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. B · (1} 6LIJI 'npeJ(JIOaceir 1.rcro.n: ripn6nirmeirnoro pemeirnH · CllCTeM ·.HeJIHHeffHHX. ypaiiiie, 
. Hlltt,'i~cHOBaH~I.Itt . Ha' npnB~i(eHHH nnX ~llCTeM I{. CHCTe~aM. 06L1KHOBe~HLIX ;J<t> qiepea~ 

unaJThHHX ypa.BHeHiitt nepiioro nopH)U{~ n'ireM ~cpq>epeHnnp6Baturn no Be~e~~Be!IH0MY 
napaMeTpy. IlyTII BBe,n:eHnH napa~e'-rpa '.Tii.M He. 06cym~aJin'cr,. ~TOT no.n:xci.n: 6LI; .nc-

• ... \ · r, ,' _ , I 1 , - _, . ',, ' I,' '• . :,. - ( '· 

IlOJII,30BaIII B [2] .11:JIH j!J,IqlJcJieHHH o6paTHHX MaTpnu, 3aBHCRlllllX OT.napa11-1er.pa .. OTMeTHM 
,TaIDKe [3], 'r.n:e M~o.n: .n:n<pqiepenunpoB'aanJI rro napaM~py ycne~HO npnMeHeH coiii.iecTHO, . 

. c H~npepirn~~ a~a~oroM M~o.n:a ~bIOTcma, B. [4] M~o.D.~B~.n:e1inii napaMeJpa1 npnM~Ii~c •. · 
eTCJI .11:M ".JIHHeapH3aD;HH" RpaeBh!X 3a,n:aq HeJIHHettHLIX .11:Hq><p~peHUHaJihHh!X ypaBHeHntt. . 

., f . ,• ' . . • . • . . . • • •. . • 

' Mero.n: .n:nqiqiepeHunpoBaHHR no napaMcrpy, lllHpORO npnMeHReTCJI .11:JIH pemeHH/l aJI-. 
:. re6panqecKHX H 6n~paTopHh!X ypa:imeHntt, B. TOM _-iinc~e -c :mr<pq>epeHUHaJih;J1r orrepa-

·, T~poM; q~CTO 6e3 ~0OTBeTCTBJIOIUerci o60CHOBaHHJI. UeJII;IO nacTORlllett'. pa6oTLI RBIDieT~. 
, n3yqeHne rrpnM;mmnR .ziaHHOro MeTo.n:a B_ cnyqae O.l);Horo TpaHctieH'AeHTHorci ypaBHemin; 
,B 3~0M .. CJI)'i'Iae IIpORBJIHIOTc'R OCHOBHhle Tpy.n;HOCTH, CBJI3aHHh!e· c:n'pnMeHeHl!eM 0 M«')TO.l);a .B 

'6oiiee o6~nx cnyqanx, HO MeTO,U: ~oiimo o6ocj:ioiiaTi.. l?y.n:e¥ H3y'laTh<J(CJIOBII~;~BH~aHHhle 

c ,perueHHeM ypa~Herintt p(x),= 0 c BemecTBemiott q>,YHRUHett p(x) ~T 'B~~eC!lleJIHO~0 
apryMeii:Ta. / '·. -·:, •.·· . ,_' '.· ·1' · . ·,•·• ' ', · · •·., 

~- PaCCMOTpHM_napaMeTpnqeCl(o~ ceMettCTBO ypaBHeHntt 
'\' i •\. · :• ~ f 

1 

• > ,' • ' I, C '. • J < • • • ,\ -. -.,.. 

/ ,' •1 , ~---,. • -~~ \ • ~ ', C 

p(x)·w'+'J(:i:)•(1-w)=,0,' i',,(1) 
,I'\ •. • ' • • i'- . ' ' _. > ' ' c: /~: \ I I ,' • • • ' 

i-.n;e'w .:..,_BemecTBeHHLil1 nap,a.Merp: Ilpn w = 0 rroiryifaeM ypaBHemie°j(x) =:: 0 ll !1Pe,i{rro-

JiaraeM, H3BeCTHh!M XOTH 6h! O.l);ITH Bel!leCTBeHHLIJ1 KOpeHb io. cjiyHKUHiI J(x f Ilpn w == I : 
nonyqae~ yp~He~He p(x):: 0. CrrpaIUIIBaercn; ~pn RaRHX yc;;9BnRi ripn irerrpeph!BH0M 
II3MeHeHRH napaMeTpa [,; OT O .n;o 1 cymecrnyeT q>yHRillIR x(w), 3Ha~eHHR>Ro_-iopott Ha 

/Rpanx rrpn w:,; 0 n' w = 1 eCTI, ROpHH qiyki<untt~f(x)'ii p'(x) COOTIH!TCTBe~HO: TipU: 3TOM 
'np~.n;nonaraeM, \io rrepexo.n: OT w =·0 .D;0°W ·= 1 6y.n;e11'ocy~eCTBrrffTI, p~lllM 3a~aqy K~lllJ-! 

·, \ , . . , : ' ,' ' ' \ ' , . ' ; . . -

• ,n;JIH ypaBHeHHR ,· , .. . , , , . , · · ,. I . , , . , · 
. . : . • • I '. •x'(w) == g(x,tr)i x(0)=: Xo; ' ' ' 

• '.-. ", { , , \ ', •• • • ,~ ' • ' 
1 

, • f f • ·:.; •• ' '•. ·, ' ·, '_ , • : r. ' ' .· '·: -• r 

./ ' ~ .. ·· PacCMoTpHM q>JHRUIIIO OT ',n:Byx rrepeMeHHLIX x, w ;- E(i,w) ~'p(x)w +f(x)(l -w), 
rp~q>HR0?1 R0f0PO_tt' RBJIHeTCR rro~epx~?~T~ B, rrpocTpaHr;~e _·rrepe11e~HLIX \ (x' w' E); .'· no~ 

'_nanlll E == 0 II<>JIY'IllM ceqemie yRa3aHH0J1. IlOBepXHOCTII.-IIJIOCROCTh!O,' B, pe3yJII>TaTe _B 
' ,' . '' , , . • '. ' - .' '. • ",'. \ . ' •, •,. ' - .I '-. • • "', '- ~' ' _ •-. '"j ' I 'i . - ,' " 
. ·,. 1 Pa6oxa BHIIOJIHeHa apH <jH!HaHCOBOI! :rro~epJKKe,P<>~CHl!CK<>ro. q>OH,l(a <j,yH~a~eH'I3JlhHWC HCCJie;<r. . . . .. ' j .. . ' ": .,.. . .. . ' .'. ,,,, . .' ' ' . 

