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1 BBe~eHHe 

" Ce.1luteMMa.1l TempaiJa, ueo6b.1lmMt>tt1 u "tucmt>ti! ctLMBOA, 

lfcmottMUK llpupoiJbl u o6paaetJ, Bo'we! " 
J.h "3oAomtotx cmuxoe" Iln¢aropa. 

Ilpo6JieMh1 npaRTBqecRoro npBMeHeBI!J[ TPa.D.BilBOBHliX MeTO.ztOB DOJIBHOMHaJibHOit an· 

npOKCBMannn n crna.mnBaBB.II tj>yBKnBii xopomo usBecTHliL[4-6]. Ose JIBJUilOTCJi: rnaBsott 

DpB.qBBOit DO.IIBJI€BH..II Bee HOBIJX DOHCKOBh1X pa60T B o6naCTB npaRTUqeCRoro pemeBB..II .Sa· 

.naq npn6nnmeBH11 n crnamnBaHILII <PYBKnHit [7·10} . 
B pa6ore npe.ztnaraeTCJI HOBhiii no.zp::o.z:t R npB6JIIDKeBBIO n crnaJKBBa.BBIO <PYBKnBA sa 

JIOKaJibBOM OTpC3RC1 MeTO.zu,l H aJII'OpHTMli KOTOpOro MOfYT 6N:Tb BCDOJib30Ba.Bltl TalURC ,ll}IJI 

paapa60TRH anropBTMOB rJI06aJibHOro npH6JIBm€BB..II <l>YBRD;Btt 9TOT DO.ztXQl{ OCROBa.B Ba 

HOBOM BD.II.C 'iCTIJpeXTO'iC'iHliX npeo6pa30BaHHit • ,WJCKpeTBliX npoeRTHBBliX npeo6pa30Ba

HB.IIX ('DPT ll:.IIH 'D), DOC!pOCBBhiX Ha CBOitCTBax ¢yaRD;HA ~JIOJKBOro (a.BrapMOSB'i€CKOI'O) 

OTBomeBH.II 'iCThlpex ROnJIBseapaux TO'ieK • npoeKmueuwx uueapuaMmoe [11]. Os ncr 

3BOJLileT C03,ztaBaTb s¢¢eKTBBBlie aJII'OpBTMN: o6pa60TKB ,ztaHBDIX B TalWX DpBJJ0)RCBD.IIX1 

KaK n;H¢poBas: o6pa6oTKa curuanoB, cmaTne nsq>opManBB, o6aapymeBne n pacno3HaBaaBe 

TpeKOB B 3KCDCpBMCBTaJibBOit ¢n3HKC [15], anaJIB3 cpopMDI TpeKOB B ,WJSJICKTpll11CCKHX ll.C· 

TeKTOpax [16], onncaune cpopMu H306pameBBR o6'l.eKTOB B cncTeMax rex:s:sqeaoro 3peuu 

[17) B .ztp.
1 

a TaK>Ke MOJKeT HaitTB npnMeReBHe B BCCJie,llOBaHRB np06JieM B:Ll'iHCJIBTeJibHO:Il 

MaTeMaTHKB1 CBJI3aHBN.X C npH6JIHffieHHeM H crnamHBaBUeM ¢ysKIU!it. 

V PT · sro BOBM onepanHJI B o6w;eM cnyqae Ba..z:t senpephiBBOit ¢yHRD;He~, 3a.nauao:l:t 

asaJIHTH'iCCRH HJIH ma6.4U'tM01 KOTOpM Bbipa.maeTCJI B BR,!l.e CBepnw: Tpex BCCOBDIX cpyH· 

I<JUiit C TJ>CM.II TO'iKaMB KpBBOit H xapaxTepH3YeTCJI CJie,liYIOlURMH oco6eBBOCT.IIMB: 

a) B OTJIH'IHe oT onepannn .ztH<P¢epesnupoBaBHH VPT ncnoJibsyeT nscpopMaii,BIO cpasy 

B ""temt>tpex TO'ii<ax I<pnBoit, 'iTO o6ecnellBBaeT ycmotittueocm'b srott onepan.nu K owu6Ka.At 

BCIO.liY sa DpOMe>RyTKe 3a BCKJIIO'tJeHBeM OKpeCTSOCTe:ll .llBYX TO'ICR • DOJilOCOB. flpH STOM 

CaMa ODJH6Ra Dpeo6pasyeTCJI KBa,!I.paTH'tJHO qepes 3HaMeBaTeJib B TeM caMltiM DpOHCXO)JJIT 

ee s$¢eKTHBnoe no.ztasnenne. 9ro csoitcTBO npeo6pa3oBa.BBH nosBoJUieT secTB o6pa6on<y 

.ztannLix B sna'iHTe.llbBOM ,!U!alla30Be onm6oR n npu uepaeHo.M.epMo.M 3MaBHH mara:; 

6) no ananorun c npOB3BO.ztH01!.: V PT nonHmaeT crenenb MBOro'iJiena na ilea, 'iTO, na

P.IUIY c ero ycTOit"tJBBOCTbiO K omB6KaM, nosBoJUieT ynpow;an. npon;ecc o6pa6oTRB nyreM 

. npe.L(BapnTem.soro npeo6paaoBaBHJI ncxo.ztHhtX ,n;aHBhtX. B 6onee o6m;eM DOll.XO.z.t.e onepann.a: 

VPT nosBOJLileT cTpOHTl> na6opLI_ 6asncnhtx cpynKn;ntt c yny'illleBBDIMB annpORCBManHon· 

BDIMH Ka'i€CTBaMH DO CpaBBCHHIO C DO.llHBOMaMBj 

B) VPT no3BOJLileT ninoJIBJlTb aenpepl.iiBHyro napaMe!pH3aD.BIO cpynKnHit. Ilpu sTOM 

B }taqecTBe napaMeTpOB HCDOJlb3YIOTCJI I<OOp,D;RBaT:&I ODOpHDIX TO"leR, qTQ BeCbMa y.zto6BO Sa 

npaKTBKe
1 

TaR KaK BX Ba'iaJibHlile 3Ba'tJ:eHB.II 6epyTCJI nenocpe;J;CTBCBHO B3 CaMBX B3M'epeBBitj 

r) CBCTeMa B€COBDIX <l>YBRD;Hit o6na.,zr.aeT p..II,D;OM cpyn,n;aMeHTaJibHliX CB01!.:CTB B OTJIB'tJaeTCJI 

np0C'!'OT01!.: B BlJ'iHCJJCHB.IlX1 'tJ~ COCT~BJUieT Ba,!l.effiBl.il1!.: 6a3BC ,IVlJI C03,llaBlUI 3$¢leKTBBBhiX 

anropBTMOB o6pa60TKH B pa3JIB'iBh1X DpHiiOJK€SHJIX, 

0TMeqennhle BDIIDe oco6eHBOCTR H ,n;pyrue CBOitCTBa 'ieTbipeXTO'tJe'iHN:X npeo6pa30Ba.HBA 

HOCJIT npBBD;HDHaJibBLiit xapaKTep. ilo CBoeMy 3Ba'ieHHIO OBH COCTa.BJUIIOT OCHOBY ,IVlJI 

paapa6oTKH HOBlrli anropBTMOB no annpOKCBMaDBH H CrJiamHBaHHIO ¢yHKD.BA. 
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2 Orrpe~eJieHHe H CBOHCTBa npeo6pa3oBaHHH 

2.1 Onpeae.teuue u <:eOAH~mputteCl'uil CMt>tCA 'DPT 

'DPT ocaosaahl sa <PYBKllWJX cnoJKBoro orHorneHHR (cross- ratio) HJIH CR- ¢yH

lliUlf.IX- npoe~~Cmueut>lx uHeapuaumax (eM. Ta6.n.l). ITpeo6pasosaHHJI ycnHaBJJHBaiOT 
83aUMH0 oau031iQ"lHOe COOTBeTCTBHC MC}f{)zy TOtJ:KaMH .llBYX rna.rllmX KpHBhlX CBHJlll,llOBOit 

DJIOCKOCTH - y = j(x) (npoo6paa) H y = h(T) (o6pas) Ha OCHOBC Bhl6opa mpex ¢HK· 

Cl!pOBaBBhlX TO"'CK7 o6pa3ylOlllBX penep- 'J?. Ha KpJ:iBOit f(x) : .llBYX OnOpHhlX TO'ICH

Pt{Xt, ft), P2(x2, h) H 6asHcHoti TO"'li.H P0 (xo, fo). TeKyman: (1.1erseprM) TO"JKa na f(x) 
OT06pa>l{aCTCJI B TO"'KY Ba h( T) 

D: P, ~ P,, (I) 

r.n;e PJ = P,(x, f(x )), Ph = Ph( T, h( T )), a T = x - x0• IlpB oro6pa}f{eHBB (1). op,zumara 
teRyru,e:lt TO'I:!KH o6pasa Ph onpe,neJIJierCJI TO'I:!I<Oil: nepece'l:!eHH.II napa6o.tw (HJm np.<uwtl), 
npoxo;:f.liru,e:lt 'l:!epes. rpa TO'I:!Kll ( P1, P2 :n P1 ) c ocbiO 7 = 0 ( x = x0 ) (eM. p11c.1 ). BasHcHaJI 
TO'I:!Ha Po octaeTCJ! xenoOeuxuoil, a rpaac<PopManu~r onopHblX.TO'IeH P1 H P2 riponcxo.nnr 
aCHMDTOTH'I:!eCKH 'l:!epes npe,UeJJ DpH X--+ x 1 H X--+ x2 COOTBeTCTBCliHO (cM.n.2.3). 

06osna'I:!HM >. = x1 -x0,L = x2 -x0 , h.= f(xo+ >.) H fL = f(xo+ L). BeJJHI.Jltllbl >. 
·H L .F.IBJIJIIOTCJI napaMempa.Mu npeo6pasOBaHHB, a Hoop;nmarhl rpex penepnhlx TOI.JeJ<- ero 

penepoM: 
'R: {Po(xo,Jo),P,(x0 + ),j,),P,(xo + L,fL)). 

Orcro~a cne.zzyer saBHCHMOCTb npeo6paaoBaHH:R or ero napaMerpoB, r.e. BH.U H no;wme
nae RpBBOtt h(T) Ha DJJOCKOCTH onpe,D;eJU[lOTCJI Be toJJbRO <PYHKUHC:R. j(xL HO H Bbi.60pOM 

penepa n. 
Oro6pameuae (1) (np.F.IMoe a o6paTBoe npeo6pasoBanun)' BbiDOJJH.F.Iercn ua ocHoBe )I.»yx 

B3aBM006paTBbiX OnepaiUl:lt, ,lVl.F.I o6oaBa'I:!CHH.II ROTOpbiX BBC.D;CM CJJe.nyiOutHe 3RBHBaJJCHTHNe 

3aDHCH: 
r(x;'R) = Dif(x);'R] = h(r) (2) 

• 
h0 (r;'R) "v-'[h(r);'R] = f(x). (3) 

OnepanBJI r(x;'R) no aaanonm c npOH3BO.ztHO:I1 i:IMeeT narJJJI,ztHbl:lt reoMeTpH'IeCKH1i 
omen (pn:c.1): KpHBa.H. h(7) = r(x;'R) BBAAeTCJI reoMeTpH"leCHHM M€CTOM TO'IeR.1 op
)l,HBaTbl KotopNx paBBN op)l,HBaTaM ro'l:!eK nepece-qeaun napa6onhl II(x) (nnH npnMo:R) 1 

DpOXO):VInte:lt "lepes TpB TO'I:!RB • ,lUle penepHhiX B O.ztB)' TeRYJUYIO - C 6a3HCHO:R OCblO 7 = 0. 
IJpa o6paTBOM npeo6pa30BaHHH Op)l,HHaTa TeHym.e:lt TO"IJRB h(T) 6epeTCJJ Ha 6a3HCHOJ:t OCH, 
a TO"CJKH nepece'l:!ean.a 6epyTCJ! aa nepneH.li.HKYJLaPaX K ocH a6cuucc B ro~max T = i - xo. 

B aHaJJBTB'I:!eCK<!_tt -foJ?.Me 'J2PT MOJKHO Bblpa3HTI> -qepea cHaJLapHbie nponaBe)l,eHHJI rpex
MepaLJX BeJ<TopoB P, F, D B Z : 

3 

r(x;'R) = (P,F) = '[;p;(r;),,L)fo (4) 
. i=l 

• 
- - 3 h0 (r;'R) = (D,Z) = '[;d;(r;),,L)z;, (5) 

i=l 

rAe 

F = (p,,p,,p,f,li = (d,,d,,d,f,f = (f,,fL,f(x))',z = (f,,,JL,h(r))', 

2 

a p;( T; >., L) n d;( T; ,.\, L) JIBJJJIIOTCR cpyuMUIHIMH cnoHmoro (aarapMouH~!ecnoro) OTHome

HHJI 'lCThlpeX HOJlJlHJICapHbiX TO'l('l\ (C'R- j) JUIH 8CC06bl.4ttl (fl)'llHUHilMH, Bhl'UICJJCHHbiMH 

B TeHymefi TO'IHC T. 

h<•) 

.;~., ..... b 
th(•) 

ol L _...!..,! 
"o~Xtx•x~ x.T 

Pnc.l. rco~!eTpli'lCCKHn CMbiCJl· VPT. 

2.2 <Pyn11:~U1t C-4031Cnoeo omuomeuu,q · ttemwpex motten 1t ·ux ceoficmea 

C R- <PYHRU.HH onpe.neMrorcn cJJOlHHblM ornowenneM I.JeTblp<>x uecosna.naronmx, no:.~

nnueapHL1X 'TO'ICK (_xt, x2 , xa, x.;) (p1-1c.2), aa».anHblM B Bllll.C 

6.13 6.23 
6.24 : 6.14' 

(6) 

r.ne A;j oaHa"tJaer anre6paH'Jecnoe paccron.nne MC»<ll.Y ro•maMn in j. T.t>. fj,ii = :ri- :r;. 
~JJH. npaBHJJa (6) DpH O)l,HOR <fltmCHpOBaiinoA TO"'HC cymecTJI)'lOT TOJJl,J\0 Tplf pa3JJJI'lllb1C 
<PYHIUlHH {12}1 R.OTOpbiC onpe,lte.lllltOTCJI DOpJI,ll.HOM paCDOJJOaleHHII TO~Jen B ~JeTBCplie Ha 'IH· 

CJIOBOA OCH (puc.2) • 

0 c., ~2 Aa ,. 
x, x, ;r.a .r.; 

Puc.2 

HanpHMep, npu <flnKcHposauuoA nepBoATo•me, yHaaamn>Ic' s (6) paccroJJHH11 ~ii ~tmnuo 
BbipaaHTb '!epes A;= Xi+J- Xt. .(i = 1,2,3): 

6.1a = 6.2, 61-1 = Aa, /:!.23 = 6.2 - 6.1 1t /:!.2.1 = ~::~ - ~~-

llocne no.D.cranoBRH A;j B (6) Bl>Ipamennc .D.JUI q)ymm~R p;(r; ,\./.) MOll\llO np<':lnaBUTb 

O,ll.HOA <P0pM)'JJOA, H~D0Jlh3YJI ci))'llltU,ItH HH,ll,CliC<I TO'lllli: 

(i>)- t. .. t.. 
p, - (6; 6m)(6; 6.)' 

i = 1,2,3. (<) 

rAe m = m(i) = 2- i + (i- !)!, n = nU) = 4- U- I)!, a f> = (..'.,. ~,, ~,). 
0rMeTHM

1 
'ITO npaBMno (6) OTJJH'JaeTCJI or H3Becruoro H npo<>HTnBuoA rroM('TpMn [13] H:l· 

MenenneM nopn,ll.Ra su6opa .D.IIYX TO'l.el\. 

