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1. Bne,n;eHHe 

Ilo,n; TO'le'IHhIMH B3aHMO.n;e.ltcTBHJ!MH B CHCTeMe ,n;eyx 'laCTHD; o61I'lHO IIOHHMa!OT B3anMo.n;ell:CTBHJI, 

HeTpnenaJibHhle irnrnb· npn HyrreBoM paccTOJIHnn MelKJIY qacn1naMn.· ·Krraccnqec1m:ll: npnMep Ta

KHX B3a1rno,n;e.ltcTBnll: - IIOTeHnnaJih! HyJleBOrD· pa,n;nyca B JI.n;epHoll: q>H3HKe· [1], [2], KOTOphle 

npo'lHo 3aHJIJIH cBoro "aKorrornqecKyro mnny" nocrre pa60T11·X.Bete n P.Ilatteprrca [3], noceJI

IIIeHHoll: Teop1rn ,n;e.ltTpoHa.· B noll: pa6ote 611rro enepBLie oTMe'leHo, ''ITO 6rraro,n;apJI MaJioMy 

pa,n;nycy ,n;e.ltCTBHJ! (JI,n;epHLIX) CHJI MHorne ceoll:cTBa ,n;eyxqacTH'lHOll: CHCTeMhl (,n;ell:TpoHa) 'npaK

TH'leciin He 3aBHCJ!T OT ,n;eTaJie.lt noee,n;eHHJI IIOTeHnnaJia B3aHMo,n;ell:CTBHJ! H 'B cyIIIeCTBeHHOM 

onpe,n;eJIJ!IOTCJ! e,n;HHCTBeHHhIM napaMeTpOM - ,ll;JIHHOll: pacceJIHHJ! a . Ilo3TOMY 3aMeHa HCTHHHOro 

IIOTeHo;HaJia B3aHMO,n;ell:CTBHJ! rpaHH'lHhIM' ycrriHiHeM ( B CHCTeMe e,n;nIrnn C h = 1 H npnee.n;eHHOll: 

Maccoll:µ=½) 

(1.1) 
a' 

CTaBJIIIIHMCJ! Ha paccTOJ!HHH r_MelKJIY 'laCTno;aMn, paBHOM HYJIIO, IIpllBO,ll;IIT K BOJIHOBOll: cpymu111n 

'If, y,n;oBJieTBOpHTeJibHO OIIHCh!BaIOIIIell: OCHOBHLle xapaKTep!!CTIIKII CHCTeMh!. 

CTporoe MaTeMaTl!'leCKOe 060CHOBaH11e MO,ll;eJib TO'le'lHhIX B3al!MO,n;ell:CTBl!ll: (1.1) IIOJIY'IHJia 

e pa6oTe <l>.A.Bepe311Ha H Jl.,L(.<l>a,n;,n;~eBa [4]. B Ka'leCTBe raMHJibTOHHaHa c11cTeMLI ,n;eyx 'lacTHn, 

paccMaTpHBaeMoll: B noll: Mo,n;err11, e11611paeTCJI o,n;nH 113 onepaTopoe, BXOMIIIHX e 6,n;HonapaMe

TpnqecKoe (napaMeTp - ,n;rrnHa pacceJI~IIJI a) ceMell:cT~o pacnrnpeH11ll:· onepaTopa Jlannaca B 

L2(R3 ), 3a,n;aHHoro nepBonaqamuo Ha KJiacce rna.n;KIIX cpynmtnll:, 06pa1IIa10IIIHXCJI B HJJib B oKpe

CTHOCTH naqaJia KOop.n;11HaT. 

II0TeHn11aJI11 nyrreeoro pa,n;11yca ( 1. 1) AO CIIX- nop J!BJIJ!IOTCJ! IICTO'IHIIKOM J!BHO pernaeMLIX 

3a;taq ;t/IJ! rirnpoKoro Kpyra o6rracTell: KBaHTOBOi! q>ll311KII ( CM. KHnry [5] II CCLIJIKH, co;i;epJKaIIIHeCJI 

B Hell:). 

O,n;naKo, 6yeyq11 ;i;ei!CTBHTeJibHO IIpOCTOi! II J!BHO pernaeMOi! B 3a;i;aqe ;i;eyx qacTHn, IIpH 

nepexo;i;e K 3a;i;aqe Tpex TeJI Mo;teJib n0TemI11arroe Hyrreeoro pa;i;11yca npneo.n;11T K ;i;onorrn11TeJib

BLIM MaTeMaTl!'leCKIIM npo6JieMaM'[6] (cM. TaKJKe [7]), OTCYTCTBY!OIIIHM B crryqae napB1IX B3a

HMO;tell:cTBlli!, OIIIICh!BaeMLIX peryJIJ!pHLIMII IIOTemI11aJiaM11. 3TH npo6JieM1! CBJI3aH1! C TeM, 'ITO 

B0Cl!Te/IJ!MII T0'le'IHhIX B3allMO;tei!cie111! B napBLIX IIO;tCIICTeMax er,' C, =' 1, 2, 3, J!BJIJ!IOTCJ! Tpex

Mepnue r11nepIIJIOCKOCTII Ma, KOpa3MepnocTb KOTOphIX no OTHOIIIe!IHIO K Koncp11rypan11onn0My 

npocTpaBCTBY R6 CJIHIIIKOM BeJil!Ka. Oco6yIO POJib 11rpaeT 3;teCb TO'lKa Tpoll:noro CTOJIKBOBeBIIJ! 

'laCTHD; X = 0,JIBJIJ!IOIIIaJICJ! OAHOBpeMeBHO e;tllHCTBeBB0i! TO'IKOll: nepece'leHIIJ! r1111epIIJIOCKOCTe.lt 

Mo II M/3 IIpll /3 ,/ a. IIp11cyTCTBHe noi! TO'IKH llpO!!BJIJ!eTCJI B TOM, 'ITO npn· ecTeCTBeHH0M 

BKJIIO'leHIIH napH1IX B3al!MO;tell:cTBnll: {1.1) B03Hl!KaeT MO;teJib [8], raMl!JlbT0HHaH KOTOpo.lt nMeeT 

HeHyrree11e HH;teKCLI ;i;ecpeKTa [6] (HaIIpHMep, HH;teKChl (1,1) B S-COCTOJ!HHII Tpex 6030HOB), a 

ypaenenHJI CKopnJIKoea-Tep-MapTHpoCJIHa [8], JIBJIJ!10III·11ecJI ;t/IJ! 3Toi!• Mo;i;errn cnennaJibHLIM 

crryqaeM ypaenen11ll: <l>a,n;,n;eeea [9], oKa311Ba10TCJI aecppe;i;roJibMOBhIMII. B qacTHOCTII, KaK noKa

aan r.C • .L(an11JI0B [10]·, cooTBeTCTByrom~e ~Mopo;i;n11e ypaenen11JI nMeIOT, neTpnenam.1I11e perne

HHJI IIpH Bcex 3HeprHJIX z, B TOM 'IHCJie H KOMIIJieKCHh!X. 3To o6CTOJ!TeJibCTBO pe3KO OTJIH'laeT 

Mo,n;eJib noTennnarroe Hyneeoro pa;i;11yca OT ;i;pyr11x eap11aHT0B 611cTpoy611ea10IIIHX napH11x B3a

HMo;te.ltcTBlli!, ;t/IJ! IIIHpOKOfO KJiacca KOTOpLIX ypaBHeHIIJ! <l>a,n;,n;eeea KOMIIaKTHhl [11] {npH 3TOM 

O;tHopo;i;n11e ypaBBeHIIJ! <l>a,n;,n;eeBa HMelOT perneHIIJ! JIHIIlb rrpH TeX aneprHJIX, ;t/IJ! KOTOphIX cy

IIIeCTBYIOT CBJI3aHH1Ie COCTOJ!HIIJ! CIICTeMhl Tpex qacT11n). P.A.MHHJIOCOM H JI . .L(.<l>a,n;,n;eeeLIM [6] 



• 
6LIJIO ycTaHOBJieHo, 'ITO MQIUiq>HKa;qIDI [10] MQAeJIH, npe,nn:olKeHHaJI ,IJ;aHHJIOBHM WIil BJ,IJJ;eJieHHJI 

e,!lHHCTBeHHOro pemeHHJI ypaBHeHHtt C1topH.11KOBa-Tep-MapTHpOCJIHa, .IIBJIJ[eTCJI JIHIDI, OJJ;HHII H3 

B03MOlKHLIX caMoconp.lllKeHHHX pacmHpeHHfl: HCXOJJ;HOro raJ4HJII,TOHHaHa 3a,l];a'IH [8]. BLI6op roro 

HJIH HHOro pacmlfpeHH.11 CBQIUITCJI K BLI6opy cnenHaJII,HOro nQAnpOCTpaHCTBa pemeHHtt OJJ;HOpo

,nHLIX ypaBHeHatt CKOpHHKOBa-Tep-MapTHpoCllHa. IlQAceMettcTBo pacmHpeHHtt, q>aKTH'leCKH 

nocTpOeHHOe ,IJ;aHHJIOBWM [10], COCTOHT H3 nenonyorpaHH'leHHHX raJ4HJILTOHHaHOB. )];pyrHMH 
CJIOBaMH, B CHCTeMe B03MOlKeH KOJIJianc ("na.]leHHe na nenTp"), 'ITO )leJiaeT H yro11nenny10 MO

)leJIL [10] nenpHeMJieMott WIil MHOrHX npHJIOlKeHHll:. 3TOT HOOlKH,ll;aHHLifl:1 B CBoe BpeM.11 pe3~TaT 

Ha.]IOJiro nOHH3HJI HHTepec K MHOro'laCTH'IHLIM MQAeJI.IIM C TO'le'IHHMH B3aHMQAefl:CTBH.IIMH • 

. B ,1ettcTBHTeJILHOCTH OKa3aJIOCL, OJJ;HaKo, 'ITO nonyorpanH'leHHLie raJ4HJII,TOHHaHLI WIil CH

CTeMLI TpeX 'laCTHD; C napHI,lMH2 TO'le'IHI,IMH B3aHMQAefl:CTBIDIMH (6oJiee o6mero BH,ll;a, 11eM (1.1)) 
Bee lKe cymecTByIOT. IIpaB,1a, acpcpeKTHBHYe Pa.!lHYCLI 3THX B3aHMQAell:cTBHll: OKa3LIBaIOTCJI He 

paBHYMH HYJIIO, 'ITO pe3KO OTJIH'laeT HX OT CTaH,ll;apTHOll: MQAeJIH (I.I). 
AnpaopH .11cHo, 'ITO mo6oe pacmapeHae Mo.n;eJIH (I.I), ocTaBJI.11m;ee B3aHMQAell:cTBHe MelK,ll;y 

11acTHIJ;aMH TO'le'IHl,lM (HeTpHBHaJII,HLIM J!Hilll, B TO'IKe r = 0), ,ll;OJilKHO npHBQIUITI, K BOJIHOBYM 

cpyHKIJ;IDIM pacce.11HID1 ,p(k), y,noBJieTBop.1110maM npH Bcex k > 0 paBeHCTBY · 

:r ln[r,p(k)Jl,=o = kctgc5(k), 

r,1e k - MOA)'JIL OTHOCHTeJILHOro HMIIYJILCa 'laCTHIJ;, a c5(k) - q>a3LI paCCe.llHIDI B 8-COCTO.IIHHH 

CHCTeMLI. Xopomo H3BeCTHO [13], 'ITO WIil 6LICTpoy6LIBaIOtqHX B3aHMQAell:cTBHll: cpyHKIJ;IDI kctgc5 

,ll;OIIYCKaeT npH k -+ 0 cne;zyromee aCHMIITOTH'leCKOe pa3JIOlKeHHe : 

() () 
11 22' 

1.2 kctgc5 k = --;; + 2roE + Ar0 E + ... 

r,1e E = k 2 - :meprIDI cHcTeMLI, a ro - acpcpeKTHBHLill: Pa.!lHYC B3aHMQAell:CTBIDI. Ta1t 11ro rpa

HH'IHYe ycJIOBH.11 (I.I), OTBe11a10mHe IIOTeHIJ;HaJiaM HyJieBoro pa,!lHyca co,neplKaT JIHIDI, CTapmHll: 

11JieH acHMIITOTHKH (1.2), npH11eM B cny11ae (I.I) kctgc5(k) = -¼ npH Bcex k. 
BnepBYe nonyorpaHH'leHHYll: Tpex11aCTH'IHYll: raMHJILTOHHaH C IIapHHMH TO'le'IHI,IMH B3aH

MQAell:CTBH.IIMH 6YJI nocTpoeH 10.r.IlloH,!lHHYM [14], paccMaTpHBaBmHM o6o6meHHYe c5-noTeHIJ;H

aJII,l, npHBQZVIm;He x npe,ll;CTaBJieHHIO (1.2), CQAeplKameMy npH BceX k > 0 :e:ap.11,lcy' c -1/a JIHml, 

JIHHell:HYll: no ~Hepra11 11nen. B Mo,1eJIH [14], no cymecrBy, HcnoJIL3YIOTCJI pacmapeHHJI onepa

Topa Jlannaca c BYXQAOM H3 npocTpaHCTBa L2(R3) B npocTpaHCTBO L2(R3) EB C, dimC = 1. 
Bcne,1 :ia IlloH,!lHHYM aHaJiorH'IHaJI Mo,1eJ1L 6LIJia nocTp_oeHa JI.3.ToMaCOM [15]. Y11eT [16] CJie,1y-

10m;11x 'IJieHOB E2, £ 3, ... pa3JIOlKeHHJI (1.2) B TO'le'IHOM B3aHMQAell:CTBHH 11aCTHIJ; [14] npHB<l,IUIT 

K neo6XQIUIMOCTH BLIXOJJ;a H3 L2(R3) B npocTpaHCTBa C HH,ll;eq>HHIITHOJI: MeTpHKOll:. 

,IJ;pyroll: no,nxQA K nocTpoeHIIIO ( 3Hepro3aBHCHMLIX) TO'le'IHl,lX B3aHMQAell:CTBHll:, npHBQZVl

mHll: K cny11a10, xor,1a (-k ctg c5) OKa3LIBaeTCJI R-cpyHKIJ;Hefl:3 aneprHH z, z E C, 6LIJI npe,nn:olKeH 

1OTKeTBK, 'ITO yu.aauu Ba B03>IOlKBYIO uemmyorpauuqeuuocn r&KBJILTOBB&BOB C DOTeBllllBJl&>IB aylleBOro 

paJtHyca co,z1ep»urnBCL e111e a pa6oTe JI.X.Towaca [12), o6uapyll<llamero, 'ITO • Dpe,11eJie uyJ1eaoro p&JIBYC8 cu 

3Bepru ocuomoro cocTOJIBU cacTe><H Tpex 'l&CTBII cnuoBBTU 6eck0aequoll. 
2B (6) YU.38B0 Ha cy111eCTBOB8BHe DOJiyorpaBH'leHBLIX ra><BJILTOBB&BOB B TOK CJ1yqae, eCJIH rp&BH'IBlle ycxo

BU DO ltOOp,!IHHaTe DapH '18CTHII co,11epllUlT ODepaTOp THD& caepua DO OTBOCHTeJILHOKY B>IDy.BLCY ,!IODOJIBBTeJIL-

BOll '18CTHIIJl. O,11ua1t0 DOCT8BOBK8. TaJ<HX rpaBH'IBLIX YCllOBHll S&Be,110110 03B&'laeT BBe,lleBBe B 38,llaqy Tpex'la

CTH1i81,IX can. 
3>llyBIUIU /(z), 8B&JIHTH'IBllJI B aepxuell DOJIYDllOCltOCTH z, B8SllB3eTU R-4>yB1U1Hell, eCJIH Im/(z).> ~ DPB 

Imz > 0, 

2 

' cl 

'\" 

') 

.,. 

