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1. BBELI,EHI1E _ 

Ocu.u.iUI.siTopHhle' nci.nllc«Pt!I>OHAa.nhH:hle (IJyH:KU.HH ·s8eAeHhl·. 8 • J)a&Yre · [1 ]. 
0HH 803HHKaiOT 'npH pemeHHH . ypa8HeHH.si IIIpeAHHrepa AJI.si N.:.M:epaoro 
(N ~ 4) · rapMOHHllecicoro OCU.Wm.siTOpa 8 e8KJIIfAOBOM. Will nCe8Aoe8KJIIfA080M 

. \ npocrpaHCr8aX 8 DOJIHC<jJepoHAaJibHhiX CHcTeMax KOOPAHHaT H YAOBJieT80p.siiOT 
ypa8HeHH.siM . · . . . .. .. 

. . . .. [. d2 .·· 2(u ~.V + (v+; +·~)~OS lv) d :
2
- . '· _

2
··. ··._·· 

-. -+. . . . . . -- qcos v-dv2 . . sm-2v- .·· dv. ,· ... ~ ... l ,. , ~ 

' \. •• '-r . ~ ~ i' ~ 

·:: ~ 4p2sin22v.~ it·~'>(~. p)J ~~~v;1'>(~; Ci,P). ~ o; .. d._1a) 
,, 

> ••• • 

· [d
2

2 
~ 2Vl ~ ~ + .<:::u ~ l).~h _ _2~) fu -1: ?qch 2u~ .. 

du · . ·· · 
._, ·•' 

•,' 

..• ,:_ . 

·~ 4p2sh22u_~ r~·l')(q, p)] ~;~·~>(u, q: ~);. 0, 

' "·' 

(1.16) 

rAe 0 s v s :rc, 0 s u :< oo, · ./> -:l;,u > ~~. 0~ q, p2 <~, ~. l "=·. 0,1;2.;~, 
' ' . 

I os~v~p)(v; q; p,) I < oo; ·I Os(v,p)(u, q, p) I <::ex;.· 
·.·.,:~.~, ~- :-·-;:· .-: ~n._ ·..:! } ~: • .-:,·~ ;.~' 

Cl>yHKU.HH . OS~v, I') ( V, q, p): .siBJISIIOTC.si or~HHtieHHblMH npH _:Bcex . AeHCT-

8HT~bHhiX V H nepHOAHiJ:ecKHMH C iiepHOAOM :rc pemeHH.siMH ypa8ilellu (Llafi 

Y CJI08He riepHOAHllHocTH OS~v: p)(J, -q: p )'npH80AH; ~ 'orj}aHJitieHHIO KJiacca COO~ . 

CTBeH~hiX 3HalleHHHA~v,~)(d, p), ~ HMeHHO K 3HalleHH.siMA~v,p)(q, p), COOTBeTCT- · 

·BYIO~uM:' 'u.enotiiiCJieHHhiMI:d·o;I, 2::.: Jl>yHKu.ll.si' os~v,p)(v; q; P) npH SroM 

HMeeT [ HyJieH ila npoMextyTKe 0 < V < ':rc/2 H .slBJtileTC.si U.eJIOA .<jJyH~U.HeH nepe2. 
MeHHOH v. Ha HHTepsa.ne [O,Ji/2] 3TH <PYHKD.HH oopa3yiOT.no.iiH:y:t0 oproro­
HMbHYIO cHCTe:M:y 8 KJiaece KBaApaTH~Ho-HHTerpHpyeMhiX <tJymCu.ri c serosi>IM: 

f ~;~~·::~:; .. ~~:~¥1 
. -~ ~·~ r•t. ··~T'""'HA ~ ,,,,_,.,_,_ 'Vjt ., ,_ · ' 
~ ~~..- :--~ ~'T """ .:;;;., ··--- ~--



' · · · -- 2v+ 1 . :]p+ 1 · -
MHO)KHTeJieM (cos v) (sin v) • B CJiy'lae 3aMeHhl q-+ -q, p-+ -p cnpa-
BeWJHBhl paBeHCTBa 

1 (v,,u)(- _ ) _ 1 '"' v)( ) AI q, p -AI q, p , 

(v,,u) 1 '"' v) · OS/ (v, -q, -p) = ( -1) OS/ ( -V + :rc/2, q, p). 

