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I. BBE,l{EHHE 

B HaCTORI.I.\eH pa6oTe paccMa TpuBaJOTCR rpynnhi Jlu, 
pa3JIO)f(HMhie cneuuanhHhiM o6pa3oM B npou3BeJJ.eHue OJJ.Ho 
napaMeTpuqecKux no)l.rpynn Ai c-o [a i (ti) l t .c. n . 

I 

HaiiJJ.eHhi npocThie cooTHOllleHHR I cBR3hiBaJOI.I.\He napa-
MeTphi t i I, xapaKTepH3YJOIUHe 3TH rpynnhi. 

lloKa3aHo, qTo Bee uea6eneBhi rpynnhi paccMaTpuBae
Moro Tuna pa3pelllHMhi I cTyneuu 21. 

0CHOBHbie TepMHHbl H CHMBOJlhi , npHMeHReMbie B pa6oTe, -
06ll.\eynoTpe6HTeJibHbl I CM. / Z,:J,4 I . 11cKJIJOqeuue cocTaB

JIRJOT ·ueKOTOpb!e nOH.!ITH.!l, npHBe)l,eHHbie HH)f(e. 

II . OIIPE,l{EJIEHHJI 

0 n p e JJ. en e Hue 1. rpynny G ua3hiBaJOT n p o u 3 -
BeJJ.eHHeM CBOHX noJJ.rpynn Ai (i = l , ... , n)-

G = A 1 .. . An 
IB3HThiX B JJ.aHHOM nopRJJ.Kel, ecnu Ka)f(JJ.hiH 3JieMeHT g(;; G 
npe)l.CTaBHM B BH)l,e 

g = a1 . .. an , 

rJJ.e 

a i (;; Ai ( i "' 1 , ... , n ). 

OnpeJJ.eneuue 2. llpoH3BeJJ.eHHeM JJ.BYX noJJ.
M H o )f( e c T B A , B rpynnhi G Ha3hiBaeTCR MHO)f(eCTBO 
acex 3JieMeHTOB BHJJ.a x y , rJJ.e x (;; A, y (;; B.Ouo o6o3uaqaeT

CR qepe 3 A B lauanorH'JlfO onpeJJ.eJIReTcR npou3BeJJ.eHue 
n MHO)f(eCTB - A 1 .. . A" = .n A i = f.I A i I. 

o= l 1.:;: ~ ~ n 
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0 n p e .n en e H He 3. II o .n r p y n n LI A H B rpynnLI G 
Ha3LIBaiOTC.H ll e p e C T a H 0 B 0 q H hiM H, ecnH MHO>KeCTBa 
AB H BA coana,naroT. 

3 aM e q a H He. EcnH AB = BA , TO aoace He o6.H3aTenLHO 
BhlllOnHeHHe COOTHOUieHH.H X y = y X 

xr;; A,y .;;;. B/cM. 141 I. 
,IJ;n.H ni06LIX X ' y 

Onpe,neneHHe 4. rpynny G, pa3nO>KHMYIO B npOHJ
ae,neHHe AI .. . An , 6y,neM HaJLIBaTL P- npoHJBe,neHHeM 
no.nrpynn A i , ecnH nro6Lte ,nae no,nrpynnLI A i H A i I i,j ~ n , 
i ;£ i/ nepecTaHOBO'IHLI H ,nm1 nro6oro k ( k ::; n) 

A k n ( ll A i ) c~ E 
I $. ,.L$. n 

i t k 
I E- e,nHHH'IHa.H no,nrpynna/. 

3 aM e q a H He. EcnH G- P - npoHJBe,neHHe no,nrpynn 
A i(i .:S: n) H i I · · · in - nepecTaHOBKa HH,neKCOB 1 .. . n , TO 
G =Ai

1 
.. . A in- P- npoHJBe,neHHe no,nrpynn Aik • BJ.HTLIX 

a JTOM rrop.H,nKe. O,nHaKo nerKo noKaJaTL, 'ITO ecnu $uK
cupoaaTL HeKOTOpbl~ llOp.H,IJ;OK cne,noBaHH.H COMHO>KHTenei 
A i I , .. . , A in P- npoHJBe,neHH.H, TO Ka>K,IJ;LI~ JneMeHT g .;;;. G 

HMeeT O,IJ;H03Ha'IHY10 JanHeb BH,IJ;a 

g = a . . .. a . , r.ne a 1· .;;;. A i 
I I In k k 

' 4/ 
/eM. ' /. 

0 n p e .n en e H He 5. rpynny G 6y,neM HaJLIBaTL PR -
r p y n no~ /HnH rpynnoi THna P R I, eenu OHa paJnO>KHMa 
B P- npouJae,neHHe eaoux o,nHonapaMeTpH'IeeKHX no,nrpynn 

Ai = [ai(ti)] t. I;; R (l_s i ~n) Tuna R * /T.e. A i = R - a,n-
' . 

,IJ;HTHBHO~ rpynne ,ne~eTBHTenLHbiX 'IHeen/ H HBnHeTeH rpyn-
llOH JIH OTHOeHTenLHO napaMeTpOB t i ( 1 S i S n) ** . 

* a.(t.) = a . (t'. ) ...... t. =t ~ ; a . (t.)a . (t : ) = a . (t : )a.(t.) "' 
1 I I I I I I I I I I I I I 

= a i ( t i + t( ) npu mo6Ltx t . , t ~ .;;;. R. 
I I 

** T .e. (t 1 , .. . ,tn )- rno6anLHLie,nu$$epeHI.(HpyeMLieKo
op.nuHaTLI rpynnLI Jlu G . 

4 

11/. COOTHOlllEHH.JI, XAPAKTEPH3Y/Oll(HE 
PR - r P YIIIIbl 

1. 0 oeyxnapaMempu'leCKUX PR- zpynnax Jlu 

l13BeeTHbl ,IJ;Be ,IJ;ByxnapaMeTpHlJeeKHe rpyllllbl JlH THna 
PR . 3To a,n,nHTHBHaH rpynna eaKnu,noaa npoeTpaHCTBa E 2 
H rpynna a$HHHhiX npeo6pa3oBaHHi npxMoi, eoxpaHHIOll\HX 
opHeHTaUHIO. Ilocne,nH.HH rpynna H30Mop$Ha rpynne aeK-
Topoa (a , b )1 , a;: (0 , oo ) , b .;;;. (--=,oo) c onepauueii yMHO>KeHHH 

( a I ' b I) I ( a 2' b2) I = ( a I a 2' a I b 2 + b l) I 

/eM. 7 /. 

