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IIp:H:po;o;a ;o;aeT ·HaM xnaccii'IecKIIU npuM:ep npo:D;ep;ypbi · crm{

)KIIBaHII.H; Tax, <PpaKTanbHbie cTpyKTYPhi. Monop;biX rop c Te'Ie

HIIeM BpeMeHII nepexo;o;1IT :S nnaBHble o'IepTaHII.ll xonMoB~ ,Il;pyroii 

npiiMep~un ropo;o;cxon )KIIOHII: Ka)Kp;hln, KTo .xoTb pan rop;IIn B 

aBTo6yce, nHaeT; -.!To TJ>HCeT ~eHhme Bcero B cepe~mi~.· S'I:'c{~~.:. 
. . 

OTBeTCTByeT cnep;yro~eMy ycpep;HeHIIIO_ llOBepXHOCTII p;oporn: 

x(t) = ~1(t); x2(t) ,· ··,, 

r;o;e Xi - 'xoopp;II~aTbi nepep;Hero II nap;Hero xonec. IIoxo)I(:H:e anro:.. 

p1ITMbi nono)KeHbi B ocHoBy o~eHb y;o;o6HbiX 61I6niioTe'IHbiX npo

rpaMM, nonBonHIO~IIX 6blcTpo II 6en .liBHhiX anp1IopHbiX rn:noTen 
~ .. . . ' 

nony'IIITb :m.J cbiphlx :3icnepn:MeHTMhHbiX ;o;aHHhiX 6onee n:nn: Me-

Hee nnaaHyro KpiiBYIO [1]. lfn:cneHHbie axcnepn:MeHTbi noxananii, 

'ITO, BbinonHIIB ;JJ;OCTaTO'IHOe "'IICno crna)KUBaHHllj c Mo)KE:o ':~a)K~ . 
nony'IIITb xopomyro OD;eHKY ;o;nH nepaon npoiinBop;Hon oT.; crna

~eH~on axcnepn:MeHTanbHonba~~criMocTII. HexoTopoe 6ec~oxon
CTBo, O;JJ;HaKo, Bbi3biBaiOT CliCTeMaTII'Iecime~TKnOHeHil.liOT; IICXO

;JJ;HbiX p;aHHhlX, B03HiiKaiO~IIe npii 60ITblllOM K~nn..Je'~~~~ crJI~~II
BaHIIll. li:Jy'IeHIIIO II OD;eHKe 9TliX OTKnOHeHn:ii II llOCB.ll~eHa ;JJ;aH
HaH pa6oTa. 

PanyMeeTcH, B xaxon-To Mepe Haiue ·IIccne;o;oaaHIIe 6y;o;e-:c oT1 

HOCIITbC.ll li K p;pyrn:M _ecTeCTBeHHbiM npoi,J;eCcciM .. crnet,)KIIBaHII_.ll, . 
KOTOpbie iia' caMOM . ';o;eii~' nporicxOA~~:·~· 'fipnpo;o;e .. Bo;MO)K~<>; '· 
no~'foMy He Bbl3oBeT oco6oro yp;IIaneHil.ll n: TOT <PaxT, 'ITO aTII 

BOllpOCbi OKa3aniiCb TeCHO CB.ll3aHHhlMII C HeKOTOpbiMII TIIlliJ:'I

HhlMli 3ap;a'la.MIJ: HepaBHOBeCHOU CTaTJICTII'IeCKOll <PII31IKIJ:.: ; i 
·~"' * ~ . '. :_· ,"- • - : • " ," "• . ,-'; ', '" ~-, <, " " • •> .". · " ' • r-' 

. ·:. 

·r· 1
: Tip_e~c~,~u~~rie;H:lle' np()~~cc~· 

• ,,· •••• ,. ' ~ J "' ' --- -

CrJia)I{HBaHH.H B MaTpHqH(>M:!BH~e 
/ :··. .·. " 

IIycTb axcnepn:MeHTanbHble p;aHHhle npe;o;cTaaneH:bl N :Bemi-.In::: 
Ha.MIJ: 

ft,f2, ... ,JN, 

~-·'" --·~- .... 

~~\.,;,,.. .. , •• <;;ni.iU !l~i:rii'JT' 
U-':!fS>U HCC!U~llOllUd 

6WSJittOTEKA -- ~-~ 
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M:&I. Hecxonl;:Ko. Mogilq)n!iiipb:Bairil'': cTriHg.a:pfHbi~ anropHTMbi 

crna)KHBaHH.H [1] B6nH3H rpaHHD; TaKHM o6pa30M
1 

"'T06:&I nony

"'cLro~aJIC.H B pe3ynbTaTe MaTpHu;a W 6bma .. ~HMM;eTpH"'HOH, no-
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· :ko.+ kt · k~ 0 ° '0.-. ; 0 : .. .' . . i .0' - o·: ':·, 

k1 ko k1 · o 0 . . . 0 ' 0 
'"·:o' ,,.kt··-ko. k't . 0' .... ' 0 .. 0~' 

A I 0 0 kt ko kt . .. 0 0 
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.;·· 
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Ws= I 

,0 0 0 0 . 0 ... ko•. kt 
0 0 0 0 0 ... kt ko + kt · 

.. 

ko + kt kt + kz kz 0 .0 ... 0 0 

kt + kz 
kz 
0 
0 

.o 
0 

.·::' 

ko + i~t + kz. 
kt 
kz:< 

·o 
,0, 

ko 
kt 
kz 
0 

0 
0 

.kt 
ko 
kt 
.kz 

0 
0 

kz 0 ... 
kt 'kz ... 
ko kt ... 
kt ko. ,· .· .. , 

0 0 
0;. 0 

.· .. 

0 
0 
0 
0 

ko· 
kt+k2 

kt · · kz · 0 ... 0 · ... , 0. 

:·; 

ko.:+ kz kt· ·.kz 0 ... ·.'. ·o ... ,.·. 
. kt ko kt ·. kz .... , 0 

kz:. · kt- ko ·• kt · ; .·.: .· · .o., 
0 kz •. kt· · ko ··~·. .: 0 

~ . ~ 

0 
0 
0 
o. 

,·,·'.' 

'. 

0 
.. o, 

... ·o. 

., r 

' . ·~ 

;'l 

.. · .. 0 0 
0· 

,., o:·.:·o·.- o · .. ' ·k· +. ·k' ··· :- k·.· . .. , ... · . . . • • • 0 . 2 . . 1'' 

0 o · o , o i . ; ~i' · k1: ko + k{ +'liz 

,IJ;nH 6onbwero "!Hcna A'ilaroHaneii nocTpoeHHe aHanorH'fil~e. 
. lfncJieHH:&Ie . 3:K~riep'Ii:MciHThi 'no.KManH, ~TO xa~eCTBO . ariro~:, : .. ,. 

pHTM~ r.ipil · T~xoii Mo~il~il~au;im ;ii~ yx}rp;lli~-rcii~ '· '' · · · · · 
~ • , . • I } ~ - • , : , >- • l': ' . ; : .. \ · · '; : :- '- . , .' . ' • ·; \, • ). . 4 ! . ~· :' . , > ·! ; t - • > " ~ _. , < > ': • 

a. ·.l 



2. 8pro;rrHqe'cKHe. cBOHCTBa 

rrpon;eccoB crJia)KHBaHH.s: 
c; ,I 

Mo)I{Ho ycMoTpeTb ca.s:nh paccMaTpiiaaeMhiX rrpou;eccoa c ap

rop;n"'!ecKoii TeOpiieH, ne)KaiiJ;eH B OCHOBeKnaCCII'IeCKOH CTaTIICTII

'IeCKOH MexaHIIKII • .n;eiicTBIITenbHO, B03bMeM MaTpiiizy crna)I{IIBa

HJijl W C II0110)1{IITe1lbHbiMII KOa<fl<f>IIIJ;IIeHTaMII, a B Ka'IeCTBe <f>yH

KIJ;IIII f, rrop;ne)KaiiJ;eH crna)I{IIBaHIIIO: BeKTop, peannnyiOIIJ;IIH He-. 

