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· 1 BBe.n;~HHe 
B JlaHnott . pa6oTe. peruaeTcH npo6JieMa nocTpoeBHH ·JlJIH. RpaeBhiX 3a]la'I MaTeMaTn~ 
-qecRol1 <!Jn3HRH oco6oro RJiacca cnMMeTpntt - cnMMeTpntt peaopMrpynnoBoro Tnna. 

floll "peBOpMrpJllllOBhiMH CHMMeTpHHMH" Mhl 6y]leM llOJlpa3JMeBaTb CHMMeTpnn pe

rneBHfi oTBocnTem:.ao_npeo6paaoBaBntt, 3aTparnBawmnx Be TOnbRO nepeMeHHMe, Ha~ 

JIH'!eCTBJIOmne B ypaBBeBHHX, HO H napaMeTphl, BXOJlHmne B pellieHHH, B TOM 'IHCJie 

'Iepe3 rpaBH'!Bhle HJIH Ha'IaJibBhle JCJIOBHH. 

ARTyaiibBOCTb nocTaBJieHHofi npo6JieMhl CBH3aHa c 3<!J<!JeRTHBBOCTbiO rnnpoRo nc

noJib3JeMoro B TeopeTn'!ecRoli <!Jn3nRe MeTo]la penopMrpynnM [1; 2], no3BOJIHIOmero;. 

B '!aCTBOCTn, yJiy-qrnaTb annpoRc.nMannonHMe caolicTBa npn6mnReHHhiX pernennli 3a

]la'I, o6Jia.ziawmnx yRaaanHoli CHMMeTpnefi, n BoccTaHaBJIHBaTb npaBHJ!bHYIO cTpyR

TYPY noBe]leimH perneHHH B oRpecTHOCTH cnHryJIHpHocTn, RaR npaBnJio,HapyrnaeMyiO 
npn6JinmeaneM. . . · 

flo.no6HhiC CHMMCTpnn BnepBbH) IrpHBJieRJIH BHH~aHHe B 50-X rr. B CBH3H C OT- : 

RphiTHeM penopMaJin3annoHBOli rpynnhl [3, 4] B RBaBTOBoli Teopnn noJIH. KaKBhi

HCBHJiocb 3aTeM [5, 6, 7], TaRne cHMMeTpnn, UMeByeMMe :Hnme penopMrpynnoBLIMH 

HJIH Pf-CHMMeTpHHMH, upncymn MHOrHM 3a]la'!aM COBpeMeHHOH MaTeMaTH'!eCROfi 

n TeopeTn'!ecRoli <!Jn3HRn: Oan oRa3aJIHCb. poJlCTBeHBhiMH cnMMeTpnn cTeneBHoro 

caMOllOJl06HH ( aBTOMO}leJibBOCTH) H MOryT p~CCMaTpHBaTbCH RaR ee <!JJBRnnoHaJ!b

HOC o6o6meHne · ( <PYHRnnoaaJibHaH aBTOMOJlCJibHOCTb). KaR npaanJio,. o6HapymeHne 

peHOpMrpynllOBhiX CHMMeTpHli B Ralli]l~M ROBRpeTBOM CJiy-qae Tpe6yeT BeCTan.i:(ap

THhiX nocTpoeHnli. ·Tio3TOMY npeJlCTaBJIHeT HBTepec C03JlaHne peryJIHpHoro :MeTOJla 

ROHCTpynpoBannH peaopMrpynnoaMx cnMMeTpnfi llJIH paaJIH'Inhix KJiacco's MaTeMa

Tn'!ecRnx 3a]la'I. 

Bo3MOlliHOCTb C03JlaHHH peryJIHpHoro cnoco6a nocTpoeHnH Pf-cnMMeTpnli ·:Boa
HnRaeT B 3a]la'Iax, onncLIBaeMMX H:a H3h!Re llll<P<PepeHnnaJibHhiX ypaBBeBnli (.ZJ;Y). 
TaRaH B03MOJKHOCTb CBH3aHa c cymecTBOBaBHeM xoporno paaBnToli Teopnn Henpe

pLIBBhiX rpynn (rpynn Jln) n np~momeHHHMH ~TOt!: Teopnn R llH<P<!JepeHnnaJibHhiM 

ypaBHeHnHM, JlonycRaiOmnM no}lo6Hhle · q)ynn~ ·- rpynnoBoMy anaJIH3Y. Oco6eH

HOCTbiO cocTaBJIHIOmero ocHOBY rpynnoBoro anaJin:!a RJiaccn-qecRoro aJiropnTMa Jln 

H ero COBpeMeHHhiX MOJlH<!JnRanntl: (eM., nanpnMep;_ [8, 9; 10]) HBJIHeTCH JHHBep

caJibBOCTb npneMOB, HCllOJib3JeMhiX ]lJIH OThiCRaHHH CHMMeTpntl: llH<iJ<!JepeHnHaJibHhiX 

ypaBnenntt. TionoMy ecT_ecTBennofi HBJIHeTCH npe]lJiaraeMaH n peaJin3yeMaH B pa-· 

6oTe HJleH npnMeneHHH. MeTOJlOB coBpeMennoro rpynnoBoro aHaJin3a ·JlJIH OThiCRannH 

peJi:opMrpJllllOBhiX CHMMeTpntl:, ITO Rpaitnetl: Mepe JlJIH TCX MaTeMaTH'!eCRHX MO}leJieil: 

<!Jn3H'!eCRHX . CHCTeM, ROTOphle OllHChiBaiOTCH C llOMOmbiO llH<iJ<!JepennnaJ!bHhiX HJIH 

nnTerpollll<P<PepennnaJibHhiX ypaBHeHnli. · 

TipeJlJiaraeMLie B ]lanHoli pa6oTe cnoco6M OThiCitaHHH Pf-cnMMeTpntl: xapaRTe

pH3JIOTCH llOCJie}lOBaTeJibHOC~blO CJleJlY~mJ:IX OCHOBHhiX liiaroB1• 

I ·Heo6xo,nnMo oronopnTLcH, ·'ITO rrpe.nJI<;>JKeHHa.H B ,naHJi:oit pa6oTe rrpone.nypanocTpoeanJI pe

aopMaJin3annoaaoll: rpyrrrru JIBJIJieTcii a·osoll: H Ka'leCTBeHHO OTJIH'IaeTCJI oT Tpa.nnnnoHHO HCIIOJib3Y

eMoll: B TeopeTH'IecKoll: <Pn3HKe. B Ka'lecTBe rrpocTell:mero rrpnMepa <t>opMaJILHoro 'oTJIH'IHJi yKaJKeM 

3,necL aa pacmnpeaaoe TOJIKonaane aaMH noHJITHJI peaopMrpynrru: · 

f)~\( 3\l>r.:; •• ~.* ~~::nt}i t 
cm~::t~nf~~-?~ft~~nu \ 
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IJepBhltl: H3 HHX COCTOHT B IIOCTP,OCHHH HCIIOJib3YCMOfO .n;anee ,ZJ;JIJI HaXOJR,ZJ;CH:IHI 

Pf-cnMMeTpntt crrennaJibHoro MHoroo6pa3HH {.n;n<I><I>epeHnnaJibHOro, HHTerpo.n;n<I>

<I>epeH.l{HaJibHOro, ' ••• ), OTJIH'laromeroca, Boo6me roBopa, oT r.iHoroo6pa3HH, RoTopoe 

3a.n;aeT CHCTCMa HCXO.n;HhiX .[(Y, OIIHCLIBaiOI.l{HX HCCJIC.D;yCMYIO <l>H3H'ICCRYIO CHCTeMy. 

B .n;aJibHettmeM Mhl 6y.n;eM HMLIBaTb ero peHopMrpyrrrroBLIM MHoroo6pa3neM. 

BTopott mar 3aRJIIO'laeTcH B OTLICRaHnn .n;orrycRaeMotl: peHopMrpyrrrroBLIM MHO

roo6pa3neM , MaRcnMaJibHO mnpoRott rpyrrrrLI rrpeo6pMoBaHnii, RoTopaa co.n;epmnT 

pemeHne RpaeBott 3a.n;aqn RaR HHBapnaHTHoe rro.n;MHoroo6pa3ne. 

TpeTbHM maroM · B rrponecce rrocTpoeHn~, 'peHopMrpyrrrroBLIX cnMMeTpn:ii HBJIH-' 

eTCH cyJReHHC HaH,ZJ;CHHOtl: rpyiiiihl Ha pemeHHH RpaeBOH 3a,ZJ;a'IH ( TO'IHOM · HJIH 1IpH-

6JIHJRCHHOM). Bo3HHRaromaa rrpn 3TOM rpyrrrra rrpeo6pa3oBaHntl: {peHopMrpyrrrra) 

rrpe.n;cTaBJIJieTCH HafiopOM HH<l>HHHTC3HMaJibHhiX orrepaTopoB, RaJR,ZJ;hiH H3 ROTOphiX 

co.n;epJRHT pemeHHC RpaeBott 3a,ZJ;a'IH B CBOCM HHBapnaHTHOM MHOf006pa3HH. 

Ha rrocne.n;HeM, 'ICTBepToM mare nn<I>nHnTe3nMaJibHLie peuopMrpyrrrroBLie orrepa

TopLI HCIIOJib3YIOTCH ,ZJ;JIJI IIOCTpOCHHH ROHC'IHhiX rrpeo6pa30BaHHH rpyiiiihl II IIOJiyqe

HliH aHaJIHTH'ICCROfO BhlpaJReHHH ,ZJ;JIJI pemeHHH RpaeBOH 3a,ZJ;a'IH. 

C.n;enaeM HCCROJihRO 3aMe'laHntt, Racarol.l{HXCH RaJR.n;oro ·u3 3THX .maroB. Ilpem.n;e 

BCCfO OCTaHOBHMCH Ha IIpo6JieMe IIOCTpOCHHH HCXO,Zl;HOfO {peuopMrpyiiiiOBOfO) MHO

roo6pa3HH H Bhl'IHCJICHHH ,ll;OIIYCRaeMOH liM rpyiiiihl CHMMCTpHH. IJo.n; TCpMHHOM'CHM

MCTpHH"B RJiaCCH'ICCROM rpyiiiiOBOM aHaJIH3C IIO.D;pa3yMeBaCTCH CBOHCTBO CHCTCMhl 

.[(Y .n;orrycRaTb rpyrrrry Jln noRaJibHLIX TO'le<inLix rrpeo6pa3oBanntt B 6a3ncnoM rrpo

cTpaHCTBe Bcex yqacTByromnx B .[(Y 3aBHCHMhiX n ue3aBHCHMhlX rrepeMeHHhlX.' An

ropnTM Jln [8, 9, 10j.n;JIJI Bhl'IHCJICHHH TaRHX CHMMCTpHH COCTOHT B II?CTP,()CHHH Ra

caTCJibHhlX BCRTOpHhiX IIOJICH C ROOp.D;HHaTaMH, ROTOphle HBJIJIIOTCH <l>YHRIIHHMH 3THX 

rpyiiiiOBhlX rrepeMCHHhlX H HaXO,ZJ;HTCH pemeHHCM IIepeorrpe.n;eJieHHOH CHCTCMhl JIHJICH

HhlX .[(¥, Ha3hlBaeMhlX orrpe.n;eJIJIIOI.l{HMH ypaBHeHHHMH. B coBpeMennoM rpyrrrroBoM 

anaJIHJe2 ncnonb3YIOTCJI pa3JIH'1Hhle Mo.n;n<l>:nRaiiHH aToro anropnTMa [12]. Ecnn rrpo-

6neMa OThlCRaHHH CHMMCTpHH ,ZJ;JIJI .!{aHHOH CHCTCMhl ,[(Y pemeua, TO IIOJIY.'IHBmH:iiCH 

, pe3yJihTaT 3aiiHChlBaCTCH B BH,ZJ;C anrefiphl Jl:n HH<l>HHHTC3HMaJibHhlX onepaTopoB, KO~ 

TOpaH COOTBCTCTBYCT ,ZJ;OIIYCRaeMOMY BCRTOpHoMy IIOJIIO,. 

Hcrronb3oBaHne Tpa.D;HIIHOHHoro .D;JIJI rpynnoBoro aHaJin3a anrrapaTa 6ecRonequo 

MaJihlX {:nH<l>HHHTC3HMaJibHhlX) ~peo6pa30Baii~fi ll03BOJIJICT CBCCTH llOCTpOCIIHC pe

HOpMrpyiiiiOBhlX CHMMeTpHfi R HaXOJR,ZJ;CHHIO anrefiphl HX HH<l>HHliTC3HMaJibllhlX Olle

paTOpOB, paccMaTpnBa~MhlX Ha pemeH:nax RpaeBLIX 3a.n;aq. Cnoco6 nocTpoennH pe

HopMrpynnoBhlX CHMMeTpHfi 3aBHCHT RaR OT MaTCMaTH'ICCKOfi MO,Zl;CJIH, HCITOJib3YCMOH 

.n;JIJI orrncaH:nH <I>n3H'lecRoro rrpoiiecca, TaRn oT cnoco6a 3a.n;ann11 RpaeBhlX .n;aHHhlX, 

HHhlMH CJIOBaMH,OT BH,ZJ;a HCXO,ZJ;HOfO MHOroo6pa3HH, ROTOpoeOTHIO,Zl;b JIC HC'IeprrhlBa

CTCJI H'CXO.n;HhlM .[(Y ( CHCTCMOH .[(Y). 

2
00A 3TIIM TepMIIHOM IIOApa3)'MeBaeTcll paCUII!pe~l!e. B03MOlKHOCTeii TPlUliiUIIOIIIIOro annapaTa 

rpynnOBOfO aHaJIH3a nyTeM BKJIIOqeHIIJI B apcenaJI IICIIOJII,3yeMUX IIplleMOB IIOMIIMO KJiaCCI!qecKHX 
IIOAXOAOB Jl11 rpynn Jln-BeKJiyHAa (10, 11] (TaKJKeHCIIOJih3yioTCJI TepMHHil "o6o6uiemme CIIMMe
TpHH" 11 "uucmue CHMMeTpun" [13]); nim6JIHJKennux rpynn npeo6paaouanull: [14], neJI~Kam.nhlx 
CIIMMeTpllll: (15]. HeJIHeBCKIIX CIIMMeTpllil: (16]11 T.A. ' 

4 

B nan6()mie npocTOM. BapnanTe B ponu,penopMrpynnoBoro MHoioo6pa3nH, RaR 

H B RJiaCCH'ICCKOM ipynnoBCH.I aHaJIH3C, BhiCTynaeT. CHCTCM~ llCXO,ZJ;IIhlX .[(Y C O,ZJ;HIIM 

cyl.l{eCTBCIIHhiM OTJIII'IIICM: B ,'IHCJIO He3aBHCHMbiX nepeMCHHbiX BKJIIO'la!OTCJI TaRJRe 

napaMeTpbi, Bxo.n;amne B pern~Hne ypaBH~miH, B ';~M q~cne n q~pe3 ~paeBh!e.n;~n
Hble .. .[(onycKaeM~ UC~O,ZJ;HOfi CIICTCMOfi . .[(Y rpynna, R(nopaH Y'IHTbiB.aeT npeo6-

pa3oBaHIIJI BXO,ZJ;HI.l{IIX B ypaBHCHIIJI HapaMeTpOB napH.ZJ;y C .n;pyriiMU IIC3aBHCHI\Ibll\III 

nepeM~HHbiMH, B par.maX CTan.n;apTHQfO ITO,ZJ;XO,ZJ;a B OT,ZJ;CJibHMX: CJIY'I.ilfiX MOJK~T pa
1
C-

1 
Cl\laTpHBaTbCJI KaR rpyrrrr~ 3KBIIBaJICHTHOCTII. . . . 

)l{enaeMoro pe3yJih;aTa no n~cTpoermro rpynmr cnMr.ieTpnn, 3aae.n;oMo co.n;epma

me:ii pernenneRpae~ofi 3a.n;aqn B nnaapnanTHOM Mnoroo6pa3nn,'!>IOJRHo .AocTil<ii. npn 

KOM6nnnpoBaHUll MCTO,na r"pynnoaoro anaJIH3a c 1\ICTO.l{OM nn'aapnaH.THOro rroq)yme

llllll [17, 18]. Anrop~TMU'ICCKH npoue.n;ypa m;B~pnanTnof~ norpymemiH co.n;epmnT 
. ' . ' ' . ' ··. ',. -, 

onepaiiiiiO BRJIIO'ICIIUJI KpaeBbiX ,naHHbiX B 'IUCJIO nepeMeiiHbiX, yqacTBYIOI.l{UX ,na,1ee 

B rpynnoablx rrp~o6pa3oaaun11x. Tipu aTor.I o6neKTOM q>yrrrroaoro alla~n3~ cTano

anTCII CUCTe~a ypaBHCIIUll, C~CTOJI~aH U3 UC~O){IIOfi CUCTCI\Ibl n/ ~Jill cootBeTCTBY~ 
romnx en n Kpaeaofi 3a,naqe ypaBHeHnfi 'norpymennH. Tiocne.nnne CTpOHT~R Riu{ nii 

OCHOBC co6CTBCI~IIO ypaimeHUll, TaK n C IIO?.fOI.l{bi<'> Kpa'eBbiX ycJIOBUfi. B'TCX c.1y~a.flx, 
Ror,na norpymeun~ Kpaea~fi 3a,na'm ii.n11 .llY npnBo,nliT R ImTerp'anhn~n <I>opMynn

poBKe, K rpyrrno~OMY. a~aJIII3Y npe,n'hHBnRCTCJI Tpe6oaarine pa~mnpeim~ ero anro

pHU.WB r~a H.r~.ferpo.zill:(p(!>'ep~IIIIila]iblible cncTe1ih! ypaaHermn.'· c yqeTol\1 1-oro; qro B 

peann3aii~n ~o.zio6noro pacllinperinn o6hacTn npnMenin.IOcTn yCTauoanrilliilxcn r.teTO

,n~B q)ynrroB~~o 'aHann3a · a·nocne,nJiee BpeMii Tai<ffi'e ria~.wmirc11 3aMe"nJJ,itt rrporpecc 

[16, 19, 20], Momno cRa3aTb, 'ITo yKa::lanriwit rryTb KoM6nimpoaalmn' oRa:lhlB'aci-c.R 
,nocTa;oqJio ROHCTPYRTII~~I>m.' • · . . ·. · · '.· ., · ·. . · 

. 06-i.e,nniieiine ncxo,nJI'ofi CUCT~Mbl 'c ypaBnennkl\111 norpymeJIHJI' 'r.IO.nn<I>niinpycT 

,nu<t>cp'epeHIIHa~i.~oe l\IIIOroo6pa31IC n, 'KaK npaBHJio, BCCbl\la cyniecTBCHIIO. C TO'IHll 

3peun~. rpy~II~B~;o aiian~ia. 3TO npo~~JIJICTCJI B. OTJIII'IIJII COOTBCTCTBYIOI.l{HX rpyiin 

cnMl\16Tpnu, ,nony~Kael\lbiX o61.eiinrieimofi cncTeMofi u c'ncTeMofi ncxo,niibiX ypaarie

Hnfi. 06o6me~~neM JI6,nxo.na: c' ~crronb3oaanneil ypaanennfi rrorpymennn ilnnHcTcH 

IIep~!popM.ynnpoaarme Kpaeai.rx .ziauilhlx 11a H3Linc '.nil<I><I>epeniinanbnon cBII3n, coc 
BMecTHofi c nc:>Co.ziiihlMli'YPaBnerinH~m~' ··· · " • · ·· ' ; ' '' • ",' ·. 

