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I. IlocmaHoeKa 3aoattu 

B pa6oTe I I I H3JIO)KeH MeTO.IJ. qucneHHoro peweHHJI Ja

,IJ.aqu Ha C06CTBeHHble 3HaqeHHJI ,II.JIJI CHCTeMbl HHTerpo

.IJ.HciKI>epeH~HaJILHLIX ypaBHeHHH, B03HHKaiO~eH B TeOpHH JI,II.

pa, KOTOpbiH 6biJI DpHMeHeH K BblqHcJieHHIO ~OpM~aKTOpOB 
peaK~HH O.D.HOHYKJIOHHbiX nepe.n.aq c yqeToM npHH~Hna Day
JIB /21. 

MaTeMaTuqecKaJI nocTaHOBKa Ja.n.aqu, o6cy)K.n.aeMoi B 

,IJ.aHHOH pa6oTe, ~OpMyJIHpyeTCJI CJie,IJ.yiO~M o6pa30M. ~JIJI 
CHCTeMbl HHTerpo- ,II.H~~epeH~HaJILHbiX ypaBHeHHH 

(k) .... d 2 N 
c/J (,\, y(r))= -

2
-yk(r)+ I (Kk. (r)y. (r)+ 

d r j= I J J /1.1/ 

r 
+ JQk.(r,e)r.(0d0-Ay (r)=O, 

0 J J k 

0 ::;, r ::;, f , k = 1 , 2, ... , N , y k (0) = y k (f ) = 0 /1.2/ 

C ,II.ODOJIHHTeJibHbiM YCJIOBHeM HOpMHpOBKH 

N e 
cp(N+I)(A,y(r)) = l f y~ (r)dr-1 = 0 

j=I 0 J 
/1.3/ 

Tpe6yeTCJI BblqHCJIHTb. C06CTBeHHOe 3HaqeHHe ,\ H COOTBeT

CTByro~ee co6cTBeHHoe peweHHe y (r) = (yi ( r ), ... , y N (r )) 
llpe.IJ;nonaraeTcJI, qTo peweHue Ja.n.aqu /1.1/-/1.3/ c~ecT
ayeT 

* -·( ) .... * ( ) A=A , y r =Y r , /1.4/ 
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MaTpHua !Kkj(r) l CHMMeTpH'IeCKa.H,Qkj(r,.;)=Qkj((,r) 

H K03cilciiHUHeHTbi Kk/r) , Qkj ( r, () - Ja.I{aHHble,.I{oCTaTO'IHO 

rJia.I{KHe clJyHKUHH. 3a.I{a'la 11.11-11.3/ annpoKCHMHpyeT 

3a,I{a'ly ,I{JI.H CHCTeMbi HHTerpo- .I{HclJclJepeHUHaJihHbiX ypaBHeHHH 

illpe.I{HHrepa, 3a,I{aHH}'IO Ha fiOJIYOCH 0 S r <"" , npH'IeM BLI-

6op npaBOH rpaHHUbi C npH Bbi'IHCJieHHH KOHKpeTHOrO pewe

HH.H 11.41 MO)KeT 6biTh OCYJUeCTBJieH MeTO.I{OM npo6 B COOT

BeTCTBHH C 06JUHMH H.I{e.HMH MOHOrpaclJHH / 3 /. 

CooTHoweHH.H 11.11-11.31 npe.I{CTaBJI.HIOT HeJIHHeiiHoe 

clJyHKUHOHaJibHOe ypaBHeHHe 

¢(z) = 0, 

.... N 
z = (A' y ( r)) ~ R X L 2 [ 0, e ] = H' 11.51 

¢ ( z) = I ¢ ( k) ( z ) l ' k = 1 ' 2 ' ... ' N + 1 ; ¢ : H .... H X R . 

llpe.I{nonaraeTc.H, 'ITO A*- H30JIHpoaaHHoe npocToe co6-

CTBeHHoe 3Ha'leHHe, a KOMfiOHeHTbi y k (r) C06CTBeHHOH 

BeKTop-clJyHKUHH npHHa.I{Jie)KaT 6aHaxoay npocTpaHCTBY B 
c HOPMOH 

2 
!iy(r)ll =l maxly(n)(r)I+L, 

B n=O O<r<f Y 
-- (n) 

r,I{e L Y = inf ! KOHCTaHT JIHnwHua y (r) l. TaKHM o6pa3oM, 

z*=(A*,y*(r)) ~ R x BN =Z, npH'IeM BN= Y .llpH TaKHX 

npe.I{nOJIO)KeHH.Hx B pa6oTe /I I .I{OKaJaHa JIOKaJihHa.H cxo.I{H-

MOCTh HTepauHoHHoro npouecca 

¢ '(An,yn )(pn,V'n) =-¢(An, Yn)' 11.61 

.... .... .... 
Y n+l = Y n + r vn ' A I = ,\ +T 11 ' n+ n n 

11.71 

I ¢' - npOH3BO.I{Ha.H <l>pewe on epa Topa ¢ I, c Ja,I{aHHhiMH 

Ha'laJihHbiMH YCJIOBH.HMH A0 , Yo (r) B OKpeCTHOCTH HCKOMO

ro peWeHH.H, .HBJI.HIOJUerOC.H ,I{HCKpeTHhiM npe.I{CTaBJieHHeM 

HenpepbiBHOrO HhiOTOHOBCKOrO npouecca Ha OCHOBe MeTO,I{a 

3B:Jiepa C fiOCTO.HHHhiM WarOM HHTerpHpOBaHH.H T ( 0 <r ::;_ 1). 
Bae,I{.H onepaTophi 

