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OcHODHhlM pe3yJinTaToM 3TOH pa6oThl 11nJIReTc11 cJie;zyro:rn;a11 

TEOPEMA. ,l{JIJI JII06oro aeJioro He0TpHaaTeJibH0I'O k cymecTByeT 

f E H2('D), HMeromaJI rreTblpe pa3JIH'lHble paaHoHaJibHble tpyHKaHH 

HaHJiyrrmero rrpH6JimIWHHJI crerreHH ( k, l). 

3TO yrnepm,n:emieJIDJIReTCJI peIIIeHIIeM 0./l:HOH rrpo6JieMhl Teop1rn: pa

Il;H0HaJihHhlX L2-arrrrpoKCHMan;rrir, rrocTanJieHHOH B 1976 ro.n:y Bpaec

coM (D. Braess) [1, Problem 3.2], K0TopaJI ~ny-cirrT cne.n:yro:rn;rrM 06:.. 

fH130M: Il03M0)l{H0 JIH II0CTp0HTh TaKyIO cpyHKil;HIO, "CITO 61,1 0.Ha HMeJia 

ITO Kpa:il:He:il: Mepe 3 pa3JIH"C!Hhle pan;rroHaJihHhle <pJHKil;HH HaHJIY"CIIIIero 

rrpH6JIH)l{eHHH KaKo:il:-irn6y,n:h CTerreHH (Ho He JIOKaJihH0 HaHJIY"CIIIIero)? 

Crrepna nKpaTn;e OIIHIIIeM 6oJiee •HJIH MeHee H3BeCTHhle cpaKThl o pa

n;rroHaJihHhlX arrrrpoKCHMan;m1x n MeTprrKe Trrna £ 2. Bo-rrepnhlx, pa

n;rroHaJihHan cpyHKU:HH Harrny-ciiiJ:~ro nprr6JimKeHHH, pa3yMeeTcJI, cy:rn;e

crnyeT . .l(mt ·paccMaTprrnaeMoro HHllie K0MIIJieKcHoro cJiy-ciM ,n:oKa3a

TCJihCTBO co.n:ep}I{IITC.lt, HarrpHMep, n MOHorpacpHH [2]. 

Bo-nrop1,1x, noo6:rn;e ronop11, pan;rroHaJihHaJI cpyHKil;HJI HarrJiy-ciI1Iero. 

rrprr6JIH}I{eHHH JII06oir CTerreHH n MeTpHKaX THIIa Lp Hee,n:HHCTBeHHa, 

-ciTo 61,1JI0 rroJiy-cieHo H. B. EcprrMOBhlM rr C. B. CTe"CJKHHhlM [3] n 1961 
ro,n:y. B ,n:aJihHe::il:rneM pa3HhlMH anT~paMH CTpOHJIHCh IIpIIMephl cpyHK

Il;IIH C .ll:BYMJI pa3JIII"C!HhlMH HaIIJIY"CIIIIHMH pan;II0HaJihHhlMII arrrrp0KCII

MaHTaMH [4-7], C IICIIOJih30BaHHeM CBOHCTB CHMMeTpHH [8, 9]; 0T)l;eJihH0 

0TMCTIIM pe3yJinTaT qIIHII (E.W. Cheney) II roJI,n:cTeirHa (A. A. Gold

stein) [10]; II c 6ecKOHe"CJHhlM "CJIICJI0M ~aIIJIY"CIIIIHX pan;II0HaJihHhlX arr

rrpoKCHMaHT0B [11, 12]. 