:BaHHl!,(npoeJCTN!, 95-01-01467 .-~ · , ·. , , • , , · ,. :. , _ .~· , , ··.·, 
. . . . . . .. ., '· . . .· ,' . ·,: • ·, · .. '-,·J .• .. · . ' ... , ' I 

- C) 061.cJmHC~HffLlii. M~cnrryT Jl.!tcJ)Hf,lX HCC11CJlOB3HHH, n~Ha. 19961-,.: ' ' , ', ' • ,' ' ~- ~ -, ' . . . .· <. '' ... ·, 2 .\ I • ~,- / . \ 
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IlJIOCROCTll (x,w) npn ycJI0Bllll, qTo XOTH .6LI .11:JIH o.n:Horo w cymecrnyeT pellleHne (1), 
B03HllRaeT ceMe.l!cTBO RpHBLIX, ROTop1,1e MOJKH0, Boo6me roB0pH, paccMaTpnnaTI, RaR na
paMeTpnqeCRll 3a,n:aHHLle RpllBLle [x( T ); w( T )], r.n:e T- HeKOTOph!ii: BemecrneHHhJii: napaMeTp, 
Hama 3a,n:aqa COCTOllT B TOM, qT061,1 YRa3aTb YCJIOBHH, npn ROTOPLIX cymecTBYIOT Henpe
PLIBHLle 3aBHCllMOCTll x( T ), w( T) TaRne, qTo w( To) = 0 n w( Ti) = 1 .11:JIH HeROTOpLIX 
3HaqeHntt To H Ti, Ecnn TaRne "TpaeRTOpnn" cymecTBYIOT, TO RaRHM o6pa30M MOJKHO 
ocymecTBllTh .11:BlllKeHne B.D:OJ!h Hnx? 

. 
1 Ilpe,llnapnTeJU,HLie peayJILTaTLI 

Ecnn n3 (1) BL1pa3n11-1 w, To nonyqnM 

J(x) 
w(x) = J(x) _ p(x)' (2) 

Pacc11-10Tp1IM rrpoH3BOJII>HYIO TOqRy b E R II rrpe,n:rronomnM, qTO p(x) E C(-oo,b) . 
Ecnn MHomecTBo Ropnel1 q>yHRIT~H p(x) Ha nHTepBaJie (-oo, b) - Mb= {x E C(-oo, b)I 
p(x) = O} HerrycTO, TO MaRCHMaJThHhltt RopeHh o603HaqnM 'lepe3 /3: /3 = max x. B 

xEM• 
cnyqae, Ror.n:a Mb = 0, nonoJKnM /3 = -oo. 

TeopeMa 1. IIycThq>YHRilHHp(x) E C(-oo,b) IIp(b) > 0. 1IIycTI>f(x) E C(-oo,b), 
J(b) = 0 H J(x) < 0 npn x E (/3,b). Tor.n:a n11-1e10T 11-1ecTO cne.n;yiorune yTBeplK.l);eHHH . 

I. MHoJKeCTBO Mb # 0 TOr,n:a lI TOJ!bRO TOr,n:a, Ror.n:a q>yHRITIIR w( X) H3 (2) Herrpeph!BHa 
Ha HeROTopoM IIHTepBaJie (/3,b), rrpnqeM BLIIIOJIHeHLJ ycJIOBHH w(b) = 0, w(/3) = 1 
n w(x) E (0, 1) rrpn x E (/3, b). 

II. MHomecTBo Mb = 0 TOr,n:a n TOJII>RO TOr,n:a, Ror.n:a q>yHRilllR w(x) H3 (2) HerrpepLIBHa 
Ha HHTepBane (-oo, b), rrpnqe11-1 Bh!IlOJIHeHh! ycJIOBHR w(b) = 0, II w(x) E (0, 1) ,n:JIH 
Bcex x E (-oo,b). 

,lloKa3aTenLCTBO. I. Heo6xo.n:n11-1ocTh. Ecnn MHOJRecTBo Mb # 0, TO _B cnny ero 
orpaHnqeHHOCTll CBepxy cymecTBYeT ero TOqHan BepXHHH rpaHh H D cnny Henpeph!BHOCTH 

<i>YHRUHn p(x) OHa TaIDKe npnHa,n:JieJKnT Mb, T.e. f3 = supMb = maxMb E Mb, 
Ilo3TOMY p(/3) = 0. Hrno, qTo /3 < b n II03ToMy f (/3) < 0. Tor.n:a, rro,n:cTaBJIHR 3HaqeHne 
/3 B (2),rronyqn11-1: w(/3) = J(/3)/ (J(/3) - p(/3)) = J(/3)/ J(/3) = 1. PaccM0Tpn11-1, ,n:aJiee, 
HHTepBaJI (/3,b). Ha 3TOM IIHTepnane <l>YHRJlHR p(x) > 0 (n cnny CBoett HerrpepLIBHOCTH 
n ycnoBnR p(b) > 0). Ilo3TOMY J(x) > J(x)- p(x) .n;JIH x E (/3, b). lfa ycJIOBIIR J(x) < 0 
Ha (/3, b) cne.n;ycr, qTo Vx E (/3, b): w(x) = f(x)/ (J(x) - p(x)) < 1, TaR RaR Vx E (/3, b) 
J(x) - p(x) < q. Hrno TaIDKe, qTO <l>YHRilHR w(x) Herrpeph!BHa Ha (/3, b) RaR oTHOllleHne 
.11:B)'X HerrpephlBHh!X q>yHRUHtt, npnqeM 3HaMeHaTeJII, OTpnn;aTeJieH. IIo.n:cTaBJIHR, HaRoHeu, 
B (2) aHaqeHne x = b,rronyqn11-1 w(b) = J(b)/ (J(b) - p(b)) = 0/ (0 - p(b)) = 0. 