B pa6oTe B.C.IlaBJIOBa [I 7], r,1e, B o_TJIH'IHe OT [14], 1JCnOJ11,3y10TCJ1 pacmapeHIDI oneparopa 

JlaIIJiaca C BLIXQAOM H3 L2(R3) B ,1onOJIHIITeJILHOe rHJ1L6eproBO npOCTpaHCTBO (BHYTpeHHHX 

cTenenell: cBo6Qll;l,I CTaJIKHBaIOmHXCll 11acT11n;) npoH3BOJILHOll: paaMepHOCTH. OnHcaHHe peayJ1LTH

py10m11x JIBYXKaHaJII,HLIX raMHJILTOH~aHOB B [I 7] ( CM. TaKlKe craTLIO [18], YTO'IH.IIIOtqyIO MQAeJII, 

[I 7]) npOBQIUITCJI B TepMHHax ,1ecpeKTHLIX nQAnpocrpaH_CTB HCXOJJ;HOro CHMMeTpH'IHOro onepa

ropa H OKa3LIBaeTCJI He_ BnoJIHe .IIBHLIM. 3KBIIBaJieHTHOe np.llMOe on11caH11e TaKHX faMIIJILTOHHa

HOB B TepMIIHax JIBYXKaHaJII,Hl,lX oneparopHLIX MaTpllD; 

(1.3) h=(ho+Vi. B) 
B+ A 

Hall:)leHo B He,1aBHell: pa6oTe OJJ;Horo H3 aBTopoB [19]. 3,1ec1, o6LI'IHO ho = -f::. ..,. oneparop 

Jlannaca B L2(R3), noHHMaeMLill: B CMJ,ICJie o6o6m;eHHI,IX q>yHKIJ;llll: (cM. pa3,ll;eJII,l 2.1 H 2.2); 
oneparop A onHCLIBaeT BHyTpeHHHe CTeneHII CB06Qll;l,I, Vh - CIIHryJI.11pHYJI: o6o6tneHHLIJI: noreH

IJ;HaJI [19], OTBe11a10mall: CTaH,ll;apTHOMY B3allMQAettcTBIIIO HyJieBoro pa,ll;llyca, a B H B+ - ( CHH

ryJI.11pHLie) oneparopLI CB.113H MelK,ll;y KaHaJiaMH. OTMeTIIM, 'ITO B TepMHHax rpaHH'IHLIX ycJIOBHll: 

np.11Moe onHCaHHe JIBYXKaHaJII,Hl,lX -raMIIJILTOHHaHOB C TO'le'IHLIMH B3allMQAell:cTBH.IIMH HCnOJII,3o-

BaJIOCI, H paHee B pa6oTax ,1pyroro aBropa [20] H [21]. · 
JicKJIIO'leHlle B cneKTpaJII,HOtt 3aJ1a11e ,ll;JIJ[ oneparopa h KOMnOHeHTLI, OTBe11a10mett BHyTpeH

HeMy KaHaJIY, npllBQIUIT BO BHemHeM KaHaJie K ypaBHeHHIO Illpe,!lHHrepa 

.(ho +w(z)-z)\lf = 0 

C :mepro3aBHClllll;HM B3aHMQAefl:CTBlleM 

(1.4) w(z) = vh -B(A-zit1B+. 

EcJIH raMHJ1LTOH11an BHyTpeHHero KaHana B MQAeJIJ[X [I 7]-[21] HMeeT JIHmL ,!lHCKpeTHLitt 

cneKTp, TO cpyHKIJ;IDI (-kctgc5), OTBe11aromaJ1 TO'le'IHOMY nOTeHIJ;Hany (1.4), OKa3LIBaeTCJI pan;H

OHaJII,HOtt-R-cpyHKIJ;Hett aHepnIH z Bll)la (cM. paa,1eJI 2.2) 

(1.5) 
PN(z) 

-kctgS(k)= QN(z)' z = k2, 

r,1e PN a QN - MHoro11Jiem,1 cTeneHH N, N - 1111CJI0 ro11ex ,!lHCKpeTnoro cneKTpa onepaTopa 

A. 3ro 03Ha11aeT, 'ITO B Tex KOHKpeTHLIX npnMepax, r,1e TO'IHO H3BeCTH<>, 'ITO (-k ctg c5) JIBJil[

eTCJI R-cpyHKIJ;Hett, npe,1cTaBJieH11e (1.5) no3BOJI.lleT HCnOJIL30BaTI, MeTQA Ila.]le-annpoKCHMaIJ;Htt 

WIil 'IHCJieHHoro pemeHHJI o6paTHOtt 3a.]la'IH pacce.llHIDI B TepMHHax TO'le'IHHX B3aHMQAefl:CTBHit 

(1.4). O6paTHM, OJJ;HaKO, BHHMaHHe Ha Hllr)le He OTMe'laBmeeCJI panee o6cT0.11TeJILCTBO, cylKH

Baromee B03MOlKHOCTH np.llMOro npHMeHeHH.11 MQAeJiett [17]-[21] B neKOTOpLIX 3a.]la11ax .11,1epHOit 

q>H3UKII H cocro.11mee B TOM, 'ITO TO'le'IHI,le B3aHMQAeitCTBIDI w(z), 3a.]laBaeMYe 3THMH MQAeJIJ[MH, 

BO Bcex CJIY'llUIX o6Jia.]laIOT omput(ame.U,HblM acpcpeKTHBHLIM Pa.z:lHYCOM 4, )];Byx11aCTH11HHe ra

MIIJILTOHllaHl,l B MQAeJIH IlloH,!lHHa [14] nonyorpaHH'leHY TaKlKe JIHIDI, B TOM cny11ae, KOr)la ee 

napaMeTpLI TaKOBLI, 'ITO ro < 0. PaayMeeTCJI, npH Heo6XQIUIMOCTH acpcpeKTHBHLill: Pa.z:lHYC TO'le'l

HLIX B3aHMQAeitcTBHit Bcer,1a MOlKHO "nQAnpaBHTI,", BBQZVI BO BHemHeM KaHaJie ,1onoJIHHTeJILHI,ljt 

rJia.]IKllit nOTeHIJ;HaJI. 

48TDT 4'au .arne-ru npocTll>I cJ1e~CTBHe>1 o6111ero caollcna R-4'yu1U1Bll /(z): 4'<fJ'0llE=O > 0, EE R. 
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Ilp11HIIBII BKmoqeHHJI napHLIX B3al!MO.!lellcTBllll Tl!IIa (1.3) B TpexqacTl!qHLie raMIIJil,TO

Hl!aHLI ( CM. pa3,neJI 3.2) 6LIJI BIIepBLie cqiopMyJIHpoBaH B pa6oTax (22], (23] 11, B na116onee 

IIp03paqHOM Bll,ne, B CTaTLe (24]. B3al!MO,nel!CTBIIH 113 (22]-(24] He /!Blll!IOTC/1 TolJ:eqHLIMII II COOT

BeTCTBJIOT MO,neJrn (1.3), B KOTopol!' onepaTOpLI B II s+ l!Me!OT 11.npa C HOCl!TeJieM Ha HeKOTOpol! 

IIOBepXHOCTII [22]-(24] l!Jlll o6JiaCTII (24] B R3
• 

HcnoJIL3JII np11Hn11n [22]-[24), ·B.C.IlaBJIOB B cBoel! cTaTLe (7) BKJI10q11JI B raMl!JILTOHl!aH 

CIICTeMil Tpex qaCTl!Il TaKJKe II rnqeqHLie B3amio,nel!CTBIIH C BHJTpenHell CTPYKTypol! (17). BLI

/ICHIIJIOCL, qTQ .!lllll IIOJiyorpaH11qeHHOCTII TpexqacT11qHoro raMIIJII,TOHl!aHa Heo6XO.!l!IMO BLI6paTL 

napaMeTpil B3al!MO,nel!CTBllll (17] TaK (a 3TO B03MOJKHo), 'IT06Il MaTpllIIIl pacce/lHll/1 B .!lBYX

'IaCTl!qHJ,lX IIO.!lCIICTeMaX l!MeJII! BLICOK03HepreTll'IeCKOe IIOBe.neHl!e sa(k) -+ 1, a = 1, 2, 3, 
k-+oo 

xapaKTepHoe .!lllll pacce11HII/I Ha rJia,nKIIX 6LICTpoy6LIBaIOIIIIIX IIOTeHIIl!aJiax (13). AnaJIOrll'IHLil! 

BilBO.!l IIOJiyqeH TaKJKe II B pa6oTe (20]' IICIIOJIL30BaBmel! IIBHoe OIIl!CaHl!e o6JiaCTII onpe,neJieHl!/1 

raMl!JILTOHl!aHOB B ,nByxqaCTl!qHJ,lX II TpexqaCTl!qHoll 3a,naqax. 

B TepMl!Hax .!lBJXKaHaJILHOl! MO,neJIII (1.3) Tpe60BaH11e sa(k) -+ 1 paBHOCIIJILHO ycJIOBIIIO 
, k-+oo 

Vh = 0, TO'ecTL ~TCJTCTB~IO BO BHell!HeM KaHaJie (1.3) CTaH,napTHor~ B;al!MO,nefiCTBIIH HJJieBOrO 

pa.!lllyca (1.1). Ilp113TOM JCJIOBIIII CTeneHL MHOroqJieHa QN(z) B 3HaMeHaTeJie (1.5) IIOHIIJK~eTC/1 

Ha e.!l!IHIIIIY, .B pe3JJILTaTe qero q>JHKIIIIII k ctg o( k) BM~eT Buco~o:1HepreT11qec~oe noBe,neH11e 

kctgo(k) · ~ z TaKoe JKe, KaK B MO;eJI11 llloH.!l!IHa (14). Ecn11 l\ i= 0, To ~apHLie t-MaTp11n1,1 

y6uBa!OT np11 z-+ +oo KaK 1/vz H sa(k) -+ -1. .LlpyrnM~ ~noBaM11, HaneTa!OIIIl!e 'IaCTIIIILI 
, k-+oo , 

"BIIMT" CTaH,napTHilll IIOTeHn11aJI HJJieBoro Pa.!l!IJCa IIpll Bcex 3Hepr1111x, no,no6Ho TOMY' KaK 

3TO IIpOIICXO.!lllT C "noTeHIIBaJioM" TBep,noro KOpa. Ilp11 OTCJTCTBIIII KOMIIOHeHT Vh napHLie 

B3al!MO,nel!CTBII/I {1.4) CTaHOBIITCJI pe30HaHCHilMII II IICqe3aIOT 'KaK 1/ z np11 z-+ oo, qTo IIpllBO.!l!IT 

K CTOJIL JKe 6LICTpOMJ, IIO cpaBHeHBIO CO CJiyqaeM \fh 1' 0, y6uBaHl!IO napHilX t-MaTpl!II. 

OKa3aJIOCL, o.nuaKo, qTo rnqeqHue B3al!MO.!lellcTBB/I H3 pa6oT [7] II (20] He BilOJIHe /!Blll!IOTCJI 

napHilMII II co.nepJKaT TpexqaCTBqHue CBJIIl. O6cyJK,neH11e 3Toro Bonpoca npoBO.!l!ITCJI B cTaTLe 

[21), r.ne Bll.!l .TpexqacTBqHoro raMl!JILTOHl!aHa yToqH/leTC/1 C TeM, •iTo6u Bee B3al!MO,nel!CTBII/I 

MeJK.!lY qaCTl!IIaMI! CTaJIII ,nel!CTBl!TeJILHO napHLIMII, 11 ,naeTCJI. ,noKa3aTeJILCTBO ero IIOJiyorpaHl!

qeHHOCTII. 

B HaCTOl!IIIell pa6oTe Mil IICIIOJIL3JeM MeTo.n KBa311II0TeHIIl!aJIOB (o6o6IIIeHHUX IIOTeHnnaJioB) 

[19) n .naeM 3KBl!BaJieHTHYIO anre6panqecKyIO ( MaTp11qHyIO) nepe<jJopMynnpoBKY TpexqacTnqHux 

raMBJILTOHBaHOB C BCTBHHO napHilMB ToqeqHUMH B3aBMO,nel!CTBH/IMII 113 [21). 
TnaBHOl! neJILIO pa6oTil /IBJllleTCJI o60CHOBaHBe <jJpe,nroJII,MOBOCTB ypaBHeH11ll ll>a.n,neeBa .!lllll 

CJIJ'Ia/1, Kor.na raMl!JILTOHBaH CBCTeMil Tpex qacTBII C napHUMB ToqeqHJ,lMB B3aHMO,nel!CTBIIHMB 

(1.4) noJiyorpaH11qeH. BecL aHaJI1!3 MU IlpOBO.!l!IM B KOOp.!l!IHaTHOM npe,ncTaBJieHBB. l(eHTp 

T/IJKeCTH IIpll 3TOM nepeHOCIITC/1 Ha BCCJie,noBaH11e CBHryllllpHOCTell 11.nep ypaBHeHBll ll>a.n,neeBa B 

TO'IKe TpOl!Horo CTOJIKHOBeHB/1 qacTBII, IIOCKOJILKY BX aCl!MIITOTBqecKoe IIOBe,neHBe npe 6oJILillHX . . 
3Ha'IeHBIIX npocTpaHCTBeHHilX apryMeHTOB BMeeT pOBHO TOT JKe xapaKTep, qTo B .!lllll rJia.n;KBX 

6LicTpoy6uBaIOIIIBX IlOTeHIIBaJIOB (25). 
KaK yJKe OTMe'IaJIOCL Bilme, o6o6IIIeHHUe IlOTeHIIl!aJIJ,l B oneparnpu CB/1311 KaHaJIOB (19) 

,naIOT B03MOJKHOCTL B /IBHOM BH,ne BBeCTII napHile t-MaTpllIIIl B 3an11caTL ypaBHeHl!H ll>a.n,neeBa 

B !IX npllBLiqnoM Bll,ne (11},[25}. TaK 'ITO CBOl!CTBa 11.nep ypaBHeH11l! ll>a.n,neeBa onpe,nellll!OTC/1 

CBOl!CTBaMII napHilX t-MaTp11n. 

8 CJIJ'Iae, Kor,na CTaH,napTHile B3al!MO.!lellcTBIIH HJJieBoro pa.!lllyca Vh npl!CJTCTBJIOT BO 
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Bcex napHLIX no.ncecTeMax, Me.nneHHoe,KaK·l/-./z,y6uBaH11e napHLIX t-MaTpnn· npn 60JILm11£ 

3Ha'IeHBIIX lzl np11BO.!l!IT K TOMY, 'ITO rnaBHile c11HryllllpHOCTII 11,nep ypaBHeH11ll ll>a.n,neeBa np11 

X = 0 (onn:cLIBaeMLie <jJopMyJiaM11 (3.22) c v = 1) OKMirnaIOTCJI HeHHTerp11pyeMLIMII Ha rn:nep

IIJIOCKOCTIIX Mp 11; 6onee Toro, OHi! Bocnpo113BOMTCJI np1111Tepan1111x. B :!TOM cnyqae, cooTBeT

CTBJIOIIIeM HeIIoJiyorpaHl!'IeHHLIM TpexqacTeqHJ,IM raMHJILTOHl!aHaM, )(OKa3aTL <jJpe,nrOJILMOBOCTL. 

ypaBHeH11ll ll>a.n,neeBa iie y.naeTCJI. 

