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BBE,UEHME , 

O;a;Hoi'r un aKTYaJihHhIX npo6rreM acTpoqinnnKII .1rnmceTc11 npo6rreMa onpe

;a;erremrn paBHOBecuoro pacnpe;a;erreHn11 nrroTHOCTII caMorpaBIITnpyrow;nx 6hr

cTpoBpaw;aro~uxc11 KOHq>nrypaIImr [1-5), B '!aCTHocTn, acIIMMeTp1rn pacnpe

;a;erreHirn nrroTHOCTH Beru;ecTBa OTHOCIITellbHO OCII Bparu;eHIIH onpep;err11eT ~H

TeHCIIBHOCTh rpaBUTaIIIIOHHOro 1mrry'IeHIIH, no perncTpaIIIIII KOToporo npo-

B0,[ISITCSI MHOrO'IIIClleHHbie 0KCnepnMeHThI [6). . 
O;a;Hmr nn npn'IHH, Bhmhrnaroru;Hx acnMMeTpnn paBHOBecHOM KOH<pnrypa

IIIIH, HanpnMep ;a;rr11 nyrrhcapoB, MO:lKeT SIBJISITbCSI BHyTpeHHee MarHHTHOe 

none, MarHIITHM OCh KOToporo He COBna;a;aeT C OChIO Bparu;eHIIH. Ilpn 0TOM, 

B o6ru;eM crry':me, aCHMMeTpHH pacrrpe;a;erreHHH IIlIOTHOCTII xapaKTep1myeTC1! 

MallhIM napaMeTpOM '-m nop11µ;Ka OTHOIIIeHHH IIlIOTHOCTH MaruIITHOII 0Hep

rnn K rpaBIITaIIIIOHHOII. 

,Il;rr11 nyrrhcapoB Km ~ 10-9 - 10-12 [1] n, HeCMOTp.!1 ua 6orrhIIIYIO 'Ia-· 

CTOTY Bparu;eHmr, OIIeHKII ;a;mr B03Myru;eu1rn MeTpIIKII Ha 3eMrre rre)KaT na 

npe;a;emtMH '-IYBCTBHTellbHOCTH COBpeMeHHhIX rpaBIITaIIIIOHHhIX µ;eTeKTOpOB. 

Oµ;Harm B pa6oTax [7,8] ;a;rr11 oµ;Hopoµ;H.hIX KOH<pnryp~IIHM 6hmo rroKanaHo cy

w;ecTBOBaHire 'KpHTH'IeCKIIX' TO'IeK, T.e. onpe;a;erreHHhIX 3Ha'IeHHM napaMe-
2 

Tpa V ::::: 2 WG , B KOTOpbIX acnMMeTpHH pacnpe;a;erreHirn IIlIOTHOCTH nop11µ;Ka 
,r PO • 

(i-m) 113 ~ 10-3 - 10-4_ 8ToT HemrnenuhIII 0qiq>eKT rrpnBoµ;nT K TOMY, 'ITO 

OIIeHKH ;a;rr11 B03Myru;eHJ:I11 MeTpIIKH ;a;orr:lKHhl 6b!Th ysem11.1eHbl Ha H~CKOllhKO 

nop.rrµ;KOB n npn6mrnrnIOTC.!I K ;a;ocTIIrHyToMy ypoBHIO B µ;eTeKTIIpoBaHHII rpa

BUTaIIUOHHOro H3lIY'-IeHII11. 

IJ;errhIO HaCT011ru;ei'1 pa60Thl .!IBll.!IeTCH panBIITIIe penyrrhTaTOB pa6oT [7-9] 
ua crrrraii ypaBHeHIIll COCTO.!IHIIH BHµ;a P = J(pl+l/i<.; i- < 1 [3]. Ilorry'IeHHhie 

B pa6oTe penyrrhTaThI, ecTeCTBeHHO, rrepexoµ;.rrT rrpH K - 0 B H3BeCTHhle ;a;rr11 

ypaBHeHIIll COCTO.!IHll.!I p = const. 

CHCTEMA YP ABHEHMM ,UJIJI P ABHOBECHhIX 
BP AllJ;AIOIII;MXCJI IlOJIMTPOil 

IInBeCTHO, 'ITO B CIICTeMe Koopµ;nHaT, :lKeCTKO CB.!I3aHHOII C Bpaw;arow;enc11 

C 'IaCTOTOII w caMorpaBUTIIpyrow;en KOHq>nrypaIIHeI"r, HHTerpHpOBaHIIe ypa

BHeHUII ru;a;poµ;HnaMHKH _c y'IeToM 0qiq>eKToB OTO ripnBoµ;nT K crreµ;yroru;eMy 

ypa.BHeHHIO rn;a;pocTa.TII'IeCI(OrO paBHOBCCIIll [10): 

J dP w2 

<I>+ p - 2((x1
)

2 +(x2 )2) + rr(g) + rr(m) = const, (1) 

r,1e <l>- Hb!OTOHOBCKHH noTeHIIIIall, p- IIlIOTHOCTh, a 'IlleHhl II(g) II rr(m) 

CBH3aHhI c rronpa.BKa.Mn Ha OTO II BHyTpeHHIIM MarHHTHhIM norreM cooTBeT

CTBenHo. 