4 

d 2 N N f 
D = p + . ! Kkj ( r) , S = . ! J Q k. ( r, ( )( • ) d ( , 

r J= I J= I o l 

G = D + S 

H OfiYCKa.H .I{JI.H KpaTKOCTH BeKTOpHWe 0603Ha'leHH.H, COOT

HOWeHHe 11.61-11.71 MO)KHO 3afiHCaTb B BH,I{e 

(D -A E) v + Sv =-(G -A E)y + /1
8

Y
8 

, n n n n n 

11.81 
2(y ,v )= -[(y ,y )-1], 

n n n n 

Yn+l =Yn+TVn' A 1 =A 
n+ n +TfLn· 11.91 

PeweHHe nepaoro ypaBHeHH.H CHCTeMbi 11.81 MO)KHO npe,I{

CTaBHTh KaK CYMMY 

'Vn = -y n + 11 n U n , 

r ,I{e Un H /ln HaXO.I{.HTC.H H3 CHCTeMbi 

( G- ,\n E) u n = Y n ' 

(yn ,yn) +1 
11 = 

0 2(y ,u ) 
n n 

11.101 

11.111 

, I< )-I -I !41 
llOCKOJihKY npH 1\n .... A*' I G-AllE II= IAn-A* I ' B03HH-

KaeT BOnpoc 0 B03MO)KHOH fiOTepe TO'IHOCTH npH Bbi'IHCJie

HH.HX C fiOMOIUhiO COOTHOWeHHH 11.111. B pa6oTe/l/ fiOKa-

3aHO, 'ITO onepaTop ' l ( G- An E) V - 11 Y n ~-¢ (,\,yn)(11,V)= 

2(yn,v} 

HMeeT paBHOMepHO orpaHH'IeHHbiH o6paTHhiH onepaTop B OK

peCTHOCTH peweHH.H (A*, y * ). 3ro 03Ha'laeT, 'ITO a uenoM 

npouecc 11.81-11.91 KOppeKTeH. B n.2 ,I{aHHOH pa60Tbi 3TOT 

npouecc, a TaK)Ke ero MO,I{HclJHKaUH.H C fiOMOJUhiO .I{OfiOJIHH

TeJihHOH HOpMHpOBKH BO;IHOBOH BeKTop-clJyHKUHH Ha KIDK.I{OM 
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mare 6y,nyT uccne.nosaHbl 6onee ,neTaJILHO. 3aMeTHM, qTo 
DOXO)I(He BOllpOCbl, CBJI3aHHble C pemeHHeM "BblpO)I(_naJO
I..QHXCJI" ypaBHeHHH, paCCMOTpeHbl B pa6oTe /S/. 

llpu qucneHHoii peaJIH3aUHH npouecca 11.111, 11.101, 
I 1. 91 Ha ocHoBe MeTo.n;a KoHeqHblx pa3HOCTeii pemeHHe Ha 
Ka)l(,nOM mare Kpaesoii 3a.n;aqu .n;nJI cucTeMbl HHTerpo
.nucWlepeHUHaJILHLix ypaBHeHHH CBJI3aHO C o6pa}UeHHeM MaT
PHU BLICOKoro nopJI,nKa. 

B pa6oTe
111 

npe,nJio)l(eHa H peaJIH3oBaHa Mo,nH~HKaUHJI 
npouecca I 1.81, I 1. 91, B KoTopoii HHTerpanLHblH qneH 
S V n 3aMeHJieTCJI Ha S Vn-l, BbJqHCJIJieMblH Ha npe,nbi,nyJUeM 
mare. 3TO DpHBO,nHT K TOMy, qTo B MO,nH~HUHPOBaHHOMnpo
uecce 

(0-AnE)vn=- [(G-AnE)yn + Svn-1] +JlYn , 

I 1.121 
2(y ,v )= -[(y ,y )-1] n n n n 

Ha Ka)l(,nOM mare Heo6xo,nHMo pemaTb KpaesyiO 3a_naqy .ZJ;JIJI 
cucTeMbl .nu~~epeHUHaJILHblX ypasHeHuii. B pe3yJibTaTe 
npuxo,nHTCJI onepuposaTb c MaTpuuaMH Tpex.n;uaroHaJILHoii 
CTPYKTypbl, a DOHCK pemeHHH :noil 3a.n;aqH MO)I(HO OCYIUeCT
BHTb C DOMOIUbiO MeTo,na nporoHKH. B n. 3 HaCTOJIIUeH pa-
60Tbl paccMoTpeHbl noKaJILHble ycnoBHJI cxo,nHMOCTH npo
uecca 11.121. 