YKaJKCl\1 el.l{e na ){B~ B03~0lKHbiX no,nxo.zia ({ rrpo6nel\le oi;pc,neJICllllR pcnopMrpyrrno
Boro ·MIIor~o6pa3n.R · ii 'naxom.Ac.~liH · .n;orrycnacMott · n~l· hocTaToqno iimp(>Kofi · rpyrirrbl 

rrpe66pa3oaamin. O.zinn U3 nux no.nxo.n;oa cocTonT B pacrnnpeumi' rrpoCTpancTBa 

rrepeMeiiiibiX, iia RoTopr.lx paccl\laTpnaaeTca ,neficl-aite rpyrnihi, ~a c;IeT nciio:Jb3o

aannll ne n)nbKO TO'IC'IHhlX rpynn. npco6pa3oaannfi, no 1-ai<'mcTpyrm' ncnoRa.irbHbiX 

IIpeo6pa30BaiiUll (15] U rpyiiii Jln~Bei<Jiyu,na (1.0, 11]. ;LJ.pyrofi llO,ZJ;XO){CBJI3a;I C IIC

IIOJib30BaiiUCM. yrrpomennon, (no cpaanenmo c ncxo.iiirott) ~iaTeManPiccRot! IIIOJlenn 

.n;n11 om;caJIUH nccne.n;yeMbiX <Pn3.H'lecKnx IIpouecco~, Tanoc yrrpomeHne.3a'iaCTyro 

ona3biBaeTCII B031\10lKIIbiM npn nann•nm a cucTcMc ncxo.n;nb!X .[(Y cnaritelllbiX, co.n;ep

JKal.l{HX 1\laJibiC rrapaMeTpbi. IJonyqaiOJJ{aJICJI IIpll OT6paCbiBaHHH 3TIIX C.1aracl\lhiX 

·5 



cncreMa ypaBHemrtt, KaR npamrno, .n.onycKaer 6onee mnpoRyiO rpynny rrpeo6pa:Ju

Bamitt, HaCJJC.lJ.YCMYIO (B CMhiCJie cyrneCTBOBaHHJl rrpn6JJH}!{CHHOH rpyrrrrLI [14]) ITO 

MaJIOMY napaMeTpy CHCTCMOH HCXO.lJ.HhiX ypaBHCHllH. 

06cy.n.n:M renepb npone.n.ypy cy}!{eHHJI ml.ii.n.ennott rpynrrLI na pemennn KjmeBoll: 

3a.n.aqn: (roqHoM HJIR npH6JJH}!{eHHOM) 3. UenbiO :noro cy}!{eHHJI JIBJIJICTCJI nocrpoe

Hne TaRot!: rpynnLI np.eo6pa3oaannii c RacaTeJJbHLIM BeRropHLIM noneir ( roqeqHoll:, 

rpynnLI JlH-EeRnyn.n.a n: 1-. .n..), Kam.ll.hlfi H3, nmpnHnTe3HMaJJbHLIX onepa-fopoB ROTO~ 
pott co.n.ep}!{HT pemenrie Rpaeaoil: 3a.z:iaq·H B cBoeM HmiapnaHTHOM Mnoroo6pa3nn. Ha 

JI3h!Re RanoHnqecKoro oneparopa peHopMrpynnoBoii CHMMeTpnn 3TO 03Haqaer, qTo 

ero RoopimHaTa o6pamaeTcJI B HYJJb Ha pemeH~H ·Rpaeaoil: 3a.n.aqn n ero ·.n.ncpcpe

peHnn:aJihHLIX CJIC.lJ.CTBHJIX. Ilo, cyrneCTBJ, 3TO paBCHCTBO CCTb_ ccpopMyimpoBaHHOe 

Ha JI.3h!Ke n:HcpHHHTC3HMaJibHhiX npeo6pa30BaHnii Tpe6oBaHne cpyHKUHOHaJJhHOH aB-
TOMO.ll.CJibHOCTH HCC~e.n.yeMoil:. cpn3nqecROH Cl!C~CMM. . . . . 

. MaTeMaTn:qecKn np<nieJiypa cy}!{eHHJI conpoBO}!{.lJ.~eTcJI 77 RoM6nmrpoaaHiuiM" · Ra-

HOHnqecRnx Roop.n.n:HaT onepaTopoB rpynrm, .n.onycRaeMofi peHopMrpyrrrrmiLIM MHO

roo6pa3neM. Ycn~ane ofipameiinR: B HYJih cyMMLI 3Tl!X Roop.n.nHaT Ha pemeHnn Rpa

eliott 3a.n.aqn (ycJIOBl!e imaapn:aHTHOCTll OTH.OCHTCJJbHO orrepaTopa Pf-cnMMeTpnii) 

rrpnBO.lJ.l!T R na6opy anre6pan:qe~Rn~ paBeHCTB, CBJI3LIBaiomnx Me}!{tzy co6ott RO

op.n.nnaTLI pa3JJl!qHLIX orrepaTopoB n rropo}!{.n.aiOI!lnx TaKnM o6pa3oM ncRoMLie Pr

cnMMeTpnn. B TOM cny~ae, Kor.n.a Pr CTpOI!TCJ!l!3 rpyrrrrLI Jln, .n.orrycRaeMOH HCXO

.n.nott. CHCTC~Oil: .LJ:Y, • . ona peaJJH3ye~CJI RaR rro.n.rpyrrrra 3TOfi rpyrrrrLI, a pemenne 
' ' . . ' . .... ··, . ' .,. 

KpaeBOfi 3a.n.aqn B03Hl!RaCT RaR HHBapnaUTHOe, OTHOCl!TCJJbHO IJOJiyqeHHOH ToqeqHoil: 

penopmpyrrnLI (cp.[9, §29]). B no.n.xo.n.e, ocHoB~HHOM na ncrroJJb30Bainm ~o.n.nqln
nnpoBaHHoro .n.n:cpcpepennnanbH~ro MHoroo6pa3n~, Pf-cnM~e~pn'n ~o3HUKaiOT B pe-

3YJibTaTe cy}!{e!IHJI Ha pemennn RpaeBoil: 3a.n.aqn CHMMe;p·n~,.n.oriycRaeMott ncxo.ll.Hott 

CHCTCMOil: H 3a.n.aHHOtt .n.ncpcpepeHUH~JibHOtt CBJ!Jb!O n/nnn yp~Bm!un:eM rrorpy}!{eHHJl 

(B oTnnqn.e oT np~ne.n.ypu oTLICRaHHJI rpymm·ycnoBHLix~nMM~Tpntt, ~.n.e iaKaH iln<P

cpepennnanbHaJI CBJI3b a priori ne H3BCCTHa H pa:ih!CRHBaeTC~ caM a B xo.n.e IJOCTpoe

HHJl rpyn~m). KaR y}!{e roa~pnnocb BLime, B ponn rpynnLI cnMMeTpnn, cy}!{aeMoli Ila 

pememm RpaeBoll: 3a.n.aqn, Mo}!{eT 6LIT~. ncnonl,~oBaHa He TOJibKO ToqeqnaJI rpynrra 

Jln, ~10 n rpyrrna Jln-B~RJJyu.n.a, npn6JJn}!{eHHaH rpy~na rrpeo6pa3oB1mntt, rpyrrrra 

HCJIORaJJbHhiX CHMMCTpnil:, rpyrrtta HCJJHCBCKI!X CHMMCTpllH H T . .lJ.. 

Hn:}!{e MLI paccMOTpnM ROIIRpeTH~e rrpnMepu rrocTpoeHnJI peHopMrpyrrrroBLIX cnM

MeTpnn: .ll.JIH cpH3HqecRHX CHCTCM 7 OIIHCh!BaCMhiX C llOMOillbiO .ll.Hcpcpepenn;HaJJbHhiX 

ypaaneHnil:. Pa36nenne cTaTbn Iia pa3.1l.CJILI. ~ nx na3BaHnJI oTpamaiOT ccpopMynn

poaaHHLie BLimepa3JJnqnLie no.n.xo.n.LI li rrocTpoeHniO Pf~cl!MMeTpntt, 3aBncJimne oT 

BLI6opa peHopMrpynnoaoro MHoroo6pa3l!JI n crroco6a 3a.n.aunJI RpaeBLIX .n.aHHJ,IX. 

3 B 'laCTHOM CJIY'Iae 3TO HBJIHeTCH peaJIIIJaiU!ell: npo1.1e,nypu OTUCKaHnH .8-<f>YHKLIIIII ·a ypauHeHnn 

0BCHI!HIIl<OBa B KBaHTOBQ-fiOJICBOil: peHOpMrpynne [2). 
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2 IIocTpoeHHe peHopMrpyrrrroBoii CHMMeTpHH 
• • • • " - i ~ ...., ' '- • 

C HCIIOJih30BaHHeM ypaBHeHHH IIOrpymeHHJI 

B 3TOM pa3.n.ene o6cylR,llaeTCJI_ anropn:TM nocTpoeHn:JI Pf-cnMMerpn:fi c ncnOJib30-

BaHneM ypaBHCHHil: norpy}!{CHHH .ll.JIJI cpn:3n:qeCRHX CHCTCM10llHCh!BaeMh!X C llOMOfllblO 

o6LIRHOBCHHLIX .n.ncpcpepennnaJJbHLIX ypaBHeHn:tt (O.LJ:Y). HarJIJI.lJ.HLIM npn:MepoM Jlli
JIJ!eTCJI RpaeBaJI 3a.n.aqa .ll.JIJI O.LJ:Y nepBoro nopll.ll.Ra. 

Ut=f(t,u,a), 

't=r, u=x, 

C JIBHO BXO.ll.JiillHM B ypaBHCHHC napaMeTpOM a., 

(2.1) 

(2:2) 

IIocTpoeune Pf- cnMMeTpntt cy}!{~un:eM .n.onycKaeMott O.LJ:Y (2.1) 6ecRoHeqHoii 

rpyrrrrLI Jln naTaJIRnBaeTcJI Ha Tpy.n.uocTn: c naxolR,lleHneM 3Toll: rpynnLI BBH.lJ.Y, cnenn:

cpnqecKnx npo6neM, B03HHRaiOmnx npn: rpynnoBOM aHaJin3e O.LJ:Y nepBoro nopll.ll.Ka 

[9, §8]. Bo3MO}!{HLIM BLixo.n.oM JIBJIJ!eTCJI pacmHpeHn:e · ncxo.n.noro .n.n:cpcpepennn:anb- . 

uoro MHOroo6pa3HJl .1J.06aBJICHHCM K (2.1) ypaBHCHHJl norpy}!{CHHJI [17, 18],·ROTOpoe 

.ll.JIJI RpaeBOH 3a.n.aqH (2.1 )-(2.2) HMCCT BH.ll. JJHHCHHOro .ll.Hcpcpepeun;n:aJibHOro ypaBHC

HHJl C qaCTHhiMH llpOI13BO.lJ.HhiMH nepBOrO llOpH.lJ.Ra: 

u.,. + f(r,x,a)ux = 0. ' (2.3) 

06'hC.lJ.HHeHHe ypaBHCHHil: (2.1), (2.3) B e.n.n:nyiO cncTeM{pemaeT npo6neMy no

cTpoennJI peuopmpyrrnoaoro MHoroo6pa3IIJI: .LJ:JIJI cncTeMI>i ypaBHeHn:il: (2.1 ), · (2.3) 

.ll.JIJI cpynRn;nn u(t,'r, x, a) qeTLipexuepeMeHHLIX {t, r,'x,a} oTLICKaHn:e ~oi:ryc~aeMofi 
rpyrrnLI BOBJJeRaeT B rpynnoBLie npeo6pa3oBann:JI . uapll.lJ.Y c napaMeTpoM, npncyT

CTBYIOrnn:M B HCXO.lJ.HOM ypaBHCH~ll (2.1), TaK~e·na'paMeTphl T 7 x, BXO.ll.JIIUHC B Kpa

CBhle .n.annLie. CyllieHne nonyqeunofi B .pe3yJibTaTe rpynnLI. cnMMeTpn:n: na JJI06oM 

.n.ocTynnoM (npn:6nnllieHHoM) peuieun:n 3a.n.aqn: (2.1), (2.2) nopolli.zi~eT n:~ROMLie Pr

cnMMeTpnn. IlponJIJJIOCTpnpyeM CKa:JaHHoe ua .lJ.Byx'npocT.hlx npn:Mepax. 

Ilpn:Mep 2.L f = au2
• 

PeuopMrpyrrnoBoe MHoroo6pa3ne, orrpe.n.eJIJ!eMoe ypaBnemiJIMn: (2.1), (2.3), npn:Hn:-
• ·, > !.· ' ' ' 

MaCT Bll.ll. .· 
2 2 ' 

u 1 = au , u.,. +ax .Ux = 0 . (2A) 
.LJ:onycKaCMaJI 3THM MHoroo6pa3HCM 6eCROHeqHaJI ToqeqHaJI rpynna OThiCKUBaCTCJl 

CTaH.n.apTHhiM o6pa30M H XapaKTepn:3yeTCJI n:HcpHHHTC3HMaJibHhiM onepaTopOM (lfQ) 
C llJ!TblO HC3aBHCHMbiMH BRJia.lJ.aMU 

5 

X= La;X;, 
i=l 

xl = 8t+ au28u; x2 =a.,.+ ax28x;. 

x3'= u28u ,· x4 = x28x' Xs = x2r8x + u2t8u + aa' 
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ROOp.ioJ~aThi ROTOpOro 3a.n:aiOTCJI llBJMH <iJYHR~HHMH 0:1 H 0:2 IIHTH rpyiiiiOBhiX 11epe~ 
MCHHhiX { t, r, x, a, u }'n TpeMH IPYHK~HHMH o:3, o:4 , o:5 'c 11pOH3BOJII.Hofi 3aBncnMo
CTbiO OT CJIC.ll:J!Olll;HX KOMfiHHa~nfi 3THX 11CpCMCHHhiX 

1 
at+-, 

u 

1 
ar+-, 

X 
a. (2.6) 

011epa~HH cymeHnH Hatt.n:eHHofi'rpyrr11hi 3aKJIIO~aeTCH B rrpoBepKe ycnoBnH HHBa

pnaHTHOCTH perneHHH Ha~aJII.Hoii 3a.n:a~u OTHOCHTCJII.Ho Pf-rrpeo6pa3oBaHufi, unu, 

HHhiMH CJIOBaMU, JCJIOBHH o6paru;eHHH B HJJib KllOpMHaThi KaHOHll~CCKOrO OIIepaTopa 

rpyiiiihi [10, §16], 3KBHBaJICHTHOro (2.5), Ha TO~HOM UJIU 11pll6JIUffiCHH~M pe111CHHU 

u = U(t, x, r, a) Ha~amHoii 3a.n:a~H (2.1), (2.2) 

U2 (o:3 + ao:1 + O:st)- o:1Ut- o:2Ur- x2(o:4 + ao:2 + o:sr)Ux- o:sUa = 0. (2.7) 

PaccMoTpnM, HarrpnMep, BapHaHT c llC110Jib30BaHneM 11pn6numeHHoro perneHHH Ha~ 

~aJibHOii 3a.n:a~ll (2.1), (2.2) B Bll.ll:C 0Tpc3Ka pH.n:a TCOpll~ B03MJIIl;CHllfi (TB) 110 
CTCIICHHM, rrapaMeTpa a 

u = U(t,x,r,a) = x + ax2(t- r) + O(a2
), a<< 1. (2.8) 

flo.n:cTaHOBKa (2.8) B (2.7) IIOKa3hiBaeT, ~TO YCJIOBUC UHBapUaHTHOCTU (2.7) peaJIU-

3JCTCJI IIpH 0:3 = 0:4 := 0: ll COXpaHHIOIIl;CMCJI 1Ip0ll3BOJIC B Bhlfiope liJJHK~Uil: o:1, 0:2 ll 

o:s. TionaraH 0:1 = 0:2 = o: = 0 u o:s = 1,rrony~uM rrpocTOtt o11epaTop peHopMrpyrr11hi 

R = i 2rax + aa + u2tau, (2.9) 

c IIOMOIIl;biO KoToporo pemeHne 110 TB (2.8) BoccTaHaBJIHBaeTcH .n:o TO~Horo 'perneHUH 

Ha~aJibHoii 3a.n:a~u (2.1), (2.2) (B Bn.n:e cyMMhi reoMeTpn~ecKoii- rrporpeccun) 

X 
u= . 

