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IlpocTpaHcTBO Xap.rur H2(V)o6paaoBaHo aHaJI1:1T1:1qecR1:1M1:1 B e.n:1:1-

H1:1qHoM Rpyre V = { z : I z I < 1} <pyHRIJ;HJIMH 

00 . 

f(z) = L Ji zl (1) 
j=O 

C ROHeqHOH HOpMOH 
00 

111112 = E lhl2
-

j=o 

CHMBOJIOM f2 k ( C) o6o3Haq1:1M RBa,n;paT BeJil:lql:IHhl Hal:IMeHI,IIIero yRJIOHe­

Hl:IJI <pyHRIJ;l:11:1 f E H2(V) OT rro.n;rrpocTpaHCTBa pau;1:10HaJII,HhlX <pyHR­

IJ;l:IH CTeIIeHl:I ( k' 1) C <pl:IRCl:lpOBaHHhlM 3HaMeHaTeJieM ( 1 - CZ) rrp1:1 

C E V. EcJil:I <pyHRIJ;l:IJI nk l:IMeeT B HeROTOpoir TOqRe JIORaJII,Hhlli Ml:1-

HHMYM, TO 6y,n;eM roBOpl:ITI>, qTQ y <pyHRIJ;l:11:1 f cym;ecTByeT HaHJiyqrnaJI 

JIORaJI1>HaJI arrrrp0Rc1:1Mau;1:1n cTerreH1:1 ( k, 1). OcHoBHhlM pcayJI1>TaToM 

pa60Thl JIBJIJieTCJI 

TeopeMa. ,4JIH JIIo6oro HaTypaJibHoro tJHCJia k cymecrnyeT 

<PYHKQHJI f E H2(V), pa:anoHaJibHaJI amrpoKCHMa:QHJI cTe­

rreHH (k, 1) KoTopoii ,l.CaeT HaHJIYtJIIIee JioKaJibHOe HerJio6aJib­

Hoe IIpH6JIH)f{CHHe. 

3aMe-llaH:u:e. B pa6oTe [1] C l:ICIIOJI1,30BaHl:ICM MCTO,lJ;OB q1:1cJieH­

HOro 3RCIIepl:IMCHTa IIORa3aHo, qTo rrp1:1 ,lJ;OCTaToqHo 6oJioIIIOM Q' n rrpo­

cTpaHCTBe C[O, a] y <pyHRIJ;l:11:1 e-x cym:ecTByeT Ha1:1JiyqIIIaJI JIORaJI1>HaJI 

HerJI06aJI1>HaJI pau;1:10HaJI1>HaJI arrrrp0Rc1:1Mau;1:1JI B RJiacce .n;eircTB1:1TeJI1>­

HhlX paD;l:IOHaJil>HhlX <pyHRIJ;l:IH C OTpm.i;aTCJII,HhlMl:I IIOJIIOCaMl:I. B cTaToe 

[2] .n:oRaaaHo, qTO q>YHR11;1:11:1 CT1:1JIT1>eca 

f(z) = j dµ(t)' 
z-t 

r.n:e µ - ROHeqHaJI HCOTp1:1u;aTeJI1>HaJI Mepa BopeJIJI C HOCl:ITCJICM BHy­

Tpl:I HCROTOporo OTpC3Ra, JIC)l{am:ero Ha l:IHTCpBaJie ( -1, 1)' Hl:I rrp1:1 

RaROM HaTypaJioHOM n He HMCIOT HaHJiyqIIIeir JIORaJioHOH arrrrpORCl:I­

MaIJ;HH pau;1:10HaJI0HhlMH q>YHRIJ;HJIMl:I CTCIICHH ( n, n), He JIBJIJIIOm;eircJI 

O,n;HOBpeMCHHO 1:1 rJio6aJioHOH, B .n;eirCTBHTCJII,HOM rrpocTpaHCTBe Xap.n:1:1 

H2,R(V), rrp1:1 V = {z EC: lzl > 1}. 



