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B 1910 ro,n;y BaJIJie IIycceH (La Vallee Poussin) B pa6oTe [1] ,n;oRa-

3aJI cJie,n;ymrn:yro TeopeMy 06 o:u;eHRe cmrny BemrtIHHhl paBH0MepHoro 

yKJI0HCHHJI pa:u;noHaJII,HOii: q.iyHK:U:llH, CTerreHI, "'IHCJIHTeJIJI H 3HaMeHa­

TCJIJI I{OTopoii: He rrpeB0CX0,n;JIT n: 

CCJIH IIOCJie.l{OBaTeJibHOCTb TOTI CK { X j}' j = 0' l, ... ' n + l, H3 

3aMKHyToro MHOHWCTBa WE [a, b] ·06pa3yeT aJibTepHaHc, TO .l{JIH HaH­

JIYTIIIIero 1IpH6JIH)I{eHHJI <PYHKUHH f IIOJIHHOMaMH BH.l{a 

n 

Pn(x) = L Cj Sj(x), 
j=O 

r.l{e MHomecTno <PYHKUHH { Sj }, j = 0, l, ... , n, 06pa3yeT cHcTeMy 

T.Jc6bIIIIeBa; nepHa OUCHKa 

en(!)= inf sup I f(x)· - f, Cj Sj(x) 1 ~ :rpin I f(xj) - Pn(xj) I· 
· ci xEW j=O 0::,;1::;n+l 

IIo TeopeMe l-Ie6mnena paneHCTBO ,II0CTHraeTCJI T0r,Ila H T0JII,1{0 T0-

r.n:a, Kor.n:a Pn - rroJIHH0M HaHJIY"l!IIIero rrpH6JIH)I{CHHJI. BcRope rro­

JIBMJIHCh pa3JIH"l!Hhle o6o6rn:eHHJI 3T0ro yrnep)I{,IleHHJI, K0T0phle M0.iKH0 

H_aii:TH HarrpHMep n MOHo_rpaq_iHH [2] H ,IlJIJI HeKoTOphlx 6aHaXOBhlX rrpo­

CTpclHCTB n o63'ope [3]. O6o6rn:eHHaJI TeopeMa BaJIJie IlycceHa 06 :u;eHKe 

CHH3Y neJIH"'IiIHhl panHoMepHoro yRJI(>HeHiIJI pa:u;HoHaJihHOH q.iyHR:U:HH, 

CTerreHI, "'IHCJIHTCJIJI H 3HaMeH_aTeJIJI ROTopoir He rrpeB0CX0,n;JIT n, M0)I{H0 

Haii:TH,HarrpHMep. n RHHre (4]. HeROTOphle R0MIIJieRCHhle o6o6rn:eHHJI 

. 3TOH TeopeMhl (.n;JIJI ·HerrpephlilHhlX ROMIIJieRCH03Ha"l!HhlX q.JyHK:U:HH R0M­

IlJieKCHOrO rrepe}.'.leHHOro) 6hlJIH ,Il0Ka3aHhl A. JI. JieBHHhlM B pa6oTe 

[5] H HCII0JII,30BaHhl ,IlJIJI peIIIeHHJI o6paTE:OH 3a,Ila"l!H TeopHH paBH0Mep­

HhlX pa:u;n:oHaJihHhlX arrrrpoRcHMan;Hir A. A. IleKapcRHM B pa6oTe [6]. 
B pa6oTe [7] anTop~M HCII0Jih30ilaJICJI ROMIIJieRCHhlH nap:0:aHT TeopeMhl . 

BaJIJIC IIycceHa, .n;oRa3aTeJihCTno KoToporo rrpHne,tieHo n 3TOH pa6oTe. 

TEOPEMA. llyq:1, ~ymecwy10T TI~cJia {YkH~t2
, IYkl = 1, 0 < 

argy1 < argy2 < ... < argy2n+2 < 2n:, a ma10Ke {17k}~~t2, irpHTieM 

Im 1Jk · Im 1Jk+I < 0, k = l, 2, ... , 2n + l. Tor.l{a .l{JIH JI106oif pau.iw­

HaJibHoif <PYHKUHH R cTerreHH He BHIIIe n BbIIIOJIHJieTcH HepaneHCTBO 

max !1Jk - R(yk)I ~ min IIm11kl• · 
1::;k::;2n+2 . 1::;k::;2n+2 



,Ll;OKA3ATEJihCTBO 6y.n;eM BeCTJ:I MeTO)];OM "oT rrponrnHoro". ITpc.n;rro­

JIO}l{llM, "CITO cym;eCTByeT TaJ{aH pa:u;1rnHaJII,HaH <I>YHKIJ;IIH R CTCIICHII HC 

