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IlpocTpaHCTBO H2(V) o6paooBaHO amutlITlI'ICCKHMll B Kpyre 

V = {z : lzl < 1} <f>ynKD;ll.!lMH, HMCIOII\lIMll no'ITH BCIO/zy Ha rpattHn;e 

av = {z : lzl = 1} npeACJibHbie OHa'leHIL!l no nexacaTeJibHblM nyT.HM, c 

xone'lno:ii nopMo:ii II· II, nopolKAenno:ii cxan.HpHbIM npoHoBeAeHHeM 

(f g) = _!_ f J(z)g(z)ldzl = ~ f J(z)g(z) dz. 
' 271' Jov 2n Jov z 

lloBeCTHO, 'ITO IlOJIHHOMhl zi npll D;eJihlX HeoTpnn;aTeJibHhlX j o6paoyroT 

opToHopMHpoBaHHbIH 6ao1Ic B npocTpaHCTBe H2(v), n AJI.H KalKAOro ene

MeHTa f eH2(V) BhlilOJIHCHO paBeHCTBO 

00 

11/112 = :E l/;12, 
j=O 

rAe I; = (!, zi) = JU>(o) . ., 
J• 

- xoeq,qlllD;lleHThl CTeITCHHoro P.HAa !( z) = L.J=O /; zi' CXOAJIII\CroC.H npll 

zeV. 

HaHMeHhIIIee yxnoHeHHe nccneAyeMo:ii q,yHKD;lIH f eH2(V) OT 

JIHHCHHhlX q,yHxn;n:ii az + b o6oona'IHM CHMBOJIOM e(f), npn'leM JIMeeT 

MeCTO paBeHCTBO 
00 

e2U) = :E 1/;12
• 

i=2 
BJAeM o6oona'laTb r(f) BeJIH'llIHY HaHJIY'IIIIero npn6JIJilKCHH.H f eH2(V) 
nocpeACTBOM AP06Ho-JIJIHeiiHhlX q,yHxn;nii (az + b)/(az + /3), npHHaAJie

lK~Hx npocTpa.HCTBY H2(V). 

Teo p e Ma. IlycTb cpyHK~IDl f eH2(V), npH'IeM 

00 • 

/(z) = L J;z1 , 
i=l 

H npH CE V\{O} BbIHOJIHeHO COOTHOIDeHHe 

00 

E J;ci(l - j + j!cl2
) t= O, (1) 

j=l 

TOr,t{a e(f) = r(/). 
,ll;JI.H p;oxaoaTeJibCTBa TeopeMI,I HaM IlOTpe6yeTC.H CJIC/zyll\aJI 

JI e MM a. ECJIH I eH2(V), TO cpyHK.q.HIO (1-!zl)·l/(z)l2 MOlKHO 

HO HenpepbIBHOCTH J{OOHpe,l{e.llB.Tb HyJieM B JII060H TO'lle 8V. 
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,I), 0 K a 0 a T e JI b C T B o. BBegeM BCilOMoraTeJibHYIO qiynxn;n10 

g = J2, np1rnagJie.>Kanzyro npocTpaIICTBY Xapgn H1 (V). IIooToMy µ;JUI 

JII06oii: TO'IKH z e V cnpaBeµ;JinBa IlHTerpaJibHa.H qiopMyJia Kornn ( CM. 

[1]) 
g(z) = ~ f g(() d( 

2n 11(1=1 ( - z · 
(2) 

<t:>nxcnpyeM TO'IKY ei8 e av n TJncJio c > 0. B c1rny a6coJI10Tnoii: 

nenpephIBHOCTn nHTerpana Jle6era cyrn.ecTByeT gyra 'Y c av c n;eHTpoM 
B To-qxe ei8 Taxaa, 'ITO · 

h lu(OI · !d(I < c. (3) 