I. .D:ocTaTOqHOCTI,, IlycTI, w(x) Herrpeph!BHa Ha HeROTOpOM IIHTepBaJie (/3, b) lI w(/3) = 
1, w(b) = 0. HcHo, qTO f3 > b n II03TOMY f(/3) < 0. Ho H3 (2) rronyqaeM J(/3) = 
J(/3) - p(/3), T.e. p(/3) = 0 lI /3 HBJIHeTCR ROpHeM q>yHRUHH p(x) Ha (-oo, b). Ilo3TOMy 
Mbf,0. 

,I""~ -
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II. Heo6xo,D;HMOCTI,. IlycTb Mb = 0. B cmry HerrpepLIBHOCTII qiyHKillIII p(x) no 
03HaqaeT, qro p(x) > 0 'Ix E (-oo,b). IloaToMy 0 # f(x) - p(x) < 0 'Ix E (-oo,b) JI 

q>yHKillIJI w(x) II3 (2) JIBJIHeTCH Herrpepb!BHOil:. O.LUIOBpeMeHHO COBMeCTHO BLIIIOJIHJIIOTCH 

paBeHCTBa w(x) = 0, f(x) = 0 II x = b ,n:JIH x E (-oo,b). IloaToMy w(x) > 0 'Ix E 
(-oo,b) (RaK OTHOIIIeHJie OTpHnaTeJII,HLIX q>yHKilliil). TaK KaK f(x) > f(x)-p(x); 
'Ix E (-oo, b), TO w(x) = f(x)/(f(x) - p(x)) < 1 'Ix E (-oo, b). IIonoMy w(x) E (0, 1) 

'Ix E (-oo, b). 
II. L(ocTaToqnocT1,. IlycTb w(x) E (0,1) 'Ix E (-oo,b), rrpJiqeM w(x) HerrpepLIBHa 

Ha (-oo, b). B rnny Toro, qTQ f(x) < 0 JI w(x) HerrpepLIBHa Ha (-oo, b), JIMeeM f(x) -
p(x) < 0 'Ix E (-oo, b). IIoaToMy JI3 w(x) < 1 cJie){yeT f(x) > J(x)-p(x), IIJIJI p(x) > 0 

'Ix E (-oo, b). 8TO BMecTe c ycJIOBJieM p(b) > 0 3HaqJIT, qro p(x) He JIMeeT KopHetl Ha 

(-oo, b), Mb = 0 T.e. Mb = 0. 
TeopeMa ,n:oKa3ana. 

3aMe'laHHe 1. Ilo anaJiorlIII MOJRHO IICCJie,n:oBaTI, CBOtlCTBa c:jJyHKillIII w( x) ,n:JIH CJIY· 

qaJI p(b) < 0,a TaKJRe II ,n:JIH IIHTepBaJia (b,+oo). 
3aMe'laHHe 2. TeopeMa 1 ycTanaBJIJIBaeT ,n:ocTaToqHoe ycnoBHe cyrnecTBoBaHHJI He

rrpepLIBHotl q>yHKilHH w(x). J,fa HHX He CJie){yeT, Boo6rne roB0pJI, cyrnecTBOBaHHe o6paTHOtl 

q>yHKilHH x(w), ){JIH w E (0, 1) (cM. p!IC. 1). 

3aMe<.J:aHHe 3. HerrpepMBHOCTI, c:jJyHKillIII (2) MOlRHO o6ecrreqHTI, H ,n:pyrHMII CilO· 

co6aMn, B qacrnocm, narrpnMep, BM6HpaJI c:pyHKilHIO f ( x) = p( x) - p( b ), npn ycnOBHH 

p(b) c:J 0. Tor,n:a B TeopeMe 1 rne,n:oBaJio 6M nJicaTr, Bcro,n:y w < 1 BMecrow E (0, 1). BM6op 

c:jJyHKilHH f(x) cornacno ycJioBHJIM TeopeMbl o6ycJIOBJieH meJiaHHeM y,n:epmaTb 3HaqeHHe w 

B paMKax HHTepBaJia (0, 1). 
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X w 

Pnc. 1 I. Cny'-Iatl Mb# 0 

IlpttMep 1. PaccMOTpHM q>YHKilHIO p(x) = x(x2-3)+10593/4096, /3 = -33/16 (cM. 

pnc. 2) H IlOCTpOHM ,n:JIH Hee q>yHKilHH J(x) II w(x) COrJiaCHo CKa3aHH0MY B 3aMeqaHJIII 3 

(pile. 1). B KaqecTBe TOqKH b B03LMeM b = 33/16.Tor,n:a ,n:JIH q>JHKIIIIII w(x) JIMeeT MecTo 

4 

rrpe,n:cTaBJieHne: 

w(x) = 1 _ p(x) _ 1 2048 
p(b) - 2 - 10593x(x2 - 3). 

15.00 

p(x) 5.oo 

-5.00 

-2.00 -1.00 0.00 1.00 2.00 3.00 

X 

Pnc. 2 

3aMe<.J:anue 4. EcJIH Bb16npaT1, f(x) cornacno ycJIOBHJIM TeopeMbl 1, To 3aBHCHMOCTb 

x(w) JIH6o MOHOTOHHa, JIH6o HeO.LUI03Ha'-!Ha. 8To CBJI3aHo C TeM, '-ITO cpyHKilHJI w(x) 
orrpe,n:eJieHa o,n:H03Ha'-!Ho 'Ix E (/3, b). 