1-ax(t-r) (2.10) 

.IJ:JIH IIOJIJ~CHUH pe111CHHH, (2.i0) CJIC.Zl:JCT 3aiiHCaTb JCJIOBllC UHBapuaHTHOCTU pe-

111CHUH Ha~aJII.Hott 3a.n:a~n OTHocnTeJII.Ho Pf-rrpeo6pa3oBaHuii c orrepaTopoM (2.9), 

KOT~poe HMCCT BH.ll: JIUHCHHOro .IJ:Y B ~aCTHhiX 1IpOU3BO.ll:HhiX IIepBoro IIOpH.n:Ka 

- u2t + X 2
TUx + Ua = 0 · (2.11) 

YpaBHeHnH xapaKTepucTUK .ll:JIH (2.11) ecTb xopouio ll3BcCTHhle ypaBHciiUH Jiu c 
rpyrrnOBhiM rrapaMeTpOM a 

dt _ 
0 

dr _ 
0 da- ' da- ' 

dx 
-d =x2r 

a ' 
du = u2t, 
da , 

perneHHH KOTOphlx .n:awT ncKoMoe perneiine Ha~aJII.Hotl: 3a.n:a~u (2.10). 
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llpuMep 2.2. f = u 2 + du3
• 

lloCTpoeHne Pf-cnMMeTp!Ill B 3TOM rrpHMepe rrp~KTn~ecKII aiia.rroru~Ho rrpe.zlM.n:y-, 

ru;eMy. PeiiopMrpyrriioBoe MHoroo6pa31Ie 3a.n:aeTCH napol!: ypaBHeHufi 
', - , . 

u1 = u 2 +au3
, . uT + (x2 + ax3 )ux = 0 . '(2.12) 

.IJ:o11JCKaCMaH 3TUMII ypaBHCHIIHMU, fieqWIIC'IIIaH TO'IC'IHaH rpyrrna XapaKTCpll3JCTCH 

J10 C 11HTbiO BKJia.n:al>m, aiiaJIO~ll'IHhiMU (2.5). MLI IIpUBe.n:eM B HBIIO~i Bll.ll:C Jlll111b 

O.ll:IIH II3 3THX BKJia.n:oB; ~apaKTepu3yeMLiti: onepaTopoM X 5 

5 

X= Lo:;X;, 
i=l 

X 5 = (x2
(1 + ax)r+x)ax + (u2

(1 + au)t + u) au- aaa, 

(2.13) 

u liJYIIK~IIefi o:5 , KOTOpaH IIp01I3BOJibiiblM o6pa30M 3aBIICIIT OT CJie.Zl:JIOIUIIX KOM61IHa

~uii rpyiiiiOBLIX 11CpCMCIIIILIX 

1 11 +au I t + - - a III --- , 
u , au 

1 11 +~x~ r + - - a III -. -- ,. · a. 
x , ax . 

(2.i4) 

CymeiillC rpynnLI (2.13) Ha np1I6JIIIffiCIIIIOM peiiiCIIIIII u = U(t, x, r, a) Ha'laJibiiOfi 

3a.n:a'III (2.1), (2.2) 110 TB'no cTeiieHJIM 11apaMeTpa a 

X 

u=U(t,x,r,a):= 1-x(t-:-r) 

.· 2' ,' ' ' ' ' 

-a. x ,_IIII1-x(t-r)I+O(a2),a<<1, 

(2.15) 

ne 11pnBo.n:uT K orpaHU'IeHUJIM Ha BII.n: liJYIIK~uu o:5 , T.e. o11epaTop. X 5 no cyTn HBJIJI

eTCH peHopMrpynnoBhiM. TionaraH .n:nJI npocT<:iTLI o:5 = 1 u o11ycHaH BHna.n:bl ocTaJII.~ 
HLIX onepaTopoa, 11epe11n1IIeM B03HUHawmufi H3 (2.13) onepaTop penopMrpy1111L1· B 

IIpOCTOM BII.ll:C 

R = (x
2
(1 + ax)r +':z:) 8x + (u

2
(1 + au)t +,u) au-,- aaa. 

•' ',• ' ' : 
(2.16) 

YcJiOBIIC UIIBapnaHTIIOCTU peiiiCIIUH IIa'laJibiiOfi 3a,l\a'IU OTIIOCUTCJibiiO p[:.onepaTopa 

(2.16) .n:aeTCH CJIC.Zl:JIOIIl;UM .IJ:Y B 'laCTIILIX npo~3BO,l\II,blXHe?.~oro IIOpii,l\Ha 

· .:... (x
2
(1+ ax)r + ~).ux + aua+ u 2 (1 +au)t + u = 0. (2.17) 

PelllcHue ypaanenufi xapaKTep!ICTHH .nnn (2.17) .naeT ncJWMoe TO'IHOc pclllenuc IIa

'IaJII.Hofi 3a.n:aqu B anre6pauqecHofi liJopMc 

, .1· 1. ,x.(l,+a~)~ , 
_t-r=;-';;+aln u(l+ax) .• · {2.18) 
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06IUHM csol!:CTBOM nal!:JleHHhiX BLIJIIe penopMrpyrrrr KpaeBLIX 3a]la'l JlJIR O.llY rrep

son:i rropHJlKa HBJIReTCH KOHTHHyanLHLil!: rrpon3BOJI KOOpJlHHaT COOTBeTCTBYIOIUHX MO 
_ peHopMrpyrrrr, 3a]laBaeMLil1 IIpOli3BOJibH11MH cpyHKUHHMH a, a1 ,- a 2 H as. 8To 03Ha

qaeT, 'ITO peHOpMrpyrrrra MOJKeT 611Th IIpe]lCTaBJieHa 6eCKOHe'IH11M na6opoM KOH

KpeTHLIX MO c pa3JIH'IHLIMH :qacTHLIMn 3Ha'leHHHMn HX KOOPJlHHaT. HarrpHMep, 

KOHKpeTHLie peHopMrpynnosLie MO (2.9) H (2.16) B03HHKaJIH npn OTJIH'lnoti. oT HJJIR 

e]lHHCTBeHHol1 cpynKUHII as = 1. KaK 6yJleT HCHO nnJKe, no]lo6naH cnTyaunH xapaK

Tepna ne TOJILKO JlJIR O,llY, no n JlJIR JlHcpcpepenuHaJILHLIX ypasnennti. c _qacTHLIMH 

npon3BOJlHLIMn. A nMeuno, 6ecKoneqnoe pa3uoo6pa3ne HBHLIX BLipamenHl!: peuop

MrpynnoBLIX MO co'leTaercH c e]lHIICTBeuuocTLIO TO'luoro peJIIeHHH cooTBeTCTBYIO

mel!: Kpaeaol1 3a]la'IH, nenpeMeuuo COJlepJKamerocH B nuaapHaHTHOM MJIOroo6pa3nn 

penopMrpynnLI. 
B npnae]leiiHLIX BLIJIIe npnMepax noCTpoeunH Pf-cnMMeTpHti. ncnoJIL30BaJIHCL To

qeqnLie rpynn11 npeo6pa3oBaiiHii, JlOIIJCKaeMLie ypaaueunHMH (2.1), (2.3). 0JlHaKo 

ypaBHeHJie norpyJKeHHR (2.3), KaK II BCRKOe 3BOJIIOUllOHHOe ypaauenne C 'laCTIILIMH 

npmi3BOJlHLIMR nepaoro nopHJlKa, o6na]laeT T<lKJKe cnMMeTpneti. JI~~:-BeKJIYHJla ((10], 
§18). 8TO o6CTORTeJibCTBO OTKpLIBaeT JlOITOJIHI!TeJibHLie B.Q3MOlKHOCTll ITOCTpOeHJIR 

Pf-cRMMeTpnl!: II nnTerp1IpoaaniiH O.llY (eM., nanpiiMep, (22]). 
B 3aKJIIO'leniie ]lanuo-ro pa3]leJia OTMeTIIM, 'ITo cTpyKTypa ypaaneniil!: norpyJKe

HHH onpe]leJIReTCH He TOJlbKO BIIJlOM HCXO]l!IOfO ypaBHeHIIH, HO II TIIITOM KpaeBLIX 

]laHULIX K HeMy (13, 21]. 0JlHOMJ II ~OMJ· JKe HCXOJlHOMY ypaBHeiiHIO llpii pa3H11X 

KpaeBLIX ]lauuLix cooTBeTCTBJIOT pa3HLie ypaaueiiiiR norpyJKeHIIH. B qacTnocTH, 

ynoMRHJTaH so BBe]leHIIH ueJioKaJILHOCTb ypaaneunl!: ·.norpyJKeHIIR o6uapylKIIBaeTcR 

B TOM qncne n Kpaeaol!: 3aJla'lel!: JlJIH O.llY nepaoro nopHJlKa, ecnn uaqanr,noe 3Ha'le

IIIIe x pa3LICKnBaeMol!: ipynKunn u(t) npn t = ~'coa'rra]laeT co 3Ha'lenneM OJlHOro H3 

napa~eTpoa x, orrpeJleJIRIOIUero cTpyKTYPY npanoti. qacTn O.llY (2.1). HanpHMep, 
uaqaJILIIOlt 3a]la'le 

Ut=f(t,x,a,u); t=r, u=x (2.19) 

onieqaeT uennueltuoe mnerpOJl1IcpcpepeuunaJir,uoe ypanu~niie rrorpylKeHIIH: 

Ur + f(r,x,a,x)ux = f(r,x,a,x) + 

I [ t' l +/ dt'fx(t',x,a,u(t'))exp -~dt"f,.(t",x,a,u(t'1)) . 
(2.20) 

CooTBeTCTBeHHO o6'beKTOM rpyrrrroaoro (II peuopMrpyrrrronoro) anaJIII3a B npocTpau

CTBe ITHTII rpyiiiToiiLIX nepeMeHHLIX { t, T, x, a, U} HBJIReTCH Tenepb ylKe IIHTerpo,n;IIcp

cpepeHQIIaJibllaH CIICTeMa ypanneuiiit (2.19), (2.20). 
YpaaneHIIH norpyJKeHIIH (2.3) II (2.20) MOJKHo paccMaTpiiBaTL n KaR caMocTo

HTeJILHLie o6'beRTLI rpyrrnoaoro anaJIII3a c rrpo1I3BOJILHLIM · 3JieMeHTOM f rpynnonofi 

Knacc1Icp1IKan;nii no nx CIIMMeTpiiHM Jlii-BeKnyn,n;a. IloiiCR ycnoanl1 pacJIInpemm ,n;o

nycKaeMol1 llMII rpynrrLI Jlii-BeKnyn,n;a npii onpe,n;eJieHHLIX <l>YHRD;JIHX f' 3a,n;aiOIUJIX 
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rrpaa11e qacm cooTBeTCTBYIOIUHX O.llY B 3a]laqax (2.1 ), (2.2) n (2.19), no3BOJIReT 

oTo6paTL Te O.llY nepnoro rropRJlKa, KOTOI>1le RHTerpRpyiOTCH B KBanpaTypax. Pa-

3JMeeTcH, 3TO rronoJKeune npnMennMo n K ypannennHM norpyJKeHnH KpaeBLIX 3a]laq 

JlJIR O.llY BTOporo R 6onee BLICoKoro nopHJlKa. 

3 PeHopMrpynna Ha.H no.n;rpynna rpynnlii JIH, 

.n;onycHaeMOH HCXO.IJ;HiiiMH .D;HcpcpepeH:QHaJib

HiiiMH ypaBHeHH.HMH 

B npeJlLIJlYIUeM pa3]leJie o6cylK]laJiacr, 3a]laqa·nocTpoeHRH Pf ncxo]lR JI3 ypanm!

HHH rrorpyJKennR. 0JlHaKo nMeeT cM:hlcn peJIIenne n o6paTnol!: 3a]la'ln, a nMenno: 

nocTpoenne ypaaueu~~:l1 norpyJKeHnH ncxoM n3 ual!:]leuuol!: peuopMrpyrrnM. 0T'la

CTH 3TO 06CTOHTeJibCTBO CBH3aHO C TeM, 'ITO ]lJIR JlllcpcpepeRQJiaJibHLIX ypaBHeHnl!: 

B 'laCTHLIX npon3BOJlHLIX (.llYqiJ), oco6enno uennnettn11x, cpopMynnponKa ypanne

unl!: norpyJKennH (a OTJIH'lne oT rrorpyJKeunH 3a]la'ln Komn JlJIR O.llY) npeJlCTaBJIReT 

co6olt nnonne caMocToHTenr,noe, a nuor]la n TPYJlOeMKoe,ynpamuenne. Ilpouenypa 

naxoJK]lennH ypaauenntt rrorpyJKeHRH ua ocuone penopMrpynnLI OKa3LIBaeTcH Kon

CTPYKTHBnol!: B Tex (paccMaTpnnaeMLIX nnJKe B 3T?M pa3JleJie) cny'laHX, Kor]la pe

nopMrpynny y]laeTCR IIOCTpOHTb KaK rpynny CRMMeTpHR KpaftBOJ!: 3a]la'IR ]lJIR O,ll;HOfO 

JIHlllb HCXO.n;HOfO ypaBReHHH, B TOM 'IHCJie li C J'IeTOM npeo6pa30BaHliH BXO]lRJUHX B 

ypaBHenne II~paMeTpOB. IlpH 3TQM CBOeo6paaH11M anaJIOfOM ypaBRenntt norpyJKe

HHR CJIJlKaT ypaBHeHHH, OTBe'laiOIUHe JCJIOBHHM HRBapnaRTIIOCTH OTHOCHTeJibHO HH

cpnHHTe3HMaJILH11X peuopMrpynnOBLIX onepaTOpOB ( T .'e. JCJIOBHHM cpyHKUHOHaJibHOl!: 

aBTOMO,ll;eJibHOCTH), B KOTOp11X pOJib Re3aBHCHM11X nepeMeHHLIX nrpa!OT1 B 'laCTHOCTH
1 

n napaMeTpLI 3a,D;a'ln. ,llJIR mottettuoii. penopMrpynnM 3TH ypa:Buemm HBJIRIOTCH 

ypaBHeHliHMH B_ 'laCTHLIX llpOH3BO,ll;H11X nep~oro ITOpH]lKa li B 3TOM CMLICJie MoryT 

611Tb Ha3BaH11 3B0.410~UO'H'Hbt.ltu. 

B 3TOM pa3,n;ene rrpn nocTpoennn Pf-cnMMeTpnl!: ncxo,n;rrLIM penopMrpynnoBJ.IM 

MHOroo6pa3neM RBJIHeTCH Mnoroo6pa3ne, 3a,n;asaeMoe nccnenyeMLIM ,LIY ( unn cncie

Mofi ypaauennl!:) B pacJIInpennoM 3a C'leT rrapa~eTpoB npocTpancTBe ne3aBHCHMLIX 

rrepe~enn11x. Y'leT KpaeBJ.IX ,n;aHRLix nponcxo,n;nT na <Harre cyJKennH ,n;onyc~aeMott 
3THM MHOroo6pa3HeM rpynn11 CllMMeTpHH ,ll;O HCKOMOl!: Pf na TO'le'IHOM JIJIH llpH6JIH

JKeHHOM peJIIennn Kpaenol1 3a,n;a"'H. CaMo peJIIenne.peann3yeTCH KaR nnnapnanTnoe 

peJIIeune ,n;JIH n106oro H3 nal1,n;enn11x onepaTOpon Pf-cnMMeTpnl1 • .LJ;JIR HJIJIIOCTpa

unn ncnoJIL3JIOTCH ·,n;na rrpnMepa: peJIIeune na'lanr,nol1 3a,D;a'ln ,n;JIR Mo,n;ncpnunpo

aanuoro ypanuennH B10prepca n Rpaenol1 3a,n;aqn ,n;JIR ypanuenHl1 reoMeTpH"'ecKo:tt 

OITTHKH. 

IlpnMep 3.1. HaqanLnaH 3a,n;a'la ,n;JIR ypanneHHH B10prepca. 

