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1. BBe.n;emre. OcHOBHI,re peayJII>TaT!iI 

B nepBott qacTH pa6oThl npo,n:oJDKeHo nccne,n:oBaHHe, HaqaToe B [1]: 

paccMaTpHBaeTcJI 3a,n:aqa 

-u" + V(,\, x)u = ,\u, x E (0, 1), 

u(-\, 0) = u(,\, 1) = 0. 

(1) 

(2) 

3,n:ecb H B ,n:aJibHettmeM Bee BeJIHqHHhl Beru;eCTBeHHhl. IlocTaHOBKa 3a,n:aqn 

o6hlqHaJI: V - 3a,n:aHHaJI orpaHHqeHHaJI HenpephlBHaJI q>yHKD;HH, a HeH3Be

CTHhl naphl (,\, u), r,n:e ,\ E R, au= u(x) ¢. 0, y,n:oBJieTBopmoru;ne ypaBHe

HHIO (1) H rpaHHqHhlM ycJIOBHHM (2). 

3a,n:aqa (1)-(2) B03HHKaeT IIpH OIIHCaHHH KOHKpeTHhlX q>H3HqecKHX HB

JieHHfi. ( CM., HanpHMep,[2]-[4]). B pa6oTe [5] (cM. TaK>Ke CIIHCOK JIHTepaTYP1'.1 

B 3TOfi. pa6oTe) H3JIO>KeHhl pe3yJibTaThl qncJieHHoro HCCJie,n:oBaHHH no,n:o6HhlX 

3a,n:aq, B pa6oTe [6] paccMOTpeHhl HeKOTOphle BOIIpOChl HeCTaD;HOHapHott 

Teopnn pacceJIHHH ,n:JIH no,n:o6HhlX 3a,n:aq, a B [7], [8] 3a,n:aqn 3Toro KJiacca' 

H3yqaIOTCH B CBH3H C BOIIpocairn BIIOJIHe HHTerpHpyeMOCTH HeKOTOphlX CH

CTeM. 

11:MeeTCH pH,n: CTaTett, IIOCBHru;eHHhlX n::iyqenHIO CBOfi.CTB cneKTpa n co6-

CTBeHHhlX <I>YHKD;HH 3a,n:aq THIIa (1)-(2) (cM., HaIIpHMep, [1], [4], [9], [10]). 
B qacTHOCTH, B pa6oTax [1], [4], [9] nonyqeHhl HeKOTOphle pe3yJibTaThl 0 

IIOJIHOTe CHCTeM co6cTBeHHhlX q>yHKD;Hfi 3a,n:aq 3TOro nma. 

B pa6oTe (1] paccMaTpHBaJICH BOIIpoc O B03MO>KHOCTH pa3JIO>KeHHH npo

H3BOJlbHOll q>yHKD;HH w E L2(0, 1) B pH,n: no co6cTBeHIIhlM q>yHI{IJ;HHM 3a,n:aqn 

(1 )-(2). IlpH ,n:oKa3aTeJibCTBe TeopeMhl O pa3JIO>KeHHH, KpoMe HenpepbIBHO

CTH H orpaHHqeHHOCTH q>yHKD;HH V(,\, x), npe,n:nonaraJIOCb, qTo cyru;ecTByeT 

paBHoMepHhlfi no x E [0, 1] npe,n:en lim V(-\,x) = V(x), H HanaraJIHCb 
>.->+oo 

YCJIOBHH na CKOpOCTb cxo,n:HMOCTH B 3TOM npe,n:ene. KpoMe Toro, 6bIJIH 

npe,n:'bHBJieHhl npHMephl IIOTeHu;HaJIOB V (-\, x) TaKHX, qTo CHCTeMa co6CTBeH

HhlX <I>YHKD;HH 3a,n:aqH (1)-(2) He HBJIHeTCH IIOJIHOH B L2(0, 1). 

B nacT011ru;ett cTaTbe nonyqeH 6onee o6ru;nii pe3yJibTaT, qeM B pa6oTe 

[1], 0 IIOJIHOTe B L2(0, 1) CHCTeMhl co6cTBeHHhlX q>yHKD;HH aa,n:aqn (1)-(2). 

OcHOBHOe npe,n:IIOJIO>KeHHe Ha IIOTeHn;HaJI V (-\, X) IIpH 3TOM C0CT0HT B CJie

,n:y10ru;eM. 

(V) Ilycm'b <fiyu1w,ua V(-\, x) ae14ecmaenua, uenpep'btaua, u nycm'b 
cyw,ecmayem Vo > 0 ma1Coe, '1/,ffiO IV(-\, x) I ::; Vo a.11,a acex ,\ u x. 



Orrpe.n:enem1e 1. Ha30Be.At cucme.Aty co6cmee11,11,btX rjiymcv,uil Un (>.n, x) 
c coomeemcmey10w,u.Mu co6cmee11,11,bt.Mu 311,a11,e11,wi.Mu An 3aaa11,u (1 )-(2) 
cma11,aapm11,oi1 (3aecb n = 0, 1, 2, .. .), ec.itu a,11,51, .1t106ozo n rjiy11,1cv,u51, Un ap
iy.Me11,ma x u.Meem poe11,o n x:op11,ei1 B u11,mepea,11,e (0, 1) u 11,op.Mupoea11,a B 
L2(0, 1): llun(An, .)IIL2 = 1, iae 

1 

[[9[[1,, = {/ g'(x)dx} l II (g, h)L2 = J g(x)h(x)dx. 

0 

Cne.n:yIOrrt;llii rrpocrott pe3yJinTaT ( B HeCK0JibK0 llH0ii qi op Me) .11:0Ka3aH B pa-

60Te [l]. 

Ilpe,nJIO}KeHIIe. Ilycmb BbtnO.1t1l,e11,o npeano.1to;JK;e1tue (V). Toiaa 3a
aa11,a (1 )-(2) U.Meem cma1taapm1ty10 CUCme.My co6cmee1t1tbtX rjiy1tX:'IJ,UU Un 
u coomeemcmey10w,ux co6cmee11,11,btX 31ta11,e11,ui1 An. ,l(,11,51, .1t106oi1 cma11,aap
muoi1 cucme.Atbt a,11,51, ecex n = 0, 1, 2, ... Bbtno,11,11,e11,o u~paeeucmeo 

(7r(n + 1))2 
- Vo~ An~ (7r(n + 1))2 + Vo. 

3aMelJaHIIe 1. CTaH.n:apTHaJI CIICTeMa co6cTBeHHhlX q:>yHKIJ;HH n C00T

BeTCTBYIOrrt;HX co6cTBeHHhlX 3Ha'IeHHii 3a,naqn (1 )-(2) B rrpe.n:rroJI0}KeHHJIX 

Ilpe.n:no}KeHHJI, Boo6ru;e roBopJI, He e,nHHCTBeHHa. 

Orrpe.n:eneHHe 2. Ilycmb cucme.Ma {gn}n=0,1,2, ... C L2(0, 1). Ha3o
Be.At ee ,11,u11,ei111,o 11,e3aeucu.Moi1 B L2(0, 1), ec,11,u U3 yC.1toeu51, L angn = 0, 

n>0 
iae an E R, a cxoau.Awcmb pRaa no1tU.Ataemc51, B C.MbtC.lte npocmpa11,cmea 
L2 (0, 1), c.1teayem, 11,mo an= 0 a,11,51, ecex n. 

IlepBhlil: ocHOBHOH pe3yn»TaT pa6oThl cocTaBJIJieT 

TeopeMa l. Ilycmb BbtnO.1t1te1to npeano.1toJ1Ce1tue (V). Toiaa a./1,5/, mow, 
11,mo6bt cmauaapm11,a51, cucme.Ma co6cmee11,11,btX rfiy11,x:v,ui1 { un( An,.) }n=o,1,2, ... 

3aaa11,u (1)-(2) 6bt.1ta no,11,11,oii B npocmpaucmee L2(0, 1), m. e. 11,mo6bt 
a,11,51, .1t106oi1 rfiy11,x:v,uu w E L2 (0, 1) cyw,ecmeoea,11, 11,a6op x:03,jirjiuv,ue11,moe 

00 

an ER (n = 0,1,2, ... ) max:oil, 11,mo w(x) = L anun(An,x), iae cxo-
n=O 

au.Mocmb pRaa no11,u.Maemc51, e C.Mbtc,11,e npocmpa11,cmea L2(0, 1), 11,eo6xo-

2 

au.Mo u aocmamo11,uo, 11,mo6bt :Jma cucme.Ata 6bt.1ta ,11,u11,ei111,o 11,e3aeucu.Ma B 

L2(0, 1 ). 

,LJ:anee B pa6oTe paccMaTpHBaeTcJI rrpHJI0}KeHIIe .3Toro pe3yn»TaTa K 

cne.n:y10ru;ett HeJIHHeilHott 3a,naqe Ha co6cTBeHHhle 3HalJeHHJI: 

-u" + f(u 2)u =.Au, x E (0,1), 

u(A, 0) = u(A, 1) = 0, 

llu(A, -)IIL2 = l. 