L(anee 6y,n:eM H3J'-IaTI, JCJIOBHJI, ,n:ocTaTO'-IHLie ,n:JIH cyrneCTBOBaHHJI cpyHKilHH x(w), 
orrpe,n:eJieHHOtl n HerrpepMBHOtl Ha HHTepBaJie ( 0, 1). 

2 3a,,qa~rn Romu 1v111 cpymc:quu x(w) 
Ilpe,n:noJIOJRHM, ,n:aJiee, '-ITO x B (1) JIBJIHeTCJI cpyHKilHetl napaMeTpa w, T.e. x = x(w). 

8To 3HaqnT, '-ITO x(w) JIBJIHeTCH peIIIeHHeM (1) lnpH q>HKC!IposaHHOM 3Ha'!eHHlt w. ITycTI, 

J(x); p(x) E C1(-oo, b). L(ncpcpepennHpyJI (1) no rrapaMeTpy w IIOJIJ'-IHM 

x'( )= J(x)-p(x) 
w w Ji,,· w + f~ · (1 - w )' (3) 

KOTopoe BMeCTe C Ha'-!aJibHI,IM ycJIOBHeM 

x(0) = x(w)lw=O = b (4) 

cocTaBJIHeT aa,n:aqy KoIIIn ,n:JIJ1 orrpe,n:eneHHJI 3Ha'-!eHJiil x(w) ,n:JIH w E (0, 1). 3na'-IeHne 

x(l), eCJIH OHO cym;ecTBYeT, IIBJIHeTCH ROpHeM q>JHKilHH p(x), KOTOpMtl n Tpe6yeTCH orrpe
,n:eJIHTI,. 

,[(JIH Toro qT06I,I cym;eCTBOBaJia cpyHKillIJI X ( w)' rrpn BMIIOJIHeHHH JCJIOBHtl, HaJI0JReHLIX 

Ha'f(x) B TeopeMe 1, B cnny HerrpepLIBHOCTH w(x) Heo6xo,n:mw n ,n:ocTaroqHo, qro61,1 oHa 

JIBJIJIJiaCI, MOHOTOHHOtl Ha paccMaTpHBaeM0M HHTepBaJie. 

B ,n:aJII,HetlmeM BMeCTO (3) y,n:o6Hee HCIIOJII,30BaTI, TOJR,n:eCTBO 

1 
x:(w) = w~(x) 

5 

(5) 



H H3J'IaTI, Bhlpamenne .IIJI/1 w:(x ) . .l(mpq,epem:1:rrpyn (2) no nepeMeHH0.11 x naxo,11uM 

, J(x)r/(x) - J'(x)p(x) (p(x) )' f2(x) 
wr(x)= (f(x)-p(x))2 = f(x) (f(x)-p(x))2 

(
J(x))' p2(x) 

= - p(x) (J(x) - p(x))2 · (6) 

Ec;m Bhl6paTI, cpymu~mo f(x) TaKyro, 'ITO (f(x)/p(x))' > 0, TO aTo o6ecne'IHT MOHO

TOHHOCTb w(x) BHYTPH HHTepBaJia (/3, b) HJIH Ha BCeM HHTepBaJie (-oo, b), eCJill perneHlle 

ne cyrnecTBycr. 

IlycTb (f(x)/p(x))' = h(x), r,11e h(x) > 0 npn x E (-oo,b), h(x) Jiro6an. Toma 

J(x)/p(x) = J{ h(e) ae = H(x), IIpH'IeM H(b) = 0 n H'(x) = h(x) > 0, OTKy.11a CJieeyeT, 

'ITO H(x) B03pacTarornan u nonoMy oTpHUaTeJibHa na HHTepBaJie (-oo, b). By.n.eT JIU 

4' YHKUHJl 

J(x) = p(x)H(x) (7) 

y,110BJICTBopRTb ycJIOBHJIM TeopeMhl 1? CnaqaJia paccMoTpHM CJiyqafi Mb = 0 - cJiyqafi II. 
Tor,11a J(b) = 0 H B CHJIY Toro, 'ITO p(x) > 0 Vx E (-oo, b) 6y,11eT HMeTb MeCTo f(x) < 0, 

Vx E (-oo,b). IfraK, B 3TOM cJiyqae paccMaTpnBaeMan cpynKUHR f(x) y,110BJieTBopncr 

ycJIOBHRM TeopeMhl 1. B cJiyqae Mb# 0 J(x) o6parnaeTcn BOB TO'IKe x = /3, T.e. oHa 

He Y.IIOBJieTBOpReT ycJIOBil!O J(x) < 0 Ha BCeM IlHTepBaJie (-oo, b), a JIHIIIb Ha OTKphITOM 

nHTepBaJie (/3, b). Ecm1 no,11cTaBnM ee B (2), To nony'IHM 

p(x)H(x) 
w(x) = p(x)H(x) - p(x) 

B 3TOM CJIJ'Iae.npn X--+ t3+ <PYHKUHJl w(x) HMeeT npe,11eJI 

lim w(x) = Jim H(x) 
r-+[J+ x-+[J+ H(x) - 1 

H(/3) 
H(/3)-l E(O,l). (8) 

<l>yHKUHJI w(x) B aToM cnyqae B TO'IKe x = /3 neonpe,11enena, no HMeeT TaM npe,11eJI, 

npnHa,11JieJKaI1In.ll oTRphITOMY nHTepBaJiy (0, 1 ), n HapyrnaeTcJI ycJIOBHe w(/3) = 1. Ecn11 

B BhlpaJKeHHH ,IIJI/1 w:(x) COKpaTl!Tb 'IJieHhl p(x) (ycTpaHJlJl TaKIIM o6pa30M Heonpe,11eJieH

HOCTb w:(x) npn X = /3),IIOJIJ'IHM 

w' = - h(x) < 0 
r (H(x) - 1)2 Vx E (-oo, b), 

'ITO 03Ha'IaeT, 'ITO B 3TOM cnyqae Mhl "He 3aMCTHM" KopeHb X = /3 H nepe.ll,11eM qepe3 Hero 

npn HeKOTOpOM 3Ha'IeHHH w < 1. IlonoMy Bhl6op <PYHKUIIII f(x) cornacno (7) B cnyqae, 

Kor,11a KopH11 cyrnecTBJIOT, Henpnro,11eH .IIJI/1 3a,lla'IH Korn11. Heo6xo,11nMa Mo,11u4'nKau11n 

MeTo,11a, o 'IeM B ,11aJibHe.llrneM n no.ll,11eT pe'Ib. 

