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B .M.Jle6e~eHKO 

Q (k, G)-AJirEBPAX 



B TeopeTHlleCKOH qm3HKe,BCTpel!aIOTCSI anre6pb1 C KOMIIaKTHhIMH H H3Sim;
HhIMH cooTH0IIIeHHSIMH, KOTOphle MM Ha3oBeM (k, G)-anre6paMH (orrpeAe.neHHe 
AaHo B pa3AeJie 2). HaH6oJiee H3BeCTHhIMH cpeAH HHX SIBJISIIOTCSI anre6phl JIH 
rpyrrnhl S0(3) H rpynnhl Jlopem~a, anre6pa reii3eH6epra, KOHq>opMHaSI anre6-
pa, cynepanre6pa s/(2) H anre6phl KnHq>q>opAa, 

B HaCT0Sim;eii pa6oTe 6yAyT paccMOTpeHhl 0TAeJibHhle ceMeiiCTBa (k, G)-an
re6p. Pa6orn HOCHT o63opHhlii xapaKTep H B TO )Ke BpeMSI coAep)KHT PSIA 
0pHrHHaJibHhIX pe3yJibTaT0B, Il0JiyqeHHhIX aBT0P0M. 

2. O6o3HalleHHSI H TepMHH0JI0rHSI 

Mbl Il0Jlb3yeMCSI o6m;errpHHSIThIMH B' anre6pe o6o3HalleHHSIMH H TCpMHHO-
Jiorneii .(CM. [1], [2), [3], [4]). · 

B qacTH0CTH, rpyrrnOHAOM 6yAeM Ha3hIBaTb MH0)KeCTB0 C OAHOH 6HHapHOH 
onepan;Heii (CM. [3 ], CTp.15). OTMeTHM, l!T0 (A) ((a)) 6yAeT 03HallaTb JIHHeH
HYIO 060JI01IKY MH0)KeCTBa A (sJieMeHTa a). 

OnpeAeJieHHe: IlycTb L-anre6pa HaA noJieM K BHAa 

L .;_ $ ( xa ), 
-,.," aEG ., , 

rAe G - 11eK0Tophlii.~6e.neB rpyrrrroHA (B qacTH0CTH, rpyrrna) H 

xa ~ x/1 = k(a, /3)xti + /1' 

k(a, /3) EK, a,/3, a+ /3 E G 

(3AeCb «•» -'- 3H.aK ~YJibTHIIJIHKaTHBHoii orrepan;HH BL, B 1IaCT11o~H, « [, ]>>). B 
.3T0M CJiyqae 6yAeM' Ha3hIBaTb L (k, G)-anre6pou:, a (KaHOHHlleCKHH) 6a3HC 

. {xa}a.E G ~(k, ~)-6a3~~?Man_re6p~L. . ,,, .. , 

PaccMOTpHM npHMephl (k, G)-anre6p •. 
I> KoHq>OpMHaSI anre6pa, onpeAeJISieMa.sI C00TH0IIIeHHSIMH 



OHa COAep)KHT IIOA<1Jire6py, orrpeAeJI.sieMyIO TeMH )Ke COOTHOIIIeHH.sIMH, HO npH 

m, n E N(G = N)*. 
2) AJ:Ire6pa JIH rpynrrhl SO(3). 

ECJIH o6o3HatmTb x = a , y = ap, z = a , rAe {x, y, z} - ee KaHO.HHl!eCKHH 
a r ·.·' . 

6a3HC, TO Ha MHO)KeCTBe G = {a, /3, Y} MO)KHO BBeCTH 6HHapHyIO onepaU.HIO TaK: 

~ + /3 = y = /3+ a; 

a+y=f3=y:+a, , 

/3 + y = a. = y + {3. 

OcraBIIIHec.si: cyMMhl a + a, /3 + /3, y+ y MO)KHO onpe,n:e.n:HTb np_0H3B9JlbHO. 

3. (k, G)-anre6pb1 JIH. 

3.1 •. OcHOBHble COOTHOIIIeHH.sI. 

IlyCTbG .:._ a6e.n:eBa rroJiyrpynrra (B 1IaCTHOCTH; rpynna) HL~ (k, G) ..:._ 'anre6-
pb1 JIH, T.e. . : ' . . 

L = EB ( xa ), 
aEG 

[xa, Xp J = k(a, f3)xa + p· 

Toma H3 aHTHCHMMeTpHl!HOCTH KOMMyTaTopoB H H3 TO~eCTBa .s!Ko6H BbITeKa

IOT C0OTHOIIIeHH.sI AJI.sI L: 

k(/3, a)= -k(a,{3), (1) 

k(/3, y)k(a, /3 + y) = k(a, {3)k(a + /3, y) ~ k(a, _y)k(/3, a + y), 

a,{3,y E G. (2) 

ECJIH rroJiyrpynrra G COAeP)KHT Heii:TpanbHblH sJieMeHT - o( o E G), TO AJI.sI JII0-

6blx SJieMeHTOB /3 H 'Y. H3 G' B CHJIY COOTHOIIIeHHH (2) (IIOJiara.si: a == o) rioJiy_qaeM 

COOTHOIIIeHHe 

* TaKHMH COOTH0WeHHSIMH onpem:.m1eTCSI, HaIIpHMep, 
. .n+ I a · • 

e
11 

= -~ dx (n = 1, 2, ... ) 

aJire6pa oneparnpoe 

2 

i 
I 
I 

r 
.1 

k(/3, y)(k(o, /3 + y) - k(o, /3) - k(o, y)) = 0. (3) 

B AaJibHeii:meM Mhl YBHAHM, l!TO ypaBHeHHe (2) HMeeT MHOro AHCKpeTHhlX 

peIIIeHHH pa3HhlX THII0B, H o6o3peTb BCe ero pemeHH.sI HaM II0Ka He rrpeACTaBJI.sI

eTC.sI B03M0)KHhlM. OAHaKO AJI.sI OTAeJihHhlX cn:yqaeB TaKHe pe3yJihTaThl IlOJiyqe~ 

HhI ( [5 ], [6 ]). B pa6oTe [5] KJiaccmimu.ttpoaaHhl Bee (k, G)-anre6phl, rAe G=N, 
c AByM.si: 06pa3y10~HMH miA noJI.si:MH HyJieBoii: xapaKTepHCTHKH. 

B pa60Te [6 J IIOJiyl!eHa KJiaccmpiiKaU.H.sI BCex aHaJIHTHl!eCKHX (no ABYM 

nepeMeHHhlM) H3 C n pemeHHH ypaBHeHH.sI (2). 

3.2. e-anre6pb1. 

(k, G )-anre6py JIH L Ha30BeM e-anre6poii: ,eCJIH k( a' /3) = 0' T0rAa H TOJibKO TOr

Aa, K0rAa 

a =/3. (4) 

AJ:Ire6phl, npHBeAeHHhle B pa3AeJie 2 (CM. npHMep 1)' .sIBJI.sIIOTC.sI anre6paMH 

e-THna. C10Aa M0)KH0 Ao6aBHTb H anre6phl THna LJ!_G). 3To BBeAeHHhle HaMH 

anre6phl JIH, orrpeAeJI.sieMhle C0OTH0IIIeHH.sIMH 

[xa, Xp ]= (a ...:p)xa + fJ _(HJIH [ya, Yp J ;= (/3 - a)ya + fJ) , a,{3 E G , 

rAe G -;-- noJiyrpynna (rpynna), COAep)Ka~a.si:c.si: B aMHTHBHOH rpynrre nom1 K. 
TaKnM o6pa3oM, KOHcpopMHa.si: anre6pa H ee noAanre6pa (CM. npHMep 1 B pa3Ae

JI~,2) '51:sJI.si:IOTC.sI cooTBeTCT~eHHo, anre6paMH Lc(Z) H Lc(N). 