KOTOpoe pacnpep;eJieHHe BepO.HTHOCTeH 

. P = (Pt,p2,'' · ,pn), (5) 

rp;e 

Pi 2': 0, LPi = 1. (6) 

Ha rrepB¥H Bnrn.lip;, ycnOBII.li (6) rrpep;cTa~n.liiOTC.li C11IIlllKOM orpa

Hli'IliTe1lbHbiMII H He IIO}J;XO}J;.liiiJ;IIMII }J;11.li paCCMaTpiiBaeMoH: na

p;a'III. B p;eiicTBIITenhHOCTII aTo He TaK: p;nH IIny"'eHIIR acex 

caoiicT:B rrpou;eccoa crna)I{IIBaHJijl p;ocTaTO'IHO orpaHII'IIIThC.li 

IIMeHHO BTIIM rrpocTeHllliiM cny-qaeM. B ca:MoM p;ene, n106o:H BeK

Top j, B TOM 'IIICne II C OTpiiiJ;aTe1lbHhiMII KOMIIOHeHTaMII, MO)I{HO 

rrpep;CTaBIITb B BII}J;e 11IIHeHHOH KOM6HHaiJ;IIII HeCK011bKIIX BeKTO

poB, Y}J;OB11eTBOp.liiOIIJ;IIX ycnOBII.liM (6). 3aTe~, 6narop;ap.H JIHHeH-

. HOcTu·:M:aTpii'IHoro rrpeo6panoBaHII.li W, rrpou;ecc crira)I{IIBaHJijl 

~- IICXO}J;HOH <f>YHKIJ;IIII j MO)I{HO IIHTeprrpeTIIpoBaTb B BII}J;e cyrreprio

. 3IIIJ;IIII rrpou;ecCOB crna)I{IIBaHU.li HeCKOJihKHX BeKTOpOB BH~a (5). 
, Terrepb nerKo rrpoaepnTh', 'ITO· rrocnep;oaaTenbHocT:b npeo6pa-

: 30BaHIIH p1 = W p, p11 = W · p1
, • • • o6panyeT O}J;HOpop;HyiO Map

KOBCKYIO u;errb II, cnep;oBaTenbHO, · OTBe'IaeT · HeKOTOpOH KJiaCCH

qeCKOH CToxacT~qecKoH }J;HHaMHKe B <f>anoaoM rrpocTpaH

CTBe {;1,x2, · · ·, xn} cn~TeMbi. ToT <f>aKT, 'ITO MaTpuu;a W He 

IIMeeT 6no'IHo-p;narOHanbHoro. anp;a, .o.6ecrre'In:aaeT ,aprop;Hq

HOCTh rrpou;ecca aaoniOIJ;HII. ,n;pyrn:Mn cnoaaMII, cncTeMa B rrpo:-
. -· . ' .. . . :,. ' ·' ,.. .. 

u;ecce' a:BoniOIJ;liii rrpoXO}J;IIT 'Iepen Ka:!Kp;yro Im TO'IeK Xi <f>anoaoro 

rrpocTpaHCTBa. Xopoiuo nnaecTHo, 'ITO caoiicTBO aprop;n'IHQCTII 

/ 

4 

l 

;JI 

' ( 

+ 

, I~· 

' ' '"'.' >', ·""' ' '! j -· -·, •• -. • '\ ., 

RBnHeTCH He06XO}J;IIMhiM }J;1l.H Toro, "'IT06hi paBHOBeCHOe- COCTOH-
Hlie c:ti:cTeMbi '6hlno e~'IIHCTB~HHI>iM. B .caMoM- p;ene, eciui. 6hi :Ma-
Tpui:ia W .. uMena BII}J;., ' . . . . . . . 

" 

w · :( l¥1 o ) 
~ -.. · o · w2. · 

:) 
TO BCe <f>anoBoe rrpocTpaHCTBO 0Ka3a110Cb 6hipan6IITbiM Ha }J;Be 

o6nacnr, un i<'oTopbrX c~cT~~a HIIKorp;a He BhiXO}J;IIT, ecnn .oHa 

OKa3biBaeTCH B O}J;HOH II3 HIIX. B Ha'IanbHblll MOMeHT. BpeMeHII. B 
"'' f • '·'... • •• ' ' ' • - • • • ' 

TaKOM ~ny'Iae MO)I{HO O)I{II}J;~Tb cy~eCTBOBaHIIH }J;BYX CTaL~liOHap-: 
Hhl)\; coc;ro.s:HIIH, .BII}J;a .. 

( 'Pt ) (' 0 ) 
0 ' ''P2 . ' 

.liB11.lii()IIJ;IIX~.li C06CTBeHHhiMII BeKTOpaMII MaTpiiD;bi W· .C eAIIHII'I

HbUv{H co6cTBeHHhiMn. nHa"'!eHII.liMII. B . P?CCMaTpnaaeMOM HaMil 

rrpiiM~pe ;aToro He· rrpo:il~xc;p;irT. :IIoaTo~y" ilp;ecb pa~Hoa~cHoe co

cToHHne ep;IIHCTBeHHO; 1 ,;· He~pyp;_Ho TaK)I{e ·p;orap;a;rhCH, 'ITO aTo 

paBHOJ3eCHOe COCT.?.liHUe HMe_~T BH}J; 

'. 1 . '· ' 
'ji= -(1, r, ... :, 1). .(7) 

"· . ··: ·. :-· . n- ·' , . . : •. . 

B c·~OM p;eire, xopoll1onci:B~cTHO, ~TO }J;1l.li MapKOBCKHX tierre:H"'ace ·. 

rrpou;eCCbi H}J;YT B Hari:paaneHIII-I BonpaCTaHIIR aHTpOIIliH ( IIMeeT 

M~CTO BTOpoe Ha'IanO .TepMO}J;~HaMUK;I), a COCTOHHne·(7) KaK pan 

n o6nap;aeT · MaKCIIManbHorr aHTpomreii. 8Ty p;orap;Ky nop;T:Bep-. •' _,_ . ' 

~p;aiOT II rrpRMhie Bhi'9:ncneHII.li: :Bocrronhnoaaalllllch ycnoaneM Hop:.: 

MI1pOBKI1 (3), nerKO y6ep;UTbCH, 'ITO BeKTOp p .liBJI.lieTC.li C06CTBeH-
HhlM' p;nH MaTpnu;hi W ' . · ·' ·· ·. · · 

--w~ - - · · · ' (s) ' .. ·p=.p. ···., ,; . ' 
"" ' ' ~ " . 

' - .. •• •• • ~- , '" ,. " \ • •• " • - > t .' { ! ·'· ' : 
; 1HanoMHIIM, 'ITO B peanbHhiX !lJII3U'IeCKIIX'ciiTYa~IUIX' c'y~eCTBOBRHHe 'He-

CKOJibKIIX pa3JIJI<nibiX paBHOBeCHbiX COCTOHHHii 06bi'JHO o6yCJIOBJieHO HaJIII'IJieM ' 

HeKoTopqii coxpaHHIO~eiiCH .Bemi'IIIHbi --: Ha~pHMep, :meprllll.' B 3TOM cny- . 
'Jae Jl;liHaMJI'JeCKaJI 3BOJIIO~JIH •CHCTeMbl H, CJiep;OBaTeJihHOj ee peJiaKca~JIH K 

paBHOB~CHOMY-COCTOHHIII0·1( aTTpaKTopy ), . npOIICXOJ!;IIT. Ha;"Ka)Kp;OH II3, o6oJio

'I~K • ( xap~KTe{nmyiO~Iixea onpep;eneHHbiM ~lHa~e.HJieM IIHTerpana J!;BJI)KeHIIH) B 
~ • " ' • ' • • • •' '' • • < - ' • " ' ' • ' > • 

OTp;eJib~OCTJI. 

5 



3a110MHIJM . 3TOT .. <flaKT, IJMCHHO C HIJM 6meT CBH3aHa. 11pOBCpKa 

c11paae~JmaocTJJ "TpeThero Ha~~.;_ T~p~wgJJHai.mxn". ~n~ pac

cMaTpHBaeMoii CIJCTCMhi, o6cy)K~aeMoro B cne~yro~eM. pa3~CJI~. 
B naxnro~eHHe pa3~ena OTMCTHM, ~To MaTpH~a W caxnhi

BaeT lli06biC TO~KIJ <fla30BOrO 11pOCTpaHCTBa {X;} CIJCTCMbi ~e-
110~KOH COOTBCTCTBYIO~IIX MapKOBCKIIX 11epeXO~OB - T.C. HBJIH

CTCH HC11piiBO~IJMOH [2]. 8To, B ~aCTHOCTII, rapaHTIIpyeT B03BpaT 

CHCTCMhi B · xa)K~YIO. II3 TO~CK <Jla30BOro 11pOCTpaHCTBa 110 .11p0~ 

wecTBIIII ~oc'raTo~Ho 6onhw6:ro.J~poMejKYTKa apeMeHII ( oTcyT~ 
CTBIIe 11epexo~HhiX II 11orno~aro~nx cocTOHHnii). IIoxo)Kee yTaep

)K~eHite ( TeopeMa liyaHxape [3]) cnpaae~mmo ~nH MHonlx hpy

riix, ropa3~o 6onee CJIO)KHbiX Mo~enei'r peanhHhiX <flil:nn-.'tecxnx ~II
CTeM. 