I· 
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B cJiy'Iae IIOJIIITpOIIhl pacnpe;a;eneHne IIJIOTHOCTII ecTeCTBeHHO lICKaTh B 

BIIp;e 

p(x1x2x3) = Po(l - Xi - x~ - x; - Z(x1x2x3))" 
7 (2) 

r;a;e p0- nnoTHOCTh B u;eHTpe, x; = ~ II lim"--+O Z(x1x 2x 3) = 0. 0•1cBu

;a;i"io, 'ITO IIpII K = 0 (2) COOTBeTCTByet,mnnncon;a; IIOCTOJIHHOII IIllOTHOCTII 

Po C nonyocJIMII a1, a2, a3. Pacnpe;a;eneHIIe IIJIOTHOCTII p(X1X2X3) IlOJIHOCThlO 

onpe~eJIJieTcJI q>YHKD;IIeit Z(x1x 2x 3), KOTopy10 ecTeCTBeHHo ncKaTh B Bu;a;e 

noJIIIHOMa o6e3panMepeHHhIX Koop;a;1maT x; 

· '°' i j k Z(x1x2x3) = w Z;jkX 1x 2x 3 . . (3) 
ijk 

TaKHM o6panoM, 3ap;a'la onpe;a;eiremrn paBHoBecHoro pacnpe;a;enemrn nnoTHO

CTII CBO)l;IITCJI K HaXO:lKp;eHIIIO HeII3BeCTHhlX KOaq>q>nu;neHTOB Zijk, y;a;oBJICTBO

pHIOID;IIX ypaBHCHIIIO (1 ). 
II3 (2) MO:lKHO IIOJIY'IIITh cne;a;y10ru;ee npe;a;CT3.BJieHire ;a;irn IlllOTHOCTII B 

BH;a;e IIOllIIHOMa Koop;a;nHaT / 

P = p ~ ~ (.Je K,e [m m - l m - l - p] z\l) i+2p i+2q k+2{m-l-p-q) (4) 
Ow w/Jm l •Jkxl X2 X3_ , 

· m=Oe=O P q · 

r;a;e (/ ) -ciJ 
zijk = L IT Z;rirkr • 

(i)(j)(k) r=O 
( i), (j), ( k) - Ha6ophI 

i1 +i2+·•-+i1=i 
i1 +h+··-+i1=i 
k1 +k2+·•-+k1=k 

e _ ( _ 1 y (m-e ) 
f3m = --1- L IT ar , r;a;e (a)-Ha6ophI 1 $ a1 $ a2 ... $ am-, $ m-1, 

m. · (a) r=l 
. . . 

a 
[ 

· · · ] i1 i2 in 
Z1 Z2 ••• Zn = '""' '""' '""' cf1 cf2 cf n 
• • • L-. L-J•••L....J 11 t2 ••• tn 

Jt J2 • · · Jn j 1 =0 h=O in=O 

-·onepaTop cyMMIIpoBaHHH, BBe;a;eHHbIII B [13] ·11 llIIIpOKO HCIIOJib3ye-' 

MhIH HII:lKe. P Hp; ( 4) cxo;a;nTcH npII ycnoBIIII 

I 
2. 2 2 

x 1 + x 2 + x 3 + Z(x1x2x3)I < 1. 
AHaJIIITU'!ecKoe npe;a;cTaBJieHue ;a;nH nocTHhIOTOHOBCKIIX nonpaBoK n rpa

BIITau;IIOHHoro IIOTeHu;uana KOHq>IIrypaD;IIII D C IlllOTHOCThlO ( 4) II rpam1u;eii 

aD 2+ 2+ 2+'°'Z ·ii k_l : X 1 X2 X3 W ijkX1 X2X3 - , (5) 
ijk 

. KOTopyJO MO)KHO paccMaTpIIBaTh KaK B03MyIIJ;eHHYIO 3/IJIIIIICOII)l;aJihHYIO 

KOHq>urypaD;IIIO, T.K. Zijk ~ l, npII K, ~ 1, y;a;aeTCJI IIOJIY'IIITh C IIOMOIIJ;hlO 

panBuToro B :pa6oTe [12] MeTo;a;a pH_;a;oB B ypMaHa-JlarpaH::iKa. HhIOTOHOBCKIIII 

--.-..--.~ ......... 
~·:::·;:~; CiJu,2:~:1:1.::~,;;~ i 

,,.~~ ..,."°"'""S}-~":f "Wt" •~1t1.,, ...... .,. f ,;.,·.-v...1.:..r.J.,, .. -..,..,,,._~ ~¥"'!'~...;.~ft. '« 

· 1--;•r • ••1 -~••":Is_' • 
-,:;.4 • ~••1,t.:r't? 