3 
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113 cpopMy:n>I (7) O'JeBHAHhl.M o6pa3old c .. 1eA)'I()T 6CJpa.3.lWp1wcm!J CR- cj))'HHIJ;illl 
Hl:IBapuaHTHOCl'b K MaCnJTa6HpOBaHHJO: 

p;(J<ii) = p;(iS.), d;(!<J.) = d;(iS.), 1' t- 0, i =I-;- 3. 

H llX 

06o3Ha'JHM b.; = J..,L,'T, A·1R i = 1,2,3 cooTBercrseauo. Tor)J,a (j)yHKI.J.IHl p,.(Li) » 
di(.3.) ,ll;IDi qeTBepnu {0, ..\, L, r} onpe.lle.'IJII()TC.II anropHTMOM (i). Ecm TO'lKH Xj,j = 1 + 4 

paCDOJIOIKHTb B o6paTHOM DOpli.lll\e (x4 , X3, X2, X1 ), TO 00 <}lopMyJiaM (i) llOJIY'JHM BeCOBhJe 

¢YBKURB o6parHoro npeo6pasoBaHHJJ - d;( T; J.., L ). 

Ta6nuna 1. C R-¢'yHHD.HH u nx xapaHrepncrBHH 

CR f ¢'opMy.nu HyJIB T, 3KCTpeMyM f7 aCHMllT :~ aCHMDT. 

Pt L' 0 (T-.\)(L A) BeT BeT Pt = /:..\ r=A 

P2 
_,, 

0 HeT HeT Pz = L-_:_\ T = L (-7-L){L-A) 

p, >L 
HeT !d± -:-4AL 

Ps = 0 'T= J..,L (T A)(T-L) 2 CL-AF 

d, -T(T-L) O,L L -L' 
HeT HeT A(L-.\) ., 

4A(L-A) 

d2 T(T-.\) 0,!. ' 
,, 

ner HeT L(L->.) ., 
4L(L-A) 

d, (T-A)(T-Ll !., L !d± -(L-A)~ 
ner HeT >L 2 <>L 

B ra6n.l npnBe.n:eHN. cpopMyJII>I H OCHOBHhle xapaKrepHc;HKif CR- cpyHRUHit [11], 
a na puc.3 noxa3aHhl <PparMeHThl rpa¢HHOB :nHx ¢YHKD.Hit .ll:JIJJ <}>HKCHpOBaHHNX ..\ n L. 
CR-<PynKUHH o6parHoro npeo6pasosaHHII: d;(ll) Moa.:Ho orrpe.n:eJJHTh raKme lls csoficTBa 

HOpMnpoBKH (8) nyreM .n:eneHHII: o6eHx ero qacrea HaPs ;:fi 0: 

dt = _!!.!.., d2 = _!?:!, 
P3 p, 

I 
d--. 3

- Ps 

DoCJie no,ll;cTaHOBKn p;( T; J.., L ), nony'IHM ¢opMynu d;( r; A, L ), npHBeAeHHLie s Ta6n.l. 

H 

CR-cpyHKD.HH o6na,naror ecTecrBeBHott uop.Mupoe-,:oil cyMM: 

3 

LP;(r;!.,L) =I 
i=l 

3 

2::d;(r;!.,L) =!. 
i=l 

(8) 

(9) 

)lona3aTeJihCTBO 3THX paBeHCTB MO)JUiO DOJIY'IHTb 06hi1;JHbiM CYMMHpOBaHHeM COOTBeTCTBY· 
IOW.HX ¢'YHKUH:B H3 Ta6n.J. 

CHcTeMa <PYHKUiiA {p;( -r; >., L)} o6na.D.aer p.II.D;OM npHHUHDHaJIDHblX cso:BcTB. Hau6o

.1ee Baifl.llhiC H3 JIHX: HHBapHaiJTilOCTb K Macwra6HpOBaliHIO, 6e3pa3MepHOCTb1 HOpMHpOBKa 

4 

p;(r;!.,L) 
~ 

Pt P3 P2 
9 

p, Pt 1'2 p, 

~ ' 
.!.100 -60 • •• 

), L 

T , .. 

d;( r; !., L) 

< 

N 

~ 

-60 0 50 

>, L 

Pnc.3. ci>parMeBTll rpa¢'nKOB ¢'YBKIUIA p; u d;. 
cyMM (8)-(9), "oproroHaJibBa.JI CBJISt." C TQ"qKaMH eBRJIH,li.OBOit DJIOCKOCTH, paCDOJIOIKeHHhlMH 

Ba HpHBhlX B3 ceMeitCTBa DpJJMllX JIHBHl! H KBaJJ.paTH"qBbJX napa6oJI (CM. HHme D. 2.4). 
CrpyKrypa 3TO:i! cncreMN: HMeeT mpoilny10 cu.M.Mempuw. HanpuMep, us P3 nento no

nyqurn cpynKnBH p1 u P"2 ¢'opMaJJt.Bo:B nepecranotnco:B napaMerpoB u nepeMeBBo:B: >. :;:::::!: 'T 
H L :;:::::!: T COOTBeTCTBeHHO. 9ry CBMMeTpHlO MO>KBO npe,nCTaBHTb B BlJ,lle .nu:arpaMMll BDI

qucJieBBii p; (pnc.4), Ba Roropo:lt crpyKrypa cHcTeMbl ycnoBBO Hso6pameua B su.ne rpex 

nepe:Kpusarow;nxCJI rpeyrom.BHKOB - >., L u 'T. 

T-A 

LT 

IV ~ \ i:::::::::::~'T-L 

Pnc.4. ,UnarpaMMa Bhi'qBCJieBWI ¢YBKnH:It Pi( r; .\, L ). 

IIIecTb ux sepnmu nooapno pacnonomeBDI B rpex roqKax. OcTaJJhBhle BepmHBhl cso6o

,D.Bhl.e. 06mne roqKH o6o3Ba<t~enu KaK pa3Hocmu (.6t.;- b.;) ("Blrl<t~HTaBne B3 QZUioro rpey

TOJIDBBKa <t~aCTH .npyroro"), a H30JIBpOBaBBble TO"qKB- Ka:K npOU3ee0enUSt BeJIH"qBB (co 3Ba

KaMn), I<OTOpble Be IIOBTOplilOTCJI B OCTaJll.BllX BepmnnaX TpeyrOJlbBHKa. Tor,na $yBKIUUI 

p;(Tj A, L) Bbl"qHCJlJieTCII auenue.M BeJIH"qHBbl B H30JmpoBa.BHO:B sepmnBe COOTBeTCTBYJOIUero 

rpeyroJIDHHKa na npou3ee0enue BeJIH-qnu, pacnonomeBBblX B ero .llBYX npornsonono>KBux 

sepmnuax. 
Jiis ,nuarpaMMLl BB.D;H07 "qTQ .D;Jl.ll BDl"qHCJieHWI BceX rpex cpynKIUlit · B O,li;HOA TeKynteA 

ro-q:Ke ueo6xo.nu:Mo BbiDOJIBBTh ·12 onepannA. IIIecn. onepanu:A 1-ro ypoBBJI naxo.lfJ[TCJI 

B Bepmnuax rpeyronDBHHOB. Onepannu 2·ro ypoBHJI - 3TO rpH yMnomeBBJI nonapBDIX 

pasnocreA. Ha noCJie,llHeM ypoBBe BblDOJIBJIJOTCII onepannH ,neJieBBJJ. BD~qncnenue Ha 

na;RJ:toM yposBe MO>KBO BliiDOJI.BJITh napannem.uo, 6naro.nap& -qeMy see rpn ¢YBKnuu Moryr 

6biTb BJl"qBCJieBbl sa BpeMJI Bbl.DOJIBCBBJI Tpex ODepanHA: -, X H 7 HJIB B cpe}lBeM - O.D;Ha 

onepaD,HJI Ba ¢'YHHD,HJO, 
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2.3 AAzopumM a'btttuueHu.'i 'DPT 

cllopMyJIU ( 4), (5) H ra6n.1 onpe.ZJ.eJLIIIOT npaBHJJO npeo6pa3oBatH!II scex ro'iel\ lipHson, 

KpOMe )I;ByX ODOpBNX TO'IeK, B KOTOpbiX c:PYBKUHH p; TepDIIT 6eCKOHet.J!lhJi! pa3pblB. 3Ha•Je

BHe h( ·) B OIIOpBLIX TO'IHaX Baft,D,eM DO,ZXCTaBOBHOit Pi 113 Ta6n.l B ( 4), H C yt.JeTOM (8) Haii,D,eM 

3Ba'leHHII f'(·). B 6a.Jncnoft TO'IJKe RMeeM h(x0) = f(x0). IlpH T = x- x0,>. = .'t.\- x0, 
L =XL- xo H xo = 0 c y'lleroM (8) nony'IJm: 

h(r) = tp;f; = _....!:!._. f(r)- !().) + ~. f(r)- f(L) 
;=, L->. r->. L->. r-L +f(r). 

Orcro.zta, B CHJJ:Y aenpepllBBocru J(-r) npn ycrpeMJieanH -r K). H L, aaj:!:,u,eM h(..\) H h(L): 

).£ >.' 
h(>.) =lim h(r) = --H /(>.) + H'i!.fL, + f(>.) T_, (10) 

• . >.L • L' . 
h(L) = bm h(r) = -H f (L)- H,!!.fL, + f(L), (11) ,_L 

rAe H = L- >.,!!.JL, = f(L)- f(>.), a np• x 0 # 0 napaMeTpN). H L nJUI f(-) H J'(-) 
. 3aMeRRlOTCJI Ba Xo + ). H Xo + L COOTBeTCTBeBBO. 

TaRHM o6pa30M, Ba OCBOBaBHH $OpMy1I {4), (5)1 (10)1 (11) H Ta~n.l DOJJY"'HM aJJro· 

plin.t ,li.JIJI B:bl'IHCJICBHJI Dp.llMOrO (2) H o6paTBOro (3) npeo6pa30BaHHR rJia,li.HOtl: <iJYHHUHH, 

3a)l,aBBOi:t ¢opMyJioft HJIH Ta6JIHD.e:l! ("dpT"- aJiropHTM). IlpB 3TOM nepeMCHHaJI H napa

MeTpll MOryT npHBHMaTb HaK Benpepli!BHble, Ta:K li .l{HCKpeTBble 3Ha"<JeHH.Il. 

h(r) = p,(A)f>+ p,(A)fL + p,(A)f(x), h(O) = f(xo),i = x- Xo, H = L- >., 

h(>.) = -iff J'(x,) + fi,(JL- h)+ fA, h(L) =iff J'(xL)- {i',(JL- h)+ JL, 

f(x) = d,(A)h + d2(A)!L + d3 (A)h(r), 

~>.=~--L=~--ail.=~;>.,~. 
113 {10) lt (11) MOlKBO DOJJY'IRTb 3Ba'le.BHJI DpOR3BO,li,BOii j'(-) B ODOpHbiX TO'IKax: 

(12) 

/(xo+>.) = ).lH[>.'!!.fL>+H2(h- h().))j (13) 

• 
/(xo + L) = ).lH[L'!!.fL,- H'(fL- h(L))j. (14) 

IlpHMe"tlaaue 1. AJII"OpRr~ (12) onpe.neMeT npasnno, no ROTopoMy .ZJ.JUI aa.ztaHaoro 

penepa BllDOJIBJIIOTCJI.z:t.Be B3aHMoo6paraL:Ie onepannn aa,u, aenpepblBHoA KpHsoa f(x). Pe

aynLTaTOM DpJIMOro npeo6pa30BaBBJI 1.1BJUieTCJI HOBaJI $YHMUHJI (o6paa)1 "cJIOiKHOCTb" }(0· 

TOpOA OTJIH'IaeTCJI OT HCXO,li.BOa ¢YHKUHH (npoo6pa3a) Ha .ll·Ba nopn.nHa. Bll'IHTaJI f(x 0 ) ll3 

o6enx 'lacreA q>opMyJU,I (12) .ZI.Jl.II h(-r), aaa,u,eM, 'iTO 'DPT ycranaBJIHBaror CBR3b rnna cocp
m?Cu Me)K.[l,j' npupa~e"H.U~MU f/JyH.KV,UU, BL:I'lHCJieHHblMH DO 'iCTblpeM TOti}{aM,H ¢YHHU.li11MH 
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anrapMOllH'!eCJ>OrO (a6ol'i110l0) OTHOJJJCiliHI 1!pttp(I1~C1Hti1 (/j)?y.llf:lfma. Bbl'IHCJJeHHbJMH JlO X· 

Hoop.z:u-maraM rex H\e ro•JeJc 

3 

j"(x; R) = .lo + L i!.f;p,(A), me i!.f; = f;- .fo. 
i:l 

r.e. 9Ta c;popMyna BblpamaeT CB.Il3b MCffillj' npHpameHHIIMH <j>yHKUHH H npHpameHHJIMH 

apryMenra B rpex TO"<JKax P1 , P2 , P1 orHocHre.nhHO TO'IKH P0 • 

B cnyqae onpe.ueneHHII npoH3BO.ZI.Hoi!, CBJl3b Men<.JlY npHpameHHeM c:PYHKUHH !:l.f 11 npH

palll,eHHeM apryMenra !:l.x ycraHaliJJHBaerc-.11 'Iepe3 cymecTB)'IOUlliA npe.ZI.en npocroro om~w-

tuelluR npnpameHHit, Bbl'lHCJleHHblii B TO'IKe Po "P"-. crpeMlleHHH npHpaweHH~ 

apryMeHra K nymo. TaimM o6pa::~oM, reoMerpH•!eCKH npoH3BO.UHan cjJyHKUHH onpe.ZI.e.:JReTcn 

DOJIOn\.eBHCM KaCaTeJibHOii K KpHBOii B O,llHOA TO'iKe, TOT.II,a Kal\ r(x; R) onpe,ll.e;JJ!eTCJ! DOJIO

meHHeM ~ <PopMoR napa6oJJll (HJJH npnMoR), nocrpoeHHoA Ha ocnose OaoUuozo omHotucuua 
'leTLipex TO'I:IeK H npoxo,n.alll,etl: tJcpe3 rpn qmncnposanHNe na "Tene" npHson TO'IKH (eM. 

pnc.l ). J.h 3TOro cpasue1m11 cJJ.e.uyer, 'ITO ouepaun11 j"'{:t~; 'R) IIBJJJ!t?TCII l\aK 6LI "'npoomw

(moi1 npou3aoauoii." ¢YHHUHH .llJLII 3a.naHHoro penepa R. 