· . .n:JI.si: e-anre6p npH OE G CO0THOIIIeHH.sI (3) rrpHHHMaIOT BRA: 

k(o, f3 + y) = k(o, /3) + k(o, y) (5) 

AJIH JII06hlx,8tty H3' G(/3;, y). B 1IaCTH0CTH, k(o, s) =O TOJibKO rrpH s=;oo. To eCTb 

oro6pa)KeHHe a ➔ k( o, a) - «1IaCTH1IHhlH» roMOMopcpH3M rroJiyrpyrrnhl G B 

aMHTHBHYIO rpynrry.noJI.sI K. Ha caM0M AeJie, KaK HaMH IIOKa3aHo, 3TO OT06pa

)Ke1me - 06hl1IHhlH (<<IIOJIHhlH») H3_oMopcpH3M (To eCTh, cooTHomemrn (5) Bhl

IIOJIH.sIIOTc.si: H'rrp:u /3 ·= y, CM. [3 ]) • 

IlpHBeAeM CHJibHYIO cpopMyJIHpOBKY sToro yTBep~eHH.si: AJI.sI Toro CJiyqa.si:, 

K0rAa G - rpynrra, H oCJia6JieHHYIO (BBHi:(y TeXHHl!eCKHX CJIO)KHOCTeii:) AJI.sI 

CJiy1Ia.si: rrpoH3BOJihHbii: a6e.n:eBoii: noJiyrpynnhl G, He .sIBJI.sIIO~eii:c.si: rpyrrnoii:, H 

CO0TBeTCTBYIO~He o6ocHOBaHH.sI. 

TeopeMa 1. 
ECJIH anre6pa JIH 

L= EB (.xa); • dimL>3 (::::: IGI >3) 
aEG 
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.srnrureTc.si: e-anre6poii: 

.· ... [xa,Xp] = ~(a,{3)xa +/1' a,{3 E G, o E G, 

TO OTo6pa)KeHHe .si:Bn.sieTc.si: H30MopcpH3MOM, ec.rrH 
1) G '.si:Bmi:eTC.sI rpynnoii; · • 
2) ec.iI~ G- nonyrpynrra H OHO B3aHMHO OJI.H03Hatii:i:o (o E G) .. 
,[(oKa3aTeJibCTBO. · 

PaCCMOTPHM COOTH0IIIeHirn: 

k(o, 2x + y) = k(o, 2x) + k(o, y) = k(o, x + (x + y)) = 
:- ,' 

= k(o, x) + k(o, x + y) = (k(o, x) + k(o, x)) + k(o, yf 

OHH (B cHJiy CBOHCTB k(a, {3)) aaBe;::i;oMo BhlnOJIH.sIIOTc.si:, eCJIH o ;z!: y ;z!: 2x, 
x ;z!: x + y, x ;z!: y (x, y E G). ECJIH G - rpynna, TO npH y ;z!: 0 y)Ke x ;z!: x + y. 
Ho eCJIH G - JIHillb nonyrpynna, TO IlJ?H x ;z!: y B CHJIY cooTHOmeHHH ( 4) 

k(o, x + y) = k(o; x) + k(o, y) ;z!: k(o, x) 

T.K. k(o, y) ;z!: 0. ITosTOMY x ;z!: x+ y (HHa'lek(o, x) =k(o, x+y)). ,[(n.si: npoH3BOJib
HOro XE G(x ;z!: o) eCJIH TOJlbKO G KpOMe 3JieMeHTOB o,·x, 2x co;::i;ep)KHT XOT.sI 6hl 
OJI.HH 3JieMeHT y, a 3TO 3aBeJJ;OMO BblITOJIH.sieTC.sI, eCJIH dimL'> 3. HamH BblKJiaJJ;KH 
no;::i;xo;::i;.si:T H ;::i;n.si: Toro CJiyqa.si:, Kor;::i;a G - nonyrpynna. . 

Tenepb Mbl y)Ke ;::i;oKa3anH, 'ITO oT06pa)KeHHe a ➔ k(o, a)..::.. roMoMopq:>H3M 
(B o6oHx CJiyqa.si:x). ,[(n.si: CJiyqa.si:, Kor;::i;a G - a6eneBa rpy:nria, Bonpoc pew:aeic.si: 
npOCTO (CM. [3 ]): a ➔ k(o, a) - H30MOpq:>H3M (T.e. roMOMOpq:>H3M c HyJieBblM 
MPOM). Ho ;::i;n.si: CJiyqa.si: npoH3BOJihHoii a6eneBoii nonyrpynnhl G H3 HamHx pac
cy)KJJ;eHHH Henocpe;::i;CTBeHHO He BblTeKaeT B3aHMHa.sI OJ1.H03Hal!HOCTb OT06pa
)KeHH.sI a ➔ k(~, a). O;::i;HaKo, eCJIH aapaHee H3BeCTHo, 'ITO OTo6pa)KeHHe 
a ➔ k(o, a) B3aHMHO OJ1.H03Ha'IHO, TOH TYT Mhl nonyqaeM Tpe6yeMoe yTBep)K
;::i;eHHe. TeopeMa ;::i;oKaaaHa. 

3aMe'laHHe. 
Tpe6oBaHHe TOro. 'ITO nonyrpynna (rpynna) G JI.OJI)l(Ha coCTO.sITb 6oii:ee lleM 

H3 Tpex sneMeHTOB, cyw;eCTBeHHO. TaK, eCJIH rpynna G = z3 = {U;T,2}, a none 
K = R, TO MO)KHO onpe;::i;enHTb TpexMepHyro anre6py JIH L CJie;::i;yroru;HM o6pa3oM: 

[Xu, Xi-]= -2Xi

[Xu, ½l = 2½ 

[Xp½l = Xu 
Mb! nonyl!HJIH z

3
-HHTepnpemu;Hro pacw;eITJI.si:eMoii TpexMepuoii npocroii 

anre6pbl (CM. (2 ], CTP 23). TyT k(T, 2) = 1, k(U, T) = -2, k(U, U) = 0, k(U, 2) = 2. 
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MHO)KeCTBO {-2, 0, 2} 3aMKHYTO OTHOCUTCJlbHO CJIO)KeHU.sI pa3HblX ero 3JICMeH
TOB. 3;::i;ecb oT06pa)KeHHe a ➔ k (0, a) - <<'laCTU'lHblll>>. U30MOpq:>U3M: 

k(U, U) = O 

k(U, T) = -2 

k(U, 2) = 2 

k(U, T + 2) = k(U, U) == 0 (2 = -T B Z3) 

Ho («noJIHbIM») uaoMopq:,uaMoM OHO ue .si:BJI.si:eTc.si:, TaK KaK noJie R He co;::i;ep)KUT. 
HeuyJieBoro sJieMcuTa a, ;::i;n.si: KOToporo 3a = 0, uo 3 · T = U B Z

3
• 

Auanornquo MO)KHO nocTynuTb u c a6eJieBoii rpynnoii z
2

. TyT noJiyqaeTc.si: 
Z 2- uuTepnpemu;u.si: uea6eJie~oii JJ.ByMepuoii aJire6pb1 ( [a, b] = b) . 

PaCCMOTpUM CIQe npuMepbl. 