PaccMoTpHM xopoJIIo H3BeCTHYIO B nenHne:l!:no:l!: aRyCTHRe naqaJILRYIO 3a,D;a'ly ,n;JIR 
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1\!0.l{llcpHUHPOBaHHOro ypaaHeHHH Bwprepca (Ha acelt aemecTBeHHOfi ocn: x) 

Ut - au; - VUxx = 0, t ~ 0, -oo < X < 00, 

u(O,x) = f(x) 

(3.1) 

(3.2) 

C HBHO BXO){HIUllMll B Hero napaMCTpaMH HCJIIIRCHHOCTll a H ,l{HCCHilaUHII V. He

npephlBHaH TO"'C"'HaH rpynna CllMMCTpHH, ,l{OilYCRaeMaH ,nn:cpcpepeHUHaJJhHhlM MHO

roo6pa3HCI\I (3.1) npe,ncTaBJIHCTCH MO (o6mnM 3JICMCHTOM aJire6phl Jln:) c ,l{CBHThJO 

HC3aBHClll\lhlMH BRJia,naMH "' 
8 

X= L C;(a,v)X; + X:JO. (3.3) 

i=l 

.TiepaLie ruecTh H3 nn:x X 1 , .•• , X 6 o6cym,naJIHCh paHee ( cl\1., Harrpn:Mep, [10, §18]) n 

OTBC"'aJOT npoeRTllBHOI\IY npeo6pa30BaHHJO ll npeo6pa30BaHHJO paCTHJKCIIHJl B IlJIO

CROCTH (t,x), nepeHOCal\1 IlO OCJll\1 t,x HUH npeo6pa30B~HHJO raJJHJICJl 

x, :::::= 4vt2 at + 4vtxax- (vfa)(x2 + 2vt)au, x2 = 2t8t + xax, 

X 3 = (1/v)at, X4 = 2vtax- (v/a)xau, Xs =Bx; Xs = -(vfa)au. 
' (3.4) 

Cne.nyromne' ,naa 110 x7 H X~ CBOHM cymecTBOBaHHCl\1 o6JI3aHhl Haruefi ROHUCIIUllll 

BOBJIC"'CHHJI napaMeTpOB B rpyiliiOBLIC npeofipa30BaHHJl RaR IIC3aBHClll\lhlX nepel\leH

HLIX ll CO?TBCTCTBYJOT npeo6pa30BaHHJO paCTJIJKCHllll a H V 

X1 = aaa + (~- u )au, X8 = 2va" + xax +2 (u- ~)a,. (3.5) 

Ko~p.nnnaThl C; nn:nefinofi RoM6nHaunn (3.3) JIBJIHJOTCJI npon3BOJibHhlMH cpyHRUUJIMU 

.nnyx rpynnoahlx nepeMeHHhlX a n v. Tiocne.nanlt 110 Xoo a (3.3) ecTh onepaTop 

. 6ecRoHe"':noro a6eneaa n.n~aJia o6cym.naeMolt rpynnhl · 

. ( au) Xoo = a(t, x, a, v) exp --;; au , (3.6) 

ROOp){HHaTa KOTOporo HMCCT RORTHRyaJihllhlH npOH3BOJI B BH,l{C cpyRKUHH a 'ICTLipex 

', rpynnOBhlX nepeMCHHhlX, orpaRlllJC!I!Ihlfi JJllHCfiHhll\1 napa60JIUlJCCKHM ypaBHCHHCM 

at- Vaxx = 0, (3.7) 

coana.nawmnM c nnneitno:ii lJaCThJO (a = 0) ,lJ,YqTI ( 3.1). 
CymaJI .nonycRaeMyiO .nncpcpepeiinn:aJih.IIhll\1 MHoroo6pa3neM (3.1) rpynny Ha pe

lllennnu = U(t, x, a, v) nalJaJihROfi Ja,nalJn (3.1), (3.2), 3ann111eM ycnoane o6pame

HHJI a nynh Koop.nnnaThl onepaTopa (3.3) a RanonnqecKOM npe,ncTaBJienn.n - ycJioane 

cpyRKl.lllORaJibHOfi aBTOMO,l{CJihHOCTH: 

1J- e(au; + vUxx)- eux- eua- eu" = 0. (3.8) 

12 

C yqeToM cpopMyJI (3.4)-(3.5), (3.6) ycJIOBIIC (3.8) .naeT anre6pan-.iecRoe p~BeiiCTBo, 
Bhlpamawmee Roop.nnnaTy onepaTOpa 6e~Roneqi;oMepncilt no.nrpynnLI ( cpyiiRUHJO a) 
qepe3 Roop.nnnaTLI ocTaJihHLIX aocbMII MO a nponJBOJihHhllt MOMenT apeMeHII t, a TOM 

qncne n npn t = 0, Ror.na 3TO pemenne U(O,x,a,v) = f(x) H3BCCTHO n onpe,neJieHo 

naqaJihHhll\1 ycnoaneM (3.2) 

(
af(x)) ~ ) { 1 2 2 } '· a(O,x,a,v)=-exp -v- ~C;(a,v TJ;-~;(afx+vfxx)-~;/x. (3.9) 

l1cnoJih3oBanne xopomo U3BeCTIIOro rrpe.ncTaaneHnH ,nJIH pemeHIIH JIUIIeltnoro ypa

anennH ,l{JIH cpyHRUHH a C naqaJibllhll\1 ycJIOBHCl\1 (3.9) Hero IIO){CTaHOBRa B (3.3) ,naeT 

ncRoMLie Pr-cnMMeTpnn, xapaRTepnJyeMLie nncpnnnTe3nMaJihHLIM onepaTopol\1 

8 

R = L C;(a, v)R;, 
i=l 

R; = X; + a; exp (- avu) au , 

v 2 
a, = - < x >, a2 =< xfx >, 

a 

v 
a4 =- < x >,. as=< fx >, 

a 

1 2 
a3 = - < afx + v fxx >, 

v 

v 
as=-< I>, 

a 

' ' v v 
a7 =< f(x)-- >,, 08 =< xfx- 2/(x) + 2- >. 

a a 

(3.10) 

B aa6ope Pr- onepaTOpoa (3.10) RpaTROCTII pa.nn yrnoBLIMH cRo6liaMn o6o3na

tJeaa· caepTRa 3aRJJJO'Ieanolt a anx cpyHRUIIH. F( x) c cpya,nal\leHTaJJh.HLIM perueanel\1 

G(t,x,v) nnneltnoro ypaaiiennJI (3.7), YMHoJKeHHLil\1 na 3RcnoaenTy oT cpyimunn"f 

H3 (3.2): 
00 

< F(x) >= J dyF(y)G(t,x- y,v)exp (~f(y)), 
-oo (3.H) 

G(t,x,.v) = -- exp --I ·. ( x2) 

V47rvt ·· 4vt 

l13 cpopMyJI (3.11) cne.nyeT, •ITO Pr-cn.l\11\!eTpn.n ,nnJI naqaJihnolt Ja,naqn (3.1 ), (3.2) 

nonytJaiOTCJI ROI\!6nnnpoaannP.l\l CHI\!1\!eTpn.lt BOChMHI\Iepnolt aJirc6pLI c MO (3.4), 

(3.5) n CH!\11\!eTpHlt 6ecRoneqnol\lepnolt no.nanrc6phl c MO (3.6). l{am,nhlfi H3 nony

'IHBIIIHXCJI aochl\IH Pr-~nepaTopoa (n nx nn.neltnhle KOI\!6nnaun.n c rrpoH3BOJJhllhll\IH 

K03cpcpnunenTal\ln - cpynRI.IHJIMH oT a n v) co.nepmnT pe111enne na•IaJJbHofi Ja,naqn. 

u = U(t, x, a, v) .a naaapn.aa-raol\1 l\llloroo6pa31IH n noJBOJJJieT naxo.nnTh rpynnoaLie 

npeo6pa30Ba!IHJI RaK Cal\IHX nepel\leHHhlX { t, X, a, V }, TaR H pa3JJH'IHLIX cpyHKUHOl!a-

JJOB OT peiiiCIIHJI (noKaJJhiiLIX H HeJioRaRhiiLIX). , 

flo cal\IOI\IY crroco6y IIOCTpOCIIHJI llOJIY'ICHHaJI pr BhlllOJJIIJICT npe,n'bJIBJIHel\loe 

o6LitJHo R mo6olt penopMrpynne Tpc6oaann.c "yny•IIIIaTh Tcopnw B031\!YillCHHfi". 
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' v ' 

PaccMoTpHM B KaqecTBe np:.~Mepa peiiierrue 3a)la'IH (3.i), (3.2) c f(x) = cosx 
( o6o6IIIeHHe rra cnyqafi npoH3BOJihHhiX f( x) TpHBHaJibHO [25, 23]) no TB c MaJihiM 

napaMeTpoM a ~ 1 
a . 

u =cos xe-"1 +- (1 - e-2
"

1
) (1 - e-2

"
1 cos 2x) + O(a2

) • 
4v 

(3.12) 

Tpe6oBaHHIO HHBapuaHTUOCTH npn6miJReuuoro peiiieHH1! (3.12) oTnocnTeJibHO one

paTopa penopMrpynnhi B npCJlCJIC MaJihiX 3Ua'ICHHfi napaMCTpa a --t 0 y,noBJICTBOp1ICT 

nnrreitrra11 ROM6nnan;H11 JlBYX HO H3 (3.10) 

1 
R=-(~+R1)= 

a 

1 au acosy 

( 

00 ) 
= Oa + ~ -u + exp ( ---;;) _[ dy cos yG(t, x- y, v) exp (-·-v-) Ou, 

(3.13) 

a caMo ycnoBHC HHBapnaHTHOCTH peiiiCHH11 KpaeBofi 3a,naqn OTHOCHTCJihHO HO (3.13) 

3annch!BaCTC11 B BHJlC O)JY nepBoro nopR,nKa • 

00 

u 1 ( au) J . (acosy) -'Ua-~+~exp ---;; dycosyG(t,x-y,v)exp -v- =0. (3.14) 

-oo 

B03BpamaJicb K c,nenanuoMy B ua'IaJie pa3,nena yTBepJR,nenniO o6 ncnoJib3oBannn 

Pf-cnMMCTp'nfi B MeTo,ne nuBapnanTnoro norpyJReHH11, 3aMCTHM, 'ITO ycnoBne (3.14) 

MOJRUO. paCCMaTpHBaTb KaK CBOC06pa3HOC ypaBHCHHC norpyJReHIIJl KpaeBOll 3a,D;a'IH 

(3.1), (3.2) c napaMeTpOM norpyJReunJI a. B CBOIO oqepe,nh,K KpaeBofi 3a,naqe ,D;JI1! 

O)lY nepBoro nopJI,nKa (3.14) c ,n~uaMH'JCCKH}.IH n~peMCHHhiMH (a, u) n na'IaJihHhiM 

ycJIOBHCM 
u = u0 (t,x,v) npn a= 0 (3.15) 

TaKJRC MOJRHO npHMCHHTb MCTOJl HHBapnaHTHOfO norpyJRCHHJI. IlpH'ICM, 6Jiaro.n;apll 

3aBHCIIMOCTH RpaeBoro 3Ha'IeHHJI u B (3.15) oT BXOJli!ID;HX B O)lY (3.14) "napaMe

TpoB" t, X, v, COOTBCTCTBYIOID;CC ypaBUCHHC norpyJReHHJI 6y.n;eT HHTerpOJlH'iJ!pepeu

D;HaJibllhiM comacno yTBepJRJlCHHIO (2.19)-(2.20). 
PeiiienneM O)lY (3.14) c naqaJihHhiM ycnoBHCM (3.15) npn6JinJReunoe peiiienne 

(3.12) npo.n;oJIJRaCTCJl no napaMCTpy a JlO CJICJlYIOID;CfO TO'IHOfO peiiiCHHJI, cnpaBCJlJlll

BOfO npH BCCX 3Ha'ICHH1IX napaMCTpa a (ne TOJlbKO MaJihiX): 

v Joo 1 · ( (x- y)2 a cosy) 
u = - In dy-- exp - + -- .· 

a .;'41rVt 4 vt v 
(3.16) 

-oo 

06o6menne peiiieHH1! (3.16) na cnyqafinpon3BOJibHoit f(x) IIMeeT BHJl [25, 23]: 

v Joo 1 ( (x- y)2 af(y)) · 
u=-ln dy-- exp +-- . 

a v41rvt 4vt v 
(3.17) 

-oo 
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BTopofi npHMep peiiieHHJI KpaeBofi 3a)la'IH (3.1), (3.2) no TeopHH B03My~erruit 
)laCT CeKyJIJipHOC pa3JIOJRCHHC !pyHKD;HH U no,CTeneHJIM BpCMCHR t 

U = !(.1.:) + t(aJ; + vfxx) + O(t2
), t ~ 1. (3.18) 

B npeJleJie MaJihiX 3Ha'ICHHii BpeMeHH t --. 0 npu6nRJRerrrroe perueime (3.18) HHBa

puaHTHO OTHOCHTCJihHO Pf-npeo6paaoBarruit, 3a)laBaeMhiX onepaTopoM 

R ~ 8.+ (exp (-";) 1 dy(af: + vfw)G(t,x- y,v)~p ( af~y))) a., 
(3.19) 

c noMo~blo KOToporo TB (3.18) npoJloJIJRaeTCJI no napaMeTpy t JlO TO'IHOro perueHHJI 

(3.16). 
TpeThHM npuMepoM TB MOJReT cnyJRHTh upou;eJlYpa cornacoBaHHJI acHMnTOTH-

qecKHX pa3JIOJRCHHll 'iJYHKD;HH U B (3.1 ), (3.2) no MaJIOMY napaMeTpy JlHCCHIIaD;RR 

v. He npHBOJlll JlCTaJIH TB, yRaJRCM JIHIIIh cooTBCTCTBym~Hii perropMrpynnoBoit HO 
R = (1/2v)R8 c RaHOHH'ICCKHM napaMeTpoM v, ROTOphlit no3BOJIJICT npo)loJIJRaTb TB 

no 3TOMY napaMeTpy JlO TO'IHOfO perueHHJI (3.16) RpaeBoit 3a,D;a'IR (3.1 ), (3.2) .. 

IlpuMep 3.2. KpaeBaJI 3a,naqa ,D;JIJI ypaBHCHHit reoMeTpuqecKoit oiiTHKH. 

PaccMoTpHM KpaeByiO 3a,naqy ,nJIJI ypaBrrerrnit JIHHeitrroii reoMeTpnqecKoit onTRRR 

Vt + VVx ~ 0, nt + Vnx + nvx = 0, 

v(O, x) = ·v(x), n(O,·x) = N(x). 

(3.20) 

(3.21) 

B ypaBHCHHJIX (3.20) 'iJYHKD;IIJI v nMeeT CMhiCJI nonepeqnoro rpa,nnenTa 3itRorrana 

JlBYMCpHOfO ny'IKa, pacnpoCTpaHJIIOID;CfOCJl B,D;OJlb OCR t, n - ero IIHTCHCRBHOCTb. 

BeJIH'IIIHhi V n N xapaKTepH3YIOT KpHBR3HY BOJIHOBoro !pporrTa n pacnpe,nenerrne 

HHTCHCIIBHOCTH ny'IKa no KOOp,D;IIHaTC X Ha BXOJlC t = 0 B q)eJlY. 
HenpephiBHaJI TO'IC'IHaJI rpynna cnMMeTpnii, ,nonycRaeMaJI Jlll'i!'iJeperru;naJibHhiM 

(penopMrpynnoBhiM) MHOf006pa3HCM (3.20),npe,D;CTaBJIJICTCJilf0 (o6IJJ;HM 3JICMCHTOM 

anre6p!\J: Jln) C nJITblO HC3aBHCliMhiMII BRJia,naMII 

5 

X= LX;, (3.22) 

i=l 

Xt = (-J~ + tJ~) Ot + (J1 
+ v (tJ~- J~)) ox- nJ~on, 

1 2 x2 = -J (8t +vox)' 
n 

x3 = nJ38n, x4 = .!:_ J 4 (-to,- vtox +non) ' . n 

X
5 

= t (tJ~- J!) 8, + (tJ5 + vt (tJ~- J!)) 8, + J
5
8u- n(tJ~- J!) On. 

3a,naBaCMaJI onepaTDpOM (3.22) 6eCKOHC'IHOMCpHall rpynna COJlCplRRT II1!Tb !pyHKD;RJ! 

Ji (X, V), i = 1, ••• , 5 C IIpOH3BOJlbHOit 3aBHCHMOCTblO OT JlBYX nepeMCHHLlX V H 
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~:·' 

I 

'X = x - vt. IIpou;e,zzypa cymeHHH rpymlhl (3.22) Ha pemeHllll HpaeBofi Ja)'.la'ln c 

J'leTOM HpaeBOfO JCJIOBIIH (3.21) IIpliBOJ.IliT H J.IBYM COOTHOlliCHliJ!M Me}l{)'.ly <lJJHHD;R

HMll J 1, .coxpaHHH npOH3BOJILHoii HX 3aBHCHMOCTb OT apryMeHTOB v li x 

J 4 = Nxl1 + NJ~ + NV,J~- Vxl2
- NJ3

, J 5 = Vxl1 
•• (3.23) 

B cooTHomeHHJIX (3.23) n Hnme B (3.24) <!JYHHU:HH V n N n nx rrpon3BOJ.1Hhle no 

X J.IOJI}l{Hhl 6b!Tb 3allHCaHbi JIH60 B TepMHHaX V, JIH60 B TepMHHaX X· llOJ.ICTaHOBHa 

cooTHomeHHil (3.23) B (3.22) )'.laer HCHOM~ii orrepaTop Pf-cnMMeTpnil 

3 

R=LR;, (3.24) 
i=l 

Rt = X1 + Vxl1 (tax+ av) + [ (t(Vx)x- (Vx)v- ~x) J 1 

+ (wx- ~) J~- V, (1 + ~x) J~J (ta1 + vtax- nan), 

v, 2 . ) . N-3( a a) 
R2 = x2 + -J (tat+ vtax- nan ' R3 = x3 + -J tat+ vt X- n n . 

n n 

vb <!JopMyJI {3.24) cne,zzyeT, 'lTO Pf-CliMMCTpHH )'.IJIH KpaeBOH 3a)'.la'ln (3.20), (3.21) 
IIOJIJ'la!OTCH KOMfiHHHpOBal!liCM CliMMeTpnit6eCKOHC'lHOMepHOfi aJire6pbi C lfQ (3.22). 
KamJ.Ihlil H3 rrony'lnBmnxcJI Tpex Pf-orrepaTopciB ( li nx nnHeilHhle KOM6nnau;nn) co

)'.lepmHT pemeHHe KpaeBOH 3a)'.la'lR (3.20), (3.21) B HHBapnaHTHOM MHOf006pa3Hll 

H TaK :lKe, KaK H B npenblliYlll.eM IIpHMepe, "yny'lmaeT" COOTBCTCTBJIOlliJIO TeOpHIO 

B03MJlliCHliR. 