B-TpeThIIX, 3a,n:a-cia HaX0lli)l;eHIIJI pan;rroHaJihHOH cpyHKil;IIII Harrny-ci

I1Iero rrpII6JIII)I{eHHJI HBJIReTCH lIOpMaJihHOM n npocTpaHCTBaX c H0pMOH 

THIIa Lp KaK no JIIIHeHHOH Mepe, TaK II ITO ri:no:rn;a,n:H (npII, B03M0)I{H0, 

HeK0T0phlX orpaHII"CJeHIIJIX):. ecJIH npII6JIII}I{aeMaJI cpyHKil;IIJI He JIBJIR

eTCH pan;IIOHaJihHOH CTerreIIB (n, 'm), r.n:e n II m - HaTypaJlhHhle "CJII

CJia, T<> uaIIJIYljlliee (.n:ame JioKaJihH0 HaIIJIY"CII1Iee) pan;IIoHam,Hoe npII-

6nrrllieHIIe He M0}I{eT ocy:rn;ecTBJIRThCJI pan;IIOHaJII,HOM cpyHKit;IIeir CTe

rreHH (n - 1, m - 1), "CITO B pa3Hhle ro,n:hl ·.n:JIR pa3HhlX npocTpaHCTB 

.n:oKa3hlnanocn B pa6oTa~ [~, 10, 12, 13, 14, 15, 16]. 



11, HaIWHeu, CBOHCTBO Hee,[(HHCTBeHHOCTll Hamiy1:unero paumrnilJll,

Horo annpoRCHMaHTa JIBJIJieTcJI HCRJ1IO"'IHTen1,HhlM, TO eCTh Te cl>YHR

UHH, Hannycnnee pa:a;HOHaJII,HOe IIpH6JlmKeHHe ROTOphlX ocyrn;ccTDJIJI~ 

eTCJI TOJlhRO oroioii paunoHaJihHOH q>yHR:a;Heii, 06pa3y10T n HCXO.L(HOM 

npocTpaHCTBe OTRphlTOe ncro.n:y IIJIOTHOe MHO)I{CCTDO [17). B cny-qac nc

rn:ecTBeHHOro "BHenrnero" npocTpaHCTBa Xap,[(H H2,R( {lzl > 1} ), o6-

pa3oBaHHoro aHaJIHTH"'!eCRHMH no BHeIIIHOCTH e.L(HHll"'IHOro .L(lICRa ncrn:c

CTBeHHhlMH Ha Bern;ecTneHHoii OCH q>yHRUHJIMH, HHTerpaJihl CTHJiT1,cca 

C HOCHTeJleM Mephl BHYTPH HeROToporo IIO.L(0Tpe3Ra MHO)I{eCTDa ( -1, 1) 
HMeIOT Ra)I{.L(hlii pa3 e.L(HHCTBeHHYIO pa:a;HoHaJi1,Hy10 q>yHKUHIO HaHny-q

IIIero IIpH6JIH)I{eHHJI npH conrla.n:eHHH CTeIIeHH "'llICJIHTeJIJI lI 3HaMCHa

TeJIJI [18). 3aMeTHM, "'ITO IIOJIHHOMhl He IIpHHa.L(Jie)I{aT 3TOMY RJiaccy. 

· IlpocTpaHCTBO Xap.n:H H2(V) o6pa3onaHo aHaJIHTH"'ICCRHMH n c.n:H

HH"'IHOM Rpyre V = {z: lzl < 1} cpyHRUHJIMH f(z) c ROHe"'IHOii HOpMofi: 

00 00 . . 

J(z) = L, Ji zi, 111112 = E 1h12 < 00 , (1) 
i=O i=O-

nopom,neHHOH CRaJIJipHhlM IIpOH3Be.L(eHHeM 

(h, g) = ]_ f
2

1r h(ei0) g(ei0) d0 = ~ I h(z) g(z) dz. 
27f lo 21rz lJzJ=l z 

CoBORYIIHOCTh pa:a;HOHaJihHhlX (P,YHRUHH D 3TOM npocTpaHCTDe MO)I{eT 

6hlTI, OIIHCaHa cne.n:y10rn;HM o6pa30M: 

.,_.n . j 
R ( ) L...j=OPJ z 

n,m z = nm (1 ) ' 
k=O - CkZ 

c= {co, C1, ... , Cm} E vm. 