,n: o Ra 3 a Te JI b c TD o TeopeMnI. II pu 3a.n;aHHOM 3JieMeHTe ( 1) rrpo­

cTpaHcTna H2(V) H <pHRCHponaHHOM HaTypaJibHOM k nne,n;eM ncrroMo­

raTeJinHYIO cpymrn;mo 

00 

Fk(z) = I: fk+izi. 
j=O 

J13 pa60TI,I [3] ( JieMMa 1) H3DeCTHO, "ITO 

Ok(c) = 11Fkll2- (1 - lcl2) · jFk(c)j
2
. (2) 

B Toit )l{e pa6oTe (TeopeMa 1) ,n;JIJI 3JieMeHTa f E H2(V), He JIDJIJIIO:m;e­

roc11 IIOJIHHOMOM CTerreHH k - l, ,n;oRa3aHo, "ITO CTa:ll;HOHapHnie TO"IRH 

C cpyHRI.J;HH Ok, D ROTOpnIX 3Ta <pyHRI.J;HJI MO)l{eT HMeTb MHHHMYM, y.n;o­

DJieTDOpJIIOT paneHCTDY 

00 

~ fk+i ci-l · (-j + (j + l)lcl2) = 0. 
J=D 

(3) 

IloJiy"IHM HeRoTopnie cnoiicTna <pyHRI.J;HH Ok .n;JIJI IIOJIHHOMa 

f(z) = zk - -
3
- zk+l + 2zk+2• (4) 

2\1'2 

JleMMa 1. <PyHK~HJI yKJIOHeHHJI Ok IIOJIHHoMa (4) B cBoHx 

CTa~HOHapHMX TOTIKax C = ± 1 / v'2 IIpHHHMaeT pa3JIHTIHMe 

3HarreHHJI. 

,n: 0 Ra 3 a Te JI I, CT D 0. 21:eitcTDHTeJII,HO, D 3TOM CJIY"!ae 

3 2 Fk(z) = 1- r.;z+2z, 
2v2 

( 
1 ) 5 ( 1 ) 11 2 49 

Fk v'2 = 4' Fk - v'2 = 4' IIFkll = 8' 
H ypanHeHHe (3) HMeeT DH)]; 

c- 2~(-1 + 2lcl2) + 2c(-2 + 3lc12) = 0. 

2 

(5) 

),, 

f' 

Ilo,n;cTaHonRoii rrponep11eM, "ITO 3Ha"!eHHJI c = ±1/ v'2 JIDJIJIIOTCJI Rop­

HJIMH 3Toro ypanHeHHJI, a 3Ha"IHT, H TO"!RaMH CTall;HOHapHOCTH. He- . 
IIOJII,3YJI (2) JI (5), Dhl"IHCJIHM 3Ha"!eHHJI <pyHRI.J;HH Ok D 3THX TO"!Rax: 

O (-~) = 49 _ 121 = 75 O (~) = 49 _ 25 = 171. 
k y'2 8 32 32' k y'2 8 32 32 

JleMMa .n;oRa3aHa. 

I1TaR, ,ll;JIJI ,ll;ORa3aTeJII,CTDa TeopeMnI ,ll;OCTaTO"IHO IIORa3aTI, IIOJIO)I{H­

TemHyIO orrpe.n;erreHHOCTb MaTpHil;nI DTOporo .n;H<p<pepeHI.J;HaJia <pyHR-

1.J;HH Ok D nern;ecTDeHHnIX ROOp,n;HHaTaX D TO"!Rax C = ±1/ \1'2. J13 

pa6oTnI [3] (rreMMa 2) H3DeCTHO, "ITO 

a ~ 00 
- 1 ( 2) -a Ok(c) = Fk(c). ~ fk+j CJ- . -j + (j + l)lcl . 

C J=O 

IIeperrmueM rrocrre,n;Hee paneHcTno n pa3nepHyToii cpopMe 

:COk(c) = 'fa'&o1k+sC 6 ·fk+jCj-l_(-j+(j+l)lcl2)= 

- ff lk+s ik+i. (-jcs cj-l + (j + l)cs+l ci). (6) 
s=Oj=O 

Terrepb OTMeTHM O,n;HO 06:m;ee CDOHCTDO DToporo .n;H<p<pepeHI.J;HaJia 

<pyHRI.J;HH yRJIOHeHHJI Ok rrpoH3BOmHoro 3JieMeHra f E H2(V) n nern;e­

CTDeHHnIX ROOp,n;HHaTax, ecJIH IIOJIIOC rrpH6JIH)l{aIO:m;ero rro,nrrpocTpaH­

CTDa pau;HoHaJII,HI,IX cpyHRI.J;HH Jie)l{HT Ha nern;ecTDeHHOit OCH. 