(v,,u) , , . . ... 
cDyHKIJ.HH Os (u, q, p) COOTBeTCTBYIOT orpaHH'IeHHhiM Ha ny11e [0, co) . n 

peweHH.SIM ypaBHeHH.Sl. (1.16) H o6pa3y~!JHa._aT~M Jiy'le DOJIHY~ OpTOI'O",aJib­
HYIO CHCTeMy B, KJiaCCe KBaApaTH'IHO:-HHTerpHpyeMblX _cpyHKIJ.HH C Be~OBhiM 

MHO)KHTeJI~:M.(ch u)2v+ 1 (~h u):Jp·+l. 0HH. HMeioT n -Hyneii Ha ny11e [0; co), rAe 

n•= 0,1,2.·· ··" 
· (v,,u) (v,,u) ·' .·· • 

B CJiy'lae v = fl ~ 0,1,2._ •• cpyHKIJ.HH os1 (v, q, p), Osn (u, q, p) CBO-

A.SITC.Sl K KYJIOHOBCKH~ ccpepoHAaJibHhiM cpyHKIJ.H.SIM, HcnoJI&3yeMhiM, B 'laCTHOC­
TH, B 33Aa'le ABYX u.eiiTpoB KBclHTOBOH MeXllHHKH [2), a B CJiy'laf? p = 0 - K 
npHMeH.SleMhiM B p.siAe cpH3H'IeCKHX 33Aa'l noJIHccpepoHAaJibHhiM riepHOAH'Iec­
·KHM cpyHKll.H.SIM (3 ) • .ll,pyme 'laCTHhle CJiy'laH Ha3BaHHhiX cpyHKIJ.HH, a TaK)Ke HX 
OCHOBHble CBOHCTB·a~ pa3JiO)KeHHSI H anropHTM Bhi'IHCJleHH.Sl Ha 3BM npHBeAeHhl 
B [l ). . 

B AaHHOH pa6ore nOJiyqeHhl aCH~DTOTH'IeCKHe ~PMYJibi AJI.Sl ()S t .U) ( V, q, p) H 

.l.~v,,u)(q, p) npH p ~· 0 C TO'IHoi-rbJO·A~ 'IJleHOB ~OOTB(!T~~~HH~ cJ(p?)H 0(p5), a 
' . ,. 

. ~~ ~~ 
TaK)Ke aCHMnTOTH'IeCKHe cpopMyJihl. AJI.Sl Osn' (u, q, p) H .l. n' (q, p) npH 

· p;,. co: c TO'IHOCT~IO AO 'lileiloB cooTB~ircrBeH~~ 0(1 /p3) ~ O(l/ p4). II pH aT~M 
q = 2p{3, rAe {3 He 3aBHCHT OT p. 

IloJiy'leHHhle aCHMDTOTHKH HeTpHBHaJibHhiM oopa30M o6o6w,aJOT COOTBeT-
·CTBYIDW,He acHMnTOTH'IecKiie cpopMyJihl WJSI KynoHoBc:Kux ccpewH.ri.an&H~x 
cpyHKIJ.HH H Hx co6cTBeHHhiX 3Ha'leHHH, a TaK)Ke acHMDTOTH'IeCKHe cpopMyJihl 
AJI.Sl DOJIHCcpepoHAaJibHhiX nepHOA~'IeCKHX cpyHKIJ.HH H HX COOCTBeHHhiX 3Haq~­
HHH H cBOA.SITC.Sl K Ha3BalnlhiM ij>opidynaid npH 11acr:H.l>lx 3Ha'leHH.Slx napaMeTpoB. 

... 2 .. ACHMIITOTHKA llPH. p -+.0 . 
i" .• , /. < +. ,· • ~ ._, -"~ -...; -., • ; ' ~ • - ' ... ' 

lloJIO)KHM p = aR,' q = 2ZR, rAe a, Z·..,.- He aaBHc5illule OT R BeJIH'IHHhl;. 