Ponh e,nHHHUhi J,neeh HrpaeT JneMeHT (1 , 0) 1 . IloKa-
>KeM, 'ITO 3Ty rpynny MO>KHO npe,neTaBHTb B BH,IJ;e p- npo
H3Be,neHHH o.nuonapaMeTpH'IeeKHX no,nrpynn THna R . Oqe
BH,nuo, 'ITO Ka>K,IJ;hiH JneMeHT (a I, b 1) I MO>Ke T 6LITL O,IJ;H0-
3HalJHO JanHcau B BH,ne 

( xo xo 
e , e X I) I ( r.ne x

0
= fna 1, 

b I 
X = -). 

I a I 

E enH ( a 2 , b 2 ) 1 
v y 
I 0 • 0 ) 

( e , e y I I , TO 

(al,bl)l.(a2,btl= (exo, exo XI )I .(e Yo ' 

(exo i-Yo 

e xo +Y o 

x o Yo 
e e y l + 

xo 
e x ) 

I l 

x0 +y0 ( -Yo Y) 
e e XI + I 

Yo ) _ 
e Y 1 I --

/1/ 

PaceMoTpHM rpynnou.n K /eM. 
131 I, eoeTO.Hll\Hi H3 aeKTo

poa (x 0 , x 1 )(xi r;; R),e onepauHeii 

- Yo 
( XO ' X l ) ( y 0 ' y l ) = ( e X I -1- y l ) . /2/ 

Ou H30Mop$eu npe,nLI,IJ;YI.I..Ieii rpynne. ,ll;eiieTBHTenLHO, nono
>KHM .nnx nro6oro ( a, b)1 ,( a,b) 1 ¢= (f'na,b/ a). 01Jeau,nuo, 
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'-ITO ¢ - oTo6pa)Keuue ua Bee MHO)KeeTBO K. CooTuoweuuH 
I 1/ noKa3LIBaiOT, '-ITO ¢ - roMoMopclJB3M. Eenu 

b I 
(en a 1-, --) = (fua 2 , 

a I 
~), 
a 2 

TO a]'" a 2 , b 1= b 2 , 

T . e . rp · B3aBMHO· O.IJ.H03Ha1.fHOe eOOTBeTeTBBe. HTaK, rpyn
nOB.ll. K B30MopclJeu npe,nhi.li.Ylll.eii rpynne. Cne,noBaTeJILHo, 
K- rpynna, B30MopclJuaH rpynne aclJuuHhiX .li.BB)Keuuii npHMoii, 

eoxpanHIOII(BX opueuTau.uro, u rpynne 3JieMeHTOB(a,b) 1 
I eM. 131 I . rpynna K eo.nep)KBT .li.Be o.nuonapaMeTpH'-IeeKBe 
no.IJ.rpynnhi: 

,.....1 

B 1 = [ (0 , Y)] y~ H B B = [ (X '0 )l X t;;R . 2 

TaK KaK (x , y) = (x , O)(O , y), TO K = B 2 -B 1 . Ilepeeeqeuue 

B 1 n B 2 = R 0 , 0) l == E . 

Ilo.nrpynnLI B 1 u B 2 nepeeTaHOB01.fHhi: 

(O, y)(O,x) = (x ,e-x y) = (x,O) (0, e -x y) /3/ 

I oTeJO.IJ.a nerKo 3aKJIJ01.fBTh, '-ITO B 2" uopMaJILHLIH ,neJIHTeJih 
B K u '-ITO K, KaK paewupeuue a6eneBoii rpynnLI e noMO~hlO 
a6eneBoii rpynnLI, HBJIHeTeH pa3pewuMoii rpynnoii/eM. 14 I/. 
H3 eooTuoweuuii /2/ BB.IJ.HO, '-ITO K -rpynna Jlu oTuoeu
TeJILHO x u y . TaK KaK no.nrpynnLI B i B30MopclJuLI R , To 
K- PR -rpynna /ene.noBaTeJILHo, u rpynna 3JieMeHTOB 

(a ,b)I - Tuna PR I. 
CooTuoweuuH /3/ MO)KHO nepenuea TL ene,nyromuM o6pa-

30M: 

/4/ 
- t2 

b1 (t1 )b2 ( t2 ) ,., ~ (t 2 )b 1
(e t 1 ) 

/.li.JIHJII06LIX bi(t)~ Bi, i = 1,2 /. 

6 

JlerKO noKa3aTL, '-ITO BeBKaH rpynna, pa3JIO>KHMaH B 
P-npOB3Be,neuue .li.BYX o.nuonapaMeTpuqeeKBX no.nrpynn B1 u 
B 2 , Y.li.OBJieTBOpHromux eooTuoweuHJIM Tuna /4/, u 30Mop4Jua 
K. 

C ~pyroii eTOpOHLI, KaK Mbl YBB~BM HB)Ke, B rpynne 
K MO>KHO Bb16paTb u ~pyrue naphl nepeeTaHOB01.fHLIX o~uo
napaMeTpuqeeKux no.nrpynn e TpBBBaJibHhiM nepeeeqeuueM, 
.naroii(Be B npoB3Be,neuuu rpynny K . 3TH no.nrpynnhi y,noB
neTBOPBIOT eoOTHOWeHBBM, KOTOpble MOryT ueeKOJibKO OT· 
JIB1.faTbeB OT eOOTHOWeHBH TUna /4/ . 