2. HeKomopble oco6eHHocmu peaAu3ai.IUU 
6bi'IUCAUifleAbHbiX npOI.IeCC06 

PacCMOTPHM HTepaUHOHHblH npouecc 11.111, 11.101, 
11.91 npH YCJIOBHH, qTo OH CXO,nHTCJI, TO eCTb 

Yn->y*,A -.A* n npH n ... oo , II y * II = 1 . 

fipH HCDOJib30BaHHH paCCMaTpHBaeMblX COOTHOmeHHH B03HH
KaeT Bonpoc 0 B03M0)1(HOH llOTepe TOqHOCTH npH BblqHCJie
HHJIX, nocKOJILKY B nepBoM ypasHeHHH cHcTeMbl I 1.11 
senuqHHa II ( G -An E)'- 111= IA*-t\ I-1HeorpanHqeHHO Bo3pacTaeT. 
O,nnaKo, nocKOJILKY npaaaJI qacTL 3Toro ypasHeHHJI Yn 
6JIH3Ka K y * MO)I(HO DOKa3aTb, CJie.ZJ;yJI H.n;eJIM pa60Tbl/5/ , , 

6 

qTo ,naHHaJI. BbJqHCJIHTeJILHaJI npoue,nypa npH npaBHJibHOH 
opraHH3aUHH BbJqHCJieHHH He npHBO,nHT K 60JihmOH DOTepe 
3HaKOB. 

06o3HaquM qepe3 Hy* opToroHaJILHoe .n;ononHeHHe 
:)JieMeHTa y* B Y. llpe,ncTaBHM 3JieMeHTbl y n H Un B nepBOM 
ypasHeHHH cucTeMbl I 1.111 B su.ne pa3JIO)I(eHHii 

y =a y* +Z n n n 

u =b y*+g n n n ' 

z ,g ~H *. n n y 12.11 

Onpe,neJIHM KOMDOHeHTbl bn H g n, ,nJIJI qero DO,nCTaBHM Bbl
pa)l(eHHe 12.11 B paccMaTpusaeMoe ypasHeHHe: 

( G- A E)( b y* + g ) =a y * + z . n n n n n 

HJIH 

( G- A *E ) g + (A * -A )( b y * + g ) = a y * + z . 
n n n n n n 

fiocne,nHee COOTHomeHHe paBHOCHJibHO CJie,nyiOJUHM ,nByM: 

(G- A E)g = z • 
n n n 

12.21 

( A * - An ) b n y * = a n Y * · 

06o3HaquM onepaTop G, paccMaTpusaeMblH ua DG n Hy*•qe
pe3 G*. Tor.na 

b = 
n 

an -I 
g =(G*-A E) z n n n 12.31 

A* -A n 

H ,nJIJI un nonyqHM cne,nyroiUee Bblpa)l(eHHe: 

a -1 
u = __ _p_ y* +(G* -A E) z 

n A* -A n n 
12.41 

n 

B 3TOM cooTnomeHHH onepaTop G * -A"E He 6JIH30K K oco-
6eHHOMy. EcnH o6o3uaqHTb qepe3 SpG cneKTp onepaTopa 

G, To seJIHqHua < 
n 

inf I A -An I 
A r;.. SpG"-A* 

6y,neT 6oJibmoii no 
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cpaBHeHHIO c IAn -A* I, ITOCKOnhKY A*-H30nHpOBaHHa.R Toq
Ka CITeKTpa. fipH 3TOM HMeeT MeCTO COOTHOUieHHe / 4 / 

-1 I -I 
II C G * -;\E ) I ~ = f; .5 ( 0 

y* 
/2.5/ 

TaKHM o6pa3oM, noTep.s: TO"'HOCTH B03MO)I(Ha nHUih npu 
Bhi1.JHCneHHH CKan.s:pHOH BenH1.JHHhl bn B COOTHOUieHH.IIX /2.3/. 

Bae,IJ;eM o6o3Ha1.JeHH.R 

c =a 2 +(A*-A )(z ,(G*-A E)-I z ), n n n n n n 
/2.6/ 

d = a2 + II z 112· n n n 

Tor,IJ;a oqepe,IJ;Hoii Uiar paccMaTpuaaeMoro HTepauuoHHoro 
npouecca ocy~ecTan.s:eTc.s: cor nacHo cne,IJ;YJOLQHM l!lopMynaM: 

r,IJ;e 

-I 
II = (A* -A ) d c ' r n n n n 

-I 
A I=A +r(A*-A )d c, n+ n n n n 

y -a y* +Z n+I- n+I n +I ' 

-I 
a +I =a (1-r +rd c ), n n . n n 

z I=[(1-r)E +r(A*-A )d c-I(G*-A E)-I]z . 
n+ n n n n n 

/2.7/ 

/2.8/ 

3aMeTHM, "'TO B 6nH3KOH OKpeCTHOCTH HCKOMOrO peUieHH.II 
HTepaUHOHHhiH npouecc peanHJyeTC.II C UiarOMT= 1, IT03TOMY 
BOITpOC 0 ITOTepe T01.JHOCTH paCCMOTPHM npH 3TOM 3Ha1.JeHHH 
Uiara. Tor,IJ;a 

8 

-I 
an+I =an dn en 

-I -I 
z I=(A*-A )d c ( G* -A E) zn. n+ n n n n 

JlerKO 3aMeTHTh, "'TO BenH"'HHa an C pOCTOM n He y6hiBa-
eT, a H3 ITOCJle,IJ;Hero COOTHOUieHH.II H /2.5/ cne,IJ;yeT 

llzn+III=IA*-An 10(1). 