3 KsaHTOBas: Mo~eJib npon;eccos 

crn~:>KHBaHH.H II 'TpeThe :Ha,ano 
. ,,, . ' ' 

TepMO}J;HHaMHKH 

I ' 

·; ~ 

HeTpyp;Ho HaHTJJ ~H<fl<l>epeHtiiianbHOe ypaBHeHJJe, aii:npoxcH-

MHpyro~ee MHoro~paTHOC 11pliMCHCHIIe npo~ep;yphi crJia)KJJBaHIIH 

(2). 06o?Ha~IIIM IJ3M~HCHIJC BCKTopa{naop;JJH mar ~epe~ d[, 

~· ·, . d[ = -ii. [, (9). 

r~e fi = ·-(i- W). EcrrH 3To HnMeHeHJJe Mano: 

df; ~ /;, (10), 

TO, npHHHB "~JIIJTCJihHOCTb" O~Horo · aKTa CrJia)KJJBaHJJH paBHOH 

C~IIHIJ~C )3pCMCHII, nepeXO~~M OT ypaBHCHIIH (9) K er9 :s;enpephl: 

BHOMy aHanory: .. .· , '' 

dffdt = -ii ·f '' '(11) 
."· :~ ~ 

YpaaHeHIIe (11) JJMeeT BH~ KIIHeTJJ~ecxoro ypaaHelnui [ 4] i um!, : 

~TO 6on~e TO~Ho, npe~CTaBJIHeT co6o:ii: ypaimeHJJC illpep;HHr~pa 

6 

J 

~:r 

a· 

I 
\ 

B MHIIMOM BpCMCHII ( CM., Ha11piiMep, [5]);•IIOCKOJihKY KOM110HCHThi 

aexTopa f :MoryT 11pHHIIMaTh JJ OTpii~aTeJihHhle ·nHa~eHIIH. Ero 

<flopMaJihHOC peliiCHIJC : 

[,t) = exp( -fi · t) · J(o). (12) 

Mcxo~Hyro Hecrna)KeHHyro <flyHK~Hro J(o) MO)KHO pa3JIO)KH,Th 

110 C06CTBCHHhiM BCKTOpaM 'cf! A raMIJJihTOHJJaHa H, KOTOpble, B 

CIIJIY ero CIJMMCTpH~HOCTH, o6pa3yiOT 110JIHhiH OpTOrOHaJibHhiH 

6a3:Hc: 

J(o) ~ 2: cA. cf!A. (13) 
A 

CooTHo~~HIIe (12) MO)KHO Te11epb 11pe~cTaBIITh B BJ;I~e 

[(t) = L cA · exp( -,\ · t) · cf!A, .(14) 
A 

HBJIHIO~CMCH peliiCHIJCM ypaBHCHIJH illpe~HH_repa B MHIIMOM Bpe

MCHIJ.·· 

lin <Jliinii~ecxnx 'coo6pa)KcHHH HCHO, · ~T·o cneKTp o11epaTopa 

H orpaHII~CH CHH3Y HyJieM;. JJHa~e C TC~CHIJCM. BpCMCHIJ Ha6JIIO

~aJICSI 6bl Heygep)KHMhiH poeT a:Kna~a cocToHHIIH c ,\ < 0; IIo

CKOJihKY fi ::::: ..:.:.(f-' W); TO B npe~hip;y~eM pa3~ene:Mhi <flax

TIJ~CCKIJ ycTaHOBIJJIIJ 7 ~TO norpaH~HOC C06CTBCHHOC 3Ha~eHIIC 
A = Q B ~CHCTBIJTCJihHOCTIJ.TO)KC peanlmyeTCH ( CM.·COOTHOliiCHIJC 

(8)) . .Tenepb .Mhl y2Ke B COCTOH~IJIJ llOHH.Th ~Pli'!liHY .CIJC'~CMaTJJ
~eCKIJX IJCKa)KCHIJH 11pli MHOrOKpaTHOM 110BTOpCHIJIJ npo~ep;yphl 

' '· ••• , • .,, • • ,. > ••• 

CrJia)KIIBaHll;H: pa3HbiC C06CTBCHHbiC, BCKTOpbi IJMCIOT B .• COOTHO-

lii~HIIIJ . (14) pa3Hble ,;BpeMeHa )K.:irnHII". : B .i:JepcneKT~e o~eH~ 
6!JJihliiOrO ~IJCJia IJTCp~uii Blip;Ha JIIJliih 6C3)KII3HCHHaH nyCTbiHH: 

COCTOHHIIe (7), O~Be~aiO~ee ep;HH~~~OMY ~06CTBC1JH~MY: .. ~Ha~e
HIIIO onepaTopa W. 

· ,Il;oaonbHO nerxo ycTaHOBH'I'h pHp; . 6orree • p;eTanhHhiX cao:ii:cTB 

C06CTBCHHhiX 3Ha~eHIIH lJ B~KT~pOB onepaTOpOB W lJ fi'- y)Ke 

~ocTaTo~HhiX p;JIH norrHoro xa~eCTBCHHoro aHanlJ3a npo~ecca 3Bo

JIIO~IIII CIJCTCMhi, 110 KpaHHCH Mepe p;JIH crry"!rur, KOr~a MaTpH~a W 
HMeeT Tpexp;IIarOHaJihHhiH Blip; (nepBM lJ3 MaTp~, YKa3aHHaH B 
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nepBOM pan;o;erre ). 'B aTOM crry"!ae w HBJIHeT~H, c O;IJ;HOll CTOpOHbl, 

CTOXaCTH"'eCKOll [2], a C p;pyron- HK06HeBOH [2]. lloa.TOMY';D;JIH 
Hee BepHbi crre;o;yro~ne yTBep)Kp;eHHH [2]: 

•· '1. CneKTparrbHbiH pa;o;n:yc ~aTpH:Qbl W (MaKCHMaJibHhln n:n Mo

;o;yrreil ee C06CTBeHHbiX :JHa"!eHHll)-paBHHeTCH ep;IIHHD;e. 

2. Bee co6cTBeHHbie nHa"!eHHH W Be~ecTBeHHbi. 

3. Bee co6cTBeHHbie nHa"!eHHH W panrrn:"'Hbi, T.e. /li < f.l2 < 
• • · < f.ln, II ;D;JIH k ;:::: 1 "'HCJIO nepeMeH :JHaKa B pHp;y KOOpp;~
HaT C06CTBeHI.IOrO BeKTOpa ~ J.&k MaTpHD;bl, COOTBeTCTBYIO

~ero C06CTBeHHOMY "'HCJIY f.lk (HyrreBbie :JHa"!eHHH KOOpp;n:

HaT''co6CTBeHHOro :BeKTopa He Y"'HTbiBaiOTcH), :B TO"'HOCTH 
paBHO n- k. 

· Mn nocrrep;Hero YTBep)Kp;eHHH BbiTeKaeT, "'TO coOTHOIIIeHn:e 

(13) O"'eHb HanOMHHaeT panJIO)KeHHe <f>yHKD;HH j B pHp; ¢ypbe,. 

nOCKOJibKY pa3JIH'9:Hble C06CTBeHHbie BeKTOpbi, BXO;IJ;H~He B Hero, 

HCnbiTbiBaiOT BCe BO:JpacTaiO~ee ."'HCITO OCIJ;IIJIITHD;Hll no Mepe yBe

JIII"'eHIIH HOMepa co6cTBeHHoro nHa"!eHHH _ onepaTopa. HocKOJibKY 

C06CTBe~Hble :JHa"!eHHH onepaTOpOB H II W CBH:JaHbl COOTHOIIIe
·HHeM·· 

Ai = (1 - f.li), 

·To n:n (3}'crregyeT, "'TO B'npo:u;ecce aBorrro:u;n:n:, omicbmaeMOM <f>op~ 
Myrroii: (14), 6ygyT currbHee nop;aBJIHTbCH BKrrap;bi Tex co6cTBeH

HbiX BeK'I'opoB, KoTopb!e co;o;ep)KaT 6orrbiiiee "!Herro oc:u;mimi::u;n:il. 

llHTep'ec:Ho OTMeTHTb aHari:orll:ro o6cy)Kp;aeMOll npo:u;e;o;ypbl crna

')KHBaHHH c MeTop;oM Bbip;erreHHH cn:rHarra u:J u(yMa, npHMeHHeMblM 

B pa;o;lloTexHuKe. llo;o;o6Ho ·ToMy KaK B paccMaipnBaeMoM crry"'ae, 

BblllOJIHIIB panyMHOe "'HCJIO HTepaD;IIll, MO)K~O· nop;aBIITb BKJiap; 

C06CTBeHHbiX BeKTOpOB C OTHOCIITeJibHO 60JibllliiMII- :JHa"!eH:liHMH 

A, TaK II c noMO~biO cne:u;n:arrbHbiX <f>urrbTpoB yp;arrHIOT BbiCOKO"'a

CTOTHbie <f>ypbe'-rapMOHHKH, npiiBO;IJ;H~IIe K•6blCTpbiM-HeperyrrHp'-
HbiM n:nMeHeHIIHM cn:rHarra. '-;.· ·--1 

·-
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I 

1 

·t 
i 

I. 