(3) 

(4) 

(5) 

3,neCb f- Beru;ecTBeHHaJI q:iynKIJ;HJI, a HeH3BeCTHhl rraphl ( A, u), r.n:e A E R, a 

u = u(A, x) "¢= 0, y.n:oBJieTBopJIIOrrt;IIe 3a,naqe (3)-(5). OcnoBHoe rrpe.n:nono

}KeHHe C0CT0HT B cne.n:y10ru;eM. 

(f) Ilycmb uf( u2
)- uenpepbteuo aurjirjiepe11,v,upye.MaR rfiy11,x:v,uR, a 

f ( s) ue y6bteaem 11,a no,11,ynpR.Moil s E [0, +oo) u f (0) = 0. 

0.MeeT MeCT0 

TeopeMa 2. Ilycmb <fiy11,x:v,u51, f yaoe,11,emeopRem yC.1toeu10 (f). Toiaa 
(a) 3aaa11,a (3)-(5) a,11,51, X:aJ/Caozo '11,e.ltOZO n 2: 0 U.Meem eamtcmee11,11,oe 

C mo11,11,ocmb10 ao .M,11,OJICUffie.lt5/, ±1 y <fiyux:v,uu Un pew,e11,ue (An, Un(An, .)) 
max:oe, 11,mo un(An, .) x:ax: <fiy11,x:v,u51, apiy.Meuma x U.Meem poeuo n x:op11,ei1 
B u11,mepea.1te (0, 1); npu :Jmo.M 

O < Ao < A1 < ... < An < ... ; 

(6) cucme.Ma rjiyux:v,uil { Un( An,. )}n=0,1,2, ... RB.1tRemc51, ,11,uueiluo 1te3a
eucu.Moi1 u no,11,11,oil B npocmpa11,cmee L2(0, 1). 

3aMelJaHIIe 2. Ilo B0IIpocaM, CBJI3aHHhlM C pa3JI0}KeHIIeM np0II3B0Jib

HOH q:>yHKIJ;llll H3 HeK0T0poro q:>yHKD;HOHaJibHOro npocTpaHCTBa B PH.II: no 

co6cTBeHHhlM q:>yHKIJ;HJIM HeJIHHeHHhlX KpaeBhlX 3a,naq, aBTOpy HaCTOJirrt;eii 

CTaTbll ll3BeCTHa JIIIIIIb pa6ora [11]: B Hett aH0HCHp0BaHhl pe3yJinTaThl 0 B03-

M0}KH0CTH TaKoro pa3JI0}KeHIIJI .11:JIJl cnyqaJI, Kor.n:a HeJIIIHeHHaJI 3a,naqa B03-

HHKaeT IIpll MaJihlX (B HeK0T0p0M CMhlCJie) HeJIIIHe:liHhlX B03Myrrt;eHIIJIX JIII

ne:linoil 3a,na'III. 
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3aMeqam1e 3. Hemrneii:Hhle crreKTpam,Hhie 3a,n:at:J:n, rro,n:o6Hhle 3a,n:at:J:e 

(3)-(5) (c HOpMnpoBOl:J:HhIM ycJIOBIIeM (5)), xopomo ll3BeCTHhI B lpll3IIKe. Ta

Klle 3a,n:at:J:lI (n 3Hat:J:nTeJibHO 6oJiee CJIOJRHhie, HaIIplIMep MHOroMepHbie lI He

JIOKaJibHbie) B03HHKaIOT, B qacTHOCTn,npn KBaHTOBO-MexaHnqecKOM OilHCaHHH 

pa3Jilll:J:HhIX HBJieHIIii: (cM., HarrpnMep, pa6oTy [12], B KOTopoii MaTeMaTIIt:J:e

CKIIMlI MeTo,n:aMlI lI3yt:J:aIOTCH rro,n:o6Hbie 3a,n:at:J:llj IIOJIHOTa COOTBeTCTBYIOIIl;IIX 

ClICTeM co6cTBeHHhIX cpyHKil;IIH B 3TOH pa6oTe OCTaeTCH, o,n:HaKo, HenccJie,n:o

BaHHOii). B 3TOM KOHTeKCTe (3)-(5) MOJRHO paccMaTplIBaTb KaK HeK0Topy10 

MO,n:eJibHYIO ClICTeMy. 

B ,n:aJibHeiirneM t:J:epe3 C, C1, C2, C', C", ... o603Hat:J:aIOTCH IIOJIOJRIITeJib

Hhie IIOCTOHHHbie. 

2. ,[(oKa3aTeJThCTBO TeopeMI:iI 1 

LJ:oKa3aTeJibCTBO pa306beM Ha pH,n: JieMM. 

JleMMa 1. Cyw,ecmayiom ma-x:ue C1 > 0 u 1w.Mep N1 > 0, 3aauca,w,ue 
.1,UWb om Vo, "im0 a.151, .1,106020 nome11,v,ua.1,a V(A,x), yao(Memaopa,10w,e20 
yc.1,oau10 (V), u np0U360.1,b11,btX co6cmae11,11,1,ix rfiy11,nv,ui1 Um u Un 3aaa"iU 
(1)-(2), zae n =/- m u n 2'. N1 , u.Meem .Mecmo 11,epaae11,cmao 

l(un,um)L2j ~ C1ln2 
- m2 l-1-

LJ:oKa3aTeJibCTBO. YMHOJRIIM ypaBHeHne (1 ), 3arrncaHHOe ,n:JIH Un, Ha 

Um' a ypaBHeHne ( 1)' 3aIIIICaHHOe ,n:JIH Um' Ha Un' Bhit:J:TeM IIOJIYt:J:IIBIIIlieCH 

TOJR,n:eCTBa o,n:Ho lI3 ,n:pyroro II rrpOlIHTerpIIpyeM IIOJIYt:J:lIBIIIeecH paBeHCTBO IIO 

oTpe3KY [0, l]. IloJiyt:J:IIM 

I An - Ami I( Un, Um)L2 I ~ 2Vo. 

B CIIJIY IT pe,n:JIOJReHIIH OTCIO,n:a CJie.n:yeT yTBepJR,n:emre JieMMhI 1. 

PaccMoTpIIM cIIcTeMy cpyHHIJ;nii 

Uo(An, .), ... , Un(An, .), Un+1(An+1, .), Un+2(An+2, .), •··, Un+k(An+k, .), ... (6) 

3aMeTIIM, qTo, B CIIJIY Ilpe,n:JIOJReHIIH, ,n:JIH Bcex ,n:ocTaTOl:J:HO 6oJibIIIllX HO

MepoB n (6) HBJIHeTCH ClICTeMOH co6cTBeHHhIX cpyHHIJ;llii: 3a,n:aqn (1)-(2) C 

rroTem:i:naJioM, y,n:oBJieTBopHIOlIJ;lIM ycJIOBIIIO (V), HOTophiii paBen V (An, x) 
IIpII A::; An lI V(A, x) rrpn A> An• 

4 

JleMMa 2,Cyw,ecmayem manou 11,0.Mep N2 2'. N 1 , "imo a.1a, .11061,ix no
me11,v,ua.1,a V(A, x), yaoa.1,emaopa,10w,e20 yc.1,oau10 (V), u 11,0.Mepa n 2'. N2 

npou3ao.1,1,11,aa, cucme.Ma rfiy11,nv,ui1 auaa (6) .1,u11,ei111,o 11,e3aaucu.Ma a L2(0, 1) 
( 11,e mpe6yemcsi, "imo61>t cucme.Ma { un( An,. )}n~o 61,ua .1,u11,eii,11,o 11,e3aau
cu.Ata a L2(0, 1)). 

LJ:oHa3aTeJibCTBO. IlpOBe,n:eM HeHoTopbie 011;eHHlI. IlycTb C1 > 0- 110-

00 -1 
CTOHHHaH lI3 JieMMhI 1, a o:(I{,N) = E ln2 -N21 , r,n:e N- HaTypaJibHoe, 

n=K 
n#N 

a /{ 2'. 0- 11;eJioe. Tor,n:a HCHo, t:J:To lim o:(J{, N) = 0 paBHOMepHo rro 
N-+oo 

I< > 0 n lim o:(I<, N) = 0 paBHOMepHo rro N = l, 2, 3, .... BM6epeM HO-
- K-+oo 

Mep N2 2: N1 TaH, t:J:To o:(N) ~ (2Cit1, ecJin N 2'. N2, JIII6o I< 2'. N2. 
LJ:oHaJReM, l:J:TO HOMep N2 y,n:oBJieTBopHeT Tpe60BaHlIHM lI3 JieMMhI 2. 