'. r 

:• 

IIOTeHu;nan, B 'IaCTHOCTH . rrpn HeKOI'OpblX orp:mll'Ielll151X Ha <l>YHKD;HIO Z ( X 1 X 2 X3) 

(12 ],MO,KeT 6hITh npe;a;cTaBrreH B Bu;a;e a6coJIIOTHO cxo;a;Hru;erocJI pH;a;a no cTe

neHHM Zijk 

2 
00 00 00 [m] bm e e -(!+•) a {3 -i 

q> = 1rG poao L L LL L [ C a{3-;ijkK, f3m zijk Xi X2 X3 , 
o,.{3-ym=Oe=Os=Oijk . 

(6) 

rµ,e 

c'•m __ k = [m-lm-l-pi+2pj+2q k+2(m-l-p-q) N +2 (N-µ-2(s-1))/2]. x 
o/rt•J p • q d f g . . µ II . 

[
N-2(s+11-l)>.] •+s,:a+i (N -µ)!!(n-µ+2) N cacbcc 

X .,\ · r (-l) 2•s!(N-µ-2(s-l))!(N +2) Q,Q-R• " a b' 

r;a;e C! = (n-n:)!k! , npH'ICM C! = 0, ec~u k > n ; 
2a = a + /3 + 1 - 2( m - l) - i - j - k + 2( s + 11 - 1) ; 
2b = 1 + f3 - j - k - 2(m - l - p) + g + f - >. ; 
2c =, - k - 2(m - l - p - q) + g - T ; 

2Q1 2Q2 2Q3 . :l 0'1 0'2 0'3 · 
NQ 1Q 2Q3 = 2 sm0d0d</>, 

8D a 0 

2Q1 = d+N-2(s+11-::-l)->.; 2Q2 = >.-T+ f; 2Q3 = g+T; N = d+ f+g; 
a 1 = ....!!L.. sin 0 cos</> ; a 2 = ...!!2..... sin 0 sin ,J,, ; a 3 = ~ cos 0 ; a0 = 

o:oao oo ao 'f' ao ao 

( a a a ·)1l3 · _ 1 2 3 , 

ao = a0 (a12sin20 cos
2 </> + a 22 

sin
2 

0sin
2 </> + a32 

cos2 0)1
12 

,Il;nH Bhl'IUCJieHUH HHTerpaJIOB NQ1Q2Q3 IIOiIJ'ICHa IIpOCTaJI peKyppeHTH35I 

q>opMyna [11]. 
Y;a;aeTCJI II ;a;pyrue 'IlleHhI, BXOP,JIID;IIC B ypaBHCHIIe rHµ,pocTaTII'IeCKOro 

paBHOBeCUH,npeµ,cTaBHTh B BU;D;~ IlOllHHOMOB KOOp)l;UHaT X;. Ilo;a;cTaHOBKa 

IlOJIY'ICHHhIX Bhlpa:lKCHIIH B (1) npHBOP,HT K CJie;a;y10ru;ei:\: CHCTCMe anre6paII

'ICCKHX ypaBHCHIIII OTHOCHTCJihHO Z;;k : 

oomoo [] . m •m!. ,, ,, -ci+•l _ 200 020 -l · _ LLLL [ caf3-i,1kK,.f3mZijk (ha{3-y+haf3-i)(ve +Po(l+K)) 
m=O e=O s=O ij k 

3 



- Po(l + 11:)(Z0 13-y +h';,°fh- ~) = ~const + Kmitp~; (7) 
1 

rp;e 
HJsin,p P. Kp~ 

Km ~ 81r2Gp5af O = 1rGpoaf 

biik = bi bi bk = a3_ 
afh a /3 -y, e ' 

a1 

a H0 - Hanp.lI:lKeHHOCTb MarHIITHoro noIDI, <p- yrorr Me:iKp;y MarHIITHOH 

OCbIO 11 OCbIO Bpamemrn. _ 

,I(rr.ll npaKTll'IeCKOro 11CilOlib30BaH11.lI CllCTeMbI (7) crrep;yeT orpaHII'IIITbC.lI 

KOHe'!HbIM 'IllClIOM ypaBHeHIIM, COOTBeTCTByromnM Ha6opaM IIHp;eKCOB o, /3, 1 
Il3 ycnOBIUI 2 :S O'. + f3 +' :S 2L, n,cnep;onaTenbHO,KOHe'!HbI!-1 'IllClIOM HCII3-

BeCTHbIX Koc1qiqnm;ueHTOB Zijk· <PaKTuqecKn TaKon nop;xop; 03Ha'!aeT npe

Hefipe:iKeHIIe n npep;CTaBlieHIIll IllIOTHOCTII ( 4) n B IlOTCHIJ;llane ( 6) BbICOKUMII 

CTeneH.lIMll Koopp;uHaT. 