3ro BBCJI.CHHhie HaMU aJire6pbl Tuna Lt(G), T.e. aJire6pb1, onpe;::i;eJI.sICMblC 

KOMMyTau;uoHHbIMU COOTHOIIICHU.sIMU Tuna 

[xa, Xp] = (¢(a) - ¢(/3))xa + P' a, f3 E G (6) 

r;::i;e G - HCKOTOpa.si: nonyrpynria (rpynn~), cp - HeKOTOpbIH rQMOMOpq:>U3M 
(H30MOpq:>u3M) H3 G B aMHTUBHYIO rpynny non.si: K, k(a, {3) = cp(a) - cp(/3); 

(= cp(a - /3) eCJiu G - rpynna). Anre6pa Lt(G) .sIBJI.si:eTc.si: e-anre6poii TOJihKO 

TOr;::i;a, KOr;::i;a cp - U30MOpq:>U3M. 

e-aJire6pbl He ucqepnbIBaroTc.si: Lf(G)-anre6paMH (npu o E G). 3TO no;::i;T

Bep)KJJ;aeT CJie;::i;yrow;uii npuMep: 

G =ZEB Z .3- a.= (n., m.), (K =R) 
l .. I• I . 

.k(a1, a 2) = v'2(n1 - n2) +v3(m 1 - m2) + n1 m2 - n2m1. 

YKa)KCM OJI.HO nOJIY'!CHHOe HaMU yCJIOBUC, rapattTUPYIOIQCC npuHaJJ;JIC)K

HOCTb HeKoTopoii e-aJire6pb1 JIH K ceMeiiCTBY Lt(G)-anre6p (B CJiyqae, Kor;::i;a G 

-rpynna): 

k(a + y, {3) = k(a, f3 - y) 

;::i;n.si: nro6hlx a, f3, y E G. O;::i;uo H3 o6w;Hx CBOHCTB e-aJire6p OTpa)KaCT 
TeopeMa 2. 

ECJIH (k, G)-aJire6pa Jlu L .si:Bn.si:eTc.si: e-aJire6poii, xapaKTepuCTuKa non.si: Kue 
paBHa JI.BYM, n G - rpynria, TO anre6pa L .- npOCTa (;o CCTb.HC UMeCT co6cT-
BCHHblX HJJ;eaJIOB) '. . . .·. . . 
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.UoKa3aTeJlbCTBO. 

IlycTh L - TaKa51 anre6pa n H - ee n,!J;eaJI: B cHJiy TeopeMhI I rpynna. G n3o

Mopq:ma HeKoTopon no,!l;rpynne aMHTHBHOH rpynnw: nOJISI K. Ilo3T0MY, TaK · KaK 

no yCJIOBHIO xapaKTepnCTHKa UOJISI K He,paBHa ,!J;BYM, TO ,!J;JISI JII06oro 3;1eMeHTa 

a E G, 2a # 0. IlyCTh Teneph HeKOTOphIH ·3JieMeHT x EH 
n 

x=lx0 + L l?a (li#0, i= 1,2, ... ,n). 
i = l i 

Tor,!J;a Bee 3JieMeHThI x EH (i = I, 2, ••• , n). ,UeiICTBHTeJihHO, ,!J;ettcTBysi Ha x 
a. . . . ., 

3JieMeHTOM xo( [x
0

, x ], ,Cx
0

, [x0 , x ], ... n T.,!1;.), Mhl noJiyqaeM, qTo H, KaK n,!J;eaJI 

L, CO,!J;ep)KHT Bee 3JieMeHTbl BH,!l;a 
n 
L lik(0, a;)/xa (s = I, 2, ... , n - I). 

i = l i 

TaK KaK TYT oTo6pa)KeHne a ➔ k(0, a) - H30Mopq>n3M (CM. TeopeMy I), To K0-

3q>q>nn;neHThl k(0, ai) nonapHo pa3JinqHhI. OTCIO,!l;a :BhITeKaeT, BBH,!J;Y CBOHCTB 

onpe,!l;eJIHTeJISI BaH,!l;epMOH,!l;a, qTo BCe 3JieMeHTbl x. (i = I, 2, •.. , n) CO,!l;ep)KaT-a, 
l 

CSI B H. 

TaK KaK xa E=. H n a 1 # -a1 (nocKOJihKY 2a1 '?: 0), TO fo EH,_ BBH,!l;y Toro, 
1 ~ : . . , - . . / ', 

q'J'.O '· 
[x~a·• xa ] = k(-a1, a 1)x0 EH n ·. k(-a1, a 1) # 0 

' I I · 

AHaJiomqHo noJiyqaeM, qTo Bee 3JieMeHThl BH,!l;a 

xa
1 

+ s EH, s # a 1, s E G. 

3TO - BCe 3JieMeHT1?I.6a3nca L ~ {xt} . KppMe (MO)KeT 6h1Tb) Xia . IloKa-
'. tE G I • 

)KeM, qTO H Xia EH. Ho TeM _)Ke npnqnHaM, 9TO H 2a1 # 0, UOJiyqaeM, qTO 
I . 

4al # 0, T.e.-al # 3a_ . .ll:aJie!!, TaK KaK x3a EH, TO n 
I 

[x_a , x3a ] = k(-a1, 3a1)xia EH, 
I I I 

(k(-a1,3a1)#0), T.e. •X2a EH. 
I 

A OTCIO,!J;a y)Ke BhITeKaeT; qTQ H = L TeopeMa ~OKa3aHa. 

OTMeTnM ew;e O,!J;HO CBOHCTBO 1>aJire6p. IlycTh L - TaKasi aJire6pa n G -
rpynna. AJire6pa LrropO)K,!l;aeTCH K3KHMH-TO CBOHMH ,ll;BYMH 3JieMeHT3MH Tor.zi;a 
H TOJibKO Tor.zi;a, Kor.zi;a G - rpymia C KOHeqHblM qHCJIOM o6pa3yIOw;nx. ' ' . 

6 

' 

c, 

YKa)KeM HeKOTOphle peaJI1rnan;nn aJire6p Tnna Lk<G). 

ECJin G - qnCJioBaH noJiyrpynna (G k R HJIH G k C) n L =Lk<G) (K = R 

HJIH K = C, <p - H30MOpq>H3M) V = $ ( e <p( a)t )( t 'e K); TO npoCTpaHCTBO V 
aEG . 

SIBJIHeTCH aJire6pon Jln, H30MOpq>HOH L, OTHOCHTeJihHO onepan;nn 

[u, v] = uv- uv. 
ECJin noJiyrpynna G He BJIO)KHMa BC, To Mhl npe,!J;JiaraeM 6oJiee a6CTpaKT

Hhle peaJin3an;nn }];JIH aJire6p Lk<G). IlyCTh A - rpynnoBaH aJire6pa KG (c~. 

[7 ], CTp. 15), T.e. 

A= $ ( a ), a 
aEG 

aa :a{J = aa + {J' a, /3 E G. 

JlerKo npoBepnTh, 11To 3.zi;ecb onepan;nH aa =. <p(a)ai:z HBJIHeTCH .zi;nq>q>e

peHn;npoBaHneM. AffaJiomqHO npep;hlp;ym;eMy CJiyqaIO Onpep;eJIHM KOMMyTaTOp; 

[aa, a{J] =(la. a{J - aa. a{J = (<p(a) _-:- <p(/3))aa + fJ. 