PaccMoTpliM B Ka'leCTBe npnMepa perueHne KpaeBoil 3a)'.la'lll {3.20), {3.21) J.IJIH 

c<lJOKJCllpOBai!HOfO IIJ'lKa C V = -x/T ITO TeopRR B03MJlliCI!HH ITO CTCIICHJ!M Bpe

MCHH MaJioro OTI!OlliCHHH t/T: 

v= _.:._ x T- p t + O(tl), 
1 . 

n = N(x) + T (~Nx + N) t + O{t2
), t ~ T. (3.25) 

IIpn6nnmeHHOe pemeHne {3.25) B npe)'.leJie t -+ 0 HHBapnaHTHO OTHocnTeJibHO Pf

npeo6pa3oBaHnil, 3a)'.laBaeMbiX onepaTOpoM R2 c npoH3BOJILHhlM J 2 =/:- 0. IIonaran 

J 2 = 1, nonyqaeM Bb!pameHne J.IJIH Pf- onepaTopa . 

T- t 1 
R = nT (at+ vax) +Tan. (3.26) 

YcnoBnH RHBapHaHTHOCTR pemeHRJI KpaeBoil 3a)'.la'lll oTHOCliTCJihHO rpyrrnhl npeo6-

pa3oBaHnil c 3TliM onepaTopoM HMeiOT cnenyJOmnii Bitn: 

Vt + VVx = 0, 
n 

t - T + nt + vnx = 0 . (3.27) 

16 

PemeHne ypaBHeHnii (3.27) rrpo)'.loJimaeT TB (3.25) no rrapaMeTpy t J.IO cne,zzywmero 

TO'lHOfO pemeHHJ! HpaeBOfi 3a)'.la'lll (3.20), (3.21) 

n= T~tN(xt~T)' v= x .t- T' t :S T, (3.28) 

)'.laiOniero H3BecTHhlil 3aKOH cxom)'.leHHH ny'leil B reoMeTpn'leCKott OIITHKe. B 'laCTHO

CTH, )'.IJIJI rayccoBa IIJ'lKa c N ( x) ,; N0 exp( -x2) nMeeM 

TNo ( 2 T
2 

) 
n = T- t exp -x (t- TF ' 

X 

v= t-T· (3.29) 

B JaKJIIO'leHne )'.lanHoro pa3)'.1eJia OTMeTHM, 'ITO rrony'leHHoe B KalliJ.IOM'H3 paccMo

TpeHHhlX Bb!IIIC IIpHMepoB '-TO'liiOC pemeHHC KpaeBOfi 3a)'.la'lll C)'.llli!CTBCHHO, 1!0 'lllCJIO 

peHopMrpyrrrroBhlX lfO, xapaKTepH3YIOIUHX ee Pf- CHMMeTpnn, OTHIOJ.Ib ne paBHo 

CJ.IllllllllC (B IICpBOM rrpHMepe 3TO 'lllCJIO paBHHJIOCh BOCbMH, a BO BTOpOM IIpHMepe 

- TpeM, rrpn coxpaHHIOIUeMcH <PYHKUHOHaJibHOM rrpon3Bone 1!. Pf- orrepaTopax ). B 
cne,zzywmeM pa3.n.ene Mhl yBHJ.IHM, 'ITO KOJIH'leCTBO lfO, xapaKTepH3JIOIUHX Pf- cnM

MeTpHIO COOTBCTCTBJIOIUCfi KpaeBOfi 3a)'.la'lll )'.IJIH .LJ.Yl!IJ C C)'.IHHCTBCI!Illdl\f pemeHHC!\11 
MOJKIIO (B IIpHHUHITe) JBCJ!ll'lHBaTb ,ll.O 6eCKOI!C'li!OCTH npH HCITOJib30Bai!Hll I!CTO'lC'l

HidX rpynn cnMMeTpnn ( rpynn Jln-BeKJIYHJ.Ia). 

4 PeHopMrpynna KaR no.n;rpynna rpynnhl JlH

BeRJiyH.n;a, .n;onycKaeMoii ucxo.n;HhiMH .n;H<P<Pe~ 

peHIJ;HaJibHhiMH ypaBHeHHJIMH. 

Cnoco6 noCTpoeHHH Pf-cnMMeTpllil KaK no)'.lrpynrrw TO'lC'lHhlX CHMMeTpntt Jln, J.IO

nycKaeMLIX IICXO)'.IIIIdMH .LJ.Y, CCTCCTBCIIIIO o6o6maeTCJ! Ha TOT CJIJ'lafi, KOr)'.I{3Tll ypa

BIICHIIJ! )'.lorrycKaiOT rpyrrrry Jln-BeKJiytiJ.Ia. PacmnpeHI!e rrpocTpaHCTBa J.III<!J~epen
l.lllam,uwx rrepeMeHHhlX,Ha KOTopoM neilcTByeT rpynrra (B npHHUI!IIe; J.IO. npoCTpaH

CTBa rrpoli3BOJibHOfi pa3MepnoCTH), JBCJill'lHBaeT 'li!CJIO KpaeBLIX 3a)'.la'l, J.IOIIYCKaiO

IUIIX cymenne 3Tott rpynnw 11a cBoeM pemennn. BOJHIIKaioiUIIil npn TaKoM IIOJ.IXOJ.Ie 

Ha6op CliMMeTpnfi nonoJIHJieT 11a6op TO'IC'lllhlX Pf-cnMMCTpntl J.IO Pf-cn~u.IcTpntl 
Jin-BeKJIYHJ.Ia. B 3TOM pa3)'.1cJie npnBOJ.IHTCJI rrpocTOfi npnMep nocTpoemtJI penop

MrpynnoBott CIIMMeTpHH Jln-BeKJIYHAa (TpCTbero rropJI,ll.Ka) Ha'laJibHOi! 3a)'.la'lll )'.IJIJ! 

Jilii!CHHOfO rrapa6oJill'lCCKOf0 ypaBHCI!IIH. 

IIpm.tep 4.1. Ha'laJibHaJI 3a)'.la'la J.IJIJI nnHefiHoro napa6oJIH'lecKoro ypaBHeHHH. 

PaccMOTpHM Ha•JaJibHJIO 3a)'.la~y ~Jill nnnefiuoro napa6oJIH'lCCKOfO ypaBHCIIHJ!. 

Ut- Uxx = 0, 

t=O, u=f(x). 
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.. ,"'- :-

fpynrra CHMMeTpHfi JIH-BeKnyn.na TpeTbero nopH,nKa,.nonycKaeMan: ypasaeuHeM ( 4.1 ), 

KOTopoe 3a,naeT B .naaaoii 3a,naqe peaopMrpynnosoe MHoroo6pa3He, rrpe.ncTaBJIHeTcH 

KaHOHH'leCKHM MO rpynnu c o,nHHna.nuaTbiO BKJia,naMH 

10 

X= &Ou = LC;ceiOu + Xoo. (4.3) 
i=l 

Bee Koop,nHuaTLI cei, i ~ 2, B MO ( 4.3) MOHHIO nony'lHTb (eM., HanpnMep, [10, §18]) 

.nel!:cTsJieM onepaTopoB peKyppeuunn 

£1 = Dx, £2 = X+ 2lDx (4.4) 

Ha KOOp,nJIHaTy &
1 = U "o'leBH)li!Oro" (B CHJIY JIHUefiUOCTH H O.lli!OpO.llHOCTH ypa

BHeHH1! (4.1)) onepaTopa paCTHJKCIIllH. IJepBhlC IIIeCTb KOOp,nHHaT <ei IIOpOJK)laiOT 

KaHOHH'leCKHe OIIepaTOphl, 3KBHBaJieHTHble orrepaTopaM TO'le'IHOH rpyiiiihl Jln,n HX 

BKJia.nM B Pf -cJIMMeTpnn ue o6cyJK,naiOTC1!. CHMMeTpnn Jln-BeKnyH.na TpeTbero 

IIOpH,nKa )la!OTC1! CJie,nyiOIIIHMll 'leThlpbM1! BhlpaJKeHli1!MH .llJIJI KOOp,nnHaT <ei, i = 
7, ... ' 10: 

&
7 = Uxxx, &

8 = 2tuxxx + XUxx, &
9 = 4t2Uxxx + 4txuxx + (x2 + 2t)ux, 

ce10 = St3 Uxxx + 12t2 XUxx + (6x2 t + 12t
2 )ux + (x 3 + 6xt)u. 

(4.5) 
Ilocne.nunl!: MO Xoo B cpopMyne ( 4.3) ecTb orrepaTOp 6ecKOHe'IHOro a6enesa n.neana 

TO'leqaofi rpyiiiihl ( cp. C (3.6) IIpll a = 0, V = 1) 

Xoo = a(t,.x) Ou, at·- a;x = 0. (4.6) 

CyJKeune .norrycKaeMoii .llY ( 4.1) rpyrrrrM Jl11-BeKJiyH,na Ha peiii~unn Kpaesoil. 3a

.naqn Bh!IIOJIH1!CTC1! CTaH,napTHhlM CIIOCOfiOM: JCJIOBHe HHBapnaHTHOCTH <e = 0 peiiie

IIH1! KpaeBOfi 3a)la'll! OTIIOCHTCJibHO )lOIIJCKaeMOH rpyrrnhl ,naeT C J'leTOM Ha'laJibHOro 

JCJIOBH11 ( 4.2) 3Ha'leHHe cpyHKUHH a(O, X) B MOMeHT BpeMeHU t = 0 ( 3)lCCb onymenhl 

BKJia,nhl TO'IC'lllh!X CHMMeTpllfi ( cl, ... ' Cs = 0) ) 

a(O, x) = -Cdxxx 1- Csxfxx- Cgx 2 fx- Cwx3 f(x). 
0 

(4.7) 

3aTeM B Bn,ne CBepTOK a(O, X) C cpyH,naMeHTaJibllhlM peiiiC!IlleM, (3.11) (nCITOJib3J

eMh!M npH V = 1) CTpOHTC1! peiiienne JIHHefiuoro )lYl.IIJ ll3 ( 4.6) npn t ~ 0 

Ha BCefi BeiiiCCTBeHHOH OCll X, 3aBHC1!IIICC OT 'lCThlpex npOll3BOJibl!hlX llOCTOHHHhlX 

c7, Cs, Cg, Cw. Ilpn no,ncTaHOBKC B ( 4.3) no peiiienne .naeT llOMllMO IIICCTll BKJia

JlOB (npn c~, ... ' Cs i 0) B TO'IC'IHJIO 'laCTb peuopMrpynnhl eme 'lCTb!pe BKJia,na B 

neTO'lC'IHJIO qacTb peuopMrpynnLI, Koop.nnuaTM KauounqecKnx MO KOTopoll 3aBn

CHT OT TpeTbllX llpOll3BO)lHhlX Uxxx : 

10 10 

R = L C;R; = L C/J;ou, · rJ; = cei +a;, (4.8) 
i=l i=l 
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a1 = - < x2 f >, a2 = - < xfx >, a3.= - < fxx >, 
. . 

a4 = - < x f >, as = - < fx >, as = - < f >, 

a7=-<fxx:r:>, as=-<xfxx>, ag=-<·x2 fx>, aw='=-<x3 f>. 

3,neCb JrJIOBhlMJI CKOfiKaMJI < ... > 0603Ha'leHhl CBepTKII (3.11) 3aKJIIO'leHHLIX B 3TJI: 
cKo6Kl! cpyHKUJiil (s rrpe.nene a= 0, v.= 1 ). . · 

JlerKO 3a.MCTIITb, 'ITO KOOp,nliRaTh! rJ;, i = 7, ... , 10 KaRORl!'leCKJIX orrepaTOpOB 

( 4.3) o6cyJK,naeMol1 peuopMrpynnhl JlJI-BeKJiya.na KORCTpyHpywTCJI JI3 Koop,nJIRaT 

rJ;, i = 1, ••• , 6 onepaTOpoB TO'le'IRofi peaopMrpynnM c IIOMOillbiD Tex me onepa

TOpoB peKyppeun;HJI ( 4.4), KOToph!e CB1!3b!Ba!OT Koop,nJIHaTbl M 0 COOTBCTCTBYIOIIIIIX 

rpynn; aarrpHMep, Rs = L2R3 • AHanorJI'lHO, o.naoKpaTHoe rrpJIMeaeHJie onepaTO

poB peKyppeuuHn (4.4) K KoOp,nliHaTaM MO peHopMrpyrrrrhl TpeTbero nopJI,nKa ,naeT 

Pf-cliMMeTpnH JlH-BeKnyH,na 'lCTBepToro nopH,nKa. )lance 3TY rrpoue.nypy MOJRRO 

npo,noJIJKaTb ,nJIH nonyqeunH peaopMrpyrrrrM JlH-BeKnya.na CROJib yro,nao Bh!coxoro 

nopH,nKa. 

OnepaTOphl rpyrrnM ( 4.8) c Koop,nimaTaMJI rJ;, i = 7, ... , lO,o6na,naiOT rnaBHbiM 

CBOHCTBOM, ll03BOJIHIOIIIIIM JIMeHOBaTb JIX peHOpMrpyrrnOBhlMJI, HCCMOTp11 Ha JIX HC

Tpa,nllll;JIOHHJIO cpopMy. A nMeHHo, xam,noe ll3 'leTMpex.nasapJiaHTHMX MHoroo6pa-

3llfi 3TJIX MO BRJIIO'laeT B C!!61! TO'lHOe peiiieRn~ KpaeBoit Ja,naqJI (4.1), (4.2). 

Cnoco6 l!CllOJib30BaHn1! Pf-cJIMMeTpHii JlH-BeRnya,na Meaee aarJIH,nea, '!eM TO

'IC'lHb!X Pf-cnMMeTpnfi, nocRoJibKY rrony'leHJie peiiieHJiii ypaBHeHn:fi Jln ,nJIH one

paTopoB Pf Jln-BeRnya,na HaTa3:rKHBaeTcJI aa 3auenneHJie 3TJIX ypaBHCHJiit c ypa

BHCHllHMll Jln )lJIH peROpMrpyrrnOBb!X IIepeMCHHhlX B Bll)lC npOll3BO)lHbiX OT U fionee 

BhlCOKoro nopH,nRa. 8Ta cnTyaunH BocrrpoH3BO.llliT xapaRTepaoe B TeopJIII rpyrrrr JlJI

BeRnyH,na rronomeune c peiiieRJIJIMn ,nllcpcpepeaunaJibHb!X ypaBHeHJiit JlJI. PeaJibHaJI 

nonb3a oT RaJK,noro JI3 MO Pr JlH-BeRnya.na :8 (4.8) T~M ire :MeH:ee cymecTByeT JI 

COCTOl!T, B qaCTHOCTll, B TOM, 'ITO llX ROOp,nliHaThl MoryT fih!Tb IICITOJ1b30BaRhl )lJIH 

cpopMynnpOBRH ,nllcpcpepeHUJiaJibHOtl: CB1!3ll1 )lOITOJIHJIIOme:fi llCXO,nHOC ,nllcpcpepeRUJI

aJibHOC MHOroo6pa3Jie, npe,ncTaBJICHHOe )lYl.{IJ 3a,naqn(4.1), 3aBe,noMo COBMCCTHOtl: 

C Hl!M (no llOCTpoeHJIIO) ll 1!BHO J'IIITh!BaiOilletl: BblllOJIHeRJIE! RpaeBh!X ,naRHbiX 3TOtl: 

Ja,na'ln. Ilpn.Meaeune TaRot!: ,nHcpcpepean;JiaJibRoit CB1!3ll ,nJIH riocipoea:im TO'IC'lROtl: 

Pr, OTJIJI'lROil: OT npnse.neuaott Bhliiie, 6y,neT rrpo,ne.MoH<:TpllpOBaao B cJ:re.ny~meM 
pM.nene. B o6meM cny'lae ·aatt.neaaofi peHo}>MrpyrrnM JIIi:~ BeRnya.na nponJBo~aoro · 
cpHKcnpoBauaoro rropJI,nKa Koop,nJIRaThl ee MOMoJRRO 'paccM:aTpnBaTb nax IIInpoRJitl: 

uafiop roTOBhlX )lllcp.cpepei!UJiaJibHhlX BhlpaJKeRJiil, HJJIII ROTOpb!X RaRJia,nb!BaiOT . Ra 

JICXO)li!Oe )lY4Iluo,nxo)l11IIIIIC orpaRJI'leRJIH, ,nliKTJCMb!C cp1I3JI'leCRJIMII IIJ!R CIIMMe

Tpiiil:Rb!MII coo6paJKeRII1!MIIj JIX ~YJill MoryTpaCCMaTpJIBaTbCH TaRJRe RaR CB?eo6pa-

3Hhle ypaBneRHJI rrorpymean11. . . 

