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PaccMaTp1r1BaeTCH 3aAa4a 

tiu + k(x)lul p-Z~ = h(x), x E RN, p > 2, 

u I I I = o, y_, ➔ 00 

KOTopaH paHee 1r13y4anacb B pa6oTax C.~.noxo~aeBa. 3aAa4a 
1r1Meer pa3nlr14H~e ~1r131r14ecK1r1e np1r1no~eH1r1H. B pa6oTe yc1r1neH 
pe3ynbTaT noxo~aeBa o cy~ecTB0BaH1r11r1 peweH1r1~. ~cnonb3yeT
CH MeTOA sepXHlr1X lr1 Hlr1~Hlr1X peweHlr1~. 

Pa6oTa s~nonHeHa B na6opaTop1r11r1 TeopeT1r14ecKo~ ~lr131r1Klr1 
O~SH1. 

Coo6meH1,1e 06hea1,1HeH11oro 1,1Hcrnryn 11.:.ep11btx Hcc.1eaosa111111 . .lfy6Ha 1992 

nepeBOA asTOpa 

Zhidkov P.E. P5-92-22 
On a Nonlinear Elliptic Problem 

The problem 

N = h(x), XER , p > 2, 

u I I l = o, X ➔ oo 

earlier investigated by S.I.Pokhozhaev is considered. 
This problem has various physical applications. In this 

-paper the result of Pokhozhaev on the existence of solu
tions is amplified. The method of upper and lower solu
tions is used. 

The investigation has been performed at the Laborator) 
of Theoretical Physics, JINR. 
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I • B pa6oTax C.H. IIoxoxtaeBa [I-3]pacCMaTplmaJIOCI> CJI6ltYIO

Ul88 HemrnellHoe 3JIJ1lltnni1rncKoe ;,Il;mtqiepeHim8JII>HOe ypaBHeHHe BToporo 

IIOPf[,IUW: 

'1 \.\ + K l'll) \vt\p-i u = h(x) > :>c 6 RV 
) (I) 

(2) 

r,n;e · \< bd , h (:ic.l - ipYHIW.llH, JIOIWJII>HO HenpepHBHHe no 

Ie;I>,Il;epy' tJ >1?. ' C'Il'IT8JIOCb ~TO ~ (x):::1. B yRa8aHHUX pa60'-

TaX Hayqam1cI> oonpocu cyll{eCTBOBamm (KnaccHqecKlltX) pemeimii: 

aa,IJ;aqJIJ (I) - (2). B pa6oTe [r] ;rcmr <pyH.KWm kt,oo611{~I'OBH,JJ;a 

,IJ;OKa8aHO CYl!l6CTBOB8HHe XOTJI 6U O,IUIOI'O pemeHHSI, a B pa6oTaX 

[2,3] - cylllecTBOBaime KOHTHHyJ'?IIB. pemeHHii ,ItJlSl k::. h ( p,r), 
aaBHCmI!ero JmlllI> OT 'l, =Ix I :a ~eTBOpIDll!ero. He KOTO puM orpa-

) ;ll< ... - 2/J 
lm110HHI!M l'I 'p f , r,n;e. ~ - µ- 2 • _B nepBott 

l'.18 yKa88HHIDC pa60T HCIIOJII>80B8JICSI MeTO,Il; Be_pJCHHX H HIDKHllX 

pemeHHii, a B OCT8JII>HIDC - M8T0,IJ; anpHOPHHX oueHoK. 

el!le peayJII>TaT [ 4] , KaoaJWmii:CSI aa.n;a'l!H 

l\ 2. I f ( ) d 4 ~ ~ ;=: ~ ) ri ~ o) 

~ I ( 0) '::: 0 ; ~ (0) ::: ~ O ' 

r,JJ;e ~o - napaMeTp H f [<: 0 npH 
(~) ) · 0 IIPH 

0TM0Tl!M a,n;eoI> 

(3) 

(4) 

JlOKa88HO,. qTO ,If)Ul JII06oro ~o l'I8 HeltOTOpoii OKpecTHOCTH HYJISI BU

IIOJIH8HO: t\Y\ ~ l'L) ::0 • 
1.~ 



B HaCTOHl!leii pa6oTe ycnJieH pesyJI:r,TaT IloxOJKaeBa [I]: 
MJI hex.) o6iqero BH,Ita (He ~eiJ:c.R: qiymn:meii: TMbKO 't =-l:x.l) 
Y.ItOBJieTBOpa:KllteH HeKOTOPHM orpaHll'I6HHSJM, . 

peMa cyiqecTBOB8HH.R: .IVUI 88,It8"Ili ( 1)- (?..). 

ycTaHoMeHa Teo-

OTMeTHM B8lKHOCTI, sa.n:a"nl (I)-(2) ,ItJIJI qll!3HIDI: TBKOI'O TMila 

ypaBHBHH.ll B08HHKaIOT B .l)Jme WJI8.lftieCIOOC npo6JieM, Hanpruaep , B TeOp.lIIl 

OilT.Ht:IeC~ BO~ B HemIBefuIOii cpe.n:e [5] , a. T8KlKe B TeOp.lm Te~OBI,IX 

RBJieHHii .II qiII3ll'tl6CKO:ti H XHMli'tl6CKOii KlIHBTIIKe [6, 7] . . 
2. IIpoBe.n;era cHa'tlaJia HeKoTopoe MCCJie,n;oBaIDie sa.n:alIII (I) -(2). 