3 aM e q au u e. HeTpy,nuo npoBepBTh, '-ITO ponh e.IJ.HHHU.hi 
B K urpaeT 3JieMeuT (0, 0) ,a (x 0 ,x 1 ) - 1=" (- x 0 ,-ex" x 1) .li.JIB 
nro6oro 3JieMeuTa ( x 0 , x 1 ) ~ K. 

JI eMMa. Eenu rpynna K HBJIHeTeH P - npoH3Be.IJ.euueM 
HeKOTOpbiX .li.BYX O.li.HOnapaMeTpH1.feeKHX no,nrpynn, TO npB 
eooTBeTeTBYJOII(eii uyMepau.uu 3TBX no~rpynn , A 1 , A 2 , 
Bee napbl :weMeHTOB a 1(t 1), a 2(t2) (ai(ti) t;,. Ai ) eB113aHLI 
eOOTHOWeHHHMH BH,na 

rt 2 a
1
(t

1
)a

2
(t

2
) = a Jt

2
)a

1
(e t

1
), /5/ 

r .IJ.e 0 f- r - .IJ.JIH Ka)K.IJ.OH naphl noeTOHHHO. 
)J, o K a 3 aTe n he T B o . YeTanoBHM euaqana, KaKHe Bo

o6me o~uonapaMeTpuqeeKue no.nrpynnLI eo~ep)KHT rpyn
na K. Eenu la(t) l.r;; n (a (O) - c , (0,0)) - O.IJ.HonapaMeTpu
qeeKa11 no.nrpynna B K /eM . ·2 /, TO .IJ.JIH JIJ06oro t c. R 
a (t} ~ (u(t),v(t}) ~-K,r.IJ.eu(t) H v(t) -uenpephiBHhie<iJynKU.HH, 
a( t) a(s) ,... a(t 1 s) .IJ.JIH JII06hlx s,t-R. 11 3 Toro , '!TO 

(u(t
1 

~ t 2) • v (t
1

+ t 2)) == (u(t 
1

) , v(t 1))(u (t 2),v(t 2))= 

- u( t 2 ) 
= { u ( t I ) + u ( t 

2
), e v ( t 

1
) + v ( t 2 )) , 

BhiTeKalOT COOTHOWeHHH : 

u ( t I + t 2 ) = 'u ( t I )+ u ( t 2 ) , 

- u( t 2 J 
v(t 1+ t 2 ) = e v(t

1
) + v(t 2). 

/6/ 

/7/ 

KaK H3BeeTuo, BHeKa11 uenpepLIBHaH cllYHKU.HH, y,noBneTBo 
pHIOlll.aH eOOTHOWeHBHM /6/, HMeeT BB.ll. 

u ( t) = c t ( c = Const) . 
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Cne~oBaTenLHO, 4JyHKUHJI v(t) y~oBneTBOpJieT cooTHOWeHH

JIM 
-c'2 

v(t
1

+ t
2

)=e v(t
1 

)+v(t 2 ). /8/ 

IJyCTb C /= 0. IJonmKHB B COOTHOWeHHBX /8/ CHaqana t 1=, 1 , 
t 2=t,a llOTOM t I =t , t 2 -= 1,nonyqHM, qTO 

uf1\ -ct k -cl 1) v ( t) = ~- ( e - 1) = ( e - , 
CC-} 

r~e 0 I= k o= const, ecnH v(l) f 0/npH v(1)=D, v(t) ~ O /. EcnH 
)l(e c = O,To v (t ) y~oBneTnopgeT cooTHoweHHJIM THna /6/ 
H ll03TOMY HMeeT BH~ v(t) = pt. 11TaK, O~HonapaMeTpHqeCI<He 
no~rpynnLI n K MoryT HMeTL O,WIH H3 cne~yiOli.\HX BH~on: 

[(ct,0)]
1
t;;R , c,fO; /9/ 

[ ( 0 , p t) ] t r;; R , p /= 0 ; /10/ 

[(ct, k(e-ct -1)1, c/:.0, k ;tO. /11/ 

Jlerqe acero npoaepHTb, qTo no~MHO)I(eCTBa BH~a ;9/ H 
/10/ JIBnJIIOTCB O~HOllapaMeTpHqeCKHMH no~rpynnaMH TH
na R. 

CooTHoweHHB 

-ct 
( c t , k ( e -1)) = (0,0) ..... t I= 0, 

-cti -ct2 
(ct

1
, k (e -1))(ct

2 
,k(e -1))= 

-ct2 -cti -ct2 
=(c(t

1
+t2 ),e k(e -O+k(e -1)) 

-c(t 1 +t 2) 
=(c(t 1 +t 2 ),k(e -1)) 

llOKa3biBaiOT, qTQ MHO)I(eCTBa THna /11/ Tal<)l(e BBnBIOTCB 
o~HonapaMeTpHqecKHMH no~rpynnaMH THna R. 

Tenepb H3 yKaJaHHbiX rpynn HaM Heo6xo~HMO Bbi~enHTb 
napbl nepeCTaHOBOqHbiX llO~rpynn H HMeiOli.\HX TpHBHanbHOe 
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nepeceqeHHe. OqeBH~Ho, qTo nw6we ~Be no~rpynnw THna 
/9/ HMeJOT HeTpHBHanLHOe nepeceqeHHe. To )l(e H ~nJI rpynn 
THna /10/. IIpe~nonO)I(HM, qTo 3neMeHTbi ~Byx no~rpynn 
THlla /11/ HMeJOT BH~: 

ai(t)=(cit, 
-ci t 

k
1 

( e -1)), 

a 
2

( t) = ( c2 t , 
- c 2 t 

k 
2 

( e -1)). 

IloKa)l(eM, qTo 3TH no~rpyllllbl He HMeiOT HeTpHBHanbHOrO 
nepeceqeHHJI TOr~a H TOnbKO TOr~a, KOr~a k I /= k 2 
,[(eiicTBHTenbHO, ecnH k I = k 2 , TO npH t I =1 , t 2 = C 1 / C 2 
a I (t 1) "' a 2( t 2 ) f (0, 0) . IJyCTb k I /= k 2 . ,[(onyCTHM, qTo 
npH t ;t 0 

- c It 
( c1 t , k 1 ( e 

·-C t 
-1)) = (c

2
t', k

2
(e 2 -1)). 

