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'Baep;etrne 

' . . He6neKTHBHble 6nnna:eiiHble ri:peo6panoBa~~.!I JleBIIs '9:~BIITa [1], KycTa-
' aHxeiiMo-IIITmf>en.11 [2] n,I'ypB1n~a [3/4] .11Bri.1110TcH He T01lbKo ml~~HblMH; Ho. 
n,none:rni.iMn MaTeMaTII'lCCKHM,ll KOHCTpyKQII.S:Mll.· 8i-n .ripeo6paooBaHII.!I. ;, . 

. noMormi peWIITb BCCbMa WllpOKllll CIICKTp npo6neM: CilllHOpHrur peryn.11pI1-
•. OaD;H.!1 ypaiHelUlll He6eCHOll MCXaHll~ll [5f, rrpo6nei.rnKylIOH-OCD;lllllIHTOpHO-
•rO COOTBeTCTBIIH ~ KBaHTOB,Oll MexamIKe. [6],· HeKOTOpble npo6neMbl KBaH- . 
·.ToBoii XIIMIIII [7], cpyHKD;HOHanbHoro Hi{Terp11poBaHn~ [8], pen.11T:irnncTcKoit · · 

KBaHT~BOH TeopmI COCTaBHblX, CIICTel>:'1. [9] j: 60:JOHHO~O llC'IHCJieHII.!I [~orn 
reoMt,TpH'IecKoro KBaHTOBaHII.!I [11 ]. ,YcTaH<>BlleHa CB.!13b ·npeo6panoBaHH.!I 
I'ypiniu;a (H) c Hea.ccon;naTIIBHhlMII anre6pairn [12), rrpep;cTaBneHne°M <l>oK~~ 
BaprMaHa-IIIB~Hrepa. [13], rrpoBep;eHa napaMeTpnoatin.11 Kerrn-Kiie.iiHa [14],. 
II napaMeTpI13~ll.!I 8:iinepa [15], pa:JBUTa He6nnnHeihiaiI Bepc11.11,npeo6pa-
OOBaHH.!I I'ypBII~a .[16]. . . . . . . .. . ·.. , . .. . . . 

·~·.. • B HaCTo.11weii: cTaTbe o6cy,Kp;aeTC.!I CTPYKTypa H-npe66panoBaHU.!1.;3a 

OTnpai3Hyro TO'lKY .rrpHH.!ITa iie.8 X 8~M~Tp1iua, aneMeHTaMH KO'.rOpO~:ClIY
. ~ 2KaT· p;eKapT~~~ KOOpl];HH~Tbl KoH<J>nrypan;uoHHOro npocTpaH~TBa;· a <J>op-. 

•' MYJibI,' Bhlpa~arom~e x-:i<oopp;1rnaTbl 'lepe:3 1tcKOOpp;1rnaTbl B cnep;yroru;:M 
Bllp;e; . 

Xo 

·~1 . = 2( uou.4·- u;us',... u.2~6 ...:,· u~u1); . 

• X2 - 2( ito~s + Ut u;(-:.. U2U; +:u3u6) , 

X3 - 2(uoii~ + U1U1 + tt2°U~ - tt3tL5). ,· 

X4 = 2( U~U7 :.. u;u6 + tt2~~ + tl3~4) • 

Ka.K Bnp;iio no (1), H o-ro6pa.;KaeT· 8~MepHoe KoH<f>nrypau;IIoHHoe u-npo~-

~ TpaHCT~O B 5-MepHOe- KOH<f>nrypau;n011:irne X-npo~TpaHCTBO. Anre6paII'le
. cKrur CTPYKTypa npeo6panoBaH~.!I H TaKoBa, 'ITO BblUOJIH.!leTc.11 T02Kl];6_CTBO: 

. B 'laCTHOM cny'lae·u1 = u; = U3 = tl5 =. tl5 = tti ;,=<o H rrepexop;IIT B . 
rrpeo~pano1:1aHI1e JleBH~ '9:IIBHTa. 

::;: 2 • 2 .. / !'o - !-' 4 · • :; 
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Hu,Ke 6yp;eT HaiigeHO npegc-raBJICHIIe, B KOTO!)OM H onpegeJIJieTCJI ABYMJI 
CTPYKTYPHhlMH arreMeHTaMn:' npe~6pao0Bamie:i-1 JleBII- thmil'I'~ ii YHIITap-_ 
HhlM 'yHIIMOl];YllllpHhlM npeo6panoBaHneM. IJpocTpaHCT~a, B KOTOpbIX /:(ell~ 
CTB)'IOT ~Tl! npeo6panoBaHUH. 6ygy,j- YTO'!HeHbl ~H,Ke. . . , : •. 