B CBH3H C 3THM OTMeTHM, qTo TOT )Ke pe3yJihTaT MO)KHO HHTepnpeTnpoBaTb KaK 

«JmeBH3aD;HIO» Heaccon;naTHBHOH aJire6phl C orrepan;nen, onpe.zi;eJIHeMOH COOT
HOmeHHHMH: 

aa O a{J = <p(a)aa + fJ (a, /3 E G) 

3.3. 0 JIHHeHHblX rrpe,zi;cTaBJieHHHX anre6p L~{G) .. 

IlpnBe,zi;eM cepiiro i,: JIHHettH~x ~pe.zi;CTaBJieHHH rrpon3BOJihHOH aJire6phl L~{G) 

B a6cTpaKTHOM rrpocTpaHCTBe V = EB,. ( ea ) : 
. ' . aEG 

T(es)='(<p(s+a)+r)e + ·, s,aEG, rEK 
_a . 1 s a 

(r - rrapaM~TP UJ)e.zi;CTaBJieHHH) •. ~CJIH <p -;,- H30MOpq>H3M, TO 3TO rrpe,zi;CTaB

JieHne TOllHOe, a B CJiyqae, Kor.zi;aJ} - rpyrrna H HenpHBO,ll;HMOe (o6oCHOBaHHH 

aHaJIOrH11Hhl ,ll;OKa3aTeJibCTBY TeopeMhl 2). 
, IC" : t, t::~: ; ' '• •"-. , . . / 

3. 4: · O-aJire6pbl. 
(. ,! ~-·' ,· 

o-aJire6paMn Mhl Ha3hlBaeM TaKne (k, G)-aJire6phl Jlu, ,!J;JIH KOTOphlx q>yHKIJ;HH 
k ( a ,/3) rrpe,zi;CTaBHMbl B BH,!l;e pa3HOCTH 
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· k(a, {3) = o(a) - o(/3), , a, f3 E G 

C10Aa, B qacTH0CTH, 0THQC51TCSI Bee an:re6phl Tnna Lf{G) (CM. pa3AeJI 3.2). 

IlpnBeAeM npnMep Apyroro poAa. IlycTb. G - HeKoTopasi: K0HeqHasi: a6eJieBa 
rpynna ·. (HanpttMep, iio]irpynna rpynnhl nOACTaHOBOK) H a - · ee roMOM~pcpH3M 

B Il0Arpy!JTIY {- ~ •. 1} MyJI~_THilJIHKaTHBHOH rpynnhl Il0JISI K (AJISI CJiyqasi: rpynnbI 
IlOACTaHOBOK a( a) = 1 AJISI qeTHbIX tt a( a) = -1 AJISI HeqeTHhlX IlOACTaHOBOK). 

TorA_a C00TH0IDeHHSI 

[xa, Xp] = (a(a) - a(/3))xa + P'; a, f3 E G (7) 

onpeAeJISIIOT o-an:re6py KOHeqHQH pa3MepH0CTH. ( = I G I ). 
.Il:JISI np0H3B0JibHbIX 0-aJire6p H3 COOTHOIDeHHH (2) BhlTeKaIOT TaKHe C00T

H0IDeHHSI: 

o(a + {3)(o(a) - o(/3)) + o(/3 + y)(o(/3) - o(y)) + o(y + a)(o(y) - o(a)) = 0 
. (8) 

· Cpa3y BHAHhl TaKtte npoCThle CJiyqaH: 

a) ·o(a + /3)= canst; 

b)' o(a + /3) = o(a) + o(/3) _: 
. ' 

'.3TH yCJioBHSI onpeAeJISIID,T Lk(G)-an:re6phl (q,(s) = o(s)).,. 

O6o6m;asi: C00TH0meHHe (7), Il0JiyqaeM yCJI0BHSI 

c) o(s + t) = o(s)o(t) (9) 

.Il:JISI 3T0ro CJiyqasi: H3 ypaBHeHHSI (8) noJiy~rneM C00TH0IDeHHSI 

o
2
(a)(o(/3) - o(y)) + o2

(/3)(o(y) - o(a)) + o2
(y)(o(a) - o(/3)) = 0 (10) 

TeopeMa3. 
ECJIH (k, G )-an:re6pa L SIBJISieTCSI o-an:re6po:u, YAOB'.ii:eTBOJ)SIIO~e:u yCJI0BHIO 

6 .sz i ·· {o 
(9),TOJIHOu =l(T.e.o=±l),JIH~oo_ =o (o;:: 1)-

.D:0Ka3aTeJibCTBO. 
Cpa3y BHAH0, qTQ yKa3aHHhle CJiyqaH AaIOT pemeHHSI ypaBHeHHSI (10). Tenepb, 
nyCTb o(a) - pemeHHe ypaBHeHHSI (10) H cpeAH ero 3HaqeHHH eCTb iioJii,: 

o(a) = 0, o(/3) = a, o(y) = a2(y = 2{3). Il~ACTaBJISISI ~H-Bhl'pmKeH~SI B ypaB

HeHHSI (10), noJiyqaeM C00TH0IDeHHe a2(1 - a)= a. OTCIOAa BhlTe:KaeT, qTQ a= 
0 HJIH a= 1. AHan:omqHo nocTynttM B TOM CJiyqae, K0rAa cpeAH 3HaqeHHH o(t) 

8 

" 

V n . .. ·r ) .s(/3) 2 .sc ) 3 ,o _ ,.,~ .. _ -:t~\ •• ~~-HeT HyJieH. 0JiaraSI O,a = a, u = a , U y = a 1JJ - ........,, I - .,,.,.I n uu.1.(-

CTaBJISISI 3TH Bbipa)KeHHSI ~ ypC:!!HeHHSI (10)' noJiyqHM, qTo 
.. 

a\l - a)(l - a2)(1 - a) = 0. 

OTCIOAa (T.K. a :;c 0) BhlTeKaeT, qTo a= ± LTeopeMa A0Ka3aiia. 

Tenepb paccMoTpHM psi:A npttMepoB. • 

IlpHMep K CJiyqa10 a) (o(a + /3) = c). 

IlycTb G={a1 a 2·,, .. ;a ,Y} (n~2. a.+a.=y,a.+y=y=y+a., , n I / I I 

y + y =·y. 3To a6eJieBa noJiyrpynna. ECJIH cqHTaTw(a.) = 1, i'= l, ... , n, 
I . 

a o(y) = C ( C :;c 1 ), TO Il0JIQ)KHM 

L = $ ( xt ), [xs' ~t] =;= (o(s) - o(t))xs + t, • s, t E G. 
f E G 

TorAa [x , x ] = 0, [x , x ] = (1 - c)x , [x , x ] = 0. 
a; ai a; y y . y y 

3To pa3pemttMasi: cTyneHH 2 an:re6pa JIH. 
IlpHMep K CJiyqa10 c) (o(s + t) = o(s) o(t)) . 

IlyCTb L = $ ( x ), rAe G - a6eJieBa noJiyrpynna H a 
aEG 

: , [xa, Xp] = (o(a) - o(/3))xa + p 

o(s + t) = ~(s)o(t) (s, te G), a'= W· 
TorAa G = G 0 u G 1 H o(s) = 0 Ha G 0, a Ha G 1o(s) = 1, G

0 
H G

1
- noAnoJiy

rpynnhl G, npttqeM G0 - ee ttAean:. CooTBeTCTBeHHO $. ( xa) H $ ( xa) 
aEG

0 
aE G

1 

a6eJieBhl ITOAaJire6pbI L H $ ( xa) - ttAeaJI L. T.e. L - pa3peIIIHMasi: CTy
a E G0 

neHH 2 o-an:re6pa JIH. 

