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HcCJie)10BaH11e ycTOfiqJ1BOCTl1 pa3HOCTHblX KpaeBblX aa11aq CBSl3aHO C nocrpoeHHeM H0pMlUlb
H0H q>OpMbl pe30JlbBeHTbl. B npe)1JlaraeM0H pa6oTe )10Ka3blBaeTCSI TeopeMa cyll.\eCTB0BaHHSI KBa311-
)K0p/1aH0B0H H0pMaJibHOH q,opMbl aHaJil1TJ1qecKOH pe30JlbBeHTHOH MaTp111.\bl B CJiyqae, KOr11a co6-
CTBeHHble 3HaqeHHSI xapaKTep11CT11qecK0H MaTp111.\bl o6pa3y!OT e1111HCTBeHHblH napa6oJ111qeCKl1H 
KJiacc. IIocTpoeHHaSI KBa311)K0p,AaH0Ba HOpMaJibHaSI q>OpMa HMeeT B11/1 MaTp11qHoro )KOp,AaH0Ba 
Slll.\HKa. II0JIHaSI q>aKTop11aa1-11111 pe30JlbBeHTHOH MaTp111.\bl B 3TOM CJiyqae HeB03M0)KHa. Pa3JI0)KeHHSI 
no CTeneHSIM cneKTplUlbH0rQ napaMeTpa He11a6e)KHQ co11ep)KaT /1P00Hble CTeneHH. PaHee 6bma 
/10Ka3aHa TeopeMa cyll.\eCTBOBaHHSI KBa311)K0p/1aHOBOH HOpMlUlbH0H q>OpMbl pe30JlbBeHTHOH MaTpl1-
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KOHi-ia pernaeT npo6JieMy Il0CTp0eHHSI H0pMaJibH0H q>OpMbl pe30JlbBeHTbl )1JISI JIHHeHHblX pa3H0CT
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The stability investigation of difference initial boundary value problems is connected with 
construction of a normal form of the resolvent. In this work we prove theorem of existence of 
quasi-Jordan normal form of analytic resolvent matrix for the case when the eigenvalues of the 
characteristic matrix form the unique parabolic class. The constructed quasi-Jordan normal form has 

_ view of matrix Jordan box. The complete factorization of the resolvent matrix is impossible in this case. 
The expansions by spectral parameter contain fractional powers unavoidably. Formerly we had proved 
the theorem of existence of quasi-Jordan normal form of the resolvent matrix for hyperbolic systems. 
The considered here complicated analytic case solves the problem of the normal form of the resolvent 
for linear difference initial boundary value problems of general type to the bottom. 
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yqHTeJIIO C mo60BblO 

· B pa6oTe [3] npHBeAeHbI Heo6xoAHMbie H AOCTaTO'IHbie ycnoBwt ycToii- · 

. 'JHBOCTH B C nony6ecKoHe'IHbIX KpaeBbIX oaAa'I AJIJI cucTeM JIHHeHHbIX pao

HOCTHbIX ypa.BHeHHH o6iuero BHAa, Ecnu cooTBeTCTBYIOIUaJI oaAa'Ia KowH 

ycTOH'IHBa BC [4] H onepaTop nepexoAa OT CJIOJI K cnoro G He HMeeT TO'IeK 

CIICKTpa BHC CAHHH'IHOro Kpyra, TO He06XOAHMbIC H AOCTaTO'IHbIC ycJIOBWI · 

ycTOH'IHBOCTH.KpaeBoH oaAa'IH CBOAJITCJI K orpaHH'IeHWIM Ha nopJIAKH oco-

6eHHOCTeH peooJibBCHTbI ( G-zI)-1 B TO'IKax cneKTpa, pacnono*eHHbIX Ha 

eAHHH'IHOH OKPY*HOCTH [3]. IlpH nocTpoeHHH peoonbBeHTbI [2] peoonbBeH

THaJI MaTpnua M( ei"'J npHBOAHTCJI K npocToMy xnaoH*OPAaHOBY H<>pMMb

HOMY BHAY [3]. B [6] 6bIJia AOKa.DaHa TeopeMa cyiuecTBOBaHH.11 KB~H)KOp

AaHOBOH HopMMbHOH <I>opMbI peooJibBeHTHoii MaTpHUbI AM . rnnep601rnqe

CKHX CHCTeM. Pe'Ib HACT O CHCTeMax JIHHCHHbIX paoHOCTHbIX ypaBHCHHH 

c IlOCTOJIHHbIMH Koacl>cl>H~HeHTaMH, y KOTOpbIX Bee co6cTBeHHbie OHa'IeHHJI 

xapaKTepHCTH'IeCKOH MaTpHUbI D( ei9) OTHOCHTeJibHO_ BCex onpeAeJIJIIOIUHX 

TO'ICK HMCIOT HaKJIOHHbie xapaxTepHCTHKH. B 0TOM cnyqae KBaDH)KOpAa

HOBa HOpMMbHaJI cl>opMa peoOJibBeHTHOH MaTpHUbI HMeeT TY )KC CTpyK

TYPY, .'ITO H KBaoH*OPAaHOBa HOpMMbHaJI ipopMa xapaxTepucTH'IecKoH 

MaTpHUbI [5]. IlpH nocTpoeHHH KBaDH*OPAaHOBon HOpMMbHOH. ipopMbI 

B cnyqae rnnep6omt'IeCKHX CHCTCM peoOJibBeHTHaJI MaTpHua noJIHOCTbIO 

ipaKTopHOyeTca, Bee paono*eHHJI no cTeneH.IIM cneKTpMbHoro napaMeTpa 

z = ei,/, COAepmaT_ TOJibKO uenbie CTenemt. B cnyqae CHCTeM o6iuero BHAa 

co6cTBCHHble OHa'ICHlIJI xapaKTepHCTH'IeCKOH MaTpHUbI MoryT HMeTb Bep- . 

THKMbHbie _ xapaxTepHCTHKH. IlpH HMlI'IHH Ta.KHX co6CTBeHHbIX OHa'Ie

HHH (MbI HX HaDbIBaeM napa6omt'IeCKHMH) KBaDH>KOPAaHOBa HOpMMbHa.,!I 

ipopMa peoom,:eeHTHOli MaTpHUbI HMeeT 6onee CJIO)KHYI9 CTpyxTypy. 

B npCAJiaraeMon pa6oTe AOKaobIBaeTca TeopeMa cyiuecTBOBaHHJI x»a

OH*OPAaHOBOH HopMMbHOH ipopMbI peooJibBeHTHOH MaTpHUbI AJIJI cny'IaJI, 

KOrAa Bee C06CTBCHHbie OHa'ICHHJI xapaK_TepHCTH'ICCKOH MaTp~bI o6pa

oyroT CAHHCTBeHHbIH napa6oJIH'Iecxnn :rmacc. ,IJ;oKaobIBaeTca, 'ITO B 0TOM 

cnyqae xBaoH*OPAaHOBa HOP.MaJibHaJI ipopMa peooJibBeHTHOH MaTpmn,x 



llMeeT Blip; MaTpll'IHoro )Impµ;aHOBa JIIUIIKa. B OTJIII'IIIe OT r1mep6om1-

'1eCKIIX CIICTeM oµ;ech HeBOOMO)KHa nonHM q>aKTop1mau;WI peoonhBeHTHOli 

MaTpHIJ;hI. PaonmKeHHJI.no cTeneHJIM cneKTpanhHoro napaMeTpa coµ;ep:llmT 
p;po6Hhle CTeneHll. ,[(oxaoaTenhCTBO KOHCTpyKTllBHOe: 6aonc, B KOTOpOM 

peoonhBeHTHaJI MaTpIIIJ;a BhICOKOrO nopJip;Ka T * k IIMeeT KBat3II:lKOpp;aHOBY 
HOpManhHYIO <popMy, CTpOllTCJI 110 COOTBeTCTByroxuero 6aoIIca p;M xapaK
TepllCTII'!ecxoii MaTpnu;hI nopJIµ;Ka k .. ,[(oxaoaHHaJI oµ;ech TeopeMa cyxue

CTBOBaHllJI KBaoII:lKOpp;aHonoi'I HopManhHOII <popMhI µ;nJI. TOHKoro aHanllTll

'!ecxoro cny'IaJI µ;o KOHu;a pewaeT npo6neMy nocTpoeHllJI peoonhBeHThI 01:e

paTopa nepexoµ;a OT cnoJI K cnoro µ;nJI mrnei'IHhIX paoHOCTHhIX xpaeBhIX oa
p;a'I o6xuero nuµ;a. · ,[(arihHeiiwm'i nop11µ;01, nonmKeHllJI TaKoB. 

