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Bae,!leH~<e 

IJpH l:JHCJI€HHOM MQn€JIHp0BaH1111 o6JiaCTH CJIO}KI!Ofi r~O!IICTpHII 3aMCJJ1110TC11 na 

nepeKp!lBaromHeCH DO)J,06JiaCTH 1 B KOTOpLIX HCJTOJlL3.)'JOTCJI pa3JHPUILIC C€THH. 

TaHoro po.l\ci coCrasHiile nepeHph!salOlU.Hecn cer1m Hcnom.Jyiorcn raJoHe s CJIY
. tiaiiX, i<Or,lla aymHo noHaJin3osarD Oco6eHnocru. .LJ:M CThiKOBKH DOJIYtJCIIIIL.IX 
pesyJibTaTO:s o6:bitiHO i1j>OH3BO.lUfTCJI HIITepnoJIJIUU11. Tipu ~TOAI fu:>3itui<ae:r npo· 
6neMa Coxpai:IeHliR ycrOit~n:soc~H .• PeJyJibrant no uccne.uo:saumo ycroAtJHBOCTH, 
cimsamro:tt c nepeRpDI:saiO~HMHCR o6nacn!MH, COJl.epH>aTcn· :s pa6orax [1·3). 0 
Ta:Kux nccne.n;o:saiiB:n:x ycnemno ucnOnt.JyeTCJI reop»II ycroritm:socru pa3uocTUhlX 
KpaeBI>Ix sa,n:aq, pa3:siha11 :s pa6orax 111:se,n;c1mx MareM~THHOB Gustafss_on, I<reil:is, 
Sundstrom [4],[5] n nony~HBwan nasBaime GKS-1·eopu11. 

B i:zpe,n;Jiaz:-aeMoif pa6ore pacnrarpu:saercn cxe.o.~a PycauoBa [6],[7] c .u.onoJt· 
BiiTeJILHLIMH rpaBH'tJHLIMU H CTbJROBOlJHLIMH yCJlOBIUiMH Jia. KOHJl3X HHTepaaJta 
nepeRpLITHII .nnyx 66nacren. Pa3pa6otaiJ n peamtJoBan na PC·486 c npuMe· 
ufHneM CliCTeMLY REDUCE [8] anropHTM nposepHH ycTofitJHBOCTH B03mmato· 
m;e:B. pa3BOCTno:B. Rpaenott 3a)l.aqH. Ocnonuan rpy;.uwcTL cnnJaua c BLitnicJieimeu 
CneRTpa, ROTOpLitt onnct.rBaeTcn CHcTeMoA: nnTH nommoMHaJibHhiX ypanneunA: c 
DRTbiO·IIepeMeRHLIMH. 8TJtMH IIepeMeBIJLIMH JIBnJJJOTCII CBeHTj)3J1bllhlfi napaMCTp 

z, JzJ ~ l, a co6cTnennLie JHallemm pe30JihBeuruwx t.taTpun K.,J!i(z)l ~ l (:Ja· 
,n;ati:e c BblTeRanneM OTBelfa!OT 1\.1, ~2, .3a,lla•Je c HTCHOHUcM OTBetiai01' K1, K2). 

·llepeXOJlHM H HOBIJM nepCM€/JIII>IU1 HOTOpLie _ll!IJI11I01'CII C11MMeTpHtUJIJMlf <j>y~I· 
RniiHMH ~cxo.n.nLIX.' Hcnom.3y11 cooTnomcuuR B~Hna, cHOJUfM Ja)J.at~y r< pemcHHio 
.tiByX IIOJJHHOMHaJibHhlX ypaBHeiJHI! C .UBYMri nepeMellHhiMH 

P(x,y) = 0, Q(x,y) = {), x = K1 K2 , Y = k1K2. 

ilu~itcJIHeM .R(x) = resultcmt( P, Q, y ). 
if{)M: BiiiCOROro nopn,n;Ha c rpOM03JI.IUf.MH 

PeJym.Talf'r R(:c) mwsierc11 Mnoro4JJe· 

HO~(IH1Hf nuewra MU. I laM. npnxo.nHTcn 
Blal'tJH(:JIBT~ BCe K0pHH 3TOf0 MIIOrO'IJJeBa C imcouolt TO_'IIIOCTLJI:) . .lJ:JI/1 !{a)J{){Ol'O 
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KopHH x,Ja:! ~ 1, HaXO)lHM see perueHJHI P(x,y) = O,!yl::; 1. Tiape (x,y) oT
Be'liaer z. OcraBJIJI€M z,lz12: l. TaR KaK He see (x,y) yllos:rersopRIOT sropoMY 
ypaBHemno Q(x, y) = 0, ae see Hafi.uenHIJ€ z HBJIHIOTCJI rot.mai>m cneKrpa ncxo
.ll.HOtt pa3uocrHOit Kpaeso:li 3a,ll.al.J:u. KpoMe roro, B nporpaMM€ HHKaK He orosa-
pusaeTCJI, l.JTO X, y RBJIJilOTCH DpOH3B€.U€RJHIMll C06CTB€HHhlX 3H3'I€HHfi, M€HhlllHX 

TIO MO.liYJllO €1lHHHUbi npn lzl ;::: 1. 'Y:to TaK>K€ DpiiBO,llHT K DOJIBJI€Hlll0 "JIOHillhlX 

ro'JeH cneKpa". Pa3pa6oTaH H peannso:saH na PC anropHTM oT.ueneHWI "JIOJKHiiiX 
TO'tleH CDCKTpa'', ,.[(JUI OT,lleJibHhlX npaKTH\leCKH HBTepeCHhlX 3Ha\leBHfi napaMe· 
TpOB ycTaHOBJieHa JCTOi-tlJHBOCTb paccMaTpH:saeMOfi p33HOCTHOit KpaeBOfi 3a)la'!H 
B L

2 
H :s C. TiocTano:sKa 3a,Ual!H sanMcr:so:saHa a:sropoM H3 pa6or1>1 m:se.ncKnx 

MaTeMaTnKOB K.Otto n M.Thune' [9], :s RoTopofi o6cy>R.ZI.aercR ycrofil!HBOCTb 
CXCMhl fapH. 8ra CXCMa HMeeT BTOpOfi DOpJI.UOR TO'!HOCTH. ,.[(,;rn: CXCMhl rapH 
Ja.ll.al!a KomH ycrottqn:sa, npu: ecrecr:seHHOM orpaHH"tJeHHH Ha OTHOUieHl!e 111aro:s 
ceTKll

1
B L

2 
[9], B C ycroitlJHBOCTH Her. CxeMa PycaHo:sa nMeer rpernfi. nopn.noR 

ro'IHOCTH . Coor:sercrByioiiJ;aJI saJlalia Konm ycrofi.l!HBa :s C [10]. YbaecrHo 
[9], liTO B CJiy'lae CXCMhi fapH sa6mo,naeTCJI Heycrofil!HBOCTb IIpH 't.JeTHOM 'lHCJie 
rnaro:s Ha HHrep:saJie nepeRpbiTHJI o6nacreit ,l.VIJI Ja.ua"tJH c :sblTehaHHeM. CxeMa 
Pycano:sa He HMeeT TaKoro ne.nocTaTK3. RBHaJ:I cxeMa rapn HMeCT B OCBO:SaHHR 
ceMb ro'tleR, cxeMa PycaHona • nRTb. 8ro ynpoiiJ;aeT nccne.uo:saHne. TeM se 
MeHee pa3BHThlfi. a~1rOpHTM npoBepHH YCTOtt'tJHBOCTH rrpHMeHHM H R CXCMe fa pH 

[11]. 
,Il.aJibHCAlllllfi IIOpRJlOK H3JlOJKeHHJI cne.nyJOIIJ;Hfi.. ).l.JIJI YCTOfi.l!HBOCTH 33,D;3ll C 

RpaeshiMH ycnOBHJIMH Heo6xo.nnMa ycrofitiHBOCTb Ja.ll,alln Romn. Tio~TOMY npe,n;· 
:sapnTeJibHO :s §l o6cym.1.1.aeTCJ1 ycTofi"tJHBOCTh 3aJla'liH Kollllf. B §2 rrpnno,nHTCJl 
MaTeMaTlrtiecRM nocraHOBKa Ja.ll,a'll:l:l. ,.[(JIJI cxeMhi PycaHona ¢opMYJIHPYIOTCJI 
.uonoJIHnreJibHble rpaHHl!Hhie ycno:snn n ycno:sHJI CThiKOBRli. B §3 cra:sHTCJI 3a· 
)la't!a Bbl't!HCJieHHJI cneKTpa. B §4 perueHne cncreMhl DJITII noJinHoMnanbHblX 
ypaBHeHHit, QIIHCblBalOlUefi CIIeKTp, CBO,nHTCJl R perueHHlO CHCTeMhi )J.ByX IIOJIHM 
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HOMHaJibHblx ypanueBHit. B §5 onHcaH aJiropnnt otJI.e .. 1eHH1f ., no,~>HLJX TO'ICI' 

cneKrpa". B §6· 7 o6cym.naiOtCJI pe3Y•1btan.I pacttetos. 