\Y 

He cocTaBJIHeT Tpy;o;a nanucaTb II TO"!Hoe Bbipa)KeHIIe p;rrH 

<f>YHKD;IIH f nocrre m IITepa:u;Jiil, ecrrii MaTpn::u;a W CIIMMeTp~I"!Ha 
", , ,. c • 

f = L CJJfl_~4!JJ, (15) 
JJ 

r;o;e 4!JJ---: co6cTBeHHbie <f>YHKD;HII onepaTopoB W, II H. CBH:Jb c 
npep;bip;y~II~ npii6Jin:)KeHHbiM oniicaHIIeM (14) Bllp;Ha n:n crre;o;yro-' 

~ero npocToro_ co~THOllleH~H .;.: 

: f.lm ~ exp( -(1- f.l) · m). (16), 

TeM- He MeHee ripii6JIII)KeHHoe oniicaHlie BnorrHe yp;oBrreTBOpii

TerrbHo onHCbiBaeT nop;aBJieHIIe "BbiCOKO"'aCTOTHbiX"· KOMnOHeHT 

( c A rv 1) - T .e. caMy cyTb npo:u;ecca. crrra)KUBaHIIH. BonMO)KHO, 

no;o;o6Hoe npep;cTaBrreHn:e nap;a"!II oKa~e'FcH norrenHhiM p;rrH pea

nHoa~HH aToro anropHTMa C llOMO~biO HeHpOHHOH CeTH, 

rp;e, KaK H:JBeCTHO; "!aCTO BO:JHIIKa~T Heo6xop;IIMOCTb nepe<f>op-
r •! \ 

MYJIIIpOBKII paccMaTpiiBa~Moil npo6rreMbi B <f>opMe ·HeKoTopoil na-

p; a "'n: cTaTIICTII'IecKoil <f>umiKII. B aToii CBH:JII naMeTIIM, "'TO one

paTop 13BOJIIOD;HII CIICTeMbl exp(-H · t ), C <f>opMarrbHOII TO"'KII npe-
. ,. ' ' . ' · ... · ' ...... 

HIIH, IIp;eHTU~eH o~ep~~;OPY, nnoTHOCTH 

· p = exp( -fiJT) '= l:exp( -E/T)I~ :;;< El, 
' ,' . •·' :· .. ;, ' . ' : 

paccMaTpUBaeMOMY B ~TaTIICTII"'eCKOll MexaHliKe, eCJIII B Ka"!eCTBe 

TeMnepaTypbi T B:JHTb BeJIII"'IIHY, o6paTHYIO napaMeTpy BpeMeHH 

t. 8Ta aHarroriiH yciiiTIIBaeTcH e~e I1: TeM, "'To; KaK noKanaHo 

B npep;bip;y~eM panp;erre, OCHOBHOe COCTOHHIIe raMIIJibTOHIIaHa_H 

He BbipO)Kp;eHri: IToaToMy npn i. ~ . ·~ a~~ponmr K~aH;OBO~O ' 

aHCaM6JIH Th66ca exp(-H • t) CTpeMIITCH K HYJIIO, KaK II ;IJ;OJI)KHo' . 

6biTb corrracHo TpeTbeMy Ha"'a".rry TepMop;n:HaMIIKII. 

,II;JIH naBepiiieHIIH nocipoeHIIH 'p;nHaMHKII i:Jpo:u;'ecca aBOJIIoD;IIII 

HaM OCTaJIOCb, <f>aKTII"'eCK:H, ITIIlllb HallTH HBHbie Bblpa)KeHIIH ;D;JIH 

C06CTBeHHbiX, BeKTOpOB II co6CTBeHHhlX :JHa"!eHIIIi onepaTopa ra

MHJibTOHa ii cucTeMbi. Oco6eH~o npocTo aTo c;o;erraTb B crry"!ae 

CrJia)KHBaHIIH no TpeM TO"'KaM;, /,' 
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4 · ~ CoocTBeHHhie BeKTopbi H 
., 

, .. 
GHa'1:JeHH.S: MaTpHD;hi crJia)KHBaHH.S: 

' 
ITO TpeM T0'1:JKaM 

Ecrrn: crrraJKn:BaHIIe ocy~ecTBJIHeTCH c noMo~biO ycpe;qHeHIIH 

no TpeM TO"'!KaM, · MaTpii~a W IIMeeT 3-;qiiaroHaJibHblll :Blip;, onii

caHHblll B nepBoM pan;qerre. IIocKOJibKY, o;qHaKo, npomJBOJibHaH · 3-
...,s 

p;IIarOHaJibHaH CTOXaCTII"''eCKaH MaTpm~a C llOMO~biO npeo6pa30-

BaHIIH W -+ C · (W - I) ( rp;e C - HeKOTOpoe "''IICJIO) MOJKeT 

6b1Tb npiiBep;eHa K CJiep;yro~eMy KOHKpeTHOMY BIIp;y 
,'', ( " . ,. . (;; 

3 1 0 0 0 
1 2 1 0 0 

A-1101210 s--. '0 0 1 2 1 4. I (17) 

0 0 0 '1 2 
... .. 

n: paccMaTpiiBaeMoe npeo6panoBaHIIe He imMeHHeT co6cTBeHHble . . . ~ 

BeKTOpbi MaTpii~bl, orpaHII"''IIMCH 3p;eCb HMeHHO 9TIIM "''aCTHbiM 

crryqaeM. Ecrrii C"''IITaTb, "''TO oTp;errbHble KOMnoHeHTbi fi co6-

CTBeHHbiX BeKTOpOB f MO~YT 6b1Tb OlliiCaHbl HeKOTOpo:i'r <f>yHK~II
OHaJibHOll 3aBIICHMOCTbiO ~; 

fi = f(xi), 

-TO ypa:SHeHIIe )J;JIH co6CTBeHHbiX 3Ha"'!eH.IIll li co6CTBeHHbiX BeK-. 
TOpOB MaTpH~bi W . . . . 

W-f~=~·f 

llpii06peTaeT .BIIA (AJIH TO"''eK, He JieJKa~IIX Ha rpaHII~ax) 

' f(x- a) 7' 2 ·f(x) + f(x +a)= 4 · (>. -1) · f(x). 

PerueHn:HMH aToro <I>YHK~IIOHaJibHoro··ypaaHeHIIH HBmtroTCH 

cynepnonii~Iin: <I>YHK~II:ii Bn:;qa const, x (oTBeqaro~IIe >. = 1) II 

10 

l; 
v 

ii 
\) 

Ax ( T .e. o6bi"''Hhie n: rn:nep6orrn:qecKn:e cn:Hycbl n: Ko.cn:Hychl, a 

TaKJKe 9KCllOHeHTa)(6]. ,II;rrH HaxmKp;eHHH KOHKpeTHOro Bn:p;a HC

KOMOH <I>YHK~IIOHaJxbHOH naBIICIIMOCTH f( x) HaM ocTarrocb oTo- · 

6paTb perueHIIH, Y)l;OBJieTBOpHIO~IIe ypaBHeHHIO Ha co6CTBeHHble 

3Ha"'!eHIIH B6mmii rpaHII~ 

3 · f(x) + f(x +a)= 4 · >. · f(x), 
f(x + (N -1): a)+ 3 · f(x + N ·a)= 4 · >. • f(x + N ·a). 

MoJKHo y6ep;IITbCH,"''TO riinep6orriJ:qecKIIe criHyc n: KOCIIHyc, a 

TaKJKe 9KCllOHeHTa li JIIIHeHHaH 3aBIICII~OCTb He. Y)l;OBJieTBOpHIOT 

rpaHii"''HbiM YCJIOBHHM HII npii ,KaKOM Bbl6ope BXO)J;H~IIX B HHX na

paMeTpOB. ,II;rrH KOCIIHyca, C yqeTOM 9T.UX ~paHII.qHbiX YCITOBIIH, 

norryqaeM 

>.i = (cos(ki · ~x) + ~)/2, 
cos( </>i) = cos( <f>i'-.:. ki ' ~x ), 

cos(</>i + ki · (n -1) · ~x) = cos(</>i + ki · n · ~~). 
~' ... . .,.\ 

Mn nepBoro yp~Bieitlijl im~o~m..i co6cT:Se:HH:oe'nHa~eHlle, a·'nn·· 

BToporo II TpeTbero - <f>any '</> II ·~mcToTy k '( aMnrrn:Typ;a co:Kpa: 

TIIJiacb). TaKIIM o6panoM: 

).i = 2 · (cos( 11'·i·~x) 
. n . . 4 ' 

rp= 

., ~. ' 

cos( 1r·i) 
2·n ' 

cos(3 ·11'·i) 
2·n 

( 
2·(n-1)·11'·i) . 

cos_ ... 2.n. . 

,·~· : . ' ' ~ .. 
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, QqeBII;D;H01 ."'TO paeeMOTpeHIIe sin HOBhiX peweHIIll .He np1I

BHeeeT1 noeKOJibKY OHII eBO;D;HTeH K COS npii eOOTBeTeTBYIO~eM 

Bbl6ope <Pa:J. 