B naparpa<pe 1 CTpOIITCJI I;IpIIMHTlIBHhili BCilOMoraTenhHhilI 6ao11c, B KO
TOpOM peoonhBeHTHM MaTpnu;a UMeeT BIIµ; MaTpll'lHOro :lKopµ;aHoBa JII.l.{IIKa 

c IICKR)KeHHJIMII M. 
B naparpa<pe 2 µ;oxaohIBaeTCJI npi1Hu;11m1anhHO Ba:lKHhiii peoynhTaT 

(JieMMa 2.1); neBhili HJI)l{HlllI 6noK MaTpllIJ;hI lvJJIBnJieTCJI HIInhilOTeHTOM, 

B naparpa<pe 3 µ;oKaohIBaeTCJI ocHOBHM TeopeMa 3.1. Jicxop;Hhili npn

MIITIIBHhiii 6aonc nocnep;oBaTenhHO noµ;npaBnJieTCJI, war oa waroM M ocBo~. 

60:lKµ;aeTCJI OT HCKR)Irnanii. B peoynhTaTe 
I 
nonyqaeTCJI KBaoH:lKopp;aHoBa 

HOpManhHaJl q>OpMa peoonhBeHTHOH MaTpIIIJ;hI, KOTOpruI B paccMaTpllBa
eMOM cny'!ae llMeeT BIIµ; MaTpH'IHOrO )I{opµ;aHOBa JII.l.{IIKa. 

·B OToii pa6oTe ucnonh:lYIOTCJI onpeµ;eneHIIJI II o6ooHa'IeHIIJI pa6oThI {3]. 

1.CTpyKTypa peOOJibBeHTHOH MaTpH~bl B HCXOp;HOM 
IIpHMHTHBHOM oaouce, ·, 

IlyCTh B OKpecTHOCTJI HeKOTopoii onpeµ;enJIIOI.l.{eii TO'IKII d;o co6CTBeH

Hhie· DHa'le~IIJI xapaKTepHCTH'IeCKofx MaTpHIJ;hI o6paoyroT eµ;IIHCTBeHHhIH 

napa6onII'lecKIIII xnacc A. IlycTh cooTBeTCTByroxuee rnanHoe DHa"IeHite 
co6cTBeHHhIX DHa-qeHJ-IH eCTh 

'X(</>) = exp((ia - /3)(</> - </>0)2"). 

,[(anee p;M npocTOThI o6ot3Ha'Iem1i'r nonaraeM </>o = 0, 2µ = p. B paccMaTpH- -
BaeMOM cny'!ae B OKpeCTHOCTJI </> = 0 onpeµ;en:eH 6ru:mc KBaoHc~6CTBeHHhIX 
BeKTopoB [5] . . - _ . _ - ; . . . . . . 
. ~1(</>), •• ,,ek(<P),_ 
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B KOTOpOM xapaKTepUCTII'Iec1rn.lI MaTpuu;a • IlPIIHIIMaeT ·. KB83ll:lKopp;8.HOBY 
HOpMMhHYIO <pOpMy . 

. 
iJ(<,b) =X(<,b)(E + </>2µb.N + 4>2µ+1R(<,b)). 

Cnpa:neµ;nnBhI COOTHowem1~ 

k ·L 

Dei = Xe1 + 4>P+l L rue,, 
' l=l 

(1.1) 

k ·-• - . . +l'°' De; = >.e; + b.</>Pe;-1 + <,bP LJ r;1e1, . {1.2) 
1=1 

i=2, ... ,k. 
Ilapa601III'Iecx0My xnaccy co6cTBeHHhIX _oHa'IeHuii xapaxTepIIcTII"Iecxon: 

'-; MaTpm:ihI A OTBe"IaIOT p xnaccoB co6cTBeHHhIX•OHa'IeHnii peoonhBeHTHon: 
'·MaTpIIu;hI I(;, j = l, ... ,p. CooTBeTcTnyroxuue rnaBHhie DHa"IeHIIJI · 

· R-;(1/J) ~ exp(i</>;(1/J)) 

6hI1IJ:I onpeµ;'eneHhI n [3]. lfo OTIIX <pOpMyn, B_ 'laCTHOCTII cneµ;yeT, 'ITO 
',. . \ . ' ' ~· . 

R-;(t/J) = e;T..p(t/J), e; = _exp(21rij/p). .. {1.3) 

"ITo6hI onpeµ;enIITh IlplIMHTUBHhIH 6aouc, BBOl];IIM B paCCMOTpeuue BeK-
• ' ' •• ' • ' - J TOphI 

- E{(tp) = {R-_t1e1(</>;(1/J}), ••. ,R-;e1(</>;(1P)),e1(</,;(1/J)f; 

l = l, ... , k; j = 1, ... ,Pi r = rl + r2 . 

HanoMHIIM, 'ITO proonhBeHTHM MaTpntia IIMeeT nopJIµ;ox r * k. 3µ;ech II µ;a
ne~ T nepeBOl];IIT BeKTOp-cTpoKy B BexTop-cTon6eu;. IlpHMIITHBHhiii 6aouc 

. ' onpeµ;e1IJieTCJI COOTHOWeHHJIMll: 

E,1(1/J) = &l{tp); El( 'Ip) = di(E,1' e,2) = (e,2( 'Ip)- el(tp )) i 
. · (K2.- K1). 

~ E_;(1/J) = d2(el, el, el) ;,,,-(di(el, el) - d1(el, e,2)). . 
. • . . (K3-K2) · , ... , 

3 



. '· ..... EP(.!·) '. d··· (C'l · C'2 . C'P) ·1 . ·1 k ' ' , • . I 't' = p-1 ·c-1 , c-1 , • • • , c-1 i . = ; i • . _; , 

IIoCJie nogcTaHOBKlI B {1.1),(1.2) 
. . . 

.... • •2 ,;tp• C - •.,, 

e'"' = "R.1(t/J), <p "= --.-, >. = e'"' = z 
a+i/3 

nonriaeM TaKHe COOTHOWeHH.II . 

. r2 , k E A;"R.{e1(efJ1) = ze1{<P1) + <Pr+l Er1aea(efJ1),. 
j=-rl a=l 

r2 . 6,. k 

E A;"R.{e,( 'Pt) = ze,( <P1) +--.-{Jtpe/-1 (<Pi)+ <Pr+l E r,aea{ <Pt), 
. a+i · . ,:=;-rl; , a=l ., ... 

'IT0·0KBHBaJieHTHO . 

P k . 

MEf = "R.1Ef :+ tpt+(tfp! EE r!t( 1/> )E;(t/J ), {1.4) 
• t=l a=l 

. . . . P k , . , 

M El = "R.1El + 1P EE r~'{O)E!{0) + 0( ~t+(t/vl), (1.5) 
t=la=l 

2 $1 $ k. 

AHaJIOrii'IHble C~C>THOWeHH.II BepHbI gliJI £/. ();croga JiaxogHM 

ME{ =:"R.;E{ +E{-1 +0(~1-i:f), 

__ 2 $ j $ p, 1 $ l $ _k. 

,Il;pyrIIMH CJIOBaMII, B npnMUTIIBHOM 6am1ce penollbBeHTHa.lI MaTpnua HMeeT 

BHg M1(t/J) = 

['.