PaccMOTpHM npH6nHmeHHe cpyHR:a;HH f E H2(V). EcnH 3acpHRCH

ponaT1, BeRTOp c, OroJ03Ha"'!HO onpe.n:eJIJIIOIIl;HH IIOJIIOca paUHOHaJihHOH 

q>yHR:a;HH, TO B nony"'leHHOM JIHHeHHOM npocTpaHCTDC pa:a;HOHclJll,HhlX 

q>yHR:a;lIH C .L(aHHhlMH IIOJIIOCaMH cyrn:ecTByeT lI e,n:HHCTDeHHhlii 3JleMCHT 

HaHJIY"'IIIIero IIpH6JIH)I{eHHJI, onpe.L(eJIJieMhlH lIHTepIIOJIJIUHOHHhlMH CO

OTHOIIIeHHJIMH [2, CTp. 274-275). 06o3Ha"'IHM "'IHCJIHTCJII, 3TOro :,lJIC-

2 

,. 

·"' 

.. 

)!CHTa I'11 ( z; r) H nnc.nc::-.1 c}>YHRUHIO YRJIOHCHHJI . 

n,,(?) = II f - "'I',,(:::; 
2

: _ II:!= 11 f 112 - ( f. mI',,(:::: 
1

: _ ) 
f1k=0( 1 - 'A·~) f1i-=o( 1 - q.~) 

r.nc IIOCJICLJ:H('C paDCHCTDO IIOJl~:qcHO n cnny ~TJIOBHH opToroHaJlhHOCTII. 

0 11 C'CTh OLJ:H03Ha"'!HaJI lI II!)OJl()Jl~ae::-.rnJI ITO H('IIJH'J>hlBHOCTH Ha ~cUlhl.Kcl

Hll(' co6CTDCHHOH o6naCTll orrpc>,nem·mrn 'D 111 ct>~"HRUHJI m RO)IIIJie.KcHhlX 

rrcpc::-.!C'HHhlX. E.n:HHCTD('HHOCTI, paUIIOHclJlhHOro rrpII6JllliKC'HlIJI Ta:KII)I 

o6pa3oM CBO.L(lITCJI K ('LJ:IIHCTDC'HHOCTH rno6aJ1hHoro )llIHll)lY)Ia cp~'HK

Ullll 0 11 ( r). 

ITcpcfi:.n:cM K paumrnanhHhl::-.1 arrrrpoKcmrnuH1I::-.1 cTPm'HII ( k. l). Tc::-.1 

cal\IhlM ncRTop 2 IIMPc~ pa31\ICpHocTh, panHyIO P.L(IIHHUP. cl>~'HI,UIIJI yR

noHCHIIJI 3clDHCHT OT o.nm>ro KOl\lIIJl('RCHOro IIPJH')l('HHOro. ROTOpOP o6o-

3Ha"'IIIM c. II pH JII06oM uenoM HcoTpifuaTcJlhH0::-.1 3Ha"'IC'HHII I.· .L(JIJI cl>YHK

UIIH ( 1) Bne.n:cM ncrrol\IOraTcn1,Hy10 cl>YHKUHIO 

00 

Fk(z) = L fk+jZj. 
j=O 

HcrrpephlnHoCTh q>yHKUIIH yKnoHcHIIJI fh ( c) rrpII c E V II Pe rrpe.n

cTanneHIIC n Illl.L(C 

Ok(c) 11Fkll2- ( 1 - lcl 2
) · 1Fk(c)l

2 

= 

IIHll2 + f I: fk+i fk+s[-cj <"·~ + ci+l <'.,+I] 
J=Os=O · . 

