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1. Bne.n;eHHe 

Il pn IICCJie,UOBaHIIlI <pII3IIqecKIIX CIICTeM, noae,neHIIe KOTOphlX onIIChlBa

eTCH ua H3bIKe .UlI<p<pepeuuIIaJibHhlX ypaaueHIIH (JlY) ( o6hlKHOBeHHhlX II 

C qacTHhlMII npOII3B0,UHhlMII) cymecTBeHHYIO noMomb OKa3hlBaeT ~uaune 

.uonycKaeMOH rpynnhl CIIMMeTpHH, no3BOJIHIOmee perynHpHhlM. cnoco6oM 

HaXO,IUITb TOqHbie perneHHH 3TIIX ypaanenn:ii. IlpHMeHIITeJibHO K amWIH3Y 

KpaeBbIX 3a,naq .UJIH ypaBHeHHH MaTeMaTnqecKOH <pll3HKII ocofo,1:ii HHTepec 

npe.ncTaBJIHeT cneUHaJibHhlH KJiacc CHMMeTpn:ii, TaK Ha3hlBaeMhle CHMMe~ 

TpHH peHOpMrpynnoaoro THna (Pr-cnMMCTpHH), cnoco6 nocTpOCHHH KO

TOpbIX Ha OCHOBe MeTO,UOB rpynnoBoro aHaJIII3a cyMMHpOBaH B pa6oTax 

[1, 2]. 8.TOT cnoco6 BKJIIOqaeT PH.U nocJie,UOBaTeJibHhlX rnaroB, TaKIIX KaK 

KOHCTpynpoaam1e crreUIIaJibHoro penopMrpynnoaoro MHoroo6pa3nx, Haxo

)K,Uem1e .nonycKaeMoii HM rpynnhl npeo6pa3oBann:ii H nocne.uymmee ee cy

JKeHne na HCKOMOM perneHHll KpaeBOH 3a,naqn, a TaK)KC ncnoJib30BaHne 

onepaTopoB Pr-cnMMeTpn:ii .um1 nonyqeHnx ana.r:rnTnqecKnx Bhlpa)Kennn: 

,nJrn ToqHoro HJIH npn6JIH)KeHnoro pernennx KpaeBon: 3a,naqu. 

B ,uaHno:ii pa6oTe nocTpoeHne onepaTopoB Pr-cnMMeTpn:u: n HaxmK,ne

Hne C HX noMombIO perneHHH KpaeBOll 3a,naqn ocymecTBJIXeTCX .UJIX ypaBHC

Hlill HeJIHHe:iino:ii reoMeTpnqecKOH onTIIKH, onHChlBammnx pacnpocTpaHe

Hlle MomHoro Jia3epHoro II3JiyqeHHH B neJIIIHe:iiuon: cpe.ne B npene6pe2Kennn 

.UII<ppaKUlIOHHbIMII 3<p<peKTal\rn2. licxo,nHhle ypaBHCHIIX II rpaunqnhle ycno
BlIX K HIIM B cnyqae nJIOCKoro (.nByMepuoro) lI UHJIIIH.UpHqecKoro ('rpex

Mepuoro) Jia3epirnro nyqKa C<pOpMym1poBaHbI BO BTOpOM pa3,UCJIC pa60TbI. 

IlocTpoeune Pr-cnMMeTpn:ii no onncanHoMy B [1, 2] l\ieTo,ny npone.neno B 

TpeTbeM pa3,UeJie pa60Thl BHaqa.r:re ,UJIX nnocKoro, a 3aTeM H .UJIH Tpex

Mep~oro Jia3epnoro. nyqKa. IloKa3ano, qTo Koop.n1rnaThl onepaTopoB Pr-· 

ClIMMeTplIH MoryT 6hlTb npe,ucTaBJieHhl B BII,Ue 6eCKOHeqnhlX pX.UOB no CTe

neHXM npOH3Be,UeHHX napaMeTpa HeJIHHeHHOCTH cpe,nhl Ha HHTeHCIIBHOCTb 

Jia3epuoro H3JiyqeHHX na ee rpaHnue. Jlnx KpaeBhlX .naHHhlX cneuIIa.r:rh

uoro BH,na 3TII PX.Uhl o6phlBaIOTCX, H B03HHKaIOmax npn 3TOM Koneqnax 

cyMMa xapaKTepn3yeT Toqnym Pr-cnMMeTpnm KpaeBoii: 3a,naqn npn npo

H3BOJibHOM 3HaqeHIIll napaMeTpa ueJIHHeHHOCTH cpe,nhl. B o6meM cJiyqae 

KpaeBhlX ,naHHhlX npoH3BOJibHOro BH,na orpaunqeHne. KOHeqnhlM qncJIOM 

CJiaraeMhlX COOTBeTCTBymmnx pH,UOB npHBO.UlIT npn MaJIOH BeJiuqune na

paMeTpa HeJIHHeHHOCTII K npn6JIII)KCHHOH Pr-cnMMeTpHH. YKa3aH HOBhlH 

2Pasnnquble no.axo.abl K nccne.aoaaumo 3THX ypaaueunii II nonyqeuHhie qacTHble 
peme11m1 06cy)K.aan11cb pauee B pll.ae pa6oT ( CM., uanpnMep, [3, 4, 5] H u11inpoaa1111yIO 
TaM mtTepaTypy). 
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BH,ZJ; Pr-CHMMeTpHii, nony1:JaeMhIX pa3BHTHeM paHee II3JIO)KeHHOro MeTO,Ua 

[1, 2]. HcnoJih30Bam1e JCJIOBHH IIHBapHaHTHOCTH OTHOCIITeJihHO onepaTO

poB TO"IHoii 1:1 npn6nmirnHHoii Pr-cHMMeTpIIH nopo,K,uaeT peIIIemrn Kpae

Boii 3a,n;a1:J1:1, np1rne,n;eHHhle B 1:JeTBepToM pa.3,uene pa6oThI. llmr px,ua KOH

KpeTHhIX IIpHMepoB, COOTBeTCTBJIOIIJ;HX 3a,n;aHHOli KpIIBOH pacnpe.neneHHX 

HHTeHCHBHOCTH IIJ"IKa Ha rpaHHll,e HeJIHHeMHOH cpe,uhl (B BII,Ue rayccOBOH 
u ll ull ) ,h 

KpIIBOH, B BH,ZJ;e pa3MhITOH CTyneHhKH, B BH,ZJ;e COJIHTOHa II IIJIOCKOMY 't'a-

30BOMY qipoHTY, nony1:JeHhI qiopMy_nw, B 3aMKHJToii aHaJIHTII"leCKOM qiopMe 

onpe,n;eJIKIOIIJ;He pacnpe,ueneHHe IIHTeHCHBHOCTH H IIpOH3B0,Zl;HOH 3lIKOHaJia 

Jia3epHoro H3JIJ"lemrn B cpe,ue, a TaK)Ke nono)Keii1:1e TO"IKH, B KOTopoii B03-

HHKaeT oco6eHHOCTh perneHIIK. B 3aKJIIO"leHHe paCCMOTpeHa B03MO)KHOCTh 

,UaJihHeHIIIero HCIIOJih30BaHHK KaK y)Ke Haii,ueHHhIX Pr-cHMMeTpHii, TaK H 

CHMMeTpHii:, KOTOphie MoryT B03HHKHJTh npH H3MeHeHiiH MaTeMaTH"leCKOH 

MO,UeJIH, HCilOJih3JeMOH ,Zl;JIK OilHCaHHK npou.ecca pacnpocTpaHeHHK H3JIJ1:Je

HHK B HeJIHHeii:Hoii cpe,ue. 

2. lfcxo,nHble ypaBHeHIUI 

llrrK on1:1caHIIK npouecca HeJIHHeiiHoii peqipaKUHH MOIIJ;Horo II3JIJ"leHirn 3a

IIHIIIeM B Kal:JeCTBe HCXO,Zl;HhIX ( CM., HaIIpHMep, (3)) cne,uyromyro napy 3JI

JIHnTH1:JeCKHX .LlY B 1:JaCTHhIX npOH3BO,UHhIX nepBoro nopK,UKa: 

Vt+ VVx = acp(n)nx, nt + vnx + nvx + (m/x)nv = 0. (2.1) 

3,n;ech ti- npOH3BO,ZJ;HaK 3HKOHaJia no nonepe"IHOH KOOp,UHHaTe x, n - HHTeH

CHBHOCTh Jia3epHoro ny"IKa, pacnpocTpaHKIOrn;erocK B,UOJlh OCH t, q>JHKll,HK 

cp 3aBHCHT TOJihKO OT n H xapaKTepH3yeT HeJIHHeii:11:ocTh cpe,uhl C napa

MeTpOM HeJIHHeHHOCTII a. BeJIH"IHHa m npIIHHMaeT 3Ha1:JeHHe m = 0 ,UJIK 

,n;ByMepHoro ny1:JKa H m = 1 ,UJIK TpexMepHoro ny1:JKa. 

HH)Ke 6y,ueM C"IHTaTh, "ITO Ha BXO,Ue B HeJIHHeiiHyIO cpe,uy (T.e. npII t = 
0) 3a,naHhI HyrreBM KpIIBH3Ha BOITHOBoro qipoHTa ny1:JKa II pacnpe,ueneHHe 

ero HHTeHCHBHOCTH n no KOOp,UHHaTe x: 

n(0,x)=N(x); v(0,x)=0. (2.2) 

0TJIII1:JHTeJihHOH oco6eHHOCThIO ,UByMepHoro IlJ"lJKa c m = 0 KBJIKeTCK 

. B03MO)KHOCTh JIHHeapH3all,HH HCXO,UHOH CHCTeMhl ypaBHeHHH ( 2.1) npeo6pa-

30BaHHeM ro,uorpaqia. Ilocne nepexo,ua K nepeMeHHhIM r = nt 11 x = x-vt u 
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BBe.neHHK HOJ)l\lHJ)OBaHHoii npoII3BO,UHoii 30KoHana w = v / a cncTel\la ypaB

HeHIIii (2.1) 3aIIHChIBaeTCK B BII,Ue nap bl JIHHC0HhIX .LIY: 

Tw - (n/cp(n))xn = 0, Xw + UTn = 0. (2.3) 

.LlnK TpexMepnoro ny1:JKa c m = 1 npeo6pa3oBaHne ro.norpaqia npnBo

,UIIT CIICTeMy Hemmeii:HhIX nY (2.1) TaK)Ke K HPJIHHeMHOH CHCTeMe nY 
'Tw - (n/cp(n)) Xn = 0, 

Xw + a [r,. +: (TnXw - cp;i)x!)] + ::: [2nTTn - r
2

] = 0. 