Ilpe,n:rroJIOJRlIM, t:J:TO HeHoTopaH cIIcTeMa cpyHKIJ;IIii Bn,n:a (6) c n 2'. N 2 

mrneiiHO 3aBlICIIMa: 

n 00 

L akuk(An, .) + L akuk(Ak, .) =· 0, (7) 
k=O k=n+l 

r,n:e cpe,n:II Hoacpcpn11;IIeHTOB ak· E R ecTb OTJilit:J:Hhie OT HYJIH. Tor,n:a HCHo, qTo 

lim ak = 0, rroaToMy cpe.n:n qIIceJI lakl cymecTByeT MaHcnMaJibHOe. IlycTb 
k-+oo 

3TO iakol• YMHOJRlIM paBeHCTBO (7) CHaJIHpHo B L2(0, 1) Ha Uk0 (A1, .), r,n:e 

l = n, ecJIII k0 ~ n, n l = ko, ecJin ko > n. IloJiy'lttM B cnJiy rrpe,n:M.n:ymnx 

011;eHOH ½lako I ~ 0, T. e. rrpoTnBopeqne. TeM caMhIM, JieMMa 2 ,n:oKa3aHa. 

IlycTb uo( Ao,.), ... , Un( An,.), ... - rrpOII3BOJibHaH mureiiHO He3aBlIClIMaH 

B L2(0, 1) cncTeMa co6cTBeHHhIX cpyHHIJ;Hii 3a,n:aqn (1)-(2),n rrycTb N2- noMep 

lI3 JieMMhI 2. Tor,n:a ,n:JIH ,n:oHa3aTeJibCTBa ,n:ocTaToqHOCTlI ycJIOBlIH TeopeMbI 1 
,n:ocTaTOl:J:HO .Zl:0Ha3aTb, qTo ClICTeMa (6) HBJIHeTCH 6a3HCOM (T. e. IIOJIHOii: lI 

Jinneiino He3aBIIcnMoii cncTeMoil:) B L2(0, 1) ,n:JIH HeHoToporo n 2'. N2. LJ:eii

CTBHTeJibHO, OTCIO,n:a 6y,n:eT CJie,n:oBaTb, l:J:TO Hopa3MepHOCTb rro,n:rrpocTpaHCTBa 

rrpocTpancTBa L2(0,l), HaTHHyTOro Ha cpyHHti;lilI {uk(Ak,-)h~n, paBira n, 
II03TOMY' ,n:o6aBJIHH K 3TOii ClICTeMe n cpyHHti;liil: TaH, l:J:T06bI IIOJiyqaIOlIJ;aHCH 

ClICTeMa 6hIJia JilIHeiiHO He3aBlIClIMa B L2(0, 1), IIOJiyqnM IIOJIHYIO CHCTeMy 

3Toro rrpocTpaHCTBa. 

<I>nKcnpyeM HeHOTOpbiil: HOMep n 2'. N2 ll paCCMOTplIM opTOHOpJ1.mpo-
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BaHHhlll 6a3llC ea, ... , ek, ... B L2(0, 1 ), COCTOJIIUllil: ll3 co6CTBeHHhlX q>yHHD;llll 

3a,uat:Ill (1)-(2), B3JITon: c V(A,x) = V(An,x). RCHo, 'ITO MOlliHO C'lllTaTh 

ek = Uk(An, .) ,UJIJI k = 0, n. 

JleMMa 3. /{.Mi .1.106ozo uo.Mepa I 2: 1 cucme.Ma 

ea, ... , en, Un+l ( An+l'. ), ... , Un+r( An+/'.), en+l+l' en+l+2' ... (8) 

SlB.JtSlemcSl 6a3uco.M e npocmpaucmee L2(0, 1). 
,l.(oHa3aTeJibCTBO. BocrrOJib3JeMCJI MeTO,UOM MaTeMaTllt:IeCHOll llH,UJHU:llll. 

00 

Ot:IeBll,UHO, Un+l ( An+i'.) 

Ilo3TOMY CllCTeMa 

I: alek, rrpllt:IeM BBll.uJ JieMMhl 2 a~+i =/= 0. 
k=a 

ea, ... , en, Un+l ( An+l,. ), en+2, en+3, ... 

JIBJIJieTcJI 6a3llCOM npocTpaHCTBa L2(0, 1). IlycTb yrneplli,ueHlle JieMMhl Bhl

IIOJIHeHo .UJIJI / = 1, ... , r. ,l.(oHallieM ero .UJIJI l = r + 1. I1MeeM: 

n n+r 
~ r+l + ~ r+l (, ) + ~ r+l Un+r+l = L,; ak ek L,; ak Uk "'k,. L,; ak ek. 
k=a k=n+l k~n+r+l 

OrrJITb B c1rny JieMMhl 2 a~t~+i =/= 0. rro·3TOMY rncTeMa (8) JIBJIJieTCJI 6a3ll

coM rrpocTpaHCTBa L2(0, 1) npll l = r + l, ll JieMMa 3 ,uoHa3aHa. 

JleMMa 4.B npeano.JtoJtCeuuSlx .Jte.M.M'bt 3 cyw,ecmey10m uo.Mep N3 2: N2 

u nocmoSluuaSl C2 > 0 maicue, ""mo a.JtSl npou3eo.Jt'buozo uamypa.Jt'buozo l 
U3 YC.JtOBUSl 

11 

n n+l oo I I L akek + L akuk(.\k, .) + L akek < 1 
k=a k=n+l k=n+l+l L2 

00 

B'btmeicaem, ""mo I: a% ~ C2, eC.Jtu n 2: N3 • 

k=a 
n n+l 

,l.(oKa3aTeJibCTBo. IlycTb llull£2 = 1 ll u = I: akek+ I: akuk(Ak, .)+ 
k=a k=n+l 

00 

+ I: akek. YMHOJKHM JieByIO ll rrpaByIO t:IaCTll 3Toro paBeHCTBa CKaJIJipHO 
n+l+l 

6 

B L2(0, 1) Ha ce6JI. IloJiyt:IllM BBll.uJ JieMMhl 1 ll ,uoHa3aTeJibCTBa JieMMhl 2 

l > ~ a2 _ 20 ~ ~ iakl laml > 
- L,; k 1 L,; L,; lk2 21 -

k=a k=a m=n - m 
m,lk 

00 00 00 2+ 2 1 00 

~ 2 ~~ ak am ~ 2 

2: 2o ak - C1 2o fd jk2 - m21 2: 2 2o ak 
m,lk 

,UJIJI ,UOCTaTO'lHO 6oJibllIHX HOMepoB n. TeM caMhlM, JieMMa 4 ,UOHa3aHa. 

,l.(oHallieM ,UOCTaTO'lHOCTb B TeopeMe 1. Ilpe,UIIOJIO}l{HM, 'ITO CllCTeMa 

¢YHHII;llil: (6) c n 2: N3 He HBJIJieTcJI 6a3ncoM B L2(0, 1). Tor,u;a cym;ecrnyeT 

¢YHHII;llJI u E L2(0, 1), jlull£2 = 1, opTOroHaJibHaJI Halli,n;oii ¢YHKII;HH H3 

cncTeMhl (6), r,u;e n 2: N3. IlocHOJihHY ,u;JIJI Halli,Uoro HaTypaJibHoro l cncTeMa 

( 8) JIBJIJieTCJI 6a3HCOM B L2 ( 0, 1), ,UJIJI Halli,ll;OrO HaTypaJibHOro / llMeeM: 

n n+l 

u = L aiek + · L aiuk(Ak, .) + 
k=a k=n+l 

I: 
k~n+l+l 

I akek. 

YMHOllillM JieByIO n rrpaByIO t:IacTn ,noro paBeHCTBa cKaJIJipHo B L2(O, 1) Ha 

u, IIOJIY'lllM: 

1 _ 1 

1 ~ L lail j(u,ek)L2I ~ { L {ai)2}
2 

{ L (u,ek)L}
2 

k~n+l+l k~n+l+l k~n+l+l 

B CHJIY JieMMhl 4 0t:IeBH,UHO, 'ITO npaBaJI t:IaCTb 3Toro HepaBeHCTBa CTpeMHTCJI 

K HYJIIO rrpn / - oo, T. e. rroJiyt:IaeM npoTnBopet:Ine. 

I".13 nplrne,ueHHhlX Bhlllle apryMeHTOB cpa3y CJie,uyeT, 'ITO eCJill CllCTeMa 

co6cTBeHHhlX <PYHHD;llil: { Un( An,. )}n=a,1,2, ... 3a,Uat:Ill {1 )-(2) JlllHeHHO 3aBH

CHMa B L2{0, 1) n BhlII0JIHeHo npe,IUioJiollieHne (V), TO 3Ta cncTeMa He JIBJIJI

eTCH noJIHo:tt B L2{0, 1). TeopeMa 1 ,uoKa3aHa. 

3. ,l(oKa3aTeJThCTBO TeopeMLI 2 

B 3TOM pa3,UeJie C'lllTaeM cnpaBe,UJillBhlMll npe,UII0JIO}l{eHHJI TeopeMhl 2. 
PaccMoTpHM 3a,uat:Iy KoIIIn 

-u" + J(u 2)u = Au, x E {0, 1), (9) 
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u(0) = 0, u'(0) = a > 0, (10) 

r,n;e a > 0- rrapaMeTp. O6oaHaqnM qepea u( a, A, x) ee pernemrn. 