· IIo noBop;y nHTII- II eeMIIp;IIaroHaJibHhiX eiiMMeTpii"'HbiX Ma

Tpii~. Bee 3aBIIeiiT oT Bbl6opa Ko:J<P<PII~IIeHTOB. Bo3bMeM, Ha:.. 

npiiMep, eHOBa Tpexp;IIaroHaJibHYIO MaTpii~Y (17) II BOOBep;eM ee B 

KBap;paT- norry"'IIM B pe3yJibTaTe nHTIIp;IIaroHaJibHYIO MaTpii~Y 

,.; 

10 5 1 0 0 
5 6 4 1 0 

A 1 1 4 6 4 1 
S= 16. 0 1 4 6 4 

0 0 1 4 6 

c eo6eTBeHHhiMII 3Ha"!eHHHMII ,\~, ,\~, ... ,X~ Ha Tex :IKe eo6eTBeH

HhiX BeKTopax. 

Bonpoe, Ha xaxoii eTeneHII oeTaHOBIITbeH, pewarreH "liieTo 

npaxTII"leeKII. QqeBIIp;Ho, "'TO npii eTeneHII . N /2 Bee . arreMeHTbi 

MaTJ>II~bi6yp;yT HeHyrreBbiMII. Taxoii Bapii~HT,MaTpii~bi OKa:JaJieH 

HaH6orree npiieMJieMbiM npii errra:IKIIBaHIIII npo1I3BOp;HbiX. 

5 IIpoMe:>KyToqHbie acHMIITOTHKH 

Kax y:IKe roBopiirroeb Bhlwe, errra:IKIIBaHIIe Ha KOHe"lHOM oT

pe3Ke e nOMO~biO eiiMMeTpii"lHbiX MaTpii~ e nOJIO:IKIITeJibHbiMII 

:3JieMeHTaMII1 yp;OBJieTBOpHIO~IIX yeJIOBIIIO (3), noerre p;oeTaTO"lHO 

6orrbworo "!IIerra waroB npiiBO;D;IIT K op;HoMy II TOMY :IKe pe3yJib

TaTy - noeTOHHHOll BeJIII"liiHe 2. 

20 Ba:lKHOCTll: BCex ::nux orpaHH'IeHHH MO:lKHO cyp;HTb 1 HanpHMep, llO TOMy, 

'ITO Jl;llll HeCHMMeTpH'IHblX HeTIOJIO:lKHTeJihHbiX MaTpHI~, p;a:lKe Ha orpaHH'IeH

HOM OTpe:JKe MoryT CYII\eCTBOBaTb HeTpliBiiaJibHble liHBapHaHThi 1 OTJIH_'IHble 

OT KOHCTaHTbi. 

12 

8To; 3aeTaB1IHeT o6paTIITbeH K TaK Ha:3biBaeMbiM npo~te
)KYTO'IHhiM aCHMnTOTHKaM, TO eeTb KBa:JIIyeTOll"lliBblM'eo

eTOHHIIHM, KOTOpbie B03HIIKaiOT II p;ep:IKaTeH noeJie p;OeTaTO"lHO 

6oJibllloro ::rerra errra:IKnBaHitii B CJ)e;o;u:~moii qaeTII oTpe3Ka, noxa 

Typ;a He ;D;OII;D;yT IIeKa:IKaiO~IIe BOJIHbi OT rpaHII~ II He nenopTHT 

KapTIIHY (HII:IKe 6yp;eT npiiBep;eH ~JIY"laii; :Korp;a eepeAIIHa::p;~~r:oe 
BpeMH OeTaeTeH yeTOll"liiBOll II noerre Toro, KaK p;o Hee p;o6eryT 
BOJIHbi). 

,il;JIH 06~HOeTII o6ey:IKp;eHIIH 3/];eCb UMeeT CMbiCJI OTKa:JaTbCH 

OT Tpe6oBaHIIH HeoTpn~aTeJibHOCTII MaTpii"'HbiX,:JJJ~MeH·i;~B, .KO

Topoe ';o;o :JToro IIMerroeb B Bnp;y. Ilo;o;o6~bre o6o6~eHHble arrro

piiTMbi crJia)KIIBaHUJr onncaHbi B [1], rp;e OHII Ha:3BcLHbi (no npii"!II

HaM; KOTOpbie eTaHyT nOHHTHbiMII HII:IKe) HeJIIIHeiiHhiMII. <I>Jmii"le-
, . ' '.,., .., •• - ·' ' -: j-, 

CKM IIHTepnpeTa~IIH 3TIIX npo~eCCOB - C Hallleii TO"'KII 3peHIIH, 
o"!eHb IIHTepecHM - 6yp;eT · paccivioTpeHa B · errep;yio~eM: pa:3p;elie. 

3p;eeb JIIIlllb OTMeTIIM; "'TO oey~eCTBIITb ()6cy)l(p;aBiueeCH paH~e 
npep;eTaBneHne npo~ep;yp · errra:IKIIBaHIIH B Buge · rriil!eiiH:oii xo:M6u'

Ha~uu HeeKOJibKIIX MapKOBCKUX ~eneii B 3TOM enyqae, pru:lyMe~.: 
eTCH 1 HeB03MO:IKHO. Li! ' 

C MaTeMaTII"leCKOR,To..JKil 3peHIIH Imy~reHUe rrpoMe:IKyTO~HbxX 
aeuMnTOTIIK CBO;D;IITeH K paeCMOTpeHIIIO np'o~ec~a. erna)JmBa~IIH 
e' noMo~hro 6ecKoHe~HC)M:epHoli'"MaTp:lli:('"br, onpe;o;erre:HJoii Ha · HeK~~ 

ll·•u. ,,,,: .1··· u. -~1'1 :!'< 1 •..,: ·.'·-'' .u·· )•~·.-, _;;' ·u 
TOpOII paBHOMepHOII eeTKe;. 3ap;aHHOU Ha B.CCH Be~eCTBCHHOH 

OCH. CBOHCTBa TaKnx MaTplii~ OTnii:..IaroTcH' OT nx 'Kolie-9:HoMep

HbiX aHarroro:B;' :B qacTHOcTn, TeM, ..:iTo o:H:11 uM:eroT eo6eTBeH~bie 
:BeKTopbi ·c .A ~ 1, oTrrii.qHble'oT cocTo.si:HuH · ·· ·· 

i ' . •i '.·. 

p= -(1, 1, ... , 1),• . 
. · n . 

o6~a~alo~ero Ma~eiiMaJibHoii :JHTponll'~ii. 
': ',·. ·,·~' .. : ; ;~ : i. ·,:··.: -~>~: ·; {,,'' 't ~ 

3ap;aqa HaxO:IKp;eHIIH eo6CTBeHHbiX BeKTOpOB 6eeKOHe"lHOMep-. 

Ho.li Ma;p~~~.:S K~Koii-To ~T~!J~~u ~a:IKe.Hp:o~e KOHe"lH~Mepl!oro 
enyqag II eBO;D;llTCH K perlleHIIIO KOHe"!Ho-panHOCTHoro ypaBHeHUH 
(ArrH c(;6cT~eHHoro 'oH~.i~HIIH ~ ,\ = 'i)':. · , · • ·. .· · · ·. •. . 
''· ' ,•, ',~ >_' ; • '~~ j):••;'T•," .· ,. ~:,, ·/:, ~·'' ~ "' .,~ 

I , .. ""• ; • . '\ , L kj··. f(x + )) ~ f(x). (18) 
i=-1 ' ' ' 
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. ,I(emur rro,n;cTaHOBKY f(x) .= Ax (6], rrony'<!aeM xapaKTepJICTJI'<Je-

cxoe ypaBHeHJie: 
I 

L k;. Ai = 1. 
i=-1 

YMHO:IKaJr Ha- A1 JI Y'<~JIT~BM, '<ITO 2:~=-l k; = 1, k; ~ k_;, rrony-

'<JaeM: 
1-1 2·1 I 

L kl-j . Ai + L kj-1 . _Ai = 2 . L k; . A1
' 

j=O j=I+I ..J j=l 

JI11H, 6o11ee KOMIIaKTHO: 

I 
L k;. (Aj- 1)2

• Al-j = 0. (19) 
i=l 

O'<IeBII,ll;HO, '<ITO 3TO ypaBHeHne, ,n;mr mo6oro 1. II rrpn mo-

6biX 3Ha'9:eHIIJIX K03<f>qm~n:eHTOB k;, IIMeeT KpaTHhiH · KopeHb 

.A =.1, '<ITO COOTBeTCTByeT ,ll;BYM peweHIIJIM HCXO,ll;HOrO KOHe'9:HO

pa3HOCTHOrO ypaBHeHHII:--: II011IIHOMaM HyneBOH II nepBOH CTe

neHH [6]. ,I(nH Tpex,n;naroHanhHhiX MaTpn:~ ,n;pyrnx JIHBapJiaH

THbiX <f>yHK~liH rrpeo6pa30BaHliJI (TO eCTh C06CTBeHHbiX BeKTO

pOB CC06CTBeHHhiM 3Ha'9:eHJieM ..\ = 1) He cyw;ecTByeT. ,I(11JI IIHTII-, 

ceMn-' (n BMwe) ,-,n;JiaroHanhHhiX MaTpii~ Bbi6,opoM ~o3<f><f>n~neH
TO~ MO:IKHO IIOBbiCliTh KpaTHOCTh KOpHII A = 1 ,ll;~ 4, 6 -~ 6o-