IIycTb grrnHa µ;yrn 'Y paBHa 48 > O, f:l. = 8V\'Y n z = rei'P. Ilpn 10-<pl < 8 
n ( = eit e f:l. cnpaBegrrnBo HepaBeHcTBO l<p - ti~ 8, noeToMy 

I( - zl = J1..:.. 2rcos(<p- t) + r 2 ~ J1- 2rcos8 + r2 ~ sin 8, 

'ITO He CJIOlKHO nony'lllTb, IlCTIOJib0Yll TeopeMy xocnnycoB AJI.!l Tpeyrorr1,

Hll:Ka co cTopoHa.MH 1 II r, yrnoM MelKgy HHMH 8 II onpegenenne cnnyca; 

CJieµ;oBaTeJibHO 

I
f g(() d(I < f lg(()l ld(I < - 1- f I (()I· ld(I 
it:. ( - z - h I( - zl - sin 8 lev 9 · 

OTc10ga n no (2) nMeeM 

1 (l . 1-r l ) (1-lzl) · lg(z)I < -
2 

lg(()I •Id(!+~ lg(()I • Id(! . 
- 7l" 5 Slll u 8V , 

3Ha'InT, yqnThlBaJI (3), nplI 10 - 'Pl < 8 II r = lzl µ;ocTaToqno 

6rrnoxnx x eg1mnn;e, noJiyqaeM (1 - lzl)l/(z)l2 < c, 'ITO II goxao1,rnaeT 

rreMMy. 

,II, ox a o a Te JI 1, c TB o TeopeMhl. Ilpn Ka2KAOM c e V\{0} pac

cMoTplIM np1I6JI1I2KeHne erreMeHTa f eH2(V) nognpocTpaHCTBOM, o6pa

ooBaHHblM pan;HOHaJibHbIMH qiyHKD;Il.!lMH nepBOH CTeneHH C qJHKCIIpOBaH

HblM 0Ha.MeHaTeJieM Q(z) = 1- CZ. ,IJ,po6HO-JilIHeHHyIO qiyHxn;mo, ocy

rn.ecTBlllllOllzyIO HanJiyTJmee npn6JI1I2KeHne, AJI.!l ygo6CTBa.,0aJIIlCII 6ygeM 

0600HaqaT1, To -qepeo r{z), TO xax (p + qz)/(1- cz). OnpegeJIIIM xoeqi

qinn;ne:uTi.I p II q HO CBOHCTB qJJHKD;HlI r(z) ( CM. [2]): 

· /(0) = r(0), · /(c) = r{c). 
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Tax xax /(0) = 0, To p = 0 B cnrry nepBoro ypaBHeHil.!l. CooTHorneHne 

µ;JI.!l gpyroro xooqiqinn;neHTa 

q = (1 - 1c12i~c) 
C 

(4) 

CJiegyeT no BToporo pa.BeHCTBa. Haii:µ;eM oHaTJeHne qiyHxn;nn F(c) = 
(f - r, f - r) - KBagpaTa BeJIH'IHHhl yxrroHeHnll gam10ro orreMeHTa f 
OT paccMaTpnBaeMoro nognpocTpaHCTBa µ;po6HO-JIHHeHHbIX OT06pa.>Ke

Hllll. Ilocnorr1,00BaBrnnc1, opToroHaJibHOCTbIO / - r K 0TOMY nognpo

CTpaIICTBY, 6)/AeM HMeTb COOTHOllleHne 

F(c) = (f, f - r) = 11/112 
- 7j · (f, 1 :_ cz)· 

IIocxoJibKY, B cnrry onpeµ;eJieHil.!l cxaJU1pHoro npoHOBeµ;eHil.!l, MO.>KHo no

ny'iHTb CJiegyK>nzy.I<J> n;eno'i:Ky paBeHCTB 

( 
z) 1/ z dz 

f,1-cz =21rilovf(z\-cz·z= 

= _!__ f f(z). ~ = f(c) 
21ri Jov z z - c c ' 