B CJIJ'I~~ JKe, Kor.na vh = 0 BO Bcex napHUX IIO.!lCIICTeMax, 611cTpoe y6LIBaHHe KaK 1 / z . . . 
napHLIX t-MaTpn:n npn z -+ 00 npl!BO.!l!IT K 6om,e CJia6LIM CIIIIrJllllpHOCT/IM 11.nep ypaBHeHBll 

ll>a.n,neeBa ( CM. COOTHOmeHl!H (3.22), r.ne B KaqecTBe V MOJKHO B3/ITL JII06oe CKOJIL yro.nuo MaJioe 

IIOJIOJKU:TeJILHOe 'IIICJIO). 9TII oco6eHHOCTB HHTerpn:pyeMLI Ha Mp. Ilp1111Tepan1111x OHi! cHaqaJia 

ocJia6lll!IOTCJ1, a 3aTeM II BOBCe u:cqe3a10T. Ilo:iToMy ,nllll ,naHHoro KJiacca ToqeqHLIX B3al!MO.!lell

cTBHll (1.4), OTBeqaIOIIIero IIOJiyorpaH11qeHH1dM TpexqaCTll'IHLIM raMl!JILTOHl!aIIaM, yp~BHeHmi 

ll>a.n,neeBa OKa3IlBa!OTCII .. KOMIIaKTHilMII. IlocJie Toro, KaK 3TOT .ctiaKT ycTaHOBJieH, TeOpl!H pacce

/lHIIH .!lllll Cl!CTeMil Tpex qacTl!Il C ToqeqHLIMH B3aBMO,nel!CTBIIIIMII CTpOIITC/1 IIO 061,1qHoll cxeMe 

[25). 8 3aKJIIO'Il!TeJILHOl! qacTII pa60TLI MLI cpopMJllllpyeM KpaeBLie 3a,naqe ;\JIii .!lllcpcpepeHI,IH

aJILHLIX ypaBHeHl!l! ll>a.n,neeBa, KOTOpLle 0.!lH03HaqHO pa3peml!MLI (up11 \fh = 0) II !IX peil!eHH/IMII 

/!Bllll!OTC/1 BOJIHOBLie cpJHKilllll HenpepLIBHOrO cneKTpa. 

On11meM ctpyKTYPY pa6oTLI. CTaTL/1 ,nen11Tc11 aa ,nBe qacn,1. IlepBM 113 a11x (pM,neJILI 

2.1-2.4) JIOCBIIIl.leHU OJll!CaHIIIO Mo,neJIII Toqeqo:LIX B3al!MO.!lellcTBllll (1.3) B 3a,naqe .!IBYX qaCTIIIl-

3.necL BLI/ICHIIIOTCJI TaKJKe HeKOTOpue CBOl!CTBa nol! Mo,neJIII, 3HaHl!e KOTOpLIX Heo6XO.!l!IMO npll 

IICCJie,noBaHIIII CIICTeMLI Tpex qaCTIIIl, npoBO.!ll!MOM BO BTOpol! qaCTII, COCTO/IIIIell 113 pa3,neJIOB 

3,1-3.4. 
B pa3,neJie 2.1 ,naeTC/1 nepecj>opMJllllpOBKa cTaH,naprnux B3allMO.!lellcTBBll HyJieBOI'O pa.!lllyca 

B TepMl!HaX o6o6IIIeHHilX JIOTeHIIl!aJIOB (19) II paccMaTpl!BaeTC/1 OTBeqaIOIIIa/1 IIM (0606IIIeHHa1!) 

t-MaTp11na. B pa3,neJie 2.2 OJIIICilBa!OTC/1 .!lBJXKaHaJILHUe raMl!JILTOHl!aHil (1.3). B pa3,neJie 2.3 
npBBOMTCJI CBOl!CTBa HeKOTOpilX 11.nep, Heo6xo,nllMLie npll BCCJie,noBaHHII ypaBHeHl!ll ll>a.n,neeBa. 

B pM,nene 2.4 ToqeqHLie B3a11Mo.nel!CTB1111 c BHyTpeHHell cTpJKTypol! pa3,neJI1110TCII Ha .nBa KJiacca, 

o KOTopux roBopmiocL Burne. 
PM,neJI 3.1 JIOCBIIIIIeH OIIl!CaHl!IO .nByxqacTl!qaoro raMIIJILTOHl!aHa ;\JIii CIICTeMLI Tpex qa-

CTIIII, B KOTopol! B3al!MO.!lellcTBYIOT JIIIJIIL qacTHULI o.nuol! napu. 3.necL JKe l!CCJie,nyIOTCJI Cl!Hry

JI/IPHOCTII B aCIIMIITOTl!qecKBe CBOl!CTBa 11.nep ypaBHeiml! ll>a.n,neeBa. B pa3,neJie 3.2 BBO.!l!ITCJI 

JIOJIHilll qeTupexKaHaJILHUl! raMIIJILTOHBaH .!IJI/1 CBCTeMLI Tpex qaCTIIII .c Toqe'IHLIMB B3al!MO- · 

.nel!CTBII/IMII. B pa3,neJie 3.3 JIOKa3UBaeTCII KOMIIaKTHOCTL ypaBeeHllll ll>a.n.neeBa. PM,neJI 3.4 
nocB11IIIeH M¢¢epeen11aJILHUM ypaBeeHIIIIM ll>a.n.neeBa. 

ABTopu np113eaTeJILHU B.C.IlaBJIOBY 3a Maoroq11cJieHeue cT11Myn11pyIOIIIHe .!l!ICKycc1111. AB

rnp11 6naro,nape11 TaKJKe C.AnL6eBepeo, B.B.BeJI11eBy II C.Jl.RKOBJieBy 3a 06cyJK,neH11e pe3JJIL

TaToB pa6oTLI e B.B.IlynuJ11eBy 3a neeeue 3aMeqaHBII. 

ABrnp11 np113aaTeJILHL1 ll>oe.ny AneKcaa,npa <jJoe ryM6oJIL,nTa (M.K.A.), MeJK.!lYHapo.nuoMy 

HayqHoMy ll>oH.ny (M.A.K.) n AKa,neMBII EcTecTBeHHUX HayK PAH (M.A.K.) 3a <jJn:eaHcoiiyIO 

no.n,neplKK,Y pa6oTu. 
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2. CHcTeMa -.n;Byx qacTHQ C ToqeqHLJM B3aHMo,neHCTBHeM 

2.1. O6o6~eHHLie II0TeH~HaJILI B cHcTeMe ,n;Byx 6eccTpyKTYPHLIX 
1IaCTH~ 

HanoMHHM cHaqana onpe,!leJJeHne cTaH,!lapTHLIX noTeHnnaJJOB HyneBoro pa,!lnyca [4]. 

IlycTb x, X E R3 - OTHOCHTCJJLHaJI ROOp,!\HHaTa CHCTCMLI .l\BYX qacTnn. I'aMHJJLTOHHaH h 
,!\JIJI nott cncTeMLI B cnyqae Toq~qH11x iiaanMo,!leJ:lcTBnJ:I onpe,!leJIJ!eTCH RaR onepaTOp Jlannaca 

-!::.,, ~ L2(R3 ) Ha ~acce <pJHRnntt · · 

fl = {tp E WJ(R3 
\ {O}), 

(2.1) t/J(x) = -4 al I +b+o(l)}. x-o tr X 

06na,cT~ onpe,!leJJeHnJI V(h) onepaTOpa h npe,!ICTaBJIJ!eT co6ott IIO,!\MHOllieCTBO B b, <pnRcn-

pyeMoe rpaHnqm.rM ycnoBneM 

(?-2) a·=·,b 

IlocTOJIHHa/1 1 E R riapaMeTpnayeT Bee B03MOlliHLie pacnrnpeHn/1 B L2(R~) onepaTopa Jlannaca 

-1::.0, 3a,!laHHoro Ha C0 (R3 \ {O} ). BennqnHa (-:r,;-) coBna,!\aeT c ,!\JJHHHOJ:I pacce/lHH/1. 

B He,!laBHeJ:I CTaTbe [19) npe,!IJJOJl(eHa nepecpopMyJJHpOBRa RpaeBLIX 3a,!\aq Tnna (2:1), (2.2) 

B TepMnHax 0606m;eHH1JX IIOTeHnnaJJOB, ROTOpofi MLI 6y,!\eM noJJL30BaTLCH n B HaCTO/lm;eJ:I pa6oTe. 

li,!leJI MeTo;a o6o6m;eHHLIX noTeHnnaJJOB [27, 19) 3aRJJIOqaeTCH B TOM, qTQ HCXO,!\HO~Y ra

Mll/lLTOHHaHy conocTaBJIJICTCH o6o6m;eHHLii! ( TO ecTb, IIOHHMaeMLIJ:I. B CMLICJJe o6o6m;eHHLIX <pyH, 

RnHJ:I, cR~eM, Ha,!\ Cg"(R3 ) raMHJJLTOHnaH h TaRo,tt, qTQ npn f E L2(R3 ), z E C ypaBHeHn/1 

{2'.3) (h..:. z)t/J = f t/JED 

n 
(2.4) (h- z)t/J = f t/JE.V(h) 

ORa3LIBaIOTC/I 3RBHBaJJeHTHLIMll. 

Ilpn onncaHnn o6o6m;eHHLIX raMHJJLTOHHaHOB MLI 6y,!leM ncnoJJL30BaTb eCTeCTBCHHLle <pyH

RnnoHaJJLI a n b Ha b, ,!leJ:lcTBJIOm;ne no cpopMynaM 

(2.5) a:t/Jt-ta, at/J = lim47rjxlt/J(x) ,,_o 

(2.6) b : t/J .:--.. b, bt/J = Jim (t/J(x) - at/JI 1) x-o 471" X 

B TepMnHax 3,THX <pyHRnnoHaJJOB YCJJOBne (2.2) 3annc11BaeTCH B BH,!\e 

(2.7) at/J=,bt/J 

06o6m;eHHLIJ:I onepawp Jlannaca -6.x ,!\eJ:lcTByeT Ha fJ no cpopMyJJe [26] 

(2.8) - 6-,,t/J = -1::.,,t/J + 8(x )at/J, 

r,!\e -I::.,, - RJJaccnqecRHJ:I onepaTOp Jlarrnaca (B WJ(R3 
\ 0)). QqeBH,!\HO, qTQ ,!\JIJI Bocnpon3Be

,!\eHn/l rpaHnqHoro ycnoBn/1 (2. 7) onepaTOp h Heo6xo,!\HMO aa,!laTb paBeHCTBOM 

1i = -A+ vh , 
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r,!\e o6o6m;eHHLIJ:I noTeHnnaJJ i\ ,!leJ:lcTBJeT no cpopMyne [19) 

(2.9) Vht/J = -,8(x)bt/J. 

B caMoM ,!\CJJe, B :JTOM cnyqa_e ypaBHeHne (2.3) npno6peTaeT,BH.!\ 

(2.10) / (-!::.,,-z)t/J+8(x)(a- 1b)t/J=f. 

IlpnpaBHHBaJI no OT,!\eJJLHOCTH peryJ1J1pH11e n cnHryJJHpH11e cnaraeMLle B o6enx qaCT/IX (2.10), 

npHXO,!\HM R (2.4), TO ecTL R RpaeBott 3a,!\aqe (2.1i,!\JIJI ypaBHeHH/1 

(2.11) ., (-1::.,,-z)t/J=f. .r, 

,UpyrnMn CJJOBaMn, Tpe6oBaHne peryJJHpHocTn o6nacTn anaqenntt 0606m;eHnoro raMHJJLToHnaHa· 

h paanocnJJLHO BLinOJJHeHnIO rpaHnqm.rx y~JJoBnJ:I (2.7), a ypaBHenne Illpe,!\HHrepa (2.10) aR

BHBaJJeHTHO RpaeBoJ:I 3a,!\aqe (2.11), (2.7). IloaToMy pe3oJJLBeHTa g(z) = (h - z)-
1 

onepaTOpa 

h /IBJIJICTCH pemeHHCM ypaBHeHH/1 JlnnnMaHa-IIIBnHrepa C o6o6m;eHHLIM noT_ennnaJJOM \fh, 

r,!\e go(z ), 

(2.12) 

g"(z) = go(z) - go(z)Vhg(i), 

Yo(x - x',z) = _!_ eiv'zlx-x'.I 
471" Ix -.x'I ' 

peaOJJLBCHTa onepaTopa Jlannaca -1::.x. Ilo,!\ Jz BCIO,!\J noH.l!MaeM rnaBHJIO BeTBL <pJHRnllll 

z1l2• Pe30JJLBeHTa g(z) CTaH,!lapTHLIJ,I cnoco6oM BLlpalliaeTCH qepea (0606m;eHHJIO) t-MaTp.llny 
• def • • • . • . 
t(z) = vh - Vhg(z)Vh, ,!\CJ:ICTBJ!Om;JlO Ha D: 

g(z) = g~(z) - Yo(z)th(z)go(z). 

Ilpn 3TOM onepaTOp i(z) JJerRO HaXO,!\HTCJI ll3 ypaBHeHH/1 i(z) = vh - Vhgo(z)i(z). IlonyqaeM 

,!\JUI Hero: i(z) = 8(x)t(z)b, r,!le t(z) = -~-i - ~!:Li - , 4,r 

2.2. To1Ie1IHO~ B:JaHMO,n;eucTBHe c BHyTpeHHeU CTpyKTypoii. 

IlycTL A- CaMoconpJIJl(eHHLIJ:I nonyorpaHnqeHHLIJ:I onepaTop, ,!ICJ:ICTBJIOIIl;HJ:I B npocTpaHCTBe Hin 
na o6nacTn onpe,!leJJeHHJI DA- OnepaTOp A-nHTepnpeTnpyeTCH RaK raMHJJLTOHHaH, OJIHCLIBaIO-

m;nJ:I BHJTpennne cTenen~ cBo6o,!\11 qacTiin (cM. [17)-[19), [21]-[241). · 

Cne,!\yJI [19], COIIOCTaBHM cncTeMe .!\BYX qacTHn c BHJTpeHHeJ:I CTpyRTypoJ:I ,!\BJXKaHaJJLHl,IJ:I 

raMHJJI,TOH.llaH 

(2.13) 
h= (-6.,,+v(x)+Vh B) 

B+ A ' 

,!leJ:lcTBYIDm;nJ:I B cyMMe H = L2(R3 ) (j) Hin "BHemHero", L2(R3
), n "BHyTpenHero", Hin, npo

CTpaHCTB na o6JJaCT.II b (j) DA. qepea vh MLI o6o3HaqnJJn o6o6m;eHHLIJ:I 1IOTeHn11aJJ Tnna (2.9) 

.II qepea B H B+ - onepaTOpLI CBJI3ll RaHaJJoB, 

(2.14) (Vht/J) (x) = 8(x)µ
12

bt/J, 
µ11 
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(2.15) 

(2.16) 

• 1 -
(Bu)(x) = -.S(x)-(u, 0), 

µ11 
u E 'Jfn, 

B+lf' = 0 (µ21a + µ22h) If'. 

3.n;ecb O - q>llKCllpOBaHH11tt 3JieMeHT ll3 1-lin, a a ll b - q>YHKIIllOHaJI11 (2.5, 2.6); µ;;- E C, 
i,j = 1,2, µ 11 f 0. l.Jepe3 v(x) 0603naqeH 6L1cTpoy611ea10m11tt rnaJJ;K11tt noTeHn;Han, lv(x)I::; 
C (1 + 1xn-3-v, V > ½, BBe.n;eHH11tt .l(JIJI noJIHOT11 ll3JIOJKeHJrn. CqllTaeM 'ITO, ho = -Ll,, + V 

llMeeT J!lllllb OTpllII;aTeJibH11tt JJ;llCKpeTH11tt cneKTp, He rrepeceKalOIII;IIHC.11 C .l(llCKpeTH11M cneKTpOM 

BHJTpeHHero raMHJ!bTOHllaHa A. . - , 
Tpe6oBaHHe peryJIJ1pHOCTll BHelIIHett KOMnOHeHThl !"" Be~TOpa f = ( h - z) u, f = u•x , 

Jin), f'" E L2(R3), pn E 1-(,in, npll U E DEB DA, U = (If', u), npHBOJJ;HT K JJ;BJXKaHaJibHOMY 

ypa~HeHHIO IllpeJJ;HHrepa 

(2.17) { 
(-Ll.,+v-.z)W=f'" • 

_0(µ21a+ µ22b)1P+ (A-z)u = pn 
II rpaH11qH11M ycJIOBllJIM 

(2.18) µ,nalf' + µ12hlf' = (u, 0). 