Jle:r..rna 5. ,!(.Mi .;1,106020 1{e.;1,O20 n 2". 0 u .;1,106020 a > 0 cyw,ecmeyem 

eauucmeeuuoe A E R ma1Coe, 'IJ,mo peweuue 3aaa1J,u (9)-(10) 1Ca1C t.fiy1-t1C1{UR 

ap2y.Me1-tma x u.Meem poeuo n 1Copueu e uumepea.;1,e (0, 1) u u( a, A, l) = 0; 
npu :Jmo.M A> (1r(n + 1))2. 

.LJ:oKaaaTeJibCTBO . .LJ:mr pernemi:ii aa,n:aqu (9)-(10) HMeeT MeCTo Tom,n:ecrno 

{ [u:] 2 + Au2 
- F( u2

)}' = 0, 

s 

r.n:e.F(s) = f f(p)dp, oTKy,n:a 
0 

[u:( a, A, x )]
2 + Au2( a, A, x) - F( u2( a, A, x)) = a2 (11) 

,n:JIJI JI106oro perneHHJI aa,n:aqII (9)-(10) H n106oro x E [0, l]. 
<l>IIKCIIpyeM npOII3BOJibHhle uenoe n 2". 0 H a > 0. Tor,n:a H3 Teo

peMhl cpaBHeHIIJI cne,n:yeT, 'ITO u(a,A,x) > 0 ,n:mr Bcex x E (0,1] H Bcex 

,n:ocTaToqHo MaJihlX nonmKHTeJibHhlx A. B TO llie BpeMJI. ~JIJI n106oro A > 0 
cymecrnyeT A > 0 CTOJib 6onhrnoe, qTQ cpyHKUIIJI G( A, u) = Au2 - F( u 2) 

cTporo BoapacTaeT rrpII u E [O, A] II 

G( A, A) > ·a2 = { [u:( a, A, 0)]2 + A[u( a, A, 0)]2 
- F( u2 ( a, A, 0))}. 

IlpH TaKOM Bhl6ope A > 0, O'leBII,n:Ho, B CHJIY (11) Ju( a, A, x) I < A ,n:JIJI Bcex 

x E [O, 1]. Ilo3TOMY max Ju(a, A, x)I -t O npII A -t +oo. B qacTHOCTH, 
xE[O,l] 

OTCio,n:a BhlTeKaeT, 'ITO cpyHKUIIJI u( a, A, X) y,n:oBJieTBOpJieT ypaBHeHIIIO 

u" + c(A,x)u = 0, x E (0, 1), 

r,n:e cpyHKUHJI c( A, x) > 0 CKOJib yro,n:Ho BeJIIIKa paBHOMepHo no x E [0, 1], 
ecJIII A > 0 ,n:ocTaToq110 BeJIIIKo. Cne,n:oBaTeJibHO, B CHJIY TeopeM cpaBHeHHJI 

perneHIIe u( a, A, x) aa,n:aqII (9)-(10) IIMeeT 6onee n KopHeil: B IIHTepBaJie 

x E (0, 1) ,n:mr ,n:ocTaToqHo 6oJibIIIHX aHaqeHIIii A > 0. 
IlycTb An- MHomecrno 3Ha'leHIIii A > 0, rrpII Kam,n:oM H3 KOTOphlx 

perneHIIe u( a, A, x) aa,n:a'!II (9)-(10) HMeeT He MeHee ( n + 1) KOpHeil: KaK 

cpyHKUHJI apryMeHTa x B IIHTepBaJie (0, 1). Cornarno rrpe,n:hl,n:ymeMy MHO

lliecrno An HenycTO. IlycTb An(a) = inf An. Tor,n:a An(a) > 0. Ilo Teo-

~ peMe O HenpepbIBHOii 3aBIICIIMOCTII perneHIIJI aa,n:aqII (9)-(10) OT rrapaMeTpa 
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A, COOTBeTCTBJIOmee perneHHe u( a, An( a), x) IIMeeT He 6onee n KOpHeil: KaK 

cpyHKUHJI apryMeHTa x B HHTepBaJie ( 0, 1), TaK KaK HHaqe cymecTBOBaJIII 6hr 
3Ha'leHHJI A < .An (a), rrpu11a,n:nemamIIe MHomecTBY An ( a,n:ech Ha,n:o IICIIOJib

aoBaTb TO o6CTOJITeJibCTBO, 'ITO, IIOCKOJibKY cpyHKUIIJI u = 0 y,n:oBJieTBOpJieT 

ypaBHeHIIIO (9), B CHJIY e,n:HHCTBeHHOCTH perneHIIJI aa,n:aqII KornH ,n:JIJI 3TOro 

ypaBHeHHJI HMeeM u~( a, A, x) -=/- 0, eCJIH u( a, A, x) = 0 .n:mr HeKOToporo x ) . 

AHaJiorH'!Ho, u( a, An (a), x) KaK cpyHKUIIJI apryMeHTa x IIMeeT He MeHee n 
KOpHeil: B HHTepBaJie (0, 1) II u(a, An(a), 1) = 0. 

.LJ:oKameM e,n:IIHCTBeHHOCTb yKaaaHHoro aHaqeHIIJI A = An (a), rrpII KO

TOpoM perneHHe u(a, An(a), x) aa,n:a'!H (9)-(10) HMeeT pOBHO n KOpHeii B HH

TepBaJie x E (0, 1) H y,n:oBJiernop11eT ycJIOBHIO u(a, An(a), 1) = 0. Ilpe,n:rro

JIOmHM, 'ITO cymecTByeT ).' -=/- An(a), y,n:oBJieTBOp1110mee ycJIOBHJIM JieMMhl. 

lfcrrOJib3JJI aBTOHOMHOCTb )'.PaBHeHHJI (9), JierKO MOlliHO ,n:oKaaaTb, qTo 

(a) a.,-,,SI, .;1,106020 1COp1-lR Xo npOU38O.;l,b1-lO20 pewe1-tUS/, ypa81-te1-tUS/, (9) 
3mo peweuue 1-te1J,emuo omuocumMb1-to mo1J,1CU x0 ua .;1,1060.M ompe31Ce 

[xo - b,xo + b] C [0, 1]; 
(6) .Me;JICay .;1,106bt.MU aey.MR COcea1-tU.M,U 1COp1-lR.MU X1 < X2 npOU38O.;1,b-

1-lO20 peweuuR u(x) ypaeueuuR (9) .;1,e;J1Cum eauucmeeuuaR mO1J,1Ca x 0 = 
= x1 ~x2 3'/Ccmpe.My.Ma 3mo2O peweuuR, ouo cmpoio .Mouomouuo. ua om

pe31Cax [xi, xo] u [xo, x2] u 1J,em1-to omuocumMb1-lO mo1J,1CU x0 ua .;1,1060.M 

ompe3'/Ce [x0 - b, xo + b] C [0, 1]; 
(B) u( a, A, x) = u( a, A, x + 2xi) a.,-,,51, .;1,106020 :i ma1Co20, 1J,mo 

x, X + 2x1 E [O, 1], 2ae X1 - .M,U1-lU.M,ll.;l,b1-lbtU no.;1,o;J1CUmMb1-lbtU 1Cope1-tb t.fiyu

'/C1{UU U. 

Ma CBOil:CTB (a)-(B) BhlTeKaeT, B 'laCTHOCTII, qTo Kam,n:oe H3 ,n:Byx pe

IIIeHnii u( a, An( a), X) II u( a,).'' X) aa,n:a'llI (9)-(10), MOHOTOHHO B03pacTaJI, 

,n:oCTIIraeT MaKClIMJMa B TOqKe X = 2(n1+1). IlycTb eme .n:mr orrpe,n:eJieHHOCTll 

>.' > An(a),u rrycTb u1(x) = u(a,An(a),x), a u 2(x) = u(a,>.',x). To

r,n:a BBH,n:y paBeHCTBa (11) JICHO, 'ITO u1(x) > u2(x) B HeKOTopoii npaBOH 

II0JIJ0KpeCTH0CTlI ToqKll X = 0. IlycTb X > 0- MIIHlIMaJibH0e 3Haqemie ap

ryMeHTa X E 2(n1+1)' IIpH K0T0p0M u1(x) = u2(x), JIH6o X = 2(nl+I)' ecnH 

u1(x) -=/- u2(x) ,n:JIJI Bcex x E (0, 2(n\i)). YMHOlliaJI ypaBHem1e (9), aarrH

caHH0e ,n:n11 cpyHKUHH u1(x), Ha u2(x), a ypaBHeHHe (9), aarrncaHHoe ,n:n11 

cpyHKUHII u2(x), Ha u1(x), Bhl'llITaJI rronyqa10mueCJI TOm,n:ecrna o,n:Ho Ha ,n:py-
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roro ll HHTerpupyR nonyqa10ru;eecR paBeHCTBo no oTpe3KY [0, x], nonyqnM: 

x 

0 ~ j u1(x)u2(x)[f(ui(x)) - J(u~(x)) - An(a) + A1]dx. (12) 
0 

Ho, nocKOJihKY no npe,ZJJIOJIOllieHHIO u1(x) > u2(x) npu x E (0, x), npaBaH 

qaCTb 3TO[O HepaBeHCTBa noJIO}KllTeJihHa, T. e. nonyqaeM npOTllBOpeque. 