(2.4) 

3. IIocTpOeHH~ peHOpMrpyrrnOBbIX 
... 

CHMMeTpHH 

3.1. Pr-cHMMeTpHH ~JUI ~ByMepHoro rryqKa: rn = 0 

TiepBhIM IIIaroM Ha IIJTII IIOCTpOeHHK Pf-CIIMMeTpIIii KBJIKeTOI KOIICTpyn- , 

poBanIIe Pf-MHoroo6pa31rn, ponh KOToporo B naIIIeM cnyqae urpaeT cncTe

Ma HCXO,UHhIX .LIY (2.3), paccMaTpIIBaeMb!X B pacurnpeHHOM npocTpaHCTBC 

nepeMCHHhIX, BKJIIOqaromeM ne TOJibKO 3aBIICIIMb!C II HC3aBHCIIMb!e nepe

MCHHhie r, X, w, n II napaMeTp neJIIIHeii:nocTII a, HO II IIp01I3B0,UHb!C T 11 

x no n npoII3BOJibHoro nopK,nKa. Cne,uyromne rnarn B 3TOM nanpaBnennn, 

a IIMeHHO OThICKaHIIe Pf-CIIMMeTpHii: MeTO,UOM cy)KeHHK rpyIIIIbl TO'IC'i

HhIX CIIMMeTpHH II CHMMeTpHH flH~bCKJIJH,Ua (6, 7], ,UOIIJCKaeMbIX TaKHM 

Pf-MHoroo6pa3HeM, o6cy)K,UaJIHCh B npe.nIIIeCTBJIOIIJ;HX pa6oTax ( CM., Ha

npHMep, (8, 9, 10)) ,UJIK ,nByMepnoro Jia3epnoro ny'!Ka c m = 0. OhIJIO 

noKa3ano, qTo n106ax KOM6nnaunx KoHe'!Horo 'IIICJia onepaTopoB KOHe'l

noii no.nrpynnhI Toqe1:Jnoii rpynnhI u rpyn~hI fllI-OeKnyn.na 3a,nannoro no

px,uKa He nopO)K,UaeT' BOo6me rosopx, Pf .:CIIMMeTpHIO nplI IIJ)OII3B0JlbHbIX 

KpaeBhIX ,uaHHbIX (2.2). l1cnoJib30BaHHe 6eCKOHC'IH00 no.nrpymibl TO'!e'l

noii: rpynnh1, .nonycKaeMoii: ypaBHennxMH (2.1) II (2.3), TaK)Ke ne pernaeT 

npo6JieMy 3aIIHCII' Pf-CHMMeTpnii: B 51:BHOM ,BH,Ue, IIOCKOJlbKY OTblCKaHIIC 

3TOH no,n;rpynnhl q>aKTH'ieCKH 3KBIIBaJICHTHO perne1rn10 IICXO,Ullb!X ypaBHe

HHH (2.3). 
Hn)Ke .nnx norryqeHHX Pr-c11MMeTpnii BOCIIOJib3JeMcx cne.ny1omnM npn

eMoM: npe.ncTaBHM KOOp,UHHaTbl f II g KaHOHIIqecKo~o onepaTopa rpyIIIIbI, 

.nonycKaeMoii ypaBHCHHXMH (2.3), 

X = f8r + g8x 
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B BII.D.e p.si:.n.a IIO CTeIIeH.si:M napaMeTpa HeJIIIHellHOCTH3: 

00 00 

!=Lai/; g =Lai/. (3.2) 
i=0 i=O 

<l>yHKUIIII Ji II l B (3.2) Haxo.n..si:Tc.si: perneHIIeM cooTBeTCTBJIOIUIIX onpe

.n.en.si:IOIUIIX ypaBHeHIIll, BbipaiKalOIUIIX yc".fioBH.ll HHBapIIaHTHOCTII CIICTeMbI 

JJ.Y (2.3) oTHOCIITeJibHO rpyIIIIbI c onepaTopoM (3.1 ). BBII.D.Y rpoM03.D.KOcTII 

caMII onpe.n.en.si:IOIIlHe ypaBHeHII.si: II cnoco6 IIX perneHII.si: 3.D.ecb onyrueHbI H 

IIpIIBO.D.HTC.ll JIHillb OKOHtJaTeJibHblll pe3JJibTaT B BII.D.e <pOpMyJI .D.JI.ll Koop.n.II

HaT Ji n l onepaTopa IICKOMoii rpynabI. Tiocne.n.rrne .n.a10Tc.si: cne.n.y10rueii 

CIICTeMOll peKyppeHTHbIX COOTHOilleHHll: 

0 0 j ·{ n [ 
00 

] 
0

} o 
0 f = F + dw VJ On+ ~(Ts+tOr, + Xs+tOxJ g , g = G , {3.3) 

t =Fi+ J dw {f Ts+1Ox,f-
1 
+~[an+ f (Ts+1Or, + Xs+18xJ] /}' 

s=0 'P s=0 

/ = Gi + J dw {~ Ts+1Ox,/-
1 

- [an+~ (Ts+1Or, + Xs+tOx,)] /-I}' 
08 T 

Ts= ons' 
asx 

Xs = ons' 
Ts= Ts_ wt (s) [)P(n/cp) 

p=0 p onP Xs-p+1, i 2:: 1. 

(3.4) 
3.n.ecb Fi(n,Xs,Ts) II Qi(n,Xs,Ts) (i 2:: 0)- IIpOH3BOJibHbie <pJHKUHH CBOHX 

apryMeHTOB, a BbipaiKeHH.ll B <pIIrypHbIX CK06Kax nepe.n. IIHTerpnpoBaHHeM 

no nepeMeHHOll w .D.OJI)KHbI 6bITb 3aIIIICaHbI B nepeMeHHhIX Ts, Xs, n, w. Co

OTHornemrn (3.3)-(3.4) 3aIIIICaHbI .D.JI.sl <pyHKUIIH cp(n) npoII3BOJibHOro BH.D.a, 

HO HH)Ke B KOHKpeTHbIX IIPIIJlO)KeHH.llX ( eCJIII He oroBopeHo oco6o) BCIO.D.Y 

nonaraeTc.si: cp( n) = 1, T .e. paccMaTpIIBaeTca cpe.n.a c Ky6wrnoii HeJinHeii

HOCTblO. 

Tipoue.n.ypa cy)KeHII.ll Haii.n.eHHOll rpyIIIIbI (3.3)-(3.4) Ha perneHHH Kpae

BOll 3a.n.aqn .n.n.si: nonytJeHII.si: Pr-cIIMMeTpIIii, 3aKJI10tJa10rua.si:c.si: B npoBepKe 

ycJIOBIIll HHBapnaHTHOCTH :.n,-oro perneHH.ll OTHOCIITeJibHO Pr-onepaTopa, 

HanaraeT orpaHntJeHII.ll Ha BII.D. <pyHKUIIll Fi, Gi, i 2:: 0. OHn He .si:BJI.si:10Tc.si: 

IIpOII3B0JlbHbIMII, HO BbI6IIpalOTC.ll TaKIIM o6pa3oM, lJT06bI COOTHOilleHII.ll 

f=O, g=O (3.5) 
3 CHMMeTpUH Il0Jl06Horo po11a 6hlJIH Ha3BaHhl B (11] gjopMll/lbHblMU CHMMeTpHllMll. 
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o6paruaJIIICb B TO)K.lJ.eCTBa Ha HCK0MOM perneHHH KpaeBOll 3a.n.atJH H y.n.o

BJieTBOp.slJIH npn T = 0 3a.n.aHHhIM KpaeBbIM .n.aHHbIM (2.2), KOTOpbie Ha 

.ll3bIKe nepeMeHHbIX ( T, x) <popMynnpyIOTC.ll CJie.D.yIOIUHM o6pa3oM: 

w=O, Ts=O, x=H(n). (3.6) 

Ecnn npII 3TOM <pyHKUHII Fi, Gi, i 2:: .1 TaK)Ke paBHbI Hyn10, TO KpaeBbre 

.n.aHHble HaJiaralOT orpaHIItJeHII.ll TOJibKO Ha BII.D. <pyHKUIIll F 0 II G0
• Ilo cy

ruecTBY, COOTHOilleHII.sl: (3.5) npnHiIMalOT BII.U .D.II<pq>epeHUIIaJibHhIX CB}l3eii 

{ s tJaCTHOM cnyqae - npocTO anre6pantJeCKIIX COOTHOilleHIIII), KOTOpbIM 

y.n.oBJieTBop.si:10T KpaeBbie .n.am1ble. Oco6blll IIHTepec npe.ucTaBJI}IIOT <pJHK

unn J0 II g0 TaKO~O BH.D.a, Il~H K~TopoM P.ll.D.bI {3.2) o6pb1BalOTC}l npII HeKO

TOpOM KOHetJHOM 3HatJeHirn Z = Zmax II npeBparuaIOTC.SI B KOHetJHJIO CJMMY. 

B KatJecTBe npnMepa np1rne,n,eM cne.n.y10runii onepaTop Pr-cnMMeTpnn: 

R = ( 2n(l - n)T2 - nT1 - 2nw(x1 + nx2) + inw2T2) Or 

( 
aw

2 
) + 2n{l - n)x2 + (2 - 3n)x1 + aw (2nT2 +-r1) + 2{nx2 + xi) Ox' 

{3.7) 
KOTophlii .si:BJI.si:eTc.si: onepaTopoM CIIMMeTpnn Jin-EeKJIYH.D.a BToporo nop}l.ll.

Ka .D.JI.ll JJ.Y {2.3). Koop.uirnaTbI f n g onepaTOpa (3. 7) IIMCIOT BII.ll. 6UHOMOB 

j = J0 + af1 II g = g0 + ag1. JierKO npoBepIITb IIp}IMOH IlO.lJ.CTaHOBKOll 

.llBHbIX Bbipa)KeHHll .n.mr J0
, g0 II J1, g1 B (3.3)-(3.4), 'ITO Bee nocne.n.y10-

IUIIC npn6JIH)KeHII.ll C i 2:: 2 06parua10TCH B HJJib, T.e. (3. 7) .n.aeT TO'lHOe 

BbipaJKeHIIe .D.JIH onepaTopa Pr-cnMMeTpIIII. 8Ta CHMMCTpIIH nopo)K.uaeT 

pemeHIIe KpaeBOll 3a.n.atJH ( CM. HII)Ke <popMJJIY ( 4. 1)) C rpaHII'lHblM ycno
BIIeM N = cosh-2 ( x), noJIHOCTbIO onpe.uen.si:eMblM BII.D.OM q>yHKUIIII g0

• 

Jl.pyrIIM npHMCpOM Pr-cHMMCTpIIII, rrpe.n.cTaBJIHeMhIM <pJHKUII.llMII j II 

g B BII.D.e 6IIHOMOB f = f° + af1 H g = g0 + ag1' HBJIHCTCH CJie.ll.JIOIUIII1 

Pr-onepaTop: 

R = ( n(l - n)-r2 - nT1 - nw(f X1 + nx2) + inw2T2) Or+ ( n(l - n)x2 

1 ( 3 ) aw
2 

) +{1 - 2n)x1 - 4X + aw nT2 + 471 + 4 (nx2 + x1) Ox. 