2.4 Cest3b C R- if>Y"H.'Iw,uii c ...tuueiiuo·Kaaapamtltt1lbl.MII tj)yw;tpt.<'l .• uil 

Oco6blti HHrepec c TO'iKH 3peHHH 'DPT npe.li.CraBJIJieT ceMeJtcrso JinHel1HldX 11 l\Ba.npa

TH"'HldX cpyHHUHA y(x) = ax2 + bx + c, rAe a, b,c- .neAcrsnn"JihllhtE' •mcJia. B aToM C•1)"Iae 

seKTOpll F HZ .li.JUI J~am.noro c:taraeMoro (c TO'lfiOCTblO ,u,o Mnomnre.n.R) HMetor Bll.ll. 

f = (>.k,Lk,xk)T,Z = (>.k.Lk,x~)T,J.· = 0, 1.2, 

H DOCJJe nepeHOCa CHCTeMbl HOOp.llHH8T B TO'lHY 'Po(Xo,y0) H llO}l.CTaHOBKH Pi lJ }~ B (4) 
DOJJY'iHM h = 01 T.e. BeHTOpll j5 H :Y CTaHOBJlTCR OpTOrOHaJibHhiMYI: 

(P, i') = o. (15) 

CsoRcrso (15) orpaHtaer npoeHTHBny.a npHpo,D.y VPT u Hrpa<."T H<IH\HYIO po1Ib 11 ero 

crpyKType. Ono ycTaHaBJJHBaeT B3aHMOCBJ13b Mem.ny •IeTblpbM.I! ro•tHaMu 11a npRMOA IIJJH 

napa6one {yj = axJ + bx;},j = 0 + 3 eBKJJH,ll.OBOit IIJIOCHOCTit ~I flj)O<."HTHBHhlMH IHJ1:1ap11· 

aHTaMH (7) - $YBKUHIIMH CJ!OiKHOTO OTIIOIDCHHJI1 Bld1BlC.JJClllll>IMH B TOt.J:HaX Xj. J1:'1 ( 15). B 

'laCTIIOCTH1 cne.JlYeT ypasneHHe owH6Kl'l 1 B03l!Hliatomee np11 V- npeo6pa30B~Ulllll JJHH<'R· 

BblX H KBap;paTB'IHbiX ¢YHKUHA1 38,li,aHJU>!X 3HCnepHMCHTaJJhllhiMH TOtiHaMM: 

(P,i' +E)= (J\i'l + (P,E) = o + c ( 16) 

r.ne E = (e.\, eL, e,.?- BeKrop owH6oR, a c- cy~MapllaJI oum6Ha npeo6paaoBaiiHII. OrnoJla 

CJie.nyer, 'ITO CCJIH CJJy•taAHNe OJJJH6ll.H B CHCTCMe 4·X TO'ICI< lU.U'IOT JlHIIt'"iillO • 1\BaAp<tTil'III)'IO 

::13BHCHMOCTb1 TO OWH6Ha f B TO'lll.e npeo6pa30BaJIH1! o6paTHTCJI II 0. 

Ecnu o6oaaa'iHTb emo~ = max{! e.\ I, I eL I, I e( -r) I}, TO onm6hy npeo6paaoBanHH (Jt( T) 
MOiH.BO OrteBJtTb C.lie.JlYlOW.HM HepaBCIICTBOM: 

fh(r) :S Ue., 0 ;r, (17) 

rne 

' U(r;>.,L) = L l;>;(r;>., L) I· 
i=t 
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B t:~acreocru, c yqeroM ropusoaraJibHh!X acHMDTOT ¢YHl<llHA Jl; ( Ta6n.l ), npH r - oo 

¢YBKilBH ij- 'it~~~ H, ecm1 )..£ < 0, TO lj- 1, T.e. eCJlH napaMCTphl Bb16paTb C pa3Hb1MH 

3H3K3MB, TO oneaKa OWH6KH npeo6pa30B3HHH 3CilMDT01H'IeCnll He 60JibWe ema.r• 

U(r;>.,L) h(x) = [M,(x) + n(x)]" 

:Ul !1 I Lt1 ,J 
~ T ~~X 
-100-50 0 50 100 '-4-3-2-10 1 2 3 4 

I I IM!! Ml I I-+- u > 1 
>. L 

Puc.5. rpa¢nK ¢YBJ\UHH U(T;50,25) H .s¢<PeRT npeo6pa30BaBUR WYMOB. 

ilpnMep rpaqmNa ¢YHHUHH U( T; A, L) }1)U[ ¢HKCHpoaaHHhlX ).. = -50, L = 25 H x 0 = 0 

DpHBe,ll.eH Jia pHC.5. Ha lliKaJie llO,ll. OC:blO a6CUHCC DOHa3aHbl l'rnyMOBhle" 30llli11 B KOTOpblX 

¢YRHUUR U( T; -50, 25) npeBhllllaer 1. 

Ha pHc.5 cnpaaa noKaaaa npHMep nepeaoca myMa n(x) ......, Af(O,a) a cJiyqae npe

o6pasoaanBR roqeR Mnoroqnena nn:Toro nopn:,ll.Ka Af~(x) = x5
- .5x3 + 4x + n(x) )l.JIJI 

x 0 = 0,).. = -1 n L = 2. B pesynhTaTe npeo6pasoBaHHJI nony'lena sawyMJieHHM ny-

6HqecKan KpBBM h(x) = -2(x3 + x2 - 2X) + n<~(x) C "ab16poCaMW" B OHpeCTHOCTHX TO'IIeK 

). H £. 
l.fs (15)- (17) CJie)zyeT, qTQ OnepaUHR 'DPT, B OTJIH'IHe OT DpOH3BO.ll.HOR1 no,n.aBJl.lleT 

OWH6Ky BClOJ.Q', 3a UCKJIIOqeeHeM oxpeCTHOCTel1 .lf.BYX DOJllOCHbiX ("wyMOBhiX
11

) TO~JeK- ,\ H 

£. 8ro CBORCTBO urpaeT Ba>RHYlO pOJlb npH o6pa60TR~ 3KCnepJ.fMCHTaJlbJibiX ,ll.aHHblX1 HOf,ll.a 

H npOH3BO,ll.HaJI, H pasBOCTHble CXeMhl RBJIJilOTCJI KpaRne HeycTOfi'IIHBblMU ,ll.a>Ke K MaJiblM 

onm6KaM H3MepeuHR. 

,.Uanee paccMaTpnaaeTcJI npmleHeHJ.fe oneparu-m DPT tt.,nn nocTpoeHHR cneunanhnoro 

KJiaCCa MHOfO\JJieHOB (6a3HCHhlX <j>yiiHUH1t)1 o6na)l.a!OIUHX CBOikTBaMH JIOK3JIDHhiX CDJiaR· 

HOB1 o6ecne\JHBalOlli.HX paBHOMepHOe I1pH6Jll1ffieHHC )l.OCTaTO'IHO fJia,ll.KOfi KpHBOR Ha HO· 

neqnoM 0Tpe3He H npe,ll.CTaBJIJIIOli.(HX .scp<PeKTHBHiiiR annapaT )l.JlJl C03,ll.aHHR a,ll.aJlTHBHhlX 

anropHTMOB crnamuBanH.a .9KcnepuMeHTaJibHNX ,ll.aiiHNX. 

3 Ilpeo6pa3oBaHIH~ <J?YHKJJ;HH { Xn} 

.9.1 llapa.Mempusau,ust 6asucuwx ¢YH.Ktt.uii (npst.Moe npeo6pasoeauue) 

Creneanble ¢ynHUHH (nnH MOJIOMhi) { x" }, n = 0, 1, 2, · · · HrpawT aa11:myro ponD a ana

JII13C npCIH)l.e BCCrO KaH JlHHCil:Ho-He3aBHCHMhlt\ 6a3HC .D)III pa3JIOIHCIIHR l:l CTeneHHble pR,D,bl 

OCHOBllhlX .9JJeMeHTapHL1X <JlYHKUUA. C TO'IKH speHHII 'DPT, 3TOT unacc <JlYHKUHR npe.n

CTaBJIReT OC06hiA HHTepec. 
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B pa6ore [11] c noMOllihlO (4) 6blJia nonyqeea ¢opMyna ,ll.JIJI D[x";'Rn] npn xO = 0 B 

f" = [A",L",x"JT: 
n-1 n-i-l 

h, = [x'; R.]' = >.Lx I;).;_, I; L'-'x'_;_,_, = >.LxG,(x; >., L), (18) 
i=l k=l 

r)l.e n = 0, 1, 2, .. ·, Gn(x; A,L) - SJieMeerapBNe CBMMerpnt:~eCKHe ¢YBKDHH, ann - penep 

.lf.JIJI x" 

R.:{'Po,'Pi:,'Pl:}, (>.,L!O, >.!L), 'Pj='P;(j,j'),j=O,>.,L. (19) 

J.is (18) CJie)zyer, t:ITO hn SBJl.lllOTCS OJUIOpOJUINMB <i>YHKllB..IiMH OTHOCBTeJibHO )., £,X CTeDeHH 

n H ¢yeKitBJIMH crenean 1:1.- 2 oraocnrem.ao x, r.e. a o6m;eM cnyqae onepan~ M<~(·) 
noanmaer creneeh MBOrot:~Jieaa sa .rr;Ba: 

[M,(x);R]' = M,_,(x;>.,L), 

r,ll.e M01_2 (x; A, L )-MHOro'IJieH creneeu n - 2 oreocuTeJJDBO x. B qacraocrH, npRMM JIB

una HJIB HBa,ll.paruqRM napa6oJia- npeo6pasyroTCR a KOBCTaBTy, Ky6uqecKa.a: napa60Jia- a 

npaMylO JIHBHIO B r . .n;. (Go= G1 = G2 = 0). <l>opMyny (18) MOlKBO sanncaTJ> ta.K.ll{e a BH)l.e 

peKyppeerBblX cooraomeantt, qro aa.m:ao ,ltJif.l ee nporpaMMHpoaaeun. 

h,(x;>.,L) = h3(x;>.,L)G,(x;>.,L), G,(x;>.,L) = g,(x;L) + >.G,c1 (x;>.,L), 

g,(x; L) = xg,_1(x; L) + £•-3
, hs=ALx, gs=1, Gs=1, n=4,5,···. 

(20) 

TaHIIM o6paaoM, MnorO'IJJien M.,._ 2(x;A,L) MOmBO npe.n;craBHTD a BH.ll.e nponsae.n;eallJI 

h
3 

= ALx na o,lUiopO.llRHA Meorottnea creneau n-3 c noablM napa.MempusoeaHHbt.M 6aaucoM 

{G,(x;>.,L)), (n > 3), T.e. 
• • 

V[M,;R] = I;<~;[xi;R.]' = >.Lx I;a;G;(x;>.,L). 
j=O j::::3 

11pu CHMMetplPIHOM Bbl6ope napaMerpoB (L = ->.) ¢yaKII.HH Gn(x; .X, L) saBHCJIT or 

O,llHOro napaMeTpa ). H npnHHMaiOT 6onee npocroit au.n;: 

(-1)'-3 +1 -G,(x;>.)=xG,_1 (x;>.)+ 
2 

>.• 3
, n=3,4,···, G1 =G2 =0. (21) 

B ra6nuue 2 npuae.n;eaN ¢opMyJilil cpynKnnit Gn(x;A,L) .D:Jl.IJ n = 3,4, ... ,8. 

Ta6~~a,~2~------~--"~"~-------------n-=~---n G,(x;>.,L) G,(x;>.) 

3 I 
4 x+L+>. 
5 x(x+L)+L'+>.G, 
6 x(x(x + L) + L') + L' + >.G, 
7 x(x(x(x + L) + L') + L') + L4 + >.G• 
8 x(x(x(x(x + L) + L') + L') + L') + L' + >.G1 
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I 
X 

x2 + ).2 

x3 + x>.2 
x4 + x2 ).2-+ ).4 

xs + x3,X2 + xX' 



3.2 llapa.Mempu3av,us 6a3ttcuwx ¢yunt(ui1 {o6pamuoe npeo6pa3oaaHue} 

,llJVI3aJl3BBOro penepa 'Rn (19) C DOMOIUblO (5) cflyHKU.HH {xn} aamtWCM B Bll,!J;e 

xn = >.nd1 + Lnd-;~ + hn(x; >., L)da, n = 0, 1, 2, .... 

06oa:e:atiHM tpen.e cJiaraeMoe a stoM paanOmeHBH qepea Sn(x; >., L) H samiweM ero, no.u

cTaBJl.IUI: d3 H hn H3 (18): 

S,(x; >.,L) = x(x- >.)(x- L)G.(x; >., L), n = 3, 4,5, .... (22) 

'YpaBBCBILII (22) onpe,ttCJlJUOT CCMd:CTBO cflYBKDBtt, HYJJ.IIMH KOTOpbiX JlB.'IJIJOTCJI 3HR'ICHHJl 

napaMeTpOB- >., L B 0. 0TCIO)la, npH Sn(J.) = Sn(L) =· 0, no.ny~.tHM: 

[S.;n.]' =Op, +Op, +S.p, = >.LxG.(x;>.,L) =h.= [x";'R.]', 

T.e. 'V-npeo6pa30BRHBJl cJ>yBKD;Htt. Sn H Xn COBDa)lalOT1 a ca~m OHH CBII3aHbl COOTHOWCHHCM 

· . ).n-1 · Ln-1 
S,(x; >., L) = x•- >."d,- L"d, = x• + ( -I)"Hx(x- L)- Hx(x- >.), (22a) 

n = 3, 4, 5, ... , r.n.e H = L- >., a d1 H d2 B3JITbl H3 Ta6n.1. 

lJpH CHMMeTpB"'BOM Bbl6ope napaMeTpOB (J. = -£) $OpMyJJa (22a) npHHHMaeT 6oJJee 

npocro:lt BB.Jt: 

Sn(x;>.) = xn- >.n-mxm, n = 3,4,5, ... , (23) 

r)le m = 1 + (-lr+l. 
Ha pnc.6 DORa31iHbi cpparMeHTlrl nosepxHOCTett Sn(Xi >.) (x, >. E [-1, 1]), a Ha pnc. 7 

npBBe)leHltl rpa¢HKH cflYBKDH:It Sn(x; 1) AJIJI n = 3,4,5,6. 