TeM caM11M, o6o6meHHhltt raMHJILTOHllaH h aKB11BaJieHTeH "peryJIJ1pH0My" onepaTOpy, .n;ett

CTBy10meiiy no, qiopMyne 

(2.19) ·h (If')- ( (-Ll.,+v)lf' ) 
u - Au+ 0 (µ21a + µ22b) If' 

Ha o6nacTH onpe.n;eneHHJI V(h), V(h) Cb EB DA, q>HKCHpyeMott rpaHHqH11M ycnoBHeM (2.18) . 

Ilpll npOll3B0JlbH11X µ;;, i,j = · 1, 2, onepaTOp h He JIBJ!JleTCJI .n;aJKe CHMMeTpllqH1[M, no

. CKOJ!bKY, KaK noKa311BaeT npJIMOe B1[qllcJieHlle [21], ero CHMnJieKTll'leCKaJI q>OpMa (hU' V)rt -
(U, hV)r1 He 06pamaeTcJ1 TOJK.D.ecTBeHHo B HJJIL npu U, VE V(h). 

Heo6xo.n;HM11M H .D,OCTaToqHl,IM ycJIOBlleM caMoconp11JKeHHOCTll h HBJ!JleTCJI B11nOJIHeHlle Tpe-

6oBaHlltt [21] 

(2.20) d ( 
µ11 fi12 ) 1 - - E R - E R et · _ = - , µ11µ21 , µ12µ22 • 
µ21 µ22 

Bc10ay uuxe a amoil pa6ome mpe6oaauua ·(2.20) ..ww 6yae.,.,, npeano.tazamt> awno.meuuw..wu . 
TeM caM11M, 6y,n;eM paccMaTpllBaTb CaMoconpHJKeHH11e raM1lJ!bTOH1laH11 h. 

CornacHo [19] raMHJ!bTOHllaH11 h npll ~u6ope pa3JIH'lH11X ~apaMeTpos µ, 0 socnpoll3BOMT 

see JJ;BJX'laCTll'IH11e raMllJ!bTOHHaH11 co B3allMO.D,ettcTBlleM· Hynesoro paJJ;Hyca, nocTpoeHH11e _B 

paMKaX CXeM11 [l 7, 18], MoJKHO nOKa3aTb, 'ITO eCJill He llCnOJib3JIOTCJI pac111HpeHH1le Ha6op11 

o6o6meHH11X q>JHKIIllli (no 3TOMY ~OBO.ZJ;y CM. [14, 16]), TO'onepaTOp11 V°h, B ll B+ Bll.D,a (2.14) 

- (2.16) llC'lepnh!BaIOT Beeb KJiacc o6o6m;eHH11X noTeHII;ll~JIOB ll onepaTOpOB CBH31l ~aHaJIOB B 

(2.13), npllBQIVIID;llX K caMoconpHJKeHH11M onepaTOpaM 3HeprHH .ll,JIJI CHCTeM11 JJ;Byx qaCTllII; C 

TO'le'lHLIM B3allMQllelicTBHeM. 

OnHIIIeM OCHOBH11e ceottcTBa raMHJ!bTOHllaHoB h ll h. 
l1cKJIIO'leHiie B 3a.n;aqe 

(ii-zI)U=f, f = (f"",fn) E 1-l 
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BHJTpennett KOMnoneHT11 ll BeKTopa U = (!f',u), If' Eb, u EDA np11Bo.n;11T K ypaBHeH1110 BO 

BHenrneM KaHaJie Jllllllb .l(JIJI KOMnOHeHT11 If', 

(2.21) (-Ll., +v+w(z)-z)w = f"' + B(zl -A)-1 fn, 

co.n;epJKameM ( 0606meHH11tt) :mepr03ae11CJ1m11tt noTeHn;11an 

(2.22) w(z) = l'.\ + B (zl - A)-1 B+ = 8(x)w(z) , 

r.n;e q>YHKI1110HaJI w(z) Ha b 3a.n;aeTCJ1 paBeHCTBOM 

( ) µ12 µ12 ( · ) µ22 ( w z = -b + -p z a+ -p z)b. 
µ11 µ11 µ11 

3.n;ecb p(z) = (r A(z)O, 0), r A(z) = (A - z1r
1

. 
Pe30JILBeHTa r(z) onepaTopa h, 

1 (• )-l 1 r(z) =. (h - zr = h - zl rt, 

HBJ!JleTCH onepaTop11ott MaTpHuett pa3MepeoCTll 2 X 2 (no 'lllCJIY KaHaJioB), ll oea MOJKeT 611Tb 

B11paJKeHa CTaH.n;apTHhlM cnoco6oM B TepMHHax noJIHOtt t-MaTpllU11 3a.D,a'lll 

t(z) = V - Vr(z)V, 

· (\'.\ B)- . - · 1 : r.n;eV= B+ 
0 

.AHMeHHornycnho=hoEBA,ro(z)=(h0 -zJ)- =diag(ro(z),rA(z)), 

r.n;e ro(z) = (ho- z)-1
• Tor.n;a 

(2.23) r(z) == r 0 (z) - r 0(z)t(z)r0 (z). 

OnepaTOp t( z) y.n;osneTBopneT ypasHeeu10 JlllnnMaea-llIBHHrepa t( z) = V - Vro( z)t( z ), pelllaJI 

KOTopoe HaXo.n;HM, 

(2.24) 
t(z) = _I_ ( .S(x) [µ21pa + (µ12 + µ22p)b] -8(x)(·, 0) ) , 

d(z) 0[µ21(µ11+µ12q)a+detµ·b] (µ21+µ22q)O(-,O) 

r.n;e 

d(z) = µ11 + µ21P + (µ12 + µ22p)q. 

3.n;ecb q(z) = r0(0,0,z), r.n;e qepe3 r0 (x,x',z) o603eaqeea eenpep11BHaJ1 npH x -+ x' qacTb 

ro(x,x';z) = ro(x,x',z)-
4 

I 1 'I x.n;pa pe3oJILBeHThl ro(_z)(cM. [28]). irx-x _ . . 
Ilpe.n;cTaBJieHlle (2.24) cnpaBe.D,JillBO .n;rui t-MaTpllU t(z), OTBe'laIOm11x He TOJ!bKO caMOCO

npHJKeHHOMY eapHaHTY (2.20), HO TaKJKe II o6meMy cnyqa10 raMHJILTOHHaHOB (2.13) - (2.19). 

Ilpll 3TOM KOMnoHeHTa r(z) pe30J!bBeHT11 r(z) .ll,JIJI BHelIIHero KaHaJia, ·r(z)=(ho-~z)-z)-1
, 

Bblpaxaerc.11 TOJibK0 qepe3 BHCWHIOIO K0MII0HeHTy 

(2.25) i(z) = .S(x) [µ~(z\z) + t(z)] b, 
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onepaTOpa t(z) (3aHJIM;/roIIzyIO B~pXHllll JieBLill yroJI MaTpllil1l (2.24)), r,n;e 

A JIMeHHo: 

npJiqeM 

(2.26) 

1 
t(z) = do(z) + q(z)' 

d
0
(z) = µu + µ21p(z) 

µ12 + µ22p(z)" 

r(x,x',z) = r0(x,x',z)-r0(x,0,z)t(z)ro(0,x',z), 

(wr) (x,x',z) = (tr0) (x,x',z) = «5(x)t(z)r0(0,x',z). 

3aKJIIOqaJI pa3,D;eJI, 3aMeTllM, qTO ecJIH v(x) = 0, TO npllCYTCTBlle BO BHenrneM KaHaJie (2.21) 
0606!IleHHOrO noTeHUllaJia w(z) paBH03HaqHO npll pn = 0 nOCTaHOBKe rpaHllqHoro YCJIOBHJI 

aw= w(z)W llJIH, qTo TO JKe caMoe, 

:r In [rij,(x)]L
0 

= -41rd0(z), r = lxl. 

IlpJiqeM, eCJill onepaTop A llMeeT TOJILKO .n;HCKpeTH1lll cneKTp c1, c2, ... , CN, TO «pYHKilRII p(z) 
N I; 2 

,n;aeTCJI BL!paJKeHJieM p(z) = E E ':;~~ , r,n;e fJ;,k = (0, u;,k), u;,k - co6cTBeHH1le BeKTOpLI A, 
i=lk=I 

OTBeqaIO!Illle co6cTBeHHOMY qllcny c; ll I; - ero KpaTHOCTL. B 3TOM cnyqae do(z) OKa31lBaeTCJI 

panlloHaJII,HOll R-«pyHKilllell Bll,D;a (1.5); Ilpll µ12 = 0 CTeneHL ee 3HaMeHaTeJIJI noHJI}KaeTCJI na 

e,n;HHllilY • 

2.3. CneKTp onepaTopa h H cuoiicTBa H'Apa·w(z)r(z). 

licnoJIL3YJI JIBHLJe npe,n;craBJieHHJI (2.24) ,n;JIJI t-MaTpllilLI t( z) JI npe,n;cTaBJieHJie (2.23) ,n;JIJI pe-

30JILBeHT1l r(z), HeTpy,n;eo noKa3aTL, qTQ HenpepLIBH1ltt cneKTp onepaTopa h COCTOllT ll3 BeTBll 

a6coJIIOTHO nenpepHBHoro cne«Tpa [0,+oo), oTBeqa101Ile.ll raMJIJILTOHJiany ho,ll neTBe.11 nenpe

pHBnoro cneKTpa onepaTopa A, ecJJll onn cy!IleCTBYIOT. Bonee Toro, no co6cTBeHHLIM «pyHKilRIIM 

nenpepHBnoro cneKTpa h 0 JI cne«TpaJILHo.11 Mepe raMJIJILTOHllaHa A c noMO!IlLIO (2.23) nerxo 

IlOCTpOllTL nenpep1lBHYIO qacTL cneKTpaJJLH0.11 MepL! ,D;JIJI raMllJILTOHllaHa h. B qaCTHOCTll, ne-

( 
r(· x' z) ) 

pexo,n;JI npll z = E ± iO, E > 0 B a,n;pax •i('. ; ) nepuoro cTOn6na pe30JILBeHT1l r K 
. r ,x,z 

npe,n;eny x' -+ 00 ll BLl,n;eJIJIJI B llX aCRMnTOTJIKe c¢epJiqecxy10 BOJJHY, 

( 
r(•, x', z) ) (±) e±iJEl~'I 
"( I ) ~ u (• p)-~ r ·,x ,z :r-oo . ' 41rlx'I ' p= ±../Ex', 

M1l na.11,n;eM BOJIHOBLle «pYHKilllll u<±) ( ·, p) Henpep1lBHOro cneKTpa raMllJILTOHllaHa h, OTBeqa10-

1Illle BeTBll (0,+oo). CornacHo (2.23) JI (2.24), BHeruHJIJI, ij,C±l(x,p), JI BHyTpenHJIJI, u<*>(p), 
COCTaBJIJIIOIIllle BOJIHOB0.11 ¢YHKilllll U(±)(,,p) ,n;aIOTCJI paBeHCTBaMll 

ip<*>(x,p) = ipt>(x,p) - ro(x, 0, E ± i0)t(E ± iO)ip~*>(O,p) 

u<*>(p) = 1 . (±) 
d(E ± iO) r A(E ± i0)0ij,0 (O,p), 

r,n;e ij,~*\x,p) - BOJIHOBLie ¢YHKilllll nenpepLIBHOro cneKTpa onepaTopa ho, 
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M1l He 6y.n;eM npnBO.n;HTL 3,D;eCL COOTBeTCTBYIOIIllle ¢opMyJILI ,ll;JIJI BeTBell nenpepLIBHoro cneK

Tpa, oTueqaIO!IlllX onepaTopy A,nocKOJILKY 6y,n;eM npe,n;nonaraTL B ,n;aJILHelimeM, qTO ero cneKTp 

qRcTo .n;HcKpeTH1l_ll. B aToM cnyqae BOJJHOB11e IPYHKilllll u<*>(p) y,n;onneTBopJIIOT cTan,n;apTHLIM 

COOTHomeHJIJIM noJJHOT1l ll oproroHaJILHOCTII [25] . .ll:RcKpeTHLitt cneKTp 0-d(h) onepaTopa h co

Blla,n;aeT C MHOJKeCTBOM llOJIIOCOB no :rneprllll z pe30JILBeHTLI r(z), xy.n;a, cornacHo (2.23), (2.24) 
BXO,n;JIT perueHllJI .n;HCnepCllOHHOro ypaBHeHllJI 

(2.27) d(z) ';' O 

JI, Boo6!Ile rouopa, nonioca pe3oJJLBeHT r0 (z) ll rA(z). IlpocToe co6cTBennoe qncno c onepaTopa 

A- nonioc rA(z) - OKa3LJBaeTCH noJIJOCOM r(z), ecJJR co6cTBeHH1ltt BeKTOp u, Au= cu, opToro

nanen 0. KpoMe Toro, noniocaMR r( z) oKa3LJBaJOT_CJI KpaTH1le co6cTBeHH1le qllcna onepaTopa A 
(cM. (22]). KpaTHLle ToqKll .n;HCKpeTHOro cne~Tpa 

0

BHemnero raMllJILTOHllaHa ho TaKJKe 0Ka3L!Ba

lOTCJI noniocaMJI r(z). IlpocTLie co6cTBenn11e qRcna 3Toro onepaTopa nona,n;aioT npR 0 f= 0 B 

o-d(h) Jlllilll, llpll TOM ycJJOBllll, qTo ero co6cTBeHHLie ¢YHKilllll, OTBeqaJO!Illle 3TllM qllCJlaM, o6pa: 

IIlalOTCJI B HYJIL npll X = 0. KopHll ypaBHeHJIJI (2.27) Ha ¢ll3JiqecKOM JlllCTe 3aBe,D;OMO JIBJIJIIOTCJI 

npOCTLIMll, llOCKOJILKY nopo}K,ll;eHHi:ie llMll llOJIJOCa· pe30JILBeHT1l r(z) o6JI3aHLI llMeTL nepllLI.11 no

pH,D;OK. Bonee TOro, 3Tll KOpHn Be!IleCTBeHHLI, llOCKOJILKY r( Z) - pe30JILBeHTa caMOCOnI>JIJKeHHOro 

oneparopa. Rx llCCJle,[(OBaHlle ~ paMKax Teopm1 B03MYIIleHllit MOlKeT 6LITL npoBe,n;eHO no TO.II 
0

}Ke . 

cxeMe, qTQ ll B [22)-[24). , ' · 
He orpaHJiqllBaJI o6!IlHOCTR, ML! 6y,n;eM paccMaTpRBaTL ,n;anee JIRmL cnyqatt;xor,n;a .n;HCKpeT

HLl.11 cne«Tp o-d(h0 ) JI o-d(A) = o-(A) onepaTopoB h 0 ll A o.n;HoKpaTeH, a BeKTOp 0- nopo}K,[(aIO!Illlfi 

aneMem' ,n;JIJI A, TO ecTL (0, u) f= 0 ,n;JIJI ucex co6cTBeHHLIX BeK~opou u onepaTOpa A. _By,n;eM 

cqJITaTI, TaKJKe, 'ITO :co6CTBeHHLJe ¢YHKilllll ,ll;llCKpeTHoro cneKTpa onepaTopa ho He 06pa-

1Ila!OTCJI B HyJJL npll X = 0. Ilpn 3TllX ycJJOBHJIX ;,.d(h) COBna,n;aeT C MHOJKeCTBOM Be!IleCTBeHHLIX 

xopHeli ypaBHeHRJI (2.27), npRqeM o-d(h) n o-d(h0 ) = o-d(h) n o-d(A) =0. OrMeTllM, qTO am 
KOpHll HenoJJO}KRTeJJLHLI, nOCKOJILKY Ilpll z = E ± iO, E > 0, ¢YHKilRII p(z) Be!IleCTBeHHa, a 

MHllMaJI qacTL q(z), BLipaJKaJOIIlaJICJI qepe3 cxaqoK «pyHKilllll fpllHa r0 (x, x', z) npll nepexo,n;e 

pa3pe3a, OTJlllqna OT HYJIJI 

(2.28) Im q(E ± iO) = ± ;i J dp l!po ( o, ../Ep) j2 f= 0. 
. S2. 

