; Cs(n + 1)-2 

c rrocToJinnoiI· C 5 > 0, ne 3aBIICJim;eiI ?T noMepa n = 0, 1, 2, . . . . J13 

IIOCJie,l],HeiI' OIJ,eHRH BMeCTe C (19) TeM }I{e crroco6oM, qTo II ,l],JIJI 3a

,n:aqII ( 1), ( 2B), cne.n,yeT yTBepm,n:enIIe JieMMhI 2 ,ll,JI~ 3a.n,aqu ( 1), ( 2a). 

HaROHCIJ,, ,ll,~'_a· 3a,l],il'III (1),(26) yTBepm,ll,eHIIe JICMMhl 2 ,l],ORa-

3aHO B pa6oTe [l]: ero ,ll,01{a3aTeir:ocTBO cpaRTIIqecRII IIOBTOpJieT ,lJ,(>Ra-

3aTeJihCTBO JieMMhI 2 B cnyqae 3a,n:aqII ( 1) '(2B)' nymno. JIIIIIIh J'IeCTh 

OIJ,eHRY ,l],JIH co6cTBeHIIhlX cpynRIJ,IIM 3a,n:aqII ( 1) ' ( 26) 

jy~(l) - t~(l)I :::; c6 

C IIOCT~JIHHOM C6 > 0, He 3aBIICJilll;eM OT HOMepa n = 0, 1, 2, ... ( 3Ta 

OIJ,enRa CJie.n,yeT 113 ( 14)' CBOMCTB cpyHRil,IIM tn ( X)' yTBepm,n:eHIIJI (,n:) 

TeopeMhI 1 II TO}I{,l],eCTB 

-[y~(x)] 2 + F(y~(x)) - F(p2
) = AnY~(x) - Anp2 (n = 0, 1, 2, ... ), 

ROTop1,1e nonyqamTcJI yMnomenneM ypamieHIIJI ( 1), 3anIIcannoro 

,ll,JIJI y(x) = Yn(:I:), na 2y~(x) II ,n:amneiIIIIIIM IIHTerpIIpOBanIIeM OT 

0 ,n:o x c yqeToM naqaJihHhIX ycJIOBIIM Yn(0) = p, y~(0) = 0). TeM 

caMhlM, JieMMa 2 )J,OHa3aHa. 
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... 

JleMMa 3. /{.1tSl 'l'.a:HCaou U3 3aaa"i (1 )-(2) CUcme.Ma <PY1i'l'.U,Uii 

{ vn}n=0,1,2, ... w-.1tmwi1,11,o 11,e3aeucu.1,t.a B npocmpaucmee L 2. 

,l]pirn3aTeJihCTBO. Tipe,ll,IIOJIO}I{IIM IIpOTHBHOC: rrycTh 
--- --- -

CX) 

~CnVn = 0 (21) 
n=0 • 

B npocTpaHCTBe L2, r,n:e Cn- BClll;eCTBeHHhie R03q:>q:>IIIIIIeHThI II Co = 

= ... = c1-i = 0, a c1 =J O ,ll,JIR neRoToporo HoMepa [; YMHmK1111 

paBeIICTBO (21) rnaJIJipno B rrpocTpaHCTBe L2 Ha cpyHRil,IIIO e1( X)' 
TOI',lla BBn,n:y JieMMhl 1 d1,1c1 = 0. Ho rrocHOJihRY rro JieMMe 1 d1,1 > 0. 

IIOJiyqaeM npoTHBOpeq11e., H JieMMa ;3 ,ll,OHa3aHa. 

3aMeqanne 4. BB11,n:y JieMM 2 11 3 u:i TeopeMhI H.K. Bap11 CJie

,n:yeT, qTo ,l],JIJI Ka}I{,l],OM II3 3a,n:aq (1)-(2) CHCTeMa cpyHKil,IIM 

{ vn}n=O,l,2, ... ecTh 6a3HC P11cca B rrpocTpaHCTBe £2 (6onee Toro. 