MsoroqJieHbl Sn(x; >., L) BMelOT CTJ>YKTYPY .4Couocn..tai1.H08 n-ott creneHH1 JIOTOpble B 

TeOpBH annpoKCHManBH B B3BCCTHOM CMlriCJIC HrpalOT TY me pOJJb 1.'1TO H MHOTO'IJJCHbl t.Je-

6blmeBa B KJI3CCB"'CCK011 reopHH DpH6JJBWCHID! cflyHKD;HA {2]. feOMCTpH'ICCKH $YHKU.HH 

Sn(x; >., L) nony'la10TCJI nyteM anre6pai:I'ieCRoro cnomeHHJl MOHOMa xn , B saBHCHMOCTH OT 

era "'eTBOCTH1 C DpJlMO:It JJBBHC:It BJJH I<Ba,llpaTH'iBOti napa60JJOti, KOSI<}:l$HilHeHTbl I<OTOpbiX 

onpe.neJJJifOTCJI ·onop_BblMH TO"'JiaMH >., L n ·nopJl.IUI.OM n. 
TioBe.n.esne Sn(x; >., L) Ka"'eCTBeHno OTJJH'laeTCJI oT noBeAeBH.II x" s6nusu HyM. RaN 

B3BeCTBO, DOJIHBOMBaJJLHaJ.I MO)lCJJb C 6asHCOM { Xn} DpH pelllCHHH pH,!!; a CTRTHCTH'IeCJIHX 

Sa)la'l 60JJbillO:It pasMepHOCTB n B 6om.moit Bt.r60pHH DpH MaJJblX X npHBO.tl,HT K DJJOXO 06y

CJJOBJJCHBhlM MRTpBI~aM H BRRODJJCBBlO OWH60H ONpyrJJCHHJl. 8roro HC)lOCTaTRR JJHWCHbt 

¢ynKD;HB { Sn(x; >., L )}, TaK RaK OBH HMeJOT 0e.Mn¢upy'IO'W,Ue "'JJCHN, HOTOplrle o6ecne"'H

BaJOT YCT011'tJBBOCTb B:&l"'BCJJCBHit B DOA06Hb1X CBTyaUHIIX. Cne.nyeT TaKme 06paTHTb BHHMa

BBe Ha paCDOJIOlRCBBe KOpBeB Ba DJJOCKOCTH: Xn BMeeT HYJib KOpHeM KpaTHOCTH n, TOr)la 

Ka.K KOPRJIMB Sn(x; >., L) ·aaJJJIIOTCJI TO"'RB 0, >., L H KOpBH ypaBHCHH.II Gn(x; >., L) = 0, B 

o6meM c.nyqae.· KoMnneKCsNe . .ll:M BN'IHCJiennn S,.(x; >., L) HcnoJJI>3YJOTCJI peKyppenTHble 

<j>opMynl>l (20), (21). 
KaR cne.zzyeT H3 (12), npoil:3BOJJbBaJI <PYHKll.HJl J(x) E C[a, b] npn x0 = 0 MO»>eT 6hlTh 

npe,!!;CTaBJJCBa B BH)le 

f(x) = j(>.)d1 (x; >., L) + f(L)d,(x; >., L) + h(x )d3(x; >., L ). (24) 

TaRBM o6paaoM, ecnn sa Npnsoa J(x) E C[a,b] aa)laHbl TPH penep~Ne TO'IIm H H3Bectna 

ee o6pas·$YBKll.BJi h(x), TO j(x) MO»>:eT 6LJTb napaMeTpH30BaHa B BH~e (24). 8Ta <I)QpMyJJa 
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fAr ~· 
s, s!O Su 

-1:$ x,>. $ +1; b.x = ~). = 0.15 

' -~___j 

Puc.6. llosepxHocnl Sn(:r;>.) )lJJJf;r..>. E [-1.1]. 

HMeeT pliJl npenMymecTB npn pewemm aaJia'l .noHa.nbnon aunpoKnJMaunn no Kpannen Mepe 

B D.BYX aCIJCKTax: a) 'IHC.II.O HeH3BCCTHbiX napaMeTpOB B pa:moa<eHlUI (2-:1) Ha )lBa MeHbllle. 

'ICM B DpC)lCTaBJJCHHH j(x) tpaAHUHOHHbiM MHOT011JJ('II0Mj 6) IIpH 3a.!l.aHHI-l j(;l') H BH)le 

Ta6JJHUbt HJJH MaCCHBa Jf3MepennA {jk}, k = 1, 2, ... , Bbl6op P<'llCpllbiX TO'lt'K )~OIIYCK<I.<'T 
pa3JJH"'HbiC BapH3UHJ.f1 'ITO C03.tl,aet rH6KOCTb B npaMTI:I'I<'CfiOM 11pHM€'Ht'IIHH MCT~)la, OC0-

6eHHO B sa)la"'aX pacnosnasanH.II n a)lanTHBHoA o6pa6oTxH C'HrJU\:JOB. B .nux cny•1anx 

·ana'ICBHJI {hk} HaXO.li)ITCJI DO dpT · aJJrOpHTMY (12) BO BCCX TO•n;ax HllTt>pBaJJa 3a I!03MOIH· 

HlriM HCKnlO"'CHHCM "myMOBblX" 30H (puc.5); 

C Jipyron cropon11 <}>opMynlrl (12), (22), (22a) 1-1 (23) noasoJJnJOT nony~.tJITb upn6;mme

nne OAH03Ha"!uon rna)l}(oR ¢ymm;nn f(x) 'lepe3 'PYIIKUHH d1 (.l'; >..I.), d1 (;r; >.. L) 11 6asnc 

{Sn(Xi >., L )}, n = 3, 4, · · ·, nony•Jenb!.it c noMolltbJO 'D- upeo6pa30RaHIIR 6as11ca { .1·"} .VlR 

penepos (19). 
HanpnMep, ecJJn naM ue MssecTua <PynHu.nn h(x). To. npHIIHMi\1:1 ,\ H i, B 1;a•tPCTRt> 

rpannu nntepsana H noJJaraJJ h(x) ~ Lko·kGk(:r;>..L), c noMOlllhiO (2-l) ~JJJ 1tmi_\''111M 

pa3JJ0)KCHHe c:f>ynKU.HH f(x) Ha [J.,£} MJIOl'O'IJJ<"JJaMH dt. d1 II {S,},II = 3,·1.···. 11\)ll'J('M 

TpH napaMeTpa B STOM pa3110iKCiil:IH paBIJlrl Op,llHIIaTaM ))('11('p11hlX TO'l<'H: 

• 
f(x) "' fo + f(x,)d, (x; >., L) + f(xL)d,(x; >., L) + L o,p: L )S,(J·; >.. L ). (25) 

k=:l 

PacCMOTpeHHblA Bblllle anna paT npeo6pa30llaHnit, HX CBOI1naa 11 cpopMy;JM ( 12)·{ 1·1 ). 

(20), (22)-(25) MciryT 6Ll.Tb HCIIOJ1b30B3llbl .tl,JJ.II pCUJ('IIHR Ji!HpOHOl'O NJHtCCa npaliTJI'J('CIHtX 

3a)la"', CBJl33.JilfhlX C .llOKaJJbJihlM npH6mt»>:eJIHCM cJ>ynHU.Ufi ltJIH crJJalli\IHallltt>M ·~Hf!J('J)IIM<'II· 

taJJbHblX )laJIHblX. Onu nossoJIJJJOT pa6oTaTJ. Jlal< c auannTH'I('<"HI-l aa;J,auuw.m cilYIWIUlJJMn. 

TaK H C $YliHLlHJJMJ.I1 3a)l.ali1Jb1MH MaCCHBaMH 'IJKeJI J.IJHl Ta6mmdl. J\01!1l('IIIUtJI 11\)IIIUI:\JIIt H 

KpHBOit DO ee TpeM penepllLIM TO•JKaM )laeT BO:\MOiKJIO<"Tb ("0:\Jl<IBi'ITh rll61\lt(' nriti/11111/0llbl(' 

anropHTMlrl JIJJn o6napymeunn H pacnosnaBanHn HJ>HBJ~x ('JIOiKHOA <jJOpMhl. np!'JlnaB.:l<'ll· 

lllriX T0'1H3MH Ha )lHCHpeTIIOA pC?IUCTHC IlpH UaJIH'IHH Oll!li6on II IIOM!'X. 
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r- Sj(x; >.) 

' 

i 
X I 

-A i A I 
I 

(I xIS 1.2; A= l;ll.x = 0.1)1 

Puc. 7. rpa¢HRB <PYHKIJ,HR Sj(x; 1 ). 

IlpnMe"O:J:aune 2. TaK KaK Mnoro•.meBN Sn(x; >.) nMHeMHO He3aBHCHMbl, Bbtpa)KaiOTC~ 

<Jepe3 CHMMeTpH'iCCKHe ¢YHKUHI1 G11 (x; A) 11 HanonoBMHY opToroHanbHbl 

' 
(S;,Sj) = j S;Sjdx = 0 npn HeqernoM (i + j), _, 

TO OBH nerKO IIO)l.ll;alOTCR npoueccy optofOHaJIH3aLUBf rpaMMa-IlbmJJ.ta C K03¢¢HU.HCH· 

raMH, sa:snc.a:W.HMH or >. H crenenn Mnoro•.IJleHa n. Dony'leHHIJe npH 3TOM MHoroqneHbi, 

no,n;o6uo tpHroBOMetpnqecRHM ¢yHRUHJlM Sin(nx) H Cos(nx), o6pasyror opTOHOpMHpo

:saHH.}'lO CBCTeMy, COCTOJ!IJzylO H3 "l.eTHbiX H H€'1eTHbiX $YHKUH:IL l{aK H3B€CTHO, HCIIOJib· 

30BaBHe OpTOHOpMHpOBaHHOfO 68.3HCa ll03BOJUI€T H36eraTb o6paW,€HHJl MaTpHU., .}'M€HblllaTb 

OWH6IUI OHpyrJieHHJ! H teM CaMblM llOBbllllaTb 3<jHP€HTHBJ!OCTh BWmC.ll€HHit. 

4 fipR6JIHJReHHe H crmrnmsaHRe <l>YHR~HH 

B noM pas.IJ.ene paccMatpnBalOtcs: pa3JIH"O:J:Hble no.IJ.XO.llLI H npHMeHeHHlO MHOro•IneHOB 

{ Sn(x; >., L)} H VPT, nos:somrlOW.He 3¢l$eHtHBHO pewaTb 3a.lla'IH annpoKCHMaUHH, HHtep

noJIJlUHH H CfJiaiKHBaHHJ! $YHRUHf!:, sa,n;aHHlrlX Ha l\OH€'1HOM Otpe3ll.€. 

l{aR H3B€CTBO, rpa.llHUHOHHhl€ MHOfO'IJI€HLI" HM€10T p.a:.n; H€,!l;OCT<I.THOB, HOTOpbie npo.aB-. 

JlJIIOTCJl npH HHtepiiOJIJlUHH $yHJUl,Hit C OC06eHHOCTJIMH IJOBeJJ.eHHJl B JIOKaJibHOit 308€, DpH

MepOM 'lero .a::sn.a:eTCJI ~YHKUHJI O.PyHre [5]. no3TOMY B IJOCJle,n;nee :speM.a: WHpOROe pac

npocrpaHenne IIOJI.}'"iUJIH cnJiaitJJ- MeTOJI.bi [1-4] npH6JIHffi€HHJ! (J>YliKUHil, HOTOpbie JIHID€HDI. 

3T0f0 H€JJ.OCTaTKa H JIBJIJllOTC1i 3$¢eRTHBHbiM HllCTpyMeHTOM KitH B teopeTH'I€CKHX HCCJie

,!l;OBaHHJlX, raH H :s npHnoJKeJHf.a:x. Ha npaKTHRC san6onhwec pacnpocrpaneHHe nony'IHJIH 

Ry6H'I€CRHe MHoroqnenhi, B tJaCTHOCTH, 3pMHTOBbl Ky6H"O:J:eCR.He cnJla:llHhl S(f;x) c Henpe· 

pbiBHO:Ii Btopofi. llpOH3BO,!l;IIOfi. 8tH CDJiaiiHhl o6naJJ.a!OT CBOikTBOM JIORaJihHOCTH, H npHMe· 

IHIIOTCJ! ,lJ;]lJI HHT€piiOJlJUU1H ,!l;OCTaT01.JH0 fJia.llHHX <l>YHRUHil j(x), sa.llaHHLIX Ha HeROTOpOR 

C€TK€ Y3JIOB b,_N :a = Xo < Xt < ... < XN = b npH BhlflOJIH€llHH CJI€1zy!OJUHX ycnOBHJ!: 

a) creneHb S(f;x) ~ 3,x E [x;,x;+t]; 

6) S(f;x) E C'[a,b]; 
B) S(x;) = f(x;),i = 0,1,2, ... ,N;N;::: 2 H npH 3a.naaun pasJIH'IIIOro tHna Npae:swx 

ycJioBHfi. B anaJIHTH'ICCKOM BHJJ.e S(f;x) npe.IJ.crasn.a:rorc.a: cne.zzyJoJu,dt c:popMyJlotl: [2]: 

S(f;x) = J;(l- t)2(1 + 2t) + /;+1t2(3- 2t) + J:h;t(J- t)2
- J;+1 h;t

2
(1- t), (26) 

me h; = Xi+l - x;, t = (x- x;)hi 1 ,x E [x;,x;+1], i = 0, 1, 2, ... , N- 1. 
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HenaBeCTHhlMH a,D;ech RBJIJIIOTCH 1: u J:+l, Horopble onpe.n;emnorc.a H3 ycnosnn nerlpephl· 
BIIOCTH BTOpOl!t llp0:113BO.li.HO:It CDJiai!:Ha B Y3l'IOBhlX TO'Il\aX. 9TH yCl'IOBHII BM€CTe C KpaeBhlMH 

ycnoBHJIMH noaBOJUIIOT nony"CJHTh cncreMy N + 1 ypa:snemdt ;:vm onpe.neneBWI N + 1 nens
aecTHhlX J;, i = 0, 1, 2, ... , N. KaK nasecrso, Marpana sro:lt cncreMbl JIBJUieTca MaTpHne:B. c 