. ' \; ' , ' t r • . . • • ; • ' .' · • "~ 

nee,. '<ITO C()O';L'BeTCTByeT HaiiJI'<JliiO JIHBapn:aHTHbiX IIOJIHHOMOB 

_TpeT:t>erp,, IIJIT?ro fl 6o11ee. BhiCOKliX II~pii,ll;KOB ( CM. rrpe,ll;hl,ll;YIIJ;YIO 

ccbi11KY)· Tax, HeTpy,n;Ho y6ep;n:ThCJI, '<ITO ,n;nH 5-gnaroHanhHOH Ma

TpH~hi C k1 + 4 · k2 = 0 liHBapiiaHTOM JIB11JieTCJI rrpon:3B011hHbiH 

II011IIHOM TpeTheH CTeiieHHj TO :IKe - ,ll;11JI 7-,n;naroHanbHOH Ma

Tpli~hl C k 1 + 4 · k2 + 9 • k3 = 0, a IIpli ,ll;OII011HIITe11bHOM yc110Blili 

k1 + 3 · k2 + 7 · k3 = 0 (TO .e.CTh k2 = -2 · k3, k1 = -~3) MaTpii~a 
Cr11aJKIIBaHllJI OCTaB11JieT. H(!ll3MeHHbiM II011liHOM IIJITOrO IIOpii,ll;Ka. 

,I(pyrne nHBapnaHThl. rrpeo6pa3o~aHIIJI ~rna~nBaHJci 'c rro

~OIIJ;hiO_ 6ecxo~e'9:HOM~pHoii .MaTpll~hl rrpe,n;cTaB~JiroT co6~ii no

Ka3aTenhHhle n Tp:iiroHoMeTpn'<Iecxne_ qiyHK~nn. Harrpn~ep, ,n;i:rir 

· 5-,n;narOHa1IhHOH MaTpli~hl xapaKTepiiCTII'<JeCKOe ypaBHeime IIOC11e 

COKpaw;eHllH MHO:IKIITe1151 (A,- 1 )2 
CBO,ll;liTCJI K KBa,n;paTHOMy: 

t :·' •• ! •• ' ' 

k2 · A2 + (2 · k2 + kt) ·A+ k2 = 0. 
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.. llp;fi kdk2 < -4 A :>. 0, '<ITO .rropo:IK,n;acT IIOKa3aTe11hHhle 
<f>YHK~IIII. . :; ·;_. 

Cny'<!aii ktfk2 = -4 6hln pacc:MoTpeH:Bhillie. · 

. llpn -4 < kt/k2 < 0 A- Km.mneKCHOe -.illcrio,' ~Tci rrop6-
:IK,ll;aeT TpiirOHOMeTpii'<!eCKIIe <f>YHK~lili sin ll COS. · . 

B 'cny'<Jaekt/ k2 > 0 'A< o; ,ll;11JI <PYHK~Hll HerrpepbiBHOro 

apryifeHTa II(')~~a-i-e~hH~ <f>YHK~JIH _c OTpiii£aTem,~hiM OCHOBa

HIIeM, O'<JeBII,ll;HO;· 6ecCMhiC11elma·, a ,ll;11JI ,ll;llCKpeTHoro X co:ima,n;~e~ 
C KOHCTaHTOH: . 

fipJI611II:IKeHIIe K IIpOMe~JTO'<JHhiM aCJIMIITOTJIKaM B 06IIJ;JIX. 

'<IepTaxMO:IKHO OIIJICaTbC11e,ll;yiOIIJ;ll~ o6p_a30M~_,I(orryCTllM, ;'ITO 3Tll 

acJI~irrOTHKli pearrrr_3yro;c~, Ha:rrp:ri}.iep, lia-~bCTOHHllHX -1' ~, cosx. 
To~~,n;a: -'· . .. · •· . ' . · ·. · . ' .. '· ' - ·'" . . --- .. 

I v • .. • • •• • F ~ ·, • •• 

1 ... IT poJI3BO,D;JIM, ecnn HY:IKHo, opToroHanrma~niO. acnMIITOTll-: 

'<IeCKllX ,COCT_OJIHIIH ( B ,n;aHHOM C11Y'<Iae HeT :. He06XO,ll;liMO
-CTll .-;- ~YMM~- IIpOH3Be,n;eHllH -aCIIMIITOTJI~eCKliX_ <f>YHK~liH 
B gncxpeT~~M ~a6ppe. TO 'lex, ,pacrrono:IKeHH~ B .llHTepBane 

, ,, (~,21r], pa'BHa.Hy~IO}. · ... 

2. Pacxna,n;hiaaeM · ·rrpo~;Bo~hHY~ <f>yilx~~~· J ( x) B pii,n; T~ii~· · 
·nopa---'- Bhi~eri1l:eM:'rrpo'e:in~:H:H'j HaT ii x:·' ' ' : : 

.. : ~- ":· • 
3 .. :racxnap;biBaeM s.pJI,n; <l>yphe '?xBocT" pa3110:IKeHIIJI <f>YHK~nn 

-.. f ( x) .B · pii,n; +'e~mopa,. Ha'<JIIHM c '9:11eHa · ~ __ x 2 . '---. o?pep;enieM . 
npoeK~lliO Ha cos. •.:'f 

','', ·,· 

(KpoMe · ior6; ,B03MO:IKHa He~6hl'9:HM c:ri;ya~nii; xor,n;a, Harrpn-· 

Mep, Ha OT,D;e11bHhiX y'<IaCTKax peanii3YIOTCJI pa311ll'!Hble liHBapu::_ 

aHTHhle <f>YHK~nn, yp;a'IHO ''cwnBaiOw;n:ecJI" ,n;pyrc,n;pyroM.) : . 

·: ::3aMeTnM, . ~TO eCJili. B~e _311eM~~Thi MaTpli~~~ crn~~m~~HIIJI: 
k; > 0. rrono:IK~Te11hHhi _-_ - .. cny'laii, · c o6cy:1Kp;eHnJI ~oToporo Mhl 

Ha'<Iann,- TO HllKaKIIX rrpoMe:IKyTO'IHhiX.aCIIMriTOTllK,·xpoMe rrn.C· 

HeMHhiX;He BOr3HHKaerr: O,n;HaKo B pealxhHhiXnaga'<J~ o6pa60TKri' 

• HeTpllBlla1IhHhle rrp~Me:IKy:ro'<JHMeaciiMIITOTllKll He llMeiDT 6onh_:, 
·I.U~ii :qe:H:HocTrr ( ecnn. T011h~o pe'lh He.; n,n;eT · o · 3ap;a'!ax <f>nTnpoBa-· 

HIIJI). Bo-rrepBhlx, 3apa.Hee oQhl'<~Ho HermBecTHo, <PYHK~n:eii xax6ro 
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Bn:p;a rry"''me Bcero annpoxcn:Mn:pyroTcH llKcnepn:.MeHTaJihHhle p;aH

Hble. A xor~a llTo mmecTHo, Mo:>KHo y"''ecTh llTY n:H<PopMa~mo 5o
nee ll<P<PexTn:BHhiM .cnoco6oM (Hanpn:Mep, npn:MeHeHn:eM Me'rop;a 

ruTpa<I>HhiX <I>YJ.IK~liH (3]). 

·. 6 <l>H3~~eci~ HHT~pnpe'raiul~ · 
'V 

HeJIHHeHHbiX·.~a.JirOpHTMOB. 
t ~ ', > 

crJia)I(HBaHH.H 
'. ~ ' ,"l '·'' ,,, 

'YnoMn:lia:Bh1n:if~J[ "ahime npotiecc' pi13py~eH~ rop norrH(;~;b~ 
• ~ u • ·.~,-~,•:••',(',''· .; .• ··. : .··~--·u'' f •• • •• • ·: J ';; ', •; ·_._;, :·~- • ,. ·.1' ;· 

1 
·; ~;.~~ 

yxrrap;biBaeTCH B ·paMKlJ JilJHel!HbiX' arrropn:TMOB . crJia:>Kn:B,aHHH. 

,I(eiicTBn:TeJibHo, B · llToM:. crry"''ae Mhi n:MeeM nocTeneHHoe~ P.an~ 
MbiBaHn:e. JIOKaJibHhlX BOOBbillieHHOCTeH t n:·'nartOJIHeHHe OCB06o~ 
·p;n:rimn:McSi Be~ecTBOM JIOKaJihHl:.rx' Bnap;n:li·.c Aiiropn:TMhi 'crmt:>Kn:

eaHliH c · HeOTpn:~aTeJibHbl:iui' Koa<P<Pn~neHTaMn:, ·;nopmKp;aroiQn:e. 