Tip~BeAeM npHMep Il0JiyrpynnhI yKa3aHH0ro THna. IlyCTb A - Ilp0H3B0Jib-
Hasi: a6eneBa noJiyrpyrina, • ·. · ' 

G = {a } . H · . G = {b } · . 
O ssEA ·l ·SsEA 

IlOJIO)KHM G = co u cl H qTo as+ at= as+ t' bs + bf= bs'+ t' as+ bt = as+ t 
(s, t EA). 

IlpHMep K CJiyqa10 o(a + /3) = o(a) ·o(/3) , o(s) = l , (s, t E G) .. 
{
-1 
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3JJ,ech G = G _ 1 U G 1, rJJ,e , o(s) Ha G _ 1 nptt_HHMaeT OJJ,Ho 3tta11eHtte: 

o(s) = -1, a Ha GI - o(s) = 1. TTo3TOMY G_,(+ G:::_I ~ GI' GI+ GI ~.GI, 

GI+ G_I ~ G_I. 
/ 

Ec.nttL= EB (xa),TOnpnLI = EB (xa),L_I = EB (xa) 
aEG ~EG · aEG 

-- I -I 

[LI' LI]= [L_l' L_ 1] = 0, [L1, L~ 1 g;(L_ 1 

T.e. L_ 1 - a6eJieB HAeaJI L tt L- pa3pelllttMaSI (cTyneHH 2) o-aJire6pa; B HeKo-

TOpbIX ttcc.neJJ,oBaHHSIX . MO)KeT 6hITb noJie3eH c.neJJ,yIOID;HH HattJJ,eHHbIH HaMH 
KpHTeptttt: 

<t>yHKU.HSI P(a, /J)(GxG ➔ K) npeJJ,cTaBttMa B-BttJJ,e pa3HOCTH 

P(a, /J) = q(a) - q(/3) · (q(s): G ➔ K) 

TOrJJ,a H TOJihKO TOrJJ,a' KOrJJ,a 

P(a, /J) + P(/3, y) =P(a, Y) 

JJ,JISI JII06hIX a, /J, y E G. 

3.5. B tt cp + B-anre6pbl. 

Ec.ntt B(a, /J)(G x G ➔ K) ~ KOCOCHMMeTptt11ecKaSI 6ttJIHHenHaSI cpopMa Ha G 

(B )J,HCKpeTHOM CMhic.ne: B(a + /J, y) = B(a, y) + B(/3, y))' TO COOTHOllleHHSI 
• .• .{ 'l , ' ~ 

Tttna: 

[xa, x/3] = B(a,/J)xa + /3' a,/JE G 

onpeJJ,eJISIIOT anre6phl Jltt. HanpttMep, G =ZEB Z 3- a~ (n, m) JJ,JISI cooTHo
llleHHSI 

[xa 'xa ] = (nlm2 - n2m1)xa + a 
I 2 I 2 . 

3aJJ,aIOT OAHY H3 anre6p Kau.a-M)'JJ,H. Ec.ntt 11\_(s) H 'Pz(t)- )'.!,Ba JIHHe~HO He-
. '~. ; . ' . . . . . ,. . ·, ' 

3aBHCHMhix roMoMopcptt3Ma G ➔ K, TO, aHanom11Ho, cooTH?llleHHSI , 

[xa, x/3] = (\Jf1(a)\Jf2(/J) - \Jf1(/J)'Pz(a))xa + {3 · 

3aJJ,aIOT aiire6py Jltt. -
Ec.ntt cp - roMOMopcptt3M G ➔ K, TO B pSIAe c.ny11aeB cooTHOllleHHSI 

[xa, x/3] ~ (cp(a) .:- cp(/3) + B(a, /J))x~ + r · 
10 

1J 
· l 
f 

j 
·\ 

3aJJ,aIOT anre6py Jhi: (CM. npttMep B pa3JJ,eJie 3.2). 
B pa6oTe [6] noJiy11eHa KJiaccmj}ttKaIJ,HSI Bcex aHan1iTtt11ecKttx no ABYM 

nepeMeHHhIM H3 cnperneHHH ypaBHeHHSI (2). 3TH pe3yJihTaTbl MO)KHO HHTeprr-
" - n 

peTttpcmaTh KaK onttcaHtte Beex (k, G)-anre6p c G = C H k(a, /J) H3 yKa3aHHO-
ro KJiacca cpyttKIJ,HH. 

B pe3yJihTaTe 3Toro ttcc.neJJ,oBaHHSI noJiy11HJIOCh JJ,Ba ceMettCTBa (k, C)-an
re6p. B OJJ,HOM c.ny11ae 

k(a,/J)_,= cp(a -}) + B(a,/J) ,-

- cpy~Kll,HH IlOJIHHOMHaJibHOro ,Tttna nptt JII06oM n 2::: 2. -B 11aCTHOCTH, npH n = 2 

_'k (a,i3) ~ ZI(x1 -·y1): + Z2(x2 - y2) +lix1y2 :-- x2y1), 

rJJ,e a = (x1, y1), fJ = (x2, y2), xs, Ys' ls E C. 

B JJ,pyroM c.ny11ae 

k(a,/J) = eB(a,/3)-' eB<fl,a) 
' - ' 

rJJ,ea,'{3 EC n_; 
;,~--~ 

3 .. 6. <<A.(a, /J) - J..(/3, a)»-anre6phl. 

Ec.nH HeKOTOpaSI aCCOIJ,HaTH~HaSI in~e6p~ 3aJJ,_aeTC~ COOTHOIIIeHHSIMH 

aa · a/3 = J..(a, /J)aa + /3' a,/J E q;;. · · · 
TO 

[xa, x/3] = (J..(a, /J) .::._ J..(/3, ~))xa ~ /3' a, fJ E G 

- KOMMyTaIJ,HOHHble COOTHOllleHHSI JJ,JiSI HeK_OTQPOH anre6pb1 JIH, _B 11aCTHOCTH, 
ec.nH 

J..(a + /J, y) = lJ..(a, y) · (/3, y), 

J..(a, fJ + y) = J..(a, /J)J..(a; y); a, /J, y E G 

(CM; npeAhIAYID;HH pa3JJ,eJI). 
':' ~ ' ,: . '' 

3. 7. « qaCTH'lHhIH» IIO)J,XOJJ,. 

CooTHOllleHHSI (2) MO)KHO paccMaTpHBaTh TOJlbKO )J,JISI rronapHO pa3JIH1IHhIX 3Jie
MeHTOB a' fJ' y E G (COOTBe;CTBeHHO: G - «.:iaCTH'lHaSI>> IIOJiyrpyrrrra). 

TTpOHJIJIIOCTpHpyeM CKa3aHHOe Ha npHMepe a.rrre6phl JIH rpyrrrrhl S0(3)-

[x, y] = z, [y, Z] = X, [z, X] = y 
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IlyCTh A= ((a)$ ( k ))\{0}, rAe (a)$ ( b) = Z
2 

$ Z
2

, 2a = 2b = 0. Ilo

JIO)KIIM a = a, f3 = b, y = a + b. Tor~a 

a+f3=y 

a+y=/3 

[3+y=a 

II paccMaTpIIBaeMa5I anre6pa 3aAaeTC5I TaKIIMII COOTHOIDeHII.sIMII: 

,·, 

[x5 , xt] = k(s, t)x5 + t (k(s, t) = ± 1), s, t EA, s # t 

Mo)KHO paccMaTpHBaTh o-anre6phl c «qaCTIIQHhlMII» rroJiyrpyrrrraMII B Kaqe

CTBe IIffAeKCOB. B qaCTHOCTII,. eCJIII o(a + /3) = o(a) + o(/3) (a # /3) II o(t) 
rrpIIHIIMaeT TOJihKO KOHeQHOe iinCJio 3HaqeHIIii, TO Bee ottn coAep::>KaTc.si B HeKo

TopoM MHO::>KeCTBe TIIrra {-c,O,c} (c E K), eCJIII_K - rroJie xapaKTepIICTIIKII 
HOJih. 