61,mo )],OKa3aHO n pa6cnax [12, 19). Mcrron1,3yJI .nmlHlH'IH'HUIIaJ11,H1,ie 

cnofi:cTna cl>YHKUHH yKmrneHIIJI, n pa6cne [20) nocTpmmu rrpII-

1\IeJ)hl f E H 2 ( V), IIMCIOIUHX nom1n1,Ho HaHJIY"'IIII<'C' rrpII6JIH)I{<'HlIC', · oT

JIHqHoe OT rJI06aJ1bHoro. YcJIOBH.11 Ha TOql{ll (', IIOLJ:03Pl1T<'JlhHhlC Ha 

noKaJihHhlfi: MHHHMYM cl>YHKUIIII YKJIOHCHIIJI fh, BhlIIHchlna10Tc11 n cne

.ny10rn;eM DII.L(C [12, TcopcMa 1 ): 

f ik+jCj-l [-_j + (j + 1) Jc-1 2
] = 0. 

j=O 
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L(OKA3ATEJibCTBO TC0pe1Ihl. .llmr m,16paHHOf0 :o;cnoro HC0TpH:o;a

TCJibH0f0 ~mcna k pacc110Tp:0:11 <l>YHK:UHIO 

f(z) = zk+l + zk+n,. Fk ( Z) = Z + Z 1I. 

<l>yHK:UHJI YKJI0HCHHJI Ok IIpli TaK011 Dhl6opc arrrrp0Kcmrnpyc110ii: j 
li1IeeT Dli.n; 

Ok(c) 2 - ( 1...,. 1c12) . \ c + c'f = 

2 - ( 1 - icl 2
) · ir:1 2 

• 11 + c"\2,. 
a ycJI0BliJI Ha CTaIJ;H0HapHhlC TQql{lf c, II0.ll:03pHTCJibHhlC Ha JIOKaJibHhl:ti: 

:MHHH1fY11, rrpH11CT cpop11y 

[-1 + 2lcl2
] + cn-l · [~n + (n .+ l)lcf] = 0, 

n-1 n-1 (·c ) ) 21c12 
- 1 

c = r exp i n - 1 <p = ( ) I 12 , n.+ 1 c - n 

qT0 .n;aCT BCllleCTBCHH0CTb q:0:cJiaCn-l, a Tpc6onamie .IJ:0CTH)I{CHHJI Mli

Hli:MY1Ia cpyHK:Ulili YKJI0HCHHJI 

nk(r exp(i<p)) = 2 - (1 - r
2

) · r
2 ·\i + rn-i exp(i(n - l)<p )r 

n '➔TOR T0qKe orrpe,n:eJIJICT 3HaK, TO eCTb 

cxp(i(n - l)<p) ~ 1, 
21rm 

<p = --, m = 0, 1, ... , n-:- 1. 
n 

TaKH:M o6pa30M, cymccTnycT ponHo n -· 1 mrnpannr,HHC, orrpe,n:eJIJic

Moe apryMeHT0:M K0MIIJI<!KCH0f0 qlicJia c, Ha KOT0pOM T0JibK0 Ii MoryT 

HaX0.lJ:HTbCJI CTaIJ;H0HapHhlC T0qKH cpyHK:UHli yKJI0HCHHfl, II0.IJ:03pliTCJib

HhlC Ha r.im6aJibHhl:ti: MliHHMyM. 

( (27rm)) ( 2) 2 ( n 1)2 
0 k r exp ----:;;,- = 2 - 1 - r · r · 1 + r - . 

HHmerrpHBO.ll:liMhlC paccym,n:emrn MoryT 6hlTb IIJ)0li3DC,ll;CHhl .n:mr , JII0-

6oro HaTypaJibH0f0 3HaqeHHJI n, HO .n;JIJI 6onee .IIJ:)OCTOH liJIJIIOCTpa:o;mI . ' 

4 

j 

._) 
J 
( 

3<).>q>eKTa MH0fHX pa:o;H0HaJibHhlX cpyHK:UHR HaHJiyqIIIero IIpH6JIIDKemrn 

II0JI0)I{HM n = 5. O6o3HaqHM X = r 2. E (0, 1), T0T.n;a 

nk (r· exp (2:m)) = 2 - ( 1 - x) • x • (1 + x2)2 = w(x). 