II zn II 

3To 03Ha"'aeT, "'TO B nocne,IJ;oBaTenhHhiX npu6niDKeHu.s:x 
K C06CTBeHHOMY BeKTOpy KOMITOHeHTa, OpTOrOHanhHa.R HC
KOMOMY peUieHHJO, y6hiBaeT, Tor,IJ;a xax npoeKD;H.s: Ha y * He 
y6hlaaeT. llocxonhxy K03~HUHeHThl an+I onpe,IJ;en.s:JOTC.s: 
~!lop My noB: 

a -" b n+I - rn n ' 

a HCT01.JHHKOM norpeUIHOCTH .IIBn.ReTC.II BenH"'HHa b n, ,IJ;aHHa.R 
B /2.3/, npuae,IJ;eHHhle paccy)K,IJ;eHu.s: noKa3hiBaJOT, "'TO no
Tep.s: TO"'HOCTH B onpe,D;eneHHH BenH"'HHhl an+I npHBO,ll;HT 

"' nHillh K ,IJ;el!lopMaUH.IIM npoeKUHH y n+I Ha y , OCTaBn.ll.ll 
HOPMY 3TOH npoeKUHH nop.s:,D;xa 0(1). TaKHM o6pa30M, cxo
,IJ;HMOCTh ,IJ;aHHoro npouecca 03Ha1.JaeT CTpeMneHHe K HYnJO 
xoMnoHeHThl nocne,IJ;oaa TenhHhiX npu6niDKeHHH, opToroHanh
HOB HCKOMOMY peUieHHJO, H Hey6hiBaHHIO npoeKD;HH Ha Co6-
CTBeHHhiH BeKTOp, KOTOpYJO ,IJ;OCTaT01.JHO 3HaTh C T01.JHOCThiO 
,IJ;o cKan.s:pa. 

B pa6oTe /I/ B HTepauuoHHhiH npouecc 6hma BBe,IJ;eHa 
,IJ;ononHHTenhHa.s: HOPMHPOBKa 3neMeHTa Yn, "'TO, cy,IJ;.s: no 
Bhi"'HcneHH.RM, npuaeno K ycKopeHHJO cxo,IJ;HMOCTH npouecca. 
fi03TOMY paCCMOTpHM HTepaUHH, onpe,IJ;eneHHhie cne,IJ;yiO~HMH 
l!lopMynaMH: 

( G - An E) U n = Y n ' 

T 
y = (1- r ) y + ----- un 
n+I n (y , u ) 

n n 

An+ I =An 
r 

+ ----, 
(yn ,un) 

/2.9/ 

-
Yn+I 

~±L. 
II Y n+I II 
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IlpH 3TOM B COOTHOWeHHHX /2.6/dn = 1, a en :S. 1, llOCKOJihKy 
(A*-..\ )E-I _. 0 npu A*-..\n-> 0 u B cuny oueHKH /2.5/. 
)J,anee~ u; Bbipa:>Keuuii /2.7 I, /2.8/ uaxo,n;HM II y 

1 
II: 

• nt 

- 2 I 2 2 
IIY 1 II =0 -r +T e- ) a + 11(1-r)z + n+ n n n 

-1 -I 2 
+rCA*-An )en (G* .....\nE) znll . 

HopMupyeM y nt 1 H noKa:>KeM, 'ITO a n+l >an 
IloCKOJibKY 

u Pima 
n--l- oo 

n 
1 . 

-I 2 -2 2 
II(G*-..\nE) znll :S fo II Zn II' 

2 2 
a II zn II = 1- an H en ::; 1, nony'IHM ,IJ;JIH anti CJie,IJ;YJOII.\YIO 
oueuKy: 

a2 
n+l 

2 -1 2 
a (1-r +T e ) 

= .,...Jl. n 

II y I 11
2 

n+ 

-> 

2(1 -1)2 a - r +T e 
> n n ~--= 
- a20-r+e-1)2 +11Cl-r)E+C- 1r(A*-..\XG*-..\ E}111 2(1-a2 ) n n n n n 

-I -I 2 ( 2 
= 1 - 11(1-r) E +en r(A*-..\n)(G*-..\nE) II 1-an) > 

a
2 

(1-r +re-I )2+ II (1- r)E +e-1 r (..\ *...,\ )(G *-A E)- 111~1-a2 )-

>1-

n n n n n n 

(1 -I -1 )2 
-r+r en lA *-..\n I f0_.:....---

2 . 
a2 +(1-r-re-1 1..\*-..\ lf-l) (1-a2 ) n n n 0 n 

2 
(1- a ). 