(3.8) 
OH TaK)Ke .si:BJI.si:eTcH onepaTopoM cIIMMeTpIIH Jin-EeKJIYH.ll.a BToporo rro

p}l.ll.Ka ,n:JIH JJ.Y (2.3). CIIMMeTpmr (3.8) rropO,K,n:aeT pemeHHe KpaeBoii 
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3a,n:a"'IH ( CM. HH)Ke qiopMyJiy ( 4.2)) C .6oJiee CJIO)KHhIM Bll,UOM rpaHnqHblX 

ycJIOBHH, Bhlpa)KaeMhIX qepe3 IlOJIHhle 3JIJIHilTHqecKHe llHTerpaJihl 

H n = --= K - -K ----= . 2 ( ( 2n
1

/
4 

) 6 ( 1 - yn)) 
( ) 1 + y'n . 1 +Jn 1r 1 + yn 

Ilpn npoH3BOJihHhIX KpaeBhIX ,UaHHhIX, T.e. npll npoH3BOJihHOH <pyHK

IIHH H(n) B (3.6), PMhl (3.2) He o6pb1BaIOTC.8, O,UHaKO ll B 3TOM cJiyqae 

MO)KHO orpaHH"'IHThC.8 KOHeqHhIM "'IHCJIOM "tIJieHOB pH,n:a npn ycJIOBHH MaJIO

CTH rr.apaMeTpa HeJIHHeHHOCTH a. y qeT MaJioro napaMeTpa, IIO cyrn.ecTBY' 

03Ha"tlaeT, "'ITO npH HaXO)K,UeHHH Pr-cnMMeTpllH HCilOJih3yeTC.8 arrropIITM 

npn6JIH)KeHHoii rpynilhl. Ilpn 3TOM 113 11cxo,n:Hoii c11cTeMbi: IIY ~w,n:eJI.si:eTC.sI 

6onee npocTa.si: IIOJJ;CIICTeMa, KOTOpa.8 IIOJiy"tlaeTC.8 113 (2.3) ~T6paCb1BaH1IeM 

BToporo cnaraeMoro BO BTopoM ypaBHemrn: 

Tw - (n/cp(n))xn = 0, Xw = 0. (3.9) 

B OTJIH"tIHe OT ypaBHeHnii (2.3), .n:onycKa10rn.11x JIIIIIIh KoHeqHy10 rpynny 

HeTO"tle"tIHhIX CHMMeTpHii 3aJJ;aHHOro nopH,n:Ka, CIIMMeTplI.8 ypaBHeHUH (3.9) 
6ecKOHe"tIHOMepHa H xapaKTepn3yeTC.8 npou3BOJihHOH 3aBIICIIMOCThlO OT 

Bcex ·c~onx apryMeHTOB Koop,n:11HaT f = J0 11 g ~ g0 (3.3) KaHoHnqecKoro 

onepaTopa rpynnhl. -IlpH MaJIOM, HO OTJIHqHoM OT HYJI.8 3HaqeHIIII napaMe

Tpa a; CHMMeTj:m.si: ypa1meH1IH (3.9) HaCJie,n:yeTC.8 (B CMhICJie [11]) CIICTeMOH 

ypaBHeirnii (2.3) 1:i'n1060M KOHeqHOM nopH,n:Ke IIO napaMeTpy a. Ilp11 3TOM B 

KaqeCTBe CHMMeTpHH' HyneBoro npn6JIH)KeHH.8 MO)KeT BhICTyna Th KaK TO- . 

qeqHa.si: CIIMMeTpn.si: JI:ci:, TaK H CHMMeTpn.si: J111~BeKJiye,ua. Bn.n: Hacne.n:yeMoii 

CHMMeTpHH IIpH 3TOM IleJIHKOM onpe,uen.si:eTC.8 COOTHOIIIeHII.RMII (3.4): oHa 

Mo)KeT 6h1Th KaK ToqeqHoii, TaK n c11MMeTp11eii J111-BeKJiyH.D:a. Ilpone,uypa 

cy)KeHH.lI HaH,n:eHHOH npn6JIH)KeHHOH rpynnbl Ha peIIIeHHII KpaeBoii 3a,uaq11 

,UOBepIIIaeT IIOCTpOeHHe HCKOMhIX Pr-cHMMeTpHH. . 

IlpoH3BOJihHa.8 3aBHCHMOCTh <pyHKIIHH F0 , G0 OT CBOIIX apryMeHTOB II0-

3BOJI.ReT KOHCTpynpoBaTh np116JIH)KeHHhle Pr-CIIMMeTpHH JJ;JI.8 JII06oro BII

,n:a KpaeBhIX ,n:aHHhIX (2.2). B KaqecTBe npnMepa npnBe,n:eM onepaTop Pr

CHMMeTpnn ,UJI.8 Jia3epHoro ny"tIKa C IlJIOCKIIM <pa30BhIM qipoHTOM II raycco

BhIM pacnpe,n:eJieHHeM HHTeHCHBHOCTH Ha rpaHHile r = 0 cpe.n:hl ( rayccoB 

nyqoK): 

H(n) = (ln(l/n))1
/

2
• (3.10) 

TaKoMy KpaeBoMy yCJioBHIO cooTBeTCTByeT, B qacTHOCTII, cJie,zzy10rn.11ii Bhl-

6op <pyHKIIHH / 0
' g 0

: . 

f° = 1 + 2nxx1 ' g
0 = 0. 

6 

(3.11) 

c:, 

!' 

I 

!'f 

... 
;1 

!1 .,,. ·, 

B 3TOM cnyqae TO'Ie'IHa.si: npu6nmKeHHa.si: Pf-cJIMMeTpn.si: BOCCTaHaBJIIIBa

eTc.si: c noMOIUhJO <popMyJI (3.3)-(3.4) 11 B rne.n:y10meM nop.si:.n:Ke no napaMe

TPY HeJIIIHeiiHocTn HMeeT BHJl: 

( 
ar

2
) R = -2xaw + 2aro,. + 1 + --:;;- OT. (3.12) 

IlpoBe]leHHhie BhIIIIe nocTpoeH11.si: Pf-cttMMeTpHii nerKo 0606ma10Tc.si: 

Ha TOT cnyqaii, Kor,ua Hap.si:.n:y C "ecTeCTBCHHhIMII" nepeMeHHhIMII 3a,n:a

'III B rpynnOBhIX npeo6pa3oBaHII.8X yqacTByeT TaK)Ke napaMeTp HeJIH

HeiinocTH a. Ilpn 3TOM, KaK npasuno, upoucxo.n:nT pacurnpem1e .na6opa 

B03MO)KHhIX Pf-cIIMMeTpnii. Orpaeuqusa.si:ch .n:n.si: narn.si:.n:nocn1 rpynnoii 

ToqeqHhIX npeo6pa3osannii, 3annrneM cooTeorneen.si:, onpe.n:eJI.si:10mne sn.n: 

onepaTopa npn6m1)Kennoii rpynnhI ,un.si: CHCTCMhI IIY (2.3) npn cp = 1 c 

yqeToM npeo6pa3osan11.si: mipaMeTpa a: 

4 2 

x =EX;+ Ecixi+4, 
i=I i=l 

aw t • r t t • 
2 ( ) X1 = 2n Jxaw - a -;;_Jx + wJ,. ax 

1 ar 1 anw 1 1 . 

( 

2 2 ) + J -
2

n JXX - -
2
-Jnn - anwr(Jxfn)n aT l 

2 anw 2 ar 2 . 2 • 

( 

2 2 ) 
X2 = J - -

2
-J,m -

2
n .Jxx - awrJ,.x aw 

2 

( 2 2) a ar 2 - a rJx + nwJ,. n - --JxoT, 
2n 

1 anw 1 1 aw 1 
( 

3 ) ( 2 ) X3 = nwl,. - -
6

-(nl,.)nn Or+ I - 2 (nl,.),. Ox, 

aw 2 2 2 aw 2 3 ( 2 ) X4 = 6xl,.Ow + xi - awrl,. - Tx(nl,,)n Ox 

2 2 anw 2 anw 2 • 

( 
3 2 ) + nwxln + r/ - -

6
-x(nl,.),.,. - -

2
-rI,m Or, 

Xs = WOw + 2no,. +TOT' x6 = waw - 2aaa +TOT. 

7 
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3.uech Ji ( n, x) H Ji ( n) - npoH3BO.rihHhie cpyHKIIHH caonx apryMeHTOB, Ci -
npoH3BOJibHbie IlOCTOHHHble. Cy)KeHHe rpynnhl (3.13) Ha perneHHH Kpaeaoii 

3a_uaqn (2.2), (2.3) npHBO.llHT K .llBYM cooTHOIIIeHHHM, xapaKTepH3JIOIIIHM 

CBH3b Me)K.llY cpyHKIIHHMH Ji(n,x), Ji(n) H IlOCTOHHHhIMH Ci. Ilpn W = 
0, T = 0 3TH COOTHOIIIeHH~ npHHHMalOT ci1e,ny10IIIHll BH,U: 

J 1 - (nxn)J2 = 0' 11 + H(n)/2 
- 2(nHn)C1 = 0' (3.14) 

npnqeM B nepBOM HJ HHX npOH3Be,UeHHe (nxn) JlOJI)KHO 6hITh Bbipa,KeHO 

a TepMHHaX nepeMeHHhIX n n x c yqeTOM KpaeBbIX ,UaHHbIX (2.2), T.e. 

(nxn) = h(n, X). l1cnoJib30BaHHe CBH3eii (3.14) B (3.13) ,UaeT HCKOMJIO 

Pf-cHMMeTpHIO, xapaKTepn3yeMy10 qeThiphMH Pf-onepaTopaMH, 

2 2 

R =ER;+ ECiRi+2, (3.15) 
i=l i=l 

2 w 2 nw 2 r 2 2 

[ ( 

2 2 2 )] 
R1 = J + a 2n (hJ )x - -2-Jnn - 2n Jxx - rwJnx aw 

- a ( wnJ;, + rJ~) an - a [w(hJ 2 )n + ;(hJ2)x] ax 

[ ( nw
2 7 2 (hJ2) )] + hJ

2 
- a -2-(hJ

2
)nn + 2n ((hJ

2
)xx + J;) + nwr -;-- n a'T' 

w3 
R2 =:= a6 I;,aw + (rl2 + nw(xI;, - (H / 2)n) 

-a (n;2 

r1;,n + n;3 

(x(nl;,)nn - (n(HI2)nLJ)) a-r 

+ [(x - H)/2 
- a [rwl;, + ~

2 

(x(nl;,)n - (n(HI2 )n)J ]] ax, 

( 
nw

3 
) RJ = waw + 2nan + ra-r + 2nw(nHn)n - a-

3
-(n(nHn)n)nn a'T 

+ (2(nH")n - aw2 (n(nHn)n)n) ax, 

Rt = waw - 2a/Ja + ra'T , 

8 
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' 

·~ 
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ii l, 

R 

KaK crre.uyeT H3 3THX cpopMyn, yqeT npeo6pa3oBaHnii napaMeTpa a pacmH

pHeT rpynny ToqeqHhlX Pf-cnMMeTpnii:, 3a,UaBaeMyIO onepaTopaMH R1 , R2 

H R3, e111e Ha O.llHH onepaTop R4. :Sy.uyqn nonyqeHHhlM B paMKax arrropnT

Ma ·upn6rrtt)KeHHoii: rpynnw, 3TOT onepaTop TeM He MeHee .srnrrHeTc.sr orrepa

TopoM ToqHoii: Pf-GIMMeTpHH npH npOH3BOJlhHOM 3Haqemrn napaM~Tpa a 
H npoH3BOJihHhIX KpaeBhlX ,UaHHhlX (.uoKa3aTeJibCTBO 3Toro YTBep,K,UeHHH 

npHBe,UeHO a npHJIO)KeHHll 1). IIonyqeHHblH Ha6op Pf-onepaTopoB R; co

.uep,KHT TOqeqHble Pf-cHMMeTpim; nopo2K,UaeMbie q>OpMyJiaMH (3.3)-(3.4). 
TaK, HanpHMep, .urrH rayccoaa nyqKa onepaTop Pf-cHMMeTp1rn (3.12) crre