,!J;HaroaanhBblM npeo6na).l;aHBeM, neablpo)K)I.eaaoA, r.e. nensaecrnhle 1; onpe.nemuorCJJ o,n;so-
3Ha'IIHO. Cym.ecraytor pasnn'IH:&Ie aapnann.t nocrpoennli Ky6u'leCRBX nnrepno.IVIDHOBHI.IX 

cnna:ltsos, KOTOphle )l;etaJibHO nccne,D..oaanhl B nnreparype [1-3]. 
TaR :Kal< CDJiafiB (26) JIBJUieTCJI MBOTO'IJI€80M creneHH Be BL!We Tpex, TO ¢'opMyJia (25) 

,ZI)lll. nero 6y.D;eT BblDOJJHJIThc.a TO'IBO npn n ~ 3 u, cne.noaarenhHO, ero MOlKBO npeJJ;ctaBHTb :s 
BHJJ;e pasnomenn.a: no ¢YBRD.HRM d1, d2 u Ry6uqecRoro MBOro'Jnena Ss( T; >., L), ec3IH TOJibKO 

6yJJ;eT saJJ;aBa o,llBa .l(ODOJIBHTeJlbBaJI TO"O:J:Ra Me»mY coce.llBBMH ysnaMn. B 3TOM cJiy"O:J:ae 

Mbl DOJIY"O:J:HM BOBYlO MO)J;€Jlb Ry6n'i€CROro cnna11na, BCII01Ib3yiOmyiO mpu TQ'q}{H JJ;iur. CBoero 

npeJJ;CTaBJI€8HJ! H 3KBHBaJieBTBYlO CIIJiaABy (26), ROTOpyiO 6y,neM B8.3blBaTb mpexmottettMOit 
MOJJ;eJiblO · Ky6n'lecHoro cnJia11na nnn T P S. TaK RaK Mo.tt.eJib T P S ncnoJibsyer B c:soeM 

npe.ncra:sneBJm TOJibKO ·O,ll.HH Beus:secrnbl:B: napaMeTp, ro on a HMeeT BaJKHoe npenMyru.ecr:so 

nepe.n MonenbiO (26), B qacrnocrH no 'lHCJIY apH¢MetH"!Iecimx onepann:B:, neo6xo.tt.BMN:X 

)J;JIJI Bbi'JHCJICBHJI napaMeTpOB. 
B pa6ore [7] .naerCJI noJJ;po6soe uccneno:sanne ecrecr:sessblx BHtepnoAAnuossux cnnaA· 

HOB (BlUllO"O:IaJI BODpOC:bl TO"O:IBOCTH), ROTOpoe MOIK€T 6bltb HCDOJlb30BaHO H DpB HCCJl€JlOBaBllli 

npennomenoA rpexroqeqnoii Mo.n;enu. O.n;naRo taHoe Bccne.n;o:sanBe Blilxo.n;:e:r sa paMRB .n;an-

noR pa6oTb1. · 
Hume 6y,nyr paccMotpeBbi npnMepbi nocrpoenu.a: anropHTMOB JlJIJI pemeniDI sa.n.a'l an-

npoKcnMannn, nnrepnomrnnB B crnaJKBBaBBJI ¢yaKnn11:. 

4.1 Jlo'ICa.A'buoe npu6.Auxeuue lfiyu'JCv,uu 1p(x) 'ICy6utteC'ICoi1 napa6o.Aoi1 

KaK OTM€"0:1aJIOCb Bblrue, R.}'6H'I€CRH€ CIIJiaB'Bbt nrpaiOT RJilO'IeBYlO pOJib B annpOKCHManBB 

¢YBHUBA, H :sonpoc HX npHM€H€BHJI IIOJJ.p06BO HCCJI€,tt,OBaH B o6mHpHOA JJHtepatype IIO 

reopnn H npaxTHHe cnnaAaoB [1, 2, 7]. PaccMoTpHM 6onee no.npo6no oco6enaoctH V -
npeo6paso:saaus: Ry6u'JeCKOA napa6on1.1 sa noRaJibHOM orpesKe. 

llyCtb Ba B€ROTOpOM ROH€"0:1HOM Dp0M€1KY'l'R€ 3a,ll.aBa DpOH3BOJihBaJI Ry6H"O:J:€CRaJI napa-

6ona 
Y(x) = ax3 + ;:1i2 + 7X + 8, a ;i 0, x E [a,b]. (27) 

3a$HRCHpyeM na seA pemip "R. B TO'IRax (:z:>., Y>.), (x0, Y0), (XL, YL), H sa ocnoBe <PYBIUlBit 

p;(r;>.,L),i = 1,2,3 uatt.neM h(r): 

y•(x;R) = h(T) = a>.LT + Y0. 

IlOJib3YJI:Cb C)lBHfOM CHCTeMbt KOOp.IJ.HBaT B 6asHCHYlO TO:'IRY (x0, Y0 ), 3TO BbipameHHe scer.n;a 

MO)}{HQ npHB€CTH K BH,Ry 
h( T) = V[ax3 + .... ; n] = aALT. (28) 

TaRHM o6p8.30M
1 

'D-npeo6paso:saaue rpaacc:popMHpyer Ry6H"O:J:ecHylO napa6ony B np.a:MyiO 

JIHHlHO C YfJIOBblM R034><PBU.HCBTOM paBB:LlM o:.).£, H, Hao6opot, o6paTHO€ npeo6pasOBaBH€ 

Ha;J; 3tol! np.a:MOA .zr.act B pe3YJibtate HCXO,D;HYlO Ky6B'I€CRYlO KpH:syto, ypaBHeHH€ ROTOpOA, 

cornatno (24), (28) H ra6n.~.. aannWeTCJI B napaMetpnqecRott c:popMe: 

-Q(A) Q(L) 
Q(T;A,L) = )J{T(T- L) + LH T(T- A)+ <>T(T- A)(T- L), (29) 
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r,ll;e H = L- >.. B orJIR-qne or ¢opMyJI (26) B (27)1 ypasHeJme (29) co,ll;epmHT TOJJbKO OJIJIH 
· ceo6o0uwii. napauerp a (:Hos¢¢BnneBT npn x3)1 noTOphlii nenw aaiiTH nyreM c:JoffieHHJI 
(13) C (!4) npH h(.\) = a.\2£ H h(£) = a.\£2 H3 (28), B CRC!lYIOJUC>! B .. e: 

a= ~,[Q'(L) + Q'(.\)- ~(Q(L)- Q(.\))]. (30) 

C TQ'q80CTblO ,li;O DOCTOJIBBOA1 Q>opMyJJa {29) npe,li;CTaBJJJl€T Tp€XTO'l€1.!:BYIO MO,li;€Jib JlOl\aJib· 
Boro Ky6H'iecxoro cnnat!:Ba (T P S) Ba orpe3Ke [.\1 LL napaMerpaMH li.OTopoft JIBJIJIIOTCJI 

penepBlle TO'iKB, BKJIIO"qalQJII;B€ KOBil,N DpOMeJKYTKa B K03$$Hll.H€HT a npH x3• 
. reoMeTpB'ieCKaJI KOBCTPYKD.WI T p S-MO,ll;en:H HarJJJIJ.tHO npe:U.cxasnesa Ha pHC.8, r,ll;e Bhl

)l;€JieBb1 ROOp;t;HHaTI:.I penep8b1X TO'ieR. flpOH3BOl'IbBhle Ky6B-qeCRHe KpHBble j H t/J DOJJy'la
lOTCJI npn cyMMBposaann xy6n:qecxoro MoaocnJJat!:Ba S3( r; >., L; a) H npoxo,zvnuen qepe3 
penepal>1e TO'iKB 'napa6oJI:b1 TI( r; >., L) mm npRMoft A( r; >., L )1 B 3aBHCHMOCTH or xoro, KaK 
paCDOJiaraJOTCJl penepRbl:e TO'IKH Ba DJIOCKOCTH. flpH6JIH>K€HHe rJJa).lK01t ¢YHKil,MH $op

MyJiaMH (29), (30) DOKaJReM Ba KOBKpeTBllX DpHMepax. 

re 

T 

T 

.\ L .\ L 

f = li+S3 ,(a < 0) ¢=A+ S3 ,(a > 0) 

Puc.8. reoMerpH'IeCKaJI BBrepnperan,HJI T p s - MO,ll;eJIH. 

3a)la'ia Tl: Cpe.IUI scex HpHBliiX (29) c rpeM1l $HKCHposaHHhlMH penepHb!MH TOtJKaMH 
aaiirn raKyJO Q*( r; .\1 L), HoropaJI aonpoxcnMnpyer ;p(r) E C[>., L] npn BblDOJIHeHHH cne

.JzylOJII;HX YCJ10BH:I1: 

d'cp(r) [ -' L = d'Q"(r) [,.,,L, k = 0,!. 
drk '~'-"· dr" 

(31) 

8TH ycJioBllJI Bcnom.3yiOTCJI npH nocrpoeHHH Ky6uqecKnx cnJJaihJOB [2}. EcJJH n3secrnbl 
3Ha-qeBHJI DpOH3BOJ.tHO:It cp'(x) B ODOpBNX TO'!KaX H 3a,ll;aH penep Ha HpliBO:R <.p(x), TO penie-
HHe 3a~a•n (T1) ~aeTCH <j>OpMJRaMH (29) B (30). ' 

He uapymaJI o6DJ,BocrB, paccMoTpHM cnMMerpHtJBJilil cnyqa:lt Bbl6opa rpaHHU HBtepsana 
(a=:._)., b = >.), x0 = 0 ~ cp(O) = 0. ITocJie no).lcraHOBHn srux 3Ha•IeHH.1t a (29) noJJytJHM 

ypasaeane annpoKcHMa.BTlil 

Q"(x; .\) = 2.\-'[cp( -.\)x(x- .\) + cp(!.)x(x + .\)) + ax(x'- .\2
), 

·~· 1 , , 1 
0< = 4.\' [I' (-.\)+I'(.\)- :>;(1'(.\) -<p(-!.))). 
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Ecmt <.p( ->.) = -.;(>.),TO ypasnenne ny6H'I€Cl\Oi\ 1-ipHBOA nplHIIDiilCT ynpomeHI!JJA Bli.11 

Q"(.>·: .\) = cp~.\), + o.r(•·'- ,\ 2
). (32) 

a noTopoM napaMeTp a pasen 
.\cp' (.\)- cp(.\) 

(33) a 
2;.-> 

TanMM o6paaoM, pemeHHC 3aAa'lH (T1) .naeTCJI cpopMynaMH (29) H (30), a paaeHcrsa 

(32) H. (33) npe,li;CTaBJJ1UOT pemeHH€' TOA me 3a)l;atiH AJJJI CHMM€'TpJ.PiliOB, He'leTH01t <l>J'HKlp:!H 

<.p(x) E C[->.,>.], Koropoe a HTorc npnMeT CJJe.nywmH1t BH.n: 

Q"(x; .\) = 1'~.\) x + .\<p'(.\~ ::: cp(.\) x(x'- .\2 ). (34) 

ITpHMep 1. nycTb cp(x) = Sinx II).=~- Tor.aa, Y'IHTblB(IJ!. 'ITO Sin~= lu Si1.1
1

~ = 0 
C llOMOlllbiO <PopMyJJ (33) II (34) OOJIY'IHM 

4 . 3 4 3 [ rr "] o = -3, a Sma: ~ -:1.~- 3 .-r· •. r E -:-·:). 
r. r. To 2-

8roT peaynhTaT oosna.D.aer c I\y6wJec.nnM HHTepnOJJJ!:ltHOJIIIMM cnJJaJ:iuoM )lJIJI Sin.r na HH· 

- Tepsane [0, ~] B npnMepe na c.506 H3 [14], r.ne AJl.Fl npu6JJua;eHHn cn11yc<~ Ha oTpC?3l\e [0, 2;; 1 
ny6H'l€CKHM COJJaitHOM I:ICTIOJJb3)'eTCJ!: OJI:THTO'J('I.l:l!aJI CeTHa )'3JIOB. ~jror llj)li!ll<'j) IIOHa3bl· 
saer, 'ITO pewenue, nony•Jeuuoe ua oc!loBe TPS- MO.lle.nu,nomJOCl'blO cosna.naeT c pe!Ue· 

Hll.eM, KOTOpoe JJ,aeT KJJaCCH'leCJ\111!: Hy6H•JeCKHA cn;JafiH. 

.{.2 Cpe0ue1>eaapamuttuoc 1>:y6u•tcc1>oe npu6A1t.)I('Cmlc .p{.r) E L:2[a.b] 

ITycrb cp(x) E L 2[a,b] H"llycrb na orpe3Ke X : [A,L] s;;; [tt.b]. ,\ # L Ja.naH penep 

R : {(0, 0), (.\, <p(.\)), (L, \'(L))}. PeruaeM CRCi>J'KllllYKl oa~n·1y: 
3a.D.atJa T2: Ha1l:TH Ky6H'IecnyKl annponcHManry S(.-r; >., L, n) B au.ae {29) AJJJI <.p{.r) H3 

ycn:OBHJI ,ZI.OCTH>KeHH11 MHHHMyMa <PYllKll,HOHC'IJJa J ( x; 0 ): 

minJ(x; a:)= minj[rp(x)- S(x; >., /..<\ Wth. 
0 • 

X 

Heo6xo.nHMoe ycJJOBHe MlillHMYI>m 

8J(x;a) _ 0 ·•e as= .\Lrd,(.r;.\J). a;;-- ' ...... ao 
ll03BOJ111eT HaATH H.CKOMOe pemenHe, T.e. onpe.lleJIHTb napaMC'Tp o: 

1 J <p(.\) cp(l.) 
a(.\,L) = C(.\ L)[ d3x<p(x)dx- ,1/J .4(.\,L)- UJ 13(.\, 1.)]. 

' X 

me A, B! c Onpe,li;CJJJJIOTC.n ¢opMyJJ3Mii 

A(.\, L) = j x'(x- .\)(x- L)'dx = t a,(-\,1.)(/.w- ,\<+'), 
X k=l 
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B(A, L) =) x'(x- ).)2(x- L)dx = t b,(:.., L)(L'+'- ;..'+'), 
X k=J 

5 

C(A, L) = j x'(x- :..)'(x- L)'dx = I: c,(:.., L)(L'+' - ;..'+') 
X k=l 

npn cJie.nyrow.ux BhlpruHeBBIIX Ko3¢¢munenroB ak. b~;, Ck qepes >., L: 

AL' L' +2AL 2L +:.. 
a1 = --

3
-, a2 = 

4 
, as= ---5-, a4 = 6' 

b __ LA' b _ :..' + 2AL , __ 2:.. + L b _ ~ 
1 - 3 ' 2 - 4 ' V3- 5 ' 4

- 6' 

:..L(L+A) A2 +4AL+L' (L+A) 1 
2 ,c3= 5 ,Co~=--6-,cs=7· 

).2 £2 
Ct = -

3
-,c2 = 

B c'nyqae CHMMeTpH'IHOro Bbl6opa rpaHHU BHTepsana, 'IJICHbi C 1l€THhiMH CTeneHJIMH ). 