CBoiicTBO An(a) > (7r(n + 1))2 
cneJJ,yeT ll3 TeopeMbl cpaBHeHHR. TeM 

caMhlM, JieMMa 5 .ll,OKa3aHa. 

CoxpaHHM o6o3HaqeHne An (a) .ll,JIR 3HaqeHHR napaMeTpa A H3 JieMMhl 

5. floJIOllillM Un( a, An( a), x) = Un( a, x ). B cnny JieMMhl 5 3TH onpe.ll,eJieHHR 

KoppeKTHhl u An (a) > 0 .ll,JIR JII06hlx a > 0 H u;enoro n ~ 0. IloJIOllillM eru;e 
1 

an(a) = J u!(a, x)dx. 
0 

JleMMa 6.,l(.151, .1'/06020 ~e.1020 n ~ 0 ifiy11,1C~UR An(a) 11,e y6bteaem u 
11,enpepbuma 11,a no.1ynpR.Mou a > 0. 

.D:m<a3aTeJibCTBO. IlycTb a1 > a2 > 0 . .D:oKallieM, qTQ An ( a1) ~ An ( a2). 

Ilpe.ll,noJIOlliHM npoTHBHoe, T. e. qTQ An(a1) < An(a2). IlycTb u1(x) = 
= Un(a1, x), a u2(x) = Un(a2, x). B c1rny CBOllCTB (a)-(B), ccpopMJJillpOBaH

HblX npll .ll,OKa3aTeJibCTBe JieMMbl 5, Kalli.ll,aH ll3 q>JHKD;llll U1 ( X) ll u2( X) MOHO

TOHHO BO3paCTaeT Ha OTpe3Ke [0, 2(n~l)] u X = 2(n~l) RBJIReTCR TOqKOil MaK

CllMJMa JJ,JIR Kalli.ll,Oll ll3 HHX. B cnny paBeHCTBa ( 11), .LJ:JIR n106oro y > 0, JJ,JIR 

KOTOporo cyru;eCTBJIOT X1,X2 E (0, 2(n~l)) TaKHe, qTQ u1(x1) = u2(x2) = Y, 
nMeeM u~(xi) > u;(x2). CneJJ,oBaTeJihHo, u 1 (x) > u 2(x) ,nJIR Bcex 

X E (0, 2(n~l) ) . .D:e11CTBJR TaK llie, KaK npII BblBOJJ,e HepaBeHCTBa (12), II B3RB 
- 1 
X = 2(n+l), noJiyqIIM 

1 
2(n+1) 

0 = j u1(x)u2(x)[f(ui(x)) - f(u~(x)) - An(a1) + An(a2)]dx, 
0 

qTo, oqeBII.ll,HO, npOTIIBopeqnBo, TaK KaK npaBaH qacTb 3.ll,eCb noJIO}KllTeJibHa. 

TeM caMhlM, JJ,OKa3aHo, q'io cpyHKD;llR An (a) He y6blBaeT Ha nonynpRMOH 

a> 0. 
.D:oKallieM HenpephlBHOCTh <pyHKD;nII An (a). II peJJ,noJIOllillM npoTHBHoe, 

T. e. qTQ cyru;ecTByeT ao > 0 TaKoe, qTQ lim An (a) > An ( a0 ) nnn 
a-ao+D 
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lim An( a) < An( ao). IlycTh JJ,JIR onpeJJ,eJieHHOCTll BhlnOJIHeHo nepBoe 
a-+ao-0 

HepaBeHCTBO (paccylli.ll,eHllR BO BTopoM cnyqae aHanomqHbI). TorJJ,a, KaK 

HeTpJ.ll,HO y6eJJ,llTbCR, ll3 ypaBHeHllR {9) ll paBeHCTBa {11) CJieJJ,JeT, qTQ .ll,JIR 

Kalli.ll,Oro a > a0 , .ll,OCTaToqno 6JIH3Koro K a0 , cyru;ecTByeT d( a) > 0 TaKoe, qTo 

1) d(a) --t +o npll a --tao+ O; 
2) Un(a, x) > Un(ao, x) npll x E (o; d(a)); 
3) Un(a, d(a)) = un(ao, d(a)) ll fxun(a, d(a)) ~ fxun(ao, d(a)). 

Ilo3TOMY Un( a, X) < Un( ao, X) B HeKOTOpoii: npaBOii: nonyoKpecTHOCTll 

ToqKn x = d(a) (nocKOJihKY u~,xx(a,d(a)) < u~,xx(ao,d(a))). TorJJ,a, KaK n 

Bblrne, ll3 paBeHCTBa (11) cJieJJ,JeT, qTo un(a, x) < un(ao, x) .ll,JIR Bcex a> a0 , 
1 . 

JJ,OCTaTO'IHO 6JIH3KllX K a0 , ll Bcex x E (d(a), 2(n+l)). McnoJih3JR TOlliJJ,eCTBo, 

aHaJIOrH'IHOe TOlliJJ,ecTBy (12), c nHTerpanoM no OTpe3KY [d(a), 2(n~t)], no

nyqnM npoTnBopeqne. MTaK, cpyHRD;llR An (a) HenpephlBHa, ll JieMMa 6 JJ,O- · 

Ra3aHa. 

JleMMa 7. an( a)- 11,enpepbtB11,a51, .Mo11,omo11,11,o Bo3pacma'IOU(aR 11,a no
.1,ynpR.MOU a> 0 ifiy11,1C~UR u lim an(a) = 0, a lim an(a) = +oo. 

a-+o a-+oo 

.D:oKa3aTeJibCTBO. HenpephlBHOCTh cpyHRu;llll an( a) BblTeKaeT ll3 :iienpe-

pblBHOCTll An (a) ( CM. JieMMY 6) n TeopeMhl O HenpepblBHOH 3aBllCllMOCTll 

perueHnR 3aJJ,aqn Kornn {9)-(10) OT napaMeTpoB a n A . .D:anee, nocKOJihKY, 

KaR .ll,OKa3aHo paHee, Un(a, x) --t 0 npn a --t +o paBHOMepHO no X E [0, 1] 
(cM . .ll,OKa3aTeJibCTBO JieMMbl 6), llMeeM lim an(a) = 0. 

a-++O 
.D:oKallieM, 'ITO lim an(a) = +oo. 3aMeTnM, npelliJJ,e Bcero, 'ITO 

a-+oo . 

u~,xx( a, x) ~ 0 .ll,JIR Bcex x E {0, 2(n~t) ). .D:e11cTB1ITeJihHO, ecnn npeJJ,nono-

llillTh, qTo 3TO He TaK, TO HafiJJ,eTCR Xo E {O, 2(n~l)) TaRoe, qTo u~,xx( a, xo) > 
> 0. Ho u~,x( a, x0 ) > 0, KaK 6blJio JKa3aHo paHee, n, KpoMe Toro, 

f(u 2 )u - An(a)u- Hey6hlBa10ru;aH cpyHRD;llR Ha nonynpRMOll u E [0,+oo), 
npnqeM no npeJJ,nOJIOllieHHIO J(u!(a, xo)) - An(a)un(a, xo) > 0. CneJJ,OBa

TeJihHO, nonyqaeM, qTo u~ x( a, x) > 0 .ll,JIR Bcex x E ( xo, 1], qTo npoTnBope

qnBo. MTaK, u~,xx(a,x) ~·o .ll,JIR BCex XE {O, 2(n~l)). 

.D:JIR JJ,OKa3aTeJihCTBa Toro, qTo lim an(a) = +oo, Teneph JJ,OCTa
a-++oo 

Toqno .ll,OKa3aTh, qTo Un( a, 2(n~l)) --t +oo npn a --t +oo ( TaR RaR, no

CKOJibRY, RaK .ll,OKa3aHO Bblllle, Un(a, x)- BOfHJTaR cpyHKil;llR apryMeHTa X Ha 
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oTpe3Ke [O, n~1], oTcro,ua cne.n:yeT, qTQ o:n(a)-+ +oo npn a-+ +oo). Ilpe.n:-

110JI0JRHM, qTo ,UJIJI HeKOT0po:it Il0CJie,U0BaTeJibH0CTlI ak -+ +oo BhIIl0JIHeH0 

un( ak, 2(n~l)) ~ C < +oo. Bo3MOJRHhI ,uBa cnyqaJI: A. f( +oo) = +oo H 

B. J( +oo) < +oo. 

A. IlycTb J(+oo) = +oo. Tor.n:a An(a)-+ +oo npH a-+ +oo (TaK 

KaK HHaqe H3 paBeHCTBa (11) Il0JIYqlIJilI 6M, qTQ 1~~ Un(ak, 2(n~l)) = 
= +oo, qTo npoTHBopeqnBo ). IloaToMy cpyHKIJ;HH un( ak, x) y,uoBJieTBopHIOT 

B lIHTepB_aJie X E (0, 2(n~l)) ypaBHeHHHM 

u~,xx + 9k(x)un(ak, x) = 0, 

r,ue 9k -+ +oo npn k -+ oo paBH0Mepno no x E (0, 2(n~l) ). Cne,uoBaTeJibHO, 

cor.iiacno CTan,uapTHhIM paccyJR,ueHHHM, 0CH0BaHHhIM Ha TeopeMax cpaBHe

HHJI, cpyHKIJ;HlI Un ( ak, x) ,UJIJI BCex ,U0CTaToqHo 6oJiblliHX H0MepoB k ,U0JIJRHhI 

HMeTb KopeHb B HHTepBaJie (0, 2(n~l) ), qTo npOTHBopeqHB0. I1TaK, cnyqa:it 

A ne B03M0,KeH. 