§1. CxeMa PycaHoaa. YcTOti'LIHBOCTb 3Mal..ll1 Rollll1 

CxeMa PycaBoBa ncnoJib3YeTCJI npH pernemm uemmefinwx ypasHeHHA ra-

3oso:tt JI.HHaMHRH [6],[7]. Ho RBJI€Hl.fJI neyct.Ofi'liHBoctH o6hJquo Hccne.nyiOtcJI na 

npoCreihiieM rnnep6oJIH'llecKoM ypaBHeHHH Ut = ux, .[{JIR HOTOporo cxeMa Pyca

Bosa HMeer BHJI. 

n+l_ "'+~(-" +8" -8" +".)+"
2
(n _•)11+ n )+ 

Uv - Uv 12 Uv+2 Uv+l Uv-1 Uv-2 8 1lv+2 -Uv Uv-2 
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+ ~2 (u:+ 2 -2u:+t +2u:_1 -u:_2 )-~ (u=+2 -4u:+1 +6u=-4u~_1 +u~_ 2 ). (1.1) 

3.neCL n ~ 0, v npo6eraet see ueJIO'IHCJieHHhle 3HaqeH~R, :r = 11h, 

t = nr, a = f;. llapaMetp w no3BOJI.f.let ynpanmiTh .)'ctoitqHBoctblO. CxeMe 

(1.1) OTB€'Jaet xapaRtepHCTH'\l€CKaR <}lyHRUHJI 

!( ;8 ) I a
2 

• 2 0 2 . 4 8 . . "(I 2 (I ') . 2 0) 
e = -2sm u-3wsm 2+atsmu +3' -a sm::;, 

lf(e;')l' = 1- ~F(sin2 ~)sin4 ~, r.ae 

F(sin
2 ~) = (4o:2(1- o:2

)
2

- (w- 3o:2) 2 ) sin4 ~- 2(2~2 (1 - o:2 )2+ 

+3o:2(w- o:2
- 2))sin2 ~ + 3(w- 4o:2 + a 4 ). 

3a.naqa Ronm yctoA:tiHBa B L2, ecnn n TOJII>RO ecnu [6] 

a 2 :5 1, 4a2
- a4 S w S 3. 

Heo6xo.llHMocn :3THX ycnosnil cranosnrc.a o'l!eBH,uHoit H3 cooTH<imeHHI1: 

F(O) = 3(w- 4o:2 + o:4 ) 2: 0, 
•) 

I!H J1 = II - ~wl s 1. 

BHyrpn o6nacrH ycto:l::t'IHBocrn B £ 2 ecTb yctoti"'HBocn. B C [10]. YcToA,m

BOCTb 3a}l.attH Ronm B C 3aBHCHt or crpyRtypu xapaKTCpHCTWtecJwil <l>ymuum 

4 

B oRpecruoctH onpe.nemuoiUHX to'!eR, rJI.e IJ(ei8 )! = 1. llpH 0 < a 2 < 1, 

4a2 - a 4 < W < 3, 8 = Q JIBJIReTCJI e.D.llHCTBeHHOfi orrpe,UeJIRIOllJgfi TO'IKOil H B 

ee ORpectHOCTH cnpaBeJI.JIHBO pa3JIO>ReHHe 

f(e") = exp{ia8-w- 4a' +a' 8'+i((w- 4a
2 + a 4

) 

24 24 
a(a2

- !)(a'- 4) )8'+ 
120 

(! + 3a')(w- 4a2 + a4
) _ o:2 (o:2

- l)(o:'- 4) )86 + 0(8') }. 
+( 144 144 

3aM€THM, \lTO K0:3<}l<}>Hl\H€HT IIpH MJia}l.~eM H€JIHHefiHOM '\IJI€He ('\letHOfO 'l€tBeproro 

nopRJlRa) otpHnareJibHblil. OrciOJI.a cne.nyet [10] ycrofi'\lHBOCtl> 3a,llaqn Ronut B 

C. ,L{anee o6cy)KJI.a€TCJI yctOittJHBOCTb 33Jl3'\lH C Ha'IaJibHI:.lMH JlaHHhlMH Ha CO-

cranHoil cetRe. 

§2. ilOCTaHOBKa 3a,IJ;al..ll1 Ha COCTaBHO:i::f. CeTKe 

Cnezyn: [9], paCCMaTpnsaeM o6nactb, cocrasJieHHYID H3 JI.BYX nepeRpDJ:Ba· 

lOW:HXCJI HHtepBaJIOB c pa3HhlMH cetRaMn Gl, G2; h1 , h2 - warH cetoR G1, G2 

COOTBeTCTBeHHO. Ha pHc.l 

Xo,Gt XNI,Gl G! 

l --. ..........., 

d! I 

~2 
I 
I~ • I 

G2 X-N2,GZ Xo,G2 

Pnc. I 

Xo,Gt H Xo,o2 - JieBaR n npaBaR rpaBH'IHble totiim Gl 11 G2 cootsetctBeHno. 

XNt,Gt - 6JIHmailruaJ:I cnesa R Xo,G2 tot.IRa G1, dl - paccron:nne Me>KJlY 3THMII 

TO'tJKaMH. Ananonrtmo X-Nz,Gz - 6nnmattmaR cnpaBa K Xo,Gt TO'\lKa G2, d2 -

pacctoRHHe Me>KJlY arnMn TOtJKaMH. llpe,nnonaraeTCJI, 'ITO Nl, N2 ne 3aBHCJIT 
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OT BeJIIPJHBhl ruarOB h1, h2. ilepexo,n OT CJI011 R CJIOJO npH pt>lllE'IHfH 3all,a'JH (' 

HatraJI:&RhlMH ;:J:aBB:&IMH Ba COCTaBHOi! CeTiie npOHCXO.llJ.fT c~1€'.llYIOlllHM 06pa3m.t. 

Ha G! pemaeTcR JieBaJI Rpaesa.JI 3ana-qa (3a.na-qa c B:&ItenanHeM). 3na'leHIHI 

pemeBHR BO BHyTpeBHHX Y3JiaX C€TRH u~+ 1 ,v 2: 2, ct,m:ra!orcn no cxeMe 

Pycanosa (1.1) c a= Tlh1 • He.nocraiO:mee u~+I naxo.nnrcn 113 .aonommr('Jlb

noro rpanHl!Boro ycnoBHJI. CJie,ZIJ'JJ [12}, BhlfiHpaeM s KatJecrse JlOllOJIHHTeJihHoro 

rpaHJit:IHoro ycnoBHJJ annpoKCHMaumo Ut = Ux no cxeMe Beunpo<f>a - JlaHca 

BTOporo DOpR,ll;Ka TO'l!BOCTH: 

n+I n Cf n n 0:
2 

1i. • n . n u1 = u1 + 2(u2 - u0 ) + z-(u2 - 2u1 + u0 ). (2.1) 

3Ha'tleHJie u()+l Onpe)leJIJieTCJJ nyreM HHTepTIOJIJIUHH TIO :ma1JeHHJIM peWeHHJJ 

v: B 6Jll:nKai!mHX yaJiaX CeTl<H Q2. IJpem:,ne 1I€M llpHB€~Tll COOTHeTCTBYIOIUHe 

tPopMyJihl, onpe.nenHM v:+1. PemenHe npasoR RpaeBoR 3a)latm .lWR ypa11uemw 

Ut = U:r: (3a.n;aqn c sreRanneM) JiB.liJlercn pemenneM nesoll npaesoll 3a,uatm JlJIR 

ypaBHeHHR Vt = -Vz .. 3Ha'lleHHR peWeHHJI BO BHyrpeHHHX )'3JiaX v~+l, V 2: 2, 

ctrBTaiOTCJI no cxeMe PycaHoBa (1.1), r.ne a 3aMeHJieTCJI Ha 6 = -¢a,¢= h1 I h2. 