B A(>.), B(>.) H C(>.) HC'ie3afOT, a supaiReHHe (36) .D.l'l.ll napaMeTpa a npHBHMaer BH.D. · . . f (x 3 - 2Ax'- A2)<p(x)dx + (a1A + a3).2 )<p(-A)- (b1A + b3 A2)<p(A) 

a=~·~--------~2~(c-1°A3~+~~";..s~+~~":..'~)--------------

J~l.L\ . 
,11--:x 
-3.1" -e.ee 3.1<~ 

a 

~~ log(! a(A))) 

1~:.. 'J. ,.. 1.6-'1 3. , .. 

6 

Puc.9. Sinx,S(x;1r), owH6Ra c:(x) (a) H napaMeTp a().) (b). 

(37) . 

IlpHMep 2. CHoBa paccMoTpHM ¢yHRUHIO <p(x) = Sinx, x E [->., >.]. Tpe6yeTCJl aaiiTH 

Ry6uqecKyfO KpHBYJO S(x; ..\, o:), ,llaJOWYlO npH6J:nfiR€HHe .ll)lJI Sina: B Merpnn.e £2 (Hpnrepuii 

(35)}. ilonb3yRCb <j>opMynott (37), nony,RM 

a( A)= i~~1 H 
1

1

5 
A4 + 4A2 + l2)SinA + (4A

2 
+ l2A- 8)C'osA]. 

Ha OCHOBaHHH (29) HMeeM 

. Sin>. 2 2 
Smx"' ~(-A-x+ a(A)x(x -A )), (38) 

r.ae ~- HOpMHp)'IOU.Uiii MHO)I(HTeJU,, KOTOpbl" onpe_neJI$1eTC51 '1epe3 MaKCHMaJlhHOe 3Ha'leHHe 

¢ynKIUHf 1 Sinx I Ha Hurepsane [-..\,>.]. 
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Ecnn B3.11Th >. = 1r, Tor.na na ocnose ¢opMyJI (37) n (38) nony'IHM 

105 a(w) = --7 (•' + 3•- 2). 
4• 

flo.n:cTaBJIJl.II x = j H a(1r) B o6e 'laCTH {38), aa:tt.JI.eM Jl = 0.5579. B nrore nony"<~HM 
cne.nyromee pewenne: 

. 105 
Sinx"' -0.5579-

7
(•' + 3•- 2)x(x'- •'). 

4w 

Ha pnc.9 npnse.n.eBLI rpa¢~:uw Sinx,S(x;11'), omn6KJt' c(x) = Sinx- S(x;'ll',a:) nony
qenno:lt annpoKcnManun H napaMe-rpa a(>.), A E [0.14,71"}. Ha: rpa<lntKe xopo~o sn.nso, 
KaK annpoKCHMHpyeTCJI ¢opMa Kp:aso1t na seeM nep:ao.z:te c paBHOMepHLIM pacnpeAeJieBHeM 
onm6Rn, ·'iTO Ba>KHO, nanpnMep, npH pemennH sa..na'l onucanHJt ¢opMhi o6beKTa. 

4-3 Ilpu6AU""'""' <p(x) E c<•l[A, L] • 6a.3Uce {S.(x; A, L)) 

Ecm11: BCDO.llh30Barh ¢opMY.JIY (25) H yc.JioB1I.II (31) ,n;JIJI k = 1,2,3, ••. n, TO JierRO aai!:TH 
paanom:eaBe $YHRnHH f(x)- f(O) = !f'(x) E C(")[>.,LJ qepea napaMeTpi130BaBBhiB 6aaHC 

{S"(x; >.,L)} (q,opMy.JIJJ (22), (22a), {23)). B aTOM cey"<Iae .n;M onpe)l.eJieBH.II napaMeTpOB 
ak, k = 1, 2, ... n aeo6XOJUIMO pemnTh cncreMy ypasaenni!: (31). Ma (22a) H (25) BH.!OiO, 
'ITO, ua"<IHBM c k = 3, k-e nponaBO,!OiUe 6aaHCBliiX $YHl<UHit { Sn} H { xn} cosna.D.afOT, 

TOf.D.a l<aK k-e npOH3BO.D.Hlil€ $yHIUJ;JJt:t d1 II d2 paBHJil HYJlfO, 

e(x; T") 
~ ' 

X X 

a) 6) 

PRc.10. XapaJ(rep noBe.QeRRR onm6oR lJ)lJl S'(x;w)(a) R T"(x)(b). 

flpHMeBH.II. ary CXeMy .D.JIH. npH6JilDReHHJI CHByca Ha 0Tpe3Re {->.., ).], DOJIY"<IHM CJie)zylO

~e $OPMYJilil .llJl.ll onpe.neJieHH.II Ok().): 

a,(:..)= W;_
4
l [(c"- c,:..'):..SinA + (c,. + c.,:..')Cos:..], k = 3,4, ... , (39) 

rAe "<IHCJia Cjk,j = 1, 2, 3, 4 onpe,Zl;eJlJIJO'I'CJi qepe3 <:~JJeMeHTlil MaTpHUN CHCTeMI>I (31), KOTOphle 

JIBJLJllOTCJl $YBKll.HJIMH BB,lleKCOB CTeDeHH H DpOH3BO,ZI;BO:it. 
llpnMep 3. Ha:BTH npB6JIHiReune Sinx, x E [-7r, 7r] MHoro'IJneHOM 9-:B creneaH. 
Pemeune. licnonhsy.JI (23), (25) H (39) .D.Jl.Jl n = 9, n c yqeroM paaeucraa ayJIJO $YHKUHH 

Sinx ·a TO"<I.Rax -7!", 7r B 0, DOJJY"<IBM 

4 4 

Sinx ~ J.t L: OjS2j+t(x; 7r) = px(x2
- 1r

2
) Eaj G2j+ 1 (x;n), 

j=l j=l 

me G2j+ 1 (x;n) B3i.Tbt Hl Ta6n.2. 
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Kos¢nn:e:earn o:; aaxo.zunr KaK pewenne cncreMhr (31) npn k = 4, n nocne nx yM
aomeBM Ba BOpMnpyWm;HJ:!: MBOiRBTCJlb J.t = l.QQQ621 pa3JJO»iCHHC CHHyca DpMHHMaCT 

CJJe.!JYIOW:Htt BH~: 

Sinx "" -0.!6589653(x3
- n 2

) + 0.008157788(x5
- x~')-

0.000!7959l(x7
- x~') + 0.00000173l(x9

- x~') . (40) 

Ha pnc.lO npHse,n;eBlril rpa<Pmw own6oK, noRasblaaromne Ha'Iecrso npn6nnrneHHJI ¢yH
KUBH Sinx aa OTpe3Re [-11', 1r] MeTOJJ.OM 'DPT a yce'leBBhlM pii».OM Te:nnopa JJ.JJJi n = 9. Ha 
rpa,IJn!Rax JICBO BR):(CH paBBOMCpHntti XapaKTep DOBe,ll;eBHR ODIB6KH )I,JJJJ pa3Jl0}f{CHHJ:I B BH,li,C 

{40), KOTOpaJJ B .D;OCTaTO'liBO WBpOl.Oti SORe BBe DpOMeJHYTRa {-7T 1 1r] DO'iTH _Ha ,n;sa DOpli,D.Ka 

MeBDme, "!eM omn6xa pasJJOlReHWI no Teitnopy, xoTJl sH<i'IHTCJJbHO ycrynaer nocne.uaeR B 
neerpe npoMe.myr}(a. 

4-4 Hxmepno..tStv,ust ?Cy6uotecnuMu cn.wi!ua.«u {Moae.~tb TPS) 

PaccMOTpBM ncnom.soBanne T P S .wr.a penreBHR aa.n,a'l!H HHtePnomm,HH. flycn. sa cerHe 

.6.n ; a = Xo < Xt < X2 < ... < Xn = b sa,nasi>J. 3Ba'l!eBHJI .ll.OCTaTO'lHO fJJa.ll,HOtl. <flYHHII.HH 

fk = J(x~:), k = 0, 1, 2, ... , n. 
Tpe6yer01 nocrpoBTb cnnatis, HBTepnomJpyJOru;na f(x) 11 ro-q:Hax x E [x~:,Xk+d· Ma

Becrao, 'qTO pemeHHe 3TO:I:t sa_,na'iH HaxO.ll,HTCJl DpH DOMOlli,H CDJJati.H -. HHTepDOJJRU,HH [2]. 

Mu me 6y.neM ncHaTb pemesne sa ocsoBe T P S - Mo.nenu Hy6lPJ:ec:Koro cnnatl.ea, HOTOpaR 

HCDOJlbSYeT O.JI.HY npoMemyTO't!BYJO ro-q:Ky B k-oM 3BeBe. 

IJpnMeBeBHe TpexTO-q:e-q:ao:lt MO,llemr (29) BMeCTO HJJaCCH"<JeCH011.1l.BYXTO\le'IH011 (26) o6o

CBOBaHO TeM 1 'ITO Ky6H'JeCKH:I1 CDJial:iB (26) Jl:BJIReTCJl MHOfO'IJJeHOM CTeneHH n ::; 3, .llWI 

HOTOporo MO.lleJib (29) RBJIReTCJl anre6paH'ieCKH 3xeuea..te1tm1toi1. ,lleti.CTBHteJibHO, ecnu 

npeADoJIO»tHTb, 'iTO Ky6nlleCKlll:i cnnaas S(f;x) BaM H3BecreH, r.e. satl..nesLI f~ H !~+11 
TO AM nponaBonnaot!: TOlJKH Xok E [x~;,x~;+ 1 ] sHalJeane S(f; x0~:) H ¢opMynu (29), (30) 

D03BOJIRIOT O)l;BOSBa'iBO DOCTpOlUb MBOfO'iJJeB CteDeBH He BNWe tpex, 11-Kaffi,ll,Oil: TO\l:Ke co

BDa,naJOJUH:I:t C Ky6H'IeCKBM CDJiaitBOM-(26). C .npyrott CTOpOHll, HOHCTPYKil.llll (29) COJJ.ep

ffiHT KaK Y3Jlbl CDJiaitHa, TaK H ero 3Ba"<JeHBJi B ~TBX ysnaX B Ha'leCTBe CBOHX'napaMeTpOB, a 

senaBeCTHHA napaMerp a onpe.n.eJIReTCJl 'lepea ero nepBble npoHaBO.lJ.Hhle B yanoBLJX TO'I.Nax. 

li03TOMY eCJJH 3a.naHBM Ha OtpeaKe CUCTeMa TOI.JeH H CaMa c:i>YHKlUIR D03BOJJJifOT DO· 

CTpOUTb DO,lJ.XO.lJ.HwyfO CeTKY Y3JJOB, B KOTOpOA .ll,Jlll Ka>K.l{OR naphl rpaHHI.JHhlX TOI.Jeli 3BeHa 

HaR,ll.eTCJI DO KpaitBeil: Mepe O.D.Ba, JJelHaiUM MeiJVIY BllMHj TOI.JHa, TO Mhl MOffieM HCDOJlbSOBaTb 

tpeXTO'lJe'iBYJO MO.ll.eJlb Ky6H1JeCKOro CDJJa:I!:Ha B BH.lJ.e (29) )]JIJI HHTepDOnJUl,.llH c:i>YHKU.HH B 

TOl!Kax, JielHaru;ux MeJI{,!cy .D.BYMR coce.n.BHMH yanaMH (puc.ll). PaccMotpHM 6onee no.n.po6Ho 

cxeMy npnMeBeBWI Mo.nenu (29)-(30) .D.JIR perueHH.F.I sa.na'IU HHtepnoMu.HH. 

llpe.n.nonomnM, liTO us .n.aaso:l:t cucteMhl ro'!eK { x; }, (j = 0, 1, 2, ... , N;) orpea:Ka [a, b], 
B HOTOpbiX aa,naBhl 3Bal!eBB'R <flyBKII.HH fJ, DO,lJ.XO,ll1iill)IM o6pa30M Bld,lJ.eJiel!O HetJeTJJOe 'IHCJlO 

TO'lJeH {x~;}(k = 0,1,2, ... ,N;N $ N;), aa,nalOW.BX ceTKy yanoB. I1epeo6oana"<JHM ro•JKH 

CeTRH H DpHDHJUeM ltaJRJJ.OMY 3BeBy HH,llCKC i, DpB'ieM BHytpeHHIOJO TO'IRY i-ro 3BeHa 

0603Ha'iHM 'iepea Xo;1 a rpaBHI.JBhie TO'iKH • 'iepea Xj H Xi+l COOTBeTCTBeHH01 T.e. X; < 
x0; < :c;-+:1 , i = 1, 2, ••• , N;, r.ne N; =!f. Tor.n.a, ncnonnay.a x0; B Kai.JecrBe 6aancHNX TO'I.eH, 

C DOMOJU;blO DapaJJJieJibHOfO C.ll,BHra DOCTpOHM B }(a»t,l.lOM SBeHe JlOHallbHYJO CHCteMy OTC'IeTa 

C II.eBTpOM B TO'IHe (zo;,jo;) (puc.ll). B TaHOR CHCTeMe OTC'leTa ypaBHCHHe Ky6H'.JCCHOrO 
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I 
' 

0 v__ V ><-•. 