IIycn rna.n;RaR <PYHRI.JJUI V' saBHcnT ~III&. o'l.' 'l ~ I lc'j . : 'f-=- f('t}. 

Tor.n;a 4 \f1::. 'f II-+ J/~1 'f' . r.n;e illTpillCH 03Ha'tlaIOT IlpoH8BO.n;HI:le 

IIO 1: . Ilo.n:6e peM qiyHRI:mIO 'f { "l.) > 0 T8K, lIT061:l . 6WI0 

BIDIO~eHo 

~ 'f ('L) < 0 
.... nM 

.IVUI Bcex ';X . E I( • . .. ~ - m 
Bos:r,MeM 4\"' ( X) -:: ( ( 1 -t 'X. J r.n:e ( > 0 J h1 >o -

- IlOCTOHHHHe. Tor.n:a 

Ll \f 'N\ ( 1,)::. 2.. C V½ ('2.'fh- tv -t ?..) - 4Ctv\(m+.1.) 
( 1-t 'l, 'l..) t'l1-t !- (-1.. + 'l. '2,.) W11 'l. ' 

CJ18,ItOB8T8JlbHO, L1 r~ < 0 .wm Bcex .. 'l >; 0 r·or-

.n:a H TOJlbKO Tor.n:a, Kor.n:a 

IJ-2 ""< --2. . . (5) 

IlyCTb \( 0 -::: •.. s \A,r \X{x)I) 0- • IlOJIOiltllM Au -=:. . 
p-1.. -:;(. \ fl p-1. 

=-.1l{ ;-'1((-i)\\.\\ lt.·-F\(X) N1.4=Lll~-t l<lx)h-tf 4-
IIo.n:6epeM L) 0 H 'ME ( o ~-2..) TaK, lIT061:l BIDIOJIHmlOCI, Hepa-

11 J ...,_ . . 
B8HCTBO T\1_ 'f h\ < Q . . 

•'r ... :." 2 
ft~_, c., •' C 

~,!'·' 

r:,' 

., 

" 

~ 

~-

B CHJIY (5) .n:ocTaTo'tfHo B8HTb n, , C '> 0 

B!IlIOJIH.fIJIOCb 

T8R, 'tlT061:l 

r-1. 
L\'fV\'\ ~ \(0 'i\'tl\ 1~ < 0 

,JJ,JIH Bcex 
N 

X ~ R . .lVIJI 8Toro .n:ocTaTO'tfHO, 'tlT06H BHIIOJIHR-

JIQCI, 

( p -i) t¥) < tY) -+ i ' (6) 

l 

( - 2-h, (2.m - /J +'I.) r'l ) C. 
ko 

(7) 

OCHOBHOli pesyJibT8T pa60TH COCT8BJIH8T 

TeopeMa 

ITycT:r, ',( { x),>,o, h(X) - uerrpepHBuue no reJI:r,.n;epy <IlYHKilIDI, 

HaH,I(yTCH ( >o) Wl)O '.__y.n:oBJI~TBOP!IIOl!U18 HepaBeHCTBaM (5) 

Tor.n:a <PYHRI.JJIIl \,\ -::::.-'f""',u :::fh\ y;i;oBJieTBOplIIOT HepaBeHCTBaM 

A1. ~ < oJ A1 ~ >o. 

KaK CJie,ncTBne ,nJIJI JII06oR IDYHKmm h (1c.), T8Kot:t,. l{TO 

\~bc.)l { -Ai 'fW\ (X) 

- (7). 

.rr;m Bcex 'X, E: RM , sa.n:a-qa (I) - (2) HMeeT (KJiacc1i:t1ecKoe) pe~e

mm. 
3aMet:IaHHe I 

118 HepaBeHCTB (5),(6) Bl:lTeKaeT 

p:, 2N-2. 
N-2 (8) 
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Hao6opoT, eCJIH BHIIOJIHSHO (8), TO HaH,IIYTCH 

Y.U:OBJISTBOpHIOIIlHe BCSM YCJIOBIDIM TeopeMll. 

C, 0 , \'Y\ .f:,01----z:- ' I W-2.) 

3aMetmHHe 2 

C.H. IIoxo.JKaeB B pa6oTe [2] ,U:O.Ka8aJI IIOX0'1tyIO TeopeMy .u;JIH 

I( b<.) ~ 1 II p > p * =- J !:
2 

; B y KasaHHoii pa6oTe, o.u;HaKo, 

6wm HaH.n;eHll JilII1Il, HSKOTOplle TJaCTHlle 8HaTieHIDI rrapa.MeTpa h'\ . 