K.1E +Ru 
R21 . 

Rv-1,1 
Rv1 . 

E+R12 
K2E -J- R22 

Rv.;,1,2 

R.;,2 

R1,v-~ 
R2,p-l 

. K.p-,-tE + Rp-1,p-l . 

Rv-t,p 

4 

Riv •·] Riv 

t~~;;;;- . 
(1.6) 

I 
'I 

• I 

,. 
.1 

) 

i-
f 

j 
: 
j 

1 
1 

/ 

3gecb .R;; -KBagpaTHble aHaJIHTII'!ecKne MaTpHUbI nop.11gKa k. MaTp1~ii:ble 
0lleMeHTbl .R;i, 1 $ i $-p,' llMeIOT, nop.11goK O(t/J); MaTpH'IHble 0lleMeHTbl 

.R;;,1 $ i $ p,2 $ j $ P, l~~eIOT nop.11goK O(t/J1_;;
2

). TaK 'ITO B uenoM 

MaTpnua BOOMy~eH_H.II R = 11.R;;II HMeeT nop.11goK,O(t/J!). BoaHHKaeT ec- · 
TeCTBemioe )i,erirui:He. npHBeCTH R. K TpeyrOllbHOMY' BllAY •. ,K ·. CO)KaJieHHIO, • 

npn 0TOM paopywaeTC.II CTPJ:KTypa rnaBHoro 'IlleHa, KOTOpbIIi JIBll.lieTC.II 
rOTOBbIM MaT~ll'IlibIM ?KopgaHOBbIM JIU(HKOM, 

2. H:e:JihllOTeHTHOCTh rJiaBHoro ~JieHa paoJio:>KeHHJI 
onoxa Rp1. · 

. . . 

. Ilpn goKaoaTellbCTBe'ocHOBHOH ·TeopeMbl B naparpacpe 3 Mbl nocnegoBa.: . 

TeJibHO no6aBlIJieMCJI OT BHegHarciHaJibHbIX MaTpH'IHhlX aiieMeHTOB .R;;, :iia-'· 
'IHHa.lI C nepBoro CTon6ua>IIpu 0TOM cyll\eCTBemio llCilOllbOyeTCJI HHllbllO
TeHTHOCTb rnaBHOro 'IlleHa paonmKeHIIJI6lIOKa R.;,1, Cnpaiiegnnia•. 

JleMMa).l IIycTb. R.;,1 --~• 6..1"A' + 0( 1"1+~); _Ma;p~a A JIBJIJieTC.II .HHllbno.: 
TeHTOM, · · -.-, .. , · ,, .• .. '·· 

,l(oica;ame.-ibcmoo. 06ooHa'IIIM' 'Iepeo B IlOCTOJIHHyro :MaTpHey, npHBOgJI
IeyIO . A. x . :iKopµ;aHOBOH HOpMMbHOH · cpopMe J .. [1). , ,Il;oKa_>KeM OT npo-rn- . 

~ BHoro; "ITO Bee gHarOHMbHble ~miMeHTbl J Hyne:abie. Tax Ka.K B panlIO}KeHHH 

. MEf (cM: (IA)) BOOMy~eHHe HMe
0

eT riop.11goK O(tpl+~). nepBbIH CTon6eu 
MaTpHtibl A Hyne~oii. 3Ha'IH; Ha gnaroHaJIH J eCTb rio i<pa:ii:HeH Mepe ognH 
HyneBo:ii: 3lleMeHT. IIociie gononHHTellbHO~O npeo6paoOBaHHJI no,n;o611.11. 

, T = diag(B;B; ... ,B) 

M~Ti:mua M 1. nepexoguT B M 2 • ., B HOBOM 6aonce peoollbBeHTHM MaTpnua, 
HMeeT TY :iKe CTpyxTypy, "ITO n B_ HCXOgHOM npHMHTHBHOM 6aonce: rna~ . 
BHblll "llleH ripoCTO nepexogHT _B ce6JI, a R;; nepexog.lIT B BR;;B-1 

•. Cne~ 
goBaTellbHO, HX nopJigKH coxpaH.IIIOTCJI H Mbl OCTaBll.lieM AlIJI HUX c:-apble, 

0600Ha"ieHH.1I. Ba>KHO. lIHWb, · 'ITO Tenepb Rpt = 6..tpJ + O( tpt+;;), J. -
:iKopgaaoBa MaTpnua. IIycTb J HMeeT HeHyneBble gnaroHaJibHble ane~eHTbl 
71, ••• , 'Ym. IIoKa}KeM, 'ITO OTO np1-rnegeT K 'ncKa}KCHHIO rllaBHbIX OHa'J:eHHH 
'f;. co6cTBeHHbIX oHa'IeHHH peoonbBeHTHOH MaTpHUlf, ~ JIBlIJIIOTCJI KOpHHMH 

5 



MHOrO~JieHa . . . j,•' . ' .· . 

P(K,VJ) == Il(K;_; K_+ O(t/,~))1'+. 
. j=l ·. 

. p . ' a.' ,. ·. ' . ' . ' . ' ? l. II(R; - ~ + 0(t/J,)) .-m((D.tpr')'t1'2 • • •1'mS12 ... m(l + 0(v,,))+ 
, j=l . . . ·. . . . . 

. . , 'P . . 

: •. +(Av, )2(1't')'2S12 + .. -+1'm-1')'~Sn:-1.~ + 0(1/,;)) II (R;'~ ~+O(,t,~)r-2+ 
j=l 

At/J(1'1Si + •. ;+-y;,.sm + O(,t,f;)) Il(Rj- K + 0(1/,i))m-t)+ 
j=l 

p(K,tp) = F(K.iVJ) + p(K,tp) .. 

MHO)KHTenH s c HHAeKCa.MH pa.BHbI +1 HJIH -1 B 0a.BHCHMOCTH OT 0HaKa 
coOTBeTcTBYIO~ero cn~aeMoro onpeAeJIHTemI;MaTpH~ (M2(t/J) -:-:- KE).· 
Ba)KHO TOJihKO, "ITO OHH OTJIH"IHbI OT HYJI.11. IlepBe>e CJiaraeMo_e P( K., tp) JIB~. 
JIJ1eTC.11 nponoBeAeHlteM Bcex AHarOHMhHbIX oneMeHTOB. BTopoe CJiaraeMoe 
aaiiiieTci nponoBeAeHHeM CJieAfJO~ux aneMeHToB ( M2( t/J) - KE), coAep,Ka-

1.. 
~nx HeHyJieBbie AHarOHMhHbie 8JieMeHTbI, nop.llAKa 0( tp ), ')';t/J + 0( t/J1:, ), . 
_MaTptu~LI .Rp1• Beo orpaHn"IeHH.11 o6~HOCTH MO)KHO C"IHTaTh, "ITO ')'I CTO~T · 
B l-M CToJI6~e J. B npoHDBeAeHnn Bcex AHaroHMhHbIX aneMeHTOB oa.MeHJieM 
AHarOHMhHhie aneMe~TbI c HoMepa.MH l,l+k, ... ,l+(p-l)k Ha aneMeHThI c 
HHAexca.Mn er, _1+k),.(1+k, 1+2k), ~ .. , c1+(p-2)k, 1~(p-:-1)k), cz+(p:-c-l)k, 1), 
noCJieAHHH no xoTophIX .IIBJI.lleTc.11 l-M AnaroHMhHbIM aneMeHTOM MaTpH~hI 
.R,,1, / $ m. OcTaJihHbie JIBJIJIIOTC.11 BOOMy~eHHbIMH eAHHH"IHhIMH aJieMeH-a. . 
Ta.MH 1 + 0( tp, ). Trurnx 0a.MeH B paccMaTpHB!).eMOM CJiaraeMOM onpeAeJIH-
TeJI.11 MO,KeT 6bITh OAHa, ABe n T-A· AO m. CooTBeTCTBeHHO B cnaraeMoM 
npncyTCTByeT OAHH1 ABa u T-A· AO m MHO,KUTeneii, xoTopbie .IIBJI.IIJOTC.11 AH

aroHa.ru,;HhIMH aneideHTaMH MaTpH~bI .R,,1 nop.11Axa 0(,/,),-y;t/J + O(t/Ji+;). 
Bbiwe y)Ke 6wo OaMe"IeHo,"ITO m < kl HanoMHHM,"ITO R1(0) = 1. lfo AMh
Heiiwero 6meT acHo, "ITO P(l, t/J) coAep,KHT rJia.BHbIH "IJieH paono.>KeHHJI · 
P(l,1/,) (B oxpecTHOCTH t/J = 0) Hero nopBAOK ecTh 0(tfJ"). IloCJie oaMeHhI 

K. = 1 + t HMeeM 

. . • 1. 2 

R; - K = (dt/J)J -et+ 0(,/,"i), d = (ai + .Bt1. 