Pnc.ll. CnnaRH-HHTepnomHI.HR JVl.ll Mo.n.enH TPS. 

cnnaiiHa npHHHMaeT BH.ll (29), a rpaHu•mbie TOtJHH aBeHa craHOBilTCR ero napaMerpa!.IH: 

>.; = x;- xo;,L; = x;+l- xo;,H; = L;- >.;,1{); = J;- .fo; H 'Pi+l = f;+t- fo;

Ilocne 3Toro .n.JLR 'T = x- x0; H x E [x;,x;+t] ypaBneJnte TPS .nnn i-.ro aBeHa aamnuercn 

B BHJJ.e 

S;(r;>.;,L;) = Il;(r;>.;,L;) +o;Sa;(r:,\;,L;) = 
-1{); <Pi+l ) >.;H; r(r- L;) + L;H; r(r- ).; + o·;r(r- .\;)(T- L;). (41) 

rne a; • BeH3BeCTHDIA napaMeTp
1 

}(OTOpDIA, B COOTBCTCTlHtH C (30). Bhlpamael'CR 'ICj)€'3 ,; 

u f;+I. MH BH)])IM, •ITO aTOT K)'6H•IeCKHA cnnat1.11 ua 11am.u.oM :nH.'He [x;,.1·i+d .RBJJI!E'TC11 

HenpepNBUblM BMeCTe CO CBOefi nepBOit npOH3BO,ll.HOtl. BCJO.nj' na OTpC3K€' \a,b]. }JJJJI onpe

)l,el'leHHJl napaMetpa 0;, HaH H B CJlY'IaE' (26), HCD0Jlb3Y<'M )"CJIOJI11(' llE'IlpephlB110CTI1 BTOJ>Otl. 

npOH3BO,lJ.H09 CDJJafi:Ha B TO•me CTblHOBiiH, T.C. 

s;' (L;; >.;, L;) = s:~~(At+1; A;+l• L;+d· 

BLlDOl'lHRJl 3TH ycJlOBHH B TO'I.KaX Xi+l ,ll.JlJl cnnafi.Ha (41 ). llO.II)"IIUI OICTE'MY 

BHCIIHB .ll.JlJI onpe.nene!IHR N; UCH3BCC'l'llhlX B BH.lle 

N;- 1 ypa-

Jt;a; -lli+JO'i+l = q;,i = 1,2, ... ,N; -1. {-12) 

r.ne p; = L; + H;, J.ti+t = >.;+t- Ht+t• q; = ~(.8;+1- /3;). N; =If, a 

2 . 2 
fJ; = \ ·L·H· (>.;\{);- L;I{Ji-1) H fii+l = ).. I· II· (>.i+1'l'i+l- Li+l'l'i)· 

A, 1 s •+1 •s+l •+I 

,ll,JlJI o~oana'I.HOro onpe.n.e.nenHJI o; I< cucreMe (42) ueo6xOJl.ltMO .u.o6a111tTb eme O)l\IO ypa

sueune. Ero Mmlr.HO DOJJY'I.HTb, CCJJH uaM aa.ztaHO XOTJI6hl O,IJ.JJO xpa('BO<.' yc~'IOBlW, llllllplt!<WJl, 

s; Pt; At. LI) = \{)1 (>.I). STo ycnoBiie n03BOJJ1JC'r"Jiati.TH napaME'Tp CIJ B lH-J.ll{" 

- I- I I __ _i2._<) - ...22-
0}- ).~- >.ILt (r.pl nl), r.u.c nt- ).111t (->.1 LJ) +/,till ).1· 

YpaBneHHe .llJlH napaMetpa a 1 

see napaMetphl a; B BH.U.e 

BMCCTC C ypaBIIC!IlfJlMH (42) 11031\0.IIJIIOT O}lll0311a'lll0 uafiTII 

a;+,= ~o·;- ....2i.....,; = 1,2 ..... X;- I. 
Jli+l Jli+l 
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.D.JUJ nony'leBHii sroro peweHJ.fli rpe6yerc.11 B .nsa pa3a MeHbwe apli¢!-teTH"'ecJmx onepn

unfi oo cpasseBJno c .nsyxnapaMerpH<~ecnoit Mo.nenhto l(y6K'Jecnoro cnJiaitHa. }{poMe roro, 

83 cpaBB€8HJI MO.D;enefi (26) H (29) BH,nHO, 'iTO JIOCM.D;IIJIJI fJBJIJieTC11 60,1ee 3KOHOMJI111lOit 

B Bhl"lHCJlHT€JlbBOM acneKre, H TaKI:!.M o6pa30M1 06utee 'IHCJlO apHc\lMCHI'~eCKHX OllepaUHfi 

6y.ner )lODOJlHHT€JlbHO CORpalU€110. 
DpnMep 4. PaccMOTpBM TPS-Hsrepno.n.a.uHto $YHRUHH f(x) = Sinx JlJlJI ceMHTO'I€11· 

'If ,1!' 311" 511" 
~1. -- < 0 < - < 1f < - < 211" < -. 2 2 2 2 . 

no:lt cerzm 

B Raqecrse 6asncaux roqeK 6epeM 0, 'I!' H 211". Tor.na >.; = -~. L; 
i = 1,2,3. Mcnonh3yeM 3TH .naHl:ll.te JlJUl BhztmcneHHR a 1: 

~a H; 

2 .22h2< 2314 
a 1 = -(0- II)=-(-(--)+-(--))=-(----))=--. 

11'2 1 11'2 r,2 2 r.2 2 '1!'2 11' 1r '1!'3 

r. .D;JIJI 

BenHlJHBbl p; = ¥-· /Li+l = -¥, /3; = /Ji+l = 0 r.e. q; = 0. Do.acraBJIJIR srn .o.aasble B ( 42), 
DOJlY'IIBM O'i+l = -a;,i = 1,2,3, KOTOphie D03BOJIJJl01' 3allHCaTb OHOH'IaTeJibHO€ peweHHe, 

np:!!:se.aennoe B Ta6nnne 3. 

Ta6mina 3 
j Xj /;,t.pi Xo; !.; L; T a; S;(r) 

0 . -I . -, -, 
I 0 0 0 X ' -47l'-3T3 + 37!'-I.T -;a 
2 . I . . , -, , 
3 ' 0 r. X-1!' < 4'1!'-373 - 3~-1 7 ;;< 
4 3• -I _!. . 

2 2 
, 

5 2r. 0 2r. X- 2tr ' -411'-373 + 311"-17 -;a 
6 

,. 
I . 

2 , 
,[(JlJI nonytteBHJI 3TOro pesynbraTa no RJJaccuqecRoR cxeMe neo6xo.zutMO 61dno 61>1 pewarh 

CHCTeMy D3 W€CTH ypaBH€BHit. 

4.5 J!O'I'tGA'bH.O€ ~Z.ota.?ICU8GHUe 3'/'tCnepU..~teHmGA'bHblX aa~m'btX 

Bo3MomaoCTH 'leTLipexro'le'lnoro npeo6pasosaJUIII npl.f crJJaiHJ.fBamnt 3HcnepHMenTal'lb· 

Hb!X D.3HHhlX 6blJlH OOK33aHbl npH perueH!lH aRTyaJibHOil: B q>J.f3HKe 'laCTJ.fU 3a,!J.a11H no o6· 

napyiReBHto n pacno3HaBaHJ.fiO rpeKoB [12]. B noll sa.n.a11e mmeil:no • nsaJtparH'IHa.JI M<r 

,ll.€Jlb 6hJJia HCDOJlb30BaHa Jl.JIJI paspa60TRJ.f aJifOpJ.fTMa aJl,allTHBllhiX npoeHTJ.fBHhlX ~J.fJlbTpOB 

(APF). 

4-5.1 ABanmueHWl g}uAt>mJ1Gt(UA BAst nouc'Ka mpe"~Coe't)l.x cez..~teumoe 

JlerKO BJ.f.U.€Tb1 'lTO DpH saJl,aHHOM penepe C llOMOIUblO (24) ypaBHCHHe RBaJJ..paTHOro 

Tpext~nena Monr.er 6blTh 3aDJ.fcano B BJ.f,u,e 

y(x) = -y(~~J+ !.) x(x- L)+ y(x~ ~ L) x(x-!.)+ y~?) (x- !.)(x- L), H = L- !.. (43) 

B ypaBueBJ.fH ( 43) see nepeMeHuhie H Koncranrhl ,D;ocryneht nenocpeJJ..CTBeHHOMY J.f3Mepe

nmo na npaKTJ.fK€1 TOrJl,a KaK Tpa.D;HUJ.fOITIIaJI 3RDHCb HBa,npaTHOfO ypaBH€BHJI CO,D;€piRl!T 
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a6crpaRTH!.I€ R03~~BUH€HThl, KOTOpl.le MOryr 61.1Tb DOJlyqeBhi TOl'IbRO KOCB€8801 'l€pe3 IJ.Q

llOJlHHTeJlbHhi€ Bhl'IBCJieHHfi. 8ro ypassenne 6wno ncnonbsosaso B [12] npn crnamnsaBHH 

.naHBblX ,nJl.ll nnae1iHhlX H nsa.np"aTB'IIBliiX Mo.nenen rpeKoBbiX cerMeHTOB. TaM me nonyqes 

anropnrM APF, nocrpoessblfi na csojj:crse (15} n ~opMyne (43). APF npe.nnasnaqes:u 

,u,JIH pacno3sasanHJI B o6sapyiReBB.II 3amyMnennhiX yqacrKOB rpaenropnit sa nso6pame

HBJIX MnororpeKOBhiX co6uu:B, pemcrpnpyeMux cospeMeBBhiMH ~H3lr<leCKHMB ycraso

BRaMH. AnropBTM AP F Moa;.er 6blTh o6o6ru.en raKme JJ..M cneiReBBfi sa KpBBhiMH 6onee 

CJIOlKBOfi ¢lopMhl, sanimMep DpH o6pa60TK€ KOBTypoB o6'beKTOB [16,17}, sa,naHH!.IX Ha ,D;HC· 

Kpernon pewerKe. OcnOBHhiMH sneMeBTaMH npn onucaauH OTJl.€JlhHhlX y'tlaCTKOB Konrypa 

JIBJIJIIOTCJI .zzyrH Ky6HlJ€CKHX napa60JI (Ky6H'ti€CKRe CDJla:ltBLI), KOTOpl.le WHpOKO npHM€RJI· 

IOTCJI aa npaKTHKe. 

4 .5.2 J!o'KaAMtoe cua:ilcueauue 'Ky6uttec'Koi1 'lq)ueoiL 

'D-npeo6pasOBaBHJI D03BOJIJIIOT DOBbiCHTI> CKOpOCTb Bl>1'1HC;JI€HH1!: DpH CrHaJKHBaRHH SKC· 

nepnMeBTaJJbH!.IX .o.anaux. YseJIHqenHe cKopocrH o6pa6orKB JIBJlJierCJI_ aRryamao:lt sa,na

'lea-, oco6eaao B cospeMeBH!.IX cHcreMax perHcrpanBB B o6~apymeBIUI rpeKOB [1~], npn 

a,nan.fHBBO:It }lHCKpeTH3aUBB CHrBaJIOB1 DJ>H paspa60TK€ CHCTeM TeXHBtJ€CKOro speBIUI [17], 
npH BblJl,eJieHHH H paCD03HaBaHHR o6b€KTa lia H306pa»teHBR H '!'.D .. 

Do cpasaeaniO c rpa.zumuonaoi1 MQJJ..ennto Ky6HqecRoA Kpnson (27), Mo.n.eJJ{> rpexroqeq

eoro-JioKanbBoro Ry6uqec&oro cnJiaitaa (29) JJBJlJlerCJI .n.ocTaTOlJBO rH6JUtM cxpyKrypauM 

SJJeMeHTOM ,li.JlJI paspa60TKH a,nanTHBBblX anropHTMOB pacn03BRBRBHJI KOBTypoB na Ol{B· 

¢poBaBBOM H3o6paiReBHH. MoJJ..enJ, (29) COJJ..epiRHT TOJibKO oauu H€B3B€CTB!.Ilt napaMerp a . 
OcranhBble TPH napaMerpa Bhi6HpatoTCJI (s o6nteM cnyqae npoussoJibBo) us sxo,nHhiX ,D;aa

BhiX C TQ'qHOCThlO oniB6RR H3Mep€BBJI (onn~pOBKB}, KOTOpl.le DpH COOTBeTCTBYlOIU€M B:bl6ope 

6aslJ H = L.-). ae BBOCJIT saMeTBhlX HCKrufi.€BBfi B reoMerpB<t~eCKB:It o6pas HCROMOro KOB· 

Typa. TalUIM o6pa30M, 3Ta MO,li;€Jlb D03BOJIJieT ecreCTB€BBblM o6pa30M ~BKCHpOBRTh ROHI{hi 

cerMeBTa KOBTypa, JIBJlJllOW.BecJI O.ZJ:HOBpeMeBHO napaMerpaMH MQJJ..eJIH, 8TH H ,D;pyrHe CBOJ:i

CTBa ,D;alOT B03MOlKROCTb B BeCKOJlhRO pas COKpaTBTb "'HCJIO apH¢lMeTH"'l€CKHX onepaD,B.:It DJ>B 

coxpaHeBHH ,nonyCTHMOJ:i TOqHOCTH H TeM CaMbiM DOBhiCHTb CKOpOCTI> BhlqBCR€HBfi. 

PaccMOTpHM 6oJiee no.D;po6ao craa,D;apTHYIO 3a.na<t~y crJiaJKBBaBBJJ ,aJlJI Ry6uqecKoa Mo

.nemi. 
3a.na'la T3. Hanrn Ky6HqecKyiO napa6ony, &oropci.JI a a 3a.nanaoM orpesKe nci.BnyqruHM 

o6pa30M ODHChiBaeT COOTHOW€HH€ M€iR,lly 83M€p€88biMB KOOpJJ..BHaTaMB 

{x;}n {i;},j = 1,2, ... ,N;N » 3, 

me];=!;+ e;, e; ""N(O,u), ax; H3M~peub16e3 omn6oR. 
· KnaccHqecKoe peruenne sron 3a,n,attH JJ..aerCJI MeTO.Il;OM uauMeHblllHX KBa.npaTOB ,D;JlJI MO· 

.ll;eJID (27), B pe3yJibrare qero naxo.z:r,a:rCJI onenKH ee tleTupex napaMerpoB. )J;JIJI Mo.zt.eJIH 

(29) ., YCJIOBJ!Ji . 