CucTeMy (7) MO:lKHO Henocpep;CTBCHHO ucnolib30BaTb l];lI.lI pacqeTa CIIM

MeTpll'IHOro OTHOCllTClibHO OCH BpameHIUI pacnpep;eneHIUI IllIOTHOCTII, onpe

p;en.lleMoro K03qJqJllI~llCHTaMll Z(ij)k = Z(ji)k· ,I(IDI clTOr0 MO:lKHO HCilOlib30BaTb 

U3BecTHbie MeTOl];bI pewemrn HemrneMHbIX CllcTeM (13]. Op;Harm npn 11: <,( 1 
ee MO:lKHO JIHHeapu:ioBaTh. ,I(mr c1Toro napaMeTphl v , P0 II Koc1q>qinu;ueHTbI 

Z(ij)k Cliep;yeT llCKaTb B BIIl];C p.Hp;OB no MalIOMy rrapaMeTpy II:. 

Tenepb paccMoTpIIM Manyro aHTIICUMMeTpu'!Hyro p;o6an:r..-y Z[ii]k = - Zr;;Jk 

Z[ij)k << Z(ij)k• 8TO Il03BOlI.HCT Ha qJOHe CllMMeTplI'IHOII OTHOCIITelibHO OCH 

Bpamemrn paBHOBeCHOll KOHq>nrypau;1rn uccnep;oBaTb MallbIC acHMMeTpU'IHbie 

B03MymeHU.H B pacnpep;eneHIIll nlIOTHoc:rii, Bbl3bIBaeMble BHYTPCHHIIM Ma

rHllTHbIM noneM, MarHIITHM OCb K0TOporo_He COBnap;aeT C OCbIO BpameHII.H. 

,I(n.H onpep;enemrn Z[ii]k yp;aeTC.H nony'IHTb crre.n;yrouzyro cncTeMy ·ypaBHeHirii: 

co (coco [ [+] ) m _ S - (l+s-t) Ism _ _ • z(_tJ _ L ~ L L ~ l t z(i})k cafhi+ij+jk+k [,,]k 
t=O ,;k m=O s=O ijk 

-(b;i~+b~1~) (ve-l +Po(l + t1:)) -

- Po(l + 11:) (z(a/3h+Zcaf3h+~h) = Kmrrf:Jh . (8) 

3aMCTIIM, 'ITO CIICTeMa (8) q>aKTII'ICCKlI rrpe.n;cTaBIDICT co6011 npocTO 

pa3lIO:lKeHIIe o6meii: CIICTCMbI (7) B p.Hp; Teii:nopa B6mmu ~[ij]k = 0. B HY

neBoM nop.llp;Ke OHa nepexo.n;nT B CllCTeMy .IJ;IDI z(ij)k• 

B CllMBOlibHOM Bllp;e CllCTeMy (8) OTHOCHTelibH0 Z[ij)k = X 1, KaK 0TMe

'IalIOCb B. [14], MO:lKHO 3arrncaTb crre.n;yromnM o6pa30M: 

4 

.,. 

~1 ~ I 

.. 

co 21+1 
~ WK . IT xr - b.l' (9) 
L.., /1/2 ••• /21+ 1 " - (m) • 
l=O r=l 

r.n;c X 1 - HCil3BCCTHbIC Z[ij)k, I= 1, 2 ... ri; , a b.C,.i ~ lim <,( 1. Ilpn'ICM B 

(9) npe.n;nonaraeTC.H cyMMIIpOBaHIIC no noBTOpmomm.1c.H IIH.D;CKCaJ\L 

3aMCTIIM, 'ITO B (8). (9) qJHrypHpylO'f TOJibKO He'leTHble creneHH HeH3Be-

CTHbIX, 'ITO cnep;yeT U3 IIHBapuaHTHOCTII pewemrn OTHOCIITClibHO nonopoTa 

Ha ½, T.e. q>I13II'ICCKOII Hepa3lIIP-IIIMOCTII HanpaBlICHII.H Bpamemrn. 

AHAJUITM"'IECKOE MCCJIE,IJ;OBAHME BJIM.HHM.H 
MArHMTH0ro Il0JI.H HA ACMMMETPMIO 

p ABH0BECHoro p ACilPE,IJ;EJIEHM.H IlJI0TH0CTM 

Qqenn.n;Ho, 'ITO npu jdetvVI ~ 1 pewem1e CIICTCMbI (9) nop.Hp;Ka lim II 

.nonH0CTbIO onpe;a;en.HcTc.H nnHei'rnoi'1 qacTbIO (9) l-VfX I = b.[~i II X 1.~ ,.m· 
O;a;HaKo B KpllTIPieCKUX TO'-IKax, B KOTOpbIX ldetlVI < (!im )21~ B nrpy BcTy

naroT nemrnei'IHhie qneHbI, a npn ldetlVI -> 0 cTaHoB.HTcn ;a;m,nrnnpy10mn1m, 

onpe;a;enn,H nemrnei'rnbIII xapaKTep cncTeMbI. 