IIOCKOJihKY { en}n=0,1,2, ... B Kam,l],OM cJiyqae eCTh opTOHOpMnpoBaH

HhIM 6·a3nc B npocTpaHCTBe L 2, B Kam,n:oM cnyqae cHcTeMa cpy1rnu,IIiI 

{ Vn}n=0,1,2, ... eCTI, 6a3HC Bapn B rrpocTpaHCTBe L2). O,n:naKo, KaH 

yKa3bIBaJIOCI, BO BBC)J,CHHH, ,n:anee rrpHBO,ll,lITCJI IIpJIMOe ,ll,OKa3aTCJih

CTBO 3Toro cpaKTa, He HCIIOJih3YIOIIIee TeopeMhl H.K. Bapn. 

B ,n:ani,neiIIIIeM, ecn11 rrpoTHBHoe ne oroBopeHo, Bee TPH 3a

_,n:a1rn ( 1 )-(2) paccMaTpirnaIOTCJI napaJIJICJihHO. Bo3hMeM IIpOII3BOJih

HhlM HoMep N 2'. 0 n o6o3Ha1rnM qepe3 LN 3aM1,ma1rne B L2 nnneiI

noiI 06onoq1rn cpyHKil,HM { en}n>N n qepc3 A- JIHHCMHI,Iii onepaTop. 

,ll,CMCTBYIOlll;HM B rrpoCTpaHCTBe-L2 ITO npaBHJIY Aen = (dn,n)- 1
1111 

(n = 0, 1, 2, ... ) n orrpe,n:eJieHIIhIM na BCCBO3MO}KH1IX HOHC'IHhlX JIH

HeMHhlX KOM6mi.aIJ,HJIX cpyHHUHM H3 cncTeMhl, { en}n=0,1,2, ... • BB11;ry 

JICMMhl 1 JICHO, qTo )J,JIJI mo6oro HOMepa N 110,ll,IIpocTpancTBO I/" 
lIHBapHaHTHO ,l],JIJI onepaTopa A. 0TMeTHM ~me, qTo oncpaTop A 
orrpe,n:enen na Bcm,n:y IIJIOTHhlX MnomecTBax B rrpocTpancrne L2 11 

B n1060M rro.n,rrpocTpancTBe LN. llepea AN 0603na1rnM cy}Hemw 

orrepaTopa A na no,n:rrpocTpaucTBo LN (N = 0, 1, 2, ... ). Tor;ra 
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BBtt,n:y neMMhl 1 AN = AN + G N, r,n:e AN- TO}K,n:ecTBeum,1ii. orrepa

Top B LN H orrepaTop GN onpe,n:eneu Ha BCeB03MOfilHhlX KOHe'1HhIX 

JIHHettHhlX KOM6mianttRX cpym{nttii. ll3 CHCTeMhl {en} n> N, II-pH l!CM 

GNen = (dn,nr
1 L dn,kek, TaK '1TO ANen = (dn,n)- 1 v: (n = 

k>n 
= N, N + 1, N + 2, ... ). BBtt,n:y JieMMhI 2, nepaBeHcTBa dn,n > 0 H 

ycnoBHR llvnll = 1 (r,n:e n = 0, 1, 2, ... ) cymecTByeT d E (0, 1) Ta1we, 
'1TO 

d < dn n < 1 - ' - (22) 

.D:JIR Bcex nenhlx n :2: 0. ITonomttM eme q>0pMam,uo IIGNII = 

M 
sup IIGNgll, r,n:e T0'1HaR BepXHRR rpan1 6epeTCR no 

g= L Cnen, ll911=1 
n=N 

BceB03MOfilHhIM noMepaM M = N, N + 1, N + 2, ... H no BCeB03MO}K

HhlM BemeCTBeHHI,IM H03cpcpttntteHTaM Cn. 

JieMMa 4. ,l{.Jl,Jl -X:aJfCaou U3 mpex 3aaa-q, (1)-(2) IIGNII < CX) 

a.Jl,Jl ecex 1w.uepoe N :2: 0 u lim IIGNJI = 0. 
· N-.oo 

. 00 

,z::t:oKa3aTe.rr1cTBO. ITycTh g = L cnen, r,n:e ,cpe,n:H Bemecnieu-
. n=N 

HhlX H03cpcpttntteHTOB Cn JIHIIIb HOHe'lHOe '1HCJIO OTJIH'1HO OT HYJIR H 
00 

11911 = 1. l13 JieMMhl 2 H (22) BhlTeHaeT, '1TO L (dn,n)- 2d;,k < CX). 