•~,,, _ ...... -

§1 CTpyKTYPHbie aneMeHTbI 

Koopg1maTa x--;; B (1) cTpyKTypHo B~rgen:~Ha cpegn ocTaJibHhlX Koopgu- · 
Ha~ . :.r-npOcTpaH~TBa: J{oopg1maTbI ii' MmKHO o6'bel];IIHIIT~ B. rpynilhl 

( tio, u1, U2, uj) ll ( U4, U5, UB, U7) B c·ooTBeTCTBi111 C .T;ii poJibro, ~oTopy~ OHI~ 
. nrpaIOT B cJ>opMHpOBaHIUI °KO.opg11HaThl Xo. Y'liiThlBaJI ~Ka3aHHOe,'Mhl OT

. geirn~ KOOpl];I!Ha~y Xo OT Koopgu~.i:-T XJ, X2, X3, x:1 II ~BegeM KOMillleK_cHhle 
· Koop~1iHaTbI · ·· .-. .- · · ·_ · •· '· ••· - · ·· _.·. 

· z1 == X1 + ~x2 , Z3 = l;3 + ix4 , 

Vo ~ ut+: i;1 , -~2 ;, 'tt2+ iu3 ; • : (3) 

·. V4 ::::: U4 +. itt:; · , -VB = llB + itt7 • 

.Il:ByMepHbIM KOMnJieKCHhlM ·BeKTopaM ·(z1 , ~3), ( Vo, v2·) ·u ( V4, vB) cooTBeT:::--
CTBYIOTMogym1· - . - . 

- (. ~' + _- )1/2 µ ' - Z1 Z]' Z3Z3 ·. 1 . . . 

f ... ( • • - )1/2 • = v0 Vo + v2 ~'2 . , 

·"· g (v;v4 ~:-~~vB)1/2_ 

Ca~~;OTH IleKTOpbi,'cor~ac~? (1), CB!I3aHbI npeo6panoBam1eM. 

' 

( 
_z1 -)· .=··2 (- ~o ~.: . .-~;)· (·· V4 _-). · 

c Z3 _ , : ' V2 Vo : . VB 

··MaTpIII~a·aToro npeo6pa:JoBaHUH VHIITapHa c necoM, T;e. 
'' ~- ~ - ' . . :..... . . , . .. ' . . ~ . 

__ •(··•-- 'Vo ~ v;)· (· v~\ ~v;) · L 12 (· 1· o) .-
-- . . -_ -V2 'Vo --_ V2 . Vo .. ' -_ . 0 1 . . . 

Y'IHThlBaJI c~oiic~;a ( 6) .~ony.;n~ 

(
-· / .·) ·( z~ •). f.2( • ":)•(• v4. -)- . 

z_1 ,z3 .:,c·.· =4 v 4 .,vB .. -·. 
. Z3 . ' -·-• - VB • 

·-:.. ' - ~ '' . ' ~ -- ' .·' .' \ ': 

-- -

- 0Tcioga n1m_ Bhlp~,KeHIDI l];lIJI KoopgrrimThl Xo cnegye~ 

X ·~ f; - 92. ·,-' , . 
0 _, ,- -

·.cµ =:=2fg 
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' 
. !,l\ 

,j 
l 
. .J 

t / ·r ! 

r· 
; .. ,· 

. i·1 

l 
- I _1 I .- .. 

-~ 

,·l 

_ .. -,.,.. 

. I 

.. Mhl BIIl];HM, •~To· .B · c-rpyKTYPY H. ~.xoguT ~ . rrn•1ecTBe . cocTaBii:oro ane-

- MeHTa,~peo6panoaaHlI~ JleBI1,0 tfuBnTa,o-r,06pa:+.aro~ee __ KoH<J>opMHO nep-. / 
Bhlll KBagpaiIT IllIOCKOCTII f.+ ig B BepXHIO!O nonyrinocKOCTb Xo + iµ: 

j 

Xo +iµ ~- (f -tig )2
• 

.. IIepe11geMTenep~ OT KOopµ1maT.(3) K -n~pa~eTp~M aj Ken1~-KneiiHa 

(
· __ Zt ··)

1 

~ ··(·. a1. ;)· _ _ -( Vo), ·= /( ao). · (: .V4··) ;~ ·(. a4. ·)·. -· (8) 
z µ, · a · ' v - • a ·' v g a • ' · 3 3 · 2--·2 B. 6 
,' .·: ' ,' ' ·''. ,, 

·Ja11 2 + la312 ~ 1 ,_ 

. laol 2 + la212 = 1 • -cc. 
•.· . ;·- : -··2 . ·. <. __ 

la-ii + lci"I = 1 

~ Bbige~nM HQ. ( 5) YHIITapHOC ~~~IMogymqrnoe ni)~o6pani>BaHIIe .. 
. ' . __./ ' . . . 