n 

0KOH'IaTeJibHO llOJiyqaeM HepaBeHCTBO 

-I 2 
(1-r+r(enEo) IA*-Anl) 

a2 
n 

)J,anee, HMeeM 

10 

2 
(1 - a! ) ?: 1 -an+ I . /2.10/ 

"I 

' 

1 , 

An+I·=An+ 
a 2 + (z 

n n 

r(A*-An) 
----
,(G*-..\ E)-I z )(A *-An) 

n n 

u, cne,n;onaTeJibHO, 

..\*-A 1=(..\*-..\ )(1-
n+ n a2 

n 

T 
)·/2.11/ 

1-(zn ,(G" -AnE)- 1 zn)(A*-~) 

0603Ha'IHM BeJIH'IHHY B llOCJie,n;HHX CK06KaX COOTHOWeHHH 
,/2.11/ '1epe3 y n , TOr,n;a 

r 
I y I~ 11 - --------------1 · 

II . - 2 I ..\ .[ -A I - I ( 1 - 2 ) an ~ "'(0 a .. 
IlyCTb Tenepb BeJIH'IHHbl A (I H a O , xapaKTepH3YIOII.\He Ha
qaJILHoe npu6nu:>Keuue HTepauuouuoro npouecca/2.9/, Ta
KOBbi, 'ITO 

(~ 1 
IA*-A 0 1< 1, /2.12/ 

-1 2 -1 2 -11 
1 - r +T E o I ..\ *- ..\ o I ( a o - E o _I_A _* --A-"o,_l_(_1-_a.....:O"-)_)- - 1 - -qo< . 

a2 
0 

/2.13/ 

.JaMeTHM, 'ITO nocne,n;uee B~pa:>KeHue npe,n;cTaBJIBeT oueu
KY Ko3cWJuuueuTa npu ( 1- a2 ) B 4JopMyne /2.10/, ecnu 

n 
yqeCTb, 'ITO 

e > a2 -1..\*-A IE-I (1-a2 ). n- n n 0 n 

Tenepb H3 /2.10/ cne,n;yeT, 'ITO a~ >a~ A nocKOJihKY 
IYoi.S l1-r(1+w)l npu BblllOJIHeHHH /2.12/, npH'IeM rv>O 

MO:>KeT 6~Tb ,IJ;OCTaTO'IHO MaJia, TO H3 /2.11/ CJie,n;yeT, 'ITO 

lA * -..\ 1 I :S. y
0 

lA *-..\0 I < I A*- ..\ 0 I · 

JlerKO 3aMeTHT~, 'ITO COOTHOWeHHH /2.12/, /2.13/ 
6y,n;yT cnpaoe,n;JIHBbi u npu ocex nocne.nYIOII.UIX uTepauuHx. 
Il03TOMY ,IJ;JIH BCeX n HMeeT MeCTO 

I Y n I :S 11 - r (1 + w ) I . 

TaKHM o6pa3oM, cnpaoe,n;nHBLI oueuKH 
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1-a2 < qn (1-a2o ), 
D - 0 

D 

I..\*- ..\n I s. I 1- r < 1 + w) I I ,\ *-..\o I · 

0TCIO.IJ.a CITe.IJ.yeT CXO.IJ.HMOCTL flOCITe.IJ.OBaTerrLHLIX HTepa

UHB /2.9/, flOCKOITLKY 
2 2 2 ) 

lly*-any* -znll =(1-an) +1-an =2(1-an 

H an> 0. 
3aMeTHM, 'ITO BOnpoc 0 TO'IHOCTH BLI'IHCrreHHii npH pea

ITH3aUHH .IJ.aHHOrO npouecca MO)I(HO paCCMOTpeTL C no

MOIULIO paCCY)I(.IJ.eHHH, auarrorH'IHLIX npHBe.IJ.eHHLIM BLIWe. 

0.IJ.HaKO B 3TOM crryqae MO)I(HO OUeHHTL BeiTH'IHHY norpew

HOCTH 3a O.IJ.HH war. ,lJ;rr.a: npOCTOTLI orpaHH'IHMC.H r = 1 . 
llyCTL 

y =(a+~ )y*+Z 'liz 112 +a2 =1. n n n n n n 
2 

AuarrorH'IHO TOMY' KaK BLI'IHCrr.a:rraCL BerrH'IHHa a n+I ' MO)I(-

HO onpe.IJ.errHTL 

2 
(an+I+~n+I) = 

2 -2 
( an +~ n ) ( c n + ~ c n ) 

( )2( -2 ( 2 -~ )-I 112 . an+~n cn-t-l\cn) + ,\*-,\n) (cn+~Cn) II( G*-..\nE zn 

,lJ;arree, BLinOITHHM CITe.IJ.YJOIUHe OUeHKH: 