TO TIOJiy'IaeM llBHYIO 0aBilCHM0CTb BeJinqnHhl F(c) OT 0Ha'JeHHll napa

MeTpa CE V\{0}: 

F( c) = 11/112 -
1 ;i';12

1/(c)l2. (5) 

B cnny BBeµ;eHHoro onpeµ;eneHil.!l r(/) = inf F(c), Hae HHTepe

cy10T Toqxn MHHHMyMa qiyHKD;HH F. OHH Haxoµ;llTCll cpegn CTan;HOHap

HblX TO'Ie:K 0TOH qiyHKD;HH, :K0TOpble B CBOIO O'iepeµ;1, JAOBJieTBqpllIOT 

CJieµ;y10rn.eMy ypaBHeHHIO 

dF(c) = a~~c)dc+ a~c)dc= 0. 

He CJIOlKHO BngeTb, ,'ITO 

( 8F(c)) = 8F(c) =ff /;]kci-2d'-1(1-j + ilcl2) = 
ac 87! j=lk=l 

= \_ f J1cck f J;ci(l- i + ilcl2) = 
lcl c k=l i=l 
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= 
1 

1
12_/(c) f: J;ci(l - j + ilcl2). 

C C j=l 

B Tex T0'IKax C E V\{0}, rAe /(c) = 0, HO paBeHeTBa (5) no11yqaeM 

F(c) = 11/112 ~ e2(/). <l>yHKIUlll F ITO HerrpephIBH0eTH M02KeT 6hlTh 

AoorrpeAeJieHa npn c·= 0 oHa'IeHHeM F(0) = 11/112 - l/'(0)12 = e2(/), a 

ripn CE av ee rrpeAeJihHhlffOHa'leHlI.B: B eHJIY rreMMhl paBHhl 11/11 2 ~ e 2(/). 

CrreAOBaTeJihHo, 
00 

L f;ci(l - j + ilcl2
) = 0 (6) 

j=l 

.llBJIReTCJI ypaBHeHJieM AJIR orrpeAeJieHH.ll OeTaBllIHXCJI eTan;HoHapHhlX T0-

'leK q>YHKD;HH yxrroHeHH.H F. ilorraras: oTeyTeTBHe oHa'leHHH rrapaMeTpa 

C_E V\{0}, JA0BJieTB0p.llIOII\llX (6), JI0JiyqaeM A0KatJaTeJibeTB0 TeopeMhl •. 

3 a M e "I a H H e. PaeeMOTpllM r11rr1,6epTOBO rrpoeTpaHeTB0 

L2( av) ll npH6JI1I2KeHHe pan;HoHaJihHhlMll q>yHKD;H.!lMll nepBOH eTeneHll 

e npoll0B0JibH0 pacITOJIO.:lKeHHhlM B KOMIIJieKeHOH JIJI0eKoeTH JI0JIIOe0M. 

