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Ha:mpeHKO M.A. PS-97-330 
ITonHoe pemeHHe npo6neMbl Epaecca B npocTpaHCTBe Xap.nu 1i 2 

B 1976 ro.ny Epaecc (D.Braess) nocTaBHn cne.ny10myio Ja,naqy Teopuu prui:u
OHam,HLIX C 2-annpOKCHMaQHii: MO)KHO nu nocTpOHTL cpyttKUHIO, KOTOpruI 6y.neT 

HMeTL no KpaiiHeii Mepe 3 pawul!HLie Haunyqmue annpoKCHMaQHH (Ho He 3 no
KaJILHO Haunyqwue annpoKCHMaQHH)? B .. cnyqae npocTPaHCTBa . Xap.nu 1i 2, 

V = {I z I< 1 }, attanurnqecKux B V cpyttKUHii: c HopMoii: rnna C 2 Ha rpattuue 

.lJ.JUI mo6LIX uen1,1x HeOTPHUaTenLHLIX k " n ~ 2 .D.OKa3aHO cymeCTBOBaHHe f E 1{ 2' 

HMeIOII.{llX p0BHO n pa3nlll!HLIX pauuoHanLHLIX cpyttKUHH Haunyqmero npu6nll)KeHIDI 
cTeneHu (k,l). 

Pa6oTa BLmonHeHa B Jla6oparnpuu .smepHLIX npo6neM 0115111. 

IlpenpHHT 061.e)IHHeHHOro HHCTHT)'Ta llJICPHLIX HCCJ!e)IOBal!HH. ]ly6tta, 1997 

ITepeBO.D. aBTopa 

Nazarenko M.A. PS-97-330 
On the Complete Solution of Braess Problem in Hardy Space 1i 2 

At 1976 D.Braess formulated the following problem in the theory of rational 
C 2-approximation: is it possible to exhibit a function which has at least 3 best 

approximations (not only with 3 local best approximations)? In the case of Hardy 
space 1i 2, V = {I z I< 1 }, consisting of analytic in V functions, with the norm 

of C 2-type on the boundary, for any nonnegative integer k and n ~ 2 the existence 

off E 1i 2, which have n and only n different rational functions of the best approach 

of (k,1) degree, is proved. 

The investigation has been performed at the Laboratory of Nuclear Problems, 
JINR. 
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BaHaxono npocTpaHCTB0 Xap.zm: 1-{2 o6pa3oBaHo aHamnri:IeCKHMH 

B e,zm:ImllH0M Kpyre V = {z: lzl < 1} q>YJIImIDIMHi HMeIOIUHMH notJTH 

Bcro,ny Ha rpawm;e 8V = {z: lzl .. 1} npe,neJII,I no HeKacaTeJil>m.IM 

nyrHM,1:1 c KoHetJHoii nopMoii II ·-II, nopolli,lleHHOH·CKaJI1IpHLIM npo1:13-

ne,nemieM 

(f, h) = 
2
1 f f(z) '. h(z),'.,ldzl ~ -

2
1 . f f(z) · h(z) dz. 
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HeoTp~nare~HJ,IXj ~6pa3yIOT 

opTOHOpMHpoBamn.tii 6a3HC B npoc;paHCTBe 1-l2, H JI.JI1I Kaa<,n;~ro 3Jie

MeHTa f E 1-l2 BI,m0JIHeH0 paBeHCTB0 

00 

111112 = E ITJ;l2
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i=O. 

r.ne 11;· = (f, zi) = fiJf O) ~ Ko~cp4>HIJ;He'flTLI ~eneHiwro pn.na 
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f < z) = E TJ; z', z EV. 
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)];M mo6oro ueJioro HeOTJ>HUaTeJII,Horo tIHcJia A:· noJiaraeM 
: ~ ' . 