6 

l . .,, 

I 

I 
T 
~~ 

ii' 

I 

. IlorrmKHM ' 
. •, ,·· p '.·. !. ·. ;,:· / :;-,:·.:- ,,_._ .... '::· ' 

·: IT ((dt/J )J- t),=:' dt/J -::-t" == tpu .. 
j=l . . 

Cnp_a.BeAJIHBO cooTHowemie:, ,· : .. ~· 

. . ,. . l' .. :·'. ·:. . . ;,_,,/" .,.-: . .<' .. ,, '., 

·.,. · P(K., t/J }.= II (R; - "'+ 0( tt,in"-~( tpmQ( u) + S) + R, 
j=l 

Q(u) =um+ ('Y1s11 + .. ~ + -rms1m)um-1 + ... ·+ 1'1;. ;-yms1 ... m = O; 

P~w~H~ Q(~)-HeH;~eBbI~ .. iycTb·U~-OAHO ~o:~nx. EMy,_OTBe~aIO~ nc~~.:_ 

H<eem.Ie Kj = 1+ (( d-'- u 0)t/J)J; OcTaTO"IHbIH "IJieH S(K;, t/J) = 0( t/J".'+J) He · 
MO,KeT-nOBJIHHTh Ha rnaBHbIM "IJieH aCHMOTOTHKH HaHAeHHhIX HCKa)KeHHhlX' 
co6cTBeHHbIX OHa"IeHnii:. OcTaeTC.11 noKaoaTh, "ITO. 

, - . . - . . 1;+L . 
· R( ,,,, , t/J) ...,. 0( t/J -!.' ). 

TorAa n_ 8Ta A06a.BKa HH"Iero H_e lIOMeHHT B rJlaBH_bIX "IrieHax·paoJio)Ke
HHJI Ha.HAeHHhIX HCKB.,KeHHbIX co6CTBeHHbIX.OHa'ieHHH peOOJibBeHTH0~_Ma~ 
TpH~hI. , 

... Cna.raeMbie onpeAeJIHTen.11; COCTa.BJIJIJO~He R( ;:.,, tp ); . pli.o6nBaeM. mi. ABe 
rpynnbI. ·B nepByJO rpynny OTHeceM CJiaraeMbie, COACp,Kali{neMHO)KHTerin·. 

. (aneMeHThI MRTpll~bI· (M2(t/J) - KE)) nopHAKR 0(1); OcTMhHhle cirarae-' 
MhIC ( He nonaBWHe B p n B nepByIO rpynny) COCTaBJIHIOT BTopyIO rpynny ., 
CpeAn MHO,KHTeJiei'i cnaraeMbIX BTopoii rpynnhI ecTh xoT.11 6h! :oAHH no

PHAKa 0( t/J ! ). HanoMHHM·, "ITO B_ce BHeAHar~HMbHhle aiieMeHThI MaTpn~i.( 
. . .. ·.· .. ·., .. , • ·ec . 1 . . . . . . , .· ' . ' . , . 

M2( tp ). JIH6o 0(1 ), m16O 0( tp p ). A B ·paccMaTpHBaeMoM cily"Iae eCTh XOTH 
6LI OAHH BHegHarOHaJihHhIII ane~eHT iI OH,no 6ripeAeJieHHIO, He MO>KeT 6bITh 
0(1). OcTMhHhie MHO>KHTenu CJiaraeMbIX BTopoii rpynnhI nMeIOT nopaAoK 

xax MHHHMYM O(tt,l<). Bcero eCTh pk MH~>KHTeireii. TeM Ca.MbIM AOB:aoaHo, 

"I~OBce_ ~~aeMhie'BTOJ)OJi rpynnbieCTb O(t/J"+~) . 
. l{a,KAOe CJiaraei.ioe nepB0H_ rpynnbI itMeeT 0AHH HJIH HeCKOJihKO MHO)KJl

TeJieH nopJIAKa 0(1). B&AeJIHM cpeAU aTJiX MHO)KHTeJieM CBJI0Hhie ~eilO"IKH 
~JieMeHTOB c HOMepwn (l; l + k), (l + k, l + 2k),.:. ;(l + (s - l)k, l+ sk),· 
s :5 (p ,:_;_ 1).: ~JIHHa ~eno•ixn. 3a.MeTHM, qTo eCJin KaKOMY~TO cnaraeMoMy 
nepBOll rpynnhI OTBe'iaeT HecKOJihK0 CBJI0HhIX ~eno"IeK, TO MHO,KeCTBa. nx 
ao~epoB·HE; nepexph!BaIOTCJI. B "IaCTHOcTit, Bce·oHn nMe10-r paottbie Ha"Iana 
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l H pamu,xe xoHnhI l+sk. B npoTIIBH0M cny-q:ae xaxoii-To aneMeHT MaTpHUhI 
CTM 6hI xpaTHhIM MHO)KHTeneM cnaraeM.oro onpegenuTemI. . · 

IlycTb B KRKOM-TO 'CJiaraeMOM' nepB0H rpynnhI eCTb XOT.!I 6hI ogHa 
CBJIOHaJI neno'lxa AliliHhI s < p - 1, l- Ha'IMO aToii• nenO'IKU. Torga MHO
)KllTeneM llO l.,-ro CT01I6Ua B paCCM8.TpUBaeMoM: cnaraeMOM MO)KeT 6bITb 

' . . .!.il 
BD.!IT TOlibKO BHeji;uaroHMbHhIH aneMeHT u ero nopJigox He HII)Ke 0( t/J P ). 

,IJ;anee TaxoiianeMeHT!l.:...ro CToiI6ua (l_; Ha'IMO nenoqxu) Hat3hIBaeM nog- ·. 
gep)KUBaIOIUHM aneMeHTOM neno'lxu. B o6meM cny'lae noggep)KUBaIOIUnii 

. Lil . 
aneMeHT.neno'IKll gnuHbI s uMeeT nopJigoK He HU)Ke,'leM O(t/J_ P ). OcTanb-

.. , ~ • ' ~ • V • • ' , • l; " '• • • : 

Hbie MHO)KIITenu paccMaTpnBaeMoro cnaraeMoro onpeAennTen.111 He aoweg-
wue· B CBJIDHhie neno'II<H H He srnnaroiuneCJI aneMeHTaMH noggep)KKH neno- , 

. L 
'leK,' HMeIOT nopJigox He HIUI{e ,'leM 0( t/J P ) •. CnegoBaTelibHO,·, ecnu eCTb XOT.!I . 
6hI ogHa ~ellO'IKR,AlIHHR KOTopoiLMeHbllie MaKCHM8JlbHOi1 p - 1,: p'accMaTpH~ 

- , k 1 
BaeMoe cnaraeMoe HMeeT rropn.n,oK He HHme, qeM 0(t/J +;;), . 

· OcTaeTCJI paccMoTpeTb cnaraeMhie onpegenuTen.11, cogep)lcamue CBJID
Hhie ueno'IKH Ton1>xo MRKCIIMaJibH01i gm1HhI (p - 1 ) . .IlycTb Taxnx .ueno'leK 
j H HR'IHHaIOTCJI oHn B cTpoxax .c HOMepaMu 11 < 12 < · ... < lj $ k. 