-c 1 t -c 2 t' 
Tor~ac 1 t = c 2 t ';t 0 Hk 1(e -l) = k(e -l).OTKy~a 
cne~yeT, qTo k I = k 2 . MLI npHwnH K npoTHBopeqHJO. 

Ilpe~nonO)I(HM Tenepb, qTo ~Be no~rpynnw BH~a /11/ 
nepecTaHOBOqHbl, TO eCTb ~nJI ITW6biX t I H t 2 eCTb TaKHe 
tl Ht'2 ,qTo a2(t

2
)a

1
(t

1
) = a

1
(t'

1
)a 2(t2), HnH 

-c2t2 -clti 
(c2 t 2, k 2 (e -1))(c t , k

1
(e -1)) = 

I I 

= (Citi +C2t2' 
-cl ti -c 2t2 -ci t I 

e k
2
(e -1)+k 1(e -1)) = 

-clt'I -c2t2 
= (c 1ti, k 1(e -l))(c

2
t2, k

2
(e -1)) = 

= ( c I t 'I + c 2 t 2' ' e - c 2 t 2 -c 1t'1 -c2 t2 
k

1
(e -1)+k2(e -1)). 

Cne~onaTenLHO, ~nB nw6LIX ~eB:cTBHTenLHblX t 
1
- u t 

2 
cH-

cTeMa c t' + c t ' = c t + c
2 

t 2 , 
I I 2 2 I I l .-··'2 k,<·-···· -1)+ k.<·-"''' -1)~ 

-cltl -c2t2 -cltl 
= e k 

2
( e - 1 ) + k 

1 
( e -1 ) /12/ 
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paJpewHMa OTHOCHTCJihHO t 1 H t 2 . 113 paJpeWHMOCTH cu-:, 

CTCMhl 1121 CJie.D;yeT, qTO t 2 = ~l(t 1-t l )+t2 ,a npH X =. e e 1
1

1 
2 

cnpaBC.D;JIHBO paaeHCTBO 

(k2- kl)(ql q2x - qlq2+ ql - 1 ) = O, 1131 

-cltl -c2t2 
r.D;e q

1 
~0 e , q

2 
, e To ecTh ypaBHeHHH 1131 

.D;OJI)I{Hhl HMCTL llOJIO)KHTCJihHhiC KOpHH llpH JD06biX .D;OllY" 

CTHMhiX JHaqeHHHX napaMeTpoa q1 H q2 . HcnonLJYH 3ne

MCHTapHhiC npHCMhl HCCJIC.D;OBaHHH TaKHX ypaBHCHHH, Mhl 

nonyqaeM, qTo 3TO B03M0)KH0 TOJihKO npH k I ,, k 2 .Ho 3TOT 

cnyqa:H Mhl o"T6pacbiBaeM no HJBecTHhiM npuquHaM. HaM 

OCTaeTCH paCCMOTpCTh napbl llO)J.rpynn THllOB 

191. 1101, 
191, 1111, 
1101, 1111. 

OqeBB.IJ:HO, 'ITO nepeceqeJIBe mo6o:H no.D;rpynnLI Tuna 191 
c no.D;rpynnoH: Tuna 1101 TPBBBanLHO. llycTh A2 ~ a2(t) = 
(ct,O) , A 1 ~ a

1
(t) = (O,pt) . Tor.D;a .D;JIH mo6oro (x ,y) ~ K 

(x , y) = a 2 ( L) a 1 ( .L), 
c p 

TO ecTh K =~A 1 . HcnonLJYH cooTHOWeHBJI 141, nonyqaeM, 

qTO 

a 1 ( t 1 ) a 2( t 2 ) = b
1 

( c t 1 ) b 
2 

( p t 
2 

) = 

-pt2 -pt 
=b

2
(pt

2
)b

1
(ce t

1
)=a

2
(t

2
)a

1
(e 2 t

1
). 

To CCTh Mhl llOJiyqBJIH COOTHOWCHHH, yKa3aHBhlC B 4JopMyJIB· 

pOBKC Jl eM M hi. 

PaccMOTPHM KOM6BHa~uro 191, 1111. OqeBB.IJ:HO, qTo 

nepeceqeHBC COOTBCTCTBYJO~BX llO,Il.rpynn TpBBBaJibHO. 

llyCTh rpynna nepaoro TBlla COCTOBT B3 3JICMCHTOB BB.D;a 

(q t
1

, 0), a rpynna BTOporo TBna • H3 3JICMCHTOB BH.D;a 

-ct 2 
(ct

2
, k(e -1 )).llpe.D;IIOJIO)KHM, qTo 3TH rpynnhl nepecTa-

uoaoqHhJ. To ecTh .D;JIH mo6LIX t 1 H t 2 pa3peWHMhl OTHo· 

cuTeJILHO t J. H t2 ypaBHCHBH 

10 

1 

j 

-ct 2 ( q t 
1 

, 0 )( c t 
2 

, k ( e -1 )) = 

-c t' 
= (ct; ,k (e 2 -1))( qt} ,0), 

qTO 3KBBBaJICHTHO pa3pCWHMOCTH CBCTCM 

l q t l + c t 2 = q t 't' + c t 2 ' ' 

-ct 2 -qt 1 -c ~ 
e -1 =C (e -1). 

H3 pa3peWBMOCTH 3THX CBCTCM CJIC.D;yeT CYWCCTBOBaHBC 

llOJIO)KHTCJihHhiX peweHBH y ypaBHCHBH BB.D;a 

x -af3+f3-1 =0 ' -qt 1 -ct2 
I -qq I f3 rAe x = e , a =e , f3 = e npu mo6hlx a , , 
a, f3 >0. 0,Il.HaKO HC npB mo6hlX a , f3, a, f3 > 0 COOTBCTCTByiO· 

l.L\BC ypaBHCHBH pa3pewBMhl. HanpuMep, npu a=.]-, f3 =4 
llOJIO)KHTCJihHhiX peWCHBH HCT. HTaK, KOM6BHa~HJI 191, 
1101 He Y.IJ:OBJICTBopHeT uawBM ycnoBBJIM. 