He.nocraro:mee vf+
1 

naxo,uurc..a B3 ,uonoJIHBTeJibHoro rpaHHtJHoro ycJJOBHJJ: 

n+I n a n n z0:
2 

n • >l >l v1 = v1 - ¢2(v2 - v0 ) + ¢ -;;-(v2 - 2v1 +u0 ). (2.2) 

lloJIO:lKBM Pi = dj I hj,j = 1, 2 . .KpaeBble 3HatJeHH1I uo+l 'vg+l onpe,ll,CJIJl-

lOTCJI H3 ycJIOBHtt CThlKOBRH [9]. B cnyqae mmetl'Ho:tt HHrepnOJlJIUHH uo+l, v~+I 

n+l n+l n+l ntl . Bhl'l!HCJIJIIOTCJI DO VN 2 1 VN2+l H UNI , UNI+l COOTBeTCTBeHHO. 

u~+t = (1 - P2)vN~1 + P2vN~~1, v;+~ = {1- ;3t)u'N11 + i3tu:z~~~- (2.3) 

B cJiyqae RBa.npaTHlJHO:tt HHrepnO.liJIUHH .nonoJJH»TeJibHO HCHOJib3:YIOTCJJ 

n+t n+l • 
VN 2_ 1, UNI-I COOTBeTCTBeHHO-

n+I 1 a (.a 1) n+I ( 1 a2) n+I + 1 a (fJ + 1) n+l 
Uo = 21-'2 1-'2- VN2-1 + - 1-'2 VN2 2~-'2 2 VN2+1' (2.4) 

n+l 1 a (R 1) n+l + {1 a2) n+l 1 a (fl. + 1) n+l Vo = 2~-'1 f./1- UN1-1 - 1-'1 UNI + 2f.ll 1 1/.Nl+t' 
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§3. 3a)lat..~a Bbll..IJ.'ICJieHH.fi cneKTpa 

flepeXOJlHM R HCCJiell.OBaHHto ycroJ.ilJHBocrH. B §2 6w;I onpe..'le~1t?n onepcnop 

nepexo11.a or cnoR K c~1010 G JlJJR cxeMbt Pycauosa C' ,rwno;mwr('~1hHbDIH rpaHil'l· 

HhlMH H CTbiROBOlJHblMH ycJIOBHJIMH. YcroltlJHBOCTh 03HatJacr orpaHHtJeHHOCTb 

crenenen oneparopa nepexo.na or CJlOJI R CJloiO: !IG''1 [[ :5 c.n 2: O.llnR ycroJltm

BOCTH ueo6xo.llHMO, tno6M oneparop G ne HMeJI TOtJCI\ cneKrpa sne e.aHHH"tJHoro 

Rpyra. Yfcno~1h3YCTCJI 1\JlCICCHl!E'CiiOE' Oil))E'llE'JieHH<' CIICI\Tj>il: T011li<'l I\O:.Ill.1<.>KCHOfi 

DJIOCROCTH z0 JIBJlnercn rotmoR cneRrpa oneparopa (,', ec:111 cymenH.H"T neuy:u:·

BaJI nocJte.nosareJibHOCTI> w ranan, liTO Gw = .:0u·. B parcMaTpl1Bae:.IO:.I cJiylJac 

W COCTOHT H3 JlBYX TIOJiy6eC'HOH€''1HhiX JIOCJie}lOB<'ITE'JlbHOCH'ff { U v}, { 1'11 } • . 11 ;::: 0. 

y.nosnersopmomux rpamPIBI.tM ycJloBnJIM (2.1 ).(2.:2) n can:laiiHhlX yc~10BJHI:.III 

CTblROBRH (2.3), (2.4). TipH HCOte,llOBOHJ1H )'CTOfl'liHJOCTH H /. 2 llp('}liiO:Jara

€TCJl, \ITO {uv}, {vv} npHH.a,llJIC}I\aT Lz. npu Ji('(';]E')lOHC\Hllll ycroil•II-!HOCTI1 H c 
npe,UJIOJiaraeTCJI, 'ITO 3Jl€MCHThl IlOCJlE',UOBaT<.>JibliOCT('ti { 11 1,}. { 1'1,} paBJIOMCpHO 

orpaHHttenbl no Mo.nymo. 

)J.AA paccMatpHBaeMoR Hpaeso·fi 3aJI.atJH Cll<'':HTpa:JhllaJI 3a;ta•Ja 11:.1ecr HH)l 

(1- z)uv + ~( -uv+2 + Suv+l - 811,,_, + u,_"J)+ ( :l.l) 

a2 n:J 
+g(uv+2- 2uv + Uv-2) + 

1
)u,,+2- :2u,,+l + :.!u,._,- u,_:.?)-

w . 
-

24 
(tlv+2- .J.u,,+t + 6u,- 4uv-J + 11 1,_1 ) = 0. 11 2: 2: 

" (1 - Z )vv - ¢?( -Vv+2 + 8l'v+l - 8n,,_, + 1',,-1 )+ 
1. . 

('1.2) 

a2 o3 
+¢2 g( Vv+2 - 2vv + 1'v-2) - ¢3 

12 
( 1'v+2 - 2·1\,+t + 21',,-1 - 1',,-2)-

w . 
-

24 
(vv+2- 41'v+l + 6vv- ·1Vv-l + 1'v-2) = 0. 11 2: 2: 

o a2 

(1- z)u1 + -(u 2 - u0 ) + -(u,- 2u 1 + 1111 ) = 0. 
:2 2 

(3.3) 

0 2(\'2 
{1- z)v,- ¢:!(t>2 - t>o) + ¢ 

2 
(1•1- 2.-1 + l'o) = 0: 
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B CJiyttae ~1HH€ttH0tt HHTepnOJI.RUHH 

Uo = (J- ,8,)vN2 + ,8,vN2+Io Vo = (1- :JI)11N1 + ;J,uNI+I; (:J..I) 

B CJiyqae 1\BaJ\paTUtiHOR HHT€pll0JIHUIHI 

uo = ~,8,(13,- 1)vm_, + (1 - .Bi)vm + ~.82 (;3, + 1 )<'N2+~o 

Vo = ~,8,(,81 -1)UNJ-I + (1- .Bi)UN2 + ~,8,(.81 + 1)ILNJ+I· 

YpaaneHHHM (3.1),(3.2) oraetraror xapaHTepHCTHlJ€CHHe MHOfO'VJeHbi 

. Q 02 4 2 g(z,K)=(1-z)K2 + 0 (-K4 +8K3 -8K+1)+-;-(K -2K +1)+ 1- 0 

0"
3 

4 3 w 4 3 2 +-(K -2K +2~<-1)--(1< -4K +6n -.Jn+1), 12 24 

(3.5) 