BI,IIIIe n, "CITO BhlIIOJIHeHO CJie.n;yrom;ee HepaBeHCTBO: 

max l7Jk - R(yk)I < . min llm7Jkl-
1SkS2n+2 1SkS2n+2 

TaK KaK pa:u;110HaJII,Hhle q:>yHKIJ;IIII CTerreHII He DhlIIIC n IIHDap11aH­

THhl OTHOCIITeJII,HO .n;po6HO-JIIIHeMHO:ii: 3aMeHhl Koop.n;11HaT, IIJ)Oll3DC)];CM 

TaKyro, "CIT06hl o6pa3hl TO"tleK Yk, k = 1, 2, ... , 2n + 2, K0TOphlc o6o-

3Ha"CIIIM COOTBeTCTBeHHO '!pk, 6hlJIU pacrroJIO)K<:_Hhl Ha OTpC3KC [-1, 1], 
r.n;e o6pa3 q:>yHK:a;n11 R, KOTophlft o6o3Ha"CIIIM R, HBJIHeTCH pa:u;110Ham.­

Hoft <I>YHKIJ;lleft CTerreHII He DhlIIIe n II HerrpephlBHOM Ha 3TOM 0Tpe3KC. 

IToey-qaeM cJie.n;yrom;ee HepaBeHcTno .n;JIH o6pa3oB 

max l7Jk - R('l/Jk)I < min llm7Jkl-
l~k~2n+2 l~k~2n+2 

OT,n;em,Ho paccMOTJ)IIM MHIIMYIO -qacTI, Ka)K.n;oro -q11cJia, CT0Hm;ero rro.n; 

3HaK0M MaKCIIMyMa II M0)];YJIH, "CITO .n;aeT CJie.n;yrom;ee CO0TH0IIIeHrre 

max llm7Jk - lmR('l/Jk)I < min llm7Jkl- (1) 
l~k~2n+2 l~k~2n+2 

IToJiy"tieHHOe HepaBeHCTBO HDJIHeTCH cnoero po.n;a KJiacc11-qecK11M rrp11 

,n;oKa3aTeJII,CTBe TeopeMhl BaJIJie ITycceHa, cJic.n;cTnrreM 113 K0Toporo, 

KaK II II0JI0)KeHo, 6y.n;eT YTBepm.n;eH11e 0 KOJill"tleCTBe HyJie:ii: <I>YHKIJ;IIII 

Im.R Ha oTpe3Ke [-1, 1]. 

I-haK, B CIIJIY HepaBeHCTBa (1), Mhl HMeeM COOTHOIIIeHIIH 

lmR('l/Jk) · lmR('l/Jk) < 0, k = 1, 2, ... , 2n + 1, 

TO ecTI, q:>yHK:u;IIH Im.R HMeeT Ha 0Tpe3Ke [-1, 1] He MeHee, "9:CM 2n+ 1 
HyJieft. Oc.TaJioc1, BocrroJin30BaTnCH TeM, "CITO 11cxo.n;HaJI <l>YHKIJ;IIH R 
6hlJia pa:u;110HaJII,H0M CTCIICHII He DhlIIIC n, TO CCTI, rrpc.n;cTaBIIMa D Dll)];C 

OTH0IIIeHIIH .n;Byx II0JIIIH0M0B, cTerreHI, Kam.n;oro 113 KOTOJ)hlX HC rrpc­

B0CX0.n;IIT n: 

P(x) 
R(x) = Q(x)' x E [-1, 1], Q(x) =/- 0. 

2 

l 
•1 

'1) 

Y"tIIIThlDaJI H('(' )];IIHCTD<'HH0CTI, Ta:I,oro IIIH')];("TclDJICHIIJI. DOCII0Jil,3y­

('l\1("JI CJI<')];YIOIIIlll\I n11.n;mr 3HcUIC'HclT('JIJI Q: 
II 

Q(:r) = II (1 - <JJ .r). <JJ E C\{(-<x). -l]LJ[l. x)}. 
j=I 

Doo6mc ronopJI, DCC H_\"JIII 3HcDI('HclT('JIJI ( II "tJll('Jia {jj COOTDC'TCTDCHHO) 

1rnryT lll\I<'Tn H<'HYJI<'D0<' 3Ha"CICHIIC 1rn111roii 1IacT11. Dnc.n;e1r o6o3Ha"tl<'­

HII<' corrpJiiK<'HHC>rO l\IH(ffO"tIJICHa 

II 

Q*(:r) = II (1 - <JJ .r), .r E [-1. 1]. Q*(.1:) =/- 0. 
j=I 

HYJIII R0T0poro l{0l\!IIJI<'RCH0 corrpJiiK('Hhl R H_\"JIJil\I 3HcUICHclT(' JIJI Q. 

.LJ:oMHOiKll1I II pa3.n;<'JIIIM pa:u;110HaJI1,Hy10 <l>.VHRIJ;IIIO R Ha 1rnoro"CIJI<'H 

Q*. D pe3yJinTclT<~ II0Jiyq111r CJI(')];YlOllfll(' DhlpcliKl'HIIJI: 

RA(··) = I'(:r) • Q*(.r) 
.I I 12. TTJ= 1 1 - <JJ .r . 