·• ( :: } ~: c::: .. ~t}{ :-:.) (9). '. 

Co~nacHo (5). · 
. . . 

::•;,, = 2(t>oi,:;--'- ~,;VG) 
1 

I - . - ·.. - . ,,. ·, ._· '. _' . , l 

Z3 = 2(t>2V4 -f'v~l't;). 

/'~ 

' .II:eiicTBy.i Ha BTopoe II3 :JTu; ·coo;ttow~m11i onepaTopoM Ko~nJieKcHoro 
' . ,. . _. . \ 

conpJI,KeHUJI- H 3.aTeM 06_ieg1mJIH nonr1cHHOe ,paBeHCT~O C ;nepBbIM COOT- . 
HOllleHHeM,npnxognM K cJ>opMyJie _,i. . . 

-~ ' ·-. , . ' , ~ I ' 

··· ·_:· • .. -._,.(_-_;1 __ •·)·.: .. (. v/_ :-:-v6 -)- -_,_(-__ -t;o __ ) . . . =2 ' '. ·• 
. • · - ~; . · v~:\v; , ·,v;· 

(10) 

CooTHOW~HllJI (5) n (10) gyanb~hl gpyr_K gpyry B cnegy~111e~IcM~CJie: 
_· B (5rMaTpm{a npeo6pa:ioBaHIIlI u CToir6cil, Ha_KOTOJlblll OHa geIICTByeT~3a~ 

BIICJIT OT KOopµ;nirnT ( tto 'ti]' tt2; 113) II (u,i 'l/5 'll(i '11, ); B (10)~ii:ao6opoT;
MaTpHila npeo6pacio:eaHIIJI_o~pegemreTc·JI i,c>opg1maTa1m ( 114' 115 'u6_, tl7 ), a . 
COOTBeTCTBy1011111iieii CTOJI6Cil-:,-ImppgimaTaMU ( tto' u; 'tl2; tt3), I • • • 

Tenepb BMecTo ( 9) :1111ee11 · · · · ' · -

, -·.' . ( ci~) = ( a! -~6)."(•_·a~.) > (ll) 
a3. ' a6 a4 . _a2 . . 

_ lfa (9) u (11) cnegyeT, ~TOBTOpbIM c;pyKTypHbIM OlleMeHTOM ffJIBJIJieTCJI 
' - -/ . -~- - ,_- - -~ -, ; .- ... ' - - - -~ . - - . 

YHl!TapHoe YHIIMogynnpHoe npeo6panoBaHm',. )l;CIICTBYIOI11ee B ripocTpaH~ . 
cTBe napaMeTpoB Kem1-I~ireiiHa:· ·. 1 · · • - · · •· 
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§2 C~IIHOpHa!I pcam1:-JRUirn H., 
....... - ', 

IIpm.ieM µ;m1:napaMeTpOB Ke:m-I;;::ieiimi CIT~)l;YIOll\CC npeµ;cT·aBJleHIIe, 
- ,, . . ' ' ·. . ,. 

/ ,', 

a1 ,; c~s /!._ -iili _ . 
2 

e 2 , , 

ao = c~s ff1·e_i·-.,1h 
. ~-2 . ,. 2 • ' 

/ 

· -P2 ...;i 0 2+··n' 
a 4 = cos -e 2 - , 

- '' ·-_ 2 

"Yrrihl -81foepa 1mMeH.1110;cH ~ npeµ;~:rax 

; .:: . _p·i~ --....'_ 
a 3 = sin 2e 2; ,_ 

a2 = sin /3i ; 01 -"1 · - _- . 2 _e 2 • 

il6 =·· sin /32 i a,--,:i . 
2 

e 2. 

.o s ~<_271" .o s 11 s ;·,-21ri;, < 271" 

. ( TaKIIe ~e HepaBeHCTBa UMeI<)T ~eCT~)l;~!I OCTaJibHbIXYrJIOB ). ' - ' 
- ' IlogcTaBJI.IIJI 3Tn «popMym,I B ni1co6pa:JOBaH1rn ( !) ),u (11 ), npuxoµ;IIM K 
cmrnopHOll pean1ma:um~: - - . , - . . . , 

( 

~os i!.;-i~ ) : : : - ,: ·_, '(_ c~~ ~e-ci~:) _-
2 • . • . • A ! . , 2 ,",<: '•• •• 

- =R(a1,/J1,11) - _, _ ··. ,-. ·_,_ 
~ ' · · 0 2-"Y2 ··' • . sin i!.e• 2 -- _ _ '. • . •, ', sin Qle•, 2 ,, 

2 ·~ •,. - _ , .2 , , --

(i2) 

(

. ·c·o·s i!.e. -i2t-1~) · - -_- · ( ··co'-s i1.l.e-•~- •)' · ., 
- 2 --- · ~ · · • 2 · • 