.. lJaM.e"l.aim.e.' Cpegu COOTBeTCTByrouiux gliaroHMbHbIX aneMeHTOB Ma~ 

Tp~i.t Jlp1 (~rieMeHTOB ~ 'HoMepa.MH 11, 12,: .'.1 lj) CCTb XOT:fl 6hI ogiiH no

p.ligKa 0( tpl+:J.). B npOTIIBHOM cnr1ae paccMaTpIIBaeMOe cnaraeMoe OIIpe-' 
genUTCIDI 6hI1IO 6hI OTHeceHb X P( K, tp ). OTcroga cnegye; ., 'ITO ll})0UDBege
HIIC guaroH~HI,ix aneMeHTOB MaTpnuhi: !4,1 C H~Mepa.MII Ii, 12,:.:, l; CCTb 

• i;-· . . • . . . ' ·.• 

0(t/J'+P). . ' 
Ilogge_p:iKUBaIOIUHC a~e~eHThI no~HbIX ueno'leK CC'l'.b 0( t/J ). Cne~oBa-

- , .. \ ,. 

TelibHO, .IIp0H3Be.n,eHHe: aneMeHTOB paccMaTp1rnaeMbIX llOlIHbIX- ueno'leK U 
HX noggep~n~a.IOIUUX aneMeHT~B CCTb 0(tJJi). Bcero B npon\JBegeiuci: pj 
aneMeHTOB. PaccMaTpUBaeMble 1101IHbie· u,eno'IKII :KOHqaIOTCSI B CToii6uax C 

. ' - - ' . . . ' ' '~ . ~ 

HOMCpaMH .·• 
m1 = 11 + (p _;'l)k;·~' .. ,~j == l;+(p- l)k.: 

MHO)KU~enu Im CTpOK C HOMepaMU m1, ... , m; paCCMRTpIIBaeMoro cnara-
.,. . . .·. . ' ,' 

CMoro.onpegemITCIDI.HC .!IB1I.IIIOTCJI g11arOHMbHhIMU aneMCHTaMII MaTpllUbI 
(M2(t/J).; KE): BoD~OJKHhI Taxxie cny'iaH. B )iepBOM cny'lae MH0)KllTC1Ill 

• • __ . , -· · ,· : . .. I : · . · • f ·• • , •• .·; • ; , ~ , ·• .· • 

HD CTpox C HOMCpaMll m1, ... , m;. np1rnag1te)Ka:r c:ron6na.M: C HOMCpaMII 
Ii, 12, ••• , l; ll _DHR'lllT .!IBII . .IUOTCSI nogg~p)KH_BaIOIUHMll aneMCHTaMll paccMa: 
TpllBaeMhIX llOlIHhIX nenoqeK. 3aMCTliM; 'ITO OHll JlB1I.!IIOT6i BlleMeHTaMll 
MaTpHU:bl .Rp~. Tax xax OHH HD paoHbIX cTpox 11 pooiihl~ cTon6uoB 1To aTo 

• • • ' • ~ • '' ' : • ' ' • ' • ' ' • •,.-: • I •: • l > ! ·,. ~ _ - • : - •~' · •, . 

8 

:, 
\. 

t 

. j 

-; 
~ 
. l 

I•· 

I, 
,/1\ 

'r~\, 

'·· 

nu6o gnarOHMbHbIC aneMCHThI MaTpllUbl R,,1 ll Torga llX npOHDBegeHIIC. 
. 1 . . .. - ·• .. 

eCTb 0( t/J'+ P ). Jiu6o·cpeg11 Hux ecTb. xoTsi 6hI og11H, pacnonmKeHHbIH HmKe 

r~aBHOH guaroHanu 'R,,~: OH llMeeT-'nopsigo~ 0(tJJ1+f;), CnegoBa;e1IbHO, B 
nepB9M cny'lae npo1roBegeH11e aneMCHTOB paccMaTpnBaeMbIX nonHbIX ueno
'ICK n'ux noggep)KIIBaIOIUIIX aneMeHT_OB CCT~ O(tJJi+}). . . '. 

Bo BTOpOM cny'l~e B ·paccMaTpIIBaeMoe 'cnaraeMoe onpegennTemI BXO
All! i, 1 :5 i :5 j, aneMeH_T';)_B_ 113; ~Tp_OK ,C HC>MepaMu m1, •.. , m;, KOTOpbie 
He npIIHagne)l{aT CTon61:{aM 'c· H0Mepa.Mu' 11, 12, : •• 'l;. Ka)KgbIH II:3 3TIIX 

2 

aneMeHTOB eCTb 0( tpP). ~HR'IIIT
0 

B paccMaTpHBaeMoe. cnaraeMoe BX0AHT 

jp + i 31ICMCHTOB, npoxmBegemre KOTOpbIX CCTb O(t/Ji+o/;). OcTan~HhIC ane: 
l. ' .. ·-· ' ·. ' . . · .. 

MCHTbI CCTb 0( t/J P ). D uenoM pacCMRTJ>HBaeMoe npoimBegeHne pk aneMeH-

TOB HMCCT nopagoK O(t/J~t:}.). B,pe:3y1IhTaTegoxanaHo OT npOTUBH0r?,"ITO 

. I. 

Rpl = AipN + 0(tpl+P). 
,.i.. 

(2.1) . 

3gec1>.N-:-::- *a'pgaHoBa.HimbnoTeHTHM MaTpuua [l]: ·nepB~-H~A ;~-~Ho:ii 

guaroHMI, COCTOHT HD Hyneii II egI~HIIU, OCT~bHhle ~~~MCHT~ ~yneB~I~, 
JleM.M.a 2.1 ao1Ca3aua. . . ,. 

3. llocTpoeaue MaTpuqaoro }KOpµ;aaoBa Jill\HKa 

~elibIO Hac~~~~ero-~aparp~.{~~lISI~TCSI goKaoaTe~~~TBc{o~H~~HOH Te-
. ',/., ' ~ 1' 

opeMhI. 

c TeopeM.a 3.1. IlycTJ," B OKpeCTHOCTU '<p = 0 co6,;'.l'BCHHbie DHa'ieHUSI A 
xapaxTep11cTII'lecxo1i MaTpllUbI CHCTCMbI, pat3HOCTHbIX ypaBHeHuii cocTa
B1ISIIOT egllHCTBeHHbIH. napa6omI'iCCKl[H 'xna~c :c I'JI~~HbIM DHR'ICHIIeM . 

X === exp{(~i--;-; [3)¢2") •. 

T~rga B ~~p,ec~HocT~ ~ = 0 •~;me~~B~eT_:~~~c aHanMin~~~K11~aei-rdpdB, 
'. . '· . . . '' ' ' - '. .·. ·. ' ~.: ' - .• . . . <; . ~ . '. ': •' .. ' - ... ' ' 

. B, KOTO!)OM pCD<mhBC?'l'Ha.11 MRTpllUR UM~CT BU~ MciTpll'IHOrO ~-OJ>~8;~0~a 

~;..' ~ 
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.snnmca: 

I 
01 

M(,J,) = . I E. 0 
02 E 

0 0 

~ -]''' . . , .' .. 
02µ 

p; = R.;E+iANt/Jf +O(ip!), 

j = 1, .. :,2µ, 

_ .. ·· .. t/J·-k 
K-; = .exp( i</>; )'. </>; = ( 0 + ip )/, 

fl ·.;.npoHDBOm.HBJI ICOHCTaHTa, ·N -mopAa.HOBa: HHn1>noTeHTHBJ1 MaTpm~a 
{cM.(2.1)}. 