.lJ:e.llCTBllTeJILHO, ypaBHeHlle (2.27) npll YCJIOBllJIX (2.20) paBHOCllJILHO ypaBHeHll!O 

(2.29) µu + µ12q = -p, 
µ21 + µ22q 

p(E) ER 

Bnaro,n;apa (2.20) oT06paJKeHRe q ,_. w1 $ µ12q JIBJIJleTCH aBTOMOp«pll3MOM Bepxnett nonynno-
21 22q 

cKOCTll. IIoaTOMY, B CllJJY (2.28), pemeHJill z = E ± iO npR E > 0 y ypaBHeHJIH (2.29) HeT. Mu 

6y,n;eM npe,n;nonaraTL _ TaKJKe, qTo ll TO'lKa z = 0 ne JlB
0

JIJleTCJ1 KOpHeM d( z). KoMnJJeKCHLle KOpHll 

¢YHKilllll d(z) (na He«pll3JlqecKOM JlllCTe) JIBJIJIIOTCJI 'pe30HancaMll. 

0603HaqJIM Be!IleCTBeHHLie KOpHll (2.27) qepe3 >..;, j = 1, 2, ... 'n, >..; < 0, 0-d(h) = {>..; }. 
BuqJICJIJIJI B11qeT11 ¢YHKilllll fpllna 

( / ) ( \ )µ12+µ22p(>..;) ( / \) 
Res r x,x ,z = ro x,0,,.; d ( )J ro 0,x ,"i , 
z=Aj ;;:; d Z z=.\, 
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Halt.neM, qTo co6cTBeHHOMy q11cJiy z = >.; OTBeqaeT co6cTBeHHI,Ilt BeKTOp U;.= (1/J;, u;) C BHemaelt 

KOMIIOHeHTOlt 

1/J;(x) = ro(x,0,>.;)N;1, 

r,11;e N; = ✓-d1(>.;)/(µ12 + µ22p(>.;)) . BHyTpeHHJIJI KOMIIOHeHTa u; B1,1q11cJIHeTCJ1 aHanornqHo. 

3aBepmaJI paa,nen, np1rne,neM BaJKHoe cBoltcTBO 11,11;pa (wr) (x, x', z), cocTcmmee II TOM, qTO 

OHO He nMeeT noJIOllillTefilHl,IX nonwcoB no z. M1,1 o6pamaeM BHIIMaHne Ha 3TO 06cTOJ1TeJI1,cTBO 

BBn.ny Toro, caM no ce6e onepaTop w(z) nMeeT oco6eHHOCTH B ToqKax z E ud(A),K0Top1,1e MoryT 

HaXO,ZJ;HTbCJI H Ha IIOJIOJlillTeJibHOlt nonyoc11. Ilo3ToMy nx OTCJTCTBlle y nponaBe,ZJ;eHHH w(z)r(z) 
HJJKHO cnennaJll,HO IIOKMaTb. qT061,1 c,neJiaTb 3TO, nepen11meM (2.26) B BH,ZJ;e 

(2.30) ( • ) ( 1 ) <( ) µ12 + P22P (0 1 ) wr x, x, z = o x ( ) r0 , x, z 
Pn + P12q + P21 + µ22q P 

Oco6eHHOCTJIMH np11 z E ud(A) noTeHIJ;HaJI w(z) o6H3aH npllCJTCTBIIIO,B (2.22) <pyHKilHH p(z), 
IIMewmelt B TOqKax z E ud(A) IIOJIIOCa. B Bl,lpall(eHIIII JKe (2.30) 3Ta 4JYHKilHH BXO,ZJ;HT KaK 

B qncJIIITeJib, TaK 'n B 3HaMeHaTeJib, 6naro,11;ap11 qeMy HMBaHHl,le oco6eHHOCTH COKpamaJOTCJI. 

0TMeTIIM,.qTo ;oq~o TaKJKe "coKpamaJOTCJI" 11 nonwca q(z) 11 r0 (0,x',z). 
CqiopMJJI.llpOBaHHOe. CBOitCTBO 11,npa wr JIBJIHeTCJI cymecTBeHHl,IM np11 IICCJie,ZJ;oBaHIIH ypa

BHeH11lt <l>a.n,neeBa B paa,nene 3.3. 

B 11.npe ( wra) ( x, x', z) B1,1,nen11M cnaraeM1,1e, OTBeqawm11e ,nncKpeTHOMy n HenpepLIBHOMY 

cneKTpy onepaTOpa h: 

(2.31) (wr)(x,X1
, ~) = (wrd)(x, X1

, z) + (wr<)(x,x', z), 

r.ne (wrd)(x,x',z) = 8(x) 'EX·~ z 1/J~x'). R.npo (wr<)(x,x',z) JIBJIHeTCJI rna.ZJ;Kott qiyHKUnelt . ,=1 , , . 
nepeMen:Holt z EC\ R-1;, o6na,nawme.1t ac11MnTomqecK11M npe,ncTaBJieH11eM 

· ei,/zlr'I 
(wr<)(x,x',z) ~ S(x)t<(z)-r/J~+>(o,-,/zx')-

4 
I ,

1
• 

r'-oo 7r X 
(2,32), 

3,necb qepea t<(z) 06oaHaqeHa fJia.ZJ;KaJI qacTb qiyHKilllH t(z), nonyqaeMaJI nocne B1,1qnTaHHH 

na t(z) BKJia,noB nonwcoB z = >.;; j = 1,2, ••• ,n, 11 qepea -rp~+)(·,-,/zx) - aHannmqecxoe 

npo,noJIJKeH11e BOJIHOBOlt 4JYHKilHH -rp~+)(·,p) no napaMe-rpy Z = p2 B KOMIIJieKCHJIO nJIOCKOCTb. 

0TMeTnM, qTO (wr<)(x, x', z) = 8(x)(wr<)(x', z), r.ne 

(2.33) (wr<)(x',z) = t<(z)ro(0,x',z). 

2.4. ,ll;Ba KJiacca MO~eneit To•rn'IHl>IX B3aHMo~eitcTBHH 

HanoMHHM, qTo Mo,nenn Tnna (2.18, 2.19) paa,neJIHJOTCJI Ha ,ABa KJiacca, KaqecTBeHHO paaJIHqa

wmnxCH Bl,ICOKOOHep~nqecKIIM noBe,neHl!eM MaTp11n paCCeJIHHH [7], [21]. Ilp11MeM BpeMeHHO 

v = 0 (npn 3TOM ~(z) = iJz). Tor,na MaT;~na pacCeJIHHH s(.k,.k',z) = 8(.k,.k')- pi t(z) = "T7r . ~ 
8( k, .k') - pi 1 W, z = E ± i0, E > 0, k, .k' E S 2 OKaa1,1BaeTCJ1 HeTpi!BllafilHOlt TOJibKO 

~ da(z) + 1 
/ ' 

B S·COCTOJIHIIII, r,ne OHa paBHa 

4~do(z) - i,/z 
s(z) = 4~d

0
(z) + i,/z 
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IloBe,neHne s(E ± i0) np11 E -+ +oo onpe,neJIHeTCJI ac11MnTOmqecK11M11 cBoltcTBaMn qiyHKilBH 

do(z). 3,necb ecTecTBeHHO B1,1,neJIHJOTCJ1 ,ABa cnyqaJI: 

(2.34) A) P12 # 0, 

(2.35) R) µ 12 = 0. 

B cnyqae (A), Kor.na P12 cf. 0, <pyHKilHH d0(z) llBJilleTClI orpaH11qeHHolt 4JYHKilllelt napaMeTpa 

z, TaK KaK 

(2.36) 
C 

p(z) ;:::a; 
CooTBeTCTBYIOlllaJI S-MaTp11na o6Jia,naeT "aaoMaJibHl,IM" Bi,ICOK03Hepre-r11qecK11M noBe,neHlleM 

s(E + i0) -+ ,,-1. AHanornqHoe YTBepJK,ZJ;eH11e cnpaBe,nJIHBO n npn v =/= 0, noCKOfilKY 
E-+oo 

(2.37) 
1,/z 

q(z) = ~ + 0(1) 

npn z-+ oo (CM. [281). 

Knacc (A) Mo,nenelt (2.18, 2.19) co,nepJKIIT B ce6e cTaH,napTH1,1e Baa11Mo,neltcTBHH HyJieBoro 

pa,nnyca (2.1, 2.2) np11 0 = 0, 1 = -µ12/µ11. Bo Bcex Bap11aHTax (A) raMHJibTOHnaH BHenrnero 

KaHaJia co,nepJKHT "cTaH,napm1,11t" o6o6meHBUlt noTean11aJI ayneBoro pa,nnyca V,. B11,na (2.9). 

HanpoTIIB, B cnyqae (R), TO eCTb np11 µ12 = 0, <pJHKilHJI d0 · ,nonycKaeT npe,ncTaBJieH11e 

(npn 0 =/= 0) 

da(z) = i.z + da(z) 

c KOHcTaHTOlt i. > 0 11 orpaH11qeaaolt np11 z -+ oo qiyaKn11e1t d0 (z) .. B 3TOM cnyqae n0Be,ne

a11e MaTplllll,l pacCeHHIIJI "peryJIHpao": s(E + i0) -+ 1. ,L(pyrnMII CJIOBaMII, aa "aHOManb: 
E-+oo 

aoe" Bl,ICOK03Hepre-r11qecxoe n0Be,nea11e MaTplllll,l pacCeJIHHH OTBeTCTBeHeH Jlllfilb noTeHn11aJI \11,; 
WMeHHO 3Tll noTean11aJil,l onpe,neJIHIOT JKeCTKOCTb CTaH,napTHOlt MO,ZJ;eJIII TOqeqa1,1x B3al!MO,ZJ;elt

CTB111t, np11Bo.ZJ;Hmelt K Henonyorpaa11qeHa1,1M onepaTOpaM 3Hepr1111 B aa,naqe Tpex qacT11n, a 

TaK JKe K."IIJIOXIIM" CBOitCTBaM BapllaHTa ypaBaeaii:lt <l>a.n,neeBa (cM. [91) ,!J;JIH 3TOlt MO,ZJ;eJI11.

ypaBHea111t CxopHHKOBa - Tep-MapmpoCJiaa [8]. Ilo~yorpaa11qeHaocTb TpexqacT11qa1,1x ra

MIIJibToa11aaoB C napHl,IMII Toqeqa1,1M11 B3allMO,ZJ;eltcTBIIJIMII Tlllla (2.13) ycTaHOBJieHa Jlllfilb npll 

v,. = 0 BO Bcex napaux no,nc11CTeMaX [21). H11JKe, B paa,neJie 3.3, Ml,l IIOKall(eM, qTo npll Bcex 

napHl,IX v,. = 0 ypaBHeHIIJI <l>a.n.neeBa OKMl,IBalOTCJI qipe,nroJibMOBl,IMII. . 

3 •. CHCTeMa Tpex '1aCTHIJ; C T0'1e'1HbIMH 

B38.HMO,D;eHCTBHJIMH 

3.1. raMHJILTOHHaH H0 

,L(JIH OIIIICaHBJI CIICTeMl,l Tpex qacTIIIl Ml,l 6y,neM IICIIOJib30BaTb 061,1qH1,1e OTHOCIITeJlbHl,le KOop,nn

HaTl,l Xa, Ya, a = 1, 2, 3, KOTop1,1e, aanp.11Mep, np11 a = 1 B1,1pall{aJOTCJ1 qepea xoop,nnaaT1,1 r; 

qacmn ii 11x Macc1,1 m; no qiopMynaM [25] 

( 
2m2m3 )·

112 
· 

X1 = --- (r2 - r3) 
m2 + m3 
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• 
_ [2mi(m2 + ma)] 112 

( m2r2 + m3r3). 
Y1- r1-

m1 + m2 + m3 m2 + ma · 
OTHOCHTem.Hue Koop.znmaTu 6~eM o6'LeJOIHJITL B mecTHMepHue BeKTOpu X = (xa, Ya), Bu6op 

onpe,!{eJieHHO:tt napu KOOp,IOIHaT q>HKCHpyeT ,!{eKapTOBY CHCTeMY KOOp,IOIHaT B R6• I!epexo,n OT 

OJIHHX KOOp,IOIHaT K ,!{pyTHM ocy~eCTBJIHeTCII npeo6pa30BaHHeM llOBOpoTa B R6 

( Xa ) = ( Cap Sap·) ( Xp ) ' 
Ya -Sap Cap YP 

T,!{e K03q>q>HJlHeHTU Cap, Sap 3aBHCIIT JIHfilJ, OT Mace 'l:aCTHJl [25]. 

IlpH H3y'l:eHHH CllCTeMU Tpex 'l:aCTHJl CHa'l:aJia pacCYOTpHM CJIY'l:att, Kor.na B3aHMo,ne:tt

CTBYIOT TOJII.KO ,D;Be 'l:acTHJlU H3 q>HKCHpoBaHHott napu er. O6o6~eHHutt oneparop aHeprnn Ha 

,!{JlH arott CHCTeMU nOJiy'l:aeTCII H3 11apHoro raMHJII,TOHHaHa ha no q>OpMYJie [25] ( CM. TaKJKe [24]) 

Ha= ha 18) / 110 +la® (-A110 ) 

3.nec1, .111., H Ia - TOJll,!{eCTBeHHUe 011eparopu COOTBeTCTBeHHO B rnm.6epTOBOM npoCTpaHcTBe 

OTHOCHTem.Horo ,!{BIDReHIDI TpeTLe:tt 'l:aCTHJll,l L2(R!J H B rHm.6epTOBOM npocTpaHCTBe 1t~2>' 

oTBe-q:aro~eM no,ncHcTeMe er. Ilo,n ha llOHHMaeM 0606~eHHEltt raMHJII.TOHHaH (2.13). Oneparop 

Ha ,!{ettcTBYeT B rnm.6epTOBOM 11pocTpaHCTBe 9a = 1ta ® L2(R!J, 11pe,!{cTaBJIHIO~eM co6ott 

cyMMY ,D;BYX 11pocTpaHcTB, 9a = g•z El) (i~", T,!{e gu = L2(R6), g~n = L2(R!., 1t~"). BeKTopu 

u E 9a,KaK H 11pelll,!{e,nMelOT ,!{Be KOMnOHeHTU: u = (IV, Ua), IVE g•z, Ua E g~n. O11eparop Ha 
onpe.zteJieH B 9a Ha KJiacce 

(3.1) D = (n ;., D . ) '°' w.2(Ra ) = i>•"' .. "'. D;" a a W Aa IOI 2 ,. y0 a W a , 

r,!{e D'; = Da® Wf(R~J 11 D:;' =DA.® Wf(R!J· MHoJKeCTBO Da COCTOllT H3 BeKTOpoB U = 

(IV,ua), BHemHHe KOMnoHeHTU IV, IVE f>: KOTOpUX 06Jia,!{alOT aCHMnTOTH'l:eCKHM llOBe,!{eHHeM 

(3.2) IV(X) ~ a4a(YI al) + ba(Ya) + o(l), 
Zo-0 7r X 

aa, ba E Wf(R!J, H B TO JKe BpeMH 

IV(X) E Wf (R6 
\ Ma), 

r.ne Ma= {XE R6 
: Xa = O} -TpexMepHM rnnep11JIOCKOCTL B R6, Ha Koropott cocpe.ztOTO'l:eHu 

TO'l:e'l:HUe B3aHMO,!{e:ttcTBIDI B no,ncncTeMe er. BHyTpeHHHe KOMllOHeHTU Ua JIBJIHIOTCII aJieMeHTaMH 

D~" = Wf(R!.,DA.) llJIH, 11pH OTOJll,!{eCTBJieHHH R!. 11 Ma, aJieMenTaMH Wf(Ma,DA.), ra

MHJILTOHHaH Ha ,!{e:ltCTBYeT Ha (3.1) KaK MaTpHJla 

(3.3) fI _ -Ax+ V,. + Va Ba 
( 

• •(a) )" 

a- Bt ·Aa-A11 •. ·. 