.li,JI.Sl: fiOJIY'I~HH.Sl aC~MDTOT.~KH OS~v:,u)(v; q, p) UpHp _:-+ 0HCDOJiblyeM DOJiy-

'leHHOe B paooTe [l ) pa3JIO)KeHHe , .: · 
~' ' ' .,; ~- < 

' .. - • __ '. ··. -~:---... Cot{_'.. __ ;~' ., '- ' 

os~v,,u)(v, q, p) = e~P.cos 2v N
1

.L !J~·I'~p~;,.u)( -c~s. 2v). .. (2.1) 

'./ m=O 
2 

' -. 

> •. . (v,l') . . . ,· . . 
3AeC& P

111 
(-cos 2v)- noJIHHOMi>151Ko6H, N 1-. uopMHpoBO'IHaSI nOCTO.SIHHaSI. 

Ko3Qxt>Hu.HeHThl iv·''> yAoahei8opSIJOT peKyppeuTHhiM cooTHoweuH.SIM 
Ill - . ' . 

·. 
',._\-

' 

R~ iv•l') + R iv_,l') + R iv,,u) = 0 
·Ill m+l Pm m Ym m-1 ' 

·(v,,u) (v,l') 1 1 2 3 B '- 1 = 0, B0 = , m = , , , ... 

. (,(v,l')('' ) - . . ·]· . ''.. : 
'' AI /;p + -~R+ ~ ~.;~ "~~·.U) +. 

. . 2(v+ ~) (u ~ l)(i ~ ~ (~ ~ ~ :r 2; RB~v·~'). 
· · ' of:". : · • · (v +!l .. + 2) (v + fl + 3) ·. · · := ~· ; 

a = 
Ill 

2(m + v.+ l) (m + !l + l)(Z +a (2m+ v + fl + 2)) 
, (2m·+v + J.l + 2) (2m+ v + !l + 3) 

. , (v,,u)( ) 
AI .... q.p. . · .. ·, . 

/3
111

=. .. 4 . .
1

- m(m +,v + fl +. l) ::-:.RCu -y)a + 

+ 2Ra (v-:: fl)m.:+R(Z ':- a,(v + !l +. 2 + 'im)) (u2
- v2

) 

. (2m+ v + !l) • ·(2m+ v + fl) (2m+ V+ fl + 2) ' 

- --2(m·+ v + !l) ((v +"+2m) a ,...'z) m 
Y m - . (2m + v + !l ...:.. l) (2m + y + !l) 

(2.2) 

. ·.. . . B(v,,u)R. ·. 
. ... . I . a/ I . ·· · ·· · . .. . . - 2 .. . .~ 

BBeAeMM1=- . B(v,,u) ,, ·b1=, R y1at-i• a1=f3r J.1cnOJib3Y.SICOOTHO-. 
/-1 .. 

WeHHSI (2.2) ~ HaXOAHM-

: Ml+1 = b/+1/(a/+1-, Ml+;), . (2.3) 

- .{0, eCJIH /. ~ 0, 
Ml+ I = al~ ,b/ M 1, -~CJIH l.= 1,2, ••• • (2.4) 

Bbi'IHTaSI (2.4) H3,(2.3), DOJiy'laeM ypaBHeHHe, H3 KOTOporo MO)KHO HaRTH -

co6cTBe~8~e 38a'leHHSI~~~·t>(q, pf:·, > ', · ·- · , 
. ' . 
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. bl+l 
-az+ - + 

bz . 
. ·-== o: 

al+1-: bl+2 
' ' -. az-1-:bz-1 

a/+2-: bl~3 

al+3 

...J 

a - ... . l-2. 

b1 

·ao 

,j •'. 