)To,ca3ame.itbcmeo. ,I(m1 nocTpoeHHblX B npeAbtAYineM naparpa4>e 6aon
CHhIX BexTopoa coxpweM · cTapble 060:lHa'leHWI. CnpaB~nHBbI cooTHo
weHlUI: ·· 

. ~ k 

MEl = R.1El + ipl+} EI>!'{tf,)E! = K1El + O(ipl+}), (3.la) 
t=l•=l 

· p-1 k 

MEf = ~1Ef + AipEf_1+,/J E Er!'(,/J)E!.+ 0(,/Jl+~), (3.16) 
t=l •=1 

2 $ l $ k, 

ME/= R.;E/+ E/-1+ O(ip1-9), · (3.1B) 

2 $ j $ p, p = 2µ, .1 $ l $ k. 

OHR oTnH'laJOTC.11 OT cooTBeTCTBy10inux cooTHOWeHHH npeAblAYinero na
parpaq>a cpopMynoi1 (3.16). MbI ncnom:,ooBMH neMMY (2.1) H -ron1>1Co Arut 
npocTOTbI HanHCaHWI B:lJinH N B Bup;e op;Horo mopp;aHoBa HHn1>noTeHTHoro 
ain~a .. lfo A~bH~iiwero 6j'AeT. JICHO, '!TO p;oEaoaTeJlbCTBO Bepiio Arut npo
H:3BOnbHOH lKopp;a.HOBOH HHnbnoTeHTHOH N. HanoMHHM, '!TO B paccMaTpH

BaeMOM 6am1ce proom,BeHTHrut MaTpm~a HMeeT BHA (1.6) c 

Rp1 = At/JN + O(ip1+}), 

10 

l 
1 

I 
'! 

L 
1 .. o 
\~ 

1 ... '1 
l 

! 

?)1 

d v, 
/. 

I 
ii 
I; 

.i 
J 
,·. 
! 

{ 

MaTpH~a M2(t/J). Ilop;npaB~.11.11 nep:sy10 rpynny BeKTOpoB; no6~nJieMCJI OT 
Rp1: .· . ' . - : . 

.. ·. k 

. ,· .. · E] = EJ + ,E :c,;Ef .. 
l=l 

Cnpa:s~rul~hI COO;HOWeH~IJI ' 

- . -1 . k . , . 

, MEJ = R.1(E; - 'Ex,;Ef) + A,p(l -61;)Ef_1+ 
l=l 

· • k · .. p-1 k , . , .. 

tpl+~ '°'rP~ EJP + tp '°' ~r'~E'+. LJ IJ . I . LJ LJ •J , • 
l=l t=l•=l 

k p k 
'°' (- E. P E. p-t ·'·

1 '°''°' 'PE') LJ:Clj Kp I +. I. + y,P L..J LJ,rl, • • 
l=l f=l •=1' 

1 $ j $ k. 

3p;ec1, H p;anee 6,;- CHMBon KpoHeICepa. IlonomuM Xp1 = 11:c(;II, X(j yp;oBne
TBOpJIIOT CHCTeMe 

. ' k ·. . ' k. · . ·. •. · c- , - ) + .1.1. '°' ('°' pp lp ) ,;,JJ·-,;,1 :c,; y,P LJX•; L..Jr,1 -r.,x,, -
•=1 f=l 

k . • 

tp E r!Jx,, = ~t/J61.;-1(l - 61;) + tpl+~rff, (3.2) 
•=l 

1 $ l,j ~ k. 

0Ta CHCTeMa pewaeTC.11 MeTO.JJ;OM npoCTbIX HTepannii, Ha'!HHa.11 c Hyn.11 , · 

k k · . 

( - - ) '1+1 .,.1 '°' '1 ('°' pp . lp k) 
Kp - K-1 x 1; + y,P L..J :c,; LJ r,1 - r,1 x,, -

•=l t=l . 

k 

t/J E r!Jx?. = At/J61.;-1(l - 61;) + t/Jt+~rf/, 
•=1 

1 ~ l,j $ k, 17·~ 0. 

Ilony'laeM, '!To 

AN,p - • /- •. · . 
Xp1 = _ _ + O(,p) = Yp1AN + O(ip). 

• Kt - Kp 
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B noµ;npaBJieHlioM 6a::mce proom,BeHTHaJI MaTp~a npnm1MaeT Bnµ; M3 ( tp ): 
6_JI<?K, I_l,p1. o~yfl~~7c~.; 6.rro.l( __ R,,:-:1,1 ~epex_o~n:r;l3. ?(p1 ,. R,,2; ~ -: XP!: )3 o~Tam:.i. 
HOM coxpaHJieTC.!I CTapaa: CTJ)YKTypa.Ha 'caMOM µ;erre R,,-1,1 0aMeH.!IeT~ :S 
(1~6) Ha Rp-1,1 +Xpi, Ho R,,-1,1 = 0( tp) ( CM.(U5)), a Xp1 onpeµ;erreHo c Toq
HOCTbIO µ;o O(t/J). AHarrOrII'IHO·R,,2:oaMeH.!IeT'cii Ha Rp2 - Xpt, HO n_oµ;ec1, 
Rp2 = 0( tp ). Ilepeonpeµ;eJI.!IIOTC.!I n 'µ;pyrne R;;' HO nx CTpyKTypa coxparur~ 
eTc.!I, a Hae llHTepecyroT rrnwi nx nop.!Iµ;Kn , OCTRBJIHeM' 'in:i HlI)C,CTapb!e 
o6ooHa'IeHll.!I.KaK Mhl yBnµ;nM B KOHI~e, rrraBHJ;,Ie 'IJieHbI .paorroJR:eHll.!I no-

• • • • • " ,° ,' < ~ C ) ' • •' • 

cTpoeHHoro MaTpH'IHoro JR:op)ia.HoBa HrtinKa OaBllC.!IT.Toni,xo OT rrraBHoro 
'IJieHa paoJioJR:eHll.!I R,,1, N tp. 

AHarrorn'IHO no6aBru,r~~~ o.T. 6rroKoB_ R,,..,.1,1; ... , R 21 . B proyJI1>TaTe pe-
ooJI1>BeHTHaJI MaTpn:ua· ~pnBoµ;IITC.!I K BII~y · · : · · 

. ~ ~ '. ,' ' 

.... [ ~1E f X21 .. ..:~ + R12 .. : : .. · • 1 ., '. ,· .o K2E-X21 '. ... 
Mp+l = . . . , .. ' . . . . : ·. ' 

0 .· .. __:Xp-1,1 • . . • . 
· · · ·o · x·· · . . . - p,i • 

HoMeHllJillCb nepBbie µ;Ba CTOJI6:ua, B, OCTaJibHOM coxpaHnJiac1, CTapaa: 
CTPYKTypa. MaTp~bI X;1 onpeAeJI.!IeTCJI 'cooT~ow_eHll.!IMll 

\_. ,.. ·.,_. . 

;X;1 ~ ~jt~JI! +0( ef,_
1-9-), 

(--e 1 ),;::+i-i~ 
Yit = (i\:i -i\:p),•.~(i\:i - i\:;)" 

B 'IacTHbcTn,·,,. !·,· ... -\ ~---':, 

= (-l)p-1 tp 
Y21 ... (- ~) c-· _) ·. · . . : . ~1 -:" '/'f,2 ; • . K1 - Kp 

!. . 
BcnOMHllM (cM.(L3)), 'ITO Kj = exp(iip;), 'Pi= (dt/J)j = fj'Pp• OTcroµ;a 

cJieµ;yeT., <.,': .. < .::. ;.;, .. ,/·',:a····,··· .. '°' 
. (i)P-ltp 

Y21 = (.J..··) -t( . ·)·· ·( ) = 'f'p P • ft - f2 .. ; ft - fp 

. -(i)Pit/J(l + O(t/J~) -c(-l)µiip1(1 + O(t/J~) 

( ,J.. )P-lpfp:-1 ~ . . : ·p·. ' '/Jp . 1 : . . . . \. . . .. 

12 

I 

·,c =a+ i/3 = uP,'u,<p; = 1/iJ, 1 $. j $. p, (cM.[3]). 