3,!{eCI, -tix = -Ji,.a - Ay. - oneparop Jla1maca B R 6, nOHHMaeMUtt B CMUCJie o6o6~eHHUX 

q>YHK!lHA Ha,!{ Ct(R6
). 

.l{e:ttCTBHe onepaTopOB CBJ13H KaHaJioB, Ba H Bt no-npeJKHeMy OllHCUBaeTCII qiopMYJiaMH 

(2.15) 11 (2.16). O.l{HaKO q>YHKJlHOHaJIU a,, n ha, 3a,!{aBaeMue COOTHomeHIDIMH (2.5), (2.6) 
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np11o6peTaroT re11ep1, CMUCJI onepaTopoB, ,!{ettCTBJIOIIUIX H3 D'; B L2(Ma) 11 conoCTaBJIHIO~ 

qiyn~ (3.2) R03q>q>llltHeHTW B acmraTOTHKe COOTBeTCTBeimo aa(Ya) 11 ba(Ya) • 

JCax 11 B aa,!{a'l:e ,!{Byx 'l:aCTllJl, Tpe6oBaHHe perYJIHpHOCTll BHemnett KOMllOHeHTl,I f" BeKTOpa 

!=(Ha-z)u, f=(f",f"), f"EL2(R6
), f"e(i~",11p11UEDa,U=(IV,ua) 

npHBQAHT K ,D;ByXKaHam.Ho»y ypuHeHHIO illpeJOinrepa. 

(3.4) { 

(-Ax+va-z)IV=f" 

9a (µ!~la,,+ µ!;>ha) IV,+ (Aa .:_ A 110 - z} Ua =Ji" 

11 TpaHH'l:Hl,IM YCJIOBllJIM 

(3.5) ( (µ1~)1la + µ1;>ha] IV) (Ya} = {ua(Ya}, 9a)• 

C11CTeMa (3.4) OTJIH'l:aeTCJI OT (2.17) JIHIIII, .no6uneHHeM B Kalll,!{Oe H3 ypaBHeHHtt KHHeTH'l:eCKOtt 

aHeprHH CB06QZtHOTO OTHOCHTeJII.HOTO ,!{BHJKeHIDI ,!{OnOJIHHTeJII.HOtt 'l:aCTHJll,l. Tu 'l:TO o6o6~en

Kl>lil Za.MUA1>monuan (3.3) anauaa.cenmen ca.MoconpaxennoMy onepamopy 

(3.6) ( 
W ) ( ( -Ax + Va) IV ) 

Ha Ua = (Aa - A 11J Ua + (Ja (µ~~)Ila +µ~;)ha) IV 

06.cacm1> onpeae..cenua V(Ha) nomopozo cocmoum ua a.ce.Menmoa Da, yaoe.cemsopa,o~ux 

yc.,coeu,o (3.5). 

licKJIIO'l:eHHe B aa,!{a'l:e (Ha-: z) U = f KOMnoHeHTu, OTBe'l:aro~ett BHyTpenHeMy KaHany, 

llpHBQAHT BO BHemHeM KaHaJie K ypaBHeHHIO 

(-tix +Va+ Wa(z)-z) IV= j°"' .+ Ba (zl -Aa +A11_)-
1 
f" 

c o6o6~eHHUll 3Hepro3aBHCJ!lllHM llOTeH!lHaJIOM 

(3.7) 
• • (a) -1 + • 

Wa(z) = V,. + Ba (zJ - Aa + A 11J Ba = Wa(z + A 110 ), 

OTJIH'l:aIO~Cll OT (2.22) TOm.KO KHHeTH'l:eCKHll C,!{BHTOM ,-Ay.• Ilp11 aTOM Wa = o(xa)Wa(z), 
r,!{e Wa(z) .;; wa(z + A 110 ). IloTeH!lHaJI Wa npe,!{CTaBJIHeT co6ott CBepTKy, 

(3.8) Wa(ya -y:,z) = 2~i f d(wa(C)uo(Y ,-y',z-(), 
rAa 

r.ne HHrerp11poBaHHe Be,!{CTCJI no KOHTYPY, OXBaTUBaIO~ewy B OTpllJlareJIJ,HOll HallpaBJieHHH 

cneKTp onepaTopa Aa. Ilo 11pe,D;IIOJIOJKeHHIO cneKTp Aa ,D;HCKpeTH1,1tt, 11 HHrerpaJI {3.8) MO

mer 61,1n JierKO natt,D;en no BU'l:eTaM. IloCKOJII.KY B TaMHJII.TOHHaHax (3.3) 11 (3.6) ,!{eJIJITCJI 

11epeMeHHWe, OTHOCJllllHeCI: K 11ape er II .ztOnOJIHHTeJil,HOtt 'l:aCTll!le, peaom.BeHTa Ra (Ha - zr1 

011eparopa Ha TaKJKe JIBJilleTCJI cBepTKOtt. 

(3.9) Ra(Ya -y:,z) = -
2
1

. f d(ra(()go(Ya -y:,z-(), 
:n· . 

r. 

r.ne r a(() - peaom.BeHTa napnoro TaMHJII.TOHHaHa ha. ICoHTYP r a OXBaTl,IBaeT B OTpllJlareJIJ,HOll 

HallpaBJieHHH cneKTP ha. 06oona'l:HM 'l:epea .R,.(z) BHemHIOIO KOMllOHeHTY peaom.BeHTl,I Ra(z), 

15 



BL1paJKa10my10CJI cornacno.(3.9) qepe3 BHelllHIOIO KOMIIOHeHTY ra(z) napaoll peaom,BeHTLI ra(z). 
Onnlll~M aeKOTOpLle cBoll~TBa 11,!lep (WaR~) (X, X', z) 

(3.10) -WaRa(Ya - Y:,z) = 
2

~i f d((wara)(()go(Ya - Y:,z - (), 
fa -

KOTOpLie MLI 6y,!leM HCIIOJJb30BaTb B CJJe,!lJIOllleM pa3,!leJJe npn HCCJJe,!lOBaHHH ypaBHeHHll <l>a)Ule

eea. Ilpelll.!le Bcero BLl,!leJJHM B {3.10), IIOJJb3JIICb (2.31), BKJJa,!lLI ,!lHCKpeTHoro H nenpepLIBHOro 

cneKTpoB onepaTOpa ha 

(WaRa)(Ya,X',z) = 6(xa) [(WaR!) (x~,Ya -y:,z) + (WaR~) (x~,Ya - Y~,z)], 

r,!le 

(Wa~) (Ya, X', z) = 
2
~i f d((war~)(x~, ()go(Ya - Y:, Z - (), 

fa 

no l 
(WaR!) (Ya,X', z) = L N· 'Pa,;(x:)go(Ya - Y:,z - >-.;). 

j=I J 

(3.11) 

HaM IIOHa,!l06HTCJI acnMIITOTHKa 11,!lpa (Wa~)(YaiX',z) npn x~ _:_, oo. lIT06J,I Bhl'IHCJJHTb 

ee, BOCIIOJJb3JeMCII_ COOTBOllleHHeM (2.32) H MeTO,!lOM nepeBaJJa [29]. B_ pe3JJJbTaTe IIOJJJ'IHM 

CJJe,!lJIOlllee acnMIITOTH'leCKOe npe,!lCTaBJJeHne 

(3.12) (WaR~)(Ya; X', ~) , ~ eo(z)<I>a(zcos2 wa, x') exp {ivzLao(Ya, X')} 
l"ol-oo a £5/2( X') ' 

aO Ya, 

r,!le Lao(Ya, X') = ✓Ix~ 12 + (Ya - y~)2 -~ 3llKOHaJJ [25], OTBe'laromnll pacnpocTpaHeHHIO JJJ'la 

( )

3/2 

H3 TO'IKH (0, Ya) B TO'IKY (x~, y~), eo(z) = fir i:{j. , coswa = lxal/ Lao.<l>YHKIIH/1 <I>a HMeeT 

BH,!l 

<I>a(z, x') = la(z)t/J~+j(O, -./zx'). 

3,!leCb 'lepea t/Jt;(x,p)o6o3Ha'leHa BOJJHOBa/1 <pJHKUH/1 HenpepLIBHOI'O CIIeKTpa onepaTOpa h~a) = 
-Ll.,

0 
+ Va(xa). ' · 

AaaJJorH'IHLIMH caollcTBaMn o6JJa,!laeT TaKJKe e 11.!lpo (uaRa) (X, X', z). Mu ae 6y.!leM npe

BO,!lHTb ,!lJIH aero COOTBeTCTBYIOlllllX COOTHOnieaell, IIOCKOJJbKY OHH HMeIOT CTaH,!lapTHLlll BH.!l (25] 

II IIO CBOell CTpJKType 6JJ113KH K (3.11) II (3.12). • 

Ilp1111ccJJe,!loBaH1111 c11aryJJHpaocTell 11.!lpa (WaR;)(ya,X',z) npe x~-> 0 BOCIIOJJb3JeMC/I 

npe,!lCTaBJJeHlleM_(2.33) ,!lJIH <jJyHKUIIII (war;)(x~,z). CornacHO 3TOMY npe,!lCTaBJJeHHIO 

(3.13) Wa~ (Ya,X',z) = J dy:ri(Ya - y:,z)ma>(~",X',z), X" = (O,y:), 

Ma 

f,!le ma>(x,X',z) - 11,!lpo pe30JJbBeHTLI ma>(z) = (h~a) + Llyo - Z )-I onepaTopa -hii - Llyo = 
-Llx + Va, 

(3.14) ri(Ya - Y:, z) = 
2
~i f d(ta(()go(Ya - Y:, z - () 

r~ 
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HaTerp11poeaane ii (3.14) Be,!leTC/1 IIO KOHT.YPY r;, OXBaTLIBaIOmeMy B OTpnnaTeJJbHOM IIOJJOJKe

HIIII IIOJJOJKIITeJJbHYIO IIOJJJOCb - aenpepLIBHLlll cneKTp onepaTopa ha. 

lITo6LI BLI/ICHIITb aCIIMIITOTll'leCKQe IIOBe,!leH11e npn Ya - y~ -> 0 11,!lpa ri(Ya - y~. z), 
cr11neM Koaryp 11arerpnpoeaanwB (3:14(K 6eperaM paape3a no nonyocn [0,+oo). Co~narno 

(2.12) rnaBHa/1 ~IIHryJIHpnocTb 3Toro 11,!lpa npn Ya -y~-> 0 orneqaer BKJJa,!lJ B IIHTerpan (3.14) 

OT OKpecTBOCTII (+oo), onpe,!le~eMoMy IIHTerpanaMH B11,!la 

(3.15) 
1 1 /+oo -

2iri IYa - y~j d(ta(( :1: iO) exp (-vCIYa - Y:1) 1 

A 

r,!le A·- 60JJbllla/l IIOJJOJKIITeJJbHa/1 KOHCTaHTa, A ~ izj. KaK II npn paCCMOTpeHIIH BLICOK03Hep

reTll'leCKOf0 IIOBe,!leHll/1 .!lBJX'laCTH'IHLIX MaTpHil pacce11HII/I B pa3,!leJJe 2.4, 3,!leCb CHOBa BLl,!leJJH

IOTC/1 ,!lBa cnyqa11 (A) n (R), onpe,!leJJHeML!lc·coorno11Iean11M11 (2.34) 11 (2.35). Cornacao (2.36) 

n (2.37) <jJyHKIIll/1 ta((± i0) npn (-> +oo HMeer aCIIMIITOTHKY 

(3.16) 

B cnyqae (A) n 

(3.17) 

C 
ta((± i0) ~ v'( 

C 
ta((±i0) ~ ( 

B cnyqae (R). 3aa'leHH/I KOHCTaHT c 3aBIIC/IT OT KOHKpeTHOro BapnaHTa MO,!leJJII (2.13-2.16);·a 

TaKJKe OT 3HaKa IIpll i0. HcnOJJb3J/I (3.16) II (3.17), JJerKO IIOKa3aTb, 'ITO cn'araeML1e (3.15) ,!laIOT 

11.!lpy Ti(Ya - Y~, z) CIIHfJJJHpHOCTII IIpll Ya - Y~ -> 0 Tlllla 

(3.18) !Ya - y:12• cnyqall (A), 

HJJII 

(3.19) 
1 

IYa - y~j In IYa - Y:I, cnyqall (R). 

11HTerpan (3.14) IIO KOHe'IHOll 'laCTII KOHTypa r; npllBHOCHT B 11,!lpo ri(Ya-Y~,z) 6onee cna6y10 

cnaryJIHpHOCTb Tl!lla IYa - y~1-1
, 0.!l~Y II TY JKe ,!lJJH o6oiix cnyqaee, Ilej:>ell,!leM K ll3J'leHIIIO 

co6craenno 11.!lpa WaR; (Ya, X', z) n'p11 x~ -> 0. CornaCHo (3.13) aTo 11.!lpo npe,!lcraBJJHe{ co6oll, 

npnMep no-rean11ana npocToro CJJ0/1 ea Ma 

(3.20) - (Uf)(X) ='! dy:J(y:)ma>(x",X',z),. X" = (o,y:) 

Mo 

C CIIHfyJJHpHoll npe y~ = Ya llJJOTHOCTb!O la= ri(Ya-Y~,z). <l>yBKilH/1 fpmia ma>(x",X',z), 
3a,!la10ma11 n0Tean11an (3.20), 11MeeT npe IX" - X'I -> 0 oco6eaaocTb {28] . 

4ir3 IX" - X'l4 

· rrocKoJJbKY dim Ma = 3, aTa oco6eaaocTb npn x~ -> 0 oKa3L1BaeTCJ1 nennTerp11pyeMoll. 

Ilo arolt npn'l11Be norenn_nan (3.20) IIBJJHeTC/1 cnnryJJHpHLIM np11 x~ -> 0 ,!laJKe .!lJIH nenpepLIBHo.l!: 
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nJIOTHOCTH f. A HMeHHO, ~= cpyHRilIDI f E L2(Ma) Henpep:r,IBHa B oxpecTHOCTH TO'IRH y~ E 
Ma, TO nOTeHIUIM (3.20) o6Jia)laeT npH x~-+ O, X' = (x~,y~) acHYnTOTHR0:11:

5 

(3.21) (U f) (X') = _!_ f(y~) + 0(1). 
4ir lx~I 

EcTeCTBeHHO, 'ITO B Cny'Iae CHHryrurpHo:lt nJIOTH0CTH f(y~). RaR aTO HM:eeT MeCTO B npe,n

CTaBJieHHH (3.13) ,!tJlll ,mpa Wa~ (Ya,X',z), oco6eHHOCT:r. nOTeHIUiaJta npocroro CJIO.ll (3.20) 

ycnnnBaeTC.ll BM113ll cnHryrurpHWC Toqex f. 1!To6w BWICHHT:r., RaROB BRna)I B (3.20) CHHcy

n.llpHOCTe:lt Tnna (3.18), (3.19), ,nocTaToqHo BI,l,!tenHT:r. B (3.13) n on;eHHT:r. nHrerpan nnm:r. no 

oxpecTHOCTH IY~ - Yal :5 C, C > 0, TO'IRH Ya, nonaru npn 9TOM, 'ITO lx~I, IYa - Y~I -+ O. 
lfnrerpan no ocTa10m;e:ltC.ll '!aCTH IY~-Ya I > C o6nacTn HHrerpnpoBaHH.ll Ma .llBn.lleTC.ll rnaJJ;Ko:lt 

orpaHnqeHHO:lt cpynfillne:lt. B pe:iyn:r.TaTe MLI npH,neM x C1Ie,ny10m;eMy yTBepm,neHnIO. 