.uyeT H3 cpopMJJibl .llJIH orrepaTopa R1 npH h(n, x) = -(1/2x) H J2 = -2x. 
B o6cy,K_uaamuxcx Bhlme npHMepax Pf-cHMMeTpHH B paMKax ynoM.sr

HyToro no.uxo.ua [1, 2] norryqarrHCh npH cy,KeHHH npu6JIH,KeHHoii: rpynnw 

npeo6pa30BaHni'1, .uonycKaeMoii: ncxo.UHhlM Pf-MHoroo6pa3HeM, Ha peme

HHII Kpaeaoii: 3a_uaqH. IlarrbHeii:mIIM pa3BIITHeM aToro no.uxo.ua CJIJ)KHT 

,neMOHCTpIIpyeMhlH HII,Ke npocToii npHMep Ii:ocTpoeHHH Pf-cHMMeTpHii:, 

Kor.na rrpoue.nypa cy)KeHIIH ( T .e. "npnBH3Ka" K pemeHHHM onpe.nerreHHoro 

BH.lla) qacTllqHo BbIIlOJIHHeTCH Ha 3Tane pemeHIIH onpe.uerrHIOIIIHX ypaB

HeHirii: rpynnw, H B 3TOM CMblCJie rroJiyqaeMaH CHMMeTpHH He HBJIHeTCH 

CIIMMeTpueii: IIccne,nyeMoii: cucTeMhl IIY B KJiaccIIqecKoM noHIIMaHHH, Ho, 

KaK crre.uyeT H3 .llaJibHeii:mero, TaK)Ke IIO3BOJIHeT rrorryqnTh HHq>OpMaIIHIO 

o cTpyKType pememrn Kpaeaoii: 3a_uaqu. 

BocIIOJih3JeMCH TeM cpaKTOM, qTo llCKOMOe pemenue KpaeBoii: 3a_uaqu 

(2.2)-(2.3) cpopMaJihHO MO)KHO rrpe,ncTaBIITh B BHL(e p.sr,na ( CM. IIpIIJIO)Ke

HHe 1): 

T =WE (2~-~);)!(aw
2
)\n8nnt(nHn), 

(3.16) 

X = H + E ~;~~~ (aw
2
tan(nOnnt-

1
(nHn). 

IlrrH CllMMeTpllqnoro pacnpe.uerreHHH HHTeHCHBHOCTll nyqKa Ha rpaHHUe 

cpe.nw N(x) = N(-x) HBJIHeTcH oqeaII,UHhlM, qTo 3Ta CHMMeTpIIH coxpa

HHeTCH H B .llaJibHeii:meM, T.K. ypaBHeHHH (2.3) .nonycKaIOT rrpeo6pa30BaHIIe 

OTpa)KeHHH X-+ -x, w - -w. 3To O3HaqaeT, qTo Ha OCH nyqKa q>a30Bblii: 

cppoHT He HCKpHBJIHeTcH: w = 0 npH x = 0. Ilp.sIMbIM .llHq>cpepeHUHpO

BaHHeM cpopMyrr (3.16) MO)KHO y6e,nHTbCH B TOM, 'ITO Ha OCH IIJ'IKa TaK

)Ke TO)K,UeCTBeHHO 06pa111aIOTCH B HJJih 11pOII3BOL(Hhle Ta H Xa (npH 3TOM 

npOH3BOL(Hble Tw H Xw OTJIHqHhl OT HJJIH!). Bocnorrh3JeMCH 3THM o6CTO

.sITeJibCTBOM II npH pemeHHH orrpe,nemIIOIIIHX ypaBHeHHii:, 6y,neM cqnTaTb 

9 



BhlnonHeHHhIMII cne,ny10mue ,nononmITenhHhie ycnoBmr: 

, OaX = OaT = 0. {3.17) 

B pe3ynhTaTe nonyquM rpynny To•ieqnhIX npeo6pa3oBaHIIH 

6 

X = L Ck(a)Xk +Xx,+ Yoo {3.18) 
k=l 

c 06m11M ::meMeHToM, npe,ncTaBmreMhlM :s Bu,ne cyMMhI rnecTII onepaTopoB 

KOHeqHoii no,nrpynnhI 

X1 = 2(nx - awr)aw - 2an(r + wx)on + 2a2{r - wx)oa - ar28,,., 

X2 = TOw + nxon + axoa' X3 = WOw _:. 2aoa - XOx' X4 = TO,,- + XOx' 

Xs = aw28w - 4a2w8a + 2nx8,,. - 2a(r + wx)ax' 

x6 = aw38w - 6a2w28a + 6n(r + wx)a,,. + (6nx - 6awr - 3aw2x)8x 

II JI.BYX onepaT0p0B 6eCKOHeqHoii no,nrpynrrhl 

Xoo = 68w + n68n + a68a, Yoo= 1110,,- + 1120x j 

a(6)n + (6)w = 0, (6)w - n(6)n = 0; 

a(111)n + (112)w = 0, (111)w - n(112)n = 0. 

Cy,KeHii:e 3TOII rpynnhl Ha pememrn KpaeBOH 3a,naq11 (2.2)-(2.3) ,naeT cB.sr3h 

Me)K.ny KO0pJI.IfHaTaMII onepaT0p0B e II 11 Ilpll np0H3BOJihHhIX 3HaqeHII.sIX W 

u, CJie,ZJ;0BaTenbH0, npu w = 0 u r = 0, K0r,na BeJIH'IHHa x onpe,neJI.sICTC.sI 

KpaeBhIM ycJI0BlleM (3.6): . 

-2n2 HHnC1 + 2nHC5 + 111(0, n, a) - nHn6(0, n, a)= 0, 

-nHHnC2 + H(C4 - C3) + 6nHC6 + 112(0, n, a) - nHn6(0, n, a)= 0. 
(3.19) 

lln.sr rayccoBa nyqKa c rpaHH'IHhIM ycnoBneM {3.10) cooTHomeHn.sr (3.19), B 

qacTH0CTII, 1JbIIlOJIH.sIIOTC.R npu cne,ny10mnx 0TJIH'IHhIX OT nyn.sr 3Ha'leHHHX 

BX0JI..srmnx B {3.19) <pyHKllHH: 

c2 = 2 , 112 = -1 , 

10 

(3.20) 

,,. 

! 
~-~'' 

I.; 

. ..,., 

\ 
A 

K0T0phlM C00TBeTCTByeT onepaTop Pf-cIIMMeTpHII 

R = 2row + 2nxa,. + 2axaa - ax. (3.21) 

Mo,KHO Ha.ne.srThc.sr, 'ITO nonyqaeMa.sr npII TaK0M no.uxo.ne rpynna 01111cbrna

eT CIIMMeTpIIIO ceMeii:cTBa perneHl:lH KpaeBhIX 3a,naq (2.3)-(2.2) C N(x) = 
N(-x), no Kpaii:Hett Mepe, np11 .uocTaT0'IHO MaJihIX X, T.e. B np11oceBoii 

o6JiaCTII. 

3:2. Pr-=cuMMeTpuu ,n;Ju1 TpexMepHoro nyciKa: m = I 
llnH TpexMepHoro Jia3epHoro ny'IKa c m = 1 nocTpoeHue Pf-cIIMMeTpIIiI 

cy,KeHneM rpynnhI BBJI.a (3.1)-(3.2), .n:onycKaeMoii rncTeMoiI UY (2.4), BhI

noJIHHeTc.sr aH~orB'IH0 p~ccMoTpeHH0MY Bhirne BapIIaHTY c m = 0. IlpII 

3T0M K00pJI.IIHaTbI .I° II g0 110-npe,KHCMY .n:aIOTCH <popMyJia!'vrn (3.3), 0JI.HaK0 

110 cpaBHeHHIO C peKyppeHTHhIMH C00TH0IIICHIIHMII Tl:llla (3.4) Bhipa,KeH11.sr 

JI.JI.sf K00pJI.IIHaT onepaTopa Ji II i np11 i 2:: 1 B03HIIKaJOT B pe3yJihTaTe 

6onee CJI0)KHhIX BhI'Il:lCJleHHll. HII,Ke Mhl IIpHBCJI.CM .sIBHhle cpopMJJihI nIIlllh 

JI.JIH K00pJI.IIHaT J1 II g1 B qacTH0M cnyqae cpeJI.bI C Ky611'1HOH semrneiiHO

CThlO (cp = 1): 

J1 = F 1 + j dw {f (rs+t - w (nxf) ) 8xJ0 

s=O X s 

+n [an+~ (rs+18,,-, + Xs+18x,)] g1} , 

2 [ oo ] l nwx1 o nwx1 O g1 = G - -
2
-g + 2-- On+ L (rs+1a,,., + Xs+tax,) g 

X X s=O • 
(3.22) 

+ j dw {f (rs+t - w (nxf) ) ax,9° 
s=O X s 

- [an+~ (rs+1a,,., + Xs+tox.)] /
0

} • 

3.n:ecb F 1(n,xs,fs) II G1(n,xs,Ts), KaK II paHee, np0II3B0JihHhie <pyHK

U:HH CB0HX apryMeHT0B, a Bbipa)KeHl:lH B <p11rypHhIX CK06Kax nepeJI. HH

TerpupoBaHHeM no nepeMeHHOH w JI.0JI)KHhI 6bITh 3anncaHbI B nepeMeHHhIX 

rs, Xs, n, w. 
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Ifa cpopMyn (3.22) cne.uyeT, '1To npII ManoM, HO OTJIII'IHOM OT symr 3Ha

qemm napaMeTpa a CIIMMeTpIIH (3.3) B IIepBOM IIOpH.UKe IIO napaMeTpy a 

Hacne.uyeTcH cttcTeMoii lIY {2.4) c m = 1 KaK nptt6mnKeHHax. B qaci

HOCTH, 3a,llaBaH KOOp.UHHaTbl J0 II g0 B BH,lle (3.11), IIOJIY'IIIM TO'Ie'1HYIO 

Pr-cHMMeTpHIO .UJIH TpexMepsoro rayccoBa ny'IKa C KpaeBbIMH ,llaHHbIMH 
{3.10) s;J 

( 
aT

2
) R = -2xaw + 4aTan + 1 + 2----;:;- aT. {3.23) 

. ~ 

Btt.uso, 'ITO no cpaBHeHHIO co cnyqaeM IIJIOCKOro IIY'1Ka {3.12) m,IeeM OT-

JIH'IHe B.llBOe B K03q>q>HUHeHTax npH napaMeTpe HeJIHHeiiHOCTH a. 
KaK tt B .llByMepHOM BapttaHTe {m = 0) BOBJie'IeHHe napaMeTpa 

senttseiisocTH a B rpynnoBhie npeo6pa3oBaHHH pacnrnpxeT sa6op Pr

CHMMeTpttii. CooTBeTCTBYIOIUHii onepaTop nptt6Jitt)Kettn:3ii rpynnhl npII

Be.ues B npIIJIO)KeHirn 2. Cy)KeHIIe 3Toii rpynnhl ua perneHIIII KpaeBoii 3a

.ua'III c yqeTOM rpaHII'IHblX ycJIOBIIH {3.6) nopO)K,llaeT 'IeTblpe onepaTopa, 

asanorII'IHhIX onepaTopaM Pr-cIIMMeTpIIii (3.15) .unx .UByMepsoro nyqKa. 