IIocTpoeH nepBbIH MaTpll'IHhlil CTOJI6e:u MaTpll'IHOro JR:opµ;aHoBa .!ImnKa .. 
. . l. . . 2 

('R-1E+;i~t/JJN·+ O(t/JP), 0, ... ,Of . 
. - ' . 

Ha caMoM µ;eJie npn ip1 cTonT µ;pyroii MHmKnTeJib·-c~iP /(up).MbI MOJR:CM 
COOTBeTCTBYIOmHM o6paooM BbI6paTb KOHCTaHTY<B (2.1). '.·.,' ., 

. . 

AuaJIOrlflIHO npeµ;LIµ;yuieMy uo6a.BJISICMC.!I OT .:..xpl BO BTOpOM MaTpll'I
HOM'CT~n6Je, noµ;npaBnH BT<>py10 .rpynny 6aoncHhlX BCKTOPC?B EJ. H1b1{
Hne MaTpll'IHbIC arreMCHTbI BTOporo II TpeTbCrO CT0116t:(OB. npeo6paoyIOTC.!I 
K Bnµ;y 

Xp2 - Xp-1,1, O; Rp-1,a, ·· -Xp2 

C0OTBCTCTBCHHO. MaTp11:ua Xp2 o;pe;n;ed.!I~TCSI CO0TH0WCHHCM 

X Xp1 . 0( t-!.) p2-=·(_ _) = Yp2~N + tp ... P , 
K2 - Kp . 

_ 1/l . · __ .· Ypt 
Yp2 - (- - )(- - ) - (- - ) . K1 - Kp K2 -: K.p K2 -. K.p . 

Ha ceii pao Mbl
0

He M0JR:CM 0aMCHllTb_ Ri>-1,2 + Xp2 .Ha x;2, TaK KaK Xp-1,1 
ll Xp2 BC11ll'IllHbI oµ;Horo nop.!Iµ;Ka. )];ai11>Hei1wnH'npot:(CCC llCK11IO'IeHll.!I onn
CbIBaeM B o6meM Bnµ;e.IlycTb BLIµ;eneH (j - 1)- ii MaTpn'IHbIH cTon6e:u 
JR:opµ;aHoBa .s:mnKa. Torµ;a onpeµ;eneHbl · 

X;,.;-1, .· .• , xiJ·-1 

n: j- MaTpll'IHbIH _CTOJI6eri, Ha'IHH~ c j.:..j; CTpo~n,nMee'l' B~µ; 

('R-;E, - _X;,;-1, -X;+1.;-1, . . ·., -.Xp,;-1f. 
. . . 

AHarrorn:'IHO np eµ;hlµ;ymeMy, iiaxoµ;m.1 . . 
. .. ';·. . 1-i=!. 

Xp; = YPi~N + O(t/J P ), 

Yp,;-1 
Yp;=-(- -)· Kj - K.p 

CnpaBeµ;JIHBbI cooTHOWeHHH 

·•. · · Yi+1J - YiJ-'1 
Yii = - .• (- - ) , 

K.j - K; 

13 

(3.3a) 

~ •.-• ... 



'ITO a:ri:BHBaJieH'ilio 

,/ 

Yi+t,i ,+ (K; ~ K;)y;; = Yi,;-1,, 

i+1$i$p-1. 

BBeAeM B pacCMOTp~iuie BE:KT0pbI ,· 

:, Y1 = (Y;+t,k, .. '. 'y;,.f' k = 0, 1, ... ,j, 
> • , '- : -

; , ( . , )T Yo,= O,O, .. ,.,TJ, • 
·- ·• .,·, 

IlepemtweM (3.3) B MaTpn•rnoM BHAe 

(K;E + G;)Yj = Yj_i, 

, r-it;+1 1 . 0 l 
G . . . ... . ; = . 1 • 

0 0 ... -Kp 

CnpaBCA1IHBbI cooTHoweHHJI 

(K1E +G;).;. (K;E+ G;)YL=== YJ, 

yi - T.2 1A":"1T-Y/ J.- J JO> 

A; = diag(>.i, ... , >.!-:;), 

>.! = (K; - K;+.) ... (it1 ~ it;+.) = _ 

(i</>1.)i e~ ... e;(l - e.) ... (1 - ~;+ .. ~1)

MaTpnua T; npeo-6paoye-r G; K AHar~HMb~oMy BHAY= 

T -1 (t; ,, ti) 
j = lt• • •, I , I= p-j, 

t! = (1, (~;+1 - K;+a), • • •, 
•-1 

IT(K;+i --~;+ .. ),o, ... ,of. 
t=1 

Ha CaMOM Aene Hae HHTepecyeT paoHOCTb Yi+iJ - YiJ-1• 

14 

(3.36) 

(3.4) ' 

(3.5) . 

(3.6) 

(3.7) 

/ 

JleMM.a 9.1. CnpaBeAmrna cpopMyna· · 

; ·: (-1)"+1 (a + i,8)icpj{~), 
Yi+id - Y;,;-1 = . 

. p 
(3:8) •, 

,l(o,ca3amMbCfflBO~' lfo (3.4) c~eAyeT,'lTO Z; = T;YJ .JAOBJICTBOpJIIOT co~ 
OTHOWCHHIO . ' ' . , , . . . 

1 . . 
T;- A;Z; = Yd. . ,. (3.9) •. 

, Tax xax B nepBbIX cTpoKax_ MaTpm:~ Ti\ T;:11 CTOJIT CAHHH~, CM. (3.7), 
TO Yi+iJ, YiJ-1 , nepBble.KoMnoHeHTbI BeKTopoB T;-1 Z;, T;:\Z;-1 ,paBHbI 

cyMMaM KOMOOHCHT BCKTOpOB Z;, Z;-1 COOTB~TCTBCHHo. licnoJiblJYJI (3.5)~ 
(3. 7), MO:lKHO npoBepHTb, 'ITO TpeyroJibHaJI MaTpm:~a T;-1 A; nony'IaeTCJI 
nlJ Tp~yroJibHOH MaTpHUbI T;:\A;-i BbI'IepKHBaHneM nepBoro cTon6ua n. 
nepBoH cTpoxn. OTCIOAa n mi (3.3),(3.9) HMeeM, 'ITO Z; nony'IaeTcJI Hl3 Z;-1 
oT6pacbIBaHHeM nepBoi1 tmMnoHeHTbI. CneAOBaTe1IbHo, HHTepecy10~aJI Hae 
paoHOCTb (Me)KAY cyMMRMH .KOMOOHCHT BCKTOpOB Z; H Z;:.:.i)' npoCT0 pai:nia 
nepBOH KOMnoHeHTe Z;-1, BlJJITOH c o6paTHbIM.13HaKOM 

Y;+i,; - Y;,;-1 = -:-Z;-1(1). (3.10) 
. l ' . ' . . ' ' · .. ' . l 

BbI'lHC1IJieM Z;-1(1), T;:1A;-1Z;-1 = Yr . Ilo HlJBCCTHOll cpopMyne [l] 
AJIJI peweHHJI cncTeM nnaeHHbIX ypaBHeHHH · · 

d (Y,;-1 d-1t;-1 d-1 ;-1) z. (1) = et O t -'2 2 . I••• I -'l+l tl+l = I .. 
J-1 d t( \J-ltJ-:•l '. ,,-1t,-1) :' ' 

· e -'1 1 , • • • , -'1+1 l+l 

d-1 d-ld t(G) 
(-1)'+1 "2 ... "1+1 e : (- - . 