12 

2 
a 2 n 

la;+I -(an+I +~n+I) I.SI a2+(..\*-,\ )II(G*-..\nE)-Iznll2 

2 
(an +~n) 

n n 

2 -I 2 
(an+~n) +(A*-..\n)II(G*-..\nE) znll 

I~ 

< ( ,\ * -..\n)2 I a! II (G*-\ E)-I zn112 -(an +~)211 ( G *-\E) -lznJd.= 

a2 (a +~ )2 
n n n 

(..\*-..\n)211(G*-..\nE)-I zn112(2an+~n)1~n I 

a2 (a + ~ ) 2 
n n n 

TaKHM o6pa3oM, 2 -I 
(,\ *-.\ ) II (G* -..\ E) 

1 < n n . 
- a2 (a + ~ ) 2 

2 

zn11(2a +~~I· 
n n n (2an+I +L1n+I )lt1n+I 

n n n 

Y'IHTLIBa.a:, 'ITO npaaa.a: qacTL nocrre.IJ.Hero uepaaeHCTBa 

Marra no cpaBHeHHIO C e.IJ.HHHUeii, norry'IHM OKOH'IaTerrLHYIO 

OI.J,eHKY 

l~n+II~(A*-,\n )2 f~2 (1-a! )l~n 1[1+0((..\*-,\n )
2

)], 

KOTOpa.a: 03Ha'laeT, 'ITO OWH6Ka npH onpe.IJ.eiTeHHH BeiTH'IHHLI 

an Ha CITe.IJ.YIOIUeM ware 6LICTpO y6LIBaeT. 

EcTecTBeHHO, 'ITO ace 3TH paccy)I(.IJ.eHH.a: cnpaBe.IJ.ITHBLI 

TOITLKO npH YCITOBHH, 'ITO BLI'IHCITeHH.H Be.IJ.yTC.H C BLICOKOH 

TO'IHOCTLIO. 

3. 0 /IOKQ/lb1WU CXOOUMOC1flU npO!leCca /1.12/ 

llpeo6pa3yeM /1.12/ K 6onee Y.IJ.06HoMy BH.D.Y· Onpe.IJ.e

ITHM onepaTop S ~~ H---H l TaK, 'ITO S(..\,y)=(O,Sy) . .Hcuo, 

'ITO II S II= II S II . Y'IHTLIBa.a:, 'ITO B oKpecTHOCTH peweuu.a: 

z * = (,\ *, y *) cyl.l.l,eCTByeT ¢ '(z n )-;I r.IJ.e zn =(An ,y n ), nony

'IHM 

I -I- I -I 
r- (z I-z )-¢'(z) Sr- (z -z )=-¢'(z) (¢(z )+ 

n+ n n n+I n n n 

+ s,-I (z n -zn-I )). /3.1/ 

-I- -I -I 
(zn+I -zn )=-[E-¢ '(zn) S] (¢'(zn) ¢(zn )r + 

-I-
+¢ '(zn) S (zn -zn-1 )). 

13 



06paTHMOCTb onepaTopa E- cp '(zn )-I S B HeKoTopoii oxpecT
HOCTH z* .JIBn.JJ:eTC.JI HeOfiXO~HMbiM ycnOBJfeM OCy~eCTBHMO
CTH npouecca 11.121. 

llpouecc 13.11 HMeeT BH~ 

z I=F(z,z I), n+ n n- 13.21 

r~e aenaaeiiHbiB onepaTop F:HxH-> H aenpepbiBHO~a<ll<llepea
uapyeM llO OfiOHM apryMeHTaM B OKpeCTHOCTH Z *, ecna 
cp (z) ~Ba:>K~bl HenpepbiBHO ~H<il<ilepeHUHPYeM B 3TOB OKpeCTHO
CTH. EcnH B wape sz*,r onepaTop f(.,.) HenpepbiBHO 

~a<W!epeHuapyeM no o6oaM apryMeHTaM a F (z *, z *) = z * 
TO B S * 13.21 MO:>KHO npe~CTaBBTb B BB~e 

z , r 

z n+I -z* = F i(z*,z*)(zn-z*) + Fi(z*,z*)(zn_cz*) + 

+ 'V(zn,zn-1) 

13.31 
II'V(zn ,zn-I )ll:;;.cl(zn,zn-I )llzn-z*ll + 

+C2(zn ,zn-I )llzn-I -z*ll' 

eim c . ( z , z I ) = 0, i = 1 , 2 . 
z --+ z'* n n-

i 

3~ecL FI'(.,.) B F2'(.,.) ecTL npoB3BO~Hble oTF noco-
OTBeTCTBYJOIUBM apryMeHTaM. 