)lmr .n;oKa3aTCJibCTBa yTnepm.n;eHHJI TeopeMhl rerrepb .n;ocTaToqHo rro

Ka3aTb, qTo cpyHKIJ;liJI 

w(x) = (x2
- x) · (1 +x2)2 +2 

liMCeT ncero 0,ll;liH rno.6aJibHhlii MliHHMYM IIpli x E (0, 1) . 

O.n;HH li3 B03M0)I{HhlX . crroco6on C0CT0HT B TOM, qT06hl rrponepHTb 

IIOJIO)I{li.TCJlbHOCTb BTopo:il: IIpOH3BO,ll;HOH w11 Ha BCCM HHTepnane OT HYJIJI 

.n;o e.n;HHHIJ;hl. Ilp0113ne.n;eM HCKOTOphle BhlqHcJieHHJI 

w(x) ( i
2 

- X) · ( 1 + 2 x2 + x4)+ 2 = 

x2 
- x + 2 x 4 

- 2 x3 + x6 
- x5 +2 = 

x6 
- x5 + 2 x4 

- 2 x3 + x2 
- x + 2. 

w' (x) = 6 x5 
- 5 x4 + 8 x3

.,.... 6 x2 + 2 x - l. 

w"(x) = 30x4 
- 20x3 + 24x2 --:-12x + 2. 

,lI;orroJIHHTCJibHO BhlIIHIIICM 

w
111 (x) = 120x3 

- 60x2 + 48x -12. 

w<4)(x)-:- 360x2 -_120x + 48. 

,lI;H~KpliMHHaHT KBa.n;paTHoro ypanHeHliJI .n:mr qeTBepTOH IIpOH3BO.n;HOH 

paneH 

602 
- 360 · 48 = 3600 - 36 · 480 = -36 · 380 < 0, · 

TO CCTb TpeTbJI IIpOH3BO,n;HaJI; B CHJIY ci'poroit IIOJIO)l{IITeJibHOCTH qe

TBepTOH, MOHOTOHHO B~3pacTaeT Ha (0, · 1), 

w"'(O) = -12, w"'(l) = 120·- 60 +48-12·= 96, 

. 5 



H HMeeT B T0"t!H0CTH 0,D;HH RopeHb, npH"t!eM B 3TOM T0"t!Re ,D;0CTHraeTCJI 
MHHHMYM BTOpOH IIpOH3BO,D;HOM. 

l1cnoJlb3YH cpopMyJihl Rap,n;aHo, noJiy"t!aeM 3Ha"t!eHHe R0pHJI Ky6:0:qc
CRoro II0JIHH0Ma w111 B DH,D;e 

~ 1 19 y'1150 + 120 v'330 
x---------,=======+-----

- 6 3 . ~. y'1150 + 120 v1336 30 · v'2 
IlpH )I{eJiaHHH M0)I{H0 y6e,n;HTbCH, "t!T0 yRa3aHH0e 3Ha"t!eHHC JIC)I{HT Ha 
HHTepBaJie (0, 1 ), HO Hae HHTepecyeT He DCJIH"t!HHa 3T0ro "t!HCJia, a 
3HaR cpyHKIJ;HH w" B 3TOM T0"t!Re. CHMBOJlbHhle npco6pa30DaHHJI ,n;a.n;yT 
cJie.n:yro:rn::0:ii pe3yJibTaT: 

,, ( 1 19 y'1150 + 120 v'330) 
w 6 - 3 . ~ . y'1150 + 120 v1336 + 30 · v'2 = 

{ 110447. \7'25 + 34960. v"sJw-19435: v'115 + 12v1330 -

-2028 . vl330. v'115 + 12v1330 + 
+553 · ~ · ( 115 + 12v'336") 

213 
-

-184 · v'15625 · 0IB · ( 115 + 12v!330) 
213

} /. 

/ { 120 · ( 115 + 12 · v'330)413
}. 

qHCJieHHhle Bhl"t!HCJieHHJI II0Ra3bIBaIOT, "t!T0 

w''(x) ~ 0.262349, 

a 3T0 03Ha"tJ:aeT II0JI0)I{HTeJibH0CTb BTOpoii npoH3DO,D;HOM, TO ecTb <pyHR
D;HH w HMeeT Bcero o,n;HH MHHHMYM, JIBJIJIJO:W:HMCJI rJio6aJibHhlM. Tco
peMa II0JIH0CTblO ,n;oRa3aHa. 