. 1P ,,-l '"-1t'-1(2) t'-1(1 + l)' - p J. 
-'l • • • -'l+l 2 • • • l+l 

BepxHru[ TpeyrollbHaJI MaTpHua G.onpeAeJIJieTCJI cooTHoweHIIJIMII' 

c1; = 1, 1 '$ j $ I, 

C21 = (K; - K;+1), C22 == (K; ._, ~;+2), ... , C21 = (K; - K;+1) 

C31 = 0, C32 -~ (it; - K;+1)(it; - K;+2), ... , 

C31 = (K; - K;+1-1)(K; - Kj+l), •.. I Cjj = 0, 1 $ i $ I~ 2, 
1-1 I 

c1,1-1 = IT (K; - K;+.,), · c11 = IT (K; - K;+_,). 
•=l •=1 
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I . 

IIocneµ;oBaTeJibHO ocBo6oxq\aeMc.n: OT eµ;HHHn; B BepxHeii 'cTpoxe noµ; OHa

KoM onpeµ;enuTeJIJI.~ B peoynbTaTe_ n.?JIY'l~IM, 'ITO det( C) = det( C). IIepBrui: 
' CTpoxa MaTpllll;bI C cocT011T. ua Hyneii ·; icpoMe nocneµ;Hero aneMeHTa 

.',· ·, . . ' ' 

·cu= (-l)'~~ (R;~1,~~;+1) .. : . (~;+1-: - R;+1) 
' . · {Kj - Kj+i); .• {Kj - Kj+/-i} 

B, peoyJibTaTe Haxoµ;uM, 'ITO 

'det(Cf= (-1)1+1tt1(2): .. t{:.1(l)c11. 

IIocne noµ;cTaHOBKH B (3.11) uiieeM 

· · · ·· · · ·'·c11 , z: (1) ..::..· . 'I' . 
,J;-1 ::-- ,\{-lt{;{(l +1)° 

'·. 

BcnoMHIIM (3.6), _'!To : . 

d:.1· · ·(_ ~ ) ·, (~ . - ) 
"1 . :": Kj-1 ~ Kj • • • K1 - Kj • 

tf+f (l + l) =: (R; - R;+1)· ... (R;+1-1 - R;+1). 

0Tc~µ;a cneAJeT · 

·. ·.. .. . .. "(-:l)P-ltp . 
-z;-1(1) = c· - ..•. -. ) . c- " - . )(- - . ) . ·c- ... - ) = 

Kj - K1 . . . Kj - Kj-1 Kj - Kj+l .. • Kj - Kp 

-(i)Pit/J(l + O(t/J~)) 
: P<Prl ·· -c( .:..1)µ -~-(1.+0(t/J~)). =---i'f'J p, 

JleMMa 3.1 µ;oxaoaHa, µ;oxaoaito cy~eCTB0Bam1e aHanHTlI'lecxoro 6aouca, 
B KOTOpOM peOOJibBeHTHaJI MaTpnn;anMeeT_6JIO'IHO-TpeyronbHbIIi: BUµ; 

[ 

Ci E+ R12. •. • • Rip.'] 
M( t/J) = O . · C2 . . . R2p . , 

. . ... . 
. 0 . 0. . .. Gp 

(3.~2) 

... 1 2 . e::.iil 
C; = R;E + it::,:1pJ N + 0( tp ii), R;; = 0( tp P ). (3.13) 
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. . . . 1 .. . . . . . 

Tax xax {R;:.... R;) = 0(tp'ii), Mhl 6eo oco6oro TpJAa uo6a.BlIJieMCSI OT BOOMy-
~eH~ii R.;, cepueii MaTpH'IHbIX aneMeHTapHbIX npeo6paooB~IIH noµ;o6HJI. 
JleMMa S.2. Haiiµ;eTc.n: HeBbipO)KgeHH8:1, aitanuT11'1ecxa.ii Ma.Tpun;a T ·TaxaJI, 
'ITO 

[
. C· 6-·E'+·. 0 -,. ·]· · · [ C· ·s--E.] . T. ' '' · ".Li'. T-1 = . ' '' . 

· · · 0 C; · · · · 0 C; 

,{(o'IC0.3ame,1tbCm60:· 'I'axoii M~;pn:rieii JIBJIJl~TCSI . 

, [B Q;;]' -T= o E 
~ I ) 

Q;; JAOBJieTBOpHeT 

C;Q;; - Q;;C/'= R;;. 

Iloc;eµ;1I~e MO)KeT' 6~T~ p·e~eHo' Me~oµ;oM npocTbIX 11:,epan:uii, Ha'IHHaH c 

HYJIJI: 
-~ 

Q'l · R;; · · ·. -~<·;· ~ NQ. 11-I, · .,JQ· 11:...1 N) · 
ii= (R;...:..:R;) -i. 'Yi. ii. +'I'; ii .' 7J 2:: 0. 

Mi,r ucnOJibOOBMH (3.13), 110 KOToporo, B 'JaCTHOCTII, cneµ;yeT; 'ITO 

'R;; . !!=i±! _-. -_- = 0(t/J p ). : 

(K;-Kj)_ . . . 

JieMMa 3.2 µ;oxaiaHa. B oaxnro'leHHe µ;oxanaTeJibCTBa OCHOBHOH TeopeMbI 
OCTaeTc.ii: OaMeTIITb, 'ITO HCKJIIO'leHue BOOMy~eHIIii B (3.12) npoHOBO/J;HTCJI 
nocneµ;oBaTeJibHO no CTpOKaM, Ha"!HHaH C net>Boii:. II .B Ka)Kµ;OH CTpoxe CJieBa 

HanpaBo, Ha'IHHM c R;,;+1. lIMe10~uiic11 oanac npo'IHOCTH (3.13) nooBomreT 
npo110BeCT1111cxn10'1eHHe Bcex R;;. TeopeMa S.1 µ;oxaoaHa. 

· ::Ja1C1t10'1(,e11,ue. 3aMeTuM , 'ITO HMeeTc.n: noJIHM aHanorHJI nocTpoeHHoii · 

MaTpll'IHOn: aHMIITU'lecxoii HOf>MMbHoii q>opMhl c )KOpp;aHOBbIM JI~IIKOM 
[1] µ;JIJI nocTOJIHHblX MaTpun;. lIMeeTc.n: TaK)Ke aHanorHJI nocTpOeHHblX µ;H
aroHMbHblX 6noKOB C; c KBa:JH)Kopµ;aHOBOH HOpMMbHOn: q>opMoii µ;JIJI "r-11-
nep60JI11'lecx11x 6noxoB".· ThaBHblM 'IJieHoM panno)KeHuJI JIBJIJieTc.n: R;E , a 

1rnaBHblH 'IJieH BOOMy~eHuJI nponopn;HoHaneH nepBOMY HeJIHHen:HOMY 'IJieHy 
panno)KeHirn In( R;( tp) ). ,Il;oKaoaHHM oµ;ecb TeopeMa cy~ecTBOBaHIIJI xBa
ou)Kopµ;aHoBoii HOpManbHoii q>opMbl µ;mi: napa6onH'leCKoro 6noxa BMecTe c 
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AOKa:J~H~lI p8.Hee TeopeMOH µ;Jrn r1mep6omPieCKlIX' ClICTeM µ;o. KOHQ_a pe
waeT npo6iieMy IIOCTpoeiiuH HOpMaJibHOH cpopMbI petlOJib~eHTbI µ;JIHJIHHei'i~ 
H~~ panH~iCT~U,IX KP.aeBbIX aa~aq o6uiero BHµ;a. . . . . . . 

" -· ,, " " -· , i," - , ., • 

Ilpuuowy 6naroµ;apuocTb H.C.BaxBanoBy oa, lIHTepec K MOlIM 
lICCJiep;OB8.HlIHM u IIOCT~HHiiyro' no~µ;ep:iKKy:· BecKOHe'IHO 6naroµ;apua 
H.C.BaxBaJIOBY oa Tpe60BaTen1,uocTb, KOTopM BbIHY:iKAaeT µ;oBOAlITb pa-
6oTy µ;o KOHQa. B peoyJibTaTe MHe nocqaJTJilIBlIJIOCb y::maT:b KpacoTy npo
CTbIX oaKOH'!eHHbIX MaTeMaTlI'leCKlIX peoyJibTaTOB. 
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