.l(anee, .IIJI/1 o6ecne'IeHHJI MOHOTOHHocTn, paccMoTpHM ,11Ba cIToco6a oITpe,11eneH11J1 4'yH

Kn;1111 f(x) .IIJI/1 HeCKOJibKO 6o~ee o6rnero ceMe.llcTBa ypaBneH11.ll, 'IeM (1). Ha3oBeM 3TH 

MeTo,llhl MeTo,11aMn An B. 
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2.1 MeTo.n; A 
PaccMOTplIM BMeCTO (1) CJieeyrornee ceMell:CTBO ypaBHeHnll:: 

p"(x)w + (b- xt(p"(x) + c)(w - 1) = 0, (9) 

r,11e a > 0 HeKOTOphlll: BernecTBeHHhlll: ITOJIOJKHTeJibHhlll: ITapaMeTp, n E N II c > 0. 

3aMe'IaHHe 5. EcJIH He o6parnaTb BHHMaHne Ha ITapaMeTp a, TO MOlKHO YBH,lleTI,, 

'ITO (9) ITO CITOco6y Bhl6opa q,yHKUHH f(x) HaITOMHHaeT (7),a HMeHHo: H(x) = -(b-x)n, 
ITpH'leM H(b) = 0, H(x) < 0 ITpn x < b. IIapaMeTp c > 0 o6ecrre'IHBaeT BhIITOJIHeHne 

YCJIOBHJl w(b) = 1 ITpH x = /3. <l>yHKUHJl p"(x) urpaeT pOJib <PYHKIIHH p(x) B TeopeMe I. 
Ilpu c = 0 ITOJIJ'IHM BblpaJKeHue (7). 

.l(aJiee ITOKalKeM, 'ITO .IIJI/1 Jiro6oll: q,yHKIIHII p(x) E C1(-oo, b) MO)KHO TaKHM o6pa3oM 

IT0,1106paTb 3Ha'IeHHJl napaMeTpOB a, n, c, 'ITO B CJiyqae, KOr,!la cymeCTBYIOT KOpHH, .!lJIJl 

X = /3 BhIITOJIHeHO ycJIOBI!e w(/3) = I, ITPH'IeM 3aBl!CHMOCTb w(.r) MOIIOTOHHaJl Ha (/3,b). 
I1MeeT MecTo cJieeyromaJI 

TeopeMa 2 . .[(JI/I Jiro6oll: ipynKn1111 p(x) E C1(-oo,b) TaKoll:, 'ITO p(b) > 0, cyme

CTByeT na6op HapaMeTpOB ( a, n, c) TaKOll:, 'ITO crrpaBe,IIJillBhl CJie.ll_V!OlilHC' yrneplK,11emrn: 

• I. EcJin Mb # 0, To 3a,11aqa Konm,cocTaBJiennan .!lJI/1 ypaeHei11111 (9) ,11n4'4'epennu

poBanneM ITO ITapaMeTpy, uMeeT na mITepBaJie (0, I) e,1111ncTBe1111oe peme1111e .r(u:) 

TaKoe, 'ITO x(0) = b n x(I) = /3, r,11e /3 = max Mb, rrpwreM .r:( .... ,) < 0 V...,• E (0. I). 

• II. EcJin Mb = 0, To ,IIJIR JII06oro narrepe,!l 3a,!lannoro 31rn,Ie11u11 L < b 3a,!laqa 

Romu ,IIJI/1 (9) (nocJie coOTBeTCTByromero BLI6opa rrapaMerpoe) HMeer e,!lHHCTBemroe 

pernemi:e .IIJIR w E (O,wt) ,IIJIJl HeKoToporo w1 < I, 11pwIeM .r:(w) < 0 Vu: E (0 ..... •I ) 
11 x(w1) = L. 

,ll;oKa3aTeJibCTBo. PaccMOTpi!M cna'IaJia BLipame1111n .!lJIR w( .r) 11 w'..( .r) .!lJIR ypae11C'
HIIJ1 (9) 

w(x)= (b-x)" , (10) 
(b- x)n + p"(,r)/(p"(.r) + E) 

, ( ) (b - xr-1 [np(x )(p"(x) + E) + ( b - .r )rnp'(.r )] 
W X = 

r p1- 0 (x)[(b- x)n(p"(x) +.:) + Jl''(.r)j2 
( 11) 

I. IIycTb p(/3) = 011 p(x) > 0 npu x E (/3,b). EcJiu p'(.r) ~ 011p11 .r E (i"J./i). To 11:l 

(11) BH,IIHO, 'ITO w:(x) < 0 ,IIJI/1 XE (/3,b), T.e. x~(w) < 0 ,!lJIJI COOTBCTCTByrournx 3Ha'I('

Hllll: w (rrp11 JII06oM Ha6ope rrapaMeTpoB ( a, n, c) ). B cJiy•rae, lior.na cy111ecreyer .r E (1:1. /,) 
TaKoe, 'ITO p'(x) < 0, o6o3HaqJIM 'Iepe3 m cJieeyromee JH~'1e1111<>: m = min p(.r ). 

r E ('1.b) 
,.,'(r) $ 0 

IloKaJKeM CHa'IaJia, 'ITO m cyrnecTByeT u IlOJIOlKl!TeJihllO. TaH llall p(l:I) = o. p(.r) > 0 npn 

x E (/3, b) JI p(x) E C1(-oo, b), TO p'(/3) ~OH cyruccrnycT 11paea11 or,pC'crnocrh TO•nm ti. 
B KoTopoll: r/(x) > 0. IIycTI, .IIJI/1 x E (/3,8) p'(x) > 0, 11 < I>. Tor;1a 111 = min p(.1·). 