PaccMoTpBM KOM6HHa~uro TBllOB 1101, 1111. TaK )Ke, 

KaK B B npe.D;hi.D;y~eM cnyqae, nerKo npoaepBTh, qTo co

OTBCTCTBYIOl.L\HC rpynnhi BMCIOT TpBBBaJibHOe nepeceqeliBe. 

Y6e.D;BMCH B TOM, qTo mo6ag no.D;rpynna Tuna 1101 nepe

cTaHoaoqua .c nro6o:H no.D;rpynno:H TBnal11l. )l.e:HcTBBTCJihHo, 

.D;JIJI JII06hiX t H t ypaBHCHHH 

(0, p t 1 )( ct 2 , k ( e 
-ct 2 -c t -ct2 

-0)= ( c t 
2 

, e 2 p t I + k ( e -1)) = 

=(ct' k -ct~ 
2 ' ( e 

-ct' 

-1))(0, pt ) ) =(ct 2 , k( e 
2 

-1) + p t; ) 

pa3pCWHMhl, npuqeM O.D;H03HaqHo: 

t2 = t2, ( ' - -Ct2 
I - e t I. 

0TCIO.D;a BB.D;HO, qTo COOTBCTCTBYJO~e llO.D;rpynnhi Y.D:OBJICT" 

BOpHIOT COOTHOWCHBHM, yKa3aHHhlM B 4JopMyJIBpOBKC JICM· 

Mhl. OcTaeTCJI npoa·epBTh, qTo rpynna K paJnaraeTCJI 
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B npoH3Be.neHHe TaKHX no.nrpynn. 11Hatie: .nn.11 mo6biX nH 
)J,eHeTBHTenbHbiX a H b pa3peWHMbl ypaBHeHH.II 

- c t 2 -c t 2 ( a , b) = (ct 2 , e pt
1 

+ k(e - 1))? 

3TH peweHHH nerKO HaHTH 

t = 2 
a 
c ' t I = 

b-k(e-a -1) 

e-a p 

Mbi paeeMoTpenH Bee B03MO)f(Hbie enytiaH. 11 TaM, 
r)J,e yenOBHH neMMbl BblllOnHHnHeb, BblllOnHHnOeb H YTBep)f(
)J,eHHe neMMbL_t TaKHM o6pa30M neMMa .D.OKa3aHa. 

3aMe ·tiaHHe. JlerKO y6e)J.HTbe.H B TOM, 'ITO IIpH eo
OTBeTeTBYIOilleH 3aMeHe nepeMeHHbiX eOOTHOWeHHH THna 
/5/ nepeXO)J..IIT B eOOTHOWeHHH THIIa /4/. 0)J.HaKO B )J.anb
HeHWeM HaM BCTpeTHTe.H rpyiiiibi, B KOTOpbiX HeeKOnbKO 
O)J.HOIIapaMeTpH'leeKHX IIO)J.rpynn nonapHO eBH3aHbl eOOT
HOWeHHHMH THIIa /5/. B TaKHX enytiaHX He Beer)J,a B03MO)f(
HO Bee eOOTHOWeHH.II 3aMeHHTb eOOTHOllleHHHMH /4/. 

2. OmHoweHUJt "II " u ~~ -< I I 

BBe)J,eM HeKOTOpbie OTHOllleHHH Ha MHO)f(eCTBe O)J.HOIIa
paMeTpHtieCKHX IIO)J.rpynn, 06pa3YIOiliHX p -npOH3Be)J.eHHe 
AI ... An (n ~2 ). 

Onpe.neneHHe 6. liy.neM etiHTaTb, 'ITO npH i -f j, 
A i II A i , ecnH xy = yx .nnH nro6biX x , y , x ~ A i , y (,. A J • 

Onpe.neneHHe 7 . Ey.neM CtiHTaTb, 'ITO Ai ....{A; (i ~ j), 
eenH .nnH ni06biX a . (t . ) ~ A . , a .(t..) ~ A. BhmonH,,HIOTCH 

I I I J J J COOTHOWeHH.II 

r . . t . 
a.(t . )a . (t . ) = a . (t . )a . (e 11 l t.), 

I I J J J J I I 
/5 '! 

r)J,e 0 f rij - HeKOTOpa.H IIOeTO.IIHHa.H /.D.nH Ka)f()J.biX i H j /. 
3 aM e q a ·H H .11. JlerKo yBH)J.eTb, 'ITO eooTHOWeHHH /5 'I 

3KBHBaneHTHbl ene.D.YIOiliHM: 

-r ij tj 
a . ( t . ) a. ( t . ) = a . ( e t . ) a. (t . ) . 

j J I I I I j J /5 "I 

12 

OTHollleHHe "-<" aHTHCHMMeTpH'IHO, H HHKaKHe .zr.ne no.n
rpynnhi A i H A i ( i .f j) He MoryT 6biTb en.11 3aHbl O.IJ.HODpe
MeHHO OTHOWeHH.IIMH '11" H "~". 3TO ene)J.yeT H3 HeeOBMe-
CTHMOCTH paDeHeTB - r ' .. t. 

( ) ( r · · t · ) Jl 1 . ( ) ai tj ai e 1 ! J t i = aj(e tj)ai ti , 

r .. t. 
a.(t.)a.(e IJ lt.) = a.(t.)a . (t.) 

J J I 1 J J 1 I 

npH t i f 0 c/ t j . 

PR -rpynna G HBnHeTeH a.6eneBoH: Tor.na H TOnhKO 
TOr)J.a, KOr)J,a Bee napbl Ai ,Aj(i ,J j) eBH3aHbl OTHOWeHHeM 
"II ' :BcHKaH TaKaH rpynna H30Mopclma a.n.D.HTHBHOH rpynne 
eBKnH.D.OBa rrpocTpaHeTBa En . 