. n,k=O 

ITonoMy 
n;,lk 

oo [ k-1 ] 2 

IIGNgw = k~I ~ cn(dn,n)-
1
dn,k < 

~ f [f c;] X [f (dn,n)-
2
d;,k]. ~ 

k=N+I n=N n=N 
00 

~ /jg//
2 L (dn,n)-

2
d;,k -t O npn N - CX), 

n,k=N 
n;,lk 

H JieMMa 4 .lJ:OKa3aHa. 
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<l>ttKcnpyeM uoMep N > 0 TaH, '1TO 1/GNII < ½ (Ta1wii. no

Mep N cymecTByeT BBtt,n:y JieMMhl 4). Tor,n:a, KaK xopoIIIo H3Be

CTHO ( cM. [ ll]), oneparop G N ( a BMeCTe c HMM H AN) O)(H0-

3Ha'1no rrpo,n:omKaeTcR Ha Bee no,n:iipocTpancTBo LN, nptt'leM ,n:;rn 

3Toro rrpo,n:onmenttR, KOTopoe onRTh 0603uaqm,1 '1epe3 GN, BhIIIOJI

neno IIGNll.qLN;LN) <. ½- BBtt,n:y-nocne,n:uero 06CTORTe111crna JIH

uei-in11ii. orreparnp An +GN (r,n:e GN E £(LN; LN)), HoTOphlii. onRTh 

0603naqnM '1epe3 AN, npnna,n:nemnT -£(LN; LN) H ttMeeT orpantt

qemrLrii. o6paTHhlii.: 

00 

AN1 =AN+ L(-lr(aNr 
m=l 

(,n:OI<a3aTeJihCTBO CM. B [11]). 
Cne,n:ymmaR JieMMa cpal<TH'leCHH ,n:oHa3aHa B [8,9]; o,n:naHo, no

CHOJihHY ee ,n:oHa3aTeJihCTBO npocTO H HOpOTHO, OHO npHBO.D:HTCR B 

uacToRmeii. cTaTbe. 

JieMMa 5. B C.Jl,y'l{ae -X:aJfCaou U3 mpex 3aaa-q, (1 )-(2) a.Jl,Jl ifJU'X:
cupoea11,11,ozo Bbtwe 11,0.uepa 11,0.uepa N cucme.ua rfiyux:u,uu .{ vn}n>N 
ecmb 6a:JUC P~cca e LN. . . -

. . 

,z::t:oHa3aTeJII,CTBO. O'1eBH)(HO, CHCTeMa cpynHnttii. { en}n2'.N CCTb 

opTonopMttpoBaHHhlii. 6a3HC B LN, Bo3hMeM npoH3BOJihHYIO cpyn-
. ·. . 00 ' .. '. 

HnH10 u E LN H nycTh v = Aiu = L Cnen B npocTpancTBe uv, 
n=cN 

r,n:e Cn- BemecTBeHHhle l{03cpcpHnHeHTLI. I1MeeM U = ANV = 
00 00 

= L CnANen = L Cn(dn,nr 1vn, r.n:e, Bee PR.D:hl CXO.D:RTCR B [.,N. 
n=N n=N 

I1o3TOMy H BBH)(y JieMMLI 3 CHCTeMa cpyHHnnii. { Vn}n>N eCTb 6a3HC B 

· npocTpaHCTBe LN. JJ:anee, B Tex me o6o3Ha'1eHHRx,-nocHoJihHY pRJ( 
00 . 00 

L Cnen CXO)(HTCR B npo_cTpaHCTBe LN, TO L c; < CX). Ilo::noMy 
n=N n=N 

00 00 

eCJIH L c; < CX), TO pR,n: L en( dn,n)- 1vn CXO)(HTCR B npocrpan-
n=N n=cN 
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CX) 

CTBe LN. Hao6opoT, nycn, p.11,11; L CnVn cxo,n;HTCJI B rrpocTpaHCTBe 
n=N 

CX) CX) CX) 

'LN. Tor.z:i;a A~,.1 L CnVn = L CnAN..1vn = L Cndn,nen B rrpo-
n=N n=N n::::::N 

• CX) 

cTpaHCTBe LN, II03TOMY L c!d! n < CXJ. TaKHM o6pa30M, BBH,n;y 
.. n=N ' 

OIJ,eHOK ( 22) JieMMa 5 ,ll;OKa3aHa. 