TOJibKO n~IHeHHble npoMe:>KjTO"''Hhie acn:MITTOTIIKH, KaK pan n: onn:-

. CbiBaiOT llTOT npo4ecc 3• B n:Tore Mbl norry"''aeM ropn:n~~TaJibHYID 
llOBepXHOCTb -, COCTOHHHe C Han:60Jibl1IeH llHTponn:eii. 
- ' - . . ' l· : ! ', \ ·' ·" { ' ~ \ • : ' ; ~ •, {_ ' l ,' ) •• ' : • ; • ~ • 1 • 

. . · ,I(o Hep;aB:Hero BpeMeHn:. C"''l!TaJIOCh, "'TO. JIHiub. TaKn:e paBHC>Be-:-

CHhle coc:roHHliH ( TO"''Hee, 61n~nx'n:ex Hn:~) ~I pea~~nyroTc.fl B npu- . 

pop;. e .• Briocrrep;Hee BpeMH cTano HcHo, <ITo·6orrhmn:e oTKrroiH'!HliH 
' • r • • • ' \ • 

oT .. cocToHHn:ii c :M:a.Kcu:MarrhHoii llHTponn:eii/nepeMe:>KaeMocTh, 

- · HBJieHn:e TaK:>Ke o-.leHh pa~npocTpaHe:H:Hoe. Yxa:>KeM rrn:mh ~Ba ·. 

ripn::Mepa im pa6oTbl (9]. IIepBbiii nnsecTeH, BIIp;IIMo, rriimh yn

KoMy.xpyry cne~HaJIIICTOB II··p;o:ciiX nop He. ~ony~IIJI ITOJIHOr:~ :Ha

Y"''HOrO o6'hHcHeHIIH,--,-- llTO' H"''eiiCTaJI cTpyxTypa BceneHHoii (9k 
' ' i . __ ; · ' · • -j J _ I ''" ~- .. ,. ~· 

3Bb1JIO 6:hl liHTepecHo · paccMoTpeT~ u Gonee pe~liCTH'f~bie Mop;e;m;, Ha
npHMep, c :u;eiibiO y'feTa.' ;3miJIHHH CHJibl TH)KecTH Hcnorib301Ja:.rb HeCHMMe~pll'f
Hble·MaTpliiJ;bl crna:lKHBaHHH. Ha xa.qecTBeHHOM ypoBHe :no y:lKe o6cy:lKp;aiiocl.' 
B pa<Jp;ene '3. BbiJio 6bl ecTeCTBeHHO· TaX:lKe BBeCTU rmeMeHT. CTOXaCTll'fHQ- ~ 
CTll:· Bo3HHKarouine np~ 3To~ cnyqaifH~Ie MaTpll~~~. no cyll\eCTBY, :llp;eHTll'fHbl' 
Te!'d,'· <iTo B03H~KatOT npll li3J'f.eH~~· c'.rpyKTYP~ ypoBH~ii ·~h!c~KOB~n6y:lKp;~H~ ·· 
HbiX COCTOHHHH Hp;jn\·[7], llllll', npll' 6oJiee'iiiupoKOH llOCTaH~BKe' aoi:Ipoca'/.,:,::' 
MaTpll~aM;. KoTopble: a HacTOHU\ee: apeMH ·t~HTeHcnaH<) m1y.faroTCH ir' call:lii 'c'' 
npo6Jie!'.m~onHcaHU:H KBaHTOBoroxaoca (:eM., Hanpm~tep,.[S]):'·: ~ .• :; ·: 
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BTopoii npiiMep "'!acTO. BCTpe"''~e~cH B noscep;HeB:Hoii :>KimHn, :Ho 
TaK :>Ke UJIOXO 06'bHC~eH: H"''CIICTaJI CTpyKTypa o6naKOB. 

IIo:Ka:>KeM:; "'To· Henn:Heii:Hoe 'cb'ia:>KnBaHIIe p;iu!T xa~ecTBeHHoe 
onncamie <PIInH"''ecKJIX ·npo4eccc>B · Taxoro TIIna (a Haiip;eiiiiiie B, 

npeAhlp;y~e:M panp;eJie . neptiop;ti"''ecxlie liHB.aptiaHTHbie <I>YHK~IIII 
Mop;errnpyroT Ha6nrop;ae:Mhle .li"''eHcTh!e · cTpyxTyp:br) .. Boi:lhMeM p;mi 

npocToTbi cliM:M:eTpii"''Hyro Tpexp;naroHarrhHyro · MaTpney W, H~ 
aneMeHThl KOTopoi'r He' :HarraraeTcl!: ycrroBne HeoTpii~aTenMiocTII. 
IIpep;cTaBnM ee B <PopMe:•: 

W = Wv+8TV, 

rp;e Wv - MaTpn~a crna:>KIIBaHuH ~·· ·~ono:iKnTeJihHhiMII :lJieMeH

TaMII, a 8W - HeKoTopM go6asxa B~r~a (Mhi nonaraeM, KaK II 

npe:>Kge, "'TO CYMMa aneMeHTOB CTpOKll MaTpii~bi W pruma ep;II-
HII~e): 1: 

.. 
. 

-c/2 . ·c -c/2 ' 0 ·· · 0 
8W·= 0 -c/2 c ·· -c/2 0 

0 0 -c/2 c -c/2 
'•'' . 

' . 
• 

Y6ep;IIMcH; "'TO p;o6aBxa 8W, B OTJIU"''ne OT "''JieHa Wv; Iirj:>aeT 

KOHCTpyKTIIBHyro, opraHnnyro~yro pOJib. ,I(mi: llTOro paCCMOTpiiM, 

HanpiiMep, p;eHCTBIIe 8W Ha paBHOBeCHOe COCTOHHIIe, npeTepm:!

Bmee He60JibllOe JIOKaJibHOe IIOMeHeHUe ITJIOTHOCTII 
..• , ,. · . . . T ·· C . C ' 

8W · (· · · p p + 8 P· · · ·) - (· · · --8 c8 --8 · · ·)T ' ' ·. ' ' . - ' ·2' ' 2 ,, ' . 

, 0TCIOp;a BIIp;.Ho, "'TO BOI3Hl1Kl1IM <f>nyKTya~UH IIMeeT TeHp;eH

~IIIOpa:JBIIBaTbCH: He6oJibl1IOe JIOK8JihHOe y•nJIOTHeHIIe npiiTHrii

IJ<i'e~ K. ce6e Bee 6onhmee II 6onhmee KOJIU"IecTBo se~ecTBa. Kax 
<'"- '.. • ,- :· ' -· ' " 

pan TaKIIe H:SJieHIIH, ,<:Jiep;yeT ITpUHIIMaTb BO BHIIMaHne KaK npii 

Mop;erriipoBaHIIII. np~~~ccoB llBonro~un ·Be~ecTBa Bo BceneHHoii 

(y"''eT BJIIIHHlJH rpaBIITa~IIOHHoro npn~'mKeHim), TaK II npliOITII

CaHIIII npoqe.ccoB <Pop;MIIPOBaHIIH o6naxoB (panBIITIIe. npo~ecca 
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~- ' . 
KOHp;eHCa.IJ;Im: Ha o6panoBaBlliiiXCH ~eHTpax): IIocKOJibKY p;ell:cTBm~ 
onepaTopoB WP- II · c5:W HanpaBJieHo, B npoTIIB~nono~mble cTo

poHhi, ecTeCTBeHHO O)KIIp;aTb llO.liBJieHIIH HOBbiX paBHOBeCHbiX.CO-

.· cTOH~~ll:, OTJIII~HbiX oT TpiiBIIaJibHO~o. H~iip;eHHble- B npep;bip;y-. 

lll.eM panp;eJie .npoMe)KyTO~Hble aCIIMllTOTIIIUI. Kal{ pan 'II_ .l!BJIH

. roTcH TaKIIM~· paBHoBecHbiMII cocToHHIIHMII 4• PanyMeeTcH, p;nH 

Toro, .~To6bl Boc~pomJ:B~cTII <f>opMy H~e~K, BonHIIK~IOlli.IIX.B HBne-
~ • ' ' • ; ' • ' ; •• •, > • ~ :. ' • ">'• • 

HIIHX nepeM~)KaeMOCTII, npiiBep;eHH¥e MOp;eJIII CJIHlliKOM _npOCTbi,· 

HO cyTb HBJieHIIH OHII OlliiCbiBaiOT rfpaBIIJibHO. , 

7 JIHHeHHoe crJia)I(HBaHHe no 
. ' ·:· 

MHOrHM TO'qKaM 

OnbiT noKa:JbiBaeT, .~To npii MHoroKpaTHO~ npiiMeHemiii npo

~ep;ypbi niiHeHHOe crna)KIIBaHIIe MeHbllle IICKa)KaeT ·eKcnep:rtMeH

TaJrbHble p;aHHhl~ y rpaHII~bi, ~eM HeJIHHeHHOe. ,IJ;nn MaTpii~ C 

OTpii~a TeJibHbiMII eJieMeHTaMII. B03MO)KHbi. p;a)Ke CJiy~aii HeycTOH

~IIBOCTII·npo~ecca ----:-' KaTaCTpo<f>II~eCKIIH poeT BO:JMylli.eHIIH y . ·:· . 