)J.anee, B npoB3BOnLHOM B-npocTpaHCTBe H paccMoT
PBM BTepauuoHHhlii npouecc npu 3a~aHHbiX y0 , y ~ H: 

I 

y I = A y + By I +<I> (y 'y I ) ' n+ n n- n n-
13.41 

r~e A B B nuHeiiHble orpaHB'IeHHble onepaTopbi B3 H B H , 
a <I> - HenBHeiiHbiB onepaTop, <I>: H x H _. H. IlycTL B wape 
II y. II< r , i = 1,2 <I> o6na~aeT caoiicTBOM 

I -

!i<l>(yn,yn-I )II:SqiiiYnll+q211Yn-l II· 13.51 

14 

Hap.JI~Y -c npoueccoM 13.41, paccMoTpBM B H npouecc 

u 1 =Au +Bu I n+ n n- u 0 , u I - 3a~aHLI. 13.61 

llycTL A B B TaKOBbi, 'ITO cy~ecTBYJOT M , f , 0< £< 1 , 
Taxue, 'ITO ~n.JI nJOfihlx u 0 , ui ~ H BMeeT MecTo 

llun II <;.Mfn (!lu
0

1! + l!u I II)· 13.71 

3aMeTBM, 'ITO 13.7 I 03Ha'laeT cxo~BMOCTL K HYnJO nocne-
~oBaTenLHOCTB U • 

n 
Cnpaae~nuaa cne~YJO~a.JI TeopeMa o noxanLHoii cxo-

~BMOCTB npouecca 13.41 K HynJO. 

Teo p eM a. llycTb BLmonHeHo caoiicTBO 13.7 1. Tor~a 
~n.JI nJ06biX M 1 , f I , y~oaneTBOp.JIJOIUBX ycnoBH.JIM M 1 > M , 
f < f I< 1, CyiUeCTBYJOT ~OCTaTO'IHO ManLie q I , q 2> 0, Ta
KHe, 'ITO ecnH HepaBeHCTBO 13.51 BblllOnH.JJ:eTC.JI C 3THMH 

q I ' q 2 H 

r 
max (II Yo II, II Y 1 II Ls 8 = -----------

2 M 1 max (1 , c 
1 
M ) 

TO ~n.JI npouecca 13.41 6y~eT cnpaae~naaa oueHKa 

I I Y n II :::; 2 M I f ~ max (II y 0 I !, II y 1 II ) max (1 ; f 1 M ) . 

)J.oKa3aTenbCTBO 3TOB TeopeMbi OCHOBbiBaeTC.JI Ha H~e
.JIX, HCllOnb30BaHHbiX B / 6 / npH ~OKa3aTenbCTBe aHanoruq
HOB TeopeMbl o6 ycTOB'IBBOCTH HenHHeiiHbiX ~n<ll<llepeHuHanb
HbiX ypaaaeHHii B B - npocTpaHCTBax. 

Bo3apaTHMC.JI K npoueccy 13.11. 3TOT npouecc no
xanLHO CXO~HTC.JI, ecnB noKanbHO CXO~BTC.JI 13.31. 0 no
KanbHOB CXO~HMOCTH 13.31 MO:>KHO 3aKnJO'IHTb Ha OCHOBa
HHH cclJopMynupoaaaaoii TeopeMhi, ecnu 3TOT npouecc y~oB
neTBOpJleT ee ycnOBB.JIM. llpe:>K~e BCero 3aMeTBM, 'ITO 
KOHCTaHTbi q I = C I(z n'Z n-I) B q 2 = C 2 ( Z n ,zn-l),ynoMBHaBWBe
CH B TeopeMe, MO:>KHO C~enaTb CKOnL-yrO~HO ManbiMB B 
TeM CaMbiM y~OBneTBOpBTb O~HOMY B3 ycnOBBB TeopeMbl. 
Tenepb paccMoTpBM ycnoBB.JI cxo~BMOCTB nuaeapu3oBaH
aoro npouecca, BMe.JI B BB~Y y~oaneTBOPBTb ycnoBBJO 13.7 I. 

0603Ha'IBM Wn = z n -z*. Bbi'IBCnBM npOB3BO~YJO cl>pe
we npaaoii qacTB 13.11 B TO 'IKe w = 0. 
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IIOCI<OJihi<Y 

[ ¢ ' ( z ) -
1 

¢ ( z)] ' ( z * ) = [ E + [ ¢ ,- ~ z * ) ] ' ¢ ( z * ) ] = E , . 
TO ~JIS JIHHeapH30BaHHOrO ypaBHeHHS llOJiyqHM BWp~eHHe 

u 1 - u =-[E-¢ '(z*)S]-1 (ru +¢ '(z*)-1 S(u -u ,)). n+ n n n--t. 