Ilpu lx~I, u Iva - Y~I-+ 0 Slapo (Wa~ (Ya,X',z)) aonyc1'aem Ot(eH1'Y 

(3.22) IWa~ (Ya,X', z)I :5 IYa - Y~lv (lx:I~ IY~ - y~I) lx~I 1 

iae 6 CAy1'ae (A) cmenem, 11 = 1. B CAy1'ae (R) 6 1'a1'ecm6e 11 .11oxno 63Slmb ,uo6oe C1'<Mb 

ywauo .MQAOe 1'UCAO f > 0. Ilpu 3mo.11 C = C(f). 

3.2. IloJIHHH raMHJibTOHHaH H 

Ecnn BHyTpeHHne xaHaJILI HMeIOTC.ll B xam.no:lt napHo:lt no,ncncTeMe, sa,na,nHM o6o6m;eHHLI:lt ra

MHn:r.TOHnaH CHCTeMW Tpex qaCTHD; KaK onepaTOpHyIO MaTpnn;y (cM. [24]) 

(3.23) 

( 

• • (a) ) • -Ax + ~(;h + Va) Bi . B2 B3 
H = Bi Ai - Ay, 0 0 , 

Bt 0 A2 -Av. 0 
Bt ·· 0 0 A3-Av, 

' 3 • • • • 

,ne:ltcTBy10m;y10 B rnn:r.6epTOBOM _npocTpaHCTBe g = g•:r: EB EB g~n. I'aMnn:r.TOHnaH H ,ne:ltcTBYeT B 
a=l , 

• . • 3 • • . • 
g Ha MHO>KeCTBe D = D""' EB EB o~n, r.ne Tenep:r, D:;' = DAa ® W;(R!a \ {0}). MHo>KeCTBO D""' - - -
COCTOHT H3 cpyHRilH:lt w_ E W; (R6 

\ p~i Mp)' HMeIOm;HX acn~n:0THRH (3.2) npn Rall!,!tOM a= 

1, 2, 3 c xoscpcpnn;neHTaJoUil aa, ba E W;(R!a \ {0}) . CaMa cTpynTypa MaTpnD;l,I (3.23) yRaJwBaeT 

Ha HCTHHHO napHwll: (B OTnH'IHe OT [7), [20]) xapaKTep BMIOqeHHJI TO'JeqHWC B3aHMO,!te:ltcTBH:lt B 

raMnn:r.TOHHaH iI. 
CoCTO.llHHJI CHCTeMl,I onncwBaIOTC.ll qeTwpeXKOMnoHeHTHLIMH BeKTOpaMH U H3 rHn:r.6epTOBa 

npocTpaHCTBa Q, U = (ll',u1,u2,u3), WE Q""', Ua E gin. 

Bwi:cHHM, K KaKHM ycJIOBHJIM Ha u E i> npHBO,!tHT rpe6oBaHHe perynKpHOCTH ero o6paaa ' 

HU. ITocKOJJI,KY Ha q>YHRilHR 1l' ED""' o6o6m;eHHr.l:lt nannacnaH L!l.x . .zte:11:CTBYeT B COOTBeTCTBHH 

5Bs,my HOJKeBU Wj(R3 ) C C(R3 ) na aCHMilTOTHIUl Il03BOJllleT A8TL .RBBoe OilHtaHHe [21] o6JiacTH onpe

AeJleBU V(Ha) oneparopa Ha, a TalUl<e o6JiacTH onpe,11ellenu llOllBoro raMHl!LroBHana CHCTeMH Tpex qacTHll 

(cw. pas,11ell 3.2). repMHBax IlOTeHIIH8llOB npocToro CllOJl Ha rHnepilllO~llOCTEC Ma-
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C paBeHCTBOM 
3 

-L!l.x'V = -AxW + L .5(xa)aa(Ya), 
a-=1 

CHHrynKpHa.ll COCTaBn.ll!Olll;a.ll BHenrnell: KOMllOHeHTJ,I o6paaa :HU paBHa 

3 
[ (a) . I ] L b(xa) aa(Ya) + µ(!) ba - (a)(ua, Oo,) • 

ot=l µ11, µ11 

Cne,1.10BaTeJILHO, OTCYTCTBHe CHHrynKpHoll: K0Mll0HeHTLI paBHOCHn:r.Ho Bl,lllOJIHeHHIO rpaHnqHl,IX 

ycJIOBHll (3.5) llpn Bcex a= 1,2,3. 8Tn rpaHl!qHl,le YCJI0Bl!H BU,l.\en.llIOT Bi> o6nacTL Ollpe,1.1e

JieHl!H V( H) OllepaTOpa H' llOHl!MaeMoro B o6LiqHOM CMLICJ!e H COOTBeTCTByrom;ero perynKpHoll 
. COCTaBnKIOm;el! HU. -

OllepaTOp H t1ellcTBJeT Ha V( H) llO qiopMyJie 

(3.24) H,,U= 
(

(-A~+~_v°'}w ~. · ) 
! [(A°' - Ay0 ) "°' + 0"' (µ~~>a°'+ µ~~>b"')] w ·. 

Ilpoaepxa C11MMeTpnqHocT11 3Toro OllepaTOpa Ha V( H) MOllieT 6LITL llpOBe)'.leHa Henocpe,1.1cTBeHH0. 

B c11Jiy (3.21) ol111can11e (3.5), (3.24) OllepaTOpa H 3KBl!BaJieHTHo (lip!! v"' = O, a= 1,2,3) 

Olll!CaHl!IO TpexqacT11qHoro raMl!JILT0Hl!aHa HC3) C napm,rM B3al!M0)'.lettcTBl!eM H3 CTaTLI! [21), 

r)'.le ycTaH0BJieHo, qTo lip!! Br.lll0JIHeHl!I! JCJI0Bl!ll, aHaJIOr11qHLIX (2.35),. ll0CJie)'.IHHtt HBn.lleTCH 

OllepaTOpoM, ll0JIY0rpaH11qeHHLIM CHH3Y. JfoqTI! 6yKBaJILHO llOBTOpHH )'.IOKaJaTeJILCTBO COOTBeT

CTByrom;ero JTBepll{)'.leHIDL{[21], Teope!-fa 2.1), HeTpJ/'.IH0 ycTaHOBl!TL, qTo 0llepaTOp H TaK)l{e 

:r:roeyorpaH11qeH CH11ay, B TOM q11cJie II lip!! v"' /. 0, ecJI11 ace µi~> = 0, a = 1, 2, 3. BoJiee Toro, 

Ha V(H) OH caMocollpH>KeH. 

Bcro,ny Hl!ll{e, ecJII! He oroaap11aaeTCH Cllen11aJILHo, MU paccMaTp11aaeM _11MeHHo 3TOT Bap11-

aHT OllepaTopa· H, OTBeqa10m;11ll napHLIM ToqeqHl,IM B3al!MO)'.lettcTBl!HM THlla (R). 
. lfayqeHl!e CIIeKTpaJILHLIX CB0l!CTB onepaTOpa H CB0/'.ll!TCH K l!CCJie)'.IOBaHl!IO CTpoeHHJI n 

aHaJil!Tl!qecxnx CB0.l!CTB ero pe30JILBeHTLI R(z) = (H - zr1 
• Peaon:r.BeHTa R(z) llpe,".ICTaBn.lleT 

co6ott OllepaTOpHyro MaTp11n;y paaMepHOCTI! 4 x 4 c KOMll0HeHTaMI! Rab _(a,b = 0,1,2,3), r,".le 

l!H)'.leKCJ,I a, b = l, 2, 3 COOTBeTCTBJIOT BHJTpeHHl!M KaHaJiaM, a l!H)'.leKCLI a, b = 0 - BHemHeMy. 

IloBTOpHH paccyll{)'.leHl!H H3 [24), M0>KHO IIOKaaaTL, qTo Bee ero KOMIIOHeHTLI HBHO, B TepMI!-. 

Hax napHLIX llO/'.ICl!cTei.1:, BoccTaHaBJil!BaIOTCH no a11enrnel! K0MlloHeHTe Reio( z ). TaKl!M o6paaoM, 

/'.ln.ll Toro, 'IT06LI 11ccJiet10BaTL peaoJILBeHTY R(z), )'.I0CTaT0'!Ho 11ccJI~~oBaTL nnm:r, ee K0MllOHeHTY 

Rcio(z). ,l(JIH coxpam;eHl!H 3aIIl!CI! l!H)'.leKCLI B o603Ha'!eHl!HX nott K0MllOHeHTLI 6J/'.leM OllJCKaTL, 

noJiarM R(zL=. ~o(z). 

3.3. 11HTerpaJibHHe ypaBHeHHJI cI>~.n;eeBa 

Peaon:r.aeHTa R( z) llO/'.lqHHHeTCH ypaBHeHl!IO 

(3.25) (iI-z) R(z) = I. 

qT06r.l IJoJiyql!TL 0TCIO)'.la 3aMKHJTr.le ypaBHeHl!H /'.ln.ll R( z ), llepelll!illeM (3.25) B Bl!)'.le CHCTeMLI 

ypaBHeHnll ,l.\n.ll KOMll0HeHT Rab(z), a, b = 0, 1, 2, 3, K0TOpa.ll pac~a)laeTCH Ha qeTLipe OT)leJILHI,[e , 
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• 
~HcTeMLI ,l(JIH KoMnoeeeT c qmKcnpoBaHHLIM b. B cncieMe ,l(JIH R.b(z) npn b = 0 HCKJIIO'IHM 

KOMnoeeHTLI Rao(z), a= 1, 2, 3. B peaym.raTe npn,lleM K ypaBneenro ,l(JIH R(z) 

(3.26) [-t.x + ~ (va + Wa(z)) - z] R(X,X',z) = o(X -X'), 

CO,llepmameMy 3Hepro3aBHCJIIIIHe noTeHIIHaJII,I (3.7). 

lfa {3.26) cne,l(JeT, 'ITO R(z) nQ!l'lHHJ!eTCJI ypaBeeenro JlnnnMaea-lIIBnerepa 

(3.27) R(z) = Ro(z)- ~(z) L [wp(z) + vp] R(z), 
/3 

r)(e Ro(z) - CB060,l(HaJI qiynim'HJ! fpnea, Ro(z) = (-1::,.x' - z)-l. CaMO no ce6e 3TO ypaBeeene 

eeqipewonLMOBO H no3TOMY eenpHrO,l(HO ,l(JIH HCCJie,llOBaHHJ! onepaTOpa R(z). IlpH'IHHLI ee::S. 

qipewonLMOBOCTH Te me, 'ITO n B cnyqae peryllHpHLIX noTeennanoB ( ~M. [251). 1ho6'u C,lleJiaTL 

ypaBeeene (3.27) qipe,llrOJILMOBLIM, ero eeo6xo,llHMO nepecTpOHTL. · 

B COOTBeTCTBHH C npe,llCTaBneeneM B3aHMO,l(ei!cTBH.R B BH,lle CJMMLI o6o6meeeoro H peryJ1Hp

eoro cnaraeMLIX1 BBe,lleM B paccMoTpeene oneparopLI Ma(z) == Wa(z)R(z) H ma(z) = vaR(z), 
a= 1,2,3. <l>yeKUHJ! fpnea R(z) BL1pamaeTCJ1 qepe3 Ma(z) H ma(z) no qiopMyne 

R(z) = Ro(z)- Ro(z) L [Ma(z) + ma(z)]. 

lJT06LI nal!TH ypaBneeHJI .llJIH Ma H ma, no,llel!cTByeM ea o6e qac-rn (3.27) onepaTOpaMH Wa H 

Va- B nony'lHBlllHXCJ! nocne 3TOfO ypaBHeHHJ!X BLl.ll":JIHM, cne,l(JJ! cxeMe'<l>aMeeBa [25],)(Haro

nanLeyro qacTL H o6paTHM 3aTeM onepaTOp, ell oTBetiaromnl!, na ocnoBaHHH TO)K,llecTBa 

( 
I+ WaRo(z) _ WaRo(z) )-l ( WaRo(z) ) = ( WaRa(z) ) 

VaRo(z) I+ VaRo(z) VaRo(z) VaRa(z) 

B peaynLTaTe nony'IHM cncTeMy ypaenennl! ,l(JIH onepaTOpOB Ma H ma! 

(3.28) ( Ma ) = ( WaRa(z) ) _ ( WaRa(z) ) L(Mp(z) + m13(z)). 
ma VaRa(z) VaRa(z) f3#a 

,Ilpn nccne,l(oeannn 3THX ypaBnennl!· y)(o6no BU,l(enHTL B JI,llpax Ma 8-qiyHKIIHonanLeue MHOmH

Tenn o(xa) H nepel!TH K peryJ1HpHUM qiyHKIIHJ!M Ma (Ya, X', z), Ma(z) = o(xa)Ma(z). IlpH 

3TOM ypaBHeHHJ! (3.28) npHMYT BH,l( ~ 

(3.29) ( Ma ) = ( WaRa )- ( WaRa ) L(o13M13 + m13), 
ma Va Ra Va Ra f3#a 

r,lle 'lepea 813 0603naqen onepaTOp yMnomeenJI na 8-qiynKIIHIO o(x13). 
O6CJ,l(HM JCJIOBHJ!, npn KOTOpUX ypaBHeHHJ! (3.29) qipe,llrOJILMOBl,I. K'aK Ml,I OTMe'laJIH B 

npe)(Ll,l(JJIIeM pa3,llene, qiy~K.ll~H ( WaRa) (Ya, X', z) o6na,lla!OT acHMllTOTH'leCKHM noBe,l(eHHeM 

(3.11), (3.12) npn x~ -+ oo, xapaKTepHLIM ,l(JIH JI,llep ypaBeennl! <l>a.ll)(eeBa B KonqinrypannoneoM 

npocTpaecTBe, OTBe'laromnx 6L1cTpoy6L1BaIOJIIHM noTennnanaM [25] nnn pa3JIH'IHUM BapnanTaM 
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MO,lleJIH rpannqe1,1x ycnoBHl! [23], [27], [30]. TeM 6onee 3TO Bepao ,l(JIH JI,llep (vaRa) (X,X',z). 
E,l(HHCTBeHHOe OTJIH'lHe OT CTaH,l(apTHOl! CHTyaIIHH COCTOHT B TOM, 'ITO HOCHTeJIHMH HCKOMl,IX 

qiyeKIIHll Ma (Ya,X',z) no nepeMeneuM Ya JIBJIHIOTCJ! TpexMepa1,1e rnnepnnocKOCTH Ma. Ilo-

3TOMY eeo6xo)(HM'o BUJ!CHHTL ponL c~eryJ1HpnocTel! (3.22) JI,llep ( WaR~) (Ya, X', z). 9TH cne

ryJ1HpeocTH npoJIBJIHIOTCJ! Jlllll!L B TO'lKe Tpol!eoro CTOJIKHOBeHHJ! Ya = 0, X' = 0 . .L(eno B TOM, 

'ITO npn HeTerpnpoBaenn no M13, f3 ,f. a BTopol! apryMeHT JI,llpa (Wa~) (Ya,X', z) HMeeT BH,l( 

X' = (0, Yp) H ycnoBne x~ -+ 0, x~ = Saf3Yp BUilOJIHJ!eTCJI nnruL npn Yp -+ 0. Mccne,l(oBaene 

BKJia)(a 6onee cna61,1x cneryJ1HpnocTel! THna I I Ii 1 
_ ,' j' oTBe'laromnx ,l(HcepeTnoMy cneKTPY 

, Xa Ya Ya 
onepaTopa ha, ee npe,llcTaBJ1HeT 3aTpyMeenl!. 