rpaHII~;· 

IIocKoJI:bKy MH:oroKpaTHoe crJia)KIIBaHIIe aKBIIBaneHTHo op;Ho

KpaTHOMY npiiMeHeHIIIO MaTpii~bi, nony~eHHOH OT BOnBep;eHII.li IIC-

. xop;Hoii MaTpii~bi B cooTBeTCTByrori\yro cTeneHb, oco6blll: IIHTepec 

npep;CTaBJIHeT paCCMOTpeHIIe MaTpii~ IIMeHHO. TaKoro BIIp;a. · 8Jie

MeHTbi. 3TIIX MaTpii~.MO)KHO Bbi~IICJIIITb ciapaHee, He npoii:JBOp;H> 

MHoroKpaTHbiX. nepeMHO)KeHIIH. npii peannn~~u . anropiiTMa. Ha 

8BM. Oco6eHHO npocTo aTo cp;eml.Tb p;mr MaTpii~hi, BblllOJIHHIO-
lli.eii ycpep;HeHIIe: ·· . · 

I Yi-1+2. y;+ Yi+l' 
y; = 

4 -~-~ \-
' . ,. .. 

41IpaBAa, · HY:iKHO Bbl6upaTh MaTpHu;hl c 6oilblllliM 'IHcnoM · f\naroHaneii · 
---.:: AJIH TPexAHaroHanbHhiX MaTpuu; HHKaKHX npoMe3KyTO'IHhlX acHMDTOTHKi · 
KpOMe nimeRHblX1' He. cy~eCTByeT: ;'IT06bl cci>opMHp~BaTb KaKyiO-TO CTpyK

Typy, np_HTH:iK,eHu·e AOJI:iK~o 6~Th AOcTaTO'IHo "AMhHO~eiic-r:B~IO~u~". 
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,! .. 
.-. 

u ~··: Cf~ ( ~' r~:: :~--~- ;~ i,~ . - ·: 

,I1;eiiCTBIITe?bH01 IICXOp;Hyro· Tpexp;uarOHaJibHYIO MaTpii~Y MO)KHO 
nanncaTb B BIIp;e: 

.: ._·. . ~ . i .. • . . .. ... ; ~: - ~ ' ~. \. .. ~ 

..... (ff:··+--D~ -2 w3 = +a/2- _, .:.:ci/2); 
; 4: , 

} ; I_ .-.·. 

. \. .,. ·' ··_J':.i. ._:·--

-·· 
rp;e Da -·- onepaTop cp;BIIra: ·' 

. ;~;< Da: f(i) ='f(i +·a),.-··. · 

a Bemi~IIHa a-'-- Macll1Ta6 ceTKII. Tor;o;a 2 .[ + l~;o;uaroHaJibHM :Ma

Tpritia, .• aKiniBruieHTIICUr' 1· cr riai:ii~a:HiiHM; ir11:ee.T • C]Iegy~ ~nil'. ~m';o; ;· 
' t.' ~.I •• l , ! : {.''-; ·:: ·, ' ···" .·: :. 

'l","·: • ~ J ::; ~ ' - . 1 'W2·l-f.t = (D+a/2 +.tJ:..a/2{
1

. ,, 41 ,\" ._;""· .... ' .. ,, .. 
' ~ , . ·, ".<; ' ~·J' i: 

~JieMe~.Tbi erori Ma'fpU~bi: : .. ,c. ;1 ;.: /. ~ ~' ~ f' -, ·r 

· ·{ 0, npnli - j I > 1 
i-j+l . i-j+l-1 >. • . • . • • • .~ 

.w!:i :~ · 6;rj=1,+C2
1, .. , , ; :~:;~~H~:~~:~~:J ~.N•:-1, ., .. 

... '-"""-'" 
' . 

r;o;e .. 9;· ~ 'K.O?tP¢1I~IIeHTb!6IIHqMa HbiOTOHa. "-{_._-,-,-.,·. 

8Ta MaTpu~a ·.IIcrronhnoBanacb ·gnn crna)KiiBaHmi:;~neMei!Tap:: 

,.. ~ 

HbiX <I>YHK~iijl II .IIX npoiinBO;D;HhiX' u npn. 1 "' N /2 ;o;ana yp;oBne~ ~. 
TBopiiTenbuhiepe~y~hTi:ri.i (N -~-~ircii~ Tb.q~K· Ha.oTp.e3:K~)·. :8~-
nepBbix, KaK ii BC.liKOe·JIIIHeiiHOe crJia)KIIBaHUe1 OHO cyi.QeCTBe_HHO •. 

MeHbllle UCKa)KaJIO 0 6'beKT ( <f>YHK~IIIO II ee npOII3BO;D;Hbie) y rpa:. 

HU~ oTpenKa. Bo-BTOpbiX, oHo 6biCTpo nop;aBJIHJio napantiiTHbie. 

OC~IIJIJI.l!~IIII1 OC06eHHO HenpiiHTHbie ;D;JIH BTOpOH npOI13BO;lJ;HOII,

npn HemiHeHHOM crJia)K:riBaHIIII OHII npaKTll~eCKII He nop;p;a!OTC.l! 
yHII~To)KeH:rxro. 

JliiHeiiHbie crJia)KIIBaHIIH, He ycTynan HeJIIIHeHHbiM. no CKOpo-
. . ' 

CTII ycTpaHeHII.li lliYMOB, o6Jia~aiOT TeM npeiiMYlll.eCTBOM, "ITOHe 
BHOC.l!T 60JiblliiiXIICKa)KeHIIH·Y•rpaHII~ O'rpen·:Ka:':'1 ;·',;"j 

. - ~ :.:~.--~ ~: ~~-~!; ".1 r', ... ~ ,_-; ,; ::" -~ w 

HaM npiiHTHO no6naro;o;apiiTb B.M. CeBepbHHOBa ll: P.M. JIMa'

. JieeBa na CTIIMymrpyiOI.QIIe o6cy)Kp;eHIIH. -ABTOpbi TaK)Ke 6naro

p;apHbi H.B.IIynhiHIIHY na no;o;;o;ep)KKY HaCTOHIIJ;eii pa6oTbi. 
' ' 

).t: -
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KocreHKO li,q,,, MycyJihMau6eKos ::lK.::lK., Pacropryes A.A. 
CTaH~apTHhie a.nropHTMhi crJia)lnmaHHll" · 
HeKOTOpbie MO~_MH CTanlCTH'IeCKOH MeXaHHKH 

B pa6i>Te o6cy~aiOTCll cra~apnlli1e a.nropHTMhi ern 
HhlX, pellJIH30BaHHhie npaKTH'IeCKH Ha scex 3BM. IIOKa3aHc 
CTaTHCTH'IeCKOH MeXaHHKH, ~~~ KOTOphlX Cnpase~Bhl BTO 
B o6~eM su~e nocrpoelia ~HHaMuKa npo~ecca sson10~"" co 
IO~HX npo~e.II)'p H BhinHcaHO TO'IHOe pewemte MO~eJIH ~~~~ . ) 

PaccMoTpeHhi npoMe>K)'TO'IHhie acuMnTOTHKH - coCTOllHHll 
iflyHK~HH npH MaKCHMllJlhHO ~OilyCTHMOM KOJIH'IeCTBe crna: 
HCKa)KeHHll, CBSI3aHilhie C HllJIH'IHeM rpaHH~. IIOKa3aHO, 
MO~eJIH B ifla30BOM npocrpaHCTBe C 6eCKOHe'IHhlM o6beMOM 
Ha'lllJIO TepMO~HHaMHKH. )laHhl HeKOTOphie peKOMeH~a~HH 1 
BaHHll. 

Pa6oTa BhiTIOJIHeHa B Jla6opaTOpHH Bhi'IHCJIHTeJihHOH 1 

Coo6~eu11e 06be~HHeHuoro HHCTHTYTa ll~epHhiX 

IIepeso~ asTopos 

Kostenko B.F., Musulmanbekov G.G. Rastorguev A.A. 
Standard Smoothing Algorithms and · · · 
Some Models of Statistical Mechanics 

Smoothing algorithms of the common use for experime1 
demonstrate that these algorithms can be interpreted as stat 
second and third laws of thermodynamics. The dynamics of s1 
general fonn and the exact solution for 3-point case is c 
intermediate asymptotics, i.e. states which functions approac 
not so large to be destroyed by the waves from the boundaries) 
physics in an infinite phase volume for which the second law 
recommendations for using of the smoothing procedures are p 

The investigation has been performed at the Laboratory c 
ion, JINR. 
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