OTMeTIIM, 'ITO IIOCJie,llHIIH II3 onepaTopoB B CIIIICKe {3.15) TaK)Ke HBJIHeTCH 

onepaTopoM Pr-cIIMMeTpHII .unx TpexMepsoro nyqKa. ~BH.UY rpoM03.UKO

CTII nony'IaIOIIIIIXCH cpopMyJI HH)Ke npHBO.llIITCH HBHOe Bbipa)KeHHe JIIIllib 
.UJIH nepBoro II3 Pr-onepaTopoB: 

2 T 2 2 2 2 WT 2 2 nw 2 

{ [ 

2 2 

R1 = J + a 2nx2 (J - X Jxx - xJx) - X (xJnx - Jn) - -2-Jnn 

0 

+ ~ ( w + ~) (hJ2)x]} aw - a (f (12 + xJ;) + nwJ,:) a:~ 
+ {hJ2 

- ~ [WT (n(hJ2)nx - (hJ2 )x) + ~ (x(hJ2)xx - (hJ2 )x -J2 

n 2nx 

2 2 nw 2 a 2 2 
2 ] } -xJx + 2nJn) + -2-(hJ )nn aT - ;; (T(hJ )x + wn(hJ )n) ax. 

{3.24) 
3.uecb, KaK II B cpopMynax {3.15), J2(n, x) HBJIHeTCH 1IpOH3BOJibHOH cpyHKUII

eii CBOIIX_apryMeHTOB1 a q>yHKUIIH h(n,x) = (nxn) Bblpa)KaeTCH B TepMII

HaX nepeMeHHbIX n II X c yqeTOM KpaeBbIX .uaHHblX (2.2). TaK, HanpHMep, 

nonarax B {3.24) J 2 = -2x II BbI6HpM h(n, x) = -{1/2x), '1TO COOTBeT

CTByeT rayccoBy ny'IKY c rpaHII'IHbIM YCJIOBIIeM {3.10), IIpIIXO.llIIM K y)Ke 

12 

'\_,,..,) 

t. 

f 

1~t 

1": 

nonytieHHoMy Bblrne onepaTopy Pr-cIIMMeTpim {3.23). lln.si: Toro )Ke 3Ha

qemrn cpyHKUIIH J2, HO npII h(n,x) = -(n/2x), '1TO OTBeqaeT rry'1KY c rra

pa6oJIII'IeCKIIM Ha'laJlbHbIM rrpoq>IIJieM IIHTeHCIIBHOCTII c H ( n) = v'f=n, 
onepaTop Pr-cIIMMeTpHII {3.24) npIIHIIMaeT BII.ll: 

( 
2aT

2
) R = -2xow + 4aTOn + n I + 7 Or - awax. (3.25) 

Ilp.si:Moii no.ucTaHOBKoii Bblpa)KeHIIii .unx Koop,uIIHaT orrepaTopa (3.25) B co

OTBeTCTBYIOIIIIIe onpe,ueJIHIOIIIIIe ypaBHemrn rpyIIIIbl MO)KHO y6e.UHThCH B 

TOM 1 '1TO Haii,ueuHaH Pr-CIIMMeTplrn HBJIHeTCH TO'IHOH, T.e. IIpHMeHIIMa 

npII npoII3BOJihHOM 3Ha'1eHIIII rrapaMeTpa a, a nopo)K,uaeMoe 3Toii CHMMe

TpIIeii pernenIIe KpaeBOif 3a,uaqn HBJIHeTCH T0'1HblM H OIIIICblBaeT CXO)K,D,e

HIIe nyqeii rrapa60JIII'IecKor"o rry'1Ka B TO'IKY ( CM., HarrpIIMep, [3]). 

4. IIocTpoeHHe pemeHHH Kpaeno:u 3a,n;aq:n 

Ilpoue.uypa rrocTpoenII.si: perneHm"i KpaeBoii 3a,ua1III Ha ocHoBe Pf-cIIMMeT

pIIii IICIIOJih3yeT ycJIOBHH HHBapIIaHTHOCTII 3THX perneHIIIl (3.5) OTHOCH

TeJibHO cooTBeTCTBYIOIIIHX Pf-orrepaTopoB. B TOM cnyqae, Kor,ua cpyHKUHH 

f II 9 rrpe,ucTaBJIHIOT T0'1HOe pernenne onpe,D,eJIHIOIIIIIX ypaBHeHHH rpyrrrrhl, 

T.e. Pf-cIIMMeTpIIH HBJIHIOTCH T0'1HbIMII, perneHIIe ypaBnen:rrii (2.3), (3.5) C 

yqeTOM KpaeBbIX ,uaHHbIX (3.6) ,uaeT e.llHHCTBeHH0e T0'1H0e pernenne Kpae

BOH 3a,D,a'1H (xoTH '1HCJI0 orrepaTopoB Pf-CHMMeTpn:ii, CBH3aHHbIX C ,uaHHblM 

qacTHblM perneHIIeM, M0)KeT 6b1Tb IIpOII3BOJihHbIM n, B rrpHHUHIIe, 6eCKO

He'1HbIM ). TaKa.si: CIITyaun.si: pean1nyeTc.si:, HanpIIMep, .un.si: Pf-cnMMeTpnn 

(3. 7), IICII0Jib30BaHIIe KOTopoii npIIB0,llIIT K perneHIIIO KpaeBOH 3a,ua'1II .UJIH 

IIY'IKa C Ha'laJibHbIM rrpoq>IIJieM pacnpe.ueneHIIH IIHTeHCIIBH0CTII B cpopMe 

coJIIITona N = cosh-2(x) [3] {cM.TaK)Ke [9]) 

t = l ( n$a Jq2+v2/a+qr/2' 
v2 

q=-+n-l 
4a ' 

)
1/2 

1 (v/$a) + ( Jq2 + v2/a + q 
x=vt--ln ~-- 1;2· 

2 -(v/$a)+(Jq2+v2/a+q) 
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Ilpyroii npHMep pemeHHH KpaeBoii 3a,naqn, ocHoBaHHhIH Ha ncrroJih3OBaHHH 

TOqHoii Pr-cHMMeTplIH {3.8), OTBeqaeT HaqaJibHOMY pacnpe,neJieHHIO HH

TeHCHBHOCTH rryqKa B BH,ne "pa3MhITOH" CTyrreHbKH H .naeTCH q>opMyJiaMH: 

t= n~ [(kl{ (dn)-Jq+ 2E(dn) 

_ 6Jq+°2 (E ( ~ __ 2_K (· fi3"1)) F({), k) 
1r Y -;;-:0; q + 2 y-;;-:0; ✓<E 

Jq2+ 2 (J{ ( k)- ~I{ ( ffffJ) ( ✓<EE({), k) 

-),4 ((q2-vn)(Jn-q1))1
12

)]; q= (1+n+ ::)1vn; 
x = vt + 2 (J{ ( 2 

) - ~ J{ ( {q=2\) , k = ✓ q2 
- Qi • 

n1l4 vq+71. Jq+2 1r Yq+2} Q2 ' 

q~ 
Q1,2 = 2 =t= Vt - 1; .i = ruccsin [ ( ;..f' ((V" - q,)(q, -v'nl)'''] • 

(4.2) 
3.necb HCIIOJib3OBaHbl CTaH,napTHhle o6o3HaqeHHH .UJIH HeIIOJIHhIX F({), k), 
E( {), k) H noJIHhIX I{ ( k), E( k) 3JIJIHIITHqecKHX HHTerpanoB rrepBoro H BTO

poro po,na. 

IIocTpOeHHbie no q>opMyJiaM (4.1) H (4.2) rpaq>HKH 3aBHCHMOCTH q>yHK

UHH v( X) H n( X) ,UJIH a = l IIpH pa3JIHqHhIX 3HaqeHHHX KOOp.UHHaThI t 
rrpHBe,neHhI Ha pnc.1 H pnc.2. 

B o6meM cnyqae rrpOH3BOJihHhIX KpaeBhIX ,naHHhIX, Kor.na IIpH 3aIIH

CH KOOp.UHHaT onepaTopa Pr-cllMMeTpHH orpaHHqHBaIOTCH KOHeqHhIM qn

CJIOM CJiaraeMbIX 6eCKOHeqHoro px,na (3.2), ycJIOBHH HHBapHaHTHOCTH (3.5), 

paBHO KaK II nonyqaromnecx H3 HHX C yqeTOM HCXO,UHhIX ypaBHeHHH {2.3) H 

rpaHnqm,ix ycJIOBHH {3.6) pemeHHH HBJIHIOTCH rrpn6mr:lKeHHhIMH. IlpH 3TOM 

pa3Hble q>opMhI onepaTopoB Pr-cHMMeTpHii ,UJIH O,UHOH II TOH )Ke KpaeBOH 

3a,naqn ,naIOT, Boo6me roBopx, pa3Hhie rrpn6nn:lKeHHhle pemeHnx: Ilnx HJI

JIIOCTpaunn 3TOI'O YTBep:lK,neHIIH HH:lKe rrpHBO.UHTCH ,UBa rrpH6JimKeHHhIX 

aHaJIHTHqecKHX pemeHHH KpaeBoii 3a,naqn (2.1)-(2.2) .nnx rayccoBa rryqKa 

c pacrrpe.neneHHeM HHTeHCHBHOCTH Ha rpaHHUe cpe,nbl BH,Ua (3.10). IlepBoe 
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113 3THX pemennii rropo)K,naeTc.si orrepaTopoM Pf-cHMMeTpIIH {3.12), .nn.si 

KOTOporo ycJIOBII.s! llHBap11aHTHOCTll (3.5) C yqeTOM (2.3) 3arrnchIBaIOTC.s! B 

BH.Ue cne.ny10meii rrapbI IIY B qacTHhIX rrpoH3BO.UHhrx: 

XXw-aTxn=0, 
aT2 

2XTw - 2aTTn + 1 + - = 0, 
n 

(4.3) 

l1x pemen11e, rro.uq11n.si10meec.si yrnoBI_fIO (3.6), .uaeT rrp116m1:lKennoe anann

T11qecKoe pemen11e KpaeBoii 3a.uaq11 

x2 = (ant 2 -Inn) [1 - P(~)]2 
X P(~) 

v = -t [1 - P(~)]' 

r.ne q>ynKun.si P( z) nMeeT Bn.u: 

z 

P(z) = 2ze-z
2

/
2 j dtet

2
l2

• 

0 

( 4.4) 

BTopoe rrpu6n11:lKennoe ananHTH'ICCKoe pemen11e KpaeBoii 3a.uaq11 (2.1 )