OcHOBHhlM pe3yJII,TaT0M '.iT0H pa60TLI 11BJIJleTC11 CJie,nyIOIUM 

TEOPEMA. ,ll,JIH JII06lJX L{eJilJX HeOTJ)HIWTeJibHlJX k H n ~ 2. cy

mecwyeT f E 1-l2, HMeIOll{an punHon pa3;~'lHI:J.X pa.l{HOHaJibHhIX cjJyH

K.l{HH HaHJzyqmero .IIpH6JIIDKeII~ c~eneHH (k, 1). 

)];aHHOe yTBepa<,n;emie 11BJIJleTC11 noJIHLIM. pemeHHe~ O,ZJ;HOH npo6Jie

Mhl .TeopHH pau;HoHaJll>HLIX Cr-~nnpoKCHMau;Hii, nocTaBJieHHOH e 1976 
ro,ny BpaeccoM [1, Problem 3.2]; K0Topan 3BYtJHT cJie,nyIOIUHM o6pa-

3oM: M,O)l{H0_ Jill nocTp0HTL. TaKyIO cpyHKIJ;HIO, 't!T06LI 0Ha HMeJia 

no Kpaiiffeii Mepe 3 pa3mqm,{e pan1:10HaJI1>HLie cpyHKUHH HaHJiy't!IIIero 

np116JllDICe_HIDI KaKoii__:HH6yro, cTen~HH? PemeHHe npo6JieMLI Bpaecca 

6LIJIO npe,ZJ;JI0}ReHo t(n~HepoM. B pa6oTe [2, Theorem 3.3] B CJiy;\I~e 



rrpOfTpaHCTBa .C2[;-,-l, ,I], 'BpaeccoM. (3] 6LLJIO. ,n;oRa3p.HO :cym;ecTB,OBa

,HHe J E -.Cp[ -:--1; :J] ;11. <,p;<:oo,. HMeronurx 11eTLipe pa3JIB1IHLIX parurn

HaJII,HLIX arrrrpoRcHMaHTa GTerreHH (n, m). B rrpocTpam;TBeXap,zµr H2 
ORa3aJIOCb BO3MO}I{HLIM yRa3aTb,JIBHyIO_.ROHCTpyrui;mo q>yma:um, Il()Jllip

CTbIO penraIOm;eii 3TY rrpo6JieMy, a ,n;IDI CJIY1IM n = ,4 H ROHCTpyRTH~HO 

peIIIHTb 3,TY rrpo6JieMy (4, 5]. 
' . . . . . ·, . : \ . .. 

OmrnieM nRimrn;e 6oJieemiH MeHee:rr3necTHMe.q>a.I~Tii o pan;noHaJI1>-. . . 

HI.IX annpoRCIIMaD;IDIX B MeTpm<e TIIIIa .C2., Bo-nepBhlX, pan;IIoHaJlbHaJI 

q>yH:tmmi HairJiy'lnie~b, npn65nrn{~:arur :s; i{~, "pai:iyMee~cn', 'cymecT~yeT 
(6]: . :., ·"' . . -,. ,. . '.' <" •, .• ·,.. ,;. 

Bo-BTOJHilX, noo6m;e ronop11,. pan;IIoHaJlbHaJI q>yHRD;HJI HaIInytrnrero 

IIpII6JIB.iReHHJI JII06oii CTerreHH,B ~IeTpH~.mc THIIa .Cp Hee,n;IIHCTBeHHa [7]. 
Pa3HLIMH anTOpaMH CTpOHJilICb''IlpHMepI,I q>JHRD;Hii C ,n;nyMJI pa3JIBtI

HLIMII HaHJIYtIIIIHMIJ: pan;HOHa'.JII,HLIM]I arrrrp0RCHMaa'I,'aMH [ 8, . 9, 1.0, _ 11], 
HCIIOJTh3y.ii' c~o'nciBa CHM~1ezj)nn' [ift3J; 'ome;h;~o· 0TMeTHM pe3ym1ia:T 

[14]; H c 6eCROHe1IHhlM 1IHCJIOM HaHJIYlIIIIHX paD;H0HaJlbHhlX arrrrpoRCH-
MaHT0B [15, 16]. ' ._ .. t\''. -' " ; · .. \. 