B o6meM: crryqae CIICTeMa· ( 9) pewaeTC.H TOlI~KO '-IUClICHH0. Ho npn 1WlibIX 

b.f;
11

) y;a;aeTc.H npoBCCTII cncp;yromee aHanIITil'ICCKoe·nccne;a;oBaHne. 

IlycTb ldetlVI . < (!im)2l3 II Amin - MIIHUMalibHOC no Mo;a;ymo co6-

CTBCHH0e 3HU'-ICHIIC_ MaTpIID;bI lV , II nycTb TUK)Ke OHO rrpoc_Toe II ;a;ci'IcTBII

TClibH0C. C;a;enaeM 3aMCHY rrepe.MeHHbIX y. = HX II YMH02KUM (9) cneBa 

Ha MaTpnu;y H, B_- KOTOpoi'I rrepBM CTpoKa .HBlillCTC.H co6CTBCHHbIM BeKTO

poM MaTpnu;bI lVT, acco~11upoBaHHbIM_ c co6cTBeHHbIM nHa'-ICHUCM A112;,., a 

ocTanbHble H;k = bf, i, 1.: > 1 . TaKoe rrpeo6panoi:mm1e rrp1rno;a;uT cncTcuy 

(9) K BIIp;y 

(X) 

A · Y1 + ~ H 1, WI( . 
mm L..:, I, Ii 12 ... /21+1 

1=1 

yK = (HWH-1)-1~< (b.l 

21+1 

IT H-llr yJr 
Jr 

r=l 

I b,.I H1 (ml 

yi Wf) J,]{ = 2,3 ... n. 

{10) 

B KpnTu'!ecKnx T0'IKax IY1I » b.[~i- IloaToMy CB.H3b yK c Y 1 
ynpomaeTC.H 

- . r 
yK = (-1) (HWH-1)-1; y1 Wf, (11) 

Ilop;CTaHOBKa (11) B nepBOC ypaBHCHUC (10) npIIBO)];UT K CJiep;yromeMy HelIII

HCIIHOMY ypaBHCHIIIO OTHOCHTeJibH; Y 1
: 

(X) 

b1 Y 1 + L b1 (Y1
)
1 b.cm) (12) 

l=l 

5 



rµ;e b, 
21+1 

I K IT I -tlr J (-1) HK W1i 12 ... Izi+, (HWH-) J, W1 ' 

r=l 

bi= Amin; - I K 
~(m) = HK ~(m) ~ ,;,m 

TaxnM o6panoM, CIICTeMa (9) B6mmn KpIITII'JeCKIIX TO"JeK 3KBIIBa.JieHTHa 

oµ;HoMy Hemmei'moMy ypaBHeHino (12) OTHociITeJibHo Y 1 ,HBJIHIOlllerocH nn

Hei'moi'1 KOM6imauuei'1 X 1 , a OCTa.JibHbie Hell3BCCTHbie yK = XK ; .I( = 
2, 3 ... n ; Bbipa;KaJOTCH <Jepe3 Y 1 mmeiiHo cornacHo (11 ). Koo<p<puuueHTbI 

b, B ypaBHeHim (12) HBJIHIOTCH <pyHKUIIHMII CB060)];HbIX napatieTpOB Moµ;em1 
2 

,;, II v. 3Ha'IeHirn ( 11:, v ), npn KOTOpbIX lb1 ( 11:, v )I :S ,;,J., onpeµ;enHIOT o6nacTb 

Dn1 HemmeIIHOCTnypaBHeHIIH (12), a cneµ;oBaTeJibHo,u cncTCMbI ypaBHeHIIII 

(8),(9). 3Ha<JeHHH ( "', V ), B KOTOpbIX b1 ( K, V) = 0, onpeµ;eJIHIOT "KpIITil'IeCKIIe" 

TO'JKII (Kc, Ve)- ,UnH aHa.JIII3a IlOBeµ;emrn KO;<pqmuneHTOB b,(,;,, v) B 3aBIICIIMO-, 

CTH OT napaMeTpOB 11: 11 v IIX yµ;o6Ho panJIO)KHTb B pHp;bI Tei'mopa B TO'IKC 

(Kc,Vc) 

. ~ <n> ,. · (n> 1 an [ l b1(,;,, v) = L., b1 ,-,, , rµ;e b1 = ,-
8 

b,(,;,, v) ( " 1 • 
n=O n. n,n Ve, C 

(13) 

3aMeTIIM, 'ITO npeµ;no;KeHHbllI MeToµ; aHa.JIII3a perneHIIH CIICTeM Tnna (9) 
nerKo 0606ll1aeTCH H Ha cny<Ja11 HeCKOJibKIIX panmI'IHbIX Ma.JibIX co6CTBeHHbIX 

3Ha<JeHnii MaTpIIUbI JIIIHeIIHOII <JaCTII, a TaK;Ke Ha crry<Jaii KpaTHbIX Ma.JibIX 

co 6cTBeHHbIX 3Ha<JeHIIii. 