2 
P2(z, i<) = (1- z)k2

- .p "'
2

(-i<' + 8k3
- Sk + 1) + ¢ 2 "'., (k4 - 2k2 + 1)-1 0 

3 

-¢3 c::__(k4
- 2k3 + 2k -1)- :::_(k4 - 4k3 + 6k2 - 4k + 1). 12 24 

Msaecrno [4], 'tfTO eCJIH BhiiTOJIHJHOTc.R yc~1oBHJI ycroll'IHBOCTH 3a..!la'Ii:l KowH Ha 

O,llHOpO,IlHbiX C€THaX: a-2 :$ 1, 4a2 - a-4 :$ W $ 3, 

¢la2 $ 1, 4¢/a-2
- ¢4a 4 :5:....: :53, 

TO npH lzl > I xapaRTepHCTHqecRHe ypaBHeHHH P1 (z, K) = 0, P,(z, k) = 0 

HM€IOT no JlBa p€W€HU.R1 MeHLWHX DO MO.ll.)'JIIO €}lHHHUbi: K 1, n,2 H K,l 
1 

i\,2 COOT-

BeTCTBenno. ,.ll;JI..R z,/z/ > 1 o6~ero nono>KeHH.R (K1 # K2, K1 "¥ k2) uiUeM 

pewenue cneHrpaJILHOR 3aJl,alJH B BH.lle 

Uv:::; C1K~ + C2K:~, Vv = c3kf + C4k~, V 2 0. 

llocne llO)lCTaHOBRH B (3.3),(3.4) (HnH (3.5) B cnyqae RBa)lpaTHqHoa HHTepnOJIJi-

UHH) DOJiyttaeM JlHH~RHyro OJl,HOpO.llHYIO CHCTeMY JlJIH onpe..UeJieHH.R: CJ, c2, C3, C.J. 
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y CJIOBH€M ee paspemHMOCTH JIBJIHeTC.R paBeHCTBO HYJIIO onpe,neJIHTeJIH. TaR no-

JiytraeTCH ):\€T€pMHHaHTHO€ ypaBH€HH€ [4] 

-1 -1 ell e12 

e21 e22 -1 -1 
D(z) = det I I =0. 

0 0 e31 e32 

e4l e42 0 0 

Onpe,lleJIHeM aJieMeHTbl eji. B cJiy'tfae JIHHeR.nott HnrepnoJI.f.l~HH 

eli= (1 - ,B,)~f" + ,B,kf'+I, e2i = (1- .8I)Kf1 + ,81 Kf1+l, (3.6) 

i = 1,2. 

B cnyttae KBa.llparnttnott HHTepnoJIH~HH 

eli= ~,82(,8,- 1)kf'-1 +(I- .B~)kf' + ~,8,(,8, + l)kf'+', (3.7) 

e2i = ~,8,(,81 -1)Kf1-1 + (J- ,8i}Kf1 + ~,8,(,81 + 1)Kf1+', i = 1,2. 

9JieM€HThl e3i, e4i OIIp€,ll€JIHIOTCJI Ji13 ,llOIIOJIHHT€JlbHhlX rpaHI:PIHbiX ycJIOBHii: 

2 
e3i = (1- z)k;- <Pi("-F -I)+ </>2~ (k; -1)2

, (3.8) 

2 

e4i =(I- z)K; + ~(Kr-1) + ~ (K;- I)2
, i = I,2. 

M TaR, cneKTp paccMarpHBaeMo:R. sa,n;attn c ,n;ononnnrem.HhlMH rpaHH"tiHLIMH ycno

BHJlMH ll YCJIOBH.RMH CThlROBRH 0niiChiBa€TCJI CHCTeMOfi D.RTH llOJlliHOMHaJILHDIX 

ypaBH€HHii C IUITLIO nepeMeHHhlMH: 

D(z,K1 ,~<2,k~ok2 ) = 0, lzl2': I, 

P1 (z,~<,) = 0, P1(z,K,) = 0, 

P2(z, k,) = 0, P2 (z, k,) = 0. 

9 
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§4. Ilepexo.n; K CHCTeMe .ll.BYX ypaBH€HHtf 

Pemenne (3.9) y.llaerCJI csecrn K peruenHro CHCTCMhl .u.syx nonnnoMna.ilbHhlX 

ypasnenidt c .UBYMJI nepeMeHHhiMH. Bso,llHM B paccMorpeHHe 

xl = li:t + l'i:2 1 yl = l'i:a + l'i:4, Xl = l.-1 + l.-2, Yl = k3 + k4, 

x2 = l'i:1 X K2, y2 = l'i:s x K4, 5:2 = k1 x i\..2, Y2 = ks x K4. 

3.uecb l'i:s,K4 H Ks,k4- penrennJl P1(z,K) = 0 H P2(z,K) = 0 coorsercrBeHHo, 

6ommne no Mo.zzymo e}lliHHUhl npn lzl > 1. IToKam~M, 'iTO see HOBble nepeMeHHble 

n: cneKrpaJihHhlii napaMerp z Moryr 6biTh JIBBO BhlpameHhl 'Iepes :r = a:2 = K 1 x 1\.2 

H y = y2 = k1 x k2. CoornollieHRJI BHera .llJlJI P1(z,H-),P2(=,k) Moryr 6blTL> 

npe.ncrasJieBu B sn.ne: 

x1 + yl = cl, XI +yl = Cl, (4.1a) 

x2+xl xyl+y2 = c2 = a+bxz, x2+Xl xy1+y2 = c2 = a+bxz, (4,16) 

x2 x y1 + x1 x y2 = c3, :r2 x v 1 + Xl x 112 = c3, (4,J B) 

x2 x y2 = c4, :r2 x fi2 = c4. (4, lr) 

Tont.Ko c2,C2 sa:sRCJIT (nHBe:ttno!) or z. I1s coornollleHHfi (4.1a) H (4.1r) noJiy-

qaeM 

yl = cl- xl, y2=c4_c4 
x2- -;-• yl=Cl-xl, '? c4 

Y-=y' 

ilO.llCTaBJIJieM 3TH <J>opMyJUil B OCTaBlliH€CJI (4.16), (4.1B) COOTHOlll€HHJI: 

c4 
x + xl{cl- xl) +-=a+ b x z, 

X 
y+Xl(Cl-y)+ 

24 
=a+hxz, (4.2a) 

y . 

· c4 
x(cl- x1) + xl- = c3, 

X 

11.3 COOTBOilleB:Hit (4.26) BaXO.UHM 

( '1 ' ) ' ~4 '3 yc-xl+xl-=c. 
y 

c4 
xl = (c3- cl x x)j(-- x), 

X 

c4 
Xl = (c3- CJ x y)J(-- y). 

y 
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(4,26) 

( 4.3) 

Ocraercll DO)l.CTaBHTb 3TH cl>OpM)'Jlbl B COOTHOWCIHIR ( 4 .2a) lf pa3pClllHTh HX OT

HOCHT€Jlhll0 Z : z(x),z(y) .RBJUHOTCJI OTllOWeUH.RMH !IIHOrO'I.ilf.'IIOB. flepBO€ H3 

.u.ayx coornollleHHA, CBJI3hiBaiOIUHX x,y, nocrpoeHo::(J')- :(y) = 0. Bropoe 

nonyqaercJI H3 .nerepMHHaHrnoro ypasHeHHJI. B paco!arpHBa<:'!\10!11 cnyqae 

-1 -1 cl(k.J) cl(k,) 

I e2(~J) e2(~2 ) -1 -1 
D(z) = dct 

0 0 e:J(kJ) e:J(k2 ) 

e4(~J) e4(~,) 0 0 

3)l.eCb d, i = i, ... ,4,- MHOfOtiJI€Hbl (eM. (3.6)-(3.8)}. IlpOH3B0.1liiM 9JlCMeH· 

rapHhle npeo6paaoBaHHJI ua.n cro.n6uat~m: 

D(z) = det [[Eh E,, E3, E,li: 

I. BLPIHraeM ns nepaoro cron6ua aropott, H3 rperhero - IJ<.>rBepn.rfi u BhlHO· 

CHM sa 3HaH ODpe,!leJIHT€JIJI MHOlf\HTeJIH (K-I- "~2), (h- 1 - h·2): 

D = {~1 - ~,)(k,- k,)D', D' =dot [[E;, E,, E~,E,I[, 

e; = (E,- E,)/(•1 - ,,), E~ = (Es- E.,)/(k,- k,). 