A Im { I'(:r) · Q*(.r)} 
ImR(.T) = 11 I _ . _12 TTj=I 1 q1 .l 

D "9:IICJIIITCJIC CT0IIT MHC>roqJICH CT('Il('HII HC Dhlllle 211 C Il('llfC'CTDeHHhll\III 

Ko:➔ <lHlrn:u;11cHTaM11, ROTOphl:ii:, cornacm> HCJHlD<'HCTDY ( 1) IIMC<'T Ha 0T­

pc3KC [-1, 1] HC MCHCC qcM 2n + 1 HyJie:ii:. IToJiyqcHHOC IIpOTIIBopcq11p 

II0JIH0CTI,10 )];0Kcl3hlDclCT TcopcMy. 

CJIE.[J;CTB11E. ITycn. ,j,yHKaHJI f HCIIJ)<'JJI,IBH<l m1 e,aHH1fqHoH OK­

pymHOCTH { lz I = 1} KOMIUleKcHou IIJiocKocTH, cymecrn,YIOT ramw trm·Jia 

{yk}t~t
2
, IYkl = 1,. 0 < argy1 < argy2 < ... < argy211+2 < 211, 

trTo lmf(Yk) · hnf(Yk+1) < 0, I.: = 1, 2, ... , 211 + 1. Toma ,aJIJI 

JII06oii paammaJibHOH ,j,yHKaHH R CTCIICHH HC BbIIIIC 11 BbIIIOJIHJICTCJI 

HcpaBCHCTBO 

Ill - RII = max IJ(z) - R(z)I ~ min !Imf(iu.)1-
lzl=l l~kS:211+2 • 

,Ll;OKA3ATEJibCTBO. HccJI<))KHO 3clMCTIITI, DhlII0JIHCHIIC CJIC.n_y10m;cro 

HcpaDCHCTDi:l 

maxlf(z) - R(z)I ~ max lf(11d - R(yk)I, 
lzl=l IS:l·s:211+'.l ' ' 

:1 



TaK KaK nee pacnraT1nrnae:\Il,IC TO'IKII ,1/k JieiKaT Ha C,ll:IIHH'IHO:ti OKpyiK­

HOCTH Km.mJicKcHo:ti IIJIOCKOCTH. TioJiaraJI 3Ha'ICHHJI 'IHCPJI T/k = f(:IJd, 
k = L 2, .... 2n + 2 H rrcrrom,3yJI Tcopc~ry. rroJiyqac~r noKa3aT<'JihC'TBO 

cJie]lCTBHJI. 

AnTop nhlpaiKacT 6JiaronapHocT1, rrpotl>cccopy B. r. 3rrmmy 3a npy­

iKCCKHe H CTH~IYJIHPYIOIUHC JlHCKYCCHH, a TaKiKC rrpo<l>cccopy :VIrY 

E. TI. )loJiiKCHKO rr' JlOUCHTY :VIrY H. ·C. BJI'ICCJianony 3a Il()JlJlCJ)iKKY 

pa60Thl no .n.aHHOH TeMaTHKe. ' 
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PS-95-508 
Kmrn11eKc11b1ii sap11a11T TeopeMbl Bamre Oycce11a 

B CJJylJae 11e11pepblBllblX Ila emfllll'IIIOii OKPY)KIIOCTII { 1::1 = I} cpy11Ku11ii Kmm­
:leKCiioro 11epe~1e1111oro .!{OKa3all a11a11or ll3Becrnoii' Teope~·lbl Ba.11ne' nycce11a 06 
OUeHKe CIIIIJY BeJllllJllllbl pas11m1ep11oro YKJJOllelllUI paUIIOllaJJbllOii ·cpyllKUIIII,: C~e-

. ' ' 

nellb 'IIICJIHTeJJH II .311aMeHaTeJrn KOTOpoii He. 11peBOCXO,UIIT II. 

_Pa6orn BblflOJlllella B Jfa6oparnp1i11 H,nepllb)X npo6neM 01151H. 
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· Ilpenp,1111T Q61,e111111e111mro IIIICTIITyra }IJlepllhlX ·,1cc.~eJtOBa111iii. Jly611a; 1995 

Nazarenko M.A. 
Complex ;Variant ofL~ Vallee Pous'~in Theorem 

. . , .PS-95-508 

In the case of continuous on th~ 'unit circle { l~I = I } functions of complex value.· 
the analog of well-known .La Vallee Poussin theorem about the lower bound ofth~i­
rational function uniform devi~tion value, when numerato'~ and denominator degree 
ar~'not grea!e~ than n, is'pr~vel · ·· · · · · · · · • · · 

: - The investigatioh· has. been performed at the Labor;tory of Nuclear Probl~ms, 
JINR. ' ' ' ' ' 
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• Preprint of the Joint lnstiMe for Nuclear Rescar~h. Dubna. 1995 