JieMMa 6. A.;1,9, 'IW'J/C.aou U3 mpex 3aaa'I./, (1)-(2) cucme.M,a <fiy11,

'tW,UU { vn}n=O,l,2, ... ecm1, 6a3uc Pucca e npocmpa11,cmee L2. 

.D:oKa3aTeJih~TBo. IIycTh N > · o- paHee qrnKcnpoBaHHhlH HO-

Mep u L 11.- KoHeqHOMepHoe rro.n;npocTpaHcTBO B L 2 , HaTJIHyToe na 

cpyHKIJ,HH e0 , ... , eN-l, a PN- opToroHaJihHhlH rrpoeKTop B rrpocTpan

CTBe L2 Ha rro.n;rrpocTpaHCTBO L1J.. IIonomHM Wn = PNvn, n = 
= 0, N - l, Tor.n;a 

CX) 

Wn = Vn - L dn,kek, · n = 0, N - l. (23) 

k=N 

.D:anee, pa3MepH~CTI, rro.z:i;npocTpaHCTBa L11., oqeBH,ll;HO, paBHa N n, 
BBll,ll;Y pa3JIO}KeHHH cpyHKIJ,llH Vn ll3 JieMMhl 1, . CllCTeMa cpyHKU:llH 

{ wn} n=O,N-l JIHHeHHO He3aBHCHMa B L2, rro::iToMy ona JIBJIJieTcJI 6a-

3HCOM B L1J.. Cne.z:i;o~aTeJihHO, BBH,n;y JieMMhl 5 cncTeMa cpynRu;nit 

{ Wn}n=O,N-l LJ { Vn}n~N JIBJIJieTCJI 6a3HCOM B rrpocTpaHCTBe L2. 

Bo3hMeM rrpoH3BOJihHYIO cpyHKIJ,HIO u E L2. Tor.n;a 

N-1 = 
U = L CnWn + L ~nVn (24) 

n=O 'n=N 

B rrpocTpaHCTBe L2, r.z:i;e Cn- neKOTOphle Be:rn;ecTBeHHhle K03qlqllllJ,ll

enTI,I. IIo,n;cTaBHM BhlpameHHJI ,ll;JIJI cpynKIJ,HH Wn ll3 ( 23) B ( 24), 

IIOJiyqnM 

N-1 = ( N-1 ) 

U = ~ CnVn + L Cn - ~ Cmdm,n en 

n-0 n=N m-0 
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I 

B rrpocTpaHCTBe L2 H, CJie,n;oBaTeJII,HO, BBll,ll;Y JieMMI,I 3 CllCTeMa cpyn

,KIJ,llH { vn}n=0,1,2, ... HBJIHeTCH 6a3HCOM rrpocTpaHCTBa L2. HaROHeIJ,, 

To, qTo 3Ta cucTeMa JIBJIJieTcJI 6a3:ticoM Pncca rrpocTpaHCTBa L 2 , 

CJie,n;yeT Il3 JieMMhl 5, ll JieMMa 6 ,ll;ORa3ana. 

IIocKOJihKY ,ll;JIJI 3a)l;aqn (1) ,(2B) Il3 OIJ,eHKII ( 18) II n.n;y1u:nx 

cpa3y ~cJie,n; 3a Heit apryMeHTOB BhlTeKaeT cy:rn;ecTBOBaHHe TIOCTOJIH

HhlX O < c < C TaKHX, qTO c::; IIYnll ::; C ,ll;JIH Bcex n = 0, l, 2, ... , a 

.n;n.11 3a.z:i;aqu (1),(26) .n;oKa3aTeJihCTBO rro.n;o6noro yrnepm.n;enu.11 arra

noruqno (CM. [ 1 l JIH60 .n;oKa3aTeJihCTBO JieMMhl 2)' YTBep}I{,n;enue 

TeopeMhl 2 BI,ITeRaeT ll3 JieMMhl 6, T. e. TeopeMa 2 ,ll;Oiia3aHa. 
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I 

)Kn)U(OB TI.E. PS-98-261 
O 6a3ilCHOCTH CHCTeM co6crneHHblX cpy111amii 
HeKOTOpblX HeJIHHeiiHblX 33.!la'I rnna lllrypMa-JIH)'BllJIJlll 