IlpH 3TOM HCllOJih30BaJIHCh CJie~yiOII.{Be BWp~eHHS: 

d -1 -d- [ ¢ ' (z ) S ( z - z 1) ]( z *, u ) = z n n n- n 
n 

=¢'(z*f1Sun +[¢'(zj-1]'S(zn-zn-1'un)lz =z ==z* 
n n-1 

'( *)-1 s-= ¢ z u
0 

, 

d -1 -
---[¢'(zn) S(zn-zn-1)]1z =z =z*un-1 
dzn-1 n n-1 

'( *)-1-s =-¢ z un-1 

'( )-1 - -1 Ilonaras ~anee ¢ z* S= U ,(E-U) =T, nonyqHM 

-1 
u + 1 -u =-[E-U] ((rE +U)u - Uu 

1 
) = n n n n-

=[E-U] -
1 

(-(E-U)u +(E-U)u 1 + 
n n-

-1 
+(l+r)un-un-l) =Un-un_r[E-U] ((l+r)u

0
-

-un_1 )= (T-E)un-l-(l+r)Tun +Un 

u +1 = (E-T)(u -u 1 )+u -rTu = (2E-T-rT)u n n n- n n n 

-(E-T)un-1 · 

Ilonaras E- T =A, oi<oHqaTeJihHO nonyqaeM 

u 1=((1-r)E +(l+r)A)u -Au 
1

. 
n+ n n- /3.8/ 
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Haii~eM · orpaHHqeHHJI Ha onepaTop A, npH I<OTOphlx npou;ecc 
/3.8/ y~oaneTaopxeT ycnoamo /3.7 I . 

IlpH Hei<oTophlx ycnoBHJIX, o I<OTOphlx 6y~eT cJ<a3aHo 
HIDKe, o6IIJ;ee perneHHe /3.8/ HMeeT a~ 

c;-D c;-0 
0 n = l91 e1 + l92 e2, /3.9/ 

r~e onepaTophl &, 
1

, & 2 onpe~enxiOTCJI paaeHCTBOM __ 

,s1 2 = Q_~~+(l+r) ~ ± v ii!.=.rJE. + (1 +r)A_i_ -A, 
, 2 4 

a 3JieMeHThl e1 H e 2 eCTh perneHHJI CHCTeMhl 

el+e2=uo 
/3.10/ 

&,1 e1 + &,2e2 =U1 · 

TaKHM o6pa3oM, clJopMyna /3.9/ HMeeT MecTo, no KpaiiHeii 
Mepe, KOr~a ((1- r)E + (l+r)A)2 -4A ~0, H CHCTeMa /3.10/ 
pa3pernHMa ~JIJI acex u

0 
,u 1 TO ecTh onepaTop& 1-&, 2 o6-

paTHM. ,ll,nx BhlllOJIHHMOCTH /3.7 I ~ocTaToqHo , qTo6hi 

11(:~1211<1. 
Hccne~yeM, Kor~a BhlllOJIHSIOTCJI TPH nepeqHcneHHhle 

YCJIOBHJI. 

1/((1-r)E +(1+r)A) 2 -4A~O, OTCIO~a HMeeM A$.( 
1
-'fE, 

1+r 

A?. E, H npH JTOM & 1 ,' &, 2 cyiiJ;eCTBYIOT. 
2/- E < &, 1 < E ; 3TO HepaaeHCTBO BhlllOJIHJleTCJI npH 

-E<A<E. 
- E < &, < E, OTKy~a nonyqaeM - ( .1...::!:..._) E < A < E. 

2 2 +T 

06be~HHJIJI 1/ H 2/, nonyqHM, qTo npH- (~)E<A<( 1 -
7

)

2
E 

1 +T 1 +r 

BhlllOJIHeHo II & II< i, Tai< KaK 2=.!:.._ > ( -l=L). 
1,2 2+r 1 +T 

nanee &, -& = y'((l-r)E+(l+r)A) 2-4A>f3E, f3 > 0, 
...... '1 2 -

e CJIH II A II< ( .!_=-' - )~ nocKOJihKY KopeHh H3 noJIO)I(HTen~oHoro 
1 + T 
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onepaTopa ecTL o6paTHMhli onepaTop 171 . liTaK, ecnu 

1 - 2 II A II< ( __ r -),TO npouecc /3.8/ y~osneTBOpJieT ycnosmo 
1 +T 

/3.7/ H ITOJTOMY HTepaUHH /3.1/ noKanhHO CXO,IJ,JITCJI B CHny 
TeopeMial. fiOCKOnbKY cnpaBe~nHBO COOTHOWeHHe 

E-(E-U)-1 = -U(E-U)- 1
, 

TO OKOH'IaTenhHOe ycnOBHe CXO~HMOCTH TaKOBO: 

1- -1- -1 1 - r 2 II¢ ' (z *)- s ( E- ¢ ' ( z *) s) II< < --). 
1+r 

Bu~uo, 'ITO JTOMY ycnoBHffi MO~Ho y~oaneTBOpHTh Ja 
c'leT ManocTH HHTerpanLuoro onepaTopa. B qacTuocTH, 

f 1 - r 2 

JTO ycnosHe swnonuJieTCJI, ecnH II U II< -- , f '"' ( ----) • 

1+( 1+' 

YMeHLWeuue wara r Ta~e ynyqwaeT cxo~HMOCTb npo
uecca. llpaKTH'IeCKHe pac'leTw 1L 21 noKaJLIBaJOT, 'ITO npH
ae~euuwe orpauu'leHHJI MoryT 51a1Tb ocna6neuw. 

AsTopw swpa~aJOT 6naro~apHOCTb A.A.A6paMoBy Ja 
none 3Hble o6cy~~eHHJI. 
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