''
.,.-- - _. -_·= R("/2 ,fJ2 ,a2} __ - ,_:_,--:-· _-. -• _.--, 

sin: i!.ei?" . :... . . . . . .'_ sin Qi_~;"• ;a• •• ' ' 
2 . , , . , , - . _ 2 

(13)' 

'R, O:JHa'!aeT :Jµ;ecb MaTpnuy KOHe'IHh~X .Bpame~nii:: 

( 

b· ~;<!±£·-· ' b -i"-= ) 
. ____ -- . _:. -_ c.·os 2e ._2 -:-_s-m 2e 2. __ R( a, b, c)_-,- _ - , -· . . . . • 

. . ' sin !!.ei,"-;c . cos !!.ei"'P . 
_ • "'•. 2 - , 2: · 

BeJIU'IHHhl (;o 'µ,a' /3 ',) H .(j '9, CT1 ,{3{, 11 '~2-, /3~ ,"'Y;) HMe~;cMkc~ 
• ! , • ,. >·• • • • 

_ aii:rrepoBhlX Koopµ;1rnaT B x- 1i' u~npocTpaHcTBax: . . ,;; -- ' 

·. - Z1 = µal , Z3 = /W3 ; 

Vo-~}~-o t v; _;;· f~2, 

-. v4 ·=.ga4 ,· ·_.- _.v6 = ga6. ,: 

3iie~b a;.: . BBeµ;eHHble B~irre napaMeTpbI _· Kerru~ krr:11~a:: . 
-- ' • •• ' ., ' - ~ < 
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B npocTpaHC;Be yrJIC>B ( CTJ, /31, ,1; CT2, /32: ,2) npeo6pan0Ba:HI1e 'H µ;eii:--:- . 
CTByeT ITO CXeMe - - - - - - - - . , 

's3(a, /3:7) =R(C¥~,/3:1:;,i)n(a2,A, ,2)5'3(0;0, 0); 

--
3 -_ • ' . ' . 3 .. 

S (,,/3,a) = R(12,/32,a2)R(,1,/31;ai)S {0;0,0) 

T.e. ff -KoicTpynpyeT, · Im :Jaµ;aHHhlX • JrJIOBI,IX TpHnJieTOB ,( CT1, /31, 1'1) II 

( CT2,/3;, '.)'2), ~aTpIIUhl KOHe~HI:;iX Bpall.leHUll, nep~BOµ;~w;ne IlOJIIOC Tp~M-~p
HOH c«pephl B TO'IKY, KOTopoii cooiBeTCTBYIOT :yrrroB@e Koopµ;nHaThl~ i-

. ripoCT})RHCT~a., · · · - -- -- -- · 

3aKJIIO'leHiie 
-~---

B :aTOH pa6o-re Hae HH;epec~~;_ CTpyK~ypa npeo6pano-saH{I.!I lyp
BII~a. Mbl IlOKanaiiu~ 'ITO cymecTBYIOT µ;ae µ;yaJihHble µ;pyr K µ;pyry, «popMbI . 

. on'ucaHmi: CTPYKTYPhl H.< C~a::mHHOe MmKHO pe3~MupoBaTb crreµ;yIOll\HMH. 
·: paBeHCTBaMU . ' . ' / . . > .. 

(!al_-_)-~_-(-· ~·:}g_-)· __ ., 
-'-a0 · ai, ·, · 

: "', ' .. - . - -

·( :xo +.iµ)' -.· .-_(_/ + ig. 0 
- -, a1 . ' - = . 0 A ao 

· a~-_- · ' 0 · a2 

- ---........ 

- ( Xo + iµ_ .) -~ ( f + i_g . 0 , 0 _ ') ·•( f + ig ) 
. . a1 - , 0 , a4 -a6 ao , 

a; · _ . 0 a~ a:. ' a2 . '. 
.. 06e «popM~ ~anncu JTBep,Kµ;aroT oµ;Ho ~I . -_··•TO~~; H pac~enmieTC.11 na np_eoi5~· 

panOBaHHe -JI~Bn-l!~~~~Tli u ·yHnTap~rne y~n1rnµ;yrr.11pHoe npeo6panoBaHne; -
CBH:JbIBaromee napaMeTpii Kerru~Kne11Ha· x-npocTpa.liCTBa. C napaMeipaMU 
Kerrn-KrreiiHa u_-npocTpaHCTBa. .c.. ' . . ,. ' ' ' 

MbI 6rraroµ;apHhl JI.C. ,Il;aBT.IIHY, JI,r:'.Mapµ;o.11:ay n RH. He))BYWIIHY qa 
: none:JHhle. :JaMe'!aHII.II. -- ,; ...,,,., .. 
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