3. OnmoweHuJt " i I ", ':.< " u PR- zpynn~r 

T e ope M a. CnpaBe)J.nHBhi ene.nyJOiliRe yTBep)K)J.eHHH: 
1/ BeHKa.H Hea6enena PR -rpynna G 2-pa3pewHMa/To 

e cTb [G',G ' ]=E,r.ne G'= [G ,G] / E * /. 
2/ rpynna G ' pa3nO)f(HMaH B p -npOH3Be)J,eHHe O)J.HO

n apaMeTpHtieeKHX no.nrpynn Ai = [ai(ti )] 1 i ~· R(1 ::s; i<P,n;:::: 2) TH
na R, HBnHeTeH PR- rpynnoH: I OTHOCHTenbHO napaMeTpOB 
t 1 , ... ,tn I Tor.na H TOnhKO Tor.na, Kor.na Ka)f()J.aH napa 
A i, A i (i f j) Y.D.OBneTBOp.HeT O.IJ.HOMY H3 yenOBHH - A i.-< A i , 
At<Ai , A i II Ai /H HHKaKaH TpoH:Ka A i , A i , A k He eBH3aHa 
eooTHoweHHHMH A . ...( A . , A . ..-< A k . 

I J J -

,no K a 3 aTe n he T B o. ITpe.nnono)f(HM, 'ITO HeKoTopaH 
rpynrra G HBnHeTC H P- npoH3Be)J.eHHeM o.nHonapaMeTpHqeeKHX 
n o.nrpynn A i = [ ai (t i )]t. ~,;. R THna R -G = A 1 ... An (n ~2 )H PR
rpynnoH: OTHOeHTen bHd napaMeTpoB t i . 113 3Toro ene.nyeT, 
'ITO .nnH Ka)f()J.OH rrapbi i, j ( i,j <;., n , i .j, j) no.nrpynna Ai A j HB
n.HeTCH /rno6anbHO/ napaMeTpHqeeKoH:, To ecTh rpynnoH: 
JIH /eM. 161 I OTHOeHTenbHO n apaMeTpoB t i H t j. HHbiMH 
cnonaMH, A . A. - .D.ByxnapaMeTpHtiecKaH rpynna JIH. 0Ha 

I J 
roMeoMopclma enKn:a.noBy npoeTpaHeTBY E 2 , TaK KaK A i 
A i ;::; R, H, ene.noBaTenhHO, eBH3Ha H O.IJ.HOeBH3Ha /eM. 191 /. 
0Tcro.na BbiTeKaeT /eM. 121 I, q~o nH6o Ai A i- a6enena 

3)ieeb E - e.D.HHH'IHaH rro.nrpynna, a [G,G ] 03Ha tiaeT 
KOMMyTaHT rpyiiiibl G /cM _/ 4/ j. 
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rpynna H Ai IIAi , JIB6o AiAi ~ K /eM . n.l/. EcnH AiAj ~K. 
To, KaK ycTauoaneuo B neMMe, HJIH Ai-<A i , HJIH Ar< A i . 
Ecnu Ka>K.Z.aJI napa Ai , A i CBJIJaua oTuoweuHeM *II " I G -
a6eneaa rpynna/, TO, ecTeCTBeuuo, HH o.z.Ha Tpoii:Ka A i , 

Ai , A k He CBJIJaHa cooTHoweHHJIMH Ai ..('Ai , A i--< Ak 
llpe.z.nonmKHM, 'ITO B MHO)I(eCTBe (Ai)l <i < n He Ka)I(.Z.aJI napa 
Ai, Ai CBJIJaHa OTHoweHHeM " II " H ecTI. TpoiiKa A i • A i , 
Ak , y .z.ooneTaopJIJO~aJI ycnoauro 

Ai-< Ai , Ai-<Ak. 
flpH 3TOM MO)I(eT 6bJTh, 'ITO 

a/ Ak-<A i , 

b/ Ai~A k-1 HnH Ai IIAk 

B cuny cooiicTB P -npouJae.z.eHHJI no.z.rpynna G '~, A iA. Ak
P - npouJoe.z.eHHe cooux no.z.rpynn A i , A i , A k /a ot.4oux 
cny'laJix/ . HJ uawero npe.z.noJIO)I(eHHJI B cnyqae a/ cne.z.y
eT , 'ITO onepauuro o G ' MO)I(HO Ja.z.aTbTaK/cM. /5/./5 "//: 

(a . (t . )a .(t . )ak(t ))(a . (t : )a .(t : )ak(tk')) " 
II JJ Jc' IIJJ , 

r k ' t . 
I I lk 'ki I ,i 

tj) ak(e tk + t 'k) . 
-r ijtj , - rjk ,. 

= a . ( t . + e t 
1
. )a . ( t . + e 

I I J J 

llycT~, ai(ti),~j(ti ) ~, k(tk ) ~ ,g. adtf)a i(t j )ak(t 'k) ~g ', 
g ~ a. ( t . ) a . ( t . ) a 1.. ( t k ) . 

T I I J J u ( ' ) , ( , " ) or.z.a nocne.Z.HHe KOMnOHeHTbl DpOHJBCAeHHH gg g , g g g 
COOTBCTCTBeHHO paBHbl 

r k . t '.' r k . I '. 
a (e 1 1 (e ·1 1 t ~ t ' ) ~ t " ) - c k k k k -

-- r .. t ~ ( , IJ J , , 
'k i 1 i + P 1 i ) r k i 1 i . , , 

a k(e tk + e tk~ ~ ~) ,.,- c. 