Cneµ;yeT noµ;<JepKHJTb, 'ITO rpaHHUbI o6rracTH HeJIIIHeIIHOCTH Dn1 MoryT 

6bITb cyllleCTBeHHO yp;arreHbl OT "KpHTII'IeCKHX" TO'IeK,.a cneµ;oBaTeJibHO,He

JIIIHCHHbie o<p<peKTbI MoryT IIMeTb MeCTO II B TOM crry<Jae, Korµ;a "KpIITII'Ie

CKaH" TO'IKa B006llle He µ;ocTIIraeTCH. 

Bo3HIIKaeT Bonpoc O TO'IKax, B KOTOpbIX cyllleCTBJIOT HCTpIIBHa.JibHble 

perneHIIH CHCTeMbI (9) npn OTCJTCTBHH MarHIITHbIX B03MJllleHIIII, T.e. npn 

~[!,.) = 0. TaKne TO'IKII HaDbIBaIOTCH TO'IKaMII 6n<pypKaUHII, u B HIIX npouc

xoµ;IIT OTBeTBJieHIIe OT oceCIIMMeTpU'IHbIX KOH<pHrypauui'1 aCIIMMeTpII"IHbIX. 

Onpeµ;erreHHbie Bblllle "KpIITH'IeCKIIe" TO'IKII, O'!eBIIµ;Ho, B 3TOM cny<Jae COOT

BeTCTBJIOT TO'!KaM 6H<pypKaUIIH. Oµ;HaKO npH ~[!,.) f- 0, T.e. npH Ha.JIII'IIIII 

MarHIITHbIX B03MJllleHIIii,HIIKaKHX 6u<pypKauuii pernemrn HeT II B "KpIITII

qecKHX" TO'IKax IIMeeT MCCTO rrnrnb HennHeHHbIII o<p<peKT, npnBoµ;HlllHII K 

Hemrnei1H0My pocTy acIIMMeTpirn KoH<p11rypaUIIH. 
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qMCJIEHHhlE PE3YJihTAThl li MX OBCY)K.I(EHME 

CHa'Iarra 'IIICJieHHO pemaeTCH CIICTeMa (7) II pacCtrnTblB3IOTCH Ko3<l>qm-
uneHThl Z(ij)k, onpeµ;emnolllne CHMMerpHtIHOe OTHOCIITellbHO OCH BpalllCHIIH 

pacnpeµ;erreHIIe IllIOTHOCTII, 11 onpeµ;CJIHIOTCH KOOlplpIIUIICHTbl CHCTCMhl (8) µ;JIH 
Z[iJlk, :JaBIICHlllIIC OT Z(ij)k· 3aTeM CIICTCMa (8) IIpIIBOp;IITCH K BIIp;y(ll)-(12)11 

'IIICJICHHO HCCJie]lyeTCll :JaBHCIIMOCTb xoa<p<pIIUHCHTOB ypaBHeHHH {12) OT no

KaDaTeJIH IIOJIHTpOIIbI 'Y = 1/ 11: Ha OCHOBe (13) B6JIH:JII nocneµ;oBaTCJibHOCTil 

"KpIITII'IeCKIIX" TO'ICK. IlpoBeµ;eHO TaK:lKC 'IIICJICHHOe uccneµ;oBaHIIC 6ropan~ 

MepHbIX napaMeTpoB KOH<pIIrypaunII 3M/41rp0 a~, P0 , v B6JIII3II nocneµ;oBa

TCJibHOCTII "KpIITil'ICCKHX" TO'ICK Ve = Vc(K). 3aBIICIIMOCTH ec(11:) II Vc(K) 
np1meµ;eHbI Ha pnc.1,2. 