II. BhlttHTaeM H3 sroporo cTon6ua nepBbill:, )-'MllOili<'llHLJJ1 Ha H 2• 11 H:J 

tieTBeproro - Tperutt, y~tmomennLiii na i\.2 : 

D = {KI- K,)(k,- k,)D", D" = det liE:, e;, E~, E',[l, 

E; = E2 - K2E~' E~ = E., - ;.2£~. 

B peaynhTare npo.n.enaiiHhlX MaunnynJIUHA rpenJI n. 'ICTB(~pTaJI npoliH np<'06-

pa3yiOTCJI il BH.lQ' 

2 
2 2 2° 0 ~ . 

{0, 0, 1 - z - ¢ " + ( ¢ 
2 

- ¢2 )x 1, 
0 ,0".! (\ o 2 

(¢2-"'2 
2 )y+(¢2+4>' 2 )), 

Q' 02-
{1-z+(2 + 

2
)x1, 

Q' 02 0' (\'2 

-(- + -)J'-- +-
2 2 2 2' 

0, 0), 

ll 



TiepBM H BropM crpoHH npHHHMaJOT BH.l( (0, -1, e';
1

• e'; 
2 
L (c~~-e~2.0,-l) co· 

orseTCTB€HHo. B cny\Jae nnuettuon mnepnO.'I.RUHH e~1 , e~2 onpeJI.eJIJUOTC.R cooT· 

HOlll€HHRMM: 

e~1 = (I - ;1I)L'. 1 (~ 1 , ,-,, Ni) + /11 L. 1 ("" ,-2, Ni + I), 

e~2 = (I - /1I)L'.2( "" ,.,, Ni) + /11 L'.2( ~,, ,-2, Ni + I). 

B cJiyqae RBa.zr.paTIItiHOJ:l HHrepnoJIRUHH 

e~1 = ~;11 (,31 - I )L'.1 (K" ~,, Ni - I) +(I - j];p,(,-1. ,-2, Ni )+ 

I 
+2;1,(;11 + l)L'. 1 (<,,~,,NJ + 1), 

e~2 = ~/11 (/11 - l)L>,(K" <2, Ni -I) + (I - /1iJ"",(,-,, ,-2. Ni )+ 

I 
+2;1,(;1, + i)L.,(K1>K2,Ni + !). 

9neMennt e~1 , e~2 onpe,llel.IJIIDTCJI ananorHquo: B <}.lopMynax JI.JIH e~1 , e2
2 

BeJJH

tJHHhl /3~, Nl, K.1, K2 3aMeHJIIOTCJI na /32, N2, K1, k2. Ocra&rcn onpeae:mn 

(t.1(<I>K2,N), L'.,("""''N)): 

N=O, (0,1); N=i, (1,0); 

N = 2, (xi, -x); N = 3, (a,l 2 - a·,_,,] xa·); 

N=4, (xl 3 -2xlxx,-x1 2 xx+x 2
); 

N = 5, (x1 4
- 3xl 2 x x + x 2

, -xl 3 x x + 2xl x .-r 2); 

N = 6, (xl 5
- 4x1 3 x x + 3xl x x2

, -x1 4 x x + 3:d 2 x x 2 - x 3 ); 

N = 7, (xi 6
- 5xi 4 x x + 6xi 2 x x 2- x3, -x(xi 5 + 3xl x x2 - 4xi3 x x)). 

nocne DO,ZlCTaHOBl<H B D" ¢opMyJI (4.3), npe,D;CTaBJIJIIOlll,HX :d = xl(x), 

X! = .i:l(y), H z = z(x), nonytJaeM, 'tiro D" JIBJIRercn OTHOillCHHeM .ztBYX MHO

roqnenos or JI.Byx nepeMennMx x, y. J.haR, cneKTp paccMatpHsaeMott 3aJI.alJH c 

12 

JlODOJIHHTe~'IhHhiMH rpaHHqHhlMH JCJIOBHJ:IMH H yCJJOBHRMH CThiHOBRH ODHChlBaeTCJI 

CHCT€MOtt JlBYX llOJJHHOMHa .. 1hllhiX ypaBH€Hldt C JlBYMJ:I nepeMeHHbiMH: 

P(x,y) = num(z(x)- z(y)) = 0, _Q(x,y) = num(D"(x,y)) = 0. (4.4) 

3aMe'liaHHe. CncreMa ( 4.4) aaroMaTH'IieCRJI onHChiBaer TO'IiRH cneRrpa z, jzj ;::: 1, 

RoropbiM oTBel.!aiDT K.1 = K2 HJIH Kt = k2. 9ro cne.zcyer H3 crpyRrypht pemeHHJI 

pa3HOCTHOit RpaeBOit aa,lla'!H B CJI}''Iiae, KOf.l{a XapaRT€pHCTHl.J:eCRO€ ypaBH€HH€ 

HMeeT KpaTHI!l€ pemeHHJ:I. 

§5. OT,ll;eJJeHHe JIOJKHhiX TOGeK cneKTpa 

IlonMTRH pemar:& (4.4) c noMOIUhiD cncreMht REDUCE npJIM:&IM cnoco6oM 

(solve( {P, Q}, { x, y) )) Be .uana pe3YRbTaToB. IIocne ororo 6h!n ncnoJih30Baa 

Mero.zr. peaynhTaura. KaR yJKe OTM€'1ia.noc:& so BB€.1l€HHH, CB€Jl€HHe cncreMbi no

JIHHOMHaJI:&Hhlx ypaBH€HHfi R peayJihTaHTY DpHBO,llHT R JIO)J{HhlM pemeHHJIM. )l:py

fHM HCTO'!HHROM JIOiKHhiX pernenntt JIBJIJ:Ierca: cJie.nyJOw.ee o6cronren:&cTBO. B §4 

6htJI onncan anropHTM cse.nenn.R: aa.nattn BhlttHcJieBHJI cne1<Tpa K pemeHHIO .nsyx 

noJIHHOMHaJI:&HhtX ypasnenntt. PeannaosaBBhlit na PC "anropHTM cse.n.ennn" 

TaKOB, 'liTO HOBht€ nepeM€HBl>I€ xl,x2,:tJ,X2 aaBHCJIT OT ,D;BYX DpOH3BOJlhHO BLI-

6paHHLIX pemenHtt xapaRrepHCTHli€CRHX ypasnen:a:a P1 (z, K.) = 0, P2(z, k) = 0 

coorBercrsenno. AnpnopH B nporpaMMe He oroBapHBaercH, "'TO xl, x2 H 

£:1,£2 SaBHCJIT COOTB€TCTB€HBO OT Kj H k;, MeHblliHX DO MOpYJIJO €,llHHHUht. 

OT.n.enenne "JIO>RHhtX rolleR cneRrpa" npoxo,llHT JI.Ba arana. Ha nepBOM 3Tane 

DpOCTOit DpOB€pROit OT,ll€Jl.II€M DOJI,MH0ffi€CTBO peD1€HHit, y.zr.oBJieTBOpJilO:W:HX YCJIO· 

BIDIM: 

lzl <:: I-<, lxil::; 2, lxll ::; 2, lxl::; I, lvl::; I. 