HaJIH'lJie 6ecRoRe'lRotl: TO'le'IRO:fi rpyrrrru c onepat:opoM X~ B pacc.MoTpeaaoM 

Bbiiiie rrpnMepe 4.1 ,naeT B03MOJKROCTb rrocTponTb Pf-cnMMeTpnn Jln-BeRnyH,na rrpn 

rrpoH3BOJibHMX RpaeBMX ,naHRMX (4.2). B oT.nenbHb!X ROHRpeTHhlX cnyqiuJ:x Pf

CJIMMeTpHIO Jln-BeRnyH,na y,naeTCH rrocTponTb cymeHneM Ha peiiieHJIJI RpaeBofi 3a-
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~a'lll rpynnhl Jln-BeKnya~a c RoHe'IHhiM 'lliCJIOM· onepaTopoB. ·HarrpuMep, Pr

cnMMeTpRH KpaeBOfi 3~a'IH ~JIH ypaBHCHHfi HCJIHHefiHOfi reoMeTpH'ICCROfi OIITHKH 

( CM. HlllKC pa3.iJ.eJI 6) C RpaeBhiMH ycJIOBHHMH, OTBC'la!Oll(HMH perueHHIO, IIpHBe~eH

HOMY B [31],nony'laeTcH cy>KenneM rpynnhl Jln-BeRnyn~a BToporo rropH~Ka [28], ~o
nycKaeMott ncxo,D.nott cncTeMofi .l(Y. YKMannhlfi B [28] rrpnMep ~eMOHCTpupyeT eme 

o~H npaRTH'leCKH Ba>KHhlfi BapnanT ncnoJIL30BU.HHH Pf-cnMMeTpufi Jlu-BeKnyn.na. 

A HMCHHO, perueHHe RpaeBOfi 3a~a'IH B03HHKaeT RaK HHBapnaHTHOe peruenue OTHO-

. cnTeJILHO yKMannoro Pf-onepaTopa. 

C<i>opMynnpoBaHHaH B 3TOM pa3~ene R~auenunH rrocTpoennH penopMrpyrrmr Jlu

BeKJIYH,lla BhiXO~HT .naneRo 3a paMKH KpaeBott 3a~a'ln (4.1), (4.2), ucrroJIL30Banaofi 

3~ecL B Ra'leCTBe npocToro H narJIH~noro npuMepa OThiCKaH11H peaopMrpyrrrroBofi 

CHMMeTpHH. PenopMrpymlhl Jln·BeKJIYH~a T11IIa ( 4.8) BhiCTpaHBa!OTCH H ~JIH Rpae

BhiX 3a~a'l JII06biX ~pyrnx ypaBHCHHfi MaTeMaT11'ICCKOfi <l>11311K11, o6Jia~a!Oll(HX C11M

MeTpHefi :Jln-BeKnyn~a (aanpnMep ~JIH· paccMoTpenaoro B rrpe~hl~ll(eM pa3,nene 

Mo~<PnunpoBaHaoro ypaBHeHHH Broprepca). 0TMeTHM, 'ITO rrpu rrocTpoenuu Pf 

Jln-BeKJIYH,lla C BOBJIC'ICHHCM IIapaMeTpOB B rpyniiOBble npeo6pa30BaHHH, IIOM11MO 

onepaTopoB peKyppeHUH11, co~ep>Kamnx onepaTop Dx ·nonaoro ~11<l><l>epennupoBa

HHH no Roop~unaTe x , B03H11KaiOT onepaTopbl peKyppeauuu c BKJia~aM11 (ex Da u Dv 
~JIH 3a~a'IH (3.1 ), (3.2)), Y'IHThiBaiOll(11M11 onepau1111 nonnoro .nu<P<Pepenn11poBanuH 

no napaMeTpaM (6yKBCHHbiM K03<l><l>Hn11CHTaM HCXO~Horo ypaBHCH11H 11 rrapaMeTpaM 

RpaeBbiX ~anahlx). Ilpn 3TOM Koop~naaTM Kanonu'leCK11X MO penopMrpymrhl Jlu

BeKJIYH~a 3aB1ICHT Y1KC He TOJILKO OT nepBbiX, HO II OT 6onee CTapruux IIpOII3BOniihiX 

no napaMeTpaM (no a 11 V OT U B 3a.1(a'le (3.1 ), (3.2); B TOM 'IIICJIC- II OT CMeJIIaHHhiX 

npo1I~BOMbiX U ITO X, a, v). 

5 PeHopMrpyrrrra H .n;H<f><f>epeH~Ha~bHa..H CBR3b 

Kali. yme 6Mno CRa3a~o, nepBhiM maroM rrpu naxo~ea11u Pf -C11MMeTpufi HBJIHeTcH 

nocTpoenne. ucxo~aoro ~u<P<Pepcnn.uaJILHoro (penopMrpyrrnoBoro) Mnoroo6pa3HH. 

B pa3~ene, nocBHll(ennoM ROHCTpynpoBaHIIIO Pf -CIIMMeipiifi ~JIH O.l(Y, sTo Mnoro

o6pa3ne cocTOHJio 113 ~cxoMoro O.l(Y n cooTBeTcTJ!yromero RpaeBofi 3a~aqe ypaBHe

HHH norpy>KeHnH. B 6o.riee o6meM no~o~e ananoroM TaRoro ypaBHeHHH rrorpy>KeHIIH 

.HBmlCTCH ~OnOJIHl1TCJILHOC ~n<P<PepeHI(IIaJILHOe COOTHOJIIeHHe - .llii<l><l>epeHI(UaJILIIaH 

CBH3L, RoTOpaH y.n;oBJreTBopHeT ~BYM Tpe6oBaHnHM: llo-nepBhiX, ana ~on>Kna 6biTL 

3aBe~OMO COBMCCTHa C HCXO~HbiM .l(Y 11, BO-BTOphiX, HBHO Y'IHTbiBaTL RpaeBble ycno
~HH •. BceM aTuM ~p~6oBannHM no· nocTpoennro y~oBJieTBopHeT ~u<P<PepenniiaJILHaH 

. CBH3L~ KOTOpaH B03HHKaeT 113 ycJIOBIIH paBeHCTBa HYJIIO KOOp~RHaTbl KaHOHH'ICCKOI'O 

onepaTOpa Pf Jln-BeKnyn.na: B sToM pa3,nene Mhl paccMoTp11M npnMep nocTpoeHIIH 

TO'le'laott Pf ,nJIH Ji:nnettaoro napa6onn'lecRoro ypaBneniiH c Ha'laJILHhiM ycnoBueM, 

Y'IHTbiBaeMhiM. M<l><l>epennnaJILHofi CBH3LIO B BH.ne paBeHCTBa nynro Roop~unaThl Pf 

Jln-B(!KJIYH.iJ.a TpeTLero nopHMa. 
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IlpuMep 5.1. Ha'laJILHaH 3a.l(a'la ·~nH nunefiaoro rrapa6omi'lecKoro ypaBnennH. 

PaccMoTpiiM orrHTb na'laJibHYIO Ja~a'ly .l(JIH nunettnoro napa6oJIII'lecRoro ypaBne

HHH ( 4.1) II npucoe~HHHM K l!CXO~IIOMY .llY ~n<P<l>epeHUHaJILIIYIO CBH3b TpeTbC~O 
rropH~Ka t9 1o = 0, B03HUKaromyro H3 Pf-cHMMeTpnu Jlu-BeK.1YH.na, rro,,yqeanott B 

npe,nLI~ll(eM pa3~ene. .llnH rrpocTOTLI BLI6epeM Ha'laJILnoe 3Ha'lenue f( x) <l>YH~ 
KUHH u( t, X) B BH,lle BTopofi IIpOI13BO~HOH OT O-<l>YHRI(II11 .l(IIpaKa C rrapaMeTpO.M a B 
Ka'ICCTBC "aMIIJIIITY~LI" • 

f(x) = ao"(x). (5.1) 

Ilpu 3TOM HCO~Hopo~Hhlfi BKJia~ ex 0 10 B Bhlpa>KCH1111 ( 4.8) ,llJIH 19 10 o6pamaeTCH 

B HYJib II 11CX0.1(HOC penopMrpyiiiiOBOe l\II!OrD06pa311C ]lJIH Ha'laJibHOH 3a,lla'III ( 4.1 ), 

( 4.2) C ycJIOBHCJ\1 (5.1) IIpHH111\!aeT BII,ll: ·. 

Ut- Uxx = 0; 
(5.2) 

8i3Uxxx + 12i2 XUxx + (I2t2 + 6tx2
) Ux + (6tx + x 3

) U = 0. 

.ll11<l><l>epennuaJibHOe Mnoroo6pa311e ( 5.2) .norrycKaeT TO'IC'IHYIO IIHTHa~uaTHnapaMe
TpuqecKyro rpynny (30] c 6a311COM, co.nep1Kall(HM IIHTHa~naTL onepaTopoB 
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X= LC;X;. (5.3) 
i=1 1 

ITepBLie 'leTLipc onepaTopa 3Tofi rpynnLI ~a!OTCH rpynnofi TO'IC'IHLIX npeo6pa3oaa

H11fi ~JIH ypaBnenuH ( 4.I) 3a 11CRJIIO'lCH11eM onepaTopoB nepenoca no t 11 no x, c 
O'lCBll.,llHOCTLIO HC ~OIIYCKael\lh!X ~11<l><l>epCHUll.aJibHOfi CBH3b!O B (5.2). 3aB11CIIJ\IOCTb 

oT nepeMeHIIh!X t 11 x Rciop~HnaT cne~yrom11x IIHT11 onepaTOpoB B na6ope (5.3) ~a
eTCH JI11HefinLIM11 RoM6unan11HM11 ~po6no-pau11onani.nLix <l>YHRn11fi. MLI np11se.neM 
3~ecb ~Ba TaKux onepaTopa 

(
x x

3
) X 6 = -2txa1 + (t- 2x

2
) ax+ 2 + 2f. uau; 

(
x3 ) ( x

4 I) X1 = x
2
at + t- X ax~ 4t 2 + J uau · 

(5.4) 

OTJm'lHTCJibHOfi 'IepTofi cne~romux Tpex onepaTopoB B na6ope (5.3) HBJIHCTCH na

JI11'111e o6mero sKcnonennuaJibHoro MH01KIITCJIH. HanpuMep, orrepaTop X 10 111\!CCT 
B11~: 

X t; x 2 f4t ( 2a x
2 + 2t ) 

10 = uvte t t + xtax- u--
4
-au . (5.5) 

ITocne~nue Tp11 onepaTopa X; BLipa1KaiOTCH c noMoll(biO npoHJBO~HLIX <Pyn~aMen- · 
TaJibHoro pemenun. G nepsoro 113 ypaBHCH11~ (5.2): 

X13 = y!;;aau, X14 = -4.fiGxau, X1s = 8.fiGxxau, I -x2 /41 

G(t,x) = y'.t;tc (5.~) 
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Cymenne natt.nennolt rpymihl Jln na npn6nnmennoM pemennn 3a,naqn (5.1), (5.2) 

MOlliHO IIpOH3BO,!(HTb, HCITOJib3YH rrpe,ncTaBJieHHe 3TOrO pemeHHH IIpH MaJihiX BpeMe

HaX t ~ 1 B Bn.ne oTpe3Ka 6ecKoneqnoro pn.na TB 

oo in 
u = u<0l + u(ll + u<2l + ... =a L lh(2n+2l(x), u(n) =OW). (5.7) 

n. 
n=O 

Ilpn ITO,!(CTaHOBKC pemeHHH (5.7) B (5.6) H Bhl'lHCJICIIHH IIpOH3BO,nHhiX CJIC.I{yeT Y'lCCTb 

peKyppeHTHOe COOTHOlliCHHe, CBH3h!Ba!Oll.{CC IIpOH3BO,!(HhiC. h-<PYHKUUH ll aCHI\IIITOTll

'lCCKYIO <Pop.Myny ,!(JIR <PYHKllllll G(t,x). 

(k + 1)h(kl(x) + xh(k+ll(x) = 0, k 2: 0, h(x) = IimG(t,x). 
t-o 

(5.8) 

11cnoJIL30Banne ycnoBnH nnBapnanTnocTn pemennH ( 5. 7) oTnocnTeJILHO Pf- rrpeo6-

pa3oBamdl: ,naeT TpH paBCHCTBa, OIIpe,rJ:eJIHIOll.{HX 3Ha'!CHUH IIOCTOHHHhiX C13, C14, 

C1s: 

a a 
C13 = ,jirC2; C14 = 

4
-.Ji (2C3 - Cs); 

a a 2 

C1s = 
24

-.Ji (C1- 3C4- 9Cl) + 
32

7r C10. 

Ilo,ncTanoBKa cooTnomennfi (5.9) B (5.3) ,naeT ncKOMhle Pf-cnMMeTpnn 

12 12 

R = LC;R; ~LC;(X;+a;au), 
i=l i=l 

OJ = -3aGxx 1 a2 = 2aG, 03 = -2aGx, a4 = -aGx~, 

a 6 = aGx, 
1 

a 7 = JaGxx, 
a2 
--Gxx, OlQ = 4,jir 

as= as= ag =ali= a12 = 0. 

(5.9) 

(5.10) 

CpaBnenne (5.10) n (4.8) rroKa3h!BaeT, 'ITO nepBhle 'leTh!pe H3 .uaBae.Mh!X <Pop.MynaMn 

(5.10) orrepaTopoB coBrra.nawT c cooTBCTCTBYIOn.tHMH orrepaTopaMH TO'le'lnofi Pr 

(4.8). 06pamenne B nynh Ko3<P<PnuneHTOB a; .nnn i = 5, 8, 9, 11, 12 roBopnT o 

, TOM, 'ITO COOTBCTCTBY!Oll.{Ue onepaTOphl TO'lC'lHOlt rpyiTTihl (5.3) yme HBJIRIOTCH pe

HOpMrpyiiTIOBh!Mll, T.e. UCKOMOC pelliCHllC Ha'laJibHOlt 3a,!(a'lH (5.1), (5.2) co,nepllillTCH 

B UX llHBapnaHTHOM !.1110f006pa3HH. .LJ:JIH KOIIKpCTHOCTH npHBC,!(CM ,!(Ba TaKUX one

paTopa B HBHOM BH,ne: 

x3 ( 3x
2 

x
4

) ( 3x x
3 

x
5 

) 
X 8 = tat + 1 ...:. 2t + fi ax+ -2t + 4t 2 - 4t3 uf}u; 

(5.11) 

X 11 = uVtex
2
!41 ( xt81 + (x2

- t)ax- u ::au) 
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IlepeCC'lCHllC BCCX HHBapnaHTHhiX MHOroo6pa3Htl:, OTBe'lalOII(HX IIOJIHOMY Hafiopy 

onepaTopoB (5.10); ,naeT TO'!Hoe pemenne naqanLnott 3a,na~n :8 Bn,ne u = aG:rx• Pa-

3yMeeTcH, 3TO pemenne MO}!{HO IIOJIY'lliTb KaK HHBapHaHTHOC pemenne OTHOCHTCJibHO 

nw6oro H3 Pf-onepaTOpoB (5.10). 
OcnoBott ,nJIR IIoc;poennn Pr (5.10) nBimacb <PopMynnpoBKa KpaeBLIX ,nannhlx B 

BH,!(C ,nn<P<PepeHUHaJibHOH CBH3ll (5.2) H TIOCJie,niroll(HifiiOliCK TO'lC'lHOtl: rpyiiiihi, ,no-. 

IIJCKaeMOti 3TOR CBH3b10 H HCXO~Hh!M ypaBHCHHCM. QqeBII,!(HO, cyll(eCTBJloT. H HHhle 

,!(II<P<Pepe~I{IIaJibHhlC CBH3ll 1 KOTOphle a,neKBaTHhiM o6pa30M OTIHChiBalOT KpaeBbi~ (na

qaJibHhle) ,naHHhle H IICIIOJib30BaHIIe KOTOpbiX BMCCTO COOTH01TICHIIH (5.2) IIpRBO,!(liT 

K .npymM penopMrpyniroBhl~l anre6paM.··qiiCJIO TaKIIX ·,!(ll<P<PepenunaJILHbiX CBH3Ctl: 

(a 3Ha'!IIT, II Pr- anre6p) 6ecKonelJ:no BeJIIIKO. B KaqecTBe npiiMepa Momno yKa-

3aTL 6ecKOHC'lHhlll pH,n ,!(II<P<l>~peHIJ;IIaJibHbiX CBH3etl:, B03HJ'l:Ka10Il(liX II3 paBeHCTBa 

HYJIIO "no,nXO,!(Ril(Cll" KOOp,!(IIHaTbi KaHOHII'lCCROro OIIepaTOpa rpyiiiibi Jln-BeMyn,na 

TpCTbero IIJIII 6onee BbiCOKOrO IIOpH,nKa. 