. (v,p) . ;_ 
llpe~CTaBHMAz (q, p) npHp =a~. q = 2ZR, R ~·Os B~e 

(2.5) 
·-.,:::' 

. lv,p)( ) , . ' •· ... • . . .· . 
1 

4 
q, p = 4{) +Ref..{) +R2c4,l) +R3c4l) + R4~l) + O(R5), (2.6) 

. r~e cf:l) - He 3aBHCSIID.He OT R 4Hciia. llo~cTaBnSISI Bhlpa)KeHHe (2.6) B (2.5) H 
I . - -

npHpaBHHBaSilJ./leHhl c o~HHaKOBhiMH R, nOJiyttaeM · 

, '< (0) ·· .• Z(v - ,u) : 
· il) = l(l + v + # + 1), d1 =::(v + ,u + 2)' 0 

(l) . . ·. . 21a (Jl - v) 
d1 = -Cz, .Cz =_-a (Jl- v)- (21 + v + ,u) 

2 2 -(v . - ,u )(Z 7 a (v + ,u + 2 + 21)) : l- 1: 2 
-

,(21+v+,u)(21+v +,U+2r ·: 1 
- .. ' , •• , 

(l) • Dz Dl+1 ·. 
d2 = (21 + y +,u) -:- -:-::(2'"""1_+_v....:+..:...,u:__+ 2) ' -

(l) Dz (Cz._ Cz-1) Dz+I(Cz- Cz~~) 
d3 = (2l + v + )l)2 +(i1 + v + ,u+ 2)2 , 

. ••' . D 
(l) -. , . l .·· X 

·d4 =(21+v+,u)3 , , 

(2.7) 

x (<cz-1-c/-(2/~v+,u) (c4~-:2(21+~L~1,u-1)))-,.; ._, 

'4 

A· . :) 
f• 

;~ ,JJ 
\j 

(~' . (j 
l 
f 
l 

:! 

Dl+1 
. - . . X 

(21 + v + p.. + 2)3 . 

x (<c,+;:c c/+ (21+~; p +2) (<liQ+ 2(21+~':21'': J)) ), 
... (v,p). • -· ·. . . . .. ··-. { .. 

Ko3Qxt>HD.HeHThl B m npH R -+ 0 MO)KHO BhlttHCJIHT&, nonara.11 

' eo::__ .~·f'·_ic" ""'·-.4'(',';' __ ~\; 

B~,p) / B~v,p) =}: RiB~, m -:;1:. 1. --- (2.8) 
i=1. 

. no~cTaBHM (2.8)B (2.2) H HCDOJ1&3yeM npH 3TOM (2.6), (2.7). Haxo~HM -
'; ~-;_,.-,-..,~·-··- ···-,:· __ -- --~~ ~\'~ .. -···~;<· ·: 

· (1) al-1 . (1) • · .Yz+I 
Bl:_1 = (J~~1) _ 4{))' Bl+1·= (J~+1) ;:-: 4{)) ' 

_, __ .. , 
'"'' . ~4·;; 

(1) o (1) ·o ·.23 ii 
Bz+~.= , Bz-r= , r= , .. :.· 

' 
'i. 

B(~ = (Cl-1 + d~l)) B~i>. 
l 1 ' - . (I~ 1) ··. 

- · (do'· ·- ct~l)) 

( 
.fl) (1) 

(2) ._ a1 + cl+1) Bl+1-
·B = ' 

'1+1 (dg+1) id~l)) 
.• '(2.9) 

.. B' eny~ae a::;. 0 ac~MDTOTH~eCKHe 'shlpa~elilf~ .(2.6), (2. "/) .· COBna~aiOT c . 

nonytteuub.M:H -~' [J] ac~Mn~THl·le~KH¥~ qx}pM:yna~a ~ix~' ~OHCTan~~pa3Aene~ 
.HH.SI nOJIHc<l>epo~an&HhiX Ii~pHo~HtteCKHX <i>YHKD.HHA~~·-"~(q) ftp~~q=2ZR-+ 0, 

a Bhlpa)KeHH.SI (2.8), (2;9) - C Ha~eHHhiMH TaM )Ke aCHMDTOTHtteCKHMH <i>op­
MyJiaMH ~JI.SI K03Qxl>HIJ,HeHTOB .pa3JIO)KeHH.SI. 3THX (j}yHKIJ.HH DO nonHHOMaM . 
.s1Ko6H. B . CJiyttae v .= ,u = 0,1 ,2... Bhlpa)KeHH.SI (2.6), (2. 7) cosnMaiOT c 

acHMDTOTHKOH ~JI.SI senHttHHhl A·....,., #t(#t +. 1) nplt R -+ 0, me A - KOHCTaHTa 

pa3~enenH.SI KynouoBCKHX c<t>epo~an&nhlx <l>YHKD.HH [2:4 ]. 