TottRH z H3 e - oRpecrnocrn e,llHBIPIHOtt ORpyamocrn, 1 - e :$ jz J ~ 1 + e, 

npn pan:&nettmeM auannse 3aMeHJIIDTCJI na z f I z j. 3areM pemaerCJI 6onee Jl€JlH

KaTBM npo6JieMa OT,li.€JieHHJI "JIOiKHbiX TO'IieK cneKrpa", CBJI3aHHI:JX C nepeXO,li;OM 

K pe3yJI>TaBTY R(x) = resultant(P,Q,y). M.ueR OT)leneHHR npocTa. IIycTh 
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xo, lxol:::; 1, RBJIJieTCH pememteM R(x) = 0" yo, [Yo[$ 1. RB;IReTCR pemeHJ:H:.'.\1 

P( Xo, y) = 0. Mhl .ll.OIDRHhl nposepnrb, y~oBJJesopRIOT JJH :ro. Yo sropoMy ypaBue· 

HHlO Q(x,y) = 0. TpyJI.HOCTb COCTOHT B TOM, tiTO Q(x,y) JIB~1JI€TCJI rpOM03.1I.KHM 

MHoro~neHoM c 6onbniHMH Koo<j><j>HI(HeHTaMH. BepcHH REDUCE 3.4 ( CM. [8]) 

n03BOJIJieT naxo,n:HTb pemeHnR MHOroqJieHoB c BbiCOHofi TO'lHOCTbiO. MLI 3a,ZI.asam1 

PRECISION 15. TaK qro pemeHHR, M€HblllHe no MOJlYJIJO €.11HHHUh1, uaxO,Il,JITCJI 

c nRrna.zmanJO sepHbiMH 3HaRaMH. B Ka'!eCTBe RpHrepnn or6opa npnunMaeTCJI 

BhiDOJIHeBHe cneJzy10mero nepasencTBa: 

IQ(xo, Yo)l < 2 >< w-''[Q,(xo, Yo)+ Q,(xo, Yo) ~·;xo, Yo~[. (5.1) 
y xo,Yo 

Ha sropoM arane .li}I.R RaJK.D;O:B: H3 ocrasmnxcJJ "ro'!eR cneKrpa" z, JzJ :;::: 1, pe· 

maeM P1 (z, K) = 0, Pz(z, k) = 0, HaXOMM K;, [K;[ :o; l.H ~;, [k;[ :o; I. B >ToM 

CJIJ1:la~ ~pi:ITepH€M Or6opa JIBJIR€TCJI BIJDOJIH€HH€ HepaB€HCTB 

[xl- {K1 + K2)[ < o[xl[, [XI- (k1 + ~2 )[ < o[.i·J[. (5.2) 

B namHx pacqCTax e: = 10-10 ,6 = 10-3. KpHTepHn (5.1),(5.2) H KOHCTaHrLI 

t:, 8 6LIJIB BLI6paHIJ B npo:o;ecce lJHCJI€HBhiX &KCD€pHM€HTOB H XOpOlllO aapeKO· 

MeH,l\OBaJIH ce6JI B paoiCTax. B §6, 7 o6cy:lK.llalOTCJI pe3JJibTaTh1 uccne)loBaHHJI 

ycTO.ti1:lliB0CTli 1'1 .D;BJX l<OBRpeTBI:iiX CJIJ'IaRX. 

§6. CJiyqai:i a= 1/2, w = 2, N1 = 2, N2 = 1, 1> = 1/2, 

(11 = 1/2, (12 = 1/4, int = 2 

IIocJie.D;HJIJI BeJIH.qHBa int = 2 oanaqaer, qro HCDOJib3JeTc1l KBa.llparH'lJHM JUI

repnoJIRnHJI. B paccMarpnsaeMoM cnyqae g>ynKilHH xl(x),:tl(y) HM€IOT BH)l: 

xl(x) = {2x{-31x + !))f(x2 -7), 

X!(y) = (2y(65y -19!))/(5(5y2 - !1)). 

CneKTpaJILHLiit napaMerp z HMeeT ,n:Ba npe,ZI.cTaBJI€HHJI: 

z(x) = (-x6 + 24x5 -117x4 + 26576x3 - 819x2 + 

14 

( 6.1) 

(6.2) 

+!176x- 343)/(96x(x4
- 14x2 + 49)). 

z(y) = (625y6 + 8·100y5 + 4828.5y 4
- 220064y3 + 106227y2+ 

+40656y +6655)/(768y(25y4 -I!Oy2 + 121). 

3anaqa Bhi'lHCJI€HHR CD€KTpa CBO,ZI.HTC.fi H pemeHHI:O .1I.B)'X D0.1HHOMna.1bHbiX 

ypaBHeHnH: 

P(x,y) = -200x6y5 + 880x6y3 - 968x6y- 625.r5y6 - :3600.r5y5 - 48285.r5 y4 + 

198944x5y3 - !06227x5y2 - 17424x5y- 6655l"5 - 23400.•·'y5 + 102960.r·'y3 -

113256x4 y+87 50x3y6 +5432800x3y5 +675990,·3y4- 264 67776 2·3y3 + 14871 78.r3 y2 + 

26294752x3y + 93170x3 -163800x2y5 + 720720.r2y3 - 792792.r2 y- 30625l·y6 -

176400xy5 
- 2365965xy4 + 97 48256xy3 - 5205123.ry2 - 853776J·y - 326095>·-

68600y5 +301840y3- 332024y, 

( 6.3) 

Q(x,y) = 4500x15 y3 + 2700x15 y2
- 9900x 15y- 59•10x" + !075125.I·14 y3 + 

!1321!5x14y2- 3025371x14y -1996445x14 + 74553375.r 13y3 + 95:34!305.•·"'y2 -

242073777 x 13y -15131 0775x 13 +800678250x ' 2y3 + 1395377830.1·12 y2 -4152634 902x 12y-

1279603930x12
- 51469443750x"y3 - 65975659850.•·" y 2 + 159980499930.1·" 11 + 

I iOI4684 7030x11 -320999302!25.r10y3 -211700734:35>· 10 y2+ 7-16771 !l804!9a·10 y+ 
!6197!31445x 10 +8884902056625x9 y3 +5 7767100851 7 5>·9 y2 - 20 I 83894 3:l16!5.""!1-

!2231763745465x9 +876664435500x8 y3+343155930·120.r8 y 2-21 054 71002068/ .y-

622567539660x8-620836398000x 7 y3 -!816976886-180J• 7 !I' +35185580226i2J·7 v+ 
2385628383600x 7 -179670259125x6y3- 7777428620!!5.r6 y2+ 187-15·1456091.""11+ 

!7265936033885x6 -50128633537 5x5 y3-158285351915a·' y2 + 1418053336833.>·5 y+ 

112222821095x5 -78964173750x4y3+ 160140284871 O.r"1 y 2+ 21795321 i91·16J··• y-

5024819107770x4+45967745250x3y3+3244395!8830,·3y2 -18-1203716382cl'3y-

651569670290x3 + 956!082125x2y3 - '1606655S405a·2y2 - 384:l70526883.,2y + 

373372967275x2+397065375xy3 -2506! 00!735xy2-56466333(i l.r!l+938!)(i25.5145x-
26353376"o0y2 + 5797742720. 
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Pe3yJII>TaHr P(x, y ), Q(x, y) .R.B.n.R.ercR !>fHOf0 11~1eHO!II 1 OG nopnn.Ha c 6o.JJblllJWI-I 

H.o3cp<jnnlHeHT~MH. BepcHH REDUCE 3.4 no3Bo.nner pa3JIOifiH'fb R(.1·) na MHO· 

iJ\HTeJIH: 

R(x) = 196742722255200000000x3 (x 2
- 7)'(x3 + 63.,'- 9." -7}"S2(x). 

IJocJie,llHH:It MBOH{HTellb RBJIReTCJI MHOfO'illeHOM 77 nopRli.Ra: 

2159095979.520000x77 + 236167347800171.)200.r76+ 

+ 1042443717193867707648x" + 214162150J:l!4l:l280ll7.504.r74 + 

+ 7998830135 7906424 71954384x73 
- 62460.553.J47.)76-51487946051992x72

-

-15889793360!3492891100770790149x71 + ... + 

+2377627 57389338487499289208122297361908147179915984266004934853326 X 

x x 31 - ••• - 280998539804302.593255 79409865586032631576<!.5788512256x3
-

-1.513805116946134887832190946295.5182848305340717 4656x2
-

-495021677259268458.580961-5764644 890919916326092800x-

-74641296172716523877555-595692671815028572160000. 