B-TpeTblIX, 3a,n;aqa Haxom,n;eHIDI pan;noHaJlbH0H q>yHRD;HH HaHJiy,q-
,_,,_ 1 ,.·:·, •,JJ.\ \, l °,'.. :,! ·: , ,1,., ! ,. ~, I '•"_,' 1·, 1 , .. ,,; :'' > ', " ·,, •, "; · , · · '·. 

nrero IIpH6JIB.iReHHJI JIBIDieTCJI HOpMaJlbHOH n rrpocTpaHCTBax c MeTpH-

ROH THIIa· Lp ,EaR, IIO JIBHeiiHoii' Mepe, TaR lJCIIO IIJI0IIl;a,n;H ·(rrpH, B03-

M0}I{HO, HeR0T0phlX orpaHH1IeH1IHX): ecJIB IIpH6JIH.iR~eMaJI q>yHRD;HJI 

He 11nJIJieTcJI pan;no~aJlbHO,ii <;Te:ge1m. (n, rn), r,n;e n . .lI m :-:-:-:- ~aTy

paJlbHhle 1Ill~.11a, TO Hamzy1IIIIee (.n;ame JI0RaJlbHO HaHJIY1IIIIee) pan;no

HaJThHQe rrpH6Jllill<eHHe ire 11omeT ocym;eCTBIDITtcJI pan;noiI~.lThHoiI q>yH

Rn;IIeiI' cTerreHn (n: l,'m -~1):· 1IT0'
1

B pa3Hhle'ro,ZJ;LI')l;JIJI pa3HLIX rrpo

CTpaHCTB .Zl;ORa3nIBaJIOCl> n'-pa6oTaX (13,·14, 16';17; 18, 19, 20].· . ', 

11, HaRoHen;, cnoii:cT:so :aee,n;HHCTBeHHOCTH HamzyiiIIIero' pan;noHaJI1>

Horo arrrrpoRcnMaHTa JIBJIJieTcJI ncR.ITI01IHTe.1ThmM; Tb ecTb Te q>JH

RD;HH, HalIJIY1TI!Iee pan;noHaJlbHOe rrpH6JllDReHne R~TOphIX ocym;eCTBJIJI

eTCJI TOJlbRO, 0.n;HOH paD;HOH<lJlbHOH
1 1

q>JHRD;Heii, o6pa3yl01'. B HCX0.n;H0M 

IlpOCTpaHCTBe OTRpLITOe BCIOLJ;y IIJI0TH0e '1rnomeCTBO [21]. ff ·ceyqae 

nem;ecTBeHHoro "nHenrnero" rrpocTpaHcrna Xap,n;lI H2,Rf{lzl >" lr), 
rrpHne.n;eH RJiacc <l>YHRiurii,' HMe'rom;ruc' Ra.iR.Zl;l,IH pa3 e,LUIHCTBeiiizyIO pa-

2 

;,, 

l. 
'\ 

,. 

IUIOHaJlbHyIO q>YHRIJ;HIO HaHJIY1IIIIero rrpn6JIH.iRemm rrpn conrra,n;emm 

CTerreHH 1IHCJIHTeIDI H 3HaMeHaTeJIJI (22); 

,Il;OKA3ATEJibCTBO TeopeMLI. ,lJ;JIJI Bfil6paHHoro n;eJioro He0TpHD;a

TeJlbH0ro 11HcJia k paccM0TJJHM q>YHRIJ;HIO 

' , zk+n+l 
f( ) _ k+l 

Z -Z . + (n+2)2" (1) 

cl>yino.urn yRJI0Hemm Ok (16) ,n;JIJI BfilfipaHHOH aIIIIp0RCHMHpyeMOH f 
HMeeT CJie.n;yIOIIl;lm BH,n;: 