,. E (,<. b) 
1.'(r) $ 0 
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l1TaK, MLI IlOJIY'llIJIII, 'ITO MIIHIIMYM onpe.aeJIJleTCJI Ha 3aMKHYTOM IlO.UMHOJReCTBe 3aM

KHYTOro MHOJReCTBa, OTKy.ua, B CIIJJY HenpepLIBHOCTII p(x), CJie,QyeT, 'ITO m = p(x*) .UJIJI 

HeKOToporo x• E (8, b). TaK KaK x• E ((3, b), TO p(x*) = m > 0. )],anee noKaJReM, 

'ITO cymecTByeT Ha6op napaMeTpoa, y.uoBJJeTBopmom1Ilt ycnoBIIJIM TeopeMLI 2. CHa'laJJa 

3aMeTIIM, 'ITO Ha IIHTepBaJie (b,8) p'(x) > 0 II Il03TOMY w~(x) < 0 nplI mo6oM Ha6ope 

napaMe-rpoB. TaK KaR p(x) E C1(-oo, b), TO cymecTByeT TaKoe noJIOJRIITem,Hoe 3Ha'leHHe 

D, 'ITO lv'(x)I S D ,11JIJ1 Bcex x E ((3, b). B TO'lKax x E ((3, b), B KoTopux p'(x) ?: 0, 
w~( X) < 0. EcJJII napaMeTpLI ( o, n, C) BL16paTb TaK, '1T06Li BLIIlOJIHJIJIOCb ycJJOBHe 

m0 +1 co 
D(b - (3) > --;;, (12) 

TO, B CIIJJY O'leBII.ZUIOlt nenO'lKII HepaBeHCTB 

np(x)(p0 (x) + c)?: rim(m
0 + c) > nm

0
+1 > t:kD(b - /3) > w(b- x)lp'(x)I, 

IIOJJY'llIM, 'ITO 'llICJIHTeJib II 3HaMeHaTeJJb ( 11) IlOJIOlRHTeJibHbl H B CJIJ'Iae p' ( X) < 0, npH 

x E (fi,b). TaKHM o6pa3oM, ecJJn napaMeTpbl Bb16paTb cornarno (12), TO 6y.ueT x~(w) < 0 
.UJIJI Bcex COOTBeTCTBYIOilllIX 3Ha'leHHll w. l,f3 (10) BII.QHO, 'ITO w(:r) E (0, 1) npH p(x) > 0 

II w(b) = 1, TaK KaK w(b) = (b-/3~~-:0~~o+,) = 1. O'1eBH,!IHO, 'ITO w(x) B (10) JIBJIJleTrn 

HenpepuBHolt H y6i.1Ba10melt .UJIJI x E ((3, b), n no3TOMY .UJIJI Hee cymecTByeT o6paTHM 

cpyHKUHJI x(w), x(0) = b, x(l) = (3, y61,1Ba10ll{M Ha HHTepBaJie (0, 1). OHa JIBJIJleTrn 

pemen1IeM 3a,!la'1H KomH .UJIJI .U1IcpcpepeHUIIaJJbHOro ypaBHeHHJI ,!IJIJI x(w) C Ha'laJJbHblM 

ycJJOBIIeM x(0) = b. 
II. EcJJII 3a.aaT1, npo1I3BOJibHoe 3Ha'leH1Ie L < b, TO B cJJyqae, Ror.ua Mb = 0, cpyH

KUIIJI p(x) IIOJIOJRHTeJJbHa Ha 3aMKHYTOM HHTepaane {L,b). Jlo3T0My Ha 3TOM HHTepaane 

cymecTayeT m = min p(x) > 0. 8bl6npaJI rrapaMeTpbl (o,n,c) H3 ycJIOBHJI 
xe(L,b) 

m 0 +1 co 
D(b- L) > --;;, (13) 

r.ue D = max lv'(x)I, noJiy'llIM, 'ITO x~(w) < 0 .UJIJI x E (L, b),H rro3ToMy x~(w) < 0 .UJIJI 
xE(L,b) 

( 0 (b-L)n > ( ) Q WE , (b-L)n+pa(L)/(pa(L)+<) = 0,Wt . qeBH.UH0 1 'ITO Wt < 1. 
TeopeMa .uoKa3aHa. 

3aMe'-laHne 6. Rrno, 'ITO ycJJoBIIJI (12) H (13) .UJIJI JII06oro q:mKcHpoBaHoro 3Ha

'leHHJI m, cymecTBOBaH11e KOToporo Mb! ,!IOKa3aJJII, (a TaKJRe 3Ha•IeHnfi D, (3, L) MOJKHO 

Y.UOBJJeTBOplITb 3a C'leT BL16opa .UOCTaTO'lHO Mam.ix 3Ha'leHHlt o, C IIJIH .UOCTaT0'lHO 60JIJ,

IIIOro 3Ha'leHIIJI napaMeTpa n. C .upyroll: CTOpOHbl, ecJIH 3acp1IRCHpoaaTb JJI06oll: Ha6op 

3Ha'leHIIlt (o,n,c), TO acer.ua M0JKHO HaltTII TaKylO cpyHKUIIIO p(x), .UJIJI ROTopolt HeT MO

HOTOHHOCTII .UJIJI w(x ). 8TOT cJJyqaJI: rrpe.ucTaBJieH Ha pnc. 1. IlpH pemeHIIH 3a.Ua'1H 

KomlI C Ha'laJJbHI,IM ycJIOBIIeM x(0) = b IJOl!BJIJIIOTCJI TO'lKII B03BpaTa, B KOT0pb!X 3Ha

qeHHe x:(w) :He onpe.ueneHO, a cpaKTH'JeCKH CTpeMHTCll K 00 rrpH w,cTpeMl!ll{eMCI! K 3THM 