B. IlycTb f( +oo) < +oo. Tor.n:a, c o,unoii cToponhI, B cnny TeopeM 

cpaBHemrn An(ak) ~ f(+oo) + (1l"(n + 1))2 < +oo. Ho, c ,upyro:it cTOp0HhI, 

KaK H B cnyqae A, lim An(ak) = +oo, T. e. nonyqaeM npoTHBopeqHe. 
k-+oo 

I1TaK, ,U0KMano, qTo lim o:n(a) = +oo. 
. a-++oo 

OcTaeTCH ,U0Ka3aTb, qTo O'.n (a)- M0HOT0HH0 B03pacTaIO:rn;aJI cpyHKIJ;lIH 

Ha nonynpJIMoii a E (0, +oo ). 1ho6M .n:oKa3aTb aTo yTBepJR,ueHHe, B cnny 

CB0HCTB (a)-( B)' YKMaHHhIX npn ,U0Ka3aTeJibCTBe JieMMhI 5, ,U0CTaToqno .n:o-
. ' 1 

Ka3aTh, qTo ,UJIH n106ii1x a1, a2 . 0 < a1 < a2, ,UJIJI Bcex x E (0, 2(n+l)) 

BhIIl0JIHeHo Un(a1,x) ~ Un(a2,x). Ilpe,unoJIOJRHM np0TlIBH0e, T. e. qTo 

cymecTBYIOT O < a1 < a2 TaKHe, qTQ Un(a1, x) > Un(a2, x) ,UJIJI HeK0T0poro 

X E (0, 2(n~l) ). IlycTb X1 > 0-MlIHlIMaJibHaJI ToqKa lI3 3T0ro lIHTepBaJia 

TaKaJI, qTo un(a1,x1) = un(a2,x1)- .L(oKaJReM, qTo un(a1,x) > un(a2,x) 
B HeKOTOpo:it npaBoii Il0JIY0KpecTH0CTlI TOqKlI X1. Ilpe,unoJIOJRHM np0TH

BH0e. Tor,ua u~,x(a1, xi) = u~,x(a2, x1), B CHJIY paBeHCTBa (11), 3anncan

noro ,UJIJI x = x 1, HMeeM An(a1) < An(a2), cne,uoBaTeJihHo, B cnny ypa

BHeHHH (9), u~,xx(a1,x1) > u~,xx(a2,x1), T. e. nonyqaeM np0THBopeqHe. 

l1TaK, ,U0Ka3aHo, qTo Un(ai,x) > Un(a2,x) B HeKOT0po:tt npaBoii Il0JIY0Kpe

CTH0CTlI ToqKlI X1. OTMeTlIM em;e, qTo lI3 3TlIX paccyJR,uenHii cne,uyeT, qTo 

u~,x(a1, x1) > u~,x(a2, xi), ecJIH An(a1) = An(a2)- · 
IlyCTb X2- MHHlIMaJibH0e 3Haqenne X E (x1, 2(}+1)) TaKoe, qTo 

un(a1,x) = un(a2,x), JIH6o X2 = 2(n~l)' ecJIH B lIHTepBaJie (x1, 2(n~l)) HeT 
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TaKoii T0'IKH. IloBTOpHH npon:e.n:ypy, ucn0Jib30BaHHYIO nplI BhIB0,Ue HepaBeH

CTBa (12), C lIHTerpHp0BaHHeM no 0Tpe3KY [x1, x2], noJiy'lnM: 

X2 

0 2 J un(a1,x)un(a2,x)[f(u!(a1,x))- J(u!(a2,x))-An(a1) + An(a2)]dx, 
Xt 

npn'IeM B CliJIY npe.n:M,uym;ero 3,UeCb HMeeT MeCT0 CTporoe HepaBeHCTB0, eCJili 

An(ai) = An(a2). TaKRM o6pa3oM, noJiy'laeM npornBope'Ine. TeM caMhIM, 

O'.n (a)- M0H0T0HH0 B03pacTaIO:rn;aJI cpyHKIJ;liH apryMeHTa a > 0, H JieMMa 7 
,uoKa3aHa. 

JleMMa 8. ,l(.11,9, .11,106ow ~e.,iow n 2 0 cy'U.(ecmeyem eauucmee11,11,a9, c 

ffiO'lUOCffib10 ao .M,'/l,O~Ume.45l ±1 npu Un napa (An,Un(x)), yaoe.11,emeopR10-
'U.(ll9, Jaaa'le (3)-(5), max;a9,, 'lffiO tpy11,x;~UR Un(x) U.Meem pOB'/1,0 n x:op11,ei1 
e uumepea.11,e ( 0, 1); npu 3mo.M U.Meem .Mecmo uepaeeucmeo 

0 < At < A2 < ... <An < ... (13) 

.L(oKa3aTeJibCTBO. B CliJIY JieMM 5-7 ,U0CTaT0'IH0 ,U0Ka3aTb HepaBeHCTB0 

(13). Ilpe,unonoJRHM, 'ITO An 2 An+i .UJIH HeKoToporo n 2 0. Pernenne 

Un+l ( x) B03pacTaeT npn x E J = [O, 2(n~2)] n u~+l ( 2(n~2)) = 0. Reno, 'ITO 

HeB03MOJReH CJiy'la:it, Kor,ua Un+l ( X) 2 Un ( X) ,UJIH ncex X E J' noCK0JibKY 

TOr,ua J(u;+l (x)) - An+i 2 J(u;(x)) - An npn x · E J, CJie,uoBaTeJihHo,no 

TeopeMe cpaBHeHHH ,U0JIJRHa 6MJia 6hl cym;eCTB0BaTb T0'!Ka Xo E J TaKaJI, qTQ 

u~(xo) = 0. IloaToMy B03M0JRHhI JIHllih cne.uyrom;ne ,uBa cnyqaJI An B. 
A. IlycTb cym;ecTByroT TO'!Kli O ~ x 1 < x 2 ~ 2(n1+2) TaKne, 'ITO 

Un+1(x) > un(x) npn x E (x1,x2) n Un+1(x1) = un(x1), a Un+1(x2) 2 
2 un(x2), npn'IeM Un+1(x2) = un(x2), ecJin X2 < 2(n~2) . .L(e:lkTBYR,KaK 

npn BhIBO,Ue nepaBeHCTBa {12) C liHTerpaJI0M no 0Tpe3KY [xi, x2], noJiy'laeM 
HepaBeHCTBO 

X2 

0 2 J Un+t(x)un(x)[J(u!+l(x)) - J(u!(x)) - An+I + An]dx, 
x1 

npn'leM, KaK lI npn ,U0KMaTeJibCTBe JieMMhI 7, 3,Uecb lIMeeT MeCT0 CTporoe 

nepaneHCTBo, ecJIH An+t = An. IloaToMy noJiy'laeM npoTnnopeqne. CJie,uo
BaTeJibHo, CJiyqail: A He B03M0)KeH. 
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E. IlycTb Un+i(x) ::; un(x) .1.1:im Bcex x E /. 3aMenIM, 'ITO T0-

r,na un+i(x) < un(x) .UJIH HeK0Toporo Xo E / (TaK KaK 1ma1Ie 6mm 6!.r 
u~( 2(n~2)) = 0). ,llanee, JICH0, 'ITO Un+i(x)::; un(x) ,UJIH Bcex x E [0, n~1]. 

.[(01<aJKeM, 'ITO TOr,na llun+il!L2 < 1, ecmI llun!IL2 = 1. .[(JIB npmI3B0Jib

Horo uenoro k = 1, n + 1 paccMoTpHM HHTepBaJI h = ( !~ ! , n! 1 ) ( 3,neCb 

Un(!~!)= Un(n!l) = 0). B 3T0M HHTepBaJie q>yHKUIIJI Un+l HMeeT, 0'leBil

,UH0, poBH0 o,nnH KopeHb x (nocKOJibKY n!2 > !~! ,UJIJI KaJK,noro k = 
= 2,n+l). 3aMeHHM cpyHKUHIO Un+i Ha oTpe3Ke h cpyHKUHeii v(x), pa

BHOii Un+l (x - X + !~!) IIpH X ::; X Il paBH0H Un+l (x - X + n!l) IIpll X > X. 