3 . ,Uo.Ka'1teM TeOpeMy. Ilo nocTpoemno IIMeeM: 1i. < 0, qu ~ 0, 
lt ') 0 ) Au ~ 0 , CJIS,U:OB8TSJIJ,HO. u .~ ~ - HIIE-

Hee 'n BepxHee pemeHIIH sa.u;atJII COOTBeTCTBeHHO. IloJIO.liUIM L\1 lX)= ~ (x) 

ll orrpe.u;eJillM no HH.u;Y KlJ,llH ITOCJIS.U:OB8TSJII,HOCTJ, z l{ h ( '.() J rro rrpa-

BMY 
I • ~ , • , ~ 

L)l.,{1-1;-1 -u~+i +L{.-i+ k:(X)l4~\p~ l,{\\=h(x))X~~) (9) 

u. j :: 0 · (IO) 
"-t!l \ )(\ ... 00 ' 

.llCHO' TITO H8 ( 9)- (IO) \,{ 1' O.u;H08H8TIHO orrpe.u;eJIHeTCH • ' "-t-
JleMMa I 
.lvzH JII06HX 'f\ II 1( · llMSeT MSCTO HepaBSHCTBO 

\.,(h ( X) f UVI+ t pc,) f V. l°X). 
JioKasaTeJir,cTBO rrpoBe.u;eM no IIH.n:yRD;Im.Hpn V\= 1 B CIIJfY 

(9), (IO) llMSSM: 

ll('-l7.. -\..(1) - (¼\.-'\.lt) ~ 0, (41..-U.1)} ==o, 
1>,1--, 00 

oTxy.u:a u"'-t')(J ~- u1.(~) .u;JIH Bcex ")(. .AHaJiorHTJHo 

c1 ( u -u'l.) - l u - \{ 't) ~ o l (Ci -L\1.) J lxl-~oo::: O, 

OTKY.U:8 "G hl) 1 U1.. l-x.) .u;JIH Bcex X . 
!IyCTJ, YTB8pJ!r,I(8fill8 JI8MMli BWIOJIH6HO ,IfJlJI HOMSpoB I,2, •• •, n • 

.l{O.Ka<iteM ero .Il:JlH ( V\-41) • HM:eeM B CHJIY ( 9) , ( IO) H HH.u;YKTHBHOI'O 

npe.u;IIOJIO,l!tSHIDI 

4 

!
I. 

' 
; ' . 

·~ 

:1 
' 

J( \.-\Y\i-1,. - u"' \ - { ~ 41 -\,{V\) ::: 

. ( I p-1. rt J =-- \.(_Y\ - u"'-1.)-\(l~> \u~\ u"' - \v.tt-1\ Uvi_1 ~~ 

( \Al-\ - \A \\-1.) \~\ ➔ DO = 0 ' IJ 

OTKy.u;a lt~ i1 l x) '>1 U.., (X) .Il:JlH ncex ;}( f ~ . ,UaJiee, 

.1( \A -u.htl) - ( v. -u.h-t1.)f- (¼ - Lt"')-\<lx}[\u \r-'l Ci -\u\'\f~J~ o) 

(u - u~~1) I ,x, . = o ) 
..., (lQ -

CJI8,U:OB8TSJIJ,HO, \,{" '\' i ( -x) ( \.,\ ( K) .rrJIJI Bcex XE-I</\). 
JieMMa I .u;o.Kasaaa. · 

B CIIJIY JieMMll_ I noCJie,u:oBa'::_JII>HOCTI> f U"'(x)} MOHOTOHHO ~o-

.Il:llTCH K · U.. l'X) E ( l( (-xl J u lx)). - · {··Ix-:,/ 
McnoJII>3YH cpyarmmo rpirna G-( lx-;,1) :: ( ) . I ,, µ-l. °tJ k'-;j(N-2, 

orrepaTopa (-Ll -ti) ( s.u:ecr, (i',J ~ ITJioma.u;r, noBepxHOCTll e.u:n~ 

HIITJHOii cqiepN), MOlKHO 38IIllC8TJ, 

U. h H l 'X.) ~ l ~ (i- ( I){-;,I)[ l(n l ~)t I({ ~1k11tt.r,1-lr, i ~-c II) 
R . . 

Ila ( II) CJie~eT 

JieMMa -2 ' w 
CymecTByeT C > 0 TaKoe, TITO .u;JIH Bcex 'XtR ,V\11 \'vUif~ 

B CMY JieMM I,2 rroCJie,u:oBaTeJII>HOCTI> { Ut\h>J CXO.ItHTCH K 

lt b.) paBHoMe!)HO no 'X (; R fJ , npnti:eM iJJyHKillffl L( ( X) 

Y.U:OBJieTBOPfleT ycJIOBIIID }IHITWHUa. • ,UeJiaH Tenep1, npe.u;eJII,llldi: nepexo.u: 

npn ~ ~O"" B paBeHCTBe (II), IIOJIY'llllM 

Ltlv::: ~ 6-(11-tJl)f u(j)-t- l({~)IL\t~>Jf'\~(~)-hC))f J~ 
RW 5 
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)J,JI.SI Bcex 'tE R"': Ha {U) cpasy cJie.JzyeT, tJ:To L{ ( )() 

- RJISCCHtJ:eCKOe pemeIDJe 38AatJ:H (I)-(2). 

TeopeMa AOKa3aHa. 
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