(2.2) BO3HHKaeT rrp11 11crroJih3OBamrn orrepaTopa PP-rnMMeTpu11 (3.21 ), .un.si 

KOToporo ycJIOBHe HHBapnaHTHOCTH (:3.5) C J'ICTOM (2.3) TaK:lKC 3aIIHChl

BaCTCH B BH,ne ,nByx IIY B qacTHhIX rrpoH3BO.UHhIX rrepBoro rrop.si.nKa: 

axTa + nxTn + TTw = 0, I + 2axxa + 2nxxn + 2TXw = 0. ( 4.5) 

lh 3THX ypaBneHHii rronyqaeTc.si cne.uy10mee pemenne KpaeBoii 3a,Ua'IH, 

y.noBJICTBOp.s!IOIUCC 3a,UaHHhlM KpaeBhIM .naHHhlM H ycJIOBllIO OTCJTCTBll.s! 

q>a30BhIX llCKa:lKCHllll Ha OCH IIJ'IKa 

2 1 
x2 = (1 - 2ant2) In n(l - ant2), v= 

2x arit 

1 - 2ant2 · 
(4.6) 

IlpH rro,ncTaHOBKe rronyqeHHhlX rrp116JIH:lKCHHhIX q>opMyJI ( 4.6) B llCXO.UHhIC 

ypaBHCHHH {2.3) BO3HHKaIOT Bblpa:lKCHll.s!, KOTOphle TO)K,UCCTBCHHO o6pama

IOTCH B HYJih IIpH X = 0. 3To O3naqaeT, qTo ,UJI.s! IIpOH3BOJihHhIX 3Ha'ICHllM 

rrapaMeTpa HCJIHHCHHOCTH a q>opMJJihl ( 4.6) TO'IHO OllllChIBaIOT ll3Menenue 

HHTeHCIIBHOCTH n(t, 0) na OCH rryqKa, KOTOpoe IIpll 3TOM .uaeTC.s! Q)OpMynoii 

1 
n(t, 0) = -

2 
(1 - JI - 4at2) • 

2at 
(4.7) 

MaKCHMaJihHOro 3Ha'IeHH.s!, paanoro nmax = 2, HHTCHCHBHOCTh IIJ'IKa .no

CTIIraeT npu tmax = 1/(2.,/a). TiocTpOCHHhIC no Q)OpMyJiaM (4.6) rpa!pHKH 
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3aBHCHM0CTH <f>YHKUHll VII n OT X 11pH pa3JUl'IHbIX 3Ha'!eHIHIX K00p.ZJ:IIHaTbl 

t .ZJ:JUI a = 0, 1 11pHBe.n:eHbl Ha pHc.3. 

Ilna 0UeHKH T0'IH0CTH pe3yJibTaT0B HII)Ke 11p0B0,UHTC.ll cpaBHeHHe .ZJ:BYX 

11ap 11pu6JIII)KeHHhlX H T0'IHblX aHaJIIITH'IeCKHX perneHIIll, B03HHKaIOIUHX 

rrpn IICII0Jib30BaHHH pa3JIH'IHbIX Pf-cHMMeTpIItt. BHatJane paccMaTpIIBa

eTca rrapa perneHHtt, Ja,nasaeMbIX cne.n:y10mHMH <f>opMynaMn: 

v = -2anttanh(x-vt), an2t2 = ncosh2(x - vt)- I; (4.8) 

v = -2ant tanh(x - vt), ant2 = cosh2(x - vt) ln(n cosh2(x - vt)). (4.9) 

Ilepsaa H3 rrpHBe.ZJ:eHHblX <f>opMyJI .n:aeT 11pe,UCTaBJieHH0e B .n:pyroM BII

.n:e T0'!Hoe perneHHe ( 4.1) Kpaesou Ja,natJII c rpaHH'IHbIM ycnoBIIeM N = 
cosh-2 (x), a BTopaa C00TBeTCTByeT 11pH6JIII)KeHHOMY perneHHIO C TeM )Ke 

rpaHH'IHbIM ycnosHeM. 8To perneHIIe 11opo)K,naeTrn 11pII6JIH)Kenuou Pf

CHMMeTpHeu C 011epaT0p0M 

( 
ar

2 
) 2ar 

R = 1 + h 2 ( ) (8,. - 2tanh(x)8w) + h 2 ( )an, 
ncos x cos x (4.10) 

K0Topaa B03HHKaeT B rrepB0M 11pH6JIH)KeHHH 110 MaJI0MY 11apaMeTpy a II3 

q>OpMyJI (3.3)-(3.4) llpH Bb16ope q>yHKUHll J0 H g0 cne.n:y10mero BH.ZJ:a (cp. C 

(3.11) ): 

J0 = l + 2ntanh(x)Xt, g0 = 0. (4.11) 

TiocTpoeHHHbie 110 <f>opMyJiaM ( 4.8) II ( 4.9) rpaq>HKII 3aBHCIIMOCTeu V H 

n OT X 11jm pa3JIH'IHbIX 3Ha'!eHIIHX lW0p.ZJ:IIHaTbl t 11pHBe.n:eHbl Ha pHC.4 

.ZJ:JI.ll a = 0, 1. CpasneHIIe 3TIIX rpaq>HKOB CBH.ZJ:eTeJibCTByeT 0 xoporneM 

C0Blla,neHHH T0'!Horo ( CIIJI0IIIHbie JIHHHH) n 11pH6JIJI)KeHHOro ( IIITpHX0Bbie 

JIHHHH) perneHIItt B 11epu<f>epHnnou o6nacTH rrytJKa, a nx pacxo)K,neune ua-

61110.n:aeTca JIHlllb B 11pnocesou o6nacTu, 11putJeM 11pn Tex 3HatJeHH.HX t, 
Kor.n:a B03HHKaeT oco6enHOCTb pernemrn. TioJIO)KeUHe T0'IKH Ha OCH rrytJKa, 

B KOTopou B03HHKaeT oco6eHHOCTb perneHH.ll ( T .e. o6pamaeTC.ll B 6ecKOHe'I

H0CTb rrpOH3B0.ZJ:HaH nx), H 3HatJeHne HHTeHCHBH0CTH IIY'!Ka B 3TOI1 T0'!Ke 

.ZJ:Jl.ll T0'IH0ro n rrpn6JIH)KeHHOro pellleHHll ,naIOTC.ll <f>opMyJiaMn 

lmax = l /2'1/o,, nmax = 2, ( 4.12) 

lapprox = 1/,/ae, napprox = e. (4.13) 

TaKHM o6pa30M, 110 cpaBHeHHIO C T0'IHhlM rrpn6JIH)KeHHOe pellleHHe ( 4.9) 

.n:aeT CMeIUeHH0e BrJiy6b cpe,nbl II0JI0)KeHue T0'IKH q>0Kyca n yseJIH'IeH

H0e 3Ha'!enne MaKCHMaJibHOll HHTeHCHBH0CTH rrytJKa, XOT.ll KatJeCTBeHHhlll 

xapaKTep H3MeHeHH.ll BeJIH'IHH n lI V IIPH 3T0M coxpaH.HeTC.ll. 
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OTMetJeHHbie oco6eHHOCTH ua6mo.n:a10Tca n_rrpn cpaBHeHnn .n:pyrou rra

pbI pellleHnu, rroJiy'IeHHbIX .n:na rayccosa rrytJKa. Ha pnc.5 rrpnse.n:enbl rro

cTpoeuuhle 110 <f>opMyJiaM ( 4.4) ( lllTpHX0Bble JIHHHl:I) H ( 4.6) ( CIIJI0IIIHhle 

JIHHHH) rpaq>HKH 3aBHCHMOCTeu V lI n OT X . rrpn pa3JUfqHbJX 3Ha"'IeHH.llX 

K00p.ZJ:HHaTbl t .ZJ:JI.ll a = 0, l. Cosrra.n:enne 3THX rpaq>lIKOB B.ZJ:aJIH OT OCH 

IIY'!Ka YKa3bIBaeT Ha B03M0)KH0CTb lICII0Jlb30BaHlI.ll q>OpMyJI ( 4.6) BO BCell 

o6JiaCTH H3MeHeHH.ll rrepeMeHHOll x. lja OCH IIY'!Ka npH6JIH)KeHHOe pellleHHe 

( 4.4) .n:aeT TaKoe )Ke cMememw 110JI0)KeHH.ll T0'IKH <f>oKyca II yseJIH"'IeHne 

3HatJeHH.ll lIHTeHClIBH0CTH rayccosa nytJKa (4.12), KaK II rrpH6JIH)KeHHOe pe

rneune ( 4.9) C .n:pyrnM rpaHH'IHblM ycJI0BHel\,L TI pH 3T0M 3Hai:ieHlI.ll BeJIH"'IlIH 

tmax II nmax .ZJ:JI.ll pellleHHll (4.1) H (4.6) C0BIIa,UaIOT. 

3aBHCHMOCTH, xapaKTepH3YIOIUHe rrpocTpaHCTBeHH0e pacrrpe,neJieHHe 

q>yHKUHll v II n .ZJ:Jl.ll TpexMepHoro rryi:iKa II0JlY'IaIOTC.ll aHaJI0['HqHbJM o6pa-

3QM; HarrpnMep, orrepaTop Pf-cHMMeTpnn (3.25) .n:aeT npH6J1H)KeHHoe aHa

JlHTII'!ecKoe pellleHIIe Kpaesou Ja,naqII {2.4), {2.2), nonyqa10meec.H H3 (4.4) 

JaMeHou a-+ 2a n P-+ P/2. 