3aBepman o6cyfK,!(enne cBottcTB nonyqennott B 3TOM npiiMepe Pr, ocTanoBIIMCH 

na BOnpoce o6 HIITepnpeTaUIIII Pr-onepaTOpoB na H3blKC onepaTopoB rpynnLI, ,!(0-

nycKaeMo:il: IICXO,!(HbiM JIIIHCil:Hh!M napa60JIII'lCCKHM ypaBHCHIICM (5.2). 0TMC'lCHHOC 

BLime coBna.neniie 'leTLipex Pr-onepaTOpoR II3 anre6p ( 4.8) II (5.10) JKa3LIBaeT na 

o6mnocTb nx npoiicxom.neniiH: KaK B npiiMepe 4;1, TaK II B IIpiiMepe 5.1, 3TH one

paTOpbi B03HIIKaroT IIpH cymen.nir na · pemeHIIII KpaeBo:il: 3a,na'!II TO'le'lnott rpyiiiihl, 

,!(OllJCKaCMOtl: IICXO,!(HbiM ypaimeHIICM. . , 

IlpoiiCXO}!{,!(CHIIC CJIC.I{ylOII(IIX IIHTII Pr- OIIepaT~poB II3 (5.10) ,!(OIIJCKaeT IIOXQ

lliJlO llHTepnpeTai{II10, CCJIII IICIIOJib30BaTb HC.TOJibKO TO'lC'lllhiC CIIMMCTpiiii, HO BCCb 

na6op CII.MMeTpHti Jin-BeKJIJH,!(a IICXO,!(HOroypaBHeHIIH (5.2). 0KMbiBaeTcH, 'ITO KO

op,nnnaTa nw6oro il3 3TIIX IIHTII Pr-on~paTOpoB, 3aiTHCaHHbiX B·Kanoii.II'!CCKO.M BII,ne, 

npe,ncTaBJIReT co6o:il: nnneltnyro Ko.M6IInauii10 . Koop.nnnaT OIIepaTOpOB. rpynnbl Jlii

BeKJiyn.na, .nonycKae.Mh!X Ilcxo,nnLIM ypaBneniieM (5.2) II IIpeo6pa3oBaHHbiX c yqe

TOM ,nn<P<PepeHIJ;IIallbHOH CBH3ll. Hanpii.Mep, KOOp,!(liiiaTa 'ij8 KaHOHII'lCCKOfO OIIepa

TOpa, 3KBHBanenTnoro oiiepaTopy R8 Il3 na6opa (5.10), ecTb JIIIHetl:nan KOM6IIHaUIIH 

KOOp,llRHaT Tpex RaHOHII'lCCKllX omipaTOpOB rpyiiiibi Jlii-BCKJiyH,na COOTBCTCTBCHHO 

ITHTOro, TpCTbero II nepBoro IIOpH,!(KOB 

· Tis.= -2qs - T/3 :._ 47Jl, . (5.12) 

( 
x3) ( 3x2 x4) ( x3 xs) 

T/5 = -X + 2t . U:r:r + 1 - 2t + 2t2 Ux + - 4t2 + 8t3. . U' 

· ( 3x
2
). · (3x x

3
) 

T/3 = 2xUxx + 3 + 2t Ux + 2t + 4t2 U ' 711 = -Ux • (5.l3) 

<l>op.MJJihl (5.13) )lJIR TJs, 713 li 71l B03HIIRa10T ll3 CTan,napTHoro ,llJIR ypaBHCHIIR (5.2) 

npe,ncTaBJieniiH Koop,niinaT onepaTopoB rpyiiiibi Jip:-BeKnyn.na c IIOMOII(b10 oiiepaTo

poB peKyppeHI{IIII ( 4.4) 

i7s =- (L~L~ + 3L2L~ + 3) u, 713 = -L2L~u, 111 = -Ltu 
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n npn ncnOJi»aouaHnn .zunp!pepeHn;nan»Hoit cBH3H (5.2). ,UJIH HHTeprrperannn rrep

BDIX .neBHTH onepaTopoB na ( 5.10) cne.nyeT y'lHTDIBaT» Roop,nnHaTDI orrepaTopou rpyrr

nDI Jln-BeRJIYH.D;a ,no nrecToro rropH.D;Ra BRJIIO'lnTeJILHO. 

B aaRJIIO'leHne aaMeTHM, 'ITO npnue,neHHDiii rrpnMep rrocTpoennH TO'le'lHhiX Pf

cnMMeTpnit Ha OCHOBe CllMMeTpllit Jln-BeRJiyH,na, C O.D;HOfi CTOpOHhl, yRa3h!BaeT Ha 

npaRTll'lCCRYIO B03MOlRHOCTb HCIIOJib30BaHHH IIOCJIC,li;HHX, a C ,npyrofi - ,li;CMOHCTpH

pyeT TaRHe TO'le'lHDie Pf-cnMMeTpnn, ROTOpDie He ,norrycRaiOTCH ncxo,nHhiM ypaBHe

HneM. Ilocne.D;Hee CBoitcTBo, o,nnaRo, He HBJIHeTCH nerrpeMeHHDIM rrpaunnoM. ¥hion 

rrpnMep nocTpoennH To'le'IHO.Il: Pf-cnMMeTpnn c RpaeBDIM ycnouneM, y'IHTDIB.ae

MDIM .nn!p!pepeHn;naJI»Ho.ll: CBH3LIO, Ror.na B03HHRaiOm;aH Pf oRa3DIBaeTcH rro.nrpyrrrroii 

rpyrrnDI TO'le'lHbiX npeofipaaoBaHHfi, ,norrycRaeMOit CHCTCMOit HCXO,li;Hh!X ,UY (6e3 yqe

Ta .nn!p!pepennnaJILHoit CBHan), npnue,neH B [29]. 

6 PeHopMrpynna RaR no,ZJ;rpynna npH6JIHm.eH
Hoii rpynnhl 

B sToM paa.nene paccMaTp.nuaiOTCH .D;Ba rrpnMepa IIOCTPOeHHH Pf -CHMMeTpnit .D;JIH 

!p.H3.H'ICCRHX 3a,ll;a'l1 OIIHCDIBaeMbiX CHCTeMaMH ,UY C MaJibll:fH rrapaMeTpaMH. Hann

'llle MaJIDIX napaMeTpoB noaBoJIHeT npnHaxolR,ll;eHnn Pf-cnMMeTpnfi 3THX .UY Boc

non»aoBaTbCH aJirOpHTMOM IIpH6JIHlReHHOfi rpyiiiibl. IJpn 3TOM H3 HCXO,li;HOU CHCTCMbl 

,UY C Y3RO.Il: rpyrrrroit CHMMeTpHHHhl,ll;eJIHeTCH 6oJiee IIpOCTaH IIO,li;CHCTe~a, aa,naiOID;aH 

peHOpMrpynrrouoe Mnoroo6paane, RoTopaH .nonycRaeT 6onee nrnpoRyiO rpyrrrry CHM

MeTpn.ll:, HaCJie.D;yeMyiO (B CMbiCJie [14]) ITO MaJioMy IIapaMeTpy CHCTeMOll HCXO,li;HbiX 

,UY. Cymenne natt.nennoit rrpn6nnmennoit rpyrrrrDI Ha penrennn Rpaeuoit aa,na'ln .naeT 

ncROMDie rrpn6nnmennDie Pf -cnMMeT{mn. 

Ilp.nMep 6.1. 
B Ra'leCTBe nepBoro npnMepa paccMaTpnuaeTCH nocTpoenne .n ncrron»aouanne 

Pf-cnMMeTpnit .D;JIH naxom.nen.nH anannTn'lecRoro penrennH o.D;Hoii .na aa,naq Teopnn 

nennnefinoro BaanMo,neitcTB.HH MOID;Horo naaepnoro nany'leHHH qacTOThl w c naaepnoii 

IIJia3Moit [26]. TaHoe BaanMo,neitcTu.ne .D;JIH p-noJIHpnaouannofi sneRTpoMarnnTnofi 

BOJIHbl C e,li;HHCTBCIIHOH Z-ROMllOHeHTOit MarHHTHOrO llOJIH, rra,naiOID;efi H3 BaRyyMa 

X= -00 Ha HeO,li;HOpO.D;HYIO IIJia3MY1 OllHCDIBaeTCH CHCTeMOH HeJIHHefiHhiX HCCTaD;HO

HapHbiX ypaBHeHHll ,li;JIH lliCCTll CRaJIHpHbiX !pyHRD;Hfi: BeRTOpa CROpOCTH 3JICRTpOHOB 

V = {V,U,O}_, .nx nnoTnocTn n, sneRTpnqecRoro noJIH E = {E,F,O} n MarHHTHoii 

24 

HH.D;yKD;HH B = {0,0,8}, KOTOph!e 3aBHCJIT OT BpeMeHH t H .D;BYX ROOp,li;HH<lT x,y; 
. . . 

Vj + VVx + UVy - _:_ (E + !u B) = 0; · m · c 

\ Ut+VUx+UUy_-: (F-~VB) =0; (6.1) 

E1 - cBy + 41l"en V = 0; F1 + cBx + 41l"enU = 0; 

B 1 - cFx + cEy = 0; Ex + Fy - 47r( en + eiN) = 0. 

06ycJIOBJieHHhle caMOlt llOCTaHOBKOlt 3a,ll;a'IH rrapaMeTphl MaJIOCTH B CHCTel\le ,UY 
( 6.1), TaRne RaK nnaBHaH Heo,nuopo.nnocTb nnoTHOCTH HOHOB N ( x) B.D;OJib ocn x, Ma

nocTb yrnou rra.nenn11 t9 naaepHhiX nyqelt Ha rrnaa111y, rrpnuo,li;JIT R. nepapxnn E >> 
F ~ B KOMIIOHCIIT IIOJICH p-llOJIHpH30BaHHOlt CBCTOBOlt BOJlllhl B KpHTII'lCCKOlt TO'IKC 

ITJia3lllhl H ll03BOJIJIIOT ,li;JIJI OThiCKalll!Jl HaCJIC,ll;j'C!IIOlt TO'lC'lHOlt CHMMCTpHH Jln HCITOJib-

30BaTb ,li;Ba ypaBHCHHJI H3 lllCCTH ( 6.1) : 

e . 
Vt + avvx- -P = 0; Pt + avPx- 41l"eiNV = 0. (6.2) 

.m 

3.necb !pynKn;nn v = V/a n P = E/a nopMnpoBallhl ~a 6e3pa3MepHhllt napaMeTp 

nennneltHOCTH a, nponopn;nonaJibHhllt · 3Ha'leHHIO MarnHTHOlt _ nueyKn;IIn B B KpHTH

'IecKolt TO'lKe ua qacToTe na3epa, · Koop.nnnaTa y · yqTena B KoM6nnan;IIn co' upeMeneM 

t-+ t- (t'Jyjc). 
B OTJIH'IHC OT CHCTel\lhl ypaBHCHHlt ( 6.1), KOTOpaH ,li;OJIYCKaeT JIHlllb KOHC'IHYIO qe

Th!pexnapaMeTpH'ICCRYIO TO'le'IHYIO rpynny (rpynny TpaHCJIJIUHlt ITO. OCJI!\1 t, X, y 
II rpynny o,nnoupeMeHHDIX upam;eHnlt B Tp~x. nnocKOCTJIX ( x, y), ( V, U), ( E, F)), 
ypasnenn11 (6.2), KOToph!e Ja,naioT penopMrpynnosoe MIIOroo6pa3ne, .nonycKaiOT 6e

cHoHe'lHOMepnyw rpynny TO'IC'liihlx npeo6pa3ouannlt c onepaTopoM, onpe,neJIJIC!IIhll\1 

TpCMJI BKJia.zi.aMH 

3 

X=LXi, 
i=I 

e 
Y = 81 + av8x + -P8v + 41reiNv8p, m . 

1 · m 
Xt = OtY; x2 = aax +-Y(a)av + -Y2 (a)8p; 

· a oo 

1 . • . 
X3 = -o-3 [a8a - v8v- P8p] ,· 

a . 
(6.3) 

r,ne Ot npOH3BOJlbllaH !pynHUHJI IIC3aBHCII!IIhiX II JaBHCH!IIbiX nepeMCIIIIhiX ( B T0!\1 'IHCJie 

II napaMeTpa a) { t, x, a, v, P}, a na a u o-3 _HanmKena .nn!p!pepeHunanhHaH CB113b . . . . . 

(~ 

Y3 (a) + Y(w£a) = 0; Y(o-3) = 0; 
m 

(6.4) 
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Teopnn B03Mymenntt ,nliJI ypaBHCHHfi (6.2) no napaMeTpy ne;mnefiHOCTH a cTpOHTCJI 

TaKHM o6paaoM, qTo HYJICBOC npu6JIHlKCJIHC Vo, Po onpe,neliJICTCJI pernenneM JIHHea

pH30BaHHOfi CHCTCMbi ypaBHCIIHH ( 6.1) C yqeTOM COOTBCTCTBJIOIUHX rpaHHqHbiX JCJIO

BHfi (rra,neHHC 3JICKTpo:MarHHTHOfi BOJIJibi Ha nJia3MJ H3 BaKyyMa), a nonpaBKH K JICMY 

Vt, P1 B03HHKaiOT JinneapnJaunell (6.2) 

v = v0 (t,x) + av1(t,x) + O(a2
); P = P0 (t,x) + aP1(t,x) + O(a2

). (6.5) 

CyJKeHHe Hall,neHHOfi rpynnhl Ha noM qacTHOM pernemnr onpe.ne.aneT Bbl6op <PYH

KUHii a 1 = 0, a= -ePfmw\ OJ = 1 H ,naeT HCKOMbil! Pf-orrepaTop ... . 

eP 
R=X2+X3=--2Bx+Ba. (6.6) 

mw 

fpynrra c onepaTopoM (6.6) JIBliJICTCJI npn6m!lKCHHOll no.nrpynnoii rpynnhl (6.3) no 

cTeneHH Heo.nnopo,nHOCTH 1/ L nJia3Mbi. YqeT cJie.nyiOIUero qJieHa pa3JIOlKCHHJI one

paTopa TO'le'!HOH rpynnbl (6.3) IIO rpaJIHeHTY IIJIOTHOCTH .UJUI JIHHeHHOrD ripo$HJill 

N(x) = -(mw2/4ue;)(1 +x}L) (6.7) 

Mo.nn<PnunpyeT penop:Mrpynnoaoll onepaTop cJie.nyiOIUHM o6pa30M : 

( 
eP av

2 
) ( xv 2Pv ) ( xP 2P

2 
) 

R = - mw2 + 3w2 L Bx + - aL + 3w2 L Bv + - aL + 3w2 L Bp + Ba . 

(6.8) 
PerneHHe ypaanenntt Jln ,nJIJI onepaTopa Pf-cn:MMeTpnii (6.1) npo,noJimaeT perneHne 

(6.5) no TB no napa:MeTpy a .no Toqnoro perneiiHJI [27, 26] : 

(w£)2 . 
P = -~(qi smwt + q2 coswt), 

w£2 {\ 
v = -T(qi coswt- q2 smwt), 

(6.9) 

x = TJ + c:(qi sinwt + q2 coswt), c: = aL2 / ~2 • 

3.necb BCJIH'{HHa ~ · Ja.naeT IllHpHHY nJia3MCHHOrO pe30HaHCa H onpe.llCliJICTCJI JIH60 

TenJIOBbiM ,llBHlKCHHCM 3JICRTpOHOB, JIH6o qaCTOTOl! V coy.napeHHH qacTHU B nJia3Me: 

~ = min{(v/w)L; (3VfLw) 113}. 

CTpJRTypa <iJopMyJI (6.9) OTpaJKaeT CBOHCTBO HHBapHaHTHOCTH CHCTCMbl _ay (6.2), 
yqHTbiBaiOIUCl! 3JICKTpOHHYIO HCJIHHCHHOCTb nJia3Mbi, npH rpynnOBOM npeo6pa30Ba

HHH, xapaKTepH3YCMOM Pf·onepaTopoM (6.6). ToT HJIH RHO!! BH.ll <PYHRUHii q1 n q2 B 

COOTHOillCHHJIX (6.9) B03HHKaeT KaK npORBJICHHC KOHRpCTHOl! 3aBHCHMOCTH OT Koop

.llHHaTbl X 3JICRTpHqCCROro noJIJI, JIBliJIIOIUCrOCJI pCillCJIHCM JIHHeapH30BaHHOH HOJIHOH 

CHCTCMbi ypaBHCHHll ( 6.1) npH COOTBCTCTBYIOIUHX rpaHH'{JibiX ycJIOBHJIX H C Bb16paH

HbiM npo<iJnJieM HJIOTHOCTH B o6JiaCTH nJiaJMCHHoro pe3oHaHca. HanpnMep, B cJiyqae 

XOJIO.llHOl! 3JICKTpOHHOfi nJia3Mbi C JIHHCl!HbiM npo$HJICM nJIOTIIOCTH (6. 7) <iJYIIKUHH 

ql H q2 HMCIOT BH.ll: 

ql = (1 + T/2)-1 , q2 = TJ(1 + TJ2)-l . (6.10) 
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Pf-cHMMeTpnn, sa.na»ae:MaJI onepaTopoM (6.6), MOJKCT 6biTL ncnoJib30Bana ,nJIJI no

cTpoeHHJI IICJIHHCfiHOfi CTpyKTJpbi HOliJI H B TOM cnyqae, Ror.na HCXO.llHaR CHCTCMa 

ypaBHCHHfi OTJinqatiTCJI OT (6.1), narrpHMep yqeTOM TCIIJIOBOrO .llBH'lKCHHJI 3JICRTpOHOB 

IIJiaJMbl. · Ee Jinaeapn3annn · .naeT · pacrrpe,neJienne 3JieRTpnqecrroro rroliJI .llJIJI JIHrrett-. 

noro rrpo<iJnJIJI IIJIOTHOCTH B o6.aacn1 IIJiaJMCHHoro pe3oHanca B an.ne <iJynrrunii 9iipn

ll>orra. CooTBCTCTBYIOIUaJI nemmeiiHaJI.CTPYRTypa 3JICRTpnqeclioro noJIJI, IIJIOTHOCTH 

II CKOpOCTll 3JICKTpOHOB, B03HHRaiOIUaJI RaR IIpO,llOJilKCHHe yqnTb!BaiOIUIIX IICpBJIO TC

nJIOBYIO IIOIIpaBRY JIHHCfiHblX COOTHOrllCHIIfi (a.~ 0) C IIOMOIUbiO Pf (6.6) Ha o6Jia~Tb 
KoHeqHblX 3Haqeanii rrapaMCTpa a,rro-rrpemHeMy orrpe.neliJICTCJI BbipameHIIJIMH (6.9), 
B KOTOpbiX, O,nHaRo, <iJyii:rruim q·1; ll q2 llMCIOT 'cJie.njriOIUHii Bll.ll: . 

o6 00 

ql = J de cos(TJe +, e /3), q2 ==Ide sin(TJ(+ e /3). (6.11) 
0 0 

flpH 3TOM <iJopMJJibl .llliJI V ll p B (6.9) C <iJYHRUllJIMII qt, q2 ll3 (6.11) JIBliJIIOTCJI' 

peaopMrpyrrrroBbiMH: oan .naiOT Toqaoe (rrpn w£ = w2) pernenne ypa~HeHIIll (6.2), rre 

CO,llCplKaiUHX BKJia,na 3JICKTpOHHOrO .llaBJICHHJI, ll BMCCTC C TCM yqnTb!BaiOT ROHeqnoe 

3HaqeHHC 3JICRTpOHHOii TCMIIepaTypbi. 

fl pn6JIHlKCHHOC aHaJIHTHqecRoe pelllCHllC IIOJIHOii CllCTCMbl ( 6.1) • OTbiCRHBaCTCJI C 

HCIIOJlb30BaHHCM napaMeTpOB MaJIOCTll IIO nafi.llCHHblM HCJIHHC.li:Hb!M 3HaqeHHJIM V ll 
P (no.npo6nee eM. [26]): ' ... . 