MM~-------~ 
,r,-'-0.21 

o.200 1 / ! ----- I 
V-0,187 

0.1M 

V 

0.100 

OJ)5(l 

0.000 l ....... : ............. u ...... l 
;(min)5 10 ; 20 25 30 

PIIc.l. 3aBnc1IMoCTh KpIITII'ICCKoro 3Ha<JeHHH napli.MeTpa v = w2 /2nGp0 

OT IIOKaDaTCJIH IlOJIHTpOilbl 'Y = 1/ K 

Hn pnc.1,2 Bllp;Ho, 'ITO npn 'Y - 00 IlOJIJ'IaIOTCH xoporno II3BCCTHble 

µ;JIH HCC:lKHMaeMoro ClIY<JaH :JHa'ICHHH ec( 00) = 0, 58 II vc( 00) = 0, 187. IlpII 

Ma.JiblX 'Y, KaK 3TO BIIµ;Ho II3 pIIc.l, nocneµ;oBaTCJibHOCTb aCIIMMCTpII'IHbIX 

KOH<pnrypauIIii o6pbIBaCTCH npII 'Y(min) '.:::'. 1, 2, 'ITO xoporno COOTBCTCTBJCT 

II:JBCCTHoMy :JHa'ICHIIIO ,U:lKeiiMca 'YJ = 1, 22 [15]. 

WIOO~---------~ 

0.100 
e ._.,.,1 ... o.= 

- I 
MOO 

....., 
Cl.l00 

....,. 
0.100 

0.00'J 1 ' "1'o 1!> 'ih ~ II :J, 
ft-> ., 

Puc.2. 3aBIICIIMOCTb KpIITII'ICCKoro :JHa'!CHIIH CilJIIOCHJTOCTII e OT IlOKa

:JaTCJIH nomITpOIIbI 'Y = 1/ K 
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I 
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BnepBble o6Hapy:a-eHo, 'ITO :JaBIICIIMOCTb vc( 1 ) HMeeT MaKCIIMYM v;:iax '.::::'. 
0, 21, KOTOpbIH µ;ocTIIraeTCH npn /max'.::::'. 7, 8. IIm1yqeHHbli1 proyrrhTaT rrerKo 

noH11Tb H3 pIIc.3, Ha KOTOpOM npeµ;cTaBJieHbl :JaBIICIIMOCTII v( e) npn pa3HbIX 

1 , u na crreµ;yrorn;nx paccy)Kµ;eHnii. 

V 

o.~-------~ 
Oi20 -0.187 

0.10 

0.001,.,,,. ,, , • ,., •• ,, , • ,1 
.0.0 0.2 o., 0.6 M 1.0 

e . 
Pnc.3. 3aBIICIIMOCTb napruieTpa v = w2 /21rGp0 OT cnrrrocHyToCTII e npn 

11':=0 

PacCMOTpIIM npuparn;eHHe .6v(K,e) B TO'lKe /\':.= 0 ,e = 0,58 

.6v(K, e) '.::::'. v:l"=o& + v~le=O,ss&. O'leBnµ;Ho, 'ITO lv:&I < jv~&j. IIo

aToMy, .6v(K, e) ~ v~& > 0, T.e. npn MaJIOM OTKJI0HeHIIII OT HeciKIIMae

MOro crryqa.11 napaMeTp V yBeJIII'lIIBaeTC.11. TaKIIM o6pa3oM, npn yMeHhIIIeHHII 

'Y "KpIITII'leCKa.11" TO'lKa. ( Ve, 'Ye) cHaqarra CMern;aeTCH BJieBO II noµ;HIIMaeTC.11 

BBepx, a :JaTeM, nepeBaJIIIB qepro MaKCIIMYM, onycKaeTC.11 BHII:3. 

.Il:IDI Koacpqmu;ueHTOB bp> II b1°)' onpeµ;eneHHbIX 'B (13),.norryqeHbI crreµ;y10~ 

iµne aHaqeHII11 (cM. Ta6JIHey). 

Ta6rrnu;a. 3aBIICIIMOCTb Koacpcpnu;neHTOB bp> II b~o) OT noKaaaTerr.11 no

rrnTponbl , 

'Y 30 20 10 5 . 

-bi1' 10-2 5,20 5,94 6·,67 15,5 

bi0' 10-2 6,24 6,24 . 6,27 3,36 

lfo Ta6JIIID;bl BHµ;Ho, 'ITO Koacpcp11u;11eHT b1°) ( 1,,) crra6o MeH11eTc11 npn 

II3MeHeHI1II noKa:JaTell.11 II0JIHTpOIIhI. 8To II03BOIDieT YTBep)Kµ;aTh, 'ITO He

JIIIHeHHble acpcpeKThl B "KpUTII'leCKIIX" TO'!Kax onpeµ;errHIOTC.11 Ky6n'leCKHMII 

qrreHaMII cncTeM (8),(9). 3Ha'leHIUI bP)(K) xapaKTepnayroT paaMep o6rracTn 

HeJIHHeHHOCTII Dnl· 
IIorry'leHHble 3Ha'leHII1! µ;IDI Koacpcpnu;neHTOB. Z(ij)k B pa3lIIl'IHhIX nop11µ;Kax 

no napaMeTpy /\': noKa:JblBaIOT :xopomyro cxoµ;nMOCTh ucnOllh3JeMblX paarro-
)KeHIIH. · 