J].JIR erreMeHT0B / E L2(av), K0T0phle .llBJI.lllOTCJI rpaHll'IHblMH OHa'le

HH.llMH q>yHKD;HH .e:o H2(v),eTa TeopeMa Tax2Ke BepHa (rrp11 eo6rrroj:\eHHH 

HaJI0.:lKeHHhIX Ha paeeMaTpHBaeMyro q>yHKD;HIO orpaHH'IeHHH). J].eHeTBH

TeJihH0, eCJIH norrroe· AP06Ho..;JI1IHeHHoro oT06pa2KeHH.H nax0AHTC.H BHe 

eAHHll'IHoro Kpyra, TO BblIT0JIHeHhl Bee yeJI0BH.!l TeopeMhl; a eCJill BHYTPH 

(To eeTh lcl > 1), To HMeeM F(c) = 11/112 • J].eHeTBHTeJihHO, B onpeAe

llRIOII\eM eooTH0IIIeHllll nerrorr1,oyeM roJIOMOpq>HOeTh IlOAhlHTerpaJibHOH 

<l>YHKD;llll, a HMeHHCJ 

F(c) = (/,/ _:_ r) = 11/112...., __!_, f f(z). dz = 11/112 
2n Jov z · z - c · · 

PaeeMoTpHM np11Mep1,1 q>yHKD;HH f eH2(V), o6rraAaIOll\llX eBon

eTB0M e0BJiaAeHH.H e(/) = r(/). Bee· 06oeHOBaH11e 6JAeT 6aonpoBaThCJI 

Ha eo0TH0UieHHH (1). CHa'Iarra oaMeTHM HeCJIO.:lKHbIH BenoMoraTeJihHhIH 

q>aKT , 

_lcli~3ll - j + jlcl21 < 2, np.e: c E V\{0}, j ~ 3, 

'ITO HeCJI02KHo A0KaoaTh, 11cnorr1,oyll oaMeHy x = lcl 2 • )J.JIR <l>YHKD;HH 

f eH2(V) BHAa 
00 • 

f(z)= z + L J;z1• 
j=3 

4 

(} 

~) 

l 

.YCJIOBHe (1) MOJKHO nepenttcaTb KaK 

00 

cJcl2 + ·:E J;ci ( 1 - j + jlcl2) = 0. 
j=3 

licnorr1,oy.ll orpaHH'le1rne O <!cl< l,norry'laeM 

1 =If:/; ci-2 (1 - j + ilcl2)j :5 
j=3 C 

:5 f lh!: 1c1i-3 
• 11 - i + ilc12

j < 2 · f 1/;l• 
,=a · ,=a 

Ecrr11 Bhl6paTb cpyHKD;HJO f eH2(V) TaK, 'IT06hl E~3 1/;I :5 1/2, To Bee 

JCJI0BH.!l TC0pCMbl 6JAyT Hhlil0JIHCHbl. 

KoHKpCTHbIMH npHMepaMH MoryT CJIJ2KllTb CJICAYII\HC q>yHKD;HH 

z 3 • · 1 · ·z2 

J(z)=z+-2' /(z)=sm z, I(z)=e(ez-1- 2 ); 

C JI e A c T B u e. 

r(zn) = /1- - 1-(1- .!.)n = 
n-1 n 

= llzn _ .!. (1- .!.) •;-
2 

e(l-n)i8 Z 11· 
n n 1-~eiOz 

JJ. 0 K a O a T e JI b C T B o. Hcnorr1,oyeM C00TH0IIICHlle (6) j:\JI.ll 

onpeAeJICHH.!l CTaQH0HapHhlX T0'lCK q>yHKJ:\llH YKJI0HCHH.!l F, Y'IHTblBa.H, 

'ITO zn ,:fa O np11 z ,:fa 0. Ho paBeHCTBa 1 - n + nlcl 2 = 0 norryqaeM 

2 n-1 1 !cl =--=1--. n n 

Ila q>OpMyJie (5) H~0j:\llM OHa'lCHHe q>yHKD;Hll YKJI0HCHH.!l 

F(✓n - 1 eiO) = 1 __ l_(l _ .!.)n. 
n n-1 n 

3j:\ee1, MhI J'IHTblBaeM paBencTBO F(0) = F(ei'P) = 1 .e: onpej:\eJICHHe Ha

HMCHhIIIero YKJI0HCHH.!l r 2(/) = inf F(c). J].JIR paclleTa · K00q>q>Hn;HCHTOB 
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• 
pan;.HOHaJILHOH <l>YHKD;HH Ha.HlIY'IIIIero npn6rrmKeHll.ll HCIIOlILOyeM COOT-
HOIIICHHe ( 4): 

q = .!:.(/n- l e-ie)n. ✓ n ei8 = (n-1)¥ e(l-n)i8 = .!:.(1- .!:.) ft;-'. eO-n)iB 
n n n-l n!!yl n n 

JlnTepaTypa 

[1] IlpHBaJIOB II.II. I'paHH'IHLie CBoiicTBa aHaJIHTH'Iecxux ¢YHKIJ;HH. M.
JI.: rocTexlloAaT., 195Or. 