"<~ 

3. ACJ1MllTOTJ1KA llPlf p ~ co 

llepe~eM B ypasHeHHH (1.16) K nepeMeHHOH Z = 2p (ch 2u- 1) H K <i>YHK-

li,HH ell CDOMO~biO 3aMeHhl . . 

0 (v .• p_)_( > )·. ~pch. 2u.._ 
. sn . ~· q, p =. e . . ...,;" 

llOJiytta~M 

5 



I 

[4z(z + 4p):.: +(8~~:-v) + 4(:+ p + 2) X 

X (z +,_2P~ ;~ 4z(z_+._.~P))! ~- (2~ ~ ,1} (2z + 4p) ~ 

, . ·- ~-~ ~P.~ ~'v) ~- 2(v +.~t + 1) (z +;~P)] q, =·~;; ,. 
. ··, 

(3.1) 

B cnyqae 2q = {3 = Const, p - co ypasHeHH~ (3.1) nepexo.AHT s ypasHeHHe. 
'' p '' _.... .·· ' 

. · .,.; 

' ' ( d
2 

' . " ·. ' ' '·' d ' f f3 (ft + 1 >)' ' ·' ' ' ' ' ' 
. z dz2+·(....::z_+.U+l).dz..:.l6p+~~ 2 ·<t>=o,. (3.2) 

- ·. ·,: f ' ' ·_,. ' . '-
pemeHHSIMH Koroporo np:H 4 = P.- 2(2n-+' ~t'+ )),r.Ae n = 0,1,2 ••• , SIBJI.siJOTCSI 

' '· ' p ' ' 
DOJIHHOMhl Jla~pa .L (}l) (z).'T~KHM o6pa3~M, orpaHH'I~_~HhleHa Jiy'le (0, co) pe-n . . . 

. meHHSI ypaB.HeHHSI (1.16) npH p-+ co MO)i(Ho Bhlpa3HTb B BH,Ae pSI,Aa DO DOJIHHO-

·MaML~)(2p(ch 2u- 1)): . - . 

. ' -~ 

· Os~·~'>(u,q;p)=e7ch 2u<l>=e-pch 2uL DTL~>(~p(ch2u-1)). (3.3) 
·- · ·T=O : ·· 

- - Ilo,ACTaBHM pa3JIO.)KeHHe (3.3) ,AJISI .. cPYHK~~ji <I> B ypasHe~ue. (3.1) H 
nciiOnhayeM' peiyppeHTHhle '(:~~JioiuekiiSI .AJI~ DO~H~OMOB Jlar~pa. Ilo.JiyqaeM 

" • ,· ' ,·' • • p' ~ ~ i '' ' ' • ' '. ' •. ' ~ ' ' 

-. 
·aD +< 1+ R D + y- D 1 = 0; D .1 ; 0, r = 0,1,2; ••• , · T T tJT, T T T- . - · -

-
aT = 2(r + # + 1) ( -{3 - V + # + 2r -f-. 2), 

liT= -f+4pf3- 2(v + 1)_(u +1)-

..-- 2(2r + # .+ 1)2+ 2(2r + # + 1)'({3- 4p), · 

r = 2r( ...:.p + v + ~t + ir). 
T . 