3.8 Z 2- II Apyme pacmIIpeHIISI. 

IIycTh L--(k,G)-anre6pa JIH c k=k(a,[3),[xa,xf3J=k(a,f3)xa+,f3· 

IloCTpOIIM HOBYIO anre6py L - -Z2- pacmIIpeHIIe L, BBOA.sI TaKIIe cooTHo

meHIISI: 

L = (( $ ( Xa )) $ ( $ (Ya))) 
a EG . . a E G 

[xa, x/3 J = k(a, {3)xa + /3 

[xa, y/3 J = k(a, /3)Ya + /3 

[ya,Yf3J = k(a,{3)xa + /3 

Cxa, Ya]= 0, (a,[3 E G) 

MO)I(HO paccMaTpIIBaTh COOTHOIDeHII5I 3TOro TIIIIa B «QaCTIIQHOM» CMhICJie (CM. 
pa3AeJI 3. 7) . . .. 

MO::>KHO paccMaTpIIBaTh II Apyroii BapIIaHT Zz-pacmIIp~kII5I BIIAa: 

[xa, x/3 J = k(a, {3)xa + /3 

[ya' y/3 ]= -k(a, fi,}xa + /3 

[xa, y/3 J = k(a, f3)Ya + /3 

[~a' Ya]= 0, (a,[3 E G) 

12 

KaK B <<IIOJIHOM», TaK II B (<QaCTIIQHOM>> CMbICJie. B KaQeCTBe Ba::>KHOro rrpIIMepa 

rrpuBeAeM (CM. pa3AeJI 3. 7) (Z2 + Z 2) \{0}-uttTeprrpeTau.uro anre6ph1 Jiu rpyrrrrhI 
. •. . . I 

Jlopettu.a, KOMMyTau.uoHHhie cooTHomcttii.si KOTopoii·B rn6JIUQHOM BUAe rrpuBe-

AeHhl :Ei·_pa6oTe [8 ]. Anre6pa Jiu rpyrrrrhl Jlopettu.a .sIBJI.sieTC.sI (k, G)-aJire6poii. 

BocrrOJih3yeMC51 (Zz $ Zz)\{O}-rrapaMeTpU33U.UeH (<<4aCTIIQHOH>>) aJire6pbI Jiu 

rpyrrrrhl S0(3): 

[xs' x
1 
J = k(s, t)xs + t' ~. t E (Z2 EB Z2) \{0}, • 

s # t, (Z2 $ Z2)\{0} = {a, {3, r} = A 

CooTHOmeHu.si ):{JI.sI anre6phI JIII rpyrrrrhI Jlopettu.a MO::>KHO (B qacTU4HOM BU):{e) 

uHTeprrpeTupoBaTh TaK: L = ( x ) EB ( x/3 ) EB ( x ) $ ( y ) EB ( y/3 ) EB ( y ) a y a y 

[xs' x;] = k(s, t)xs + t (s # t) -

[ys, y
1

] = -k(s, t)xs + t (s # t) 

[x
5

, y
1

] = k(s, t)y
5 

+ t (s # t) 

[x Ys]=0, s,tEA. s, 

KottCTpyKu.u.si z
2
-pacmupeHII.sI (k, G)-anre6p (KaK B rroJIHOM, TaK 

u B «qacTIIQHOM» CMbICJie) AOIIYCKaeT 06061I1.eHU.sI Ha cnyqaii rrpOU3B0JlbHOH 

a6eneBoii rroJiyrpyrrrrhI A (BMCCTO Z 2 ➔ A) CJICAYIOIII.UM o6pa~oM: 

IIycTh (k, G)-anre6pa Jiu L 3aAaeTc.si cooTHOlllettueM 

[xa, x/3] = k(a, {3)xa + /3' a, /3 E G 

u A - HeKoTopa.si a6eneBa rronyrpyrrrra. Toma B Ka~eCTBe A:-pacurnpettu.si L 
MO::>KHO paCCMaTpUBaTh HOBYIO anre6py (A, L), orrpeAeJI.sieMy!O ~OOTHOmeHU.sIMU 

Turra: 

(A,L)= $ (xt>), [xt>,xt>1='k(a,/3)xt:;> (a,P,_EG, s,tEA). 
aEG . · 

f-,'.' sEA 

3.9 ·,npyme TUIIhI (k, G)-anre6p JI~. 

1) P R~anre6phl (CM. [9 ], [ 10 ], [ 11 ]) . Ka)I(Aa.sI Ta.Ka.si aJire6pa L 3aAaCTC51 COOT

HOIDeHII.sIMII TUIIa 

L = ( $ ( aa )) $ ( $ ( bs )) 
a EH sEM 

13 



[aa, a.8] = 0 = [bs' bt] 

. [aa, bs] = r(a,_s)aa, a, /3 EH, s, t EM (r(a, s) I:. 0) 

(r.n:e H n M Kotteqtthl). Ka)KJI:aSI ttea6eneBa rro.n:anre6pa PR-aJire6pbl - caMa 
SIBJISieTCSI p R-anre6poii (CM. [ 10 ]) . Beep R:..anre6pbl SIBJISIIOTCSI pa3peIIIHMhIMH 
CTyrrettn 2. 

2) Anre6pa feii3ett6epra n ee o6o6w;ettnSI. 

KJiaccnqecKaSI anre6pa feii3ett6epra 3a.n:aeTCSI cooTttOIIIeHHSIMH: 

[a, b] = c, [a, c] = 0= [b, c] 

3TO HHJihIIOTeHTHaSI anre6pa. IlpOCTeHIIIHe o6o6w;eHHSI 3TOH aJire6pbI 3a.n:aIOTCSI 
TaK: 

L = ( a1, a2, ••• , an' c ), n 2= 2 

[ai, ai] = kii c, [as' c] = 0, (c, c) = 0 

3TO TO)Ke HHJihIIOTeHTHhie- anre6phr. Anre6pa feii3ett6epra .n:orrycKaeT ew;e 
n TaKne o6o6w;ettnSI: 

L = ( a1, a2, ••• , a,i, 11, 1
2

, ••• , lm) 

[ai, ai] = ki/ii, r.n:e Iii E {11, 12, ... , lm} 

[as, lt] = 0, ,1 ::5 s ::5 n, 1 7 t ::5 m 

3aMeTnM, qTQ Bee yKa3aHHhle aJire6phI (ttapSIJI:y c aJire6poii Jln rpyrrrrhl S0(3)) 
o6Jia.n:aIOT CJie.n:y10w;nMH CBOHCT~aMn: · · · · 

[P1, [P2,P3 ]]=0 (II) 

eCJin cpe.n:n P. (::JJieMeHTOB (k, G)-6a3nca) _HeT o.n:nttaKOBhIX 3JieMeHTOB. Anre6-. . I.· . . .... . ': . , , 

phi C TaKHMH CBOHCTBaMH Mhl Ha3hIBaeM BhlpO)KJI:eHHhIMH, 
3) BbipO)KJI:eHHhle anre6phr. 