5. 3aKJII01:Jeuue 

B HaCTO.HIUen pa6oTe .ZJ:JI.ll nocTpoeuIIa pellleHH.H Kpaesou Ja,naqn .IJ;Jl.ll ypaB

HeHIItt HeJlHHeHHOll reoMeTpH'IeCKOll 0IITIIKII IICII0Jlb30BaJ1C.ll 110.n:xo.n:, 0CH0-

BaHHhlll Ha Pf-cHMMeTpHH. TaKou 110.n:xo.n:, .n:orronH.H.ll y)Ke H3BeCTHhle pe-

3YJlbTaThl B 3TOH o6nacTII [3, 4, 5], o6na.n:aeT p.H.ZJ:oM rrpIIBJ1eKaTeJ1bHhlX 

qepT., K HIIM B rrepsy10 oqepe,nb M0)KH0 0THeCTH B03M0)KH0CTb II0JlyqeHlI.ll 

rrpII rrp0H3B0JlbHhlX rna.n:KHX KpaeBblX .n:aHHhlX npn6J1II)KeHHblX, a .ZJ:Jl.ll Kpa

eBblX ,naHHbIX crreIUlaJibH0ro BII,na II T0'IHhlX aHaJIHTII'IeCKIIX Bblpa)KeHIIll 

.ZJ:Jl.ll npocTpaHCTBeHHoro pacnpe.n:eneHII.SI lIHTeHCIIBH0CTII nytJKa n II npoH3-

BO.ZJ:HOll 3ttKoHana v. IlpyrnM .n:ocToHHCTB0M 3Toro 110.n:xo.n:a .HBJI.HeTc.H B03-

M0)KH0CTb .ZJ:aJibHenrnero YT0'!HeHH.ll II0JiyqeHHblX 11pn6J1U)KeHHblX pellle

HHH, HarrpnMep, rryTeM II0CJie,noBaTeJibH0ro yi:ieTa CJie.ZJ:YIOIUHX, 6oJiee Bbl

C0KHX no CTerreH.HM rrapaMeTpa a, BKJia,nos B <f>opMynax .ZJ:JI.ll Pf-CHMMeTpHll 

H Il0CTpoemrn C00TBeTCTBYIOIUHX perneunu. O6cy)K,naeMblll 110.n:xo.n: TaK

)Ke coxpaH.HeT rrpnro.n:nocTb npn H3Menemrn MaTeMaTnqecKott Mo.n:enn, nc

IIOJib3yeMoii: .ZJ:JI.H orrncaHn.H· rrpouecca pacrrpocTpaneHn.H cseTosoro nyqKa, 

narrpnMep, C ueJiblO yqeTa .n:mppaKI(HOHHhlX 3q>q>eKTOB, OT6pollleHHblX ua

MH s pacCM0TpenuoM Bblllle reoMeTp00IITH'!eCK0M rrplt6JIH)KeHHH, HJIH rrpn 

ytJeTe HeCTaI(H0HapH0CTH rrpouecca. 5Isnoii: HJIJIIOCTpauneii: 3TOro YTBep

)K.ZJ:eHH.11 CJiy)KaT <f>opMyJibl .ZJ:Jl.11 onepaTopoB rrpn6m1)KeHHOll CHMMeTpnn, 
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IIOJiy-qaeMhle B paMKaX e,!J:IIHOro MeTo.n:a KaK B IIJIOCKOH, TaK II B UIIJIIIH

.n:pn-qecKoii reoMeTplIII. B 3TOM CMhlCJie ncnoJib30BaHIIe npeo6pa3oBaHIIH 

ro,n:orpaq>a B IIJIOCKOH reoMeTpIIII (m = 0) HBJIHeTCH y,n:o6Hoii, HO He o6H-

3aTeJihHOH npoue.n:ypoii ,n:JIH nocTpoeHIIH Pr-cIIMMeTpnii: OHH MoryT 6h!Tb 

Haii,neHhl n B paMKax HCXO.D:HhlX ypaBHeHIIH (2.1). 

CymecTBeHHhIM no.n:cnopheM npII BhI"t!HCJiemrn Pr-cnMMeTpIIii MO,KeT 

OKa3aThCH HCnOJih30BaHHe ClICTeM KOMnhIOTepHOH anre6ph1. IlpII noJiytJe

HHH "tJ:aCTH pe3yJihTaTOB ,n:aHHOH pa60Thl II .D:JIH KOHTPOJIH aHaJIIITIItJeCKIIX 

Bhl"t!HCJieHIIH npn HaXO,K,n:eHHII TO"t!etJHhlX CIIMMeTpIIii IICnOJib30BaJICH na

KeT "DIMSYM" [12]. 

Haii.neHHhle aHaJIHTIItJeCKIIe pemeHIIH ( TO"t!Hbie II IIpII6JIII)KeHHhie) II 

Pr-cHMMeTpIIH MO,KHO B .D:aJihHeiimeM IICIIOJih30BaTb .D:JIH IIOCTpOeHIIH HO

BhlX Pr-cnMMeTpIIU. 0mm II3 BapIIaHTOB TaKoro IICIIOJih30BaHIIH 3aKJIIOtJa

eTCH B no,n:cTaHOBKe IIOJiytJeHHhlX pemeHIIH B q>opMyJihl, onpe,n:eJIHIOmIIe 

To-qeqHhle Pr-cnMMeTpIIII no II3BecTHOMY pemeHIIIO KpaeBoii 3a,n:aqn (cM. 

npIIJIO)KeHIIe 1, q>opMyJihl (Ill.3)). C .n:pyroii cTopoHhI paBeHCTBO HYJIIO Ko

op,n:1rnaT KaHOHIIqecKIIX onepaTopos, 3a,n:aromIIx Pr-cIIMMeTpIIII, MO,KHO 

paccMaTpHBaTh KaK .n:mpq>epeHUHaJihHhle CBH3II aBTOMaTII"tJ:eCKII yqHThIBa-

10mIIe KpaeBhle ,n:aHHhle (2.2). Tor,n:a IIOIICK HOBbIX Pr-cIIMMeTpIIH CBO.D:IIT

CH K IICCJie,n:oBaHIIIO CIIMMeTpIIH ( ToqHhlX IIJIII IIpII6JIII,KeHHhIX) CIICTeMhI 

ypaBHeHIIH, 06'he.D:IIHH10meu Hcxo.n:Hhle lIY II cooTseTCTBymmIIe ,n:IIq>q>e

peHUIIaJihHhle CBH3II (no,n:po6Hee 06 3TOM cnoco6e CM. B [1, 2]). 

B 3aBepmeHIIe yKa,KeM eme Ha o,n:Hy xapaKTepHyro oco6eHnocTh 06-

cy,K,n:aeMou rrpo6JieMhl. KaK 6h!JIO cKa3aHo Bhlme ,n:JIH KpaeBhlX ycnoBIIii 

CIIeUHaJihHOro BII,n:a PH.D:hI (3.2), xapaKTepH3ymmIIe Bhipa,KeHIIH .D:JIH KO

op,n:IIHaT f II g, npeBpamaIOTCH B KOHeqnhie cyMMhI, II B 3TOM cJiyqae 

peaJIII3yeTCH B03MO,KHOCTh IIOCTpoeHHH Toquoro aHaJIIITII~IecKoro peme

HIIH KpaeBOH 3a,n:a'III. Mo,Kno cq>opMyJinposaTh II ci6paTHYIO 3a,n:a-qy: B 

3a,n:aHHOM rrop.sr,uKe no cTeIIeHHM 11apal\1eTpa a YKa3aTh Bee onepaTophI 

CIIMMeTpIIII, KOTOphie He co.n:ep,KaT BKJia,n:oB 6oJiee BhlCOKIIX nop.sI,UKOB 11 

HBJIHIOTCH TaKHM o6pa30M onepaTopaMII TO'IHOH Pr-CIIMMeTpIIII, II .D:JIH 

HIIX YKa3aTh COOTBeTCTBYIOIUIIe pac11pe,n:eJieHIIH IIHTeHCIIBHOCTII CBeTa Ha 

rpaHIIUe HeJIIIHeiiHoI'i cpe.IJ.hI. IlpIIMeHIITeJihHO K 6ecKoHe"tJ:HOH no.n:rpynne 

TO'le'IHOH rpynnhl, .n:onycKaeMOll ypaBHeHIIHMII (2.3) ( CM. IIpIIJIO)KeHIIe 1, 

q>opMyJihl (Ill.I), (Ill.2)), 3TOT no.n:xo.n: II03BOJIHeT IIOJiy'laTh KOHKpeTHhie 

Bhlpa)KeHIIH ,n:JIH Koop.n:IInaT 011epaTopa X 00 6ecKoHetJnou no.n:rpynni,1. BMe

CTe C TeM 3TO eCTh cnoco6 reHepau1m "t!aCTHhIX pemeHIIH ypaBHeHIIH (2.3), 
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T .K. cyMMa onepaTopa 

Xoo = t(w, n, a)8r + e(w, n, a)ax (5.1) 

II 011epaTopa pacTH)KeHnii 

X1 = raT, + xax (5.2) 

cpa3y IIpIIBO.D:IIT K pemeHIIIO ypasHeHIIH (2.3) B anre6paIItJeCKOH q>OpMe: 

r = -t(w,n,a), X = -(2{w,n,a). (5.3) 

TaK, HaIIpIIMep, JierKo y6e,n:HThCH, 'ITO ypaBHeHHH (2.3) .n:011ycKaIOT, B 

tJaCTHOCTll, CJie,n:yIOIUIIe OII~paTopbl C JIHHeHHblMH TIO napaMeTpy· a Koop
,n:HHaTaMH: 

X100 = -war - In nax , 

X200 = ( 6nw( 1 - Inn) + aw3
) aT + ( 6n{2 - Inn) + 3aw2 Inn) ax' 

X3oo = -2wnar + (-2n + aw2 )8x. 
{5.4) 

CyMMa mrneii:Hoii KOM6IIHaum1 3TllX onepaTopoB 6X100 - X200 - 6X300 II 

011epaTopa pacTH,KeH11ii: {5.2) .n:aeT cJie.,ny10mee pemeHHe ypasHeHHH (2.3): 

r = 6w (1 - n{l + In n))-aw3
, x = 6(1-n) In n+3aw2{2+ln n). (5.5) 

<l>opMyJibl (5.5) nopO)K,n:aIOT ueJioe CeMeHCTBO pemem1ii, KOTOphle MO)KHO 

noJiytJaTb npoCTbIM .n:eiiCTBIIeM Ha IIpaBbie tJaCTll Bhlpa)KeHnii: (5.5), pac

CMaTpHBaeMhIX KaK BeKTOp-CTOJI6eu, mo6b!M II3 Tpex OIIepaTopoB peKyp

peHUHII [9] (JIII6o o6paTHhlX K HHM) (cM. npIIJIO)KeHHe 3). TaK, HanpIIMep, 

.n:eiicTBHe onepaTopa L2 Ha pemeHHe (5.5) nopo)K,n:aeT cJie,n:yromee peme
HHe: 

r = -12w (1 - n{3 + 2In n)) + 3aw3
, 

X = 12 (1 - n{l +Inn))+ 6aw2 (3 +Inn). 
(5.6) 

ABTop Bbipa,KaeT 6Jiaro.n:apHocTb 11pocp. Il.B.lllHpKoBy 3a nocTOHHHYIO 

110.n:,n:ep)KKY II o6cy)K.n:enne IIOJiy'leHHbIX pe3yJibTaTOB. 

Pa6oTa BhlIIoJinena np11 qmHaHcosoii no.n:.n:ep)KKe P<l><l>M (npoeKT N 96-
01-00195 n tJaCTIItJHO IIpOeKT N 96-01-01297). 
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IlpHJIO)KeH:ue 1. ToqeqHaJI Pr-cHMMeTpI-UI 

.n;ByMepHoro nyqKa 

B 3TOM rrpttJIO)KeHttII rrpIIBOJJ:HTCH Pf -CIIMMeTpttH ,n:JIH .n:syMepHoro nyqKa 
(m = 0) npII cp = 1, B03HHKa10nu1e npH cy)Kemrn Ha pernemrn Kpaesoii: 
3a,n:a'IH 6ecKOHe'IHOH TO'le'IHOH rpynnhI CHMMeTpHH, .n:onycKaeMOII JJ:H<p<pe
pemu1anbHblM MHOroo6pa3I1eM {2.3), . 

5 

X = ECi(a)X; + X00 , (III.1) 
i=l 

Xi = ra,,. + xax' X2 = TO,,. + WOw + 2non' Xs = WOw - 2a8a + ra,,. ' 

( 
aw2) nx · a 

X3 = n - 4 Ow - awnon - Ta,,. + 2 (r + wx) Ox, X4 = Ow' 

Xoo = e1(w, n, a)o,,. + e(w, n, a)ox. 