II po,nenaeM 3TY onepaumo ,nJIH KaJK,noro k = 1, n + 1. Tor.na, 'ITO reoMe

Tpn'IecKH 0'leBil,UH0, B CHJIY CBOfiCTB ( a)-(B) Il3 ,U0Ka3aTeJibCTBa JieMM~ 5, 
rpaq>HK cpyHKUHH lv(x)j 6y,nm Jie}l{aTb He BhlIIIe rpacpnKa cpyH~UHH lun(x)I, 
npn'IeM na:tt,neTcJI HHTepBaJI JC (0, 1) TaKofi, 'ITO lv(x)I < lun(x)l .nJIH Bcex 

x E J. Ilo3TOMY 

1lun+1IIL2 = llv!IL2 < llunllL2 = 1, 

T. e. nony'!aeM np0THB0pe'!He. TeM CaMhlM, JieMMa 8 ,U0Ka3aHa . 

JleMMa 9. Ce.M.eucmeo <fiy11.1w,ui1 { un( x )}n=0,1,2, ... u3 ..te.M..M.bt 8 pae11.o

.M.ep11.o 02pa11.u"le11.o 11.a ompeJ1-e [0, 1]. 
.L(oKa3aTeJibCTBO. PaccMoTpHM nocne,noBaTeJihH0CTh Un ( bn, x) peIIIenn:ii 

3a,na'IH KoIIIH (9)-(10) c bn = l07r(n+l) . .L(oKaJKeM, 'ITO 3Ta nocne,noBaTeJib

H0CTh paBH0MepHo orpaHH'leHa. IlycTb dn = un(bn, 2(n~l)). Tor.n;a, 0'leBil

.UH0, .n;ocTaT0'IH0 ,Zl;0Ka3aTb orpaHH'leHH0CTb II0CJie,Zl;0BaTeJibH0CTH dn CBepxy . 

B cnny TeopeM cpaBHeHHJI ,Zl;JIH KaJK,n;oro HoMepa n An(bn) > (7r(n + 1))2. 
.L(anee, H3 T0}l{,n;ecTBa ( 11) cne.n:yeT HepaBeHCTB0 

(l07r(n+ 1))2 ~ G(-Xn(bn), Un(bn, x)) ~ (7r(n+ 1))2u!(bn, x)-F(u!(bn, x)), 
(14) 

Il3 K0Toporo BhlTeKaeT 1 'ITO 

dn < 20 

,Zl;JIH Bcex .n;ocTaT0'IH0 6oJiblIIHX H0MepoB n. .L(eiicTBHTeJibHO, ecJIH npe.n:

II0JI0}l{HTh, 'ITO 3T0 He TaK, TO II0JIY'IHJIH 6hl, 'ITO B (14) npaBaJI '!aCTb 

6oJibllle JieBoil: ,Zl;JIH .n;ocTaT0'IH0 6oJihlIIHX H0MepoB n n Tex x, ,n;JIH K0T0pbIX 

lun(bn,x)I = 20, 'ITO npoTHBope'IHB0. J,fTa1<, paBH0MepHaJI orpaHn11eHH0CTb 

II0CJie,n;oBaTeJibH0CTH {un(bn,x)}, r.n:e n = 0,1,2, ... , ,Zl;0Ka3aHa. 
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.L(oKaJKeM, 'ITO llun(bn, .)l1L2 > 1 ,Zl;JIH Bcex .n;ocTaT0'IH0 6onbIIIHX H0Me

poB n. IloJIO}l{HM hn(x) = 10sin[7r(n + l)x]. OTMeTHM (3TO ncnom3yeTCJI 

.n;anee), 'ITO u~,x(bn, 0) = h~(0) n, BBH.n:y CB0HCTB (a)-(B) H3 ,Zl;0Ka3aTeJibCTBa 

neMMhl 5, u~,x(bn, 1) = h~(l). I1MeeM: 

-h~ = µnhn, XE (0, 1), 

hn(0) = hn(l) = o, 
r.n;e µn = (7r(n + 1))2. B03bMeM IIp0H3B0JibHYIO cpyHKUHIO 7.p(x) E C1[0, 1), 
TaKy10, 'ITO 1/;(x) ~ C > 0 H t/J'(x) ~ C > 0 ,n;JIH Bcex x E [0, 1] (r.n:e 

C > 0 He 3aBHCHT OT x). l13 npe.n;hl.n:ymero ypaBHeHHJI .n;JIH cpyHKUHil: hn n 

ypaBHeHHJI (9) II0JIY'IHM ,Zl;JIH cpyHKUHH Wn(x) = un(bn, x) - hn(x): 

-w~ + ¾'.n(x) = µnwn, XE (0, 1), 

r.n;e, BBH.n:y Ilpe.n;Jio}l{eHHJI (n3 K0Toporo cne.n:yeT, 'ITO I-Xn - µnl ::; C) n .n;o-· 

Ka3aHHOH BhlIIIe paBH0MepHOH orpaHH'leHH0CTil CeMe:ttcTBa cpyHKUHH 

{ Un ( bn' X)} n?:O' ceMeHCTBO HenpepbIBHhlX cpyHKUHH { Wn ( X)} paBH0MepH0 

orpaHil'IeHo. YMHO}l{aJI 3To ypaBHeHne Ha t/J( x )w~ ( x ), HHTerpnpyJI nony11a-

10meecJI BhlpaJKeHne no oTpe3KY [O, 1] n npHMeHJIJI cpopMyny HHTerpnpoBaHHJI 

II0 11aCTJIM, IIpll,Zl;eM K HepaBeHCTBY 

1 

µnllwn!IL ::; C j lw~(x)jdx::; Cllw~IIL2 , 

0 

r.n;e C > 0 He 3aBHCHT OT H0Mepa n. BBn.n;y 3Toro HepaBeHCTBa n no

CK0JihKY I I hn I I L2 > 1 ,n;JIH Bcex H0MepoB n, ,Zl;JIH .n;oKa3aTeJihCTBa TOro, 'ITO 

llun(bn, .)!IL2 > 1 ,Zl;JIH Bcex .n;ocTaT0'IH0 6onbIIIHX H0MepoB n, .n;ocTaTo'IH0 

.n;oKa3aTh, 'ITO llw~IIL2 ::; C1(n + 1), r.n;e C1 > 0 He 3aBHCHT OT n. Ho 3T0 

HepaBeHCTB0 cpa3y nony11aeTCJI nyTeM YMH0}l{eHHJI ypaBHeHHJI 

-w:(x) + Wn(x) = µnwn(x) 

Ha Wn H HHTerpHp0BaHHJI no oTpe3KY [0, 1]. TeM caMhlM, .n;oKa3aHo, 'ITO 

llun(bn, .)IIL2 > 1 ,n;JIH Bcex ',n;ocTaTo'IH0 6oJibIIIHX H0MepoB n. OTc10.n;a n H3 

JieMMhl 7 BhlTeKaeT, 'ITO 

lu~(0)I < bn (15) 

,Zl;JIH Bcex ,Zl;0CTaT0'IH0 60JibIIIHX H0Mep0B n. 
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.l(aJiee, n:cnoJib3YH {15), TaR lie, RaR .D;JIH q>yHRQHii: un(bn,. ), MOlliHO .n;o

Ra3aTb, 'ITO ceMeil:CTBO <J>YHRQH:ll: {un(.)}n=0,1,2, ... paBHOMepHO orpaHH'IeHO . 

TeM caMhlM, JieMMa 9 ,n;oRa3aHa . 

JleMMa 10. Ilycmb N ?: 0- 't/,emuoe. To2aa npeacmaa.ieuue UN = 
= L anUn, 2ae an E R, a cxoau.MOCmb paaa nottU.MaemcR 8 C.Mbtc.ie 

n>N 
npocmpaucmaa L2 (0, 1), ueao3.Mo:»cuo. 

.l(oRa3aTeJibCTBO. Ilpe.n;noJiolliHM npoTHBHoe, T. e. 'ITO UN = L anun 
n>N 

.D;JIH HeRoToporo tJeTHoro N. IlocRoJibRY Ralli.D;M qeTHM OTHOCHTeJibHO TO'IRH 

x = ½ q>yHRQHH opToroHaJibHa Ram,n;oii: He'IeTHOii: B L2 { 0, 1), HMeeM 
00 

I:-aN+2r-tUN+2r-1 = 0 B L2{0, 1). IloJIO}I{HM .D;JIH npoH3BOJibHOil: <J>YHRQllll 
r=l . 

g E L2{0, 1) 

I 
2 

(Kg)(x) = J g(t)dt n: 

X 

00 

X 

(Lg)(x) = jg(t)dt. 

0 

IlocROJibRY pH.a; L aN+2rUN+2r CXO.D;HTCH B L2(0, 1), .D;JIH npoH3BOJibHhlX 
r=l 

O $ c < d $ l OH cxo,n;HTCH B npocTpaHcTBe Li ( c, d) R <J>YHRQHH UN, IIO3TOMY 

,n;JIH mo6Mx HaTypaJibHoro l n: x E [O, 1 j n:MeeM 

00 

((LK/uN) (x) = LaN+2r ((LK)1uN+2r) (x). {16) 
r=l 

IlycTb n = N + 2t. l13 cBoil:cTB {a)-(B) <J>YHkQH:ll: Un, yRa3aHHhlX B 

.D;ORa3aTeJibCTBe JieMMhl 5, noJiyqaeM 

Pl,r = max j ((LK) 1un) {x)j = 
xE[0,1) 

I I I 
2(n+!) 2(n+!) X21-2 2(n+!) 