[2] Yorrm ,l];)K. IlnTepIIOilllD;ll.ll II annpoKCHMan;ll.ll pan;llOllaJibHLIMH 

<pyHKD;ll.llMll B KoMrrrreKCHoii o6rracTH. M.: IIJI, 1961r. 

PyKOIIHCb rrocryrrwm B H3,!l;aTeJibCKHH OT,!l;eJI 

22 moJllI 1993 ro,u;a. 
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flpHHHMaCTCSI II0,!l;IIHCKH Ha npenpHHTbl, coo6meHHSI O6'be,!l;HHCHHOrO 
HHCTHTYTa smepHblX ucCJJe,u;oBaHuii u <<KpaTKHe coo6meHHSI O11.SIM». 

YcraHoBJieHa CJ1e,u;y10masi CT0llM0CTb no,u;nHCKH Ha 12 MCCSIUCB Ha H3,u;aHHSI 
OM.sIM, B1cn10qa51 nepech111Ky, no oT,u;eJJhHhIM TeMaTuqecKHM KaTeropnsiM: 

MH,u;eKc TeMaTHKa 

I. 3KcnepttMCHTaJlbHUSl <pll3HKa BblC0KHX 3Hepruii 

2. TeopeTuqecKaSI <pH3HKH BblC0KHX 3Hepruii 

3. 3KcnepttMCHTaJJbHUSI HeiiTpOHHUSl <pH3HKa 

4. TeopeTnqecKaSI <pll3HKU }:lll3KHX 3Hepruii 

5. MaTeMaTHKU 

6~ .51,u;epHaSl CIICKTP0CK0IIHSI u pa,u;H0XHMHSI 

7. <l>tt3HKa TSl)KeJlblX H0H0B 

8. KpnoreHttKa 

9. YcKopuTentt 

10. ABTOMaTH3aUHSI o6pa60TKH 3KcnepHMCHTaJlbHblX ,u;aHHblX 

11 .' BhlqllCJIHTeJlbHaSI MaTeMUTHKU u TCXHHKa 

12.· XHMHSI 

13. TexHHKa qm3nqecKoro 3KcnepuMeHTa 

U.eHa no,u;nncKn 
Ha ro,u; 

915 p. 

2470 p. 

365 p. 

73Sp. 

460p. 

275p. 

185 p. 

185 p. 

460 P: 

560 p. 
560p. 

90p. 

720p. 

14.·McCJJe,u;oBaHHSl TBep,u;blX Ten u >KHAKOCTeii smepHbIMH MeTO,u;aMU 460p. 

15. 3KcnepuMeHTallbHUSl <pH3HKa si,u;epHbIX peaKUHH 
npH HH3KHX 3HeprttSIX 

16. ,ll.o3HMeTpHSl H <pH3llKU 3Hl..l\HTbl 

17. TeopHSl KOH,u;eHCHp0BUHHOro COCT0SIHHSI 

18.,McnoJlb30BaHHe pe3yJlbTUTOB 
H MCTO,!l;OB cpyu,u;aMCHTaJlbHblX <pll3HqeCKHX HCCJIC,!l;OBUHHH 
'B CMe)KHblX 0611aCTSIX HayKn H TCXHHKH 

19. Buo<pH3HKa 

<<KpaTKHe coo6meHHSI OM.sIM» (6 BhlnycKoB) 

no,u;IIHCKa MO)KeT 6b1Tb 0<pOpMJleHa C J1106oro MeCSIUU ro,u;a. 

460p. 

90p. 

. 365 p. 

90 p. 

. 185 p. 

. 560p. 

no sceM BonpocaM o<popMneuusi no,u;nucKu CJJe,u;yeT o6pamaTbCSI B n3,u;a
Ten1>cKTHii OTACJI 011.sIM no a,u;pecy: 141980, r.,ll.y6Ha, MoCKOBCKOH 0611acTH 