BbipO)KJI:eHHhIMH (k, G )-anre6paMn Mhl tta3hIBaeM anre6phl Jln co CBOHCT
BOM (11). KaK y)Ke 6hIJio OTMeqeuo B rrpe.n:hIJI:yw;eM pa3.n:eJie, aJire6pa Jln. rpyrr
IIhI S0(3) ll o6o6w;eHHhle anre6phl reii3ett6epra SIBJISIIOTCSI BhlpO)KJI:eHHhIMH aJI

re6paMH. KpoMe 3TOro - BCeBO3MO)KHhle HX rrpSIMhle cyMMhI TaK)Ke SIBJISIIOTCSI 
BhlpO)KJI:eHHhIMH. BceB03M0)KHhle IIpSIMhle cyMMhI 3THX anre6p, a6eJieBhIX aJI

re6p n H~CKOJihKnx an~e6p Tnrra .n:ByMepttoii ttea6eneBoii anre6phl ( [a, b] = b) 
SIBJISIIOTCSI BblpO)KJI:eHHhIMH • 

y Hae eCTb IIPCJI:JIO)Kettne, qTo KJiacc KOHequoMepHhIX BhlpO)KJI:eHHhIX aJI

re6p ncqeprrhrnaeTcSI yKa3aHHhIMH anre6paMn. 
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4. Cyrrepanre6phl (k, G)-Tnrra (CM. [4 ]). 

B 3TOM pa3.n:ene Mhl orpattnqHMCSI IIOKa JIHIIIb rrpnMepaMH. 
1) qeThlpexMepHaSI cy:riepaJire6pa (k, G)-Tnrra: .. ' . 

[b, b] == a1 ,_ [a1, b] = 0, [a, b] = b1 

[a1, a]= 2a, [a, b(] = 0,, [b1, b1 ] = 0, 

[b,b1 ] = -a 

(CM. [12). 3TO pa3peIIIHMaSI (cTyrreHH, 2) cyrrepanre6pa. 3aMeTHM, 'ITO Otta 
rropo)KJI:aeTCSI JI:BYMSI o.n:ttopo.n:tthIMH 3JieMettTaMn an b. Bonee Toro. otta rropo)K
.n:aeTCSI H OJI:HHM Heo.n:uopo.n:HhIM 3JieMeHTOM g = a+ b. 

2) IlSITHMepuaSI 6ncrrnttopttaSI. cyrrepanre6pa sl (2) SIBJISieTCSI (k, G )-anre6-
poii. 3Ta rrpoCTaSI anre6pa Jin C KaHOHnqecKHM 6a3HCOM {l, /, h, x, y} 3a.n:aeTCSI 
COOTHOIIIeHHSIMH: 

[h, l] = 21,· [l, f] = h, ·. [h, f] = 2/ 

[h, x] = x, [x, x] = l, [h, y] ='Y 
: 1 

[y, y 1 = /, [/, x 1 = Y, [h, y 1 = 2 h, 

[l, y] = 0, [l, x] = 0 

3Ta anre6pa rropO)KJI:aeTCSI OJI:HHM Heo.n:uopo.n:HhIM 3JieMeHTOM g = t + X (CM . 
[12]). . 

. 3) IIIecn1MepuaSI (k, G)-cyrrepaJire6pa (~M. [12 ]): 

n-• 
~ ... 

' ;. ' , 

[b, b] I al' [a2, b] = ~v Ck1 ,}1 ] = X .. 

[a2, b1] = y, [a1, b] = 0, [a1, ;;l= 2d2 · 

[a
1 
,·b

1
] ~ 2b

1
, [b: b

1
] ~ _::.a

2 

[x, x] ~ [x, y] = [y, y j" ~ 0 
. -

[a
2
,'x]=

0

[a
2
,yJ~·o, [b1,xj= [bl'y]=0 

[b, x] = -:;2y, [b, ~] ~ ..,..'7, [al' x] = -4x 

[a1 y] = 4y, [a2, x] = [a2, y] = 0, [b1, x] = [b1, y] = 0; . 
[b, x] = -2y, [b; y] = -.:...x, [a1, x] = -4x, [a1, y] = 4y 
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3TO pa3pem11Ma.sr CTyneHH 4 (k, G)-cynepa.n:re6pa JIH II nopO)KAaeTrn OAHHM 
3JieMeHTOM g = a

2 
+ b 

4) CeMeii:CTBo pa3pemHMhIX cTyneHH 3 cynepa.n:re6p JIH (CM. [12 ]). 
Ka~a.sr a.n:re6pa SToro ceMeiiCTBa 3a~aeTrn cooTHomeii:iu1M11 

[b, b] = a, [a, b] = 0 

[a;,b]=/3;, (i=l, ... ,n) 

[a,a;]=ai+I (i::5n-1) 

[a, an]== qa1 (q ;t; 0) 
, , r'" . 

[b,/3;1 = -2-,ai + 1 (i ::5 n - 1) 

,)af\] ~,qf3I. 

[b, bn] = -Tiqf31 

[ai,aj]= Cf3;,f3j]= [ai'f3j]=O (i,j::5n) 

(q - napaMeTp ceMeiiCTBa). 

3AeCh B KaqeCTBe 06pa3yrom;ero :meMeHTa MO)KHO B351Tb 3JieMeHT a I + b. 

5. 06 accou;11aTHBHhlx (k, G)-a.n:re6pax. 

Accou;1:1aTHBHhle (k, G)-aJire6pbI 3aAaIOTCSI cooTHomeHHSIMH: 

X(a)· X(/3) = -t(a, {3)X(a + {3) (12) 

r~e G - noJiyrpynna (rpynna). T:yT CTPYKTYPHhle KOHCTaHThI -t(a, {3), B CHJIY 

accou;HaTHBHOCTH, YAOBJieTBOpSIIOT ypaBHeHHIO 

-t(a, /3) ·-t(a + {3, y) = -t(a, f3 + y).A.(/3, y) (a, {3, y E G). (13) 
,~ ' , , • > 

Htt)Ke Mhl np11BeAeM on11caH11e Bcex accou;11ainBHhIX (k, .G)-aJire6p, AJISI KOTo

phlx G - KOHeqHaSI a6eJieBa rpynna H.A.(a,/3) ~ 0, nc>JiyqeHHOe HaMH B pa60Te 

[13 ]. B qaCTHOCTH, AJISI a.n:re6p KJimp¢opAa K MhI np11BeAeM noJiyqeHHyro ',, . , ,· n 
HaMH Z 2 EB Z 2 EB ... $ Z 2-napaMf!1:IJH3au;11ro (G = Z

2 
EB Z

2 
EB ... EB Z

2
). 