JleMMa 2. BTopoif ,n;mJJ<PepeH~HaJI q,yHK~HH yKJioHeHHJI 

Ok rrpoH3BOJibHoro 3JieMeHTa f E H2(V) B nemecTBeHHMX KO­

op,n;HHaTax IIpH C = C = X HMeeT BHJJ: 

( 
a2 82 . ) 

d
2
0k(x) = 2 acacOk(x) + ac20k(x) dx

2 + 

( 
a

2 
a

2 
) 2 +2 acacOk(x) - ac20k(x) dy . 

,n: 0 Ra 3 a Te JI I, CT D 0. PaccMOTpHM DTOpoii .n;H<p<pepeHI.J;HaJI: 

a2 a2 a2 
d20k(c) = 8c20k(c). dc2 + 2 acacOk(c). dcdc + ac 20k(c). de 2. 

3 



' ITepeii:.n;eM R Be:rn;ecTBeHHI,IM Roop.zurnaTaM: 

de= dx + idy, de= dx - idy, 

de
2 = dx

2
-dy

2
+2idxdy, dede = dx2+dy2

, de 2 = dx2-dy2 -2idxdy. 

ITocJie rro.n:cTaHOBRH rroJiy-qaeM: 

( & & & ) d
2
0k(e) = 2 8eac0k(e) + 8e20k(e) + ac 20k(e) dx2 + 

( a
2 a2 

) +2i ae20k(e) - ac 20k(e) dxdy + 

( 
. a2 a2 a2 ) 2 

+ 2 aeacOk(e) - ae20k(e) - ac 20k(e) dy . (7) 

I1crrom,3yJI (6), HeCJI0)I{H0 BH.n;en,, "9:T0 

( 
a2 ~) a2 

8e20k(e) = 8e20k(e) = 

= Fk(e). f fk+j ei-2 . j. (-u - 1) + (j + l)lel2) = 
J=O 

= I: I: fk+sfk+ics ei-2 · j- (-(j - 1) + (j + l)lel2), (8) 
s=Oj=O 

a CMeIIIaHHaJI rrp0ll3B0,n:HaJI 

a2 a2 
aeae Ok(e) = aeac0 k(e) = 

= f: I:lk+sik+i" (-sje-1 ei-1 +(s+l)(j+l)csej) = 
s=Oj=O 

00 00 ) =LL fk+ses-l · fk+jei-l · (-sj + (s + 1) (j + 1) iel 2 . 
s=Oj=O 

ITo.n;cTaBJIJIJI e = e = x B Bhlpa}l{eHHe (8) .Zl:JIJI o6enx IIOBTOpHhlX rrpo­

ll3BO.n;Hl,IX ll HCII0Jll,3YJI C00TH0IIIeHHe (7)' II0Jiy"l!aeM .n:oRa3aTeJibCTB0 

JieMMhl. 

JleMMa 3. B TO-CIKax e = ±1/,/2 DTOpOH AH<jJ<jJepemwaJI 

<PYHKIWH YKJIOHeHHH Ok IIOJIHHOMa ( 4) IIOJIO)RHTeJibHO OIIpe­

,lleJieH. 

4 

,, 

) 

] 

,l( 0 Ra 3 a Te JI I, CT Bo. Bhl"tIHCJIHM 3Ha"9:eHHJI 3JieMeHTOB BTOporo .n:mp­

cpepem:i;naJia cpyHRIIHH Ok B 3THX TO"l!Rax. CHa"l!aJia .n;Boii:H1,1e rrpon3-

Bo.n;H1,1e: 

( 
a2 ) a2 

8c20k(e) = 8e20k(e) = 
2 

= Fk(e) · ~ ik+i ei-2 · j · (-u - 1) + (j + l)lei2)-
J=0 

I1crrom3yJI paBeHCTBa (5), rroJiy-qaeM: 

a
2 

( 1 ) 11 ( -3 -1 [ 1]) ae 20k - ,/2 = 4 · 0 + 2,/2 · 2 · ,/2 + 2 · 2 · -1 +3 -. 2 = 