Ot(c) - inf -llf(z) _ P(z) II= 
PEPt l-cz 

- I+ (n: 2)4 -(!-Jcl')k/:11 + (~:•2)' I', 
a YCJI0Blle Ha T01IRH C .· T exp(icp), R0T0pfile MoryT 61,ITh II0JIIOCaMH 

pan;HoHaJlbH0li <pYHRIJ;HH HaHJIY1IIIIero IlpII6JIH.iRemm (16, TeopeMa 4), 
IIpilieT q>opMy. ' 

[~1 + 2,r'] + (n; 2)2 r" exp ( ni<p) H~ + !) + (n + 2)r2
] = 0. 

TaRHM o6pa3oM 

1 
(n + 2)2 Tn exp (in cp) = 

2r 2 ~ 1 

(n+2)r 2 -n-l' 

1ITO .n;aeT nem;ecTBeHH0CTb 'tllICJia exp (in cp ), a Tpe6onaHHe .Zl;OCTH.iRe

HIDI MlIHHMyMa q>YHRIUIII yRJI0HeHHJI 

', 2 

_ Ok ( r exp (i cp)) = 2 - (1 - r
2

) r 2 I l + ( n: 2)2 r n exp (in cp) I 
B 3TOH TO'tIRe orrpe.n;eIDieT 3HaR, TO eCTb 

exp (in cp) = 1, 
21rm cp = --, m = 1, ... , n. 

n 

3 

(2) 



CJie.n;oBaTem,Iio,,cymecTByeT · PiOBHO ·n HarrpaBJieHIIH, orrpe,n:eJI1IeMhle 
apryMeHTOM ROMIIJieRCHOro lIII~Jia c, Ha ROTOphlX TOJII,1{0 ,lI MoryT Jie- · 
}l{aTI, TOtIRII . c, rropo}l{Jl:aIQm1Ie pa:rurnHaJil>Hhle <pyHio::J;IIII Ham:rytIIIIero . . . . . . : . 

rrpn6JIII}l{eHIIH. 

. IloJIO}l{HM X = r 2 E (0, 1) II paCCMOTplIM CJie.n:yromyro BCIIOMora
TeJil>HYIO <pymmnro: 

xn/2 [ ] 
g(r

2
)-g(x)=[-1+2x]+ (n+

2
)2 .-(n+l)+.(n+2}x. 

,ll;JIII Jl:ORa3aTeJil>CTBa yTBep}l{Jl:eHlIH TeopeMhl Tenepb .D:OCTaTOll~O Il~l{~-

3aTI,, l!TO <pyHIOJ;IDI g IIMeeT pOBHO O.n;HH ROpem, IIplI XE (0, 1). 

PaccMoTpn:M rrpon3BO.D:HYIO 

1 
x(n-2)/2 . 

2g(x)_=4+ (n+ 2)2 [-:-(n+l)n+(n+2)2x]. 

TaR RaR 
' ., 1 

g(O) = ...:.1 < 0, · g(l) ~ 1 + ( . 
2

)2 > 0, , . , n+ 
Terrep1, .D:JI1I .n;oRa3aTeJil>cTBa TeopeMLI .n:ocTaTotIHO npoBepnTL cTporyro 
IIOJIO}l{HTeJil>HOCTI, IIpOH3BO.n;HOit g'(x) IIplI X E (0, 1), l!TO OtieBII.n;HO. 
TeopeMa IIOJIHOCTLIO .n;oRa3aua: · 

B 3aRJIIOtieHHe XOlIY B1ilpa31ITI, CBOIO 6Jiaro.n;apHOCTI, npo<peccopy 
B. r. 31IHOBY II .n:on;eHTY H. C. BJitieCJiaBOBY 3a ,z:q>y}l{eCRHe II CTIIMY
JIHPYIOmHe .n;ncRyccHH. 
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