IlyCTh KnCn ~ 2) - a.n:re6pa K.1111¢¢6pAa C KaHOHHqeCKHMH 06pa3yrom;HMH 

e1, e2, : •• , e;,,(K = C),, 

e~=I (j=l,2, ... ,n) 
J 
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e/ ek = -ekei (k ;t; J) 

3AeCh B KaqecTBe rpynnhl-G MhI B03hMeM np.srMyro cyMMY 

z2 EB z2 EB ... EB z2 (Zz = {U, T}, 0 + 0 = U, 0 + T = T, T + T = U) 
~_____, 

n 

EcTeCTBeHHbIM o6pa30M conOCT3BJISISI 6a3HCHbIM 3JieMeHT3M Kn 3JieMeHThI 

X(a), rAe a - n-MepHhIH BeKTOp c KOMnOHeHTaMn U HJIH T H3 z
2

: ttanpnMep, 

e
1 

• e
2 

· e
5 

= X(T, T, U, U, T, U, U,) (n = 7) u T.n. QqeBUAHO, l{TO AJISI nro6b1x a u 

/3113 G 

X(a) · X(/3) = .A.(a, {3)X(a + {3) = ± X(a + {3) (-t(a, /3) = ± 1) 

BhlnHmeM Bbipa)KeHHe A.( a' /3) ~ SIBHOM BHAe: 

).(a,{3) = (-lia(a),y(P)) 

3AeCh (a(a), y(/3)) - 6HJIHHeii:HaSI ¢opMa BHA3 

0 1(a)y1(/3) +az(a)yz(/3) +···+an- 1Yn- 1(/3). 

rAe Yr(/3) - KOMn0HeHTa BeKTOpa/3 C HOMepoM r, Z2am(a), - cyMMa acex KOM

noHeHT (H3 Z2) BeKTOpa a CTOSIIIJ;HX 33 ero KOMnOHeHTOH C HOMepoM m. MbI 

noJiaraeM 
U T (-1) = 1, (-1) = -1 

PaccMoTpHM o6m;uii: cnyqaii:. IlycTh G - tteKoTopa.sr Kotteqtta.sr a6eJieBa 

rpynna, TOrAa (CM. [3]) G = EB ( ai) - np.srMa.sr cyMMa q D;HKJmqecKux noA-
i = I . 

rpynn H ee MO)KHO OTO~eCTBHTb C COBOKynHOCTblO BCex BeKTOpOB 

a = (n1, n 2, •.• , nq)' ni E Z, 0 ::5 ni ::5 ri (r; - nopMOK noArpynnhI ( ai )) 

no K0MnOHeHTHbIM (no MOAYJIIO r.) CJIO)KeHHeM. 
I 

Ecn11 L- accou;uaTHBHa.sr (k, G)-a.n:re6pa u 
•' 

L= EB (X(a))(K=C,X(O)=l) 
aEG 

TO (C TOl{H0CTblO AO _HOpMHp0BaHirn 3JieMeHTOB 6a3HC3) npH 

_a = (n1, n2, ••• , nq), _/3 = (m 1, m2, ••• , mq) 

X(a) · X(/3) = -t(a, {3)X(a + {3) 
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r].(e 

IlpH 

A(a, /3) = , n (Arkf1), 
1 sk<lsq 

X(Xk = Ak, ?(k·X1, A:~ 1 =At, I= 1, Xs = X(as) (s = l, 2, ... , q). 

Ka)K)];a51 TaKaSI aJire6pa o6Jia].(aeT caoii:cTBOM: 

J(s + t, n) = J(s, n) ·J(t, n) 

J(v, s + t) = J(v, -s) ·J(v, t) 

MeTOJ.( J.(OKa3aTeJihCTBa 3TOro YTBep)KJ.(eHHSI nepeHOCHTCSI Ha TOT CJiy•rni\:, 
KOr].(a rpynna G SIBJISieTcSI npoH3BOJihHOH np2Moi\: cyMMOH U,HKJIHqecKHX rpynn. 

B 3aKJI10qemie yKa)KeM HeKOTOphle (k, G)-accou,Hanrntthle aJire6phl 
6JIH3KOro THna. 3To - aJire6phl KOJiqaHOB (CM. [7 ]) foTJIH•me 3aKJIIOqaeTCSI B ' 
HeKOMMYTaTHBHOCTH G) H rpynnoBhie aJire6phl - KG (J.(JI51 HHX k(a, {3), CM. 
[7 ]) ,KOTOphIM IlOCB5IIIJ;eHa w1ipoKO pa3BHTaSI H rJiy601<aS1 TeOpHSI. 

ABTOp Bhlpa)KaeT rJiy6oKyIO npH3HaTeJihHOCTh BCeM KOJIJieraM, npHH51BWHM 
yqacTHe a o6cy)l(J.(emm 3TOH pa6oThl. · 
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Jie6eAeHKO B.M. PS-95-69 
0 (k; G)-aJJre6pax 

' ' .. , 

PaccMaTp11BalOTC!I anre6pbl .(HaA non_eM K), o6na)lal0ll\lle OlJellb npOC:TblMII onpeAeJI!IIOll\llMII 
I COOTHOllleHll!IMII, Ha3bIBaeMble anTOpOM (k, G )-anre6paMII. XapaKTepHblH np11Mep AalOT 113BeCTHble 
COOTHO!lleHll!I: ' 

[xn, Xm 1 = (n - m)xn+m (n, m E Z). : 

8 06ll\~M CJiytJae BC!IKa!I (k, G)·-aJJl'C6pa l1MeeT TaKOti, 6a'311C {a,}. E O , lJTO npOll3BeAeH1:e 

'(B tJaCTHOCTII, KOMMyTaTOp) JII06blx ero. ABY.X 3JleMCHTOB aa. II a/J' a, /3 E G, pan110 

kav (k E K, v E G). Ecn11 G - rpynna IIJIII nonyrpynna, TO k-k (a, /3), 11·MoiKuo 3an11caTh3TO 

np0113BeAeH11e B BIIAe k(a, f3)xa+{J· ,UJl!I anre6p ~II TaKa!I 3anl!Cb BblrJI!IAIIT TaK: 

[xa, X/3] = k (a, ,8)Xa + p (a, ,8 E G). 

YKa3b;BalOTC!I 1~eKOTOPb)e ceM~t'.icrna (k, G)-anre6p II np11noA11T~11 11eK~TOpble cnot'.icrn~ ux 
npeACTaBIITenet'.i. . . . .· . . 

Hap11Ay c ofoopuot'.i tJaCTblO 11 0606ll\eH1111M~; na6m6Ae111111M11 anrnpa, pa6oni coAeplK11T ~!IA 
. erci op11mHaJ1bHblX pe3yJibTaTOB. 

Pa6oTa BbinOJIHeHa B Jia6opaTOp1111 Te~peT~lJeCKOH cjm311Kll l!M. ·u.H.Eoron106ona 011.SIH. 
' - '' 

Coo6ll\eH11e 06'i.eA11ne1111oro 1111crnryw 11Aep11b1x m;cneAosanHi'I. ,Uy611a, 1994 

IlepeBOA asrnpa 

Lebedenko V.M. PS-95-69 
About (k, G)-Algebras 

The al~ebr~s (~ver field K)with very simple defining relations called by the author (k,,G)-
algebras are considered. A typical example is illustrated by the known relations: ' 

., . ' .: 

[xn, Xm] = (n '- ni)xn + m (n, 'm E Z) .. 

In,the generalc~se, every <k, G)-algebra has such a.basis that a product (in particula'r, 
a commutator) of any of its two elements aa and ap, a, f3 E G, is equal to kav (k EK, v E G). If G 

is a· group or a semigroup,. then k = k(a, /3), and this product can be· written in the form 
k(a; f3)xa + p· For Lie algebr11s, this can be written as foHows: 

{ . I,,, ' ', 

·. [Xa , X/31. = k(a, ,B)Xa + f3 · (a, PEG)~ 
' ,.·:, 

• ;Some families of (k; G)-algebras are pointed out and certain characteristics of their repre
. sentatives are given. Together with a review part and generalizations by ihe author; the paper contains 
a number of original results. ' · · .. - . . 

The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physic~. 
JINR. . ' . 
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