H 

B cuny accquuaTHBHOCTH YMHO)I(eHHR H cooiicTB P-npoHJ
se.z.eHHJI 3TH KOMnOHCHTbl AOJI)I(Hbl COBna.z.aTb npH JIJ06biX 
JHa'leHHJIX nepeMeHHbiX. O.z.HaKo c =I c ' npH ti ' = t 'k =- t 'k ~c 0, 
t{ = t 'i' = t k = 1 /TaK KaK rij f, 0 I< r ki /. Mbl npHWJIH 

K npoTHBOpe'IHIO . Cne.z.oaaTenLHO, cny'laii a/ npu Hawux 
npe.z.nonO)I(eHHJIX He MO)I(eT HMeTb MeCTa. 

PaccMoTpHM BTopyro BOJMO)I(HOCTh: 

A . ~A .' A . ~ Ak H A . .-<Ak 
I J J I 

HJIH A i II A k . 
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B 3TOM cnyqae 3neMeHThl a i (t i ) H a k(t k) no.z.rpynn 
Ai H Ak CBJIJaHbl cooTHoweHHJIMH 

r i k 1k 
a i(ti)ak(t k) = ak(tk)a i (e t) , 

r .z.e r ik I= 0 npH A i .....(A k H r ik= 0 npH A i II A k . )J;anee, 
onepauHJI B G '/eM. /5 ' /, /5 "/I Ja.z.aeTCJI TaK : 

(ai{ti)ai(ti)ak(tk))(ai (t;)ai (tj)ak(tk:)) = 

-(ri . t . + rikt~ -r.k tk 
= a i ( t i + e 

1 1 
t i )a j( t j + e 

1 
t j) a k ( t k + t k) 

/r.z.e r .. f= 0, r .k I= 0 / . 
lly

1

6Tb aidi) a j(tj)ak(tk) "' g , ai(tj )a j {t j)a k(t 'k) '= g', 
g " = a . (t : ' )a. (t ." )ak (t(/ ) . 

B cuny a
1
ccouahT.liaHocTH onepauuu a G ' nepBbie KoMno

HeHTbi npOHJBe.Z.eHHH g(g ' g " ), (gg ' )g " COOTBeTCTBeHHO 
-(riJ· t .+ r.ktk) , -(ri

1
· t'1. + riktk ) 

a . ( t . ·+ e .I 1 
( t . + e · t " )) 

I I I j 

H -r .k 1k 
-(r .. t. + r.k t 1 ) - l r .. (t . + c J t '

1
.) t r. k(tk tt·'l) 

IJ J I " , IJ J I k' t " ) a .(t . + e t .+ e i , 
I I I 

AOJI)I(Hbl coana.z.aTb npu JIJ06LIX JHa'leHHJIX napaMeTpoa. Ho 
, 0 , , ,, , ,, 1 

oHH He coona.z.aroT npu t i = t i = , t i = t i = t i =- t k= t k = • 

H B cnyqae b/ Mbl npHWJIH K npoTHBope'IHJO. 
llony'leHHhie npoTHBope'IHJI noKaJLIBaJOT, 'ITO Harne npe.z.

nono)l(eHHe HeoepHo. To ecTh HHKaKaJI TpoiiKa A i , A i , 
A k He CBJIJaHa COOTHOWeHH.RMH A r<Aj ' A j.-( A k * . TaKHM 

o6pa3oM, nepoa11 'laCTb yToep)l(.z.eHHJI 2/ AOKaJaHa. 
llpe.z.nono)I(HM Tenepb, 'ITO HeKoTopa.s~ Hea6eneaa rpynna 

G JIBnJieTCJI P-npouJoe.z.eHHeM o.z.HonapaMeTpH'IeCKHX no.z.
rpynn A i= [ai(ti )] 1 .~ R;;; R , G = A 1 .. . A 0 .llPH'IeM Ka~aJinapa 
A i, Ai (i I= j) y.z.oon~ToopJieT o.z.uoMy HJ ycnoouii Ai ~A i , 
A . < Ai , A ·I I A . H HHKaKaJI TpoiiKa A i , A ·1 , A k He CBJIJa-

.1 I J • 

"' HJ Hawero .z.oKaJaTeJILCTBa cne.z.yeT, 'ITO 3TO caoiicT
BO rpynn, paJnO)I(HMbiX B p -npOHJBe.Z.eHHe OAHOnapaMeTpH
qe CKHX no.z.rpynn THna R . 
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Ha eooTHOllleHHHMH A i ..-< Ai , A i-<Ak .OTeJO,na ene.nyeT, 'ITO 
,nnH Ka:lK,noii no.nrpynnLI A i BhinOJIHHeTeH TOJILKO o.nHo H3 
yeJIOBHii: 

c ) ey~eeToyeT A i , A i >- Ai' ; 
d) ey~eeToyeT Ak , A k-< A i , 
e) A i II A f ,nJIH JIJ06oro e ~ n ' e 4 i . 

B eoOTBeTeTBHH e JTHM MHO:lKeeTBO l Ai 11 ::; i :_. n pa3-
6HoaeTeH Ha TPH HenepeeeKaio~uxeH MHO:lKeeToa B1 , B 2 , 
8:l . MHo:lKeeToa 8 1, 8 2 H 8 :l eoeTOHT eooTBeTeTBeHHO 
H3 JJieMeHTOB THna c) , d) H e) . llpH'IeM 8 p; d, 8 2,· 6 , 
8 a MO:lKeT 6LITh H nyeTLIM, JJieMeHThi Ka:lK,noro MHO:lKeeT
oa 8i (i ~- 1 ,2;3 ) eBH3aHbl Me:lK,ny eo6oii OTHOllleHHeM "!! ", a 
,nJJH JII06biX Ai' A j ,Ai -=- Bl , Aj "' 82: A i-<A j HJIHAj i~ A i . 

lloKa:lKeM, 'ITO r pynna G 2 - pa3 pelliHMa. llyeTb 

G 1= II A ., 
A i,;:, HI I 

II Ai 
G 2 

= r\ .e,.. o
2

u Aa 
I 

Tor.na G 1 - HopMaJILHhiH .nenHTeJib G. 3To BbiTeKaeT H3 
Toro, 'ITO ,nnH JIJ06oro JJieMeHTa a. (t .) ,. A . , A . .,.. 8 1 H JIJ0-