TO'lRaM. 

l1ccneeyeM IlOBe.QeHHe 3Ha'leHHlt x:(w) B RpaltHHX TO'lRaX rrpH w = 0 H w = 1. IlplI 

w = 0, T.e. x = b nony'lnM, 'ITO w~(b) = 0 rrpH n > l,H. rrpH n = l OHO npno6peTaeT 
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0Tp1IUaTen1,Hoe 3Ha'leH1Ie. Ilo3ToMy 3Ha'leH1Ie x~(w)L=o Heorrpe.ueneHo (cTpeMIITCJI R oo 

nplI w-+ o+). lJIIcJieHnoe pememre HeJib31! Ha'11IHaTb c TO'lRII b. Ilpu w = l (a cny'lae, 

eCJIH peIIIeHIIe cymecTByer), IIOBe,QeH1Ie cpyHKUHII x(w) 3aBHCHT OT Bbl6opa napaMeTpa o, 
a TaKJKe OT IIOBe.QeHIIJI q>YHRUIIH p(x) B TO'lKe (3. 

ErnlI o = 1 II r/((3) > 0, TO 3uaqeune x~lw=l OTPHUaTeJibHO. EcJJII KpoMe p(fi) TaKJKe 

p'(fi) = 0, TO II3 (11) BII.UHO, 'ITO w~(x)-+ 0, T.e. x:(w)-+ -oo npn w-+ 1-. 
B cJJyqae o E (0, 1), ecnn p(il(fi) = 0 .QJIJI i = 1, 2, ... , k-1 n p(kl(fi)-/= 0, TO p(x) ~ 

(x-(Jjk0
-

1, T.e. x:(w) ~ (x-(3) 1-ko. Ilo3TOMY B03MOJRHI,I KaR cJiy'laH aCIIMIITOTII'leCKOro 

noae.uennJI nplI w-+ 1 (x:-+ 0 IIJJII x: -+ -~, TaK II cny'lalI x~ -+ C < 0 nplI w-+ 1. 

2.2 MeTo.n; B 
no aHaJIOfHH C rrpe,Ubl.UYUIIIM nyHKT0M paccMOTplIM CJJe.Uy10mee ceMellCTBO ypaBHeHIIll:: 

p0 (x) + (b- xt(w - 1) = 0, (14) 

r.ue O > 0 H n E N, JIBJIJIIOTCJI rrapaMeTpaMII MeTO.ua. 

Tor.ua 1IMeeT MecTo cJJe.QYIOnl;M 

TeopeMa 3. )],JIJ1 JII06ott cpyHKUIIII p(x) E C1(-oo,b) TaKott, 'ITO p(b) > 0, cyme

cTayeT Ha6op napaMeTpoa (o,n), 'ITO crrpaBe.QJIIIBU cJie.QYIOlllHe yTBeplK.1leH1IJI: 

• I. EcJJII Mb -/= 0, TO 3a,11aqa Komn, cocTaBJieHHM .QJIJI ypaaHeHHJI (14) .uncpcpepeu

UIIpoaauneM no rrapaMeTpY, IIMeeT ua IIHTepBaJJe (0, 1) e.QHHCTBeHHOe pemeH1Ie x( w) 
TaRoe, 'ITO x(0) = b II x(l) = (3, r.ue (3 = max Mb, npn'leM x~(w) < 0 Vw E (0, 1). 

• II. Ecnn Mb = 0, TO .QJIJI JII06oro uanepe,11 3a,11anHoro 3Ha'leHHJI L < b 3a,!la'la KomlI 

.UJIJI (14) (nocJJe COOTBeTCTBYIOillero Bb16opa napaMeTpoa) IIMeeT e.QIIHCTBeHHOe pe

IIIeHIIe .UJIJI w E (0,w1) .UJIJI HeKoToporo w1 < 1, nplI'leM x~(w) < 0 Vw E (0;w1) II 

x(wi) = L. 

,l(oKaaaTen&CTBO. TaK RaR .U0Ra3aTeJJJ,CTBO TeopeMbl 3 IlOJIHOCTblO IlOBTOpJieT .n;o

Ka3aTeJJbCTB0 TeopeMbI 2, IIplIBe.QeM JIIIIIIb Bb!paJReHHll, auaJJ0rlI'lHble BblpaJReHHJIM (10)-
(13): 

(15) 
(b x)n 

w(x) = -
(b- x)n + p 0 (x)' 

i../ (x) = _ (b- xt-1(np(x) + (b- x)op'(x)] 
x pl-0 (x)[(b- x)n + p 0 (x)]2 

(16) 

IlapaMeTpbI n H O CJieeyeT BU61IpaTI, II3 ycJJOBIIlt 

m c 
D(b-(3) > ;, (17) 

m c 
D(b-L) > ;, (18) 

r.ue m 0IIIICaHo BUIIIe. 

TeopeMa .U0Ka3aHa. 
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3aMe'lanne 6 ocTaeTCH B cm1e TaKJKe JllllI MeToJla B. 

8 3aKJIIO'leHne HaCTOH:m;ero naparpaqia paCCMOTpHM ern;e IIOBe]leHHe rrpoH3BOJll!OH 

x~(w) Ha KpaHX HHTepBaJia (0, l}. 
.Ll:JI1I n > 1 6Y)l;eT w~(b) = 0,n noaToMy x~(0) neo11peJ1eJie110, x~(w) -+ -oo npn 

w-+ o+. B CJIJ'lae n = 1 x~(0) < o. 
Ilpn w -+ 1 HMeeT MeCTO Il0Be}lel!He, aHaJI0nt'IH0e Il0BeJleHHIO IlpOH3BOJIHOli B MeTo}le 