XapaHrepncTH'ieCRHe ypasHeHHR He nMeror HyJJeBbiX peweHHH. TaH qro Hac 

nurepecywr 0 < fxl ~ 1. MaorotJJieH x3 + 63x 2 - 9x - 7 HMeer li.Ba raKHX 

HOpH11: 

X= -0.269929504265927, X= 0.410712311103496. 

MnoroqJieH S2(x) HMeer 37 HeHyneBhiX :H.OpHefi, MCHhJUHX no Mo.n.ymo e.llHHHUhi: 

X= -0.360803174177911 ± 0.72lJ46281684657i, 

X= -0.347553300546285 ± 0.0238795868845647i, 

X = -0.317320296033016 ± 0.59604318602923.5i, 

Ill 

X = -0.296523864681695 ± 0.003397J45694083i, 

X = -0.211303289995534 ± 0.03913J5650515,5Ji, 

X= -0.1859863085858)8 ± 0.1646242J2680923i, 

X = -0.!85316592811757 ± 0.0J29483766J8457i, 

X= -0.!80579077019511 ± 0.054J73580347115i, 

X= -0.!57776974885849 ± 0.08554J952J47992i, 

X= -0.!558604688!3!53 ± 0.0426J404437274Ji, 

X= -0.13!777282497495 ± 0.047776562586862i, 

X= -0.024960293592013 ± 0.J7J609858115577i, 

X= +0.030663424300404 ± 0.5058J47420884J2i, 

X= +0.304649160271859 ± 0.609J730050J9248i, 

X= +0.373J6958J86J5J6 ± 0.063450203291174i, 

X = 0.241132677068413, X = 0.4!7550457853634, X = 0.499083049968596, 

X= +0.4546!564659!345 ± 0.00549664256908Ji, 

X = +0.699324410607308 ± 0.064889427299874i, 

HraH, R(x) = 0 HMeer 39 pemenntt x f:. 0, MeHbillHX no Mo.zzynto eMHHUhl. 

ITo x BhlqHcJlHeM z(cM.(6.2)). OcTaBJlHeM x, RoropiJM orBeqatOT lzl ;:>: I - <. 

.l\M RaJi(.lloro Ha ocraBnrHXCJI x penraeM ypaBHeHHe P(x,y) = O,(cM. (6.3)), 

Roropoe HMeeT mecrol! nopJinOR no y. OT6npaeM y ;f 0, IYI :o; I. HcnoJILayJI 

(6.1), HaXO,l:UIM xl,Xl. Ilocne :noro or<PHJibTpOBLIBaeM [z,xl,Xl,x,yJ, y.no:sJie

TBOp1110nrRe RpHTepHtO (5.1) n HepaBeHCTBaM lx11 :o; 2, Iii I :o; 2. IIepBIJJ! aran 

OT.Il,eJieHHJI "JIO>RBLTX rotJeK cneKrpa" 3aROH'tJeB. OcrafhcJI :scero rpn 3JieMenra 

[z, xl, Xl, x, y], no.IJ;Jiemamnx .naJibBe:ttmeMy nccne.noBaHJno: 
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ZROOTS~ j[ 1.0370381621219, 1.46132552723516, 1.0.5246335761816, 

0.417550457853634, 0.158337807785 756], 

[1' 1.4107123ll1035, 1.17793091226657' 0.410712311103496, 

0.177930912266573], 

[1, 0. 730070495734075, 1.17793091226657, -0.269929504265927' 

0.177930912266574]}. 

KaK yme NBOpll110Cb B §5, Ha BTOpOM 3T8De llJIR Ka>R)lOfO H3 OCT8BlliHXC.R Z 

pemaJOTCII xapaKrepHCTH"tJeCKHe ypaBHeHIDI Pt(Z; K) = 0, P2(z, k) = 0. 0T6H· 

paiOTCJI pemeHn.a:, MeHhlliHe HJIH paBHble llO MO.DYJIIO e)l.HHHUhl, 1\.t, f\.2 1 k1, k2, H 

npoBepRIOTCJI BepaBeBCTBa (5.2) · C:1H30CTh Kt + K 2 , .\:1 + fi,2 K COOTBeTCTByi<>lUHM 

xl, XI. 8neMeHTaMH BHmecneeyrom.ero MaccHBa RBJI.RIOTCn 

[z,Kt +.K2,Kl X K2,1'Ct,K2,K1 +k2,k1 X .\:2,kt,k2j: 

SV= 

{[1.0370381621219, 0.124332351619517' -0.103354220962079, -0.265276726658578, 

0.389609078278095, 1.05246335761816, 0.15833780778.5 756, 0.18187 4346962542, 

0.870589010655618]' 

[1, 0.140782806837569, -0.11086337053208, -0.269929504265927' 

0.410712311103496, 1.17793091226657' 0.177930912266574, 1, 

0.177930912266574], 

[1' 0.140782806837569, -0.11086337053208, -0.269929504265927' 

0.4107123ll103496, 1.17793091226657,0.177930912266574, 1, 

0.17793091226657 4]}. 

Ill 

Bropo:tt n rpernit 3JI€M€HThl Maccnsa SV, orsettaiOIJJ.He :: = 1. ccrecTBeHHO co-

sna,ll,aJOT. Ho K1 + ,._2 = 0.140 ... oqesH,aHo He pasno 3Ba'ICHJHJ:.I xl so sropoM 

H rpeneM BJieMenrax ZROOTS: xl = 1.4107 ... , .rl = 0.730 .... Ana-

JI0fH1.JHO, B DE'pBOM 3JJ€MCHTC M8CCHB8 SV Ha BTOpOM ME'CTC CTOHT t.: 1 + 1'\,z = 

0.124 ... , \fto He pasuo .1:l = 1.461 ... nepsoro 3m?Menra Maccnsa ZROOTS. 

3THM 3JieMenraM orsetJaer O.llHO H ro me z = 1.037 . ... B peayJI:&rare ycrano-

sneno, 'ITO npn paccMarpHsaeMhiX 3Ha'leHnRx napaMerpos o::e~Ja Pycauosa c no-

D01IJIHT€JibHLIMH rpaHHlJHLlMH H CThiROBO'IHhiMH yc.10BI1JlMH ll€' HME'E'T TO'l€H Cll€'1\-

Tpa Bne H na rpatmue e.nHHIPmoro Hpyra. 3a.natia Koum ycro:fltBfBa H L2 11 B C 

na COOTBeTCTBYlOIUHX o.nuopOJl.HhlX ceTKax (o = 1/2. a = -1/-1. ...... = 2). OT· 

CIO,Ua CJie.oyeT ycTOfilJHBOCTb paCCMaTpHBaCMOil 3a,1.{a1!H na li€0JlHOp0JlHOii C€Tl\t' 

B L2 H B C (cM.[4),[10]). B Konue pa6oTh! nporpaMMhi Bhl.Ua€-Tcn .nnaruocn1na: 

sp := {}; result:= stability. 

§7. Cnyqatl a= 1/2, w = 2, N1 = 2, N2 = 1, ¢ = 1/2. 