J dx1 J dx2••· J. dx21-1 J un(X21)dx21 (17) 

0 X! 0 X21-! 

.l(aJiee, IIOCROJibRY B cIrny .D;ORa3aTeJibCTB JieMM 7 ll 9 Ra}I{.D;aH <J>YHRQHH Un(x) 
IIOJIOlliHTeJibHa ll BOrHyTa Ha oTpe3Re In= [O, 2(n~I)] n 

l(~ 

l 

0 < u~ (0) $ C1 ( n + l ), r.n;e C1 > 0 He 3aBHCHT OT HOMepa n, HMeeM 

0 $ un(x) $ C1(n + l)x .D;JIH Bcex x E In H UN(x)?: C2{N + l)x .D;JIH 

Bcex x E IN, r.n;e C2 = 2uN( 2(fi+i) > 0. flo3ToMy H3 {17) noJiyqaeM 

I 
2(n+1) 

Pl,r $ C1(n + 1) I J dx1 
0 

r.n;e n > N- qeTHoe, n 

I 
2[N+TT 

Pl,o?: C2(N + 1) I J dx1 
0 

I 
2(n+I) x21-2 

J dx2••· J dx21-1 
XJ 0 

I 
2(N+I) X2l-2 

1 
2(n+l) 

J x21dx21 
X2f-l 

1 
2(N+I) 

J dx2 ... J dx21-1 J X21dx21 

X2!-l XJ .Q 

(18) 

(19) 

C,n;eJiaeM B HHTerpaJie H3 npaBoil: qacTII {18) 3aMeHy nepeMeHHhlx, no- · 

naraa Yk = C~t~) Xk, r.n;e k = 1,2/. Tor.n;a B cnJiy {18) n {19) noJiyqaeM 

(HarroMHHM, •non= N + 2r): 

Pl < C ( N + l ) 21 
,r - N + 2r + 1 Pl,o, (20) 

r.n;e C = C1C21 > 0 He 3aBncnT OT r u_ l. Tenepb IJ3 {16) n (20) BhlTeRaeT, 

c y'-leToM Tom, '-ITO max Ian! < +oo {nocROJibRY oqeBn.n;Ho, 'ITO lim an = 0): 
n n~oo 

)

21 
oo N + l 

1$CJL(N+2r+l 
r=l 

r.n;e IIOCTOHHHaH C3 > 0 He 3aBHCllT OT r H /. Ho HCHO, 'ITO B 3TOM He

paBeHCTBe npaBaH qacTb CTpeMHTCH R HYJIIO npn / - oo, T. e. IIOJiyqaeM 

IIpOTIIBOpeque. TeM caMhlM, JieMMa 10 ,ll;ORa3aHa • 

Jlel\rna 11. Cucme.Ma rfiy'lt'x:V,uil {un(x)}, 2ae n?: 0- v,e.ioe, .iuueihw 
tte3aaucu.Ma a L2 (0, 1). 

.l(oRa3aTeJibCTBO. flpe.n;noJIOllillM npoTHBHoe. Tor.n;a UN = L anun 
n>N 

.D;JIJI HeRoToporo HOMepa N II R03<Jl<JlHQIIeHTOB an E R, r.n;e cxo.n;IIMOCTb pH.n;a 

IIOHIIMaeTCJI RaR cxo,n;HMOCTb B L2(0, 1 ). B CIIJIY JieMMhl 10 N He'IeTHo, 
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00 

cJie,n:oBaTeJihIIO, ~ llN+2r-1 UN+2r-1 = 0 B L2(0, 1 ), nocKOJihKY Kam.nan: TieT-
r=l 

nan: OTHOCIITeJihIIO TO'IKII X = ½ cpyIIKU:IIR II3 L2(0, 1) opToroHaJibHa Ka
m.n:ofi neTieTIIOll B L2(0, 1 ), a cpyIIKU:llll Un 'leTHhI OTHOCllTeJibHO 3TOll TO'IKll 
npII 'leTHhIX n n He'!eTHhI npII He'!eTHhIX n. CJie.ZJ;OBaTeJibHO, no JieMMe 10 
llN+2r-1 = 0 .ZJ;JIR Bcex naTypaJibHhIX r . .[(aJiee, cpyIIKU:IIR UN(x) JIII6o 'leTHa, 
JIII6o neTieTHa oTIIOCIITeJihIIO TO'IKII x = ¼ Ha oTpe3Ke [0, ½J- EcJIII oHa 
'leTHa Ha yKa3aHHOM 0Tpe3Ke OTHOCIITeJibHO yKa3annoil: TO'IKII, TO, nOBTOpRR 
paccym,n:eHIIR II3 ,n:oKa3aTeJihCTBa JieMMhI 10 ,n:JIR OTpe3Ka [0, ½J BMecTO [0, 1], 
npn,n:eM K npOTllBOpe'IIIIO. EcJIII me cpyHKU:llR UN( X) IIe'leTHa Ha 0Tpe3Ke 
[0, ½J OTHocnTeJihIIO TO'IKII x = ¼, TO npo,n:oJimnM 3TII paccym.n:ennR, pac
cMaTpIIBa.H 3TY cpyIIKU:llIO na oTpe3Ke [0, ¼l- Reno, TITO, paccym.n:an: TaKIIM 
o6pa30M, 3a HOHe'IIIOe 'lllCJIO rnaroB npII,n:eM K TOMY, 'ITO cpyHm:urn UN(x) 
neqeTna na oTpe3Kax [O, 2-kJ, r.n:e k = 0, m - l, OTHOCllTeJihIIO IIX cepe,n:nH 
n qeTna na oTpe3Ke [0, 2-mJ OTHocn:TeJihIIO ero cepe.n:nnhl. ITpnMeHRR ,n:aJiee 
paccym,n:eIIllR ll3 .ZJ;OHa3aTeJibCTBa JieMMhI 10, noJiy'IIIM npOTllBOpeqne. TeM 
caMhIM, JieMMa 11 .ZJ;OKa3aIIa. 

.[(oKameM TeopeMy 2. B cnJiy (13) llMeeM O < Ao < A1 < ... < An < .... 
BBe,n:eM cpyIIKU:IIIO V(>.,x), noJiaran: V(A,x) = 0, ecJin A:::; 0, V(>.n,x) = 
= J( u~ ( x)) ,n:JIR Kam.n:oro n = 0, 1, 2, ... n .n:oonpe,n:eJIRR ee JillHeil:Ho no >. II 
HenpepbIBIIO Ha llIITepBaJiaX 

(0, Ao), (Ao, A1), ... , (An-1, An), •·· 

,n:JIR Kam.n:oro x E [0, l]. OTieBn:,n:no, '!To, BBll.ZJ:Y JieMMhI 9, nocTpoenHaR 
cpyHKU:IIR V (A, x) y,n:oBJieTBopReT ycJIOBllIO (V), naphl (An, Un), r.n:e n 2: 0 
QeJioe, RBJIRIOTCR co6CTBeIIIIhIMll 3IIa'leIIllRMll II IIOpMIIpOBaIIIIhIMll co6cTBeII
IIhIMll cpynKQllRMll 3a,n:aqn (1 )-(2) C nocTpoeIIHhIM noTeHQllaJIOM, npn'IeM no 
JieMMe 11 ceMefi:CTBO cpyHKQIIfi { Un}n=0,1,2, ... JlllHe:iino IIe3aBIICIIMO B L2(0, 1 ). 
ITo TeopeMe 1 3TO ceMeficTBo RBJIReTCR 6a3ncoM npocTpancTBa L2(0, 1), II 
TeopeMa 2 ,n:oKa3ana. 

ITpnMep. ITpe.n:noJiomennR TeopeMhI 2 BhlnOJIHeHhI, nanpnMep, .ZJ;JIR 3a-
,n:aqn 

-u" + lulp-lu = Au, x E (0, 1), 

u(A, 0) = u(A, 1) = 0, 

IU 

I 

1 J u2(A, x)dx = 0, 
0 

r.n:e p 2'. 1- nocTORIIHa.H. 

IToJib3YRCh cJiyqaeM, aBTOp BhlpaJifaeT llCKpeIIHIOIO 6Jiaro.n:apHOCTh 'IJI.
KOpp. PAH, npocpeccopy C.l1. IToxomaeBy, KOTOphlfi: He pa3 OTMetiaJI Bam
HOCTh II CJiomnoCTh 3a,n:aq, O.ZJ;HOil: ll3 KOTOpbIX nocBmu:ena TeopeMa 2, 3a 
noJie3Hhle n npIIRTHhle ,n:IIcKyccIIII B cTeHax Ml1PAH HM. B.A. CTeKJIOBa, n 
npocpeccopy B.A. MeII1,epRKOBY, no coBeTy KOToporo aBTop Ha'laJI ll3yTiaTh 
CIIeKTpaJihHhle 3a,n:atIII ,n:JIR onepaTopa llhypMa - JlIIyBnJIJIR c noTenu:IIaJioM, 
3aBllCRIIl,llM OT cneKTpaJihHOro napaMeTpa. 
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