A. 
3aMet.J:aHHe 6. XoTH TeopeMLt 2 n 3 Il0Ka3l,IBalOT B03M0JKl!0CTh ( TeopeTH'leCKJIO) 

ncnOJih3oBaHnH peruennH 3a]la'ln Kornn JIJIII naxo)KJleHHH Kopneli ypanne11nli, 'IHCJie11111te 

pac'leTLt ecTeCTBeHl!O orpaHH'IHBalOT TaKyIO B03M0JKl!OCTh. EcJin, 11anpm,1ep, CTapaTbCH 

YJI0BJiernopHTh ycJI0BHIO (12) (nrrn (13), (17), (18)) 3a C'leT Bb16opa JI0CTaT0'IHO 60JihIIIOro 

3Ha'leHHH n, TO Mhl cpa3y CTaJIKHBaeMCH C 60JihIIIHMH 'IHCJiel!l!h!Mll 3Ha'leHHJIMH no Mepe 

0TJlaJieHHH OT TO'IKH b. O6cyJKJ1el!HIO 'IHCJieHl!h!X peayJihTaToB II0CBHID;el! CJie}ly!OID;Hl! 

naparpaqi. 
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3 '4HcJieHHLie peayJILTaTLI 

B naqaJie nacT011rn;ero naparpaqia na npnMepe q>YHKIIHH p( :r) H3 rrpnMepa 1 11po

HJJJI10CTp11pyeM BJIHJIHHe OTJleJibHLtX napaMeTpoB, BBe]leHHhlX B MeTonax A H B. ByneM 

n:106paJKaTh OT06paJKeHHe x(w), KOTopoe npH IIJiaBl!0M H3Mel!el!HH rrapaMeTpOB CTano

BHTCH q>yHKIIHeli (JIJIII w( x) cyrn;ecTnyeT o6paTHaH q>JIIK!lHll). 

Bo BTopoli qacTn rrpHBeJ1eM peayJILTaThl 'IHCJie1111oro peIIIeHHll 3aJla'I Honrn. 

3.00 3.00 

1.00 1.00 

X X 

-1.00 -1.00 

-3.00 ,,,,, ""'"" 
0,00 0.20 ·o:w 0.60 o.80 ,. 

w u: 

Pnc. 3 Puc. -1 

3.00- 3.00 

1.00 1.00 

X :r 

-1.00 -1.00 

,. 0.40 0,60 o.ao 1.00 

w u.' 

PHc. 5 Puc. 6 

Pnc. 3 II0JIJ'!eH JIIIH MeTOJla A npn H3MeHeHHH rrapaMeTpa O = 2. 1. 0.5. 0.25, 0.1 II 

qmKcHpOBaHHhlX JHa'!eHHllX : n = 1 n C = 5.0 . .LJ:n11 3Ha'!eHnli O = 0.5 II O = 0.1 B 3TOM 

cnyqae yJKe cyrn;ecrnyeT o6paTHaH q>yHKJlHll K q>JHKIIHH w(:r ). 
Pnc. 4 IIOJIJ'leH Jl!IH MeTOJla A rrpn H3MeHeHHH rrapaMeTpa 11 = I. 2, 3, 4' 5 H cj>HliCH

' poBaHHhlX JHa'!eHHllX. 0 = 5 n C = 0.1. .n:Jl/I 3Ha'leHHli n = 4 II 71- = 5 B :noM C ny•1ae yme 

cyrn;ecTBJeT o6paTHaH q>JHK!lllll K q>JHKIIHH w(x). 
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Bb16op wara, pasHoro 0.0001. Tipn :noM noTpe6oeanocb 28 waroe. 8TH pe3y11bTaT1,1 

OTHOCJITCJI K cnyqaro, KOr.l(a Bbl6npa1IlfCb 3HaqeJllfJI a= 1, n = 1, c: = 10-4, 6 = 0.5. Ha 

pnc. 13 npnBe.l(em,1 peaynhTaTbl cqeTa npn pa:mux HaqanbHUX 3Haqe11n11x b = 2.0625 If 

b= 10. 
.L{pyra11 cnTyao;n11 cnomnnacb .AM c11yqa11 MeTo.Aa B. Pe3JllbTaTbl npnee.l(e111,1 Ha 

pHc. 14. Tipn 3Haqemrnx n = 10 H a = 1 n eu6ope wara h = 10-6 yme c rnqKn 

b = 5 He y.l(a/IOCb .l(OCTHqb 3Haqe1me KOpHJI. B 3TOM cnyqae Bee pewaeTCJI B KOHIJ;e lfll

Tepeana .AM w. Ilpn w = 0.99 6unH 3Haqemrn Xl(0.99), pasHbIe 2.88, 1.398 H 0.42 npn 

Haqa/lbHl,lX 3HaqeHHJIX b = 5, 3 If 2.0625, COOTBeTCTBeHHO. A B TOqKe w = 1 311aqe111rn 

x(l) OKaJa/llfCb -0.1918, -2.0601 H -2.0625, npn ToqHOM 3HaqeHlflf KOpHH -2.0625. Ha 

pnc. ~3 If 14 ToqHoe 3HaqenHe KopHH o6o3HaqeHo qepTotl. 

8 3aK/IIOqeHlfe MO)!{HO CKa3aTb, qTo C qlfc/leHHOtl TOqKH 3peHHJI MeTO.l( A OKa3a/ICJI 

3q>q>eKTHBHee MeTO.l(a B. On ll03B0/IH/l Hat!TH KOpeHb, KOTOpbltl C J(aHHblX Haqa/lbHl,lX 

ToqeK Ml,l 61,1 He CMormi: onpe.l(e/IHTb, CKameM, npnMel!JIJI MeT0/1 HblOTOHa. TTpH 3TOM 

cne.l(yeT yMeHblllaTb 3Ha'IeHne c:,a 3HaqeHlfJI a If n MO)!{JIO Bbl6HpaTb paBHb!Mlf 1. 
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.. ': The possibility of application of the additional para~eter introduction method. 
·to solve the algebraic:and trJnscendential'equatib~s-is investigated. ':l. . ' . 

· .. The sufficient'conditions of method applicatibiltty are p~oduc~d. Soine examples 
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