Bee CHMB0JibHhle :0: "t!HCJieHHhle Ilhl"t!HCJieHHJI 6bIJIH npone,n;eHhl c HC
II0Jlb30BaHHeM nporpaMMHoro naReTa Mathematica. 

ABTop BhlpalliaeT 6Jiaro,n;apHocTb npocpeccopy B. r. 3:0:Hony 3a ,n;py
llieCRHe H cTHMyJIHpyro:rn::0:e ,n;:0:cRyccHH, a TaRllie npocpcccopy MrY 

6 

E. TI. ,llomKcmw :0: .n:oueHTY ::vif'Y H. C. BJiqpcmrnon_v 3a noM<'piKK_v 
pa60Thl no .uaHHOH TeMaTHKe. 
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Py1<.onHch nocTynHJia B m,uaTeJihCKHH oT,uen 

8 .ueKa6pH 1995 ro,ua. 
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Ha3ape11Ko M.A. p5_95:507 
0 cpy11Kmu1x 113 11poCTpa11crna Xapmi H2('D ), - . 

11Memuuix uecK0JlhK0 paJ1111 1111h1x pau11011a11b11h1x cpy11Ku11ii 
11a11ny'llliero 11p116m1)Ke11m1 

B 1976 ro.uy Iipaecc (D.Braess) 11ocrnB11n cne.uymmym 3a,ua4y .Teop1111 
pauuomUihllhlX L.,-aimpoKCIIMaullii: 803M0)KI(~ JHI II0CTpOIITh cpyHKUIIIO, KOTOpllil 

: - - ' , . . 
6y.ueT ll~teTh 110 Kpaiineii Mepe 3 paJnll'lllble ita1111y11w11e a1111p0KCIIMaU1111 (110 11e 3 
JJOKaJlhll0 11a11ny11w11e ai111p0Kc11Mam111)? B c11y4ae · 11poCTpa11crna Xap.u11 H.,(V ), 

V = { I z I < I L a11ai11m1 11ecim'x ·B D. cpy11Ku11ii c 11opMoii rnna · L2 11a rpa1~11:C ,u.r1si 

mo6oro uenom i1eOTp11uaTeJlhllOro k .U0KaJall0 cymecTBOBUlllle f E. H i('D); IIMelO~ 

llUIX 11eTb1pe paJnll'lllble paummanhllhle cpyHKUIIII 11a11J1y1i11Jef'o llp1t6Jlll)Kelli1Sl .CTe- . 
ne1111 (k, I). · · · 

Pa6orn BhlO0n11e11a B Jla6oparnp1111 Sl)lepllhlX 11po6J1eM 011~11. 

-: 
ripenpmiT'. 06hcm111c1111oro IIIICTIITyra l1J1t:p11ux IICC.~CllOBa1111ii. lly611a. 1995 

Nazarenko _M.A. . PS-95-507 
· On the Functions fro~1 Hardy Space Hi(V ), 

which .Have Some Different 
Rational Functions of the Best Approach 

. ' . 

Art 976 D:Braess forrnulated "the following problem in the th~ory of ;ational 
L2-appi-o~imation: .is i~ possiple to ·exhibit a· function which has· at least' 3 best 

approximations (n6t.only- with T local hest approximations)? In the. case of Hardy 
space H2(V ), D =;= {I z I < I}; consisting of analytic in V fu~ctions. with the norm 

ofL2~type on the boundary, forany nonnegative integer k ·the existence _of 

f E. Hz('D ), whkh have fom different rational functions ot· the best approach of (k; I) 

degree, is proved. 

- ' • ." , < ' '." .' 

The investigation has been performed at the Laboratory of Nuclear Problems, 
JINR .. · , 
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