PaccMaTpHBaeTCll HeJIHHeiiuoe ypaBHeHHe - y "+ f ( y2 ) y = 'J,.y, y = y (x), x e (0, I), me f -
33.!laHHllll BerueCTBeHHllll cpymamir, a y (x) - HeHJBeCTHall (nuoKe BelUeCTBeHHall) co6cTBeHHall cpyHKUHll 
II A E R - cneKTparJbHblii napaMeTp, np11 rpaHH'IHblX YCJJOBHllX Tpex BHJIOB: y (0) = y (I)= 0, 
y' (0) = p (I ); y' (0) = y (1) = 0, y (0) = p ( II ); y' (0) = y' (1) = 0, y (0) = p ( III ). 3JieCb p > 0 -
npoHJBQilbHall nOCTOllHHall, !pHKCHpomumair Ha npOTlllKeHHH BCeii pa6on,. TTpH HeKOTOpblX npeJinOJIO
lKeHHllX O !p)'HKUHH f )lJlll KalK)lOii HJ 3THX TpeX JaJia'I ·ycTaHOBJieHbl cymecTBOBaHHe H e)lllHCTBeHHOCTb 
noCJJe)lOBaTeJ!bHOCTeii co6crneHHblX 3Ha'leHHii {An) n = 0,1.2 •... H COOTBeTCTBYJOIUHX co6crneHHblX !p)'HK· 

UHii { Yn) n = 0,1,2, ... TaKIIX, 'ITO JlJlll mo6oro HOMepa n !p)'HKUHll Yn (x) HMeeT pOBHO n KOpHeii B HHTepBarie 

(0, 1), H )10Ka3aHO, 'ITO B CJJ)"lae rpaHH'IHblX YCJJOBllii BTOporo JIHOO Tpenero BH)la noCJJe)lOBaTeJ!bHOCTb 
!p)'HKUHii { Yn) n =0,1,2, ... llBJilleTCll 6a3HCOM Pncca, a B CJJ)"lae nepBblX rpaHH'IHblX YCJJOBllii noCJJe)lOBa· 

TeJ!bHOCTb ( Yn) n =0.1.2 •... llBJllleTCll 6a3l!COM, a nocneJIOBaTeJibHOCTb { II Yn II i:! (0.1) Yn) n=0,1,2, ... -6a3l!COM 

P11cca B npOCTpaHCTBe L 2 (0,1 ). 

Pa6oTa Bb!nOJIHeHa B Jla6opaTOpHH Teopern'leCKOii !pH3HKH HM. H.H.EorMI060Ba OIUIH. 

IIpenpHHT O61.eJIHHeHHOro HHCTHT)'Ta llJiepHblX HCCJJe)lOBaHllii. )ly6Ha, 1998 

IIepeBOJI aaTOpa 

Zhidkov P.E. 
On the Property of Being a Basis for Systems of Eigenfunctions 
of Some Nonlinear Sturm-Liouville-Type Problems 

PS-98-261 

We consider the nonlinear equation - y" + f ( y2 ) y = Ay, y = y (x), x e (0, I) where f is a given real 
function, y (x) is an unknown (real, too) eigenfunction and A e R is the spectral parameter under bound
ary conditions of the following three kinds: y (0) = y (I) = 0, y '(0) = p ( I ); y ' (0) = y (1) = 0, 
y (0) = p ( II ); y' (0) = y ' (I)= 0, y (0) = p ( III ). Here p > 0 is an arbitrary constant fixed throughout 
the paper. Under some assumptions on the function f for each of these three problems we show 
the existence and uniqueness of eigenvalues ( An )n=O.l.

2 
•... and corresponding eigenfunctions 

( Yn) n=0,l,2, .. .' such that for any number n the function Yn (x) has precisely n roots in the interval (0,1), 

and prove that in the case of boundary conditions of the second or third kind the sequence of functions 
( Yn) n=O,l.Z, ... is a Riesz basis and that in the case of the first boundary conditions the sequence 

\Yn/n=O.l.2 .... is a basis and the sequence (llynllL:(O.I)Yn/n=0.1.2 .... is a Riesz basis in the space 

L 2 (0,1). 

The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physics, JINR. 
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