{31 = 1/2, {3, = 1/4, int = 1 

B OTJIHlJHe OT §6 3JleCb ncnoJib3yeTCJI JIHHeRHaR HHTepno.nnuHn. int.=l. OcTa.::tb· 

Hble napaMeTphl coxpaunnH cTaph!e 3naqennn. Dpn &TOM .T 1 •• i·l. :; . P( :r, y ). ec· 

TeCTBeHHO, OIIpe,lleJI.RIOTCR TCMH >ne q>opMyJiaMH, ( CM. ( 6.1 )·( 6.3 )). 113 Jl€T€pMH· 

HaHTHON ypaBHeHHJI llOJiy'lfaeM 

Q(x,y) = 625x 15y3 - 1375x15y + 130975x14y3 + ii0i5.r 14y2 - 431395x 14y- · 

62315x14+8177875x13y3+8527590x 13y2-34661 0·11.1: 13y-6280230x13+ 72421250x 12y3 + 

154150090x12 y2-52215 7226x1 2y -67 482250x 12 -5822i38i25x 11 y3 '- 5362682630x 11 y2 + 

22704729007x11 y + 4389825110x 11
-: 42876114775a: 10y" + 8952380085.•· 10y2 + 

100733158171x10y-24491131 005x 10+ 1189397 42i225:r9y3 + 7 Hi:l2155620.,:9 y2 -

2752591117983x9y- 55831060340x9 + 120856728300x8 y3 -1042562940x8 y2 -

299650459164x8 y +27573685260a:8 -172887832425"' y3 - 24454:!122!80x' y' + 

851365571007x7y + 185352122340x7
- 37418530975.r6 y3 - .J!J932!l85I.Ji5x6y2 + 

11245 7777635 •x6 y+ 10759623624 7 5x6 - 204 267904 7 5:r5y3 + 1805 i 565 i 50x5y 2 + 
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55052835985x5y- 47298829270x5 - 18249!~3.)Q,·'i/ + 10~787072810.r'1 y2 + 

127245550726x'y- 3227933!7770x' + 242819132.Sx3 y3 + 190S-l324490.r3 y2 -

128427353l!x3 y-36369795 l70x 3+45·!209175.r 2y3 -:J257ll2565x2 y' -23861855899x2 11+ 

24282669565x2 +20588575xy3 -158!202560xy2 -328!11296Lty+590 12i3840x

!64708600y2 + 362358920. 

Pe3yJibtaHT MHoroqneuoa P(x, y ), Q(x, y) .RBJIHeTCR MHOfOl!JienoM 105 nopn.n.ua: 

R(x) = 1229642014095000000x3 (x2 - 7)5 (x3 + 6:l.1·2 - 9.t·- 7)6 81(x). 

IJoCJIC)lHldt MBOiKHTeJU, .RBJJJJeTCR MHOfO'I~1eHOM 74 nop.R.lll\8, KOTOJ)hlH HMeeT BHy

TpH e)lHHH'l!Horo Mpyra 41 HeHyJJeBoli HopeHb. Bcero R(:r) = 0 1-meeT 43 He

HyneBhlX pemeHH.R, M€HblUHX DO MO.lJ.Y;no €,/lHHHUbl. 0ocJJe IlepBOfO OT,li,€JieHH.R 

"nomHHX TOlJeR cneHTpa" ocTaihcn .llBa ~JJeMeHTa [.:,:d,.i·l,;r~y]: 

ZROOTS; j[ I, !.410712311103.5, 1.177930912266.57, 

0.41071231 !I 03496, 0.177930912266.5 73], 

[I, 0. 73007049573407.5, 1.177930912266-57, -0.26992950426-5927' 

0.17793091226657 4]}. 

B o6onx ~JieMCHTax z = 1. KaH yme ro.sopH40Cb B npe.nLI.nyrueM naparpa<}>e, 

Z = 1 OTBClJaCT K1 + Kz = 0.1407 ... 1 'ITO He paBHO 3HalJCHHJIM ;d B nepBOM 

H BTopoM >neMeHTax MaCCHBa ZROOTS: xl = 1.4107 ... ,.d = 0.73007 .... 

Ilpn a= 1/2,w = 2,z = 1 xapaRTepHCTH'IecRoe ypaBHeHHe P1(z,K.} = 0 

HMeeT Talm:e pemeHHJi: 

Kt =0.4J07J2 ... ,K2 =-0.269929 ... ,~.3 = J,~.l = -63.1407 .... 

(3aMCTHM, 'ITO npH Q = 1j2,w = 2, Z = 1.001 xapaRTepHCTH'IeCROe ypaBHeHH€ 

P1(z,K.) = 0 HMeeT peweHH.R: 

Kt = 0.4!007 ... , K2 = -0.2698 ... , K3 = J.00J9 ... , ~4 = -63.!422 .... ) 

2H 

OtcJO.ua BJUUIO, •no noJiy~JeHHhJe B o6onx cJy~JaJIX ;rl "f:. ,., 1 + K2 Ha ca~to!ll 

.ue.1e .RBJI.RJOTC11 cyMMa!lm: 1.4107 ... = ,..._1 + ''3· 0. 7:3007 ... = 1-.: 2 + 1i,3. B 

p€3)mhTaTC li B CJJ.)!ttae . .11111CnHoil JHnepnOJI.RllliJ-1 i.l.OJ\il:laHa ~TTOfi\lHBOCTb pac

CMaTpHBiiCMOit 3a.Ua1m B L2 1:1 B C. 

Tipnnowy 6naro.napnocTh H.C.EaxaaJJoay :~a no}UJ.<'pmny nposonnMhlX nc

c.1e.noaaHJdt. Tipnnowy 6;Iafo.ZlapHO<'Tb Antony C. Hearn 11 BCC'!II Y'IiiCTHIU\a!lt 

REDUCE-FORUM, noMorasum!IJ !ltlle B peweBnll rpml03..'.li\IIX :.Jnoroti~1eHOJ:L 

llpmmmy oco6y1o 6naronapnocn St.an Kam<'ny, mo6(':mo 11jmc.1aBlli<'MY ~11w 

cneuHaJJbimfi naneT, ycHopmouwfi npoaccc pcmeJliHL l1pmwmy 6;Jcsro.aapHocn 

A.M.PanopT11peuKo H B.A.PocTOHilCHa 3a no.n<.>:~m.Ie HOIJ(',\';JbTauuu. 

J1CCJie}lOBaHHe, OllHCaHHOe B ::lTO~llly6JJHKaUH11, CTa.JIO B03MO:lKHblM,B 'faCTHOCTH, 

6naro.llapa rp~HTaM N~ NKCOOO H N!! NKC300 Me~)'HapOJlHOro uayquoro ~oHJla 

H PoccH~kKoro npas~neJJbCTBa. 
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Cep.uJOKoBa C. H. 
P5-95-202 Hccflt.nosaHHe ycToift.JHBOCTH cxeMM PycaHosa c KpaesbJMH ycnosH~_MH Ha CTbiKe .usyx o6nacTeii c licnOJJb30BaHHeM CAS REDUCE 

C npHMeHeHHeM CHCTeMbl aHaJJHTHl.JecKHX BbllJHCJJeHHif REDUCE Hccne.uyeTC51 ycTOiit.JHBOCTh cxeMbl PycaHosa c rpaHHlJHbJMH ycnoBH~MH Ha CTbJKe nsyx nepeKpb1-B310lUHXC~ o6nacreH. YcTaHOBJJeHa ycTOiilfHBOCTb B03HHK3JOIUeH pa3HOCTHoH KpaesoH JanalJH C .llOnOJlm'!'TellbHb!MH rpaHHlfHbiMH H CTbiKOBOlJHblMH ycJJOBH~MH B paBHOMepfioii MeTpHKe. Pa3pa6oTaHHbJH anropHTM nposepKH ycTOHlfHBOCTH Ha PC MO)J(eT 6b!Tb HCDOJJb30B3H llJlSJ HCCJJe.llOBaiiHR .npyrnx CXeM. 

~a60Ta BblnOJJHeifa B Jia6opaTOpHH Bbll.JHCJlHTeJlbHOii TeXHHicH H 3BTOM3TH33UHH 0115111. 

flpenpHHT 06De.UHHeHHOro HHCTHT)'Ta JUiepHb!X HCCJ1ellOBaHHH. lly6Ha, 1995 

DepeBO.ll aBTopa 

Serdyukova S.l. 
Suibility Study of Rusanov Scbeme with Boundary Conditions on Overlap of Two Domains by Using CAS REDUCE 

PS-95-202 

By using the computing algebra system REDUCE the Rusanov scheme with boundary conditions on overlap of two domains is studied. Stability in -uniform matrix of arising difference initial boundary-value problem with additional boundary and overlapping conditions is proved. Developed algorithm of stability verification on PC can be used for studying another schemes. 

The investigation has been performed at the Laboratory of Computing Techniques and Automation, JINR. 
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