· 11 3+4 77 
4 2 8 '· 

a2 
( 1 ). 5 ( -3 1 [ 1]) ae 20k ,/2 = 4- 0+ 2,/2•2·,/2+2·2· -1+3- 2 = 

. 5 -3 + 4 5 
4 · 2 = s· 

Terrepn cMeIIIaHHhle rrpon3no.n;H1,1e: 

a2 a2 
acae0 k(e) = aeac0 k(e) = 
2 2 

LL fk+ses-l · fk+iei-l · (-sj + (s + 1) (j + 1) iel2) = 
s=Oi=O 

1 ( -3 2 2) (s=O) ~ · e + 
2
,/2 · 2 lei + 2 e · 3 lei + 

+(s=l) 2~ · (2e+ 2~ · (-1 +4lel
2
) +2e-(-2+6lel2)) + 

+(s=2) 2e· (3e+ 
2
~-(-2+6lel2) +2e· (-6+9lel2)) = 

3 2 3 9 9 2 6 18 2 
1 - - e + 6 e + - e - - + - lei + - c - - e lei + 

,/2 ,/2 8 2 ,/2 ,/2 
6 18 

6 c
2 

+ ,/2 e - ,/2 c iel2 - 24 icl2 + 36 icl4. 
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TiepemnneM IIOJIYlleHHOe Bhlpamemrn .D:JIH CJIYlIM C = C = x: 

a2 
( 9) ( 3 3 6 6 ) --Ok(x) = 1-- + ----+-+- x+ 

8c8c 8 v'2 v'2 v'2 v'2 

+ 6 + - + 6 - 24 X + -- - - X + 36x = ( 
9 ) 2 ( 18 18 ) 3 4 

2 v'2 v'2 
1 6 5 2 36 3 4 -- + - X - - X - - X + 36 X • 
8 v'2 2 v'2 

Terrep1, IIO.lJ:CTaBHM ROHRpeTHhle 3Ha1Iemm: 

a2 
( 1 ) 

8c8c Ok - v'2 = 
1 6 1 5 1 36 1 1 

-- - - · -- -· -+- · -+36· - -
8 v'2 ·y0, 2 2 v'2 2v'2 4 -

-1 - 24 - 10 + 72 + 72 109 
8 - 8 ' 

a
2 

( 1) 
ac8cOk y'2 

1 6 1 5 1 36 1 1 -- + - · - - - · - - - · - + 36 · - -
8 v'2 v'2 2 2 v'2 2v'2 4 -

-1 + 24 - 10 - 72 + 72 13 
8 - 8 

C rr0Mom;1,ro rrpe,n:hl.n:ym;eir JieMMhl rrpocToir rro,n:cTaHoBROH rro.rry1IeH­
HhlX 3Ha1IeHHH .D:JIH 1IaCTHhlX rrpOH3BO,n:HhlX rrpoBepJieTCJI IIOJIO)lillTeJII,­
HaJI orrpe,n:eJieHHOCTb MaTpm:i; BToporo .n:mpq>epem:i;naJia q>yHRTI;HH Ok 
B TOlIRax C = ±llv'2, lITO ,n:oRa3hlBaeT 3TY JieMMY H TeopeMy. 

ABTOp 6Jiaro.n:apeH .n:on;eHTY Raq>e.n:phl TeopHH q>yHRTI;HH n q>yHR­
D;HOHaJII,HOro amlJIH3a H. C. BJI1IecJianony (MrY) 3a o6cym.n:eHHe 
IIOCTaHOBOR 3a,n:aq H MeTO.lJ:OB HX ,n:oRa3aTeJII,CTB. ABTOp r.rry6oRO rrpn-
3HaTeJieH rrpoq>eccopy E. TI. ,n:oJI}l{eHRO (MrY), rrpoq>eccopy E. TI. 
llin,n:ROBY (JIBTA) H .n:on;eHTY B. B. BaBHJIOBy(MrY) 3a BHHMa­
HHe n rro.n:.n:epmRy pa6oThl Ha,n: ,n:aHHOH TeMaTHR_oir. AnTop rrpH3HaTe­
JieH 0. r. CMnpHonoir n T. A. CTpH}I{ 3a rrpaRTH1IecRyro rr0Mom;1, 
rrpn rrpone.n:emm lIHCJieHHoro rpaq>1r1IecRoro 3RcrrepnMeHTa, pe3yJI1,­
TaThl ROToporo 3Ha1IHTeJII,HO ycROpHJIH IIOJIBJieHHe aHaJIHTHlleCRIIX .n:o­
Ra3aTeJII,CTB. AnTOp 6Jiaro.n:apeH rrpoq>eccopy B. r. 3nHony 3a .n:py­
mecRne H CTHMyJIHpyrom;ne ,n:HCRYCCHH. 
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