- ~;p)(q,p) ' : . ' - . \ •. · - -
Ilpe,ACTaBHM • npH{3 = q/2p = Const, p-+ cos BH.Ae 

).(v,p)(q,p) . . ; . . ·. :, 
11 

= - 2(2n + # +. 1) + {3 + · 

6 

(3.4) 

.til 

A(n) A(n) A(n) A(n) .· . - -

_ +-
1
-+++---Y+ --~ "+0(1/p5), n=0,1,2 ••• , (3.5) 
p p p p 

a K03$PHU.HeHThl D ·s BH.Ae 
·:. T 

~ 

D/ D
11 
= L D~i)~p~, r ~ n, 

i=1 

r,Ae A~11>, n(i)- He 3aBHCSIW.He OTp lJHCJia. 
1 T • 

~· • • J 

(3.6) .. 
~- >' 

Ilo.ACTaBHM pa3JIO.)KeHHR (3.5) H (3.6) 8 (3.4) H npupaBHSieM lJJleHhl c O.AH­
HaKOBhiMH CTeneHRMH p. Haxo,AHM _J 

A~ 11
) = t (-( v + 1) (u + 1) - (2n + # -+: 1) 

2 
+ {3 (2n + # + 1)) , 

A(n) 1 -- - - ) 
- 2 =64(ynan-1-atln+1' 

A(n) = _1_ (fa (A(11-I)- A(11))- y- a (A(11)..,... A(11+1))) 
3 256 11 11-l I I 11+ I 11 I I ' 

_ A(11) = y11a11-1 (~4A(11) + f,,_la11-2 + (A(it) _ A(ll-1))2) _ 
4 1024 2 • · 32 I I 

a11y11+l .(4A(1I) + f,l+2all+l + (A(11) _ A(11+1))2). (3.7) 
1024 2. 32, I . I 

IlpH 3TOM 

D(l). ,__ y11+1 n(l) -::..:. a11...,1 D(l) - 0 D(l) ..:.o r- 2 3 .- . 
11+1- -16' 11-l- . 16 '. 11-T-:- ' n+T- ' - ', ••• , 

(A(n) A(11+l)) (A(II-1} A(11)) . 
(2) • :._ I - I · (I) ' (2) _ I -:- I (I) 
D- D D- 4 D . . · 11+1 4 , ·n+l' n-1 n-1 

.lJ.pyrHe D~'} MO.)KHO BhltiHCJIHTh no,AOOHhiM o6paaoM, uo BBH.AY rpoM03.AKOC­

,TH Bhlpa.)KeHHH OHH 3,AeCb He npHBO,ARTCR. 
IloJiy'leHHhle aCHMDTOTHKH (3.5), (3. 7) npH V = # = 0,1 ,2 ••• COBna,AaJOT C 

aCHMDTOTH'IeCKHMH <l>opMyJiaMH .AJIR BeJIH'IHHhiA- 'l;t('l;t + 1) npH p- co, r,Ae 

.A. - KOHCTaHTa pa3,AeJieHH51 KYJIOHOBCKHX cct>epoH,AaJibHhiX cPYHK~HH p-THna 
(2,4 ]. . ' ' .. - . ' ·-
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TpycKosa H.<t>. 
AcuMnroTutJecKue csoii:cTBa 
OC~uJm.siTOpHNX nOJiuc(j>epolf.AaJihHNX (j>yHK~ 

floJiytJeHH acHMOTOTHtreCKHe (j>opMyJIN 
po~aJibHNX (j>yuK~HH H HX co6crseHHNX 3Hc: 
lJ3CTHlllX 3H3lJeHH.siX napaMeTpoB nOJiytJeHHllle 
CT~YIO~HMH aCHMOTOTH'IeCKHMH (j>opMyJiaMH 
HlllX H BOJIHOBNX nOJIHC(j>epo~aJibHlllX (j>yHKi 
lJeHH.siX .siBJI.siiOTC.SI HeTpHBHaJibHlllM HX o6o6ttit 

Pa60Ta BNnOJIHeua B Jla6opaTopuu BNlJ 
M3TH33~HH 0115111. 

Coo61l{eHHe OIYbe.z~HHeHHOro HHCTHT)'Ta H,llepHbl 

flepeBO.A asropa 
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Asymptotic' Properties 
of the Oscillator Polyspheroidal Functions 

As ym ptotics of the oscillator polys pheroidal 
values asp .... 0 and p .... oo are obtained. They l 
toties of the Coulomb spheroidal and wave po 
reduced to these for special parameters. 
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