Ilpn X' E Mp cneryJ1Hpnocrn {3.22) npno6peTaIOT BM 

(3.30) 
C 

IYa - Caf3Ypl"(lsaf3Ypl + IYa - Caf3Ypl)lsaf3Ypl • 

Ilpn 3TOM cnpaBe,llJIHBO eepaBeHCTBO 

lsa/lYpj + IYa - Caf3Ypl > C(IYal + IYpl) 

C eeeoTOpol! KOHCTaHTOl! C > 0. TaK 'ITO (3.30) oneHHBaeTCJ! 'lepe3 

(3.31) 
C 

IYa - Caf3Ypl"(IYal + IYpl)IYpl 
.L(JIH TO'le'IHLIX B3aHMO,llel!CTBHll THna (R) (cM. COOTHOllleHHe (2.35)), Kor,l(a B KaqecTBe V MO)KHO 

B3J!TL nro6oe CKOJIL yro,l(HO Manoe f > 0, oco6eHHOCTH (3.31) J!BJIJIIOTCJ! HHTerpnpyeMLIMH; BKJIIO

'laJ! cnyqal!, Kor,l(a Ya -+ 0 Ilpn HTepannJix ypaBaeenl! ~aMeeBa (3.29) ain ·oco6eanocrn 

ocna6JIHIOTCJI. HatIHHaJI c 'leTBepTOl! HTepaIIHH ypaBHeHHI!: (3.29) HX JI,llpa MOfJT 61,1Tb npe)(-

laf3(Ya, Yp) r 
CTaBneHLI B BH,l(e I ' f,lle J a/3 - rna,llKaJI orpaHH'leHHaJ! qiyHKIIHJ! B OKpeCTHOCTH TO'IKH - Yp 
Tpol!eoro CTOJIKHOBeHHJ! Ya, Yp = 0 . .LJ;anee MU npHMeHJ!eM cTaH,llapTeyro TeXHHKY (25] n npnxo

,l(HM K 3aKJIIO'leHHIO, 'ITO 6 c..ty11ae, 1.:ozaa ace napttble mo'le'lttble 63aU.1tOaettcmau.si omuoc.simc.si 
1e muny (R), ypaaueuu.si </>aaaeeaa (3.29) 1eo.11na1emuw. 

OTMeTHM, 'ITO coBceM no-HHOMY o6cTOHT ,l(eno ,l(JIH B3aHMO,llellcTenl! _THna (A). B 3TOM cny

qae v = 1, H oco6eeeocTL {3.31) neneTerpnpyeMa npn Ya-+ 0. Ilo3TOMY ,llOKa3aTL qipewonLMo

BOCTL ypaeeeenl! (3.29) B KaKOM-JIH60 CMl,ICJie, ncnOJIL3JJ! TeXHHKY (25]' ee y)(aeTCJ!. HanoMHHM, 

'ITO KJiacc (A) co)(epmHT npn 0 = 0 cTae,llapTHL1e B3aHMO,llel!cTBHJ! eyneBoro pa.llnyca • .L(JIH Ta

KHX B3aHMO,llel!CTBHl! ypaBHeHHJ! (3.29) npn Va = 0, a = 1, 2, 3, npeBpamaroTCJ! B ypaBHeHHJ! 

CKopHJIKOBa-Tep-MaprnpocJina [8]. 

9KBHBaneHTHOCTL O,l(HOpO,l(Hl,IX ypaBHeHHI!: <l>a,ll,lleeBa (B cnyqae B3aHMO,llel!cTBHI!: THIIa (R)) 
ypaBHeHHIO lIIpe)(HHrepa (H - z) IJ/ = 0 ,llJIH co6cTBeHHl,IX qiyHKIIHll ,l(HCKpeTHOfO cneeTpa 

npoBepJieTCJI 06L1'IHUM cnoco6oM [25). 

3.4. ~H<l><pepeH~HaJU,HLie ypan11e111i11 cI>a.n;.n;ee:oa 
.D;JIJI KOMilOHCHT BOJIHOBOH <l>YHK~HH 

l{ae yme OTMe'laJIOCL B pa3,llene 2.1, J!,llpa ypaBHeHHll <l>a.ll,lleeBa (3.29) HMe!OT aCHMIITOTH'leCKHe 

CBOl!CTBa, xapaKTepeble ,l(JIH 61,1CTpoy61,1Barorunx B3aHMO,llel!:cTBHl!, OIIHCLIBaeMLIX KaK rJia,l(KHMH 
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• 
noTeIIn;HaJiaMH [25], TaK n pa:rnH'l!fLIMH BapnaJITaMH MO,D.eJIH rpa!IH'IIILIX ycnoBHfi [23], [27], [30]. 

KaK, MLI yeTa!IOBHJIH B npe,n.11,n.ymeM pa3,n.ene, ,!I.JUI eny'laJI nap!ILIX TO'le'IJILIX B3aHMO,D.etteTBHfi 

rnna (R) ypaBJieIIHH (3.29) <jlpe,n.ronbMOBLI. Bee 3TO n03BOJUleT yTBeplR,ll.aTb, 'ITO ,!I.JUI B3aHMO

,n.etteTBntt (R) H,n.po <jlyIIKD;HH fpnIIa BIIemIIero KaJiana R (X, X', E ± i0) o6na,n.aeT eTan,n.ap

THLIM [25] aenMnT0'1:H'leCKHM noBe,n.eJIHeM nplI X n/1InH X' -+ oo. B 'laeTIIOeTn, aenMnTOTIIKa 

3Tott <jlyIIKn;nn ,npn X' -+ oo npe,n.eTaBJUleT co6ott cyMMY e<j>epn'lecKott BOnIILI B R6 no nepe

MeIIJiott X' n e<jJeplI'leCKnx BonII B R3 no nepeMeIIIILIM Yp, (3 = 1, 2, 3 [25, 30]. AMnnHT)',ll.LI 

3THX BOJIII uJ±)(X, P) e HMnynhCOM H p = ±../£)(' H lj~±)(x,p/3), b = {(3,j} e HMnyllbcaMII 

P/3 = TJ E + >../JiYp npe,n.eTaBJUIIOT co6ott BIIemIIne KOMnoIIeIITLI BOnHOBLIX <jlyIIKn;ntt 1Ienpep11-

BIIoro eneKTpa nonIIoro raMHnhTOIIHaJia H (H,n.ep BOnIIOBLIX onepaTopoB). 

<l>yIIKD;IIH Uo onneLIBaeT npo11eee paceeH!IHH Tpex eBo6o,n.IILIX B Jia'lanbIIOM eoeTOHIIHH 'la

eTnn;, <l>YIIKD;HH U/Jj OTBe'lalOT npo11eceaM pacceHJIHH ll3!Ia'lallb!IO eBo6o,D.Hott 'laeTHD;LI Ha eBH-

3a!IJIOtt nape (3. 8n1 <jlyIIKD;Hll 06na,n.a10T npn X -+ 00 acnMnTOTHKaMH, o6LI'IIILIMH ,!I.JUI 3a,D.a'IH 

Tpex Ten [25],[30]. 

C nOMOJnblO eOOTIIOllieIIHfi (3.15) no Ub, b = 0 HnH b = {(3,j}, MOJKIIO BOeeTa!IOBHTb BIIJ

TpeIIJIHe KoMnoIIeIITLI u~, a= 1, 2, 3 .. Tor,n.a rronIILie BOnIIoBLie <jlyIIKD;HH Ub(P) = (Ub, uL u~, u~) 
y,n.oBneTBOpHIOT TaKHM JKe,KaK n B [25],coOTIIOllie!IIIHM nonIIOTLI n opToroJiaJib!IOeTH. 

qT0611 nony'IIITb ,n.n<jJ<jlepeIII11Ianb1ILie ypaBJie!IHH <l>a,!1.,!1.eeBa ,!I.JUI B!Ielli!IHX KOMIIOJieHT ub, 
b = 0 nn1I b = {(3,j}, BBe,n.eM enaqana KOMnoneIITLI <l>a,!1.,!1.eeBa <jlyIIKI\HH fp1I1Ia R(z): 

(3.32) R"(z) = -Ro (wa + Va) R(z) 

n np1IMe11nM K. o6onM qacTHM (3.32) onepaTOp ( -f!.x - z). B ~~3ynLTaTe npn,n.eM K ,D.H<p<pe-

peIIn;HaJibHLIM ypaBHe!IHHM 

(-t!.x + Wa(z)+va - z) R"(z) = -(Wa(z) +va) [Ro(z) + LR/3]. 
/J#a 

(3.33) 

.ifa (3.32) ene,n.yeT, 'ITO npn X' </:. U M,., H,n.po R"(X,X',z) HBJIHeTCH cnIIryJIHpIILIM (KaK r::!.) 
'Y=l IXal 

no nepeMe!IHOtt X B OKpeeTHOeTH rnnepnnoCKOCTH Ma- B OKpeeTJIOCTH ,n.pyrnx rnnepIIJIOeKo-

eTett Mp, /3 ,/ Q 3TO H,!1.po'nMeeT 'laCTIILie npoH3BO,D.HLie BTOporo nopH,D.Ka, IIOIIHMaeMLie B KJiae

e1I'1eCKOM eMLICJie. Ilo3TOMY 0606meIIIILifi na1Inac1Ia1I -f!.x ,n.ettcTBYeT !Ia IIero KaK -b.,,Q - .6.yQ 
(eM. (2.8)). IlpnpaBIIHBaJI Koa<jJ<jln111Ie11TLI npn c(xa) B o6onx qaernx paBeIICTB (3.33), Jia0 

xo,D.HM, 'ITO H,n.pa R"(X,X',z) y,n.oBneTBopHIOT IIa rnnepnnoeKOCTHX Ma cne,n.y10mnM KpaeBLIM 

yeJIOBHHM no nepeMe!IJIOtt X: 

(3.34) aaR"(z) + Wa(z) [ Ro(z) + t K'(z)] = 0, a= 1,2,3. 

YcTpeMJIHH BTopott apryMeHT X' <jlyIIKI\HII R"(X,X',z) B .(3.33) II (3.34) npn z = E ± i0, 
EE R Koo, II,BLI,D.eJIHH B aelIMnTOTHKe aMnnlITJ,!1.LI nplI COOTBeTeTBJIOJnlIX e<jJeplI'leeKHX BOnHax 

no X' II Yp, nplIXO,ll.HM K KpaeBott 3a,n.aqe 

(3.35) (-.6.x + va(xa) - E) Ut'(X) = -va(xa) [cbollio(X) + L if,; (X)] , X </:. Ma, 
'Yi" 
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(3.36) aaU" + Wa(E ± i0) ( «5b01Vo + t if,;) = 0, a= 1,2,3, 

r,n.e E > >../JJ nplI' b = {(3,j} II E > 0 nplI b = 0. 3.ziecb qepea '110 (X) o6o3IIa'leIIa 1Ia,n.a10maJ1 

IInoeKaJI BOJIIIa '1lo (X) = exp { i(P, X)} , P2 = E, np1IeyTcTBy10maJ1 B (3.35) n (3.36) nnmh IIplI 
. , 3 3 

paeeMoTpeIIIIII npon;eceoB (3 -+.2, 3), Kor,n.a b = 0. IlplI noM U0 = Wo + I; u;J·n Ub = I; if,;, 
'Y=l 'Y=l 

b = {(3,j}. Ac1IMnT0Tn'leCK1Ie KpaeBLie ycnoBHH npn X -+ oo ,!I.JUI KOMnoIIeIIT if,; (X) BnonIIe 

CTaJI,n.apT!ILI [25]. • 

3aMeTIIM, 'ITO KpaeBLie yc;;OBHH (3.36) JienoKanbIILI !IO Ya BBII,!I.J Toro, 'ITO 0606meii1I11e 

3IIepro3aB1ICHJn1Ie n0Te1In;1Ian11 Wa(z) = c(xa)Wa(z) HBJUIIOTCH onepaTOpaMH THiia eBepTKH 

(3.8) !IO IIepeMe!IJIOtt Ya• Ilo3TOMY ,ll.JIH KO!IKpeTIILIX 'IIICneIIJILIX pac'leTOB 6onee y,n.o6JILIM npe,n.! 

eTaBJIHeTCH Bap1Ia1IT ,D.H<p<pepeIII11IaJILIILIX ypaBJieIIIIfi <l>aMeeBa, nony'laeMLifi H3 (3.35), (3.36) 

B pe3ynhTaTe BOeCTa!IOBneJIHH BIIJTpeIIJIHX KOMnoJie!IT u~>(Ya) BOnIIOBLIX <jlyIIKn;ntt ub, 

(3.37) u~> = (Aa - ~Ya - zr1 s:ub, z = E± i0. 

,LJ;n<jJ<jlepeIIn;nanhIILie ypaBIIeIIHJI BO BIIJTpeIIIIIIX KaIIanax. 

(Aa - .6.ya - E)u~> + s:ub = 0 1 a= 1,2,3, 

B cnny IIapIIoro xapaKTepa onepaTOpoB B;t noKallbIILI OTIIOCHTenLIIO nepeMeIIJiott Ya• KpaeBLie 

yenoBHH (3.36) nepexo,!I.JIT B ycnoBHH 

(3.38) µ~~>a"Ut' + µ~;>b" (cb0'11o +tu;:)= (u~>, 0a), 

KOTOpLie TaKJKe JIOKallb!ILI no Ya• 
CncTeMa ,n.n<jJ<jlepeIIn;IIaJib!ILIX ypaBJieIIIIfi (3.35), (3.37), paceMaTpHBaeMaJI eOBMeeTJIO c 

rpa!III'IIILIMII ycnoBHHMII (3.38) H aCIIMnTOTII'leCKIIMII ycnoBHHMII [25] nplI X-+ 00 ,!I.JUI <l>YIIKI\IIfi 

u; (X) BO B!IelliJieM KaJiaJie ,!1.0nJK!Ia 611Tb ,n.ononneJia aCIIMnTOTH'leCKHMH yenoBHHMH npn Ya -+ 

00 ,ll.JIH BIIJTpeIIIIIIX KOMnoIIe!IT u~>(ya)- Hanp1IMep, ,!I.JUI npo11eeeoB (2 -+ 2, 3) 3TH yenOBHH 

IIMeJOT BII,!I. 

u~>(P/3,Ya) ~ Caf3Uf3jexp{i(pp Y.o)} + ~ b e±i✓E-Aa,klYal 
1,lo-+00 

1 
) L...J Ua,k • ao,k ____ _ 

Aa,k$E JyaJ ' 

r,n.e E = >../3,j + pi, b = {(3,j} II qepe3 a~,k o6o3IIa'le!II~ aMnJIIIT)',ll.LI ynpyroro paeeeHIIHH 

(npn a = (3, k = j) II nepecTpottKH (np1I a # fJ 1In1I k # j). BeKTOpH Ua,k, a = 1, 2, 3, 

k = 1, 2, •.• , na, npe,n.cTaBJUIJOT co6ott BIIyTpeIIJIIIe KOMnoIIeIITLI, Ua,k E 1-l~, BeKTopoB Ua,k = 
('11 a,k, Ua,k), OnlICLIBaIOJnlIX CBJl3a!IJILie COCTOJIIIHH B nap!ILIX no,n.e1IeTeMaX e 31IeprHHMH >..a,k• 

Menonb3JH TeXIIIIKY [25] MOJKHO ,!1.0Kil3aTb O,ll.H03Ha'IIIYJO pi13pemHMOCTb e<jJopMynnpoBaHIILIX 

xpaeBLIX 3a,D.a'I (,n.JIH enyqaJI (R), xor,n.a Beeµ~;> = 0) np1I 3IIa'leIIIIHX 3IIeprnn E, IIe npnIIa,!I.Jle-

JKam1Ix ,D.HexpeTIIOMY eneKTPY onepaTOpa H. 
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