1 I I I 

6oro JJieMeHTa a . (t.) ~ A . , A . -.; 8 2 u 8 ,1 . I J J J • 

- I a (t ) a . (t . ) a .(t . ) .;. A. 
j J I I J J I 

( A i ...( A j , HJIH A i II A j ), 

a nee JJieMeHTbi 8 2 u B 3 eBHJaH~I OTHOllleHHeM "I!" ITo 
TeopeMe o6 HJOMopdmJMax /eM. · I 

G ' G 1 :- G 2/ ( G2 n G 1 ) ~ G 2 , 

TaK KaK nepeeel.JeHue G 2 n G 1 TPHBHaJILHO osu.ny esoiieTB 
P -npouJoe.neHHH. Ho G2 - a6enesa rpynna. Cne.nosaTeJILHo, 

G > GI ) E-
-pa3pelliHMbiii HOpMaJibHbiH pH,n ,nJIHHbl 2. 0TeJO,na BbiTeKaeT 
2-paJpelliHMOeTb G , noeKoJILKY oHa - Hea6enesa rpynna 
/eM. ~ I. 0Tero.na H H3 npe,nbi,ny~ero y:lKe ene,nyeT nepsoe 
yTsep:lK,neHHe TeopeMLL 

Tenepb noKa:lKeM, 'ITO rpynna G HBJIHeTeH rpynnoii JIH 
OTHOeHTeJibHO napaMeTpoo t 1 , .•• , t n /T.e. PR -rpynnoii/. 
B eooTBeTeTBHH e ualllnMH noeTpoeHHHMH no.nrpynnLI A i 
MO:lKHO nepeHyMepooa Th TaK: A i 1 , ••• , A in , r.ne HH,neKehi 
ik y,nooneToopHJOT yenoonHM: Aik ~ 8 1 npH l ::; k ::; p (l ~p < n), 
A ik ..::- 82 u 83 npHpi- l ~ k s n . rpynnaG =AiJ•• •Ain HHBJIH
eTeH P -npoHJBe,neHHeM no.nrpynn Aik , B3HThiX o JTOM no
pH,nKe. TaKaH neperpynnHpooKa npHoo,nHT K TOMY, 'ITO ,nnH 
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JI106b1x e , q , e < q H JII06hix r ie 
UOllleHHe 

, t i HMeeT MeeTO eooT-q 

r o' t · 
c.q lq I " '/ a .

0
(t . 0 )a. (t . )-:a . (t. )a.

0
(e ti

0
) 5 

l l. I [ I q I q lq lq 1[. [. 

/Mhi e'IHTaeM, 'ITO rrl = 0 npH A .0 I IA. u ~ii = f . . npH r.q 1[. lq r.q lplq 
Aip Aiq /. 

Tenepb Mhi MO:lKeM noKaJaTL, 'ITO G HBJIHeTeH /rno-
6aJILHo/ napaMeTpH'IeeKoii rpynnoii, a, ene.nooa TeJibHO, 
H rpynnoii JlH OTHOeHTeJibHO napaMeTpOB t ik /eM. / 6 / /. 

llyeTb g -= ai 1(ti 1 ) ... ai
0

(ti
0

) Hg'=ai 1 (t 'i
1 

) .•. ai
0
(tj

0
)- npo

H3BOJibHbie JJieMeHThi G. 
fiOeMOTpHM, KaK 3aBHeHT napaMeTpbl npOHJBe,neHHH OT 

napaMeTpoo eoMHO:lKHTeneii. lh eooTHOllleHHii /5 " / H /5 , , / 
BbiTeKaeT, 'ITO 

ga . (t: )=a . (t . ) ... a. (t. )a. (e 
lJ 1 1 1 1 II 1n-l 1n - I 1 I 

, t. 

-r In In t, ) a. (ti ) = 
ii In n 

= ··· = a. (t . 
II II 

, + +r' t.) ( ) 
-( r12 t i · · · In 10 , ) (t. ) ... a. t i · 

t. a i 12 In n +e 11 2 

,D.eiieTBYH TaK .nanee, nonyqaeM 

, , ) 
-(r12ti2+ ... +rint i

0 
gg' = a. (ti +e t'. )a. (t 1• + 

1 1 I 11 I 2 2 

( 
, , ) , , 

- r23t . + ... +r2 t. -rn-1nti 
13 n 10 , ) ( n , ~ +e t .... a. t . +e t . x 

12 1n-1 1n-1 
1
n-

x a 
1
. ( t . + t '. ) 
n 1n 1 n /14/ 

/eTporo rooopH, TaKaH clJopMyna enpaoe,nJIHBa npH n >_4 ; npu 
0=2,3 eOOTBeTeTBeHHO enpaoe,nJIHBhl paBeHeTBa: 

-r}2 ti2 
gg' = a. ( t . + e t ~ ) a. (t . + t: ), 

1I 11 11 12 12 1 2 
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j(BJUieTc" PR - rpyrrrroH:. 0Ha HJOMopqlHa rpyrrrre BeKTopoB, 
cocTo"meH: HJ :meMeHTOB ( x 0 ,X) ( x 0 ...; E 1 , X <; E3 ), c orre
pa.uHeii: 

.... - ro .... .... 
(x 0 ,X)(y 0 ,Y ) = (x 0 +y 0 , e X + Y) 

/eM. / 1 ,5/ /. l 

B JaKmo'leHHe aBTop BLipa)l(aeT rny6oKyro 6naro,IJ.ap-
HOCTL B.r .Ka,IJ.LIWeBCKOMy 3a HHTepec K pa6oTe H UeHHhle 
3aMe'laHHj(, )l..II.)I(eno6eHKO, r .H.KonepoBy, A.B.MaTBe
eHKO, M.raBnH'IKy, H.Ii.CKa'IKOBY, B.JiaccHepy H E.A.HBa
HOBY Ja none 3HLie o6cy)I(,IJ.eHH". 
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