TipnMep 6.2. 
,apyroii npnMep nocTpoerrnJI P{' -CIIMMeTpntt c · ncnoJILsoaanneM np116m!merrrro.li: 

rpynnhl .naeT Ja.naqa o pacnpocTpanerrlln B HCJIHHettnoii <iJorrycllpJIOIUett cpe.ne Jia

sepnoro ITyqrra. B ITaparrcnaJibHOM ITpn6Jinmerrnn 3TO JIBJienne OITHCb!BaCTCJI .llBYMJI 

_ay .llliJI'ITpOH3BO.llHOii 3iiROHaJia V ITO ITOITCpeqaoii ROOp.llllHaTe X II llHTCHCllBHOCTli 

n Jia3epaoro ITyqRa : 

Vt + VVx = a<p(n)nx, nt + vnx + nv., = 0; (6.12) 

YpaaneHRR ( 6.12) OTJinqaiOTCJI .oT (3.20) naJIIIqneM .llOITOJIHIITCJILrroro cJiarae:Moro 

B ITpaBOfi qacTn ITCpBoro .JpaBHCHHJI, XapaRTCp113JIOIUero HCJIHHeiiHOCTb cpe,nb! , C 

ITapaMeTpOM'HCJlllHCfiHOCTll a. . . 
By.neM cqii~a~L, qTo na Bxo.ne B HeJIIIHe~HJIO cp~.ny'(T.e. npii t =· 0) sa,naHbl 

nyJieBaJI Rpnansna ;aoJinoaoro <iJponTa nyqRa li paciTpe.neJieHIIe ero IIHTCHCIIBHOCTII 

n ITo Roop.nnHaTe x: 

n(O,x) = N(x); v(o;x) = 0. (6.13) 

TiocJie ITepexo.na R ITepe:MeHHblM ro.noq)a<Pa T = nt, ·II X = ;z; _:.: vt · : n aae.nenllll 

nopMIIpoaannott ITponsao.nnoii 3il:RonaJia w = vfa cli(:TeMa ypaaneHIIii (6.12) B ITpe

ne6pemerrnll 3$$eRTaMII neJIHHeiinocT~ saniiCb!BaCTCJI B 6oJiee npocTOii <iJopMe 

Tw- (nf<p(n))xn = 0, · Xw;, 0. (6.14) 
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B oTJIII"IHe oT ypaanem'!li (6.12), ,nonycRaroru;nx JIHIDb Rone'lnyro rpynny.neTo'le'IHbiX 

cm.iMeTpHfi 3a,nannoro nopH.n;Ra, cnMMeTpHH ypaanenn:lt (6.14) 6ecRone'IHOMepna. 

Ona xapaRTepn3yeTCH npon3BOJibHOfi 3aBHCHMOCTbiO Roop.nnnaT f = f 0 n g = g0 

RaHOHH'ICCROrO onepaTopa. 

X= f8T + gax 

oT n,· r, X n npon3ao.nnblx r., x. npon3BOJibnoro nopH,n:Ra 

f 0 ~ F 0(n,x.,f.) + j dw { ~ [anj ~(r.+IaT, + X•+Iax.)] l}, 
l = G'(n,x.,f.), f.= r.- w t (s) (nfcp)pX•-p+I, 

p=O \p 

r. = (8"rjan"), x. = (a"xfan•) . 

(6.15) 

(6.16) 

3,necb B <PopMynax (6.16) n nnJKe B (6.18) F 0 n CO-npon3BOJibHble <l>YHRI(HH caonx 

apryMenToB, a Bb!paJKennH B <Pnrypnb!X cRo6Rax nepe.n HHTerpnpoaanneM no nepe

Mennofi W .D:OJIJKHbl fib!Tb 3anncaHbl B nepeMeHHbiX f., Xs, n, W. 

IJpn MaJioM, HO OTJIH'IHOM OT HYJIH 3Ha'ICHHH napaMeTpa·a =/= 0 CHMMeTpHII (6.16) 
nacne.nyeTcH cncTeMo:li: ,LIY (6.12) RaR npn6nnJKeHHaH. HanpnMep, ,n:JIH .cpe,nbl c 

RyfiH'IHO:li: HCJIHHC:li:HOCTbiO ( cp( n) = 1) HMCCM CJie.nyroru;n:li: pe3yJibTaT : 

00 00 

f = La;i; .g = La;g;' (6.17) 
i=O i=O 

f; =·F;(n,x.,f.) + 

+ J dw { ~ T•+I ax.Ji-I + n [an + ~ ( Ts+I aT, + Xs+I ax.)] gi} 

g; = G;(n,x.,f.) + (6.18) 

+ j dw { ~} _.,ax.r - [a.+~ ( •. .,a •. +x • .,ax.) ]t} 
i ~ 1' f.= r.- w(nx~+I + sx.). 

KaR cne.nyeT H3 3THX <PopMyn, cnMMeTpHII ypaanenntt (6.14) npn a =/= 0 nacne.ny

eTCH cncTeMott"ypalmennfi (6.12) B nro6oM nopH,n:Re no ·napaMeTpy a. Ilpn ::noM B 

Ra'IeCTBC CHMMeTpHH HYJICBOro npHfiJIHJKCHHII MOJKCT BbiCTynaTb RaR TO'IC'IHaH CHM

MCTpHH Jln, Ta:R H CHMMCTpHH Jln-BeRJiyn,na. Bn.z:i nacne.D:YeMO:li: CHMMeTpllH IIpH 

3TOM I(CJIHROM orrpe,neJIHeTCH COOTHOIDCHHIIMH (6.17), (6.18): ona MOJKCT fib!Tb RaR 

TO'IC'IHO:li: , TaR H CHMMeTpHe:li: Jln-BeRJiyn,na. 
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Oco6blfi HHTepec npe.nc~aBJIHIOT TaHHe 3Ha'IeHHII <l>YHRUIIit f 0 n g 0 Hyneaoro rrpn-

6JIHJKeHHH1IIpH HOTOpbiX pH.D:bl (6.17) o6pb!BaiOTCII IIpii HCHOTOpOM ROHC'IHOM 3Haqe

HIIll i = imar ll rrpeBparu;aiOTCH B HOHC'IHYIO CYMMy; B 3TOM cnyqae BMCCTO npn6JIH

JKCHHOfi rpyiiiibl ITO napaMeTpy MaJIOCTll a Mbl l!MCCM TO'IHYIO rpynny .Cl!MMCTpiiii 

( cp. [14, § 11 ]). B Ra'IeCTBe npiiMepa rrpiiBe,neM cne.nyroru;IIii na6op <l>YHHI(H:li: Ji, g; :· 

j
0 

= 2n(1- n)r2- nri- 2nw(xi + nx2); g0 = 2n(1- n)x2 + (2- 3n)~I ;· · 

1 2 • I I_ -nw r2, -2 
I 1 2 2 ) g = 2nwr2 + WTJ + 2(nw X2 + w XI . 

(6.19) 
Jlerno rrpoaepl!Tb rrpHMoit rro,ncTanoBKoit (6.19) a (6.18), 'ITO ace cne.nyroru;IIe np1I-

6JIIIJKCHIIH c.i ~ 2 o6paru;aroTcH BHYJib. CnmteTpllll (6.19) nopoJK,naei IIHBapnan

THoe pemenHe [28, 29], rrony'Iennoe panee ,npyrnM. crroco6oM B pa6oTe [31]. 
IJpii IIOCTpoeHIIII rpymm Cl!MMCTpiiii HpaeBoit 3a,na'III (6.12), (6.13) HO~p.D:l!HaTbl 

f 0, g? 1-1 "rrocToHHHble IIHTerp1IpoBaHIIII" pi, Gi, i ~ I, He HBJIHIOTCR npol!3BOJib

HbiMH, no Bbi6HparoTCII TaKIIM o6pa3oM, 'IT06bl cooTnomeHIIH I = 0, g = 0 y,noane

TBOpHJJII 3a,nanHbiM RpaeBbiM .nannb!M Ts := 0, X = Xo( n) npii w = 0. · Ecnii npii 

3TOM <PYHKI(l!II Fi, Gi TaKlliepaBHbiHYJJIO, TO BII.D: KpaeBbiX ·.namibiX .CB113an TOJJb.Ho 

C Bli.D:OM <l>YHKI(llfi j 0 II g0. flo cyru;ecTBy, ycJJOBIIII f.= 0, g::::: 0 IIplii!IIMaiOT•BII.D: 

,AII<P<l>epeHI(IIaJib!IbiX CBH3Cfi ( B 'laCTIIOM CJJy'Iae - IIpOCTO aJJrefipaii'ICCKIIX COOTHO

lliCHIIfi), ROTOpbiM y.n;oaJJeTBOpRIOT npaeBble .n;annble. HarrpiiMep, .n;nH npiiBe.n;enHoro 

Bblllle na6opa ( 6.19) KpaeBbiC ,naHH!>JC ·rroJJHOCTbiO orrpe.n;enenbl Bll.lJ;OM <l>YHKiliiii g0• 

IIpoH3BoJI B3a.n;anHn <l>YHKnl!it j 0, g~ II03BOJJIICT noncTpyiipoBaTb Pf-cHMMCTpiiH 

.n;nn nro6oro an.n;a Kpaeah!x .n;aHHbiX (6.13). B Ha'IeCTBe npiiMepa npiiBe.n;eM pemenne 

3a.n;a'III o nocTpoenHH rpynnbl CIIMMeTpiiii .· npacaotl: 3a.n;a'III .n;nn rayccoaa rry'IKa c 

IIJJOCKUM. <Pa30Bb!M tPPOIITOM II Ha'laJibHbiM pacnpe,neJJCHl!CM Hpll T = 0 BII.n;a 

Xo(n) = (ln(1/n j)I/2. (6.20) 

TanoMy Ha'IaJJbHOMY pacnpe.n;enenHio co~TBCTCTBYCT, B •Iacnw'cTH, cnc.nywru;IIfi au·-
6op <l>YHKilllll jD: .. · . . . . . . 

f 0 = 1 + 2nx~1 • (6.21) 

IJo IIMCIOIU;CitCH <l>YHKiliill, JD ~IaCJie.nyeMaR TO'IC'Il!aH rpyrrna Hpaeaofi 3a.lJ;a'III BOC

CTaHaBJJIIBaCTCH CUOMOIU;biO <PopMyR (6.17), (6.18)n l!MCCT CJJC.D:YIOIU;IIfi BII.lJ;: 

_R = -2x8w + 2aran + ( 1 + a:2

) aT. (6.22) 

Ycnoane nnaapnanTnocTn pemeHl!H npaeaott 3a.n;a'!II OTIIOCIITCJibHO Pf c orrepaTopoM 
(6.22) 3arrncuaaeTC11 B BII.n;e napbl _ay B qacTHbiX npo1I3Bo.n;Hb!X 

XXw-:- arxn = 0, 
· ar2 

2xrw- 2arrn + 1 +.- = 0, 
n 
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(6.23) 



peruenn:e Koroph!X ,n:aer HCKOMoe npn:6Jin:JKennoe anann,rHqecKoe peruenHe 3a,n:aqn: o 
caMo<PoKycn:poBKe 

v = :-2x Q(~) 
t [1- 2Q(~)] . 

' 2 

x2 = (ant 2 -lnn) [1- 2Q(~2)) , (6.24) 

3,n:eCb tPYHKilllH Q(z) Bh!paJKaeTCH qepe3 ,n:eiicTBHTCJibHYIO qacTb HHTerpaJia Bepo
HTHOCTH OT KOMIIJICKCHOfO apryMeHTa: 

7 3aKJIIOqeHMe 

~' z 

Q(z) = ze-•2/2 J dtet2/2. 

0 

(6.25) 

JbJIOJKCHHh!if B pa6ore IIO,UXO,U HBJIHCTCH IIOIIh!TKOH C03,Ua!UIH HOBOfO peryJIHpHOfO 
Mero.n:a rrocrpoenn:H Pf-cnMMerpHii KpaeBh!X Ja,n:aq, or"nn:qawmerocH or rpa,n:m.(non
Hh!X Mero.zioa Koncrpynpo!lann:H penopMrpyrrrr B reoperHqecKoii <!Jn:3n:Ke [32]. Ocnoay 
rro.nxo.na cocraalliier MareMarHqecKnfi arrrrapar KJiaccn:qecKoro II coapeMennoro rpyrr
rroaoro anaJIH3a, a Bbl6op roro HJJH nnoro anropHr.Ma .nnH nocrpoennH Pr -cii:MMerpn:li 
onpe,UeJIHeTCH MaTeMaT!fqecKOll MO.lleJ!b!O, HCIIOJib3YeMOll ,UJIH OllHCaHHH KOHKpeTHOll 
<!Jn3HqecKoi1 cHcreMbl. KaK npaanno, H3 caMoli nocraHOBKH <lJH3IiqecKoii Ja.naqn cne
.nyer an.n: peHopMrpyrmoaoro Mnoroo6pa3HH,. Bbl6op MaJibiX rrapaMerpoB HpH nocrpo
eHHH npH6JJHJKeHHOH rpyHnhl, KOHKpeTHaH <!JopMa !lpe.ncraBJieHHH perueHHH UO TeO
pHil B03MymenHi1, <!JopMa 3a11ncH KpaeBhiX .nalinhlx; CymecraoaanHe Pf-cnMMerpnii, 
HBJIH!Oil(HXCH OTpaJKeiiHeM CHMMeTpHH · COOTBeTCTBY!Oil(HX peruemi:li, paCCMaTpHBae
MbiX KaK tPYHKilllli cymeCTBe!IHbiX tPH31fqeCKHX rrepeMeHHblX If HX RpaeBh!X 3Jiaqec 
IIHH, llpHBO.llllT K MaTeMaT!fqecKOll <!JopMyJIHpOBKe CBOHCTBa tPYHRilllOHaJibHOH aBTO
MO.lleJihHOCTH Ha H3b!Ke HHtPHHHTe3HMaJ!bHh!X onepaTOpOB penopMrpynnhl B npHJIO-
JKeHHH R tPH3n:qeCKHM CHCTeMaM, OIIHCblBaeMh!M C IIOMOIIlb!O .l{Y. . 

l1crioJib30Balll!hle .n'mr nnnwcrpanHn npellJiaraeMoro no,n:xo.11:a rrpnMephl no'crpo
eHnH Pf-cnMMerpnil. He orpannqHBaioT Kpyra Ja,na,q, KaR peruaeMbi:x c · rroMoll(h!O 
:noro Mero.na, raK H ,noHycRaiOmHX B ~pnHnnrre raRoe perueHne. Ilno.norBopHh!M 
MmKeT oKa3aTbCH coqeraHne pa3JJHqllbiX Ho,nxo,noB ,n:JiJI nocrpoeHHH Pf-cnMMeTpufi; 
HanpHMep, C HCllOJib30BaHUeM npH6JIHJKeH!IOil. rpynnhl U MeTO,Qa UHBapuaHTHOfO llO· 
rpyJKeHHH, Ha OCHOBe HeJIOKa!JbHbiX CUMMeTpHH U T.II. Ilpe,ncTaBJIHeT TaRJKe HHTepec 
,naJibHCil.ruee pa3BHTHe no,nxo,na' B npllJIOJKe!IUH R tPU3HqCCKHM CHCTeMaM, MaTeMaTH
qeCRHll: cnoco6 onncannH ROTOph!X He orpaHnquBaeTcH paMRaMn ,l{Y [33]. 
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