N 
I: {<P;- <P(!.)d1;- <f(L)dz;- a!.Lr;d3;}

2 ~min 
j=l 

nony<:i:HM a.neKBaraoe peweBHe sa,D;aqu T3 B BH,D;e cne.zcyrom.e:lt MHK • onenKH napaMerpa 

a: N N N N 

& = (!.£I: zJt'(L: <P;z; - <P> I: z;dli - <PL I: z;dz;), 
j=l j=l j=l j=l 

(44) 
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r.ne Zj = 7'jd3j = Tjd3(Tji A, L ), a Tj H tf; nonyqeahl npu C.llBHre CHCTCMhl orcqera B 6asn

cayl0 TO"'KY (x
0

, j 0) C O,[(HOBpCMCBBJ:iiM B3M€BCBBCM OlllH60K t:j = Cj - e0• IJapaMeTpJ:il ). H 

L onpe.n,eJUIJOTCJI no pene:PBlriM Koop.llHBaTaM xo,X>.,XL E {xJ} raK, 'JT06hl X>.< xo <XL, 

a onopBDie li.OOpll.BBaTDI X>. B XL 6epyTcH: aa HOBnax orpea:Ka. 
Ta.KBM o6paaoM, oneBKa napaMerpa (44) ,naeT pewenne aa,n,a'JH T3 )lJIJI MO,lleJIH (29) B 

BH)le f(x) = fo + ,P(x- xo), r~e . · 

<P(x - x
0

) = ,P(r) = <P(A)d1 ( r; A, L) + ,P(L)d2(r; A, L) + &ALrd3 ( r; A, L ). (45) 

B .'laCTBOCTH, us (44) u (45) MO>KBO ae.n,eTD, "'TO qncJio apu¢MerH<JCCKHX onepanH:t, seo6-

XQZJ;BMhiX ,lVI.R DOJIY"'€BR.II pemeHH.R 3aJI.a"'B T3 DO MO)lCJIB (29), 3Ha"'HT€JlbHO MCHbWe, tlCM 

a CJIY"':ae Mo.zteiDI (27). KpoMe roro, ra6yJIBpoaaaHe ceMn ¢YHKnnA 

dt,d2,da,zdt,zd2,z H z2 

B yanax cerllll Tj € [A, L] BN6pannoro oKRa .nonoJIHHreJibHO coHpaw;aer "'HCJIO .nueaMH'Ie

cKHx-onepaiJ;HA. ltaH no:Ka3aJia onenKa, ,D,ame npn ra6yJIBpoaamm <}lynKu;HA xj, (m = 1+6) 

B MO,ltemt (27), B 3alllJCBMOCTR OT 96beMa BJ:i160pKH N, Tpe6yeTCJI B 3 · 4 paaa 6oJiblll€ JJ.H· 

BaMB'iecKHX onepannA, "!eM ,ltM MO,ZJ;eJJB (29) • 
.llpyroe pemeHHe aazr.a"'B T3 MOlKHO BaATH, ucnonhaya CBoAcTBa 'D PT noHH)f(aTb ere· 

neBh MBoroqnesa sa ,nBa u no.naBIDITb omH6KH naMepeHBA. B 3TOM cny1:1ae MHK • ou;eHKa 

napaMerpa o: naxo,ItHTCJI ua ycnoBR.II 

N, 

min'H(Tii o:) =min L(hi- o:AL-ri)2 

• • i=l 

B CJie.zlYlODl.CM BH.ZI.C 
N~ N~r 

& =(ALL; rlt' L; r;h;, (46) 
i=l i=l 

r~e 

h; = .p,p1 ( r;; A, L) + <PLp,(r;; A, L) + ,P;p,(r;; A, L ), N, ~ N, (N. » 3). (47) 

HB.llCHC i orBOCHTCJl K reM TO'iHaM, .lVl.R :KOTopJ:iiX I -r; - A IS T ... u I -r; - L [$ T ... , r)le Tn. -
nopor, sa,nalOIII.HA iuHpBBY "myMOBOA" 30Blrl. 

.. ..:-.: .. ~ ..... 
.... 

.... -... ·_,,: 

,· \V; 

··~ 
~'f,. 

~I.~ 

:~ .. 
_q-9_ .. •• 
\ ..... -..-. ... 

·-.~ .. .· .. ~ .. 
··.· 

•) 

·.'>, ~_,c~ ;;. : .( 
., '<'~t-h : r 
I','(.. : Jl 

. I ', 'IC~. : " I 
I '~ ._~ : , I 

'" ·.'·')~ o .. ~ t\... ·r··r .. , -· . -··~·-., 'i, ·.. ., 
I '' \.• I 
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Puc.12. CrJJamBBaBHe t<y6H'!eCHoA HpuaoA: MeTOJJ.OM pPT. 
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8 :9TOM C:IY'Jae, B COOTB€TCTBIHi C OUCHliOR ( 17). M3 3<1-.ZJ,aHHOrO !1\<ICCI-lBa TO'l.€H Bbl6J.tpa· 

IOTCil T€, ,ll}lJI 1\0TOphlX MO.Il,.Y•1h 011JH61\H llX 'D · npeo6pa30BalllUI IIJHI (plii\CHJ>OBCIHHOM pe

nepe HC npeBOCXO.UI-lT Ja.nauuoro nopora. DpH noM ny6w1ecnan :.to.ne.lb liCXOll.HhlX ll,aHHhlX 

nepeXO)l)iT B MO,UC:Jb DpHMOJ1 Jllilllll-l D0'1Tit )lllR fiCCX npeo6pa30BCillllhiX TO'H:'K, 3a HCH.lfOl.JC· 

nHeM, Momer 6blTh, rex, J\OTOphle nonn.uaiOT a aouy Heycrofl•maocTJt (pHc.5). Doc.1e :noro 

pa3M€pHOCTb aa,nal.JH yMeHblllaercR ua ll,Ba. DpHMep crnanmsaHJ-lH ~tOJICJJ.bHhiX .naHHhlX no 

¢opMynaM (45)-(47) noHaaan ua puc. 12. 
Ha· pewerKe 100 x 100 nnl\ceJie:t aa)laHhl TO'II\H h\} l\)'6i'i'!ecnoA napa6om.!. n op.llH· 

HaTaM HOTOpoA .ll06aBJICHbl CJiyqaflHbl€ OTI\.:JOiiCHH.R { t:j}, o6,1a,!l,a!OllUie HOpMa.:J.bllhlM pac

npe.zteJieHHCM c JJ.Hcnepcue:t paBHOR 10 nHKCeJinM. Ha rpa<}lnHe Bhi.UeneHhl TPH penepHhle 

TO'U<H, no HOTOphlM onpe.nenenhl: napaMeTphl: npeo6pa3oBaHHR. Bee TOl.Jt\H ,;,k, npoMe pe

nepHbiX, DO ¢opMyJI€ (47) npeo6pa30BaHbl B TO'JKI:I: hk, rpynnHp)'l01UH€C1! BJJ.OJib np.RMOR 

nnnHH (a) c yrJIOBhiM Ko3¢¢nuMeHTOM a>.L. Do TO<JI\aM npJ!MoR no:l~"leJJa MHR: ouenl\a 

napaMerpa_ & (.¢opMyJia (46)), nocJie •Jero o6paTHLIM npeo6pa30BaHHeM TO•!eH {hk} {45) 
6htJIH na:t.nenlil OUCHI\H ~h HCJ\OMOR HpHBoR (b u c). Ha pnc.l2 {b) nona3ana Tanmc npJl!<Ja.R, 

noJiy'!eHuaJI DPT npeo6pa3oaanneM <jmTa, nony•Iennoro •1epaa :..tHH - oueHnH napaMC'· 

TpOB Tpa.nHUHOHHOfi MO,ll;€JIH (27). IlapaJIJI€llbl!OCTb llp.IIMhiX yna:~blBaCT Ha COBnaJJ.CHJ.t€' 

peaynbraroa o6pa60TI\H, nony•JeHHhlX paaJJhTMH Mero.naMH. Dmt3Y noKaaaHa rnCTorpaM!<Ia 

npeo6pa30B3HHhiX TO'!CH hk. 

5 3aRJIIoqeHHe 

IJpe.nJIOiHCJI HOBhlR flo.ztXO.ll K pelUCUHIO 3a]la'l .il.OK<IJlbliOrO npu6JIHiHCIBUI <i>)'III\UIIi\ H 

CfJl8JKHBalllUI: 3:KCDepHM€HTaJlbllhiX }l,alJHhiX, OC!lOBaJIHhli\ 11a IIJHl!<IC'lleJBJH 'DPJ' HJllt .J
TO'l€'JJIJ:iiX npeo6pa30B3HHA }( HCXO)lllblM ,llaJ;JJhlM. 3TOT DO.llXO.Jl Ji03BOJI11<'T C03)laBaTI> HOBble 

MeTO)].bl H aJiropHTMJ:il o6pa6o:rHH .ztaHHhlX, KOTOphl<' o6ecne'lllllCIIOT: 

(a) napaMerpnsau.HlO 6aanca {xn} rpaHnuaM.u npOM<'mynm: 

(b) COHpaiUCHHC 'JHCJia llCH3BeCTHhlX napaMeTpOB ll o6b€'M<l. Bl>I11HC;J€'111lf\; 

(c) YCTOft'lHBOCTb t\ CJIY'IaAHhlM OlliH6HaM_ BClOJJ..Y, 3a \l('IOIIO'II:'JIUCM on:p<:"<'TIIOCTI:'i:t 

.UBYX "lllYMOBhlX" T0'1€Kj 

(d) ycTOR"'HBOCTb Bhi'JHCJJCliHA HOSI<Jl¢HUHCHTOB npH .r - 0: 

(e) paBHOMCpnoe JIO}I.(IJlbJIOC npH6JJH)f(CJIHC cj)ylnll..J;HA; 

(f) nocrpoeune rpexrol.Jc•moA MOllCJlH J\)'6H'JCCHoro <'llJJaf:ina; 

(g) B03MO)}{B0CTb C03.D.~HHR a)laDTHBI!hlX nporpat.U.l o6pa6oTiiW; 

8TH H ,npyrue OC06CBHOCTH npe,llJlaraeMOfO ITO.D.XOJJ.a 1103BOJIJII01' IIOJIY'IHTb pliJl IIJ><'Ii!-1)'· 

lUCCTB n~H ero nporpaMMHOA. peannaannu. B qacTHOCTI-l, nyHHThl (<~),(b) u (f) no:moJIIIIOT 

B lleCHOJib]{O pas YMCHblliHTh 'IHCJJO apll<PMeTH1leCI\IlX onepalUlit 1-1 TE'M caMblM llOHhi<'IITI> 

cKopocTb o6pa6oTXH. Bee nepe'IHCJJeHnNe nynHTJ>l JJBJIJIIOTCJI s;~:nHhiMH 3JIE!MeJIT<IMII npu 

pa3pa60TH€ H C03.ll(llllfH fH6l\HX anropHTMOil )l,]]Jf JlClllCIIIJ1! MIIOI'HX llj><IHTll'i<'fliliX :l<l)la11. 

B 3aiUliO'!eUHe Bblpa>HalO 6JJaro.napHOCTh P. Jh.JaJle<>By If rvt. Ha:mp<'llf\0 :1a IJO.:JC':lllh!C' 

o6cy)J{)].eHHll aonpocoa, 3aTpoByTt.IX B pa.6ore. 
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.Unxycap H . .U. ?5-95·285 
AnnpOKCHM3UH.II H CrJJa:lKHBaHHC ¢)'HKUHii MeTOJlOM 4-TO'ie"<!HbiX npeo6paJOB3.HHH 

npellllfl:lKeH HOBLJii MeTO.!l JJOKaJibHOfO npH6.rJH:lKelU!.II rJJa.llKOii KpHBOiij(x), OCHOBaHHLJii Ha 4-TO'ie'I

HbiX npeo6paJOBaHH.IIX. BBOllHTC.II HOBa.ll OnepaUH.IIf6 (x;R) Hall $)'HKUHeH, o6nallaJOWa.Si ycroii'IHBOCTbto 
K 3MDHpH'ieCKHM OWH6Kru.t, HCDOJlb3YfOuta.Si TpH ~)'HKUHH aHrapMOHH'IeCKOf'O OTHOWeHIHI H YpH 
penepHLTe TO"<lKH ,KpHBOH. 

npHMeHeHHe ' 3TOH onepauHH K ~)'HKUHRM {x") DOpO:lKllaeT HOBLJii KJTaCC MHOf'O'UJeHOB 

{Sn (x; A,L)} (MouocnnaiiHOB), o6nauafOWHX, no cpaBHeHHfO c .{x"), JJ)"'WHMH annpoKCHMawtOHHbiMH 

Ka"'ecTBaMH. npHBe.!leHbl ~KyppeHTHble ~PMYJJbl Wl~ nocrpoealf.ll. {Sn}' 

Ha OCHOBe {S3 } nonyqeHa TpeXTO"<le'IH~ MO.IIeJlb JlOKMLHOf'O Ky6H"<leCKOfO CnJiaiiHa (TPS) C OliHHM 

CB06ollHbiM napaMerpOM, fl03BOnRIOW3Jf BllBoe )'MeHLWHTb "<!HcnO HCHJBecTHbiX napaMerpoB npH CnJlaiiH
HHTepfii:JJUlUHH ~)'HKUHH. 

npeJlllaraeMi.IH nO.OXOll COJ,IIaeT HOBble BOJMO)I(HOCTH DpH pa3pa60TKe a.uanmBHbiX aJJI'OpHTMOB, 
OpHeHTHpOBaHHbiX Ha DpHMeHeHH.II B CHCTeMax UH¢poaoH o6pa60TKH H3o6paJKeHJ:tH H CHllfMOB, ~ TaK)I(e 
H3 pewe~He Ja.Ua'l, HCnOJJbJ)'lOWHX MeTOllbl npH6JJH:lKeHH.II ¢l)'HKUHH. 

Pa6ora BblnonueHa a iia6oparopHH Bbl"<lHCJJHTenbHOH TeXHHKH H asroMaTHJatlHH OJ.UIH. 
. . . 

Coo6weHue 06'be.nHHeHuoro HHCTH1}'Tci R.UepHLtx uccne.IIOBaHHH.lly6Ha, 1995 

TiepeBOil aBTOpa 

Dikoussar N.D. P5-95-285 
Approximation and Fitting of Curves by Using 4-Points Transfonns 

A new method for local approximation and fitting of differentiable curves f (x) is proposed. 
The method is based on the 4-points transfonns (direct and inverse) and on ihe new operation 

J4 (x;'R) over f(x). The operation, which is stable with respect to enlpirical errors, uses three ~ference 
points Of the curve and three weight functions defined by cross-ratio of four collinear points. 

Using proposed method, new po1inomials (monosptine.o;) {Sn (~; I..,L)} with a beuer approximation 

quality then in {x"} are derived and the ~hree-points model of cubic spline (TPS) with the single free 
parameter is suggested. The recurrence relation for construction of monosplines is obtained. 

The proposed approach gives a new possibility in the development of adaptive algorithms for pattern 
recognition of contours~ digital signal processing and for solving problems, which use function 
approximation and fitting methods. 

.The investigation has been perfonned at the Laboratory of Computing Techniques and Automation, 
JINR. 
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