3,n:ech Ci( a) - npoH3BOJihHhie cpynKUHH napaMeTpa neJIHHeHHOCTH a, a 
<pyHKUHH e, e y,n:oBJieTBOpHIOT JIHHeHHblM ypaBHeHHHM, <popMaJibHO CO
BTia,n:aIOII(IIM c ypasneHlIHMH (2.3) npII cp(n) = 1 

e1 w - ne1 n = 0 , e w + ae1 n = 0 · (Ill.2) 

Y cnos11e o6pamenIIH s nynh Koop,n:IIHaT· Kanon11qecKoro orrepaTopa rpyn
Ilhl, Bbl'IIICJieHHblX Ha peIIICHIIH KpaeBOll 3a,n:a'IH {f{ W, n, a), X( W, n, a)), 
ycTanaBJIIIBaeT CBH3h Me)K_ny Koop,n:11HaTaMII onepaTopa (Ill.1) 

5 5 e = -ECiAi(w,n,a), e = -ECiBi(w,n,a), (Ill.3) 
i=l i=l 
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A1 = f, A2 = f - WTw - 2nfn, A5 =f-wfw+2afa, 

nx . aw - ( 2) A3 = - 2 + awnfn - n - 4 Tw, A4 = -fw, 

B1 =x, B2 = -wxw - 2nxn, B 5 = -wxw + 2axa, 

a ( aw
2

) _ B3 = 2(r + wx) + awnxn -. n - 4 Xw, 
4 -B = -xw, 

H cy:llrneT 6ecKoaeqay10 rpyrrrry {111.1) .no IIKTHMepaoii Toqeqaoii peHopM

rpyrrnhl CO CJie,nyromHMH orrepaTopaMH Pr-cHMMeTpHH: 

5 5 

R = L Ci(a)R. = L Ci(a) (x; - Aiil,. - Biax) (111.4) 
i=l i=I 

CooTHomeHHK (111.3) cnpaBe,D,JIHBhl npH Bcex 3HaqeHHKX w H n, B TOM qu

CJie H npH W = T = 0, _Kor,na 3aBHCHMOCTh X( n) ,naeTCK KpaeBhIM JCJIOBHeM 

(3.6).11pu 3TOM KpaeBhie ycJIOBHK ,D,JIK e1{0, n, a), e2{0, n, a) 3aITHChIBaIOTCK 

c noMomhIO (111.2) qepe3 Ai(0,n,a), B;(0,n,a) c.rre,ny10mnM o6pa3oM: 

1( 3 (nH 2 ) 4 t 0,n,a) = -C 2 +n Hn -C nHn, e2(0,n,a) = C 1H-2C2nHn

{111.5) 

B qacTHOCTH, noiraraK Ci = 0 rrpn i = 1, .•. , 4, rrony'IHM HyJieBhle 3Ha

qeanK ,D,JIK e1(0,n,a) 11 e2(0,n,a) n COOTBeTCTBJIOmee HM HyJieBoe TpH

BHaJihHOe pemeane ypaBHeHHH (111.2): e = 0 H e = 0. Bo3HHKaIOmHH 
rrpH 3TOM onepaTop Pr-cHMMeTpHH COBIIa,naeT C IIOCJie,D,HHM orrepaTopoM 

B CIIHCKe (111.4) npH A5 = B 5 = 0, C5(a) = t(a) H He 3aBHCHT OT KOH

KpeTHOro BH,D,a pemeHHK KpaeBoii 3a,na'IH, T .e. xapaKTepH3JeT pemeHHe 

,D,JIK rrpoH3BOJlhHhlX KpaeBhlX ,naHHhlX 

R = t(a) (w8w - 2a8a + T8,,.). 

3a,naBaeMhlH onepaTopoM (111.6) aa6op HHBapHaHTOB 

Jl=T/w, J2=X, J3=aw2, J4=n, 

(111.6) 

{111. 7) 

IIOKa3hlBaeT, 'ITO IlpOII3BOJlhHOe pemeHHe KpaeBOH 3a,na'IH (2.3)-(2.2) MO

)I(eT 6hlTh npe,ncTaBJieHO B BH,D,e: 

T = wf(n, aw2)' X = x(n, aw2). (111.8) 

B qacTHOCTH, 3a,naBaK f H x B q>opMe cTeneHHhIX pK.D.OB no (aw2), npnxo

.D.HM K pemeHHIO BH,D,a (3.16). 
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IlpHJio::>KeHHe 2. PI' -CHMMeTpHH TpexMep

Horo nyqKa 

B ,naHHOM npHJIO)KeHim nplIBO.ll.KTCK q>OpMJJihI ,D,JIK Hacne.n.yeMoii rrpH6JIH

)KeHHOH Toqe~rnoii CHMMeTplll!, .nonycKaeMOH ypaBHeHH>IMH (2.4) ,D,JIK Tpex

MepHoro IlJ'IKa m = 1 II pH i.p = 1: 

4 2 

X =EX;+ EC;Xi+4, (112. l) 
i=l i=l 

1 aw ( 2r) 1 . a ( 1 1) X1 = J a,,.+ 2n w + X JJ)w - ;; TJX+ wnJn ax 

WT 1 1 T 1 1 nw 1 

( 

· 2 2 ) 
- a -;; (nJnx - Jx) + 2nx (xJxx - Jx) +-2-Jnn a,,., 

(
T ) ar

2 

X2 = J 28w - a - (J2 
+ xJ;) + nwJ~ on - -9- (J2 + xJ;- 2nJ~) o,,. 

X -nx 

T 2 2 2 2 WT 2 2 nw 2 

( 

2 2 ) 
+ a 2nx2 (J - X J\X - xJx) - X (xJ,.x - J,.) - 2J"n Ow' 

X3 = - { ( w In x + 2~) /
1 

+ 2 ln x ( wnl~ + TI~) - a [1n x ( nw2 

( nw 1 1 ) 2 ( 1 T 1 )) 2 (5w 3/nnn+Tlnnx +r wl,.xx+3n/XXX +nw 6lnx 

+~(l - 2 h1 x)) I~,.+ (w
2 
(; x + 2r) In x + : T

2 
(2 - In x)) I~x 

+- -Inx+-(3+lnx) 11 +- -(lnx+2)--T
2 

(w T ) r
2 

(wx T 
n 2 3x xx nx2 2 3 

) ( 
w

2 

WT r
2 

) ] } ·(Inx+l) I!+w 6 (l+Inx)+2X(l-Inx)-2X2 I~ ow 

+ { - 2n In x/1 
+ a [ In x (n2

w
2 I,~,. + 2nwr I,\+ T2 l~x) + ~ 
23 



· (ln X + 2) /~ + nw ( w In X + 
2
;) /~] } an + { r /

1 + nwx In X /~ 

[ (
n2w3 nw2 'T3 

+rx In XI! - a X In X - 6-x In X I!nn + - 2-r I!nx + 6n I!xx 

w 1 ) (w 2 ) 7

2 

( + 2 r 2 Inxx + 72 

2 (ln x + 2) + 
3

X r In X I!x - 2n wx In X 

'T ) nw2 'T2 ( 
+ 3(ln X - 3) I;x + 6 (2wx In X + 37) I!n - 2n w(ln X + 2) 

+i-{3In x + 5)) I!+ :3:2 7
3
/~]} a,,.+ { xinx/

1 
- a [wr (xinxl~x 

+l~) + ;: (In x(xI!x +I!)+ 21!) + ~
2 

X In X ( n/~n +I~)]} ax, 

X4 = - { w/2 + 2r I;+ 2nw/~ - a [ ;: I;xx + wr
2 
l~xx + nw

2
r l~nx 

+--/2 +w -x+2wrx-- / 2 +- 3w+- 12 n2w3 (w
2 7 2

) 
7 2 

( 2r) 
3 nnn 6 X nx 6n X xx 

(5w 2r) 2 2 r
2 

2 (w 2r) 2 2]} + - - - nw I + - (3wx - 2r) I + - - - w I a 6 X nn 6n X X 6 X n w 

- { 2n/2 
- a [2nwr I,~x + ; (xI;x + I;) + nw

2 
( nl;n +I;)]} an 

2 2 nw 2 w 2 !:..._ 2 --

{ [ 

2 3 2 3 'T2 

+ x (nw/n + rlx) - a - 6-xinnn + 2n rxlnnx + 6nxlxxx 2n 

-7'-• 2 W'T ·2 'T 2 'T 'T 2 

( 

.-) 2 2 2 ( 4 ) 
. w + X Ix +--2-xlnxx~ 6n (r + 3wx) /xx+ 6 3w + X Inx 

nw 2 2 2 'T 2 2 w 2 3 ]} { [ 2 2 +-
3
-xinn a,,.+ xi - a wrxlnx + 2n (xlxx +Ix)+ 2 (nxlnn 
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+ xI;)]} ax, Xs = ra,,. + 2nan + waw, X6 = ra,,. - 2aaa + waw. 

3.necb, KaK H B (3.13), Ji(n,x) H Ji(n) - npOH3BOJlhHhle cpyHKUHH CBOHX 

apryMeHTOB, Ci - npoHJBOJihHhie nocTO.sIHHhie. Cy:arnHne rpynnhl (I12.1) Ha 

perneHHH KpaeBoii Ja,naqn (2.2), (2.4) nopo.lK,naeT tieTwpe onepaTopa Pr

cHMMeTpnn, O,UHH H3 KOTOpbIX (3.24) 'npnBe.neH B OCHOBHOH qacTH TeKCTa. 

IlpHJIO)KeHHe 3. OrrepaTOpbI peKyppeHr(HH 

B 3TOM npHJIO)KeHHH npHBO,U.sITC.sI TpH onepaTopa peKyppeHUHH, II03BOJI.sI

IOIUHe noJiy'IaTb HOBhle perneHH.sI KpaeBOH Ja,naqn (2.2)-(2.3) npH cp = 1 
H3 y)Ke H3BeCTHhIX. Ilpoiie.nypa noJiy'IeHH.sI HOBhIX perneHHH CBO,UHTC.sI K 

JanHCH perneHHH B BH,ne BeKTOp-CTOJI6ua: 

( 
r ) = ( ~(n, w) ) 
X x(n, w) 

(I13.1) 

n nocne.nyromeM .neiicTBHH Ha npaByro qacTh 3Toro paBeHCTBa nro6hIM HJ 

cne.nyromnx Tpex onepaTOJ)OB peKyppeHUHH (HJIH o6paTHhIM K HHM): 

L1 = ( O 
aDn 

-nDn ) _ ( 2nDn - 1 nwDn ) 
, L2 -

0 -awDn 2nDn 

( 

2anwDn 
L3= 

( -aw2 /2 + 2n )aD11 + a 

n(aw
2 /2 - 2n)Dn - n ) 

. (II3.2) 
2anwDn +aw 

PeJyJihTaT TaKoro .neiiCTBH}[ nopo)K.naeT npaByIO 'IaCTh HOBOro pemeHH.sr, 

Jarrncannoro B BH.ne (I13.l). 

PyK:onHCb nOCTynHJia B H3,I{aTeJibCKHU OT,IJ.eJI 

26 .u.eKa6p.s 1996 ro.na. 
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