1:JucrreHHblH pac'leT Koacpcpuu;ueHTOB Z[i,lk noKa:JblBaeT, 'ITO npu , --+ oo 
aCUMMeTpII11 g OCHOBHOM orrpeµ;err11eTC1! Koacpcpnu;IIeHTOM Z120Jo, T.e. paBHOBe

CHOH KOHq>nrypau;ueiI 11BIDieTc11 TpexocHbIH arrrrurrco11µ; Jfao6n. IlpII MaJihIX, 

8 

BCe K03cpcpnu;neHThI z(ij)k CTaH0BflTC.11 oµ;Horo rrop11µ;Ka U paBH0BeCHa.11 KOH

cpnrypm~II.11 rrpIIHD;IIIIIlaJihH0 OTJIIl'IHa OT ;:mmmcouµ;a. 

3AKJIJOqEHHE 

IIorryqeHHhie B pa6oTe aHaJIIITil'IeCKUe II 'IIICJieHHhie pe3JJibTaTbl. noKa- . 

3blBaIOT, 'ITO B crryqae nomITponhI;KaK u B HeC)KIIMaeMOM crryqae [8], cy- ' 

rn;ecTByeT KplITII'leCKoe 3Ha'ICHIIe napaMeTpa vc( I), npn K0TOpOM BJIIl11HIIe 

BHJTpeHHero MarHUTHoro IlOll.11 rrpIIBOp;IIT K pe3KOMY YBClIII'leHUIO acnMMC

Tpim paBHOBeCHOII KOH<pnrypau;uu. IloKaaaHo, "ITO 3TOT HemrneirnhIII acpcpeKT 

onpeµ;err11eTC1! Ky6n'ICCKIIMII "IlleHaMn CIICTCMhI ( 9). Ilo3TOMY aCIIMMeTpn.11 

pacnpeµ;erremrn IllIOTHOCTII B "KpIITil'ICCKUX" TO'IKaX B03pacTaeT B ( h'.,n )-
2

/
3 

~ 106 
- 108 paa. . 

Hccrreµ;oBaHirn IIpOBC1];CHhI B µ;nana::J0HC II:JMeHeHU.11 , OT 1 µ;o 6eCKOHC"IHO

CTII. Ilpeµ;rro;.n:en cnoco6 aHaJIUTII'ICCKOro n "IIIClICHHOro uccrreµ;oBaHU.11 acnM

MCTpIIII KOHcpnrypau;nn B6JIII3II rrocrrep;0BaTCllbHOCTII "KpIITII"ICCKIIX" T0'ICK 

Ve= vc(1 ). 
BnepBbIC. o6m.lpy;KCHO, 'ITO :JaBIICIIM0CTb Ve = Ve( 1 ) IIMCCT MaKCIIMYM 

v;•ax '.::::'. 0, 21, KOTOphII°I µ;ocTnraeTC.11 npu ,max~ 7, 8. 

3aMeTIIM, 'ITO pacCM0TpCHHhIC B pa6oTe, HemrneiIHhIC ;:icpcpcKTbI, npIIB0-

µ;mu;ue B "KpIITil"ICCKIIX" TO'lKax K B03pacTaHUIO IIHTCHCIIBHOCTII rpaBUTa

D;II0HHOro Il3JIJ'ICHU11 Ha MH0ro nop11p;KOB, MoryT HaIITII K0CBCHHOC 3KCIIC

pHMCHTaJihHOC nop;TBep:lKp;CHUe no aHaJIImy aHOMaJihHax Il3MCHCHUII qacTOT 

6w / w Ha6rr10µ;aeMhIX nyrrbcapoB. Ecrru 3TU H3MCHeHn11 cB113aHhI c rrpoxo;.n:µ;e

nneM nyrrhcapaMu B CBOCII :3BOlIIOD;IIII "KpUTil'lCCKUX" TO'leK, TO BCJIII"IIIHhl 

6w / w AOJDKHhl KoppeimpoaaTb co 3Ha"ICHII11MII ( ,;,m ) 2/ 3. 

~rncrreHHhie pac'lCThl B paMKax paccM0TpeHHoi1 MaTeMaTn'leCKOII Moµ;erru 

npoBoµ;urrncb Ha rrepcoHaJibH0M K0MnhIOTepe TIIIIa IBM 386/387. Ikrrollh30-

BaHne 6orree 6bICTpoµ;e11cTBYIOIIICII Bbl'UIClIIITeJibHOII TCXHIIKII rrpu paC'ICTC 

napaMeTpOB paBH0BCCHhIX KOHcpnrypau;uII II03B0lIIIT Y"ICCTh 6orrbllICC 'IIIClIO 

'llICHOB paarro:iKCHII.11 no MaJI0My rrapa.MeTpy, II IIOlIY'IeHHhIC 'IllClICHHble 3Ha

'ICHil11 MoryT 6bITh YT0'lHCHhI. 
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